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1. S. Reza Hejazi, A. Naderifard, S. Rashidi, Conservation laws and similarity reduction of

the Zoomeron equation, Vestnik KRAUNC. Fiz.-mat. Nauki. 14(3) (2016) 7-13.

Abstract: In this study, we consider a 4-th order (1+1)-dimensional PDE called
Zoomeron equation. Some conservation laws are derived based on direct method.

We also derived some similarity solutions using the symmetries.

2. Azadeh Naderifard, S. Reza Hejazi and Elham Dastranj, Symmetry properties, conserva-
tion laws and exact solutions of time-fractional irrigation equation, Waves in Random and

Complex Media, 29(1) (2019) 178-194.

Abstract: In this paper, we deal with the complete algebra of Lie point symme-
tries for the generalized model of an irrigation system of fractional order. By
means of Lie symmetry method, the vector fields has been investigated which
are utilized for obtaining the conservation laws of equation. In addition, through
the sub-equation method, we construct some exact solutions for the considered
equation by reducing the fractional partial differential equation to an ordinary

fractional differential equation.

3. Azadeh Naderifard, Elham Dastranj and S. Reza Hejazi, Exact solutions for time-fractional
Fokker-Planck-Kolmogorov equation of Geometric Brownian motion via Lie point symme-

tries, International Journal of Financial Engineering, 5(2)(2018) 1850009 (15 pages).

Abstract: In this paper, the transition joint probability density function of the
solution of geometric Brownian motion (GBM) equation is obtained via Lie
group theory of differential equations (DEs). Lie symmetry analysis is applied
to find new solutions for time-fractional Fokker—Planck— Kolmogorov equation
of GBM. This analysis classifies the forms of the solutions for the equation by
the similarity variables arising from the symmetry operators. Finally, an analytic
method called invariant subspace method is applied in order to find another exact

solution.

4. A. Naderifard, S. R. Hejazi, E. Dastranj, A. Motamednezhad, Symmetry operators and ex-

act solutions of a type of time-fractional Burgers—KdV equation, International Journal of

J



Geometric Methods in Modern Physics, 16(2) (2019) 1950032 (15 pages).

Abstract: In this paper, group analysis of the fourth-order time-fractional Burgers—
Korteweg—de Vries (KdV) equation is considered. Geometric vector fields of
Lie point symmetries of the equation are investigated and the corresponding
optimal system is found. Similarity solutions of the equation are presented by
using the obtained optimal system. Finally, a useful method called invariant

subspaces is applied in order to find another solutions.

5. A. Naderifard, S. R. Hejazi and E. Dastranj, Conservation laws ogf the time-fractional
Zakharov-Kuznetsov-Burgers equation, Kragujevac Journal of Mathematics, 44(1) (2020),

75-88.

Abstract: In this paper, group analysis of the fourth-order time-fractional Burgers—
Korteweg—de Vries (KdV) equation is considered. Geometric vector fields of
Lie point symmetries of the equation are investigated and the corresponding
optimal system is found. Similarity solutions of the equation are presented by
using the obtained optimal system. Finally, a useful method called invariant

subspaces is applied in order to find another solutions.

6. A. Naderifard, S. R. Hejazi, S. Hosseinpour and E. Dastranj, Conservation laws for space-

time-fractional generalized Poisson equation, Submitted.

Abstract: In the present paper Lie theory of differential equations is expanded
for finding symmetry geometric vector fields of Poisson equation. Similarity
variables extracted from symmetries are applied in order to find reduced form
of the considered equation bu using Erdlyi-Kober operator. Conservation laws
of the space-space-fractional generalized Poisson equation with the Riemann-
Liouville derivative are investigated via Noether’s method. By means of the
concept of nonlinear self-adjointness, Noether’s operators, formal Lagrangians
and conserved vectors are comupted. A collocation technique is also applied to

give a numerical simulation of the problem.

7. S. R. Hejazi, A. Naderifard, S. Hosseinpour and E. Dastranj, Exactand numerical simula-

tions of time-fractional Fokker-Plank equation for soecial stochastic process, Submitted.

Abstract: In this paper, a type of time-fractional Fokker-Planck equation (FPE)

of the Ornstein-Uhlenbeck process is solved via Riemann-Liouville and Caputo



derivatives. An analytical method based on symmetry operators is used for find-
ing reduced form and exact solutions of the equation. A numerical simulation
based on the Muntz-Legendre polynomials is applied in order to find some ap-

proximated solutions of the equation.

