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% DDE_Sol = find_Sk(A,Ad,h,N,Q_initial)

% The argument N and Q_initial are optional

% Find Sk for each branch given A, Ad and h for a DDE system
% x_dot(t) = A*x(t) + Ad*xx(t-h)

% Q_initial is the inital condition for Qk

% N is the index of the branches of interest;

function DDE_Sol = find_Sk(A,Ad,h,N,Q_initial,thredhold)
options_def = optimset('Display','iter');

if nargin < 3

error('No enough input arguments')

elseif nargin < 4

N = 0; % default is to solve for principal branch
Q_initial = expm(-Ax*h);

options = options_def;

elseif nargin < b5

Q_initial = expm(-Ax*h);
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options = options_def;

elseif nargin <6

options = options_def;

else

if thredhold~=0 % if the thredhold is specified
options = options_def;

options.TolFun = thredhold;

else

options = options_def;

end

end

dim_Ad = length(Ad); ' system order

DDE_Sol = {};

if dim_Ad == 1 % scalar case

if Ad ==

warning('First order ODE; x = exp(Axt)*x_0')
else

for i = 1: length(N)

DDE_Sol{i}.Sk = lambertw(N(i),Ad*h*exp(-Axh))/h+A;

DDE_Sol{i}.branchID = N(i);

errorl = norm(lambertw(N(i),Ad*h*exp(-Axh))-Ad*h-h*DDE_Sol{i}.Sk);

error2 = norm(DDE_Sol{i}.Sk*eye(length(A))-A-Ad*expm(-DDE_Sol{i}.Skxh));

DDE_Sol{i}.error = [errorl error2];

end

end

else ’ matrix case

for i =1: length(N)
[DDE_So1{i}.Sk,DDE_Sol{i}.Q,erroril,error2]=
QS_matrix(A,Ad,h,N(i),Q_initial,options);

DDE_Sol{i}.branchID = N(i);

DDE_Sol{i}.error = [errorl error2];

end

end

% currentQ =DDE_Sol{i}.Q % display the Q for current iteration
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% find Sk and Qk for matrix case

function [S,Q1,errorl,error2] = QS_matrix(A,Ad,h,branch_id,Q_initial,options)
if sum(sum(Q_initial == inf))>0

reduced = 1; % Reduced elements for Q

notfixed = Q_initial ~= inf; % find elements not fixed

notfixed = reshape(notfixed,1,[]);

res_Q = reshape(Q_initial,1,[]);

reduced_Q = res_Q(notfixed); % formulate the new vecter of design variables
Q = fsolve(@LambQ,reduced_Q,options,A,Ad,h,branch_id,reduced,notfixed);
else

reduced = 0; % full elements for Q

fixed = 0;

Q = fsolve(@LambQ,Q_initial,options,A,Ad,h,branch_id,reduced,fixed);
end

if reduced ==0

Q1 = Q;

else

% if the reduced Q is used, convert the results back to matrix with

% original dimension

Q1 = zeros(1l,length(A)~2);

position = find(notfixed==1);

for k=1:length(position)

Qi(position(k)) = Q(k);

end

Q1 = reshape(Q1l,length(A),[1);

end

H = Ad*h*Q1;

W = lambertw_matrix(branch_id,H);
S = W/h+A;

errorl = norm(Wxexpm(W+Axh)-Adxh) ;

error2 = norm(S*eye(length(A))-A-Ad*expm(-S*h));
error = [errorl error2]; % both must be close to zero
ToToTo o ToTo 1o ToTo o o To o o Joo o To o o o To 1o o To o o

% [CI, uniqueness]= find_CI(S,A,Ad,h)
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% Find CI_k for the kth branch given A, Ad, h and Sk for this branch
% Important assumption: Any two eigenvalues from different branches are
% distinct !

% When Ad is invertible, S should be a matrix; when Ad is singular, S
% should be a scalar

% If the solution is unique, uniqueness=1; otherwise uniqueness=0
function [CI, uniqueness]= find_CI(A,Ad,h,S,g0,x0)

sys_order = length(A);

% scalar case

if sys_order==1

CI=(x0+Ad*preshape_conv(g0,S,h))/(1+Ad*xh*exp(-S*h));

uniqueness = 1;

return

end

% matrix case

if length(S)==sys_order % general case, S is a matrix

E = eig(8);
syms s
L1 num = 1;

for i=1:sys_order

L1 num = L1 num*(s-E(i));

end

char_eqn = det(s*eye(sys_order)-A-Ad*expm(-s*h)) ;
L1 = diff(L1_num)/diff (char_eqn);

R_matrix = [];

L_matrix = [];

for k =1:sys_order

R1_num = adjugate(eye(sys_order)*E(k) - S);

L1_num = subs(L1,s,E));
L2_num = adjugate(E(k)*eye(sys_order)-A-Ad*exp(-E(k)*h));
L3_num = x0O+Ad*preshape_conv(g0,E(k),h); % (x0+Ad*G(Sk))

