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Common chaotic systems

A.1 Noninvertible maps
A.1.1 Logistic map

Xn+1 = AX, (1 - X,,)

Usual parameter: A = 4

Initial condition: Xy = 0.1

Lyapunov exponent: A =In2 = 0.693147181...
Kaplan—Yorke dimension: Dy = 1.0 (exact value)

Correlation dimension: Dy = 1.0 (exact value, converges slowly)
Ref: May (1976)
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Common chaotic systems

A.1.2 Sine map

Xpi1 = Asinn X,

Usual parameter: A =1

Initial condition: Xy = 0.1

Lyapunov exponent: A ~ 0.689067

Kaplan—Yorke dimension: Dky = 1.0 (exact value)

Correlation dimension: D, = 1.0 (exact value, converges slowly)
Ref: Strogatz (1994)

A.1.3 Tent map

Xpi1 = Amin(X,,,1 - X,,)

Usual parameter: A = 2 (see discussion in §2.5.2)

Initial condition: Xy = 1/+/2 (or any irrational 0 < Xo < 1)
Lyapunov exponent: A = In|A| = 0.693147181. ..
Kaplan—Yorke dimension: Dy = 1.0 (exact value)
Correlation dimension: Dy = 1.0 (exact value)

Rel: Devaney (1989)

A.1.4 Linear congruential generator

Xn+1 = AXn —+ B (mod C)

Usual parameters: A = 7141, B = 54773, C = 259200
Initial condition: Xy =0

Lyapunov exponent: A = In|A| = 8.873608101 ...
Kaplan—Yorke dimension: Dky = 1.0 (exact value)
Correlation dimension: Dy = 1.0 (exact value)

Ref: Knuth (1997)
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Noninvertible maps

A.1.5 Cubic map

Xn+1 = AXn(]. - XT%)

Usual parameter: A =3

Initial condition: Xg = 0.1

Lyapunov exponent: A ~ 1.0986122883
Kaplan—Yorke dimension: Dgy = 1.0 (exact value)
Correlation dimension: Dy = 1.0 (exact value)

Ref: Zeng et al. (1985)

A.1.6 Ricker’s population model

Xn+1 = AXne—X"

Usual parameter: A = 20

Initial condition: Xy = 0.1

Lyapunov exponent: A ~ .384846

Kaplan—Yorke dimension: Dgy = 1.0 (exact value)

Correlation dimension: Dy = 1.0 (exact value, converges slowly)
Ref: Ricker (1954)

A.1.7 Gauss map

I,
Xp+1 =1/X,, (mod 1)

Initial condition: Xy = 0.1

Lyapunov exponent: A ~ 2.373445

Kaplan—Yorke dimension: Dgy = 1.0 (exact value)

Correlation dimension: Dy = 1.0 (exact value)
Ref: van Wyk and Steeb (1997)
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Common chaotic systems

A.1.8 Cusp map

X = 1— A/ X,
Usual parameter: A = 2

Initial condition: Xy = 0.5

Lyapunov exponent: A = 0.5 (exact value)
Kaplan—Yorke dimension: Dky = 1.0 (exact value)
Correlation dimension: Dy = 1.0 (exact value)
Ref: Beck and Schligl (1995)

A.1.9 Gaussian white chaotic map

Xpo1 = A erf 11 — 2erf(X,,/A4)]

Usual parameter: A = /2

Initial condition: X =1

Lyapunov exponent: A = In2 = 0.693147181 ...
Kaplan—Yorke dimension: Dgy = 1.0 (exact value)
Correlation dimension: Dy = 1.0 (exact value)
Ref: This text (§9.5.3)

A.1.10 Pinchers map

X1 = |tanh s(X,, — ¢)|

Usual parameters: s = 2,¢= 0.5

Initial condition: Xy =0

Lyapunov exponent: A ~ 0.467944

Kaplan—Yorke dimension: Dky = 1.0 (exact value)
Correlation dimension: D5 = 1.0 (exact value)
Ref: Potapov and Ali (2000)
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Dissipative maps

