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Abstract
In this paper we consider the minimax and minisum single facility
location problems on the regions with varying norms on different sides
of a line. We investigate three special cases where in each sides of the
line we have I; and [, norms, /; and block norms and two block norms.
For each case we propose an efficient solution procedures.

Keywords: continuous location, single facility, block norms, op-
timization

1 Introduction

The minisum and minimax facility location problems are two important prob-
lems in the location theory. In the single facility case of minisum and min-
imax problems we want to find a point z such that respectively the sum of
distances from z to all given points and the maximum distances from z to
the given points is minimized. Let a; = (a;, ..., im) for i = 1,...,m be the
demand points in B" and w; be a positive constant corresponding to each a;.
The minisum and minimax single facility location problems under a given
norm ||.||, respectively can be written as follows:

1



m
minzzzwi||$—ai|| (£1)
i=1
and
minz = max w;||lz — al. (Ps)
i=1,..m

In this paper we consider these problems in R? where two regions with
different norms are exist in two sides of a straight line. In each side [, [, and
block norms are considered.

Parlar [5] studied the minisum problem for the case of Euclidean distances
on one side and rectilinear distances on the other side of a line. He formulates
the problem as a mixed integer problem and proposed modified Weiszfeld
procedure to solve the problem. Brimberg et al. [2] also consider this case
of minisum problem and extension of the problem where there exist more
than two regions with different norms. They show that the shortest path
between two points s and ¢ in the regions with /; and Iy, respectively, passes
through the projection of ¢ onto the line L. Batta and Palekar [1] analyze
the p-median problem in a region where in some parts there exist network
structure and in some other parts there exist rectilinear structure.

In what follows, in Section 2 we show a property of the shortest path
between two points in two sides of a line, where there exist different norms
in the regions of each side of the line. Some solution procedures for some
special cases are proposed in Section 3. Section 4 contains a summary and
conclusions.

2 Shortest path between two points

In this section we state a property of shortest path between two points in
two sides of a hyperplane. Suppose R" is divided into two regions S; and S,
by the hyperplane e z = a, where € is unit vector.

If the distance measure in S is [y and the distance measure in S, is Iy
then we can state following property which is the generalization of the case

that Brimberg et al. [2] have proved:

Lemma 2.1. Let A = (%1,...,2Zm) € S1 and D = (41, ..., Ym) € S2 be two
arbitrary points. The shortest path from A to D passes through the point



B = (z1,...,Zi-1,®, Zit1, ..., Tm), projection of A onto hyperplane H = {x :
T, _
ej T = a}.
Proof Let C = (z},...,%_,a, %}y, ..., Zh,), (C # B) be any point on the
hyperplane H. We show

1A= Bl +|B = Dl < [|A—Clls + {|C =~ Dl|,. (1)
To show inequality 1, by definition of [, norms we have,

|4~ Bll +11B = Dllp = fai = al + (21~ tal + ..+ fgics — s

1
o — yil” + T — vinaf + o+ T — ymlP)
=|zi—al+ (o -2l + 2L — P+ w1 — T i — P
1
o — yil? + |ig1 — wipy F Tiy — Yl o F 2w — T, + T, — Y|P
and using triangle inequality,

[A—Bl|; +{|B — Dllp < |£; — e + (|21 — 2} |P + ... + |zio1 — 2}, |

1
Fligr — i P + o+ | — 2|7

1
ey =+ Hlziy = v P o — vl + |2y — v P+ o+l — v [P)

<lzi—al + (Jzr = oyl + oo+ i — i [+ [T — 2l |+ o+ 2w — 2
1

+()zy =P+ |75y = Yt P+l — 3P + |2y — i [P+ o+ |2, — YmlP)
= [|A=C|L+|C - DI|,
which completes the proof. 0
Now consider the case that the distance measure in S; is §; and the
distance measure in S; is a block norm B and the space is 2.
The block norms are norms whose contours are polytopes. These norms

first time are used to solve location problems by Ward and Wendell [6, 7).
They showed a block norm can be characterized as follows:

lzlls = min{} | 2] : 2= " by} (2)
g=1 g=1

where the points b, and —b, with g =1, ..., r form the extreme points of the
polytope corresponding to the unit contour. They also presented another
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characterization based on polar set for block norms. This characterization
follows:

llz||z = ma,x{|xbg| rg=1,..,1% (3)
where b3 and —b9 with g = 1,...,r* are extreme points of the polar set
B ={v:bw <1 for all g==+1,£2,...,£r}.

Definition 2.2. Let v be a vector in R%. If B is a block norm satisfies in
the following conditions:

I' Z;:l )‘gbg =v
2' Z;:l )\g = 1
then B is a v-block norm.

