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Foreword

In my 30-year experience as researcher in the field of power converters, I have
witnessed how the interest of the industry in the power electronics area and the
corresponding applications of the power converters have had an exponential
growth. In this sense, currently we can find power converter applications such as
mobile devices, battery chargers and advanced lighting systems, transportation
systems (electric or hybrid cars, trains or airplanes), energy storage systems,
integration of renewable energy sources and power quality and power distribution
systems.

In general, we can say that these are just a few examples where power converters
have been of paramount importance for the development of new markets with the
goal of improving the system performance in terms of efficiency, robustness,
versatility, reduced volume, low maintenance and cost. Today power converters
are ubiquitous and have penetrated most of the strategic sectors of the modern
industries.

Power converters development requires from a concurrent expertise on many
areas, like semiconductors, circuits design, advanced mathematics, modeling and
control of the converters among others. The new markets frequently have to deal
with nonlinear loads, with a complex behavior and consequently requiring from the
designer a deep knowledge of advanced techniques to achieve the system stability,
controllability and new performances that are required to be met in a very competi-
tive market. The challenges of this new market can only be overcome by a deep
knowledge of the converters, where a mathematical model is fundamental to
achieve a precise control. In this sense, I think that this book is an important, in
time, contribution to help engineers to achieve these goals. The book gives a global
view of the available modeling and control design techniques, which can be very
helpful to both the novice and the expert. In this sense, the book can be considered
as self-contained, starting with the most basic techniques moving to the most
advanced ones and presenting numerous application examples that help in the
clarification of complex concepts.

vii



viii Foreword

This work represents an advanced textbook that covers most of the aspects of
power converters modeling, as well as the most widely used control approaches,
selected upon their already proven effectiveness.

The book offers a teaching perspective ex nihilo, beginning from the basics of
electricity laws and switches’ behavior and arriving at obtaining dynamical models
of converters ready to be used for control purposes. It also provides the reader with
the tools for designing various types of control structures for a wide range of
switching converters (with both DC and AC stages).

Presentation of the theoretical approach and then of a pragmatic one in case of
each modeling and control method is a particular feature of the authors’ pedagogi-
cal vision. Each chapter — except for the introductory chapters — contains at least a
case study illustrating the concepts dealt with within the chapter.

The book’s main audience is composed of the master students, but it remains
open for all specialists in the field, from both academia and industry. The book is
divided into two parts, respectively dedicated to modeling and control of power
electronic converters.

The first part begins with an introductory chapter on the modeling topics. The
switched (topological) model — based on physical description by differential
equations and on the classical assumption of perfect switches — is described in
Chap. 3. This model succeeds in capturing the time-varying nature of the system; it
can be used for building other models (e.g., averaged or sampled-data models) or
directly for simulation purpose and/or electromagnetic-compatibility analysis (e.g.,
switching harmonics). It can also be employed in sliding-mode control laws design.
The classical (state-space) averaged model for large- and small-signal behavior of
DC-DC converters is studied and its limitations are assessed within Chap. 4.
Knowing the limitations of this classical model, two alternatives are explored:
first, the generalized averaged modeling, which is extended to high-order harmonic
dynamics (i.e., to converters having also AC power stages), second, the reduced-
order modeling based upon mode separation, which is suitable for describing the
discontinuous-conduction operation or for modeling order reduction in order to
mitigate the complexity (Chaps. 5 and 6 respectively).

The second part of the book exploits the results presented in the first part, that is,
it shows how the different models can be used for control purpose. The basics of
linear and nonlinear control approaches aspects have been presented after recalling
the prerequisites in Chaps. 7 and 10 respectively.

The use of the linear control approach is separately detailed for the DC-DC
power converters and for the converters having AC stages. Whereas for the DC-DC
converters the control design relies mainly upon PI and lead-lag control in Chap. 8,
for converters integrating AC stages some more sophisticated approaches — like use
of dg or combined dg-stationary frameworks or of resonant controllers — are
necessary, like detailed in Chap. 9.

The nonlinear control applied to power electronic converters is relatively new in
the field (beginning of 1990s). The electrical engineers are not familiar with these
aspects for several reasons, among which the first and most important one is the
difficult apprehension of the dedicated tools. The authors have strived to provide an
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Foreword ix

intuitive way to achieve such kind of control laws. However, the theoretical aspects
have been developed in parallel to sustain this intuitive approach. The examples and
case studies illustrate each of the control methods.

The nonlinear control approaches have been divided into two families: continu-
ous and discontinuous. The class of continuous nonlinear control methods is
represented by the feedback-linearization control, dealt with in Chap. 11; and the
energy-based control laws, stabilizing control and passivity-based control, which
are exposed in Chap. 12. Combinations of these two classes are obviously possible.
The second class consists in the variable-structure control, also known as sliding-
mode control; it is amply presented in Chap. 13. This kind of control is widely used
in power electronics for its intrinsic robustness. Its limitations are mainly due to
structural limits, internal dynamics and arbitrary switching frequency, issues that
are extensively addressed in the book.

As a conclusion of the above analysis, the textbook Power Electronic Converters
Modeling and Control: With Case Studies proposes a collection of concepts,
organized in a synergic manner such that to ease comprehension of the control
design. The book’s contribution goes towards completing the already existing
literature by offering a useful integration of control techniques, worthy to be
read, understood and employed in the most various applications.

Sevilla Leopoldo Garcia Franquelo
February 2013
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Series Editors’ Foreword

The topics of control engineering and signal processing continue to flourish and
develop. In common with general scientific investigation, new ideas, concepts and
interpretations emerge quite spontaneously, and these are then discussed, used,
discarded or subsumed into the prevailing subject paradigm. Sometimes these
innovative concepts coalesce into a new sub-discipline within the broad subject
tapestry of control and signal processing. This preliminary battle between old and
new usually takes place at conferences, through the Internet and in the journals of
the discipline. After a little more maturity has been acquired by the new concepts,
archival publication as a scientific or engineering monograph may occur.

A new concept in control and signal processing is known to have arrived when
sufficient material has evolved for the topic to be taught as a specialised tutorial
workshop or as a course to undergraduate, graduate or industrial engineers.
Advanced Textbooks in Control and Signal Processing are designed as a vehicle
for the systematic presentation of course material for both popular and innova-
tive topics in the discipline. It is hoped that prospective authors will welcome
the opportunity to publish a structured and systematic presentation of some of the
newer emerging control and signal processing technologies in the textbook series.

The problem of modelling and the control of power electronic systems is that
they have a circuit topology that includes continuous time elements such as
resistors, inductors, capacitors and voltage and current sources that are interfaced
with electronic devices like diodes, and electronic switches typically thyristors,
transistors, and MOSFETs. This leads to system types that involve both continuous
time and discontinuous discrete time switching system behaviour. As with most
branches of technology, the desire to use the power of computer based simulation
technology leads firstly to the development of sets of mathematical models; how-
ever, these devices are used in the control of other systems and there are already
classical control solutions in existence. Consequently, it is a short step to use the
new models to assess and further develop classical control solutions, and then

Xi



Xii Series Editors’ Foreword

proceed to investigate the use of advanced control methods in the designs; however,
a key challenge is to introduce more analytical and computer-based approaches
without losing sight of the real-world applications and the practical limitations and
constraints that arise. This advanced-course textbook Power Electronics
Converters Modeling and Control: With Case Studies by Seddik Bacha, Iulian
Munteanu and Antoneta . Bratcu achieves these objectives extremely well.

The textbook is structured into two parts:

o Part I, Modelling, comprises five chapters and, beginning from that simplest of
questions, “What is a model?”, passes through four chapters devoted to switched
models, classical averaged models, equivalent averaged generator models and,
finally, generalised averaged models. The model approaches use the state-space
model formalism that has many practical and pedagogical advantages, not the
least of which is the straightforward step to constructing MATLAB®™/Simulink™
model simulations.

e Part II, Control, comprises seven chapters in total. The opening chapter of this
part presents a general overview of control in power electronics. There are then
two chapters on approaches to linear system control methods. The second of
these linear control chapters looks specifically at DC-AC and AC-DC power
converter control. There then follow four chapters based on more advanced
control and nonlinear methods. As with the linear control chapters, this group
of chapters begins with a general overview of relevant mathematical methods
and the remaining three chapters tackle specific nonlinear control approaches:
feedback linearization, energy-based methods, and variable-structure (sliding-
mode) control designs respectively.

A notable feature of the book is the frequent use in every chapter of examples
and case-study material. Throughout the textbook there are continual references to
what is practical, and the advantages and disadvantages of the modelling and
control methods described. For the student reader, each essential study chapter is
provided with problems where the first few problems have solutions given, and then
the student is invited to tackle some problems without solutions.

The authors of this textbook have worked together for over a decade or so, and
have much relevant experience in power electronics and related subjects. Professor
Bacha has been teaching and researching this subject area since 1990. Most
importantly, he has taught the material of this advanced course textbook at Master’s
level for a number of years. Doctors Munteanu and Bratcu have worked within the
field of control engineering and have an interest in wind energy systems. Indeed,
they co-authored (with N-A. Cutululis and E. Ceanga) the excellent Advances in
Industrial Control series monograph Optimal Control of Wind Energy Systems
(ISBN 978-1-84800-079-7, 2008) on this very topic.

Readers might like to complement this fine addition to the Advanced Textbooks
in Control and Signal Processing series with a research monograph on power
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electronics that is published in the Advances in Industrial Control series entitled
Dynamics and Control of Switched Electronic Systems: Advanced Perspectives for
Modelling, Simulation and Control of Power Converters and edited by Francesco
Vasca and Luigi lannelli (ISBN 978-1-4471-2884-7, 2012).

Industrial Control Centre M.J. Grimble
Glasgow, Scotland, UK M.A. Johnson
February 2013






Preface

Modern power electronics has evolved into a new era of electrical energy
processing. In this context, power electronic controlled systems have become
indispensable to the proper operation of power systems. Control systems theory
and signal processing have become, in the last decades, vectors of research and
technological innovation in the field of power electronics. Following this trend, this
textbook applies control systems theory to the field of power electronics and is
intended to be a reference for students and professionals working in the power
systems field. It provides the reader with the tools for obtaining various models and
control structures for a wide range of switching converters (with both DC and AC
stages). The subject covers not only linear control techniques that use the ubiqui-
tous proportional—integral controller, devised as early as the 1980s, but also more
modern nonlinear continuous or variable-structure control.

The textbook Power Electronic Converters Modeling and Control: With Case
Studies originates from the course “Modeling and control of power electronic
structures”, taught by Professor Seddik Bacha to bachelor engineers and masters
in electrical engineering at Grenoble Institute of Technology and Joseph Fourier
University in France since 1994. Its content has been enriched by topics and case
studies issued from research work and theses developed at Grenoble Electrical
Engineering Laboratory in France in switching converters and renewable energy
conversion control. Its writing has begun following the encouragements of Profes-
sor Jean-Paul Hautier, former General Administrator of Ecole Nationale Supérieure
des Arts et Métiers in France.

Like its main topics, the presentation style of this textbook places it at the
intersection of power electronics, control systems and signal processing, partially
covering some industrial electronics areas. The spirit of the writing assumes that
students possess basic knowledge within the aforementioned disciplines. Within the
book, each problem is approached in both theoretical and practical fashion,
employing illustrative examples. Case studies issue from close-to-real-world
problems and are treated in a most complete way. Simulations and comments
therein are placed so as to allow insight into what concerns switching
converter—control structure closed-loop operation.

XV



XVi Preface

Effort has been made to synthesize information from a quite well-developed
domain possessing a rich bibliography, merge key terms, achieve the case studies
and to unify visions, notations and styles to obtain a presentation both power
engineers and control engineers can comprehend.

The discourse of this book was heavily influenced by the experience Dr. Iulian
Munteanu and Dr. Antoneta Iuliana Bratcu had as students and co-workers of
Professor Emil Ceanga from Dunarea de Jos University of Galati in Romania.
We appreciate his helpful suggestions, which have inspired the pedagogical pre-
sentation of many control approaches within this book.

We thank Professor Leopoldo Garcia Franquelo from University of Sevilla in
Spain for evaluating our work and endorsing this textbook. We also thank Professor
Jean-Pierre Rognon from Grenoble Institute of Technology in France for his helpful
comments and suggestions, which improved the quality of this text.

Grenoble, France Seddik Bacha
January 2013 Tulian Munteanu
Antoneta Iuliana Bratcu
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Chapter 1
Introduction

This introduction aims at placing the present textbook within the interdisciplinary
topics related to power electronics and control systems. It offers an overview of
power electronic converter roles and objectives in the context of their use as power
processing elements of power systems and emphasizes the crucial role of their
control. Then, the needs of analysis through modeling and simulation of switching
converters are assessed. Finally, the scope and organization of the book are stated
and its contents outlined.

1.1 Role and Objectives of Power Electronic Converters
in Power Systems

The domain of power electronics concerns electrical power processing by elec-
tronic devices which have a controllable behavior. The central idea is the use of
power electronic (switching) converters for controlling the electric energy flows
within power structures, the general aim being output power conditioning with
respect to a certain application. This goal obviously determines the way in which
raw input power must be processed. Its implementation results in a control structure
that yields the corresponding control input that effectively acts on the converter,
thereby modifying its behavior (Erikson and Maksimovic¢ 2001).

This association, between power structures and converters, has led to a new
electrical power context in which the former have become more diversified, more
flexible and more efficient. This situation has been accelerated by the powerful
combination of microprocessor-based control devices and high-quality switching
devices and by the significant improvement of power handling capabilities and of
output power quality (Bose 2001).

Various basic functions may be performed by power electronic converters. DC-DC
converters are fed with DC voltage and they also output DC voltage with different
value and possibly different polarity than the input voltage. DC-AC converters — or

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 1
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_1,
© Springer-Verlag London 2014



2 1 Introduction

inverters — are devices that transform a DC voltage into a bipolar-wave AC voltage
with variable magnitude and frequency. AC-DC converters rectify an AC voltage,
outputting a unipolar voltage with a significant DC component. In these devices
both the input current waveform and output voltage DC value may be controlled.
The power flow through all these systems may be reversible — that is, the converters
may be bidirectional — thus interchanging the role between the input and output
ports (Mohan et al. 2002). Also, corresponding to actual application needs, electric
power filtering may be justified and insulation between input and output ground
references may be added to these converters.

Power electronic converters may be found in a plethora of applications such as
electrical machine motion control, switched-mode power supplies (SMPS), lighting
drives, energy storage, distributed power generation, active power filters, flexible
AC transmission systems (FACTS), renewable energy conversion and vehicular
and embedded technology.

In all these systems control of power converters is ubiquitous and it is responsi-
ble for the overall application’s proper operation (Kassakian et al. 1991). Control
goals that issue from the converter role may include a multitude of functional
objectives, thus leading to a somewhat complex control structure that must not
adversely affect converter power efficiency and output power quality. Converter
control structures should work in a most polluted (noisy) environment due to the
hard switching and high-frequency modulation (Tan et al. 2011). The intrinsic
nonlinearities, limitations, parameter and load variations (the latter being stochastic
in most of the cases) do not render easy the operation of the control structures
(Sira-Ramirez and Silva-Ortigoza 2006). Yet, optimal operation of power
converters is always achieved through control.

In this context, control of power electronic converters represents a very impor-
tant issue for their proper operation, requiring special effort of analysis, selection of
the most suitable set of specifications and choice of the most adequate control
design method in each application case.

1.2 Requirements of Modeling, Simulation and Control
of Power Electronic Converters

The design of a switching converter is a nontrivial task due to multiple objectives
that must be fulfilled. Cost, gauge, power efficiency, power quality and reliability of
the overall structure must be considered when one is defining the objective to be
optimized in the design process. Good behavior in terms of operation and energy
efficiency depends on choosing the appropriate topology and component types, on
sizing in terms of voltage and current handling capacities and on choosing the
switching frequency. Voltage and current filters are crucial for the power quality
and converter time response. Choice and design of gate drivers, including modula-
tion (e.g., PWM) stage, galvanic insulation, etc., affect the accuracy of control input
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delivery. Insertion of sensors adds complexity to the power conversion structure
and negatively affects its reliability.

For a given set of specifications the design engineer must perform the above
mentioned actions but also take into account the presence and influence of
controllers and control loops in the overall power converter operation. This usually
increases the number of iterations in the design process.

To conclude, the analysis and design of power electronic converters presents
significant challenges (Maksimovic et al. 2001). These may be alleviated by using
modeling and simulation of power electronic converters and their associated control
structures, which helps the design engineer better understand converter operation.
With this knowledge, the designer may anticipate if the circuit performance will
meet the imposed specifications for various changes in operating conditions.

As the circuit is switched at high frequency, the amount of computing power
needed to capture the circuit behavior by simulation may be important. In this
respect, the type and accuracy of the circuit model are critical in simulations and in
computer-aided design. An oversimplified modeling may fail to render the correct
converter behavior; conversely, a complex model may lead to impractically slow
simulations.

Modeling is also an important step in converter control design. Conventional
control approaches always use some form of model in order to manipulate the
low-frequency (averaged) behavior of the converter so that it complies with the set
of dynamical specifications (Sun and Grotstollen 1992; Blasko and Kaura 1997).
Models used for control purposes may be different (and most often simpler) than
those used for circuit design or simulation.

Control objectives are set according to the converter role in a certain application
and, together with the control approach, determine the legitimacy of using one
model or another. In general, good design has to do with the output power quality,
which must fulfill certain standards. For example, in the case of switched-mode
power supplies the control aims at feeding a DC load with constant DC voltage
(in the sense that voltage variations must be contained within certain limits around
the rated value) irrespective of load value. In the case of rectifiers one may impose a
double goal: to regulate the output voltage while extracting a controllable reactive
power. Stand-alone inverters must output a voltage wave with constant voltage and
frequency irrespective of load conditions. Power quality is addressed in the active
power filters, where the control goal is high-order harmonics reduction, while the
power balance between the power structure elements is maintained (Kannan and
Al-Haddad 2012). In the control of renewable energy conversion systems, the
balance between the produced power and the delivered power has to be ensured
in spite of primary resource variations (Teodorescu et al. 2011). Grid-connected
applications may also require one impose the delivery of a certain amount of
reactive power to the power inverters or FACTS (thyristor-controlled reactors,
static compensators, etc.) (Bacha et al. 2011). This list is far from exhaustive and
may be continued with torque tracking in AC machine drives (Kazmierkowsky
et al. 2011), load matching in induction heating, etc.
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1.3 Scope and Structure of the Book

This textbook is oriented towards presenting some classical approaches to modeling
and control of power electronic converters having both AC and DC power stages.
Starting from converter physical laws, the modeling in this book is oriented to
control purposes and covers both averaged and switched (exact) models. Far from
being exhaustive, this book concerns only basic and well-established approaches in
the relevant literature. Both linear and nonlinear control methods are explored,
mostly in their analog form.

This book opens the way to exploring advanced control approaches in the power
electronics field. It is dedicated mainly to bachelor and master students, but may
also be useful to undergraduate students. Researchers and engineers that work at the
intersection of the fields of power electronics, industrial electronics and control
systems may benefit from insights presented in this textbook. Prerequisites the
reader should master include both electrical circuits theory (Bird 2010) and signals
and systems (Oppenheim et al. 1997). A good basis in power electronic circuits
(Mohan et al. 2002), industrial electronics (Wilamowsky and Irwin 2011) and
control systems theory (d’Azzo et al. 2003; Dorf and Bishop 2008) is also
recommended before reading the present textbook.

The remainder of this book is organized in 12 chapters. The first part comprises
five chapters that cover the topics of power electronic converter modeling: switched
models, classical and general averaged models, and reduced-order models. The
second part of the book groups together the last seven chapters, which explore
power electronics control approaches. Some of these are based on averaged models
— like linear control of DC-DC and AC-DC (or DC-AC) converters, feedback
linearization control and stabilizing and passivity-based control — while others,
like the sliding-mode approach, use switched models.

Each chapter contains illustrative examples, at least one case study that explains
in detail the application of the respective modeling or control method, one or
several problems with solutions and a set of proposed problems, which the reader
is invited to solve. MATLAB®-Simulink® software is extensively used throughout
the textbook to support numerical simulations presented and discussed within
examples and case studies. Each chapter ends with a list of the most significant
references for the topic discussed.
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Chapter 2
Introduction to Power Electronic
Converters Modeling

This chapter deals with a brief presentation of the main modeling aspects of power
electronic converters. The chapter overviews modeling basics, provides useful hints
about the main modeling methodologies, accompanied by some illustrative
examples, and suggests some possible uses of models.

2.1 Models

2.1.1 What Is a Model?

Modeling of a phenomenon or process is based on its observation and relies upon
capturing into an approximate, but sufficiently comprehensive, representation, its
most significant features from the point of view of a given application. Modeling
requires generalization in the sense that the studied phenomenon must be regarded
in the context of similar phenomena so common features may be extracted.

Generally speaking, there are two main modeling approaches: one that uses
black-box models, based on the process behavior observation of its response to
some known input signals, and one based on the known information about the
system to be modeled (i.e., representation centered on the behavior laws). The latter
approach is employed not only to model physical processes, but also biological,
economics or even social systems. Mixing between the two approaches is also
encountered, leading to the so-called gray-box models.

The interest of this textbook is on power electronic converter modeling using the
“information” approach. This means that model representations will be made using
the available physical knowledge about the considered converter. In general, physical
knowledge about system results in mathematical description of mass and energy
conservation laws. Thus, energy accumulation variations within the system are
described by so-called state variables. In the particular case of power converters,
information is embodied in Kirchhoff’s laws of the converter circuit, Ohm’s laws for
the various loads and, finally, in the states of various solid-state switches.

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 9
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_2,
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Fig. 2.1 Basic idea of linear identification approach, where i and u are input’s low-frequency and
high-frequency components, respectively

2.1.2 Scope of Modeling

Next within this textbook one seeks to obtain quasi-general power electronic
converter dynamical models to simulate converter dynamic behavior and to con-
struct various control laws. Steady-state converter behavior (static models) can also
be obtained, either by zeroing the time derivatives in the dynamical models in the
case of DC variables, or by zeroing the derivative of both magnitude and phase in
the case of AC variables.

Concerning simulation, a plethora of software renders power converter time-
domain behavior in a very precise and reliable way (see, for example, SPICE®,
SABER®, MATLAB®). With these programs, however, simulation results are not
general. For instance, even if they provide various time waveforms of the internal
variables, they do not give direct information about the converter modes. As a
consequence, obtaining a model necessary for control purposes cannot be done by
using these software packages, at least not directly. Certainly, it is possible to
identify a power electronic converter based on the input-output variables evolution
file obtained by simulation and to elaborate a frequency-domain model. But, since
the quasi-totality of power electronic converters is naturally a nonlinear or linear
time-varying system and any linear input-output model depends on the operating
point, the information acquired has limited validity.

Figure 2.1 shows how the linearized system looks. Another important drawback
of the linear identification approach is that system identification in the frequency
domain will be limited at half the switching frequency, according to Shannon’s
theorem.

An analytical model based on knowledge of the circuit’s physical behavior is
needed for control purposes. According to the intended use, various levels of
modeling can be considered. Model choice also relies on the following criteria:

« the required dynamic or steady-state accuracys;

» whether internal, input or output variables should explicitly appear in the model;
» an acceptable level of complexity;

» the domain of definition.

These requirements are not totally synergistic and often are antagonistic,
necessitating an optimal choice. For example, the accuracy of plant replication
increases with model complexity.
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2.2 Model Types

One can specify some simplifying assumptions, sufficiently accurate so as not to
affect the validity of the models to be implemented:

1. Switches are considered ‘perfect’ in the sense that they behave as a zero-value
resistance during conduction (the so-called ON state) and as an infinite-
value resistance when the switch is turned off (the so-called OFF state). Also,
the switching time is infinitely short.

2. Generators are considered ‘perfect’ (for example, they provide infinite short-
circuit power in the case of voltage sources).

3. Passive elements are considered linear and invariant.

If the two first modeling assumptions are easy to understand, the third deserves
more attention. Let us consider as an example a nonlinear inductance whose value
depends both on time and on the current i(#) passing through it. Inductance voltage
is given by the following equation:

o) = (LG ) i)

Developing this equation gives a nontrivial expression:

W) = (aL(i, ), OL(i1) di) di()

) Ci(f) + L(iyt) - =2 @.1)

ot 0i dt dt

Being too complicated, Eq. (2.1) is practically unusable in modeling. Moreover,
this complexity is not justified, as the first term is typically not important in most of
applications.

These remarks reasonably justify the adoption of the above assumptions, which
however do not essentially affect the modeling methodology. Obviously, in order to
increase modeling accuracy, one can successively add detail to an initial, simplified
model. For example, models of circuit elements can be enriched by taking into
account the dissipative elements (internal resistance of a power source, winding
resistance of a coil, etc.). Figure 2.2 shows how the model of a diode can be
enriched.

Single-pole—single-throw (SPST) switches can be implemented in various
power electronic devices (Erikson and Maksimovi¢ 2001). Examples of their
schematics are represented in Fig. 2.3. The single-quadrant SPST symbols (e.g.,
diode and transistor) and their ideal characteristics are presented in Fig. 2.3a, b.
Two-quadrant voltage-bidirectional SPSTs can be of many types. Their common
features — interesting from the modeling and control viewpoint — have been unified
into a unique schematic that will be used throughout this book, as exemplified
in Fig. 2.3c.



12 2 Introduction to Power Electronic Converters Modeling

Fig. 2.2 Diode schematic D
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Fig. 2.3 Various SPST switches and their ideal characteristics: (a) diode; (b) transistor
(BJT/IGBT); (c) two-quadrant voltage-bidirectional SPST; (d) two-quadrant current-bidirectional
SPST (Erikson and Maksimovi¢ 2001)

2.2.1 Switched Models

The switched model is the less elaborated model of the converter, meaning it
describes the electrical equations for each circuit configuration. It is sometimes
named the “exact” model because, under the previously stated assumptions, it
describes the converter behavior exactly. The reader may refer to Kassakian
et al. (1991) or to Erikson and Maksimovi¢ (2001) to get an overview of specific
converter switched models and their analysis.

Let us consider the example of the buck converter in Fig. 2.4, where the switch is
driven by signal u(¢), called the switching function (Fig. 2.4a). Let us consider that u
() is periodic, having T as switching period and « as duty ratio:

u = {1 0sr<al
T 10, oaT <t<T’
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Fig. 2.4 Example of a buck power stage: (a) signal driving switch H; (b) converter diagram;
(c) various configurations of the converter: configuration I — between time O and o - 7T,
configuration II — between time o - 7 and T

One can easily note that o represents the average value of u(?).

According to the state of the switch H, the circuit takes the configuration
I (switch turned on) and configuration II (switch turned off) in Fig. 2.4.

Configuration I corresponds to a time ¢ (modulo T) between O and o - T;
the system behavior is given by the first equation from (2.2). Configuration II
corresponds to a time 7 between o - T and 7. One may observe that the circuit has
in fact two switching devices, as the diode also naturally turns on and off
(Sira-Ramirez and Silva-Ortigoza 2006). Hence, its governing equations are:

dip
E=L—+Ri
dt AL
. 2.2)
dlL (
0=L— +Ri,
ar + Ry,

where v = R - i;. An elegant way to describe this behavior is to use the switching
function u and to compress the representation (2.2) into the form below:
di
E-u(t)=LZE 4 Riy. (2.3)
dt
Function u takes the values 1 (switch turned on) and O (switch turned off)
according to the configuration. This leads to the equivalent electrical diagram
presented in Fig. 2.5, which will from now on be called the exact equivalent circuit.
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Fig. 2.5 Exact equivalent

circuit of buck power stage uiy
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Maksimovi¢ 2001) -
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Fig. 2.6 Buck converter sampling and sampled-data model

2.2.2 Sampled-Data Models

A sampled-data model is a model that provides information about the system state
in a periodic manner. In the present case, it is a representation sampled not at the
switching moments but at each complete operating period (Verghese and Stankovié
2001). In the buck converter case detailed in Fig. 2.4, the system switches between
two circuit configurations and the inductor current time evolution can be like the
one presented in Fig. 2.6. If one considers the current values at each switching
period T, a recurrent equation is obtained as below:

i((k+1)T) = <iL(kT) - i) " g et (2.4)

Equation (2.4) can be put into the more general matrix form:

Xir1 = D(Xx, U, py), (2.5)

where x, u and p are the state, control input and disturbance vectors, respectively.
Model (2.5) gives the system state at each sampling period but does not provide any
information about the concerned variables between the two sampling points. By
virtue of its discrete-time description, this model may be useful in digital control of
converters (Maksimovic et al. 2001).
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Fig. 2.7 Behaviors of switched and averaged models

2.2.3 Averaged Models

As their names show, these models replicate an average behavior of the system
state. This average does not remain constant for a time period comparable with the
system time constant but changes as the system is excited. It is computed on a time
window of width T, which is sufficiently small in relation to the system dynamics.
This window must be regarded as sliding on the time axis, and so it will be called
sliding average (moving average in statistics).

In the case of a chopper inductor current, sliding average is expressed as

t

<iL>0(l) = l . / irdr. (2.6)

T
t—T

The averaging of the exact model (2.3) gives

%<i14>0 = —§<iL>0+(X'%. (27)

Model (2.7) is the averaged model of the circuit in Fig. 2.4. Its time evolution is
shown in Fig. 2.7.

One can remark that the averaged model is less accurate than the sampled-data
model at the precise sampling times; conversely, this approach provides informa-
tion between the sampling points. A thorough analysis of averaged models for
specific power stages has been performed by Kislovsky et al. (1991) and by Erikson
and Maksimovi¢ (2001).

2.2.4 Large-Signal and Small-Signal Models

Converter dynamic behavior is nonlinear with few exceptions. Sometimes, in order
to perform a modal analysis or to build linear control laws, it is necessary to develop
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Fig. 2.8 Relation between
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linear models around a certain operating point. To this end the first-order Taylor
series expansion is used. These linearized models are valid only for slight variations
around the considered operating point. This is why they are called small-signal
models, also known as tangent linear models. Conversely, the initial models, valid
on the entire definition range, are called /arge-signal models by the power electronics
community.

Figure 2.8 suggests the relation between the large-signal model and the small-
signal one in the intuitive case of a second-order system state-space trajectory.
If the large-signal model is linear, then it is identical to the small-signal model. This
is a quite seldom encountered situation — an example is the ideal buck converter
case for constant load value. This approach is similar to both averaged modeling
and sampled-data modeling.

Let us consider the general case of a continuous nonlinear system:

d
X =f(x(£),u(r)) (2.8)

y = h(x(2), (1)),

where x, u and y are the state, input and output vectors.

2.2.4.1 Obtaining Steady-State Models

By zeroing the derivatives one obtains the steady-state input-output characteristic,
i.e., the locus of the system’s equilibrium points, denoted with the subscript e and
represented by a generally nonlinear curve in the input-output plane:

Ye = 38(uc).
2.2.4.2 Building Small-Signal Models

Let us now consider the small variations X =X —X,, U =u—u,andy =y —y,
around a given equilibrium point y,, established in response to input u,. Thus, the
linearized system around the specified equilibrium point is written as
X=AX+B-u 2.9)
y=C-Xx+D-u, '
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with
[ of(x,u) [ 9f(x,m)
A= ox B= ou
Xes Up Xey Ue (2‘ 10)
[ 9h(x,u) [ 9h(x,u)
=17 D=1"%u

In the case of bilinear systems, i.e., when nonlinearity is given by a product
between two state variables or between a state variable and an input variable,
another approach is used, as follows.

