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No. of terms in P

Scheme  Order of poly. Boundary patch T3and Q4 T6 and L9

I P No 3 6
2 p+1 No 6 10
3 p+2 No 10 15
4 P Yes 3 6
5 r+1 Yes 6 10
6 p+2 Yes 10 15
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Overall R(y*)

q=p q=p g=p+1 q=p+2
LP procedure, uniform refinement,
Elements SPR no boundary patches are used
T3 0-692 071 0-78 0-43
Q4 0-641 0-82 0-85 091
To [-189 128 1-17 1-26
L9 [-515 1-60 1-67 1-30
LP procedure adaptive refinement,
SPR boundary patches are used
T3 1-025 0-86 0-93 0-76
Q4 0-968 090 1-14 1-01
To [-857 1:92 1-71 1-90
L9 1757 1-70 1-47 1-62
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Boundary patch g=72 qg=73 g=4

Problem 1, L9 elements, last uniform mesh

No 0-0740 0-0372 00613

Yes 0-0350 0-0364 0-0445
Problem 2, L9 elements, last adaptive mesh

No 13-3216 11-6861 13-4937

Yes 13-5415 13-0137 13-4457

LP , REP, SPR <ljb ybg, dw yleo duslio (F

Sl 5o ablige ;R0Se @ ad [l Ledy) den (o] Ken Cas s 058 o0 o0liiul gTP 4SS
abge GRIBl o5 e LP g REP gl jo ol Sen copu allioo jlgan 380 Jo> o5
Silise oy Ll ann gln [Ren 358 (23 (e 955 ool ikl e 5 3y

2 b ey aS 85 A e 00 @l ladliee @ e 4 aly By, dw ol S
O g Al PP A aSile ofug il oo SPR g LP (sla g, 5l i el REP g,
By widd o ylid goue bl auled co cdmline | (F-V) Joux ;o il 09l colaiul coless
Ol S35 Bbie 503 (bg) 99 5l S LP by, jladljgm axio )3 05 oo osliiul g
b g REP (g, 51 e SPR gy yo 25

2Ll 5l g ol oo S00Ss s and JLws LP 9 SPR by, 90 5l sdwl o ol JlaS )5 amin o

AR



Sgazo gl ! 5o i b 5b sl p3d Jpad

Sl ouls asrine Olg> p e > 2 40 g 00ld

S0 4>l 9] (e lla el )l bawgs By, d avolie - Jgux

Recovery procedures g=p g=p+1 g=p+2

Problem 1.T3 elements, last uniform mesh

REP 2:2779 2:0473 50731
LP [-3469 1-0307 2:6515
SPR [-7833

Problem 1, L9 elements, last adaptive mesh

REP 00926 00334 0-1065
LP 00507 00226 00332
SPR 0-0398

Problem 2, T6 elements, last uniform mesh
REP 164079 136238 13-6387
LP 7-7963 72529 9-4410
SPR T-T987

Problem 2, Q4 elements, last adaptive mesh
REP 1-0800 11727 1-2253
LP 1-0633 09180 1-0416

SPR 1-0398
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Element
Problem no. Refinement used LP SPR REP
T3 1-:3469 1-7883 22779
I Uniform Té 00798 0-1067 01882
Q4 09078 1-5207 09633
L9 00740 0-0508 00950
T3 0-0909 00882 01273
l Adaptive To 00200 00226 00614
Q4 0-1400 01428 01460
L9 00507 00398 00926
T3 12-5635 12-0378 12-4163
2 Uniform Té 7-7063 7-9787 16-4079
Q4 33216 13-0978 13-4619
L9 9-5050 8-4688 10-5844
T3 10272 10422
2 Adaptive Teo 0-4439 04421 0-6206
Q4 1-0633 1-0398 1-0800
L9 06746 0-6041 07639
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Recovery scheme