A.1.11 Spence map

Xn+1 = |In X,

Initial condition: Xg = 0.5

Lyapunov exponent: A — oo

Kaplan—Yorke dimension: Dxy = 1.0 (exact value)

Correlation dimension: Dy = 1.0 (exact value)
Ref: Shaw (1981)

A.1.12 Sine—circle map

//\

/

Xny1 = Xp+Q— Lsin27X, (mod 1)

Usual parameters: = 0.5, K = 2

Initial condition: Xy = 0.1

Lyapunov exponent: A ~ 0.353863

Kaplan—Yorke dimension: Dy = 1.0 (exact value)

Correlation dimension: Dy = 1.0 (exact value, converges slowly)

Ref: Arnold (1965)

AN

A.2 Dissipative maps
A.2.1 Hénon map

Xn+1 =1- CLX% + an

Yn—H = Xp

Usual parameters: ¢ = 1.4,b = 0.3

Initial conditions: Xg =0:Yy = 0.9
Lyapunov exponents: A ~ 0.41922, —1.62319
Kaplan—Yorke dimension: Dgy ~ 1.25827

105



Common chaotic systems

Correlation dimension: D = 1.220 4 0.036
Ref: Hénon (1976)

A.2.2 Lozi map

X+ =1 —0a|X,| +bY,

Yn—H =X

Usual parameters: a = 1.7, 0 = 0.5

Initial conditions: Xy = —0.1, Y, = 0.1
Lyapunov exponents: A ~ 0.47023, —1.16338
Kaplan—Yorke dimension: Dy ~ 1.40419
Correlation dimension: Dy = 1.384 £ 0.053
Ref: Lozi (1978)

A.2.3 Delayed logistic map

)

X1 = AX,,(1-Y,)

Yn—i—l = Xy

Usual parameter: A = 2.27

Initial conditions: Xy = 0.001, Yy = 0.001

Lyapunov exponents: A ~ 0.18312, —1.24199

Kaplan—Yorke dimension: Dky ~ 1.14744

Correlation dimension: Dy = 1.144 + 0.034 (converges slowly)
Ref: Aronson et al. (1982)

A.2.4 Tinkerbell map

Xpi1=X2-Y2+aX, +bY,
Yo = 2X,.Y, +cX,, +d¥,
Usual parameters: a = 0.9, = —0.6,c=2,d = 0.5
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Dissipative maps

Initial conditions: Xg = 0,Y; = 0.5

Lyapunov exponents: A ~ 0.18997, —0.52091

Kaplan—Yorke dimension: Dgy ~ 1.36468

Correlation dimension: Dy = 1.329 £ 0.036 (converges slowly)
Ref: Nusse and Yorke (1994)

A.2.5 Burgers’ map

| /
P
27 Yor..
ol
] i

Yn+1 = an -+ XnYn

Usual parameters: a = 0.75,b = 1.75

Initial conditions: Xy = —0.1,Y; = 0.1

Lyapunov exponents: A ~ 0.12076, —0.22136

Kaplan—Yorke dimension: Dy ~ 1.54554

Correlation dimension: Dy = 1.462 £ 0.054 (converges slowly)
Ref: Whitehead and Macdonald (1984)

A.2.6 Holmes cubic map

XnJrl — Yn

Yn—i—l - —bXn + dYn - YT?

Usual parameters: b = 0.2,d = 2.77

Initial conditions: Xg = 1.6,Y; =0
Lyapunov exponents: A ~ 0.59458, —2.20402
Kaplan—Yorke dimension: Dy~ ~ 1.26977
Correlation dimension: Dy = 1.260 4+ 0.039
Ref: Holmes (1979)

A.2.7 Kaplan—Yorke map
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Common chaotic systems

Xp+1 = aX, (mod 1)

Y41 = bY, + cos4n X, (mod 1)

Usual parameters: a = 2,b = 0.2 (see discussion in §2.5.2)
Initial conditions: Xy = 1/v/2,Y, = —0.4

Lyapunov exponents: A = Ina = 0.693147181...,Inb = —1.609437912.. ..