R_matrix = [R_matrix;R1_num]; % stacked right side

L_matrix [L_matrix;L1_num*L2 num*L3_num]; % stacked left side

end
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uniqueness = rank(L_matrix)==sys_order;

% for having an unique solution, matrix should have full column rank
CI = pinv(R_matrix)*L_matrix;

elseif sys_order>1l && length(S)==1 % hybrid branch case, S is a scalar
syms s

char_eqn = det(sxeye(sys_order)-A-Ad*expm(-s*h)) ;

L1 = 1/diff(char_eqn);

L1 _num = subs(L1,s,S);
L2_num = adjugate(S*eye(sys_order)-A-Ad*exp(-S*h));
L3_num = xO+Ad*preshape_conv(g0,S,h);

CI = L1_num*L2_num*L3_num;

uniqueness = (L1_num~=0);

else

error ('Dimension of A and S are not compatible');

oo loToToToTo o 1o o o o JoToTo oo o o o o

% [CN, uniqueness]= find_CN(S,A,Ad,h)

% Find CN_k for the kth branch given A, Ad, h and Sk for this branch
% Important assumption: Any two eigenvalues from
different branches are distinct !

% When Ad is invertible, S should be a matrix;

when Ad is singular, S should be a scalar

% If the solution is unique, uniqueness=1; otherwise uniqueness=0
function [CN, uniqueness]= find CN(A,Ad,h,S)

E = eig(S);

sys_order = length(A);

% scalar case

if sys_order ==

CN = 1/(1+Ad*h*exp(-S*h));

uniqueness = 1;

return

end

% matrix case

if length(S) == sys_order J general case, S is a matrix

syms s
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L1 num = 1;

for i=1:sys_order

Li_num = L1_num*(s-E(i));

end

char_eqn = det(s*eye(sys_order)-A-Ad*expm(-s*h)); % char eqn.
L1 = diff(L1_num)/diff (char_eqn);

(1;

L_matrix = [];

R_matrix

for k =1:sys_order
R1_num = adjugate(eye(sys_order)*E(k) - S);

L1 _num = subs(L1l,s,E(k));

L2_num = adjugate(E(k)*eye(sys_order)-A-Ad*exp(-E(k)*h));
R_matrix = [R_matrix;R1_num]; % stacked right side
L_matrix = [L_matrix;L1_num*L2 num]; % stacked left side
end

uniqueness = rank(L_matrix)==sys_order;

% for having an unique solution, matrix should have full column rank
CN = pinv(R_matrix)*L_matrix;

% use generalized pseudo inverse to calcuate the solution

elseif sys_order>1 &% length(S)==1 % hybrid branch case, S is a scalar
syms s

char_eqn = det(s*eye(sys_order)-A-Ad*expm(-s*h));

L1 = 1/diff(char_eqn);

L1_num = subs(L1,s,S);

L2_num = adjugate(S*eye(sys_order)-A-Ad*exp(-S*h));
CN = L1_num*L2_num;

uniqueness = (L1_num~=0);

else

error('Dimension of A and S are not compatible');
end

Tl 1o 6o o ToTo o o o ToTo o o o Jo To o o o Jo To 1o 165

% calculate matrix lambert w function

function W = lambertw_matrix(K,X)

if nargin == 1 ¥ Only calculate principal branches
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X = K;
K = 0;
end

rank_X = rank(X);
dim_X = length(X); % system order
LMW = zeros(dim_X);
[V,D] = jordan(X); % transform to Jordan form
% check superdiagonal terms
super_diag = [];
if dim_X==1;
super_diag = 0;
else
for i = 2:dim_X
super_diag = [super_diag D(i-1,1)];
end
end
% calculate the Lambert W func. for diagnal terms
for i = 1:dim X
if D(i,i)==0
% use principal branch for O eigenvalue
LMW (i,i)=lambertw(0,D(i,1i));
% warning('Ad is singular, hybrid branch is used')
else
LMW (i,i)=lambertw(K,D(i,i));
end
end
% calculate the Lambert W func. for other upper triangle terms
if sum(super_diag)==0
flag =0; % all jordan blocks have a size of 1
else
flag =1; ) some jordan blocks have a size > 1
block_start = 1; % where an jordan block begins
block_end = 1; % where an jordan block ends

for j=2:dim_X
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if j>=block_end

if super_diag(j-1)==

block_start = j-1;

if ~isempty(find(super_diag(j-1:end)==0))
block_end = min(find(super_diag(j-1:end)==0))+j-2;

