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�õÀÖõ���ú� �ÜÞ�¥� ���®�þ¤ ¥� üÔÜµ¿õ ý�û Ç¿�¤¢ üÞúõ ÇÖ÷ ù¤��Þû °þÂÖ� ßþÂµú��Ü�¨ø �� °þÂÖ� ßþÂµú� ¶½� ��Âð� ���õ¥ ßþ� ¤¢ .À�î üõ �Ôþ�..ø ¢�Êµì�ø ý¥�¨ø ���®�þ¤ ¤¢ üÞúõ ø ¢�þ¥ ¢Â�¤�î ¤�ÀõÂ÷ ý�û�Ìê ¤¢ �À½õ ý�û �ä�Þ¹õÂ¬��äüõ �ÜÿÆõ ùÀ��î ¢øÀ½õ Íþ�Âª ¥� ö¢�� �À½õ ��ìø� üû�ð �õ� ,´¨� �µª�¢ ��ÜäÂÚþ¢ùÀª �ÂÎõ Û��Æõø �þ�Ìì À�÷��µ � �î À�µÆû üÎþ�Âª ñ�±÷¢ �� ö�ÖÖ½õ �Áó .Àª��ý�û �ä�Þ¹õ ýø¤ üä�÷ �� �¤ �À½õ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� ¶½�¤¢�� Rubinov,Singerö�� ý¢�Âê� �Àµ�� �µ¨�¤ ßþ�¤¢ .À�û¢ ©ÂµÆðø Ý�Þã� �À½õ�÷Âµî¢ Àã� ý�úó�¨¤¢ ø À�µ¡�¢Â� Rn ý�Ìê¤¢ ¢¤���� ø ¢¤��÷�¢ ý�û �ä�Þ¹õ üêÂãõ�� �Àµ�� �õ�÷ ö�þ�� ßþ� ¤¢ �õ .´¡�¨ �ÂÎõ Å��� ý�Ìê¤¢ �¤�û �ä�Þ¹õ ßþ� ü±½õ.´¡�¢Â� Ý�û��¡ ùÀª ��¹÷� ��õ�Àì� ßþ�¥� üþ�û �ª�ðü¨�¨� ¶��±õ¥� ü��õÀÖõ Ûõ�ª ñø� ÛÊê .Àª�� üõ ÛÊê ¤�ú� ý�¤�¢ �õ�÷ ö�þ�� ßþ�üêÂãõ �ø¢ ÛÊê¤¢ .Àª�� üõ °þÂÖ� ßþÂµú� üþ�Àµ�� Óþ¤�ã�ø üÎ¡Â±�ø ��ó�÷� ¥��û�ä�Þ¹õ ßþ� ö¢�� ñ���Þ�ÆîøÂ� ü¨¤Â� ø ö� ý�û �Ê¿Èõ ø ¢¤��÷�¢ ý�û �ä�Þ¹õ¢¤��÷�¢ �µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ ¶½� ��¨ ÛÊê¤¢ .Ýþ¢�¢ ¤�Âì �ãó�Îõ ¢¤�õ �¤.Ý��î üõ ö����¤ ë�ê ý�û �ä�Þ¹õ ¥� ý¢Â�¤�î ø Ýþ¥�¨ üõ �ÂÎõ�¤üõ Rn ý�Ìê ¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� ¶½� �� �¤�ú� ÛÊê¤¢üä�÷ �� �î Ý��î üõ üêÂãõ �¤ ü�À½õ�÷ ÀþÀ� ý�û �ä�Þ¹õ �Ìê ßþ�¤¢ ø Ýþ¥�¢Â�¥� �Â÷ �ê�� ý�û ´ª�Ú÷ ×Þî �� ø À�µÆû �¤�¢ �¤ ë�ê �ä�Þ¹õ �� öÀª ÛþÀ±� ´�Ü��ì�î Å��� ý�Ìê ¤¢ «�¡ ý�û �ä�Þ¹õ °þÂÖ� ßþÂµú� ßµê�þ ¤¢ üä�÷ �� ¶½� ßþ�.¢Âî Ý�û��¡ ù¢�Ôµ¨� À÷�ª üõ �µª�Ú÷ �û �ä�Þ¹õ ßþ� �� �Â÷ �ê�� ý�û ´ª�Ú÷ Í¨��
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ùÀ���Ø�ÓÜµ¿õ ý�û Ç¿� ¤¢ ý� ù¢ÂµÆð ¤�Ï �� Â �¡� ý�úó�¨¤¢ °þÂÖ � ßþÂ µú � ¶½�üõ ù¢Â �¤� î � � üÆ þ� ÷ � õ� ÷Â � ü µ�ø ý¢Àä, ý¥�¨ � � �ú � Û ��Æõ � ÜÞ�¥�ü®� þ¤�ÎÖ÷ �� ´±Æ÷ �î �ä�Þ¹õ×þ¥� üÏ�Ö÷ ßµê�þ ¶½� ö� ý¢�úª ø ù¢�¨ ñ�·õ.¢�ª��ø üðÀ÷¥ ¤¢ ý¢�þ¥ ý�û¢Â�¤�î �î À�ª�� �Ü¬�ê ßþÂµÞî ý�¤�¢ �Ìê ö�Þû ¤¢ ý�.´¨� �µª�¢ ù�ÂÞû �� ý¢�Êµì� Û��Æõ «�Ê¡üõ Å��� ý�Ìê ¤¢ «�¡ ý�û �ä�Þ¹õ üêÂãõ �Àµ�� �õ�÷ ö�þ�� ßþ� ¤¢�õ üÜ¬� éÀûüÎþ�Âª Å³¨ .À�µÆ�÷ ü�À½õ ý�û �ä�Þ¹õ �fõø�ó �î ,À÷� üðÄþø ßþ� ý�¤�¢�î Àª��üõ ¤¢ °þÂÖ� ßþÂµú� ¯�Ö÷ �ä�Þ¹õ ´þ�Ìä �� ,�ä�Þ¹õ ßþ� ¥� üÏ�Ö÷ �ú÷� ´½� �î�ä�Þ¹õ ßþ�¥� ü¬�¡ ý�û�ä�Þ¹õ Âþ¥ �� �õ�¢� ¤¢ .Ý�û¢ üõ ¤�Âì �ãó�Îõ¢¤�õ �¤ À�þ��� �û �ä�Þ¹õ ßþ� ¢Â�¤�î �� ý� ù¤�ª� ß��»Þû .Ýþ¥�¢Â� üõ�ú÷� ß�� ¯�±�¤� ø �ûÝ�û��¡�Ìê ßþ� ¤¢ �µÆ� ý�û �ä�Þ¹õ ü¡Â� ö¢�� ñ���Þ�ÆîøÂ� ö¢�¢ ö�È÷ ¤�Ñ�õÝ�û¢ üõ ¤�Âì �ãó�Îõ ¢¤�õ ��÷�¤ �ä�Þ¹õ ßþ� ö�õ�Þû °þÂÖ� ßþÂµú� ¶½� .´ª�¢���¤�ø ÀþÀ� ý�û �ä�Þ¹õ °þÂÖ� ßþÂµú� ý�Â� ùÀõ� ´¨À� ¸þ�µ÷ ¥� ��÷ ö�þ��¤¢ .. ¢Âî Ý�û��¡ ù¢�Ôµ¨�¤�Øû�¤ý�Ìê ,¢¤��÷�¢ �ä�Þ¹õ ,°þÂÖ� ßþÂµú� , ñ���Þ�ÆîøÂ� �ä�Þ¹õ :ýÀ�Üî ��ÞÜî. Å���

6



���¤À�õ ´¨Âúê
4 ��õÀÖõ 14 : : : : : : : : : : : : : : : : : : : : : : ü��õÀÖõ Óþ¤�ã� ø ��óø� Ý�û�Ôõ 1.18 : : : : : : : : : : : : : : : : : : : : : : : °þÂÖ� ßþÂµú� 1.1.111 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� 212 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ��õÀÖõ 1.214 : : : : : : : : : : : : : : : : : ö� ý�û �Ê¿Èõ ø �û¢¤��÷�¢ 1.1.221 : : : : : : : : : : : : : : : : : : : : : : : : ¢¤��÷�¢ �fÀ�î� ý�û �ä�Þ¹õ 2.225 : : : : : : : : : : : : : : : ¢¤��÷�¢ ý�û �ä�Þ¹õ¤¢ °þÂÖ� ßþÂµú� ¢��ø 3.227 : : : : : : : : : : : : : : : : : : : : : : : : : : : ¢¤���� ý�û �ä�Þ¹õ 4.21



2 ���¤À�õ ´¨Âúê
28 : : : : : : : : : : : : : : : : : ¢¤��÷�¢ ý�û �ä�Þ¹õ ý�û üðÄþø ü¡Â� 5.230 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : �Ü¬�ê ßµê�þ 6.233 : : : : : : : : : : : : : : : : : : : : : : : : : : : Ýµþ¤�Úó� 1.6.235 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ 336 : : : : : : : : : : : : : : : : : : : ñ�õÂ÷ ý�û �ä�Þ¹õ ø ¢¤��÷�¢ �µ¨�� 1.340 : : : : : : : : : : : ñ�õÂ÷ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� 1.1.342 : : : : : : : : : : : : : : : : : : : : : : : : : : : : �û ¢¤��÷�¢ ¢Â�¤�î 2.348 : : : : : : : : : : : : : : : : : : : : : : : : : : �¹�µ÷ ×þ 1.2.349 : : : : : : : : : : : : : : : : : : : : : : °��Â� �ê�� â���� ø �û ¢¤��÷�¢ 3.351 : : : : : : : : : : : : : : : : : : : : : �û ¢¤��÷�¢ ö�õ�Þû °þÂÖ� ßþÂµú� 4.355 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ 455 : : : : : : : : : : : : : : : : : : : Rn ý�Ìê ¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ 1.4



3 ���¤À�õ ´¨Âúê59 : : : : : : : : : : : : : : : : : : : : : : : : : : : �û ¢¤��÷�¢ �±ª- m 2.465 : : : : : : Ý�ÖµÆõ âÞ� Û¬�� ý�Ìê ¤¢ �û¢¤��÷�¢ �±ª- m 1.2.466 : : : : : : : : : : : : : : : : : ý¤�Æ÷�� �Â® ý�Ìê ¤¢ °þÂÖ� ßþÂµú� 3.470 â��Âõ75 üÆ�ÜÚ÷� �� ü¨¤�ê ý�õ�÷ù��ø 178 ü¨¤�ê �� üÆ�ÜÚ÷� ý�õ�÷ù��ø 2



1 ÛÊê
��õÀÖõ

ü��õÀÖõ Óþ¤�ã� ø ��óø� Ý�û�Ôõ 1.1üõ °þÂÖ� ßþÂµú� ¶½� , üÖ�Ö� ��ó�÷� ,�� â��¤ ü��õÀÖõ ,ü¨�¨� ´ÞÆì ø¢ Ûõ�ª Ç¿� ßþ��ú÷� ��±�� ø ������ ö��� ¥� ,Àª�� �µª�¢ üþ��ª� �ú÷� �� ùÀ�÷��¡ ¢ø¤ üõ ¤�Ñµ÷� ö�� �õ� .Àª��.´¨� ùÀª �µêÂð [19℄ ø [18℄ ,[9℄ â��Âõ ¥� Ç¿� ßþ� °ó�Îõ .Ý��îüõ ý¤�¢¢�¡´¨� ý� �Î��¤ S Â� °��Â� ×þ .Àª�� ù��¿ó¢ �ä�Þ¹õ ×þ S À��î ­Âê 1.1 .1 .ÓþÂã�:À�î ëÀ¬ Âþ¥ Íþ�Âª¤¢ �î � À�÷�õ( x 2 S x � x ,x 2 S Âû ý�Â� ) ü¨�Øã÷� (1(x � y ; y � x) y = x ,x; y 2 S Âû ý�¥��� ) ö¤�Öµõ¢�� (2( x � y ; y � z ) x � z,x; z; y 2 S Âû ý�¥��� ) ýÀãµõ (3°��Â� ×þ S ýø¤ Â� �Ø��¤�¬ ¤¢ Ý�õ�÷ üõ °�Âõ �ä�Þ¹õ ×þ �¤ S �ä�Þ¹õ 2.1 .1 .ÓþÂã�.Àª�� ùÀª ÓþÂã� � À�÷�õ4



5 ��õÀÖõ .1 ÛÊê¤�ÀõÂ÷ ý�ÌêÂû ø � üÖ�Ö� ¢Àä Âû ý�Â � ø Àª� � üÜ �� ùøÂ ð ×þ (X;+) À� � î ­Âê 3.1 .1 .ÓþÂã�,ù�ðÂû Ý�þ�ð üÖ�Ö� ¢�Àä� ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ �¤ X �¤�Ê�þ� ¤¢ .�x 2 X ,x 2 X,�; � 2 R Âû ø x; y 2 X Âû ý�Â��(x+ y) = �x+ �y (1(�+ �)x = �x+ �x (2�(�x) = (��)x (3;1x = x (4�Â÷ ×þ �¤ k � k : X ! [0;1) â��� .Àª�� ý¤�¢Â� ý�Ìê ×þ X À��î ­Âê 4.1 .1 .ÓþÂã�:ù�ðÂû Ý�õ�÷ X ýø¤;kxk � 0 ,x 2 X Âû ý�¥��� (1;x = 0 Âð� �ú�� ø Âð� ,kxk = 0 (2;kx+ yk � kxk+ kyk ,x; y 2 X Âû ý�¥��� (3;k�xk = j�jkxk ,� 2 R ø x 2 X Âû ý�¥��� (4Çþ�Þ÷ (X; k � k) �� �¤ ö� ø Ý�õ�÷üõ ¤�¢ �Â÷ ý¤�¢Â� ý�Ìê �¤ k � k �Â÷ �� �ú¹õ X ý¤�¢Â� ý�Ìê.Ý�û¢üõßþ�¤¢ Àª�� üÖ�Ö� ¢�Àä�¥� °�Âõ ý�û üþ�� n ��Þ� ý�Ìê Rn Ý��î ­Âê 1.1 .1 . ñ�·õÀª�� üõ Rn ýø¤ �Â÷ ×þ k x k= maxi2I j xi j �¤�¬�õ�÷ ö�þ� � ßþ� ñ�Ï ¤¢ Âþ¥ ý�û ¢�Þ÷ ¥� �õ �¤�¬ ßþ� ¤¢ .Àª�� ¤�ÀõÂ÷ ý�Ìê X À��î ­Âê: Ý��î üõ ù¢�Ôµ¨�x+ = max(x;0) ; x� = �min(x;0)



6 ��õÀÖõ .1 ÛÊêj x j= supfx;�xgx = x+ � x� �î ´¨� üúþÀ� ß��»Þû¤¢ ¢�ª üõ �µÔð x�ÎÖ÷ �� �ÂÚÞû X ¤�ÀõÂ÷ ý�Ìê ¥� xn À�÷�õ �ó�±÷¢ ×þ 5.1 .1 .ÓþÂã�: �Ø��¤�¬8" � 0 9N0 2 N 8n 2 N n � N0 ) k xn � x k� ".Ý�û¢ üõ Çþ�Þ÷ xn ! x �¤�¬ �� �¤ ö� �õ �îÛõ�î �Â÷ ×þ k � k ù�ðÂû ,Ý� þ�ð  �÷� � ý�Ìê �¤ (X; k � k) ý¤�¢Â� ý�Ìê 6.1 .1 .ÓþÂã�.Àª�� �ÂÚÞû X ¤¢ üª�î �b ó�±÷¢ Âû ,d(x; y) = kx� yk Âµõ �� ´±Æ÷ ü�ãþ .Àª�� X ýø¤ý�¥� �� Âð� Ý�õ�÷ üõ �µÆ� �¤ X¤�ÀõÂ÷ ý�Ìê ¥� K À�÷�õ �ä�Þ¹õ Âþ¥ ×þ 7.1 .1 .ÓþÂã�¢�¡ ýÀ� ¯�Ö÷ ��Þ� Ûõ�ª K ÂÚþ¢ �¤�±ä �� .x 2 Kù�Ú÷� xn ! x �î üÞÆì �� xn 2 K Âû.Àª��.Àª�� �µÆ� �ä�Þ¹õ ×þ ö� ÝÞµõ �Ø��¤�¬¤¢ ¢�ª üõ ùÀ�õ�÷ ¥�� A À�÷�õ �ä�Þ¹õ Âþ¥ ×þø¤�µÆ� ø öø¤¢ ý�Â� °��Â� �� bdA;A� , A0 ý�û¢�Þ÷¥� �õ�÷ ö�þ�� ßþ� ¤¢ �õ 1.1 .1 .ÂîÁ�.¢Âî Ý�û��¡ ù¢�Ôµ¨� A �ä�Þ¹õ ý¥Âõ ¯�Ö÷�¤�¬ �� A�Ø��¤�¬ ¤¢ ,Ý�õ�÷ üõ À�±Þû �¤ A � X À�÷�õ �ä�Þ¹õ ×þ 8.1 .1 .ÓþÂã��À� Ýû ¥� X ý¤�ÀõÂ÷ ý�Ìê ¤¢ �¤ B;C�ä�Þ¹õ ø¢ ) .Àª�±÷ �À� Ýû ¥� �ä�Þ¹õ ø¢ á�Þµ��(. C� \B = � ø B� \ C = � ù�ðÂû Ý�þ�ðÂû ý�Â� �Ø��¤�¬ ¤¢ À�õ�÷ üõ ¯øÂ¿õ �¤ K À�÷�õ üú� Â�è �ä�Þ¹õ Âþ¥ ×þ 9.1 .1 .ÓþÂã�.�x+ �y 2 K Ý�ª�� �µª�¢ �; � � 0 Âû ø x; y 2 K ù��¿ó¢ �ÎÖ÷ø¢�Î Ö ÷ø¢ Â û ý�Â � � Ø � �¤�¬ ¤¢ À � õ� ÷ ü õ �À½õ �¤ A À � ÷� õ üú � Â � è � ä� Þ¹ õ Â þ¥ × þ



7 ��õÀÖõ .1 ÛÊê�À½õ�÷ �¤ �ä�Þ¹õ ×þ).(1� �)x+ �y 2 A Ý�ª�� �µª�¢ 0 � � � 1 Âû ø x; y 2 A ù��¿ó¢.(Àª�±÷ �À½õ �Ø��¤�¬ ¤¢ Ý�þ�ð üõüÎ¡- ý¢�ã¬- �µ¨��� â����×þ f ø .À � ª� � ¤�À õÂ ÷ ý�Ì ê ø¢ (X; k : k1); (Y; k : k2) Ý � � î ­Â ê 10.1 .1 .ÓþÂã�¢��ø " � 0 Âû ý�Â� �Ø��¤�¬ ¤¢ ´¨� �µ¨��� ´ª�Ú÷ ×þ f Ý�þ�ð .Àª�� Y �� X¥� ´ª�Ú÷: �Øþ¤�Ï �� Æ � 0×þ Àª�� �µª�¢k y � x k1� Æ )k f(y)� f(x) k2� ",Ý�þ�ð ÝÆ�êÂõ�ÿõ�û �¤ f : X ! Y üþ�¨ ø¢ â��� .À�ª�� ¤�ÀõÂ÷ ý�Ìê ø¢ Y ø X Ý��î ­Âê.À�ª�� �µ¨��� ø¢ Âû f�1 : Y ! X ö� §�Øãõ â��� ø f ù�ðÂû.À � ª� �¤�À õÂ ÷ ý� Ì ê ø¢ (X; k : k1); (Y; k : k2) Ý � � î ­Â ê 11.1 .1 .ÓþÂã��� Àª�� ¢���õM > 0 À�÷�õ üµ��� ù�ð Âû Ý�þ�ð �µ�ª ²�ó ´ª�Ú÷ ×þ �¤ f : X ! Y ´ª�Ú÷:Ý�ª�� �µª�¢ x; y 2 XÂû ý�¥� �� �î ý¤�Ïk f(y)� f(x) k2�M k y � x k1: ù�ðÂû Ý�þ�ð ý¢�ã¬ ´ª�Ú÷ ×þ �¤ f : X ! Y ´ª�Ú÷ 12.1 .1 .ÓþÂã�8 x; y 2 X x � y ) f(x) � f(y): Àª�� Âþ¥ üðÄþø ý�¤�¢ �Ø��¤�¬¤¢ Ý�þ�ð üãÞ� ßÚÞû ´ª�Ú÷ ×þ�¤ f ý¢�ã¬ ´ª�Ú÷8� 2 R ;1 2 X f(x+ �1) = f(x) + �



8 ��õÀÖõ .1 ÛÊêüµª�Ú÷ ,V1 ý¤�¢Â� ý�Ìê ý�� �� V ý¤�¢Â� ý�Ìê ¥� üÎ¡ ÛþÀ±� ×þ 13.1 .1 .ÓþÂã�,� ø � ý�ûÂó�Ø¨� â�Þ� ø x; y 2 V Âû ý�¥� �� �î ý¤�Ï �� f : V ! V1 À�÷�õ ´¨�f(�x+ �y) = �f(x) + �f(y):.¢¤�¢ ��÷ üÎ¡ ×ã��� ×þ f ,´¨�ûÂó�Ø¨� ö�À�õ V1 �î «�¡ ´ó�� ¤¢�î ,X� ý¤�¢Â� ý�Ìê ¥� ´¨� �¤�±ä ,X À�÷�õ ×þ��ó���� ý¤�¢Â� ý�Ìê ×þ ö�ðø¢ ý�Ìê.À�ª�� üõ X ýø¤ �µ¨��� ø üÎ¡ ý�úØã��� ö� ý�Ìä�ÓþÂã� Âþ¥ �¤�¬ �� �¤ �ä�Þ¹õ ö� °Îì A À�÷�õ �ä�Þ¹õÂþ¥ Âû ý�¥� �� 14.1 .1 .ÓþÂã�: À��î üõA: = ff 2 X� : f(a) � 0 8a 2 A g°þÂÖ� ßþÂµú� 1.1.1ù��¿ó¢ �ÎÖ÷ ×þ y 2 X ø Àª�� ¤�ÀõÂ÷ ý�Ìê ×þ (X; k : k) Ý��î ­Âê 15.1 .1 .ÓþÂã�.À�þ�ð üõ �Ü¬�ê â��� �¤ d(x; y) =k y� x k �Î��® �� d : X �X ! R â��� �¤�¬ ßþ�¤¢ Àª��:À��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ x �ÎÖ÷ �� �Ü¬�ê X ¥� G À�÷�õ üú�Â�è �ä�Þ¹õ Âþ¥ Âû ý�¥� ��d(x;G) = infg2G d(x; g). .¢�ª üõ ù¢�Ôµ¨� ��÷ dG(x) ¢�Þ÷ ¥� �µ±ó�: �¤�¬ ßþ�¤¢ Àª�� ¤�ÀõÂ÷ ý�Ìê ×þ X Ý��î ­Âê 1.1 .1 .��Ìì8 z; x; y 2 X d(x+ y; z + y) = d(x; z);8 � 2 R d(�x; �y) =j � j d(x; y):



