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! Hyperelasticity

2 Newton-Raphson Iteration
* Control Variable

* Discritization
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! Kinematics

Z Motion

® Lagrangian or Material Description
* Eulerain or Spatial Description
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! Mapping
2 Deformation Gradient
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! push Forward
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L pull Back

2 Strain

¥ Scalar Product

* Right Cauchy-Green Deformation Tensor

> Left Cauchy-Green Deformation Tensor

® Green Strain Tensor or Lagrangian Strain Tensor
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! Almansi Strain Tensor or Eulerian Strain Tensor
2 Polar Decomposition

® Rotation Tensor

* Stretch Tensor
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! Principal Directions
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! Eigen Vector

2 Eigen Value

*Volume Change

* Triple Product

> Determinant of Deformation
® Jacobian
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! Distortional Component
2 Incompresible

* Nearly Incompressible
*Volumetric Component
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! Velocity

2 Velocity Gradient
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! Rate of Deformation

2 Spin Tensor

® Rate of Change Volume

* Stress

® Principle of Virtual Work
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! Cauchy Stress Tensor
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! Translational Equilibrium
? Residual
* Rotational Equilibrium
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! Virtual Velocity
2 Kirchhoff Stress Tensor
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! First Piola Kirchhoff Stress Tensor
2 Second Piola Kirchhoff Stress Tensor
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! Deviatiric Component
2 Pressure Component
® Plasticity

* Soil Mechanics

® Bio Mechanics
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! Compressible
2 path Independent
® Stored Strain Energy Function or Elastic Potential
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! Elasticity Tensor
2 Material or Lagrangian Elasticity Tensor
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! Directional Derivative
? Spatial or Eulerian Elasticity Tensor
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! Isotropic Hyperelasticity
2 Constitutive Behavior

¥ Material Axes

* Invariant Tensor

YA



oY oY oY
:\P| ' :‘Pu ) :\Pm
alc GIIC alllc

(108-2a,b,c)
Dgbige fol ) Spo d gl gl S g 5 gl a0

S =2¥,1 +4¥,C +2J°¥,C™ (109-2)
ipy Do d a9l (gl SV S g (oDsS S (e el Sl

o =) 'FSF' (110-2)

aly> (i SaygFonl dlge sl (G295 A8 55l (109-2) 5o (110-2) abal; (o, B> L

[22-25] s,
c=2"¥b+47¥ b?+2]¥,I (111-2)
b=F'F (112-2)
=l 1, =g , I, =Nl (113-2a,b,c)

oS yemnill glo piiel 4 s ¥ b Slaie VLWL YU adal) jo a8 clils as g b
wile DG GBs5 -5 S

olge glgil Uiy a5 ~Y—F_¥

G oS (6 L o515 00gamme ;0 5 AL STl 0ST5 09,5 aw @ Bl e | el Sl
Wl Slge M5 Sl (6l (JB Cend p5 oad lge Ll oSl 4 azgs b oges

By 0ol o)Ll 09,5 dw jo dlge I col> @l o Jged 4 eST wbl e Sugysl

IRV APE

D 1y o1 Sgb — g Slgo N-Y-F-¥

! Compressible Neo-Hookean Material
Y4



¥(C)=

(CIRS

(1 =3)—uInJ +%(1nJ)2 (114-2)

Caged oSV 5 ol g (D98 25 9l (111-2) 5 (L09-2) Laly, 5l eolinl L >
[22-25] O g0 ol 13 O ygo 4 agill
S =u(1-C*)+A(InJ)C (115-2)

O'=Jﬁ(b—| )+J£(In\])l (116-2)

190 € ely (G898 =008 USE ek gm0 S (114-2) abl, ) 508 GRie b g

122-25] s salgs Jol> o35l 3Y amanayl

C =JC '®C *+2(u—AInI)I (117-2)
clect=3(c?) (c*) E ®E,®E, ®F, (118-2)
~ 1 -1 -1 -1 -1

r=5le ), (), +e ), (e ), ] (119-2)