In the model given by (2.8) one introduces the above defined small variations.
Further, some simplifications are made by:

* neglecting the products of variations corresponding to higher-than-second-order
terms in the Taylor series expansion;
« simplifying terms corresponding to x = 0.

The resulting model is described by the same matrices as those corresponding to
the linearized model (2.9), i.e., those given by (2.10).

Example. The example below concerns a bilinear system. The two above-
presented approaches will be employed in order to obtain the small-signal model.

X1 = 2x1X2 — Xou
Xy = X1+ X (2.11)
y= x% + u.

First, one searches the equilibrium points of the system (2.11) for an input
u = u,. This is done by zeroing the x; and x, derivatives. By solving the
resulting algebraic system two solutions can be found. The first one is trivial, namely
X1e = X2, = 0, which gives y, = u,. The otheris x;, = u,/2 and x,, = — u,/2, which
gives y, = 3u,/4. Second, the matrices of the linearized model must be obtained.
Two methods may be employed as follows:

« First method: Using relations (2.10) one obtains matrices A, B, C and D:

[ Of (x,u)  Of(x,u)
axl 8xz —u, 0
A= Of2(x,u)  Of(x,u) { 1 1]’
0x; Ox,
L ", T Xles X2e s Ue
B=|5 0. C=[u 0, D=1

» Second method: One considers the small-signal variations X = x — X, where
T T ~ ~ .
x' =[x x], x'=[x, x], #=u—u, and y=y—y, which are

substituted in equation set (2.11); hence,
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1+ xie = 2(F1 +x10) (8 + Xae) — (B + x26) (0 + 1)
X2 + X5 = (X1 4 x10) + (%2 + x20) (2.12)
Y4y, = (6 +x10)” + @+ u).

At the steady-state point, the system is described by the relations below:

0 = 2x1eX20 — X20Ue
0 = X1 + X2e (2.13)
Yo = x%e + u,.

Next, one develops the products. By neglecting the products of variations
X1 - X2, %12 and X3 - u, knowing that xj, = x5, = 0 and taking into account (2.13),
one consequently obtains

)E:i = lee)a + (2xle - ue)fi - XZEE
X =x1 +x (2.14)
y = 2x1.X1 + U.

From (2.13) one computes the steady-state values of the state variables as
functions of u,: x1, = u./2 and x,, = — u,/2. By replacing these values, the system
(2.14) becomes:

3 ~ Up

X1 = —UX| + ?u

P (2.15)
X2 = X1 + X2
Y = ueXy + 1,

which corresponds to the matrices A, B, C and D computed using the first method.

The small-signal model may also be expressed in the frequency domain, i.e., as a
transfer function, which can be computed based upon the above deduced matrices:

—
A
NG
1>
l
I

C(sI—A)"'B+D,

where U(s) and Y (s) are the Laplace transforms of scalar time signals 7 and ¥,
respectively. The same final expression of H(s) can be reached if the Laplace

transform is applied to Eq. (2.15). By denoting with X; (s) and X5 (s) the Laplace
transforms of the small-signal model state variables, one obtains

Kol wef2 Kal) 1 oo
l7(s)_s—i-ue’j(\;(s)_s_l’y(s)— X1(s) + U(s),

allowing us to remark that the state x; is unobservable — because it does not appear
in the expression of the output — and also unstable.
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Fig. 2.9 (a) Static regulation characteristic of a SVC (Watanabe et al. 2011); (b) elementary
dynamic model of a SVC

2.2.5 Behavioral Models

It is common to use more or less elaborate black-box-type models to replicate the
steady-state or dynamic input-output characteristic of flexible AC transmission
systems (FACTS). Such models are called behavioral models.

The simplest models are the static ones, as illustrated for example by the case of
the static VAR compensator (SVC) from Fig. 2.9a. Here one can note a regulation
zone described by the following relation:

V= Vref + X,

where [ is the current exchanged by the SVC and the utility grid, V is the voltage at
the point of coupling, V,.ris the voltage reference value and Xy, is the slope of the
regulation characteristic. As a matter of fact, FACTS are modeled by means of a
reactance or susceptance depending on the desired voltage.

A simple (first-order) dynamical model can be built based upon the static
curve from Fig. 2.9a; it can be seen in Fig. 2.9b. The term Ky, is the inverse of
reactance Xy, T is the time constant of the system and B. and B; are the
susceptances corresponding to the SVC’s capacitor and inductance, respectively.
The model output is the susceptance relative to the error V,.; — V. Other more or
less complicated models are recommended by CIGRE (1995) and IEEE (1993),
which rely upon the same principle, matching the input-output characteristics
of FACTS.
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Fig. 2.10 Buck converter H
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Fig. 2.11 Example of MATLAB®-Simulink® implementation of exact model of a buck converter

2.2.6 Examples

Let us consider the case of a buck converter as shown in Fig. 2.10. Via the
topological analysis of Fig. 2.4 and Eq. (2.3), the governing equations are

i

L%: —Riy + Eu(t)

e e (2.16)
da " R’

Model (2.16) can express the exact (switched) behavior of the system, as well as
its averaged behavior, depending on whether the input signal u is represented by a
switched, discontinuous-time-derivative time function or by its continuous-time-
derivative average, respectively.

One can attempt a comparison between the different models by means of
simulation diagrams; an example of implementation using the Simulink® library
is presented in Fig. 2.11. State variables i; and vc are the outputs, switching
function u and voltage E are the independent inputs. Note also the state variables
low limitation required by modeling the unidirectional nature of the converter.

Figure 2.12 allows a comparison between the switched and averaged time
evolutions of the two state variables of the system in Fig. 2.11 during the start-up
regime, which consists in feeding the system with a duty ratio step. Note the
underdamped response due to the unusual choice of L and C, the inductor current
limitation and the slight difference in capacitor voltage in the two models.



2.2 Model Types 21

a b
4 . 14
v‘ .
35Nk [A] i
I
3 ‘ 10}
251
| 8r
2
6 L
1.5 .
i ‘"M Ii“i nrm i
N i mmmlm LR
0sl ﬂ Mu “"MW vmm.“m% Iﬂmmlnlﬂ unmmmmummumnmlmmwmw# o2 | ]
. | u N
ol ‘  1[s] ‘ ‘ | 5]
0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05
c zoom d zoom
. . . 79
. \ 2
12} i, [A] {78
7.7

M 7.6
th\ y

7.3

i

0.6

7.2
0.4
‘ [s] . t [s]
0.02 0. 021 0. 022 0. 023 0. 024 0. 025 0.026 0.027 0.02 0.021 0.022 0.023 0.024 0.025 0.026 0.027

Fig. 2.12 Switched versus averaged model of a buck converter illustrated by time evolution
of state variables at start: (a) current i; evolution, switched (black) and averaged (gray);
(b) voltage v¢ evolution, switched (black) and averaged (gray)

As is valid for the entire operating range, model (2.16) is a large-signal one.
However, one may be interested in capturing the behavior around a typical steady-
state operating point (u,, i;., Vc.). In the usual operating range, the form expressed
by Eq. (2.14) is linear; this form also characterizes small-signal behavior around the
given operating point. The latter belongs to the input-output steady-state model that
can be obtained by zeroing derivatives in (2.16):

E-u,
R

VCe =E"-u,,

Ife =

where the second equation shows the converter’s static behavior: the output voltage
is obtained by stepping down the input voltage proportionally with the steady-state
duty ratio, u,.

Small-signal analysis may result in a transfer-function-type description of the
system. In this case, these transfers are defined between the chosen control input
(duty ratio) and each of the states.
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Fig. 2.13 Small-signal model of a buck converter illustrated in the frequency domain:
(a) Bode diagrams on channel from input to current i;; (b) Bode diagrams on channel from
input to voltage v¢

Figure 2.13 illustrates a frequency-domain representation of the small-signal,
linearized model around the previously stated steady-state operating point. Thus,
one can see the Bode diagrams — magnitude and phase — corresponding to the two
influence channels from the input represented by the duty ratio to each of the state
variables.

The considerably important resonance corresponds to an underdamped time
response in Fig. 2.12. These diagrams generally depend on operating point. More-
over, load resistance, which is a parameter in transfer functions, may vary. There-
fore, the converter control based on this model should be robust enough to handle
all these uncertainties.

2.3 Use of Models

2.3.1 Relations Between Various Types of Models

Let us consider a control purpose and a certain control approach to fulfill this
purpose.

According to the control law type and to the imposed closed-loop performances,
a certain type of modeling is appropriate. Figure 2.14 shows there are two main
modeling branches, which lead to discrete-time and continuous-time models,
respectively. Many ways of performing conversions between various models
are available. One should note that some transformations are more accurate
than others.



2.3 Use of Models 23

Knowledge about system

Equation writing

Switched model

Solving recurrent
equations on one
operating period

Averaging on one
Euler operating period
approximation

Discrete-time large-signal model Averaged large-signal model

Averaging the
recurrent equation

Differentiation Euler Differentiation
approximation

State-space discrete-time small-signal model State-space averaged small-signal model
Averaging the )
Transformation recurrent equation Transformation
state-space — state-space— )
transfer function Bilinear transfer function
transformation
z-domain transfer function s-domain transfer function

Fig. 2.14 Relations between different types of models (Bacha and Etxeberria 2006)
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Fig. 2.15 Relations between models and control laws

2.3.2 Relations Between Modeling and Control

Figure 2.15, showing certain relations between control laws and associated models,
is not exhaustive. Indeed, it is possible to build a variable-structure control law
using a continuous large-signal model even though this is not the natural approach.
However, there are some difficult cases like, for example, tuning a continuous-time
proportional—integral controller using a large-signal nonlinear model.
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Table 2.1 Different classes of models used for simulation purposes

Simulation of dynamic Simulation of transient
Model phenomena phenomena
Static (knowledge-based or Based on modal Not applicable
behavioral models) separation
Large- or small-signal aver- Depending on the Emphasizing transients of
aged models, continuous dynamics to fundamentals (magni-
behavioral models emphasize tude and phase)
Switched (topological) Too computational-time Emphasizing harmonic
models expensive phenomena

2.3.3 Other Possible Uses of Models

Regarding other possible uses of power electronic device models, one can identify
roughly three main classes: models used for control purposes, models dedicated
to simulation purposes and models employed for sizing and dynamical analysis.
If refining simulation purposes further, two classes can be emphasized. Table 2.1
indicates which class of models is suitable for each of the two simulation uses.
Sizing traditionally relies upon static models. Averaged dynamic models are
increasingly exploited, especially for emphasizing that certain constraints may be
broken. Topological models are widely used to assess the quality of energy,
especially those related to harmonic spectra and corresponding filtering.

2.4 Conclusion

To conclude, as power electronic converters are, in general, nonlinear variant
systems, the modeling operation is a determinant step of every control design
attempt. Multiple modeling approaches can be used for this purpose, as this chapter
has suggested. A thorough analysis of these models will be provided in the chapters
ahead.
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Chapter 3
Switched Model

This chapter focuses on methodologies for obtaining the so-called switched
model. This model describes basic low-frequency dynamics, as given by the energy
accumulation variations, and it captures the switching dynamics of power
electronic converters as well.

The switched model is a useful analysis tool, which emphasizes the presence of
the external control action. In its bilinear form this model can be directly used for
simulation and control design purposes. The switched model offers a starting point
for obtaining other types of models, such as averaged or reduced-order models.

The chapter first states the mathematical framework, then provides a general
modeling methodology. Some illustrative examples and a case study complete the
presentation of switched-model-related topics. Problems with solutions, as well as
proposed problems, can be found at the end of chapter.

3.1 Mathematical Modeling

3.1.1 General Mathematical Framework

Because of its multiple combinations of switch states, a power electronic converter
exhibits a periodically repeated sequence of possible configurations during its
operation time interval, also called switching period. Each such configuration
represents in fact a unique circuit containing sources and passive elements, which
can be mathematically described by a set of differential equations.

Under the assumptions already stated in Chap. 2, a generic power electronic
converter, represented in Fig. 3.1 which switches between N distinct configurations,
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Fig. 3.1 Conventional Ve —>

symbols for power

electronic converter Vi
representation (Kassakian

et al. 1991)

Ay

is described as a dynamical system (Tymerski et al. 1989; Sun and Grotstollen
1992; Maksimovic et al. 2001):

d
Ex(t) =A;-x(1) +B;-e(r),t; <t <tyy, (3.1

with

(ti—tio) =T,
1

N
i=
where T is the switching time, #; are different time points defining the switching
between N configurations, A; and B; are the n X n state matrix and n X p input
matrix respectively, corresponding to configuration i, x(¢) is the n-length state
vector and e(?) is the p-length vector of the independent sources of the system.
Note that in Eq. (3.1) the control input does not appear explicitly.
A more compact form of (3.1) is

C%x(t) = Z (Aix(t) + Bje(r)) - h, (3.2)

i=1

where h; are respective validation functions associated to configurations. These
functions take values 1 or O depending on whether their respective configurations
are activated or not.

Comments on power electronic converter classification
In general, power electronic converters are classified according to the following
criteria:

« conversion mode: DC-DC, DC-AC, etc.;
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e innermost control type (at switching level): pulse width modulation (PWM),
hysteresis control, sliding-mode control, current-programmed control, etc.;

e operating regime: either natural or forced switching, either continuous or dis-
continuous conduction, etc.

A classification — different from the above mentioned in the sense that it is
focused on control aspects — is proposed next.

Let h = [h; --- hy]" be the vector containing the various validation functions
under the general representation (3.2). Based on this formulation, a classification
approach is given by Krein et al. (1990) and rediscussed by Sun and Grotstollen
(1992). The method is based on the functional dependencies of the elements in
vector h; thus, three classes emerge:

* h does not depend on the state x;
* h depends on both the state x and the time;
* h depends only on the state x.

Note that the dependence of h(x) can either be implicit — because of the circuit
operational manner — or explicit, due to the presence of state feedback.

The first class of functions in the above list is characterized by the fact that
switching is controlled by a function depending solely on time, h = H(¢), or
external actions. The corresponding converters are simple to model and analyze.
For example, this is the case of buck converters with continuous conduction
controlled at variable duty ratio.

As regards the second class, some functions 4; may only depend on time,
whereas others may depend on the system state. For example, the buck converter
operating in discontinuous conduction and a thyristor-based rectifier belong to this
class. Finally, the third class is illustrated by a diode-bridge rectifier connected to
the grid or by a current-controlled buck converter.

One can note that a given configuration may belong to different classes
according to the manner in which it operates.

It appears that analysis and control methods will be more suited to one of the
above mentioned families rather than to another one. Thus, for example, as shown
later in this book, the classical averaged model is a simple tool, easy to use for
converters belonging to the first family, but it is unsuitable for the other two classes.
The same holds for variable-structure control and associated sliding modes.

In conclusion, to the best of our knowledge, at present there is no systematic
approach able to provide a general methodology allowing a uniform analysis of
converter behavior irrespective of its operation. In this respect, the action of exact
modeling providing the switched model of a given studied converter is even more
important.

3.1.2 Bilinear Form

The bilinear form provides a more compact representation of a power electronic
converter switched model, while showing the control inputs. Instead of using



30 3 Switched Model

validation functions for describing N configurations by means of N models, it is
possible to condense the information in a single, unified model fed with p binary
functions, denoted by u; and named switching functions. The number p is deter-
mined as the smallest integer satisfying the relation 2 > N.

The bilinear form of the switched model is expressed by the general equation:

S|

X = Ax+Z(ka+bk) cu +d, (3.3)
k=1

where, for every k from 1 to p, B, are n X n matrices, b, are n-length column
vectors and d also are n-length column vectors. Equation (3.3) shows explicitly the
control input vector u = [u; up - - - Uy, ]T. Note the presence of products between
state variables and control inputs, which gives the bilinear feature of the model.
Next, one will see that every power electronic converter can be modeled
by Eq. (3.3), in which particularizations are made. For example, the buck converter
has B, = 0, leading to a linear model; in the case of boost converter b, = 0.
An advantage of model (3.3) is the fact that the small-signal model can be easily
obtained from it. Employing the procedure detailed in Sect. 2.2.4 from Chap. 2,
the following relations hold:

X=A-X+B.u,
with X being the vector of state variables’ variations around the steady-

. . . T
state point X,, established in response to vector w, = [, Uz -~ Upe |, Where

U = u — u,. State matrix A and input matrix B have the forms

B P
A=A+ ZBkukE

, (3:4)
B = Z(kae + bk).

k=1

Model (3.4) can be used directly in designing linear control laws.

3.2 Modeling Methodology

3.2.1 Basic Assumptions. State Variables

The switched model is built under the assumptions listed in Sect. 2.2 from Chap. 2.
As there is no supplementary approximation, the switched model is also called the
exact model.

Modeling methodology is based upon classical techniques of systems theory
(Cellier et al. 1996). One can note that within a switching subinterval, i.e., during
the time interval when the control input is constant, the system evolves
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continuously in time, that is, it is characterized by variables having finite
derivatives. This means that during the actual time subinterval the system can be
described by a set of ordinary differential equations obeying the energy conserva-
tion laws particular to the circuit configuration (Sanders 1993; van Dijk et al. 1995).

As usual, state variables are chosen to reflect the variation of energy accumulation.
In the particular case of power electronic converters, these are the currents passing
through inductors, the capacitor voltages and/or linear/nonlinear combinations of
both. These variables meet Dirichlet’s conditions because energy variations naturally
occur in a continuous manner.

If the number of capacitors is denoted by n¢ and the number of inductances is 7,
then system order »n verifies the relation n < n¢ + ny.

3.2.2 General Algorithm

Some a priori knowledge about converter operation is indispensable in deriving the
switched model. A preliminary analysis is necessary, aimed at one or more of the
following:

« checking different waveforms of the studied converter;

» providing the sequence of configurations taken during a switching time interval;

e giving the set of equations that mathematically describe each configuration
(an example of how this can be done automatically can be found in Merdassi
et al. 2010).

Nowadays, commercial computer-aided design software products are available
to assist the user in performing the above actions.

The manner of obtaining a switched model is not unique. Irrespective of the
method employed, the following procedure is general and can be applied in most of
applications.

Remark. In the case of only two circuit configurations, the two respective validation
functions are complementary, i.e., i; = 1 — h,. Hence, one can reasonably take
u=h; € {0;1} in the case of converters and u = 2h; — 1 € {—1; 1} in the
case of DC-AC converters. In cases with more than two configurations there is no
general rule that applies.

For cases where the number of possible configurations is quite large, directly
applying Algorithm 3.1 requires significant time and effort. An alternative proce-
dure may be based on identifying so-called switched (or else intermediary)
variables and reaching the bilinear form more easily. The steps are detailed in
Algorithm 3.2.

As an example, in the case of DC-DC converters the switches are implemented by
means of transistors and diodes, connected in the so-called switch network (Erikson
and Maksimovi¢ 2001). Depending on their position in the converter circuit, both of
these elements can switch both current and voltage, as shown in Fig. 3.2.
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Algorithm 3.1.

Obtaining the switched model of a given power electronic converter based
upon analysis of all possible configurations

#1. Either collect the waveforms and corresponding circuit configurations or

simply study the waveforms provided by an adequate software package.

#2. Choose the state variables, by either directly taking capacitor voltages and

inductor currents or by taking an appropriate combination of these variables.

#3. (a) Write the expressions of the derivatives of the above state variables
for each configuration.

(b) Identify the transition conditions between configurations and write
the model in a compact manner by making the control variables
(switching functions) appear explicitly.

#4. Make an equivalent topological (or exact) diagram of the studied con-
verter where the different coupling terms appear. This step is optional.

Algorithm 3.2.

Deducing the switched model of a given power electronic converter based
upon identifying the switched variables

#1. Choose the state variables by either directly taking capacitor voltages and
inductor currents or by taking an appropriate combination of these variables.

#2. Following the initial analysis, identify the switched variables; e.g., these
can be the transistor voltages and the diode currents, or vice versa. Write
their mathematical expressions depending on states of switches (on/off)
and on state variables.

#3. Write Kirchhoff’s voltage laws for expressing the derivatives of inductor
currents and Kirchhoff’s current laws for obtaining the derivatives of
capacitor voltages.

#4. Introduce the switching functions u and write the switched variables as
functions of u.

#5. Replace the switched variables in the state-space equations developed at
step #3. Obtain the bilinear form.

3.2.3 Examples

Example 1. Power electronic converter for induction-based heating
Let us consider the power electronic converter given in Fig. 3.3. It is composed of a
diode rectifier, an LR filter with inductance Ly and resistance 7 and a current source
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Fig. 3.2 Example of switch network showing switched variables: (a) boost converter case,
(b) buck converter case
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Fig. 3.3 Power electronic converter for induction-based heating

inverter supplying a resonant circuit composed of a capacitor C and an induction-
based heater of inductance L and resistance R.

The current source inverter operates in full wave; it is conceived such that
switches T} and switches T, operate complementarily (turning on 7'} determines
T, being turned off and inversely).

In order to obtain the exact (switched) model of this structure by using Algo-
rithm 3.1 presented in Sect. 3.2.2, one can proceed as follows.

Given sufficient initial information about the process, one can begin directly
with the second step of Algorithm 3.1.
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#2. This is a third-order dynamic system having as state variables filtering
inductance current, capacitor voltage and load inductance current. Thus, the state
vector is

. T
x=[i ve ir].

Voltage U, is given by Uy = 3\/6/11 -V, where V is the root mean square
(RMS) value of the three-phase grid voltages (Mohan et al. 2002).
Conservation laws are expressed by the following equations:

i = Llf (Uao — ve —riy)
. . .
ve = & (is — i) (3.5)
-1 .
iL=7 (ve — Rip).

#3. The intermediary variables v, and is must be expressed as being dependent
on state variables.

The two validation functions 4; and #,, corresponding respectively to the two
configurations taken by the current source inverter, are defined as follows:

= 1 if switches T are closed h — 1 if switches T are closed
' 10 otherwise, 2710 otherwise.

By noting that 4 and &, are complementary, it follows that

Ve = V¢ and iS:if ifhlzlandhzzo
Ve = —V(C and iS = —l'f if h2 =1 and h1 =0.

System (3.5) is written under the equivalent form given by (3.2), namely:

x = (A;1x+BE) - iy + (Axx + BE) - 7y, 3.6)
where
rr 1 0 7 rr + 1 0 7
Ly Ly Ly Ly
1 1 1 1
_ — 0 —— —_ | —= 0 ——
Al - C C s A2 - C C )
1 R 3.7
o L+ _X o L _K
L L L L
L 1 . L i
Bl :B2: [E 0 O‘| s E:Ud().
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Fig. 3.4 Equivalent circuit P L, i i L
of the switched model of > >
converter presented in U Ve AU - v
Fig. 3.2 U ' ‘
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Representation (3.6) must be condensed into the bilinear form by using a single
switching function, which is sufficient in order to represent two configurations
(p = 1 is the largest integer satisfying 2 > N = 2).

If the switching function « is chosen such that

M:2h]—1,

then a unique representation yields

x=A-x+B-x-u+d, (3.8)
where function u takes values within the discrete set {—1; 1} and

A A A — A
_At A g AT 4 B U

A
2 2

Once the above expressions have been established, corresponding matrices are
given by Eq. (3.9).

One can note that the topological model obtained as Egs. (3.8) and (3.9) is
bilinear, i.e., it contains products of form x - u; this is the case of the quasi-totality
of power electronic converters.

The equivalent circuit translating exactly the switched model (3.8) is given in
Fig. 3.4, where several features can be identified:

« the obtained circuit is simplified in relation to the original converter;
¢ the obtained circuit reveals the coupling terms by means of so-called coupled
sources, which are represented by diamonds.

-, .
—— 0 0 1
L 0 —— 0 Uao
! b I
A= 0 0 -Gl B=|1 o ol 4= (;‘ . (3.9)
0 1 R ¢ 0
I I 0 0 0

For experienced users, the equivalent circuit in Fig. 3.4 can be directly obtained
by making use of certain rules of transformation that allow transposition of switch
operation of the original circuit (Fig. 3.3) into operation of coupled sources.
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Fig. 3.5 Boost power stage L ; D
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Fig. 3.6 The two possible configurations of circuit in Fig. 3.4

Example 2. Boost DC-DC converter

The example of an ideal boost converter (Fig. 3.5) was chosen to illustrate how the
switched model may be found in the case of continuous-conduction mode (ccm).
A discussion concerning the case of discontinuous conduction is also presented.

Case of continuous-conduction mode
As stated earlier, one can obtain the switched model of any power electronic
converter and its bilinear form in two ways:

(a) by listing all its possible configurations and finding a general structure which
leads to the bilinear form, according to Algorithm 3.1;

(b) by applying the method of emphasizing the variables exhibiting switched-time
evolution, as described in Algorithm 3.2.

Each of these methods will be detailed next in the case of the boost converter
operating in continuous-conduction mode.

(a) Using the list of all possible configurations
According to preliminary analysis, the boost converter operating in continuous
conduction can take two configurations, as shown in Fig. 3.6: cases (a) and (b) cor-
respond to switch H being turned on (4; = 1) and turned off (h, = 1) respectively.
As this is a DC-DC case having two configurations, switching function u can be
taken such that u = h; = 1 — h,, as discussed in Sect. 3.2.2.

The state variables are the inductor current i; and the capacitor voltage v¢c. The
state-space equations corresponding to the two circuit configurations are listed below.

_ . Jii=E/L _o. i =E/L—vc/L
u=1: {v'c ~ Zve/re), “T0 {v’c = i1/C — ve/(RC). (3.10)
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Equations from (3.10) can be condensed into a single form by employing
Eq. (3.2), in which validation functions %; and %, are expressed using switching
function u, namely iy = uand h, = 1 — u:

B E E—v

lezu—l— Lc(l—u)

) ve i V¢

= - — = _ 1_
ve="rc" e Re )W

from which one can derive

i =—(1—u)ve/L+E/L
{fc (1= wir)C — ve (RC), (3.11)

which can be used directly for simulation purposes. Equation (3.11) allows one to
obtain the bilinear form:

[éﬂ = U)c —;/I(QLC)} {ﬂ * {—10/0 léL] ULC] e [E(/)L} :
o )

A B d

with b =[0 0]" (see Eq. (3.3)).

(b) Identifying the switched variables

The first step — choosing the state variables — is the same as in the previous
procedure; i, and v¢ are the state variables. In the case presented, the switched
variables are the transistor voltage vy and the diode current i, which can be written
as functions of state variables (see Fig. 3.5):

- 0 if H is turned on nd in — 0 if H is turned on
H =) ve if H is turned off b i if H is turned off.

The equations defining the circuit behavior are obtained by applying Kirchhoff’s
voltage law for expressing di;/dt and Kirchhoff’s current law for dv/dt (see
Fig. 3.6). That is,

L-iy =E—vy
3.13
{C-v’c:iD—VC/R. (3-13)

Next, the switched variables must be expressed as depending on a suitably
defined switching function. If the switching function is introduced as

_J 1 if Histurned on
“Z)0 if H is turned off,
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Fig. 3.7 Exact equivalent i L (I-u)v¢ (1-u)iy,
diagram of the boost power
stage operating in ccm
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Fig. 3.8 Dynamic behavior of the switched model of the ideal boost converter

then the switched variables are written as:

{VH:VC“ —u) (3.14)

iD = lL(l — M)

By substituting Eq. (3.14) into Eq. (3.13), one obtains

{i’L =—(1—u)-ve/L+EJL
ve = (1=u)-i,/C—vc/(RC),

which is identical to Eq. (3.11) and from which one can derive the bilinear form
expressed by (3.12).

Irrespective of the method used in deducing the bilinear form, the exact equiva-
lent circuit of the boost converter in ccm results from Eq. (3.11) and it is presented
in Fig. 3.7.

The two dependent sources define a coupling between the circuit’s input and
output. The behavior is like that of an ideal DC transformer with the variable ratio
controlled by an external action.

The system represented by Eq. (3.12) can be simulated using dedicated software.
Figure 3.8 shows the behavior of the ideal boost power stage at step-variation of
duty ratio as simulated in Simulink®. To this end, the system is fed by a switched
function u(t), obtained by PWM modulation of the duty ratio. Note the ripple in the
state variables due to the switching of the circuit Eq. (3.10) with the modulation
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Fig. 3.9 Boost converter
operating in dem:

(a) inductor current
evolution; (b) circuit
configuration corresponding
to decm (i, = 0, time
subinterval T3)

frequency. Also, the time response is variable with the operating point (v¢, i),
indicating that the system is nonlinear. For the same reason, the ripple has variable
magnitude, depending on the operating point. Non-minimum-phase behavior can
also be observed.

Case of discontinuous-conduction mode

Now consider that the boost power stage operates in discontinuous-conduction
mode (dcm). This means that the switching period is large enough with respect to
inductance to allow the inductor current to become zero (see Fig. 3.9a). This occurs
when the load current value determines a mean value for the inductor current,
smaller than its ripple (Vorpérian 1990; Sun et al. 1998).

An analysis of the circuit for this case shows that within a switching period there
are three time subintervals, each corresponding to a circuit configuration. Intervals
T, and T, are associated with the circuit topologies from Figs. 3.6a, b, respectively.
In the third subinterval, T3, the converter remains in the configuration shown in
Fig. 3.8b, but current i; is interrupted. State equations describing the three circuit
configurations are given by Eq. (3.15).

{;L —EJL {i'L = E/L—ve/L {ii =i =0 @.15)
ve = —ve/(RC),  \ve =i/C—=vc/(RC), | ve = —ve/(RC).

As the number of switching functions p must obey the relation 22 > N = 3 (see
Sect. 3.1.2), a second switching function must be introduced in order to obtain a
unified switched model.

To conclude, the first switching function is an external independent action,
whereas the second switching function depends on an internal state, i,. They can
be defined as follows:

|1 if His turned on and 1 — 1 + sgn(i)
“I700 if H is turned off S

where

.y 1 ifig >0 (ccm)
sen(iz) = { —1 if i, <0 (dem).
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Equations (3.15) can be condensed into a single unified model showing the two
switching functions:

i = (E/L—(1=m) ve/L)
{Vb:”‘22'(1—141)-iL/C—vi/(RC)' (3.16)

Model (3.16) does not fit the bilinear form (3.3) because here products of
switching functions (u; - u,) appear (trilinear form). Moreover, this form cannot
be directly used for control purposes.

3.3 Case Study: Three-Phase Voltage-Source Converter
as Rectifier

Let us consider the example of the three-phase four-wire voltage-source converter
(VSC) used as rectifier, whose electrical diagram is presented in Fig. 3.10.
This figure already reveals the switching functions u;, u, and u3, defined as
_J 1 if switch Hy is turned on =123
=90 if switch Hy is turned off = 777

The switched model of this converter and its bilinear form will next be obtained
by means of the two algorithms already presented:

(a) according to Algorithm 3.1, i.e., by listing all its possible configurations and
finding a general written form which leads to the bilinear form;

(b) or by applying the method of emphasizing the switched variables, as described
in Algorithm 3.2.