else

block_end dim_X;
end
for k1 =block_start:block_end
for k2 = k1: block_end
if D(block_start,block_start)~=0
LMW (k1,k2)=der_lambertw(K,D(block_start,block_start),k2-ki1)/factorial (k2-k1);
% (k2-k1)th deritive of lambertw(D(i))/(k2-k1)!
end
end
end
end
end
end
end
W = V<LMW*V~-1; % similarity transformation
Toto 1o Too To oo To o Jo o o To o o Jo o Jo o o Fo o Jo o
% Piecewise controllability test for a system of DDEs
% x_dot(t) = A*x(t) + Ad*x(t-T)+B*u(t)
% Check the linear independence of the rows of (sI-A-Ad*exp(-s*h))”-1*B
% Let [C_1(s);C_2(s); ... ;C_n(s)]= (sI-A-Ad*exp(-s*h))B;
%If there exist pl, p2,...,pn, such that
% [C_1(p1) C_1(p2) ... C_1(pn);...;C_n(pl) C_n(p2) ...C_n(pn)] has full
% rank, then C_1(s), C_2(s), ... ,C_n(s) are linearly independent
function contr_flag = pwcontr_test(A,Ad,B,h)
thred = le-5;
if nargin < 4
error('No enough input arguments')

end



VoV

dim = length(A); 7 dimension of the system

syms s

char = s*eye(dim)-A-Ad*exp(-s*h);

contr_gram = char™-1%B;

runs = 10;

% test 10 times. If failed everytime, the system is NOT piecewise controllable;
if passed for a run, the system is piecewise controllable
contr_flag = 0; % default is set to be not piecewise controllable

for j = 1l:rumns

p = 10*rand(dim,1); % random variable [pl p2 p3 ... pnl]
contr_matrix = [];

for i = 1:dim

contr_matrix = [contr_matrix subs(contr_gram, p(i))];

% formulating the matrix [C(pl) C(p2) .... C(pn)]

end

if det(contr_matrix) > thred

contr_flag =1;

disp('The system of DDEs is piecewise controllable.')

break;

end

end

if contr_flag==

disp('The system of DDEs is NOT piecewise controllable.')
end

Tt loToToTo o o o o oo ToToTo oo o o o o

% Find a feedback gain K to place the rightmost eigenvalue
of the closed-loop at desired place

% contr mode 1: u = -K*xx(t)

% the closed-loop system is x_dot(t) (A-BxK)*x(t) + Ad*x(t-h)

% contr mode 2: u = -Kd*x(t-h)

% the closed-loop system is x_dot(t) = A*x(t) + (Ad-B*Kd)*x(t-h)
% contr mode 3: u = -K*x(t) - Kd*x(t-h)
% the closed-loop system is x_dot(t) = (A-B*K)*x(t) + (Ad-B*Kd)*x(t-h)

% observer mode 4: observer gain is L
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% the closed-loop system is x_dot(t) = (A-L*C)*x(t) + Ad*x(t-h)
% default mode is 1.

% K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode,K0,Q_ini,thredhold)
% The arguments contr_mode, KO, Q_ini and thredhold are optional
% pole_desired must be a scalar. For complex values, e.g.,

you can use either -1+i or -1-i.

function K =
place_dde(A,Ad,B,h,branch,pole_desired,contr_mode,K0,Q_ini,thredhold)
options_K_def = optimset('Display','final');

th2 = 0;

[B_row, B_col] = size(B);

if nargin <=b

warning('No enough input arguments.')

elseif nargin ==

contr_mode = 1;% default mode 1:u(t) = -Kx(t)

KO = ones(B_col,length(A));

Q_ini = expm(-Ax*h); % use e~ (-Ah) to initialize Q

elseif nargin ==7 7 only contr mode is selected

if contr_mode <=2

KO = ones(B_col,length(A)); Q_ini = expm(-A*h); % mode 1 and 2
elseif contr_mode ==

KO = [ones(B_col,length(A)) zeros(B_col,length(A))]; Q_ini = expm(-A*h);
elseif contr_mode ==

KO = ones(length(A),B_row); Q_ini = expm(-A*h); % observer mode
else

warning('mode must be <= 4');

end

elseif nargin ==

Q_ini = expm(-A*h);

elseif nargin ==10

if thredhold(1)~=0

options_K_def.TolFun = thredhold(1);

end

if thredhold(2)~=0
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th2 = thredhold(2);

end

end

if length(pole_desired)>1

warning('Pole_desired is a scalar, please enter either
a real number, or a complex number');

end

K = fsolve(@find_K,KO,options_K_def,A,Ad,B,h,branch,

pole_desired,contr_mode,Q_ini,th2)

functionrtn=find_K(X,A,Ad,B,h,branch,pole_desired,contr_mode,
Q_initial,thredhold?2)

[B_row, B_col]l = size(B);

% calculate the closed-loop system

if contr_mode ==

K = X; Kd = zeros(B_col,length(A));A_cl = A-B+K;Ad_cl = Ad-B+*Kd;
elseif contr_mode ==
Kd = X; K = zeros(B_col,length(A));A_cl = A-B*K;Ad_cl = Ad-Bx*Kd;

elseif contr_mode ==

K=X(:,1:1ength(A)); Kd = X(:,length(A)+1:end);A_cl = A-B*K;Ad_cl = Ad-B*Kd;
elseif contr_mode ==