8. A. Naderifard, S. R. Hejazi and E. Dastranj, Lie symmetry group and conservation laws for

some (o + 2)-dimensional fractional evolution equations, Submitted.

Abstract: We make some similarity variables and reduced forms of o + 2 evo-
lution time fractional equation Dfu = (F(u)um) with Riemann-Liouville
derivative, for some functions F'(u) by applying thg point symmetries admit-
ted by the equation. Afterward, we are constructed conservation laws of this

equation by Nother’s operator.

Conference articles

1. A. Naderifard, S.Reza Hejazi, similarity solution of Dym equation, 13th International Sem-
inar on Differential Equations, Dynamical Systems and Applications, Department of Math-

ematical Sciences, Isfahan University of Technology, Isfahan, Iran, 15-13 July 2016.

Abstract: In this study, we consider a third-order (1+1)-dimensional PDE
called Dym equation. Lie point symmetries are given and some similarity solu-

tions via associated symmetries are found.

2. A. Naderifard, S. R. Hejazi, Conservation Laws and similarity solution of G-equation, Ira-

nian Conference on Mathematical Physics,Qom University of Technology, p90, 3 Novem-

ber 2016.

Abstract: In this study, we consider a two-dimensional nonlinear differential
equation that called G-equation. Some conservation laws and similarity solu-

tions are found via point symmetries.

3. A.Naderifard, S. R. Hejazi, S. Hossinpour and E. Dastranj, A geometric approach for finding
exact solutions of a kind of time-fractional PDE, the 9th seminar on geometry and topology,

Maraghe, Iran, 26-27 July, (2017).

Abstract:In this paper, the Lie algebra of symmetry operators is applied to study

a time-fractional PDE of 4th-order. Lie point symmetries of this equation are



investigated and the corresponding similarty solutions are presented. Finally an

analytical method for finding another exact solution is considered.

4. A. Naderifard, S. R. Hejazi, E. Dastranj, Similarity reduction of a model of time-fractional
Fokker-Planck equation, 14th International Seminar on Differential Equations, Dynamical
Systems and Applications, The institute for Advanced Studies in Basic Sciences (IASBS),
Zanjan, Iran, 17-19 July (2018).

Abstract: In this paper, the Lie algebra of symmetry operators is applied to
study a model of time-fractional Fokker-Planck (FP) equation of a stochastic
process. Lie point symmetries of this equation are investigated and the corre-

sponding similarty solutions are presented.
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with(PDEtools, declare, Etag, InfinitesimalGenerator, ToJet) :

DepVars := [u](t, x);

declare((tau,xi,eta)(t,x,u));SS := [tau(t, x,u),xi(t,x,u), eta(t,x,u);

8 := [seq(xi[j](t,x,u), j = [t,x]), seq(phi[j](t,x,u), j = [u])];

G := InfinitesimalGenerator(SS,DepVars);

Eta := Etax(G,DepVars);

poll := Etalu, [x]];

pol2 := Etalu, [x, x];

pol3 := Etalu, [x,x,x][;

1blige g Dyge 4 295 o2y
poll := —Tyupuy — fuui + Uxfy — TxUe — ExUx + Nk
pol2 := —Tuuutui — fuuui — TuUtlUgx — 2TyUxUyt — 3EuUxUxx — 2€uxu;2; + Mxx
—2TuzUtug + nuuui + Ny Ugz — 2TpUtg — 2596“9030 + 2Ny Uy — TeaUp — Exally
pol3 := _guuuui — 3TuulltUxlyy + 3Mgullxx — 3Taxlxt — Sxxxlx — Txxxlt + 3Mxxullx
_3£zmuu3; + 377uu3:u;25 - 3£uuxu§; — 3ralze — 3ErUpaa + Nulgze — 3TzUtzx
—3«5“%2596 - 37—uuxutu;2g - ggruuaﬁuxw — ITouzUtUy — 3Tz UtUgpr — 675y Up Uty
— 3Ty Uzg Utz + INuullaUzy — 3TyulUzUizr — TuUtlere — 4§ulUsUszy — GEuuuggux:v
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with(PDEtools);
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declare((u)(x, t), (xi, eta)(x, t,u));
DepVars := [u](x, t);

U:=difftable(u(x,t));

pde[1] := U[]2 x Ut, t,t,x] — U[] * U[t, t] * U[t, x] — 2 % U[] % U[t] * U[t, t, x|
+2 % U[t]? * U[t, x] — U[]? % U[t, %, %, %] + U[] * Ulx, x] * Ut, %]

+2 % U[] * U[x] * U[t, x, x] — 2 % U[x]? * U[t, x] + 4 % U[x] * U[t] * U[]?

