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Plate shape Cutout shape Plate material Loading type Boundary condition Solution type
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Present 133] Functio  Function [33] Present [119] Present  Function Present Function
n [31] [25] [27] [25]
0.5 7.387 7.450 7841 - 7.410 6.037 5990 @ seeem e e e
1 5.402 5.420 5.146 5.419 5.420 3.944 3.928 5.241 5.241 3.338 3.339
3 5.857 5.850 5748 - 5820 @ --eem e 5.649 5547 e e
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Loading b/h Method 3 > 5 T 05
CPT 2.803 2.841 2.796 3.077 5.814
40 FSDT 2.796 2.835 2.796 3.066 5.763
FE 2.797 2.837 2.797 3.068 5.775
20 FSDT 2.774 2.816 2.774 3.034 5.616
FE 2.776 2.818 2.776 3.036 5.627
Uniform 10 FSDT 2.693 2.744 2.693 2.913 5.096
FE 2.695 2.746 2.695 2.915 5.104
Diff (%) between
y quF)fTEoirE detSDT 4.085 3.535 3.825 5.630 14.089
| 0) between
FSDT and FE 0.074 0.073 0.073 0.068 0.156
CPT 3.035 3.047 3.145 4.298 10.913
40 FSDT 3.029 3.041 3.145 4.283 10.800
FE 2.965 3.046 3.247 4.277 10.673
20 FSDT 3.011 3.021 3.121 4.239 10.474
FE 2.941 3.025 3.220 4.230 10.330
Parabolic 10 FSDT 2.942 2.943 3.030 4.069 9.011
FE 2.849 2.940 3.116 4.049 9.128
Diff (%) between
y DQETE;rE detSDT 3.162 3.533 3.795 5.628 21.107
1 0) between
FSDT and FE 3.161 0.102 2.838 0.491 1.298
CPT 2.743 2.739 2.636 2.662 4514
40 FSDT 2.741 2.740 2.557 2.659 4.485
FE 2.664 2.688 2.570 2.645 4.474
20 FSDT 2.715 2722 2.520 2.631 4.370
FE 2.643 2.670 2.551 2.617 4.359
Cosine 10 FSDT 2.613 2.652 2.383 2.425 3.962
FE 2.562 2.508 2.474 2,512 3.951
Diff (%) between
’ D(?fPfTE;rE detSDT 4975 3.281 10.617 9.773 13.932
| 0) between
ESDT and FE 1.951 2.036 3.819 3.588 0.278
CPT 2.505 2.756 2.650 2.605 4.023
40 FSDT 2.498 2.750 2.643 2.596 4.151
FE 2.632 2.654 2.525 2.568 4,255
20 FSDT 2.480 2732 2.623 2.569 4.044
Triangular FE 2.611 2.635 2.505 2.541 4.144
10 FSDT 2.407 2.663 2.546 2.466 3.666
FE 2.530 2.564 2.429 2.439 3.754
Diff (%) between
o CPT( ag 4 ESDT 4.071 3.492 4.085 5.637 9.738
Diff (%) between 5.110 3718 4595 1,005 2.400

FSDT and FE




Lgl.(b 6)1..35)[.3 LS‘)'.’ c\.iiﬁlad_g | LmL,J 59 6)1..35)@ &9; L 4.32.,.,.,.9‘5 Lgol%)' o &9 u,..;lAf )lg

)| U 9 00y Jiw (e Lg)‘df)l; EY .[09.’).0 u.v.sLoS )l.s ).:.bLO.o U")"’“"’"’ ;QLwS.: ‘;.ul.u.u‘ J»)L:.a b aliSes
2 5 J5E e 5 pwginS BS5L 5o allice GEleS b oty il < leSy (S 5L
59 UM.:LQS )lg «alb=152 ng.tha’ slewws LS‘)-.’ a | ML‘SA Jroa L;».JLJ )lg 6.,.:5,.,...5 6)1.35)[.3 cJ=

el (gwgiemnS (6,105 )b 5 s o> U ke (61350

S b g e polad 0 00le (5550 Tl b (omrye By9 o (reb Slo S 3 Y0 Jgu 50

oSLl b by &5, )l )18 clgSs e laman 3 6,l085,L (oyme j0 a5 alh=40 cwlks
Jgl 0 edlS 35 Ny /N =1 il o 5wl so lS oo plas uilS 3 cNy /N, b o 2531 L a8 05
oled slr Jol de uil8 2 ooz nl @l olul 2 (izmen Sl (LeS £939 (sne 4 &5 090 o0 ho
cwglj J? l; OAAT Cowddo C.,l.u MLM o] )la g.,u.m.: L M‘j Le:.u 9 00g¢ ).,‘).: e L: 6)‘..55)[4 6Lﬂbu.]l.’>

s ol ) g5 il

Slamio 315 6 N5 ,L ot aspe 35 S Lilsd | ulS 5 Y20 Jsor

Analytical Solution ABAQUS
Load Profile  Mode No/Ncr No/Ncr

0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

1 1201.67 1040.68 849.71  600.84 0 1201.20 104120 851.85  605.66 0
2 291495 274842 2571.13 2380.66 2173.57 2996.00 2793.00 257420 2334.60 2067.30
Constant 3 2914.95 2821.63 272511 2625.04 2521.00 2996.00 2894.20 2788.70 2679.00 2564.70
4 442581 4297.80 4165.85 4029.59 3888.55 4777.20 462790 4473.80 4313.90 4147.90