In the special case if v = e = (0, 1) then the point (0, 1) is on the contour
of any ep-block norm (see figure 1). Furthermore the distances between any
two points on the vertical axis is the same under any e;-block norm. For
example [; and [, are e;-block norms.

Figurel.

Lemma 2.3. Let R? be divided into two regions Sy and Sy by the line L =
{z : £ = a} and the distance measure in S; is I, and the distance measure
in Sz 18 an ez-block norm B. Also let A € S| and D € S, be two arbitrary
points. Then the shortest path from A to D passes through the point E,
projection of A onto line L.

Proof Similar to proof of lemma 2.1, let C # E be any point on the line
L. We need to show

|14 — El|s +[|E— D|[p < {lA—Cll +||C— D||». (4)



But, using triangle inequality we have
A~ Ell+||E - Dz < ||A- Ells+||E~Clls +||C — Dl|s

and since {; is an e;-block norm and the distance between any two points on
the line L by measurement of any e,-block norms is the same. So,

lA=EllL+||B-Clli+|C - Dlls = [[A-C|l, +||C~ Dl|s

which completes the proof. 0

3 Minisum and minimax problems

In this section we consider the single facility minisumn and minimax location
problems on a plane where there are different norms in two sides of the line
L = {z:z = a}. Let m points ay, ..., @, in R? with known weights be given.
We define J; = {i|a; € 51} and J, = {i|a; € S:}.

3.1 !, and [, norms

Let Sy and S are two regions in two sides of L with norms /; and l,, respec-
tively. We consider two different cases, 2* € S; and z* € S, (see figure 2).

Figure 2.

First suppose the optimal solution, z*, is in S,. Using lemma 2.1 the
minisum problem, can be written as:

minz =Y willzt1—aa P+|za-anl 17+ wilo—au |+ wille —afP+ |z —anl7)?
i€ty teS1 1€,
or L
min z = Z 'w,-[|.1:1 ¥ Cillp + |.'172 — O‘njzlp]; + K (P3)
ieJ1UJy



which is a single facility minisum problem with [, norm. Problem P; can be
solved by modified Weiszfeld method (see [3]). ¢ and K are appropriately
defined.

Similarly, the single facility minimax problem follows:

min z = max{r%&}xwf[lﬂ?l - a1 [P + |23 — a7,
tCJ2
1
mxui(a =l + [l2s - ol + 2~ ]}
1
to solve this problem we need to solve the following minimax problem with
l, norm.

minz = max w;[|z; — | + |22 — a-52|p]}1; + K; (Fs)
ieS1LTe
or
min 2 (P})
8.t

wil|g ~ culP + |72 — af]r +Ki <z i€ U

Now consider the case that the optimal solution, z*, is in S;. Then for
minisum problem we have the following formulation:

. 1
minz = Y wil|z1—an|+|z2—an|+)_ wizi—al+ Y willa—an [P+ |z2—an )7,

i€h i€z i€Ja
(Fs)

But to solve I’ it’s enough to solve the two following problems:
minz1 = Z’wif.’b']_ - a,;lf + Zwilml - 04| (P5_1)

i€q i€y
and

. L

min 2o = deﬂfg = a,-zl —+ Zwi[la - Gillp + |.’L‘2 = a,;2|p]?. (P5.2)
€N i€Js

Ps.1 is minisum problem with rectilinear norm which can easily be solved (see
e.g. [4}).
In this case the minimax problem is as:

min z = m&x{l'}é%;){ wil|zr—an |[+|T2—ai], Iz%%f w,:([xl—a|+[|a—aﬂ|”+|;r2—-a,;2|”]%)}

6



or
min z (Fs)

s.t.
wilh+y) <z 1N
Ti—ap Sy 1€h
—z1tap <y L€
Ta—ap <y 1€
—x3tap <y 1EJ
T1—a<sy; 1€
- t+a<y; 1€ J;

1 .
wi([le - aul? + |z —aplf]?P +y3) <z i€k

3.2 [; and es-block norms

Let the norm in ) is {; and the norm in 5, is an ez-block norm B. Also let
a; is the projection of a; on the line L.

If the optimal solution is in S, then the minisum and minimax problems
respectively are as:

min z = Zwila —ag| + ZwiHm - ail|s + Zwin — ai||p (P;)

iEJ) i€Jy i€Jy
and
min z = max{max wi(|la — a| + ||z — &i||s), maxwi||z — ail|z} ()
i€Jy iEJs

| — ay| is a constant number, so both problems P; and P; reduce to the
problems with a block norm and a linear programming can be written for
them which is easy to solve (see {7]).

