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1. Saeede Rashidi, S.Reza Hejazi,Symmetry properties, similarity reduction and exact solu-
tions of fractional Boussinesq equation, International Journal of Geometric Methods in

Modern Physics 14(6) (2017), 1750083 (15 pages).

Abstract: In this paper, some properties of the time fractional Boussinesq equa-
tion are presented. Group analysis of the time fractional Boussinesq equation
with Riemann-Liouville derivative is performed and the corresponding opti-
mal system of subgroups are determined. Next, we apply the obtained opti-
mal systems for constructing reduced fractional ordinary differential equations
(FODEs). Finally, we show how to derive exact solutions to time fractional

Boussinesq equation via invariant subspace method.

2. Saeede Rashidi, S.Reza Hejazi, Analyzing Lie symmetry and constructing conservation
laws for time-fractional Benny-Lin equation. International Journal of Geometric Methods

in Modern Physics, 14(12) (2017) 1750170 (25 pages).

Abstract: This paper investigates the invariance properties of the time frac-
tional Benny-Lin equation with Riemann-Liouville and Caputo derivatives. This
equation can be reduced to the Kawahara equation, fifth-order Kdv equation, the
Kuramoto-Sivashinsky equation and Navier-Stokes equation. By using the Lie
group analysis method of fractional differential equations (FDEs), we derive Lie
symmetries for the Benny-Lin equation. Conservation laws for this equation are
obtained with the aid of the concept of nonlinear self-adjointness and the frac-
tional generalization of the Noether’s operators. Furthermore, by means of the

invariant subspace method, exact solutions of the equation are also constructed.

3. Saeede Rashidi, S.Reza Hejazi and Elham Dastranj, Approximate symmetry analysis of
nonlinear Rayleigh-wave equation. International Journal of Geometric Methods in Modern

Physics, 15(4) (2018) 1850055 (18 pages).

Abstract: In this paper, the Lie approximate symmetry analysis is applied to
investigate the new exact solutions of the Rayleigh-wave equation. The power
series method is employed to solve some of the obtained reduced ordinary dif-

ferential equations with a small parameter. We yield the new analytical solutions

J



P\Qt]r:f sgﬁmmm&ﬁvﬁgﬁ% yfﬁ'éﬁ’&;{} obtained by the proposed method. The

concept of nonlinear self-adjointness is used to construct the conservation laws
for Rayleigh-wave equation. It is shown that this equation is approximately non-
linearly self-adjoint and therefore desired conservation laws can be found using

appropriate formal Lagrangians.

4. Sacede Rashidi, S.Reza Hejazi, Lie symmetry approach for The Vlasov—Maxwell system
of equations, Journal of Geometry and Physics, 132 (2018) 1-12,

Abstract: The present paper is intended for the investigation of the fractional
integro-differential system called Vlasov-Maxwell system. The method is based
on using the geometric vector fields of the symmetries. This system arises for
interaction of charged particles in plasma. The fractional derivative is consid-
ered in both the Caputo and Riemann-Liouville sense. Under some suitable
conditions, we construct the infinitesimal criterion of invariance for detecting
Lie symmetries of these equations. In this study, Lie symmetry method for con-
structing the similarity solutions of the considered system is implemented. The
theory is constructed step by step and carefully to apply in the Vlasov-Maxwell

system.

5. Saeede Rashidi, S.Reza Hejazi, Self-adjointness, Conservation laws and Invariant Solutions

of the Buckmaster Equation, Computational Methods for Differential Equations, Accepted.

Abstract: The present paper considers the group analysis of extended (1+1)-
dimensional Buckmaster equation and its conservation laws. Symmetry oper-
ators of Buckmaster equation are found via Lie algorithm of differential equa-
tions. The method of non-linear self-adjointness is applied to the considered
equation. The infinite set of conservation laws associated with the finite al-
gebra of Lie point symmetries of the Buckmaster equation is computed. The
corresponding conserved quantities are obtained from their respective densities.
Furthermore, the similarity reductions corresponding to the symmetries of the

equation are constructed.