1 1201.67 1040.68 849.71  600.84 0 1201.20 1043.00 855.18  610.79 0
) 2 2914.95 2803.77 2687.99 2567.00 2440.01 2996.00 2812.60 2614.50 2398.10 2157.70
Parabolic 3 291495 285430 2792.32 2728.94 2664.05 2996.00 2856.40 2709.40 2553.80 2387.90
4 442581 4300.25 4170.90 4037.41 3899.36 4777.20 457590 4365.00 4143.10 3908.30

1 1201.67 1040.68 849.71 600.84 0 1201.20 104140 851.85 605.37 0
) 2 2914.95 2729.93 253141 231595 2078.26 2996.00 2787.10 2560.90 2312.10 2032.60
Cosine 3 291495 2810.21 270141 2588.04 2469.48 2996.00 2907.60 2816.40 2722.10 2624.40
4 442581 4296.33 4162.81 4024.87 3882.04 4777.20 4646.70 451240 4373.80 4230.70

1 1200.77 1039.90  849.07 600.39 0 1201.20 1041.40 851.90 605.36 0
. 2 2990.84 277656 254431 2288.60 2000.46 2996.00 2786.00 2558.30 2307.60 2025.40
Triangular 3 2990.84 2901.61 2809.55 2714.37 2615.72 2996.00 2911.00 2823.50 2733.10 2639.60
4 4766.15 4635.62 4501.30 4362.85 4219.86 4777.20 4652.60 4524.60 4392.70 4256.60
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Uniaxial Biaxial
SSSS CCCC SSSS CCCC
Dla Sabir El-Sawy  Komur Sabir and Sabir Sabir
and and and and and
Present Present Chow Present Present
Chow Nazmy Sonmez [120] Chow Chow
[120] [85] [87] [120] [120]
0 3986 - 4.000 4.002 9914 e 1993 - 5234 e
0.1 3.924 3.691 3.859 3.861 9.723 9.530 1.962 1.849 5.207 4.843
0.2 3,571 3.445 3.531 3.527 8.958 - 1.794 1.766 5.019 4714
0.3 3.230 3.185 3.240 3.230 8.735 8.534 1.640 1.640 5.307 5.086
04 3.023 3.049 3.040 3.037 8.381 8.728 1.568 1.545 6.128 5.986
0.5 2.890 2.840 2914 2.906 7.801 9.005 1.554 1.473 7.215 7.514
0.6 2818 - 2.829 2.817 709 0 1586 - 8529 -
iz (50 byl sl 0)sme ST (6 AL S e §y9 o (N,) 00l amy o iileS )L 00 Jsur
Boundary Condition
D/a SSSS CCCC SSFF CCFF SSSF CCSF
Present FE Present FE Present FE Present FE Present FE Present FE
0 3.986 4.002 9.914 10.116 0.960 0.954 3.911 3.957 1417 1.399 4.373 4.403
0.1 3.924 3.851 9.723 9.529 0.942 0.928 3.845 3.873 1.403 1.371 4.320 4.316
0.2 3571 3.521 8.958 8.803 0.865 0.853 3.607 3.627 1.334 1.287 4,108 4.052
0.3 3.230 3.228 8.735 8.532 0.759 0.750 3.347 3.322 1.213 1.170 3.790 3.707
04 3.023 3.024 8.381 8.374 0.649 0.643 3.085 3.042 1.065 1.038 3.459 3.337
05 2.890 2.886 7.801 7.958 0.543 0.535 2.732 2.682 0.912 0.892 3.031 2.844
0.6 2.818 2.780 7.099 7.329 0.442 0.430 2.287 2.223 0.754 0.732 2.464 2.275
i 33 Ja;‘)...» 6‘)" 0,90 9O Lg)‘.\f)l.a Sl =0 gé)j a_i: (Ncr) 03U J:uu; uw.wLoS)l; -0 Js»
Boundary Condition
D/a SSSS CCCC SSFF CCFF SSSF CCSF
Present FE Present FE Present FE Present FE Present FE Present FE
0 1.993 2.001 5.234 5.323 0.941 0.932 2.755 2.720 1.077 1.050 2.864 2.832
0.1 1.962 1.923 5.207 5.051 0.923 0.909 2.777 2.781 1.067 1.036 2.874 2.810
0.2 1794 1.770 5.019 4.885 0.853 0.840 2.718 2.688 1.030 0.989 2.797 2,711
0.3 1.640 1.641 5.307 5.222 0.753 0.743 2.603 2.553 0.965 0.916 2.653 2.553
04 1568 1.570 6.128 6.185 0.648 0.640 2.420 2.363 0.874 0.830 2441 2.363
05 1554 1.555 7.215 7.844 0.544 0.535 2.169 2.102 0.766 0.732 2172 2.107
0.6 1.586 1.587 8.529 8.186 0.440 0.433 1.867 1.803 0.644 0.619 1.859 1.804
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Boundary Condition

