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1. Hyperelastic
2. Constitutive relations
3. Isotropic
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. Hyperelasticity

. Large deformations

. Reversible

. Rubbers

. Rubber-Like matrerials
. Elastomers

. Soft biological tissues

~No o wN



6l el b b gt 58, Lol a8 ol ol o (Ldos sla b, 5l ool Cu e onls b 55
Bas a5 Jloj oy a4 Cewl o BB (S2l) 4 g 650 il pd (6 005 )L canann o 51 ]
Ohgy dilb oz g orw b o (giludis 5 pinns JB3) (59, p ke o 1 S kel )y (ganlllas
3 obeser goolaiul adly o ams alS aze BB Jaae a |y Glslbre oy Wlgs o Sl
Slp 1y wedgw G)lpl g oo plaS e slacasgame a4 g b Ldod 5 gove slas,
2yl pold Pl Jolowi caz o)l Sings,
Slodiug hs e SV U8, pw)n Gln Gelos o3, a8l Grashy nl plxil ) o
PR L g 97me ) Ll o e [Lid Cov juitie Cwls b s oz (og B g (sl
5 oSeal SenYlle (sodle sl atugy iz ool (a5 5 kSl 5 T Silei Ly )8
Jsb bl jo alie piie 5l b 618 L 5 Caalied &l pis 5 ol i Sl & Siluon
5zl S5l as o o IS i s,k 5l oslinal b allics 5 oS> ¥ slas ol atug
2 elrals o i polie Ll ad walys o Tololazel ay i lawgs oS> SYoles olKiws

b aalg ) (Jelod o alise Jelse Sl g drulne (63,90 saslllae O jgod; dtug

baiwg Y-

5 peed g S5 sloaing Jols Ll Ldos slaas ks dadiwg (gamdiws oo (idu Oyl 5o

[y] 335 2 )8 oy p Oy90 (gwiin e slady L
lbd.».wg; G ddwd V=Y -

Dged (Gludiwd i IS 4 (g,ld, 9 (G0l ( cwain oFaso ngssa ) atug,

1. Kinematic relations
2. Perturbations theory
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. Shell of translation

. Shell of revolution

. Thin shell

. Middle surface

. Thick shell

. Homogeneous and isotropic shell

. Homogeneous and anisotropic shell

. Inhomogeneous and isotropic shell

. Inhomogeneous and anisotropic shell
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1. Elastic behavior
2. Plastic behavior
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1. Kirchhoff

2. Aron

3. Love

4. Reissner

5. Axisymmetric shell of revolution
6. Flugge
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. Membrane theory

. Bending theory

Lame”

. Plane elasticity theory (PET)
Galerkin

Vlassov

. Shear deformation theory (SDT)
. Mirsky

. Hermann

10. First-order shear deformation theory (FSDT)
11. Greenspon
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1. Mirsky-Hermann first-order shear deformation theory
2. Mindlin theory
3. Donnel’s nonlinear theory
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. Rubbery behavior

. Polymeric materials

. Bulk modulus

. Polymeric foams

. Sponges

. Compressibility

. Glassy

. Viscoelastic
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0. Glass transition temperature

P OoOoO~NOOTWNBE

\F



Ao oo sl 093 5l (S LS5 o8l o (ol 5l YL slales o
A2 ol prmogl B0 L 1 olge oo camline )lid, ( Jas SVl Joe wlge 1 s bas sl
u_i.»..»w.ﬁ” J]o‘b‘ Q‘?A )‘ ths; Ls‘)" LS)L"}L"" J“-XA &, @‘5 I ) S y‘_u-’;l-’ i Y‘).ALQ JM
odle wgise glFl TS G5l ab Syl 8 Sm0 ek, Wl e a8 wibe

ol T g5 SVl godle 1 pols > SVl pole

S|y b dlgo slgil YY)
Dg g0 0318 G 2 (50,L,0 paite (ol dlsl jo aS 5 S o lil 6 )

Lo o)ls ) o 5,0 a5 Wl oo comoty St ci 50 Sligl s 5l aands Sy
ooy g (godle .am o gme | b ,S C 0" a5l saie aelS SO () g2 lS e
e polie uores gl oo aSll sl S lgie 4 a5 el )STg 00 ool lade gl yls
&MY L)'))S ‘..\> Lg‘).a o LJ"S‘)" Lgof)l.n O .d)‘d 09.?9 odle U"‘ ).b uT 9 U‘“‘i"s)" s@m 0‘9.9 céma
P9 s 00lgils SO 5l cwliiolS a1 as ul b les o pl 0gd o 00ls L )5 b Lallsb )l
Do Sy 22550 S 5

