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Temporal error—white noise case
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Spatial error-white noise case
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Colored noise—Gauss kernel
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Colored noise—Q = A"
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Comparison of the error in different cases
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%simple brownian motion

T=1;
num = 1000;
dt = T/num;

norms = randn(num, 1)*dt;
bm = cumsum(norms, 1);

plot( dt:dt:T, bm );

ool ToTo oo o o o ToTo oo o o o o
T

1; N =500; dt = T/N; t = (dt:dt:1);
M

1000;
dW = sqrt(dt)*randn(M,N) ;

W = cumsum(dw,?2);

U

exp(repmat(t, [M 1]) + 0.5%W);

Umean = mean(U);

plot([0,t], [1,Umean], 'b-"),

plot([0,t], [ones(5,1),U(1:5,:)],'r-="),

xlabel('t', 'FontSize',16)

ylabel('U(t) ', 'FontSize',16, 'Rotation',0, 'HorizontalAlignment', 'right')

legend('mean of 1000 paths','bindividual paths',2)

Yoottt oo o oo ToToTo oo

Jsde_sine.m generates outcomes of solutions of the SDE dx(t)=sin(x(t))+dB(t)
N=10000; T=700; h=T/N; 7% number of steps to take & maximum time & time step
t=(0:h:T); % t is the vector [0 1h 2h 3h ... Nh]

sigma=1.0; % strength of noise

X=zeros(size(t)); % place to store locations
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X(1)=0.0; % initial location

for i=1:N % take N steps
X(i+1)=X(i)+sin(X(i))*h+sigma*sqrt (h)*randn;
end;

plot(t,X);

title('SDE with sine drift');

ToToToTo o foTo o Jo o o To o Jo o o Jo o

%True solution for SDE : dX = lambda*X dt + muxX dW, X(0) = Xzero,}
% where lambda = 2, mu = 1 and Xzero = 1.

lambda = 2; mu = 1; Xzero = 1;

T=1; N=278; dt = 1/N;

dW = sqrt(dt)*randn(1,N); % Brownian increments

W = cumsum(dW); % discretized Brownian path

Xtrue = Xzero*exp((lambda-0.5*%mu~2)*((dt:dt:T))+mux*W) ;
plot((0:dt:T), [Xzero,Xtruel, 'm-'),

xlabel('t', 'FontSize',12)

ylabel('X', 'FontSize',16, 'Rotation',0, 'HorizontalAlignment', 'right')

ol ToToTo o ToTo o o oo To o o o To o

%hApproximation solution for SDE : dX = lambda*X dt + mu*xX dW, X(0) = Xzero,
% where lambda = 2, mu = 1 and Xzero = 1.

lambda = 2; mu = 1; Xzero = 1;

dW = sqrt(dt)*randn(1,N); 7% Brownian increments

W = cumsum(dW); discretized Brownian path

R =4; Dt = Rxdt; L = N/R;

Xem = zeros(1,L); Xtemp = Xzero;
for j = 1:L
Winc = sum(dW(R*(j-1)+1:R*j));

Xtemp = Xtemp + Dt*lambda*Xtemp + mu*xXtemp*Winc;
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Xem(j) = Xtemp;

end

plot((0:Dt:T), [Xzero,Xem], 'r-—*"'),
xlabel('t', 'FontSize',12)

ylabel('X', 'FontSize',16, 'Rotation',0, 'HorizontalAlignment', 'right')

oo oo oo To o Jo o oo Jo o Jo o Jo o

Jcompare true and Approximation SDE : dX = lambda*X dt + mu*xX dW, X(0) = Xzero,
% where lambda = 2, mu = 1 and Xzero = 1.

lambda = 2; mu = 1; Xzero = 1;

T=1; N=278; dt = 1/N;

dW = sqrt(dt)*randn(1,N); % Brownian increments

W = cumsum(dW); % discretized Brownian path

Xtrue = Xzeroxexp((lambda-0.5*mu~2)*((dt:dt:T))+mu*W) ;

plot((0:dt:T), [Xzero,Xtruel, 'm-'),

R =4; Dt = Rxdt; L = N/R;

Xem = zeros(1,L);

Xtemp = Xzero;

for j 1:L

Winc = sum(dW(R*x(j-1)+1:R*j));

Xtemp = Xtemp + Dt*lambda*Xtemp + mu*xXtemp*Winc;