A cl = A-XxB;Ad_cl = Ad;

end

% can do the assignment for only one branch!

if length(branch)~=1

error ('Please select one and only one branch');

end

% find the solution for the closed-loop system

DDE_Sol = find_Sk(A cl,Ad_cl,h,branch,Q_initial,thredhold2);

% showing the current result

eig_S = eig(DDE_Sol{1}.Sk)

% calcuate the errors of eigenvalues

if isreal(pole_desired)

rtn = (max(real(eig_S))-pole_desired)"2; % match only the real part

else
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real_eig_diff = max(real(eig_S))-real(pole_desired);

imag_eig diff = max(imag(eig_S(find(real(eig_S)==max(real(eig_S))))))
-abs(imag(pole_desired));

rtn = [real_eig diff~2;imag_eig_diff~2]; % match both real and imag parts

end

ToToToto oo ToToo o o ToTo o o o ToTo o o o To T 1o o o

% find Sk

B=-A

Q = [X(1) X(2);X(3) X(4)] 7% result for Qk

D = Ad*h*Q; [v,d] = eig(D); % To compute Sk

W = v*[lambertw(k1,d(1,1)) 0;0 lambertw(k2,d(2,2))]*inv(v);

Sk = 1/h*W-B % result for Sk
ol 1o oo o ToTo o o o foTo o o o

% find Sk,

a=-0.1; ad = -2; h=1;
DDE_Sol = find_Sk(a,ad,h,0);
Sk = DDE_So0l{0}.Sk;

Sk = eig(DDE_S01{0}.Sk)

Dol 1o 6o o ToTo o o o foTo o o o o ToTo o

% compute k

function num?2

a = -0.1;

lambda_des = -1; % place the right most pole at -1

k_ini = 2;

h=1;

options=optimset('Display','iter'); % Option to display output
k = fsolve(@assign_lambert,k_ini,options,a,ad,h,lambda_des)
function F = assign_lambert(k,a,ad,h,lambda_des)

F = real(lambertw(0,ad*h*exp(-(a+k)*h))/h+(a+k))-lambda_des;

T ot to oot to Tototo o foto o To o to o o
LMIs method

clc
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clear

syms zl1 z2 x1 x2 x3

syms t

A=[-2 0;0 -0.9];

B=[-1 0;-1 -1];

h=5.2035;

d=0.3;

setlmis([])
P=Imivar(1,[2,1]);
Q=1mivar(1,[2,1]);
lmiterm([1 1 1 P],P,1,'s');
Imiterm([1 1 1 Q1,1,1);
lmiterm([1 1 2 P],1,B);
Imiterm([1 2 1 P],B',1);
lmiterm([1 2 2 Q],(1-d),1);
LMIs=getlmis;
[TMIN,XFEAS]=feasp(LMIs);
P=dec2mat (LMIs,XFEAS,P)
Q=dec2mat (LMIs,XFEAS,Q)
t=1linspace(0,4,500);
x=zeros (2,500) ;

matA = zeros(2,2,500);

x0 = [0.2;-0.1];

for k=1:500

matA(:,:,k) = expm((A+B)*t(k));
x(:,k) = matA(:,:,k)*x0;
end

plot(t,x);

title('state response')
ylabel('x"')

xlabel('time t')

ol 1o 6o o ToTo o oo ToTo o o o ToTo o o o To o o o JoTo o o o ToJo o o o o

A=[0 1;-1 -2];
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A1=[0 0;-1 1];

mu=0.3;

hi=1

h2=1.5

h12=h2-h1;

setlmis([])
P=1lmivar(1,[2,1]);
Qi=lmivar(1,[2,1]);
Q2=1mivar(1,[2,11);
Q3=1mivar(1,[2,1]);
Z1=lmivar(1,[2,1]);
Z2=1mivar(1,[2,1]);
lmiterm([1 1 1 P],1,A,'s");
Imiterm([1 1 1 Q1],1,1);
Imiterm([1 1 1 Z1],-1,1);
Imiterm([1 1 1 Q2],1,1);
lmiterm([1 1 1 Z1],-1,1);
Imiterm([1 1 1 Q3],1,1);
Imiterm([1 1 1 Z1],-1,1);
Imiterm([1 1 1 Z1],(A"2)*(h172),1);

Imiterm([1 1 1 Z2],(A"2)*(h1272),1);

lmiterm([1 1 2 P],1,A1);

Imiterm([1 1 2 Z1], (A*xA1)*h172,1);
Imiterm([1 1 2 Z2], (AxA1)*h1272,1);
lmiterm([1 1 3 Z1],1,1);

lmiterm([1 2 1 P],1,A1);