4 gpiy Jrod 5l edlitul bl 23 015 (S 90 —955 Slge (g )byl Atnia¥] 55uli Bl o0 Sl

[22-25] 3y9] Cawds ) pyd

G:Jil ®1I +J3(ﬂ—/1ln3)i~ (120-2)
i =g.[l'];

Al 1 (121-2a,b)
ii,j,k,l =| ;LFH FjJ FkK FILIIJKL =E(5ik5jl +5ilé‘jk)

D 30 o517 Sgn - g Slgo —Y-F-¥-¥
95 Bl cdlge g0 4y At Houil g 25 AL oS5 Slge sl &5 e (pl 4 azg b

iCnls pule> Sgd o0 A 2 ‘_;o).ws

! Incompressible Neo-Hookean Material



S=S'+plC* . o=0+pl (122-2a,b)
C =C +C, . ¢=C+c, (123-2a,0)
Zlrsel adlge & azgi L) lge ) atws (ul gl oad 038 (25,5 655 &b Gl e crlnle
Koo e 122251 5508 eusisb(C = MIGHC) cal) (355 — )5 JS5 il y3udls

{FPC)=YC)} cils pealy>

o¥ (C
S = 2L+ pJC ™ (124-2)
aC
5'=22%(C) (125-2)
aC
r = -1
G088 _, O .G =2p o(xc™) (126-2a,b)
oC  aCaéC P oC

el 25 BB 5 Djge 4 pA 0515 Ser —gni Slge (o255 (655 U
¥(C) =§(lc -3) (127-2)

ols padlem Yb o ouls lgie Laslg, 5l oolazwl

!

S :,ulllc{l —%ICC —1j+ pJC (128-2)
5 1

o=ul 3(b—§lblj+pl (129-2)

C =2ulll”® EIC |~—%| ®C ‘1—%C el +%ICC *®C -1} (130-2)

C~p = pJ (C *ect —2|~) (131_2)

y5 Soge a0 ¢BLEY il Heudl 5l gyl Al jeuil g s o 5l eolawl b g
122-25] 335 o Jool>

ézzﬂJ—S’{%lbf—%b@l —%l ®b +é|bl ®I} (132-2)

Y



¢, =p(1®1-27) 1332
Y 6l STy 4y 05 Alrammian¥ |y o Slgo —F-TF-Y-¥

S5Pl 9 Flrgel adlge 90 a4 oal 0p3d L3 )S (65l @b G pll o515 4 Seoy slse sl
122-25] el w305 LB oz 25,8
w(C)=F(C)+U(I) (134-2)

Jolo 55 Sygo @ dlge 3l atws cpl dicicciiV¥l joudl g S Heaadl YU s yxd 5l (650,00 b

=

.oo;@

N

+ oY (C
oY _,0% ,du d) _,o¥( )+ch-1 oY
oC oC dldC ac dJ

S =2 (135-2)

> 9 (S0, logel Alge a4 Cuxsg (pl jo A Y Heudl oS Clbls axgi Wb

Dgl o Ay

Oy

C =C +C, +C, ; C=C+C, +C, (136-2a,b)
[22-25] wib oo 5 )3 @ dieaciaV] gl oz

dU

32 | ®1 (137-2a,b)

