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Abstract

In linear programming and modeling of an economic system, there
may occur some linear stochastic artificial or unnatural components,
which need serious attention. These unusual stochastic uncertain-
ties, say stochastic constraints, definitely alter the estimators un-
der work and their behaviors. In this approach we consider a gen-
eral setup of a linear model combined with some linear stochastic
constraints in elliptically contoured models. We propose the unre-
stricted and restricted estimators when some stochastic constraints
may hold on the regression coefficients. Also the compatibility of
the stochastic prior and sample information is measured by the pre-
liminary test estimator. Moreover, the Stein-type shrinkage and
positive-rule shrinkage estimators are given when the variable term
in the restriction is distributed under elliptical symmetry. Subse-
quently, the superiority conditions of the proposed estimators are
derived under the weighted quadratic loss function. Further. it is
shown that the shrinkage factor of the Stein estimator is robust
with respect to the regression parameters and unknown mixing dis-
tributions.

Keywords: Elliptically contoured distribution, Positive-rule shrink-
age estimator, Preliminary test estimator, Stein-type shrinkage esti-
mator, Stochastic constraints, Weighted quadratic loss.
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1 Introduction
Consider the multiple regression model
y = XO+e, (1.1)

where y is an n-vector of random responses. X is a known (n x p)-matrix of non-
stochastic constants of full column rank p, 8 is a p-vector of unknown regression
coefficients, and ¢ is a random vector of disturbances.

In addition to the model given in {1.1), assume that non-sample information
also exist in the form of the possible stochastic constraints, (see Theil, 1963 and
Judge and Bock, 1978)

r = RB+w, {1.2)

where R is a known (g x p)-matrix of non-stochastic constants of full row rank
q (g <p), risagx]l vector of pre-specified values, and v is the random error
term,

In general settings assume that we do not have exact orthogonal prior infor-
mation such that R@ = r, involving estimsation of economic relations, industrial
structures, production planning, etc. Therefore stochastic uncertainty occurs in
specifying linear programming due to economic and financial studies. Using
stochastic linear constraints, we can accomplish an examination and analysis
of one’s own thoughts and feelings {prior information via introspection). Also
one may have prior information from a previous sample, which usually makes
some relations through stochastic subspace restrictions. Furthermore, combin-
ing stochastic restrictions with Zellner’s (1962) *Seemingly Unrelated” estima-
tors, we can demonstrate good performance of estimators using MSE criterion
comparatively. Eventually, considering stochastic subspace restrictions, we can
apply the statistical models to the broad range of microeconomic models. For
more details on why we deal with stochastic constraints and the applications
see Judge and Bock (1978).

Tabatabaey et al. (2004) and Arashi and Tabatabaey (2008) considered
the model specified in (1.1) witk the additional stochastic assumption (1.2)
under the setup in which the random error terms were distributed according to
the multivariate Student’s t model. In this paper, we extend the model cited
above under the situation in which the error terms are generally distributed as
elliptically contoured models. We analyze the performance of some shrinkage
estimators in addition to the traditional estimator of the vector parameter of
regression coefficients. As a prelude to elliptically contoured distribution (ECD)
initially let

U, = {():9{t?+ - +13) is a p— dimensional characteristic function}

Define W, = [raq ¥si. Then ¥ DUy -+



Definition 1.1. (Fang et al., 1990) A px 1 random vector z is said to hove an
ECD with parameters pu and  and function v (the latter called the character-
istic generator) denoted by z ~ ECy(p, B, v") if its characteristic function has
the following form

¢=(t) = mcp(it’“)¢(t’2t)s
where @ € R?, ¥ € §(p) and ¢ € T,

It is not necessary for z to possess a density. If the density exists, then it is
of the form

f(z) = knlz|—1,’2h (Z - ”)IEZFI(Z _ P‘)
for some function h, say density generator, where &y, is the normalizing constant.
Note that A and %' determine each other for each spetified member of the family
of distributions. In this case we may use the notation z ~ EC, pu, X, h).

It follows E{z) = pu and Cov{z) = —¢'{0)X provided |¢'(0)} < oc.