D/a SSSS CcCcCcC

Present FE Error(%) Present FE Diff (%)
0 9235 9.429 2.057 14371 14.882 3.434
0.1 8.683 8.685 0.026 13.317 13.499 1.346
0.2 7.054 7.086 0.459 10.785 11.016 2.094
0.3 5.465 5.497 0.587 8.662 8.742 0.918
0.4 4.089 4114 0.606 6.853 6.856 0.041
05 2.998 3.007 0.310 5.158 5.403 4536
0.6 2.185 2.186 0.033 4.059 4.356 6.811
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25 12
e A e constant prebuckling stress distribution

el actual prebuckling stress distribution ,“

10 4

0 v v v v T 0 T T T T T
0 0.1 0.2 03 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
D/a D/a
CCCC (v SSSS (!

S GL Gl GleS ey G55 Ol 4 S LS L Cnli> -0 IS

iz Culis sbcaws gl p calize slos,555 wlulp 0,950 ST (6,105 ,L Cxd 5,9 LiileS LLA-0 Jgu

Bounda a/h=40 a/h=20 a/h=10
conditiorr): Dia CPT FSDT FE FSDT FE FSDT FE
0 10.037 9.914 10.116 9.561 9.582 8.358 8.310
0.1 9.843 9.723 9.529 9.381 9.027 8.210 7.863
0.2 9.070 8.958 8.803 8.638 8.349 7.537 7.231
Cccc 0.3 8.889 8.735 8.532 8.318 8.044 6.978 6.721
0.4 8.600 8.381 8.374 7.812 7.694 6.153 6.018
0.5 8.097 7.801 7.958 7.083 7.080 5.239 5.145
0.6 7.454 7.099 7.329 6.258 6.231 4.295 4.145
0 0.943 0.960 0.954 0.935 0.944 0.912 0.923
0.1 0.925 0.942 0.928 0.917 0.914 0.895 0.893
0.2 0.855 0.865 0.853 0.847 0.840 0.825 0.819
SSFF 0.3 0.755 0.759 0.750 0.747 0.741 0.728 0.724
0.4 0.650 0.649 0.643 0.643 0.635 0.627 0.621
0.5 0.546 0.543 0.535 0.539 0.529 0.526 0.519
0.6 0.442 0.442 0.430 0.436 0.425 0.425 0.418

SRSy ()8 I o5 515 (S b e g o LS e KB ool VeSS o

el ool salo u,o.ol.o.) D/a=0.6 Lg‘)" 9 0,97wegd
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17 . 7.0 1
: = Ritz method — Ritz method
m FE 6.5 1 m FE
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Sols (S35 Slyls 5,5 e simie G35l & bgsye Ny = A(D/ @) +d alad, colsi A-0 Jpor
Loading Type

BC Constants Uniform  Uniform Cosine Cosine  Parabolic  Parabolic

Uniaxial Biaxial Uniaxial Biaxial Uniaxial Biaxial

ﬂ -5.054 17.34 -4.712 12.37 2.862 18.69

cece K 1.209 3.13 0.8821 2.887 1.673 2.54
9.915 5.092 8.9 4.504 12.08 6.084

R-Squared 0.9832 0.9879 0.9861 0.9578 0.4087 0.9441
ﬂ -2.083 -0.7261 -2.07 -0.7149 -1.533 -0.5488

S5SS K 0.8809 0.6929 0.9601 0.7524 0.5262 0.303
d 4.047 2.02 3.487 1.744 5.548 2.824

R-Squared 0.9601 0.8894 0.9784 0.9340 0.8076 0.5305

ﬂ -3.595 -3.059 -3.763 -1.793 -3.018 -4.516

CCFF K 1573 2.36 1.39 1.69 1.743 2.25
d 3.915 2.776 3.932 2.351 3.492 3.557

R-Squared 0.9985 0.9986 0.9980 0.9978 0.9997 0.9958

ﬂ -1.093 -1.072 -1.13 -1.074 -1.024 -1.06

SSFF K 1.37 1412 1.325 1.402 1.507 1.426
d 0.9733 0.9524 0.9892 0.9526 0.9039 0.9392

R-Squared 0.9962 0.9972 0.9964 0.9974 0.9983 0.9977

ﬂ -4.305 -3.068 -5.152 -2.021 -3.76 -4.111

CCSF K 1.715 2.13 1.568 1.928 2.15 1.854
d 4.391 2.884 4.488 2.358 3.543 3.751

R-Squared 0.9995 0.9989 0.9985 0.9996 1.0000 0.9996

ﬂ -1.589 -1.161 -1.679 -1.005 -1.302 -1.172

SSSF K 1.642 1.901 15 1.638 1.918 1.812
d 1.431 1.081 1.513 1.049 1.188 1.112

R-Squared 0.9978 0.9996 0.9971 0.9996 0.9996 0.9994

G951 (TS gyl labiians S 9 GHila ¥

S ogiS lils g iz g ol o b ldaiie sloi,s (leS )L 4 bgye ol Cwond (pl jo

= b oo, e, 5l eslawl b sdel Cawsds leS L polie Vo0 Jgaz ;0 0ed oo 1)1 S 1o 40 g9l
ol 15 Oyg0 4 (3,9 Slastin. Cal 0ol duslio ([AF] x> 0) (o2
a =100 mm, b =150 mm, h=2.07 mm, E =218 Gpa, v =0.33, D =33.84 mm
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5wl b ople (SosiS )l bt 5,5 S5 (KN) iileS (b aslio :V -0 Jgu
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Boundary Condition SF FS CC CF FC SS
k 25 25 50 25 25 40

