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function mesh=Lshape(mesh_0,q)

close all

% Parameters

MaxIt =10; % MaxIt: maximum iteration number
N = zeros (MaxIt,1);

energy = zeros (MaxIt,1);

theta = 0.3;

epsilon=2;

omega=0.8 ;

beta=0.7;
O - .
% PreStep 0: generate initial mesh
/S
for iter=1:MaxIt
%Start RHS
fAprox=RHS(mesh) ;
fexact=ff (mesh.node);
max (fAprox - fexact)
eta_f = estimate_ f(fAprox,mesh,q);
E=sum(eta_f)7(1/q);
while E>epsilon*omega
[mesh ,—] = bisection (mesh,eta_f, theta);
fAprox=RHS(mesh) ;

\Al
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24 eta_f=estimate_f(fAprox,mesh,q);

2 E=sum(eta_f."(q))."(1/q);

2 end

o7 %End RHS

28 %Start PDE

29 % Step 1: Solve

30 mesh.f=RHS(mesh) ;

31 [mesh.solu, energy(iter)] = PDE(mesh,Qg D);
32 % Step 2: Estimate

33 eta_u = estimate (mesh) . 2;

34 % record number of elements for comparison
3 N(iter) = size(mesh.node,1);

36 % Step 3: Refine

37 [mesh ,—] = bisection (mesh,eta_u,theta);

38 epsilon=beta*epsilon;

3 end

1 function [mesh,eta] = bisection (mesh,eta , theta)
8 Ym o

3 % Construct data structure

4 Jommmm e e

5 edge = [mesh.elem (:,[1,2]); mesh.elem (:,[1,3]); mesh.elem (:,[2,3])];
6 edge = unique(sort(edge,2), rows’);

7

s N = size(mesh.node,1);

9 NT = size (mesh.elem ,1);
1w NE = size(edge,1);
11
12 dualEdge = ...
sparse (mesh.elem (:,[1,2,3]) ,mesh.elem (:,[2,3,1]) ,[1:NT,1:NT,1:NT]
13 d2p = sparse(edge (:,[1,2]) ,edge(:,[2,1]) ,[1:NE,1:NE]);
14 %, ————————————————————————————————————
15 % Meomery management for node arrary
16 %, ————————————————————————————————————
17 recycle = find (mesh.type==0);
1s last = length(recycle);
19 % ————————————————————————————————————
20 % Mark triangles according to the error indicator
21 % ————————————————————————————————————
22 total = sum(eta);
23 current = 0;

24
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35 [temp,ix] = sort(-eta); % sort in descent order
% marker = zeros (NE,1);
27

8 % initialize for possible new nodes

2 mesh.node = [mesh.node; zeros(NE,2)];

s mesh.type = [mesh.type; u1nt8(5*ones (NE, 1)) ];

31 mesh.solu = [mesh.solu; zeros(NE,1)];

32 mesh.f = [mesh.f; zeros(NE,1)];

33 for t = 1:NT

3

35 if (current > theta*total), break; end % est on marked elem

big enough

36

37 index = 1;

38 ct = ix(t);

39

40 while (index==1)

41

2 base = d2p(mesh.elem (ct,2) ,mesh.elem(ct,3));

13 if (marker(base)>0) % base is already marked

m index = 0;

15 else

16 current = current + eta(ct);

a7 if (last==0)

48 newNode = N + 1;

19 N = N+1;

50 end

51 if (last >0)

52 newNode = recycle (last);

53 last = last -1;

54 end

55 marker ( d2p(mesh.elem(ct,2) ,mesh.elem(ct,3)) ) = ...
newNode;

56

57 % A new node is added to the mesh. Numerical
solution at this

58 % new added node is approximated by linear
interpolation. Type

59 % of this node is 2 (generated by newest vertex
bisection)

60 mesh.node (newNode ,:) = (
mesh.node (mesh.elem (¢t ,2) ,:) +

61 mesh.node (mesh.elem (ct ,3) ,:)

)/ 2;
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62 mesh.solu (newNode) = ( mesh.solu(mesh.elem(ct,2)) + ...

