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% DDE_Sol = find_Sk(A,Ad,h,N,Q initial)
% The argument N and Q_initial are optional
% Find Sk for each branch given A, Ad and h for a DDE system
% x_dot(t) = A*x(t) + Ad*x(t-h)
% Q_initial is the inital condition for Qk
% N is the index of the branches of interest;
function DDE_Sol = find_Sk(A,Ad,h,N,Q _initial,thredhold)
options_def = optimset('Display’,'iter’);
if nargin <3
error('No enough input arguments’)
elseif nargin < 4
N =0; % default is to solve for principal branch
Q_initial = expm(-A*h);
options = options_def;
elseif nargin <5
Q_initial = expm(-A*h);
options = options_def;
elseif nargin <6
options = options_def;
else
if thredhold~=0 % if the thredhold is specified
options = options_def;
options.TolFun = thredhold;

else
options = options_def;
end
end
dim_Ad = length(Ad); % system order
DDE_Sol = {};
if dim_Ad == 1 % scalar case
if Ad ==
warning('First order ODE; x = exp(A*t)*x_0")
else

for i = 1: length(N)
DDE_Sol{i}.Sk = lambertw(N(i),Ad*h*exp(-A*h))/h+A;
DDE_Sol{i}.branchID = N(i);
errorl = norm(lambertw(N(i),Ad*h*exp(-A*h))-Ad*h-h*DDE_Sol{i}.Sk);
error2 = norm(DDE_Sol{i}.Sk*eye(length(A))-A-Ad*expm(-DDE_Sol{i}.Sk*h));
DDE_Sol{i}.error = [errorl error2];

end

end
else % matrix case

for i =1: length(N)
[DDE_Sol{i}.Sk,DDE_Sol{i}.Q,errorl,error2]=QS_matrix(A,Ad,h,N(i),Q_initial ,options);
DDE_Sol{i}.branchID = N(i);
DDE_Sol{i}.error = [errorl error2];

end

A



end
% currentQ =DDE_Sol{i}.Q % display the Q for current iteration
% find Sk and Qk for matrix case
function [S,Q1,errorl,error2] = QS_matrix(A,Ad,h,branch_id,Q initial,options)
if sum(sum(Q_initial == inf))>0
reduced = 1; % Reduced elements for Q
notfixed = Q_initial ~= inf; % find elements not fixed
notfixed = reshape(notfixed,1,[]);
res_Q = reshape(Q_initial, 1,[]);
reduced_Q = res_Q(notfixed); % formulate the new vecter of design variables
Q = fsolve(@LambQ,reduced_Q,options,A,Ad,h,branch_id,reduced,notfixed);
else
reduced = 0; % full elements for Q
fixed = 0;
Q = fsolve(@LambQ,Q _initial,options,A,Ad,h,branch_id,reduced,fixed);
end
if reduced ==
Q1=Q;
else
% if the reduced Q is used, convert the results back to matrix with
% original dimension
Q1 = zeros(1,length(A)"2);
position = find(notfixed==1);
for k=1:length(position)
Q1(position(k)) = Q(k);
end
Q1 =reshape(Q1,length(A),[1);
end
H = Ad*h*Q1;
W = lambertw_matrix(branch_id,H);
S = W/h+A,;
errorl = norm(W*expm(W+A*h)-Ad*h); % must be the solution to the lambert w function egn.
error2 = norm(S*eye(length(A))-A-Ad*expm(-S*h)); % must be the solution to the char. egn.
error = [errorl error2]; % both must be close to zero