Sloyzsy ol sla JgSdg0 31 el oals ool las (@) V=) IS (o a5 jshailen laSCowY
alol b b gl a8 ol olaonds slaail Jawg oz ools dige & (2l aileas LSiis

olis (@) V=) JSKS jo S gouds ol JoSge ol pll il SV b j9dlgn (00,5

Ll 00 00l

1. Green-Elastic
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. Stress power

. Double contraction

. The first Piola-Kirchhoff stress
. Deformation gradient

. The second Piola-Kirchhoff stress
. Green-Lagrange strain

. The right Cauchy-Green strain
. Biot stress

. Right stretch tensor

10. Elastic potential

11. Specific strain energy
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. Principle of determinism for stress

. Principle of local action

. Principle of material frame-indifference
. Material objectivity

. Principle of material symmetry
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. Biaxial tension
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1. Lagrange multiplier method
2. Penalty function
3. Hybrid (mixed) variational principles

Y4



SilwaieS Ban HISY Coypo by, b alin jeb a gy pl )0 008 0 g0 dle NVERY
0l 3,lg £33 (545 1 (ko S O jgods oS> b T j aS el (guua> o ol Jlassls
Oygods Moz (§ymiie abalal g Slaye Bl cle o alae bys by, ool o e
oot ail)l sla g, (b ydoy 5 ' (S Gomay sbml 4 az g b YV ] 0gs o Lol oy
LU ol onds grw alises slo il ;0 o /0 sae 4 SUo5 (gwley Cond b pndulpSTy5 olge o
(2 y2) 35 () Jbe plyie 4y 0S @8, 1) St cnl wiilsny b by, ol 5o Sldal ploxd]
ey odle by, il 50 g oo eolitul ndylaSls slge Jelos o calise sl JSiaa T Sl
Sl o Sy 3l el JUESS 4 Uas ol S 5 ,ilinSTy5 Loy (5185 S0 5 5,5V
o yo gl b OMas 58,5 (o 040 oo eoliiwl JLasil o o1 bl mb ol o 4y Ko
Iyl ogs o 2306615 Lty s (Fas Ja3 JSte Bd> el lajon g0t Sl
Sl ysie yogdle o at e Bluw 4y by o Slaesdin (o055 Slidd Clas lahs) 5o

Sl 093 &S (SSliulgyae (Lid) 4l sanwly Glopaie (o olral>) adyl anuly
gy d onl @l 5l Glol B gl o a8 )3 Hai s 5 s adyl gaaly sl st
Sl piin co Ll priies e Sl Sl ) puiias O)jgots 456 Sl pite Gaule
gl 5 adsl Gl ysite jl (oS 5 Ojpot e JLASE S (e b oy cnl 5o Sl a3l
Olyie 4 098 oo pladl aygill 5 adyl slopite con o] (Sileaiiion b 5 siluaieS 4 Cos
MUV, ) oad ol JUisils o g, cpl 5l (ool <l Glgie @ 515Y oo g, 5o Jlo

S o sl a1y 0> JBlas Jlade oloals sl psie 4 Cons Wlg o (FV-)) galal, jo

oS 5 Ok ol o s e 4 a2l 4zt |y S5Shas e 515V (pd 4 Car 45

1. Locking phenomenon
2. llI-conditioning
3. Augmented Lagrangian (multiplier) method
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1. Stationary principle

2. Direct methods

3. Ritz method

4. Weighted residual method
5. Galerkin method

6. Petrov—Galerkin method
7. Weak formulation
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1. Third-order Hermitian finite element formulation
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1. Bubnov-Galerkin method
2. Chebyshev
3. Pasternak
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1. Hadamard
2. Polignone and Horgan
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1. Density of reinforcement

2. Fiber stiffness

3. Takamizawa-Hayashi

4. Fung

5. Bifurcation

6. Adams-Moulton

7. Coupled series-asymptotic expansion
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1. Abdominal aortic aneurysm
2. Elastin

