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5> Gravity and magnetic methods
¢ Potential field methods
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! Solution existence

2 Solution uniqueness

3 Instability of the solution process
4 Rank-deficient

5> Null space

6 Nontrivial
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oo3ly sloonls o 33l pas a5 el (laisS 4 Joe sl el b 8l caltns ol > gl canlio
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! Bias

2 Ill-conditioned

3 11l-posed

4 Residual

5 Least squares solution
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! Regularization
2 Minimum
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2
[Gm-d®| Jlte 208 5 sl 2als Sl lsis 4 oS sloJots ol & Jlaie IS L

Cowods | HGm-doIDS
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'L-Curve
2 Damped least squares
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[Oldenburg and Li, 2005]

! Regularization parameter
2 Objective function
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[Aster et al., 2013] 5,41 cews 4 15

G dobs 2

min m— ¥--Y)
JB! 0 |,

(G'G+BI)M=G"d™ Y\V-Y)

Woles (YV-Y) adaly .ol G o Lo Yoolgil 5 GT gongy Slod o le 1 €RM™M T o a8
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b 85 053 ol s 353500 0315 ez 3 3 fse 51 5kt o 030 M| Lo LS 6 b Baa
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-1 1
-1 1
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g o 00liiul (siluplaie jslaie 4y g Joo sl el 510 5l (S e slp oSy plo Sle
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" Transpose

2 Zeroth-order Tikhonov regularization
3 Normal equation

4 Roughening matrix

5 Flatness matrix
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il 5 SO AL pgs ad o Bgigses (ilupliie o
1 -2 1 |
1 -2 1
L= (YO-Y)
1 -2 1
1 -2 1

oy pgs Gt Sloe adly 0 5 ol "5 l50n il 1) Slojlsenl o ile Sjgo ol jo a5
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! Smooth
2 Smoothness matrix
3 Generalized singular value decomposition
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1 Iterative
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Olgse ol SeS @ a8l IS5 al> 1o 6l slagbs; cnmee 3l (S 9oz pbolS G,
oboS oS5 olie 4555 b, ,o [Hestenes and Stiefel, 1952] s 5 > 1, o> &¥oles g
Mop k5l ol slad g jo Slg pl sl oo Camods adgl 1SS jlade K 5l soliiwl b Olg> oo
ol b Tasly slaloy 5l glanss (28l @gope (LSS oy, hol ol 555 o0 3 adsl (S5
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[Hansen, 2010] s G155 @ Wl o Cawdds 5 O ygods Zgd e
m® =min[Gm-d| « Lz« mex, (¥#-Y)

ol 51 a8 el (d ) 1aosls 1o 5 (G ) sl o ilo b a0 T3l 5 (sl o5 K, &S
al bl ples Lai a1 (53L5 a5 conl (ol gy nl 5 el 0ad o525 GTd s GTG
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:[Hestenes and Stiefel, 1952] ccigs ;5

' Conjugate gradient

2 Lanczos bidiagonalization
3 Basis vectors

4 Krylov subspace
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[Hestenes and Stiefel, 19521 zgo50 Lol,5 og, ai,oSl :(V-Y) Jgox

Input: ¢ R, GeR™™, m® = starting vector (often zero vector)

Output: m

r®=d-Gm®

b —GT®

for k=12, ...
&, =Jo"e oo
m® = m*D 4 5, bk
If HGm(") —de <N, m=m®, end
F0 = ) _ g Gk
hooforefere
b®) = GTr 4 B, b%D

end

SbolF sl 5l eolial b (PF-Y) alal, o ot Jyasd laype il alns > shaie 4

]

3590 Cews 4 9030 LS g, jleslaiul b Olg> as

2

Cenl B > .cuigs MIN IS a1y Sl e JBlas alius lgs oo zgo 30
2
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sl ]y Ky aly ST glad ns slp delate b sloylo a8 8 )ls 8929 8 (6,500 ()T X

