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% Functionally Graded Materials

8! Volume Fraction

82 Graded Micro-Structure and Macro-Properties
% Stress Concentration

% Delamination
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1779 Lagrange polynomials

1864 Hermite polynomials

1943 Linear triangle

1960 Clough coins the name “finite elements”
1961 Bilinear quadrilateral

1962 Linear tetrahedron

1965-1968 C!-continuous triangles and quadrilaterals
1966 Tsoparametric elements

1968-1971 Variable-number-of-nodes elements
1977-1986 H(dwv). H(curl). and H(div) & H(curl) elements
1992-1996 Meshless methods

88 Anisotropic
% Boundary Element Method
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1912 Bernstein polynomials

1946 Schoenberg coins the name “spline”
1959 de Casteljau algorithm

19661972 Bézier curves and surfaces

1971, 1972 Cox-de Boor recursion

1972 B-splines

1975 NURBS

1978 Catmull-Clark and Doo—Sabin subdivision surfaces
1980 Oslo knot insertion algorithm

1987 Loop subdivision

1987, 1989 Polar forms, blossoms
1996-—present Triangular and tetrahedral B-splines
2003 T-splines
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% Interpolatory

£



Omzped 2yl oldgys Caols (S sk 4 Al mlg G ST 0 s Bk ) aiS e e
eSS G g (IS e Sl o ile a5 o)l vy oBaus 90 e (sl STl o
Slis bl s Glate ol 5y 2 B ol g o9 iy (JpuS blE ey JS
S e B wsrler S plsie 4 kb g ogs Gelate (aBly awain (S5 e dilioe
9 9,00 dg0me izl (g, )0 d9zse e aned e (IS e 0900 LI 4 (o8ly amais
97y b gt oo @8ly LIS Gl (5 wnilion dllas ool Sz o (o o5 (J 7S (sla e
dasin dgame Izl gy B g dbige el JS5 SIS (S e o il oS
ez (o8ly Asid el S 5 (S5 e el walys T lges 658l T Lawgs ot slon
alas 5 Calog 5l il o5 35 397 pgde 35 5 (Sond e Lopad s Spdee Jol>
S 235 Sl s Manl g Ly eSle pldl S wsiles plgiee 1) oy o a8
dges Sildae alog SO L Gl 1) SeolST sla)ls o esliinl 9550 4l owaia IS
30 . Supd slad 5 ol als 5l o le o5 il cownl Sl oBaus g0 5l dog o yiren

caSe g bt JKO a4 Lol atels jo dloy o Cuip 4 o 4w g G 90 Sidug

15l o el
v 9 99 050 Sieln gl ) gl Gk el (25 sladiles 4 i o |, alog 2 (3L

L Sloads gz o )8 awgs 2,5 sbrailes .zl g Jas calads 5l o le cod 5 4y o )5 gam
Shls al mlgi oo, T o 0sd ooy ymd Wjls )lser Al wlg a5 Ll als 25 (0l

3,50 slro S H)ll&: slawi m g ldlezaiz a0 P aS 0g didlgs CV7" ax o 5l SKiwsm

% Severly Distorted
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% Patch
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% Multiplicity
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Index Space

Control Mesh

Physical Mesh

Multilinear Control Elements

Patches

Knot Spans

Topology:

1D: Straight lines defined
by two consecutive control
points

2D: Bilinear quadrilaterals

defined by four control points

3D: Trilinear hexahedra
defined by eight control points

Patches: Images of rectan-
gular meshes in the parent
domain mapped into the ac-
tual geometry. Patches may
be thought of as macro-
elements or subdomains.

Topology:
1D: Curves
2D: Surfaces
3D: Volumes

Patches are decomposed
into knot spans. the small-
est notion of an element.