% [CI, uniqueness]= find_CI(S,A,Ad,h)
% Find CI_k for the kth branch given A, Ad, h and Sk for this branch
% Important assumption: Any two eigenvalues from different branches are
% distinct !
% When Ad is invertible, S should be a matrix; when Ad is singular, S
% should be a scalar
% If the solution is unique, uniqueness=1; otherwise uniqueness=0
function [CI, uniqueness]= find_CI(A,Ad,h,S,g0,x0)
sys_order = length(A);
% scalar case
if sys_order==1
Cl=(x0+Ad*preshape_conv(g0,S,h))/(1+Ad*h*exp(-S*h)); %(x0+Ad*G(Sk))/(1+Ad*h*exp(-S*h))
uniqueness = 1;
return
end
% matrix case
if length(S)==sys_order % general case, S is a matrix
E =eig(S);
syms s
L1 _num =1;
for i=1:sys_order
L1 num =L1_num*(s-E(i));
end
char_egn = det(s*eye(sys_order)-A-Ad*expm(-s*h));
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L1 = diff(L1_num)/diff(char_eqn);
R_matrix = [];
L_matrix = [];
for k =1:sys_order
R1_num = adjugate(eye(sys_order)*E(k) - S);
L1 num =subs(L1,s,E(K));
L2_num = adjugate(E(k)*eye(sys_order)-A-Ad*exp(-E(k)*h));
L3_num = x0+Ad*preshape_conv(g0,E(k),h); % (x0+Ad*G(Sk))
R_matrix = [R_matrix;R1_num]; % stacked right side
L_matrix = [L_matrix;L1_num*L2_num*L3_num]; % stacked left side
end
uniqueness = rank(L_matrix)==sys_order;
% for having an unique solution, matrix should have full column rank
Cl = pinv(R_matrix)*L_matrix; % use generalized pseudo inverse to calcuate the solution
elseif sys_order>1 && length(S)==1 % hybrid branch case, S is a scalar
syms s
char_eqgn = det(s*eye(sys_order)-A-Ad*expm(-s*h));
L1 = 1/diff(char_eqgn);
L1 num =subs(L1,s,S);
L2_num = adjugate(S*eye(sys_order)-A-Ad*exp(-S*h));
L3_num = x0+Ad*preshape_conv(g0,S,h);
Cl=L1_num*L2_num*L3_num;
uniqueness = (L1_num~=0);
else
error('Dimension of A and S are not compatible”);

% [CN, uniqueness]= find_CN(S,A,Ad,h)
% Find CN_k for the kth branch given A, Ad, h and Sk for this branch
% Important assumption: Any two eigenvalues from different branches are distinct !
% When Ad is invertible, S should be a matrix; when Ad is singular, S should be a scalar
% If the solution is unique, uniqueness=1; otherwise uniqueness=0
function [CN, uniqueness]= find_CN(A,Ad,h,S)
E =eig(S);
sys_order = length(A);
% scalar case
if sys_order ==
CN = 1/(1+Ad*h*exp(-S*h));
uniqueness = 1;
return
end
% matrix case
if length(S) == sys_order % general case, S is a matrix
syms s
L1 _num =1;
for i=1:sys_order
L1 num =L1_num*(s-E(i));
end
char_eqgn = det(s*eye(sys_order)-A-Ad*expm(-s*h)); % char egn.
L1 = diff(L1_num)/diff(char_eqn);
R_matrix = [];
L_matrix = [J;
for k =1:sys_order
R1_num = adjugate(eye(sys_order)*E(k) - S);
L1 num = subs(L1,s,E(k));
L2_num = adjugate(E(k)*eye(sys_order)-A-Ad*exp(-E(k)*h));
R_matrix = [R_matrix;R1_num]; % stacked right side
L_matrix = [L_matrix;L1_num*L2_num]; % stacked left side
end
uniqueness = rank(L_matrix)==sys_order;

AN



% for having an unique solution, matrix should have full column rank
CN = pinv(R_matrix)*L_matrix; % use generalized pseudo inverse to calcuate the solution
elseif sys_order>1 && length(S)==1 % hybrid branch case, S is a scalar
syms s
char_eqgn = det(s*eye(sys_order)-A-Ad*expm(-s*h));
L1 = 1/diff(char_eqgn);
L1 num =subs(L1,s,S);
L2_num = adjugate(S*eye(sys_order)-A-Ad*exp(-S*h));
CN =L1_num*L2_num;
uniqueness = (L1_num~=0);
else
error('Dimension of A and S are not compatible’);
end

% calculate matrix lambert w function
function W = lambertw_matrix(K,X)

if nargin == 1 % Only calculate principal branches
X=K;
K=0;

end

rank_X = rank(X);
dim_X = length(X); % system order
LMW = zeros(dim_X);
[V,D] = jordan(X); % transform to Jordan form
% check superdiagonal terms
super_diag = [];
if dim_X==1;
super_diag = 0;
else
fori=2:dim_X
super_diag = [super_diag D(i-1,i)];
end
end
% calculate the Lambert W func. for diagnal terms
fori=1.dim_X
if D(i,i)==0
% use principal branch for 0 eigenvalue
LMW(i,i)=lambertw(0,D(i,i)); % warning(‘Ad is singular, hybrid branch is used’)
else
LMW(i,i)=lambertw(K,D(i,i));
end
end
% calculate the Lambert W func. for other upper triangle terms
if sum(super_diag)==
flag =0; % all jordan blocks have a size of 1
else
flag =1; % some jordan blocks have a size > 1
block_start = 1; % where an jordan block begins
block_end = 1; % where an jordan block ends
for j=2:dim_X
if j>=block_end
if super_diag(j-1)==
block_start = j-1;
if ~isempty(find(super_diag(j-1:end)==0))
block_end = min(find(super_diag(j-1:end)==0))+j-2;
else
block _end = dim_X;
end
for k1 =block_start:block_end
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for k2 = k1: block_end
if D(block_start,block_start)~=0
LMW(k1,k2)=der_lambertw(K,D(block_start,block_start),k2-k1)/factorial(k2-k1);
% (k2-k1)th deritive of lambertw(D(i))/(k2-k1)!
end
end
end
end
end
end
end
W = V*LMW*V~-1; % similarity transformation