[Paige and Saunders, 1982] sgi o aslis jui wg3Sid (55l (s kaBgs g, b b a5 0
SRSz Gy onl 30 S Smsle b 3l Gez Cnl 5 @y meaie OLSLS Ghs, 5 s, 02
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23,9] Cewsd a4y abasly 5l eolail b1, Jow sl el )b o oylg5 o 0l (FV-Y) alaly & jg0as

m=(G'G+pl)"'G"d™ (FY-Y)

0955 il (a8 98 al> o sl g S (g3l (6 5had g0 (g, b (hg,ly adies S jolate 4
ICalvetti et al., 2000] 595 o Jlos! Comles s ylo 55, 2 (T-T) Jgoo w55 sillas

[Calvetti et al., 2000] 555 (s5le s,k 90 pi 5K :(V-Y) Jgor

Input: d®eR", GeR™, 0<l<min{M,N};
1+1 | | I+1
oupue I 02 D (o
leud 2; Ulzd/O'l; \71=GTU1; ’01:H\71 2; V1:\71/P1;
for j=23,.1
U, =GV -p_U_; o :ng Y =0, /o;
~ T _ . e :~
V,=G'u-ov_; pj_ij S Vi=Y /g
End J;
U,, =Gv,—pu; GI+1:‘GI+1 5 U,=0,/0.,;

dplgz Cdo P 9 0 polie (ales oS5T g Sl S>g5 B ol 4 | 51 v )6 oyl o

dwleo LgLQQW l; UI =[U1,U2...,U|]€RNXI 9 VI =[V1,V2...,V|]€RMXI LSLQJ"’)"LQ g9 O

D98 0 eSS ) US4y S slul b G e R™ (5 ,kadss o jlo (puizmad 55 oo Sl

P
O, P
(YA-Y)

C = O3 Ps

o, P

2,105 aladl> ol ez 4 5Ls ably o ol il 0 p3S g el 0aiSTy ke SO G e ke
L olgiee |y (FV-Y) alasly 30 ()l altns Clgz N <<M Ll o a5 0915 9,8 JBlans J> sl
3903 Al iy alal, 5l oolaul
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m=G"U,f (Fa-Y)

QT 4o aS
b=(CC, " +Bl,)"(s,8,) (Y--v
25 Slape Jlos alies Jo 5l ool U lsics |, B s .€,=[00,.,01]€R" o1 s a5
[Calvetti et al., 2000] s 51 cews 4

T 2

C ~
|:Blll2| :|b _B :UZO-leHl
|

min (f1-m)
beR!

2

G ol o yile &y Cond ol sl 5 Sl 0S5y 5 (658 50 G ile € ile (97 095
Abedi] sas o plais! s 5le nl g5l 0,55 6l |, s zaS abils b, domts ) ol yiaS
53 Slarye Jla Aline by ug il (5l k8 90 by, 4 09)ly Alime J> sl letal., 2013
QR (55l 555l by, 5l lgies Dlaye Jla alise pl Jo (sl 09ei Jo 1) (P-T) bl
aSLy 55 hSis ol o dn (FI-Y) dolas a5 s 555 > 5o & [Eldén, 1977] 5 5 oslizl
ool b1y oys)ls alis (g5 g0 1S5 al o shls QR (g5l ;5251 S50 (g, S 5l oozl L
o Slas po JBlos alise [Paige and Saunders, 1982] sees > s 35 (55w (5,k3 55 3s,
Jo (MIN[GM—d[) 5l pae ¥ o5 005 4nS b lyicee |, GM =0l g5 s =¥olss
S8 59 e,y 4 3l g)ly eiysNl 5l LSS Al e K Slam M Glgr oS ols (Lis (195 o0 w0909
[Paige and Saunders, 1982] (*-Y Jgaz) &l oo Cowd 4 g5 (55w
Ol woged Jo 1) o 4 50 Bgigted b b (g)ly alis Glos oo (FA-T) alal) 5l oslizal L
ssbiie a4 godze Ohol,S by, alie plgiee VL Cilie SBeigte byl b os)ly s o sl