Kaplan—Yorke dimension: Dgy =1 —1Ina/Inb = 1.430676558 . ..
Correlation dimension: Dy = 1.432 + 0.044
Ref: Kaplan and Yorke (1979)

A.2.8 Dissipative standard map

%
77

Xn+1 = Xn + Yn+1 (mod 27T)

Y1 = bY, + ksin X,, (mod 2)

Usual parameters: b = 0.1,k = 8.8

Initial conditions: X3 = 0.1,Yy = 0.1
Lyapunov exponents: A ~ 1.46995, —3.77254
Kaplan—Yorke dimension: Dy ~ 1.38965
Correlation dimension: Ds = 1.356 + 0.047
Ref: Schmidt and Wang (1985)

A.2.9 Ikeda map

Xn+1 =7+ )U‘(Xn cos ¢ - Yy, sin ¢)

Yn+1 - lu'(Xn sin ¢ + Yy, cos ¢)

where ¢ = 8 —a/(1+ X2+ Y2)

Usual parameters: « = 6,8 =04,y =1,4=0.9
Initial conditions: Xg =0,Yy =0

Lyapunov exponents: A ~ 0.50760, —0.71832
Kaplan—Yorke dimension: Dy =~ 1.70665
Correlation dimension: Ds = 1.690 4+ 0.073

Ref: Tkeda (1979)
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Conservative maps

A.2.10 Sinai map

Xpi1 = Xp+ Y, +dcos2rY,, (mod 1)

Yni1 = Xn +2Y, (mod 1)

Usual parameter: § = 0.1

Initial conditions: Xg = 0.5,Yy = 0.5
Lyapunov exponents: A ~ 0.95946, —1.07714
Kaplan—Yorke dimension: Dgy ~ 1.89075
Correlation dimension: Ds = 1.779 + 0.063
Ref: Sinai (1972)

A.2.11 Discrete predator—prey map

Xpt1 = Xpexplr(1 — X,,/K) — aY,,] (prey)

Y1 = X[l — exp(—aY,,)] (predator)

Usual parameters: r =3, K =1,a =5

Initial conditions: Xy = 0.5,Y; = 0.5

Lyapunov exponents: A ~ 0.19664, 0.03276

Kaplan—Yorke dimension: Dy = 2.0 (exact value)
Correlation dimension: Dy = 1.903 £ 0.079 (converges slowly)
Ref: Beddington et al. (1975)

A.3 Conservative maps
A.3.1 Chirikov (standard) map

4 .

Xn+1 = Xn + Yn—l—l (mod 271')
Y41 =Y, + ksin X,, (mod 2x)
Usual parameter: k =1
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Common chaotic systems

Initial conditions: Xy =0,Y; =6

Lyapunov exponents: A ~ £0.10497
Kaplan—Yorke dimension: Dy = 2.0 (exact value)
Correlation dimension: Dy, = 1.954 4 0.077

Ref: Chirikov (1979)

A.3.2 Hénon area-preserving quadratic map

Xpp1 = Xpcosa — (Y, - X2)sina

Vo1 = Xpsina+ (Y, — X2)cosa

Usual parameter: cos = 0.24

Initial conditions: Xy = 0.6,Yy = 0.13

Lyapunov exponents: A ~ £0.00643

Kaplan—Yorke dimension: Dgy = 2.0 (exact value)
Correlation dimension: Dy = 2.200 £ 0.063 (converges slowly)
Ref: Hénon (1969)

A.3.3 Arnold’s cat map

Xpy1 =X, +Y, (mod 1)

Ypt1 = Xn + kY, {mod 1)

Usual parameter: k = 2

Initial conditions: Xo = 0,Y = 1/v/2

Lyapunov exponents: A = +1n[2(3 + v/5)] = £0.96242365 . ..
Kaplan—Yorke dimension: Dky = 2.0 (exact value)
Correlation dimension: Dy = 2.0 (exact value)