Xem(j) = Xtemp;

end

plot((0:Dt:T), [Xzero,Xem], 'r——*"'),

xlabel('t', 'FontSize',12)

ylabel('X', 'FontSize',16, 'Rotation',0, 'HorizontalAlignment', 'right')

emerr= abs (Xem(end)-Xtrue(end))

ol 1o 16 To o ToTo o o o ToTo o o o To o

JWeak convergence
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% Solves dX = lambda*X dt + muxX dW, X(0) = Xzero,

% where lambda = 2, mu = 1 and Xzer0O = 1.

lambda = 2; mu = 0.1; Xzero = 1; T = 1; % problem parameters
M = 50000; % number of paths sampled

Xem = zeros(5,1); % preallocate arrays

for p =1:5} take various Euler timesteps

Dt = 27(p-10); L = T/Dt; % L Euler steps of size Dt

Xtemp = Xzero*ones(M,1);

for j = 1:L

Winc = sqrt(Dt)*randn(M,1);

% Winc = sqrt(Dt)*sign(randn(M,1)); %% use for weak E-M %%
Xtemp = Xtemp + Dt*lambdax*Xtemp + mu*Xtemp.*Winc;

end

Xem(p) = mean(Xtemp);

end

Xerr = abs(Xem - exp(lambda));

Dtvals = 2.7 ([1:5]-10);

subplot(222) % top RH picture

loglog(Dtvals,Xerr, 'b*-'), hold on
loglog(Dtvals,Dtvals, 'r—-"'), hold off J reference slope of 1
axis([1le-3 le-1 le-4 1])

xlabel('\Delta t'), ylabel('| E(X(T)) - Sample average of X L |')
title('emweak.m', 'FontSize',10)

o 1o To oo o To o To o o To o Jo o o Jo o

hstrong convergence

% Solves dX = lambdax*X dt + muxX dwWw, X(0) = Xzero,

% where lambda = 2, mu = 1 and Xzer0O = 1.

lambda = 2; mu = 1; Xzero = 1; % problem parameters

T=1; N=279; dt = T/N; %
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M = 1000; % number of paths sampled

Xerr = zeros(M,5); % preallocate array

for s = 1:M, J, sample over discrete Brownian paths
dW = sqrt(dt)*randn(1,N); % Brownian increments

W = cumsum(dW); % discrete Brownian path

Xtrue = Xzerox*exp((lambda-0.5*mu~2)+mu*xW(end)) ;

for p = 1:5
R = 2°(p-1); Dt = Rxdt; L = N/R; % L Euler steps of size Dt = Rxdt

Xtemp = Xzero;

1:L

for j
Winc = sum(dW(R*(j-1)+1:R*xj));

Xtemp = Xtemp + Dt*lambda*Xtemp + mu*xXtemp*Winc;

end

Xerr(s,p) = abs(Xtemp - Xtrue); % store the error at t =1

end

end

Dtvals = dt*(2.7([0:4]1));

subplot(221) % top LH picture

loglog(Dtvals,mean(Xerr), 'b*-"'), hold on

loglog(Dtvals, (Dtvals.”(.5)),'r--"'), hold off J reference slope of 1/2
axis([1le-3 le-1 le-4 1])

xlabel('\Delta t'), ylabel('Sample average of | X(T) - X_L |")
title('emstrong.m', 'FontSize',10)

oo 1o 6 To o ToTo oo o ToTo o o o To o

%STAB Mean-square and asymptotic stability test for E-M.

% SDE is dX = lambdax*X dt + mux*X dwWw, X(0) = Xzero,

% where lambda and mu are constants and Xzero = 1.

T =20; M = 50000; Xzero = 1;

ltype = {'b-','r—-','m-."'};



Vo MATLAB S .v.J

subplot (211)

lambda = -3; mu = sqrt(3);

for k = 1:3

Dt = 27(1-k);

N = T/Dt;

Xms = zeros(1,N); Xtemp = Xzero*ones(M,1);

for j = 1:N

dw= sqrt(Dt)*randn(M,1);

Xtemp = Xtemp + Dt*lambda*Xtemp + mu*xXtemp.*dw;

Xms(j) = mean(Xtemp."2); 7% mean-square estimate

end

semilogy((0:Dt:T), [Xzero,Xms],1ltype{k}, 'Linewidth',2), hold on
end

legend('\Delta t = 1','\Delta t = 1/2','\Delta t = 1/4"')
title('Mean-Square: \lambda = -3, \mu = \surd 3','FontSize',16)
ylabel ('E[X"2]"', 'FontSize',12), axis([0,T,1e-20,1e+20]), hold off
subplot(212) %%%k/% Asymptotic: a single path %hh%hhlk