90 09y 4 (S3lwyyly ool sl eolanul b (YF-Y) alasl, jo ol fows Sla o JBlos alies >
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Paige and Saunders, | L.g;5 s3le s kad g0 (b, 5 oolitul b oyg,ls alins S w6500 ((F-Y) Jgox

11982
Input:  deR", GeR"™, m, = starting vector (often zero vector)
Output: m
Uy =d/oy, py =G| Vo = (G U,) /g Wy = My,co = 1,5, =0,
@y =0,
for k=12, ...
U =GV, —p U,
Oy = ”uk”’ U, = uk/o'k
— 2, 2 - _
O = =S 1P P = CoaPrear U = VP TOLG = pk/vk’sk = 'Uk/vk’
O =CP 1 P = SkPry
W, = (Vi _ekwk—l)/vk
m, =M., + oW,
If HGm(k) —de <N, m=m®, end
= GTuk —o0Vika
Pk :”Vk”’vk = Vk/pk
end

'S byl e 3l 03liinl L (g3 (g3l (B 93 gy Sud s Sguge —Y-F-Y
p GhalS g g iSd (oile (6,8 90 he, b hg,ly sile e S Giali8l sl Al ol yo

E3550 ObaLT sl by, s elial 6138 Ly iy ) Sl S ce IV oY il abail

" Preconditioning
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[Hansen, 20101 ol baools o adgs 092y s s arulys b sl s, Koo atus g Consl

ab slaloy 5l 8 Cler & Goem; @lr ol ab slajloy a5 09 rehae (g5 o0 (rlple
O i onl Ul )0 oo 23U Slsz olml jo g (e (e 998 sl auleSl
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[Hansen, 2010] cosg 55 JSo 4 o)lgs oo

y=min|G,y-d* z*BHsz’ m=Wy (FY-Y)

GWK dobs 2
JBLvi y{ o }

S oS Glaygiw slaw (GW, ) wos Comlas o ple il K<<M 31 & o0l 5o

y=min , m=W,y (YY-v)

0333 8l (S aladl> aS 09y o HUatl azs o cubls valys adgl colus o lo 4 cos

el SR8l 5 S g5l (58 9o by, Sl eslaiul b 55le (45)lg plowl s s Lol Sl
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5l sl o [Jacobsen et al., 2003] aiil aslete olayls p wims oo JuSis |, W, e RM
Wi o ple JoSis sl anlaie slajlo r plgie a0 ' ainnS crginnS hod sulaie by slajls

Q] 30 45 3gd o0 oolazu!

W, =\/%(1,1,...,1)T (f¥-v)

1= 2,3,...,k 6‘)‘-’ 9

W, = \/7 (cos(—) cos(gl—n) .,C0S ((2N 1)m)) (Yo-v)

ol oo 3l g, 5l eolaiwl b yg)ly aliws Jo> (6l ol plis .l ools slaas N ] yo aS
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wods OBl 55 B laie ,S1aiS Iy Uil slodalie gloools s MalS oo 51 ol (glaosls

' Discrete cosine transform (DCT)
2 Tradeoff parameter
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' Discrepancy principle (Dp)
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! Safety factor
2 L curve (LC)
3 Lawson and Hanson
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' Generalized cross validation (GCV)
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1 Stochastic trace estimator
2 Hutchinson
3 Unbiased
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" Unbiased Predictive Risk Estimator (UPRE)
2 Predictive Risk
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" Normalized Cumulative Periodogram (NCP).
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Ol a4 alizes dae wix Ol (NCP) (g, 40 (s5luplaie ol )l Ol (gl Joe jo cpl il

*\-Y)

c’ 0,

Loslael onl S5 S5 6l (M) Joo slo sl Hlop o 09d oo Sl (g3l plate sl
6l (€7) 00t Jlo 5 omomms ool JISgd 15 51 e 355 o0 dles (FF-Y) ala ) > 51 oslizus]
00 cawlio 3lwpdite yiol )b s oo s 4 (g3lwpdate ol )b lore as oo Gl polie ples
Hansen, | col asloee b 5 abal, 5 0P Jluie 0gs anes AP Jlaie o] oyl 4 a5