2l L g onts LI CF 4 SF (g5y0 by g5 30 sly (N) LileS L o -5 5 Y-8 (sla Jga o
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4 borye OWS (p i SF (550 Ll b 55 sl 9 wlbios Gl eglad Connd GalBIL (Lol i
G203 ol g amily Lol s S ol b e Sialidl b abl o 3% 550> 5 edg W =0.01
5o Sl 9.8% sg0> K" =001 (gly goms WS o iy CF (6550 Lyl b 559 )0 0w o0 2.65%

SF olﬂ S ad goole olf ST >, 4 (55,0 bl b ssile 5y5 iileS L V-F Jeus

o(e") h
€ 0.01 0.05 0.1 0.2 0.3
n Perturbation DQM  Perturbation DQM  Perturbation DQM  Perturbation DQM  Perturbation DQM
0 3.906 3.896 3.864 3.740 3.550
2 3.980 3.970 3.937 3.811 3.617
0.1 4 3.981 3.981 3971 3.971 3.938 3.938 3811 3.811 3617 3.617
6 3.981 3.971 3.938 3.811 3.617
0 3.245 3.238 3.216 3.129 2.995
2 3.509 3.501 3.477 3.384 3.239
02 4 3.533 353 3.525 3527 3.500 3:502 3.405 3406 3.256 3256
6 3.534 3.527 3.502 3.406 3.256
0 2.600 2.596 2.581 2.525 2.438
2 2.997 2.991 2.975 2.910 2.809
0.3 4 3.084 3.105 3078 3.099 3.060 3.081 2992 3.010 2 884 2.899
6 3.101 3.096 3.076 3.008 2.897
0 2.109 2.106 2.096 2.059 2.000
2 2.537 2.533 2.522 2.477 2.407
04 4 2.687 2.763 2.683 2.758 2.670 2.745 2.621 2691 2.544 2.607
6 2.738 2.734 2.721 2.669 2.588
0 1.751 1.749 1.742 1.717 1.676
2 2.150 2.147 2.139 2.108 2.057
0.5 4 5337 2.500 2335 2.497 2326 2.486 2990 2.444 2934 2.377
6 2.425 2.422 2.412 2.375 2.314
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LS aimred Cawl ool Cawdds Ju ) rddie (6,95 wll (65970 ol Hledl SS s g dg0me sl
Cewddy uileS .([\Y&] 2 ) Sl 00 0351 la Jgaz (pl 0 CPT (5,955 5l oolatul b ool Cewsas
o9 4 Ll o g Cllas oaims lis bt dwslie il o 5,9 Cwles 5l Jiiuw CPT (5,45 5l ool
235 PSS (5,95 50 1 108 0 (G Gt FSDT (6,955 b aslie jo 1) (655,50 (ileS )b (5,985
b 89y 2 s 5D e U 8y Culrs Gl LS Jlo po gl s a8 S A s L0y S5O
b oo il kS

CF ol Jols ad g lo,5 > ad (5550 Ll b soil> (3,9 (25leS ,L ¥-F Jgo

o(e") h
¢ 0.01 0.05 0.1 0.2 0.3
n Perturbation ~ DQM  Perturbation ~ DQM  Perturbation DQM  Perturbation ~DQM  Perturbation DQM
0 13.145 13.027 12.673 11.432 9.827
2 13.925 13.801 13.426 12.110 10.410
0.1 4 13.943 13.942 13.817 13.815 13.437 13.435 12103 12.102 10.378 10.383
6 13.942 13.815 13.435 12.102 10.383
0 10.904 10.823 10.577 9.698 8.518
2 13.120 13.022 12.727 11.669 10.250
0.2 4 13.545 13.599 13.441 13.491 13.123 13.163 11.986 11.992 10.459 10.434
6 13.602 13.494 13.168 12.002 10.444
0 10.158 10.087 9.874 9.103 8.056
2 13.289 13.197 12.918 11.910 10.540
0.3 4 14.434 14.958 14.330 14.840 14.014 14.482 12873 13.199 11391 11.482
6 14.817 14.706 14.368 13.150 11.498
0 10.886 10.805 10.561 9.684 8.507
2 14.834 14.724 14.391 13.197 11.593
0.4 4 16.815 18.549 16.686 18.383 16.296 17.884 14.896 16.113 13.016 13.789
6 17.776 17.634 17.204 15.663 13.596
0 13.286 13.166 12.805 11.538 9.906
2 18.293 18.128 17.631 15.887 13.639
0.5 4 21.363 25.747 21165 25.454 20.570 24.577 18.483 21.554 15792 17.782
6 23.216 22.994 22.324 19.978 16.954
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S0 ezl LSF g5 balyi b 559 sl (leS )b avolie :¥-F Jou