2
C~k=2JC1®§Cp :Jzzﬁc%@cl .6, =)

L ‘_,’.oL.w] ey aS """‘"L’ts“ S9>g0 50k @‘9.’ u@) o> SiPl sl aS clls 4 b

el 00 0,L3l 5T 51 51 4 IGLAGSHYP V1.0 ali y (65555 sl 4t 0355

rbol sbowly 5o daciw¥l b Slgo —F-Y-Y-Y

Slatse ofiws o Lol labiol, Ni o Lol slewl, o SoisS A sloynl )b 4 axg L

! Nearly Incompressible Materials
2 Volumetric Strain Energy

Yy



) dals, clis g 6 el Claize oliws o Lol slaliul) Nj g 551,5Y

3
| =N, ®N, (138-2)
a=1
3 3
C=>2N,®N, ;CT=>2°N,®N, (139-2a,b)
a=1 a=1

@ ol Sl o 1) Vol Sy ionl F-V-V i )0 el Jol Laly, g5 o0

=+ Mo =+ A 5 W =444 (140-2)
ol oll ol 1
< =1; =21 ; =—= 141-2
OA 6/12 0/12 A2 ( )
3 3
$=>S,N,®N, ; o=>0,n,®n, (142-2a,b)
a=1 a=1
S, =29, +4¥, A2 +21 ¥, A} (143-2)
c,, _A 0¥ 1 OF (144-2)
J o, Jona,
3 2
C:Z46\P2N ®N,®N,®N ,+
o ; (145-2)
: Saa Sﬁﬁ
2—5—35 N, ®N,®N,®N,
T A=A
a#f
3 2 3
6=Zla—q’na@na@nﬁ@nﬂ—ZZgaana@)na@nﬁ@nﬂ
,J 0In4,0In 4, Pt} (146-2)
3 A A
+ZZG“‘”§ Fn ®n,®n,®n
a,fp=1 o B
a#f}

! oo 25,5 9 sicd Jiluwo —O-F-Y-Y

u)ya :u/t,y w‘).@j L;J"““‘S ).Hc‘ L> Gm_:) [a).e L b4 Lgm;; LS))"‘ é-’l-’ Yl )...ﬂ )

! Plane Stress & Plane Strain
vy



125] 55t o o 5 5

‘P(a,@,@)w[(lw%(w+<|nzg)2}+§ana>2 (147-2)

iCnls puly> (144 —2) alal ) 5l oolaiul b oS

(148-2)

.= 1 ¥ :2—‘Uln/1Q+ian
Jodlna, J J
# A=l aibie S ply pae b)) o (FaiS el jlade glasans (255 flee o

¥ (A ) = #| (In2)’ +(In12)2}r%(ln i j=det,,(F) (149-2)

033=2J—“|n23+§|n3 0 (150-2)

als panlys (147~ 2) alal, 55 o (58l 5y dmlona b
\P(zl,zz)=u[(|nzl)2+(|nﬂ,2)2}+%(|nj)2 (151-2)
(152-2)

o =2Mina v A nj
i’ i’

Sedise i 5 Syge ad 1y T byl a8

Ty : y= 2u —j (153-2a,b,c)
A+2u
Y Jolsd ¥ olse (63l sas —F-F-Y
20,5 (o0 Bl (Silome gy S ) Sjp0 & (Silne I
N ($,8v) =N (4,6V) -, (4 V)=
(154-2)

jazad dv —If.évdv—jt.avdazo
v v ov

! Linearization Eqilibrium Equations
Yf



1251 csls pualss YU alolas (g3lo das b las g oo slis 5 s30e S (sloeas o501 5l ool Cg

N (@, v )+DSN (4 ,v)ul=0 (155-2)

(O (600 ) =W,y (0 ) ]+ (1562)
[DSW,, (4,,6V)u]-DW,, (d ,0v )[u]]=0
125] wsly o (156 -2) alal, sl 3 51 S o (s5ludas @ jLs A o

Y 5 3lme (S 15 (5 3bw as (Ll

1(156 -2) alolas Jgl p 5 a2 4295 L

I ($,0v)=[o:od dv =[S :5EdV (157-2)
\ \%

[25] & )90 4y o33V Slaise olKiws 15 sibre 5o 5 g3lo s Jol>

DN, (&, SV )[u]:_|.DE[5v]:C~ :DE[uldV +J'S :[(Vou ) (Voov )}dv (158-2)

D05 oo Jol> 3 Do a4 (6 ,lgl Dlaiis olSiws o g

DN, (¢ .6V )[u] :j5d :Cedv +_|.o-:[(Vu )T (Vov )Jdv (159-2)

b p 8 4 b ytel b5l S 3sd Ll o

. 06
SF = & =V, : DF[u]=Vu (160-2a,b)