+4 % Ut, x] * U[]*

DetSys := DeterminingPDE(pde[1]);

pdsolve(%);

G := Infinitesimals(pde[l],DepVars);

WSl 25 Dyge A (Z9 ) Hgd ()]

G:= [f[x](x,t,u) = 17§[t](xvt7u) = Oan[u](xﬂtﬂu) = O],
[é[x](xvtvu) = va[t](xvtvu) = 1’n[u](xat’u) = O],

[g[x](x,t,u) = X,f[t](x,t,u) = tan[u](xatau) = _u]'

09.4.4‘54 c\.....ul.?bo 035 ol CDL......A ).u SYoles oKiws gSJ GLQQ)LQJ ml}m L.S‘)" ‘n)\J )G

with(PDEtools);

declare((u,v,w)(x,t), (xi,eta, phi)(x,t,u,v,w));

DepVars := ([u, v, w])(x,t)
U,V,W:=diffyable(u(x,t)),diffyable(v(x,t)),diffyable(w(x,t));
eql ;= V[t] + V[] * V[x] + I‘JA’[[X]] = 0;

eq2 := V[] x W[x] + V[x] * W[] + W[t] = O;

eq3 := a*U[] % V[x] + U[x] * V[] + U[t];

PDESYS := [eql, eq2, eq3];

DetSys := DeterminingPDE(PDESYS);

pdsolve(DetSys);

G := Infinitesimals(PDESYS, DepVars);
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with(DifferentialGeometry) :

with(Tools) :

with(JetCalculus);

DGsetup([t, x|, [u], M, 3);

eq:=ufl] +1/2xu[]**u[2,2,2];

v := evalDG(xi0(t, %, u[]) * Dy + phiO(t,x,u[]) * Dy + etaO(t,x,u[]) * Dy[]);
v2 := Prolong(v, 3);

EQ := LieDerivative(v2, eq);

solve(eq,u1]);

subs(u[l] = %,EQ) :

EQ := expand(%);

coeffs(%, [u[1,2],u[1,1],u[2,2,2],u[2,2],u[2]]) : sys := map(coeffs, %, U[1]);

sol := pdsolve(sys);

:|n5.b plf ).)

w:=evalDG((1/2%, 3% x> +4 4% x4+ 5) *Dx + (a1 %t 44 2) * Dy
+(—1/3%u[]* (=33 3% x+a 1 — 3 %4 4))*Dy[]);

w2 := Prolong(w, 3);

eq:=u[1] +1/2*u[®*u[2,2,2] + r*u[2];

H:=1/r « (LieDerivative(w2,eq));

solve(eq,u[1]);

subs(u[1l] = %, H) :

H := expand(%);
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v := evalDG(xil(t,x,u[]) * Dx + phil(t,x,u[]) * Dy + etal(t,x,u[]) * Dy[]);
v2 := Prolong(v, 3);
eq:=uft] + 1/2*u[]® xu[2,2,2];
EQ := LieDerivative(v2,eq);
solve(eq,u[2,2,2|);
subs(u[2,2,2] = %,EQ) :
EQ := expand(%) + H;
simplify(%);
coeffs(EQ, u[1, 1]);map(coeffs, %,u[1,2]) :
map(coeffs, %,u[2]) :
sys := map(coeffs, %, u[1]);

sol := pdsolve(sys);

ool
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DGsetup([x, t], [u],M,3) : PDE :=u[2] — ult, 1];

DE := DifferentialEquationData([PDE], [u[2]]) :

DE1 := Prolong(DE,2) :

iota := Transformation(DE1) :

alias(M = M(x, t,u]])) :

EulerLagrange(M * PDE) :

op(%) : Pullback(iota,%): expand(%):

sys :={coeffs(%, [u[1],u[1,1],u[1,1,1])};

pdsolve(sys);

alias(P1 = P1(x,u(],u[1],u[1,1])):

alias(P2 = P2(x,u[],u[1],u[t, 1])) :