& Method h
0.01 0.05 0.1 0.2 0.3
Present 3.981 3.971 3.938 3.811 3.617
01 Ref [123] 3.984 3.970 3.930 3.781 3.560
' Ref [126] 3.981 3.970 3.936 3.805 -
CPT [125] 4.047 4.047 4.047 4.047 4.047
Present 3.535 3.527 3.502 3.406 3.256
0.2 Ref [126] 3.535 3.527 3.501 3.404 -
CPT [125] 3.611 3.611 3.611 3.611 3.611
Present 3.101 3.096 3.078 3.008 2.897
03 Ref [123] 3.107 3.098 3.073 2.976 2.830
' Ref [126] 3.105 3.099 3.081 3.010 -
CPT [125] 3.140 3.140 3.140 3.140 3.140
Present 2.738 2.734 2.721 2.670 2.588
04 Ref [126] 2.763 2.758 2.745 2.691 -
CPT [125] 2.775 2.775 2.775 2.775 2.775
Present 2.425 2.422 2412 2.375 2.314
05 Ref [123] 2.500 2.495 2.478 2.410 2.305
' Ref [126] 2.500 2.497 2.486 2.444 -
CPT [125] 2.504 2.504 2.504 2.504 2.504

S0 22l LCF (650 Ll b 55 lp (leS )b aslin :0-F Jgu

& Method h
0.01 0.05 0.1 0.2
0.1 Present 13.942 13.815 13.435 12.102
Ref [123] 13.974 13.805 13.328 11.741
Ref [126] 13.941 13.793 13.353 11.863
CPT [125] 14.131 14.131 14.131 14.131
0.2 Present 13.602 13.494 13.168 12.002
Ref [126] 13.598 13.468 13.076 11.731
CPT [125] 13.755 13.755 13.755 13.755
0.3 Present 14.817 14.706 14.368 13.150
Ref [123] 14.986 14.819 14.324 12.662
Ref [126] 14.957 14.807 14.360 12.837
CPT [125] 15.037 15.037 15.037 15.037
0.4 Present 17.776 17.634 17.204 15.663
Ref [126] 18.546 18.328 17.681 15.530
CPT [125] 18.593 18.593 18.593 18.593
0.5 Present 23.216 22.994 22.324 19.978
Ref [123] 25.802 25.390 24.174 20.351
Ref [126] 25.742 25.342 24.178 20.504
CPT [125] 25.787 25.787 25.787 25.787

Sire bl Gl RIR, glad Cond iz (6595w )l uileST L Oy V-2 S 0

OWleS bl pl 10 9000 CC (6500 bl po b 359 0 bogoye (2ileS™ [ o yiian g adly ioldl iileS

YFA



ol g Sl plp o8 LFS 9 SF (slagyg (ileS jb aizmen o)l glad Sl 4 S (6000 Sl
ools i FoF S 15 1 eabied s o 2 GleS b Bl aiiS o LiileS IS0 oS5 4 Lo
blys b slegys o a5 (g 9k llice ) Lulpd 4 atily (isleS )b (g9, p Cwls 30 Casl oal
Sy o & I yo WS (oo S (2 BB ok 4 cwld i b leS L CF 5SS 5CC 55
O Glgise |y Hd, cpl el 2l oads a0 (ileS [ (59 g Cwls LG FC §FS (SF (65,0 L)yl b
4z o el (B9 Cwld g 50 Ll pd 4 atily a5 sls o Al LeST (355 58 (B p JSD e Ol
b9y Cwlbo 13U plpl g ooy s a8l (ileS (5,9 )0 (s S8 e liae il Soude §)9

0.35

Ro/R,

(W =0.1) calisee (5,0 bl (gl glad Cod o (5leS b Ol s Y2 IS

VF4



60

50 o

= > -h*=0.01
—a - h*=0.05

XY X3 h*:o]_
el h*=0.2

01 015 02 025 03 035 04 045 05
R,/Ry
SS (o
4.5
=3¢ -h*=0.01
4.0 o = > -h*=0.05
ee. Ny, —a - h*=0.1

2.0 r r r r r r r
01 015 02 025 03 035 04 045
R,/R,
FS (o
24.0
= %= -h*=0.01 /*
210 —a - h*=0.05 v
ce@ee h*=0.1 /
el h*=0.2
18.4 1
N
15.6
12.8
10.0 - o r r r r r
01 015 02 025 03 035 04 045 05
Ry/R,
CF (5

0.5

V-

260
— > -h*=0.01
0] A h*=005 X
XY XX} :*:8; P /‘
l— =0. P *
160 A . . 7
.9
N - )A</ e’
N s / ...
110 = et
. ooo“..‘..
60 o . .‘:if.--"'
oo"‘.... "
10 + T T T T T T 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
R,/R,
CC (!
4.50
- «h¥=
4.00 » -h*=0.01
— - h*=0.05
] ce@ee h*=0.1
3.50 —8— h*=0.2
N
3.00 +
2.50 o
2.00 T T T T T T T
0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5
R,/R;
SF (z
13
= > -h*=0.01
1 | —a - h*=0.05

el h*=0.2

ee®-+ h*=0.1 ./.