>
H, H, H, iy
y U —> i —> Uz —>

< ver| G

"1 5] y
V,
vy 1'2 L ¥ 0
> B R
V3 3
¢ ver| G
H, H, H;

N DC

Fig. 3.10 Electrical diagram of three-phase four-wire VSC used as rectifier
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3 13
1 1
1 2 12
1 13
0o 3 1

Fig. 3.11 All eight possible configurations taken by three-phase AC-DC converter, respectively
corresponding to binary combinations of switching functions u, u, and u3

(a) Listing of all possible configurations

The converter can take eight possible configurations, respectively corresponding to
the 2° binary combinations of the p = 3 switching functions defined as u;, € {0;1},
k =1, 2, 3; these configurations are shown in Fig. 3.11.

The converter is described by five state variables composing the state vector
x=1[i, & i3 ver vez }T . The governing equations of each of the eight
topologies represented in Fig. 3.11 can be found in Fig. 3.12.

These equations allow one to deduce a general rule for writing the derivatives of
the state variables, depending upon the switching functions, as presented in (3.17).
This relation can directly and easily be used for simulation and control purposes; it
also allows one to obtain the equivalent circuit diagram shown in Fig. 3.13.



42 3 Switched Model

Uy u3 w Uy Uy
0 0 0 0 0 1
i.l =-r/L-j +vea /L 4w /L !1 =—r/L-i +ver /L 4w /L
i.z S —r[L-iy +ver /L +vy/L ;; = —r/L-i +vea /L +w/L
iy = /Ly +vea/L vs/L iy = /Ly —ve /L —
ver = —var/(RG) —vea[(RCY) ver = /G —va/(RG) —ver/(RG)
ver =i /Gy [y —is/Cy —ve1/(RCy) —vea /(RCy) Ve =[Gy~ /G, —var/(RGy) —vea /(RCy)
Uy Uy w Uy Uy
0o 1 0 0o 1 1
- tves/L L | =-r/Li; el 4w/l
h= —r/Liy —ver/L wn/L = /L0y —ver/L +,/L
i = /Ly v/l +v/L iy = /Ly v/l vl
ver = /G —var/(RG) ~vea /(RGY) ver = B/G +5/C —va/(RG) —ver /(RG)
ves =i /C; —5/C, v [(RCGy) —vea [(RCy) ver =[G, —ver/(RGy) —vea/(RG,)
woouy uy W Uy Uz
1 0 0 1 0 1
iy =/ Li —va/L /L |i=—r/Lq -ver/L +/L
h= L vl 4w/l |i= L +vea /L )L
iy= Ly tvea/L +vL iy = Ly —ve/L +vy/L
ver =i/G —var/(RC) ~vear/(RGY) ver =i/G +i5/C —ver/(RG) —ves /(RG)
V(:; = /G ~5/C v /(RG) ~ver/(RCy) VC; = /G —ve1/(RGy) ~ver /(RCy)
o Uy Uy U Uy Uy
1 1 0 1 1 1
i.1=*"/L‘7'1 —va/L +n/L i‘1=*’/L'i1 —ver/L +/L
h= /L /L tn/L |i = /L /L /L
i = /L tveafl vyl diy= “fLiy —velL +/L
V;’I =i/G +i/G —va/(RG) ~ver/(RCY) V;‘] =i/ +h/C +i3/C —vei/(RC) —vea/(RG)
VC; = ~i3/C; —ver/(RCGy) —ver/(RC,) Vc; = —vei/(RG,) —vea/(RG,)

Fig. 3.12 State-space equations corresponding to each of the eight possible configurations of the
VSC listed in Fig. 3.11

i = —r/L-ix —ug - ver /L+ (1 — ug) - vea /L + v /L

3
1/C1 : kz:;uk g — VCI/(Rcl) - VCZ/(RCI) k=1,2,3. (3.17)
3
ver = —1/C - Y (1 =) - ix — ver/(RC2) — vea / (RC,)
k=1

vel
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Fig. 3.13 Equivalent circuit diagram of the three-phase four-wire VSC used as rectifier
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Computation of the bilinear form also is based on Eq. (3.17). Thus, by
re-arranging the terms one obtains first:

—r/L 0 0 0 1/L
0 —r/L 0 0 1/L
X = 0 0 —r/L 0 1/L - X
0 0 0 —1/(RC1) —]/(RCI)
UGy —1)C —1/Cr —1/(RCS) —1/(RC»)
—Uy 'VC]/L — U 'ch/L V]/L
—M2~VCl/L—I/l2~ch/L V2/L
+ —M3-VC]/L—M3-Vc2/L + V3/L N
uy i1 /Ci +uy - iy /Cy +uz - i3/C 0
uy i1 /Co+us - in/Cr +uz - i3/C 0

which can further be put into form (3.3), taking into account that here p = 3:

X = Ax + (B1X+ bl) s Uy + (B2X+ b2) s Uy + (B3X+ bg) -uz +d, (3.18)

where matrices A, B, B, and B3 and vectors by, b,, b; and d are

) ) 0 0 1/L
0 /L 0 0 1/L
A=| o 0 —r/L 0 L |,
0 0 0 —1/(RC)) —1/(RCY)
“1/C, —1/C, —1/C; —1/(RCs) —1/(RC»)
0 00 —1/L —1/L o 0 0 0 0
0o 00 0 0 0 0 0 —1/L —1/L
Bb=| 0 00 0 0 |, B=]|0 0 0 0 0 |,
1/c, 00 0 0 01/, 0 0 0
1/C; 00 0 0 0 1), 0 0 0
00 0 0 0
00 0 0
B—|0 0 0 -1/ —1jr|, P=P2=bs=[0 00 0 0f
00 1/C 0 0 d=[w/L v, /L vi/L 0 0].
00 1/c; 0 0

(b) Identifying switched variables

The state variables have already been identified: x = [i; i, i3 ver Ve ]T. As
regards the switched variables, these are five, namely:

¢ the voltages e, e, and e; of the points A, B and C (Fig. 3.9) considered with
respect to the neutral N;
 the output currents feeding the RC filter, iy, and ip;.
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As a consequence, the following relations hold:
_J vei,  Hpisturnedon ,
& = { —vec2, Hy is turned off k=123

In AC systems one may prefer to use bipolar switching functions defined as
u, € {—1,1}),k=1,2, 3. Inthis way the switched variables can be expressed as
depending on the state variables:

1 * 1 —uj
er =vci - —;uk—vcz' Zuk, k=1,2,3
. R U e 7 U 7
i =01 iy
. o l=ur . 1—uw 1 —u
iy = i ot iy

from which the state equations can further be obtained as

. o T+ 1 —uy
Liy = —r iy — zk'Vc1+ Zk'ch-FVk
3
) IL+u . ver ver
Clva:; Tk~ k=1,2,3. (3.19)
3 1 —ug ver o Vez
szcz——z e
— 2 R R

Note that Eqs. (3.17) and (3.19) are equivalent provided that the change of
variable u; = (1 + u; )/2 has been made.

MATLAB®-Simulink™ numerical simulation results

The system described by Eq. (3.18) has been implemented in Simulink®. The
three-phase voltage system {v,v,,v3} has constant frequency and magnitude. The
system has been fed by a three-phase set of duty ratios o, o, a3 having the same
frequency and phase as the voltage system {v,v,,v3} and a constant magnitude. In
order to obtain the switching functions u(¢), k = 1, 2, 3, three PWM modulators
have been used.

Figure 3.14 shows system behavior (state variable evolutions) at start up in two
cases: a and b when the AC voltage system is balanced, and ¢ and d when the
magnitude of v3 is 20 % smaller than the magnitude of the other two voltages. The
first part of time evolutions shows the dynamical behavior of the system (the rise
time, quite reduced resonance, etc.). Note that the two capacitor voltages’ instanta-
neous values are different in the second case and the steady-state magnitudes of
currents are different, also.
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100 ri,,ip,i5[A] 100 iinis[Al
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Fig. 3.14 Evolution of VSC state variables at turn on: (a) and (b) when three-phase voltage
system is balanced; (c) and (d) when three-phase voltages are unbalanced (magnitude of v3 is 20 %
smaller)

Figures 3.15 represent zooms of Figs. 3.14c, d, respectively. The ripple due to
switching is quite reduced (due to inductances and capacitor filtering effects) and
irregular, depending on the system operating point.

The choice of state vector x is not unique: combinations of capacitor voltages
and inductor currents can be taken as state variables as discussed above. Let us
make a different choice. For example, one can consider as state variables the three
inductor currents, the sum of the capacitor voltages, vo = v¢y + Vo, and the
difference of these voltages, Ave = vy — vep. This allows one to use the state
feedback to regulate the circuit output without changing the system order. More-
over, one state gives information about the system imbalance.

Differences between the balanced case and the unbalanced one, as reflected in
the time evolutions of the two newly introduced voltages at start up, can be seen
in Fig. 3.16. Results are predictable because, given that the neutral is connected,
a homopolar voltage nonzero component determines the presence of a nonzero
homopolar current, which, at its turn, induces imbalance between the two capacitor
voltages vy and vey.
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Fig. 3.15 Zooms on the evolutions of state variables in the unbalanced case
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Fig. 3.16 Evolutions of newly introduced state variables at system start up in both balanced and
unbalanced case

3.4 Conclusion

The notions of switched models and their corresponding equivalent diagrams are
basic and will serve in the development of approaches in the rest of the book.
These models will prove valuable for the following tasks, among others:

« MATLAB®-Simulink® simulation of converter dynamical behavior, provided
ease of implementation;

* building other types of models that result from the switched models (for
example, averaged model, large-signal model, small-signal model, etc.);

¢ designing nonlinear control laws, e.g., sliding-mode control (Sanders and
Verghese 1992; Malesani et al. 1995).

The reader is invited to solve the problems in the next section. Solutions for the
first two are given.
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Problems

Problem 3.1. In the example below, the Cuk converter has been considered (see
Fig. 3.17) where inductors L, and L, are not coupled. The switching function takes
two values {0; 1}. Address the following points.

(a) Write the dynamical equations of the converter with respect to the switching
function u.

(b) Write the circuit model in the bilinear matrix form.

(c) Draw the equivalent circuit of the converter and emphasize the coupling terms.

Solution.

(a) Let us take the current sense and voltage polarity as indicated in Fig. 3.17.
Transistor H and diode D form the switching network; a single switching
function u feeds the transistor gate. When u = 1, switch H is turned on and
D is polarized inversely, leading to the configuration depicted in Fig. 3.18a.
As u = 0, H turns off, diode D enters into conduction and the second configu-
ration is shown in Fig. 3.18b.

Kirchhoff’s laws for the two topologies give

i1 = E/Ly it = E/Ly — ver /Ly
u=1:14"ve =in/Ci u=0:4 e =i /C

ity = —vei /Ly —vea /Lo i =—vea /Lo
ver = ira/Cy — ver /(RC), ver = ir2/Cyr — ver /(RCy).

. Vel .

11 L, E—— L, irs

> >
G
E[ 7 H D =N et R

Fig. 3.17 Electrical circuit

of Cuk DC-DC converter u
a b
L, i, L i, L i
Var > > Ve >
E\L J/ C1 Cz e R EJ/ C1 \L C2 \LVCZ R
iL] L
V 2
u =1 (switch H turned on) u = 0 (switch H turned off)

Fig. 3.18 The two possible configurations of the Cik converter
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(1 —wip,

Vel uiry

G

Fig. 3.19 Equivalent circuit of switched model of Cuk converter, presented in Fig. 3.17

By multiplying the two sets of equations with u# and (1-u), respectively, and
summing, one obtains

iL.l = —(1 — M) 'VCI/LI —|—E/L1

V.é‘l :(l—u)-iLl/C1+u-iL2/C1 3.20
irp = —u-vei/Ly —vea /Ly (3:20)
ver =i /Cr — vea /(RCy).

(b) By denoting by x=[i,; vc1 i vcz]T the state vector (each of its
components describes an energy accumulation), the set of Eq. (3.20) can be
rewritten in matrix form as

0 —1/L1 0 0 u-vc|/L1 E/L]
. 1/C1 0 0 0 . M'iLl/C1+M'iL2/C1 0
=1 o o0 -1/, |*F “u-ver /L 1o

0 1/C; 0 —1/(RCy) 0 0

Note that there is a single switching function, therefore p = 1. By processing the
second term of the above matrix relation, one obtains

x=A-x+B-x+b) u+d,

with
0 —1/L; © 0 0 1Ly 0 0
A_|Co 00 0 a0 160
0 0 0 -1/L, |’ 0 -1/, 0 o
0  1/C; 0 —1/(RCy) 0 0 0 0
b=[0 0 0 0], d=[E/L; 0 0 0],

Equations (3.20) lead to the equivalent circuit in Fig. 3.19. The first equation of
(3.20) gives the first circuit, where the dependent voltage source is a function of the
inductor current in the second circuit. The second equation gives the second circuit.
Note that the two dependent current sources are coupled with variables from the other
two circuits (the inductor current from the first circuit and the capacitor voltage from
the third one). These coupled sources can be seen as variable-ratio DC ideal
transformers. The third circuit is the image of the last two equations in (3.19).
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Fig. 3.20 Half-bridge iy
voltage inverter > c r
0 1
V(nl/
i[l
) <
Voz/r G F, v,

Fig. 3.21 Equivalent
topologic diagram of
inverter from Fig. 3.20

Problem 3.2. Let consider the half-bridge voltage inverter (current rectifier) of
Fig. 3.20. Switching function u is defined to take the value 1 if switch F is turned
on and the value —1 if switch F, is turned on. Zero indices concern continuous
variables, whereas indices a concern alternative variables.

(a) Write the system equations by making appear the switching function u.
(b) Prove that the switched model of the system may be represented by the
equivalent circuit from Fig. 3.21.

Solution. The evolution of the filtering capacitor voltages is given by

. . 1+u .
Co-vor =io+——"ia

. . 1—u .
Co-vor = —lo +——"1la-

The expression of the alternative voltage is v, = - vo; +15%- v Taking

Voe = (Vo1 + vo2)/2 and knowing that vy = vg; — V¢, one obtains

Vo
Va:VOzr"_?'u

2C0 - voe = la (3.21)

CO . . +ia
— Vg =1 — - U.
)

Equation (3.21) allows the equivalent circuit of Fig. 3.21 to be built as represen-
tation of the switched model. This proof is useful for solving Problem 3.3.
The following problems are left to the reader to solve.
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Fig. 3.22 Half-bridge iy
current source inverter > Vv Vv
lo1 2
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F, Fy .
a
Fig. 3.23 Equivalent i Ly/2 i
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Fig. 3.24 Series-resonance voltage power supply based on capacitive half-bridges

Problem 3.3. Current-source inverter

Let us consider the half-bridge current source inverter presented in Fig. 3.22. Prove
that the equivalent diagram shown in Fig. 3.23 corresponds to the circuit given in
Fig. 3.22.

Problem 3.4. Series-resonance power supply
Let us consider the converter given in Fig. 3.24. Switching functions u; and u, are
such that

- 1 if Fy is closed
"7 =1 if Fy is open.

(a) Write the observable state model of the system, i.e., of appropriate order, and
prove that for this model the equivalent circuit is the one shown in Fig. 3.25.
(b) Find out the value of capacitor C,, from the equivalent circuit.
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L ip Gy r L,
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Fig. 3.25 The equivalent topologic diagram of the converter in Fig. 3.24
Fig. 3.26 Buck-boost H D
DC-DC converter
E Ve
L C R
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u
Fig. 3.27 Zeta DC-DC H q L, iry
converter
E e e
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ViLl

Problem 3.5. Buck-boost power stage
Consider the DC-DC converter given in Fig. 3.26.

(a) Establish the switched model of converter in Fig. 3.26 by considering a
switching function that takes its values in the set {0;1}, namely, value
1 corresponds to switch H being turned on and value O to the same switch
being turned off.

(b) Identify the variables switched by power switches H and D.

(c) Draw the equivalent diagram.

Problem 3.6. Zeta DC-DC power stage

(a) Deduce the switched model of the DC-DC converter from Fig. 3.27 by consid-
ering a switching function that takes value 1 when switch H is turned on and
value 0 when the same switch is turned off. Consider the voltage polarity and
current sense as indicated in Fig. 3.27.

(b) Identify the variables switched by power switches H and D.

(c) Draw the equivalent diagram.
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Chapter 4
Classical Averaged Model

This chapter deals with methodologies of obtaining the so-called averaged model,
which focuses on capturing the low-frequency behavior of power electronic
converters while neglecting high-frequency variations due to circuit switching.
This appears to be a natural action, as every converter employs filters in order
to limit the ripple of various variables. The result is a continuous-time model, one
which is easier to handle by classical analysis and control formalisms.

This chapter is organized as follows. It starts by presenting the basics of
averaging methodology and states some theoretical fundamentals. Then the meth-
odology of obtaining small-signal and large-signal averaged models and their
equivalent averaged diagrams are given. The error introduced by averaging,
computed with respect to the exact sampled-data model, is also analyzed. A case
study will serve at illustrating the various approaches. The chapter ends with some
problems and their solutions and some proposed problems.

4.1 Introduction

In the previous chapter it was shown that electrical circuits containing static
converters can be mathematically described by a cyclic set of state equations,
corresponding to different electrical configurations listed along the entire converter
operation cycle. The switched model is the product of such an analysis and it is
particularly suitable for designing nonlinear control laws, such as variable-structure
or hysteresis control.

However, in most control applications it is the low-frequency behavior that is
interesting. In this context, the various high-frequency switching phenomena are
parasitic and must be neglected. When certain control laws (e.g., linear control)
need to be implemented, the designer must transform the original discontinuous
model in a continuous invariant model that provides the best representation of the
system macroscopic behavior. The obtained model should be easy to employ; to
this end, the averaging method is strongly recommended.

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 55
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_4,
© Springer-Verlag London 2014
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Because of its undoubted utility, this kind of model — named the averaged
model — has been studied since early 1970s, either by circuit averaging or state-
space averaging (Wester and Middlebrook 1973; Middlebrook and Cuk 1976) or by
averaged equivalent electrical diagram analysis (Pérard et al. 1979).

The utility of the averaged model for simulation purposes, using dedicated
software products such as SPICE®, SABER®, MATLAB®, has also been largely
proved (Sanders and Verghese 1991; Ben-Yakoov 1993; Vuthchhay and Bunlaksa-
nanusorn 2008). This kind of model is useful for analytically expressing the
essential dynamical behavior of power electronic circuits, both in continuous-
time (Middlebrook 1988; Rim et al. 1988; Lehman and Bass 1996) and discrete-
time domain (Maksimovi¢ and Zane 2007). Averaging techniques can also be used
for modeling the inner current control loop of converters (Verghese et al. 1989;
Rodriguez and Chen 1991; Tymerski and Li 1993).

4.2 Definitions and Basics

Some fundamental notions and terms are given in order to describe the averaged
dynamic behavior of a power electronic (switched) circuit.

4.2.1 Sliding Average

Let us consider the signal from Fig. 4.1, which is not mandatory cyclic. If signal f(7)
is averaged on a time window of width 7, which is moving along the time axis,
one obtains the expression of the so-called sliding average (or local average)
(Maksimovic et al. 2001), as given by Eq. (4.1).

~

f(t)dr, 4.1)

Unlike the classical average of the signal f(¢), the term (f(¢)) is time-dependent
because the associated time window changes its position on the time axis. However,
if the signal f{(¢) is periodic and reaches its steady-state regime, the moving average
becomes identical with the classical average.

fo T

Fig. 4.1 Moving average =T Lt
illustration
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A fundamental property of the moving average is that the time derivative of a
signal sliding average is the sliding average of the signal time derivative, that is,
the time derivation and the sliding averaging operation are commutative:

G0 = (570) 0 @2)

In order to give a brief justification of Eq. (4.2), let us denote by F the primitive
of function f; therefore, F(t) = J f (®)dt + C, where C is a suitably chosen con-
stant, and - F(t) = f(t). One obtains successively

GO0 =5 3+ [ @ | =5 |50 - Fe-1)
T (4.3)
1 d d 1
= | GF0 - SFa=1) | =2 () 7~ 7).

On the other hand, Definition 4.1 of the sliding average allows the form

t
d 1 d 1 p L
< dtf(t)>0(f) —+ | S@ =L Ol = (O - T). @
T

From Egs. (4.3) and (4.4) it follows that relation (4.2) is proved.

Next, for sake of simplicity “average” will be used to denote the “sliding
average”. Note also that, because the sliding average is not fixed, but dependent
on time, the average time evolution can be replicated in real time.

4.2.2 State Variable Average

Let us consider a state variable x, whose dynamic is given by

d
Ex(t) =f(x,u,1), 4.5

with f being a generally nonlinear function. Its average is given by Eq. (4.1).
Therefore, by applying the property expressed by Eq. (4.2) one obtains:

& (Wolt) = (£l (0 @6)
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Fig. 4.2 On-off switch u=1
\"‘t—o
I/ Z u=0
S
El azg

4.2.3 Average of a Switch

Generally speaking, a switch changes its output variable between several states;
in this text an on-off switch will be approached as shown in Fig. 4.2.

The switch in Fig. 4.2 has two states, given by the switching function u, and
outputs a variable S, which takes the value £ - u. Without employing any simplifi-
cation its average value is

(S)o = (E - u)o, 4.7)
When this expression is developed, two cases can occur:

« F is a constant value and one obtains an exact relation:

(S)o = (E)q - (u)o = E - (u)y; (4.8)
» FEis variable, S being given by an approximation:
(S)o = (E)g - (u)o- 4.9)

Equation (4.9) is justified as one of the two variables E or u is close to its average
value (the small-ripple assumption). If voltage E is supposed constant, it will be
equal with its average. One can identify here an instance of the averaged model
principle: to assimilate (by approximation) the average of a product by the product
of averages. In other words, the product and averaging operators are commutative
under certain conditions.

4.2.4 Complete Power Electronic Circuit Average

The configuration corresponding to a circuit’s average behavior is called circuit
average. Adopting the invariance conditions of passive circuit elements, as
assumed in the previous chapter, the well-known relations linking voltages v(¢)
and currents i(¢) in a passive circuit element are as follows:

« for an inductor L: v(r) = L - 4i(r);

« for a capacitor C: i(r) = C - 4y(1);

o for a resistor R: v(t) = R - i(?).

According to Eq. (4.2), the derivative of the average is the average of the
derivative, implying that the relations between currents and voltages are the same
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Fig. 4.3 Average of <V>
elementary passive circuits V% ) L0 <l>
N i _ A 0
V ()
s s (),
— AN = AN
y i <V >() <i>0
=

as those linking their averages. Hence, the passive elements R, L and C remain
unchanged after the circuit averaging operation (see Fig. 4.3). In this way, another
property of averaging is emphasized: the configuration of a passive circuit remains
unchanged by averaging.

In order to obtain the averaged model of a more complex circuit, one that also
includes switches apart from its passive elements, one can use the previously
presented properties, namely preservation of circuit configuration by replacement
of the variables by their averages and replacement of the products of variables
by the products of averages. An example clarifies this approach, as follows.

Let us consider the boost circuit represented by its topological diagram given in
Fig. 4.4a, having switching function u defined as usual. The average scheme
preserves the circuit configuration. The state variables i; and vc are replaced
by their averages. The next step consists in developing the products (couplings)
(ve(l — u))p and (ir(1 — u))o, an operation which gives the approximate relations:

{ (ve(1 =)o = (vcho - (1 =)o = (vc)o - (1~ ) (4.10)

~
~

~

~

(i(1 —u))g = (ir)y - (1 —u))g = (i) - (1 — @),

where o denotes the duty ratio corresponding to averaging the switching signal u. If
the voltage E is supposed constant, it will be identical with its average. The diagram
in Fig. 4.4c represents the averaged scheme of the boost converter.

Note that, as long as one does not make approximations concerning the average
products, the averaged diagram is identical to the exact diagram. The approximations
in Eq. (4.10) are even more valid if the current i; and the voltage v are filtered
appropriately, thus making them sufficiently close to their average values.

4.3 Methodology of Averaging

As seen in the above considered example, the averaged model can be directly built
by employing the topological (exact) diagram. Then, it is sufficient to use the
electrical circuit laws for establishing the analytical averaged model. The problem
can also be solved analytically. Two averaging approaches emerge — the graphical
and the analytical— as described below.
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4.3.1 Graphical Approach

According to this approach, the averaged models can be obtained using the algo-
rithm below, which follows the steps in Fig. 4.4 and uses Eq. (4.10).

Algorithm 4.1.
Obtaining the average model of a power electronic converter

#1. Establish the topological (equivalent circuit) diagram where the various
coupling terms are emphasized.

#2. Preserve the diagram structure and replace the variables by their averages.

#3. Develop the coupling terms by approximating the product average by the
product of averages.

#4. Deduce the averaged model equations based upon the obtained diagram.

a j L D
lL>
E H + Ve
C R
u
b Lo
ve(l-u) i (- )
E C R V(
H
c .
L <J,QO
(ve)ya-ay i) (-a
E c = |

Fig. 4.4 Phases of circuit averaging (boost power stage)
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4.3.2 Analytical Approach

The analytical approach uses topological model equations. The converter can be
described in a general manner by Eq. (3.2) from Chap. 3:

N

Z (Ax +Be) - 4.11)
i=1

i.e., as a linear system switching between N configurations, where the matrix pairs
(A;,B;) denote the state model of configuration i, 4; are the enable functions and
vector e denotes the free sources vector. Applying the average operator to Eq. (4.11)
and taking into account relation (4.2) one obtains

N

d{x)
ar 0 — <Z (A;X + B,-e) . h,‘>0,

i=1

which can be rewritten by taking into account the linearity of the averaging
operation:

i=1 i=1

X)o _ <i (Aih;) - x + i (Bih;) .e> .
0

After development and approximation one obtains

dx)q ~ Z (Aihi) ) - (X)o + (Bihi) ) - (e),
dt ‘= 0 i=1 0

By introducing the notation

An = <i<Aihi)> By = <i(Bih1)> ) (4.12)
0 0

M=

i=1 i=1

the averaged model of the power electronic circuit can be written as

d(x)o
dt

= A (X)g + By - (€)g. (4.13)

Note that matrices A,, and B,, are not the state and input matrices, respectively.
Matrices A,, and B,, are dependent on the state x and on the control input, which
does not appear explicitly here.
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A similar result can be obtained starting from the bilinear form, detailed in
Eq. (3.3) from Sect. 3.1.2 in Chap. 3:

)4
X =Ax+ Y (Bix+by) - u+d, (4.14)
k=1

which makes the control input vectoru = [u; u -+ - u, ]T appear explicitly as being
composed of p switching functions, where p is the smallest integer satisfying
the relation 2 > N. In (4.14), for every k from 1 to p, B, are square matrices of
the same dimension as matrix A, and b; and d are column vectors of the same
dimension. Applying averaging to relation (4.14) and supposing that the average of
a product can be approximated by the product of averages and that matrices A, B,
and by are invariant, gives the following:

d(x)o
dt

P

=A-(X)+ > (Be-(x)g+by) o +d, (4.15)
k=1

where oy = (uz)o is the duty ratio of switching function u; for each k from

1 to p.

4.4 Analysis of Averaging Errors

The goal here is to perform an analysis of errors introduced by averaging. The error
between the average of a given switched model state-space solution and the
averaged model state-space solution (on the same time window) is easy to put
into light by numerical simulation, like shown in Fig. 4.5, where the error signal has
been denoted by &(). An estimation of this kind of error can also be performed
analytically by referring to the sampled-data model introduced in Sect. 2.2.2 from
Chap. 2 (Pérard et al. 1979).

® . Averaging
(1) Pulse-width uh) X =/ (xw x() 1 Xo (1)
> odulation » Switched model - [ x(x)de
t-T
T T Switching .
frequency a() <x>0 = f(<x>0,<u>0) <X>0 0]
Averaged model Averaging
error

Fig. 4.5 Averaged model output vs. average of switched model output
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4.4.1 Exact Sampled-Data Model

Let us consider a linear system that switches between two configurations, o being
the duty ratio; it can be described by the following set of differential equations:

L -

dt | Ay-x+By-e fort € [(k+o)T, (k+ 1)T),

which is valid for each switching period [kT, (k + 1)T), where k € N. It is
proposed that system (4.16) be solved by integrating each configuration and
postulating the state variables’ continuity. Let us introduce the general notation of
the transition matrix ®(f) = exp(A - 7). The transition matrices associated with the
two configurations are ®@(f) = exp(A; - 1) and D,(¢f) = exp(A, - ?).

For the first configuration one can write

x[(k+ o)T] = @ (aT) - x(kT) + J @ (7) - Bjedr,
0

which gives, after integration

xX[(k + a)T] = @ (aT) - x(KT) + A" - (@ (aT) — 1,,) - Bye, (4.17)

where I, is the identity matrix of the same dimension as A. For the second
configuration the result is given directly (algebra is the same):

x[(k+ 1)T] = @, (aT) - x[(k + )T] + Ay~ - (@3](1 — )T] — 1,,) - Boe. (4.18)

By introducing the value of x[(k + a)T], given in Eq. (4.17), into Eq. (4.18) one
obtains a recurrent equation of the form

Xp+1 = (I)(X](,ak,T). (419)

Equations (4.18) and (4.19) are forms of the exact sampled-data model. Equation
(4.19) is very complex and difficult to manipulate. In order to avoid cumbersome
mathematical developments certain systems having simple representations will be
taken into account. This can be obtained from Eq. (4.18) by employing an adequate
change of variable.

dx { Ay -x fort € kT, (k+a)T) (4.20)

dr | Ay-x fort € [(k+ )T, (k+ 1)T).

The system of Eq. (4.20) corresponds to the dynamic depicted in Fig. 4.6.



64 4 Classical Averaged Model

Fig. 4.6 Dynamic of X
system described by
Eq. (4.20)

X((k + DT )4-
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Integrating the first equation of (4.20), one obtains

x[(k + o)T] = @, (aT) - x(kT), 4.21)

whereas for the second configuration the integration gives

X[(k + 1)T] = @2[(1 — o)T] - X[(k 4 o)T7]. (4.22)

By substituting Eq. (4.21) into Eq. (4.22), one obtains

x[(k + 1)T] = @[(1 — 0)T] - (o) - x(KT), 4.23)

which is the output of the switched model at switching instants in a recurrent form.

Like the model described by Eq. (4.19), the model in Eq. (4.23) is the sampled-

data topological model. The computation of matrices ®; and @, can be simplified

more or less satisfactorily, by their first-order expansions, respectively
@ (o) =~ T+ A -al

{q>2[(1 T~ 1+ A (1— )T, 4.24)

where I is the identity matrix of the same dimension as A; and A,. Introducing the
simplified expressions (4.24) into Eq. (4.23) yields the first-order approximated
sampled-data model.

4.4.2 Relation Between Exact Sampled-Data Model
and Exact Averaged Model

Note that Eq. (4.23), providing the solution of the switched model, contains matrix
products. In the general case a product of matrices is not commutative, i.e., the following
relation generally holds between the two state-space matrices: A; - Ay # A, - A;.

Case of commutative matrices

In this subsection the exceptions where A; - A, = A, - A are addressed. In such
cases the matrix exponentials are also switching, i.e., ®; - ®, = ®, - ®;. There-
fore, the following relation holds:

exp(A;) - exp(Az) = exp(Az) - exp(A;) = exp(A;| + Ap). (4.25)
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Fig. 4.7 Exact behavior
and exact averaged model
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This very interesting result, if applied to the exact switched model (4.23), gives

x[(k+ 1)T] = @, (o, T) - x(KT), (4.26)

where for matrix ®,, one obtains successively

D, = Oy[(1 — )T] - @y (aT) = @ (aT) - P2[(1 — )T]
=exp{A; -al} -exp{A; - (1 —a)T} =exp{[A; -a+ Ay - (1 —a)]-T}.

