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1.2 S

rm(list=1s())

plus <- function (x) {
ifelse( x >= 0, x, 0 )

+

plus <- function (x) {
ifelse( x >= 0, x, 0 )

}

op <- par(mfrow=c(1,2))

plot (0, type="n",x1lim = c(-1, 2), ylim = ¢(-0.1, 0.5) ,xlab="x",ylab="pluse(x-a)")

for( a in c¢(-.5,1,0,.5)){

curve( plus(x - a),

lwd = 3,
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type="1" , add=T)
abline(h=0, v=c(-0.5,0,0.5,1), 1ty=3)
}
col ="grey60"
plot(0,type="n",xlim = c(-1, 2), ylim = c(-0.1, 0.5) ,xlab="x",ylab="pluse(x-a)~3")
for( a in c(-.5,1,0,.5)){
curve( plus(x - a)~5,
lwd = 3,
col = "grey30", add=T)
abline(h=0, v=c(-0.5,0,0.5,1), 1ty=3)

2.2 J

library ( ISLR)

attach (Wage )

agelims = range ( age )

age.grid =seq ( from= agelims [1], to= agelims [2])
library(splines)

plot(age ,wage , col =" gray ")

fit =1lm(wage~ bs(age , knots =c(25 ,40 ,60) ),data= Wage)
pred= predict(fit , newdata = list(age =age.grid),se=T)
plot(age ,wage , col =" gray ")

lines (age.grid ,pred$fit ,col ="blue ",lwd =2)

lines (age.grid , pred$fit +2% pred$se,col ="blue" ,1lty =2)
lines (age.grid ,pred$fit -2% pred$se ,col ="blue",lty =2)
abline(v=c(25 ,40, 60 ),lty=2)

fit2=1m( wage~ ns(age ,df =4) ,data= Wage)

pred2 = predict (fit2 , newdata =list (age =age.grid),se=T)
lines (age.grid , pred2$fit ,col =" red ",lwd =2)

lines (age.grid , pred2$fit + pred2$se,col =" red ",lty=2)

lines (age.grid ,pred2$fit -2% pred$se ,col =" red ",1lty=2)

legend ("topright", inset=0.02, legend=c("Natural Cubic Spline ","Cubic Spline"),
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1lwd=2, col=c("red", "blue"))

library(splines)

x <- seq(0, 2, length=50)

B=bs(x, knots=1,Boundary.knots=c(0,2), intercept=TRUE, degree=1)
matplot(x, B,type = "1", col =2:5, 1lwd = 2)

matplot(x, B,type = "1", col =c("black","red","blue"), lwd = 2)

n=10

xr=seq(0,n,by=0.1)
yr=sin(xr/2)+rnorm(length(xr))/2

db=data.frame (x=xr,y=yr)

plot(db)

par (mfrow=c(3,1))

B=bs(xr,knots=1:9 ,Boundary.knots=c(0,10),degre=1)
matplot (xr,B,type="1")

title(main="Bsplines of Order 1",font.main=1)
B=bs (xr,knots=1:9,Boundary.knots=c(0,10) ,degre=2)
matplot (xr,B,type="1")

title(main="Bsplines of Order 2",font.main=1)
B=bs (xr,knots=1:9,Boundary.knots=c(0,10) ,degre=3)
matplot (xr,B,type="1")

title(main="Bsplines of Order 3",font.main=1)

library(monreg)

op <- par(mfrow=c(1,2))

y <= ¢(1:3,5,9,7:3,2%(2:5) ,rep(15,4))
plot(y, col.main = 1)

x <- seq(l,length(y), len=201)

s02 <- smooth.spline(y, spar = 0.1)

3.2 JSs

4.2 [

5.2 Jo
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lines(predict(s02, x), col = 2)
title(main="spar=0.1")

y <= ¢(1:3,5,9,7:3,2%(2:5) ,rep(15,4))
plot(y, col.main = 2)

x <- seq(l,length(y), len=201)

s02 <-smooth.spline(y, spar = 0.8)
lines(predict(s02, x), col = 2)

title(main="spar=0.8")