Mesh LP SPR REP

Problem 1, Q4 elements, uniform refinement,
boundary patches are used

Ul 1-09 0-90 I-16
U2 1-06 1-08 1-09
U3 1-05 1-04 1-06
U4 1-04 1-03 1-03

Problem 1, T6 elements, adaptive refinement,
no boundary patches are used

Initial = Ul 091 0-89 1-28
Al 0-97 1-05 1-21
A2 099 1-04 1-11
A3 [-01 1-04 1-06

Problem 2, L9 elements, adaptive refinement,
no boundary patches are used

Initial = Ul [-18 1-11 1-42
Al [-18 1-13 1-41
A2 [-29 1-22 1-57
A3 [-15 1-09 1:39
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Egacxo 521.67 419.90 0.805 415.14 0.796
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1 82 38.56 0.470 31.55 0.385
2 102.96 46.36 0.450 32.39 0315
3 45.75 18.77 0.410 10.23 0.224
4 50.70 17.00 0.335 13.13 0.259
5 14.02 5.77 0.412 3.43 0.245
6 10.63 7.86 0.740 7.25 0.682
7 4.74 5.99 1.263 4.08 0.861
8 5.21 2.01 0.386 3.56 0.684
9 4.04 4.16 1.028 3.94 0.973
10 3.95 4.53 1.147 425 1.076
11 2.96 2.95 0.997 3.02 1.020
12 2.99 3.53 1.180 341 1.142
13 3.07 2.63 0.854 2.70 0.878
14 2.95 2.81 0.951 2.82 0.954
15 6.81 3.09 0.453 3.18 0.466
16 6.84 3.30 0.483 3.28 0.480
17 6.23 4.06 0.651 3.47 0.557
18 6.23 3.68 0.590 3.47 0.556
19 3.44 312 0.908 2.50 0.728
20 3.44 2.35 0.685 2.50 0.728
21 224 2.04 0.908 1.87 0.835
22 2.24 1.88 0.838 1.87 0.835
23 2.73 2.49 0.913 2.32 0.850
24 2.73 2.26 0.828 2.32 0.850
25 2.85 2.06 0.725 2.08 0.729
26 2.85 2.09 0.734 2.08 0.729
27 2.41 1.73 0.719 1.73 0.718
28 2.41 1.73 0.718 1.73 0.718
29 2.35 1.84 0.782 1.84 0.783
30 235 1.84 0.784 1.84 0.783
31 4.16 3.03 0.729 3.03 0.728
32 4.16 3.03 0.728 3.03 0.728