% Piecewise controllability test for a system of DDEs
% x_dot(t) = A*x(t) + Ad*x(t-T)+B*u(t)
% Check the linear independence of the rows of (sI-A-Ad*exp(-s*h))*-1*B
% Let [C_1(5);C_2(5); ... ;C_n(s)]= (sI-A-Ad*exp(-s*h))B; If there exist p1, p2,...,pn, such that
% [C_1(p1) C_1(p2) ... C_1(pn);..;C_n(pl) C_n(p2) ...C_n(pn)] has full
% rank, then C_1(s), C_2(s), ... ,C_n(s) are linearly independent
function contr_flag = pwcontr_test(A,Ad,B,h)
thred = 1e-5;
if nargin <4
error('No enough input arguments’)
end
dim = length(A); % dimension of the system
syms s
char = s*eye(dim)-A-Ad*exp(-s*h);
contr_gram = char*-1*B;
runs = 10; % test 10 times. If failed everytime, the system is NOT piecewise controllable; if passed for a
run, the system is piecewise controllable
contr_flag = 0; % default is set to be not piecewise controllable
for j = 1:runs
p = 10*rand(dim,1); % random variable [p1 p2 p3 ... pn]
contr_matrix = [];
fori=1:dim
contr_matrix = [contr_matrix subs(contr_gram, p(i))];
% formulating the matrix [C(p1) C(p2) .... C(pn)]
end
if det(contr_matrix) > thred
contr_flag =1;
disp(‘'The system of DDEs is piecewise controllable.")
break;
end
end
if contr_flag==
disp('The system of DDEs is NOT piecewise controllable.”)
end

% Find a feedback gain K to place the rightmost eigenvalue of the closed-loop at desired place
% contr mode 1: u = -K*x(t)

% the closed-loop system is x_dot(t) = (A-B*K)*x(t) + Ad*x(t-h)

% contr mode 2: u = -Kd*x(t-h)

% the closed-loop system is x_dot(t) = A*x(t) + (Ad-B*Kd)*x(t-h)

% contr mode 3: u = -K*x(t) - Kd*x(t-h)

% the closed-loop system is x_dot(t) = (A-B*K)*x(t) + (Ad-B*Kd)*x(t-h)

% observer mode 4: observer gain is L

% the closed-loop system is x_dot(t) = (A-L*C)*x(t) + Ad*x(t-h)

% default mode is 1.

% K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode,K0,Q _ini,thredhold)
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% The arguments contr_mode, KO, Q _ini and thredhold are optional

% pole_desired must be a scalar. For complex values, e.g., you can use either -1+i or -1-i.
function K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode,K0,Q _ini,thredhold)
options_K_def = optimset('Display’,'final’);

th2 = 0;
[B_row, B_col] = size(B);
if nargin <=5
warning('No enough input arguments.")
elseif nargin ==

contr_mode = 1;% default mode 1:u(t) = -Kx(t)
KO = ones(B_col,length(A));
Q_ini = expm(-A*h); % use e*(-Ah) to initialize Q
elseif nargin ==7 % only contr mode is selected
if contr_mode <=2
KO = ones(B_col,length(A)); Q_ini = expm(-A*h); % mode 1 and 2
elseif contr_mode ==
KO = [ones(B_col,length(A)) zeros(B_col,length(A))]; Q_ini = expm(-A*h); % mode 3
elseif contr_mode ==
KO = ones(length(A),B_row); Q_ini = expm(-A*h); % observer mode
else
warning(‘mode must be <= 4);
end
elseif nargin ==
Q_ini = expm(-A*h);
elseif nargin ==10
if thredhold(1)~=0
options_K_def.TolFun = thredhold(1);
end
if thredhold(2)~=0
th2 = thredhold(2); % if thredhold is not zero, use it to replace the default thredhold
end
end

