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Algorithm 1 The standard two grid method " < T'G(u", f*,v1, 1)

1)Relax vy times on A"v" = f* on Q" with arbitrary initial guess u”

2)Compute d* = fh — Alyh,
3
4)Solve A?he2h = @?h on Q2"

5)Correct fine-grid solution u” « u 4 pe".

6)Relax vy times on A" = P on Q" with initial guess u”.
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Algorithm 2 The standard V-cycle method v" < VP (vh, f)

1)Relax v times on AMu" = f* on Q" with arbitrary initial guess v".

2)If Q" is coarsest grid, then go to step 4.
Else

d2h = p(ff — Ahhy,

v 0,

v V2 (y2h 2R,
3)Correct vP «+ v + pv?.

4)Relax v times on AMu" = f with initial guess v".
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3Full multigrid V-cycle
nested iteration
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Algorithm 3 The classical two-grid waveform relaxation based on the

Gauss-Seidel smoother TGW(UELV) (), Fp(t),v1,10) = ugjﬂ)(t)

If we are on the coarsest grid, then solve the following equation by a direct
or fast solver
Bpoty (1) + Anguy ' (8) = Fiy (1).
Else
(Presmoothing) Perform v steps of Gauss-Seidel waveform relaxation,
wy(t) = § (u(1).
(Coarse grid correction)
Compute the defect
dy (1) = Fi(t) — Brog(t) — Awvj(t)
Restrict the defect
&5,(t) = rdy (1)
Solve the following defect equation,
Bopély (1) + Asneb, (t) = di, (t), €5,(0) =0
Interpolate the correction
ex(t) = pes, (1)
Correct the current approximation with the interpolation of the correction,
o () = o (1) + ).
(Postsmoothing) Perform vy steps of Gauss-Seidel waveform relaxation,
u}”fl(t) = 52 (v,’fl(t)).
End If
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(M) Ng, (I = pBR'rBi) (Mg Ng, ) + Me(2) ) 67 (2)
M

(2)e" (=),

M(z) = K (2)(I — p(2Bp + An) " "r(2By, + Ap)) K" (2),

K(z) = (zMp, + Ma,)” (2Np, + Na,).
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p(M) = p((M5)Np, )~ (I - pB'rBy) (Mg Np,)"). (VF.))
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Diu(x,t) — Au(x,t)) = f(x,t), x€Q, t>o,
u(x,t)=°, 0NN, t>o, ().Y)

U(X,O):g(x), x €4,
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Ol o &S
(Dyup,vp) = /(Dtuh)vh dx, (fyop) = / fop dx, (Y.Y)
Q Q
a (up,vp) = / Vuy, - Vo, dx. (YY)
Q
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uy(t) = [U\(t),’LLY(t), e ,UN(t)]t € RN, (QY)
Ap,, By € RVXV, (%.Y)
Fu(t) = [(f, ), (f,0v), - (f,on)]T € RN, (V.Y)
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059 ).uo‘)L! o] J)‘J.JLA.MJ‘ 6‘4&.&’_3«) U""ﬁ) 4\...]9‘ B :L'o(t) 9 $(V\)(t) = ICV‘ZEo(t) aS
Jale — gl auile (5,155 (g, SO LIS G ile £ oS (o0 S 50 S0 2 ) w
oy d oy dolae o 5l 53 2 (1) 1o 0 c0gui e 0018 yLis 1y b ol (sle, 1SS slas a5 ol
10,5 o dwlowe 8 lailiw] glasiis g0

Byu(t) + Apu(t) = V;Y( Fr(t) = Bra™(t) — Apae™)(1)).
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Algorithm 2 The new two-grid waveform relaxation
NTGW(ugV_l), fryw,v1,v0,13) — ug,)
1)Set xo = ugyfl), and x1) = K1) g,
2)Put f, = & (fa — Bpa) — Apz()).