The latter result can be expressed more synthetically as

@, =exp(An-T), (4.27)

where

AmZA]-(X—I—AQ'(l—(X)

is the state matrix of the averaged model.
Equation (4.27) represents the solution of the system (averaged model)

%<X>o =(A1-a+Ar- (1 —a))-(x)- (4.28)

In addition, at sampling moments it holds that x[(k + 1)T] = (x)o[(k + 1)T].
This is why the model expressed by Eq. (4.28) is called the exact averaged model
(Pérard et al. 1979); its dynamic is represented in Fig. 4.7.

General case

Unfortunately, the assumption of matrices being commutative does not hold in the
quasi-totality of power converters. In the general case, the matrix product between
A and A, is not commutative; hence, their exponentials are not commutative:

exp(A1) - exp(A2) # exp(Az) - exp(Ar ).

Therefore, relation (4.28) becomes

%<X>O ~Ay (X)o=[A1-a+ Ay (1 —a)] - (x),. 4.29)
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Equation (4.29) defines the so-called approximated averaged model (Pérard
et al. 1979). Its trajectory is no longer passing through the points of the sampled-
data model as shown in Fig. 4.7, but it will be an averaged trajectory more or less
close to the sliding average of the exact trajectory.

An issue is to quantify the error introduced by the approximation in this model in
relation to the exact sampled-data model. This represents an upper bound of the
error between the output of the averaged model and the average of the switched
model. Its absolute value is

Err = ®,,(a,T) — ®,[(1 — )T - @, (aT). (4.30)

The complete computation of error expressed by (4.30) is not trivial and can only
be done in numerical form. For the sake of simplicity a second-order approximation
of the matrix exponential is employed,

AP
exp(Ar) =~ 1+ Ar+ 5

in order to express the matrix ®,, and the product ®,[(1 — o)7] - ®¢(aT). One
obtains successively:

A2T2 Ao+ Ay (1 — )P T2
CDm(oc,T)zI—i—AmT—i—”#:I—F[Aux—i—Az(l—(x)]T—i-[ s 2; %)

Alo? N A2(1 —a)?

T2
2 2

=T+ [Aya+ Ay(l — )T +

a(l —a)

T2,
2

+ (A]Az + AzAl)
Ao+ Ay (1 — )17
2
Alo? N A1 —a)?
2 2

Dy [(1 —o)T]- D (aT) = I+ [Aja+ Ax(1l —a)|T +

T2

=I+[Aja+ Al — )T+

1—
+A1A2MT2_

One can remark that the matrix error Err expressed by Eq. (4.30) between the
second-order developments is reduced to the matrix E as follows:

1_
Err ~E — (A,As — AZAI)MTZ. 4.31)

Equation (4.31) shows that if matrices A; and A, are commutative then the
sampled-data and averaged models are confused, as shown in the previous
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paragraph. In the general case, the smaller the norm of the error matrix in relation to
the norms of the other state matrices weighted by their associated enabling times
within a switching period, o7 and (1 — )7, respectively, the more precise the
approximate model is. This further requires that time 7 be small — i.e., the converter
to operate at high frequency — and that the duty ratio « be close to one or zero. If these
assumptions hold, this leads to smaller ripple of the state variables. To conclude, the
averaged model can be seen as an “ideal”, operating at infinite frequency, whereas the
switched model, operating at finite frequency, exhibits, besides the variables’ ripples,
an average different from the averaged model solution.

Discussions on this subject will be detailed in the example presented in Sect. 4.5.3.

4.5 Small-Signal Averaged Model

The large-signal averaged model of a power electronic converter is in general —
with very few exceptions — a nonlinear model. If a modal analysis or linear
controller design is envisaged, a linear representation of the converter model — in
the state space or in the frequency domain — is needed.

4.5.1 Continuous Small-Signal Averaged Model

There are two ways of obtaining the continuous small-signal averaged model,
namely:

« either by starting from a previously obtained small-signal sampled-data model
using the adequate transform;

« or by basing it upon the state-space representation of the large-signal averaged
model.

The second manner is more “prudent” because it is direct and without a supple-
mentary simplification degree. Therefore one proceeds to the use of a Taylor series
development limited to the first order around the equilibrium (steady-state or quies-
cent) operating points chosen upon the method described in Sect. 2.2.4 of Chap. 2.

In order to establish the small-signal model in the frequency domain, one takes
as a starting point its averaged state-space representation (in variations):

X = AX + Bu
y = Cx + Du,

with X and y being the state vector and output vector, respectively, and A, B, C and
D the matrices of the averaged state-space model. The transfer matrix is computed as

H(s) = C(sI—A) 'B+D, (4.32)


http://dx.doi.org/10.1007/978-1-4471-5478-5_2
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(o) o M) -

Fig. 4.8 Boost power stage averaged diagram

where I is the identity matrix of appropriate dimension. Note that if matrix D is
nonzero, the transfer function relative degree is zero. Its poles are the eigenvalues of
the state matrix A. In the multivariable case, Eq. (4.32) corresponds to a transfer
matrix, i.e., a matrix of transfer functions. The transfer matrix contains the transfer
functions from all exogenous variables to the system outputs, so it provides
important information for control design. Software environments dedicated to linear
system analysis can directly compute the transfer function/matrix corresponding to a
given linear state-space representation.

Alternatively, by using the superposition principle in the previous state-space repre-
sentation, one may obtain the transfer function of the channel of interest by zeroing the
input variations on the other channels and expressing the output variable as a function of
the single remaining input. An equivalent circuit diagram that can ease the computation
by circuit transformations can thus be drawn; this is called an operational approach.

4.5.2 Sampled-Data Small-Signal Model

The sampled-data small-signal model can be established in different ways:

¢ either by starting from the large-signal sampled-data model of the recursive
equation, which takes into account an entire operation time slot by making a
differentiation analogous to the one employed for the continuous model (Brown
and Middlebrook 1981);

e or by starting from the small-signal averaged model in either state-space or
frequency representation.

Obviously, one must take care when choosing the sampling frequency in order to
avoid the spectrum aliasing.

4.5.3 Example

Let us consider the boost converter already analyzed in this chapter in Sect. 4.2.4,
whose averaged diagram is recalled in Fig. 4.8. This diagram allows the description
of the averaged model of the chopper.
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Let us consider the following notations for the averages of the state variables:

x1 = (ir)y and x2 = (v¢),.

The large-signal averaged model is given by

. 1
X :Z(E —x(l —a))
. 1 )
= (1 —a) - 22
h=gall -0 —za

The equilibrium point is computed by zeroing the derivatives in the previous
relations:

_E

e 1 w)R
E

X2e = my

where a, is the duty ratio corresponding to the equilibrium point. These relations
give the static behavior of the ideal boost power stage.

Differentiation of the large-signal model will be performed around the equilib-
rium point in order to extract the small-signal model. Let “ denote the small
variations around the equilibrium point. Consider for simplicity that the circuit
supply E and the load R are constant. The other variables in the system may be
written around the equilibrium point as o« = o, + &, x; = x1. + X7 and x; = xp,
+x; . The state-space model can be rewritten as

L-fi :E_-XZE_-@ +x26'ae+x2e'&+ae'f§ +-’5&
CX2 =X{e FX| —X{e O — X{e O — O - X —Xz/R—Xl SO

Note that in these two equations the last terms are very small with respect to the
others and will be neglected. Moreover, in the equilibrium point the derivatives of
the large-signal averaged model are zero:

E —XQe(l — 0(6) =0
xle(l - (xe) _x2e/R =0,

leading to some simplification in the small-signal model:

{Lﬁ =X — (1 —0) %3
CH =(1—a) % —xi0-& — 5 /R.

Further, by replacing the previously obtained steady-state variables x, and x5,
one obtains that
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The equivalent electrical diagram corresponding to the small-signal model in
Eq. (4.33) is presented in Fig. 4.9. Equations (4.33) and Fig. 4.9 enable time-domain
or frequency-domain dynamical behavior analysis of the converter and represent a
base for its control design.

Remark. In obtaining the small-signal model one can also introduce the variation
of the input voltage E and load resistance R, which stand for disturbance inputs. In
this way, the influence of the disturbances over the state variables can be assessed in
the context of a control design approach.

Note that the coupling element has a fixed transfer ratio, as o, is constant
(it represents the duty ratio’s steady-state value). Therefore, it may be seen as an
ideal transformer with ratio (1 — o) : 1. The diagram in Fig. 4.9 may be drawn in a
different manner, allowing operational computation of the small-signal transfer
functions (Erikson and Maksimovi¢ 2001) — see Fig. 4.10. In this figure
ae’ =1-a,.

Further, the voltage source and the inductor can be pushed through the trans-
former in order to obtain the circuit from Fig. 4.11 and to establish a direct
input—output relation. The transfer function from the control input & to the output
variable (v¢ ), is computed by writing Kirchhoff’s equations in the circuit from
Fig. 4.11:

X2 ~ SL - - SCR +1 -
. =—" (xle'a+<VC>o'7>+<VC>o
. o, R

or
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This finally leads to the control-to-output transfer function:

L')C]e
(ve)y X 17Sx o
C 2 2e *
Hu*}t,c(s) — = 0 :(x_,e Ic eL e ,
¢ 52—,2+S—,2+1
o, Ro;

whose elements (gain, time constants, etc.) depend on the steady-state operating
point. Also, a right-half-complex-plane zero can be identified, which corresponds to
nonminimum-phase behavior.

4.6 Case Study: Buck-Boost Converter

The buck-boost power stage from Fig. 4.12 has the following parameters:
C =100 pF, L = 0.5 mH, R = 15 Q and E = 100 V. The input voltage E and
the load resistance R are supposed constant. The averaging time window
corresponds to switching frequency 100 kHz, i.e., T = 10 ps. The scope is to
perform a large-signal time-domain analysis and a small-signal analysis in the
frequency domain.
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Fig. 4.12 Buck-boost H D
circuit schematic
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Fig. 4.13 The exact equivalent diagram of the circuit depicted in Fig. 4.12

To this end, the following actions will be taken:

(a) establish the switched model,

(b) build the approximate averaged model;

(c) deduce the error matrix E and quantize it;

(d) for a given a,, compute the equilibrium point of the system;

(e) show that the large-signal averaged model is bilinear and deduce the state-space
small-signal model;

(f) deduce the transfer function of the system having duty ratio variations as input
and capacitor voltage v as output;

(g) show that the system has an unstable zero and analyze its effect in open loop.

Next, the above listed actions will be detailed, illustrated where relevant by
numerical simulation results obtained in MATLAB®-Simulink®.

(a) Obtaining the switched model
Let u be the switching function (control input) acting on the converter. It takes the
value 1 if the switch H is turned on and O if the switch is turned off. In order to render
this matrix regular a small resistance r is added in series with the inductance L.

The exact model can be written as

: 1
ip = Z[Eu +ve(l —u) —rig]

(4.34)
e = fiL(lfu)f%C .

The exact diagram corresponding to Eq. (4.34) is given in Fig. 4.13.
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Fig. 4.14 Simulink® block diagram implementing the average of a signal on a given time window

(b) Obtaining the approximate averaged model

The exact averaged model can be deduced from the exact equivalent diagram
(Fig. 4.13) by replacing the state variables i; and v¢ and the coupling terms
ir- (1 —u), ve - (1 —u) and E - u by their sliding averages, without further
development. When writing the coupling terms one can make the approximations

{ (iL(1 —u))o = (iL)y - (1 — o)
(ve(I —u))g = (vc)o - (1 —a).

Note that if voltage E is constant, one can write without approximation that
(Eu)o = Ea. The approximate averaged model results finally as

(it = 7 [Bat {ve)o(1 = 00 = r{ic)]

(4.35)
() = & | ~(io(1 o - 22|,

Note that model (4.35) has the same form as model (4.34); the difference is that
the former contains averaged variables instead of switched ones. Model (4.35) is
easy to implement in MATLAB®-Simulink®; Fig. 4.14 shows how to compute the
average of a signal on a given time window by using Simulink® blocks.

Figure 4.15 presents a comparison between the switched and the averaged
behavior of the converter in Fig. 4.12 (see Fig. 4.5); the time evolutions of state
variables — inductor current i; and capacitor voltage v — are shown. The switched
time evolution in Fig. 4.15 was obtained by feeding model (4.34) with a
PWM-modulated duty ratio signal u(f), whereas the averaged time evolution
resulted in response to feeding the same model with the average value of u(?),
computed according to Eq. (4.1) (see diagram in Fig. 4.14).

Figure 4.16 shows the averaged model response at duty ratio a’s step variations.
In this figure one can note that system behavior depends on operating point. The
system’s dynamic characteristics can be assessed: settle time, overshoot, etc.
Remarks regarding the static behavior can also be made: the converter can perform
as a voltage inverter, as a boost when the duty ratio is larger than 0.5 (losses taken
into account), etc. Elements useful for design purposes can result from analyzing
such time evolutions.
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Fig. 4.15 Time evolution of state variables: averaged vs. switched model
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Fig. 4.16 Averaged model response at step variations of the duty ratio o

(c) Analysis of error between the exact sample-data model and the approximated
averaged model

According to Eq. (4.31), the second-order error matrix E is computed as
1—
E=(A A fAz.Al)sz’

where state matrices A; and A, correspond to the circuit configurations having
switch H turned on and turned off, respectively, i.e., foru = 1 and u = 0:

_T _r 1

L L L

A= 0 1| A= 1 1
" RC C RC
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Algebraic calculus gives that

ol —a),,
E_?T' 1 r

RC? LC
Provided numerical data, by taking o = 0.6 and neglecting r one obtains:

_[o 0 [ o 10%/5
A= [0 —104/1.5}’Az {104 104/1.5}’

£ 0 0.16-107*
“10.8-107* 0 :

Using matrix norm computation (largest singular value) as provided by
MATLAB®, one obtains the following values: |[E[| = 8 - 10™°, ||A;|| ~ 666.67,
|A2|| = 10*. The ratio between the norms of matrices A, and A,, weighted by their
respective enabling times, and the norm of matrix E is of the order of 1072, If
switching frequency is reduced to one-tenth its value, i.e., 10 kHz, then the ratios
increase by ten. If one significantly reduces this frequency, e.g., by taking it 1 kHz
instead of 100 kHz, then the ratios get close to 1, which is critical.

(d) Averaging error analysis

Averaging error is defined as the difference between two time signals, the output of
the averaged model and the average, in the usual sense, of the output of the switched
model (see time signal e(f) = (X)o(f) — Xo(?) in Fig. 4.5).

Numerical simulations in MATLAB®-Simulink® environment allow the averaging
error to be highlighted in the time evolutions of both state variables, i; and v¢c. The
relation of these evolutions with the output of the switched model can also be analyzed.

Figure 4.17 shows the dependence of averaging error on switching frequency for the
two state variables of the converter — current (Fig. 4.17a) and voltage (Fig. 4.17b) —in
both dynamical and steady-state regimes following a step variation of the duty ratio o.

Figure 4.18 contains zoomed plots of the time evolutions illustrated in Fig. 4.16,
or more precisely, those corresponding to the dynamical regime occurring when a
duty ratio step from o = 0.75 to o = 0.66 has been applied. As expected intui-
tively, one can see that averaging error decreases as switching frequency increases
(Figs. 4.18(a) vs. (b) and (¢) vs. (d)).

(e) Obtaining the steady-state model
Equilibrium points are obtained by zeroing the derivatives of the system described
by Eq. (4.35). One obtains

e
. % g
{iL)oe (1— ocp)zR
ve) o, . (4.36)
Cloe = — 77— E

(1 — o)
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Fig. 4.17 Tllustration of averaging error on dynamical regimes of state variables of a buck-boost
converter: (a) inductor current; (b) capacitor voltage
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7 kHz; (c¢) capacitor voltage for switching frequency 25 kHz; (d) capacitor voltage for switching
frequency 7 kHz
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Fig. 4.19 Steady-state characteristics of buck-boost converter
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Fig. 4.20 Small-signal equivalent diagram of buck-boost circuit

Equations (4.36) give the nonlinear steady-state behavior of the ideal buck-boost
circuit, as illustrated in Fig. 4.19. For example, concerning voltage, circuit output is
smaller than input voltage E for o, < 0.5 and larger otherwise (Fig. 4.19b).

(f) Obtaining the small-signal model

Model (4.35) is bilinear and therefore nonlinear. It will be differentiated around the
equilibrium point (4.36). As previously, for reasons of simplicity, let the state
variables be denoted as x; = (iz)o and x, = (v¢)o. The index e denotes the equilib-

rium point and” denotes the small variations around it. Proceeding as usual with the
differentiation gives

- 1 1 -
X = Z(l — )2 +Z(—x26 +E)a

) 1 1 4.37)
X = _E(l — 0 )X] —R—CX~2 +Exle0h

which allows one to obtain the small-signal equivalent diagram in Fig. 4.20.
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By replacing the equilibrium points given by Eq. (4.36) into Eq. (4.37) and by

introducing M = %, the small-signal system is described by the following state-

space representation:

X = AX + Ba
y =CX,
where

o, E
0 ' —(1+M
5 ML L (1+M)

x:[@},Az o _L ,B = E M ,C=1]0 1]. (4.38)

MC  RC RC o,

Note that the output matrix C has been defined so as to declare as output the
second state variable’s variation, i.e., y = v¢.

In order to obtain the required transfer function, the classical model conversion
from state space to frequency domain is used:

=2 =C(sI-A)'B+D, (4.39)

where &(s) and Y (s) are the Laplace transforms of input & and output ¥ ,
respectively. Relation (4.39) denotes a transfer function whose denominator,
denoted here by D(s), is the determinant of matrix (sI — A) and whose numerator,
denoted by N(s), is given by

N(s) = C(sT — A)*B,

where - * denotes the adjoint matrix. Further, one obtains

e
ML , s o2
D(s) = det[s — A] = det a, +L =y +ﬁ+M2LC’
MC RC

_ EM? o, E(1+M)
o E M* | “RCo,’ MC'L '
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After the necessary algebra, one finally obtains the required transfer function:

Y M’E 1—
Y _ - — Tzs (4.40)
U(s) % 527+s—§+1

0; O,

with

M? L o 1 M L
T=—"%,0p =" _’gz_' oA
o R M VLC 2a, VR2C

If one wants to analyze the dynamical transfer between the duty ratio a and the
current inductor i; the above development must be reiterated by defining the output
matrix C =[1 0] in Egs. (4.38) and (4.39).

Figures 4.21 and 4.22 show the Bode diagrams of duty-ratio-to-current and duty-
ratio-to-voltage transfer channel, respectively, plotted as family curves for different
operating points characterized by different values of the duty ratio a.

Notations within these figures denote the following:

{A,-/V =20 - log|H;,(jo)| [dB]
Pipy = arg(H;/,(jo)) [°] ’

where H;;,(jo) denotes frequency responses of duty-ratio-to-current and duty-ratio-
to-voltage influence channel, respectively, in the small-signal model.

(g) Analysis of the nonminimum phase behavior

Analyzing Eq. (4.40) reveals that the transfer function numerator, N(s), has a zero
with positive real part (+ 7). This results in the open-loop step response taking a
particular shape, namely, the system first evolves in the opposite sense in relation to
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the input variation, then comes back to the positive sense. This is called a
nonminimum-phase response and it can be observed both in the voltage time
evolution (Fig. 4.16b) and in its frequency response (Fig. 4.22).

Suppose that the system operates in a closed loop with a proportional controller
K. It will not be possible to compensate exactly this zero in closed loop, because the
controller itself will be unstable. If a proportional controller is to be employed, a too
small gain leads to a non-negligible steady-state error; the other way round, if the
gain is too high, the closed-loop system can become unstable due to plant
nonminimum-phase behavior.

(h) Case of discontinuous conduction

Reducing too drastically the switching frequency can result in discontinuous conduc-
tion. Figure 4.23 presents such a case for the considered buck-boost converter, where
the switching frequency 2 kHz corresponds to the boundary between the continuous-
and the discontinuous-conduction mode (ccm and dem, respectively). One can see
that the inductor current becomes zero during certain time intervals (Fig. 4.23a) and
the capacitor voltage has a first-order dynamic behavior (Fig. 4.23b). This is due to
the fact that the discontinuous-conduction case leads to reduction in the dynamical
system’s order. Furthermore, the steady-state values of state variables are not
correctly obtained through the averaged model. The conclusion is that the averaged
model is not suitable for describing this case, which is one of its limitations.
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Fig. 4.23 Evolutions of state variables in discontinuous-conduction case, obtained at the bound-
ary between ccm and dem (2 kHz switching frequency): (a) interrupted current; (b) first-order
behavior of the capacitor voltage

4.7 Advantages and Limitations of the Averaged Model.
Conclusion

Averaged models can form the basis for obtaining normalized models by making
suitable variable changes in both state variables and time (Sira-Ramirez and Silva-
Ortigoza 2006). Discrete-time averaged models, useful for digital control design, can
also be obtained based upon sampled-data models (Maksimovi¢ and Zane 2007).

Among the advantages of the averaged model in particular is the facility of
building and implementing one, as well as its good approximation precision when
the state variables are lightly rippled. The other way round, this model begins to
lose its precision when good filtering conditions are no longer satisfied. Moreover,
the model is not useful for converters having one or multiple AC stages (zero
average value of certain variables). It also exhibits difficulties in the discontinuous-
conduction case, as illustrated by the presented case study. Thus, as the concerned
variable becomes zero at each switching cycle, on a nonzero time interval it cannot
be expressed as a large-signal recurrent form, and therefore it cannot be
approximated by the averaged model.

Finally, there are some questions that the scientific community has not yet
answered (Krein and Bass 1990). The main ones are:

* What conditions guarantee a satisfactory approximation?

e Is the averaged model trajectory a sliding average along the original circuit?

* Are averaged model and original system dynamic characteristics identical?

» Can the original solution be recovered starting from the approximated solution?
¢ Is the approximation valid for large signals?
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H H

Fig. 4.24 Flyback converter: (a) electrical circuit; (b) electrical circuit including model of the
transformer

¢ What is the lower limit of the ratio between the switching frequency and the
smallest converter time constant for which the averaged model remains valid?
e Can the model be used in closed loop?

Some of these questions have partial answers; the reader is referred to the
relevant literature. Taking into account the above issues, alternative solutions to
the averaged model have been developed, such as the steady-state first-order-
harmonic model (Sanders et al. 1990; Kazimierczuk and Wang 1992), the
reduced-order averaged model (ROAM) (Chetty 1982; Sun and Grotstollen
1992), or generalizations of the averaged model.

Some of these solutions, such as developed by Krein et al. (1990), bring greater
precision, but at the price of implementing and building a complexity difficult to accept.
The first-order harmonic dynamic approach solves the problem of AC variables
presence, but it cannot solve the discontinuous conduction problem. In addition, this
latter technique does not add precision in the DC-DC conversion case, although it
provides a more complex solution. Nevertheless, modeling in the first-order harmonic
dynamic sense finds a natural application in the field of power converters having both
DC and AC stages (rectifiers, inverters, resonant power sources, etc.). The disconti-
nuous conduction problem has no solution (in the modeling sense), unless the model of
the concerned variable is eliminated. This can be achieved by using the ROAM
technique. These techniques will be approached in the following chapters.

Problems

Problems 4.1, 4.2, and 4.3 are given with solutions. Problems 4.4, 4.5, and 4.6 are
left as exercises.

Problem 4.1. Flyback converter
Let us consider the flyback converter in Fig. 4.24a, allowing isolated non-inverting
boost topology via a transformer with ratio n.

It is supposed that the transformer has negligible primary and secondary winding
resistances and leakage inductances, whereas it has nonzero core reluctance. These
assumptions lead to transformer modeling as a “two-winding inductor”, i.e.,
represented by a magnetizing inductance referred to the primary winding coupled
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Fig. 4.25 Two configurations of flyback converter, corresponding respectively to the two states of
the switch network composed of H and D: (a) H turned on and D blocked (u = 1); (b) H turned off
and D in conduction (u = 0)

with an ideal transformer, as in Fig. 4.24b (Erikson and Maksimovi¢ 2001). It is
required to address the following points.

(a) Obtain the averaged model and the corresponding equivalent diagram by using
Algorithm 4.1.

(b) Compute the steady-state model.

(c) Considering that input voltage E varies (representing a disturbance input), deduce
the small-signal state-space model and draw the associated equivalent diagram.

(d) Using the previously obtained small-signal model, get expressions for the
transfer functions representing the influence from the duty ratio (control
input) and the input voltage E (disturbance input) to the state variables.

Solution. (a) The averaged model is deduced from the switched model. This latter
results from an analysis of the circuit operation; it has two configurations: switch
H turned on and diode D blocked (switching function u takes value 1), and switch
H turned off and diode D conducting (switching function u takes value 0) (see
Fig. 4.25).

When the diode is blocked (# = 1), the transformer’s primary and secondary
currents are zero. When switch H is turned off (« = 0) the magnetizing inductor is
decoupled from the input source, the primary voltage is vo/n and the secondary
current is i;/n. Hence, the system has two state variables, current i; and voltage v,
whose dynamics are described by the following relations:

diL dlL Ve
L=t=E J
dt dt n
" g ve  "TON) pdve _in_ve @40
d R d n R’

Equations (4.41) can be expressed by a single set, which represents the switched
model of the flyback converter:
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Fig. 4.26 Equivalent diagram of flyback converter averaged model

L~ilL:—(1—u)-V—C—|—u-E
n

: (4.42)
cﬂkzu—uy%—%.

The averaged model results directly from model (4.42) by replacing switching
function u by its average, i.e., the duty ratio denoted by «. The equivalent diagram
of the averaged model can be drawn as shown in Fig. 4.26. The three subcircuits are
linked by two couplings, each of which acts as an AC + DC transformer, with ratio
a (input voltage side) and (1 — a)/n (load side).

(b) The steady-state model results by zeroing the derivatives in Eq. (4.42).
Equilibrium values of the state variables are denoted by subscript e:

_ E.-a ., o, E
R.

Ve = e =t (4.43)

1—a’

The first equation of (4.43) shows that the output voltage has expression similar
to that of the buck-boost case, except it is positive and contains a supplementary
multiplying factor n.

(c) The small-signal model may result from perturbation and linearization. Let
us replace the perturbed input and state variables into Eq. (4.42): a =, +a, E
=E, +E , I =l + 1~L and vc = vee +ve . By using (4.43) and neglecting
products of small variations, one obtains, after some simple algebra:

nd l—a, - Ve ~ =
L'lL:— 'Vc+ —+FE '(X—F(XE'E
n n
| | (4.44)
< — e ~ ~ lle ~
C = - . =
ve n ' RC e n

These lead to the small-signal AC equivalent diagram in Fig. 4.27.
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Fig. 4.27 Small-signal AC equivalent diagram of flyback converter

Equations (4.44) allow state-space matrix representation as in Eq. (4.45),
emphasizing the small-signal state vector x = [l: Ve ]T, the small-signal input

=T ) i .
vectoru = [& E |, the state matrix A and the input matrix B:

1 Vee o,

. 0 - _ S LT N

- E e i

L | = N =,
[%‘| ﬂ _L Ve iLe E
~—— nC RC ~— _E 0 ~

X X u

A B

(4.45)

(d) Setting the output vector to be identical to the state vector, i.e., y = X, results
in output matrix C being the 2 x 2 identity matrix.

Based upon the matrix state representation in (4.45) and on the definition of the
output matrix C, one can compute the transfer matrix H(s), containing the transfer
functions of the four input-to-output channels. To this end, the following well-
known formula can be used:

H(s) =C-(sI—A)"-B.

After performing the computation and knowing that element H,;(s) of matrix H
(s) represents the Laplace image of the transfer from input j to output i, the
expression of the transfer matrix can be written as

Hoiy () He—i(5)

H(Y) - H(x~>vc (S) HEH"C (S) ’

(4.46)

where the transfer functions are
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Fig. 4.28 Electrical circuit ip L, C D
of SEPIC > !
E e Vea
Ve c
H L ? K
/\iLZ
u
Tm' s+ 1 kE,‘
Ho i) () = kg, - ————  He—j, (s) = —=
o L(S) g, S(T()S-l-l) E L(S) P
oo () = ke - e g, () = — Ko o
—ve\S) = Kave * 7o 3 velS) = 77—~
ae W §(Tos+ 1) B s(Tos + 1)
with the different gain and time constant notations standing for
To =RC
. _ Vee +nE, + (1 —a) - ige/n o RC(v¢e + nE,)
i nL M Vee +nE, + (1 — ) - ipe/n
‘ :(lf(xe).(vCe/n+E€) T ireL
e n-(L/R) T (1—a) - (vee/n+E,)
o, o (1 —a,)
kgi, = — kgye = ——F——7-.
) Be =0 (L/R)
(4.48)

Equations (4.47) and (4.48) indicate that the small-signal model is a
linear-parameter-varying one because its parameters depend on the steady-state
operating point, as expected. Note also that all the four transfer functions have a
pole at the origin. As in the case of the buck-boost converter, the capacitor voltage
exhibits nonminimum-phase behavior in response to duty ratio variation, as shown
by the associated transfer function Hy_.,.(s) having right-half-plane zero (see
Eq. (4.47)). Based upon expressions (4.47) of the transfer functions, one can draw
the corresponding frequency responses in the form of Bode diagrams.

Problem 4.2. Single-ended primary-inductor converter (SEPIC)
Let us consider the single-ended primary-inductor converter (SEPIC) in Fig. 4.28,
allowing noninverting up/down voltage conversion using two uncoupled inductors.
The circuit is driven by a single binary switching function and hence has two
configurations (Sira-Ramirez and Silva-Ortigoza 2006).

The following points must be addressed.

(a) Obtain the averaged model and the corresponding equivalent diagram.
(b) Compute the steady-state model.
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Fig. 4.29 The two a )
configurations of the SEPIC I
. > )
power stage, corresponding E Ve
respectively to the two [
states of the switch H: - +
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Fig. 4.30 Equivalent diagram of SEPIC averaged model

(c) Assuming that input voltage E varies (being a disturbance input), deduce the
small-signal state-space model and draw the associated equivalent diagram.

(d) Using the previously obtained small-signal model, get the expression of the
transfer function representing the influence from the duty ratio (control input)
to the voltage v, as output variable.

Solution. (a) The averaged model is deduced from the switched model, which results
from analyzing the two configurations of the circuit: for switch H turned on and diode
D blocked (switching function u takes value 1 — Fig. 4.29a), and for switch H turned
off and diode D conducting (switching function u takes value 0 — Fig. 4.29b).

The circuit is described by four state variables, the two inductor currents iz ; and
ir2, and the two capacitor voltages v¢; and v,. Operation of the two configurations
can be merged to yield the switched model given in Eq. (4.49).
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Fig. 4.31 Small-signal equivalent diagram of SEPIC

Liipy = —(1 —u) - (ve1 +vea) +E

Cwver = (L—u) i —u-ip

L2iL2 =U-vc1 — (1 — u) V2 (449)
V2

Cover = (1 —u) - (i1 + ir2) — R

The averaged model results directly from model (4.49), in which one replaces
the switching function u by its average, i.e., the duty ratio denoted by a. The
equivalent diagram of the averaged model is shown in Fig. 4.30.