Topology of knots in the
parent domain:

1D: Points

2D: Lines

3D: Planes

Topology of knots in the
physical space:

1D: Points

2D: Curves

3D: Surfaces

Topology of knots spans,
ie., “elements™:

1D: Curved segments con-
necting consecutive knots
2D: Curved quadrilaterals
bounded by four curves
3D: Curved hexahedra
bounded by six curved sur-
faces
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c Defining some of the used parameters:
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c nelem = number of elements

c npoin = total number of points

c nnode = number of nodes for each elements =(nl+1l) (n2+1 (

c ndofn = number of d.o.f in each elements

c ngaus = number of gaus points

c nvfix = number of restrained points

c nload = number of loaded points

c nevab = nnode*ndofn number of element variables

c ntotv = npoin*ndofn total number of variables

c noptm = number of optimization procedure

c nopti = optimization parameters

c neval = type of obj. and const. computing

c nsolv = number of solver procedure

c ntype = type of problem

c thick = thickness of problem

c fract = percentage of the volume for topology optimization
c ncpsh number of control points for shape optimization

c ncpmt number of control points for material optimization
c maxit maximum iteration for stop the optimization process
c nsegl number of segment in x direction

c nseg?2 = number of segment in y direction
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This program is developed by

Nasser Zarif Moghaddam

civil and architectural engineering department.
Shahrood University of technology.

Shahrood, Iran.

E-Mail: Nasser_ Zarif@Yahoo.Com

start project: Fri 1387/04/14
- Version 1.0.0
- writing the program, generally.

latest update: Mon 1387/04/31 (21 July, 2008(
- Version 1.5.0
- geometry recovery
- compute the displacements and reactions

latest update: Mon 1387/05/01
- Version 1.8.5
- stress recovery
- minor modifications in programming

latest update: Sat 1387/05/12 ( 2 August, 2008(
- Version 2.5.5
- add patches
- minor modifications in programming
- major modifications in array dimensions

latest update: Sat 1387/08/04
- Version 2.5.8
- add some comments for clarification.

latest update: Sat 1387/11/22
- Version 2.7.0
- add some comments for clarification.
- modify the formula for C66 in stress recovery.

latest update: Sat 1387/11/29
- Version 2.9.0
- debug for Mul2 , Mu2l.
- total output in single file for tecplot

latest update: Sat 1388/01/07 ( 27 March, 2009 (
- Version 3.1.0
- add von-mises stress
- modify for reading the optimization data

o000 o00o00000000c000000000000000000000000000000000Q0
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latest update: Sat 1388/01/15 ( 04 April, 2009(
- Version 4.0.0
- modify programming generally
- making public variable by modules
- delete unused lines in source code

latest update: Sat 1388/01/16 ( 05 April, 2009(
- Version 4.5.0
- add objective function calculations
- add constraints calculations

latest update: Sat 1388/01/17 ( 06 April, 2009(
- Version 4.6.5
- add some comments for clarification.
- modify output for displacements
- solving the first shape optimization problem

latest update: Sat 1388/01/19 ( 08 April, 2009(
- Version 4.8.0
- add some comments for clarification.
- add output file for time of computing.
- debug for computing g (i) constraints
- minor changes in formats and outputs

latest update: Sat 1388/01/21 ( 10 April, 2009(
- Version 5.0.0
- add strain energy computations.

latest update: Sat 1388/03/10 ( 31 May, 2009¢
- Version 5.1.0
- add output surface for E and Nu.

latest update: Sat 1388/03/16 ( 06 June, 2009 (
- Version 5.2.0
- add some comments for clarification.
- minor changes in input file for (neval (
- minor changes in input file for (maxit (

latest update: Sat 1388/03/25 ( 15 June, 2009 (
- Version 5.3.0
- add some comments for clarification.
- major change in the variable name.
- minor changes in input file for (ndofn(
- add error subroutine for debugging

latest update: Sat 1388/03/27 ( 17 June, 2009 (
- Version 6.0.0
- add frontal solver.

latest update: Sat 1388/03/29 ( 19 June, 2009 (
- Version 7.1.5
- add profile (or sky) solver.
- add some comments for clarification.

latest update: Sat 1388/04/05 ( 26 June, 2009 (
- Version 7.2.0
- given the name ISA.
- add some comments for clarification.
- tested for frontal and profile solver

latest update: Sat 1388/04/10 ( 1 July, 2009(
- Version 7.2.5
- collecting all output in one file for TecPlot

latest update: Sat 1388/04/11 ( 2 July, 2009(
- Version 7.3.0
- modify elasticity coeff. according to reddy book
- add some comments for elacticity coefficients.
- elimination of (nnode) from input file.