2¢ :(Vu)T +Vu ; 25d =(Vév )T +(Vov) (161-2a,b)
25 Spe 4 iyl oS5 Slse gl lgice |,A59—2) ala, Taile glusl g, 5l eolizd b

1251 sg05 ol

DaW,,, (¢,6v),, = [od :(é+c~p);gdv N
| 0':[(Vu)T (Vv )}dv +kv (divev ) (divu) (162-2)

\

! Linearization Internal Virtual Work
2 Mean Dilatation

Yo



54U _;dp (163-2)

o . , .
P8l (o) ,8 Gl s (o

Y gadlS slog i (V-

s F =p0 ) 0 a5 casl 39 G9ym (ool slog,s lp Jbe oy @), Bl g ool

wibs p=£2

Aol o P ]

Ny (d.0v) = %g.&v dv = [ p,g.ov dv (164-2)
\ \%

Ol 4Bl ods Curdy 40 (JKb dwdid 4 (398 alal, slayelb 5l elaS e aSST 4 axgi L

Sbes yheo 09 G o ln ilbee I il Jol amt j3 wdloes analy

125]
DN, (¢,6v)[ul=0 (165-2)
! b slag i (Y-

el Jloy JLad (695 (ow)p @ S Seend (nl )0 (xhaw Slag s ) oy b S92 L

N 2 (4,6v )= '[ pn.svda (166-2)
il 0ol lgie alayly (gilw g b as

DA, (4,00 )ul = %.{K%x&]{ﬁ xuﬂdgdn

1 oX | ou o (167-2)
_Ei p%,[(%xé‘v}{ oF xu]}dfdn

! Linearization External Virtual Work
2 Body Forces
% Surface Forces

Ys



o oX
o 0n

X OX
o0&~ on

Yy

(168-2)



pow Juas
D9 SO Jge 8
Jelox' 50 S 50959 3]



1Sy yogife Julod e bl -1

PN A SRR U IR PRVAPUES ISUE CON) SE B WG NC IV KCH N N
G Jseyd 9 959z szl (e, b o] awslie 5 S egiionl (g, potie swyp 4 ledwais
.CA»J‘ Om O)L»:J‘ ij)

w09y oobel vl a8l S (awsie) 59 g Syl bgnl asdST g0 1 ST egsienl o3y
Coino 0 Jauall SaS a4 b o glacdag, 5l s, [28] S yegiie ] Julow
—o b mly alews 4 a5l Gl s sl g palaw (i (sl Joe Cewl | owiin (53be Joe

V- S 098 g0 planil Ml —& g 55 e T 4l sl glgsl 5 oDl

[45] J,u8 blis g oDl -0 il molgs alsg 4 zhams (g3l Jow V=Y JS

o . . . ;e - v . . 3 RN &
Ly b awsin (05 gloadlse » ogdle sladdge Jolts - JiuS bla 51 G egiionl Ghe, 5o

aliwg @ diwgn aowe gilwainilS L g 0gb oo colaiu] alivse p @S> Jwdliays aoles gL
o9y 0 oledl 5l eoliiwl sl a aline Sl Jgamme @l o o Lyl colawl g (L yas blas oyl