ECDs provide highly impressive class as heavier/lighter tail alternatives to the
multivariate normal models. The elliptical distributions are the parametric
forms of the spherical symmetric distributions, which are invariant under or-
thogonal transformations and have equal density on sphere if densities exist.
The elliptic family of multivariate distributions has received considerable atten-
tion in the statistical literature. The works of Fang and Zhang (1990) and Fang
et al. (1990) are the main references on the theory of the vector-variate ellip-
tic family of multivariate distributions. Among others, the book of Guptu and
Varga (1993) remarkably presents important results dealing with matrix-variate
BECDs. Some of the well known members of the class of ECDs are the multi-
variate Gaussian, Pearson Type 11/VII, multivariate Student’s t, multivariate
logistics and multivariate Kotz type, multivariate Laplace, multivariate Ressel
and multivariate power exponential distributions.

Now, assume € ~ EC,(0,02%11, k) and v ~ EC(p, 0% Eas, h), where p is a
g-vector of known values. Moreover, € is independent of v. Following Theil and
Goldberger (1961) we combine the stochastic prior and sample information, to
get the following linear relation

HERFILAMI =

€| Otnx1y 2 | Zy 0
< Jeztna{[ % vl ve [ 2] o

subject to the following restriction

where

H,:Hp=p=0, (1.5)



where H = [—-R, I;] and ¢ = [ R,@ﬁ-l—p ]
Rewrite the model as

y'=Z¢+7, (1.6)
where
Y _ X Opmxg ] A [ € ]
= L Z= v Y= : 1.7
Y ["”] [U(qu Iq LR (1.7)
Also, subject to the exact restriction we have
T~ Ecn+q (0(n+q)x1"72vah) - (18)

2 The Proposed Estimators

In this section, we propose unrestricted estimator (UE), restricted estimator
(RE) under the exact restriction (1.5}, preliminary test estimator (PTE), Stein-
type shrinkage estimator (SSE) and positive-rule shrinkage estimator (PRSE).

1t is well-known that minimizing T'V~!Y wr.t. ¢ results on the conven-
tional estimator that uses only sample information say, UE given by

¢ = (Z'ViZ)Z'vViyt (2.1)
Also UE of 02 is
= - ' - 28V - Z4). (22
It is easy to show that
5% = ﬁqi,
n-p

is an unbiased UE of o2 = —2¢"(0)c?.
For test of H¢ = 0, first we consider the RE given by

b = ¢—(Z'VZ)H'|H(Z'V'Z)'H'|"'H. (2.3)
Similarly

g2 (y* — ZP)V-1{y* — Z3)
B n—p+gq

is an unbiased RE of o2.
Along this paper, for the sake of reduction, we suppose

G, =(Z'V™Z)™t, Gy=(HGH)™

The test statistic and its distribution are given in the following Theorem.



Theorem 2.1. Suppose in the regression model (1.6), ¥ ~ EC,,(0,02V . h).
Moreover, let 2 = {(¢,0,V): ¢ e RFT o e RY,V > 0} and w = {{¢,0, V) :
¢ c RPY, H¢p = 0,0 € R*,V > 0}. Suppose yrgh(y) has o finite positive
mazimum yn. Then the likelihood ratio test statistic for testing Hy : Hep =0 is
given by

¢ H'G:H

¢ = g

and it has the following modified generalized non-central F distribution

F{g+2
+2r—2) -(8)

Jq,n—p(A’ Q)= Z -
2071 B (4, 232) (14 55 ¢

) 3 (g+n—p+2r) (2.4)

where A = 8/02 for 6 = ¢'H'GoHo, and the mizing distribution is given by

K((ﬁ) — /w W(t) (=4 (O)tA)" ¥’ Otagy (2.5)
0

B(.,.} is the complete bete function and the weight function W(.) is defined in
Lemma 6.1 in the Appendiz.

For the proof see the proof of Theorem 2.3 of Arashi et al. (2010).

Corollary 2.1, Under Hy, ¢ has central F distribution with ¢ and n—p degrees
of freedom.

Following Bancroft (1944), the usual preliminary test estimator (PTE) of ¢
is defined by

37" = F+0-IC LSRG - ), (26)
where I{A) is the indicator function of the set A, F, is the upper 100« percentile
of the central F distribution with g and n — p degrees of freedom. The PTE has
the disadvantage that it is dependent on the level of significance a(0 < o < 1),
and also it yields the extreme results, ¢ and ¢ depending on the outcome of
the test. An alternative choice to PTE is the following Stein-type shrinkage
estimator (SSE) of ¢

55

¢ = d+(-p™)E-é) (2.7)
where
- %ﬁ;—%}’ q=>3 (2.8)

Behavior of SSE depends on the shrinkage factor (1 — p¢~*). The SSE has
the disadvantage that it has strange comparability for small values (. Also the



shrinkage factor becomes negative for { < p. A classical positive-rule James-
Stein based estimator of ¢, namely PRS estimator is given by

S

¢ = S+ (1—pCHIK > p) @ — ). (2.9)

This estimator is a convex combination of two extremes ¢ and 3 The PRSE
dominates SSE uniformly, which will be shown later.