63 mesh.solu (mesh.elem (¢t ,3)) )/2;

64 mesh.type (newNode) = 2;

65

66 % Find the element which shares the base edge of the
current

67 % element. If it is 0, it means the base of the

current element

68 % is on the boundary.

69 ct = dualEdge( mesh.elem(ct,3), mesh.elem(ct,2) );
70 if ( ¢t =0 ), index = 0; end

71 % the while will ended if

72 % 1. c¢t==0 means we are on the boundary

73 % 2. Dbase(ct) is already marked

74

75 end

76 end % end while for recursive marking

77 end % end of for loop on all elements

8 % Detailed explanation of the algorithm can be found at
79 %  Manual --> Algorithms --> Bisection

80

st % delete possible empty entries

s2 ix = (mesh.type = 5);

53 mesh.node(ix ,:) = [];

s« mesh.type(ix) = [];

ss mesh.solu(ix) = [];

[1;

07
I e P

ss mesh.f(ix)
87
s % Refine marked edges for each triangle

80 o= mmmmm e e

9o numnew = 2%*sum(marker=0); % number of new elements need to be added

o1 mesh.elem = [mesh.elem; zeros(numnew,3) |;
92 eta = [eta; zeros(numnew,l)];
93

s inew = NT + 1; % index for current new added right child
95 for t = 1:NT

96 base = d2p(mesh.elem (t,2) ,mesh.elem(t,3));

o7 if (marker(base)>0)

98 p = [mesh.elem(t,:), marker(base)];

99

100 % Case 1: divide the current marked triangle

101 mesh.elem(t,:) = [p(4),p(1),p(2)]; % t is always a left
child

102 mesh.elem (inew ,:) = [p(4),p(3),p(1)]; % new is a right child
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103 eta(t) = eta(t)/2; % update error indicators

104 eta (inew) = eta(t);

105 inew = inew + 1;

106

107 % Case 2: divide the right child, different , careful!!!
108 right = d2p(p(3),p(1));

109 if (marker(right)>0)

110 mesh.elem (inew -1 ,:) = [marker(right) ,p(4),p(3)];
11 mesh.elem (inew ,:) = [marker(right) ,p(1),p(4)];
112 eta(inew-1) = eta(inew-1) /2;

113 eta(inew) = eta(inew-1);

114 inew = inew + 1;

115 end

116

117 % Case 3: divide the left child, similar to the case 1.
118 left = d2p(p(1),p(2));

119 if (marker(left)>0)

120 mesh.elem (t,:) = [marker(left),p(4),p(1)];

121 mesh.elem (inew ,:) = [marker(left) ,p(2),p(4)];

122 eta(t) = eta(t)/2;

123 eta(inew) = eta(t);

124 inew = inew + 1;

125 end

126

127 end % end of refinement of one element

128 end % end of for loop on all elements

129

130 % delete possible empty entries

131 mesh.elem = mesh.elem (1:inew-1,:);

112 eta = eta(l:inew-1,:);

133

134 % ————————————————————————————————————

135 % Update boundary edges

136 Jp= === = mmmm e e e

137 mesh.Dirichlet = updatebd(mesh.Dirichlet ,marker,d2p);

138 Jpmmmmm e m e e

139 % End of function BISECTION

140 % ————————————————————————————————————

141

12 function bdEdge = updatebd(bdEdge, marker ,d2p)

us % UPDATEDBD refine the boundary edges

s % INPUT

s % bdEdge: set of boundary edges

s % marker: new node index for marked edge
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ur % d2p: index mapping from dual edge to primary edge
148

19 NB = size (bdEdge,1) ;

150 for k = 1:NB

151 i = bdEdge(k,1);
152 j = bdEdge(k,2);
153 if marker(d2p(i,j)) >0
154 bdEdge (k,:) = [i,marker(d2p(i,j))];
155 bdEdge (size (bdEdge,1)+1,:) = [marker(d2p(i,j)),j];
156 end
157 end
1 function [mesh,eta] = bisection_ f(mesh,eta, theta)