if length(pole_desired)>1

warning('Pole_desired is a scalar, please enter either a real number, or a complex number’);
end
K = fsolve(@find_K,KO0,options_K_def,A,Ad,B,h,branch,pole_desired,contr_mode,Q _ini,th2)

function rtn=find_K(X,A,Ad,B,h,branch,pole_desired,contr_mode,Q _initial,thredhold2)
[B_row, B_col] = size(B);
% calculate the closed-loop system
if contr_mode ==
K = X; Kd = zeros(B_col,length(A));A_cl = A-B*K;Ad_cl = Ad-B*Kd;
elseif contr_mode ==
Kd = X; K = zeros(B_col,length(A));A_cl = A-B*K;Ad_cl = Ad-B*Kd;
elseif contr_mode ==
K = X(:,1:length(A)); Kd = X(:,length(A)+1:end);A_cl = A-B*K;Ad_cl = Ad-B*Kd;
elseif contr_mode ==
A _cl=A-X*B;Ad _cl = Ad;
end
% can do the assignment for only one branch!
if length(branch)~=1
error('Please select one and only one branch");
end
% find the solution for the closed-loop system
DDE_Sol = find_Sk(A_cl,Ad_cl,h,branch,Q _initial,thredhold2);
% showing the current result
eig_S = eig(DDE_Sol{1}.Sk)
% calcuate the errors of eigenvalues
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if isreal(pole_desired)
rtn = (max(real(eig_S))-pole_desired)”2; % match only the real part
else
real_eig_diff = max(real(eig_S))-real(pole_desired);
imag_eig_diff = max(imag(eig_S(find(real(eig_S)==max(real(eig_S))))))-abs(imag(pole_desired));
rtn = [real_eig_diff*2;imag_eig_diff*2]; % match both real and imag parts
end

% find Sk and CI

A=-0.1; Ad =-0.1; h=1;

DDE_Sol = find_Sk(A,Ad,h,0);

Sk = DDE_Sol{1}.5k;

Sk = eig(DDE_Sol{1}.Sk)

g = [0];x0 = [10];

[Cl,uniqueness] = find_CI(A,Ad,h,Sk,g,x0)

% Matrix lambert W function

W =[111;012;00 3]; branch = -1; % repeated eigenvalue
jordan(W)

lambertw_matrix(branch,W)

% Matrix Function: Compute Qk

global h k1 k2 A Ad I % Define variable for fsolve

k1 =0;k2=k1; % Branch of the matrix Lambert W function

I = eye(2); % for identity matrix

h = 0.1; % time-delay

A = [-1-3;2-5]; Ad = [1.66-0.697;0.93 -0.330]; % coefficient matrices of the system A=-Ad;B=-A
x0=I; % initial condition for interation => identity matrix

tol=1e-8;0ptions = optimset(‘MaxFunEvals',1000, TolFun',1e-8); % iteration options

X = fsolve(@equations,x0,options)

function rtn=equations(x)

global hkl1 k2 A Ad |

X = [x(1) x(2) x(3) x(4)];

Q = [x(1) x(2);x(3) x(4)]; D= Ad*h*Q;

[v.d] = eig(D);

W = v*[lambertw(k1,d(1,1)) 0;0 lambertw(k2,d(2,2))]*inv(v); % for matrix Lambert W function

EX expm(W+A*h);

Left = (W*EX);

Right = Ad*h;

rtn = [Left(1,1)-Right(1,1)
Left(1,2)-Right(1,2)
Left(2,1)-Right(2,1)
Left(2,2)-Right(2,2)];

% find Sk

B=-A

Q = [X(1) X(2);X(3) X(4)] % result for Qk

D = Ad*h*Q; [v,d] = eig(D); % To compute Sk

W = v*[lambertw(k1,d(1,1)) 0;0 lambertw(k2,d(2,2))]*inv(v);
Sk = 1/h*W-B % result for Sk

% find ClI

h=1;

A =[-1-3;2-5]; Ad = [1.66 -0.697;0.93 -0.330];
% coefficient matrices of the system A=-Ad;B=-A
Sk =[0.3055 -1.4150;2.1317 -3.3015];

g = [1;0];x0 = [1;0];

[Cl.flag] = find_CI(A,Ad,h,Sk,g,x0)
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% find Sk,CI and CN

A=-1; Ad =-1; h=1;

DDE_Sol = find_Sk(A,Ad,h,1);