Imiterm([1 2 1 Z1],(A1*A)*h172,1);
Imiterm([1 2 1 Z2], (A1%A)*h1272,1);
Imiterm([1 2 2 Q3],-(1-mu),1);
Imiterm([1 2 2 Z2],-2,1);
Imiterm([1 2 2 Z1],(A172)*h172,1);
Imiterm([1 2 2 Z2],(A172)*h1272,1);
lmiterm([1 2 2 Z2],1,1);

Imiterm([1 2 3 z2],1,1);
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Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([2
lmiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Ilmiterm([2
Imiterm([2
Imiterm([2
Ilmiterm([2
lmiterm([2
Imiterm([2
Imiterm([2
lmiterm([2
Imiterm([2
Imiterm([2
lmiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Imiterm([2

Imiterm([2

AR W oW W W W W W N
SO W W W W NN

w NN NN NN NN

W N NN NN

Z2],1,1);

Z1],1,1);

Z2]1,1,1);

z2],1,1);

Q1l,-1,1);
Z1]1,-1,1);
Z2],-1,1);
z2],-1,1);
Q21,-1,1);
Z2],-1,1);
P]1,1,A,'s");
Q1l,1,1);

Z11,-1,1);

Q2],1,1);

Z1]1,-1,1);

Q31,1,1);

Z1],-1,1);
Z1],(A"2)*(h172),1);
Z2],(A"2)*(h1272),1);
P1,1,A1);

Z1], (AxA1)*h172,1);
Z2], (AxA1)*h1272,1);
Z1],1,1);

P],1,A1);

Z1], (A1*A)*h172,1);
Z2], (A1xA)*h1272,1);
Q3],-(1-mu),1);
Z2],-2,1);
Z1],(A172)*h172,1);
Z2],(A172)*h1272,1);
Z2]1,1,1);

z2],1,1);

z2],1,1);

Z11,1,1);
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Imiterm([2
Imiterm([2
lmiterm([2
Imiterm([2
Imiterm([2
Imiterm([2
Imiterm([2

Imiterm([2

LMIs=getlmis;

N N N N R T R o

i O N N S T R RN SV R N

z2]1,1,1);

Q1l,-1,1);
Z11,-1,1);
Z2],-1,1);
Z2],1,1);

Q2],-1,1);
z2],-1,1);
z2],-1,1);

[TMIN,XFEAS]=feasp(LMIs) ;

P=dec2mat (LMIs,XFEAS,P)

Ql=dec2mat (LMIs,XFEAS,Q1)

Q2=dec2mat (LMIs,XFEAS,Q2)

Q3=dec2mat (LMIs,XFEAS,Q3)

Z1l=dec2mat (LMIs,XFEAS,Z1)

Z2=dec2mat (LMIs,XFEAS,Z2)

oo 1o oo o To 1o o o o ToTo o o o ToTo o o o ToTo o o o ToTo o o

A=[-2 0;0 -0.9];

B=[-1 0;-1
hi1=2;
h2=3.2035;
mul=0.1;
mu2=0.2;
h=h1+h2;
mu=mul+mu?2;

setlmis([])

-1]1;

P=1mivar(1,[2,1]);

Ql=lmivar(1,[2,11);

Q3=lmivar(1,[2,1]);

Z1=1lmivar(1,[2,1]);

Q4=1mivar(1,[2,1]);

Z2=1mivar(1,[2,1]);

Q2=1mivar(1,[2,11);



o

X1=Imivar(1,[2,1]);

X2=1mivar(1,[2,1]1);

X3=1lmivar(1,[2,1]);

X4=1mivar(1,[2,1]);

Y=1mivar(1l,[2,1]);

K=1lmivar(1,[2,1]);

Imiterm([-1 1 1

Imiterm([-1
lmiterm([-1
Imiterm([-1
Imiterm([-1
Imiterm([-1
Imiterm([-2
Imiterm([-2
Imiterm([-2
Imiterm([-2
Imiterm([-2
Imiterm([-2
Imiterm([-3
Imiterm([-3
Imiterm([-3
lmiterm([-3
Imiterm([-4
lmiterm([-4
lmiterm([-4
Imiterm([-4
lmiterm([-5
lmiterm([-5
Imiterm([-5
lmiterm([-5
lmiterm([-6
Imiterm([-6
lmiterm([-6

Imiterm([-6

1
1

NONN

1
2

P],h1/h,1);
Z1],1,1);
Z1]1,-1,1);
Z11,-1,1);
Z1],1,1);
Q4],h1,1);
P],1,1);
z2],1,1);
Z2],-1,1);
z2],-1,1);
z2],1,1);
Q2] ,h,1);
Z1],1,1);
X11,1,1);
-X11,1,1);
Z11,1,1);
Z1],1,1);
X2],1,1);
-X21,1,1);
Z11,1,1);
Z1],1,1);
X31,1,1);
-X31,1,1);
Z1],1,1);
Z11,1,1);
X41,1,1);
-X41,1,1);
Z11,1,1);