2010

db = Hcﬁ —vH ¢Y-Y)

: . . T 1
3O gz ge Ay Jade yiwdls A g5lS hg, opl o .V=[l/q,2/q,-..,1] eR* ol &S
9 3980 J> iluphane ylil o sl ar Ggly s Jb S LS 500 Bk 5wl oo ool

L sslopbine sl )l Qll 4 oy g0 Ja5 ay i o e G ple 9y arnlre a3 35 O o
» Silephie jlly Sl sl 055 B () cnl 5l gl plaml S Ghs,y cnl 5l ool
ool 15 5 anlllae ol s el ol ot ool sty lame slaosls g,y s 3loJoke
B9 gy Jeily Gl sbaosls 0g)ly (3ludae po Sy crl 2L
Sl by, il Caa Jomily Glas slaosls Gg)ls (siladoe jo @) slahs) elgl am Jad )

Dgd o o a8l dgne

Y



1y



el e soodls 9)ls (g3la e Slots; S5ete ipgm Jad

e

<l

J:‘ CL‘J R 3OV j"d’"d fJ}/}{f

1y



doudo —V-Y

Dbl o (Some dlge BLAIST jo A 3e (o5 90,5 5 sla by, ales 51 il Glawe sla by,
Jeily slagloe So 58 wlal p ()19 co 1) (S 8985 slodld) (58655 by o ybg) (il 5o
Olee gloodls (g lscslo o 05l Cawdt lbSins bl (s pdyoss 5 S8z mjs Joo g
By Sy 5 oo Jio s3ae 5 daools b 31 Ja slesiably 9] sty 5 il
abl aLils S99 Jow Culpis cawl Sew [Li and Oldenburg, 1996; Zhdanov, 2002] ¢
Sl (Jore Sl St (nl o sl ol So bl 4z g 9t |y deily Glae gloosls &S
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! Smooth and small model inversion
2 Focusing inversion
3 Data-space inversion with sparseness constraints
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Abstract

Gravity and magnetic methods which are called potential field methods in geophysics,
are important geophysical methods in mineral exploration. Inversion of potential field
data is the most important method in interpretation of the data. Most of inversion methods
in geophysics need large amount of computer memory and calculation time. Reducing
required time and memory in inversion of geophysical data especially potential field data
Is an important topic for research. The aim of this study is to provide new algorithms for
smooth inversion, focusing inversion and inversion in data space with sparseness
constrain to improve speed of inversion. In order to achieve the above objectives, forward
solution and Lanczos Bidiagonalization codes prepared in MATLAB for smooth
inversion. Then, the preconditioned Lanczos Bidiagonalization (LB) method with
discrete cosine transform basis vector were presented to increase speed and decrease the
required memory of LB algorithm. It was also showed that Normalized Cumulative
Periodogram (NCP) method is a suitable and fast method for choosing regularization
parameter. In addition the LB method is used to improve speed of the focusing inversion
and inversion in data space with sparseness constrain of potential field data and finally
the improved inversion algorithms were developed. The improved algorithms were tested
on data obtained from 2D and 3D synthetic models and some sets of field data. The results
were then compared with other exploration data and the performance of the improved
algorithms were confirmed. The results showed that in smooth inversion the required
memory is decreased to one sixth and the required inversion time is decreased 60 percent
with using preconditioned Lanczos Bidiagonalization. The improved algorithms of
focusing inversion and inversion in data space with sparseness constrain are also at least

20 percent and 10 percent faster than common algorithms.

Key words: potential field methods, Inversion, Regularization parameter, Lanczos

Bidiagonalization, Improved inversion algorithms.

1y



%7, LJ—-"}Z»

Shahrood University of Technology
Faculty of Mining, Petroleum and Geophysics

PhD Dissertation in Mining engineering (Major: Exploration)

An improved algorithm for inversion of potential field data

By: Mohammad Rezaie

Supervisor:

Dr. Ali Moradzadeh

Advisors:
Dr. Ali Nejati Kalateh
Dr. Hamid Aghajani

September 2016