— #[NBh(i'(Vl) — D) 4 Ny, (20D — gDy,
3)Compute Z by TGW (21, 11,0,12) — Z.

1)z = 2 4 wi.

5)Compute ugy) by TGW (Z, fr,0,v3) = ul®).
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Nu(t) = KYCRK u(t), (A.Y)
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w
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i- dp(t) = BpaW (1) + Apa®(t) — fi(t),
e dy(t) = rdp(t),
iii- Bro(t)g + Agon(t) = du(t), vg(0) =0,
iv- 7 =2 — puy.

o & ot 5 03,5 (6ol i o8 sles ansly eans 31, dig (1) 005Lacl slas
100,50 dlime ) Ojgots vy (1) 45sS )0 (S (0 S

t
v (t) = 5 My (o) + / B0 BV gy (s) ds,

Inew two-grid correction waveform operator
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T=a" —p(/ B A= B\ [(\ + —)Byahy + (V + —) Apa™ — — fu] ds)
o w w w
t —
=2 (1) + \Yp/ eBH\AH(S_t)B;I\rfh ds
w e
t p—
-\ + )p/ eBH\AH(S_t)BI}\rAh:L‘(”‘)(s) ds
t -
-V + )p/ eBH\AH(S_t)BI}\rBh:t(”\)(s) ds, (1.Y)
Oleiee (A7) Ol jo Lot saisS wasd 5 oligye el pl Cui s i r g p oS
g il i O)ke L) Gt o)le
t -
-V + \Y)p/ eBH\AH(s*t)B;I\rBhic(”‘)(s) ds
w o
t — —_
_ / B Al BV B 300 () ds + B An60 B Ay BV B ®)
Yd (g \ " Bpa \ \
:/ e (eBH AH(S*t)B;I Tth(”‘)(s)) ds —/ e”H H(S*t)B;I AuBy rBpz™)(s)ds
o s o
— t —
= By rBya(t) — ¢ Br A B r B (o) — / P M) B A By r Bra) (s) ds.
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Ao 6l oo (651,55 coy85 ((A.Y) O)le sl (VouY) ©)le oociil> bazmas (o

ol e s 25 Oy g0s 7

7 = Mz (t) + K7 ¢y (1),

o

Myz () = K Cya™) (1),
\
Cyae™)(t) = (I — () + ﬁ)pB,;‘7«1}3,1);;:@0(t) + Cy 2 (2),
t
€1t (1) = Cro (1) = [ Cyoft = )2 (),
Coolt) = (V + o pe B At BN (A By v By, — 1Ay,
W
b

\ - \ L.
N0 = (V4 e P BL B () p [ BB ds.
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Myz(t) = K¥Cyvz(t),
Cyi(t) = (I — pB'rB)E(t) + Cy (L),
C\'c ( C\'c*x /Cth_S
Cyc = pe_BH AHtB[} (AHB[} rBy, — TAh),
9
— t —
oy (t) = pe_BH\AHtB;I\rBh;Tc(O) +p/ eBH\AH(S_t)B;I\rf(s) ds.
Cewds g 0olo (1,8 (W.Y) doleo jo Iy 20 = Kyu Y 9 7 = 2 + wz O,le b
o2yl s

= Nul™V 44,
Nu(t) = KYCRKM u(t),

CRu(t) = (I — pBg'rBy)(I +wkK™ (I — () + “:Y)pBEI\rBh))u(t) + CReu(t),

CReu(t) = Cyp % (I +wKY (I — () + L\,)pBI_{\rBh))u(t) +w(I — pBy'rBy)KY (Cy. % u(t))
w

+ wCy, * (K Cy,. * u(t)).