2 % BISECTION refines the triangulation using newest vertex bisection

3 %

1 % USAGE

5 % [mesh,eta| = bisection (mesh,eta ,theta)

6 %

7 % INPUT

s % mesh: current mesh

s % eta: error indicator for each triangle

w0 % theta: parameter in (0,1).

u % We mark minimal number of triangles M such that
2 % \sum_{T \in M} \eta_ T > \theta™\sum\eta T

13 %

1 % OUTPUT

15 % mesh: new mesh after refinement

16 % eta: mnew error indicator for each triangle

17 Jommmm e e e e e

18 % Construct data structure

19 % ————————————————————————————————————

2 edge = [mesh.elem (:,[1,2]); mesh.elem (:,[1,3]); mesh.elem (:,[2,3])];
21 edge = unique(sort (edge,2), ’rows’);

22

23 N = size (mesh.node,1);

u NT = size (mesh.elem,1);

5 NE = size (edge,1);

26
27 dualEdge = ...

sparse (mesh.elem (:,[1,2,3]) ,mesh.elem (:,[2,3,1]) ,[1:NT,1:NT,1:NT]
5s d2p = sparse(edge (:,[1,2]) ,edge(:,[2,1]) ,[1:NE,1:NE]);

.
29 Jommmmm e e
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47
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67

68

69

% Meomery management for node arrary

/3

recycle = find (mesh.types==0);

last = length(recycle);

% Coarsening can create empty spaces in the node array. We ...
collect those

% scattered spaces in recycle arrary and ’last’ will point out
the last

% empty node index.

% mesh.type array is used to distinguish the type of nodes:

% 0: empty nodes (deleted by coarsening);

% 1: nodes in the initial triangulation or nodes from regular
refinement ;

% 2: new added nodes due to refinement ;

%  5: temporay node (will be deleted when bisection finished).

O - o

% Mark triangles according to the error indicator

-

total = sum(eta);

current = 0;

[temp,ix| = sort(-eta); % sort in descent order
marker = zeros (NE,1);

% initialize for possible new nodes
mesh.node = [mesh.node; zeros(NE,2) |;
mesh.type = [mesh.type; uint8(5*ones(NE,1))];
mesh.solu = [mesh.solu; zeros(NE,1) ];

mesh.f=[mesh.f; zeros(NE,1) ];
for t = 1:NT

if (current > theta*total), break; end % est on marked elem

big enough

index = 1;
ct = ix(t);

while (index==1)

base = d2p(mesh.elem (ct,2) ,mesh.elem(ct,3));
if (marker(base)>0) % base is already marked
index = 0;

else
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7 current = current + eta(ct);

n if (last==0)

72 newNode = N + 1;

73 N = N+1;

74 end

7 if (last >0)

76 newNode = recycle (last);

7 last = last -1;

78 end

79 marker ( d2p(mesh.elem (ct,2) ,mesh.elem(ct,3)) ) = ...
newNode ;

80

81 % A new node is added to the mesh. Numerical

solution at this

82 % new added node is approximated by linear
interpolation. Type

83 % of this node is 2 (generated by newest vertex
bisection)

84 mesh.node (newNode ,:) = (

mesh.node (mesh.elem (¢t ,2) ,:) +

8 mesh.node (mesh.elem (¢t ,3) ,:)
) /25

86 mesh.solu (newNode) = ( mesh.solu(mesh.elem(ct,2)) + ...

87 mesh.solu (mesh.elem(ct,3)) )/2;

88

89 mesh.type (newNode) = 2;

90 mesh.f(newNode) = ( mesh.f(mesh.elem(ct,2)) +

o1 mesh.f(mesh.elem(ct,3)) )/2;

92 % Find the element which shares the base edge of the
current

93 % element. If it is 0, it means the base of the
current element

94 % is on the boundary.