3. Aneurysm

4. Newton-Krylor
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MC, [Vl 0.242 0.142 10 Natural gum rubbers
MC, [y-al 0.251 0.263 36 TDM 600
MC, [a5] 0.177 0.045 10 Rubber bushes
MC, [Viv] 0.16 0.015 10 Rubbers
MCs [vy] 0.1858  -0.01935 10 Rubberlike materials
MC, [V ] 0.423 -0.262 10.5 Silicone elastomers
MC, [a.] 0.09 0.118 10 polyurethane rubbers
MCq [V-v] 0.1848 0.0264 10 Rubbers
MG, [v#] 0.552 0.138 10 Rubber seals
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e R/(C, +C,)=1/50 P/(C, +C,) =1/100 R/(C, +C,) =1/200
ID R=5 R=10 R=20 R=5 R=10 R=20 R=5 R=10 R=20
MC, FSDT 0.0734 0.2991 1.2127 0.0363 0.1481 0.5943 0.0182 0.0736 0.2952
FEM 0.0759 0.3047 1.2699 0.0370 0.1488 0.5970 0.0184 0.0737 0.2930
MC FSDT 0.0691 0.2859 1.1754 0.0339 0.1410 0.5760 0.0169 0.0700 0.2812
2 FEM 0.0736 0.2913 1.2210 0.0359 0.1407 0.5746 0.0178 0.0706 0.2780
Mc, FSDT 00701 02917 11863 0.0347 0.1437 05810 00173 00714 0.2876
FEM 0.0730 0.2957 1.2319 0.0358 0.1442 0.5812 0.0180 0.0717 0.2847
MC FSDT 0.0685 0.2876 1.1771 0.0340 0.1421 0.5763 0.0169 0.0706 0.2861
4 FEM 0.0726 0.2921 1.2234 0.0356 0.1430 0.5766 0.0179 0.0712 0.2830
MC FSDT 0.0681 0.2869 1.1762 0.0338 0.1417 0.5760 0.0168 0.0704 0.2855
2 FEM 0.0725 0.2930 1.2214 0.0349 0.1419 0.5742 0.0177 0.0710 0.2824
MC FSDT 0.0676 0.2832 1.1371 0.0336  0.1408 0.5682 0.0167 0.0702 0.2836
5 FEM 00722 02902 1.1780 00362 0.1421 0.5683 00178 0.0708 0.2812
MC FSDT 0.0696 0.2902 1.1871 0.0345 0.1433 0.5810 0.0172 0.0712 0.2875
7 FEM 0.0743 0.2969 1.2375 0.0360 0.1440 0.5813 0.0181 0.0716 0.2850
MC. FSDT 0.0697 0.2899 1.1861 0.0346 0.1425 0.5798 0.0172 0.0712 0.2875
8 FEM 0.0742 0.2970 1.2360 0.0365 0.1440 0.5799 0.0180 0.0716 0.2846
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R/(C, +C;) =1/50

R/(C, +C,) =1/100

R/(C, +C,)=1/200

'\fgt U7)( 'maXx = = = _ _ _ _ _ —
REIS R =10 R =20 REIS R =10 R =20 REIG) R =10 R =20
MC, FSDT 0.0147 0.0453 0.1096 0.0073 0.0231 0.0623 0.0037 0.0117 0.0331
FEM 0.0151 0.0469 0.1089 0.0076  0.0242 0.0621 0.0038 0.0125 0.0332
MC FSDT 0.0138 0.0453 0.1162 0.0069 0.0227 0.0634 0.0035 0.0113  0.0332
2 FEM 0.0149 0.0460 0.1080 0.0073 0.0239 0.0611 0.0037 0.0120  0.0333
MC. FSDT 0.0138 0.0445 0.1139 0.0069 0.0226 0.0628 0.0034 0.0114 0.0329
8 FEM 0.0149 0.0452 0.1068 0.0075 0.0239 0.0611 0.0037 0.0121  0.0331
MC, FSDT 0.0136  0.0445 0.1148 0.0068 0.0225 0.0630 0.0034 0.0113 0.0329
FEM 0.0148 0.0457 0.1069 0.0075 0.0237 0.0603 0.0037 0.0122  0.0332
MC, FSDT 0.0135 0.0441 0.1135 0.0068 0.0224 0.0626 0.0034 0.0113 0.0327
FEM 0.0148 0.0456 0.1050 0.0073 0.0239 0.0602 0.0037 0.0121  0.0329
MC, FSDT 0.0134 0.0408 0.0960 0.0066 0.0216 0.0584 0.0034 0.0111 0.0316
FEM 0.0145 0.0432 0.0973 0.0073 0.0224  0.0587 0.0037 0.0121  0.0318
MC, FSDT 0.0139 0.0454 0.1166 0.0069 0.0228 0.0640 0.0034 0.0114 0.0332
FEM 0.0150 0.0466 0.1085 0.0075 0.0232 0.0613 0.0038 0.0123  0.0335
MC, FSDT 0.0137 0.0444 0.1134 0.0068 0.0226 0.0628 0.0034 0.0114 0.0329
FEM 0.0149 0.0460 0.1063 0.0075 0.0238 0.0610 0.0037 0.0123  0.0328
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Mt - P/u=1/100 P/u=1/200 P./1=1/400
1D U Z 'max _ _ _ _ _ _ _ _ _

