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Abstract

We consider the complex dynamics a one parametric family of poly-
nomials f.(z) = z(2¢ + ¢), where d > 1 is a given integer and ¢ € C.
In the dynamics of quadratic polynomials P.(z) = 2% + ¢, Douady-
Hubbard[l, 2] have proved that periodic rational external rays land on
a parameter in the Mandelbrot set. This result has been extended to
the parameter space of uni-critical polynomials g.(z) = z¢+c[6]. We ex-
tend special case of the Douady-Hubbard Theorem to parameter space
of symmetric polynomials f,(z) = 2% + cz. Note that when d = 1, f, is
just a quadratic polynomial.

Mathematics Subject Classification: Primary: 32H50, Secondary:
37F45, 30D05

Keywords: Mandelbrot set, Multibrot set, connectedness locus, polyno-
mial dynamics, symmetric polynomials, external rays.

1 Introduction

We first recall some terminology and definitions in holomorphic dynamics. let
f: C — C be a polynomial self-map of the complex plan. For cach z € C, the
orbit of z is

Orbg(2) = {2, f(2), F(f(2)),- -, ["(2), -}
The dynamical plane C is decomposed into two complementary sets: the filled

Julia set
K(f)={ceC: Orbs(z) isbounded},

and its complementary, the basin of infinity

Af(o0) = C - K(f).
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The boundary of K(f), called the Julia set, is denoted by J(f).

When f is a quadratic polynomial, say f(z) = P. = 2? + ¢, in the extended
complex plane C = C U {o0}, the point at infinity is a super-attracting fixed
point and hence there exists U, a neighborhood of infinity and a conformal
map(the Bottcher map),

0o : U — {2z € C;lz] > 1},

such that ¢.(00) = oo, ¢L(c0) = 1 and ¢, 0 P. = (p.)%. For 6 € R/Z, the
external ray of argument 6 is defined as

R(6) = ¢ H{re*™®: r > 1}.

A classical result shows that the inverse, Riemann map, ¢! extends contin-

uously to a map from the closed disk if and only if the Julia set J, is locally
connected.

The Mandelbrot set Mo is defined as the set of parameter value ¢, for which
K(P.) is connected

My ={ce C: K(P.) isconnected}.

Let & : C — My — € — D denote the unique Riemann map tangent to the
identity at infinity(D is open unit disk), then ®(c) = ¢.(c). Givenf € T =R/Z
and ¢ € C: the dynamical(external) ray R.(6) of J, starts at oo and either
ends at a precritical point 2y € (J,5, P, "(c) or ends by accumulating on some
subset of the Julia set J.. The parameter(external) ray Rag, (6) of Ma is the
analytic arc ®1(re?™®). A ray is called a rational ray if € is rational, i.e.
6 € Q/Z. A ray R is said to land or converge, if the accumulation set R — R
is a singleton subset of J.

The conjecture that the Mandelbrot set is locally connected is equivalent to
the continuous landing of all external rays.

The following substantial result have been obtained:

Douady-Hubbard’s Theorem([1, 2]|. If 6 € Q/Z is rational, then the ezx-
ternal ray R, (0) for the Mandelbrot set lands on a parameter ¢ € OM,.

The extension of the theorem to other classes of polynomials constitutes part
of today’s research in this area. For instance, Douady-Hubbard’s Theorem has
been extended to uni-critical polynomials g.(z) = 22 + ¢ [6].

We assume that Cq = {c € C;¢9 ¢ A.(00)} is the connectedness locus of the
family f.. We shall see some properties of C;, among them the following main
result:
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Main result. Let w = €™/ then the external rays
1
= +— ), o wt IR
Ry = Re,( 2(d+1)) whRy, w 0

land at root points of the connectedness locus Cy.

2 Symmetric polynomials

To better understand the major contribution, we provide in this section the
necessary preliminaries, including a symmetry condition, for the family of poly-
nomials of degree d. This condition is similar to one investigated by Milnor
[5] who introduced quadratic rational maps with symmetries and derived the
one-parameter family fi(z) = k(z + z7!) instead of the general family of all
quadratic rational maps.

From now on, d > 2 will be a fixed integer. In the study of monic centered
polynomials f(z) = 24*!1 4+ ag_12%! + - -+ + ao, with the parameter space C¢,
we can restrict ourselves to a one parameter family, just as Milnor did. For
this purpose, we define an automorphism of f(z) = 24* +ag 121 4+ +ay,
as a non-constant linear map R(z) = az+b; a,b€ C which commutes with
f,ie, Ro fo R = f. The collection of all automorphisms of f, denoted by
Aut (f), forms a finite subgroup of the rotation group ¥; = {v € C;v? = 1}.
In some particular cases, the groups Aut(f) and X4 are cqual. The following
lemma characterizes all such polynomials.

