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Four- and six-nucleon bound systems

Faddeev-Yakubovsky Method
Jacobi momenta
Partial-waves approach
Three-dimensional scheme
Lippmann-Schwinger
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2
Vir,7) = — 2mp? exp[—p r] exp[—-B '] [MeV]; A,B >0, (1.6.3)
258 e S5 5Lz 3 O g Lo S
! A 1

Vk k) = —— g(k) g(k") [MeV. fm’]; g(k) = m[fmz] : (2.6.3)

;[39];215.; — 38 il (Y
V(r) = —Vyexp[—ur?] [MeV], (3.6.3)
WS glad s

Vik k') = — Yo [MeV. fm?];
(2m)2 (a2 + (k — k)22 e
V, = 51.5[MeV]; u = 0.3906[fm™?],

[40] 50y s - 158 5 il (¥

V(r) = Vgexp[—ugr?] — Vyexp[—pu, r?] [MeV], (5.6.3)
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- Vi MeV. fm?
(2m)3/2 ((4MR2 + (k — k")?)3/2 B (41,2 + (k — k/)2)3/2> [MeV. fm?],

Vik k') =
(6.6.3)
Ve = 144.86[MeV];V, = 83.34[MeV]; ug = 1.487[fm2]; u, = 0.3906[fm™2].

[41] 0 cpmi—cdille K5 1585 Jowile (F

V() = Vg M_ v, er[—ruA 7] MV, (7.6.3)

sl ST slas s Lilase

Ve V, ;
(k— kD2 +ug? (k—k"D)? + uAZ) [Mev. fm?], (8.6.3)

1

Vg = 1458.05[MeV. fm]; V, = 578.09[MeV. fm] ;
pg = 3.11[fm™']; puy = 1.55[fm™'].
m1 =41.470[MeV. fm?] «_L\, 5l O, S & o Sl iy SCSE Ll s
Jols s YU (ol s sl iy OIS glad s flad 4 e ALK L ls (65 0
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Potential A[fm™3] g [fm™1]
YP-1 0.415 1.45
YP-2 0.353 1.45
YP-3 0.182 1.15
YP-4 0.179 1.15
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Method YP-1 YP-2 YP-3 YP-4
SKFR [42] —84.66
SKFR [43] -90.10
SKFR [5] —89.74
FY(PW) [3] —89.90
FY(3D) [34] —89.8 —54.5 —38.2 —-36.2
2DI [38] —89.6 —54.5 —38.3 —-36.3
This work —89.9 —54.7 —38.4 —36.3

,SMJMLJ opem b 558 8 -l e ot SN G5 ATY) s

Method E,
VAR [44] —39.1+0.1
VAR [45] —40.03
HHE [46] —40.05
DFY [25] —40.0

FY(PW) [3] —40.03
FY(3D) [34] —40.0
This work —40.1

SIS el e b 9 5tlS 5l Mde s S (6531 (F-F) oo

Method E,
VAR [47] —30.317
FY(PW) [3] —-30.27
FY(3D) [34] —30.2
HHE [46] —30.3988
DFY [25] —30.2
HH [19,48] —30.420
SVM [14] —30.424




This work —-30.3
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Method E,
CRCGBYV [49] —31.357
ATMS [50] —31.36
GFMC [51] —-31.31+0.2
CCE [52] —31.24
VAR [47] —31.19 + 0.05
IDEA [53] —30.98
DMC [54] —-31.5
FY(PW) [3] —31.36
FY(3D) [34] —-31.3
EIHH [55] —31.358
HH [19] —31.347
SVM [14] —31.360
This work —-31.4
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P = z Pa, = P12t "+ Qys (3.2.4)

Ay

1tls ol (2.2.4) ety o a3 0T 03503 3015 L oS

Pq, =GV, @ (4.2.4)

e P52 R ok

(pa4_ = GOI/a4 (pa4 + GOVa4 Z 6_(14_194_ (pb4_' (5'2'4)
by

e 516,855 L el 53l S1s sl ol 16 e 8, = (1= 8g,p,) el o
adaz 55 b leslial 5 K05 G 4 0 Uil 5 (5.2.4) daly cnly G 53 @, Olies