Ref: Arnold and Avez (1968)

A.3.4 Gingerbreadman map
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Conservative maps

Xn+1 =1+ |Xn| - Y,

Yn-l—l = Xn

Initial conditions: Xg = 0.5,Y; = 3.7

Lyapunov exponents: A ~ +£0.07339

Kaplan—Yorke dimension: Dgy = 2.0 (exact value)
Correlation dimension: Dy = 2.171 £ 0.078 (converges slowly)
Ref: Devaney (1984)

A.3.5 Chaotic web map

Xpt1 = Xpcosa— (Y, + ksin X)) sina

Yo+1 = Xpsina+ (Y, + ksin X,,) cos

Usual parameters: a = w/2,k =1

Initial conditions: Xy = 0,Yy; = 3

Lyapunov exponents: A ~ +0.04847

Kaplan—Yorke dimension: Dy = 2.0 (exact value)
Correlation dimension: Dy = 1.779 & 0.059 (converges slowly)
Ref: Chernikov et al. (1988)

A.3.6 Lorenz three-dimensional chaotic map

Xn+1 = XnYn - Zn
Yn+1 =X

Zn—|—1 =Y,

Initial conditions: Xy = 0.5,Yy = 0.5, 75 = —1

Lyapunov exponents: A ~ 0.07456, 0, —0.07456
Kaplan—Yorke dimension: Dgy = 2.0 (exact value)
Correlation dimension: Dy = 1.745 4 0.057 (converges slowly)
Ref: Lorenz (1993)
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A.4 Driven dissipative flows

A.4.1 Damped driven pendulum

de/dt =y

dy/dt = —sinx — by + Asin )¢

Usual parameters: b = 0.05, 4 =0.6,Q =0.7
Initial conditions: zo = 0,y9 = 0,290 =0
Lyapunov exponents: A ~ 0.1414,0, —0.1914
Kaplan—Yorke dimension: Dy ~ 2.7387
Correlation dimension: Dy = 2.764 £ 0.158
Ref: Baker and Gollub (1996)

A.4.2 Driven van der Pol oscillator

de/dt =y
dy/dt = —x + b(1 — )y + Asin Ot

Usual parameters: b =3, A = 5,01 = 1.788
Initial conditions: zg = —1.9,40 = 0,t =0
Lyapunov exponents: A ~ 0.1933,0, —2.0725
Kaplan—Yorke dimension: Dy ~ 2.0933

Correlation dimension: Dy = 2.190 4 0.080 (converges slowly)

Ref: van der Pol (1926)

A.4.3 Shaw—van der Pol oscillator

dr/dt =y + AsinQt

dy/dt = —x + b(1 — z*)y

Usual parameters: b =1, A =1, =2
Initial conditions: zg = 1.3,y0 = 0,20 =0
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Driven dissipative flows

Lyapunov exponents: A ~ 0.1180,0, —1.2736
Kaplan—Yorke dimension: Dgy ~ 2.0927
Correlation dimension: Dy = 2.007 £+ 0.091
Ref: Shaw (1981)

A.4.4 Forced Brusselator

de/dt =2y — (b+ 1)z +a+ Asin Qt

dy/dt = —z%y + bz

Usual parameters: a = 04,6 =1.2, 4 = 0.05,Q2 = 0.8

Initial conditions: g = 0.3, = 2,19 =0

Lyapunov exponents: A ~ 0.0140, 0, —0.2619

Kaplan—Yorke dimension: Dgy ~ 2.0535

Correlation dimension: Dy = 2.224 + 0.095 (converges slowly)
Ref: Tomita and Kai (1978)

dy/dt = —a® — by + Asin Qt

Usual parameters: b = 0.05,4 = 75,0 =1

Initial conditions: zg = 2.5, 59 = 0,5 =0

Lyapunov exponents: A >~ (0.1034, 0, —0.1534

Kaplan—Yorke dimension: Dy ~ 2.6741

Correlation dimension: Dy = 2.675 + 0.132 (converges slowly)
Ref: Ueda (1979)
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dy/dt = —z* + x — by + Asin it