latest update: Thu 1388/04/25 (15 July, 2009 (
- Version 7.4.0
- seperate array for more precision output
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latest

latest

latest

latest

latest

latest

latest

latest

latest

latest

latest

latest

latest

update:

update:

update:

update:

Sat 1388/05/10 ( 1 August, 2009
Version 7.5.0
element base output for tecplot

Sun 1388/05/25 (16 August, 2009(
Version 7.6.0
add shape rotation value in the input file

Tus 1388/05/27 (18 August, 2009
Version 7.7.0
modify disp., stress and strain for rotation

Sat 1388/06/07 (29 August, 2009(
Version 8.0.0
modify input for gl2 and eliminate nu2l

Sat 1388/08/22 (13 November, 2009 (
Version 8.0.5
add some comments for clarification.

Sat 1388/08/22 (13 November, 2009 (
Version 8.5.0

add some comments for clarification.

add nurbs formulation. (not completed yet(

Sat 1388/11/22 (12 February, 2010 (
Version 8.5.5

add some comments for clarification.

add nurbs formulation. (not completed yet (

Sat 1388/11/24 (14 February, 2010 (

Version 10.0.5

add some comments for clarification.

add nurbs formulation. (not completed yet (

add new OBJ and CON for topology optimization.

Sat 1388/11/25 (15 February, 2010 (

Version 10.1.0

add nurbs formulation. (not completed yet(

input thick as a surface instead of Constant value
for using in the topology optimization.

Sat 1388/11/30 (19 February, 2010(

Version 10.5.0

add nurbs formulation. (not completed yet(

add various objective and constraint for optimization

Sat 1389/02/01 (21 April, 2010 (
Version 10.8.0
First Axisymmetric problem is solved

Sat 1389/04/11 (02 July, 2010
Version 10.9.0
modification in the optimization strategy

Sat 1389/07/09 (30 september, 2010 (

Version 11.0.0
modification in the optimization strategy
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* Copyright © 2011 - All rights reserved *

Developed by: N. Zarif Moghaddam

Civil and Structural Engineering Department
Shahrood University of Technology, Iran

Example: for material optimization

OUTPUT FILE NAME : Orthol2l

Number of Patches npach= 1
Number of total control points ntcpt= 121

Type (l=strs 2=strn 3=axi) ntype= 1
Number of D . O . F ndofn= 2
Number of gauss Points ngaus= 9
Number of bondary condition nvfix= 11
Number of Point loads nload= 1
Rotation Value about Z axis(deg) rotaz= 0.00
Solver l=frontal , 2=profile nsolv= 2
optimizer 1=DOT , 2=MMA noptm= 1
Analysis(0) or Optimization (1) nopti= 1
Number of var C.P. (shape) ncpsh= 0
Number of var C.P. (material) ncpmt= 0
type of objective & constraint neval= 5
type of opt ntopo= 1
stop after maximum iterations maxit= 0
Number of segment in x-dir nsegl= 10
Number of segment in y-dir nseg2= 10
Number of segment in x-dir nsegl= 100
Number of segment in y-dir nseg2= 100
Direction x for each patches

Dimension of Knot Vector {0,...,m}. ml= 13
Number of Control Points {0,...,n}. nl= 10
Degree of B-Spline Basis Functions. pl= 2
Kth Derivatives of Basis Functions. kl= 1
Direction y for each patches

Dimension of Knot Vector {0,...,m}. m2= 13
Number of Control Points {0,...,n}. n2= 10
Degree of B-Spline Basis Functions. p2= 2
Kth Derivatives of Basis Functions. k2= 1

KnotVector (Dir-X) i ui
0 0.000000000000
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.000000000000
.000000000000
.111111111111
.222222222222
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.000000000000
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KnotVector (Dir-y)