23 St Py e 23 gsn (6 SedpSLdlpe (1) =14 x+0(x)

(pa4 = GOta4 Z ga4_b4_ (pb4’ (6'2'4)
by
"= S [6] S = e sl 3l aS el LSJ)_&.J\S}J_)J‘)‘JSJKL&ta‘L Ol 534S
LY
ta, = Vo, + Vi, Gota, (7.2.4)
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Pasas; = GOta4 2 ga4b4 Pp, (8.2.4)

bscasz

(s eal s (8.2.4) alaily s (7.2.4) adad, 051551 3 L

Pasa; = Gota4 z ga4b4 z Pb,by (9.2.4)

b4Ca3 b4Cb3

ol VL asles 5,k 55 3 (pa4a36;:§ LS L

90(140,3 - GOta4 Z 6_Cl4b4_(pb4_a3 (10'2'4)
bscas
= GOta4 z 6_Cl4b4 z gagbg (pb4b3’
b4Ca3 b4cb3

laarls 5 as Dby 5 Sl s = e iy 4 hnd e b 5 S s g aslsl s
S e 5 et KO 51 s L

(Pa3 — (1 — GOMa3)_1G0Ma3g0(a3) = Goj]"as(p(%)_ (11.2.4)
(8.2.4) ahal; i b, Slas plonil biaily o (10.2.4) ) o jle tolas S

Tl el g YU dsles (g3,

<pa4a3 = GO Z Tai:)2)4((pa3)a4 =G0 z Tai:;)‘l_ z Sa3b3 (pb4b3y (12.2.4)

bscas bscas bsChs

kg ey JSE 4 ATl mge b 4 (12.2.4) oy 7 se ml s o 5

goccllj,as = Gy Z Ta?iu Z Sagbg Pb,bs- (13.2.4)
bscaz bycbs
bzca,
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‘P1122;§§3 = GOT123((P34P45 - P34)§01122;§‘2}3 - P34(P}%,?i;§5 (14.2.4)

125434 124345 1234
+ (‘P12,12+34 + (P12,12+34) + @Yi2;12434)

9135 13a = GoT2¥34((1 — Pog)((1 — Pas)@ifihs) + (1 - Po)@i33385),  (15.2.4)
P = GoT P (P (P35 + 0B + olfihesy). (1629
125+34 12+345

P1212+34 T P12,12434 =

GoT 12+34 ((—P35_P45)(§0%%,51J5-3+‘§4 +

@%%,31534)_1345(1—})34) @%%;3142+34_P35 ((1—P34)<P1122;§§3 + <P%%,31J£§5)>, (17.2.4)
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1= 1/2(1_51 - 52)
2= 1/3(2ﬁ3 - ﬁ1 - ﬁz)
3= 1/4(3ﬁ4 - ﬁ1 - ﬁz - ﬁs)
4 = 1/5(455 - ﬁ1 - ﬁz - 233 - ﬁ4) (18.2.4)
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51 =1/2(p, — P2)
Bz =1/2(P3 — Pa)
by = 1/2(B, + B, — Ps — Ba) (20.2.4)
54 = 1/5(4Ps — b1 — P> — D3 — Pa)
01 clie b S
b1bybsby; (11512))1(12534))2(j2)SU3S) 1y

by = 1
1 (1e3) s aji M,

® [(t12t34)ts (t‘* %> L MT> (21.2.4)

51 = 1/2(131 - ﬁz)
62 = 1/3(2733 - 151 - ﬁz)
83 = 1/2(54 - ﬁs)

(22.2.4)
84 = 1/2(3(134 + ﬁs) - 2(25)1 + ﬁz + 25)3))
0l L bl 4
. . .. . 1
Ic) = 1626345 (11S12))1 (lz E)Jz Uu2)13(U3545))3 ® | (t12 E) t3(tstas)T, MT>
(Laj3)1a(I314)], M; (23.2.4)

ol e Sy g 4 (@) Sl 6l AL e
1= 1/2(231 - ﬁz)
2 = 1/3(2135 - }31 - ﬁz)
ds = 1/2(p3 — Ps) (24.2.4)
dy = 1/2(3(ﬁ3 +ps) —2(py + D, + ﬁs))
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0 bl
1
|d) = dydydsdy; (11S12))1 (lz E)jz(l'ljz)h (13534)]3 (25.2.4)
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é1 =1/2(ps — Pa)