Ego0 402.45 208.54 0.518 169.90 0.422
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obel! RN oledl 2 0 oledl 2 0
1 35.77 22.48 0.629 20.88 0.584
2 30.85 22.53 0.730 21.32 0.691
3 30.85 20.96 0.679 21.32 0.691
4 35.77 23.52 0.658 20.88 0.584
5 16.17 16.50 1.021 17.51 1.083
6 13.06 8.60 0.658 9.34 0.715
7 13.06 7.87 0.602 9.34 0.715
8 16.17 17.10 1.058 17.51 1.083
9 9.31 7.25 0.779 6.98 0.750
10 8.81 10.40 1.180 10.20 1.158
11 8.81 10.60 1.202 10.20 1.158
12 9.31 7.09 0.762 6.98 0.750
13 8.41 8.77 1.042 8.84 1.051
14 8.55 8.34 0.976 8.39 0.982
15 8.55 8.29 0.970 8.39 0.982
16 8.41 8.81 1.047 8.84 1.051
17 7.97 7.89 0.990 7.87 0.988
18 8.00 8.04 1.005 8.02 1.003
19 8.00 8.05 1.007 8.02 1.003
20 7.97 7.88 0.989 7.87 0.988
21 7.47 7.49 1.002 7.49 1.003
22 7.47 7.45 0.996 7.45 0.997
23 7.47 7.44 0.996 7.45 0.997
24 7.47 7.49 1.003 7.49 1.003
25 6.96 6.99 1.004 6.98 1.004
26 6.96 7.00 1.006 7.00 1.006
27 6.96 7.00 1.006 7.00 1.006
28 6.96 6.99 1.004 6.98 1.004
29 6.44 6.31 0.979 6.31 0.979
30 6.44 6.30 0.979 6.31 0.979
31 6.44 6.30 0.979 6.31 0.979
32 6.44 6.31 0.979 6.31 0.979
33 5.93 6.43 1.085 6.43 1.085
34 5.93 6.43 1.085 6.43 1.085
35 5.93 6.43 1.085 6.43 1.085
36 5.93 6.43 1.085 6.43 1.085
37 5.41 3.52 0.651 3.52 0.651
38 541 3.52 0.651 3.52 0.651
39 5.41 3.52 0.651 3.52 0.651
40 5.41 3.52 0.651 3.52 0.651
41 4.90 4.81 0.982 3.06 0.625
42 4.90 4.13 0.843 3.01 0.615
43 4.90 5.05 1.032 3.01 0.615
44 4.90 3.59 0.733 3.06 0.625
45 4.38 4.40 1.005 4.89 1.115
46 4.38 4.59 1.047 4.89 1.115
47 4.38 4.34 0.990 4.89 1.115
48 4.38 4.73 1.080 4.89 1.115
49 3.86 3.86 0.998 3.73 0.965
50 3.86 3.81 0.986 3.73 0.965
51 3.86 3.88 1.003 3.73 0.965
52 3.86 3.77 0.976 3.73 0.965
53 3.35 3.35 1.000 3.39 1.011
54 3.35 3.36 1.004 3.39 1.011
55 3.35 3.35 0.999 3.39 1.011
56 3.35 3.37 1.007 3.39 1.011
57 2.83 2.83 1.000 2.83 0.997
58 2.83 2.83 0.998 2.82 0.996
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obed oledl 2 oledl 2 okl 2 0
59 2.83 2.83 1.000 2.82 0.996
60 2.83 2.83 0.998 2.82 0.997
61 232 232 0.999 2.32 1.000
62 2.32 2.32 1.001 2.32 1.002
63 232 232 1.001 2.32 1.002
64 2.32 2.32 1.000 2.32 1.000
65 1.83 1.81 0.988 1.81 0.987
66 1.80 1.80 0.996 1.80 0.996
67 1.80 1.80 0.997 1.80 0.996
68 1.83 1.81 0.987 1.81 0.987
69 1.79 1.26 0.704 1.26 0.704
70 1.28 1.43 1118 1.43 1118
71 1.28 1.43 L118 1.43 L118
72 1.79 1.26 0.704 1.26 0.704
73 1.78 1.19 0.670 1.19 0.670
74 0.72 1.17 L612 117 L612
75 0.72 117 1612 1.17 1.612
76 1.78 119 0.670 L19 0.670
77 221 L11 0.502 L1l 0.502
78 0.95 1.10 1.153 1.10 1.153
79 0.95 1.10 1153 L.10 1153
80 221 111 0.502 111 0.502

Egoxo 533.91 470.54 0.881 464.04 0.869

55 2 SIn P73 az 0 5 JpuS akali V10 sl 23U a3l 5 o) slbs oy B gl 0 F-0 Jgor
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Exact LP SPR
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6 pa> 6 pa>
o oledl 2 oldl 2 okl 2 0
1 95.89 20.50 0214 18.64 0.194
2 95.89 29.01 0.303 18.64 0.194
3 18.46 12.26 0.664 12.11 0.656
4 18.46 13.18 0.714 12.11 0.656
5 5.81 7.50 1.291 7.62 1312
6 5.81 6.88 1.184 7.62 1312
7 3.35 6.74 2.011 6.83 2.036
8 3.35 6.24 1.861 6.83 2.036
9 1.98 3.80 1.918 3.84 1.937
10 1.98 3.61 1.821 3.84 1.937
11 1.68 1.59 0.946 1.62 0.966
12 1.68 1.56 0.930 1.62 0.966
13 2.16 1.95 0.899 1.98 0915
14 2.16 1.95 0.902 1.98 0.915
15 523 2.79 0.533 2.83 0.541
16 523 2.83 0.540 2.83 0.541
17 528 424 0.803 2.67 0.506
18 528 2.95 0.560 2.67 0.506
19 2.14 1.52 0.710 1.53 0.713
20 2.14 1.83 0.854 1.53 0.713
21 1.68 0.66 0.395 0.88 0.520
22 1.68 1.06 0.632 0.88 0.520
23 1.96 0.65 0.330 0.85 0.435
24 1.96 0.99 0.505 0.85 0.435
25 1.97 0.15 0.077 021 0.107
26 1.97 0.27 0.136 021 0.107
27 1.49 0.14 0.093 0.17 0.111
28 1.49 0.18 0.124 0.17 0.111
29 1.81 0.14 0.077 0.15 0.085
30 1.81 0.16 0.088 0.15 0.085
31 2.53 0.20 0.080 021 0.085
32 2.53 021 0.084 021 0.085
Egoxo 306.88 137.75 0.449 124.27 0.405
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0 e 0 e