9% ct = dualEdge( mesh.elem(ct,3), mesh.elem(ct,2) );

96 if ( ¢t =0 ), index = 0; end

o7 % the while will ended if

98 % 1. c¢t==0 means we are on the boundary

99 % 2. Dbase(ct) is already marked

100

101 end

102 end % end while for recursive marking

103 end % end of for loop on all elements
14 % Detailed explanation of the algorithm can be found at

105 % Manual --> Algorithms --> Bisection
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106

107 % delete possible empty entries

s ix = (mesh.type = 5);

w9 mesh.node(ix ,:) = [];

no mesh.type(ix) = [];

m mesh.solu(ix) = [];

n2 mesh.f(ix) = [];

113

P T IRy ————

115 % Refine marked edges for each triangle

116 % ————————————————————————————————————

7 numnew = 2*sum(marker-0); %number of new elements need to be added

ns mesh.elem = [mesh.elem; zeros(numnew,3) ];

ny eta = [eta; zeros(numnew,l)];

120

121 inew = NT + 1; % index for current new added right child

122 for t = 1:NT

123 base = d2p(mesh.elem(t,2) ,mesh.elem(t,3));

124 if (marker(base)>0)

125 p = [mesh.elem(t,:), marker(base)];

126

127 % Case 1: divide the current marked triangle

128 mesh.elem(t,:) = [p(4),p(1),p(2)]; % t is always a left
child

129 mesh.elem (inew ,:) = [p(4),p(3).,p(1)]; % new is a right child

130 eta(t) = eta(t)/2; % update error indicators

131 eta(inew) = eta(t);

132 inew = inew + 1;

133

134 % Case 2: divide the right child, different, careful!!!

135 right = d2p(p(3),p(1));

136 if (marker(right)>0)

137 mesh.elem (inew -1 ,:) = [marker(right),p(4),p(3)];

138 mesh.elem (inew ,:) = [marker(right),p(1),p(4)];

139 eta(inew-1) = eta(inew-1) /2;

140 eta(inew) = eta(inew-1);

141 inew = inew 4+ 1;

142 end

143

144 % Case 3: divide the left child, similar to the case 1.

15 left = d2p(p(1),p(2));

146 if (marker(left)>0)

147 mesh.elem (t,:) = [marker(left),p(4),p(1)];

148 mesh.elem (inew ,:) = [marker(left),p(2),p(4)];
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149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

eta(t) = eta(t)/2;
eta(inew) = eta(t);
inew = inew + 1;

end

end % end of refinement of one element

end % end of for loop on all elements

% delete possible empty entries
mesh.elem = mesh.elem (1:inew-1,:);

eta = eta(l:inew-1,:);

% Sub functions called by BISECTION

function bdEdge = updatebd(bdEdge, marker ,d2p)
% UPDATEDBD refine the boundary edges

%

% USAGE

% bdEdge = updatebd (bdEdge , marker ,d2p)

%

% INPUT

%  bdEdge: set of boundary edges

% marker: mnew node index for marked edge
% d2p: index mapping from dual edge to primary edge
%

% OUTPUT

%  bdEdge: set of refined boundary edges

%

NB = size (bdEdge,1) ;
for k = 1:NB
i = bdEdge(k,1);
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193 j = bdEdge(k,2);

194 if marker(d2p(i,j)) >0

195 bdEdge (k,:) = [i,marker(d2p(i,j))];

196 bdEdge (size (bdEdge,1)+1,:) = [marker(d2p(i,j)),j];
197 end

198 end

1090 Jpmm == mmmmm e e e

20 % End of function UPDATEDBD

201 Jommm e e

1 function eta = estimate (mesh)

2 % INPUT

3 % mesh: current mesh

1+ % u: finite element solution

¢ % OUTPUT

T % eta: error estimator on each element

8

9

10 [dudx,dudy]| = ZZ(mesh);