R =5 R =10 R =20 R =5 R =10 R =20 R =5 R =10 R =20
MC FSDT 0.0792 0.3192 1.2895 0.0393 0.1587 0.6324 0.0196 0.0778 0.3100
1 FEM 0.0799 0.3207 1.3038 0.0394 0.1579 0.6325 0.0195 0.0777  0.3099
MC FSDT 0.0770 0.3144 1.3093 0.0388 0.1561 0.6230 0.0193 0.0770  0.3067
12 FEM 0.0791 0.3174 1.3327 0.0387 0.1553 0.6244 0.0192 0.0769  0.3059
MC FSDT 0.0768 0.3102 1.2550 0.0382 0.1538 0.6164 0.0191 0.0766  0.3049
B FEM 0.0778 0.3126  1.3053 0.0383 0.1536 0.6173 0.0190 0.0767  0.3024
MC,, FSDT 0.0745 0.3023 1.2545 0.0371 0.1497 0.5992 0.0184 0.0745 0.2980

FEM  0.0764 0.3039 1.2809 0.0378 0.1489  0.6020 0.0186 0.0744  0.2955
MC FSDT  0.0738 0.3002 1.2171 0.0367 0.1487 0.5956 0.0183 0.0740 0.2961
= FEM 0.0761 0.3052 1.2461 0.0374 0.1491 0.5977 0.0184 0.0741  0.2937
MC FSDT  0.0723 0.2961 1.2034 0.0359 0.1465 0.5897 0.0179 0.0721 0.2915
1 FEM 00758 0.3016 1.2458 0.0371 0.1475  0.5909 0.0182 0.0723 0.2901
MC FSDT  0.0694 0.2901 1.1852 0.0346 0.1434 05798 0.0172 0.0713 0.2876
o FEM  0.0730 0.2952 1.2312 0.0366 0.1440 0.5799 0.0178 0.0716 0.2848
MC FSDT  0.0680 0.2899 1.1787 0.0338 0.1426 05733 0.0168 0.0705 0.2856
L FEM  0.0728 0.2947 1.2260 0.0357 0.1430 0.5754 0.0174 0.0713 0.2824
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Mat. - P./1=1/100 P./1=1/200 P/ 11 =1/400
ID Uvaax

R =5 R=10 R =20 R =5 R=10 R=20 R =5 R =10 R =20
FSDT  0.0154 0.0469 0.1023 0.0078 0.0249 0.0632 0.0039 0.0122 0.0343

MCuy FEM 0.0159 0.0476 0.1089 0.0080 0.0250  0.0637 0.0040 0.0126  0.0343
MC FSDT  0.0153 0.0463 0.1018 0.0077 0.0245 0.0626 0.0039 0.0119 0.0336
2 FEM 0.0158 0.0474 0.1085 0.0080 0.0249  0.0633 0.0038 0.0125  0.0337
MC. FSDT  0.0141 0.0455 0.1011 0.0076 0.0242 0.0624 0.0038 0.0118 0.0332
13 FEM 0.0149 0.0471 0.1082 0.0078 0.0248  0.0629 0.0038 0.0125  0.0337
MC,, FSDT  0.0148 0.0447 0.1006 0.0074 0.0241 0.0613 0.0037 0.0117 0.0329