.555555555556
.666666666667
777777777778
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.000000000000
.000000000000
.000000000000
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Coordinates of Control Points and other informations for patch number 1 are

i x-coord y-coord z-coord z-E1 z-E2 z-Mul2
z-G12 z-f1 z-£2 weight thick t-index
1 0.0000 0.0000 0.0000 22794.184 73977.217 0.098
10378.182 0.0000 0.0000 1.000 1.000 1.000
2 0.1000 0.0000 0.0000 42441 .424 12718.582 0.136
18684.510 0.0000 0.0000 1.000 1.000 1.000
3 0.2000 0.0000 0.0000 80791.151 24139.029 0.017
39720.550 0.0000 0.0000 1.000 1.000 1.000
4 0.3000 0.0000 0.0000 44226.971 18095.794 0.103
20052.240 0.0000 0.0000 1.000 1.000 1.000
5 0.4000 0.0000 0.0000 55575.661 45523.551 0.101
25248.431 0.0000 0.0000 1.000 1.000 1.000
6 0.5000 0.0000 0.0000 12237.145 6875.155 0.130
5414.756 0.0000 0.0000 1.000 1.000 1.000
7 0.6000 0.0000 0.0000 93121.385 89121.107 0.112
41856.842 0.0000 0.0000 1.000 1.000 1.000
8 0.7000 0.0000 0.0000 29496.824 84403.012 0.216
12127.785 0.0000 0.0000 1.000 1.000 1.000
9 0.8000 0.0000 0.0000 1156.241 57128.007 0.046
552.855 0.0000 0.0000 1.000 1.000 1.000
10 0.9000 0.0000 0.0000 54287.678 34794.615 0.134
23944.513 0.0000 0.0000 1.000 1.000 1.000
11 1.0000 0.0000 0.0000 65963.086 52328.147 0.127
29256.384 0.0000 0.0000 1.000 1.000 1.000
12 0.0000 0.1000 0.0000 76858.608 71120.169 0.014
37895.574 0.0000 0.0000 1.000 1.000 1.000
13 0.1000 0.1000 0.0000 87966.514 74711.730 0.214
36243.744 0.0000 0.0000 1.000 1.000 1.000
14 0.2000 0.1000 0.0000 53579.373 12132.671 0.234
21712.915 0.0000 0.0000 1.000 1.000 1.000
15 0.3000 0.1000 0.0000 56396.195 11861.422 0.020
27642.222 0.0000 0.0000 1.000 1.000 1.000
16 0.4000 0.1000 0.0000 55430.519 31641.757 0.007
27536.076 0.0000 0.0000 1.000 1.000 1.000
17 0.5000 0.1000 0.0000 72812.534 62370.911 0.118
32568.105 0.0000 0.0000 1.000 1.000 1.000
18 0.6000 0.1000 0.0000 55842.299 44455.608 0.018
27435.110 0.0000 0.0000 1.000 1.000 1.000
19 0.7000 0.1000 0.0000 32867.241 56072.260 0.111
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5698.628
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2423.746
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1.000
66464 .655
1.000
79265.931
1.000
11944.492
1.000
12274.530
1.000
5910.688
1.000
84331.088
1.000
41935.315
1.000
35463.274
1.000
75196.863
1.000
96823.443
1.000
86133.402
1.000
48118.623
1.000
85559.206
1.000
78459.015
1.000
1397.932
1.000
48250.446
1.000
22550.141
1.000
43932.377
1.000
13362.231
1.000
38364.924
1.000
45708.791
1.000
3360.789
1.000
28303.121
1.000
62405.992
1.000
57330.869
1.000
8838.898
1.000
99172.991
1.000
19005.262
1.000
29707.371
1.000
65226.848
1.000
79815.356
1.000
94236.177
1.000
88121.123
1.000
70452.223
1.000
66174.600
1.000
28202.874
1.000
92094.571

1.

95478.

54401.

99376.

24494,

3390.

54388.

41639.

99136.

81259.

77552.

75093.

59423.

77627.

42355.

91011.

19140.

83217.

45954.

45923.

96213.

67020.

43715.

32254.

91982.

49080.

51493.

13014.

5954.