Lemma 2.1 For a monic centered polynomial f(z) = 291 + ag 12971 +
-+ + ag, the following are equivalent:
(i) Aut(f)=",
(i) There exists c € C such that f(2) = f.(2) = z(2% +¢) for all, z € C.
(iii) The polynomial f vanishes at the origin and the critical set Z(f') = {z €
C; f'(z) = 0} s stable under the action of 3 _,.

The proof is straightforward and is omitted.

Definition 2.2 A d—symmetric polynomial, or it symmetric polynomial if
there is no confusion, is a polynomial of the form f.(2) = 2(2% +¢),c € C.

Remark. A d—symmetric polynomial f.(z) = 2(2¢+c¢), c € C has d symmet-
ric critical points (counting with multiplicity when ¢ = 0):

— _ d-1
Cp,C1 = weg, +,Cg-1 = W Cp

where w = €¥/4 and ¢y is one of the solutions of (d + 1)z + ¢ = 0, denoted

Cy = (ﬁi)l/dQ (1)
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accordingly, it has d symmetric critical values

vy = fe(co) =, v1 =wup, ..., V41 = w . (2)

Notations. We have already fixed the number d > 2. For cach ¢ € C, let
A, = Al0) = {2z € C;limye0 f7(2) = oo} is the domain of attraction at
infinity of f., K, is the filled Julia set of f.i.e.

K. ={2€ C;{f?(2)}nex is bounded},

and J, = 0K, is the Julia set of f.. denote D(r) is a closed disk with radius r
around origin, and D is the closed unit disk. Let ¢, : C — K. — C — D denote
the Béttcher coordinate for f., i.e. conjugating f. to z — z%*! and tangent to
the identity at infinity.

3 Properties of the connectedness locus

We first observe that the connectedness locus is bounded and symmetric with
respect to the action of ¥;. More precisely, with the notations above, we have
the following.

Proposition 3.1 For each d > 2, there exists a real number 1 < a < 2
such that

d+1 ‘14

Co={ceC; |fl(eco)l <1+ —d—-a) for every n € N}.

Proof. For |z| > (1 + |c[)¥/4, we have |f.(2)| > |2|(|z]* — |¢|) > |2|. It follows
that
{z12] > (1 + [e)*} € Ac(o0).

Now if « is the unique positive root of the polynomial g(t) = 4! — (d+ 1)t —d,

then for || > “la, we have
dle| , |cl 1/d 1/d
e(co)| = > (1 /4,
e = 2Lty (1410
Henceforth, ¢ € A (00) . O

Proposition 3.2 The set C; is invariant under the action of the group ¥.
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Proof. Let ¢ € Cy4,w = €2™/4 and ¢y a critical point of f.. Then wc € Cy.
Indeed, w!/?cq is a critical point of f.., the corresponding critical values being
related by

Fue(wep) = wep(wed + we) = cﬁ“co(cg +c) = oﬁ“fc(co),

hence |f.,o(w'?c)| = |fu(co)|- In view of the proposition 3.1, the value o de-
pends only on degrees and the polynomials f. and f,. have the same degree.
This completes the proof. O

4 Main Result

It is proved [3] that the connectedness locus Cy is connected, precisely there
exist the Riemann map,

v:C-¢—-C-D
\P(C):wc(vo).

Now we are going to prove the landing theorem in the connectedness locus.

Theorem 4.1 The external rays Rcd(i%TlJrﬁ) land ot ¢ = 1, the root point
of the connectedness locus.

Proof. Note that if the ray R.(0) does not branch then it must land at a fixed
point. The situation is stable in ¢ if the fixed point is repelling. It is unstable
either if the fixed point is indifferent in which case it is parabolic of multiplier
1, or if the ray R.(0) branches at the critical points. The stable set is open in
the parameter space and the unstable set is closed in the same space.

The ray R.(0) passes through critical values if and only if

Arg(¢e(vo)) = 0.

From equation(1) it follows that this is equivalent to

n 1
CEBCd(E:tz

m), neZ

i.e., restricted to the one part of the connectedness locus we have ¢ € Re, (:I:mlm).
For c = 1+ % the polynomial f. has a superattracting fixed point and
Ry ¢ C — K.. By symmetry, R.(0) = Ry and R.(0) lands at fixed point
z=0.
There exists p > 1 so that the polynomials f, for ¢ = 4pe(™/4 € 3¢,
have a superattracting cycle of period two with ¢y < 0 < vg. By symmetry,
R.(0) C R but R.(0) does not land at z = 0.
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For ¢ in the parameter space the situation can change only if ¢ = 1 for
which 0 is a parabolic fixed point of multiplicr 1, or if ¢ € R¢ d(im) for
which the ray R.(0) branches at co. O

Now from theorem 4.1 and proposition 3.2, we have:

2mi/d

Corollary 4.2 Letw =e then the external rays

Ro=Rcd(:i:2 = ),wRo, -+, w Ry

(d+1)

land at root points of the connectedness locus Cy.
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