In the other case, if the optimal solution is in Sy, let #' is the projection of
x on the line L. Then minisum and minimax problems respectively follows:

minz =Y wilzs — aal + |12 — anl] + 3 wi(lls’ ~allp + |z - af) (B)

icJy i€Jy



and

min z = max{maxw;(|z; — an| + |x2 — ai]), maxwi(||z' - a;]|g + |z1 — ¢|)}
icJ1 i€y

(Pio)
Since z| = o then to solve problem Py we can solve the problems F;; and
the following problem:

min z =Zw.,;|m2—~a;2|+2w,-]|sc' - ﬂ,;“B (Pg_z)
iCJ1 i€Ja
And problem Py can be written as:

min z (Plo)

s.t.
wiy1 +y2) £z 1€
T1—an <y tEJ
—n1ta1 <y 1€J
Ta—ap St 1€
—Zyt+ap <ty 1€J
rn—a<ys i€k
—r1+a<lys tE€J
wi(lle’ —aillp +uys) <z i€

Problems Py and P]; can be solved using linear programming (see Section
3.3).

3.3 Two block norms

Let there is two regions S; and Ss with block norms, B; and B;, on two
sides of the line L. Without loss of generality, suppose the optimal solution,
z* isin 5. Let z; = (o, ziz) be a point on the line L such that the shortest
path from z* to a; passes through z;, for all i = 1,...,m. The minisum and
minimax problems follows:

minz =Y wilz — aills, + Y willlzs — aills, + [z — zlls)  (Pu)

ied; i€



and

min z = max{max wi||z — ai||s,, maxw;(|z; — aillz, + ||z — zl[5,)} (Pia)
ie, i€Jy
Using the form of block norms we set,

vi = ||z — aillp, = max{|(z — ai)bg,| : g1 = 1, ..., r]}

yi = |1z — ail |5, = max{|(z — a)b),| : 2 = 1,..., 7}
v = ||z — @ll5, = max{|(z — ), | : 91 = 1,...,79}

then two following linear programming for minisum and minimax problems,
respectively.
minz =Y wgyi+ Y wi(i+vl) (P)
i€y icJa
s.t.

(z —a;)b), <
—(z — @by, <ui
(2 — a:)by, < y;
(s - a)th, <]
(2 — z)bg, </
(5 — 2B, <o

and
min 2

s.t.

wi(z — a;)b), < z

—wy(z ~ a,—)bgl <z

1€ J,m = 1,...,??
i€ Ji,g=1,..,r°
i€ Jayga=1,.., 75
1€ Ja, g9 =1, ...,'r'g
1€ o, = 1,...,7‘?
i€ Jy,g1=1,..,1°

i€ Ji,01=1,.,17

1€y, = ]‘.,...,T;J

wilyi—v) <z i€y

(2 — ag)b, <y
—(z — a)bl, <
(Zi - w)bgl < y;:'
—(z — 2)bg, <y

1€, g0=1, ...,rg
1€ J,02=1,...,19
i € Jo, 1 =1, ---:"'"(1)
i€ Jp01=1,..,77

(Pia)

Problems P{; and P}, can be easily solved using linear programming methods.
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3.4 Sufficient condition

Note that for each of considered problems we don’t know if the optimal
solution is in S; or S, so we should solve the problem for each case and
select the best one. In a special case we have a sufficient condition which is
stated in the following lemma.

Lemma 3.1. Let the norm in Sy is l; and the norm in Sy is 1, or es-block
norm and Wy = 3, wi and We = ), wi. If Wy 2 Wy then z*, the
optimal solulion of single facility minisum problem, is in Sy U L.

Proof Ifz* € S; then the solution of Ps; implies 7 = &. Thus z* € S,U L.
O

3.5 Examples

Let a; = (—1,1) S Sh g = (—2,0) = S]_ and Qs = (1, 1) S Sz with w =
ws = 1 and a = 0 (see figure 3). Let also the norm in S be ;. We solve
the minisum problem where the norm in S is I, or an ez-block norm and
wy =1,1.5,2.

Note that if ws = 1 or w3 = 1.5 then the weights do not satisfy in the
condition of lemma 3.1 so we should solve the problems in two cases where
z € 5] and z € 5;. However for w3 = 2 using lemma 3.1 an optimal solution
is in Sg.

Figure 3.

Example 1. Let the region S, is with [, norm. We should solve the problem
in two cases.

1. If z € 51 we need to solve the following problems:

min z1; = |21 + 1| + |21 + 2| + wslay|

10



and .
min 21y = |22 — 1| + |z2| + wall + |z2 — 1[F]?