Usual parameters: b=10.25,4 =04,0=1
Initial conditions: ¢ = 0.2,y = 0,70 =0
Lyapunov exponents: A ~ 0.1572, 0, —0.4072
Kaplan—Yorke dimension: Dy ~ 2.3860
Correlation dimension: Dy = 2.334 £ 0.114
Ref: Moon and Holmes (1979)

A.4.7 Duffing—van der Pol oscillator

g X
!

dy/dt = p(1 — yz?)y — z° + Asin Ot

Usual parameters: p = 0.2, =8, A = 0.35,Q2 = 1.02

Initial conditions: g = 0.2,y0 = —0.2,15 =0

Lyapunov exponents: A ~ 0.0963,0, —0.2778

Kaplan-Yorke dimension: Dxy ~ 2.3467

Correlation dimension: Dy = 2.333 & 0.115 (converges slowly)
Ref: Ueda (1992)

dy/dt = p(1 — yy?)y — z* + Asin Qt

Usual parameters: 4= 0.2,y =4,4A=0.3,2=1.1
Initial conditions: zo = 0.3,y9 = 0,%o =0
Lyapunov exponents: A ~ 0.0912,0, -0.2755
Kaplan—Yorke dimension: Dky ~ 2.3310
Correlation dimension: Ds = 2.194 4+ 0.120

Ref: Hayashi et al. (1970)
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Autonomous dissipative flows

A.5 Autonomous dissipative flows
A.5.1 Lorenz attractor

dz/dt = oy — x)
dy/dt = —zz+rx —y

dz/dt = zy — bz
Usual parameters: o = 10,7 = 28,b = §/3
Initial conditions: 2o = 0,59 = —0.01,20 =9

Lyapunov exponents: A ~ 0.9056,0, —14.5723
Kaplan—Yorke dimension: Dy ~ 2.06215
Correlation dimension: Dy = 2.068 & 0.086
Ref: Lorenz (1963)

A.5.2 Rossler attractor

i

de/dt = —y — 2
dy/dl = z + ay
dz/dt =b+ z(z — ¢)

Usual parameters: a = b =0.2,¢ = 5.7

Initial conditions: zg = —9,59 = 0,29 = 0

Lyapunov exponents: A ~ 0.0714, 0, —5.3943

Kaplan—Yorke dimension: Dgy ~ 2.0132

Correlation dimension: Dy = 1.991 + 0.065 (converges slowly)
Ref: Rossler (1976)

A.5.3 Diffusionless Lorenz attractor
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Common chaotic systems

Usual parameter: £ =1

Initial conditions: zg = 1,40 = —1, 20 = 0.01
Lyapunov exponents: A ~ 0.2101,0, —1.2101
Kaplan—Yorke dimension: Dgy =~ 2.1736
Correlation dimension: Dy = 2.169 £ 0.128
Ref: van der Schrier and Maas (2000)

A.5.4 Complex butterfly

dz/dt = aly — z)

dy/dt = —zsgnzx

dz/dt = |z} — 1

Usual parameter: ¢ = 0.35

Initial conditions: g = 0.2,50 = 0,20 = 0
Lyapunov exponents: A ~ 0.1690, 0, -0.7190
Kaplan—Yorke dimension: Dky =~ 2.2350

Correlation dimension: Dy = 2.491 £ 0.131 (converges slowly)

Ref: Elwakil et al. (2002)