9 ��õÀÖõ .1 ÛÊêx �ÎÖ÷ ¥� G°þÂÖ� ßþÂµú� �¤ g0 2 G ÂÊ�ä x 2 Xø G � X Ý��î ­Âê 16.1 .1 .ÓþÂã�: �Ø��¤�¬ ¤¢ Ý�þ�ðd(x; g0) = d(x;G):ÂÚþ¢ �¤�±ä �� Ý�û¢ üõ ö�È÷ PG(x) ¢�Þ÷ �� �¤ x ¥� G °þÂÖ� ßþÂµú� Â¬��ä ��Þ� �ä�Þ¹õPG(x) = fg0 2 G : d(x; g0) = d(x;G)güõ ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ �¤ X ¥� G À�÷�õ üú� Â�è �ä�Þ¹õ Âþ¥ ×þ 17.1 .1 .ÓþÂã�.Àª�� PG(x) 6= � �ä�Þ¹õ x 2 X ý�¥� �� �Ø��¤�¬ ¤¢ À�õ�÷.À�þ�ð üõ Ó�È�±� �¤ G�ä�Þ¹õ Àª�� �ÎÖ÷ ×þ �ú�� Ûõ�ª PG(x) �Ø��¤�¬¤¢: �¤�¬ ßþ�¤¢ G � X Ý��î ­Âê 2.1 .1 .��Ìì8 x; y 2 X PG+y(x+ y) = PG(x) + y;8 � 2 R P�G(�x) =j � j PG(x);:À÷�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �G ø G+ y ö� ¤¢ �îG+ y = fg + y : g 2 Gg;�G = f�g : g 2 Gg:� .À��î �Ñ��õ �¤ ℄6[ â�Âõ . ö�ûÂ�1.1 .1 . �¹�µ÷ñ���Þ�ÆîøÂ� G+ y ,y 2 XÂû ý�¥� �� Âð� �ú��ø Âð� ´¨� ñ���Þ�ÆîøÂ� G � X�ä�Þ¹õ (1.Àª��



10 ��õÀÖõ .1 ÛÊêñ���Þ�ÆîøÂ� �G ,� 2 R Âû ý�¥� �� Âð� �ú��ø Âð� ´¨� ñ���Þ�ÆîøÂ� G � X�ä�Þ¹õ (2.Àª��
×þ G �¤�¬ ßþ�¤¢ Àª�� ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ G � XÝ��î ­Âê 3.1 .1 .��Ìì. Àª�� üõ �µÆ� �ä�Þ¹õ� .À��î �Ñ��õ �¤ ℄6[ â�Âõ . ö�ûÂ�(À��î �Ñ��õ �¤ ℄6[ â�Âõ) .´Æ�÷ ¤�ÂìÂ� �fõø�ó ë�ê ��Ìì ÅØä 2.1 .1 .ÂîÁ��ä�Þ¹õ ×þ G �¤�¬ ßþ�¤¢ ,Àª�� ù¢ÂÈê �ä�Þ¹õ ×þ G � X Ý��î ­Âê 4.1 .1 .��Ìì.Àª�� üõ ñ���Þ�ÆîøÂ�� .À��î �Ñ��õ �¤ ℄6[ â�Âõ . ö�ûÂ�,X ¤�ÀõÂ÷ ý�Ìê ¥� Àã±ó� üû��µõ ý�Ìê Âþ¥ ¥� G À�÷�õ �µÆ� �ä�Þ¹õ Âþ¥Âû 5.1 .1 .��Ìì.Àª�� üõ ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ× þ ¢¤�¢ ¢� �ø Å � r � r0 Â ð� r0 = d(x;G) ø x 2 XnG Ý � � î ­Â ê . ö� ûÂ �ñ� � B(x; r) \ G 6= � �Á ó y 2 B(x; r) \ G ß þ�Â �� � � k y � x k� r � Ø þ¤� Ï � � y 2 G�ä�Þ¹õ �û Bn ø Bn+1 � Bn �î ´¨� üúþÀ� ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ Bn = B�(x; r0 + 1n ) \ Gk y0�x k� r0+ 1n �õ� y0 2 \Bn �Øþ¤�Ï �� y0 2 G×þ ¢¤�¢ ¢��ø �Áó À�ª�� üõ ù¢ÂÈê ý�ûüõ G �ä�Þ¹õ ý�Â� °þÂÖ� �ÎÖ÷ ×þ y0 �Áó k y0 � x k= r0 Ýþ¤�¢ ø r0 = d(x;G) üêÂÏ ¥�� .Àª�� üõ ñ���Þ�ÆîøÂ� G �¹�µ÷ ¤¢. Àª��



2 ÛÊê
¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú�
üêÂãõ Rn ý�Ìê ¤¢ 2ÂÚ��¨ø 1����¤ Í¨�� ¤�� ß�óø� ý�Â� ¢¤��÷�¢ ý�û �ä�Þ¹õ �î ö� ¥� Å�,¢¤��÷�¢ ý�û �ä�Þ¹õ üêÂãõ . ´¡�¨ �ÂÎõ Å��� ý�û�Ìê¤¢ �¤ ��úÔõ ßþ� ü±½õ Âµî¢ ,À÷ÀªÀû��¡ ÛÊê ßþ� üÜ¬� ¶½� ¤�¢ Å��� ý�û�Ìê ¤¢ ö�È±þÂÖ� ø �û �ä�Þ¹õ ßþ� ý�û �Ê¿ÈõÇÖ÷ ýÀã� ý�û ÛÊê¤¢ ,ÛÊê ßþ� ¤¢ ùÀª ���¤� ¸þ�µ ÷ ø Óþ¤�ã � �î ´¨� Âî£ �� �¥� .¢��.À��îüõ �Ôþ� ü¨�¨�ùÀª �µêÂð ℄1, 4, 10, 11[â��Âõ ¥� ÛÊê ßþ� ¤¢ ùÀª ���¤� ý�þ�Ìì ø Ýó ,�ûÂîÁ� ,Óþ¤�ã� üõ�Þ�.´¨�

Rubinove1Singer211



12 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê��õÀÖõ 1.2¤¢ ,À�þ�ð üõ Å��� ý�Ìê ×þ �¤ X ý�Ìê �¤�¬ ßþ�¤¢ Àª�� ü±�Âõ ý�Ìê X À��î ­Âê¢���õ ��÷ inffx; yg ø supfx; yg Âþ¢�Öõ X �� ÕÜãµõ x; yù��¿ó¢ ÂÊ�ä ø¢ Âû ý�¥� �� �Ø��¤�¬.Àª��.¢¤�À÷�µ¨� °��Â� �� Rn ü¨À�Üì� ý�Ìê 1.1 .2 . ñ�·õ�Î��¤ .Àª�� S�ä�Þ¹õ ýø¤ ¤�À÷�Âî üÖ�Ö� â���� ��Þ� ý�Ìê X À��î ­Âê 2.1 .2 . ñ�·õ: ¢�ª üõ �µêÂð ÂÑ÷ ¤¢ X ý�Ìê ýø¤Âþ¥ �¤�¬ �� ℄5[ â�Âõ �� ���� �� ü±��Â�f < g 8f; g 2 X , f(s) < g(s) 8s 2 S�(x) = supff(x); g(x)g ,Q(x) = infff(x); g(x)g Â þ¢� Ö õ x Â û ý�¥� � � � î ´¨� ¤� Ø ª�üõ Å��� ý�Ìê ¥� üó�·õ X ý�Ìê ßþ�Â���� . À�µÆû ¤�À÷�Âî üÖ�Ö� �;Q â���� �Áó .À÷� üÖ�Ö�.Àª��¢��ø x 2 XÂû ý�Â� �Ø� �¤�¬¤¢ .À�õ� ÷ �Øþ ÂÊ�ä ×þ �¤ 1 2 XÂÊ�ä 1.1 .2 .ÓþÂã�x � �:1 �Øþ¤�Ï �� 0 < � 2 R ×þ Àª�� �µª�¢(2.1 .2) ñ�·õ¤¢ .À÷Â�ð üõ ÂÑ÷ ¤¢ 1 = (1;1; :::;1) �f �Þãõ �¤ �Øþ ÂÊ�ä (1.1 .2) ñ�·õ¤¢.´êÂð ÂÑ÷ ¤¢ ×þ ´��� â��� �¤ X ý�Ìê �Øþ ÂÊ�ä ö��� üõ�¤ �Â÷ ×þ ö��� üõ �¤�¬ ßþ�¤¢ .Àª�� ý�ì �Øþ ÂÊ�ä �� Å��� ý�Ìê ×þ X Ý��î ­Âê:Ý��î ÓþÂã� X ý�Ìê ýø¤ Âþ¥ �¤�¬ �� �Øþ ÂÊ�ä �� ���� ��k x k= inff� � 0 :j x j� �1g (2.1)



13 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêj x j�j y j)k x k�k y k �î ´¨� �¤�Øª�: ´êÂð ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� ö��� üõ �¤ r á�ãªø x�îÂõ �� ¥�� ý�ð ë�ê �Â÷ �� ���� ��B(x; r) = fy 2 X :k y � x k� rgB(x; r) = fy 2 X : �r1 � y � x � r1 g (2.2)� � � < 0 ø � > 0×þ ¢¤�¢ ¢� �ø �¤�¬ ß þ�¤¢ x; y 2 X Ý � � î ­Â ê 1.1 .2 . �¹�µ÷: �î üÞÆìy � x+ �1; x+ �1 � y: Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� �¤�¬ ßþ� ¤¢ k x k= r Ý��î ­Âê . ö�ûÂ�j x� y j�k x k 1 = r1üõ ´��� ÝØ� � = r ø � = �r ö¢�¢ ¤�Âì �� , �r1 � y � x � r1 À�î üõ ��¹þ� ßþ� �î� .¢�ªÀª�� �µÆ� ¯øÂ¿õ ×þ K � X ø .Àª�� ý¤�¢Â� ý�Ìê ×þ X Ý��î ­Âê 1.1 .2 .ÂîÁ�ý�Ìê �� �¤ X ö��� üõ K ×Þî �� �¤�¬ ßþ� ¤¢ .intK 6= � ø K T�K = f0g �Øþ¤�Ï ��: Ý��î üõ ÓþÂã� K�Ü�¨ø �� Xýø¤ Âþ¥ �¤�¬ �� ü±��Â� �Î��¤ ×þ âì�ø ¤¢ .¢�Þ÷ ÛþÀ±� ü±�Âõx � y , y � x 2 K´��� ¯�Ö÷ ¶½� ¤¢ �ØÜ� ,ùÀª °þÂÖ� ��� ¤¢ ýÀþÀ� ÛÊê ¢�¹þ� °±¨ �ú�� �÷ �Î��¤ ßþ� ¢��ø¢�ª á��¤) .´¨� ùÀª ý¢�þ¥ ���Öõ ßµª�÷ ø �û ùÀþ� ¢�¹þ� ¶ä�� ��÷ üÏøÂ¿õ ý�û�Ìê ø(℄10[��



14 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêö� ý�û �Ê¿Èõ ø �û¢¤��÷�¢ 1.1.2�ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� ¶½� ¢Â�¤�î ø ´�Þû� Û�ó¢ �� .Ýþ¥�¢Â³� üÜ¬� ¶½� �� �Ø÷� ¥� Û±ìÝ��î üõ ù¤�ª� á�®�õ ßþ� �� Å��� ý�Ìê¤¢ �À½õ ý�ûßþ�¤¢ x 2 XnA . Àª� � � µÆ� ø �À½õ �ä�Þ¹õ ×þ A � X Ý��î ­Âê 1.1 .2 .��Ìì. À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬a0 2 PA(x) (1:�Øþ¤�Ï �� ¢¤�¢ ¢��ø f 2 (A� a0): ×þ (2k f k= 1 øf(x� a0) =k x� a0 k� .(℄14[�� ¢�ª á��¤) . ö�ûÂ��ä�Þ¹õ ×þ �¤ W � X. Àª�� �Øþ ÂÊ�ä �� Å��� ý�Ìê ×þ X Ý��î ­Âê 2.1 .2 .ÓþÂã�:�Ø��¤�¬¤¢ Ý�þ�ð üõ 3 ¢¤��÷�¢8 w 2W ;x 2 X x � w ) x 2W�î ,W�ä�Þ¹õ �¤�¬ ßþ� ¤¢ X = R2 Ý��î ­Âê 3.1 .2 . ñ�·õ.Àª�� üõ ¢¤��÷�¢ W = f(x; y) 2 R2 : x � 1; y � 1gßþ� ¤¢ Àª� � X ý�Ìê ýø¤ ¤�ÀÖõ üÖ�Ö� ý¢�ã¬ â�� � ×þ g Ý��î ­Âê 1.1 .2 .ù¤��ð¢¤��÷�¢ �ä�Þ¹õ Âû ý�¥� �� ÅØäÂ� ø .´¨� ¢¤��÷�¢ G = fx 2 X : g(x) � 0g �ä�Þ¹õ �¤�¬. G = fx 2 X : g(x) � 0g �Øþ¤�Ï �� ¢¤�¢ ¢��ø g : X ! R À�÷�õ ý¢�ã¬ â��� G � X À�÷�õDownward3



15 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê
Ý��î üõ ÓþÂã� .ö� ÅØä ��±�� .Àª� � üõ üúþÀ� , ´¨� ¢¤�� ÷�¢ G �Ø�þ� ��± �� . ö�ûÂ�­Âê �Áó .Àª�� üõ ý¢�ã¬ â��� g Ý�û¢ üõ ö�È÷ �f ø� .g(x) = minf� 2 R : x� �1 2 Gg¢¤�� ÷�¢ G ø x0 � �1 2 G �Ø � þ� ¥� x � �1 � x0 � �1 Ý þ¤�¢ �Â û ý�Â � Å � x � x0 Ý � � îÝ � û¢ üõ ö�È ÷ �f � ÷� � .¢� ª üõ ´ �� � ÝØ�ø g(x) � g(x0) ßþ�Â �� � � x � �1 2 G �Á ó ´¨�g(x) � 0�Á ó x � 0:1 2 G �¤�¬ ß þ�¤¢ x 2 G Ý � � î ­Â ê .G = fx 2 X : g(x) � 0gg(x) > 0 ù�Ú÷� x =2 G Âð� Ý�û¢ üõ ö�È÷ ñ�� . G � fx 2 X : g(x) � 0g ßþ�Â����g â��� ÓþÂã� �� ��� �¤�¬ ßþ� ¤¢ .g(x) � 0 ÂÚþ¢ �¤�±ä �� ,Àª�±÷ ¤�Ï ßþ� Ý��î ­Âê .ö�ûÂ�Ëì��µõ ßþ� �î x 2 G �Áó ´¨� ¢¤��÷�¢ G ö��ø x � x� g(x)1 üêÂÏ ¥� x� g(x)1 2 G Ýþ¤�¢� .¢�ª üõ ´��� ÝØ� ø ÛÏ�� ÓÜ¡­Âê �Áó .x =2 G­Âê �� ´¨�´¨¤¢ Â þ¥ ��¤� ± ä ù�Ú ÷� x 2 X ø Àª� � ¢¤�� ÷�¢ �ä�Þ¹õ ×þ W � XÂ ð� 2.1 .2 .ù¤��ð:À�µÆûx� "1 2 intW ; " � 0 Âû ý�Â� ù�Ú÷� x 2W Âð� (1intW = fx 2 X : x+ "1 2W ; " � 0×þ ý�¥� �� g (2Ý � û¢ ü õ ¤�Â ì �¤� ¬ ß þ� ¤¢ x 2 W ø À ª� � ùÀ ª ù¢�¢ " � 0 Ý � � î ­Â ê . ö� ûÂ ��� ��� ñ�� .´¨� (x� "1)�ÎÖ÷ ñ�� üÚþ�ÆÞû ×þ �î V = fy 2 X :k y � (x� "1) k� "gÝþ¤�¢ (2.2 ) ý�ð ÓþÂã�V = fy 2 X x� 2"1 � y � xgÅ� V � W �Áó ø y 2 W ¢�ª üõ �¹�µ÷ ,Àª�� üõ ¢¤��÷�¢ �ä�Þ¹õ ×þ W ø x 2 W�Ø�þ�¥�. x� "1 2 intW



16 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê�� ��� ßþ�Â���� B(x; ") � W �Øþ¤�Ï �� " � 0 ×þ ¢¤�¢ ¢��ø �Áó x 2 intW Ý��î ­Âê (2)� � " � 0 Àª� � � µª�¢ ¢��ø Ý� � î ­Âê ÅØäÂ � .x + "1 2 W Ýþ¤�¢ (2.2) ý�ð ÓþÂã �� . x = x+ "1� "1 2 intW ñø� ´ÞÆì �� ��� x+ "1 2W �Øþ¤�Ïý�Â� Âð� �ú��ø Âð� w 2 bdW ù�Ú÷� .Àª�� ¢¤��÷�¢ �ä�Þ¹õ ×þ W � XÂð� 2.1 .2 . �¹�µ÷w + �1 =2W ,0 < � Âû¥�¨ ´Ô� â���ÀþÂ�Ú� ÂÑ÷ ¤¢�¤ Âþ¥ �Î��® �� � : X �X ! R â���8x; y 2 X �(x; y) = supf� 2 R : �:1 � x+ yg (2.3).¢ÂÞªÂ� � ý�Â� �¤ Âþ¥ «��¡ ö��� üõ ´ª�Ú÷ ÓþÂã� �� ������8x; y 2 X �1 � �(x; y) �k x+ y k (1�(x; y):1 � x+ y (2�(x; y) = �(y; x) (3�(x;�x) = 0 (4.Àª�� üõ üãÞ� ßÚÞû â��� ×þ � â��� (5ý¢�ã¬ â�� � ßþ� Ý�û¢ üõ ö�È÷ �Àµ �� .Àª� � ´�� �¤�ÀÖõ ×þ y Ý��î ­Âê . ö�ûÂ�� = �(x; y) Âð� ñ�� x + y < z + y �¤�¬ ßþ�¤¢ x < z Âð� ¤�Ñ�õ ßþ� ý�Â �. ´¨�Ý � û¢ ü õ ö� È ÷ ñ� � .�(x; y) � �(z; y)�Á ó �:1 � x + y < z + y �¤� ¬ ß þ� ¤¢: ´ª�¢ Ý�û��¡ � â��� ÓþÂã� �� ��� �(x+ �1; y) = �(x; y) + �



17 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê�(x+ �:1; y) = supf� 2 R : �:1 � x+ �:1+ y g= supf� 2 R : �:1� �:1 � x+ yg= supf� 2 R : (�� �):1 � x+ yg= supf� + � 2 R : �:1 < x+ yg= supf� 2 R : �1 � x+ yg+ �= �(x; y) + �� .Àª�� üõ �µ¨��� â��� ×þ � â��� 2.1 .2 .��ÌìÓþÂã� �� ���� �� Àª�� X �� ÕÜãµõ ù��¿ó¢ �Ìä xø Àª�� ´���¤�ÀÖõ ×þ y Ý��î ­Âê . ö�ûÂ�ßþ�Â���� j x� z j�k x� z k :1 Ýþ¤�¢ �Â÷� k x� z k :1 � x� z �k x� z k :1z� k x� z k :1 � x � z+ k x� z k :1) �(z� k x� z k :1; y) � �(x; y) � �(z+ k x� z k :1; y)ßþ�Â �� � � �(z+ k x � z k :1; y) = �(z; y)+ k x � z k Ý þ¤�¢ (5) üðÄ þø � � � � � ü êÂÏ ¥�� .Àª�� üõ �µ¨��� �Áóø ��µÈ³�ó â��� ×þ �Å� j �(z; y)� �(x; y) j�k x� z k¤¢ Àª�� (3.2) �Î��® �� ùÀª ÓþÂã� ´ª�Ú÷ ö�Þû � ø W � X Ý��î ­Âê 3.1 .2 .��Ìì:À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬ ßþ�´¨� ¢¤��÷�¢ �ä�Þ¹õ ×þ W (1�(w;�x) � 0 , w 2W Âûø x 2 XnW Âû ý�Â� (2



18 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê: �Øþ¤�Ï �� l 2 X ×þ ¢¤�¢ ¢��ø x 2 XnW Âû ý�Â� (3�(w; l) � 0 � �(x; l)À ª� � � µ ª�¢ ¢� �ø ø À ª� � ¢¤�� ÷�¢ � ä� Þ ¹ õ × þ W Ý � � î ­Â ê (1 ! 2) . ö� ûÂ �(3.2) ´ ª� Ú ÷ Ó þÂ ã � � � � � � �(w;�x) > 0� Ø þ¤� Ï � � w 2 W ø x 2 XnW × þ´¨� ¢¤��÷�¢ �ä�Þ¹õ ×þ W ­Âê Õ±Ï üêÂÏ¥� w � x �Áó 0 � �(w;�x):1 � w � x Ýþ¤�¢. ´¨�¤�ÂìÂ� (2) �Î��¤ø ÛÏ�� ÓÜ¡ ­Âê�Áóø x��¿µ÷� �� ´¨� Ëì��µõ ßþ� �î , x 2W �Áóüõ ¤�Â ì .Àª� � ù��¿ ó¢ �ÎÖ ÷ ×þ x 2 XnW ø Àª� � ¤�Â ìÂ � (2) �Î��¤ Ý � � î ­Âê(2 ! 3)Ýþ¤�¢ � â��� (4) üðÄþø �� ��� ø ­Âê Õ±Ï Å� l = �x Ý�û¢�(w; l) = �(w;�x) � 0 � �(x;�x) = �(x; l)Å� .Àª� ± ÷ ¢¤�� ÷�¢ �ä�Þ¹õ ×þ Wüóø .Àª� � ¤�Â ìÂ � (3) �Î��¤ Ý � � î ­Âê (3 ! 1)x 2 X Âû ý�¥� �� ­Âê Õ±Ï .x0 =2 W ø x0 < w0 �Øþ¤�Ï �� x0 2 X , w0 2 W ¢¤�¢ ¢��øÝþ¤�¢ � â��� (5) üðÄþø �� ��� �õ� ,�(w0; l) � 0 � �(x0; l) �Øþ¤�Ï �� l 2 X ×þ ¢¤�¢ ¢��ø´��� ÝØ�ø ÛÏ�� ÓÜ¡­Âê �Áó ´¨� ßØÞõÂ�è �Î��¤ ßþ� �î 0 � �(x0; l) � 0 < �(w0; l)� .¢�ª üõ¤¢ Àª�� (3.2) �Î��® ��ùÀª ÓþÂã� ´ª�Ú÷ ö�Þû � ø W � X Ý��î ­Âê 4.1 .2 .��Ìì:À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬ ßþ�. ´¨� ¢¤��÷�¢ ø �µÆ� �ä�Þ¹õ ×þ W (1x 2 X Âû ý�Â� ø ´¨� ¢¤��÷�¢ �ä�Þ¹õ ×þ W (2.Àª�� üõ R ¤¢ �µÆ� �ä�Þ¹õ ×þ H = f� 2 R : x+ �:1 2Wg�ä�Þ¹õ



