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VA ] s e a5 gililas 5l s &S
&P T S Ol

4°F,, () {“ ¢ }
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A" =—ip + D(X), (2-1-3)
3 i loe 5 1l gkl
H 0
H =( 0 H], (3-1-3)
as
H, =p—2+V+(x), (4-1-3)
£ T om
3
V. (X) = D*(x) £ D'(x), (5-1-3)
Ly Koo )b
A (X) =EH (%), (6-1-3)
Jsl 4 yo Jeilins aloles Jolao job ar
(¢§+<D(X)j¢.§ =JE¢, (7-1-3)
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2 Witten
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Ll oo Cawd @y alal) 5l o>l @ U il pl g ol o ,lige <l C oS

U(x) = j dzd(z), (9-1-3)
Xo
A5 333 Olgige (1) ol 5l amiS dnlime lyas | aly s zgo ol molaadlss Lyl B by
4o (X) 00— (10-1-3)
()
byi Slpsilonee TUSS siloyl byd (Byme 4 (55T
V, (8, %) =V_(a, X) + R(a,), 11-1-3)

Slegarme 8ol alal) o aites U5 2105b glls lanl 5 o yen slo ity il 13,
8y o8 acgeze jl Fraga =F(a) il G,k 5l LS jsbay o5 cale il )l 5l o
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V_(8,X) ayaz olyen Jously S laie a4 cioli o Sl G S000 0 dolee il
rrden byh ol o)l 8n Oyge jo el DA, X) )5 pl Jeily SO b Lo pe 45 098 o e

St dmlome BB 5 o5 Lalg, 5l gty a4 YL Gl zaemilss pled g (65,50 polie oag g oo ool

[3, 4]
E, =Zn:R(as) (12-1-3)
) i Al(ay) ) L
¢n (a‘O’X)_SI—%([En_ES]J/Zj¢O (an’x) (13 1 3)
& (a,,x)=Cexp {—Jx'dzd)(an, z)} (14-1-3)
abal, opl 5o
T Good-SUSY

2 Superpotential
3 Shape invariance
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A =—§+<D(as,><), (15-1-3)

St Jga B 5 sla Sgdale gu8s Sledlbl (plplo

62
H, :—y+vf(as,x)+Es, (16-1-3)
Sl Sgleele 65, mlgions a5 coul )55 LB
H (a,x)=E g (a.,x) , n=s (17-1-3)
wibas e mo 4y pj akaly b
_ A’ _
¢, (8, X) = W¢n—(s+l) (8,1, X) (18-1-3)

5 s SleSol plas sl [ UK 2l )gb by 5 SIS, aoles Ll 1 ool oo 4

CD(x)=ax+g, (19-1-3)

Nl S @y 5 Bllas a4l cl> zge &b

o) =Nge 2 x*, (20-1-3)
31 ai )l ol o sl il 4

V, =®*(x) +D'(x) =a’x* + b(k:(jl) +(—2ab+a),
V. =®*(x)-d'(x)=a’x® + b(t))(z_l) +(—2ab—a), (21-1-3)
ille 3155 S
b—sb'=b+1, (22-1-3)

sl byd co i LSS by il «oll dlos SOl a8 o A o oo coe eyl o |

ot > Sl B IS

1 Riccati
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b =b,+1=b,=b,+s (23-1-3)

9
R(as) :_Za(bs—l_bs) (24_1_3)
s b
b,=b+s
b, =b+(s—1) (25-1-3)
ol ple
E, =Y R(@) =R(@)+R(@,)+..+Ra,) +R(a), (26-1-3)
s=1
ol oy stepter Sinlen Silagi 5 osler Jite 0l (S5 Jl
| +1
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) gl Joly g
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v = Lo 07 )—(I+§wj, (28-1-3)
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Sl ).’) ).,QLQ.A 0}19 9 6‘9; 03'3«9 6‘)‘;) aS Sl

E, = 2n, (29-1-3)

I+E
2

i SY &l 2(y) oS

] il § (i) B & ygudis 40 [y STy olro )-)-F
[38-40] ;I s le ST dolas

H=a.p+(Mm+S)+V —ifa.fu (30-1-3)
il oy Glagmile 5 wes (55l 5 g)loy ISl Glo sl s 4 SV, U S
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fnk (r)

f(F) == jmk(r)
\Pnjmk :[ " (F)] ( ) ’ (31—1—3)
gnk gnk (Djm( k)(r)

5 e cogiilsS Slael o abaly § aiied il 59,5 s Kinlenql, a5

—(I+l)=—(j+%), j=|+%, aligned spin (k<0)

k = . . . : (32-1-3)
|=+(j+§),j=|—§, j:I+§ unaligned spin (k >0)