FEM 0.0150 0.0467 0.1073 0.0076  0.0245  0.0621 0.0038 0.0124  0.0333
MCi FSDT  0.0146 0.0447 0.1006 0.0073  0.0240  0.0610 0.0037 0.0117  0.0329
FEM 0.0150 0.0466  0.1071 0.0076  0.0244  0.0618 0.0038 0.0124  0.0332
MCy FSDT  0.0143 0.0445 0.1003 0.0072  0.0228  0.0607 0.0036 0.0115 0.0323
FEM 0.0149 0.0461 0.1065 0.0075 0.0233  0.0613 0.0038 0.0121  0.0329
MC,, FSDT  0.0137 0.0441 0.1001 0.0068 0.0225 0.0602 0.0034 0.0113 0.0321
FEM 0.0148 0.0459  0.1057 0.0074  0.0230  0.0606 0.0037  0.0119  0.0327
MCy FSDT  0.0135 0.0440 0.0998 0.0067 0.0224  0.0602 0.0033 0.0113  0.0323
FEM 0.0148 0.0458 0.1053 0.0074 0.0229  0.0603 0.0037  0.0121  0.0332
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U, (x =0.15) U, (X =0.65) P (x =0)
z =-05 z=0 z =+0.5 z=-05 z=0 Z =+05 z=-05 =0 z =+0.5
n=+4 0.1194 0.1112 0.1029 -0.0398 -0.0394 -0.0389 11.340 2.397 -6.544
n=+2 01495 01391  0.1287 00482  -0.0475  -0.0468 13.408 2235  -8.937
n=0 0.1847 0.1717 0.1588 -0.0578 -0.0568 -0.0559 15.673 1.779 -12.114
n=-2 0.2251 0.2092 0.1932 -0.0687 -0.0674 -0.0662 18.127 0.918 -16.291
n=-4 0.2707 0.2514 0.2321 -0.0809 -0.0793 -0.0777 20.760 -0.483 -21.726
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U, U, 3
X =0.15 X =05 X =0.85 X =0.05 X =0.25 X =0.7 X =0 X =05 X =1
PiO’ h 0 0.2483 0.2403 0.2483 0.0408 0.0159 -0.0125 22.595 6.942 22.595
Pil, h 1 0.1820 0.1607 0.1372 0.0266 -0.0205 -0.0601 14.484 5.459 13.016
Piz,h 2 0.1822 0.1695 0.1443 0.0289 -0.0105 -0.0634 14.827 6.096 13.573
Pi3’ h 3 0.1812 0.1727 0.1505 0.0303 -0.0072 -0.0595 14.813 6.401 14.107
Pi4,h 4 0.1609 0.1782 0.1608 0.0422 0.0389 -0.0319 14.762 6.582 14.762
Pi5, h 5 0. 1708 0.1196 0.1708 0.0085 -0.0301 0.0297 5.617 4.256 5.618
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Abstract

The aim of this study is to present an analytical solution for non-linear elastic analysis of
cylindrical and truncated conical thick shells with variable thickness under non-uniform
pressure made of hyperelastic materials in quasi-static state. The material of the shell is
generally considered as hyperelastic functionally graded isotropic material based on two-
term Mooney-Rivlin and neo-Hookean models in nearly incompressible state with
radially variation of material properties. The variation of the thickness and pressure
profiles of the vessel are considered in axial direction by linear and/or nonlinear functions.
As geometry, loading and boundary conditions are symmetric respect to revolution axis
of the shell, the axisymmetric condition is considered for the problem. Considering non-
linear kinematics (strain-displacement) and constitutive (stress-strain) relations for the
shell, the governing equations are derived based on first-order shear deformation theory.
The system of nonlinear coupled ordinary differential equations with variable coefficients
is solved by the usage of perturbation theory for clamped boundary conditions. By the
usage of Matched Asymptotic Expansion (MAE) of the perturbation theory, inner and
outer equations along with coefficient matrices and non-homogeneity vectors up to the
second-order perturbed expansion are presented. Finally, a composite uniform solution is
presented for the components of displacements by the usage of matched and boundary
conditions and Cauchy stresses are calculated indirectly based on non-linear kinematics
and constitutive relations. In order to validate the results of the current analytical solution,
a numerical modeling based on finite element method (FEM) by the usage of ANSYS
software is investigated. The results of analytical solution and numerical simulation for
cylindrical and truncated conical shells with variable thickness in homogeneous and non-

homogenous cases show the convergence of the presented solutions.

Keywords: Variable thickness cylinder, Thick-walled cone, Shear deformation theory,
Perturbation theory, Matched Asymptotic Expansion (MAE) method, Mooney-Rivlin
model, Nearly incompressible hyperelastic materials.



Shahrood University of Technology

Faculty of Mechanical and Mechatronics Engineering

Ph.D. Thesis in Applied Mechanics Engineering

Non-linear elastic analysis of pressurized thick
cylinders with variable thickness under loading
made of hyperelastic materials using shear

deformation theory

By: Hamed Gharooni

Supervisor:

Dr. Mehdi Ghannad

September 2019