Sk = DDE_Sol{1}.5k;

Sk = eig(DDE_Sol{1}.Sk)
[CN,uniqueness] = find_CN(A,Ad,h,Sk)

g = [1];x0=[1];

[Cl,uniqueness] = find_CI(A,Ad,h,Sk,g,x0)

% find Cl and CN

h=1;

A=[-1-3;2-5]; Ad = [1.66 -0.697;0.93 -0.330]; % coefficient matrices of the system A=-Ad;B=-A
Sk =[-0.3499-4.9801i -1.6253+0.1459i;2.4174+0.1308i -5.1048-4.5592i];

[CN,flag] = find_CN(A,Ad,h,Sk)

g = [1;0]; x0=[1;0];

[Cl,flag] = find_CI(A,Ad,h,Sk,g,x0)

% find Sk

A =[01;-4.6985 0]; Ad = [0 0;0 0.5]; h=1;
Q_ini =expm(-A*h);

DDE_Sol = find_Sk(A,Ad,h,0,Q_ini);
DDE_Sol{1}.Sk

Sk = eig(DDE_Sol{1}.Sk)

% compute ad

function num1l

a=-1;

lambda_des = -0.5; % place the right most pole at -0.5

ad_ini =0;

h=1;

options=optimset('Display','iter’); % Option to display output

ad = fsolve(@assign_lambert,ad_ini,options,a,h,lambda_des)

display(['right most pole is placed at:" hum2str(lambertw(0,ad*h*exp(-a*h))/h+a)])

function F = assign_lambert(ad,a,h,lambda_des)
F = real(lambertw(0,ad*h*exp(-a*h))/h+a)-lambda_des;

% compute k

function num2

a=1,

ad =-1;

lambda_des = -1; % place the right most pole at -1

k ini=2;

h=1,

options=optimset('Display','iter’); % Option to display output
k = fsolve(@assign_lambert,k_ini,options,a,ad,h,lambda_des)

function F = assign_lambert(k,a,ad,h,lambda_des)
F = real(lambertw(0,ad*h*exp(-(a+k)*h))/h+(a+k))-lambda_des;

% compute k

function num3

a=-0.1;

ad _res=0.1;

lambda_des = -0.5; % place the right most pole at -0.5
k_ini=0;

h=1,

options=optimset('Display','iter’); % Option to display output
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K = fsolve(@assign_lambert,k_ini,options,a,ad_res,h,lambda_des)
display(['right most pole is placed at:' num2str(lambertw(0,ad_res*K_placed*h*exp(-a*h))/h+a)])

function F = assign_lambert(k,a,ad_res,h,lambda_des)
F = real(lambertw(0,ad_res*k*h*exp(-a*h))/h+a)-lambda_des;

% compute K

h = 0.2;% time-delay

A=[01;-10.1]; Ad=[00;00]; B =[0;1]; % open loop
% pole_desired=[-1+2.5i];

pole_desired=[-1+2i];

% pole_desired=[-1+1.5i];

Q_ini = [infinf;1 1];

Kd_ini =[11];

contr_mode = 2;

branch =0;

% K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);
threshold = [1e-8, 1e-8];

K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);

% compute K

h = 0.2;% time-delay

A=1[01;-4.69850]; Ad=[00;00]; B=[0;0.25]; % open loop
% pole_desired=[-1+2.5i];

pole_desired=[-1+2i];

% pole_desired=[-1+1.5i];

Q_ini =[infinf;1 1];

Kd_ini =[11];

contr_mode = 2;

branch =0;

% K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);
threshold = [1e-8, 1e-8];

K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);

% contr.test

h = 1; % time-delay

A=[00;01]; Ad=[-1-1;0-0.9]; h=1; B =[0;1];
pwcontr_test(A,Ad,B,h)

% find Sk

A =[00;01]; Ad = [-1-1;0-0.9]; h=0.1;
Q_ini =expm(-A*h);

DDE_Sol = find_Sk(A,Ad,h,0,Q_ini);
DDE_Sol{1}.Sk

Sk = eig(DDE_Sol{1}.Sk)

% compute K and Kd

h = 0.1; % time-delay

A=[00;01]; Ad=[-1-1;0-0.9]; B =[0;1]; % open loop
pole_desired=[-1];

Q_ini = expm(-A*h);

Kd_ini =[11];

K_ini=[1 1]

contr_mode = 3;

branch =0;

% K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);
threshold = [1e-8, 1e-8];

K = place_dde(A,Ad,B,h,branch,pole_desired,contr_mode);
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