6. S.Reza Hejazi, A.Naderifard, S.Rashidi, Conservation Laws and Similarity Reduction of
the Zoomeron Equation, Vestnik KRAUNC. Fiz.-mat. Nauki. 14(3) (2016), 7-13.

Abstract: In this study, we consider a 4-th order (1+1)-dimensional PDE called
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We also derived some similarity solutions using the symmetries.
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8. Saeede Rashidi, S.Reza Hejazi, Group Analysis and Similarity Solutions of the Buckmaster
Equation, 13th International Seminar on Differential Equations, Dynamical Systems and
Applications, Department of Mathematical Sciences, Isfahan University of Technology, Is-

fahan, Iran, 15-13 July 2016.

Abstract: This paper addresses an extended (1 + 1)-dimensional Buckmaster
equation. By Lie method, the symmetries of Buckmaster equation are found.
Then similarity reduction cor- responding to the symmetries of the equation
in the question is constructed. Also the Lie symmetry analysis leads to many

plethora of solutions to the equation.

9. S.Reza Hejazi, Sacede Rashidi, Approximate Symmetries and Conservation Laws of The
Van der Pol Equation, Iranian Conference on Mathematical Physics,Qom University of

Technology, p90, 3 November 2016.

Abstract: This paper addresses a two dimensional differential equation that
called Van der Pol equation. The first-order approximate symmetries for the
Van der Pol equation by the method of approximate transformation groups are
computed. Then the set of conservation law associated with the algebra of ap-

proximate symmetries of the Van der Pol equation is constructed.

10. Saeede Rashidi, S.Reza Hejazi, Exact Solutions of Time-Fractional Diffusivity Equation

Using Lie Point Symmetry Method, 48th Annual Iranian Mathematics Conference, Bu-Ali
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Abstract: Given a time fractional nonlinear partial differential equation. In
this paper, we perform group analysis of the time fractional diffusivity equa-
tion with Riemann Liouville derivative. Lie point symmetries of this equation
is investigated and compared. Examples of using the obtained symmetries for
constructing exact solutions of the equation under consideration are presented.
As a result, the reduced fractional ordinary differential equations are deduced,

and some group invariant solutions in explicit form are obtained as well.

11. Saeede Rashidi, S.Reza Hejazi, Lie point symmetries for a class of fractional order integro-
differential equations, 14th International Seminar on Differential Equations, Dynamical
Systems and Applications, The institute for Advanced Studies in Basic Sciences (IASBS),
Zanjan, Iran, 17-19 July 2018.

Abstract: The present paper is intended for the investigation of the fractional
integro-differential equation. The fractional derivative is considered in both the
Caputo and Riemann-Liouville sense. Under some suitable conditions, we con-
strucrt the infinitesimal criterion of invariance for detecting Lie symmetries of
these equations. An example is provided to illustrate the main results. This ex-
ample shows that this approach is easy to implement and accurate when applied

to fractional integro-differential equations.

12. Saeede Rashidi, S.Reza Hejazi, Lie symmetry analysis and similarity reduction of the time
fractional Regularized Long-Wave equation, 49th Annual Iranian Mathematics Conference,

Iran University of Science and Technology, Tehran, Iran, 23-26 August, 2018.

Abstract: In this paper, group analysis of the time fractional Regularized Long-
Wave equation with Riemann- Liouville derivative is performed. Using the Lie
point symmetries of Regularized Long-Wave equation, it is shown that it can be
transformed into a nonlinear ordinary differential equation of fractional order
with a new dependent variable. In the reduced equation the derivative is in

Erdélyi-Kober sense.