19976.

73497

42770.

43965

91674

21528

64041

71000.

59807.

611

931

233

153

827

846

210

416

601

501

969

184

731

228

168

035

151

800

269

072

415

903

497

061

205

878

726

044

168

.375

6717

.791

.702

.729

. 749

974

684

.036

.219

.185

.181

.198

.128

.245

.053

.228

.240

.183

.113

.212

.151

.244

.080

.108

.118

.035



41948.622
57
19649.233
58
14079.101
59
31865.376
60
30260.601
61
23689.702
62
42156.810
63
6017.890
64
45309.054
65
42444.593
66
35350.207
67
3622.370
68
3048.092
69
28728.265
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44638.945
71
14329.709
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24779.439
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37309.078
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4949.835
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925.145
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44478.066
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13287.124
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1.000
47703.413
1.000
33998.637
1.000
73366.383
1.000
64196.546
1.000
56453.317
1.000
95256.160
1.000
14195.351
1.000
97487.650
1.000
87438.218
1.000
73070.927
1.000
8367.433
1.000
6649.233
1.000
68493.117
1.000
90310.489
1.000
32097.545
1.000
50749.873
1.000
74880.902
1.000
11756.629
1.000
1932.057
1.000
92445.104
1.000
18291.883
1.000
28173.981
1.000
9341.930
1.000
90271.710
1.000
69033.727
1.000
32909.823
1.000
21086.513
1.000
21376.184
1.000
82714.118
1.000
60061.606
1.000
6746.948
1.000
12855.013
1.000
42032.507
1.000
74714.414
1.000
75009.764
1.000
92238.436
1.000
40779.698
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75158.

81467.

48676.

86404 .

5937

30396.

77551

34862.
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79988

39472

65830
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35933
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.320
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19113.924 0.0000 0.0000 1.000 1.000 1.000