(b) By zeroing the derivatives in Eq. (4.49) one obtains the algebraic relations
allowing computation of the steady-state values of state variables (marked with
subscript e) as follows:

2

e E, o E. e

—, Vcle=Ee, Ipe=7——"—, Vc2e=
1—a R l1—a R

irle = E,.

1—a,

(4.50)

Equations (4.50) show that the steady-state value of v¢; equals the input voltage
E, with the steady-state output voltage v, corresponding to the noninverting buck-
boost topology.

(c) The perturb-and-linearize method may be used to get the small-signal model.
Thus, the perturbed input and state variables o = o, + &, E = E, + E il = In1e

+ir1, Ver =Veie + Vet s ip = e +ir2 and ver = veae + ver  are replaced in
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Eq. (4.49). After computations, by using Eq. (4.50) and neglecting products of
small variations, one obtains Eq. (4.51), whose associated equivalent diagram is
given in Fig. 4.31.

Ly = — (1 - o) — (=) +(vere +ver)d  +E
Cl‘j.a =(1- ae);; — Wign + (ir1e + ir2e)0t
Lleng = AVl — (I —a)ver  +(veie + vere)a
Cover = (1 = )ips + (1= a)in —(1/R)vea  +(ivte +i2e)&
4.51)

Equations (4.51) can further be put into the matrix form:

X=A-x+B-u, 4.52)

~ . __T. . ~
where x = [le i Vel Vo } is the small-signal state vector,u = [oc E
is the small-signal input vector and state matrix A and input matrix B are

0 —(1 —(Xg)/Ll 0 —(1 — oce)/Ll
A— (]—(Xe>/C1 0 —(Xe/Cl 0
- 0 o /L> 0 —(1 —a)/Ls
L (1 —o)/Cs 0 (1-)/C; —1/(RCy)

C (vete +veae) /L1 1)Ly (4.53)

—(i1e +i2.)/C1 0
(vete +vere) /Lo 0
| —(iz1e +ir2.)/C2 O

Relations (4.52) and (4.53) define the SEPIC small-signal state-space model.

(d) Using the matrix state representation in (4.52), the matrix definitions in
(4.53) and the definition of the output matrix C as the four-by-four identity matrix,
one can compute the transfer matrix H(s) as

H(s)=C-(sI—A)"" B, (4.54)

which contains the transfer functions of the eight input-to-output channels. Apply-
ing relation (4.54) requires in this case the computation of the inverse of a four-by-
four matrix in analytical form, which is quite difficult. In order to get the expression
of the transfer function of the channel from the duty ratio o (first input) to the output
voltage ve, (fourth state variable), the output vector must be set as y = v, hence

the output matrix must be setas C=[0 0 0 1 ]T. Therefore, computing only
the fourth row of matrix H(s) is sufficient to get the transfer function sought for.
A quite laborious but simple computation finally produces the duty-ratio-to-output-
voltage transfer function,
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Fig. 4.32 Nonideal boost E L R, i

Yo
power stage >

b3’ + bas’ + bis+ by
Sttt +as+ao’

Heyy (5) (4.55)

where the different parameters of numerator and denominator are, respectively

i1e +ir2e Veie + Veoe
by = — Lle T L2 by = (1 —a,) e T2 1 1 1))C
3 c 2 = ( o) L,C1Cs (L1 + L,)C,y
iLle + iLZe VCle + V(C2e
by = —a L, He T2 (]~ g,) Cle T TC2e
N N e (1 - a) LL,C,Cy
Lo L . (1= @) (LiCy + LaCr + LaChy) + 2L, Cs
37 RC, 2T L,L,C,Cs
1 2Ly + (1 —a,)’Ly (1—a)?
a =-—- ap = .
"7 R L,L,C,C, O L.L,C,Cy

Analyzing the numerator of expression (4.55), one can identify the presence of
unstable zeros, characterizing the nonminimum-phase behavior of the output volt-
age in response to duty ratio variations, similar to the buck-boost and flyback
converter cases.

Problem 4.3. Nonideal Boost Converter

Let us consider the boost converter in Fig. 4.32, where the inductor is modeled as a
pure inductance L = 2 mH and a series resistance R; = 0.5 Q due to copper losses.
The output capacitor has C = 100 pF and an equivalent series resistance, Rc
= 0.05 Q. Both input voltage and load resistor are variant around their respective
rated values E = 5 V and R = 10 Q. It is required to solve the following points.

(a) Deduce the small-signal state-space model and draw the associated equivalent
diagram taking into account that both input voltage E and load resistance R vary
(they will be represented as disturbance inputs).

(b) Get the expressions of the three following transfer functions: from duty ratio to
output voltage, from input voltage to output voltage and from load resistance to
output voltage, respectively, by using the previously obtained diagram.

(c) Compute the steady-state model and draw the steady-state characteristics and
input—output efficiency curve with respect to the duty ratio.
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Vo, * O A
Oe L R, o, .0

Fig. 4.33 Small-signal model of the nonideal boost circuit: equivalent diagram

(d) Draw the zero-pole diagrams for each of the three above mentioned influence
channels using the MATLAB®-Simulink® software.

(e) Simulate the averaged nonlinear (large signal) model and assess the results for
small variations around the steady-state operating point corresponding to the
full load; make comparisons with the zero-pole diagram.

Solution. (a) For the sake of simplicity, in this example the brackets { - ) will be
dropped; therefore, any variable encountered will denote in fact the corresponding
average. Following the developments in Sect. 4.5.3 of Chap. 4, the large-signal
averaged state-space model may be written as

Lip =E —vo(l — o) — Ryip
Vo

Cve =i(1—o) =2 (4.56)

vo = CRcve + ve.

Next, variables describing the steady-state (equilibrium) operating point and
rated values bear the subscript e. With notation &, = 1 — «,, in the equilibrium
point it holds that

E. — v - (x/g —Rpige =0

. / Voe

ire o, —— =10 4.57
€ e Re‘ ( )

Voe = VcCe-

In order to obtain the small-signal model around the considered operating point,
one must differentiate the model (4.56):


http://dx.doi.org/10.1007/978-1-4471-5478-5_4
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Fig. 4.34 (a) Small-signal model of nonideal boost circuit: duty-ratio-to-output-voltage
influence; (b) push of inductor and voltage source through transformer

Lip = Ec+E = (voe+70) - (1= o =) —Ro - (ire 1)
Cv%=(iLg+iZ)-(1—ae—a)—@—v—°+@-Te (4.58)

Voe + V0 = CRcve + vee + Ve -

Using relations (4.57) in the system of (4.58) and neglecting small variations,
one obtains the small-signal model of the considered boost power stage:

Lip =E + v, - & —a, - Vo —Rp - 0L,
CVe = —ie &+, i) ——-—1is (4.59)
R,

%o = CReve + e,

where the variation of the load current due to the load variation has been denoted by
is = —Voe /R? -R . The associated equivalent diagram is given in Fig. 4.33.

This diagram shows the influence in variations of all the exogenous variables
over system output vy : output results from superposition of all input variables. In
order to extract a certain transfer function corresponding to one of these influence
channels, one must nullify all other input variations.

(b) The duty-ratio-to-output-voltage transfer function is obtained by putting E
=0andis =0in Eq. (4.59) or in Fig. 4.33. The result is presented in Fig. 4.34a.
Further, the inductor and the voltage source in Fig. 4.34a may be pushed through
the transformer; the circuit in Fig. 4.34b results, where the new inductor current has



Problems 93

a ~
153 RL Qo1
> >
Vo is
° °
Rc R,
L , o~
o, vy c
a1
b
R; Yo Is
"2 Rc
L Qe ¢ R,
s —
o2

Fig. 4.35 (a) Small-signal model of the nonideal boost circuit: load-current-to-output-voltage
influence; (b) push of inductor through transformer

been denoted by i. Using Kirchhoff’s laws, one solves this circuit by expressing
output voltage variations vy as a function of the duty ratio variations o :

1 ~ Vi ~ -
ﬁ(SL“FRL)'lL: O,e~(X—V()
e e
~ Vo
I, = e S _|_ (460)
1
R R —
€|| C+SC

Combining Eq. (4.60) one finds that

~ 1 sL+R ~ (voe SL+Rp .
o | e e 1 (x~<0, R Lm,). (4.61)
o«7 Rel|(Re + ) ® *

e e

Simple algebra gives the required transfer function, Hyq(s) = =

R.(CRcs + 1) (voeot, — ireRp, — ir.Ls)
CL(R, + Rc)s? + [o2R.RcC + CRL(R, + R¢) + L]s + 2R, + R,
(4.62)

HV(J‘X(S) =
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Fig. 4.36 Noninverting H, i L D,
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Similarly, the output-current-to-output-voltage transfer function may be

obtained by putting E=0and & =0 in Eq. (4.59) or in Fig. 4.33. The result is
shown in Fig. 4.35a. Further, the inductor in Fig. 4.35a may be pushed through the
transformer, resulting in the circuit in Fig. 4.35b. One aims at expressing the output

voltage variations vy as a function of output current variations ig and output

impedance:
o~ 1 L Rp

e e

Simple algebra gives the required transfer function, H,,;,(s) = =

Re(CRCs + 1)(RL + LS)
CL(R, + R¢)s? + [2R.RcC + CRL(R, + R¢) + L]s + >R, + R’
(4.64)

HVois (S) =

Computation of the input-voltage-to-output-voltage transfer function results
similarly and it is left to the reader. Solutions to the questions proposed in (c),
(d) and (e) are also left to the reader, as are the solutions to the following problems.

Problem 4.4. Noninverting Buck-boost Converter
The circuit in Fig. 4.36 has a switching network composed of four switches
(two transistors and two diodes). As the transistors are operated synchronously
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Fig. 4.38 Quadratic buck i L, H i L,
power stage > >
E D, Vo2
G D5 +
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with the same binary switching function, u € {0,1}, this switching network leads to
two circuit configurations.
By taking i; and v (see Fig. 4.30) as state variables

(a) obtain the switched model (bilinear form);

(b) obtain the averaged model and the corresponding equivalent diagram;

(c) compute the steady-state model; draw the static input/output characteristic with
respect to the duty ratio;

(d) using the perturb-and-linearize method, deduce the small-signal state-space
model and draw the associated equivalent diagram (E is considered constant);

(e) using the previously obtained small-signal model, get the expression of the
transfer function representing the influence from the duty ratio (control input)
and from the input voltage E (disturbance input) to the output voltage;

(f) analyze the system at point (d) for nonminimum-phase behavior and how its
poles and zeroes migrate as the load resistor varies.

Problem 4.5. Watkins—-Johnson Converter
Given the circuit in Fig. 4.37, answer the same requirements as in Problem 4.4.

In addition, it is required to simulate numerically (for example, using
MATLAB®) the switched and the averaged models in the following case: input
voltage £ = 5 V, inductance L = 5 mH, output capacitor C = 100 pF and output
resistor R = 10 Q. Compare the system behavior for duty ratios larger than 0.5 with
the behavior for duty ratios smaller than 0.5. Draw the Bode diagram of the transfer
from the duty ratio to the output voltage for a, = 0.6 and a, = 0.4.

Problem 4.6. Quadratic Buck Converter
Given the circuit in Fig. 4.38, answer the same requirements as in Problem 4.4.
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Chapter 5
Generalized Averaged Model

This chapter approaches methodologies of deriving averaged models able to also
represent behavior of converters containing AC stages. This time, modeling is not
restricted to DC variables and the resultant models — called generalized averaged
models (GAM) — can handle averages of higher-order harmonics.

The chapter first provides basic ideas of generalized average modeling and the
relation of GAM to the previously introduced classical averaged model, followed by
examples of obtaining GAM for some simple cases. The GAM application range is
identified and its building and implementation simplicity is shown. To this purpose
two clear algorithmic approaches will be defined, namely the analytical approach and
the graphical one, respectively. The relation between GAM and the real waveforms is
shown, as well as the expression of active and reactive AC variable components using
GAM. Relations with the classical averaged model (detailed in Chap. 4) and with the
first-order-harmonic steady-state model will also be emphasized. Some case studies
will serve at illustrating the various approaches. This chapter ends with some
problems with solutions and some to be solved.

5.1 Introduction

Each of the various models presented until now applies to somehow dedicated area
and therefore has different properties. They have, however, a common aspect: the
precision of plant replication grows with model complexity. So, as the modeling
effort is sometimes unworthy, especially if the required performances are not high,
one should always envisage a trade-off between the two above listed requirements.
One should also note that the reciprocal statement is not true: accuracy of the model is
not necessarily due to complexity. The model presented by Sanders et al. (1990) —
which was resumed later by Noworolsky and Sanders (1991) and by Sanders (1993) —
shows this. This model, based on early nineteenth century works of Van der Pol,
provides a good trade-off between accuracy and implementation simplicity; this
statement is only valuable for converters having both DC stages and AC stages

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 97
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_5,
© Springer-Verlag London 2014
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where the first-order harmonic prevails. In this context, the chosen application in the
cited article is an ideal resonance power supply whose behavior has been illustrated
by what the authors have called a generalized averaged model, or GAM. In the same
article, the authors have modeled in the same way a DC-DC buck-boost power stage,
obtaining satisfactory results only for values of duty ratio of around 50 %. A similar
modeling approach was developed by Caliskan et al. (1999) for the DC-DC boost
power stage, with similar results.

In the latter literature this kind of modeling has been called generalized state-space
average (GSSA) modeling (Rimmalapudi et al. 2007), and it is useful in any power
electronics application containing AC power stages: in resonant converters (Rim and
Cho 1990; Xu and Lee 1998), in active power filters (Nasiri and Emadi 2003; Wong
et al. 2006), in electronic ballast for discharge lamps (Yin et al. 2002), and others.

5.2 Principles

5.2.1 Fundamentals

The GAM is based on the waveform representation using the complex Fourier
series. Thus, every periodic variable x(f) can be expressed as

+00

x(t) = > xlr) e, (5.1

k=—00

where o is the fundamental pulsation and x; is the coefficient of the kth harmonic,
whose mathematical definition

Xk(l) =

~| -

/ x(t) - e *oUnr, (5.2)
Ir

t

with T = 2n/w, corresponds to the definition of a sliding average — in the sense
given in Chap. 4 — which will be further called kth-order sliding harmonic. The kth-
order harmonic — or k-phasor (Maksimovic et al. 2001) — coefficient results from the
sliding averaging operation. For proof purposes the following notation will be used:

X (1) = (x),.(2). (5.3)

Equations (5.1) and (5.2) lead to two fundamental properties. The first is
concerning the derivative of the sliding average, expressed as

G000 = () (0 =kl 0, (5.4
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and the second property concerns the variables product:
G () = D (i) - o). (5.5)

Interested readers can find a justification of Eq. (5.5) in the Appendix, whereas
proof of Eq. (5.4) is presented here. This latter is based on integrating by parts
Eq. (5.2), which gives successively

t t

x (1) = 7 /x('c) ceT kT = " T
=T =T

t
1 et 1 dx(t) _;
= — . Jkot ) - . jk(m:d ) 56
koT (X(T) ) + JkoT / aw ¢ (56)
vy

Equation (5.6) can further be developed by noting that the second term contains
the k-order sliding harmonic of the signal x’s time derivative; thus one can write

1 . .
- . ,—Jkotr _ . ,—Jko(r=T)
w0 =~ (x(t) e X(t—T) e )
t

1 1 dX(T) —jkwt
+jk_(x) : f / dt e dt

t—T
4,
dt
k

_ ! (x(t).e*f'kwux(rfT).efﬂ«wufn)+ ! <jtx> 0. 6.7
k

 jkoT ko

— Jjkot

On the other hand, suppose that function x(¢) - e admits the primitive

denoted by F (1), i.e., it holds that

dF (1)

_ . ,—jkot
= = x(t) - e, (5.8)

Thus, for the same integral in Eq. (5.2) one obtains
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and the time derivative of the k-order sliding harmonic can further be obtained as
depending on the primitive function F:

d 1/d d

—,(t)==|=F@t)—=F(t-T) |,

=0 T(dt () - ZF >)
or equivalently, using Eq. (5.7),

%(x}k(t) _ % (x(0 - (1~ T) - 0D, (5.9)

Equation (5.9) can now be used to replace the first term in Eq. (5.7):

1 d 1 d
£)=———— ) +—(—x) (¢
W40) = i 0+ 5 () 0
and to finally derive Eq. (5.4).
The modeling in the GAM sense is based on Eqgs. (5.4) and (5.5). One can note
that Eq. (5.4) is valid only if the pulsation ® is slowly variable. Otherwise, the
expression of the derivative 4 (x),(r) becomes unusable (Sanders et al. 1990):

d - d d 1d
el —x-(f=T) . e /k0C-T) LT el — 2 w—i
dt (W =x-(t=T)-¢ olt )dt a® . T\ o a® ) k’

where o is the derivative of 0.

5.2.2 Relation with the First-Order-Harmonic Model

By the first-order-harmonic model one understands the steady-state sinusoidal
regime of a system characterized by AC variables. If the series expansion in
Eq. (5.1) is truncated at the first harmonic (k = 1) of pulsation ® and by considering
the steady-state regime ({x), is constant), the conditions of the first-order-harmonic
model can be found. Indeed, this can be seen on the elementary circuit from
Fig. 5.1.
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The circuit equations are:

d, _E Ve
atTLTL
d _iL
a'cTc

By applying the result (5.4), one obtains:

& Gy = —joli, + 2 - e
d ir),

(ve)y = —jo{ve), +T-

dr
By considering the steady-state regime, that is, by putting

d . d
%<1L>1 :$<VC>1 =0,

one finds the complex expression of the impedance of the circuit from Fig. 5.1:
. L.
(E); = (JjoL +jm—C (ir);-

This equation shows that the first harmonic model is a particular case of the
GAM limited at the fundamental harmonic. This is why it is also called the
harmonic dynamic model.

5.2.3 Relation with Classical Averaged Model

For showing that the classical averaged model is a particular case of the GAM, one
may use Egs. (5.2), (5.4) and (5.5) and take k = 0, that is, one takes into account
only the average value of the signal x. Equation (5.2) becomes (T is the averaging
time window, e.g., the switching period):

(X)) = 7 / x(t)dt, (5.10)
and Eq. (5.4) becomes:

< (a(0) = <%x>0(t). 5.1
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Equation (5.10) is the sliding average in the averaged model sense, whereas
Eq. (5.11) represents a fundamental property of this latter, regarding the time
derivative.

The fundamental approximation of the classical averaged model (see
developments in Chap. 4) finds a justification in the analysis of the product
variables of Eq. (5.5). Indeed, if one refers to the sliding average of a product,

(x-y)o = z‘+n21:0 iD= (oo + )1 )1 + () )y (5.12)

+ @) o+ ) 0+
and neglects the variations of variables x and y and therefore their harmonics, then
one obtains
(- y)o = (x)g - (o

Averaged model limitations when harmonics are important, or when the impos-
sibility of its use when the state variables vary around zero, can be well understood.

5.3 Examples

Some elementary examples are here approached in the same manner as in the case
of the averaged model. First, the kth-order sliding average of a variable is taken into
account. Then, the operation is repeated for a passive circuit and for a switch.

5.3.1 Case of a State Variable

Let us consider a system described by dx(¢)/dt = F(x(¢), u(t)) with u(¢) being a T-
periodical input signal. By using Eq. (5.4) this system becomes

0 = o) + (o) 5.13)

The expression of (x) is complex, having a real part and an imaginary part. This
variable can be developed using the Fourier series (see Eq. (5.1)). As any variable
represented by its mean value, first harmonic and superior harmonics, variable x(f)
can be written as

x(t) & (x)o + 2[Re((x),) cos (or) — Im((x),) sin (or)],

where the development has been truncated at the first-order harmonic.
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Fig. 5.2 Tllustration of a
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5.3.2 Case of a Passive Circuit

Applying Eq. (5.13) to R, L, or C passive circuit elements, one obtains successively
(the time variable being omitted)

« for an inductance:

di di N d(i)
=L — =(L— = L L N .14
v d[ = <V>k < dt>k ka <l>k + dl 9 (5 )
« for a capacitor:
] dv ) dv , d(v),
— - — —_ = N .1
i Cdt = (i), <C dt>k jkoC(v), +C 7l (5.15)
« in the case of a resistance:
(M) = R{i),- (5.16)

Figure 5.2 gives a topological image of Egs. (5.14), (5.15) and (5.16) respectively.

Remarks. Except for the case of the resistance, the GAM applied to a circuit
element changes its configuration.

By putting £ = 0 one obtains the averaged model diagram of a passive circuit
element.

By considering the steady-state regime (i.e., by zeroing the derivatives) one
obtains the steady-state harmonic model written by using impedances.
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Fig. 5.3 General diagram
of DC-AC converter

i

O Sl

Fig. 5.4 Equivalent exact diagram of converter from Fig. 5.3

5.3.3 Case of a Coupled Circuit

The GAM is particularly appropriate for coupled circuit analysis having both DC-
type variables — described mainly by their averages — and AC-type variables —
described by their first-order harmonic, as well as variables having both DC and AC
components.

In the present context, a coupled circuit is a symmetrical-switching converter
having a switching function with zero DC component (see Fig. 5.3). This figure
shows a generic converter between DC and AC variables without being interested
in the power flow direction, either in type of DC source, G, or in the AC source, G,,.
The represented structure can be a voltage/current inverter or rectifier.

In order to emphasize the couplings, the equivalent switched diagram of the
studied structure is built. As usual, one denotes by u the switching function (Fig. 5.4).

Let us consider the first-order harmonic of the AC variable and the average value of
the DC variable. One must therefore find the expressions of the following variables:

e in the AC part:

<Ga>1v (Ge - ”>1§
¢ and in the DC part:

<GC>0’ (Ga - “>0'

If restraining the model to first-order harmonics and average values, by applying
Eq. (5.5) to the coupled expressions one respectively obtains

(Ge-u)y = (Ge)g - (u)y + (Ge)y - (u)o, (5.17)

(Ga-u)y = (Ga)g () + (Ga)y - (u) _y +(Ga) - (), (5.18)
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Fig. 5.5 Square-wave u(?)

switching function |
+

T

If, moreover, the switching function u has zero average value, these above
expressions can be respectively rewritten as:

(Ge-u)y =(Ge)o - (u)y; (5.19)
(Gg - u)y=(Ga)y - () _; +(Ga)_; - (), (5.20)

Equation (5.20) can be rewritten and put into a more suitable form, knowing that
terms (x); and (x)_; being conjugated, which represents a real value, namely:

(Ga - u)y = 2[Re((Ga);) - Re((u);) + Im((Ga),) - Im((u),)]. (5.21)

5.3.4 Switching Functions

The switching functions commonly used exhibit a square-waveform time evolution
in the case of symmetrical-switching converters; these functions may depend on
state variables or on external inputs. The expressions of their first-order sliding
harmonics are useful in developing Egs. (5.17), (5.18), (5.19), (5.20), and (5.21).

5.3.4.1 Case of Switching Functions Depending on Time

To this class belong the switching functions of forced-commutated inverters, for
example.

Let us consider the function u(f) represented in Fig. 5.5, that can be described
analytically by u(f) = sgn(sin(w?)).

Using Definition 4.2 particularized to the first-order harmonic gives

(), = (5.22)

2
ol

If this function is phase-shifted in relation to an arbitrarily set origin, its
analytical expression is u(f) = sgn(sin(ot + 8)) and its expression in the sense
of the first-order harmonic becomes

2 .
(), = n—jeﬂ"’. (5.23)
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Fig. 5.6 Example of a u(t)
multilevel switching
. +4 {-------

function

+2
0 m 2n ot

S
N

5.3.4.2 Case of Switching Functions Depending on a State Variable

An example of switching function belonging to this class is a diode rectifier. In this
case the sign of the AC current shows which branch of the rectifier is in conduction
at a given moment. This function is expressed analytically as u(f) = sgn(x(?)),
where x is an AC state variable. If variable x is phase-shifted by an angle ¢ in
relation to the phase origin, then the following relation holds:

2
(), Zn—je‘”’- (5.24)

5.3.4.3 Case of Switching Functions Depending on State
Variables and Time

A thyristor rectifier is an example belonging to this class because the branch in
conduction depends in the meantime on the sign of the AC variable in question and
on the moment when the firing order is applied. This dependence may be expressed
analytically as u(f) = sgn(x(¢)) - v(8), where x is an AC state variable and v(-) is a
delay function.

Under the same assumption of a ¢ phase shift of variable x, one obtains

2 .
(u), = ;je/@*f’). (5.25)

5.3.4.4 Case of Multilevel Switching Functions

This may be the case of a three-phase inverter.

For this type of switching function one can always write expressions as a finite
sum of elementary square-waveform functions. Thus, for the example, from
Fig. 5.6 function u(f) can be put into the form of a three-term sum containing
elementary switching functions, which are phase-shifted by 2n/3 each in relation to
each other. Therefore, one can write
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u(t) = 2uy (t) — ua (1) — us(1).

Then computation of (u); leads to

(), = 2 (2 _ o2/3 _ e21rj/3> _ E
U T

5.4 Methodology of Averaging

As in the case of the classical averaged model, building of the generalized averaged
model can be performed either graphically, by means of the topological diagram, or
analytically, based upon the topological exact model.

5.4.1 Analytical Approach

Without loss of generality, a given power electronic converter can be described by
Eq. (3.2) presented in Chap. 3:

N

Z (Aix + Bje)h

i=1

A more condensed form describes the converter under a general bilinear form,
where matrices A and B are constant:

p
X:AX+Zun(Bx+b)+d,

n=1

where the p switching functions are emphasized.

If the converter has in the meantime AC stages as well as DC stages, one can
apply the Fourier series expansion, comprising the fundamental and the
DC-component values of the concerned state variables.

Thus, for the DC components one obtains by averaging

4 (X)o = A(x)o + ZB<“nx>o + (uab)o + (d)o,

n=1

whereas for the fundamental component the following holds (first-order sliding
averaging):


http://dx.doi.org/10.1007/978-1-4471-5478-5_3
http://dx.doi.org/10.1007/978-1-4471-5478-5_3
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The mathematical development is further pursued with computation of terms
(d)p and (d); and with obtaining the expressions of the coupled terms (u,X),
(ub) 1, (u,x)o and (u,b),.

By collecting the above expressions, model (5.26) expressed as below represents
the generalized averaged model of a given power electronic converter:

00 = A + D Blux)y + (bl + (d),
., " ) (5.26)
67t<x>l = —jo(x); + Ax), + ZB<”'1X>1 + (upb), + (d),.

n=1

The above computation steps, which may appear complicated at a first sight, can
be quickly simplified given that the AC variables have null average values and that
the DC variables are sufficiently filtered.

A supplementary step is, however, necessary; in this case it is the separation of
complex terms into their respective real and imaginary parts.

5.4.2 Graphical Approach

When one uses the graphical approach to deduce the GAM, the starting point is the
equivalent exact diagram. The algorithm to follow is resumed below.

Correct use of steps of the Algorithm 5.1 will lead to the same result as that
obtained by employing the analytical approach, that is, to model (5.26).

Algorithm 5.1 Building the GAM by using the graphical approach

#1 Build the equivalent exact diagram.
#2 Identify the DC stage and the AC stage of the converter
#3 Within the DC stage:

» replace state variables and coupled products by their sliding averages;
» leave passive elements as they are.

#4 Within the AC stage:

« replace state variables and coupled products by their respective first-order
sliding harmonics;

» compute equivalent impedance of inductances and add it in series with
them;

(continued)
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Algorithm 5.1 (continued)

» compute equivalent impedance of capacitors and add it in parallel
with them.
» leave resistances as they are.

#5 Get the expressions of coupled terms.
#6 Based upon the generalized averaged diagram thus obtained, write the
characterizing equations.

General Remarks. Trrespective of the approach used, the Fourier series expansion
can go beyond the fundamental. In this way, several equivalent generalized aver-
aged diagrams are obtained, which are coupled. Each of these diagrams is valid for
any given order harmonic.

5.5 Relation Between Generalized Averaged Model
and Real Waveforms

It is sometimes difficult to understand the physical aspect of sliding harmonics. For
example, if high-order harmonics appear during design of a control law, one must
find a way of reconstruct them based upon different waveforms measured by
various transducers. To this end, the relation between the sliding harmonic and
the real waveform must be clarified.

Next we take the example of an AC variable not necessarily sinusoidal but
whose information of interest is contained in its fundamental term. Let a generic
waveform y(¢) be considered. One can make the approximation of assimilating it to
its first-order sliding harmonic, which is a function of time (see Eq. (5.1)):

y(1) ~ ()€ + () e, (5.27)
giving after some algebra,
y(t) ~ 2[Re((y),) cos ot — Im((y),) sin ot|. (5.28)

For simplicity let us put x; = Re({y);) and x, = Im({y},). Equation (5.28) will
be rewritten under the form

y(t) & 2(x; cos o — x; sin wr). (5.29)

Equation (5.29) shows a way in which the real waveform y(¢) can be obtained
based on the real and the imaginary parts of its first-order sliding harmonic, (y)(?).
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5.5.1 Extracting Real-Time-Varying Signal from GAM

Suppose that the real and the imaginary parts of the first-order harmonic, x; and x»,
have already been obtained by solving the circuit model. In this section the aim is to
obtain the magnitude y and the phase lag ¢ of the original signal y(¢) by using x; and
X,. The sought for expression of y(¢) is therefore

(1) =3 - sin(ot + @). (5.30)

Supposing that the imaginary part of the first-order sliding harmonic x, is
nonzero, then from Eq. (5.29) one obtains

X2

y(t) & 2(x; cos ot — xp sinwt) = —2x; <—ﬁ' cos of + sinmt). (5.31)

Because the quantity — x;/x, represents a real number, then a unique argument
Y € (—n/2, n/2) exists such that:

tany = oV _ o (5.32)

Replacing Eq. (5.32) into Eq. (5.31) one obtains successively:

Q

y(t) = —2x, - <sm1|1 - cos wf + sin wt)
cos

2X2 . .
=— - (siny - coswr + cosy - sinwr),
cos y

and finally

2)(2
cosy

y(t) ~ — - sin (of + y). (5.33)

From Eq. (5.32) it is easy to verify that COSZIIJ = X3/(x,%> + x,°) and, taking into

account that y € (—n/2, ©/2), it results that cos ¢ = |x;|/+/x? + x5 which is replaced
in Eq. (5.33):

y(t) ~ % - 24/x37 +x3 - sin (o + ). (5.34)

A comparison of Egs. (5.30) and (5.34) shows that the magnitude of signal y(¢) is

5 =24/22 423 (5.35)
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and that the expression of the phase lag depends on the sign of x,, namely:
_ Jarctan(—x; /x2) .1f X <0 (5.36)
7 + arctan(—x; /xz) if x, > 0.

If the nonzero assumption of x, does not hold, then from Eq. (5.29) signal y(¢)
can obviously be expressed as

3
y(t) & 2x1 cos of = 2x; sin <u)t - ;) (5.37)

5.5.2 Extracting GAM from Real-Time-Varying Signal

Starting from Eq. (5.29) one aims to extract the real and imaginary parts of the first-
order harmonic of signal y(f). Note that the method presented next is valid for
harmonics of any order.