Imiterm([-7 1 1 Z2],1,1);

Imiterm([-7 1 2 Y],1,1);

Imiterm([-7 2 1 -Y],1,1);

Imiterm([-7 2 2 Z2],1,1);

Imiterm([8 1 1
Imiterm([8 1 1
Imiterm([8 1 1
Imiterm([8 1 1
Imiterm([8 1 1
Imiterm([8 1 2
Imiterm([8 1 2
Imiterm([8 1 2
Imiterm([8 1 3
Imiterm([8 1 3
Imiterm([8 1 5
Imiterm([8
Imiterm([8
Ilmiterm([8
Imiterm([8
Imiterm([8
Ilmiterm([8
lmiterm([8
Imiterm([8
Imiterm([8
Imiterm([8

Imiterm([8

g o0 W N W W NN

Imiterm([8

[y

Imiterm([8

[EY

Imiterm([8
Imiterm([8
Imiterm([8
Imiterm([8

Imiterm([8

W W W W W wWwwWwNNNNNNDND DN DD DNND NN NN

w NNNN

Imiterm([8

P]1,A,1,'s');
Q1l,1,1);
Q3],1,1);
Q4l,1,1);
z1],-inv(h1),1);
K],B,1);
X1],inv(h1),1);
X2],-inv(h1),1);
Z1],inv(h1),1);
X1],-inv(h1),1);
X2],inv(h1),1);
K],B,1);
X1],inv(h1),1);
X2],-inv(hl),1);
Q3],-(1-mu),1);

Z1] ,-2*inv(hl),1);

X3],2xinv(h1),1);

X1],-inv(h1),1);
X2],inv(h1),1);
z1],inv(h1),1);
X3],-inv(h1),1);
X3],-inv(h1),1);
Z1],inv(h1),1);
z1] ,inv(h1),1);
X1],-inv(h1),1);
X1],-inv(h1),1);
X2],inv(h1),1);
Z1],inv(h1),1);
X3],-inv(h1),1);
Q1],-(1-mu1),1);
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Imiterm([8
Imiterm([8
lmiterm([8
Imiterm([8
Imiterm([8
lmiterm([8
Imiterm([8
Imiterm([8
lmiterm([8
Imiterm([8
lmiterm([8
Ilmiterm([8
Imiterm([8
Imiterm([8
Ilmiterm([8
Imiterm([8
Imiterm([8
Ilmiterm([8
Imiterm([8
Imiterm([8
Ilmiterm([8
lmiterm([8
Imiterm([8
Imiterm([8
lmiterm([8
Imiterm([8
Imiterm([8
lmiterm([8
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
lmiterm([9

Imiterm([9

oo oo o0 o0 o0 ;0 o0 ;0 o O DWW W W

N~ OO N 0o o0 o0 o0 ;oW W NN

= e

N N 0o o N N o o NdDON

[y

S 0 00 W W

[EY

Z1],-2*inv(hl),1);
X1],2*inv(h1),1);
X2],-inv(hl),1);
X3],inv(h1),1);
Q2],-1,1);

Z2] ,-inv(h2),1);
X2] ,inv(h1l),1);
X3],-inv(hl),1);
Z1] ,inv(h1),1);
X2],-inv(hl),1);
X3],inv(h1),1);
Z2] ,inv(h2),1);
Q2],1,1);
Q4],-1,1);

Z1] ,-inv(h1),1);
Z2] ,-inv(h2),1);
P],1,A");
P1,1,A");
-X1,1,B");
-K1,1,B");
P1,1,A");
-K1,1,B");
P],1,A");
-X1,1,B");

Z1] ,inv(h1),1);
P],-2*inv(hl),1);
Z2] ,inv(h2),1);
P1],-2%inv(h2),1);
Pl,A,1,'s");
Q1],1,1);
Q3],1,1);
Q4],1,1);
Z1],-inv(h1),1);
K1,B,1);



s§u333¢nbjg A

Imiterm([9
Imiterm([9
lmiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Ilmiterm([9
Imiterm([9
Imiterm([9
Ilmiterm([9
Imiterm([9
Imiterm([9
Ilmiterm([9
Imiterm([9
Imiterm([9
Ilmiterm([9
lmiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9
Imiterm([9

Imiterm([9

o o0 o0 o0 o0 o0 o0 o oo b bW W W W W W W NDNNDNDNDNNDNNN

D o0 o0 o0 oW W NN
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= e

g NN oW W W

[EY

Z1] ,inv(hl),1);
X4],-inv(h1),1);
X4] ,inv(h1),1);
K],B,1);

Q3] ,-(1-mu),1);

Z2] ,-2*inv(h2),1);

Y],inv(h2),1,'s"');