52 = 1/3(255 - 53 - ﬁ4)

é; = 1/2(p; — ) (26.2.4)
54 = 1/2(3(53 + 134) - 2(131 + ﬁz + ﬁs))
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Potential Type Ve Ur Vy Ua
Volko [15] Gauss 144.86 1.487 83.34 0.3906
Malfliet-Tjon V [16] Yukawa 1458.05 3.11 578.09 1.55
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Abstract

In order to investigate the identity of the gorening internal nuclear interactions of the few-nucleon
systems, and the study of structural properties of bound state of these nuclei, in this thesis we have
solved the few-nucleon bound systems from 3-nucleon up to 6-nucleon bound systems within the
Faddeev-Yakubovsky (F-Y) approach in momentum spce representation, in both Partial-Wave (PW) and
Three-Dimensional (3D) formalism with the inclusion of spin-independnet and spin-dependnet Nucleon-
Nucleon potential models. The F-Y formalism by applying the Schrodinger equation, transforms to some
coupled equations in terms of some independent amplitudes. The achievements of 2-nucleon and 3-
nucleon systems within the F-Y methods, demonstrate that a direct treatment of 5-nucleon and 6-nucleon
systems is accessible on today’s computers with high computational speed. Therefore, in order to solve
the 6-nucleon problem, we feel that an accurate and old reliable method, the exact solution within the
Yakubovsky equations, is now desirable.

In addition, we have solved the coupled F-Y equations for 5-nucleon and 6-nucleon bound
systems in case of the effective a-core structure in partial-wave and three-dimensional representation
implemented in the basis of momentum variables. We formulated the coupled Yakubovsky equations
first for spinless particles as function of Jacobi momenta, namely the magnitudes of the momenta and the
angles between them. The coupled integral equations for a bound-state can be handled in partial-wave
representation and solved by a numerically reliable standard method. Our numerical results for spin-
independent NN interaction potential are in good agreement with results of other methods in the first
step calculations and the little obtained binding energy difference between 4- , 5- and 6-nucleon bound
systems, confirms the halo structure of six-body bound system in case of effective a-core structure.

The Yakubovsky equations for light nuclie are some coupled equations in terms of some
Yakubovsky components that can be represented in momentum spapce based on the Jacobi coordinate,
in PW and 3D formalism. Our aim in this thesis is to extend the F-Y approach on the basis of PW and
3D representation with basis states in terms of the Jacobi momenta for exact solution of the 5N and 6N
bound-state problem with NN interactions. We have found it natural to use the standard PW and 3D
representation essentially because of dealing with scalar variables. We investigate the 5N in the picture
of effective alpha-nucleon structure and 6N effective halo structure bound systems, namely an inert a-
core and two loosely bound nucleons.

In the numerical implementations, the technical performance in PW and 3D decomposition is
implemented, different set Jacobi momenta as well as a necessary multi-dimensional interpolation
scheme are given, like modified cubic Hermit splines. In order to solve the high dimensional energy
eigenvalue problem of the coupled equations for the systems in case of effective a-core structure, we
point to the Lanczos-type algorithm, which turned out to be very efficient in the 3- and 4-nucleon
problems, using typical iteration method.

The acheivments and outcomes of this thesis with respect to the regarded some spin-independnet
and also spin-dependnent NN potential models, in comparison of abtained from oher methods, confirms
that the study of few-nucleon bound systems based on the Yakubovsky scheme is successful and
desirable. Also, in order to test our numerical claculations we have investigated the convergence of
eigenvalue results and also calculated the expectation value energy. This calculation and test of
numerical calculations is the final step to the study of few-nucleon bound systems in our thesis.

Keywords:
Few-Nucleon bound systems, Yakubovsky Scheme, Partial-Wave Representation.
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