(el pbo v = WK Ce K gy + K gy &S

Nu(t) = (Mg Np,)¥ (I — pBy'rB,) x

(14 (M) N, )7 = (V-4 0 0pB B (M) N ) + N,
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N = KX¥RK",
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W
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w
\
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w

wY

+w(I — pBy'rBy)K*[()
+Lev Y,

L = p(Ag + 2Br) (A By'r B, — rAp).
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Bh’dh(t) + Ahuh(t) = Fh(t).
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Agorithm 3 The optimum value of the parameter w.
1) g = (aa : hh: bb);  (where aa = %2, bb = 5% and 0 < hh < 1)
2)for k =1 : length(q)

w = q(k);

u = Applying Algorithm 2;

error = Uezaet — U;
max (k) = Compute infinity norm of the error;
end

3) plot (¢, max).
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Algorithm 1 Pointwise Gauss-Seidel-Newton waveform relaxation
Set k = 0 and y;(t) = yon, P(t) = B(yn(T) —yrn), t >0
Repeat
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Algorithm 2 Time-line Gauss-Seidel-Newton waveform relaxation

Set k=0,

Repeat
k=Fk+1,
for 7, 7 in, e.g., lexicographic order do

form=1,...,N,

10 0 0
M1 = s M3 = )
0 0 0 1

if m < N do
(14 4o _ _:
M2 = (L5 ) v
T(a+ F'p) —(1—1—4}%—7}7’)
Else
o — —(1+%F -F) -2
15} -1
End if

M = blktridiag(M1, M2, M3)
—Ly—7F+Z
— JE— / —
PJ o PJ onxi Ly = 7Fp —ary + Taya 2N x1

P — b oS (Jas— lej (hg,y a9 1Y.0 Jgox

end
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Algorithm 3 The FAS multigrid waveform relaxation based on Gauss-Seidel-
Newton smoother WF(t) — W,]f+1(t)

(Presmoothing) Perform k; steps of the Gauss-Seidel-Newton waveform relaxation,
ViF(t) = S (WE(1)).

(Coarse grid correction)

Compute the defect di (t) = bk (t) — (D¢ + Ap)ViE(t) — FF,
Restrict the defect ds, (t) = I2hdl(t),
Restrict the V}¥(t) VE(t) = IPMViE(®),
Compute the right-hand side bk, = db, + (Dy + Aop) Vi (t) + FX

Compute an approximate solution Zé“h(t) on gy,
(D + Aop) Z5, (t) + Yy, = b5, (t)
e If £ =1 perform a fast solver to this propose,
e Else, solve this equation by applying v > 1 cycles of WRFMG on Qg

using V¥ (t) as initial approximation,

Compute the correction Ué“h = Zé“h — VQIZ
Interpolate the correction Uk(t) =I5 UL (1)
Correct the current approximation on (2, V}f“(t) = VE(@t) + UF (1),

(Postsmoothing) Perform ko steps of Gauss-Seidel-Newton waveform relaxation,

WhH(t) = gk (thﬂ(t)).

b3l g — Jale— slS (Zee by, Y0 Jgox

g g0
) Ayi, =
AYih =0 Y v ) (%a)
« Avlh
_ Fyyip(t)) °
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Aabstract

The finite element method is a very well-known and efficient scheme to the discretization
of PDE equations. Among some discretization tools, we pick this one to discretize the
heat equation in two and three dimensions. It is more involved and more general than
that group of finite difference methods since the mass matrix must be considered. The
resulted sparse matrix should be solved efficiently by special schemes such as the general
group of multigrid methods. We refer to the well-known v-cycle, w-cycle which usually
have been applied and analysed on the elliptic equations by many researchers. So, in
this thesis, we work on the parabolic equations to keep the generality of the study. As
some results of our work, we can refer to presenting a new two grid, investigation of the
v- and w-cycles on rectangular and general triangular grids in two and three dimensions.
moreover, a nonlinear system of control equations is solved by FAS multigrid methods.
comprehensively study of different convergence analysis and extending well them is one of

the big advantages of this thesis.

Keywods: Partial differential equations; Finite element method; Waveform relaxation

method; Multigrid method.
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