Y],-inv(h2),1);
Z2] ,inv(h2),1);
z2],inv(h2),1);
-Y],-inv(h2),1);
Z1] ,inv(h1),1);
-X4] ,-inv(h1),1);
Q1l,-(1-mul),1);

Z1],-2*xinv(h1) ,1);

X4] ,inv(hl),1,'s');

X4],-inv(h1),1);
Z1] ,inv(h1),1);
-Y1,-inv(h2),1);
Z2] ,inv(h2),1);
Q2],-1,1);

Z2] ,-inv(h2),1);
-Y],inv(h2),1);
-X4],inv(h1),1);
z2] ,inv(h2),1);
Y],-inv(h2),1);
-X4] ,-inv(h1),1);
Z1],inv(h1),1);
Y],inv(h2),1);
Q2],1,1);
Q4],1,1);
Z1],-inv(h1),1);
z2],-inv(h2),1);
P],1,A');
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lmiterm([9 1 7 P],1,A");
Imiterm([9 2 6 -K],1,B");
lmiterm([9 2 7 -K],1,B');
lmiterm([9 6 1 P],1,A");
Imiterm([9 6 2 -K],1,B');
lmiterm([9 7 1 P],1,A');
lmiterm([9 7 2 -K],1,B');
lmiterm([9 6 6 Z1],inv(h1),1);
lmiterm([9 6 6 P],-2xinv(h1),1);
lmiterm([9 7 7 Z2],inv(h2),1);
Imiterm([9 7 7 P],-2*inv(h2),1);

LMIs=getlmis;
[TMIN,XFEAS]=feasp (LMIs) ;
K=dec2mat (LMIs,XFEAS,K)
P=dec2mat (LMIs,XFEAS,P)
Z1=dec2mat (LMIs,XFEAS,Z1)
Q4=dec2mat (LMIs,XFEAS,Q4)
Z2=dec2mat (LMIs,XFEAS,Z2)
Q2=dec2mat (LMIs,XFEAS,Q2)
X1=dec2mat (LMIs,XFEAS,X1)
X2=dec2mat (LMIs,XFEAS,X2)
X3=dec2mat (LMIs,XFEAS,X3)
X4=dec2mat (LMIs,XFEAS,X4)
Y=dec2mat (LMIs,XFEAS,Y)
Ql=dec2mat (LMIs,XFEAS,Q1)
Q3=dec2mat (LMIs,XFEAS,Q3)
ToToTo o ToToTo ToTo o o Too o To o o o To To o Jo o o Jo o o Jo T o o To o o Jo o o

clc

clear

A=[-0.2 0;0 -0.9];
Ad=[-1 0;-1 -1];
mul=0.1;

mu2=0.2;
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hil=1;

h2=2;

setlmis([])
P=1mivar(1,[2,1]);
Ni=Imivar(1,[2,1]);
N2=Imivar(1,[2,1]);
N3=lmivar(1, [2,1]);
N4=Imivar(1,[2,1]);
N5=1mivar(1,[2,1]);
N6=1mivar (1, [2,1]);
N7=1mivar(1,[2,1]);
N8=1lmivar(1,[2,1]);
Mi=Imivar(1,[2,11);
M2=1mivar(1,[2,1]);
M3=lmivar(1,[2,1]);
M4=Imivar(1,[2,11);
Qi=lmivar(1,[2,1]);
Q2=1mivar(1,[2,1]);
Q3=1mivar(1,[2,1]);
Q4=1mivar(1,[2,1]);
Imiterm([1 1 1 P],1,A,'s");
Q1l,1,1);
Q3],1,1);
N1],1,1);