QS o 3o ) P 0g i dnd SYolee (o Cud 5 A b o YU sleaalge ol L Q‘js‘sc

(—d—z —k(k”)—%u +d—U+U2jgk(r)
dr
dA
__dr (d k_
(E+m—A)(dr+r Ujgk(r)
=+(E+m-A)(E-m-X)g,(r), (33-1-3)

r r r
dx
___dr (4 k
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=+(E+m-A)(E-m-X) f (r), (34-1-3)

2 () =V (r)+S(r),
A(r) =V (r)—-S(r), (35-1-3)
Syl Sladras 35 oals bl (g,la8olei L oS

] o & w1 )1

[FF-FY]sls 0,08 batus cupbline ksl 5 alive slawil
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S50 Sige)le alez S 28,5 5 0 b culple e S o0 B 50 Hao 1) A(F) (gl DI 50
Slely s g (oS abea g9 p2 a5 (59l Abor S

U(n)=-"+pr,

>(r) = Ar?,
A(r) =0, (36-1-3)
4 g o0 S Hblie dloles

{_ e +<k+“><r5+a+l>+(ﬂz+A<Enk+m>)r2+<—zkﬂ+ﬂ—zaﬁ>}gk<r>=

((EZ -m*))g, (), (37-1-3)
S o0 2Bl Bllae |y sl pl (L8 5l 0l Jle xils ad 0 b (95T

D(r) = (k+“)+\/ﬁ2 +A(E, +m)r, (38-1-3)

.
)l iy b bl o

V = (k+a)(rlz+a+l) +( B+ A(Ey +m))r? +2(k+a—%j\/ﬂ2 +A(E, +m) (39-1-3)

o s S s Syolate QGI S > S ! ‘595..4155 Sl 5l eolaiwl b 1y dloles ol el

{ d> (k+a)(k+a+l)

+(ﬂ2 +A(E, +m))r2 +2(k+a—%j\/ﬂ2 +A(E +m)}gk(r) -

——+
dr? r?
gnkgk(r)
gnk:((Enzk—m2)+(2kﬂ—ﬂ+2aﬂ)+2(k+a—%j\/ﬂ2+A(Enk+m)j, (40-1-3)
Ry
kg |TOFD forj=(412) 13
B +“‘{| for  j=(1-Y2) (#-19
ol plo
gnk=((Enzk—m2)+(2k,6’—,6’+2aﬂ)+2(k+a—%)\/ﬂz+A(Enk+m)j=
AN+ A(E, +m), (42-1-3)
ol job s b
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(EZ -m?)=2,/8 + A(E, +m)(2N —(k+a—%D—(2kﬁ—ﬂ+2aﬂ), (43-1-3)

5 s e Lo Lol _agiilsS sac a5
1
N:n+k+§, (44-1-3)

Slas le lgoag g

(k+Z+l) 1 (k+a)+%
g (r)=y exp| =5y L, (y),

1

y = (ﬁz +A(E, + m))5 r2, (45-1-3)

o] s T ws - )1
el A(F) = Ar? 5 yoo 2(I) QT)ochM)fso)Jéz.:)o |y (o] s 0> )L ]

d? (a+k—1)(a+k)
—
dr? r

(EZ —m?) f(r), (46-1-3)

+r2(A(E, —m)+ﬂ2)+(—2kﬂ—2aﬂ—,8)j f (r)=

oS 0 iy pd !, ol as

Cdr? r?
En T (1), (47-1-3)

( & (kD@ k) o ae, —m)+ﬁ2)+2(a+k—ngﬂ2+A(Enk —m)]:

&l :((Efk —m2)+(2kﬁ+2aﬁ+ﬂ)+2(k +a—g]\/ﬂ2 +A(E, —m)j,

gl =4NB* + A(E, —m), (48-1-3)
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y=\/(A(Enk —m)+B°)r?, (49-1-3)
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=
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& 09b 50 g Ju8 alolee

o (S)D"(S) +7(S)®'(5) + AD(S) =0, (3-2-3)
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7(s) = #(s) + 27(S), 7(s) <O0. (4-2-3)

g 0,0 4z 0 sogar Olix S L Lol Aol

ﬂzﬂhz—nr'(s)—@a”(s), with n=012,.. . (5-2-3)

olee Dlyz s 235U oo 55581 50551 S @ sy

ﬂ'(S) — 2 (S)_T(S) i\/(a (S)Z_T(S))Z —5'(5)+k0'(5),
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Ss 4,0 <ole S5 90 Olgs “‘*le:’ ‘_Jl.i‘sol) ) Shle Ll ol s_isi ol o as S “'\5& I
g K )09y Jgod oy a Jgl dolas Cloz Glex so g ol Ko az 0 5IT(S) a5 |z wil,

G 9 o0 (5)p(9)], (7-2-3)