6.2 JSi

library (MASS) # data sets

library(splines) # B-splines

library(mgcv)

knots_eq <- function(x, k, m)

{

c(min(x) - ((k-1):0) * (max(x)-min(x))/(m+1),
seq(from=min(x), to=max(x), length.out=m+2) [-c(1,m+2)],
max(x) + (0:(k-1)) * (max(x)-min(x))/(m+1))

}

# functions for polynomial regression

polynom <- function(x, p)

{
if (p==0) { return("1") %
if (p >0) {

return(paste(polynom(x=x, p=p-1), " + I(", x, """,

p, ")", sep="")) }

}

polynom_m <- function(x, p)

{

if (p==0) { return(as.matrix(rep(l,length(x)))) }

if (p >0) { return(cbind(polynom_m(x=x,p=p-1),x"p)) }
}

# functions for information criteria

AIC <- function(res, H)
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{

log(sum(res™2)/length(res)) + 2*sum(diag(H))/length(res)
}

SIC <- function(res, H)

{

log(sum(res~2)/length(res)) +sum(diag(H))*log(length(res))/length(res)
}

CV <- function(res, H)

{

sum((res/(1-diag(H)))"2)

}

GCV <- function(res, H)

{

sum(res~2)/(1-sum(diag(H))/length(res)) "2

}

normed <- function(x) { (x-min(x))/(max(x) - min(x)) }
times <- mcycle$times

accel <- mcycle$accel

k <-4

m <- 20

D <- matrix(0, nrow=m+k-2, ncol=m+k)

for (j in 1:(m+k-2))

{

d_j <- c(rep(0,j-1),1,-2,1,rep(0, (m+k)-3-(j-1)))
e_j <= c(rep(0,j-1), 1 ,rep(0, (m+k)-3-(j-1)))

D <= D + e_j%*%t(d_j)

}

D

y_star <- c(accel, rep(0,m+k-2))

y_star

X_spl <- splineDesign(x=times, knots=knots_eq(times,k,m), ord=k)
X_spl

1ls <-c(0,1,50,10710)
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cols_1 <- rainbow(length(ls))

cols_1

par (mai=c(0.65,0.6,0.1,0.1), mgp=c(2,1,0))

plot(times, accel, xlab="time", ylab="acceleration", pch=16)

for (11 in 1:length(1s))

{

1 <- 1s[11]

X_star <- rbind(X_spl, sqrt(1)*D)

est <- lm(y_star ~ -1 + X_star)

plot(function(x) splineDesign(x=x, knots=knots_eq(times, k, m), ord=k) %x%
est$coef,

from=min(times), to=max(times), add=TRUE, 1lwd=2, col=cols_1[11])

}

legend("bottomright", inset=0.02, col=cols_1, lwd=2, ncol=2, cex=0.8,

legend=parse(text=paste("lambda==", ls, sep="")))

1.3 S

lambdas <- c(10°{-5}, 1:400/100)
AICs <- rep(NA, length(lambdas))
SICs <- AICs

GCVs <- AICs

CVs <- AICs

for (11 in 1:length(lambdas))

{

1 <- lambdas[11]

X_star <- rbind(X_spl, sqrt(1)*D)
est <- lm(y_star ~ -1 + X_star)
Hat <- X_spl %*% solve(t(X_star)%*%X_star) %*) t(X_spl)
Res <- accel - X_spl¥*) est$coef
AICs[11] <- AIC(res=Res, H=Hat)
SICs[11] <- SIC(res=Res, H=Hat)
GCVs[11l] <- GCV(res=Res, H=Hat)
CVs[11l] <- CV(res=Res, H=Hat)