Imiterm([1 1 1
Imiterm([1 1 1

Imiterm([1 1 1

lmiterm([1 1 1 N5],1,1,'s"');
lmiterm([1 1 2 N1],1,1);
lmiterm([1 1 2 -N2],1,1);
lmiterm([1 1 3 N5],-1,1);
Imiterm([1 1 3 -N61,1,1);
lmiterm([1 1 4 P],1,Ad);
Imiterm([1 1 5 M1],A'*h1,1);
Imiterm([1 1 5 M2],A'*h2,1);
Imiterm([1 1 5 M3],A'*h2,1);
lmiterm([1 1 5 M4],A'*h1,1);
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Imiterm([1 1 6 N1],1,1);
lmiterm([1 1 8 N5],1,1);
lmiterm([1 2 1 N1],-1,1);
Imiterm([1 2 1 -N2],1,1);
Imiterm([1 2 2 Q1],-(1-mul),1);
Imiterm([1 2 2 Q2],(1-mul),1);
Imiterm([1 2 2 N2],-1,1,'s"');
lmiterm([1 2 2 N3],-1,1);
lmiterm([1 1 1 -N4],1,1);
lmiterm([1 2 6 N2],1,1);
lmiterm([1 2 7 N3],1,1);
lmiterm([1 3 1 N5],-1,1);
lmiterm([1 3 1 -N6],1,1);
Imiterm([1 3 3 Q3],-(1-mu2),1);
Imiterm([1 3 3 Q4],(1-mu2),1);
lmiterm([1 3 3 N6],-1,1,'s");
lmiterm([1 3 3 N7],1,1,'s");
lmiterm([1 3 4 N7],-1,1);
lmiterm([1 3 4 -N8],1,1);
lmiterm([1 3 8 N6],1,1);
lmiterm([1 3 9 N7],1,1);
lmiterm([1 4 1 P],1,Ad);
lmiterm([1 4 2 N3],-1,1);
lmiterm([1 4 2 -N4],1,1);
lmiterm([1 4 3 N7],-1,1);
lmiterm([1 4 3 -N81,1,1);
Imiterm([1 4 4 Q2],-(1-mul-mu2),1);
Imiterm([1 4 4 Q4],-(1-mul-mu2),1);
Imiterm([1 4 4 N4],-1,1,'s');
lmiterm([1 4 4 N8],-1,1,'s');
Imiterm([1 4 5 M1],Ad'*h1,1);
Imiterm([1 4 5 M2],Ad'*h2,1);
Imiterm([1 4 5 M3],Ad'*h2,1);
lmiterm([1 4 5 M4],Ad'*h1,1);
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Imiterm([1
lmiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
Imiterm([1
Imiterm([1
lmiterm([1
lmiterm([1
Imiterm([1
lmiterm([1
lmiterm([1

Imiterm([1

LMIs=getlmis;

© © ©O© 0 00 00O N N YN o o o o000 o000 0000 ;0000 o0 o b

© P W 00 W

N b N N, 0O s

[EY

N4],1,1);
N8],1,1);

M1],A'*h1,1);
M2],A'*h2,1);
M3],A'*h2,1);
M4],A'*h1,1);
M1],Ad'*h1,1);
M2],Ad'*h2,1);
M3],Ad'*h2,1);
M4],Ad'*h1,1);

M1],h1,1);
M2],h2,1);
M3],h2,1);
M4],h1,1);
N1l,1,1);

N2],1,1);

M1],-inv(hl),1);

N3],1,1);

N4],1,1);

M2] ,-inv(h2),1);

N5],1,1);
N6],1,1);

M3],-inv(h2),1);

N71,1,1);
N8],1,1);

M4],-inv(hl),1);

[TMIN,XFEAS]=feasp(LMIs);

P=dec2mat (LMIs,XFEAS,P)

Ni=dec2mat (LMIs,XFEAS,N1)

N2=dec2mat (LMIs,XFEAS,N2)

N3=dec2mat (LMIs,XFEAS,N3)

N4=dec2mat (LMIs,XFEAS,N4)

N5=dec2mat (LMIs,XFEAS,N5)



WYY

N6=dec2mat (LMIs,XFEAS,N6)
N7=dec2mat (LMIs,XFEAS,N7)
N8=dec2mat (LMIs,XFEAS,N8)
Mi=dec2mat (LMIs,XFEAS,M1)
M2=dec2mat (LMIs,XFEAS,M2)
M3=dec2mat (LMIs,XFEAS,M3)
M4=dec2mat (LMIs,XFEAS,M4)
Ql=dec2mat (LMIs,XFEAS,Q1)
Q2=dec2mat (LMIs,XFEAS,Q2)
Q3=dec2mat (LMIs,XFEAS,Q3)

Q4=dec2mat (LMIs,XFEAS,Q4)
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Aabstract

In this thesis, we introduce a new method that introduced in recent years to control systems of
single-delay differential equations and to stabilization them using the Lambert function. In this
way, a new method for designing a controller by allocating a eigenvalue is presented, along with
several examples. Using this method, one sub-set of eigenvalues can be transferred to a desirable
position. For a system that is represented by delay differential equations, the system response is
obtained based on the Lambert function and the stability is checked. Ifthe system is not stable, after
reviewing the system controlability, a stabilizing feedback is designed by allocating eigenvalues,
and finally the closed loop system can be stable. In the following, we determine the time delay
interval for the system to remain stable from the Roth-Horwitz criterion, and then we examine
the stability criteria of the single-delay system using the linear matrix inequality method. Finally,
the stability of linear systems two delays is expressed. In this chapter, we examine two delays of
the variable with time at the input and two fixed delay and variable time delay in state variables.
In this section, we must define the suitable Lyapunov function for systems with two delay times,
and then we show that the created Lyapunov function is Positive definit and also its derivative is
Negative definit. To establish these two conditions, linear Matrix Inequalities (LMIs) are created
that guarantee the stability of systems with two time delays. In this thesis, we use the linear ma-
trix inequality method to examine asymptotic stability and give example that can be analyzed by
MATLAB software.

keywords: Linear control system, Stability, Lambert function, Time-delay, Allocation Eigenvalue,

Feedback state controller, Delay differential equations, Lyapunov function, Linear matrix inequal-

ity
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