19 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê: �Øþ¤�Ï �� l 2 X ×þ ¢¤�¢ ¢��ø x 2 XnW Âû ý�Â� (3�(w; l) < 0 � �(x; l): �Øþ¤�Ï �� l 2 X ×þ ¢¤�¢ ¢��ø x 2 XnW Âû ý�Â� (4supw2W �(w; l) < �(x; l)�ó�±÷¢ �k ! �Ý��î ­Âêø Àª�� ¢¤��÷�¢ ø �µÆ� �ä�Þ¹õ×þ W Ý��î ­Âê (1! 2) . ö�ûÂ�. � 2 H Ý�û¢ üõ ö�È÷ x+ �k:1 2W :�Øþ¤�Ï �� Àª�� R¥� ý�k x+ �k:1� (x+ �:1) k=k (�k � �):1 k=j �k � � j! 0�Áó ´Æû ý� �µÆ� �ä�Þ¹õ ×þ W ø x + �k:1 2 W ö�� ø x+ �k:1 ! x+ �:1�ó�±÷¢ �Áó.¢�ª üõ ´��� ÝØ� ø � 2 H ßþ�Â���� x+ �:1 2W Àª�� üõ ¢�¡ ýÀ� ¯�Ö÷ Ûõ�ªö�È÷ �Àµ�� Àª�� ù��¿ó¢ �ÎÖ÷ ×þ x 2 X �W ø . Àª�� ¤�ÂìÂ� (2) �Î��¤ Ý��î ­Âê (2! 3)��0 2 HÝ�ª�� �µª�¢ � Âû ý�Â� Âð�) . ��0 =2 H �Øþ¤�Ï �� �0 � 0×þ ¢¤�¢ ¢��ø Ý�û¢ üõ0 2 H �Á ó ´¨� � µÆ � H ­Âê Õ ±Ï ö��ø H �ä� Þ¹õ ý�Â � ýÀ� �ÎÖ ÷ ×þ Â Ô¬ Å�l = �0 � x Ý�û¢ üõ ¤�Âì ×�þ� (x��¿µ÷� �� ´¨� Ëì��µõ ßþ� �î x = x + 0 2 Wßþ�Â�����(w; l) < 0 Ý�û¢ üõ ö�È÷� ´ª�Ú÷ ÓþÂã� �� �� � �(w0; l) � 0 �Øþ¤�Ï �� w0 2 W ×þ Àª�� �µª�¢ ¢��ø Ý��î ­Âê¢¤��÷�¢ �ä�Þ¹õ ×þ W w0 2 W�Ø�þ� ¥� x � �0:1 = �l < w0�Áó 0 � �(w0; l):1 � w0 + l,ÓÜ¡­Âê ßþ�Â���� �0 ��¿µ÷� �� ´¨� Ëì��µõ �î ��0 2 H Å� .x� �0 2W �Áó Àª�� üõÝþ¤�¢ �õ � â��� ÓþÂã� Õ±Ï üêÂÏ ¥� .¢�ª üõ ´��� ÝØ� ø ÛÏ���(x; l) = supf� 2 R : �:1 � x+ l g= supf� 2 R : �:1 � x� x+ �0g



20 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê= supf� 2 R : (�� �0):1 � 0g= supf�+ �0 2 R : �:1 < 0g= supf� 2 R : �1 � 0g+ �0= 0+ �0 � 0. ´¨� üúþÀ� supÓþÂã� �� ��� (3! 4)¢¤�¢ ¢��ø Å� .Àª�±÷ ¢¤��÷�¢ �ä�Þ¹õ×þ W üóø Àª�� ¤�ÂìÂ� (4) Í��¤ Ý��î ­Âê (4! 1)¢��ø x 2 X ý�¥� �� ­Âê Õ±Ï üêÂÏ ¥� x0 =2 W ø x0 � w0 �Øþ¤�Ï �� x0 2 X ø w0 2 WÝþ¤�¢ � â�� � (4) üðÄ þø � � � � � � õ� supw2W �(w; l) < �(x0; l) �Ø þ¤�Ï � � l 2 X ×þ ¢¤�¢­Âê �Áó ´¨� ßØÞõÂ�è �Î��¤ ßþ� �î 0 � �(x0; l) � �(w0; l) � supw2W �(w; l) < �(x0; l).¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡× þ W Ý � � î ­Â ê . À ª� � ü õ � µ Æ � � ä� Þ ¹ õ × þ W Ý � û¢ ü õ ö� È ÷ ñ� �wn ! x0 ¢¤�¢ ¢� �ø W Õ Ü ã µ õ wn À � ÷� õ ý� � ó� ± ÷¢ Å � .À ª� ± ÷ � µ Æ � � ä� Þ ¹ õ¢¤�¢ ¢� �ø ­Â ê Õ ± Ï �Á ó W � � ´ Æ � ÷ Õ Ü ã µ õ x0 � Ø � þ� ¥� ,x0 =2 W� î ü Þ Æ ì � �Àª�� üõ �µ¨�� � � üêÂÏ ¥� �(wn; l) � supw2W �(w; l) < �(x0; l) �Øþ¤�Ï �� l 2 X ×þ.¢�ª üõ ´��� ÝØ� ø ÛÏ�� ÓÜ¡­Âê �Áó .´¨� ßØÞõ Â�è ßþ�ø �(x0; l) � supw2W �(w; l)�ö�Þû � ø w0 2 bdW Àª�� ¢¤��÷�¢ ø �µÆ� �ä�Þ¹õ ×þ W � X Ý��î ­Âê 1.1 .2 .Ýó:ù�Ú÷� ,Àª�� (3.2) �Î��® �� ùÀª ÓþÂã� ´ª�Ú÷�(w;�w0) � 0 8w 2W� � � ßþ�Â �� � � . �(y0;�w0 > 0�Øþ¤�Ï �� y0 2 W Àª� � �µª�¢ ¢��ø Ý��î ­Âê . ö�ûÂ �



21 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê¢¤�� ÷�¢ W ö�� , �01+ w0 < y0 �Øþ¤�Ï �� �0 > 0×þ ¢¤�¢ ¢��ø ,� ´ª�Ú÷ ÓþÂã� ���� ´¨� Ëì��µõ �î w0 2 intW Ýþ¤�¢ (2.1 .2) ù¤��ð �� ��� ,�01+ w0 2 W �Áó .Àª�� üõ� .¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡ ­Âê �Áó .w0 2 bdW ��¿µ÷�ö�Þû � ø w0 2 bdW Àª�� ¢¤��÷�¢ ø �µÆ� �ä�Þ¹õ ×þ W � X Ý��î ­Âê 2.1 .2 .Ýó: �Øþ¤�Ï �� l 2 X ×þ ¢¤�¢ ¢��ø � ¤�¬ ßþ� ¤¢ Àª�� (3.2) �Î��® ��ùÀª ÓþÂã� ´ª�Ú÷�(w; l) � 0 = �(w0; l) ;Ý � û¢ ü õ ö� È ÷ ñ� � .�(w; l) � 0 Û ± ì Ý ó � � � � � l = �w0 Ý � û¢ ü õ ¤�Â ì . ö� ûÂ �: Ýþ¤�¢ �´ª�Ú÷ ÓþÂã� �� ���� �� ,�(w0; l) = 0�(w0; l) = supf� 2 R : �:1 � w0 + lg= supf� 2 R : �:1 � w0 � w0 = 0g = 0� ¢¤��÷�¢ �fÀ�î� ý�û �ä�Þ¹õ 2.2�ÎÖ÷ Âû ý�¥� �� Âð� ,Ý�õ�÷ ¢¤��÷�¢ �fÀ�î� �¤ W � X À�÷�õ�ä�Þ¹õ Âþ¥ ×þ 1.2 .2 .ÓþÂã�w0 < w �ó¢�ãõ�÷ ¤¢ �î ý¤�Ï �� ¢�ª ´ê�þ ý� w 2 X ×þ Âð� w0 2 bdW À�÷�õ ù��¿ó¢ ý¥Âõ.w =2W ù�Ú÷� À�î ëÀ¬
 2 RÂû ý�¥� �� ù�Ú÷� Àª�� ý¢�ã¬ �fÀ�î� â��� ×þ f : X ! RÝ��î ­Âê 1.2 .2 . ñ�·õ.´¨� ¢¤��÷�¢ �fÀ�î��ä�Þ¹õ ×þ S
(f) = fx 2 X : f(x) � 
g�ä�Þ¹õù��¿ó¢ �ÎÖ÷ ×þ x 2 bdS
(f)Ý��î ­Âê .bdS
(f) = fx 2 X : f(x) = 
g Ý�÷�¢ üõ . ö�ûÂ�ßþ�Â��� � 
 = f(x) < f(y) Àª�� üõ ý¢�ã¬ �fÀ�î�â�� � ×þ f�Ø�þ� ¥� Àª�� y < x ; y 2 X ø� .´¨� ¢¤��÷�¢ �fÀ�î� �ä�Þ¹õ ×þ S
(f) �Áó y =2 S
(f)



22 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê
�fÀ�î� �ÎÖ÷ ×þ w0 Ý�þ�ð .Àª�� ¢¤��÷�¢ �ä�Þ¹õ×þ W � X Ý��î ­Âê 2.2 .2 .ÓþÂã��÷ ¤¢ �Øþ¤�Ï �� ¢�ª ´ê�þ ý� w 2 X Âð� w0 � w0 �î w0 2 bdW Âû ý�Â� Âð� ,´¨� ¢¤��÷�¢. w =2W ù�Ú÷� À�î ëÀ¬ w0 < w ýø�Æõ�¤�¬ ß þ� ¤¢.Àª� � ý� � µÆ �ø ¢¤�� ÷�¢ � ä� Þ¹õ ×þ W � X Ý � � î ­Â ê 3.2 .2 .ù¤��ð:Âð� �ú��ø Âð� ´¨� ¢¤��÷�¢ �fÀ�î��ÎÖ÷ ×þ w0 2 bdWw0 < w ) w =2W (1w0 � w0; w0 2 bdW ) w0 = w0 (2Õ±Ï ¢¤��÷�¢ �fÀ�î��ÎÖ÷ w0 ø .Àª�� ý� �µÆ� ø ¢¤��÷�¢ �ä�Þ¹õ×þ W � X Ý��î­Âê . ö�ûÂ�ý�Â� .Ý�ûÀ� ö�È÷ �¤ (2) ù¤��ð üµ¨¤¢ ´¨� üê�î Å� .´¨� ¤�ÂìÂ� (1) Í��¤ (2.2 .2) ÓþÂã�ÓþÂã� Õ±Ï �õ� w0 < w0 Å� w0 6= w0 ü�ãþ Àª�±÷ ¤�ÂìÂ� (2) �Î��¤ Ý��î ­Âê ¤�Ñ�õ ßþ�.´¨� w0 ��¿µ÷� �� Ëì��µõ ßþ� �î w0 =2W Ýþ¤�¢ (2.2 .2)�Áó Àª�� üõ ¢¤��÷�¢ �fÀ�î��ÎÖ÷ w0 Ý�û¢ üõ ö�È÷ À�ª�� ¤�ÂìÂ� (2) ø (1) �Î��¤ Ý��î ­Âê ())À�î üõ ��¹þ� (1) �Î��¤ ø w0 = w0 Ýþ¤�¢ (2) Õ±Ï Å� w0 � w0; w0 2 bdW Ý��î ­Âê� .Àª�� üõ ¢¤��÷�¢ �fÀ�î��ÎÖ÷ ×þ w0 (1.2 .2) ÓþÂã� �� ��� w =2W ù�Ú÷� w � w0Âð�W �¤�¬ ßþ� ¤¢ .Àª�� ý� �µÆ� ø ¢¤��÷�¢ �ä�Þ¹õ ×þ W � X Ý��î ­Âê 4.2 .2 .ù¤��ð.Àª�� ¢¤��÷�¢ �fÀ�î� ö� ý¥Âõ�ÎÖ÷ Âû Âð� �ú��ø Âð� ,´¨�¢¤��÷�¢ �fÀ�î��ä�Þ¹õÓþÂã� ´ª�Ú÷ ö�Þû �ø �µÆ� ø ¢¤��÷�¢ ý��ä�Þ¹õ ×þ W � X Ý��î ­Âê 5.2 .2 .ù¤��ð¢¤�¢ ¢��ø �¤�¬ ßþ�¤¢ .Àª� � ¢¤�� ÷�¢ �fÀ � î��ÎÖ ÷ ×þ ,w0 2 bdW ø (3.2 ) �Î ��®� � ùÀª�Øþ¤�Ï �� ý¢Âê �� ÂÊ½�õ l 2 X ×þ�(w; l) � 0 = �(w0; l)



23 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê�(w; l) � 0 = �(w0; l) Ýþ¤�¢ (2.1 .2) Ýó Õ±Ï Å� l = �w0Ý�û¢ üõ ¤�Âì . ö�ûÂ�:� Ø þ¤� Ï � � l0 2 X Àª� � � µ ª�¢ ¢� �ø Ý � � î ­Â ê .´¨ � µ Ø þ l ß þ� Ý � û¢ ü õ ö� È ÷ ñ���(w; l0) � 0 = �(w0; l0) (�)�ä�Þ¹õ ×þ Wö��ø �l0 � w0 ßþ�Â �� � � �(w0; l0):1 � w0 + l0 Ýþ¤�¢ (3.2) ÓþÂã � � � � � �ß þ�Â �� � � l" = �l0 + ":1 Ý�û¢ üõ ¤�Â ì Àª� � " � 0Ý� � î ­Âê .�l0 2 W �Á ó ´¨� ¢¤�� ÷�¢�(l"; l0) = supf� 2 R : �:1 � l" + l0 g= supf� 2 R : �:1 � �l0 + ":1+ l0g= supf� 2 R : (�� "):1 � 0g= supf�+ " 2 R : �:1 < 0g= supf� 2 R : �1 < 0g+ " > 0(2.1 .2) �¹�µ÷ Õ±Ï �Áó l" = �l0 + ":1 =2 W ," Âû ý�¥� �� (*)�Î��¤ �� ���� �� ßþ�Â�����l0 2 bdW (��) :Ýþ¤�¢� î À û¢ ü õ � ¹ � µ ÷ (**) � Î ��¤�Á ó ´ ¨� ¢¤�� ÷�¢ �fÀ � î�� Î Ö ÷ × þ w0 ­Â ê Õ ± Ï ü êÂ Ï ¥�� .¢�ª üõ ´��� ÝØ� ø �w0 = l0 = lÓþÂã� ´ª�Ú÷ ö�Þû �ø ý� �µÆ� ø ¢¤��÷�¢ �ä�Þ¹õ ×þ W � X Ý��î ­Âê 6.2 .2 .ù¤��ð:À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬ ßþ� ¤¢ .Àª�� (3.2 ) �Î��®��ùÀª´¨� ¢¤��÷�¢ �fÀ�î��ä�Þ¹õ ×þ W (1� Ø þ¤� Ï � � ý¢Â ê � � Â Ê ½ � õ l 2 X × þ À ª� � � µ ª�¢ ¢� �ø w0 2 bdW Â û ý�Â � (28w 2W �(w; l) � 0 = �(w0; l)



24 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê(2) �¤�±ä Û±ì ��Ìì Õ±Ï �¤�¬ ßþ�¤¢ ,Àª�� ¤�ÂìÂ� (1) �¤�±ä �î Ý��î ­Âê . ö�ûÂ�×þ W Ý�û¢ üõ ö�È÷ ,Àª� � ¤�Â ìÂ � (2) �¤� ±ä �î Ý� � î ­Âê (2 ! 1) .Àª� � üõ ¤�Â ìÂ ��µª�¢ ¢��ø ÂÚþ¢ �¤�±ä �� .Àª�±÷ ¤�Ï ßþ� Ý��î ­Âê ÓÜ¡ ö�ûÂ�.´¨� ¢¤��÷�¢ �fÀ�î��ä�Þ¹õÂû ý�¥� �� ßþ�Â �� � � y > w0�Ø�þ� ¥� y 2 W ø y > w0 �Øþ¤�Ï �� w0 2 bdW; y 2 X Àª��w0 < y + �:1 (�) � > 0y 2 bdW (3.2) �¹�µ÷ �� ��� �¹�µ÷ ¤¢ y + �:1 =2 W ,� > 0Âû ý�¥� �� Ý��î üõ �ä¢� ñ��Ý�û¢ üõ ¤�Âì �¤�¬ ßþ� ¤¢ y + �0:1 2 W �Øþ¤�Ï �� �0 Àª�� �µª�¢ ¢��ø Ý��î ­Âê .:Ýþ¤�¢ ý�ð ÓþÂã� Õ±Ï w0 �ÎÖ÷ ñ�� üÚþ�ÆÞû ×þ V = fx 2 X :k x� w0 k� 12�0gV = fx 2 X : w0 � 12�0 � x � w0 + 12�0gÂû ý�¥� �� , (�) �Î��¤ �� ��� �Áó y + �0:1 2 W ö�� ø Àª�� üõ ¢¤��÷�¢ �ä�Þ¹õ W üêÂÏ ¥��� ´¨� Ëì��µõ ßþ� �î w0 2 intW Å� V � W ßþ�Â���� .¢�� Àû��¡ x 2 W ù�Ú÷�x 2 V.¢�ª üõ ´��� �ä¢� ø ÛÏ�� ÓÜ¡­Âê ßþ�Â���� ��óø� ­Âê: Ýþ¤�¢ (2.1.2) Ýó Õ±Ï Å� l = �y Ý�û¢ üõ ¤�Âì ñ��8w 2W �(w; l) � 0 = �(y; l) (�):Ýþ¤�¢ l0 = �w0 ý�Â� Ýó ö�Þû ù¤��ø¢ ö¢Â� ¤�î �� �� ñ��8w 2W �(w; l0) � 0 = �(w0; l0) (��)�� ,Ýþ¤�¢ (**)�� �� � üêÂÏ ¥� �(w0; l0) � �(y; l0) ,� â��� (5) üðÄþø �� �� � w0 < y�Ø�þ�¥�ßþ� �î l 6= l0 �Áó y 6= w0 �Ø�þ� �� ���� �� , �(w; l0) � �(w0; l0) < �(y; l0) ,w 2 W Âû ý�¥�� .¢�ª üõ ´��� ÝØ� ø ÛÏ�� y 2W ­Âê �Áó .l üþ�µØþ �� ¢¤�¢ Ëì���



25 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê¢¤��÷�¢ ý�û �ä�Þ¹õ¤¢ °þÂÖ� ßþÂµú� ¢��ø 3.2
W �¤�¬ ßþ� ¤¢ .Àª�� �µÆ�ø ¢¤��÷�¢ ý��ä�Þ¹õ ×þ W � X Ý��î ­Âê 1.3 .2 .��Ìì.´¨� ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ�� ��� �¤�¬ ßþ� ¤¢ r := infw2W k x0 � w k= d(x;W )ø x0 2 XnW Ý��î ­Âê . ö�ûÂ��� ��� .k x0 � w" k< r + "1 �Øþ¤�Ï �� w" 2 W ×þ ,¢¤�¢ ¢��ø " � 0Âû ý�Â� inf ÓþÂã�Ýþ¤�¢ �Â÷ ÓþÂã��(r + "):1 � w" � x0 � (r + "):1�ä�Þ¹õ ×þ W ø w0 � "1 = x0 � r:1 � "1 � w"�Ø�þ� ¥� w0 = x0 � r:1Ý�û¢ üõ ¤�Âì�µÆ� �ä�Þ¹õW üêÂÏ¥� . w0 � "1 2 W ," Âû ý�¥� �� �î ¢�ª üõ �¹�µ÷ ,Àª�� üõ ¢¤��÷�¢w0 2 PW (x0) ßþ�Â���� k x0 � w0 k= r = d(x;W ) �Ø�þ� �� ���� �� w0 2 W �Áó ,´¨� ý�� .¢�ª üõ ´��� ÝØ�øß þ�¤¢ x0 2 XnW ø À ª� � � µ Æ � ø ¢¤�� ÷�¢ ý�� ä� Þ ¹ õ W � X Â ð� 1.3 .2 . �¹�µ÷.Àª�� üõ w0 = x0 � r:1 ��Â��Â� ø ¢���õ minPW (x0) �¤�¬w 2 B(x0; r) �Áó k x0�w k= r = d(x;W )�¤�¬ ßþ� ¤¢ w 2 PW (x0) Ý��î­Âê . ö�ûÂ�w0 � w ,w 2 PW (x0)Âû ý�¥� �� �Áó x0� r:1 � x Ýþ¤�¢ x 2 B(x0; r)Âû ý�¥� �� üêÂÏ ¥�� .w0 = minPW (x0) ßþ�Â����: �¤�¬ ßþ�¤¢ x 2 X ø Àª�� �µÆ�ø ¢¤��÷�¢ ý��ä�Þ¹õ W � X Âð� 2.3 .2 . �¹�µ÷d(x;W ) = minf� � 0 : x� �:1 2Wg