5.5.2.1 Extraction of Real Part, x; = Re({y);)
Equation (5.29) is multiplied by cos wtz, which is in fact multiplication of a real

waveform. After performing an elementary trigonometric transform, the following
expression is reached:

y(t) - cos(of) = x1 4 x;cos2wf — 2x; sin of cos 0 , (5.38)
—
DC term AC term

where two distinct components have been identified: a DC one and a 2w-pulsation
AC component.

In order to extract x; it is sufficient to low-pass filtering the signal y(#) - cos ot so
as to eliminate the AC component without significantly affecting the dynamic of the
continuous component (e.g., by using conveniently sized Butterworth filters). One
must however pay attention to the delays inherently introduced by filtering and
compensate for them if they are too significant.

5.5.2.2 Extraction of Imaginary Part, x, = Im({y),)

This time the waveform (5.29) will be multiplied by sin wt.

Figure 5.7 shows an example of what is called amplitude demodulation
(Oppenheim et al. 1997), used for extracting the real and imaginary parts of the
kth-order sliding harmonic. Obviously, information about the phase origin of the
AC variable is necessary; usually this is obtained using phase-locked loops (PLL).



112 5 Generalized Averaged Model

/\/ cos kot
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e O
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filtering
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PLL AV sin kot A X2:Im(<y>k)

Fig. 5.7 Example of extracting real and imaginary parts of a generic sliding harmonic by
amplitude demodulation

Figure 5.8 shows an example of applying the principle described in Fig. 5.7 to
extracting the real and imaginary parts of harmonic components of a periodical
signal (Fig. 5.8a). Second-order Butterworth low-pass filters have been used.
Figures 5.8b—d show the result of demodulation in the case of the first-order,
third-order and fifth-order harmonic, respectively. The original signal y(¢) variation
occurring at about 0.5 s is due to modification of the real part of its first-order
harmonic. One can also note slight dynamic variations occurring in the real and
imaginary parts of all the other harmonic components, as well as the filter effect on
the harmonic variations and on their ripples.

5.6 Using GAM for Expressing Active and Reactive
Components of AC Variables

The circuit in Fig. 5.9 contains a coupling between the AC and DC parts, which is
controlled via a switching function u taking values in the discrete set {—1; + 1}.
Two differential equations describing energy accumulation in inductance L and
capacitor C compose the circuit switched model:
dig
L-—=e—vy-u
dt 0

dV() . .
e =1 - U —1Ig.

dt

(5.39)
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Fig. 5.8 Extracting sliding harmonic by demodulation (8 Hz low-pass filter bandwidth): (a)
original signal; (b) first-order harmonic averaged components; (c) third-order harmonic averaged
components; (d) fifth-order harmonic averaged components

Fig. 5.9 Voltage-source i L ipu i
inverter block diagram —

e Vo U Vo

irS

£

If only the first harmonic of the AC variables and the average of the DC variables
are of interest, the GAM applied to the voltage inverter is obtained by averaging the
above equations:

(5.40)
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Fig. 5.10 Voltage 100 < - - .
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The development of terms (vo - u); and (i - u)q is done via Egs. (5.17) and
(5.18) respectively and depend on the function u; (1), is expressed by Eq. (5.22). In
the following, the chosen mode of control of the inverter is the full-wave. Its
principle relies on applying a symmetrical squared switching function u, having a
variable phase lag of o degrees with respect to the AC voltage e(f) taken as phase
origin, as shown in Fig. 5.10. The switching frequency is that of the AC grid.

Let us adopt the following notation:

X1 = Re((iL>1), Xy = Im(<1L>1) . (541)

The first coefficient in the complex Fourier development of the switching
function u, lagged by angle o with respect to the AC grid voltage, is (according
to Eq. (5.24)):

(), = =

JT

The coupling term in the first equation of (5.40) becomes (vo - u); = Ze* - (vo),
and the coupling term in the second equation of (5.40) — using Eq. (5.29) — gives

(i - u)y = = (x2 cosa — x; sinar).
T

If e(?) is supposed sinusoidal with magnitude E, after having identified the real
and imaginary parts, Eq. (5.40) become

E:m X2 — (vo)p - — - sina

d)CQ E 2

=0 xl_i+<vo>0-n—L~cosa (5.42)
d 4 :
%:E-(xzcosa—xlsina)—%-
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Fig. 5.11 Phasor diagram
introducing the dg frame

d
IY Rotating

x
Fixed

This model can be written in a more “conventional” form by identifying the active
and reactive inductor current components, i, and i, respectively, instead of using the
real and imaginary parts of the first Fourier coefficient. Thus, taking into account that
i, has sinusoidal variation of pulsation , the relation i, = (i,)_ 1e~ ™" + (i, )¢/’
holds (Eq. (5.28)). Knowing that (i;);, = x; + jx, and that harmonic coefficients of
opposite sign are complex conjugated, reveals that (i) | = x; — jxo; then, simple
algebra leads to (see also Eq. (5.29)):

i, = 2(x cos ®f — x, sin wt). (5.43)

A sinusoidal AC variable is a rotating vector (phasor) with pulsation w; its
active and reactive components can be obtained by projecting this vector on
axes of a frame rotating synchronously with ®. The active component
(on abscissa axis) is usually denoted by subscript d, whereas reactive component
(on ordinate axis) is denoted by subscript g. These notations give the name of dg
frame (Bose 2001).

In order to write current i; in the dg frame, the phasor diagram in Fig. 5.11 is
introduced, where voltage phasor @ and current phasor i; rotate with the grid
pulsation with respect to an absolute (stationary) frame xOy, the phase lag between
them being denoted by 0. This means that e(#) = E sin ofand i, (t) = I sin(wt + 0).

Further, a dg frame synchronous with phasor e and having the same instantane-
ous phase is considered. The two phasors are projected on the axis of this new frame;
the d- and g-components of i; are denoted by i, and i,, respectively, and serve at
expressing the active and reactive power —e.g.,P =E - I} -cos O = E - i,

Now, let us again refer to the original stationary frame xOy in which both
components, i,z and i, rotate with the grid pulsation, their sum equaling i;:

ip = igsinwt + i, sin (o + n/2) = iy sin 0t + i, cos wt. (5.44)

Therefore, on one hand, the inductor current is given by Eq. (5.43), on the other
hand it is expressed as depending on its active and reactive components, i, and i,
according to Eq. (5.44).
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Fig. 5.12 (a) Reactive current waveform at start-up (full-wave control): GAM model vs. switched

model; (b) zoom of reactive current waveform (Bacha and Gombert 2006)

By identifying analogous terms of Egs. (5.43) and (5.44), one obtains the
following relations:

id = —2)(2 ivalentl
iq _ 2X1, or equivalently

which can be viewed as a variable change in the state model (5.42). In this way, a
new state model results, having as states the active and reactive components of
current iy, as well as the DC-link voltage average (vo)o:

dig o B
— =i, +—— -— . cosa

ar T TV

i

g _ —0ig — (Vo)y - — - sina (5.45)
dt nL

d{vo) 2 o (is)
TOZ_E-(zdcosa—f—lqsma)— CO'

This large signal model is nonlinear; it can be useful for performing fast
numerical simulations, for control law design, for supporting the circuit design or
establishing the state-space or frequency small-signal model.

Figures 5.12 and 5.13 show the concordance between the switched and the
generalized averaged models. The differences are mainly due to the fact that the
GAM takes into account only the first harmonic in the AC variables and the average
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Fig. 5.13 (a) AC current waveform at start-up (full-wave control): GAM model vs. switched
model; (b) zoom of the current waveform (Bacha and Gombert 2006)

Fig. 5.14 Equivalent exact R, L, i i L
topological diagram of the > >
converter used for induction A u

heating (Fig. 3.3 of Sect. 3. C R
2 in Chap. 3) Uy, vt Ve

of the DC variables (higher-order harmonics are neglected). The precision of GAM
increases with the filtering quality in the AC part.

5.7 Case Studies

The following case studies will illustrate the performance of the generalized
averaged model against that of the switched model.

5.7.1 Current-Source Inverter for Induction Heating

One can start directly with the switched model of the converter used for induction
heating, studied in Chap. 3, Sect. 3.2, and repeated in Fig. 5.14.

We will illustrate the application of both analytical and graphical approach for
obtaining the GAM of this converter (Bacha et al. 1995; Bendaas et al. 1995). The
equivalent exact topological diagram of this converter can be seen in Fig. 5.8.
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5.7.1.1 Analytical Method

The converter’s switched model that has been obtained in bilinear form in Sect. 3.2.3
from Chap. 3 is the following:

x=(A+Bu)x+b-e,

with x = [ir ve ir]" being the state vector and

- R -
Y0 o 1

Ly 0 —— 0 1
1 Ly o
— 0 0 ——=[.B=11 h |
A cliB Lo o b=
0 1 R 0

I L 0 0O o0

The continuous current i through the filter is essentially characterized by its
average value, whereas voltage v¢ and current i; are dominated by their first-order
harmonic. One is therefore interested in
+ computing the sliding average of iy
e computing the first-order sliding harmonic of v and i;.

The results are respectively presented in Eqgs. (5.46) and (5.47).
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By developing the expression of the first-order sliding average of vector

[ve i ]T and by distinguishing between the real parts and the imaginary parts of
complex variables, one can put

(ve), = X2 +jix3
<iL>1 = X4 +jX5.

For a more homogenous writing, the following notation is adopted:

<if'>o =1
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Knowing that the switching function has a square waveform and by taking it as the

phase origin, one deduces that (u); = — 2j/n. Expressing the coupled terms leads to
(veuy = (ve)(u)_y + (ve) i (u), 4 4

= 2[Re(<vc)l)Re(<u>l) + Im((vc>1)lm(<u>l)} = —;Im((vdl) =-%
and to

(iruy, = (ir), (w)g + (ir)o(u)y = (ir)olu)y = _%j<if>o = _%ij

After some computation, systems (5.46) and (5.47) can be merged so as to obtain
the final form of the converter’s GAM:

R 4 U

M= a2
Lf TCLf Lf

1

Xy = WX3 — EX4

X3 = ——X] — 00X — —

3 2C 1 2 st (5.48)

LR

X4 —LXQ L)C4 WXs5.

) 1 R

= — — (. _—
X5 LX3 X4 L)C5

The output models result according to the following set of equations (based upon
Eq. (5.29)):

if = X1
ve = 2(x; cos ot — x3 sin wr) (5.49)
ip = 2(x4 cos @f — x5 sin t).

5.7.1.2 Graphical Method

The same result can be obtained by the graphical approach. By applying the
previously detailed Algorithm 5.1 on the equivalent diagram in Fig. 5.14, gives
the diagram in Fig. 5.15. The changes brought by adding AC impedances are
emphasized by gray-filled areas. Using the equivalent diagram from Fig. 5.15,
one need only write down Kirchhoff’s equations to obtain the analytical model in
forms (5.46) and (5.47) and to finalize the computation in forms (5.48) and (5.49).

Remark. If considering the steady-state regime —derivatives of state variables are
null — of the diagram in Fig. 5.15, all the dynamical elements, i.e., inductances and
capacitor, no longer appear. From here the first-order-harmonic model results, as
shown in Fig. 5.16.
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Fig. 5.15 Equivalent diagram corresponding to the GAM of the converter

Fig. 5.16 Equivalent i i ” 7

diagram of first-order- & <>/ >0 <l/ u>1 o
harmonic model for A (i), v
converter used for Uw (Vlf')l i
induction-based heating (ve “)o ; R

The results obtained so far provide an opportunity for some remarks.

First, note that the final GAM shown in Eq. (5.48) represents a continuous
invariant system, which is also bilinear because it has as control input the pulsation.
One can linearize this system around an equilibrium point for purpose of modal
analysis or for designing a linear control law.

The GAM (5.48) is characterized by having taken into account all the dynamics
of the original system. Its order is, however, higher than that of the switched model
because it captures not only the dynamic regime but also the steady-state regime of
those AC variables which depend on time.

Figures 5.17,5.18, and 5.19 serve to make a comparison between the “exact’ behavior
of the induction-based heating converter and its behavior predicted by the GAM.

As suggested by this comparison, the two models have quite different accuracy
properties when good filtering conditions are not met. The initial conditions used in
simulation have been: Uyy = 297 V,R = 1Q,C = 6 pF,R; = 0.01 Q,L = 100 pH.
Two values of the filtering inductance have been considered, namely, Ly = 600 pH
(weak filtering) and Ly = 6 mH (strong filtering). A step of control input (switched
function u) frequency has been applied in the middle of the time range.

Figure 5.17 shows the filter current i (to the left) and capacitor voltage v (right)
evolutions as the control input frequency significantly decreases. Both the iraverage and
the ripple diminish. The v envelope changes with a significant nonminimum-phase
behavior. A zoom of these latter waveforms can be seen in Fig. 5.18, left side. One can
note that the switched model is richer in harmonics than the variable issued from GAM.
The right plot in Fig. 5.18 contains variations of the output inductor current i;, as given
by the switched model and by the GAM (one can note they are practically identical).
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Fig. 5.17 GAM vs. switched model of an induction-based heating converter: comparison by
simulation in the case of strong filtering
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Fig. 5.18 GAM vs. switched model of an induction-based heating converter: comparison by
simulation in case of strong filtering (detail)

Figure 5.19 deals with the case of weak filtering. On the left a large if ripple
together with a fast response can be seen. A zoom of the v waveforms gives the
difference qualitatively between the switched and GAM outputs.

5.7.2 Series-Resonant Converter

Let the series-resonant power supply with diode rectifier be considered, whose
circuit diagram and equivalent diagram are shown in Figs. 5.20a, b, respectively.
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Fig. 5.19 GAM vs. switched model of an induction-based heating converter: comparison by
simulation in case of weak filtering (detail)
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Fig. 5.20 Series-resonant DC-DC converter: (a) circuit diagram; (b) topological diagram

In order to present general results, one normalizes the switched model by
adopting the following notations, representing normalized values (Bacha 1993;
Sira-Ramirez and Silva-Ortigoza 2006):

£ 1 c i, Ve Vco
= —r -, l:—’ V:—’ vV = —,
2'\IR woCE E °TE
wg 1

w=—, (O%)

0 ~JVic

T=wot, 0Op = woReCo,
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where r is the inductor resistance, wg is the switching frequency in radians, o is the
series resonance frequency, 0y is the circuit quality factor. A new time variable, T,
has thus been obtained, which is expanded with respect to the original time variable ¢.
The normalized model will operate at the normalized frequency . The switching
functions u; and u, have the following analytical expressions:

u; = sgn(sinwr), u; = sgn(iogCE).

The equations describing the converter operation according to the switched
model become by normalization

ii = —2& — v+ u; —vour

dt

d .

EV:’ (5.50)
d C . Vo

EVQZC—Oluz—H—O

As in the previous case, one can obtain the GAM of model (5.50) (see the
analytical approach in Sect. 5.4.1). The continuous state variable is v,; we are
interested in its sliding average. The AC variables are represented by their first
sliding harmonic. Employing Eq. (5.3), model (5.50) becomes

d . . .
CE<Z>1 = —joo i), — 2&(i); — (v); + (u1); — (vo - u2),
d . .
72 W = o) + (), (5.51)
d o C . <V0>O
dT <V0>0 - C() <l M2>0 90 .
The term (u;); is computed as above: (u;); = — 2j/r. If current i, represented

by its first harmonic is phase-shifted by an angle ¢ in relation to the phase origin,
then

(ur), = —2je’® /.
The following notations are adopted:

(1)) = x1 +jx2, (v); = x5+ jxa, (vo)y = X5.

The angle @ is given by Eq. (5.36), namely

@ = —atan(x; /x;).
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Fig. 5.21 Implementation
of model represented by
Egs. (5.52) and (5.53)

X{, Xp, 't X5
Equations
(5.52)
)
. Equations i, v, v
(5.53)

MUX

The coupled terms may also be computed as in the previous example, with the
particular feature that function u, depends on the sign of the current through the
resonant circuit. After separating the real and the imaginary part of the complex
terms, one finally obtains a five-state GAM in the form given by Eq. (5.52). This
model is ready to be implemented in a simulation software package, e.g.,
MATLAB®-Simulink®. The model inputs are the normalized time variable t and
the control input ® (normalized frequency), whereas its outputs are given by
Eq. (5.53).

. X5

X1 = —2&x1 + oxp — X3 — ————=X)
T\/x}+ x5

. 2 2 X5

Xy = —wx; —28x) —x4 —— — —

5
VAT (5.52)

X3 = X1 + 0xy
)6'4 = X2 — X3
4Cc b X5

2 o
=—\/X]tX5 ——
TEC() 1 2

Xs s
0o

i =2(x; cos wr — x; Sin W)
v = 2(x3 oS wT — x4 Sin wrt) (5.53)
Vo = Xs5.

An example of implementation is presented in Fig. 5.21.

5.7.3 Limitations of GAM: Example

The goal of this example is to enrich the averaged model of a DC-DC converter
(Fig. 5.22) such as to render it closer to its switched model, i.e., to add information
about the state variable ripple.
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Fig. 5.22 Boost converter L i
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Switching functions have not always square waveforms; thus, in asymmetrical
switching converters, these functions have variable duty ratio. Hereafter, one can
follow the approach of obtaining a continuous model of a boost converter assumed
to operate in continuous conduction.

The switched model of this converter was already been deduced in Sect. 3.2 from
Chap. 3, see Eq. (3.11). For the sake of simplicity, let us now suppose that # = 1 when
the switch is turned off and # = 0 otherwise. Therefore, « is defined here as the ratio of
the time interval during which the switch is turned off and the switching period.

As in the previous example, a normalization of this model is envisioned.
Voltages are normalized to the supply voltage E, and the current is divided by
CwoE (where mq is the resonance frequency of circuit L, Cp). By adopting the
notation 0y = woRyCo (representing the quality factor of the circuit) the model
describing the converter is composed of the following normalized equations:

d

Eizl—\wu

4. +1 (5.54)
ey =i 8’

where i and v are the normalized values of the inductor current and capacitor
voltage. Each state variable has a DC component and an AC component at the
switching frequency. The normalized time variable t is defined as T = wyt. The
switching frequency also is normalized, i.e., ® = wg/wy, with wg being the first-
order harmonic pulsation. In order to obtain the GAM, one performs zero-order and
the first-order averaging of both terms of each equation from (5.54):

%<i>o:1_<"'”>o

L0 = (i-)o + 5 Oy

%(i)l = —jolx); + (v-u),

b = o)+ i)y + g

(5.55)
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As the first-order sliding harmonics are complex, the two equations of (5.54) will
lead to six new state equations. The following notations are adopted: x; = (i),
(iYy1 = xp + jx3, x4 = (v)o and (v); = x5 + jxe. As the switching function u is a
PWDM-generated signal with o as duty ratio, it is easy to show that

(U)o = o
M + jN
”>1 =

2r

where M = sin(2ra) and N = cos(2no) — 1.
Further, the terms of products (y - u) and (y - u), appearing in the averaged
state Eq. (5.55) — where y denotes either i or v — are respectively given by

{ -ug = ) () -y + )1 () 41 + (o1
-u)y = Y)olu) 1 + ()1 U)o

Computation may be simplified by noting that the complex harmonics of the
same order and opposite sign are conjugates. Each state variable is described by its
average to which the first-order harmonic is added. This can be written as

{ i & x1 + 2(x, cos ot — x3 sin wr)

v & x4 + 2(x5 cOS @f — Xg Sin 0¢). (5.56)

In this case, the boost converter GAM turns out to be a more accurate model — it
has the added precision of the first harmonic —described by six state equations:

Xp =1 —oxg — (2Mxs + 2Nxg)/(21) X = ox3 — Mxys/(21) — oxs

X3 = —0xy — NX4/(27E) — OXg X4 = oxy + (ZMXQ + 2NX3)/(27E) — X4/e()
X5 = Mxl/(2n) —+ oy —x5/60 + wxg Xg = NX1/(27C) + 03 — WX5 —)C()/e().
(5.57)

Model (5.57) has a as control input and outputs given by (5.56). More simplified
versions of model (5.56) can be obtained, for example, by ignoring the effect of
output voltage oscillations v. Then derivatives and values of variables x5 and x4 are
zeroed and the model is reduced to fourth order:

{)51 :1—(XX4 X2:wX3—MX4/(2n) (5 58)

X3 = —0Xp — M)C4/(2ﬂ:) X4 = ox) + (ZMXQ + 2NX3)/(2TE) — )C4/90. ’

Finally, by only taking a first-order approximation, one can ignore the
oscillations of current i (x, and x5 are zeroed) and the classical averaged model is
obtained:

{X.] =1- OoxX4 X4 = 0X —)C4/9(). (559)
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Fig. 5.23 Response at turn on of circuit from Fig. 5.22 for « = 0.5: (a) normalized current through
inductance L, i — GAM vs. averaged model; (b) i as given by GAM vs. switched model; (¢) output
normalized voltage, v — GAM vs. averaged model; (d) v as given by GAM vs. switched model

In conclusion, three models and the switched model have been obtained by now,
all four usable to describe the boost converter behavior. Numerical simulations can
help us explore the information added by the GAM - in its two forms (5.57) and
(5.58) — against the classical averaged model (5.59).

Figures 5.23 and 5.24 show the boost converter GAM output vs. its switched
model. Inputdataare E =5V,L =1mH, Cy = 100 pF, R = 10 Q, fs = 3 kHz
(o =~ 6 and 6, =~ 3). Simulations have been performed for two different values of
duty ratio, namely o« = 0.5 and o = 0.8.

The above results lead to the following remarks. The case of a 0.5 duty ratio is
ideal, since the output of model (5.57) is practically identical with the switched
model output. If one solves the model (5.58), then the difference noted in the
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Fig. 5.24 Response at turn on of circuit from Fig. 5.22 for a = 0.8: (a) normalized current
through inductance L, i — GAM vs. averaged model; (b) i as given by GAM vs. switched model; (c)
output normalized voltage, v — GAM vs. averaged model; (d) v as given by GAM vs. switched
model

current evolution is negligible. However, model (5.57) provides a more realistic
representation of the output voltage, since oscillations are not neglected.

The accuracy of generalized averaged models deteriorates when the harmonic
content of function u becomes richer, corresponding to duty ratio values other than
0.5 — this can be seen in Fig. 5.24.

Note that information about the pulse-width modulation carrier phase is required
for a coherent comparison of GAM and the switched model outputs to be made.
Simulation results suggest that the harmonic approach is not totally suitable for
modeling asymmetrical converters.

Indeed, in order to obtain an acceptable modeling precision irrespective of the
value of the duty ratio, one must extend the investigation to higher-order harmonics,
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Fig. 5.25 Pulse-width modulation: (a) basic diagram; (b) main signals

which complicates significantly the computation. For example, considering second-
order harmonics would result in a ninth-order model.

5.7.4 PWM-Controlled Converters

The model of a given power electronic converter significantly depends on the nature
of the switching function, e.g., the PWM inverters behave differently than the full-
wave operated inverter. This section deals with two types of voltage-source
converters, corresponding to the single-phase and three-phase case, respectively.

5.7.4.1 Single-Phase Case

The converter circuit has the same topology as depicted in Fig. 5.9 and the same
switched model. The difference lies in the control signal, as the converter is not
controlled in full wave anymore, but with a pulse-width-modulated signal u.

There are many possibilities for producing the PWM switching function;
Fig. 5.25 shows the basic analog solution, where

u(t) = sgn(p(r) — A(r)) with sgn(x) = { _11 11ff))c(<2(())

Converter behavior is controlled by modifying either the amplitude of the input
signal p(#) in order to increase the AC power, or its phase (measured with respect to
the grid voltage phase) in order to vary the balance between active and reactive AC
power.
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One starts the modeling from the switched model (5.39) and then performs the
averaging. Thus, one obtains the first-order sliding harmonic of the AC state
variable — which is the inductor current in the first equation of (5.39) — and the
zero-order sliding harmonic of the DC state variable — this being the DC voltage in
the second equation of (5.39):

dir
L<E>l = (e, — (o,
C<dd—t> = (i) — {is)o
0

The signal e(f) = sin ot is chosen as phase origin, therefore (¢); = — jE/2. By
adopting notations of the real and the imaginary parts of first-order sliding
harmonics, e.g., (iz); = x; + jxo and (1) = u; + juy, one can develop the coupling
terms (vo - u); and (iy - u)o using the fundamental property expressed by Eq. (5.5).
Further, the application of property (5.4) in Eq. (5.60) leads to

(5.60)

Lx| +jLx; = —joL(x; + jxo) —J5 (v())o(u] +Ju2)

C(V(.)>0 = 2x1u; + 2xoup — <i5>0,
and next, by equaling real and imaginary parts of complex quantities, to
L)C'l = LU))C2 — <v0>0u1
) E
Lx, = —Lox; — 5 - <V0>0u2 (5.61)

C(vé)o = 2x1u; + 2x0u5 — (ig),-

Similarly as in Sect. 5.6, one can express the inductor current by employing its
dq components in the form i, = i, cos ot + iy sin wof; then, according to the result
in Eq. (5.44), iy = — 2x; and i, = 2x,. Note that the first-order sliding harmonic of
the signal u computed on a switching period is the intelligence signal, p(¢):

(u)y = B().

Being harmonic, signal B(f) can similarly be expressed in the dg frame as
B = B, cos wt + B, sin wt. Using the same approach as in the case of i;, gives

Ba = — 2u, and B, = 2u,. The following relation can be written in conclusion:
Dy = la
(i), = ) J )
5.62)
B, P (
(u), = p(r) ==L —j =L

2 2
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Fig. 5.26 Single-phase PWM-controlled converter: (a) reactive current waveforms GAM
vs. switched model; (b) detail (Bacha and Gombert 2006)

Replacing (5.62) into (5.61) gives the final state-space equations:

did . E <Vo>
@ =t
di . <V0>0
= i =By (5.63)
d(vo) 1. . L.
7 0 — % (Zdﬁd + ll[ﬁq) — E <IS>()~

Equations (5.63) describe the dynamical behavior of the PWM-controlled
voltage-source inverter in the dg frame (variables being approximated with the
sums of their averages and their first-order harmonics). Note that there are two
components of the control input on each axis of the dg frame allowing the
possibility of vector control of the power converter.

Figures 5.26 and 5.27 are obtained by solving system (5.63) and show that the
GAM has a satisfying precision with respect to the switched model.

This good result is explained by the fact that the high-order harmonics due to the
switching frequency are placed quite far in relation to the system bandwidth and
contains only little supplementary energy. In this way, the averaged model takes
into account the quasi-totality of the energy transferred by the converter.

5.7.4.2 Three-Phase Case

The three-phase voltage-source converter in Fig. 5.28 is controlled by three
switching functions, u, u,, u3, obtained by using pulse-width modulation,
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Fig. 5.27 Single-phase PWM-controlled converter: (a) inductor current waveforms GAM
vs. switched model; (b) detail (Bacha and Gombert 2006)

similarly as in the single-phase case. As was true in the previous case, converter
behavior is controlled by modifying either the magnitude or the phase of the control
input signals, which are the averages of the three switching functions. Here also the
modeling ignores the harmonics of order higher than one.

The switched model can be obtained by emphasizing the switched variables (see
Sect. 3.3 from Chap. 3). To this end, the vector is defined asx = [i; i i3 v ]T
where i are the three-phase AC currents and v, is the DC capacitor voltage. The
switched variables are voltages v, v, and v3 of the points a, b and c, respectively
(Fig. 5.28), considered with respect to the neutral N and the current feeding the
C filter, ip. By writing Kirchhoff’s laws (inductor resistances ignored), the state
equations can be written as

k)

(5.64)

Li, = e — v, k=1,2,3,
Cvo = i — Is.

The following relations hold for voltages vy, v, and v:

v~ if Hy is turned off k=123

{ vt if Hy is turned on
Vi =
where voltages v* and v~ are relative to the grid neutral point N.
If one assumes a symmetrical three-phase voltage system {e;}; — | .3 — for which
3 3
it is true that Z e = 0 the currents sum is also zero: Z ir = 0. Consequently,
k=1 k=1
3
according to the first three Eq. (5.64), the sum of voltages v, is also null: Z v = 0.
k=1


http://dx.doi.org/10.1007/978-1-4471-5478-5_3
http://dx.doi.org/10.1007/978-1-4471-5478-5_3
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Fig. 5.28 Three-phase voltage-source converter diagram

By using bipolar switching functions defined as u, € {—1; 1}, k = 1, 2, 3, the
switched variables can be expressed as depending on the state variables. Thus, by
3
knowing that v¥ — v~ = v, (see Fig. 5.28) and that Zik = (0, one obtains
k=1
successively:

= vP v vy
~ - Yolk ok =1,2.3,
2y TV T T

(5.65)

. . 14u 1
lo:Zlk- > k E( M1+l2 I/{2+l3 M})
k=1

Now the sum v* + v~ must be expressed appropriately. To this end, the first
three equations from (5.65) are summed up:

3 v —|—v vo
=2 = Zuk’

hence vt +v~ = —‘}3—0 - ug, which is a result ready to be replaced in the first
k=1
three Eq. (5.64) to give

3
Vo * U Vo
= - — E =1,2,3. .
Vk 2 6 o uk’ k > 53 (5 66)
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Equations (5.66) and the last relation from (5.65) can now be replaced in (5.64)
to give the new form of the state-space equations as follows:

3
Vo - U Vo
2 6 =

3
1 ) .
Cvp == g Iy - uy — Is,

2 =

Li, = e — u, k=123,

(5.67)

where ig is the current exchanged with an additional DC stage.

Now, by supposing that the AC currents i, have zero averages and by ignoring
the AC component of the capacitor voltage vy, one proceeds to the averaging step,
leading to

d, oo 1 1 :
La<lk>1 = _JL(’)<’k>1 + <ek>1 - §<V0>0 : <”k>1 +8<V0>0 ) ;<”k>1’ k=123,

cd 1 &, .
d7<V0>o =7 ;<lk “ug)o — (is)o-
(5.68)

Before proceeding with the computation, let the notations

(i) =x1 +jx [ (u), = a1 +ja
<i2>1 =y +jy2 <u2>1 = b +jb2 (569)
(i3), =21 +jzo | (u3), = c1 +je2

be introduced. Note that the first-order harmonics of signals u;, k=1, 2, 3,
represent the control inputs denoted by f, kK = 1, 2, 3, respectively. Note that
system {Pr}r — 123 is a three-phase system, therefore

3 3
S Be=> (w), =0. (5.70)

Note also that the first-order sliding harmonics of the three-phase voltage system
{exhr = 123 are

V3E E V3E E
4 5.71)

E .
<€1>1:_]§, <62>1:_T+]Z’ (e3), = +]Z.

Let us now analyze the coupled terms in the DC voltage equation from (5.68).
By applying the fundamental result given in Eq. (5.5), one writes successively

(i - ur)o = (i) Q) -y + (i) (ua)y = 2Re (i) (ux) ) k= 1,2,3,
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Fig. 5.29 Phasor diagram q
introducing the dg frame in —
the three-phase case )

€ d
g Rotating

which, taking into account notations (5.69), gives further

(i1 - u1)g = 2(x1a1 + x2a7)
(i2 - u2)g = 2(y,b1 + y202) (53.72)
<i3 . I/t3>0 = 2(216‘1 + ZQCQ).