3 Evaluating Bias and Risk Functions

In this section, first we obtain the bias of five estimators under study and under
the weighted guadratic loss function

L(¢"¢) = (¢"—¢)GT "~ ¢)

for any estimator natural ¢* of ¢. We evaluate risks of the proposed estimators
by the following measure of accuracy

R(¢*¢) = Es{L(¢™;¢)] (3.1)
By the fact that Y* ~ ECp4q(Z ¢, 0%V, h), we get
by = E(¢—¢)=0. (3.2)
Using the equation (2.3) and (3.2) we have
by=E(¢—¢)=b — G1H'GoH¢ = -G H' G, H¢. (3.3)

1 2
Using the symmetric idempotent matrix GZ H' G HG?, there exists an orthog-
onal matrix @ (Searle, 1982) such that

QG H'GHGY?Q = “f g] (3.4)

Now define random variable w by
w = QGT*3. (3.5)

Then w ~ ECy14(8,0%Ip1q, h) where § = QG /4.
Partitioning the vectors w = (w},w})’ and § = (8}, 8,) where w; and w,
are sub-vectors of order ¢ and p — ¢ respectively, we obtain

$H'GH} = &G'QQGY"H'G:HGY’Q'QGT*p
— w’Gi/2H’G2HGi/2Q’w

= w’[{f g}wzw‘lwl
!
¢ E;;;’: g =256, (3.6)

In the rest, we apply the following fundamental result.



Theorem 3.1. For the test statistic { given in Theorem 2.1, assume g(.) is o
Borel measurable function, then we have

1]

Elg(C)wn] it jﬁm W(t)E [9” (Fgromn—pta) H dt

t] dt
t]ar

where Fy n_p.a is the non-central F' variable with ¢ and n—p degrees of freedom
and non-centrality parameter A.

Efg(Qwiw] go® -/:O WEE [ﬁb (Fg+2,n—-pta)

+6161f W(ﬂE |:¢ (Fq+4,n—p,tA)
0

The proof follows directly by Lemma 6.1 and the proof of Lemma 6.2 in the
Appendix of this paper.
Now, by making use of (2.6) and (3.2} we readily obtain

~PT

by = E(¢ —¢)=b - E[I{( < F.){¢— )|
Also

|

G H'GH¢
G H'GY*G " HG*Q'Qe ¢
I, 0
0 0

-9

G H’Gl/z l: :| w = GlH’Géjzw

Therefore, implementing Theorem 3.1 for g{¢) = I(¢ < F,} one can obtain

bg = —Glchqub Ggi)-? n-—-—p(A’m’): (37)
where
a P
E;Q’):.n p(A z') = Z K((,._BJ 2) I [ {g+ 2'L+2T)
r>0
I [S52 4 2-2] is an incomplete beta function, z’ = ;1___%%;, and Gl(;22i,n—p(0|a:’) -

Iz [2‘4‘5“2‘1’ 22|=P (Ff1+2i-n—P = aq-%)
In a similar way, using (2.7). and applying Theorem 3.1 for g(¢) = (=1 we
get

by = E@ -¢)=—-pBC (- )]
= —pGLH'GIE[ w1] = —pGLH'GsHYED ' 13 (A)]  (3.8)
where

EDpoi(8)) = Z K, o+ 2i-242r)7

(r+j
r>0



Also x5, 2,(0)] = (g +2i —2)~".
Finally, using equations (2.9) and (3.8), and exploring Theorem 3.1 when g({) =
(~'I({ < p) we can obtain

bs = by— E[I(C<p)@—B)+pEIT I < p)(& — @)
= by—GiH'GHGY, (A1)
G H' Gy HOED[F Y (A (Fpazn-p(8) < E%%)]’ (3.9)
where
EDF (AN (Frsain=5(8) < 50)
_ 1 _(a) . . vty @2 —-242r n—p+2
—;HK(T+j_2)(q+21)(q+2z—2+2'r) I,;[ 5 5
==

N +2i
ED[FY: (O (Forain_p(0) < —2)) =

g0\
P - onepia €
g+2i7  g+2i—2 (Fq”* an p+2_q+2i)