TotalDiff(P1,x) + TotalDiff(P2,t) — 1 % PDE:

{coef£s(%, [u[t,2],u[2,2],u[t,1,1],u[1,1,2],u[t,2,2],u[2,2,2])};
pdsolve(%);

alias(P1 = P1(x,u],u[t],u[t, 1])) :

alias(P2 = P2(x,u],u[1],u[t, 1])) :

TotalDiff(P1,x) + TotalDiff(P2,t) — u[] * PDE : expand(%) :
{coetfs(%, [u[L,2],u[2,2],u[t, 1,1],u[1,1,2],u[1,2,2],u[2,2,2]])};
pdsolve(%);

alias(P1 = P1(x,u[],u[t],u[t, 1])) :

alias(P2 = P2(x,u[], u[1],u[t, 1])) :

TotalDiff(P1,x) + TotalDiff(P2,t) — (t * u[] — x) * PDE :
expand(%) :

{coeffs(%, [u[L,2],u[2,2],u[t, 1,1],u[L,1,2],u[1,2,2],u[2,2,2]])};

pdsolve(%);
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with(PDEtools) :
U:=diffyable(u(t,x)):
declare(U]]) :
pde[1] :=Ut] — U[]® x U[x,x,%] = 0 :
mu[alpha] := IntegratingFactors(pde[1i]) :
IntegratingFactors(pde[l],order = 0) :
IntegratingFactors(pde[l],order =1):
IntegratingFactors(pde[l],order = 2):
J[polynomial] := ConservedCurrents(pde[1], type = polynomial, split = false,
order =0) :
J[polynomial] := ConservedCurrents(pde[l],type = polynomial, split = false,
order =1):
J[polynomial] := ConservedCurrents(pde[l],type = polynomial,split = false,

order = 2) :
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restart;

read(”D : /foldersoft/mypaper/fracsym/ASPv4.6.3.mpl”) :

/ASPv4.6.3.mpl”) :

with(ASP) :

with(desolv) :

read("D : /foldersoft/myandpaper/fracsym/FracSym.v1.16.txt”) :
with(FracSym) :

Rfracdiff(u(x,y,t),t,alpha);

Rfracdiff(u(x,y,t) * v(x,y,t), t, alpha);

Rfracdiff(v(x,y,t) *u(x,y,t),t,alpha);

Rfracdiff(u(x,y,t) * v(x,y,t),t,2);

TotalD(xi[x|(x,¥),x,2);

evalTotalD([%], [y], [x]);

fdel := C(u(x,y,t)) * Rfracdiff(u(x,y,t), t,alpha) = diff(K(u(x,y,t))
#(diff(u(x,y,t),%)), %) + diff(K(u(x,y,t)) * (diff(u(x,y, t),y) = 1),y)
—S(u(x,y, t));

deteqs := fracDet([fdel], [u], [x,y, t],2,alpha = 0.1..1);

soll := pdesolv(expand(deteqs[1][1]), deteqs[1][3], deteqs|1][4]);

subs(sol1[3],deteqs[1][2]);
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Abstract

The main purpose of the present thesis is a comprehensive and general analysis of the
application of Lie groups in fractional differential equation including their solving method
and conservation laws.

The extended dynamical systems with movement and motion’s memory don’t follow
from the ordinary derivatives rules. Because of the more exactness of the models for
engineering systems than integer orders fractional derivatives and integrals and more in-
teresting for researchers.

Obtaining solutions for a system of fractional differential equations has great impor-
tance, thus choosing the suitable methods with respect to fractional structures is so valu-
able. In this thesis, the Lie symmetry method is studied based on the extension of the
symmetry of the equations with integer order derivatives. Also, some analytic method
such as invariant subspace and sub-equation are studied and comparison too.

Finally, for the importance of the differential equations in financial mathematics, the
symmetry method for fractional differential equations as a geometric method, are applied
in order to study some equation in financial mathematics such as Fokker-Plank and etc.

Keywods: Euler-lagrange equation, Lie symmetries, Conservation laws, Noether’s
theorem, Ibragimov’s theorem, Fractional derivative, Riemann-Liouville fractional
derivative, Caputo fractional derivative, Black-Sholes equation, Brownian motion.
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