13. Saeede Rashidi, S.Reza Hejazi, Symmetries, conservation laws and exact solutions of the
time-Fractional diffusivity equation via Riemann-Liouville and Caputo derivatives, Submit-

ted to Waves in Random and Complex Media.
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fractional Klein-Gordon equation, Submitted to Journal of Geometric Mechanics.
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restart :
with(PDEtools); declare((u)(x,t), (xi,eta)(x,t,u));
DepVars := [u](x, t); U:=diff table(u(x,t));

pde[1] :=U[t] — 12 % U[]? * U[x]*> — 4+ U[]* * U[x,x] — 3 % U[|? * U[x] = 0;
DetSys := DeterminingPDE(pde[1]); pdsolve(%);

G := Infinitesimals(pde[1], DepVars);

faws o LS |y 05 (g s5eed (3
G = [{[a:](a:,t,u) = 0,§[t](a:,t,u) = 1777[11’](m7t7 u) = O],
[g[a:](x,mu) = 175[75}('%7757“) = 0>77[U]($775a u) = 0]7

[f[l‘](l‘,t,u) = *x7§[t](x’tvu) = tvn[u](xvt7u) = *u]'

Oy dw oyl aseis oS

V*g V*i V*tg—:rﬂ—u2
1= 50 2= 5 3= .

S sl )l le s ol sl @ dolas o o350l g 599 jgiws SWS L og alys
2,8 dwloes ) (59,00 dlolao

Maple oS b Jous yo00 doleo v p85 gy )5 awlxo  ¥.).5

10 Sy |y zae— by (o B dolas

Ut = Uy + Uyy + €(up — ul).
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restart :
with(DifferentialGeometry): with(Tools): with(PDEtools):
with(JetCalculus): with(LieAlgebras): DGsetup([t,x,y],[u],M,4);
eq:=u[l,1] —u[2,2] —u[3,3]; alias(tau[0] = tau[0](t,x,y,u[])):
alias(xi[0] = xi[0](t,x,y,u[])) : alias(zeta[0] = zetal0](t,x,y,u[])):
alias(eta[0] = etal0](t,x,y,u[])) :
Z[1] := evalDG(tau[0] * Dy + xi[0] * Dy + zeta[0] * Dy + eta[0] * Dy[]);
alias(tau[l] = tau[1](t,x,y,u[])) : alias(xi[1l] = xi[1](t,x,y,u]])):
alias(zeta[l] = zeta[l](t,x,y,u[])) : alias(eta[l] = eta[l](t,x,y,u]])):
Z[2] := evalDG(tau[1] * Dy + xi[1] x Dy 4 zeta[l] * Dy + eta[1] * Dy[]);
X := evalDG(Z[1] + epsilon * Z[2]); Z3:= Prolong(Z[1],2):
EQ := LieDerivative(Z3,eq) : subs(u[l,1] =u[2,2] —u[3,3],EQ) :
EQ1 := expand(%);
sys :={coeffs(EQ1, [u[2],u[1],u[3],u[1, 2], u[2,2],u[3, 3],u[2, 3],u[1, 3],
u[1,1,1],u[1,1,2],u1,2,2],u2,2,2],u[1, 1,1, 1],u[1, 1, 1,2],u[t, 1,2, 2],ut,2,2,2],
u[2,2,2,2],u1,1,1,1,1],u[t,1,1,1,2],u[1,1,1,2,2],u[t,1,2,2,2],u[1, 2,2,2,2],
u[2,2,2,2,2],u[t,1,1,1,1,1],u[1,1,1,1,1,2),u[t,1,1,1,2,2],u[1, 1,1,2,2, 2],
ul1,1,2,2,2,2],u[1,2,2,2,2,2],u[2,2,2,2,2, 2]]); }sol := pdsolve(sys);
Z[1] := ((—3/4*_B2>kt2—|—1/4>|<(—_B1>|<y—6* B3%x+4% B8)xt
+1/4% (=3 %x2 + 2% y?) * B2+ B9xx+yx B5+ B10)*Dy
+(—3/4% B3xx*+1/4%(— Bl*xy—6% B2xt+4x B8)xx
+1/4% (=3%t2—2%y?)* B3+t* B9 —yx g6+ Bll)*D,
+((1/2) % Blxy?+(1/8% (8% B2xt+8% B3xx+8x% B4))*y
+(1/8 % (—t2 +x?)) * _Bl+ B5xt+ BExx+ B7)xDy
+(—1/2 % u[] * B2xt— 1/2 % u[] * B3xx+ 1/2xu[] *(3/2) * Blxy
+1/2 % u[] *2% B4+ 1/2 % u[] *2*_B8) Dyl ]);
Z4 := Prolong(Z[1],4) :
eql :=uf1,1] —u[2,2] — u[3,3] — epsilon * u[1] + epsilon * u[1]?
EQ1 := LieDerivative(Z4,eql) :