A.5.5 Chen’s system

dy/dt = (c —a)x —xz+cy

dz/dt = xy — bz

Usual parameters: a = 35,b=3,c =28
Initial conditions: zg = —10,yo = 0, 20 = 37
Lyapunov exponents: A ~ 2.0272,0, ~12.0272
Kaplan—Yorke dimension: Dky =~ 2.1686
Correlation dimension: Dy = 2.147 £ 0.117
Ref: Chen and Ueta (1999)
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Autonomous dissipative flows

dz/dt = —y® — 2% —az + oF

dyfdt =xy —bxz —y+ G

dz/dt =bzy +z2— 2

Usual parameters: a =0.25,b=4,F =8,G =1
Initial conditions: zo = 0,59 = 0,20 = 1.3
Lyapunov exponents: A ~ 0.1665,0, —4.4466
Kaplan—Yorke dimension: Dy ~ 2.0374
Correlation dimension: Dy = 2.162 + 0.114
Ref: Lorenz (1984b)

A.5.7 ACT attractor

dz/dt = a(z — y)

dy/dt = —4day + 2z + px®

dz/dt = —daz + zy + 32>

Usual parameters: a = 1.8, 5 = —0.07,6 = 1.5, u = 0.02
Initial conditions: 29 = 0.5, = 0,25 = 0

Lyapunov exponents: A ~ 0.1634, 0, —9.2060
Kaplan—Yorke dimension: Dky ~ 2.0177

Correlation dimension: Dy = 2.039 + 0.106

Ref: Arnéodo et al. (1981)

A.5.8 Rabinovich—Fabrikant attractor

dr/dt = y(z — 1+ 2?) + vz

dy/dt = z(3z + 1 — 2?) + vy

dz/dt = —2z(a + zy)

Usual parameters: v = 0.87,a = 1.1
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Initial conditions: g = —1,y0 = 0,20 = 0.5
Lyapunov exponents: A ~ 0.1981,0, —0.6581
Kaplan—Yorke dimension: Dky ~ 2.3010
Correlation dimension: Dy = 2.191 4 0.113
Ref: Rabinovich and Fabrikant (1979)

A.5.9 Linear feedback rigid body motion system

dz/dt = 0.4z +y + 10y=

dy/dt = —x — 0.4y + Sy

dz/dt = oz — Sy

Usual parameter: o = 0.175

Initial conditions: zg = 0.6,50 = 0,20 =0
Lyapunov exponents: A ~ 0.1421,0, —0.7671
Kaplan—Yorke dimension: Dy =~ 2.1853
Correlation dimension: Do = 2.069 = 0.121
Ref: Leipnik and Newton (1981)

A.5.10 Chua’s circuit

W7 7
&

A

7

Al '*,(/

dz/dt = oly — z + bz + L(a — b)(lx + 1| — [z — 1])]

dy/dt =z —y+=z2

dz/dt = =Py

Usual parameters: & = 9,3 = 100/7,a = 8/7,b=5/7

Initial conditions: zg = 0,50 = 0,2 = 0.6

Lyapunov exponents: A ~ 0.3271,0, —2.5197

Kaplan—Yorke dimension: Dky ~ 2.1298

Correlation dimension: Dy = 2.125 + 0.098 (converges slowly)
Ref: Matsumoto et al. (1985)
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Autonomous dissipative flows

dr/dt =y
dy/dt =z
dz/dt=—z— (T — R+ Rz?)y — Tx

Usual parameters: 7'=6, R = 20

Initial conditions: 2o = 0.1,y9 = 0,29 =0

Lyapunov exponents: A ~ 0.1119,0,-1.1119

Kaplan—Yorke dimension: Dy ~ 2.1006

Correlation dimension: Dy = 2.309 £ 0.107 (converges slowly)
Ref: Moore and Spiegel (1966)

A.5.12 Thomas’ cyclically symmetric attractor

dr/dt = —bz + siny

dy/dt = —by +sin z

dz/dt = —bz +sinzx

Usual parameter: b = 0.18

Initial conditions: zg = 0.1,550 = 0, 29 = 0
Lyapunov exponents: A ~ 0.0349,0, —0.5749
Kaplan—Yorke dimension: Dxv ~ 2.0607
Correlation dimension: Dy = 1.843 + 0.075
Ref: Thomas (1999)