Tt is easy to verify that under the restriction (1.8), all the estimators are unbiased
for ¢.
For the risk of the estimators, respectively we can obtain

Rid;¢) = El(d—¢)Gr'é- )
= tr{o?GT'Gy}
(p+ q)o?. (3.10)

Subsequently, by making use of the following equations

(G H'G.HGY?Y) = t(QGY*H'G,HGY* Q') = ¢,
b,GTb, = ¢'H'G.HG.GT'GLH'G:H¢ =4,
we get
R(¢;¢) = tr{GTC1{Iprq — H'GaHG1)o? + babh)}

(p+ q)0? — o2r(GE H'GoHGE) + B,G by
= pol+0. (3.11)



T P .

Afterward, we have

R 1) = B{(—)— I < Fa)d— BNICT(S - ¢)

—I{¢ < Fa)(¢ - )]}

= E[(¢-9)Gr (¢~ @)+ ElI{ < Fo)(@ — $YGT (¢ — &)]
—2E{I({ < Fa)(® — ¢)GTH$ — )]

= (p+9)o? — B[I(¢ < Fa)wiwy] + 28 E[I(¢ € Fu)wi]

= (p+q)a? - qo?GLy (A, )
{260, (A ) - G2, (A2} (3.12)
Similar to the latter computations, using Theorem 3.1 we find
P . _
R(@";¢) = (p+g)ol~2pE[(" (wiw, — 6 wi1)] + p2 B¢ *wiw]
= (p+9)0? - p’0? {2BV I 5(0)] - (0 - DBV ra(a)]}
+0pa(g + 2)BE@ x4 (A)], (3.13)
where
L *_4 . —
EV u(A) = Z K(ﬁj g+ 2= 2+2r) 7 g+ 2 — 4+ 2r)7]
r>0

Also ED [y 5,(0)] = (g+ 2 — 2)~ (g + 26 — 4)~?
Finally, for the risk of PRSE it can be found

< S+

R@ i) = R@:9) - Bl - pC I < plwiuw]
—2E[(1 - p¢ (¢ < p)(uwhawy — 8wy)]
= RB@’5¢) - 002EO [(1 ~ 1Pz np(A))* T(Fpaznmp () < 1)
+20E? [(1- ey FY, ,,_p(A)) I(Fyi2,n-p(A) < 01))

-E® [(1 - Cqu+24 n—p( )) I(Fgran—p(A) < Cﬂ)] (3.14)
where ¢; = E?'l-&? and cg = q_?i-&tl

_ ape
E(J)[ q-|-2t n—P(A)I(Fq"—m’n_p(A) < g+ 2"")]

+ 24)
_Z(q i) (,+: plla+2—2+2r)(g+2i — 4+ 2r)]
r20
g+2i—4+2r n—p+4

XL 2 S




Also

. gp
E(J)[Fq+22i‘ﬂ_p(O)I(Fq+2i,n—p(0) < g+ 2 )
(g + 20)? ( cld
<
P g+ 2i— g T Bi—d). \Trraimtm—pte S o

4 Risk Analysis

In this section, we set the risk analysis of the underlying estimators and propose
the dominance order of the estimators under study utilizing the risk functions.
By making use of {3.10) and (3.11) we have '
)

RGo) [Z), L 4
R(¢;é) |
) ngliE,n—p{A’ $’),

Al v

From (3.10) and (3.12) we can obtain

L PT, >
M( )1 - AG*(AJ’)(

VAN (Y

R(g:d) | -
where
G (Aa) = 268, (A2)-GE, (A, (4.1)
Using (3.11) and (3.12) we can obtain

.PT_ >
Rl i¢) ( = ) 1 gt —GP, . (A,2)] (

- All -G (A, 2")].
RFe) | < ) o ea)

AV

In order to determine the superiority of Stein-type shrinkage &JS over &) we give
the following important result. In other words, the following theorem shows
that the shrinkage factor p of the Stein-type estimator is robust with respect to
the slope parameters and the unknown mixing distributions.