D (s)=
. (8) () s
abasly )0 39 @b g Sl ol <ol Cy abaly ol 5o
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[o(s)p(s)]' =7(s) p(s)- 8-2-3)
st akily )0 Koo o ro S (o0 0o

d o(s)
9 nw(s) =28 9-2-3
=" (s) 2(5) ( )
ey K piolyl o8 )-F-F
aolrs .ol 0uls Joolw |15 ¢ gy rsl symel)l o3 50
d> a,-a,5 d 1
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Sas,le wlgs o5 o9 « S yel )b Ghgy Bubo d oy S S 0 1,

o o
—oy, —13 -1, —ay-1)

p(s)=s=@l-as) “P  °  (1-2as) (11-2-3)

d"b'.") }‘ 63)';‘ Jgsol'a“’ 039 9

Ol 0 a5 Wgd o s

an—(2n+1)a +(2n+1)(\Jag + ) +n(N-Day, +a; + 2040, +2,Joga, =0, (12-2-3)

1
a, = E(l_al)v

1
as =~ (a, —2a,),
2
_ 2+
g =05 +&,
o = 20,05 =&,
2
g =, +&,
_ 2
059—0{3Ot7+0530{8+a6,

o, =0y + 20, + 2oy,
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oy =, — 205 + 2(\Jaoy + i atg),
Ay, =0, + 4|0

Q3 = s _(\/Z*'am/g)-

(13-2-3)
Llg, 5 ey =0 ols el 4o

(0191205 -1)
lim P, (- 20,8) = Lo (ay9), (14-2-3)
9
lim(l-ags) ™ =e™, (15-2-3)
f“'ns)“’
(16-2-3)

-1
y(s) = s™e™ Lo (ay9),

'0) e g, T-Y
Wolae S U L Ol 69)l9e sz 0 05 g BB Glsr GlFees Yol Sl 6ol o

PR 2o Egdge (b (phgy lp o) e altae Gl culie Sl SIS,

R, (x) = f,(x)exp(g, (X)), (1-3-3)

Ol 208 msr S so A5 5o,

1 if n=0
(2—3—3)

00 = [Tx-ef).  if n>1"

i-1
s s B e ) el dd Olsx S

R, (X) =exp(g, (X)), (3-3-3)

sty o pgd Byb o5 oy o0 GG dolae Ko @ 0 5 (ISl K 5055 alolas o
> S| Ji"L_SOQJM’ aolro

95 (X) + 95 (¥) =G'(X) +G* (%) =V (X). (4-3-3)

1 Ansatz
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e B 0 1y vy Jawilsy (Jls b 4

V(r)=D,[q —exp(—ax)]2 =
D, exp(-2a(r—r,))—20D, exp(-a(r—r,))+q’D,, (5—-3-3)
S e jlie bliie (S 39,8 aloles

dr?  n? 4r?

d® _2u,, V() (D+21-1)(D+21-3) ZuEn.]Rm(r) 0, (6-3-3)

S csstos @l by b L
9"(x)+9"”(x) =G'(x) +G*(x) =
A—z

AX* +AX +AX +A1x+AO+ L+ —2. (7-3-3)

X
Shewd e bl SIS, aoles

g"(x)+9”(x) =G'(X) +G*(x) = Ax* + AX® + A X +Alx+A0+—+i— (8-3-3)

S 5 b a glyr oS
g(x) =ax’ + x>+ yx+35Inx. (9-3-3)

Dl pblie lagles ols (108 gglue g Aol jo Clg> oy Sl ol 18 L
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2 2uE, a°
[2:? (DeeZarE _2qDeeare +q2De)+ /uhg,l j:72+2ﬂ1

2
2:? (2D.6"" —aD,e™ ) = 65 + 4y + 435 + b,
2/;23- (ZDeezare _ qDeealre ) = 4ﬂ2 +6ay,
2 2ar, ary
2;1? 4D gD =12a,
h 3 3
2 2ar, ar
2;1;’:1 2De™™ agbe™ |_ 902,
fi 3 12
2ua’C
= 290,

ua*(D+21-1)(D+21-3)
2h?
}| “—igs}g_s-é uLL_sL"‘"c )" 6)LL5‘“=’ J" »° g;°L*“ f"'c)nsl"’ U:’B) Ogs‘ "'\';Scs" et ‘) - %"9'?' S

=5%-5. (10-3-3)
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-n? d* 1(1+1)n? W2(r) ~ L