0.35 0.4 0.45

0.3
R,/Ry
FC (=

Al ()0 bl b (g9il> 39 (leS )b g Colied s 36 F-F IS

0.5



55
)
- Y= =0 /7
471 —A- a=05 s
37 o
N
28 o
19 +
10 T T T T T T T
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
R,/R,
SS (o
4.15
3.52 +
2.89 +
N
2.26 +
1.63 A
1.00 T T T T T T T 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
R,/R;
FS (o
25
- Y= =0
21 -t - 0=0.5 P s
ced@ee =1 P4
—— =2 Phd
17 4 P « A
_ - ~
N o -xT P
13 o.- = X" . /‘. .
e ..' LY oo oo
oo.oo.....ouo-u-' .
9 <
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Ry/Ry
CF (4

155
b
- > -a=0 Ve
130 o —a - a=0.5 4
Ve /;
XY X3 0.=1 P4 .
— 7
—— (=2 » /7 ®

105 + . .°

0.25 0.3
R,/R,
CC (&l

0.35 0.4 0.45 0.5

4.15

3.52 1

2.89 +

2.26 1

1.63 +

1.00 r r r r r r r |
01 015 02 025 03 035 04 045 05
R,/R,
SF (z
12.0
- -a:O
104 1 —a - a=0.5 /
XX XX (x:l /,/.
—— =2 7,
7 / .

0.25 0.3 0.45 0.5
Ry/Ry

FC (=

0.1 0.15 0.2

(h"=0.2) bz (5550 bl b 5l slosys (LS 5k 65 2 (@) b o 36 D=7 JSS

VO



3 Glamas JZ 350 Sime 0 a5 K =01 Cwlbs i gl g5l sloE,e iileS L

Sly Wl )l jlogad JS& ol jo cwl ool el las O-F IS8 o wils JI3 B g B e
Sy50 oo sl coled (glp (IS cpl elly sl oals sols lid @ =N, /N, b alize slacaas
(B9 dFI glad alS L aS 05l e onaline (rizren Wboe SRl (RLeS b Hlade ca Sl Lo
1500 0 polie polod sl (HleS b jlade 5 adly Jials iileS )L 59, p B ad jo )05k 30
5 S yebay el dialy Gy5 G lulpd 4 glad Cond iy WS b s (eizren 09 o0
L sy 5 45 o 53 sl o il gy glad s GiaI3E1 b e L FC 58S 5CC (slags s
Somd GRIBILCF (6350 Ll b slagyg yo ool @3lo g9d90 (ul (e FS 5 SF (550 Ll

S oo IRl & 958 dparine alali & o g a8l GRS LeST L sl cglats

oy N G23leST 3 G |y slabasly ¢ gimie Gl 5l eolinal b g ge F-F S0 4 az g

Sogods Sl alaly a5 0gd o cvaliv walw mlg owyp b D,9] Cawsas R /R el s
ke £-F Joax 10 il o gl Cod sy uleS )L Ol Silo 09> 4 N=B(R,/R) +d
oolazwl b polae (pl .l ool 3,155 calizes glo Calies g caizre (g0 b))l sl d g K g S Culgs
e a5l 5 T3l (255 s sl sl ol Cussay i I3l 05 50 (imie (33l il A ]
Shae 51 F-F Jgaz 10 0,08 g2y ciliie sl lae cenl laools o ien 4 ol 85 ax L sdl Cunoa

& h . . e . . & e & . . Y. . .
PO9don B ) Ojgeds e (pl el ond oolitul (53l (2988 (o2 Slp T e cape

R—Squared = > (- )" / D (¥, - V)’ (FA-#)
i=1

i=1

ool SKila 7 5 adgl ools ¥ o b3l (Gomie 5 ool Cawdds 00ls § wgzge sla odls slaws n ] o aS

NG VY S SURL VRS E SO ] IRt R PP PIPR W] PR IS WS SRR R VR PO I E S SR

' Curve Fitting
2 Goodness of Fit
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Glises (5550 Lulpd sl ssil> 55 (WS covie (Bl 4 bgie N=B(R/R)S +d akal, culgd #-F Jsox