oloul el i y9us slo g, 4o bl 5l slacgeme b dgaome Jumdl 200 10 aSll wgasme sl

! Geometry
2 Computer Aided Geometry Design
% Control Point
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NO Definition
1 Name of Example(title)
2 Type of Curve(eltyp)
3 Type of method for integration(minteg)
4 Number of patch(npatch),Number of dimension(ndime)
5 (do i=1,ndime,hincr(i):divide element in every direction)
. Number of gauss point in every direction if use gauss quadrature for
integration(ngausd)
; do i=1,number of patch(function order in number of dimension)(&,n,¢
direction),(number of patch,function orders)
. do i=1,number of patch(Number of Knot in number of dimension)(&,n,g
direction),(humber of patch,number of knot)
. do i=1,number of patch(do j=1, number of dimension)(nknot vector in every
direction)
- do i=1,number of patch  [(Number of control point in every direction),(number
of control point in patch)]
11 Number of difference nurbs weight (wijk=1)(do i=1,npatch)
12 (do i=1,number of patch)(do i=1,number difference nurbs weight)
13 (do i=1,number of patch)(do i=1,numberof control point in patch)
14 do i=1,number of patch(material type)(matyp)
15 do i=1,npatch(material property for every patch)(table of next sheet)
16 do i=1,npatch[if(props(i,7)=4) ¢ (i) , if(props(i,7)=6) a (1), (i)]
17 number of loaded nodes(nplds),number of prescribed displacements
nodes(nprs),(do i=1,ndime gravity vector)
18 (do i=1,number of loaded nodes)[(coordinate(i)),( load(k))]
19 | (do i=1,number of prescribed displacment nodes)[(coordinate(i))(displacment(k))]
nincr:number of load(displacement), xImax: maximum value of loadscaling
parameter , dlamb: load parameter increment, miter: maximum allowed number of
iteration per increment, cnorm: convergence tolerance, searc: line search
20 | parameter(if 0.0 not in use), arcIn: arc-length parameter(if 0.0 not in use), incout:

output counter(e.g. for every 5thincrement, incout=5), itarget: target iterations per
increment,nwant: single output node(0 if not used), iwant: output degree of

(freedom at nwant (O if not used
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! Bezier Basis Function
2 Rational Bezier Basis Function
® Dimension
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patch,,i, j,k,P,,P,;,P, ,Boundary Condition;a=1,n

S Ll (g5 n Ll iy e YF Jpar

Number Boundary Code

0 free

x fixed

y fixed

x+y fixed

z fixed

x+z fixed

y+z fixed

~N| O O B W N

x+y+z fixed

AT 2 50 odds ool CJL«A«O E9 (0905 3,lg =\ ¥

1: plane strain or three-dimensional compressible neo-Hookean;

3: plane strain or three-dimensional hyperelastic in principal directions;

4: plane stress hyperelastic in principal directions;

5: plane strain or three-dimensional nearly incompressible neo-Hookean;

6: plane stress incompressible neo-Hookean;

7: plane strain or three-dimensional nearly incompressible hyperelasticity in principal
directions;

8: plane stress incompressible hyperelasticity in principal directions;
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Volumetric strain energy K

NO. uQ) J=vEN©

1 0.5K(J-1)

2 0.5K(LnJ)?

3 0.25K[(J-1)*+(LnJ)7]

4 K@2(pLnJ+]J -¢-1) for p<-1

5 K(J.LnJ-J+1)

6 | K[(a+1)@DH(p-1)"3 PP)(atp) K (ot 1) H(B-1)" >0, p>1

7 0.5K(e"-LnJ-1)

8 0.5K(J-1)LnJ
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Abstract:

This research work is devoted to the formulation of nonlinear elastic problems based on
the isogeometric analysis method. For this purpose, a summary of the particle kinetics is
reviewed and the related equilibrium equations are presented. Then, the formulation of
hyperelastic materials is explained and the equilibrium equations are derived and
linearized for the use of the iterative Newton-Raphson method. Since the isogeometric
analysis method is employed for analysis, its basics are pointed and the discretization of
unknown functions and geometry in hyperelasticity by using the NURBS basis
functions and the control variables are explained. An algorithm for analysis of this
category of problems is proposed and the obtained hyperelasticity results by the
isogeometric analysis method are compared with finite elements. In the continuation,
the effects of the number of Gauss integration points, the number of load increments,
the different strain energy functions and different incompressible material on the

convergence of the solution are discussed.

Key words: Isogeometric analysis, basis functions, NURBS, Hyperelasticity
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