}
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par(mai=c(0.65,0.4,0.1,0.1), mgp=c(2,1,0))

plot(range(lambdas), 0:1, type="n", yaxt="n", xlab=expression(lambda) ,ylab="")
axis(2, at=0.5, label="(scaled) AIC, SIC, CV, GCV", tick=FALSE, line=-0.5)
SCs <- c("AICs", "SICs", "CVs", "GCVs")

for (SC in 1:length(SCs))

{

points(lambdas, normed(get(SCs[SC])),

type="1", 1lwd=2, col=rainbow(4) [SC])

abline (v=lambdas [which(get (SCs[SC])==min(get (SCs[SC])))],col=1)

}

legend("topright", inset=0.02,

legend=c(paste("AIC (", lambdas[which(AICs==min(AICs))], ")", sep=""),
paste("SIC (", lambdas[which(SICs==min(SICs))], ")", sep=""),

paste("CV (", lambdas[which(CVs ==min(CVs ))], ")", sep=""),

paste("GCV (", lambdas[which(GCVs==min(GCVs))], ")", sep="")),

col=rainbow(4), lwd=2, bg="white")

33423 JS

library(MASS) # data sets

library(splines) # B-splines

library(mgcv)

knots_eq <- function(x, k, m)

{

c(min(x) - ((k-1):0) * (max(x)-min(x))/(m+1),
seq(from=min(x), to=max(x), length.out=m+2)[-c(1,m+2)],
max(x) + (0:(k-1)) * (max(x)-min(x))/(m+1))

}

# functions for polynomial regression

polynom <- function(x, p)

{

if (p==0) { return("1") }

if (p >0) {

return(paste(polynom(x=x, p=p-1), " + I(", x, "™",

P, u)n, sep=”")) }
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}

polynom_m <- function(x, p)

{

if (p==0) { return(as.matrix(rep(l,length(x)))) }

if (p >0) { return(cbind(polynom_m(x=x,p=p-1),x7p)) }

}

# functions for information criteria

AIC <- function(res, H)

{

log(sum(res~2) /length(res)) + 2*sum(diag(H))/length(res)
}

SIC <- function(res, H)

{

log(sum(res~2) /length(res)) +sum(diag(H))*log(length(res))/length(res)
}

CV <- function(res, H)

{

sum((res/(1-diag(H)))~2)

}

GCV <- function(res, H)

{

sum(res”2)/(1-sum(diag(H))/length(res)) "2

+

normed <- function(x) { (x-min(x))/(max(x) - min(x)) }
times <- mcycle$times

accel <- mcycle$accel

m <- 3

ks <-4

#cols_k <- rainbow(length(ks))

par (mai=c(0.65,0.6,0.1,0.1), mgp=c(2,1,0))

plot(times, accel, xlab="time", ylab="acceleration", pch=16)
abline(v=knots_eq(times, 1, m), lty=c(l,rep(2,m),1), col="grey60")
for (kk in 1:length(ks))

{
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k <- ks[kk]

est <- lm(accel ~ -1 +

splineDesign(x=times, knots=knots_eq(times, k, m), ord=k))
plot(function(x) splineDesign(x=x, knots=knots_eq(times, k, m), ord=k) %x%
est$coef,

from=min(times), to=max(times), n=1001, lwd=2, col=cols_kl[kk], add=TRUE)

}

legend("bottomright", inset=0.02, legend=c(paste("k = ",ks,sep=""), "knots=3"),
1lwd=2, 1lty=c(rep(l,length(ks)),2), col=c(cols_k, "grey60"), bg="white")

m <-30

ks <- 4

#cols_k <- rainbow(length(ks))

par(mai=c(0.65,0.6,0.1,0.1), mgp=c(2,1,0))

plot(times, accel, xlab="time", ylab="acceleration", pch=16)
abline(v=knots_eq(times, 1, m), lty=c(l,rep(2,m),1), col="grey60")

for (kk in 1:length(ks))