26 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê
x�0:1 2W�¤�¬ ßþ� ¤¢ x 2W Âð� A = f� � 0 : x��:1 2Wg Ý�û¢ üõ ¤�Âì . ö�ûÂ�­Âê ñ�� .d(x;W ) � 0 �¤�¬ ßþ� ¤¢ x =2 WÝ��î ­Âê Å� . minA = 0 = d(x;W )�Áó: x� �:1 2W�î üÞÆì �� Àª�� üû��¿ó¢ ¤�ÀÖõ � � 0Ý��î� =k x� (x� �:1) k� d(x;W ) = r� .minA = r = d(x;W ) ßþ�Â���� r 2 A Å� x� r:1 2W Ýþ¤�¢ Û±ì �¹�µ÷ �� ��� üêÂÏ ¥�. x0 2 XnW ø À ª� � � µ Æ �ø ¢¤�� ÷�¢ ý�� ä� Þ ¹ õ W � X Ý � � î ­Â ê 1.3 .2 .ÓþÂã�w0 � w0; w0 2 PW (x0) �î w0 2 bdW Âû ý�Â� Âð� À�þ�ð üõ Ó�È�±� �ÎÖ÷ �¤ w0 2 bdW�ÎÖ÷. PW (x0) = fw0gù�Ú÷�ß �� ¤¢ w0 2 bdW ø Àª� � � µÆ �ø ¢¤�� ÷�¢ ý�� ä� Þ¹õ W � X Ý � � î ­Â ê 2.3 .2 .��Ìì:À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬. ´¨� Ó�È�±� �ÎÖ÷ ×þ w0 (1. ´¨� ¢¤��÷�¢ �fÀ�î� �ÎÖ÷ ×þ w0 (2ø w 2 W ßþ�Â���� .Àª�±÷ ¢¤��÷�¢ �fÀ�î� �ÎÖ÷ ×þ w0 ø .Àª�� ¤�ÂìÂ� (1) Ý��î ­Âê . ö�ûÂ�üÞÆì �� r 2 R Ý��î ­Âê ñ�� w0 < w ø w0 6= w �Øþ¤�Ï �� À÷¤�¢ ¢��ø ý� w0 2 bdW: Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� 0 <k w0 � w k� r �î Àª��w � w0 �j w � w0 j�k w0 �w k :1 � r:1w � w0 + r:1 (�)d(x0;W ) = r Ý��î üõ �ä¢� k w0 � x0 k= r ßþ�Â���� x0 = w0 + r:1 Ý�û¢ üõ ¤�Âì�Áó k y � x0 k� r0 < r �Øþ¤�Ï �� y 2 W ×þ ¢¤�¢ ¢��ø ßþ�Â���� .Àª�±÷ ¤�Ï ßþ� Ý��î ­Âê



27 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêwr = w0+(r� r0):1 � y, Ýþ¤�¢ x0 ¤�ÀÖõ ý¤�ÁÚþ�� �� x0 � y+ r:1 Ýþ¤�¢ �Â÷ ÓþÂã� �� ���(2.1 .2) ù¤�� ð � � � � � wr 2 W �Á ó À ª� � ü õ ¢¤�� ÷�¢ � ä� Þ ¹ õ × þ W ø y 2 W� Ø � þ� ¥�´��� �ä¢�ø ÛÏ�� ÓÜ¡­Âê �Áó w0 2 bdW ­Âê �� ´¨� Ëì��� ßþ� �î w0 2 intW Ýþ¤�¢d(x0;W ) = r ø w0 2 PW (x0) ßþ�Â���� .¢�ª üõ�¹�µ÷¤¢ x0 � w < x0 � w0 = r:1 �Áó w0 < w �Ø�þ� �� ������ ñ��k x0 � w k�k r:1 k= r = d(x0;W ) �k x0 � w kßþ� �î w 6= w0 �î ´¨� üó��¤¢ ßþ�ø w 2 PW (x0) �¹�µ÷¤¢ k x0 � w k= d(x0;W ) ßþ�Â����. w0 �ÎÖ÷ ö¢�� Ó�È�±� �� ´¨� Ëì��µõw0 � w0 �î w0 2 bdW Âû ý�Â� Å� .Àª�� ¢¤��÷�¢ �fÀ�î� �ÎÖ÷ ×þ w0 Ý��î ­Âê (2 ! 1)w0 = w0 (�) :Ýþ¤�¢ (3.2 .2) Õ±Ï8x0 =2 W , ý�Â� Ý�û¢ ö�È÷ Àþ�� ,´¨� Ó�È�±� �ÎÖ÷ ×þ w0 Ý�û¢ ö�È÷ �î ö� ý�Â� ñ����Ìì �� ���� �� .x0 2 X Ý��î ­Âê PW (x0) = fw0g ù�Ú÷� w0 2 PW (x0) Âð�ñ�� w � w00 Ýþ¤�¢ w 2 pW (x0) , w Âû ý�¥� �� �Áó ,¢���õ w00 = minPW (x0) (1.3 .2)ß þ�Â �� � � w00 = w0 Ý þ¤�¢ (*) � Î ��¤ Õ ± Ïø w0 � w00 Å� w0 2 PW (x0) � Ø � þ�� � � �� � � �� . PW (x0) = fw0g¢¤���� ý�û �ä�Þ¹õ 4.2Ý�þ�ð üõ (��� �� ø ¤) 4 ¢¤�� �� �¤ W �ä�Þ¹õ ,Àª�� W � X Ý��î ­Âê 1.4 .2 .ÓþÂã�8 w 2W ;x 2 X if x � w ) x 2W :�Ø��¤�¬¤¢.Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ �W �Ø��¤�¬ ¤¢ ´¨� ¢¤���� W �ä�Þ¹õ ÂÚþ¢ �¤�±ä ��Upward4



28 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê
,U �ä�Þ¹õ �¤�¬ ßþ� ¤¢ X = R3 Ý��î ­Âê 1.4 .2 . ñ�·õÀª�� üõ R3 ý�Ìê¤¢ ¢¤���� �ä�Þ¹õ ×þ U = f(x; y; z) : x � 1; y � 3; z � 0gW �¤�¬ ß þ� ¤¢ ,À ª� � � µ Æ � ø ¢¤�� �� ý�� ä� Þ¹ õ W � X Ý � � î ­Â ê 1.4 .2 .��Ìì. ´¨� ñ���Þ�ÆîøÂ� ý��ä�Þ¹õß þ�¤¢ x0 2 XnW ø À ª� � � µ Æ �ø ¢¤�� �� ý�� ä� Þ ¹ õ W � X Â ð� 1.4 .2 . �¹�µ÷.Àª�� üõ w0 = x0 + r:1 ��Â��Â� ø ¢���õ maxPW (x0) �¤�¬w 2 B(x0; r) �Áó k x0�w k= r = d(x;W ) �¤�¬ ßþ� ¤¢ w 2 PW (x0)Ý��î ­Âê . ö�ûÂ�ßþ�Â���� w0 � w ��÷ wÂû ý�¥� �� �Áó x0 + r:1 � x Ýþ¤�¢ x 2 B(x0; r)Âû ý�¥� �� üêÂÏ ¥�� .w0 = maxPW (x0): �¤�¬ ßþ�¤¢ x 2 X ø Àª�� �µÆ�ø ¢¤���� ý��ä�Þ¹õ W � X Âð� 2.4 .2 . �¹�µ÷d(x;W ) = minf� � 0 : x+ �:1 2Wg
¢¤��÷�¢ ý�û �ä�Þ¹õ ý�û üðÄþø ü¡Â� 5.2ý�û �ä�Þ¹õ ��÷ A0; A� �¤�¬ ßþ� ¤¢ Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ A � X Ý��î ­Âê (1.À�ª�� üõ ¢¤��÷�¢,¢¤�¢ ¢� �ø an 2 A À � ÷� õ ý� � ó� ± ÷¢ �¤�¬ ß þ� ¤¢ a 2 A� Ý � � î ­Â ê . ö� ûÂ �üõ ö�È ÷ b � a�Ø þ¤� Ï � � b 2 X Àª� � � µ ª�¢ ¢��ø Â ð� ñ�� .an ! a �Ø þ¤� Ï � �a0n � an �¹ � µ ÷ ¤¢ a0n = min(b; an) Ý � û¢ üõ ¤�Â ì ¤�Ñ � õ ß þ� ý�Â � .b 2 A� Ý � û¢



29 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêa0n ! min(b; a) = b �Ø�þ� �� ���� � � ø a0n 2 A �Áó ,´¨� ¢¤��÷�¢ Aø an 2 A �Ø�þ� ¥�� .b 2 A� ßþ�Â����. ´¨� ¢¤��÷�¢ ý��ä�Þ¹õ A+B �¤�¬ ßþ� ¤¢ B � Xø Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ A Âð� (2A �Ø��¤�¬ ¤¢) .´¨� ¢¤��÷�¢ ý��ä�Þ¹õ ��÷ A + x ü�ãþ ö� ñ�Öµ÷� Âû «�¡ ¤�Ï ��(.Àª�� üõ ¢¤���� �ä�Þ¹õ A+B Àª�� ¢¤���� ý��ä�Þ¹õ�µÆ� ý�û �ä�Þ¹õ ¥� ý�ù¢��÷�¡ (At)t2T ø Àª�� ÅþÀ÷� ¥� �ä�Þ¹õ ×þ T Ý��î ­Âê (3.À�µÆû ¢¤��÷�¢ ý�û �ä�Þ¹õ ��÷ TAt;SAt �¤�¬ ßþ� ¤¢ .Àª�� ¢¤��÷�¢ñ��¨ ×þ .x 2 X ø S;R � X ø Àª�� ý¤�ÀõÂ÷ ý�Ìê ×þ X Ý��î ­Âê 1.5 .2 .ÂîÁ�: ´¨� ¤�ÂìÂ� ù¤��Þû Âþ¥ �Î��¤�þ� �î ,Àª�� üõ �ÂÎõd(x;R \ S) = maxfd(x;R); d(x; S)g¤¢ �Ìê ßþ� ýø¤�¤ üÆþÀÜì� �Â÷ ø X = R2 Âð� ñ�·õ ¤�Ï �� .´¨� üÔ�õ ���� âÎì ¤�Ï ��A = f(1;1); (1;5)g ý�û �ä�Þ¹õ ¢¤�õ ¤¢ ¤¢ �Î��¤ ßþ� ��®ø �� À���� üõ .ÝþÂ�Ú� ÂÑ÷Ý�û¢ üõ ö�È÷ Âþ¥ ý�û ù¤��ð üÏ �õ .´Æ�÷ ´¨¤¢ x = (1;3) �ÎÖ÷ø B = f(1;5); (2;2)gø. ´¨� ë¢�¬ °ÜÎõ ßþ� ¢¤��÷�¢ ý�û �ä�Þ¹õ ¢¤�õ ¤¢�ä�Þ¹õ ¥� ý� ù¢��÷�¡ (At)t2T ø Àª�� ÅþÀ÷� ¥� ý��ä�Þ¹õ T Ý��î ­Âê 7.5 .2 .ù¤��ð: �¤�¬ ßþ� ¤¢ A = TAt ø ¢¤��÷�¢ �µÆ� ý�ûdA(x) = supt2T dAt(x)rt � dA(x) , t 2 T Âû ý�¥� �� �Áó A � At �Ø�þ� ¥� rt = dAt ø x 2 XÝ��î ­Âê . ö�ûÂ�­Âê ßþ�Â���� .¢�ª üõ ´��� ÝØ� ø dA(x) =1Å� s =1Âð� .s = sup rt � dA(x) ßþ�Â����



30 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêx� s:1 � x� rt:1 (�) �Áó rt � s �Ø�þ� ¥� . s <1 Ý��î� ä� Þ¹ õ � û At � Ø � þ�ø (�)�Î ��¤ � � � � � ,x � rt:1 2 At (1.3 .2) � �Ì ì� � � � � ü êÂ Ï ¥�Ý þ¤�¢ ü êÂ Ï ¥� x � s:1 2 A � ¹ � µ ÷ ¤¢ x � s:1 2 At �Á ó À � ª� � ü õ ¢¤�� ÷�¢ ý� û� .dA(x) = supt2T dAt(x) ßþ�Â���� ,k x� (x� s:1) k= s � dA(x)�ä�Þ¹õ ¥� ý� ù¢��÷�¡ (At)t2T ø Àª�� ÅþÀ÷� ¥� ý��ä�Þ¹õ T Ý��î ­Âê 8.5 .2 .ù¤��ð: �¤�¬ ßþ� ¤¢ A = SA�t ø Àª�� ¢¤��÷�¢ ø �µÆ� ý�ûdA(x) = inft2T dAt(x):Ýþ¤�¢ �Ü¬�ê â��� ÓþÂã� �� ���� �� . ö�ûÂ�dA(x) = infa2A k x� a k= infa2A infat2At k x� at k= inft2T dAt(x)� �Ü¬�ê ßµê�þ 6.2ÀþÂ�Ú� ÂÑ÷ ¤¢�¤ Âþ¥ �Î��® ��  : X �X ! R â���8x; y 2 X  (x; y) = supf� 2 R : x� y � �:1g (2.4): �¤�¬ ßþ� ¤¢ .y =2W ø .Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ W � X Ý��î ­Âê 9.6 .2 .ù¤��ð (w; y) � 0 8 w 2W



31 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê´ª�Ú÷ . (w; y) > 0�î üÞÆì �� w 2 W Àª�� �µª�¢ ¢��ø Ý��î ­Âê .ÓÜ¡ ö�ûÂ� . ö�ûÂ�: �¤ Âþ¥ �Î��® �� k : R! Xk(�) = �1,´ ¨� ü ú þÀ � D = f� 2 R : w � y � �:1g Ý � û¢ ü õ ¤�Â ì .À þÂ � Ú � Â Ñ ÷ ¤¢: ´ª�¢ Ý�û��¡ (4.2) ÓþÂã� �� ��� �¹�µ÷ ¤¢ k(supD) = supfk(�) : � 2 Dgw � y � k(supD) = k( (w; y)) =  (w; y)1) w � y +  (w; y)1 > yßþ�Â���� .��óø� ­Âê �� ´¨� Ëì��µõ ßþ� �î y 2W �Áó ,Àª�� üõ ¢¤��÷�¢ ý��ä�Þ¹õ W�Ø�þ� ¥�� .¢�ª üõ ´��� ÝØ� ø ÛÏ�� ÓÜ¡­Âê:Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ Wy�ä�Þ¹õ y 2 X Ý��î ­ÂêWy = fx 2 X :  (x; y) � 0g.´¨� ¢¤��÷�¢ �ä�Þ¹õ Wy �¤�¬ ßþ� ¤¢ y 2 X Ý��î ­Âê 1.6 .2 . �¹�µ÷: �¤�¬ ßþ� ¤¢ .Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ W � X Ý��î ­Âê 10.6 .2 .ù¤��ðW = \y2bdWWy� � � �� � � � ,À ª� � X � � Õ Ü ã µ õ ù�� ¿ ó¢ �Ì ä yø bdW = � Ý � � î ­Â ê �À µ �� . ö� ûÂ �z 2 W Âû ý�¥� �� âì�ø ¤¢ By = f� 2 R : y + �1 2 Wg 6= � �ä�Þ¹õ �Áó bdW = � �Ø�þ�ý�¥� �� ß��»Þû . y + �1 � z�î üÞÆì �� � < 0 2 R ¢¤�¢ ¢��ø (1.1 .2) �¹�µ÷ �� �� ��0 2 By (�) :´ª�¢ Ý�û��¡ �0 � �Âû,y+b1+�1 =2W , � > 0 Âû ý�¥� �� �Áó y+b1 2W ù�Ú÷� b <1Âð� b = supBy Ý��î­Âê�� ���� �� ø b =1 ßþ�Â���� . bdW = ��� ´¨� Ëì��µõ ßþ� �î y + b1 2 bdW �¤�¬ ßþ� ¤¢



32 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊêüÎ¡ ��±�îÂ� ��Þ� Ûõ�ª W �î ´¨� ��ãõ ßþ� �� �¤�±ä ßþ�ø .By = (�1;1)�Áó (�)�Î��¤�Î��¤ ø W = X �Áó ,´¨� ¤�ÂìÂ� �¹�µ÷ ßþ� �Âûø y 2 XÂû ý�¥� �� ö��ø ,Àª�� üõ y + �1.´¨� ´¨¤¢ù¤��ð �� �� � y + "1 =2 W Ýþ¤�¢ " � 0Âû ý�¥� �� Å� y 2 bdW ,bdW 6= � Ý��î ­Âê ñ���Á ó y 2 bdW Â û ý�¥� � �ø " > 0Â û ý�¥� � � �Î ��¤ ß þ� ö�� ø  (x; y + "1) � 0 (9.6 .2).W � \y2bdWWyx =2 W Â ð� Ý � � î ü õ ´ �� � �ø¢ éÂ Ï ö¢�¢ ö� È ÷ ý�Â � ,ýø� Æ � Â Ú þ¢ éÂ Ï ñ� �.x =2 \y2bdWWyù�Ú÷��î g(x) > 0 Ýþ¤�¢ (1.1.2) ù¤��ð �� ��� x =2W �Ø�þ� ¥� .��±��Ýþ¤�¢ � > 0 Âû ý�¥� �� g â��� üÈþ��ê� üðÄþø �� ��� .( g(x) = minf� 2 R : x� �1 2 Wg)g(x+ �1) > 0×þ ¢¤�¢ ¢��ø (1.1 .2) �¹�µ÷ ��� Å� ,Àª�� üõ üú� Â�è ¢¤��÷�¢ �ä�Þ¹õ ×þ W �Ø�þ� ¥�g(x+ �01) � 0 ø x+ �01 2W �î üÞÆì �� �0 < 0: �¤ Âþ¥ �Î��® �� f : R! R Ý��î üõ ÓþÂã�f(�) = g(x+ �1)���� �� ø M 6= ��ä�Þ¹õ ü÷��õ ¤�ÀÖõ ��Ìì �� ��� . M = f� 2 R : f(�) = 0g Ý�û¢ üõ ¤�ÂìÝ�û¢ üõ ¤�Âì .Àª�� üõ (�1; �℄�þ [v; �℄¥� ÛØÈµõ M �Áó ´¨� �µ¨��� ß�þ�� ¥� â��� g �Ø�þ� ��y0 2 bdW Ý�û¢ üõ ö�È÷ ø ,y0 = x+ �1�Áó y0 + �1 =2 W Å� g(x + �1+ �1) > 0 ßþ�Â��� � ,� + � =2 M Ýþ¤�¢ � > 0Âû ý�¥� ���¹�µ÷ ¤¢ x =2Wy0 �Áó  (x; y) = supf� 2 R : x� y0 � �1g = �� > 0 üêÂÏ ¥� y0 2 bdW� .¢�ª üõ ´��� ÝØ� .x =2 \y2bdWWy



33 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê: �¤�¬ ßþ� ¤¢ .x =2W ø Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ W � X Ý��î ­Âê 2.6 .2 . �¹�µ÷d(x;W ) = supy2bdW d(x;Wy)� .¢�ª üõ Û¬�� �¹�µ÷ (7.5 .2) ø (10.6 .2) ù¤��ð �� ��� . ö�ûÂ�Ýµþ¤�Úó� 1.6.2�¹�µ÷ �� ���� �� �¤ Âþ¥ Ýµþ�Úó� ö��� üõ W ¢¤��÷�¢ �ä�Þ¹õ �� x �ÎÖ÷ �Ü¬�ê ßµê�þ ý�Â�:¢Â� ¤�î �� (2.3 .2)x� �k1 =2W ø x� �k1 2W �î ßî ��¿µ÷� ý¤�Ï �¤ �k; �k ; k = 0 .(1)3 ��ð �� øÂ�ø 
k = 12(�k + �k) ùÀ� ¤�Âì .(2):ùÀ� ¤�Âì �¤�¬ ßþ� ¤¢ x� 
k1 2W Âð� .(3)4 ��ð �� øÂ� �÷Âðø 5 ��ð �� øÂ� ø �k = �k�1ø �k = 
k�1 ,k = k + 15 ��ð �� øÂ� ø �k = 
k�1 ø �k = �k�1 ; k = k + 1 .(4)2 ��ð �� øÂ� �÷Âðø 6 ��ð �� øÂ� j �k � �k j� " Âð� .(5).ö�þ�� r �= �k �= �k .(6)
ö� ¤¢ �î G = G1 [G2 ø X = R2 Ý��î ­Âê 1.6 .2 . ñ�·õ� Î Ö ÷ ø G2 = f(x; y) 2 R2 : x � 5; y � 1gø G1 = f(x; y) 2 R2 : x � 1; y � 2gx �ÎÖ÷ �Ü¬�ê ü±þÂÖ� ¤�ÀÖõ ë�ê Ýþ¤�Úó� ¥� ù¢�Ôµ¨��� Ý�û��¡ üõ ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ x = (7;11).Ýþ¤ø� ´¨À� ¤�Èä� Ýì¤3 ´ì¢ �� �¤ G �ä�Þ¹õ ��



34 ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� .2 ÛÊê
k �k �k 
 = 12(�k + �k)0 1 15 81 8 15 11:52 8 11:5 9:753 9:75 11:5 10:624 9:75 10:62 10:185 9:75 10:18 9:966 9:96 10:18 10:0157 9:96 10:015 9:988 9:98 10:015 10:00129 9:98 10:0012 9:999910 9:9999 10:0012 10:0004�Ü¬�ê ü±þÂÖ� ¤�ÀÖõ ñøÀ� :1.2 ñøÀ�



3 ÛÊê
¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ

ý�û ñ�¨ ¤¢ ø Àª �ÂÎ õ Rn+ ý�Ìê ¤¢1� � � �¤ Í¨� � 1995 ñ�¨ ¤¢ ñ� õÂ ÷ ý� û �ä� Þ¹õ.´¨� �µê�þ Ý�Þã�  �÷�� ý�û�Ìê �ÜÞ�¥� ÓÜµ¿õ ý�Ìê¤¢Â�¡�� � �û �ä�Þ¹õ ßþ� ¯�±�¤� ü¨¤Â�ø ñ�õÂ÷ ý�û �ä�Þ¹õ üêÂãõ ,ÛÊê ßþ� ¤¢ �õ üÜ¬� éÀû¶½� ßþ� ¥� �õ�¢� ¤¢ .Àª�� üõ ¢¤��÷�¢ �b µ¨�� ý�û �ä�Þ¹õ üêÂãõ ÕþÂÏ ¥� ¢¤��÷�¢ ý�û �ä�Þ¹õ,¢�ª üõ â®ø üÎþ�Âª �ú÷� ýø¤ Â� �î ý� �µÆ� ý�û �ä�Þ¹õ ø �û �ä�Þ¹õ ßþ� °þ ÂÖ� ´ú�. ´Æ� Ý�û��¡ ý¤�þ�µêÂð ℄2, 3, 12, 8, 9[â��Âõ ¥� ÛÊê ßþ� ¤¢ ùÀª ���¤� ý�þ�Ìì ø Ýó ,�ûÂîÁ� ,Óþ¤�ã� üõ�Þ�.´¨� ùÀªrubinov1
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36 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêñ�õÂ÷ ý�û �ä�Þ¹õ ø ¢¤��÷�¢ �µ¨�� 1.3Ýþ¥�¢Â� üõ Å��� ý�Ìê ¤¢ X+ ¯øÂ¿õ ¥� «�¡ �ä�Þ¹õ Âþ¥ üêÂãõ�� �Àµ���õ ÛÊê ßþ� ¤¢.Ý�û¢ üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ �û �ä�Þ¹õ ßþ�¤¢ °þÂÖ� ßþÂµú� ¢��ø Å³¨ø�¤ X+ ¯øÂ¿ õ �¤�¬ ß þ� ¤¢ ,À ª� � Å � �� ¤�À õÂ ÷ ý�Ì ê X Ý � � î ­Â ê 1.1 .3 .ÂîÁ�:À÷Â�ð üõ ÂÑ÷ ¤¢ Âþ¥ �ä�Þ¹õX+ = fx 2 X : x � 0 g�ä�Þ¹õ ��Þ� í�Âµª� .Àª�� üú� Â�è ý��ä�Þ¹õ W � X+ Ý��î ­Âê 1.1 .3 .ÓþÂã�.À�û¢ üõ Çþ�Þ÷ W� ¢�Þ÷ �� �¤ ö� ø À�þ�ð üõ W�ä�Þ¹õ ¢¤��÷�¢ �b µ¨�� �¤ W Ûõ�ª ¢¤��÷�¢ ý�ûßþ� âì�ø ¤¢ .¢�Þ÷ ÓþÂã� �¤ ¢¤�� �� �b µ¨�� ö�� � üõ W À�÷�õ ý��ä�Þ¹õ ý�Â� ���Èõ ¤�Ï ��.À�û¢ üõ Çþ�Þ÷ W ��� �¤ ö� �î Àª�� üõW Ûõ�ª ¢¤���� ý�û �ä�Þ¹õ ��Þ� í�Âµª� �ä�Þ¹õ:�¤� ¬ ß þ� ¤¢ .À ª� � ü ú � Â � è � ä� Þ ¹ õ × þ W � X+ Ý � � î ­Â ê 1.1 .3 .��ÌìW� =W �X+: ¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� W �X+ ö� ¤¢ �îW �X+ = fw � x : w 2W;x 2 X+ g.Ý�ûÀ� ö�È÷ �¤ Âþ¥ ý�û �ä�Þ¹õ ýø�Æ� ´¨� üê�î ë�ê ��Ìì ��±�� ý�Â� . ö�ûÂ�W �X+ = fx 2 X : 9w 2W S:t: x � wg =W�Ý��î ­Âê A � W� Ý�û¢ üõ ö�È÷ø A = fx 2 X : 9w 2 W S:t: x � wg Ý�û¢ üõ ¤�Âì¢��ø A�ä�Þ¹õ ÓþÂã� �� ��� �¤�¬ ßþ�¤¢ a 2 Aø Àª�� W Ûõ�ª ù��¿ó¢ ¢¤��÷�¢ �b ä�Þ¹õ Ŵ�b ä�Þ¹õ Ŵ ö��ø w 2 Ŵ �Áó W � Ŵ ø w 2 W �Ø�þ� ¥� . x � w �Øþ¤�Ï �� w 2 W ¢¤�¢



37 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê.A �W� ßþ�Â���� a 2W� �Áó ,´¨� üû��¿ó¢ ¢¤��÷�¢� ä� Þ ¹ õ a =2 A ü óø a 2 W� Ý � � î ­Â ê .W� � A Ý � û¢ ü õ ö� È ÷ ñ� � ())�î .Àª�� üõ W Ûõ�ª ø ¢¤��÷�¢ ý� �ä�Þ¹õMa ,ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Ma = fx 2 X : x < agA = W� ßþ�Â���� W� � A ø ÛÏ�� ÓÜ¡­Âê �Áó a 2 W� �� ´¨� Ëì��µõ ßþ� ø ,a =2 Ma.¢�ª üõ ´��� ÝØ�ø� .´¨� üúþÀ� W �X+ = A ��±���¤� ¬ ß þ� ¤¢ . À ª� � ü ú � Â � è ý�� ä� Þ ¹ õ W � X+ Ý � � î ­Â ê 1.1 .3 . �¹�µ÷W � =W +X+: �¤�¬ ßþ� ¤¢ À�ª�� üú� Â�è �ä�Þ¹õ ø¢ B;A � X Ý��î ­Âê 2.1 .3 . �¹�µ÷(A+B)� = A� +B�z 2 A+B ¢¤�¢ ¢��ø (1.1 .3) ��Ìì �� ��� �¤�¬ ßþ� ¤¢ x 2 (A+B)� Ý��î ­Âê . ö�ûÂ�.z = a + b �î üÞÆì �� À÷¢¤�¢ ¢��ø a 2 A; b 2 B �Áó z 2 A + B�Ø�þ�¥� x � z �Øþ¤�Ï ��b 2 B � B� üêÂÏ¥� .x� b 2 A� Ýþ¤�¢ (1.1 .3) ��Ìì ö�Þû �� ��� ßþ�Â���� x� b � a �Ø�þ�¥�ö��� üõ ���Èõ ¤�Ï �� .(A + B)� � A� + B� ßþ�Â���� .x = x� b+ b 2 A� +B� �¹�µ÷ ¤¢� .¢�Þ÷ ��±�� ��÷ �¤ ýø�Æ� ÂÚþ¢ éÂÏ: �¤�¬ ßþ� ¤¢ .À�ª�� üú� Â�è �ä�Þ¹õ ø¢ B;A � X Ý��î ­Âê 3.1 .3 . �¹�µ÷A� � B� :�¤�¬ ßþ� ¤¢ A � B Âð� (1(A [B)� = A� [B� (2



38 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê(A \B)� � A� \B� (3´¨� ¤�ÂìÂ� Âþ¥ ¢¤��õ ¤¢ ýø�Æ� ´ó�� ë�ê �¤�±ä ¤¢B � A �þ A � B.1.À�ª�� ¢¤��÷�¢ ý�û �ä�Þ¹õ A;B.2´¨� À�±Þû W� �¤�¬ ßþ� ¤¢ .Àª�� ýÀ�±Þû �ä�Þ¹õ W � X+ Ý��î ­Âê 2.1 .3 .��Ìì��Ìì �� ��� �¤�¬ ßþ� ¤¢ .À�ª�� W� �� ÕÜãµõ ù��¿ó¢ �ÎÖ÷ø¢ x; y Ý��î ­Âê . ö�ûÂ�À�±Þû �Ø�þ� ¥� x � x1; y � y1 �Øþ¤�Ï �� W �ä�Þ¹õ �� ÕÜãµõ x1; y1 À÷¤�¢ ¢��ø (1.1 .3)üõ ¢���õ ��÷ W�¤¢ Â�Æõ ßþ� �Áó W �W� ö��ø ¢¤�¢ ¢��ø y1�� x1¥� Â�Æõ ×þ �Áó ,´¨� Wüõ �¤ y �� x ¥� Â�Æõ ×þ Û�ØÈ� y1 �� y ø x1 �� x¥� ý�û Â�Æõ �� ù�ÂÞû Â�Æõ ßþ� ñ�� Àª��� .Àª�� üõ À�±Þû W� �Áó À�û¢x¥� Â�Æõ ×þ ù�Ú÷� W = fx; yg ø À�ª�� X¤¢ ��¹õ x; y �ÎÖ÷ ø¢ Ý��î ­Âê 11.1 .3 .ù¤��ð.¢¤�¢ ¢��ø W� ¤¢ y��� � ´ ¨� Â ��Â � W ¢¤�� ÷�¢ � µ ¨� � � ä� Þ ¹ õ (1.1 .3) � � Ì ì � � � � � . ö� ûÂ �À�ª�� üõ ýÀ�±Þû ý�û �ä�Þ¹õ (y �X+) ø (x�X+) ö��ø W� = (x�X+) [ (y �X+)�¤�¬ ßþ� ¤¢ k y � x k� 1 �Ø�þ� ¥� . (x�X+) \ (y �X+) 6= � Ý�û¢ ö�È÷ ´¨� üê�î �Áó�� �þø y � x � �01 Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� �Áó k y � x k= �0 �Øþ¤�Ï �� �0 � 0 ¢¤�¢ ¢��øx � z �Ø�þ� �� ���� �� .ÝþÂ�Ú� ÂÑ÷ ¤¢ z = y � �01 Âð� ñ�� .x � y � �01 ÂÚþ¢ �¤�±ä� .¢�ª üõ ´��� ÝØ� ø z 2 (x�X+) \ (y �X+) �Áó y � zø.Àª�� üõ À�±Þû �ä�Þ¹õ ×þ ¢¤��÷�¢ �ä�Þ¹õ Âû .�¹�µ÷�ä�Þ¹õW� �¤�¬ ßþ� ¤¢ .Àª�� ý� ù¢ÂÈê �ä�Þ¹õ W � X+ Ý��î ­Âê 3.1 .3 .��Ìì.´¨��µÆ� ý�



39 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêý�Â� x 2 W�� Ý��î ­Âê . W�� � W� Ý�û¢ ö�È÷ üê�î �Áó .W� � W�� Ý�÷�¢ üõ . ö�ûÂ�x 2 y �X+ �Øþ¤�Ï �� y 2W ¢¤�¢ ¢��ø Ý�û¢ ö�È÷ Àþ�� (1.1 .3) ��Ìì �� ��� x 2W� �Ø÷�ø ù¢ÂÈê �ä�Þ¹õ×þ �Ø�þ�¥� . W \ (x +X+) = � ü�ãþ Àª�±÷ ¤�Ï ßþ� Ý��î ­Âê .��±��À�÷�õ üÚþ�ÆÞû ×þ ¢¤�¢ ¢��ø (℄17[â�Âõ 21:1) ��Ìì �� ��� ´¨� ý� �µÆ� ¯øÂ¿õ ×þ X+(W + V ) \ (x+X+ + V ) = � (�) �Øþ¤�Ï �� V¤�Ï �� �¹�µ÷ ¤¢ .Àª�� üõ W� ¯�Ö÷ ü¡Â� Ûõ�ª x ñ�� üÚþ�ÆÞû Âû �Áó x 2W�� ­Âê Õ±Ï¢��ø �Áó z 2 W� �Ø�þ� ¥� .Àª�� üõ z 2 W� À�÷�õ ý� �ÎÖ÷ Ûõ�ª ��÷ x+ V üÚþ�ÆÞû«�¡ß��»Þû .y 2 z +X+ + V ßþ�Â���� z 2 x+ V üêÂÏ ¥� .y 2 z +X+�Øþ¤�Ï �� y 2W ¢¤�¢­Âê �Áó .(*)�Î��¤ �� ´¨� Ëì��µõ ßþ��î y 2 (W + V ) \ (x+X+ + V ) �Áó y 2 W + V� .¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡W� �¤�¬ ßþ� ¤¢ Àª�� ¤�À÷�Âî ��� ¥� �ä�Þ¹õ ×þ W � X+ Ý��î ­Âê 12.1 .3 .ù¤��ð.Àª�� üõ ¤�À÷�Âî ���¥� ý��ä�Þ¹õ



40 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêñ�õÂ÷ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� 1.1.3ñ�õÂ÷ �ä�Þ¹õ ×þ �¤ W � X+ ,Àª�� Å��� ¤�ÀõÂ÷ ý�Ìê X Ý��î ­Âê 2.1 .3 .ÓþÂã�w 2W ;x 2 X+ x � w ) x 2W :�Ø��¤�¬ ¤¢ À�þ�ð üõ,W�ä�Þ¹õ �¤�¬ ßþ� ¤¢ X = R2 Ý��î ­ Âê 1.1 .3 . ñ�·õ. ´¨� ñ�õÂ÷ �ä�Þ¹õ ×þ W = f(x1; x2) 2 R2+ : min(x1; x2) � 1gÂþ¥ ��¤�±ä �¤�¬ ßþ� ¤¢ .Àª�� ñ�õÂ÷ ý� �ä�Þ¹õ W � X+ Ý��î ­Âê 4.1 .3 .��Ìì:À�ª�� üõ ´¨¤¢W� = fx 2 X : x+ 2Wg (1W =W�TX+ (2.Àª�� �µÆ� W�Âð� ÍÖêø Âð� ´¨��µÆ� W (3(W�)+ =W (4.x � w�Øþ¤�Ï �� w 2 W ¢¤�¢ ¢��ø Û±ì ��Ìì �� �� � x 2 W� Ý��î ­Âê .(1) . ö�ûÂ�ÅØä x+ 2 W ßþ�Â���� ,´¨� ñ�õÂ÷ W ­Âê Õ±Ï 0 � x+ � w+ = w�Áó W � X+ �Ø�þ�¥�.x 2W� �Áó x � x+ø x+ 2W �W� �Ø�þ� ¥� .x+ 2WÝ��î ­Âê ýø�Æ�­Âê ¤�Ñ�õ ßþ� ý�Â� W�TX+ � W Ý�û¢ üõ ö�È÷ .W � W�TX+ �î ´¨� üúþÀ� .(2)x+ 2 W (1)ù¤��ð �� ��� x 2 W� �Ø�þ� ¥�ø .x = x+�Áó x 2 X+ �Ø�þ� ¥� x 2 W�TX+ Ý��î.W =W�TX+ ßþ�Â���� W�TX+ �W �¹�µ÷ ¤¢ x 2W ßþ�Â����� î üÞÆì � � W� � � ÕÜã µ õ ù��¿ ó¢ � ó� ± ÷¢ wkø Àª� � ý� � µÆ � �b ä�Þ¹õWÝ� � î ­Âê.(3)�µÆ� W ö�� ø w+k ! w+ üêÂÏ ¥� .w+k 2 W (1)ù¤��ð �� ��� wk 2 W��Ø�þ� ¥� .wk ! w.Àª� � üõ � µÆ � W� ßþ�Â �� � � w 2 W� Ý þ¤�¢ (1) ù¤�� ð � � � � � �f¢À¹õ ø w+ 2 W �Á ó .´¨�



41 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêý� ��Ìì �� ���� �� W = W�TX+ Ýþ¤�¢ (2) ù¤��ð �� ��� .Àª�� �µÆ� W� Ý��î ­Âê ÅØäÂ�. ´¨� �µÆ� W �Áó ý��ó���� ¤¢ù¤��ð ö�Þû �� ��� �f¢À¹õ x 2 W� (1) ù¤��ð �� ��� �¤�¬ ßþ� ¤¢ x+ 2 (W�)+ Ý��î ­Âê.(4)� .(W�)+ =W ßþ�Â���� .´¨� üúþÀ� ýø�Æ� ÂÚþ¢ éÂÏ .(W�)+ �W �¹�µ÷¤¢ x+ 2W: �¤�¬ ßþ� ¤¢ x0 2 X+; y 2 XÝ��î ­Âê 13.1 .3 .ù¤��ðk y � x0 k�k y+ � x0 kx0 = x+0 �Á ó x0 2 X+ �Ø� þ� ¥� y = y+ � y� Ýþ¤�¢ y 2 X Âû ý�Â � Ý � ÷�¢ üõ . ö�ûÂ �Ýþ¤�¢ ÕÜÎõ ¤Àì ÓþÂã� �� ��� .x0 � y = x0 � (y+ � y�) ßþ�Â����j x0 � y j= (x0 � y)+ + (x0 � y)�= x0 + y+ � y� � x0 + y+ =j x0 + y+ j� )k y � x0 k�k y+ � x0 k:ù�Ú÷� x0 2 X+ ø ñ�õÂ÷ �ä�Þ¹õ W � X+ Ý��î ­Âê 5.1 .3 .��Ììd(x0;W ) = d(x0;W�)Ý��î ­ Âê ýø�Æ� ,ÂÚþ¢ éÂÏ ñ�� . d(x0;W ) � d(x0;W�) �Áó W � W��Ø�þ� ¥� . ö�ûÂ�:Ýþ¤�¢ Û±ì ��Ìì Õ±Ï ø y+ 2W (4.1 .3) ��Ìì �� ��� �¤�¬ ßþ�¤¢ y 2W�k y � x0 k�k y+ � x0 k� d(x0;W ) (��)d(x0;W ) = d(x0;W�) ÝþÂ�ð üõ �¹�µ÷ (**)ø (*) �Î��¤ ¥��x0 2 X+ ø .À ª� � ý� � µ Æ � ø ñ� õÂ ÷� ä� Þ ¹ õ W � X+ Ý � � î ­Â ê 6.1 .3 .��Ìì.g0 = (w0)+ :ù�Ú÷� ,Àª�� minPW�(x0) = w0Âð�ø ¢���õ minPW (x0) = g0 Å�



42 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê��Ìì (3) ù¤��ð Õ±Ï �Áó ´Æû ý� �µÆ� ø ñ�õÂ÷�ä�Þ¹õ W �Ø�þ� �� ���� �� . ö�ûÂ���Ìì �� ��� �¤�¬ ßþ� ¤¢ r = d(x0;W�) Ý��î ­Âê Âð�ñ�� .Àª�� üõ �µÆ�W� (4.1 .3).w0 = minPW�(x0) = x0 � r:1 Ýþ¤�¢ (1.3 .2)ø Û ± ì � � Ì ì Õ ± Ï ,w+0 2 W (4.1 .3) � � Ì ì (1) ´ Þ Æ ì � � � � � w0 2 W�� Ø � þ� ¥�­Âê ñ�� w+0 2 PW (x0) �¹� µ ÷ ¤¢ ,d(x0;W ) = d(x0;W�) = r Ýþ¤�¢ (13.1 .3) ù¤��ðg � 0 üêÂÏ ¥� g � w0 �Á ó g 2 PW�(x0) �¤�¬ ßþ� ¤¢ ,Àª� � ù��¿ó¢ g 2 PW (x0) Ý��î� minPW (x0) = g0 = (w0)+ �Áó ,´¨� ù��¿ó¢ g ö��ø g � w+0 Ýþ¤�¢ ßþ�Â�����ä�Þ¹õ ¥� ý�ù¢�� ÷�¡ (At)t2T ø Àª�� ÅþÀ÷� ¥� ý��ä�Þ¹õ T Ý��î ­Âê 7.1 .3 .��Ìì: �¤�¬ ßþ� ¤¢ A = TAt ø Àª�� ñ�õÂ÷ ø �µÆ� ý�ûdA(x) = supt2T dAt(x)Ý þ¤�¢ (7.5 .2) ø (5.1 .3) � þ� � Ì ì � � � � �ø A� = T(At)� � Ø � þ� � � � �� � � � . ö� ûÂ �� . dA(x) = supt2T dAt(x) �¹�µ÷ ¤¢ dA�(x) = supt2T d(A�)t(x) ø dA(x) = dA�(x)�û ¢¤��÷�¢ ¢Â�¤�î 2.3ü¡Â� ö¢�� ñ���Þ�ÆîøÂ� ¢¤���� ö� ÝÞµõø ¢¤��÷�¢ �ä�Þ¹õ×Þî �� Ý�û��¡ üõ Ç¿� ßþ� ¤¢Ý��î ö��� ö�È±þÂÖ� ¯�Ö÷ ý�Â� üþ�û �Ê¿Èõ Å³¨ ø Ý��î ü¨¤Â� �¤ �µÆ� �û �ä�Þ¹õ: ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ �Î��® �� p : X ! R ´ª�Ú÷p(x) = inff� 2 R : x � �:1gx � p(x):1 Ýþ¤�¢ ë�ê ÓþÂã� �� ���� ��:À��î üõ ùÀû�Èõ Ý�ª�� �µª�¢ (1.2) �Â÷ ÓþÂã��� ý� �Æþ�Öõ Âð� ñ��k x k= max(p(x); p(�x))



43 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê¢Âî ù¤�ª� Âþ¥ ¢¤��õ �� ö��� üõ â��� ßþ� ý�û üðÄþø ÂÚþ¢ ¥�:ÂÚþ¢ �¤�±ä �� .´¨� üÎ¡ Ý�÷ ´ª�Ú÷ p (18x; y 2 X p(x+ y) � p(x) + p(y). ´¨� üãÞ� ßÚÞû ´ª�Ú÷ p (2ý�û �ä�Þ¹õ ö¢�� ñ���Þ�Æî øÂ� ü¨¤Â� ¤¢ ü¨�¨� ÇÖ÷ Âþ¥ ý�û �ä�Þ¹õ 1.2 .3 .ÂîÁ�À÷¤�¢ �µÆ� ù��¿ó¢Z = fz 2 X : p(z) � p(�z)g�Z = fz 2 X : p(�z) � p(z)g: ´¨� Âþ¥ �Âª �� �ä�Þ¹õ ßþ� ý�û üðÄþø ü¡Â�X = Z S�Z (1Z T�Z = fz 2 X : p(z) = p(�z)g (2Àª�� üõ ¢¤���� �ä�Þ¹õ ×þ Z �ä�Þ¹õ (3üðÄ þø � � � � � �¤�¬ ßþ� ¤¢ z � x �î üÞÆì � � x 2 Xø z 2 Z Ý� � î ­Âê .ö�ûÂ �: Ýþ¤�¢ p â��� ý¢�ã¬p(x) � p(z) � p(�z) � p(�x)) x 2 Z�¤�¬ ßþ� ¤¢ .Àª�� x0�U 2 Z; x0 2 Xø �µÆ� ý��ä�Þ¹õ U Ý��î ­Âê 14.2 .3 .ù¤��ðd(x0; U) = d(x0; U�)ÂÚþ¢ éÂÏ ×�þ� . r � d(x0; U) (�) �Áó U � U� ö�� d(x0; U�) = r Ý��î ­Âê . ö�ûÂ�



44 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêv 2 X+ ¢¤�¢ ¢��ø (1.1 .3) ��Ìì �� ��� u� 2 U� Ý��î ­Âê . Ý�û¢ üõ ö�È÷ �¤ ýø�Æõ �÷x1 = x0 + v ¤�ÀÖõ �¤ x1 Âð� ñ�� x0 � u� = x0 � (u � v) ßþ�Â���� u� = u� v �Øþ¤�Ï ��.Àª�� üõ ¢¤���� �ä�Þ¹õ Z ö�� ø x0 � u 2 Z üêÂÏ ¥� x1 > x0 �¤�¬ ßþ� ¤¢ Ý��î ¤��µ¡�ßþ�Â���� x1 � u 2 Z �Áók x0 � u� k=k x1 � u k= p(x1 � u) � p(x0 � u) =k x0 � u k� d(x0; U) = d(x0; U�) Ýþ¤�¢ (*) �Î��¤ �� ���� �� .d(x0; U�) � d(x0; U) �Áóý��ä�Þ¹õ U� ß��»Þû .Àª�� x0 � U 2 Z; x0 2 Xø U � X Ý��î ­Âê 1.2 .3 .��Ìì. ´¨� ñ���Þ�ÆîøÂ� ý��ä�Þ¹õ x0 �ÎÖ÷ �� ´±Æ÷ U�ä�Þ¹õ �¤�¬ ßþ� ¤¢ ,Àª�� �µÆ�w0 = min pU�(x0) (1.3 .2) ��Ìì Õ±Ï �Áó ,Àª�� üõ �µÆ� ý��ä�Þ¹õ U� �Ø�þ� ¥� . ö�ûÂ�¢¤�¢ ¢��ø (1.1 .3) ��Ìì�� � � � üêÂÏ ¥� .w0 = x0 � r:1 ù�Ú÷� r = d(x0; U�)Âð�ø ¢���õx0 � u = r:1� v � r:1 ßþ�Â���� w0 = u� v�Øþ¤�Ï �� u 2 Uø v 2 X+Õ±Ï üêÂÏ ¥� .p(x0 � u) = p(r:1� v) � p(r:1) = r :Ýþ¤�¢ p â��� ö¢�� ý¢�ã¬ üðÄþø �� ���¥� u0 2 U Âû ý�Â� ß��»Þû .k x0 � u k= p(x0 � u) � r �¹�µ÷¤¢ x0 � u 2 Z Ýþ¤�¢ ­Âê.u 2 PU (x0) �î ¢�ª üõ ´��� ýø�Æõ�÷ ø¢ ßþ� ¥� ,k x0 � u k� d(x0; U) = r Ýþ¤�¢ u �ÜÞ���µÆ� ý��ä�Þ¹õ U� ß��»Þû x0 � U 2 �Z; x0 2 Xø U � X Ý��î ­Âê 1.2 .3 . �¹�µ÷. ´¨� ñ���Þ�ÆîøÂ� ý��ä�Þ¹õ x0 �ÎÖ÷ �� ´±Æ÷ U�ä�Þ¹õ �¤�¬ ßþ� ¤¢ Àª��ø Àª�� �µÆ� ý� �ä�Þ¹õ U� ø ¤�À÷�Âî ��� ¥� ý��ä�Þ¹õ U � X Ý��î ­Âê 1.2 .3 . ñ�·õ. ´¨� ñ���Þ�ÆîøÂ� x �ÎÖ÷ �� ´±Æ÷ U �¤�¬ ßþ� ¤¢ ,Àª�� ï¤�� üê�î ¤�ÀÖõ �� x 2 X



45 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê�� x 2 XÂû ý�¥� �� ø Àª�� üõ ¤�À÷�Âî ß�þ�� ¥� �U �Áó ´¨� ¤�À÷�Âî ��� ¥� U�Ø�þ� ¥� :��±���¹�µ÷ ¤¢ x� u 2 Z ßþ�Â���� p(x� u) � p(�(x� u)) �Áó x� u � 0 Ýþ¤�¢ ï¤�� üê�î ¤�ÀÖõ.¢�ª üõ ´��� ÝØ� Û±ì ��Ìì �� ��� , x� U � Z: Àª�� üõ �µÆ� ý� �ä�Þ¹õ U� Âþ¥ Íþ�Âª ´½� .Àª�� U � X Ý��î ­Âê 2.2 .3 .ÂîÁ�.Àª�� ù¢ÂÈê ý� �ä�Þ¹õ ×þ U .1Àª�� �µÆ� ý� �ä�Þ¹õ V�ø V � U � V� �Øþ¤�Ï �� Àª�� �µª�¢ ¢��ø V À�÷�õ �ä�Þ¹õ .2U� = V� �Áó U� � V�; V� � U� Ýþ¤�¢ ßþ�Â���� V � U � U� � V� .ö�ûÂ�.Àª�� �µÆ� ø ñ�õÂ÷ ý��ä�Þ¹õ U .3°þÂÖ� ßþÂµú� ÂÊ�ä �bÊ¿Èõ.Àª�� ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ x0�ÎÖ÷ �� ´±Æ÷ U�ä�Þ¹õ Ý��î ­Âê 2.2 .3 .��Ìì¤¢ Àª�� (3.2) ´ª�Ú÷ ö�Þû �ø u0 2 U; r =k x0 � u0 k Ý��î ­Âê ß��»Þû x0 � U 2 Zø:À�µÆû ñ¢�ãõ Âþ¥ ��¤�±ä �¤�¬ ßþ�u0 2 PU (x0) (1:�Øþ¤�Ï �� l 2 X ¢¤�¢ ¢��ø (2�(u; l) � 0 = �(y; l) 8u 2 U; 8y 2 B(x0; r)u0 = minPU (x0) �¤�¬ ßþ� ¤¢ l = �u0�î ü¬�¡ ´ó�� ¤¢ÂÑ÷ ¤¢ �¤ U�ä�Þ¹õ ¢¤��÷�¢ �b µ¨��¤�µÆ� .r =k x0 � u0 kø u0 2 PU (x0) Ý��î ­Âê . ö�ûÂ�d(x0; U) = d(x0; U�) = d(x0; U�� ) Ýþ¤�¢ (14.2 .3) ù¤��ð �� ���� �� �¤�¬ ßþ� ¤¢ ÀþÂ�Ú�w0 = x0 � r:1 � � Â ��Â � ø ¢���õ minPU�(x0) (1.3 .2) �¹� µ ÷ � � � � � .u0 2 PU�� (x0)�Á ó



46 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêÝ�û��¡ �Â ÷ ÓþÂã � � � � � � y 2 B(x0; r) Ý��î üõ ­Âê ß��»Þû ,l = �w0 Ý�û¢ üõ ¤�Â ì�Áó �r 2 f� 2 R : �:1 � y � x0g ßþ�Â���� �r:1 � y � x0 ´ª�¢�(y; l) = supf� 2 R : �:1 � y + lg= supf� 2 R : �:1 � y � w0g= supf� 2 R : �:1 � y � (x0 � r:1)g= supf� 2 R : �:1� r:1 � y � x0g= supf� 2 R : �:1 � y � x0g+ r� �r + r = 0Âû ý�Â� �(u�; l) � 0 Ýþ¤�¢ (2.1 .2) Ýó �� �� � w0 2 bdU�� �Áó w0 2 PU�� (x0)�Ø�þ� ¥��(u; l) � 0 : ´ª�¢ Ý�û��¡ ��÷ u 2 U Âû ý�Â� �Áó u� 2 U��:�Øþ¤�Ï �� l 2 X ¢¤�¢ ¢��ø Ý��î ­Âê (2! 1)�(u; l) � 0 = �(y; l) 8u 2 U; 8y 2 B(x0; r)�� � � �ø �(x0 � r:1; l) � 0 :Ý þ¤�¢ ­Âê Õ±Ï Å� x0 � r:1 2 B(x0; r) �Ø� þ� � � ��� � � ��(x0; l) � r �¹�µ÷ ¤¢ �(x0 � r:1; l) = �(x0; l)� r Ýþ¤�¢ � â��� ö¢�� üãÞ� ßÚÞû üðÄþø: ´ª�¢ Ý�û��¡ �´ª�Ú÷ ÓþÂã� �� ��� ß��»Þûr:1 � �(x0; l):1 � x0 + l) r:1 � x0 + l (�)ß þ�Â �� � � x0 � u 2 Z ­Â ê � � � � � ,À ª� � ü û�� ¿ ó¢ � Ì ä × þ u 2 UÝ � � î ­Â êüðÄþø ø (*) �Î��¤ � � � � � �¹�µ ÷ ¤¢ �(�x0; u) = �p(x0 � u) ø k x0 � u k= p(x0 � u): Ýþ¤�¢ � â��� ý¢�ã¬� k x0 � u k= �(�x0; u) � �(l � r:1; u) = �(l; u)� r � 0� r = �r)k x0 � u k� r 8u 2 U



47 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêu0 2 PU (x0) ø d(x0; U) = r�Áó r =k x0 � u0 k Ýþ¤�¢ ­Âê Õ±Ï üêÂÏ ¥�Ýþ¤�¢ ­Âê ����� Àª�� üû��¿ó¢ ýÂÊ�ä u 2 PU (x0) ø Àª�� l = �u0 Ý��î ­Âê .�¹�µ÷ ��±��u � u0 �Áó 0 � �(u;�u0):1 � u� u0 Ýþ¤�¢ � â��� ÓþÂã� �� ��� �¹�µ÷ ¤¢ �(u;�u0) � 0� .u0 = minPU (x0) ßþ�Â����ø Àª�� ñ���Þ�ÆîøÂ� �ä�Þ¹õ ×þ x0�ÎÖ÷ �� ´±Æ÷ U�ä�Þ¹õ Ý��î ­Âê 3.2 .3 .��Ìì:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ ��¤�±ä .Àª�� �µÆ� ý� �ä�Þ¹õ U� Ý��î ­Âê ß��»Þû x0 � U 2 Z´¨� Ó�È�±� x0�ÎÖ÷ �� ´±Æ÷ U� (1´¨� Ó�È�±� x0�ÎÖ÷ �� ´±Æ÷ U (2�î Àû¢ üõ �¹�µ÷ �¤ (1) ü÷�õ¥(2) �Î��¤ ø Àû¢ üõ �¹�µ÷�¤.(2)ù¤��Þû (1) �¤�Ê�þ� ¤¢.Àª�� Ó�È�±� �ÎÖ÷ ×þ U� ý¥Âõ �ÎÖ÷ ÂûÓ�È�±� �bÎÖ÷ ×þ U� ý¥Âõ�ÎÖ÷ Âûø Àª�� Ó�È�±� x0�ÎÖ÷ �� ´±Æ÷ U Ý��î ­Âê . ö�ûÂ��� u�; v� 2 PU�(x0) Àª�� �µª�¢ ¢��ø ü�ãþ .Àª�±÷ Ó�È�±� x0�ÎÖ÷ �� ´±Æ÷ U� üóø .Àª����� . v� � v; u� � u �Øþ¤�Ï �� u; v 2 U À÷¤�¢ ¢��ø (1.1 .3) ��Ìì �� ��� ,u� 6= v��Øþ¤�Ï: ßþ�Â���� d(x0; U) = d(x0; U�) Ýþ¤�¢ (14.2 .3) ù¤��ð ��d(x0; U) �k x0 � u k= P (x0 � u) � P (x0 � u�) =k x0 � u� k= d(x0; U)) u 2 PU (x0)ö�È÷ ñ�� . u; v 2 PU (x0) � PU�(x0)�Áó v 2 PU (x0)�î ´êÂð �¹�µ÷ ö��� üõ ���Èõ ¤�Ï ��Âû ­Âê Õ±Ïø u� � u ö��ø v; u 2 bdU� ßþ�Â���� u; v 2 PU�(x0)�Ø�þ� ¥� u 6= v Ý�û¢ üõv = v� ���Èõ ¤�Ï �� .u = u� (3.2 .2) ù¤��ð Õ±Ï �Áó ´¨� Ó�È�±� �bÎÖ÷ ×þ U� ý¥Âõ �ÎÖ÷�� ´±Æ÷ U ö¢�� Ó�È�±�­Âê �� ´¨� Ëì��µõ ßþ� �î u 6= v �Áó v� 6= u��Ø�þ� ¥� �¹�µ÷ ¤¢ .



48 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê� .¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡­Âê Å� x0�ÎÖ÷
�¹�µ÷ ×þ 1.2.3´ª�÷ ý��ä�Þ¹õ ø¢ á�Þµ�� �¤�¬ �� ö��µ�õ �¤ �µÆ� �ä�Þ¹õ Âû Ý�û¢ üõ ö�È÷ Âþ¥ ��Ìì ¤¢üõ ÛÊê ßþ� ¤¢ ùÀª ö��� �þ�Ìì ¥� ù¢�Ôµ¨� �� ø À��î üõ ëÀ¬ (14.2 .3) ù¤��ð Íþ�Âª ¤¢ �î.¢�Þ÷ ö��� ý�úµþøÀ½õ �� �µ±ó� °þÂÖ� ßþÂµú� ¯�Ö÷ ßµê�þ ´ú� üªø¤ ö���¤¢ �¤ Âþ¥ ý�û �ä�Þ¹õ .x 2 X ø Àª�� ý� �µÆ� �ä�Þ¹õ U � X Ý��î ­Âê 4.2 .3 .��Ìì:ÀþÂ�Ú� ÂÑ÷U+x = U \ (x� Z) U�x = U \ (x+ Z):À÷� ´¨¤¢ Âþ¥ ��¤�±ä �¤�¬ ßþ� ¤¢x� U+x � Z; x� U�x � �Z (1U+x [ U�x = U (2. À�ª�� üõ �µÆ� ý�û �ä�Þ¹õ U�x ; U+x (3: Ýþ¤�¢ Û±ì ��Ìì �ø¢ ´ÞÆì �� ���� �� 2.2 .3 . �¹�µ÷infu2U k x� u k= minf infu+2U+x k x� u+ k; infu�2U�x k x� u� kg.r� = infu+2U�x k x� u� k ø r+ = infu+2U+x k x� u+ kø r = infu2U k x� u k­Âê ��ù¢�Ôµ¨� Û±ì ÛÊê ¤¢ ùÀª ö�� � Ýµ þ¤�Úó� ¥� ö�� � üõ r �Ü¬�ê ö¢Âî �À� � ý�Â� �¤�¬ ßþ� ¤¢ù¤��ð �� � � � �Á ó U+x � (x � Z) ; U�x � x + Z ÓþÂã� �� � � � ö�� ,�î �¤�¬ ßþ� �� .¢�Þ÷Âð� ñ�� r� = d(x;U�x ) = d(x; (U�x )�)ø r+ = d(x;U+x ) = d(x; (U+x )�) Ýþ¤�¢ (14.2 .3)



49 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê´ú� �¤ Û±ì ÛÊê ¤¢ ùÀª �µÔð Ýµþ¤�Úó� ö��� üõ ,À�ª�� �µÆ� (U+x )�; (U�x )� ý�û �ä�Þ¹õPU (x) = PU+x (x) ø r = r+ �¤�¬ ßþ� ¤¢ r+ � r� Âð� .´Æ� ¤�î � � r�; r+Û¬��ê ßµê� þù� Ú ÷� r+ = r�� î ü µ ó� � ¤¢ .P (x)U = PU�x (x) ø r = r� �¤� ¬ ß þ� ¤¢ r� � r+ Â ð�. PU (x) = PU�x (x) = PU+x (x)°��Â� �ê�� â���� ø �û ¢¤��÷�¢ 3.3ø üðÄþø ßþ� ßµª�¢�� ø À�ª�� üõ °��Â� �ê�� �î Ýþ¥�¢ Â³� üã���� �� Ýþ¤�¢ ÀÊì Ç¿� ßþ� ¤¢([14℄ �� ¢�ª á��¤) .À�ª�� üõ ��÷ �Â÷ �ê�� ´Ôð Ý�û��¡ �fÀã� �î Íþ�Âª: �Ø��¤�¬ ¤¢ Ý�õ�÷ °��Â� �ê�� �¤ T : X ! Y üÎ¡ ´ª�Ú÷ 1.3 .3 .ÓþÂã�8x; y 2 X x � y ) T (x) � T (y)�� ù¤��Þû Âþ¥ �Î��¤ �Áó x = x+ � x� Ýþ¤�¢ x 2 X Âû ý�¥� �� �Ø�þ� �� ���� �� 1.3 .3 .ÂîÁ�: ´¨� ¤�ÂìÂ� °��Â� �ê�� â��� Âû ý�¥�j T (x) j�j T (x+) j + j T (x�) j= T (j x j)T; T�1 �Øþ¤�Ï �� T : X ! Y ø Å��� ý¤�¢Â� ý�Ìê ø¢ X;Y Ý��î ­Âê 1.3 .3 .ÝóÍÖ êø Â ð� ´ ¨� ¢¤�� ÷�¢ ý�� ä� Þ ¹ õ W � X �¤�¬ ß þ� ¤¢ .À � ª� � ° � �Â � � ê� � â ��� �.Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ T (W ) � Y Âð�y � T (w) �Øþ¤�Ï �� y 2 Y;w 2 W ø Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ W � X Ý��î ­Âê . ö�ûÂ�W ø w 2 W �Ø�þ� ¥� T�1(y) � T�1T (w) = w ßþ�Â��� � .´¨� °��Â� �ê�� T�1�Ø�þ� ¥����Èõ ¤�Ï �� ()) . ´¨� ¢¤��÷�¢ T (W )Å� y 2 T (W ) ßþ�Â���� T�1(y) 2W �Áó ,´¨�¢¤��÷�¢� . ¢�ª üõ ´���



50 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊêø 1X ;1Y � Ø þ ý� ûÂÊ � ä � � Å � �� ý¤�¢Â � ý�Ì ê ø¢ X;Y Ý � � î ­Â ê 1.3 .3 .��Ìì:�Øþ¤�Ï �� T : X ! YÀ�ª�� °��Â� �ê�� T; T�1 (1T (1X) = 1Y (2(k x k=k T (x) k)Àª�� üõ �Â÷ �ê�� �þ Âµõø�þ� ´ª�Ú÷ ×þ T ù�Ú÷�:Ýþ¤�¢ T ö¢�� °��Â� �ê�� ø �Â÷ üðÄþø ����� . ö�ûÂ�j x j � k x k :1X ) T (j x j) � k x k T (1X) = k x k :1Y) k T (x) k� k x k� .Àª�� üõÂµõø�þ� ´ª�Ú÷ ×þ T �Áó k x k�k T (x) k Ýþ¤�¢ T�1 ý�Â� ©ø¤ ßþ� ö¢Â� ¤�î �� ���¤�¬ ßþ� ¤¢ Àª�� Û±ì ��Ìì Íþ�Âª ý�¤�¢ T : X ! Y üÎ¡ ÂÚÜÞä Âð� 1.3 .3 . �¹�µ÷: À�ª�� üõ ´¨¤¢ Âþ¥ ý�û ù¤��ðø ñ���Þ�ÆîøÂ� ý��ä�Þ¹õ T (W ) Âð� ÍÖêø Âð� ,´¨� ¢¤��÷�¢ ø ñ���Þ�ÆîøÂ� �ä�Þ¹õ W (1.Àª�� ¢¤��÷�¢ø Ó�È�±� �ä�Þ¹õ ×þ T (W ) Âð� ÍÖêø Âð� ,´¨� Ó�È�±�ø ¢¤��÷�¢ ý��ä�Þ¹õ W (2.Àª�� ¢¤��÷�¢



51 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê�û ¢¤��÷�¢ ö�õ�Þû °þÂÖ� ßþÂµú� 4.3�� ö��� üõ �ÜÞ� ¥� Àª�� üõ °þÂÖ� ö�¥�¢ Â� �þÂÑ÷ ý¤��Æ� ���� ¢¤�õ ü÷�õ�Þû °þÂÖ� ¶½�¢Âîù¤�ª� ..ø 4ßÞÜ�õ ø 3 ö�Æ��øø 2Ù�� ö�� ü¬�¿ª��¤ ℄12[ â�Âõ ¥� �µêÂðÂ� ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤�¤ ö�õ�Þû °þÂÖ� ¶½� ��÷�õ Ç¿� ßþ� ¤¢. Ýþ� ù¢�¢ ¤�Âì �ãó�Îõ ¢¤�õÀª�� ¤�À÷�Âî �ä�Þ¹õ ×þ SøW � X Àª�� °�Âõ ý�Ìê ×þ X À��î ­Âê 1.4 .3 .ÓþÂã�:À��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ W �ä�Þ¹õ�� S �Ü¬�ê �¤�¬ ßþ� ¤¢d(S;W ) = infw2W sups2S k s� w k: �Ø��¤�¬ ¤¢ Ý�þ�ð üõ S ¥� W ö�õ�Þû °þÂÖ� ßþÂµú� �¤ w0�ÎÖ÷k s� w k= d(S;W ):ÂÚþ¢ �¤�±ä �� Ý�û¢ üõ Çþ�Þ÷ SW (S) ¢�Þ÷ �� �¤ ö�õ�Þû °þÂÖ� ßþÂµú� ¯�Ö÷ �Þû �ä�Þ¹õSW (S) = fw 2W : sups2S k s� w k= d(S;W )�Â÷ ö�Þû (k k )ö� ¤¢ �î Àª�� Å��� ¤�ÀõÂ÷ ý�Ìê (X; k : k) Ý��î ­Âê 1.4 .3 .ÂîÁ�Âþ¥ �¤�¬ �� �¤ r á�ãª ø S �îÂõ �� ý�ð �õ �¤�¬ ßþ� ¤¢. Àª�� Û±ì ÛÊê¤¢ ùÀª ÓþÂã�: Ý��î üõ ÓþÂã�B(S; r) = fy 2 X : sups2S k s� y k� rg = fy 2 X : supS � r:1 � y � inf S + r:1g. Ýþ¥�¢Â³� ¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ ö�õ�Þû °þÂÔ� ¶½� �� Ýþ¤�¢ ÀÊì ���Èõ ¤�Ï ��
hong2watson3milman4



52 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê
¤¢ STW = � �Øþ¤�Ï �� Àª�� ¤�À÷�Âî �ä�Þ¹õ×þ S ø W � XÝ��î ­Âê 1.4 .3 .��ÌìSW (S) � bdW �¤�¬ ßþ�sups2S k s�w k= d(S;W ) = rÅ� ,Àª�� ù��¿ó¢ ý��ÎÖ÷ w 2 SW (S) Ý��î ­Âê . ö�ûÂ�� � " > 0 ×þ ¢¤�¢ ¢��ø Å� w =2 bdW Ý � � î ­Âê ñ�� .r > 0 �Á ó STW = ��Ø � þ� ¥�:�Øþ¤�ÏV = fy 2 X : sups2S k s� w k� "g �W�¤�¬ ßþ� ¤¢ ws = w + "0(s� w) Ý�û¢ üõ ¤�Âì s 2 S ø "0 = "r+" Ý��î ­Âêk w � ws k= "0 k s� w k� "0r � "Ýþ¤�¢ s; t 2 S Âû ý�Â� �Áó ws 2 V �W ßþ�Â����r = d(S;W ) � supt2S k t� ws k) r � infs2S supt2S k t� ws k: Ýþ¤�¢ s; t 2 SÂû ý�Â� �¹�µ÷ ¤¢ k t� ws k=k t�w � "0(s� w) k üêÂÏ ¥�r � infs2S supt2S k t�w � "0(s� w) kr � (1� "0) supt2S k t�w k= (1� "0):r < r Ý��î ¤��µ¡� t = s Âð� ñ��� .w 2 bdW ø ÛÏ�� ÓÜ¡­Âê Å� ,´¨� ´¨¤¢�÷ �Î��¤ ßþ�STW = � �Øþ¤�Ï �� Àª�� ¤�À÷�Âî �ä�Þ¹õ×þ S ø W � XÝ��î ­Âê 15.4 .3 .ù¤��ð.Àª�� üõ ñ���Þ�ÆîøÂ� ö�õ�Þû �ä�Þ¹õ ×þ W ù�Ú÷�ý�Â � inf ÓþÂ ã � � � � � � �¤�¬ ß þ� ¤¢ r := d(S;W )ø STW = � Ý � � î ­Â ê . ö� ûÂ �:Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� sups2S k s�w" k< r+ " �Øþ¤�Ï �� w" 2W ×þ ¢¤�¢ ¢��ø " � 0Âû�(r + "):1 � w" � supS � (r + "):1