ol 250 G ol o 50 bl 2 50
1 49.96 18.14 0363 16.94 0339
2 65.83 12.87 0.196 13.37 0.203
3 49.96 25.77 0.516 16.94 0.339
4 17.61 11.33 0.643 10.99 0.624
5 16.98 4.34 0.255 4.49 0.264
6 17.61 7.85 0.446 10.99 0.624
7 3.70 5.14 1.389 4.96 1.340
8 3.57 4.35 1.220 4.77 1.338
9 3.70 3.63 0.981 4.96 1.340
10 7.17 536 0.747 5.29 0.737
11 552 591 1.072 6.07 1101
12 7.17 4.80 0.669 5.29 0.737
13 6.81 635 0.932 6.32 0.928
14 5.50 3.85 0.701 3.79 0.689
15 6.81 6.06 0.891 6.32 0.928
16 271 1.75 0.646 1.76 0.648
17 2.82 1.75 0.622 1.77 0.628
18 271 1.81 0.669 1.76 0.648
19 2.53 1.70 0.674 1.70 0.674
20 1.05 1.35 1.285 1.35 1.287
21 2.53 1.70 0.675 1.70 0.674
2 4.75 1.57 0331 1.57 0.330
23 4.46 1.17 0.263 117 0.262
24 475 1.56 0.328 1.57 0331
25 465 2.18 0.468 1.91 0.410
26 3.52 1.67 0.475 1.62 0.460
27 4.65 3.07 0.660 1.91 0.410
28 211 237 1127 1.81 0.861
29 2.07 1.54 0.741 1.51 0.730
30 211 1.53 0.727 1.81 0.861
31 1.91 0.80 0.417 0.72 0.377
32 036 0.64 1.770 0.63 1.745
33 191 0.69 0362 0.72 0377
34 2.66 1.58 0.596 1.63 0614
35 247 151 0.611 1.51 0.613
36 2.66 1.68 0.633 1.63 0615
37 251 2.09 0.832 2.05 0.818
38 1.80 1.90 1.056 1.89 1.055
39 251 2.03 0811 2.05 0817
40 1.63 0.72 0.442 0.73 0.447
41 131 0.78 0.596 0.78 0.597
) 1.63 0.73 0.449 0.73 0.447
43 1.56 0.49 0314 0.49 0314
44 1.08 0.64 0.593 0.64 0.593
45 1.56 0.49 0314 0.49 0314
46 1.88 0.68 0.358 0.68 0.358
47 120 1.01 0.844 1.01 0.844
43 1.88 0.67 0.358 0.68 0.358

Egoxo 347.80 171.62 0.493 165.47 0.476
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Abstract

In this thesis, first some methods of Stress Recovery in Finite Elements are
surveyed & introduced. After surveying existing methods, the LP method
was chosen comparing to some common Stress Recovery methods in Finite
Elements, in order of development in Isogeometric Analysis. The reason of
this is high efficiency & using the residual of equilibrium equation term
that seems to be appropriate for using in Isogeometric Analysis method.
For this purpose, the basics of Isogeometric analysis & NURBS basic
functions which are the essentials in this environment are introduced
briefly. Then the relations & equations used in LP method are re-written
compatible to Isogeometric Analysis. After determining the relations,
coding method was done in programming environment & was added to
basic program of Isogeometric analysis.

In order to compare efficiency & veracity of the method, three known
examples which their accurate solutions were available were used.

1) Cantileverbeam  2) Hole in infinite plate  3) Fracture problem

The results of LP method program are compared to SPR recovery method
in Isogeometric environment. In the comparison, Energy Error Norm,
Effectivity Index & surveying recovery stress parameters at some parts are
used. In surveying the program’s outputs, an improvement in results is
observed comparing to SPR method. At the end appropriate degree of
NURBS functions was defined with LP method, in order to recovery stress
in Isogeometric environment for mentioned examples.

Key Words: Finite elements, Error estimation, Stress recovery, Efficiency

index, Isogeometric analysis, Energy error norm.