94 0.5000 0.8000 0.0000 67760.651 8526.734 0.245
27218.658 0.0000 0.0000 1.000 1.000 1.000
95 0.6000 0.8000 0.0000 24773.582 17193.419 0.224
10121.988 0.0000 0.0000 1.000 1.000 1.000
96 0.7000 0.8000 0.0000 28300.092 67539.442 0.135
12467.443 0.0000 0.0000 1.000 1.000 1.000
97 0.8000 0.8000 0.0000 16040.618 3967.182 0.134
7070.202 0.0000 0.0000 1.000 1.000 1.000
98 0.9000 0.8000 0.0000 76025.786 44169.125 0.242
30615.707 0.0000 0.0000 1.000 1.000 1.000
99 1.0000 0.8000 0.0000 14105.656 67463.842 0.037
6801.418 0.0000 0.0000 1.000 1.000 1.000
100 0.0000 0.9000 0.0000 52637.204 86754.785 0.095
24039.936 0.0000 0.0000 1.000 1.000 1.000
101 0.1000 0.9000 0.0000 40196.335 81967.236 0.114
18035.025 0.0000 0.0000 1.000 1.000 1.000
102 0.2000 0.9000 0.0000 91031.806 19235.451 0.175
38720.824 0.0000 0.0000 1.000 1.000 1.000
103 0.3000 0.9000 0.0000 37224.035 94061.933 0.003
18548.988 0.0000 0.0000 1.000 1.000 1.000
104 0.4000 0.9000 0.0000 68621.016 78288.164 0.157
29666.148 0.0000 0.0000 1.000 1.000 1.000
105 0.5000 0.9000 0.0000 54.449 50811.159 0.200
22.683 0.0000 0.0000 1.000 1.000 1.000
106 0.6000 0.9000 0.0000 47722.960 35650.491 0.012
23574.252 0.0000 0.0000 1.000 1.000 1.000
107 0.7000 0.9000 0.0000 37112.548 24921.409 0.239
14973.213 0.0000 0.0000 1.000 1.000 1.000
108 0.8000 0.9000 0.0000 56049.616 38515.839 0.059
26462.825 0.0000 0.0000 1.000 1.000 1.000
109 0.9000 0.9000 0.0000 98894.547 74423.363 0.248
39623.351 0.0000 0.0000 1.000 1.000 1.000
110 1.0000 0.9000 0.0000 22228.489 23973.694 0.177
9441.328 0.0000 0.0000 1.000 1.000 1.000
111 0.0000 1.0000 0.0000 13427.513 57849.419 0.083
6198.329 0.0000 0.0000 1.000 1.000 1.000
112 0.1000 1.0000 0.0000 58968.637 96841.265 0.146
25719.391 0.0000 0.0000 1.000 1.000 1.000
113 0.2000 1.0000 0.0000 22145.392 3780.978 0.192
9287.224 0.0000 0.0000 1.000 1.000 1.000
114 0.3000 1.0000 0.0000 37822.945 80295.351 0.164
16242.159 0.0000 0.0000 1.000 1.000 1.000
115 0.4000 1.0000 0.0000 28938.213 3058.799 0.196
12099.581 0.0000 0.0000 1.000 1.000 1.000
116 0.5000 1.0000 0.0000 71980.569 78109.718 0.060
33944.978 0.0000 0.0000 1.000 1.000 1.000
117 0.6000 1.0000 0.0000 40473.806 66393.806 0.164
17378.550 0.0000 0.0000 1.000 1.000 1.000
118 0.7000 1.0000 0.0000 74672.809 96244.940 0.083
34481.029 0.0000 0.0000 1.000 1.000 1.000
119 0.8000 1.0000 0.0000 64258.751 711.665 0.080
29742.154 0.0000 0.0000 1.000 1.000 1.000
120 0.9000 1.0000 0.0000 64812.009 35159.386 0.050
30870.349 0.0000 0.0000 1.000 1.000 1.000
121 1.0000 1.0000 0.0000 23099.230 71812.026 0.162
9935.762 0.0000 0.0000 1.000 1.000 1.000
- connectivity
1
1 2 3 4 5 6 7 8 9 10 11
12 13 14 15 16 17 18 19 20 21 22
23 24 25 26 27 28 29 30 31 32 33
34 35 36 37 38 39 40 41 42 43 44
45 46 47 48 49 50 51 52 53 54 55
56 57 58 59 60 61 62 63 64 65 66
67 68 69 70 71 72 73 74 75 76 77
78 79 80 81 82 83 84 85 86 87 88
89 90 91 92 93 94 95 96 97 98 99
100 101 102 103 104 105 106 107 108 109 110
111 112 113 114 115 116 117 118 119 120 121
- boundary conditions ( apply to global coordinates)

Y



1 11 0.0000 0.0000
12 11 0.0000 0.0000
23 11 0.0000 0.0000
34 11 0.0000 0.0000
45 11 0.0000 0.0000
56 11 0.0000 0.0000
67 11 0.0000 0.0000
78 11 0.0000 0.0000
89 11 0.0000 0.0000

100 11 0.0000 0.0000

111 11 0.0000 0.0000

- loading ( apply to global coordinates)
121 0.00 1000.0

- shape Opt. (design variables) O=const,l=var

- Material Opt. (design variables) O=const, l=var

Vay



Abstract:

A unified modeling and analysis approach to address the functionally
graded plane and Axisymmetric problems is suggested which is making use
of B-Splines and NURBS for the definition of geometry and material
properties as well as the analysis and optimization. The recently developed
Isogeometric Analysis numerical method is concisely explained and the
functionally graded materials (FGMs) are briefly introduced. FGMs are
composite materials that are microscopically homogeneous but at macro
level the mechanical properties vary continuously from one point to
another by smoothly varying the volume fractions of the material
constituents. The constitutive material matrix is considered to be isotropic
at each point where the elastic modulus is assumed to vary continuously
throughout the domain according to an assumed arbitrary distribution. It is
shown that the difficulties encountered in the Finite Element analysis of the
FGMs are to a large degree alleviated by employing the Generalized
Isogeometric Analysis which is the subject of this thesis. Finally, examples

are presented to demonstrate the efficiency of the method.

Key Words: Isogeometric Analysis, Functionally Graded Materials,
Optimization, NURBS.
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