A.5.13 Halvorsen’s cyclically symmetric attractor

dx/di = —ax — 4y — 4z — y?
dy/dt = —ay — 4z — 4z — 22
dz/dt = —az — 4o — 4y — 22
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Usual parameter: a = 1.27

Initial conditions: zp = —b,y0 = 0,2p =0
Lyapunov exponents: A ~ 0.7899,0, —4.5999
Kaplan—Yorke dimension: Dy ~ 2.1717
Correlation dimension: Ds = 2.110 & 0.095
Ref: This text (§8.8.2)

A.5.14 Burke—Shaw attractor

de/dt = =Uzx — Uy
dy/dt = —Uzz —y

dz/dt = —Uzy +V

Usual parameters: U = 10,V =13

Tnitial conditions: zg = 0.6, = 0,20 =0

Lyapunov exponents: A ~ 2.2499,0, —13.2499

Kaplan—Yorke dimension: Dgy =~ 2.1698

Correlation dimension: Dy = 2.211 + 0.132 (converges slowly)
Ref: Shaw (1981)

A.5.15 Rucklidge attractor

o

de/dt = —kz + Ay — yz

dy/dt =z

dz/dt = —z + y*

Usual parameters: k = 2, A = 6.7

Initial conditions: zo = 1,50 = 0,20 = 4.5

Lyapunov exponents: A = 0.0643, 0, —3.0643

Kaplan—Yorke dimension: Dky = 2.0210

Correlation dimension: Dy = 2.108 = 0.095 (converges slowly)
Ref: Rucklidge (1992)
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dy/dt = z

dz/dt = —az —y +b—e”

Usual parameters: a = 0.7,b = 2.5

Initial conditions: zp = 0,79 = 0.8,29 = 0

Lyapunov exponents: A ~ 0.0755,0, —0.7755

Kaplan—Yorke dimension: Dy ~ 2.0974

Correlation dimension: Dy = 2.035 £ 0.095 (converges slowly)
Ref: Horton et al. (2001)

A.5.17 Simplest quadratic chaotic flow

dx/dt =y
dy/dt =z
dz/dt = —az +y* —x

Usual parameter: a = 2.017

Initial conditions: zg = —0.9,50 = 0, zp = 0.5

Lyapunov exponents: A ~ 0.0551,0, —2.0721

Kaplan—Yorke dimension: Dy ~ 2.0266

Correlation dimension: Dy = 2.187 + 0.075 (converges slowly)
Ref: Sprott (1997a)

A.5.18 Simplest cubic chaotic flow

de/dt =y
dy/dt = z
dz/dt = —az +2y® — x
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Usual parameter: a = 2.028

Initial conditions: zp = 0,y0 = 0.96,2p = 0

Lyapunov exponents: A ~ 0.0837,0, —2.1117

Kaplan—Yorke dimension: Dy ~ 2.0396

Correlation dimension: Dy = 2.174 4 0.083 (converges slowly)
Ref: Malasoma (2000)

A.5.19 Simplest piecewise linear chaotic flow

dz/dt =y

dy/dt =z

dz/dt = —az —y+|z| -1

Usual parameter: ¢ = 0.6

Initial conditions: o = 0,50 = —0.7,20 =0

Lyapunov exponents: A ~ 0.0362, 0, —0.6362

Kaplan-Yorke dimension: Dy ~ 2.0569

Correlation dimension: Dy = 2.131 £ 0.072 (converges slowly)
Ref: Linz and Sprott (1999)

A.5.20 Double scroll

dy/dt =z

dz/dt = —alz +y + z — sgn ]

Usual parameter: a = 0.8

Initial conditions: 2o = 0.01,40 = 0.01,20 =0

Lyapunov exponents: A ~ 0.0497, 0, —0.8497

Kaplan—Yorke dimension: Dky ~ 2.0585

Correlation dimension: Dy = 2.184 £ 0.107 (converges slowly)
Ref: Elwakil and Kennedy (2001)
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Conservative flows