20

21

22

23

24

25

26

27

28

29

30

31

32

)
[dudxx ,dudxy] = sgrad (mesh,dudx);
[dudyx,dudyy] = sgrad (mesh,dudy);
eta = abs(dudxx) + abs(dudxy) + abs(dudyx) 4+ abs(dudyy);

function [dudx,dudy] = ZZ(mesh)

% 77 is the Z-7 recovery error estimator
N = size (mesh.node 1) ;

NT = size (mesh.elem 1) ;

activeNode = find (mesh.type=0);
nonActive = setdiff (1:N,activeNode);

[sdudx ,sdudy,area] = sgrad(mesh, mesh.solu);

patcharea = sparse (mesh.elem ,ones(NT,3) ,area*[1,1,1] ,N,1);

b

1
dudx = accumarray (mesh.elem (:) ,[sdudx;sdudx;sdudx],[N 1]
dudy = accumarray (mesh.elem (:) ,[sdudy;sdudy;sdudy] ,[N 1]
dudx(activeNode) = dudx(activeNode)./patcharea(activeNod
dudy (activeNode) = dudy(activeNode)./patcharea (activeNode
dudx (nonActive) = 0;

dudy (nonActive) = 0;

)
)
)
e);
).

i

function [sdudx,sdudy,area] = sgrad(mesh,u)
% SGRAD compute the scaled grad of w on the mesh

% it is elementwise
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33 ve(:,:,1) = mesh.node(mesh.elem (:,3) ,:) -mesh.node (mesh.elem (:,2) ,:);
s ve(:,:,2) = mesh.node(mesh.elem (:,1) ,:) -mesh.node(mesh.elem (:,3) ,:);
35 ve(:,:,3) = mesh.node(mesh.elem (:,2) ,:) -mesh.node(mesh.elem (:,1) ,:);
3 area = 0.5%abs(-ve(:,1,3).%ve(:,2,2)+ve(:,2,3).*ve(:,1,2));

37 sdudx = -0.5*( u(mesh.elem (:,1)).*ve(:,2,1)

38 + u(mesh.elem (:,2)).*ve(:,2,2) ...

39 + u(mesh.elem (:,3)).*ve(:,2,3) );

w0 sdudy = 5*( u(mesh.elem (:,1)).*ve(:,1,1)

1 + u(mesh.elem (:,2)).*ve(:,1,2) ...

2 + u(mesh.elem (:,3)).*ve(:,1,3) );

function eta f =
% Estimate

estimate_f(faprox ,mesh
|| f-f_hat|]

,q)

ve(:,:,1) = mesh.node(mesh.elem(:,3) ,:)-mesh.node(mesh.elem (:,2) ,:);
ve(:,:,2) = mesh.node(mesh.elem(:,1) ,:)-mesh.node(mesh.elem (:,3) ,:);
ve(:,:,3) = mesh.node(mesh.elem (:,2) ,:)-mesh.node(mesh.elem (:,1) ,:);
area = 0.5*abs(-ve(:,1,3).*ve(:,2,2)4+ve(:,2,3).%ve(:,1,2));

fexact=ff (mesh.node) ;

templ=abs (faprox (mesh.elem

:,1))-fexact (mesh.elem (:,1))). " q;

(

9 temp2=abs(faprox (mesh.elem (:,2))-fexact (mesh.elem(:,2))). q;

1w temp3=abs (faprox (mesh.elem (:,3))-fexact (mesh.elem (:,3)))."q;

n T=(1/3)*(templ+temp2+temp3d) . *area;

12 eta_f=T.7(1/q);

1 function [l2error, hlerror] = femerror(mesh, u, u_x, u_y)

> %

3 % FEMERROR calculates the error of the piecewise linear finite
element

1+ % approximation to the exact solution of a PDE in the L2- and
Hl-norm.