BC Constants h
0.01 0.05 0.1 0.2 0.3
[ 9293 7476 4356 1235 397
cc K 2517 238 2064 1446 09048
d 51.83 4922 4274 2843  17.43
R squared  0.99896 0.99917 0.99961 0.99999  0.99931
[ 267 2502  206.9 112 54.69
s K 2785 2742 2618 2236 1826
d 1831 1798  17.02 1403  10.82
R squared  0.99971 0.99973 0.99978  0.99990  0.99997
[ 3763 3704 3704  -3483  -3.156
SF and K 06935 06992 06992 07216  0.7562
FS d 4730 4684 4684 4478 4176
R squared  0.99947 0.99948 0.99948 0.99952  0.99957
[ 5001 4926 4701 3945 3043
o K 2771 2762 2736 264 2505
d 4404 4389 4343 417 3913
R squared  0.99926 0.99927 0.99930 0.99943  0.99959
[ 1475 1433 1314 9.1 6313
- K 3939 3913 3836 3566  3.225
d 1363 1352 1316 1189 1023
R squared  0.99683 0.99693 0.99721 0.99803  0.99868
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(h/R =0.2) clizxo sl v gl yo) ddl> g, 9DQ Jhg, 5l oolaiwl b (g5il> 5,9 LiileS b duglin (V-F Jgux

BC
R, /R n SS CcC CF FC FS SF
Ringing DQM Ringing DQ Ringing DQ Ringing DQ Ringing DQ Ringing DQ
Method ~ Method  Method Method  Method  Method Method  Method  Method Method  Method  Method
1 13.225 12974  27.656  27.347  20.197  19.532 1.781 1.549 0.655 0441 11.659 11.170
2 18.830 18.257  27.714 27169  26.176  25.426 2.775 2473 2.677 2352 18.709 18.106
0.1 3 26.183  25.656  33.237  32.632 33.055 32.441 6.855 6.419 6.851 6.415 26.174  25.645
4 32.854 32.369 38.867 38338 38.851 38.323 12.018 11.408 12.008 11.408 32.853  32.368
5 38.833 38.388  43.928 43.478 43.926 43477 17673 16.878 17.673 16.878 38.833  38.388
1 16.113 16.038 35.728 35589  17.835 17.533 2.765 2.830 1.000 0.912 10.531 10.415
2 18536  18.294 30.324 30.231 22526 22.174 2.956 2.759 2.454 2215 16.755 16.454
0.2 3 24402 24153 31697 31539 28.686  28.397 6.550 6.226 6.482 6.153  23.802 23.525
4 30.635 30.382 35.873 35.686 34.722 34439 11445 10990 11.437 10.983 30.418 30.145
5 36.304 36.055 40.418 40.239 39.932 39.627 16.833 16.248 16.832 16.248 36.215 35.947
1 20435 20.373 45428 45331 16.150 15.892 4.332 4.294 1.317 1.271 8.954 8.943
2 20.339  20.248 36.781  36.783  19.317  19.102 3.626 3.510 2.309 2153 14481 14.362
0.3 3 23406 23326 33.108 33.131 23572 23.379 6.298 6.084 5.935 5.708  20.138 20.006
4 27.900 27.840 33.852 33.868 28.336  28.132 10.639  10.333  10.552  10.245 25.841  25.703
5 32507 32462 36.406 36.425 32.812 32542 15575 15189 15555 15.169  31.023  30.851
1 26.751  26.687 56.865 56.819 16.396  16.139 6.308 6.282 1.682 1.573 7.448 7.450
2 24539 24496  46.429  46.434  17.479  17.303 4971 4.909 2.301 2207 12353 12.304
0.4 3 24660 24640 38.283 38335 19.933  19.785 6.440 6.315 5.328 5186 16.700 16.624
4 26.685 26.690 34974 35038 23.132 22.987 9.828 9.647 9.402 9.218 21.030 20.940
5 29.580 29.518 34.656 34.724 26453 26.285 14017 13.795 13.856 13.635 25.100 24.976
1 35985 35936 69.540 69.611 19.276  19.023 9.347 9.324 1.859 1.841 6.217 6.215
2 31.855 31.827 58.845 58.870 17.512 17.340 7.364 7.338 2.438 2381 10579 10.552
0.5 3 28.994  28.990 47.293 47330 18.016  17.887 7.425 7.366 4.823 4740 14.017 13.968
4 28.175 28190 39.862 39.916 19.670  19.557 9.478 9.389 8.175 8.075 17.214 17.150
5 28.716  28.747 36.181 36.241 21.785 21.664 12556 12449 11901 11.792 20.230 20.151
abgiye e o)lold 5 Blie 5550 Ll b s9il> 355 (Sl (LS L AP Joon
BC
R, /R, SS CcC CF FC FS SF
NCI’ n NCI’ n NCT n NCI’ n NCY n NCT n
0.1 13.225 1 27.656 1 12.102 0 1.781 1 0.655 1 3.811 0
0.2 16.113 1 30.324 2 12.002 0 2.765 1 1.000 1 3.406 0
0.3 20.339 2 33.108 3 13.150 0 3.626 2 1.317 1 3.008 0
0.4 24.539 2 34.656 5 15.663 0 4,971 2 1.682 1 2.669 0
0.5 28.175 4 36.181 5 17.512 2 7.364 2 1.859 1 2.375 0
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boundaryl: —a<f<a—>r=

boundary 2: a<@<zr—a—>r=

boundary 3: 7—a<@<z+a—>r=

= 2cos(6) h 2c0s(6) o)
- boundary 4: 7+a<0<2r—-a—>r=——
2sin(6) 2sin(6)
r /
b o | o )
-@J @
'y
4 4
b a

ok Slaiies 1o 5re o alaly desls sl 5,00 (Fo9iF b ilaiios 55 S ) sl e 6 05 o leds V-5 IS

a
2c0s(60)
b
2sin(0)

a

- 2c0s(60)
a

~ 2sin(0)