A.6 Conservative flows
A.6.1 Driven pendulum

dz/dt =y
dy/dt = —sinz + Asin Ot

Usual parameters: A =1.0,Q2 = 0.5

Initial conditions: zg = 0,79 = 0,5 =0

Lyapunov exponents: A ~ 0.1633,0, —0.1633
Kaplan—Yorke dimension: Dgy = 3.0 (exact value)
Correlation dimension: Ds = 2.756 4+ 0.149

Ref: This text (§8.5)

A.6.2 Simplest driven chaotic flow

dz/dt =y

dy/dt = —z* 4 sin Ot

Usual parameter: () = 1.88

Initial conditions: g = 0,79 = 0,1, = 0

Lyapunov exponents: A ~ 0.0971,0, —0.0971
Kaplan—Yorke dimension: Dky = 3.0 (exact value)
Correlation dimension: Dy = 2.634 = 0.160

Ref: This text (§8.6)

A.6.3 Nosé-Hoover oscillator

Usual parameter: a = 1
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Initial conditions: xg = 0,459 = 5,20 =0

Lyapunov exponents: A ~ 0.0138,0, —0.0138

Kaplan—Yorke dimension: Dgy = 3.0 (exact value)
Correlation dimension: Dy = 2.521 & 0.146 (converges slowly)
Refs: Nosé (1991), Hoover (1995)

dz/dt = siny

dy/dt = sin z
dz/dt =sinz

Initial conditions: z¢g = 0.1,y = 0,20 =0
Lyapunov exponents: A ~ 0.1402, 0, —0.1402
Kaplan—Yorke dimension: Dky =~ 3.0 (exact value)
Correlation dimension: Dy = 2.837 £0.173

Ref: Thomas (1999)

A.6.5 Hénon—Heiles system

dy/dt =w
dv/dt = —x — 2zy
dw/dt = —y — z° +y*

Initial conditions: zg = 0.499, 15 = 0,vp = 0, wo = 0.03160676 . ..

Lyapunov exponents: A ~ 0.0450, 0,0, —0.0450

Kaplan—Yorke dimension: Dxy = 3.0 (exact value)
Correlation dimension: Dy = 2.706 & 0.126 (converges slowly)
Ref: Hénon and Heiles (1964)
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Abstract

Studying the complicated nonlinear behaviours sagchhaos and its origins in dynamic
systems like robot manipulators, leads to the esipanof our information towards
increasing these systems efficiency and controk dijective of this thesis is to design
a Fractional Dynamic Sliding Mode Controller (FDSMfor chaotic two-link Robot
Manipulators. Due to its high precision and robasthagainst external disturbances and
uncertainties, sliding mode control has attracteshyrresearch interests as an important
and efficient strategy in nonlinear control. Dynarsliding mode control is one of the
generalized methods of sliding mode control artshised on increasing the dynamics of
the system. Because of using integrator in caligahe control signal, the chattering
problem which is the most important problem in igigd mode controllers will be
reduced significantly and it makes the control aigealizable for the robot. Nowadays,
the special place of the fractional derivative asappropriate tool in describing the
systems better and also increasing the controlleapability is quite evident. Using
such derivatives enables us to design a robustraitant against uncertainties and
disturbances, eliminate\ reduce the chattering Ilprebalong with maintaining and
improving system desirable performandgtilizing a fractional controller reduce
chattering and increase the efficiency of the adler. The theoretical analysis and
simulations have been carried out for chaotic rehotder load and due to the time
delay and in the presence of uncertainties andirtiahces. Finally, the controller has
been compared with three other types of controll8imulation results confirm the

effectiveness of the proposed method

Keywords. Chaos, Chaotic 2-link Robot, Delay, Dynamic Slidikgpde, Fractional

Derivatives, Fractional Dynamic Sliding Mode Cotign Lyapunov Exponent.
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