Introducing Egs. (5.70), (5.71), (5.72) and notations given in (5.69) into
Eq. (5.68) and equaling the real and the imaginary parts, one can write

. 1 . E
Lx; = olLx, — 3 (vo)oai, Lx, = —oLx; — 3 (vo)oar — 3
. 1 V3E . 1 E
Ly, = oLy, — > {(vo)ob1 ———, Ly, = —oLy; — > {(vo)ob2 + —
2 4 2 4 (5.73)
. 1 V3E , 1 E
Lz| = olzy — 3 (vo)oc1 + 4 L7y = —wlz; — 3 (vo)oc2 + 1
C<V(.)>0 = (x1a1 + x2a2 + y,1b1 + y,b0 + z1¢1 + 2202) — (is),-

At this point the connection between the three-phase and the dg variables is
needed. An illustration of the relation between the dg frame and the three-phase
variables represented as phasors is given in Fig. 5.29.

The corresponding transform matrices are (Bose 2001)

[fq} _2 [coscot cos (of — 21/3) COS((M—&—Z;:/?,)}. fi

fal 3 | sinot sin(wr—2x/3)  sin(wf+2x/3) ;2 , (574
3
fi cos ot sin ot
f2| = | cos(wr—2xr/3) sin(wt—2xn/3) | {f’i ] , (5.75)
I3 cos (ot +2x/3)  sin (o + 21/3) fa

where {fi}; — 123 make up a generic three-phase system (currents, voltages or
control inputs) with f; and f, being the associated dg components. Using Eq. (5.75)
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one can express each three-phase variable as depending on the same couple of dg
variables. In particular, writing Eq. (5.75) for the three-phase currents, gives

i1 = i,C0s ®f + ig sin ot
. 1. V3, V3. A
I = —Elq—Tld COoSs Wt + qu—zld Sin of
(5.76)
] L +\/§' cos of + V3, L sin ot
3=\ —=i,+—1i -, — =i in ot
} 24T 2 1 2

On the other hand, knowing that each three-phase current is a zero-mean AC
variable — therefore approximated by its first-order harmonic — it can be expressed as
depending of the real and imaginary parts of its first-order sliding harmonic, as shown
in Eq. (5.29). Thus, taking account of notations (5.69), the following relations hold:

11 = 2x1 cos ot — 2x; sin ot
ip = 2y, cos Wt — 2y, sin ot (5.77)
i3 = 2z; cos ot — 2z, sin wt.

By comparing Egs. (5.76) and (5.77) one can deduce the relations expressing the
real and the imaginary parts of the first-order sliding harmonics of each of the three-
phase currents as depending on the currents i, and i,. Thus,

1. 1.
XIZEI(P X2:—§ld
1 V3 V31
V=gl T gl 2= T gt (5.78)
1. V3, V3.1
1 = _Zlq+Tld’ V) :qu+zld.

In an analogous way one obtains the relations expressing the real and the
imaginary parts of the first-order sliding harmonics of each of the three control
inputs, By, k = 1, 2, 3, as depending on the associated dg components, §; and f,.
Taking account of notations (5.69), the following relations are valid:

1 1
ay Eﬁq’ a2:_§Bd
1 V3 V3 1
bl:_zﬁq_Tﬁd’ bZZ_Tﬁq"‘ZBd (5.79)

1, V3 V3, 1
co==ybyt— b =B +7Ba
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The following step uses the equation sets (5.78) and (5.79) in order to transpose
the state-space Eq. (5.73) into dynamic equations that have currents i, and i, and the
average value of the DC voltage (vo)o as states, and f, and B, as control inputs. It is
quite easy to verify that to this end it is sufficient to use only equations related to
variables xy, x, and (vo)o. Indeed, the same set of equations is obtained if equations
concerning either yy, y, and (vo)o, or zy, z> and (vg) are used. The final state-space dg
model of the three-phase voltage-source PWM-controlled converter from Fig. 5.28 is

. . {vo) E

g = ®ig — 2L0B‘1+Z

. . <VO>0

g = —0ig — 2L By (5.80)

(Vo) = % (iaBg + igB,) — %

In conclusion, a large-signal model of the PWM three-phase converter depicted
in Fig. 5.28 has been obtained. This model refers to a rotating dg frame,
synchronized with the grid voltage vector e;. Note that there are two control inputs
Bs and B, allowing the active and reactive components of the current interchanged
with the grid to be influenced.

The first two equations in model (5.80) are coupled; this further complicates the
separate control of the two currents (decoupling may be necessary). The evolution
of the DC-bus voltage with respect to the components of the current interchanged
with the grid — expressed by the third relation — makes one think to employ a
regulation loop in order to avoid DC-bus over- or under voltage.

So, control laws are to be developed in the dg frame, and the effective {f}
— 12,3 inputs will be computed by using the inverse Park transform based upon a
measure of the dg frame instantaneous angle (the same as e;), which is obtained by
means of a phase-locked loop (PLL).

Remark

Note that a slightly different final form of model (5.80) may be found in the
literature, which is due to the fact that the switching functions u,, k = 1, 2, 3,
take values in the set {0;1} instead of {—1; 1}. In this case current i and voltages v,
have expressions different from those given in (5.65) and (5.66), respectively,
which are based on the following relations:

vie=vteu+v (1 —w) =voue +v-, k=1,2,3,

3
io = E ik s Ug.
k=1

3
Following a similar inference, one can deduce that in this case, v- = — ‘?" E Uy,
k=1

and further obtain the switched model in the form
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3
R Vo
Liy :ek—v0~uk+§;uj, k=1,2,3,

3

C\f() = E l'j~1/ljfl's.

J=1

Further computation follows the same steps as above and the complete develop-
ment is left to the reader. The final state-space dg model results as (Blasko and
Kaura 1997)

; . () E

ld:(x)lq* LOBd+Z

. . () o

g = —0ig — < L>0 B, (5.81)

. 3 , , /
(v0)o =54 (l'dﬁd + iqﬁq) - %

where the new control inputs Bd/ and Bq/ are related to B, and B, given in model
(5.80) by the relations B; = P42 and B, = P,/2 because the sinusoidal set of
functions {f}s = 123 has half the amplitude seen in the previous case.

5.8 Conclusion

The generalized averaged model is suitable to symmetrical PWM converter analy-
sis, whereas the averaged model is more adapted to asymmetrical converters (e.g.,
DC-DC power stages).

The GAM proves to be an accurate tool for obtaining large-signal converter
models and also allows replicating their dynamical behavior at small time scales
close to the switching period. Being flexible, this type of model can be used even if
the frequency is changing slightly. Of course, this change must be slower than the
system dynamics in order to ensure acceptable errors.

The approach is valid also for asymmetrical converters. However, the gain in
accuracy is not justified with respect to the complexity engendered by the addition
of supplementary variables.

There are multiple possibilities of employment of these models, among which
one can cite:

o Steady-state analysis: This steady-state approach is in fact the classical method
of the first-harmonic model (permanent sinusoidal regime). In this context, the
model provides results easy to obtain because once the equivalent diagram
has been built one must only apply the classical rules of electrical circuits.
This advantage, of the simplicity, makes the model more attractive than the
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Fig. 5.30 Grid interface circuit used as power conveyor between variable DC source and AC
power grid

phase-plane model. Obtaining the analytical expressions, despite taking into
account a damping in the resonant circuits, allows one to obtain the gain sensitivity
in relation with a given parameter (switching frequency, load, etc.).

e Dynamical analysis: Good dynamical precision ensures a good description of the
input-output dynamics, as well as of the internal dynamics. This feature recommends
the GAM as an analysis tool at least as useful as the large-signal model. Small-signal
models can be built based upon continuous models without making use of too
heavy and complicated computation methods. To this end it is sufficient to differen-
tiate the large-signal model around an equilibrium operating point.

Problems

Problem 5.1

The diagram in Fig. 5.30 shows a circuit used to convey the energy between a
variable DC source (e.g., a PV array) and a single-phase strong AC grid. There are
two power stages, a DC-DC boost converter and a voltage-source inverter (VSI)
connected by means of a DC-bus. Therefore, the system has two control inputs — i
acting on the DC-DC converter and u, acting on the VSI — and the disturbance input
E, due to changes in the primary resource.

Modeling assumptions limit the variables spectra at the DC component for the boost
power stage and at the first harmonic for the voltage-source inverter. The inverter
provides only active power to the grid. The purpose of control is to ensure the power
flux between the primary DC source and the AC grid, while preserving the rated
operating conditions (in terms of voltage and current).

Using the information in Chaps. 3, 4, and 5, perform the following actions:

(a) obtain the large-signal system model using the generalized average modeling
technique;

(b) obtain the small-signal model by perturbation and linearization around a typical
operating point. Give the transfer function having (u5) as input and (vg)( as output.


http://dx.doi.org/10.1007/978-1-4471-5478-5_3
http://dx.doi.org/10.1007/978-1-4471-5478-5_4
http://dx.doi.org/10.1007/978-1-4471-5478-5_5
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Solution

(a) State-space modeling begins with describing the power imbalance in the
energy accumulations (inductors and capacitors), and finally giving the
switched model (by combining Egs. (3.11) and (5.39)):

Ly-ipgg=—(1—w) v+E
Lz-im:e—vo-ug—iu-r (582)
C'V() = (1 — Lll) ‘iLl —V()/R —iL s Up.

Averaging of the previous model gives after some algebra (the reactive power
component being neglected):

dl o [ vpe( )]
dld \% _Vpc o ig-r
ar L2 Lz 4T (5.83)
dVDC 1 . 1 id
o~ ¢l =) —gavoe =35 B

where vpe = (vo)o, iq = (ir2) represents the magnitude of the grid inductor
current and f,; = (u,); is the inverter’s single control input (the active component

on the d-axis). The whole system’s state vector is X = [(iL1)0 g Vpc }T and its
input vector is u = [a B, E]", which is composed of the control input vector
[« P,]" and the disturbance input E.

(b) Let us consider a steady-state operating point determined by the input
[0t By Eg]T and the state [ire ige vDCe}T. By zeroing the derivatives in
Eq. (5.83), one can write

E, — (1 - (xe)VDCe =0
V = vpceBye — iger = 0 (5.84)
i1 (1 — o) = vpce /R — iaeBye/2 =0

Let us consider small variations around this operatmg point: o =d + o, Py

=By + P E=E +E, and ipy = ip1 +irie, ia = ig + iges Vpc = VDC + Vce-
Perturbing the state-space equations from (5.83) around the previously defined
steady-state operating point gives the small-signal state-space equations in the
form

Ll'l‘{‘l:*(lf(xe)'%‘i’VDCe‘a‘i’E

Lz-id:—i"id—ﬁde"TISE_VDCe'Bd

Covic =(l—a)-ip — P LG e -
DC e) it =" ia = Ve —iLte 5 PBa-


http://dx.doi.org/10.1007/978-1-4471-5478-5_3
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o ~ T ~ ~  ~ =T

WithX = [iLl iy VDC} as the state vector and by u = [or By E] the
input vector of the small-signal model, one can write the small-signal state-space
matrix representation, as

I - oce o L]
Ll Ll Ll
. r Ba VDCe
X = -t ] < 0o - 0| =
X = 0 L L, | X+ L a,  (5.89)
1 - e Bde 1 _iL_" _hﬂ 0
C 2C 2C c 2C
A B

which makes apparent the state matrix A and the output matrix B. One is interested
in considering vpc as the output variable; consequently, to the state-space equation
in (5.85) the output equation is added, which introduces the output matrix C:

y=wc =[0 0 1]<X. (5.86)
C

Note that the 1 x 3 transfer matrix

H(s) =C-(sI—A)""“B=[Hy(s) Hpls) Hpals)]

contains the transfer functions from all the inputs to the output vpc . Here the

interest is focused on the transfer from B, to vpc, which is the second element of the

transfer matrix H(s): H i (s) = Hy2(s). Taking into account the expressions of
4 —VDC

matrices A, B and C given in Egs. (5.85) and (5.86), quite laborious but straight-
forward algebra leads to the final form of the required transfer function:

Bae
~ (s) = — Sac
Ba *“7[;; 5= 3 + 2L + I 4+ o4 (1*0(1’)2 _ ﬁf’(' + (lf(x(,)zr '
ST TS Re T 1L TS |RCL L.C 3L,C L.L,C

The reader is invited to solve the following problems.

Problem 5.2 Modeling a basic structure in the GAM sense

Let us consider the diagram from Fig. 5.31 and assume that the switching function
acting on the switches takes value 1 if H; is turned on and —1 if H; is turned on. One
should note that the two switches cannot be simultaneously turned on.

(a) By taking current i, sinusoidal and voltage v, continuous, draw on one plot v,, i,,
and i, such that u is delayed by angle ¢ in relation to i,,.
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Fig. 5.31 Basic converter Voltage inverter
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Fig. 5.32 Series-resonant switching power supply

(b) Establish the generalized averaged diagram by employing the necessary topo-
logical transform but without computing the terms (v,); and (io)o.

(c) In the case where the rectifier current (voltage inverter) is not controlled (i.e., it
is a diode rectifier), compute the terms (v,}; and (io)o, then give the expressions
of these terms in the general case when the control input is the AC current-
voltage phase lag .

Problem 5.3 Capacitive half-bridge series-resonant power supply
Given the circuit in Fig. 5.32,

(a) by using the results provided in Chap. 3, establish the equivalent exact topolog-
ical diagram of the converter by defining the switching functions;

(b) deduce its generalized averaged model equivalent diagram without developing
the coupling terms;

(c) develop the terms (e(t)); and (s(r)); and compute the coupling terms if the
phase reference is the angle & between the inverter commutations and those of
the rectifier;

(d) write the GAM equations of the converter and compute its equilibrium points.
Using these results, build the small-signal model (its state-space representa-
tion) by taking as control input the variations of & and as output the variations
of ve,.


http://dx.doi.org/10.1007/978-1-4471-5478-5_3

Problems 143

Fig. 5.33 Resonant power i
supply
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Problem 5.4
A dynamical model of the resonant power supply depicted in Fig. 5.33 is sought. In
this topology, both the inverter and the rectifier are based only on switches, without
employing capacitive half-bridges.

The following assumptions are adopted:

» operating frequency is quite close to resonance; this allows i; and v fundamen-
tal harmonics prevalence in relation to their higher-order harmonics;

« operating frequency and output capacitor values are sufficiently high in order to
ignore the output voltage vg ripple (it is superposed on its average value);

» switches Hy;, and Hy; are complementary and driven by the switching function u,
such that u; = 1if Hy, is turned on and u; = 0 if H, is turned off; the switching
function u, plays the same role for the complementary switches H,; and Hy;:
u, = 1 yields H,;, being turned on and u, = 0 yields H,,, being turned off. Both
switching functions have pulsation o and duty ratio 0.5 such that u, is the phase
origin and u, is delayed by an angle ¢ with respect to u;.

(a) Write the differential equations that govern the evolutions of the capacitor
C voltage v¢ and of the inductance L current i; in the resonant circuit. These
equations must be written as depending on the inverter output voltage e(¢) and
on rectifier input voltage s(#). Express the dynamic of the output voltage vy as a
function of the output current i(f).

(b) Write the voltages e(f) and s(¢) as functions of E, u;, u, and vs. Express the
currents i,(¢) and i (¢) as functions of iz, u; and u,.

(c) Deduce the switching model of the converter in Fig. 5.19 having the switching
functions u; and u,. Deduce also the equivalent topological diagram that makes
apparent the coupling terms.

(d) With the variable changes

u; = 2uy — 1
u;:2u2—1

(i) compute the terms <u1’)0, <u1’>1, <u2/>0 and <u2’>1;
(ii) express the coupling terms and the converter switched model having these
new switching functions;
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(iii) give the dynamical expressions of (i )o, {(ir)1, (vc)o and {v¢); as functions
of the previous coupling terms and make the associated computations.
Knowing that the current i; cannot have a DC component, show that (vc)o
has no dynamic and deduce its steady-state value;

(iv) give the expression of the output voltage dynamic vg (identical with its
average value (vg)o). Show that the term whose average is (v¢)o has no
influence on vyg;

(v) give the large-signal generalized averaged model of the entire converter by
making all the associated computations.

(e) Build the small-signal model resulted from the large-signal model obtained at
point (V).
(f) Compare by simulation the time behavior of the various models obtained.

Problem 5.5
The DC-DC parallel-resonant converter in Fig. 5.34 is controlled via a squared
switching function u;. Develop the large-signal GAM of this structure.

Problem 5.6

Figure 5.35 shows an electronic circuit that supplies a high-intensity discharge
(HID) lamp. The switching function u is a high-frequency squared signal of 0.5 duty
ratio. When one transistor is turned on the other one is turned off, and inversely,

(a) develop the large-signal generalized averaged model;

(b) deduce the small-signal averaged model;

(c) compute the transfer function between the control input frequency and the lamp
current.
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Justification of equation (5.5)

(v, (1) = Z (i (@) - (),(0)

i

This relation is the Fourier-series correspondent of the convolution theorem
holding for the Fourier transforms of nonperiodical signals. Note that it is valid
for signals having the same fundamental frequency.

Let us first consider that x and y are both DC signals, i.e., they are equal to their
zero-order sliding harmonics. Then, the maximal-degree harmonic of their product
will be zero as well. In this case it is obvious that

(- )0(1) = (x)o (1) - ()o (1)
If now one supposes that x is a biased sinusoidal signal of pulsation o (therefore

containing harmonics of maximal degree equal to one) and y contains harmonics
until second order (time variable is skipped), then

x = (x)g + (x) e + (1),

y= (o + )€+ ()1 + () e+ ().

Their product will contain harmonics of maximal degree equal to three. One
obtains successively

+ ()1 0o + (o)1 + (), (7)) e

+ ()1 ()2 + o)y + (x 1<y>0)elmt )
+ ()1 ) +_<x>0<)’>72)€72ﬂm + () 1+ (Do) )ezjwt
+ () () a7V 4 (x), ()

which can be posed under the form

Xy = (xy)_se I 4 (xy) e ¥ 4 (xy)_ e+ (xy),
+ ()€ + (xy),e¥ 4 (xy) 33,

where

) = ()1 (M + Xoo + (01 ()

) = (01 (s + o)y + ()10 (5.90)
)y = (011 + X))z )
()3 = ()1 (),
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The result given by (5.90) can be generalized to the product of two periodical
signals having the same fundamental frequency x and y containing harmonics up to
degree n, respectively m. Thus, one can formulate the following proposition about
the expression of the kth-order harmonic of the product xy:

Poom):(xy)= T )y ()

and must prove by mathematical induction that it is true for any n and m. To this
end, one supposes that 7 (n, m) is true and must prove that either 2 (n+1, m) or

7 (n, m+1) is true. One can note that adopting the variable change z = ¢, signal
x can be expressed as a sum of two n-degree polynomials in z and 1/z, whereas
signal y is a sum of two m-degree polynomials in z and 1/z. Results concerning the
general form of coefficients of products of polynomials can further be applied in
order to get the expression of the harmonics of the two signals expressed as
polynomials (Osborne 2000).
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Chapter 6
Reduced-Order Averaged Model

This chapter deals with modeling methodologies used for obtaining simplified — in
the sense of reduced order — power electronic converter models, which are able to
represent their low-frequency average behavior and are more easily employed in
simulation or control law design.

Reduced-order averaged modeling relies on splitting the converter dynamics in
the frequency domain and preserving the main, low-frequency dynamic.

This chapter attempts to bring these modeling approaches together under a single
general methodology. First, the principles are introduced and the general method-
ology is derived. Some examples and case studies illustrate the application of this
methodology for both AC and DC power stages. Finally, some problems are
proposed to the reader.

6.1 Introduction

The reduced-order averaged model (denoted here by ROAM) presented by Chetty
(1982) gave the solution to the problem that arose from modeling DC-DC power
stages operating in discontinuous-conduction mode (where the classical averaging
method failed). The principle of ROAM is to eliminate the incriminated variable
and replace it by a function of other state variables; hence, a reduced-order model is
obtained. This modeling framework has been further extended (see, for example,
Maksimovié¢ and Cuk 1991; Sun et al. 2001). The effect of algebraically linking two
variables has been encountered for DC-DC converters controlled in (peak) current-
programmed mode (Middlebrook 1985, 1989).
Applications for the ROAM are larger and include:

« the application domain of the classical averaged model (see Chap. 4);
» power electronic converters having both DC and AC stages (Sun and Grotstollen
1992);

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 149
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e converters whose switching is state-controlled and is also controlled by an
independent input (e.g., thyristor-based converters);

e converters having both DC and AC stages that operate in discontinuous-
conduction mode, which is a particular case of the previous class.

Therefore, in general, this averaged modeling applies in cases where the power
stage presents — either intrinsically or as the effect of a control loop — a dominant
low-frequency dynamic and a high-frequency behavior that can be neglected.
Reduced-order averaged modeling thus relies on splitting converter dynamics in
the frequency domain and preserving the main, low-frequency dynamic.

The ROAM is simple in both its construction and use. On the other hand, this
model loses in precision what it gains in simplicity. If in certain cases this loss is
acceptable, it could happen that in other cases dynamics that may be important by
their effects (e.g., closed-loop instability) to be neglected.

6.2 Principle

The principle of ROAM relies upon separating the switched model into two
dynamics:

« one that must be kept, representing the main dynamic,
« another that must be eliminated because it does not significantly contribute to the
equivalent low-frequency behavior of the converter.

This separation depends on each particular case, as illustrated below.

(a) It may be the result of a modal analysis of the converter, emphasizing the two
types of dynamics belonging to clearly separable frequency ranges. One must
therefore identify a very slow dynamic prevailing over another much faster one.
The separation may not result from the initial circuit design, but it can later be
ensured by control action (presence of an inner control loop).

(b) It may be applied in the case of variables being zeroed periodically as a
consequence of discontinuous-conduction mode operation. It can be shown
that these variables do not significantly influence the converter main dynamics
(see, for example, the case study in Sect. 4.6 of Chap. 4).

Now, let us consider a power electronic converter taking N configurations
described by the general form of the switched model given by Eq. (3.2) from
Chap. 3:

() = 3 (Ax(0) + Bie() - . 6.1)

i=1

where A; and B; are the n X n state matrix and n X p input matrix respectively,
corresponding to configuration i (with i ranging from 1 to N), x(¢) is the n-length
state vector and #; are the T-periodical validation functions. We separate system
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(6.1) into two systems according to one of the two methods stated above. To this
end, each subsystem will be indexed differently, namely:

o the slower or low-frequency (LF) subsystem will be indexed by “c”; this
subsystem has dimension nc;
o the faster or high-frequency (HF) subsystem will be indexed by “a”; this

subsystem has dimension na and will be called disturbing.

The corresponding state vectors of the two subsystems can be identified within
the total n-length state vector x:

x=[x, x.].

Equation system (6.1) can be arranged, consequently, as
N
Z(A(’ X, + Allx. +Ble) - I

i( xa—&-A xc—&-B( )~h,~,

where matrices Ay, Au”, A”, A, B, and B.?) result from appropriately
arranging matrices A; and B; of configuration i:

Al Al B,
A= {Ag,a) A Bi = B((‘i) :

cc

(6.2)

From the first equation in (6.2) one can determine the response of fast variables,
X, _s(X..t) by supposing that variables X, remain unchanged, which holds if the two
dynamics can indeed be sharply enough separated. This value, x, , is then
substituted into the dynamic equation of the slow subsystem as follows:

n
=2 (AE'?XC + AL Xt Xe) + Bﬁ”") h. (6.3)

=1

To Eq. (6.3) one can now apply the classical averaged model by averaging on
time slot 7. Thus, the averaged behavior is obtained as

t

o = [ (Al 4 A s £ BO) b 6

i1

which, by introducing switching function u as depending on validation functions 4;,
can further be presented under the form

(xYo = (X oo Xa_st (1, %), ). (6.5)
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Model (6.5) ignores the faster dynamics and preserves only the low-frequency
dynamic of the slower subsystem. Note that in power converters having only AC
variables, the prevalent low-frequency dynamic is obviously of AC type and
supposes magnitude and phase variations. Hence, the reduced-order model must
be obtained by applying generalized averaging to Eq. (6.3).

In conclusion, the ROAM is applicable if one can identify the presence of two
dynamics sufficiently clearly separable. An advantage of this model is that it has
reduced order, i.e., n. = n — n,.

6.3 General Methodology

A general procedure of obtaining reduced-order averaged models is given below.
It represents a generalization of the procedure of Sun and Grotstollen (1992) —
originally proposed for DC-DC converters — which was next resumed by Sun and
Grotstollen (1997) and then by Sun et al. (2001).

In order to illustrate the application of Algorithm 6.1, two examples respectively
corresponding to the above mentioned cases will be discussed next:

(a) the case of a current inverter for induction heating, where the AC stage exhibits
a fast dynamic and the DC stage has a slow dynamic;

(b) the case of a buck-boost converter operating in discontinuous inductor conduc-
tion: on one hand the output voltage and on the other hand the current respon-
sible for the discontinuous conduction.

These two examples, for which the classical averaged model does not apply, are
different from the point of view of how the principle of ROAM applies. Indeed, in
the first case it is about the AC-type variables that are disturbing, whereas in the
second case it is the discontinuous current that must be eliminated.

Algorithm 6.1.

Computation of the reduced-order averaged model (ROAM) of a given power
electronic converter

#1 Write the switched model of the studied power electronic converter.

#2 Split the model into two parts, respectively corresponding to two
subsystems, one that exhibits slow dynamics (LF) and the other having
fast dynamics (HF).

#3 Solve the fast-dynamic subsystem by considering constant the slow
variables (at their averaged values) and compute its averaged response
depending on the values of the slow variables.

#4 Apply either the classical or the generalized averaged model to this latter
resulting subsystem, depending on the power stage type.

#5 Replace the fast variables by their averaged values, previously computed
at #3, into the slow-dynamic subsystem.
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Il

Fig. 6.1 Switched model equivalent diagram of current-source inverter

6.3.1 Example with Alternating Variables: Current-Source
Inverter for Induction Heating

Let us consider the case of the current-source inverter for induction heating
analyzed in Sect. 3.2.3 of Chap. 3, whose schematics are presented in Fig. 3.3. Its
equivalent diagram corresponding to the switched model is given in Fig. 6.1.

The classical averaged model cannot apply to this converter because of the
presence of AC state variables. One can build a reduced-order averaged model by
neglecting the dynamics of AC state variables with respect to the DC filter dynamic.

Remember that this converter is described by the system of equations:

x=(A+uB)-x+b-e, (6.6)

where the state vector is X, = [if V¢ L }T with

- R -
e A S 1
Ly 0 —— 0 1
1 Ly o
_ 0 0 —= — _ | ¥ _
A= C ,B— é 0 0 ,b— 0 ,E—Ud().
0 1 R 0
I L 0 0 0

As already detailed in Sect. 5.7.1 of Chap. 5, the DC current i through the filter
has slow dynamic and the AC state variables — the voltage v and the current i; — are
characterized by fast variations because of their high-frequency sinusoidal nature.
This is the reason the separation principle is clearly applicable: the filter current i,
exhibiting the prevalent LF dynamic will be kept, the other two variables being
excluded from the dynamic model (Bacha et al. 1995).

By using notations previously introduced and by taking x. =i and
X, = [ve i ]T, one can separate the HF variables v¢ and i; from the continuous
variable if.
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1 — I

joC

Fig. 6.2 Current-source inverter: equivalent diagram of AC part in the sense of the first-order
harmonic

Two subsystems are consequently obtained:

Ry 1y 1
X, :—L—fxc+ L ]xa~u+L—fe (6.7)
and
1
0 ——
L c
X, = |C|x.-u+ 1 R | Xa (6.8)
0 L L

where u is the symmetrical switching function having pulsation o = 27/T.

Let us note that from point of view of the AC variables (at small time range),
current iy can be considered constant and therefore denoted by I In order to
compute the response of the HF variables, denoted by x,, (I, 1), one can employ
the first-order harmonic method. The justification consists in the fact that Eq. (6.8),
describing the AC part, represents a differential equation system with constant
coefficients and periodical input X.-u =I;- u, whose state variables are
dominated by their fundamental terms. Moreover, the power is transmitted to the
load essentially through the first-order harmonic. By taking as origin of phases the
moment when u takes the value 1, the equivalent diagram — in terms of impedances
— of the AC part is given in Fig. 6.2.

By solving the equations of the above diagram, one obtains the response of the
AC part, X, (I 1) defined by i;; and v¢; which are o-pulsation sinusoidal
variables representing fundamentals of current i; and voltage v, respectively, in
the circuit presented in Fig. 6.2.

By replacing x, by x, _(I5, 1) in Eq. (6.7) one obtains

R
X.L' = - _fx(,' +
Ly f

1 1
L 0] Ka_s(ly,1) -1+ e (6.9)

Now one applies the sliding average to Eq. (6.9). The second term of the right
side becomes
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Fig. 6.3 Waveforms of
switching function and
capacitor voltage Ve U
fundamental
{ { oY)
0 / ¢ T /! 27 / /! u
vCl

Ly L/ 1 )
([ o) 5 ) )
¢ (6.10)
__TLLf (ver - u)dt

Note that, according to Fig. 6.2, the phasor expression of the capacitor voltage
fundamental is

N . . 4 .
Ver = —1e - |Z,]e® = ZI¢|Z,] et (6.11)
T T

where |Z.| and ¢ are the modulus and the argument of impedance Z,, respectively,
depending of the circuit element values, R, L and C.
Taking into account Eq. (6.11) and Fig. 6.3, Eq. (6.10) can further be developed:

T T
1 1 4 .
_T—Lf‘ (vcyu)'dt:—T—Lf- ;1f|Ze|sm(mt—|—(p)-u -dt
0 0
T/2 T
41;|Z
= _% / sin (ot + @)dr — /sin (ot + @)dt
0 T/)2
8|z,
- ”21{7" ’

leading to the final form:

1 R,
<[—; 0] -Xa_st(lf,t)~u> _ 81z cos @ - lff—flf, (6.12)
% . 2Ly
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Fig. 6.4 Reduced-order
averaged model of a
current-source inverter used
. . . Un
for induction heating

VY

where

8 8 R
R, =;|Zg|coscp=—- (6.13)

7 (1 —LCw?)* + R2C*?

Now, changing the time scale to a large time range, variations of ir are rendered
visible; in the meantime Eq. (6.12) remains valid. Therefore, by replacing the result
from (6.12) in Eq. (6.9) averaged, one obtains

K Ry +R, . 1
(ir)o = —%' (if)g +L—f “Uao, (6.14)

which leads to the equivalent circuit presented in Fig. 6.4.

Remarks. The order of the resulting model has been reduced by two. The final
model is first-order, thus easier to use. Since the control input of the converter is the
switching frequency o of the current-source inverter, model (6.14) is highly
nonlinear: it depends on R,, so finally on a nonlinear function of ® (see (6.13)).

The dynamics of the AC variables are totally ignored, and sometimes this could
have non-negligible consequences.

6.3.2 Example with Discontinuous-Conduction Mode:
Buck-Boost Converter

This example deals with a buck-boost converter (Fig. 6.5) operating in
discontinuous-conduction mode (dcm). In the literature it has been shown that the
dem  significantly affects converter behavior (Cuk and Middlebrook 1977;
Vorpérian 1990). Circuit-oriented analysis on DC-DC converters has proved that
in general the poles of its second-order dynamic are not complex-conjugated
anymore (as in continuous conduction), but placed on the real axis (Maksimovi¢
and Cuk 1991). The one corresponding to inductor energy accumulation is located
in high frequency close to the switching frequency (Erikson and Maksimovic
2001). Therefore, the output voltage response will consequently become
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Fig. 6.5 Electrical circuit H D ip
of a buck-boost converter <
L C R
E Ve
+
Vi,

aperiodical — see for reference Fig. 4.23b in Chap. 4. When focusing on controlling
the output voltage, such a system can easily be assumed as first-order (because of
neglecting the HF pole). System-oriented analysis of these aspects can be found in
Sun et al. (2001).