5 % INPUT

¢ % mesh current mesh

m % u exact solution , given as a function

s % U X,u_y partial derivatives of the exact solution , given
as fct'’s

s %

10 % OUTPUT

u % 12error error measured in the L2-norm

12 % hlerror : error measured in the HIl-norm

13 Jmmmm e

1u % Check Hl-norm needed or not
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20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

48

49

50

51

52

53

54

O ..
if (nargin < 4 || nargout < 2)
isH1 = 0; hlerror = 0;
else
isH1 = 1;
end
O e e e

% Evaluate u, u x, u y at the midpoint of each element

- .

center = ( mesh.node(mesh.elem (:,1) ,:) ...
+ mesh.node (mesh.elem (:,2) ,:) ...
+ mesh.node(mesh.elem (:,3) ,:) )/3;

um = feval(u, center); % exact solution at the midpoints
if (isH1 = 1)

wx m = feval (u_x, center); % x-derivative at the midpoints

wy m= feval(u_y, center); % y-derivative at the midpoints
end
/S
% Evaluate uh, uh x, uh y at the midpoint of each element

-

edge (:,:,1) = ...
mesh.node (mesh.elem (:,3) ,:) -mesh.node (mesh.elem (:,2) ,:) ;
edge (:,:,2) = ...
mesh.node (mesh.elem (:,1) ,:) -mesh.node (mesh.elem (:,3) ,:);
edge(:,:,3) = ...
mesh.node (mesh.elem (:,2) ,:) -mesh.node (mesh.elem (:,1) ,:);
area = 0.5%abs(-edge(:,1,3).%edge(:,2,2)4edge(:,2,3).%edge(:,1,2));
uh m = ( mesh.solu(mesh.elem(:,1)) + mesh.solu(mesh.elem (:,2))
+ mesh.solu(mesh.elem (:,3)) )/3; % compute uh at the
midpoint
if (isH1 = 1) % compute gradient of uh if needed
uh_x = -( mesh.solu(mesh.elem (:,1)).*edge(:,2,1)
+ mesh.solu(mesh.elem (:,2)).%*edge(:,2,2)
+ mesh.solu(mesh.elem (:,3)).%edge(:,2,3) )./(2%area);
uh_y = ( mesh.solu(mesh.elem (:,1)).*edge(:,1,1)
+ mesh.solu(mesh.elem (:,2)).*edge(:,1,2)
+ mesh.solu(mesh.elem (:,3)).%*edge(:,1,3) )./(2%area);

end
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56 % Midpoint rule for numerical integration

57 Jommmm e m e e e e

55 12error2 = sum(area.*((wm - uh_m)."2));

59

12error = sqrt(12error2);

60
ot if (isH1 == 1) % compute HI error if needed

62 hlerror2 = sum(area.*((ux m - uh_x).72 + (uy m - uh_y)."2));
63 hlerror = sqrt(l2error2 + hlerror2);

64 end

65

66 % ————————————————————————————

67 % End of function FEMERROR

68 Jommmm e oo

1 function z = ff(p)

2 % input

3 % p coordinate;

1+ % output the value of right hand side at p

5 d=size (p);

6 10=2%sqrt (2);

7 vone=(r0)*ones(d(1) ,1);

s r = sqrt(sum(p."2,2));

9 t = atan2(p(:,2),p(:,1));

w t = (t>0).%t + (t<0).*(t+2%pi);

n S2=sin ((2*t)/3);

12 z1=(S2./r).*(vone/154+(4/9)*(1./r).*(2%ones(d(1) ,1)4+r0/15*(r-vone)));
13 z1(isnan(z1))=10"3;

1 z=(r<vone)*0+(r>vone).*z1;

1 function elem = label(node,elem)

2 % LABEL label the longest edge of each triangle as the base
3 %

1 % USAGE

5 % elem = label (node,elem)

6 %

7 % Input:

s % node: coordinates of nodes

s % elem: element array

10 % Compute length of each edge

11

= o .
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12 edgelength = zeros(size (elem));

13 % initialize to accelerate access

14

15 edgelength (:,1) = (node(elem(:,3),1)-node(elem(:,2),1)).72

16 + (node(elem(:,3),2)-node(elem (:,2),2)).72;