T = 500;

lambda = 0.5; mu = sqrt(6); % problem parameters

for k = 1:3

Dt = 27(1-k);

N = T/Dt;

Xemabs = zeros(1,N); Xtemp = Xzero;

for j = 1:N

dw= sqrt(Dt)*randn;

Xtemp = Xtemp + Dt*lambda*Xtemp + muxXtemp*dw;

Xemabs(j) = abs(Xtemp);

end

semilogy([0:Dt:T], [Xzero,Xemabs],ltype{k}, 'Linewidth',2), hold on
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end

legend('\Delta t = 1','\Delta t = 1/2','\Delta t = 1/4"')
title('Single Path: \lambda = 1/2, \mu = \surd 6', 'FontSize',16)
ylabel('|X|','FontSize',12), axis([0,T,1e-50,1e+100]), hold off

%hdx (t)=-x(t)dt+sigmaxdB(t) .

N=8000; % number of steps to take

T=8; % maximum time

h=T/N; % time step

t=(0:h:T); % t is the vector [0 1h 2h 3h ... Nh]
y=zeros(size(t)); ' prepare place to store locations

subplot(2,3,1);

y(1)=3; % initial height

for i=1:N % start taking steps
y(i+1)=y (1) -y (i) *h;

end;

plot(t,y), hold on % plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking step

y(i+1)=y (1) -y (i) *h;

end;

plot(t,y); % plot more permanently
axis([0 T -2 31); % set axis limits

grid on;

title('Exponential decay to O, 8000 steps');
subplot(2,3,2);

s=0.1; % \sigma
y(1)=3; % initial height
for i=1:N % start taking steps

y(i+1)=y(i)-y(i)*h+s*sqrt (h)*randn;
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end;

plot(t,y), hold on Y% plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt (h)*randn;

end;

plot(t,y); % plot more permanently
axis([0 T -2 3]); % set axis limits

grid on;

title('\sigma = 0.1, 8000 steps');
subplot(2,3,3);

s=0.4; % sigma
y(1)=3; % initial height
for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt (h)*randn;

end;

plot(t,y), hold on Y% plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y(i)*h+s*sqrt (h)*randn;

end;

plot(t,y); % plot more permanently
axis([0 T -2 3]); % set axis limits

grid on;

title('\sigma = 0.4, 8000 steps');
subplot(2,3,4);

N=80; % number of steps to take
T=8; % maximum time

h=T/N; % time step
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t=(0:h:T); % t is the vector [0 1h 2h 3h ... Nh]
y=zeros(size(t)); 7 prepare place to store locations
s=0.2; % sigma

y(1)=3; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt (h)*randn;

end;

plot(t,y), hold on 7% plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt(h)*randn;

end;

plot(t,y); % plot more permanently
axis([0 T -2 3]); % set axis limits

grid on;

title('80 steps, h=0.1, \sigma=0.2');
subplot(2,3,5);

N=800; % number of steps to take

T=8; % maximum time

h=T/N; % time step

t=(0:h:T); % t is the vector [0 1h 2h 3h ... Nh]
y=zeros(size(t)); '’ prepare place to store locations
y(1)=3; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt (h)*randn;

end;

plot(t,y), hold on 7% plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking steps
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y(i+1)=y(i)-y(i)*h+s*sqrt (h)*randn;

end;

plot(t,y); % plot more permanently
axis([0 T -2 3]); % set axis limits

grid on;

title('800 steps, h=0.01, \sigma=0.2');
subplot(2,3,6);

N=8000; % number of steps to take

T=8; % maximum time

h=T/N; % time step

t=(0:h:T); % t is the vector [0 1h 2h 3h ... Nh]
y=zeros(size(t)); 7 prepare place to store locations
y(1)=3; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y (i) *h+s*sqrt (h)*randn;

end;

plot(t,y), hold on Y% plot more permanently
y(1)=-2; % initial height

for i=1:N % start taking steps

y(i+1)=y(i)-y(i)*h+s*sqrt (h)*randn;

end;

plot(t,y); % plot more permanently
axis([0 T -2 3]); % set axis limits

grid on;

title('8000 steps, h=0.001, \sigma=0.2');
orient landscape

saveas(gcf, 'langevin.pdf', 'pdf');
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