subs(u[1,1] = u[2,2] —u[3, 3] — epsilon * u[1] 4 epsilon * u[1]* EQ1) :



Y4\ Maple ;! (g paise (D0

PRE Compressor Kree Norsion,) . eq2:  u:— simplity(%):
Bl :=Prolong(Z[2],2) : E:=LieDerivative(B1,eq):
subs(u[l,1] =u[2,2] —u[3,3],E): El:= expand(% + H);
sysl :={coeffs(E1, [u[2],u[1],u[3],u[1, 2], u[2,2],u[2, 3], u[3, 3],u[1, 3],
u[1,1,1],u[1, 1, 2], 1,2, 2], 2, 2,2], 1,1, 1, 1],u[1, 1, 1,2],u[t, 1,2, 2], ut, 2,2, 2],
u[2,2,2,2],ut,1,1,1,1],u[t, 1,1,1,2],ut, 1,1,2,2],ut, 1,2,2,2],ut,2,2,2,2],
u[2,2,2,2,2],ut,1,1,1,1,1],u[t, 1,1,1,1,2],ut, 1,1,1,2,2],ut, 1,1,2,2,2],
u[1,1,2,2,2,2],u1,2,2,2,2,2],u[2,2,2,2,2,2]])}
n :=nops(sysl); sys4:= [seq(sysl[i]=0,i=1.n)]:

pdsolve(sysé4,parameters = B2, B1l, B5, B9, B3, B4, B8);

Jad o a5 (VYV.Y) ooy slo)l b G5 g o By olgzds Colgs 4 opols jlade b as
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ot (S iy Sl oolinal w3l (6508 sl alolae SG (slo 5 dlne (1
FracSym 45 diww Oyl .ol 00l 004331 Maple 4 T35S Lgz  cuSUl lawsgs Yoof Jlu ;o a5
2Ol oyl read Hgiws b g ool cuad yigaalS i (59, ABlax job 4 Lo lo U
Jbwe Glee a0 0,5 Sle21)8 1) )l with(FracSym) jeouwd b (s 90,5 o)Ll picces (53,
155G B 50 1) 0l (Bye poes b )0 aS euisS g8 alolee
p _ &p  ndp

ot~ Torz Ty
Sl giwd S8 L dloles il gl & Ll t € (0,7], (T < 00) 90 < a < Taoleo ol 4o

A.Jso Cewd 4 ) (gog, 4 Maple )

restart : read(”address/fracsym/ASPv4.6.3.mpl”) :

with(ASP): with(desolv):
read(”address/fracsym/FracSym.v1.16.txt”) : with(FracSym) :
Rfracdiff(u(x,t),t,alpha); Rfracdiff(u(x,t)& *v(x,t),t,alpha);
Rfracdiff(v(x,t)& xu(x,t),t,alpha); Rfracdiff(u(x,t)& *v(x,t),t,2);

TotalD(xi[x|(x,t),x%,2); evalTotalD([%)],[T],[x]);