53 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê×þ W ø w0 � "1 = supS � r:1 � "1 � w"� Ø � þ� ¥� w0 = supS � r:1 Ý � û¢ ü õ ¤�Â ìW üêÂÏ¥� w0 � "1 2 W Ýþ¤�¢ "Âû ý�¥� �� �î ¢�ª üõ �¹�µ÷ Àª�� üõ ¢¤��÷�¢ �ä�Þ¹õsups2S k s� w0 k= r = d(x;W )�Ø�þ� �� ���� �� w0 2 W �Áó .´Æû ý� �µÆ� �ä�Þ¹õ×þ� .¢�ª üõ ´��� ÝØ� ø w0 2 SW (S) ßþ�Â����ß þ�¤¢ STW = � ø À ª� � � µ Æ �ø ¢¤�� ÷�¢ ý�� ä� Þ ¹ õ W � X Â ð� 1.4 .3 . �¹�µ÷.´¨� w0 = supS � r:1 ��Â��Â� ø ¢���õ minSW (S) �¤�¬�Á ó sups2S k s � w k= r = d(x;W ) �¤�¬ ß þ� ¤¢ w 2 SW (S)Ý � � î ­Â ê . ö� ûÂ �ßþ�Â���� w0 � w Å� supS � r:1 � x Ýþ¤�¢ x 2 B(S; r)Âû ý�¥� �� üêÂÏ ¥� w 2 B(S; r)� w0 = minSW (S)R+ = f� 2 R : � �ø Àª�� �µÆ�ø ¢¤��÷�¢ ý� �ä�Þ¹õW � XÝ��î ­Âê 16.4 .3 .ù¤��ð: ´ª�¢ Ý�û��¡ �¤�¬ ßþ� ¤¢ 0gbdW +R+1 = fsupS : S � X �Wg� � S0 � X �W À � ÷� õ ý¤�À ÷�Â î �b ä� Þ ¹ õ À ª� � � µ ª�¢ ¢� �ø Ý � � î ­Â ê . ö� ûÂ �üõ ¤�Âì ñ�� r > 0 �Áó S0 \W = � �Ø�þ� ¥� r = d(S0;W ) ß��»Þû t = supS0 �Øþ¤�ÏÅ� w0 2 bdW ßþ�Â �� � � w0 2 SW (S0) (1.4 .3) �¹� µ ÷ � � � � � w0 = supS0 � r1 Ý�û¢w 2 bdW ¢¤�¢ ¢��ø �Áó t 2 bdW +R+1 Ý��î ­Âê ÅØäÂ� .t = w0 + r1 2 bdW +R+1S0 = fy 2 X : w + 12�1 � y � tg Ý�û¢ üõ ¤�Âì �õ ñ�� .t = w + �1 �Øþ¤�Ï �� � 2 R+øÝ � û¢ ü õ ö� È ÷ ñ� � .À ª� � ü õ t = supS0 ø ¤�À ÷�Â î ý�� ä� Þ ¹ õ S0 � î ´ ¨� �¤� Ø ª��¤�¬ ßþ� ¤¢ y 2 S0 \W Àª�� �µª�¢ ¢��ø ü�ãþ Àª�±÷ ¤�Ï ßþ� Ý��î ­Âê . S0 \W = �w + 12�1 2W (�) �Áó ´¨� ¢¤��÷�¢ �ä�Þ¹õ ×þ W �Ø�þ� ¥� y 2W ø w + 12�1 � y



54 ¢¤��÷�¢ �b µ¨�� ø ñ�õÂ÷ ý�û �ä�Þ¹õ .3 ÛÊê�Â ÷ Ó þÂ ã �� � � �� � � � Ý þÂ � Ú � Â Ñ ÷¤¢ �¤ V = fz 2 X :k z � w k� 12�g � ä� Þ ¹ õßþ�Â���� .V �W ´ª�¢ Ý�û��¡ (�) �Î��¤ �� ��� ø V = fz 2 X : w� 12�1 � z � w+ 12�1g� . ¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡­Âê Å� .w ��¿µ÷� �� ´¨� Ëì��µõ ßþ� �î w 2 intW



4 ÛÊê
ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ

Å���
Rn ý�Ìê ¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ 1.4¢¤��÷�¢ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� ¶½� «�¡ ¤�Ï �� Ýþ¤�¢ ÀÊì �Àµ�� Ç¿� ßþ� ¤¢ �õ��±�� �þ�Ìì ¥� ù¢�Ôµ¨� �� Å³¨ø .Ýþ¥�¨ �ÂÎõ ��ä Å��� ý�Ìê ×þ ö���ä �� Rn ý�Ìê ¤¢ �¤( ℄2, 3[ �� ¢�ª á��¤) .Ý�û À� ©ÂµÆð üä�÷ �� �¤ ¶½� Ý�µÆ÷��� ý�Ìê ßþ� ¤¢ ùÀª
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56 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêRI ý¤�¢Â� ý�Ìê ø Àª�� ÅþÀ÷� ¥� üû��µõ�ä�Þ¹õ×þ I = f1;2;3::::g Ý��î ­Âê. xi 2 R �Øþ¤�Ï �� (xi)i2I ý�û¤�¢Â� ¥�Àª�� ùÀª ÛØÈµõÓþÂã� Í��ø ¤ ø â���� ÂµÈ�� �î �Â� Ý��î üõ ù¢�Ôµ¨� Rn ý�� �� RI¢�Þ÷ ¥� �õ 1.1 .4 .ÂîÁ�.À÷�ª üõ Í±�Âõ ÅþÀ÷� �� �Ìê ßþ� ¤¢ ùÀªßþ� ¤¢ ¢�Þ÷ ÓþÂã� �¤ üÔÜµ¿õ ý�û °��Â� ö��� üõ RI ý�Ìê ýø¤ À�÷�¢ üõ �î ¤�Ï ö�Þû£�¿�� RI ý�Ìê ýø¤ ¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �î �¤ ñ�Þãõ �þ ¢¤�À÷�µ¨� °��Â� �õ�÷ ö�þ��: ´¨� ùÀª8x; y 2 RI x � y , xi � yi 8i 2 I:Â Ú þ¢ �¤� ± ä � � � þ ü ã �Â õ �Â ÷ ´¨� ùÀª � µ êÂ ð ÂÑ ÷¤¢ �Ì ê ß þ� ýø¤ � î üõÂ ÷ ß � �»Þûk x k= maxi2I j xi jÓþÂã� �Â÷ ¤�ÀÖõ�� ë�ê üã�Âõ �Â÷ ¤�ÀÖõ x 2 RI Âû ý�¥� �� �î Àþ�Þ÷ üõ ���� 2.1 .4 .ÂîÁ�.Àª�� üõ ö�ÆØþ RI ý�Ìê �Øþ ÂÊ�ä Í¨�� ùÀª¤¢ ùÀª ´��� �þ�Ìì ��Þ� �Ø�þ� ßÞ® .Àª�� ¢¤��÷�¢ �bä�Þ¹õ A � RI Ý��î ­Âê 3.1 .4 .ÂîÁ�Âµú� �� Âû üþ�¨��ª ´ú��¤ ýÀþÀ� �þ�Ìì Ýþ¤�¢ ÀÊì Àª�� üõ ë¢�¬ A ¢¤�õ ¤¢ Û±ì ñ�Êê. Ý�û¢ ���¤� �û �ä�Þ¹õ ßþ� °þÂÖ�¥�¨ ´Ô� â��� ø üØÆê �Ø��õ â����¤ Âþ¥�Î��® �� MA : RI ! R â��� �¤�¬ ßþ� ¤¢ .Àª�� ¢¤��÷�¢ ý��ä�Þ¹õ A � RI Ý��î­Âê:À�þ�ð üõ A �ä�Þ¹õ �� ÂÒ��µõ üãÞ� üØÆê �Ø��õMA(x) = inff� 2 R : x 2 �:1+Ag



57 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê: �¤�¬ ßþ� ¤¢ A = fx 2 RI : x � vg Ý��î ­Âê 1.1 .4 . ñ�·õMA(x) = maxi2I (xi � vi)MA = inff� 2 R : x� �:1 � vg . ö�ûÂ�= inff� 2 R : 8i 2 I xi � � � vig= inff� 2 R : 8i 2 I xi � vi � �g= maxi2I(xi � vi)��¤� ¬ ß þ� ¤¢ .À ª� � ¢¤�� ÷�¢ � ä� Þ ¹ õ × þ A � RI Ý � � î ­Â ê 1.1 .4 .��ÌìdA =M+A = max(0;MA):: Ýþ¤�¢ (1.3 .2) �¹�µ÷ �� ��� x 2 RI Ý��î ­Âê . ö�ûÂ�dA = minf� 2 R : x� �:1 2 Ag= max(0;minf� 2 R : x� �:1 2 Ag)=M+A�:�¤� ¬ ß þ� ¤¢ À ª� � ¢¤�� ÷�¢ � ä� Þ ¹ õ × þ A � RI Ý � � î ­Â ê 1.1 .4 . �¹�µ÷intA = fx 2 RI :MA(x) < 0gRInintA = fx 2 RI :MA(x) � 0gbdA = fx 2 RI :MA(x) = 0g



58 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê�� ¥�¨ ´Ô� â��� Í¨�� ý�û �Ê¿Èõ ¢¤��÷�¢ ý�û �ä�Þ¹õ ý�Â� (2) ÛÊê ¤¢ �î ¤�Ï ö�Þûüõ ÓþÂã� Âþ¥ �¤�¬ �� Âþ¢�Öõ ö�Þû ß��ã� �� �Î��® ßþ� RI ý�Ìê ¤¢ .Àª ÓþÂã� �Î��®:¢�ª�(x; y) = mini2I (xi � yi),D �ä�Þ¹õ �¤�¬ ßþ� ¤¢ .
 2 R ,x 2 RI Ý��î ­Âê 1.1 .4 .ÓþÂã�.À�õ�÷ üõ x ¤�¢Â� �� �µÆ��ø ü����� ý�Ìê Â�� �¤ D = fy 2 RI : �(y;�x) � 
 g: �¤�¬ ßþ� ¤¢ x 2 RI ,Àª�� ¢¤��÷�¢ ø �µÆ� ý��ä�Þ¹õ A � RI Ý��î ­Âê 2.1 .4 .��ÌìdA(x) = supD2H dD(x).Àª�� üõ A Ûõ�ª ø x ¤�¢Â� �� �µÆ��ø D ü����� ý�û�Ìê Â�� ��Þ� �bä�Þ¹õ H ö� ¤¢ �îö�È÷ ý�Â� .dA(x) � supD2H dD(x) (1) �Áó A � D, D 2 H Âû ý�¥� �� �Ø�þ� ¥� . ö�ûÂ��î üÞÆì �� D À�÷�õ ü����� ý�Ìê Â�� ×þ ¢¤�¢ ¢��ø Ý�û¢ ö�È÷ ´¨� üê�î ýø�Æ� ÅØä ö¢�¢.dA(x) � supD2H dD(x): ÝþÂ�ð üõ ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ D �ä�Þ¹õ .a0 = minPA(x) Ý�û¢ üõ ¤�ÂìD = fy 2 RI : �(y;�a0) � 0 gÀª� � � µª�¢ ¢��ø Ý� � î ­Âê .dA(x) � supD2H dD(x) �f � ÷� � ,A � D Ý�û¢ üõ ö�È÷ �f ø�. ai > a0i (�) Ýþ¤�¢ i 2 I Âû ý�¥� �� ÂÚþ¢ �¤�±ä �� .a =2 D �î üÞÆì �� a 2 A�¤ ¢�ª üõ ÓþÂã� a�i = min(ai; xi) �¤�¬ �� ö� ��i �Ôó�õ ,i 2 I Âû ý�¥� �� �î �¤ a� ¤�¢Â��Áó ý¢¤��÷�¢ �ä�Þ¹õ A �Ø�þ� ¥� .a� � a Ýþ¤�¢ ¢¤�À÷�µ¨� °��Â� �� ���� �� . ÀþÂ�Ú� ÂÑ÷ ¤¢



59 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê�� ���� �� .xi > a0i (��) ,i 2 I Âû ý�¥� �� �¹�µ÷ ¤¢ 0 < dA(x) �Ø�þ� �� ���� �� .a� 2 A�Â÷ ÓþÂã� �� ��� .a� > a0i Ýþ¤�¢ (*),(**) �Î��¤k x� a� k= maxi2I j xi � a�i j< maxi2I j xi � a0i j=k x� a0 k�ø¢ ¯Âª ×�þ� .¢�ª üõ ´��� ÝØ�ø ÛÏ�� ÓÜ¡­Âê �Áó .a0 ��¿µ÷� �� ´¨� Ëì��µõ ßþ� �î. Ý�û¢ üõ ö�È÷ ��÷ �¤ü Þ Æ ì � � ,x0 ¢¤�¢ ¢� �ø (5.1 .1) � � Ì ì � � � � � ´ ¨� ý� � µ Æ � �b ä� Þ ¹ õ D� Ø � þ� ¥�� �,j 2 I À�÷�õ ÅþÀ÷� ×þ Ûì�À� ¢¤�¢ ¢��ø �Áó ,x0 2 D �Ø�þ�¥� . dD(x) =k x � x0 k�î: Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� ß��»Þû .x0j < a0j �Øþ¤�ÏdD(x) =k x� x0 k= maxi2I j xi � x0i j>j xj � x0j j>j xj � a0j j= dA(x) (2)� .¢�ª üõ ´��� ÝØ� (2) ø (1) Í��ø ¤ ¥� .
�û ¢¤��÷�¢ �±ª- m 2.4ßþ� üóø À�µÆ�÷ ¢¤���� �þ ¢¤��÷�¢ �fõø�ó �î Ý��î üêÂãõ �¤ ý�û �ä�Þ¹õ Ý�µÆ÷��� Ç¿� ßþ� ¤¢.À÷�ª ÛþÀ±� �û �ä�Þ¹õ ßþ� �� ÝÆ�êÂõ�ÿõ�û üµª�Ú÷ ´½� �î À÷¤�¢ �¤ ´�Ü��ìÂ þ¥ ×þ Im = fi1; i2; ::img ø Àª� � ÅþÀ ÷� ¥� ý��ä�Þ¹õ I = f1;2;3; :::Ng Ý� � î ­Âêý�Â� RImx ¢�Þ÷ ¥� Ý��î üõ ù¢�Ôµ¨� �õ x 2 RI Âû ý�Â� �¤�¬ ßþ� ¤¢ . I¥� ù��¿ó¢ �ä�Þ¹õ:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� �î ý�û �ä�Þ¹õRImx = fy = (yi)i2I 2 RI : 8i 2 Im yi � xi andyi � xi 8i 2 I � Img (4.1)



60 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêüõ ÓþÂã� Âþ¥ �¤�¬ �� ö� ý�û �Ôó�õ �î ý¤�¢Â� ý�Â� 1Im ¢�Þ÷ ¥� Ý��î üõ ù¢�Ôµ¨� ß��»Þû:¢�ªyi = 8><>: 1 i 2 Im�1 i =2 Im: ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ �Î��® �� Tm : RI ! RI ´ª�Ú÷ ,x = (xi)i2I 2 RI Ý��î ­ÂêTm(x) = y = (yi)i2I (4.2): �îyi = 8><>: xi i 2 Im�xi i =2 Im. ´¨� ÝÆ�êÂõ�ÿõ�û üµª�Ú÷ Tm ´ª�Ú÷ 1.2 .4 .Ýó¥� ×þÂû ö��ø ¢���õ T�1m �Áó ,Àª�� üõ �ª�� ø ×þ �� ×þ ´ª�Ú÷ ×þ Tm ö�� . ö�ûÂ�ÝÆ�êÂõ�ÿõ�û ´ª�Ú÷ ×þ Tm �Áó À�ª�� üõ �µ¨��� ý�û ´ª�Ú÷ �ú÷� öø¤�ø ø ´ª�Ú÷ ý�û �Ôó�õ� . ´¨�,Ý�õ� ÷ üõ ¢¤�� ÷�¢ �±ª- m �¤ G �¤�¬ ßþ� ¤¢ Àª�� G � RI Ý��î ­Âê 2.2 .4 .ÓþÂã�RImg � G ,g 2 GÂû ý�¥� ��Âð��¤�¬ ß þ� ¤¢ .Àª� � ¢¤�� ÷�¢ � ± ª- m ý� �ä� Þ¹õ G � RI Ý � � î ­Â ê 3.2 .4 .��Ìì. ´¨� ¢¤��÷�¢ ý��ä�Þ¹õ Tm(G)Âû ý�¥� �� Ý��î ´��� Àþ�� ,Àª�� üõ ¢¤��÷�¢ ý��ä�Þ¹õ Tm(G) Ý�û¢ ö�È÷ �Ø÷� ý�Â� . ö�ûÂ�Ýó �� ���� �� . x 2 Tm(G)ù�Ú÷� x � h �Øþ¤�Ï �� ¢�ª �µê�þ x 2 RI Âð� h 2 Tm(G)



61 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê�� � � � Tm(g) = h�Øþ¤�Ï �� g = (gi)i2I 2 G ¢¤�¢ ¢��ø h 2 Tm(G)Âû ý�¥� � � (1.2 .4):Ýþ¤�¢ (2.4 ) ÓþÂã�hi = 8><>: gi i 2 Im�gi i =2 Imxi � �gi , i 2 I � Im Âû ý�¥� �� �Áó .xi � hi Ýþ¤�¢ i 2 IÂû ý�¥� �� ,Àª�� üõ x � h �Ø�þ�¥�.i 2 Im Âû ý�¥� �� xi � giø:À÷�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� wi�î w = wi Âð� ñ��wi = 8><>: xi i 2 Im�xi i =2 Im¢�ª üõ �¹�µ÷ ,´¨�¢¤��÷�¢ �±ª- m ý� �ä�Þ¹õ G ø g 2 G �Ø�þ� �� ���� �� ,ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤� .¢�ª üõ ´��� ÝØ� ø x = Tm(w) 2 Tm(G) �îr = dist(x;G) ,x 2 RIø Àª� � ¢¤�� ÷�¢ �±ª- m ×þ G � RI Ý��î ­Âê 4.2 .4 .��Ììr = r: �¤�¬ ßþ� ¤¢ r: = dist(Tm(x); Tm(G))øj �x j=j x j �Ø�þ� �� ���� �� ø üã�Âõ �Â÷ ü�ãþ ùÀª �µêÂð ÂÑ÷ ¤¢ �Â÷ �� ���� �� . ö�ûÂ�´ª�¢ Ý�û��¡k Tm(x)� Tm(g) k= maxi2I j Tm(x)i � Tm(g)i j= maxfmaxi2Im j gi � xi j;maxi2I�Im j gi � xi jg=k x� g k Ýþ¤�¢ inf ßµêÂð �� �¹�µ÷ ¤¢infg2G k Tm(x)� Tm(g) k= infg2G k x� g k� ) dist(x;G) = dist(Tm(x); Tm(G)



62 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêù�Ú÷� .Àª�� �µÆ� ø ¢¤��÷�¢ �±ª- m G � RI Ý��î ­Âê 2.2 .4 . �¹�µ÷PG(x) = fg 2 G : Tm(g) 2 PTm(G)Tm(x)g.Àª�� üõ x� r1m 2 PG(x) «�¡ ¤�Ï ��� . ´¨� Û¬�� �¹�µ÷ (4.2 .4) ��Ìì ø (1.2 .4) Ýó �Ü�¨ø �� . ö�ûÂ��ä�Þ¹õ ×þ Tm(G)ø Àª�� �µÆ� ø ¢¤�� ÷�¢ �±ª- m G � RI Ý��î ­Âê 3.2 .4 . �¹�µ÷. Àª�� üõ ÓÈ�±� �ä�Þ¹õ G �¤�¬ ßþ� ¤¢ Àª�� ¢¤��÷�¢ �fÀ�î��ä�Þ¹õ ¥� ù¢��÷�¡ ×þ (At)t2T ø Àª�� ÅþÀ÷� ¥� ý��ä�Þ¹õ T Ý��î ­Âê 5.2 .4 .��Ìì: �¤�¬ ßþ� ¤¢ A = TAt ø Àª�� ¢¤��÷�¢ �±ª- m ø �µÆ� ý�ûdA(x) = supt2T dAt(x)ßþ�Â �� � � 8 t 2 T; rt � dA(x)�Á ó A � At�Ø� þ� ¥� rt = dAt ø x 2 XÝ� � î ­Âê . ö�ûÂ �­Âê ßþ�Â����. ¢�ª üõ ´��� ÝØ�ø dA(x) =1 �¹�µ÷ ¤¢ s =1Âð� ñ�� s = sup rt � dA(x)ý�¥� �� ø (x� s:1)i � (x� rt:1m)i ,i 2 Im Âû ý�¥� �� �Áó rt � s �Ø�þ� ¥� . s <1 Ý��îø x� rt:1m 2 At (2.2 .4) �¹�µ÷ �� ��� üêÂÏ ¥� (x� s:1)i � (x� rt:1m)i ,i 2 I � ImÂû�¹�µ÷ ¤¢ x� s:1m 2 At �Áó À�ª�� üõ ¢¤��÷�¢ �±ª- m ý�û�ä�Þ¹õ t 2 T Âû ý�¥� �� At ö��.dA(x) = supt2T dAt(x) �Áó k x� (x� s1m) k= s � dA(x) Ýþ¤�¢ üêÂÏ ¥� x� s:1m 2 A�



63 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê´±·õ ¢¤��÷�¢ �±ª-m(Rmg )+ �W ù�ðÂû ´¨� ´±·õ ¢¤��÷�¢ �±ª-m×þ W Ý�þ�ð �¤�¬ ßþ� ¤¢ W � R+ Ý��î ­Âê:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� (Rmg )+ ö� ¤¢ �î(Rmg )+ = Rmg \R+ (4.3)ý�û �ä�Þ¹õ ��Þ� í�Âµª� .Àª�� ´±·õ ¢¤��÷�¢ �±ª-m W � R+ Ý��î ­Âê 3.2 .4 .ÓþÂã�W�m ¢�Þ÷ � � �¤ ö� ø À�þ�ð üõ W�ä�Þ¹õ ¢¤�� ÷�¢ �±ª-m �µ¨�� �¤ W Ûõ�ª ¢¤�� ÷�¢ �±ª-m.À�û¢ üõ Çþ�Þ÷ø À ª� � Å þÀ ÷� ¥� ý�� ä� Þ ¹ õ I = f1;2;3; :::Ng Ý � � î ­Â ê 4.2 .4 .ÓþÂã�ÝÞµõ �õ x 2 RI Âû ý�Â� �¤�¬ ßþ� ¤¢ . I¥� ù��¿ó¢ �ä�Þ¹õ Âþ¥ ×þ Im = fi1; i2; ::img: Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ RIm ý�Ìê �� ´±Æ÷�¤ x �ÎÖ÷ Âþ�Ê�
oprm(x) = 
oprm(x)i :�î
oprm(x)i = 8><>: 0 i 2 Imxi i =2 Im�¤�¬ ßþ� ¤¢ .Àª�� ´±·õ ¢¤��÷�¢ �±ª-m ý��ä�Þ¹õ W � R+ Ý��î ­Âê 6.2 .4 .��Ìì:À�ª�� üõ ´¨¤¢ Âþ¥ ��¤�±äW�m = fx 2 R : 
oprm(x); x+ 2Wg (1W =W�m TR+ (2



64 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê-m�ä�Þ¹õ ×þ A Ý�û¢ üõ ö�È÷ A = fx 2 R : 
oprm(x); x+ 2Wg Ý�û¢ üõ ¤�Âì . ö�ûÂ��¤�¬ ßþ� ¤¢ x 2 RIma Àª�� �µª�¢ ¢��ø ø a = (ai)i2I 2 A Ý��î ­Âê .Àª�� üõ ¢¤��÷�¢ �±ª:Ýþ¤�¢ (3.4) ÓþÂã� �� ��� .x 2 A Ý�û¢ ö�È÷ Àþ��8><>: xi � ai i 2 Imai � xi i =2 Im (�).Àª� � üõ W �ä�Þ¹õ � � ÕÜã µ õ 
oprm(a) �ÎÖ ÷ �Á ó a = (ai)i 2 I 2 A �Ø� þ� ¥� ñ��Âþ¥ �Î��¤ (*) ø (4.2 .4) â��� ÓþÂã� �� ��� �¤�¬ ßþ� ¤¢ ÝþÂ�Ú� ÂÑ÷¤¢ �¤ y = 
oprm(x) �ÎÖ÷: ´¨� ¤�ÂìÂ�8><>: yi � ai i 2 Imai = yi = 0 i =2 Ima+ 2 A �Ø�þ��� ���� �� ø 
oprm(x) 2 A �Áó ,´¨� ¢¤��÷�¢ �±ª-m�ä�Þ¹õ ×þ W �î �� ö� ¥�Ýþ¤�¢ (*) �Î��¤ ø8><>: x+i � a+i i 2 Imx+i � a+i i =2 Imü õ ö� È ÷ ÅØ äÂ � . À ª� � ü õ ¢¤�� ÷�¢ � ± ª-m ×þ A �Á ó x 2 A ß þ�Â �� � � x+ 2 W �Á óÝ þ¤�¢ ü êÂ Ï ¥� x+ 2 W � W�m �¤� ¬ ß þ� ¤¢ x 2 A Ý � � î ­Â ê .A � W�m Ý � û¢�±ª-m ×þ W�m �Ø�þ� ¥� ñ�� .x+i � xi Ýþ¤�¢ i 2 Im Âû ý�Â� ø 
oprm(x) = 
oprm(x+),� .¢�ª üõ ´��� ÝØ� ø A �W�m �¹�µ÷ ¤¢ x 2W�m �Áó ´¨� ¢¤��÷�¢:ù�Ú ÷� x0 2 R+ ø Àª� � ´± · õ ¢¤�� ÷�¢ � ±ª-m ×þ W � R+ Ý� � î ­Âê 7.2 .4 .��Ììd(x0;W ) = d(x0;W�m)ýø�Æ� ÂÚþ¢ éÂÏ ñ�� .d(x0;W ) � d(x0;W�m) (�) �Áó W � W�m�Ø�þ� ¥� . ö�ûÂ�: Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� y 2W�m Ý��î ­Âê



65 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêk y � x0 k= maxi2I j yi � x0i j= maxfmaxi2Im j yi � x0i j;maxi2I�Im j yi � x0i jg� maxfmaxi2Im j y+i � x0i j;maxi2I�Im j y+i � x0i jg=k y+ � x0 k� d(x0;W ) (��)d(x0;W ) = d(x0;W�) ´ª�¢ Ý�û��¡ (**) ø (*) Í��¤ ¥�� Ý�ÖµÆõ âÞ� Û¬�� ý�Ìê ¤¢ �û¢¤��÷�¢ �±ª- m 1.2.4ý�Ìê ¤¢ ��÷ �¤ Rn ý�Ìê ¤¢ �û¢¤��÷�¢ �±ª- m¢¤�õ ¤¢ ùÀª �µÔð °ó�Îõ ��Þ� Ý�µÆ÷��� �õÂþ¥ �½÷ �� ý¥�ÆóÀõ ×þ �� �Áó .Ý�û¢ Ý�Þã� Å��� ý�û ý�Ìê ¥� ÛØÈµõ Ý�ÖµÆõ âÞ� Û¬��. Ý�µê�þ ´¨¢ éÀû ßþ� ��âÞ� Û¬�� Pni Xi ø .À�ª�� 1i �Øþ ÂÊ�ä �� ¤�ÀõÂ÷ Å��� ý�Ìê (Xi; k : ki) Ý��î ­Âê�� �Ôó�õ �¤�¬ �� �Ìê ßþ� ýø¤ âÞ� ÛÞä À�÷�¢ üõ �î ¤�Ï ö�Þû Àª�� �û �Ìê ßþ� Ý�ÖµÆõ: ¢�ª üõ ÓþÂã� Âþ¥ ��¬ �� �Ôó�õ8 z = nXi yi ; w = nXi xi 2 nXi Xi z + w = nXi (xi + yi): Ýþ¢Âî �ú¹õ Âþ¥ �Â÷ �� �¤ �Ìê ßþ� �õ8 z = nXi xi 2 nXi Xi k z k= max(k xi ki): Ýþ¢�Þ÷ ÓþÂã� Rn ý�Ìê ¢¤�À÷�µ¨� °��Â� ���Èõ �¤ Âþ¥ ü±��Â� �Î��¤ ß��»Þûw = nXi xi; z = nXi xi 2 nXi Xi w � z , yi � xi 8 i 2 I. Ýþ¢�¢ Û�ØÈ��¤ 1ImL ø 1L = (11;12; ::1n) ý�û ÂÊ�ä ���Èõ ¤�Ï �� øü��ÂÏ Rn ý�Ìê �� ���Èõ ,�Ìê ßþ� ýø¤ ùÀª ÓþÂã� ñ�Þä� ,À��î üõ ùÀû�Èõ �î ¤�Ï ö�Þû. Ý��î üõ ý¤�¢ ¢�¡ �ú÷� ö��� ¥� �õ �î .Àª À�û��¡ ¤�ÂØ� ùÀª �µÔð °ó�Îõ üÜ�¡ �Áó .´¨� ùÀª



66 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêý¤�Æ÷�� �Â® ý�Ìê ¤¢ °þÂÖ� ßþÂµú� 3.4¢¤�õ Â�¡� ý�û ñ�¨ ¤¢ ý¤�Æ÷�� ý�Ìê ¤¢ �À½õ ý�û �ä�Þ¹õ ýø¤ °þÂÖ� ßþÂµú� ¶½��ä�Þ¹õ ¢¤�õ ¤¢ ùÀª ��¹÷� ��õ�Àì� ü� ¤¢ ��÷�õ .´¨� ù¢�� 1 ü�� ö�� ý¤��Æ� ¢�Âê� �ãó�Îõ.Ýþ�Þ÷ ÓþÂã� �Ìê ßþ� ýø¤ �¤ °��Â� ×þ �f ø� Ý�µêÂð Ý�ÞÊ� ¤�¢ Å��� ý�Ìê ¤¢ ¢¤��÷�¢ ý�ûÅ��� ý�Ìê ¤¢ ùÀª ��¹÷� ý�û ¶½� Å³¨ø ù¢�Þ÷ ÓþÂã� �Ìê ßþ� ýø¤ �¤ ýÀþÀ� üõÂ÷ �f�÷��. Ýþ¥�¨ �ÂÎõ �Ìê ßþ� ¤¢ ��÷ �¤ �û.Ýþ¥�¢Â� üõ ℄16[ â�Âõ¥� �µêÂðÂ� �Ìê ßþ� ÓþÂã� ¥� ü��õÀÖõ �� �Àµ��ý¤�Æ÷�� ý�ÌêX ý�Ìê �� ÂÒ��µõ ö�ðø¢ ý�Ìê X� Ý��î ­Âê ß��»Þû À�ª��  �÷�� ý�û�Ìê Y;X Ý��î ­Âê.Àª��:ÀþÂ�Ú� ÂÑ÷ ¤¢ Âþ¥ �Î��® �� �¤ A : X� ! Y ÂÚÜÞäA(�) = nXi �(xi)yi � 2 X�ý�Ìê ýø¤ ü�ø�Ôµõ ý�ûÂÚÜÞä , xi 2 x; yi 2 Y ø n 2 N �� ÂÒ��µõ À���� üõ �î ¤�Ï ö�Þû.¢Â � Ý�û��¡ ¤�î � � �¤ Pni xi 
 yi �¤�±ä �ûÂÚÜÞä ßþ� � þ�Þ � ´ú� �õ ,¢�ª üõ ÓþÂã � X�: ¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� ý¥¤� Ýû �Î��¤ ×þ �ûÂÚÜÞä ßþ� �� ���� �� ß��»Þû. À��î ÓþÂã� �¤ ü÷�ÆØþ ÂÚÜÞä �¤�±ä ø¢ ßþ� Âð� ÍÖê ø Âð�Pni xi 
 yi �Pmi vi 
 ui�¤ ö� ø ý¤�Æ÷�� ý�Ìê �¤ ý¥¤� Ýû �Î��¤ ßþ� ¥� ùÀª ¢�¹þ� ý¥¤� Ýû ý�û §�î ��Þ� �ä�Þ¹õ.À�û¢ üõ Çþ�Þ÷ XN Y ¢�Þ÷ ��
heney1



67 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊê:¢�ª üõ ÓþÂã�Âþ¥ �¤�¬ �� �Ìê ßþ� ýø¤ Âó�Ø¨� �Â® ø âÞ� ÛÞänXk xk 
 yk + mXj vj 
 uj = n+mXi ai 
 bii = n+ j ý�Â� ai = vj; bi = ujø i = 1::n ý�Â� ai = xk; bi = yk ö� ¤¢ �î: Ýþ¤�¢ � 2 R Âû ý�¥� �� ß��»Þû� nXk xk 
 yk = nXk �xk 
 yk = nXk xk 
 �yk : «�¡ ¤�Ï ��0
 x = 0
 y = 0
 0 = 0×þ � � ¥ ¤� Ýû Àª� ± ÷ 0 
 0 ¥ ¤� Ýû �Ø � �¤�¬¤¢ �¤� ±ä Âû XNY ý�Ìê¤¢ 1.3 .4 .ÝóüÎ¡ ÛÖµÆõ fy1; ::yngø fx1:::xng ý�û �ä�Þ¹õ ö� ¤¢ �î Àª�� üõ Pnk xk 
 yk À�÷�õ �¤�±ä. À�ª�� üõ� .℄16[ �� ¢�ª á��¤ . ö�ûÂ�
¢¤��÷�¢ -� ý�û �ä�Þ¹õý��Î��¤ �¤�¬ ßþ� ¤¢ � 2 X� ø Àª�� 1Y �Øþ ÂÊ�ä �� Å��� ¤�ÀõÂ÷ ý�Ìê ×þ Y Ý��î ­Âê: Ý��î üõ ÓþÂã� Âþ¥ �¤�¬ �� XNY �Ìê ýø¤ �¤ � â��� �� ÂÒ��µõ ü±��Â�nXi xi 
 yi �� mXi vi 
 ui , nXi �(xi)yi � mXi �(vi)ui: Ý��î üõ £�¿�� �Ìê ßþ� ýø¤ Âþ¥ �¤�¬ �� �¤ ýÀþÀ� �Â÷ �Î��¤ ßþ� �� ���� ��k nXi xi 
 yi k�= inff� � 0 :j nXi �(xi)yi j� �1Y g



68 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêÇþ�Þ÷ ý�Â� �õ , �( x�(x) ) = 1 �î ´¨� üúþÀ� � 2 X� ø x 2 X Ý��î ­Âê 1.3 .4 .ÂîÁ�. ÝþÂ� üõ ¤�î �� �¤ e ¢�Þ÷ Ç¿� ßþ��þ�Ìì¤¢ x�(x) ÂÊ�ä
.Ý�õ�÷ üõ ¢¤��÷�¢ - � �¤ W �¤�¬ ßþ� ¤¢ Àª�� W � XNY Ý��î ­Âê 1.3 .4 .ÓþÂã�:�Ø��¤�¬¤¢w 2W ; z 2 XN Y; z �� w ) z 2WW �¤�¬ ßþ� ¤¢ .Àª�� ¢¤��÷�¢ - � ý� �ä�Þ¹õ W � XNY Ý��î ­Âê 1.3 .4 .��Ìì. ´¨� ñ���Þ�ÆîøÂ� �bä�Þ¹õr = d(z0;W ) = infw2W k z0�w k� ø z0 =Pni xi
yi 2 XN Y �W Ý��î­Âê . ö�ûÂ�� � w" = Pni u"i 
 v"i 2 W ×þ ¢¤�¢ ¢��ø " � 0Âû ý�Â � inf ÓþÂã � � � � � � �¤�¬ ßþ� ¤¢:Ýþ¤�¢ �Â÷ ÓþÂã� �� ��� k z0 � w" k�< r + " �Øþ¤�Ïj nXi �(xi)yi � nXi �(u"i )u"i j� �1Y�(r + "):1Y � nXi �(xi)yi � nXi �(u"i )u"i � (r + "):1Y×þW ø w0�"e
1Y = x0�("+r)e
1Y �� w"�Ø�þ� ¥� w0 = z0�re
1Y Ý�û¢ üõ ¤�ÂìW üêÂÏ¥� w0 � "e
 1Y 2 W ,"Âû ý�¥� �� �î ¢�ª üõ �¹�µ÷ Àª�� üõ ¢¤��÷�¢ - ��ä�Þ¹õk x0�w0 k�= r = d(z0;W )�Ø�þ� �� ���� �� ø w0 2W �¹�µ÷ ¤¢ ´Æû ý� �µÆ� �ä�Þ¹õ×þ� .¢�ª üõ ´��� ÝØ�ø w0 2 PW (z0) ßþ�Â����



69 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêß � � » Þ û .À ª� � ¢¤�� ÷�¢ - � ý� � ä� Þ ¹ õ W � XNY Ý � � î ­Â ê 1.3 .4 . �¹�µ÷:�¤�¬ ßþ� ¤¢ r = dW (z) ø z =Pni xi 
 yi 2 XNYnXi xi 
 yi � re
 1Y = minPW (z) .z =Pni xi 
 yi ø Àª�� ¢¤��÷�¢ - � ý� �ä�Þ¹õ W � XNY Ý��î ­Âê 2.3 .4 . �¹�µ÷:ù�Ú÷�dW (z) = minf� � 0 : z � �e
 1Y 2Wgß þ� ¤¢ z 2 W Â ð� . A = f� � 0 : z � �e 
 1Y 2 Wg Ý � û¢ ü õ ¤�Â ì . ö� ûÂ ��¤�¬ ßþ� ¤¢ z =2WÝ��î ­Âê Å� . minA = 0 = d(z;W ) �Áó z � 0e
 1Y 2W �¤�¬z � �:e 
 1Y 2 W�î üÞÆì �� Àª�� üû��¿ó¢ ¤�ÀÖõ � � 0 Ý��î ­Âê ñ�� d(z;W ) � 0: �¤�¬ ßþ�¤¢� =k z � (z � �:e
 1Y ) k�� d(z;W ) = rminA = r = d(z;W ) ßþ�Â���� r 2 A Å� z � r:e
 1Y 2W Ýþ¤�¢ Û±ì �¹�µ÷ �� ��� üêÂÏ ¥��



70 Å��� ÓÜµ¿õ ý�û �Ìê¤¢ ¢¤��÷�¢ ý�û �ä�Þ¹õ .4 ÛÊêüÜî ¸þ�µ÷ý�û �ä�Þ¹õ Í¨�� °þÂÖ� ßþÂµú� ü¨¤Â� �� ÝÑ�õ Â�¨ ×þ ¤¢ Ýþ¢Âî üã¨ �õ�÷ ö�þ�� ßþ�¤¢ �õø�û �ä�Þ¹õ ßþ� üêÂãõ � � �À µ �� � µ¨�¤ ßþ� ¤¢ . Ý þ¥�¢Â ³ � � û ¢¤�� ��ø �û ¢¤�� ÷�¢ �� ÷ � � «�¡á�÷ ßþ� ¥� �µÆ� �ä�Þ¹õ Âû �î Ýþ¢Âî ´��� Å³¨ .Ý�µ¡�¢Â� Å��� ý�Ìê ¤¢ �ú÷� ý�û �Ê¿Èõ�� °þÂÖ� ¯�Ö÷ ßþÂµú� Â¬��ä Ý���õ ��Ìì ßþ� ��±�� üÏ ¤¢ .Àª�� üõ ñ���Þ�ÆîøÂ� �û �ä�Þ¹õ�� âì�ø ¤¢ .¢Âî üõ �Ôþ� �Ü¬�ê ö¢Âî �À�� ¤¢ ü¨�¨� ÇÖ÷ �î ,Àª �µê�þ ¯�Ö÷ á�÷ ßþ� ¥� üØþ ö���ä.Ýþ¥�¨ �ÂÎõ �Ü¬�ê ßµê�þ ´ú� �¤ Ýµþ¤�Úó� ×þ Ý�µÆ÷��� ¢���õ ý�þ�Ìì ø �ÎÖ÷ ßþ� ¥� ù¢�Ôµ¨�üõ ÓÈ�±� �û�ä�Þ¹õ ßþ� Ýþ¢�¢ ö�È÷ø Ýþ¢Âî üêÂãõ �¤ ¢¤��÷�¢ �fÀ�î� ý�û �ä�Þ¹õ ß�� ßþ� ¤¢ß��»Þû . Ý�µ¡�¢Â� ö� ¢¤��÷�¢ �µ¨��ø A À�÷�õ ý� �ä�Þ¹õ ß�� ¯�±�¤� �� ¶��±õ �õ�¢� ¤¢ .À�ª��Âû Ýþ¢�¢ ö�È÷ ñ�·õ ¤�Ï �� Ýþ¢�¢ ¤�Âì ü¨¤Â� ¢¤�õ �¤ �ä�Þ¹õ ßþ� ×þ��ó���� «��¡ ü¡Â�x À�÷�õ ù��¿ó¢ �ÎÖ÷ Âû ý�¥� �� Ýþ¢�¢ ö�È÷ üÞúõ ��Ìì ¤¢ Àª�� üõ À�±Þû ¢¤��÷�¢ �ä�Þ¹õüõ A� ü�ãþ �ä�Þ¹õ ßþ� ¢¤��÷�¢ �µ¨�� �� �ÎÖ÷ ßþ��Ü¬�ê Â��Â� �ÎÖ÷ ßþ� �� A �ä�Þ¹õ �Ü¬�ê�� �µ±ó�) �µÆ� ý�û �ä�Þ¹õ °þÂÖ� �ÜÿÆõ ý�û ���� ö¢¤ø� ´¨À� ´ú� ��Ìì ßþ� ¥� .Àª��.Ýþ¢Âî ö��� °þÂÖ� ¯�Ö÷ ý�Â� üþ�û �Ê¿Èõ �õ�¢� ¤¢ .Ýþ¢Âî ù¢�Ôµ¨� ( Íþ�Âªø �û ´þ¢øÀ½õ. Ý�µÆ� ¤�î �� ü÷�õ�Þû °þÂÖ� ¶½� ý�Â� ���Èõ ¤�Ï �� �¤ ¶��±õ ßþ� ß��»ÞûÝ�ÖµÆõ âÞ� Û¬�� ý�Ìê ¤¢ �ú÷� Ý�Þã� ø �û ¢¤��÷�¢ �±ª -m ßµ¡�¨ �ÂÎõ �� Rn ý�Ìê ¤¢�ãó�Îõ ¢¤�õ �¤ ö�È±þÂÖ� ßþÂµú� ø Ýþ�Þ÷ üêÂãõ �¤ �À½õ �fõø�ó �÷ ÀþÀ� ý�û �ä�Þ¹õ Ý�µ¨��¡ßþ� ý�Â� �Áó .Ýþ¥�¨ �ÂÎõ ý¤�Æ÷�� ý�Ìê ¤¢ ��÷ �¤ ¶��±õ ßþ� �� ÝþÀ�ª�î ß��»Þû .Ý�û¢ ¤�ÂìÀþÀ� üõÂ÷ ÓþÂã� �� ø Ýþ¢�Þ÷ ö��� ü±��Â� �Î��¤ ×þ ¢�� ùÀÈ÷ ÓþÂã� ü±��Â� ö�õ¥ ßþ� �� �î �Ìê. ÝþÀ�� ¤�î �� ��÷�Ìê ßþ� ¢¤�õ ¤¢ Ýþ¢�� �µ¡�õ� �î �¤ �»÷� Ýþ¢Âî üã¨�Ìê ßþ� ¤¢
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Abstra
t
The purpoose of this thesis is to introdu
e parti
uler subsets of a latti
e normedspa
e X , whi
h is not ne
essarily 
onvex. We 
all them downward sets. We dis
ussabout the 
onditions for best approximation by elements of downward sets. Then weintrodu
e parti
uler subsets of X+ positive 
one of X, whi
h we 
all them normal set.Also 
onne
tion between normal set , downward set , their best approximation. Weuse of dis
usses for show the proximinalitibity some other 
losed sets of X spa
e . Weuse these results to obtained in downward sets as a tool for found best approximationof new sets .Keywords:Best apprximation , Downward set, Proximinal set ,Latti
e spa
e.
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