We set p = 2,3,10,100,00 and w3 = 1,1.5,2. For all cases an optimal
solution is z = (—1,1) and the values of the objective function is shown
in the table 1.

7= 2.3,10,100, 00
w3 | 211 212 2 = 211 + 212

112 2 4
15125 25 3
23 3 6

Table 1: Results for the case z € S; in examplel.

2. If z € S; then we have the following problem:
min zy = [ + 22]5 + [ + o2 — 1|5 + ws[|zy — 1]” + |z — 1]?]7 +3
Table 2 contains the solutions of these problems with different values

of p and w;. Note that in the case p = oo the points z = (0.5, 0.5) and
z = (1,1) both are optimal solutions in all tree cases w3 = 1,1.5,2.

w3=1 ’!1‘3:1.5 ’LU3—_—2
p T T2 2 T T2 23 Ty T3 Z
2 | 02113 0.73887 4.9319 | 0.4b86 0.8122 52879 | 1 1 54142
3 |0.3547 0.64h3 4.8053 | 0.5074 0.6975 5.1105 | 1 1 5.2599
10 | 0.4690 0.5310 4.5920 | 0.5062 0.5522 48560 { 1 1 5.0718
100 | 0.4950 0.5005 4.5096 0.5 0.5 476220 | 1 1 5.0070
o0 0.5 0.5 4.5 0.5 0.5 4.75 1 1 5

Table 2: Results for the case z € 5, in examplel.

Table 3 contains the optimal solutions of main problem where z* = min{z, z}.
For the case wz = 2 the optimal solutions are in S; as we expect. However
for the case wy = 1.5 the sum of the weights in S; is more than the other
side but for p = 10, 100, co the optimal solutions are in S,. This shows the
condition in lemma 3.1 is not a necessary condition.
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. wy = 1 Wy = 1.5 Wy =
p |27 x5 2 ) z5 z* T} T z*
2 -1 1 4 -1 1 5 1 1 5.4142
3 |-1 1 4 -1 1 5 1 1 5.2599
10 | -1 1 4 ]05062 0.55622 4.8560 | 1 1 5.0718
100(-1 1 4| 05 0.5 476220 1 1 5.0070
co |[-1 1 4| 05 0.5 4.75 1 1 5

Table 3: Optimal solutions of examplel.

Example 2. Let the norm in S, is an es-block norm which extreme
points of its contour are b; = (0,1), by = (+/3/2,1/2), by = (1,0), by =
(V3/2,-1/2), b_y = (0,-1), b_y = (—3/2,—1/2), b_s = (—1,0) and
b_s = (—v/3/2,1/2). The extreme points of its polar set are &% = (1/3/3,1),
bg = (1:2 - \/g): bg = (1’ -2+ \/5)1 bg = (\/5/3:_1)1 bo—l = (_\/§/37_1)a
0%, = (—1,-2 +v/3), %5 = (-1,2 — v/3) and &°, = (—/3/3,1). Therefore
we should solve the problem in the two following cases:

1. If z € 5} then we solve two following problems:
minzu = lflr'l + 1’ + I.’L']_ +2| +TU3|£U1|
and
min z12 = |2g — 1| + |2a| + w3y

s.t.
~V3/3-1+z, <y

V3/3+1-1,<y
V3/3-1+m, <y
—\/5/3+1—x25y
—1+(z - 1)(2—V3) <y
1-(z2-1)(2-V3) <y
—1+ (33 - 1)(-2+V3) <y
14 (2~ 1)(—2+3) <y
y=0

12



2. If x € 55 then we have the following problem:

s.t.

minzs =y + 42 + wayz + 3

(o132~ D) < wo
(1,73 — 1)(\—/15’!3) <t
e,z - 1)G_ 5 <1
+(z1, 22 — 1)(2__1\/5) <4

\/5/3) <y

+(z1,22)(;

Y1, Y2,y > 0

Table 4 contains the solutions of problems in each case and the optimal
solutions. For the case w3 = 2 the weights satisfy in condition of lemma 3.1
and the optimal solution is in Ss.

T € 5] T €Sy
Wy |1 211 T2 212 | 1 T2 Zo .’ET .’L'; z"
111 2 1 2|0 1 ) -1 01 4
151-1 25 1 25|05 07113 54338 -1 1 )
211 3 1 3|1 1 9.0774 |1 1 5.5774

Table 4: Results for example 2.
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4 Summary and conclusion

In this paper we considered the single facility minisum and minimax location
problems on a plane which divided into two regions with different norms by
a line. Various special cases are discussed and some solution procedures are
presented.
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