¥ Alexei F. Cheviakov
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PDF Compressof: Freg Mersian ; .1ona) — (k) « diff(u(x, t), x, x)
+(k/x) xdiff(u(x,t),x);
deteqs := fracDet([fdel], [u], [, t],2,alpha = 0.1..1);
soll := pdesolv(expand(deteqs[l]),deteqs[3],deteqs[4]);

subs(sol1[3],deteqgs[2]);
ols wslgd GLis 1) g (e yB Hsiws (B

soll := [[x](x,t,u) = Coax + 2C4, {[t](x, t,u) = 2Cat + Cy,

n[u](x,t,u) = F5(X,t) + UOZCQ — uC4/X + uC5 — uCQ], [F5(X,t), C57 C4, CQ,C]_}
10l wales ol oaieS a8 Alolre (glys iy sloy )l olgds Colgd as yoloslade b oS

v —arg+2tg+( a— )2
1= I p pap?

0 ot
o po P
V2_25_;87p’ Vg—paip, Voo—h(r,t)%

Maple S8 b Sy i3lgd oo (yanol gl s sl 1.5
S sk o 1y (W2 = v cul = ) SIS e e SYolae oK
R'u,v] = vy — (u* 4+ 1)ug —u =0,

R*[u,v] = uy — vy = 0.

1098 o (e g Dyge & oo (pl sl Iy (2B el ol2
restart : with(DifferentialGeometry): with(JetCalculus):
with(Tools): DGsetup([x,t],[u,U,v,V],J,1);
EQL = v[2] — (u[]* + 1) *u[t] —u[]; R1:=V[2] - (U[]* + 1) * U[1] — U[];
EQ2 :=u[2] — v[1]; R2:=U[2] - V[1];
D1 :=S— > TotalDiff(S,x); D2:=S— > TotalDiff(S,t);
EULER1 := S— > diff(S,U[]) — D1(dif£(S,U[1])) — D2(dif£(S,U[2]));
EULER2 := S— > diff(S,V[]) — D1(dif£(S, V[1])) — D2(dif£ (S, V[2]));
alias(Lambdal = Lambdal(x,t,U[],V[])); alias(Lambda2 = Lambda2(x,t,U[],V[]));
eql := EULER1(Lambdal % R1 + Lambda2 * R2);
eq2 := EULER2(Lambdal * R1 + Lambda2 * R2);

simplify(eql); simplify(eq2);
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PDE; Gomprgssor Free XersioN 1 are]((1anbdat, 1ambda2)(x, t, u[], v[]));
with(PDEtools): PDEtools[declare|((lambdal,lambda2)(x,t,u[],v[]));
with(DEtools, diff_table);

Lambdal := diff table(lambdal(x,t,u[] v[]));

Lambda2 := diff table(lambda2(x,t,u[] v[]));

eql := Lambdal[u[ || — Lambda2[v|]];

eq2 := Lambda2[u[ ]] — Lambdal[v[]] * (u[]* + 1) = 0;

eq3 := Lambdal[x] * (u[]® + 1) — Lambda2[t] — Lambdal[u[]] — Lambdal|] = 0;

sys := [eql,eq2,eq3|; pdsolve(sys);

Maple <SS L: ;.«.ML) u.a..:‘g.‘) Mbu 7.\.7
10,50, jo 1) Kav dolee

Uggy T UUz + U = 07

oS o Joe 25 b9y 4 Maple S b alas (ol (Sl (55158 139,51 s 4 6l
restart: with(DifferentialGeometry): with(Tools): with(JetCalculus):
DGsetup([x,t], [u],M,3) : PDE :=u[2] +u[]*u[1] +u[1,1,1];

DE := DifferentialEquationData([PDE], [u[2]]) : DE1 := Prolong(DE,4) :

iota := Transformation(DE1): alias(Q = Q(x,t,uf])): EulerLagrange(Q *PDE):
op(%): Pullback(iota,%): expand(%):

sys :={coeffs(%, [u[1],u[t,1],u[t,1,1]])}; pdsolve(sys);

alias(P1 = P1(x,u[],u[t],u[1,1])) : alias(P2 = P2(x,u[],u[t], u[1, 1])) :
TotalDiff(P1,x) + TotalDiff(P2,t) — 1 % PDE:

{coeffs(%, [u[1,2],u[2,2],u[1,1,1],u1,1,2],u[1,2,2],u2,2,2]])}; pdsolve(%):;
alias(P1 = P1(x,u[,u[t],uf1,1])): alias(P2 = P2(x,u[],u[1],u[t,1])):
TotalDiff(P1,x) + TotalDiff(P2,t) — u[] * PDE : expand(%) :

{coeffs(%, [u[1,2],u[2,2],u[1,1,1],u[1,1,2],u[1,2,2],u[2,2,2]])}; pdsolve(%);
alias(P1 = Pi(x,u[],u[1],u[1,1])): alias(P2 = P2(x,u[],u[1],u[1,1])):
TotalDiff(P1,x) + TotalDiff(P2,t) — (t *u[] —x) * PDE: expand(%) :

{coeffs(%, [u[1,2],u[2,2],u[1,1,1],u[1,1,2],u[1,2,2],u[2,2,2]])}; pdsolve(%);
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ols

restart; with(PDEtools); with(DifferentialGeometry) :
DGsetup([t, x,y,u], M);
PDE := diff(u(t,x,y),t) — diff(u(t,x,y),x,x) — diff(u(t,x,y),y,y) =
v|[3] := evalDG(Dy);
with(PDEtools, InvariantTransformation,
ChangeSymmetry, InfinitesimalGenerator);
with(PDEtools, SimilarityTransformation,
ChangeSymmetry, InfinitesimalGenerator);
S1:= [xi[1] = 0,xi[2] = 1,xi[3] = 0,eta[l] = 0];
InvariantTransformation(S1,u(t,x,y),v(r,q,2));
ITR, TR := SimilarityTransformation(S1,u(t,x,y),v(r,q,2));
tr:=t=q,x=12z,y =r,u(t,x,y) =v(r,q); dchange(tr,PDE): simplify(%);
v[5] := evalDG(y * Dy — x * Dy);
S5 := [xi[1] = 0,xi[2] = y,xi[3] = —x, eta[l] = 0];
InvariantTransformation(85,u(t,x,y),v(r,q,2));
ITR, TR := SimilarityTransformation(S5,u(t,x,y),v(r,q,2));

tr := {t = q,x = tan(z) * Root0f((tan(z)? + 1) * Z2 — 1),
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dchange(tr,PDE) : simplify(%);
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The main topic of the present dissertation is to study the inclusive application of Lie groups and
geometry in fractional integro-differential equations. In this thesis, some types of differential equa-
tions of integer and fractional order and fractional integro-differential equation are introduced and
also, the basic concepts of fractional calculus are stated. Next, group analysis is extended to the dif-
ferential equations and after finding symmetries, invariant solutions of these equations are founded.
It is shown that by using this group analysis Conservation laws of differential equations of integer
and fractional order are calculated. These conservation laws lead us to find new solutions based on
symmetries. Under some suitable conditions, the infinitesimal criterion of invariance for detecting
Lie symmetries of fractional integro-differential equations with fractional derivative in both the
Caputo and Riemann—Liouville sense is constructed. Then by using the proved theorem for sym-
metries, the conservation laws of these equations are abtained. For simplicity in computing, the
Maple software and its application in finding symmetry groups and the conservation laws of the
differential equations of the integer and the fractional order are introduced.

key words: Fractional differential equations, Fractional integro-differential equations, Ca-
puto derivative, Riemann-Liouville derivative, Riemann-Liouville fractional integral, Lie sym-
metries, Invariant solutions, Noether’s theorem, Euler-Lagrange equations, Conservation laws,
Maple.
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