—-a<f<a

all<r—a

T-alf<r+a

T+a<0<2r—-a

Ro:i(aIn(l+s?n(a)J+bIn[l+cos(a)D
27 1-sin(«) 1-cos(a)

+£[4(asin(a) —bcos(a))+a In(mj +b In(

1
+_
”[

1
+ =
VA

Wl

ol

1+sin(«)

(asin(3a) —bcos(3a)) - 4(asin(a) + bcos(a) ) +aln (

22,5 s b b slonls Glgiee |y (2050 crlnle

1+cos(a)
1-cos(a)

jj cos(26)

1+sin(a)

(£5-5)

YOA

1-sin(a)

1-cos(«)

)+ bin (“ COS(“)Dcos(w) (FV-%)

(asin(5a) —bcos(5c)) - g(asin(&z) +bcos(3c)) +4(asin(c) —bcos(a))

+aIn(1—sin(a)J+bln[1+cos(a)j
1+sin(@) 1-cos(x)

cos(66) +...
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w(x,y) =w(r,0)
u, (x,y) =u,(r,8)cos(8) —v,(r,8)sin(&)
v, (X, y) =u,(r,8)sin(8) +v,(r,8)cos(6)

M, = %(H cos(20)) + %(l— cos(26)) - M,,sin(20)
fA-%)

M, = E (1-c0s(20)) + 22 (1:+c05(26)) + M, sin(20)

y
1 .
M, :E(M' -M,)sin(20) + M, cos(20)

Qx = Qr Cos(e) - QH Sln(g)
Q, =Q,sin(6) +Q, cos(6)

oS gaxiin ooilez Jad jo oo &l > el g oo pls FosiS Gl Ldaias 5,9 SO sl
Mgl e ALlgh ) Dyge 4 0y97me SO Sl (6 10Tk Ll gl RleS iy
N, = ag, + 8y, COS(260) + (A, +ay,r*) coS(30) + (8,1 +a,,r*)cos(40) + (az,r® +agr*)cos(56) +...

N, = by, + (b +1,,r*)cos(28) + (b, r +by,r*)cos(36) + (b,,r* +b,,r*)cos(40) + (by,r* + b r*)cos(50) +... (fa-%)
N,y = (Cy +Cyol?)SIN(28) + (Cyy T + Cygl*)SIN(3G) + (C1o 1 +Cyy 1) SIN(40) + (Ciol® +Cog°) SIN(SO) + ..
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N N
Vi (r,0) =V, (r) + Y vy (r)cos(nd) + Y v, (r)sin(nd) 0--5)
n=1 n=1
w(r,8) =w(r)+ iwnc(r)cos(ne) + iwns(r)sin(nﬁ)
n=1 n=1
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Abstract

In this thesis the buckling of homogeneous and isotropic rectangular plates with centrally located
cutout is studied. The plate is initially perfect and it has finite dimensions and the effect of
circular and square cutouts with different sizes on the buckling load is investigated. The buckling
load is presented for different combinations of free, clamped and simply supported boundary
conditions at the plate outer edges and for different aspect ratios. The buckling load is calculated
in two steps: solving the equations of the initial state of equilibrium and using the obtained
results to solve the stability equations. The buckling load calculation is performed for three
different cases: a rectangular plate without cutout under non-uniform in-plane loading, annular
plate and rectangular plate with circular and square cutouts in the center. In a rectangular plate
under in-plane loading, the existence of cutout changes the distribution of stress field. This stress
field must satisfy the boundary conditions at the cutout edges and also at the plate edges. In this
thesis two solutions are presented for this problem. In the first solution the stress field is
calculated by using the complex potential functions and domain mapping. The second solution is
based on the harmonic expansion of stress function in polar coordinates. In both solutions, the
boundary condition at the plate edges is applied by using an integral which is derived from the
virtual work method and it is called the boundary integral. As a result, the obtained solution
satisfies the boundary condition at the cutout edges exactly and the boundary conditions at the
plate edges with good accuracy. After calculating the prebuckling stress field, the stability
equations have to solve to obtain the buckling load and mode shape. In the annular plate and for
the axisymmetric case, the perturbation technique is used to solve the stability equations and for
the non-axisymmetric case, the ringing method is used to solve these equations. In a rectangular
plate with cutout, the prebuckling stress components are too complicated and as a result the Ritz
energy method is used for buckling load calculation. In this method the out of plate displacement
components are approximated by admissible functions representing the lateral vibration mode
shapes of a beam. The buckling load is calculated for different uniform and non-uniform
loadings, boundary conditions and cutout sizes. The solution method is validated by comparing
the results with numerical solution based on the finite element method and also with other

references.

Keywords: Prebuckling Stress Field-Buckling Load- Circular and Square Cutout-Numerical
and Analytical Solution
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