{
k <- ks[kk]
est <- 1lm(accel ~ -1 +

splineDesign(x=times, knots=knots_eq(times, k, m), ord=k))

plot(function(x) splineDesign(x=x, knots=knots_eq(times, k, m), ord=k) %x%
est$coef,

from=min(times), to=max(times), n=1001, 1lwd=2, col=cols_kl[kk], add=TRUE)

}

legend("bottomright", inset=0.02, legend=c(paste("k = ",ks,sep=""), "knots=30"),

lwd=2, lty=c(rep(l,length(ks)),2), col=c(cols_k, "grey60"), bg="white")

4.3 o

library ( ISLR)

attach (Wage )

agelims = range ( age )

age.grid =seq ( from= agelims [1], to= agelims [2])
library(splines)

plot(age ,wage , col =" gray ")
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fit2=1m( wage~ ns(age ,df =4) ,data= Wage)

pred2 = predict (fit2 , newdata =list (age =age.grid),se=T)
lines (age.grid , pred2$fit ,col =" red ",lwd =2)
abline(v=c(33.75 ,42.00, 51.00 ),1lty=2)

lines (age.grid , pred$fit +2* pred$se,col =" red ",lty=2)
lines (age.grid ,pred$fit -2% pred$se ,col =" red ",lty=2)
dim (ns(age , knots =c(25 ,40 ,60) ))

dim (ns(age ,df =4))

attr(ns(age,df =4) ,"knots")

53 Jo

set.seed(11)
x <- runif(100,-2,2)
# generate the y response
y <= 2*x”3 + x72 - 2*x +5 + rnorm(100)
plot(x,y)
Xy <- data.frame(x=x, y=y)
library(ggplot2)
# specify the maximum polynomial degree that will be explored
max.poly <- 7
# cretaing data.frame which will store model predictiomns
# that will be used for the smooth curves in Fig. 1
x.new <- seq(min(x), max(x), by=0.1)
degree <- rep(l:max.poly, each=length(x.new))
predicted <- numeric(length(x.new)*max.poly)
new.dat <- data.frame(x=rep(x.new, times=max.poly),
degree,
predicted)
# fitting 1m() polynomials of increasing complexity
# (up to max.degree) and storing their predictions
# in the new.dat data.frame
for(i in 1:max.poly)
{

sub.dat <- new.dat[new.dat$degree==i,]
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new.dat [new.dat$degree==1i,3] <- predict(Im(y~poly(x, i)),

newdata=data.frame(x=x.new))

**

plotting the data and the fitted models

<- ggplot

+ geom_point(aes(x, y), xy, colour="darkgrey")#darkgrey

+ geom_line(aes(x, predicted,colour=as.character(degree)) , new.dat)

+ scale_colour_discrete(name = "Degree")

T - o v o

6.3 JSo

# creating empty data.frame that will store
# AIC and BIC values of all of the models
ATIC.BIC <- data.frame(criterion=c(rep("AIC",max.poly),
rep("BIC",max.poly)),
value=numeric (max.poly*2),
degree=rep(l:max.poly, times=2))
# calculating AIC and BIC values of each model
for(i in 1:max.poly)
{
AIC.BIC[i,2] <- AIC(Im(y~poly(x,i)))
AIC.BIC[i+max.poly,2] <- BIC(1m(y~poly(x,i)))
}
a <- data.frame(cross=numeric(max.poly))
for(i in 1:max.poly)
{
ali,1] <- crossvalidate(x, y, degree=i)
}
# plotting AIC and BIC against model complexity
# (which is the polynomial degree)
AIC.plot <- gplot(degree, value, data=AIC.BIC,
geom="1line", linetype=criterion) +
xlab("Polynomial degree") +

ylab("Criterion value") +
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labs(title="Information theory & Bayes")+
geom_segment (aes (x=3, y=400,
xend=3, yend=325),
arrow = arrow(length = unit(0.3, "cm"),
angle=20, type="closed")) +
theme (legend.position=c(0.8,0.5))
AIC.plot