Theorem 4.1. Consider the model (1.6) where the error-vector belongs to the
ECD, ECy44(0,0%V,h). Then the Stein-type shrinkage estimator, 653 of ¢

given by
$° =4 )

uniformly dominates the unrestricted estimator ¢ with respect to the weighted
guadratic loss function L{¢"; @) and is minimaz if and only if 0 < d* < ii;"—;%.
The largest reduction of the risk is attained when d* = e B

10



For the proof see the Appendix.
Remark 4.1. Consider the coefficient p given by (2.8). From q > 3, we get

- - . -8 .
0<p= g_,f_p’fl_z‘; < :J;—f% and thus using Theorem 4.1, ¢ in equation

(2.7) uniformly dominates ¢ on the whole parameter space under the weighted
quadratic loss function.

-~ -5 .
To compare ¢ and ¢ , it is easy to show that

R@'59) = R #)+aot -0 - oot (- DEOpT3(a)

+ 1= L8] anpopgTien).

Under Hy, this becomes

R(":0) = R(id)+g02(1—p)
> R(¢; 6)
while
R(¢id) = R(¢;¢)—go?
< R(¢; o).

-~ -5
Therefore, under Hp, ¢ is superior to ¢ . However, as §; moves away from

origin, # increases and the risk of & bécomes unbounded while the risk of qb
remains below the risk of ¢.

-8 - PT .
This scenario repeats when we compare ¢ and ¢ . Consider under H,

R@"i¢) = R@ " ¢)+aolll-a~g
2R3 ),
for all @ such that Fq_-}-Z mip 0} < ﬁ% This means the estimator _653 does not
always dominates c,b under Hy.

Theorem 4.2. Consider the model (1.6) where the error-vector belongs to the
ECD, ECp44(0,6%V,h). Then the PRSE of ¢ uniformily performs better than
SSE.

For the proof see the Appendix.

-
Remark 4.2. Using Remark 4.1 and Theorem 4.2, ¢ - uniformly dominates
o,

By some similar algebraic computations, we can obtain q& dominates qb
under Hy. However, as § moves away from origin, # increases and the risk of ¢

becomes unbounded while the risk of ¢ remains below the risk of ¢.

11



T 1 Zg I3 ra

23 | 1.00 [ 0.10 | 0.25 | 041
zg | 0.10 | 1.00 | 0.33 | 0.55
23 | 0.25 | 0.33 | 1.00 | 0.20
x4 | 041 | 0.55 | 0.20 | 1.00

Table 1: Correlation Matrix for generated data

4.1 Numerical Study

In this section we proceed with a numerical computation as a proof of our as-
sertions. In this regard, we generate a set of correlated data from a multivariate
Student t-distribution (MT).. The distribution is the mixture of multivariate
normal distribution with the inverse gamma distribution as the weight function
given by
y%t%‘lg"'?
W) = ———7—.
=)
In this case the error term in the model (1.1) has the MT, (0, 02V, v) distribu-
tion with the location 0, scale matrix oV and v degrees of freedom with the
following pdf
T (n-é—v) lvl—% (1 N elv—le)"#

(m)ET (%) ot vo?

fle) =

, 0<y, o<oo.

Therefore, we have Cou(e) = o2V for 02 = £ o2, Inthis case Géin,n—p(A’ z'),
EO[x* 2,,(A)) and BOF L o (AN (Foian—p(A) < 732501 can be simply

computed by using the fact that

K(8) _ D{r+ %) (;;‘:5—2)1"
" Tlr + 1)0(3) 1+ 25)r+E

MT plays an impertant role in robust statistical inference, particularly for heavy
tailed distributions involving outliers and extreme values.

"The data set consists of four variables with n = 30 generated from & MT with
five degrees of freedom and the correlation matrix given in Table 1. Underlying
R and the corresponding H matrices are as

1 -1 3 1 -1 1 -3 -1 100
R=|3 2 10|, H={ -3 -2 =1 0 01 0
4 -2 0 5 -4 2 0 =500 1

The estimators are computed and given in Tatle 2. The graphs of risks based
on non-centrality parameter A is displayed in Figure 1.