L/x ar? " 2 W ()= [Pa =0 (4-1-4)
aS

W, (r) =V (r)-E, (1),

m=773/ﬂ2=(m1m2y)/(mlm2—3y2). (5-1—4)

b slapianw Ciogi ;8 a5 mopS oo a0 LV (N =ve ™ ™ e 4 gle Jewily o 55
rﬁ.)lo LS)DS,L? Q—;,‘lg.o)\o oﬁ)[_fy[_? 63)—3‘
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(v(fe’za“”O’ +E3 —2v, e E, )
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®(x) = A—Bexp(—ax), (10-1-4)
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V, (X) = ®*(x) + D'(x) = A + B2 exp(—2ax) - 2B ( A+ a/2) exp(-aX) 11-1-4)
V_(x) = D% (x) - ®'(x) = A? + B? exp(—2a:x) — 2B ( A—a/2) exp(-ax)
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r, | Ny (ours) | p? (ours) | p?[9] | p*[22] | p*[55] | c(ours) | c[9] | c[33]
35 | 8.2365 0.1746 - 0.0151 -

40 | 8.1626 0.2306 | 0.6699 0.0268 | 0.0268

45 | 8.1092 0.3004 | 0.7030 0.0460 | 0.1118

50 | 8.0655 0.3930 | 1.1758 0.0794 | 0.3451

55 | 8.0112 0.5270 | 2.0523 0.83 1.04 0.1415 |0.8722 | 1.36
6.0 | 7.9118 0.7360 | 2.7854 0.2629 | 1.4441

6.5 | 7.7132 1.0735 - 0.5028 -

7.0 | 7.3458 1.6058 - 0.9562 -

75 | 6.7498 2.3785 - 1.7376 -

8.0 | 5.9215 3.3656 - 2.9221 -

-1 =0.2761 5l & D 950 Slasin .Y,8 Jgax
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3.5 8.1466 0.1300 - 0.0082 -
4.0 8.1130 0.1694 - 0.0141 -
45 8.1186 0.2170 - 0.0236 -
5.0 8.1499 0.2811 0.6821 0.0402 | 0.1138
55 8.1730 0.3827 1.2249 1.67 1.35 0.0747 | 0.3571
6.0 8.11430 0.5677 1.9099 0.1543 | 0.7342
6.5 7.8407 0.9139 2.463 0.3374 | 1.1247
7.0 7.1873 1.4976 - 0.7097 -
7.5 6.0965 2.2928 - 1.3224 -
8.0 4.7511 3.1433 - 2.1281 -
CH= 0'3686!)'1 a Dy o Slasin X8 Joox
r, | N, (ours) | p? (ours) | p?[9] | ¢ (ours) | c[9]

3.5 8.2974 0.2517 - 0.0322

4.0 8.1860 0.3401 - 0.0592

45 8.0783 0.4545 - 0.1057 -

5.0 7.9638 0.6080 2.1054 0.1867 | 0.9665

55 7.8275 0.8221 1.0707 0.3296 | 0.2882

6.0 7.6489 1.1286 3.8782 0.5823 | 2.6875

6.5 7.4025 1.5697 - 1.0226

7.0 7.0614 2.1923 - 1.7628

7.5 6.6050 3.0327 - 2.9409

8.0 6.0307 4.0964 - 4.6894

A =0.4401 5l & B 950 Slasin £.8 Jgax
r, N, p? (ours) | p?[9] | c(ours) | c[9]

3.5 8.2427 0.4424 0.9809 0.0971 | 0.2101

4.0 8.0616 0.6236 1.0924 0.1886 | 0.2805

4.5 7.8637 0.8666 2.2312 0.3504 | 1.1423

5.0 7.6400 1.1935 3.6471 0.6291 | 2.5282

55 7.3810 1.6322 - 1.0951

6.0 7.0778 2.2142 - 1.8497

6.5 6.7241 2.9697 - 3.0267

7.0 6.3176 3.9223 - 47874

7.5 5.8625 5.0814 - 7.3063

8.0 5.3694 6.4388 - 10.7511
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Abstract

The potential model is still one of the most challenging models in theoretical nuclear and
particle physics. The most important, and probably the most difficult part ingredient of
model, is to obtain the solutions of the equation under a successful potential. Till now,
many works have been done on the famous equations of nonrelativistic and relativistic
guantum mechanics, namely the Schrddinger, Dirac and Klein-Gordon equations. Within
this thesis, we will consider the DKP and spinless Salpeter equations which have not
sufficiently discussed despite their interesting structures. The former is capable of
investigating both spin-zero (which is our topics) and spin-one particles. The second
equation, which is derived from the Bethe-Salpeter equation after some approximations,
has a semi-relativistic nature and will be introduced in a two-body basis. We first solve
these equations by pure-analytical techniques under successful phenomenological
potentials including exponential, coulomb, Hulthen, Woods-Saxon, Yukawa and Cornell,

and thereby investigate some spin-zero bosons.

Keywords: DKP equation, sapinless Salpeter equation, two-body system, potential model.
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