17 edgelength (:,2) = (node(elem(:,1),1)-node(elem(:,3),1))."2

18 + (node(elem(:,1),2)-node(elem (:,3) ,2))."2;

1 edgelength (:,3) = (node(elem(:,1),1)-node(elem(:,2),1)).72

2 + (node(elem(:,1),2)-node(elem (:,2),2)).72;

21

22 % Re-labelling according the longest edge

23 [temp,I] = max(edgelength ,[],2);

u elem ((I==2),[1 2 3]) = elem ((I==2), [2 3 1]);

% elem ((I==3),[1 2 3]) = elem ((I==3), [3 1 2]);

26

27 % End of function LABEL

1 function out=RHS(mesh)

2> % compute approximation of RHS on each node

3 N = size (mesh.node,1);

1+ ve(:,:,1) = mesh.node(mesh.elem (:,3) ,:) -mesh.node (mesh.elem (:,2) ,:);
5 ve(:,:,2) = mesh.node(mesh.elem(:,1) ,:)-mesh.node(mesh.elem (:,3) ,:);
6 ve(:,:,3) = mesh.node(mesh.elem (:,2) ,:) -mesh.node (mesh.elem (:,1) ,:);
7 area = 0.5%abs(-ve(:,1,3).*ve(:,2,2)4+ve(:,2,3).%ve(:,1,2));

s % Assemble Mass matrix

9 M = sparse (mesh.elem (:,[1,1,1,2,2,2,3,3,3]),

10 mesh.elem (:,[1,2,3,1,2,3,1,2,3]),

" area*[2,1,1,1,2,1,1,1,2]/12, N, N);

12

13 cl=mesh.node (mesh.elem (:,1) ,:);

12 d21=mesh.node (mesh.elem (:,2) ,:);

15 d31=mesh.node (mesh.elem (:,3) ,:);

16 Ast=(ff(cl)+ff(d21)+ff(d31))/3;

17 nC=size (mesh.node 1) ;

18 b = accumarray (mesh.elem (:) ,repmat (area.*Ast/3,3,1) ,[nC 1]);

19 out=M\b;

1 function [u, energy] = PDE(mesh,f, g D)

2 % INPUT

3 % mesh: current mesh

1 % f: right side or data
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

% g D: Dirichelet condition

% OUTPUT

% u: solution on the current mesh

% energy :energy of the discrete solution u
/S
% Initialize the data
7
N = size (mesh.node 1) ;

A = sparse (N,N);

u = zeros (N,1);

% Compute vedge: edge as a vector and area of each element
7

:,:,1) = mesh.node(mesh.elem (:,3) ,:)-mesh.node (mesh.elem (:,2) ,:);

<
@

—~ o~
[\
~—

Il

(
mesh.node (mesh.elem (:
(

3) 1)

1) ,:) -mesh.node (mesh.elem (:,3) ,:);
:,:,3) = mesh.node(mesh.elem (:,2) ,:)

2)+ve

ve ,:) -mesh.node (mesh.elem (:,1) ,:);
area = 0.5%abs(-ve(:,1,3) . *ve(:,2,2)4ve(:,2,3).%ve(:,1,2));
/4
% Assemble Stiffness matrix
73
for i = 1:3
for j = 1:3
% Aij = \int_ T grad u i * grad u j
Aij = (ve(:,1,i).*ve(:,1,j)+ve(:,2,i).%ve(:,2,j))./(4*area);
A = A + sparse(mesh.elem (:,i),mesh.elem (:,j),Aij ,N,N);
end
end
/S
% Assemble Mass matrix
07(/ __________________________________________________________

M = sparse (mesh.elem (:,[1,1,1,2,2,2,3,3,3]),
mesh.elem (:,[1,2,3,1,2,3,1,2,3]),
area*[2,1,1,1,2,1,1,1,2]/12, N, N);

bdNode = unique (mesh.Dirichlet);
u(bdNode) = feval(g D, mesh.node(bdNode,:) );
b=b - A * u; % adjust the right hand side
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1 % Solve the linear system A * U= B for the free nodes