12



10 -

Relative Risk

¢ ¢ FPI ¢b ¢b+
-0.13372 | 0.01179 | 0.01179 | 1.70277 | 0.01179
-0.23419 | -0.13368 | -0.13368 | 1.03420 | -0.13368
0.11188 | -0.08726 | -0.08726 | -2.40142 | -0.08726
-0.04180 | -0.08847 | -0.08847 | -0.63084 | -0.08847
-0.21004 | -0.20478 | -0.20478 | -0.14366 | -0.20478
-0.31767 | -0.31925 | -0.31925 | -0.33765 | -0.31925
-0.12971 | -0.12782 | -0.1278 | -0.10594 | -0.12782
Table 2: Estimated values

Figure 1: Risk performance based on the non-centrality parameter A
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5 Conclusion

In this study, we proposed five different estimators for the regression vector-
parameter of a linear regression model. In this approach, the linear stochastic
prior information r = RB + v is suspected. Based on the given results the
dominance order of five estimators under Hy with the weighted quadratic loss
function can be determined under the following two categories (the notation =
shows superiority in the sense of having smaller risk)

L ¢2d rd =d"rd 2 36 rd 20 o

Based on the abave two orderings superiority categories of the estimators, under

the stochastic constraints, two non-linear estimators &S and $s+ perform better
than the unbiased UE ¢.

Behaviors of PRSE and SSE are constrained by the requirement ¢ > 3.
However, the PTE needs determination of adequate size of the test and the
extent of departure of A from origin.

Further, by Theorem 4.1, it is shown that the shrinkage factor p of the Stein-
type estimator is robust with respect to the slope parameters and the unknown
mixing distributions.

For W(t) as dirac delta function (results the multivariate Gaussian distri-
bution), the maximal savings in risk for the shrinkage estimator is %}?EET_;I,
while for W(t) as inverse-gamma function (results the multivariate Student’s ¢
(MT) distribution), it is equal to %?%2 where v is d.f. of MT distri-
bution. See Table 1 of Arashi et al. (2010) of some scale mixture of normal
distribution.

Remarkably, the behavior of all estimators vwhen compared with one another
under elliptical symmetry are exactly the same as under normal theory as well
as MT assumption as exhibited respectively in Saleh (2006) and Arashi and
Tabatabaey (2008). This phenomenon shows the domination order of estime-
tors and regarding substantial conditions under normal theory are significantly
robust.

6 Appendix

Lemma 6.1. (Chu, 1978) Let z be a n-dimensional elliptically contoured ran-
dom vector with mean equal to @ and scale mairiz ¥ and density function g(.)
with density generator h(.}. Ifh(t), t € [0, 00) has the inverse Laplace transform
then there erists a scalar function W(t) defined on (0,00) such that

o) = f T W i),

where fu(.) denotes the density function of N,,(8,t71Z), and

W(t) = (2m)% [B|FEL 7 {a(s)}

14



L7Hh(s)} denotes the inverse Laplace transform of h(s).

For details on the properties of Laplace transform and its inverse see Debnath
and Bhatta (2007).

Lemma 6.2. (Judge and Bock, 1978) If = is (J x 1) normally distributed
random vector with mean n and covariance Iy and A is any positive definite
symmetric malriz, ther for any Borel measurable function &{.) we have

E [¢(='z)e' Az] = tr(A)E [§ (xFuzmrn)] + 1 ANE [§ (OGsamm)]

Proof of TheoreEn 4.1
Let 1 = H'G2H¢. Then by the definition we have
&'s b—dg SzGHGqub
& H’G2H¢
¢ — d*g5% (W' Ghw) ! G

]

I

Therefore the risk difference of q?JS and ¢ can be written as

D = R($":¢)- Rid: o)
= (@VE[S (W6w) ] ~2¢ B [o8" (b Gir) (b - 9]

- @rm (B i we ]
—2d° Et{ N |g8? (w'Grw)” "¢~ ¢)’HG2H¢H}

_ 2(ﬂ p+2)( IV E ( t2 )“zqzd*E*(mfc:m)

Therefore, D < 0 if and only if 0 < d* < 2828 since [ o2 aw(2) > 0.
(See Srivastava and Bilodeau, 1989).

Proof of Theorem 4.2
Consider the risk difference given by

R Ti)=RE"19) = —002B [(1- By (A) HFpranerld) < )]
+26E® [(1 - CIF q+2, n-p(A)) I(F, g+2,n— p(A) < cl)]

—E® (1~ caF i o (A)) I(Fyram_p(&) < )]
(6.1)

The RHS of (6.1) is negative since for every Foya,n—p(A) < e, we have

ED [(1-erFly e p(A)) I(Foranon(B) < a)] <0

15



Also the expectation of a positive random variable is positive, so

E® [(1- F 2 () I Fpiann(B) < a)] >0
and
E(l) [(1 — Cqu_.;\.lz,n—-p(A))z I(Fq+2‘n_P(A) < Cl)] > 0.

Thus PRSE uniformly dominates SSE in the sense that R(&JS-'-; @) < R(&S; ).
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