7.3 S

# function that will perform the "leave one out"
# crossvalidation for a y~poly(x, degree) polynomial
crossvalidate <- function(x, y, degree)
{
preds <- numeric(length(x))
for(i in 1:length(x))
{
x.in <- x[-i]
x.out <- x[i]
y.in <- y[-i]
y.out <- x[i]
m <- Im(y.in ~ poly(x.in, degree=degree) )
new <- data.frame(x.in = seq(-3, 3, by=0.1))
preds[i]<- predict(m, newdata=data.frame(x.in=x.out))
}
# the squared error:

return(sum((y-preds) ~2))

crossvalidating all of the polynomial models
and storing their squared errors in
the "a" object

plotting crossvalidated squared errors agains

= O H O H O H O

model complexity

cross.plot <- gplot(l:max.poly,cross, data=a, geom=c("line"))+
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xlab("Polynomial degree") +
ylab("Squared error") +
geom_segment (aes (x=3, y=400,

xend=3, yend=200),
arrow = arrow(length = unit(0.3, "cm"),
angle=20, type="closed")) +
labs(title="Crossvalidation")

cross.plot
o, slaosls Jlw 4 bgs o oS

library(gamlss)

PPP <- par(mfrow=c(2,2))

plot(R~F1, data=rent, col=gray(0.7), pch=15, cex=0.5)

plot(R~A, data=rent, col=gray(0.7), pch=15, cex=0.5)

plot(R~H, data=rent, col=gray(0.7), pch=15, cex=0.5)

plot(R~loc, data=rent, col=gray(0.7), pch=15, cex=0.5)

par (PPP)

rl <- gamlss(R ~ Fl+A+H+loc, family=NO, data=rent, trace=FALSE)
plot(rl)

r2 <- gamlss(R ~ Fl+A+H+loc, family=GA, data=rent)

plot(r2)

r3 <- gamlss(R ~ pb(F1)+pb(A)+H+loc, family=GA, data=rent,trace=FALSE)
drop1(r3)

wp(r3, ylim.all=.6)

r4 <- gamlss(R ~ pb(F1)+pb(A)+H+loc, sigma.fo=~pb(F1)+pb(A)+H+loc,
family=GA, data=rent, trace=FALSE)

wp(r4, ylim.all=.6)

r6 <- gamlss(R ~ pb(F1)+pb(A)+H+loc, sigma.fo=~pb(F1)+pb(A)+H+loc,
nu.fo=~1, family=BCCGo, data=rent, trace=FALSE)

r7 <- gamlss(R ~ pb(F1)+pb(A)+H+loc,sigma.fo=~pb(F1)+pb(A)+
H+loc,nu.fo=~pb(F1)+pb(A)+H+loc, family=BCCGo, data=rent,trace=FALSE)
wp(r6, ylim.all=.6) ; title("r6: BCCG(mu, sigma)")

wp(r7, ylim.all=.6) ; title("r7: BCCG(mu, sigma, nu)")

Pl ladiss slaools Jlie 4 bgs e oS
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library(gamlss)

data(species)

# creating the log(lake)

species <- transform(species, x=log(lake))
plot(fish~x,data=species)
mSI<-gamlss(fish~poly(x,2),data=species, sigma.fo=~1, nu.fo=-x,
family=SICHEL, n.cyc=60, trace=FALSE)

plot(fish~log(lake), data=species)
lines(species$x[order(species$lake)], fitted(mSI) [order(
species$lake)], col="red")

m9 <- gamlss(fish~poly(x,2), nu.fo=~x, data=species, family=SICHEL,
trace=FALSE)

wp (m9)
& s Do slroold s bogs e oS

data(aep)

prop<-with(aep, noinap/los)

par (mfrow = c(2, 2))

plot(prop~age, data=aep, cex=los/30)
plot (prop~sex,data=aep)

plot (prop~ward,data=aep)

plot(prop~year,data=aep)

p.l.d GLQOQ‘O a Jaﬁ.’).n K\Y

library(gamlss)

data(£ilm90)