50 % —————————————————————————————————————————————————————
51 freeNode = find (mesh.type>0);

52 freeNode = setdiff (freeNode, bdNode);

53 if size (freeNode)>0

54 u(freeNode) = A(freeNode, freeNode) \ b(freeNode);

55 end

56

57 Jom = = m m e e e e e e e e e e e oo
53 % Compute the energy of u

89 Jm == mmmmm e m e e e e e e e e e e e emeeeaoa
¢ 1if (nargout > 1)

61 energy = full (0.5*u’*(A*u)- uw*M*mesh.f);

62 end % otherwise do not need to compute the discrete energy
R e e
64 % end of function POISSON

R e T

1 function z = u(p)

2 % exact solution of the test problem

3 rho 0=2*sqrt (2);

4 mu=»>;

5 d=size(p);

6 vone=(rho_0)*ones(d(1),1);

7 r = sqrt(sum(p."2,2));

s theta = atan2(p(:,2),p(:,1));

9 theta = (theta>0).*theta 4+ (theta<0).*(theta+2*pi);
10 S=sin(2*theta/3);

n ozl =(r.7(2/3)).*S;

12 z2=(vone. (2/3)).*S+(2/(3*mu) ) *(vone. (1/3)).*S.*(r-vone);

13 z=(r<vone) .*zl+(r>vone).*z2;

1 function [lgqnorm ,E] = Uerror(mesh,q)

2 %This Function Returns ||u-u_hat||_L q and Eta(current mesh)

3 ve(:,:,1) = mesh.node(mesh.elem (:,3) ,:) -mesh.node (mesh.elem (:,2) ,:);
4+ ve(:,:,2) = mesh.node(mesh.elem (:,1) ,:) -mesh.node (mesh.elem (:,3) ,:);
5 ve(:,:,3) = mesh.node(mesh.elem (:, ) :) -mesh.node (mesh.elem (:,1) ,:);
6 area_u = 0.5*abs(-ve(:,1,3).%ve(:,2,2)+ve(:,2,3).%ve(:,1,2));

7 Uaprox=mesh.solu;
s U_exact=u(mesh.node);
9 Tl=abs(Uaprox (mesh.elem (:,1))-U_exact(mesh.elem (:,1)))."q;
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1 T2=abs(Uaprox(mesh.elem (:,2))-U_exact (mesh.elem (:,2))). q;
1 T3=abs(Uaprox(mesh.elem (:,3))-U_exact (mesh.elem (:,3))). q;
12 E=(((T1HT24T3)) . *area_u/3). (1/q);

13 lqnorm=sum(E."q) " (1/q);

Y e e us™ YT
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Aabstract

Elliptic partial diferential equations (PDEs) with discontinuous difusion coeficients
occur in application domains such as difusions through porous media, electro-
magnetic field propagation on heterogeneous media, and difusion processes on
rough surfaces. The standard approach to numerically treating such problems us-
ing finite element methods is to assume that the discontinuities lie on the bound-
aries of the cells in the initial triangulation. However, this does not match appli-
cations where discontinuities occur on curves, surfaces, or manifolds, and could
even be unknown beforehand. One of the obstacles to treating such discontinuity
problems is that the usual perturbation theory for elliptic PDEs assumes bounds
for the distortion of the coeficients in the L1 norm and this in turn requires that
the discontinuities are matched exactly when the coeficients are approximated. We
present a new approach based on distortion of the coeficients in an Lq norm with
q < 1 which therefore does not require the exact matching of the discontinuities.
We then use this new distortion theory to formulate new adaptive finite element
methods (AFEMSs) for such discontinuity problems. We show that such AFEMs
are optimal in the sense of distortion versus number of computations, and report
insightful numerical results supporting our analysis.

keywords: Elliptic Problem, Discontinuous Coeffcients, Perturbation Esti-
mates, Adaptive Finite Element Methods, Optimal Rates of Convergence.
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