#attach(£ilm90)

names (£i1m90)

## [1] "lnosc" "lboopen" "lborevi" "dist"

par (mfcol = c(1,2))

with(£ilm90, plot(lnosc,lborevl,pch=c(21,24) [unclass(dist)],
bg=c("red","lightgray") [unclass(dist)],

xlab="log no of screens", ylab="log extra revenue", main="(a)"))

legend ("bottomright",legend=c("Independent","Major"),pch=c(21,24),
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pt.bg=c("red","lightgray"),cex=0.7)

with(£i1lm90, plot(1lboopen,lborevl,pch=c(21,24) [unclass(dist)],
bg=c("red","lightgray") [unclass(dist)],

xlab="log opening revenue", ylab="log extra revenue", main="(b)"))
legend ("bottomright",legend=c("Independent","Major"),pch=c(21,24),
pt.bg=c("red","lightgray"),cex=0.7)

install.packages("rgl")

library(rgl)

with(£ilm90, plot3d(lboopen, lnosc, lborevl,

col=c("red","green3") [unclass(dist)]))
install.packages("gamlss.add")

library(gamlss.add)

m6 <- gamlss(lborevi~ga(~te(lboopen,lnosc))+dist, data=film90,trace=FALSE)
wp(m6, ylim.all=1.1)

library(mgcv)

plot (getSmo(m6))

vis.gam(getSmo (m6) ,theta = 0, phi = 30)

m7<- gamlss(lborevi~ga(~te(lboopen,lnosc))+dist,
sigma.fo=~ga(~te(lboopen,lnosc))+dist,

data=film90, trace=FALSE)

wp(m7, ylim.all=1.1)

m8 <- gamlss(lborevl ~ pb(lboopen)+pb(lnosc) + dist,

sigma.fo = ~ pb(lboopen)+pb(lnosc) + dist,
nu.fo = ~ pb(lboopen)+pb(lnosc) + dist,
tau.fo = ~ pb(lboopen)+pb(lnosc) + dist,

family = BCPE, data = film90, trace=FALSE)

m9 <- gamlss(lborevl ~ ga(~te(lboopen,lnosc)) + dist,

sigma.fo = ~ ga(~te(lboopen,lnosc)) + dist,
nu.fo = ~ ga(~te(lboopen,lnosc)) + dist,
tau.fo = ~ ga(~te(lboopen,lnosc)) + dist,

family BCPE, data = film90, n.cyc=20, trace=FALSE)
par (mfrow=c(1,2))
wp(m8, ylim.all=0.5)

wp(m9, ylim.all=0.5)
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wp(m9, xvar=~lboopen+lnosc, ylim.worm=1)
ol g 2 aosls 4y Loy e oS

library(gamlss.spatial)

data(columb)

data(columb.polys)

ml <- gamlss(crime~ gmrf(district, polys=columb.polys), data=columb)

draw.polys(columb.polys, getSmo(ml), scheme="topo")
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Aabstract

Regression analysis is, in fact, the most widely used method amongst statistical techniques and
a statistical tool for identifying the relationship between one or more covariates with a response
variable. When a linear regression model is not efficient for analyzing a data set, we can use
non-parametric regression methods. Splines as one of the interpolation tools are a powerful non-
parametric method for modeling nonparametric regression. Splines construct curves that include
polynomials of the same degree on substructures of a specified interval and join together with
defined contiguous conditions, and pass through common knots between the two infrastructures.
During the years since the introduction of Splines, their theoretical foundations have been devel-
oped, and different versions have been introduced. Penalized Splines (P-Splines) are among the
most widely used tools for nonparametric modeling and smoothing problems. The appearance of
P-Splines with many changes in smoothing problems has become a running and active field of
research. Due to the broad applications and importance of Splines, we are going to introduce them

and their growth as well as the development process and some of their features.

Keywords: Penalized Splines, Smoothing, Generalized Linear Models, Generalized Additive Mod-

els, Akaike Information Criterion.
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