As inductor current becomes zero periodically in dcm operation, the classical
average modeling no longer applies. So, in this example the average (LF) behavior
is expressed mathematically by considering that the output capacitor is fed by an
equivalent current generator (Chetty 1981, 1982).

To solve the modeling problem, one follows the step procedure synthesized in
Algorithm 6.1, namely:

e compute the average value of current ip through diode D as a function of
capacitor voltage, which is equivalent to solving the high-frequency subsystem;

e average the dynamic equation of output voltage vc;

« replace the previously computed value of current ip in the dynamic equation of
the averaged output voltage;

« obtain the classical averaged model of the resulting system (which will be in this
case of first order).

The switched model of the circuit from Fig. 6.5 operating in continuous-
conduction mode was already given in Eq. (4.34) of Sect. 4.6 (Chap. 4). The
operation in dem can be described by either adding a supplementary equation —
expressing the constraint of current zeroing — or by modifying the dynamic equation
of the inductor current, as shown below:

-1 .y 1 +sgn(i
i :Z(Eu—i—vc(l —u)—rl”-%
(6.15)
1 (1 —u) =€
VC—C L R

where

. 1 ifip >0
Sg“(’L){—l ifir <0
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Fig. 6.6 Time evolution of iy, ip

current /; in discontinuous )
conduction (buck-boost Ip
slope slope
case)
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/ <vC >0 /L
imax
t
]
0 T=al , |

~

(1),
1 |7 ;

and u is the T-periodical switching function taking values in the set {0;1} and
having a as duty ratio. The other notations have the usual meaning assigned to
circuit element characteristics. Note that the model given in (6.15) is general — it
does not adopt any simplifying assumption, except for what is stated in Sect. 2.2 of
Chap. 2.

Now, the search for an equivalent low-frequency model justifies the adoption of
an approximation: as the switching frequency is large enough with respect to the
output voltage evolution, one can assume that the current i; decreases linearly in
time when the switching function u is equal to zero. Omitting inductor resistance r,
the discontinuous-conduction time evolution of current i; can be viewed in Fig. 6.6.
Three phases can be identified in this figure:

e from 0 to T, = o7, the switch H being turned on, the current increases linearly
and slope E/L > 0, according to the first equation from (6.15) with # = 1, which
corresponds to the energy being accumulated in the inductor L;

¢ during the time interval denoted by 7>, after turning off the current switch H, the
current decreases linearly and slope (vc)o/L < 0 (note that (vc)o < 0) according
to the first equation from (6.15) with u = 0, which corresponds to using the
previously accumulated inductor energy to charge the capacitor C;

« finally, during the last time subinterval the current remains zero until the switch
H is again turned on.

One can see in Fig. 6.5 that in dcm the effective conversion ratio is no longer equal
to a and depends on the circuit operating point (subinterval 75 is a variable of v¢).

The goal is to transform the initial model into a model of an equivalent average
current generator supplying a capacitor C and replacing the averaged current
through diode D, as shown in Fig. 6.7 (Chetty 1982).


http://dx.doi.org/10.1007/978-1-4471-5478-5_2
http://dx.doi.org/10.1007/978-1-4471-5478-5_2

6.3 General Methodology 159

Fig. 6.7 Reduced-order < <
averaged model of a buck- i V.
boost converter <D >0 1 < ‘ >0

The averaged output current — computed by assuming (v¢)o constant and
denoted by <iD>o_,\-, — corresponds to area of the gray filled surface in Fig. 6.6
divided by the time interval 7. Thus, noting that the height of the filled triangle is
Imax = T1 - E/L, one obtains

. E
{ip)o_u = 577112 (6.16)

The value of T3 is found from Fig. 6.6 by noting that in the filled triangle it is true
that iax/T2 = — (ve)o/L; by further replacing i, = T - E/L one obtains

E
T, = — T;. (6.17)
(ve)o

By replacing the value of T as obtained from (6.17) and T; = « - T into (6.16),
it can be seen that the averaged values of ip and v are related algebraically:

E’To?
) = — , 6.18
<lD>0,st 2L<VC>0 ( )

thus indicating as a matter of fact (if (v¢)o is considered constant on a switching
period), that the two state variables exhibit the same dynamic. This remark justifies
saying that the equivalent low-frequency converter dynamics operating in dcm are
of first order instead of second order, as explained next.

Let us consider the second equation from (6.15), emphasizing the diode current

iD:
CVb = —iD — Vc/R.

The latter relation is averaged, the average value of ip being replaced by
Eq. (6.18):

_ E’T a2_<VC)o
2L(vc)o R

C{vc o (6.19)

Equation (6.19) is nonlinear and represents the ROAM of the buck-boost
converter operating in discontinuous-conduction mode. It also shows a first-order
linear dynamic between the squared duty ratio o® and the output voltage squared

<VC>02'
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Fig. 6.8 ROAM [V]-160
vs. switched model outputs {
for the buck-boost converter —~180 | __ Reduced-order < >
in dem averaged model \'¢/o
=200 t
Switched model v,
=220+
-240 ¢
—-260 t [s]
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Remarks. In Fig. 6.8 is given the converter output voltage evolution in response to
a step of the duty ratio during operation in dem (for reference see Fig. 4.23b in Sect.
4.6 of Chap. 4). This figure allows a comparison of the ROAM with the switched
model output.

6.4 Case Studies

6.4.1 Thyristor-Controlled Reactor Modeling

This case study is dedicated to the situation when the inductor current becomes zero
periodically, this time within an AC power stage whose circuit diagram is presented
in Fig. 6.9 (thyristor-controlled reactor — TCR).

Three circuits like the one in Fig. 6.9 are connected in delta to a three-phase grid.
Therefore line voltage v(¢) is applied to the circuit. By varying the thyristor firing
angles within (7/2, x) in relation to the line voltage angle, one can vary the inductor
current and hence the reactive power interchanged with the grid (Mohan
et al. 2002). The switching function u depends on both the firing angle, denoted
by Po, and the moment of current zeroing.

This operation is described briefly in Fig. 6.10. By analyzing this figure one can
anticipate that the first harmonic of inductor current i lags the grid voltage v by z/2.
Hence, this component influences the reactive power. For this reason, the next analysis
will be focused on obtaining analytically the TCR first-order harmonic behavior.

Note that the inductor current resets to zero in every switching cycle; this means
that energy flow in the inductor is independent from cycle to cycle. Therefore the
current inductor carries no information from cycle to cycle, which means it can no
longer represent a state variable (Sun et al. 2001). This is equivalent to stating that
the low-frequency current components — and therefore their first harmonics — have
no dynamic, i.e., they evolve instantaneously in response to control input (f)
changes. Within a switching cycle, the inductor current is a state variable that
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Fig. 6.9 TCR circuit -
diagram : L
o <4
1 <
ou

v(t) = V sin ot
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n+ By
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T

N i

0

Fig. 6.10 TCR operation — main waveforms

corresponds to very fast dynamics, which can be neglected from the perspective of
designing control laws dedicated to managing the equivalent LF behavior.

By taking the input sinusoidal voltage v(f) = V sin wt as the phase origin and
having chosen to delay the firing orders of thyristors by angle Py, the dynamic
equation (switched model) of the circuit is

Ldl;T(;) =Vsinwr-u(t) —r-i(t), (6.20)

where u(t) = Hsgn[vSin(“’;ﬁ‘])]'sgn[i(’)] (see Fig. 6.10). For the sake of simplicity,

suppose that inductor resistance is negligible, i.e., » = 0. Note that in this case
the moment of current zeroing corresponds to the angle f; = 2z — f. If this
assumption does not hold, further computation is rendered difficult because the
moment of current zeroing, being part of a transcendent equation, cannot be
determined analytically (Bacha et al. 1995).

By applying the first-order sliding average to Eq. (6.20) with » = 0, one obtains
(time variable skipped for simplicity):

d(i),
L
dt

= —joL(i), + (Vsinwt - u),, (6.21)
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where Eq. (5.5) (from Sect. 5.2.1 in Chap. 5) can be used to compute the first-order
sliding harmonic of V sin of - u. Thus, knowing that (V sin t)o = (V sin ot),
= 0, one obtains successively:

(Vsinwr - uy, = (Vsinwr),(u), + <Vsmmt> (u),
+ (Vsinot)_,{u), + (Vsinot),(u)_, (6.22)
= (Vsinot), (u), + (Vsinwr)_, (u),.

Applying the definition relations for the sliding harmonics involved in Eq. (6.22)
— see Fig. 6.10, where B; = 2z — Py — simple algebra leads to the following
expressions:

(Vsinot), = —jV/2, (Vsinot) , =jV/2

(6.23)

Equation (6.23) are further replaced in Eq. (6.22) to provide the expression of
(V sin @t - uy;:

(Vsinwr - uy, ng' ((u)y — (u)o)

—jK . <M e HO 4 o — Zﬁo) . (6.24)
7 2

Equation (6.24) is at its turn used in Eq. (6.21) to yield the description of the first-
order sliding harmonic of current i:

d ] . . V i 2 —2jwt
L% = —jwL{i), I <we Aot L g — 250)- (6.25)

By denoting (i); = x; + jx», one can deduce from Eq. (6.25) the dynamics of the
real and imaginary parts respectively:

d Vv
L% = wlx, — " sin 2wt - sin 2f,
6.26)
d v v (
L% = —olx — - (r—PBy) — 7 cos 2t - sin 2f,.

As stated before, the inductor current has no dynamic, therefore one proceeds to
zero the derivatives in Eq. (6.26). The steady-state regimes of the real and imagi-
nary parts of the inductor current’s first-order sliding harmonic are therefore
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|4
wLxZ_st - E - sin 2wt - sin 2[30 =0

14 14 _
—olx_g — p (m —By) — 7 cos 20t - sin2f, = 0,

which further gives:

V(z—p,) Vsin2p,

s = — 2
Mot 7oL 2nol | SO EY
Vsin2py o 6.27)
Xy g = ——"- sin2ot.
2 ) el

Using Eq. (5.29) from Chap. 5, which gives the connection between a signal and
its first-order sliding harmonic, and knowing that signal i(f) is sinusoidal, one can
write that i(f) = 2x; cos ot — 2x, sin wt. Finally, taking into account (6.27), the
expression of the steady-state current regime is obtained as

VQr —2 in2
ig(t) = — (27 ngz_ sin 2,) - COS . (6.28)
7

Equation (6.28) shows that the fundamentals of current i(¢) and of input voltage v
(f) are quadrature signals, as expected, and that the current fundamental amplitude
depends on initial angle lag By and on frequency w. This equation represents the
ROAM of the TCR because the system order is reduced by one. The model given by
(6.28) can be directly used to control larger power electronic structures as static
VAR compensators (SVC).

Next, simulations of TCR behavior have been carried out using MATLAB®-
Simulink®. Input voltage is perfectly sinusoidal, having 400 V RMS and 50 Hz, and
the inductor is of 25 mH. The ROAM from (6.28) is hence compared with the
circuit switched model giving the inductor real current waveform.

Figure 6.11 shows the TCR behavior at constant control input, fo = 135°. As
expected, the current first-order harmonic lags the voltage phase by z/2, see
Fig. 6.11a. Current magnitude /; ~ 13.1 A, which is confirmed by the spectral
analysis in Fig. 6.11b.

Figure 6.12 presents the TCR behavior when P decreases in step by 10°, from
135° to 125°. The effective voltage applied to the inductor, v - u, is shown in
Fig. 6.12a. Figure 6.12b shows that the current magnitude increases as f§y decreases
and the current fundamental remains in quadrature with respect to the voltage. Also,
the current first-order harmonic amplitude increases instantaneously from 13.1 to
22.5 A in response to f variation, thus justifying the ROAM validity.
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Fig. 6.11 TCR behavior at f, = 135°: (a) output of ROAM (i (#)) vs. output of switched model
(i(?)); (b) inductor current spectrum
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Fig. 6.12 TCR behavior at f step change: (a) the effective voltage, v - u, applied to the inductor;
(b) output of ROAM (i,(f)) vs. output of switched model (i(r))

6.4.2 DC-DC Boost Converter Operating
in Discontinuous-Conduction Mode

Given a DC-DC boost power stage operating in dcm, one must deduce its averaged
dynamic model that represents output voltage variation as a function of averaged
control input (duty ratio). The circuit diagram is presented in Fig. 6.13, where
inductor resistance and capacitor equivalent series resistance are neglected.

This case study is placed in the same context as the example from Sect. 6.3.2.
Therefore, in order to deduce its ROAM one must consider the equivalent averaged
current that feeds the output capacitor and express it as a function of output voltage.
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Fig. 6.13 Boost power i L D
stage diagram > >

The switched model is given by (see for reference Eq. (3.11) of Sect. 3.2.3,
Chap. 3):

B 1 . 1+ sgn(i
lL:Z(E—vC(l—u)—rlLy%

(6.29)
o1 (1—u)—C
e\ YT R)

with

. 1 ifi, >0
Sg“(’L):{—l ifi, <0

and u being the T-periodical switching function taking values in the set {0;1} and
having « as duty ratio, i.e., (u)g = a.

Discontinuous-conduction operation is characterized by the existence of three
time subintervals within a switching period T, which describe the time evolution of
the inductor current (see Fig. 6.14), similar to the ones of the buck-boost converter
(depicted in Fig. 6.6). The assumption of output voltage v being constant at the
evolution time scale of current i; is adopted. The expression of i,,x can be written
in two ways corresponding to the two triangles; thus

_Vc—E
L

ET T
L 2

Ilmax =
hence

E
T, = -Ty. 6.30
2=y g D (6.30)

The averaged value of the diode current over a T-length time window can be
expressed using the gray filled area of Fig. 6.14, namely,

. imax : TZ
<ZD>0 = 2T >
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in which Eq. (6.30) is replaced; therefore,

E2To?

(ip)g = e —E) 6.31)

Now let us return to the second equation from (6.29), where the inductor current
is expressed depending on the diode current, i.e., i;(1 — u) = ip; this equation is
further averaged and relation (6.31) is used for replacing the average value of ip:

E’To? {vedo

Clre)y = 2((ve)g—E) R

(6.32)

Relation (6.32) represents the ROAM of the boost converter operating in
discontinuous-conduction mode. One can note that this relation describes the
nonlinear dynamic dependence of the averaged output voltage (vc)o on the duty
ratio . This model corresponds to the diagram depicted in Fig. 6.15.

Relation (6.32) can be linearized around an equilibrium point in order to
simplify further analysis and control law design. The equilibrium operating point is
computed by zeroing the derivative in Eq. (6.32) for a fixed value of the duty ratio «,.
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In this way, by supposing that voltage E is constant, the steady-state value of (vc)g
results from solving a second-order polynomial equation, namely,

2L(v¢)g, — 2EL(v¢)o, — E*RTa? = 0.

The above equation has two solutions; the positive one is chosen:

E 2RTo?
+§,/1+T°‘f. (6.33)

In order to proceed with the linearization around the operating point given by
(6.33), the following change of variable is used:

0|

<VC>0€ =

v=(v¢)y—E. (6.34)

Note that v = <vé>0 . Using this and introducing notation (6.34) into (6.32), one
obtains

. E*To®> v+E
Cv = —
2Lv R
or, equivalently,
- ET 2 2E
v =——o —=v?P -y, (6.35)

L R R

Equation (6.35) is further linearized around the equilibrium point given by
(6.33). Notation ~ denoting small variation around the chosen equilibrium point is

adopted. Note that v, = (vc)o. — E and v = (v¢), . Then straightforward compu-
tation leads to

EToa, . 2 _ E _
= = o0 — ==V ———V,
v LCv, RC RCv,

which, according to notation (6.34), is equivalent to

EE— E’Ta, - 2(vcYoe —E
0ch “Le(hch —B) " RC(bc)oc—B) " (630

Relation (6.36) represents the linearized ROAM of the boost converter operating
in discontinuous conduction. One can see that the output voltage dynamic is of first

C(("’C)O(»*E)

E’RTq, : R
as gain and 20c)y—E

order in relation to the duty ratio, having IR0c)aE) as time
'C)oe ™

constant.
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Fig. 6.17 Bode diagrams for various equilibrium points of the boost converter operating in dcm:
(a) curve family for various a,; (b) curve family for various load resistances R

Next, simulations of the boost converter operating in dem have been carried out
using MATLAB®-Simulink®. The input voltage is constant, £ =5 V, the
switching frequency is 2000 kHz. The switches are perfect and the circuit
parameters are L = 0.5 mH, C = 100 pF and R = 150 Q. The ROAM from
(6.32) is assessed against its linearized version from (6.36) and the switched
model of the circuit — see Fig. 6.16.

Figure 6.16 shows the capacitor voltage evolution as the duty ratio is changed
from 0.2 to 0.3 in step. Consequently, the average voltage evolves between 11.51
and 15.73 V — see expression (6.33). As the linearized model (6.36) is expressed in
variations, one must add the steady-state value given by expression (6.33) in order
to compare model outputs.

Bode diagrams of the linearized model (6.36) have also been plotted for various
equilibrium points. Figure 6.17a shows how Bode diagrams change as the operating
point changes for duty ratios between 0.1 and 0.4 at constant load. Figure 6.17b
shows how Bode diagrams change as operating point changes for load resistances
between 50 and 200 Q. Note that system bandwidth decreases and steady-state gain
increases slightly in both cases: when equilibrium duty ratio increases and when
load resistance increases.
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6.5 Conclusion

At this point let us formulate some summary remarks about the necessity and utility
of the reduced-order averaged model. There are at least three cases where the use of
ROAM is recommended:

 if the converter operates in discontinuous conduction;

* when the converter has both alternating and DC variables, and one wishes to
neglect the former;

« if the converter dynamic is altered by means of a control structure, i.e., some of
the variables are rendered significantly faster than others and hence can be
neglected.

The mechanism of effectively reducing the system order consists in emphasizing
an algebraic relationship between some fast variables and some slow variables,
which makes the differential equations of the fast variables drop out. The result is a
reduced-order model.

Reduced-order averaged modeling has the strength of being easy to compute and
easy to use for control purposes — due to elimination of undesirable variables; hence
it is widely applicable. Its drawbacks are related to ignoring the dynamics that can
be qualified as “internal”, exposing the control law designer to instability problems
that are not predictable by this kind of modeling.

A final remark is that the ROAM provides the most suitable mechanism
for modeling converters operating in discontinuous conduction. This model can be
used in other cases, especially when a simpler model is needed, but it is recommended
that one first analyze the dynamics likely to be neglected.

Problems

Problem 6.1. Linearized ROAM of buck-boost converter in dem
Let us consider the buck-boost circuit in Fig. 6.5. It is required to obtain the small-
signal ROAM.

Solution. In order to derive the small-signal ROAM, Eq. (6.19) — representing the
nonlinear ROAM of the buck-boost converter in discontinuous conduction — should
be linearized around an equilibrium point:

_ E’T (x2_<"C>o
2L<Vc>0 R

Clved, , (6.37)

where notations have the meanings as introduced in the example detailed in
Sect. 6.3.2. Equation (6.37) describes the first-order averaged dynamic of the
capacitor voltage in relation to the input represented by duty ratio o. Supposing
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that voltage E is constant, the equilibrium point results from zeroing the time
derivative in Eq. (6.37) for a fixed value «,; hence

2L(v¢)g, = E*RTo?,

which gives

(veYo, = Ecer/(RT)/(2L). (6.38)

Equation (6.37) can be written as the dynamic equation of the variable (vc)02
depending linearly on o*:

‘ E’T 2{ve)?
c(<vc>§) o i <VTC>0. (6.39)

Let ~ be the notation dedicated to denoting small variations around a given

equilibrium point. Notations (v¢), = (ve)o, + 650 and o = o, + o are adopted;
hence, (v¢), = (vcho and & = & . Linearization uses the first-order Taylor series
approximation of function X2, namely X & x> + 2xo(x — Xo). Thus, Eq. (6.39)
gives by linearization around the equilibrium operating point (6.38)

— E’To? ETa, - (vc)oo 2
{ve)o = 2LC(ve) +LC<vC>Oe e TR (ve)o s
where % - <‘;§é‘” = 0 according to Eq. (6.38). Therefore:
(L. T ) (6.40)
VeYy = U — —— - (ve), - .
€0 T LC(ve)y,  RC VO

Equation (6.40) corresponds to a first-order linear dynamic system having as
input small variations of duty ratio a and as output small variations of averaged

capacitor voltage (vc), . That is, the ROAM dynamic of a buck-boost converter

E’RTq,

around a given equilibrium point is of first order, linear, having 5+ e

: RC
as gain and

as time constant.

Problem 6.2
Consider the system in Fig. 5.30 from Problem 5.1 in Chap. 5. It is about a circuit
used to convey the energy between a variable DC source and a single-phase strong
AC grid via a DC link, the reactive power being zero.

Given the system’s large-signal model developed in the solution to Problem 5.1,
obtain a small-signal reduced-order averaged model used for control purpose by
taking into account the following considerations.
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Fig. 6.18 Simplified diagram of cascaded control structure for the DC-AC converter given in
Fig. 5.30 (Chap. 5). Auxiliary elements — filters, i, computation using PLL, etc. — have been
omitted

The system must have the possibility of varying the input power; this is done by
controlling the DC-source current by means of control input u;. The primary control
purpose is to ensure the power flux between the primary DC source and the AC grid
while preserving the rated operating conditions in terms of voltage and current; this
is done by means of control input u,. To this end, a widely employed cascaded
control structure can be used (Astrom and Hagglund 1995), in which the DC-link
voltage controller imposes the set-point of the grid inductor current. Therefore, the
control structure is composed of two loops: the inner loop used for controlling the
grid-side inductor current and the outer loop for controlling the DC-link voltage.

Solution. As shown in the solution of (b) in Problem 5.1, computation of the small-
signal model and of its associated transfer functions may be a difficult way to obtain
necessary information for designing control laws. Depending on each particular
control objective, some remarks may be useful in order to introduce simplifying
assumptions before starting control design procedures. In our case, let us focus on
the regulation of the average value of the DC-link voltage, vpc. As AC voltage is
stiff, the (variable) output power can be controlled by means of the inductor L,
current (the output current loop). This supposes a variable DC current drain from
the DC-link. In order to maintain the value of v within operating limits, a voltage
loop should also be used. In fact, the invariance of vy guarantees the input—output
power balance. Figure 6.18 presents briefly this control approach.
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Let us review the result from Problem 5.1 (Eq. 5.83), preserving the significance
of notations introduced there:

dliy)y 1
= E—vpe(l —
it L [ VDC( 0‘)]
dig _ V. _voc g da-r
dVDC 1. 1 id
—— 1 — ) — — vy — L.
@~ clmdo(l=a) = pavoe =55 Bo,

describing the averaged large-signal model of the circuit, where vpc = (vg)o,
Ba = (u2)y and iy = (ir2)1.

First note that variable i, is controlled independently; it represents a perturbation
for the remainder of the system and its dynamic is not of interest here.

The dynamic of current i, is rendered significantly faster than the dynamic of
vpe by means of the inner control loop, i.e., iy equals i; practically instantaneously
in relation to the dynamic of vpc. Therefore, one can assume that variable i,
influences vpc by means of its steady-state regime, characterized by zeroing the
derivative of the corresponding dynamic equation in relations (6.4 1) and taking into
account neglecting the resistance of inductor L,, r = 0. Thus, the steady-state value
of B, is reached, which depends on the value of vpc, namely B,; , = V/vpc. Atits
turn, the latter relation is used in the dynamic equation of vp¢ to obtain

VD —l<i >(1—a)—iv _ v
be = ¢ Vtlio RC PC 7 2Cvpe

or, equivalently,

5 2Pupc 2 , Vv
Vpc = C _ﬁVDC_E

id, (6.42)

where P;, pc = (ir1)o - vpc(l — o) signifies the power supplying the DC link.

Relation (6.42) represents the /inear dynamical equation of the DC-link voltage
squared. This relation also represents the nonlinear ROAM of the circuit because
the resulting system order has been decreased by one.

One can use relation (6.42) to design linear control laws to regulate vpc- (instead
of vpc) by using i, as control input, knowing that P;, pc is a perturbation. The
plant transfer function used to this end is

Vi V-R
R s

(6.43)

; 2
L=V
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If the transfer from i, to vpc is sought, then linearization of Eq. (6.42) around an
equilibrium operating point vpc, is necessary. This operating point obeys the
following relation:

2Pin_pce 2 V.
Te — ]Q_Cvéce — Elde = 0 (644)

As in the previous solved problem, the linearization makes use of the first-order
Taylor series approximation of function X2, namely X & x> + 2xp(x — Xp).
Variables of interest can respectively be written as the sum of their equilibrium
values and their small variations:

{ Vpc = Vpce + VDC

g = lge +iq-

Therefore, linearization of Eq. (6.42) yields

B 23, V.V

) — 2Pin_DCe 4VDC@ .
VDCe * VDC —T_ RC VbC RC _Elde_E

iz, (6.45)

where the power supplying the DC link has been supposed a sufficiently slowly

variable, i.e., constant: P,-Z;Ce = 0. By substituting relation (6.44) into (6.45) one
obtains

. 4vpce — Vo~
2vpce * Vpc = ~rc 'P€ ¢l

from which the transfer function results as

H~ N(s) :VD_C: _M#
iqg —VpC 171 4vpce S%—Q—l

(6.46)

Equation (6.46) gives the small-signal ROAM that expresses the linear first-
order dynamic of the DC voltage as depending on current i,. Its utility consists in
providing the basis for the design of a DC-link voltage regulator that imposes the i,
value in response to vpc evolution (see Fig. 6.18).

Note that transfer functions given by relations (6.43) and (6.46) have the same
time constant — meaning that they correspond to the same dynamic — but different
gains (in the latter case this depends on the chosen equilibrium point).

The following problems are proposed to the reader to solve.

Problem 6.3. Modeling a buck power stage operating in dem
Let us consider the buck converter with capacitive output filter having the circuit
diagram presented in Fig. 2.10 of Chap. 2. The converter operates in discontinuous-
inductor-current mode. The following points should be addressed.

(a) Deduce the converter ROAM by taking the duty ratio as control input and the
output voltage as controlled variable.
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Fig. 6.19 Series-resonance supply of a diode rectifier

(b) Determine the conversion ratio between the input and the output voltages.
(c) Deduce the small-signal ROAM.

Problem 6.4. Modeling a flyback converter operating in dcm
Answer the same questions as in Problem 6.3 for the case of a flyback converter
having the circuit diagram given in Fig. 4.24a of Chap. 4.

Problem 6.5. ROAM of a series-resonance supply of a diode rectifier
Let us consider the circuit composed of a voltage inverter, a resonant tank and a
diode rectifier given in Fig. 6.19.

The voltage inverter is assumed to operate in full wave at a frequency close to
the resonance frequency of the alternative circuit. Address the following points.

(a) Deduce the switched model.

(b) Explain why the classical first-order harmonic approach is suitable for studying
the resonant circuit.

(c) Write the ROAM of this converter by taking the output voltage vco as a
controlled variable and the inverter frequency as a control input variable.

(d) Deduce the small-signal model of the previously obtained ROAM.

(e) Give the equivalent diagram corresponding to the ROAM of the converter.
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Part 11
Control of Power Electronic
Converters



Chapter 7
General Control Principles
of Power Electronic Converters

This chapter aims at offering a synthetic perspective over control goal formulation
and control design methods for power electronic converters in the context of their
specific features and constraints. It concerns intrinsically variable-structure systems
with fast nonlinear dynamics that are potentially subject to significant noise distur-
bance because of modulated control signals. Such plants are challenging from the
control perspective and so a large palette of control methods will be explored.

7.1 Control Goals in Power Electronic
Converter Operation

Generally speaking, power electronic converters are key elements in power
systems. Besides conveying electrical power with high efficiency, they offer the
possibility of controlling internal variables in order to ensure both safe operation
and output regulation. In the quasi-totality of their applications, power electronic
converter operation requires a form of control intended not only for attaining the
operating objective but also for safety. Control specifications are quite diversified,
depending on the particular converter role.

As an example, a DC-DC converter operating in a switch-mode power supply
feeding a certain variable load may need duty ratio adjustments in order to ensure a
constant output voltage for the entire operating range (voltage regulation). Alter-
nately, a grid-tie inverter fed by a renewable energy system must output a desired
AC current to the grid in order to satisfy certain power transfer requirements, thus
behaving as a controlled current source. Active power filters must provide the
necessary current/voltage spectrum in order to cancel undesired harmonic content
produced by a polluting load, all by maintaining the grid-load power balance.

Figure 7.1 shows a generic application of power electronics control. In most
cases the control algorithm outputs the duty ratio in response to the circuit state/
output evolution. The duty ratio needs modulation (conversion to the ON/OFF
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Fig. 7.1 Generic control application of a system including power electronic converter

signal) to be applied to the power switch base driver. To this end, various types of
modulation may be used, of which the most frequently employed are pulse-width
and sigma-delta modulations (in their analog or digital version) and space-vector
modulation (SVM) (Leon et al. 2010). Hysteretic modulators or constant turn-on
modulators can also be used (Corradini et al. 2011). However, the diagram in
Fig. 7.1 is not general, as there are control laws that directly output the two-state
control signal (e.g., the sliding-mode control).

In either case, the controller must respond to significant system perturbation, that
is the load variation, according to certain a priori specified control objectives. As
usual in control systems technology, these objectives include output regulation/
tracking, internal variable dynamics compensation, limitation of variables to admis-
sible values, etc. For purposes of zero steady-state error, integral control action is
mandatory in most cases, at least in the outer control loops.

Generally speaking, converter control design is focused on imposing desired
low-frequency (macroscopic or otherwise equivalent) behavior with respect to the
specified requirements (Kassakian et al. 1991). In this context, the converter
averaged model is an important instrument. The frequency domain of interest is
placed well below the switching frequencys; it concerns the compensation of inertia
introduced by passive circuit elements.

In power electronic converters the use of passive elements — capacitors and/or
inductors — is mandatory, not only for filtering high (switching) frequencies but also
for control purposes (inserting larger inertia leads to more controllable plants). The
presence of such inertial elements leads to variations of electrical variables in the
case of power imbalance (e.g., capacitors DC voltage increasing to dangerous
levels). Therefore, in order to preserve the proper operation of converters one
must ensure the power balance between the various sections of the circuit. This is
usually done by regulating some internal variables that are sensitive to the electrical
power imbalance, to certain typical operating values.

Figure 7.2 illustrates a power supply based on a boost DC-DC power stage. This
plant must be controlled in order to maintain a constant output voltage irrespective
of load value (within acceptable limits). The two-loop cascaded control structure is
charged not only with output regulation at the desired value but also with inductor
current tracking and limitation.
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Fig. 7.3 Example of application requiring power electronic converter control (gate driver omit-
ted): renewable energy source feeding a single-phase AC grid

Figure 7.3 contains an example of a grid-connected inverter used for conveying
power from a renewable energy source (let us suppose a PV array). This role is
translated into regulating the DC-link voltage v¢ to a constant value, as this latter is
sensitive at power imbalance (Hur et al. 2001). Therefore, the outermost control
loop deals with DC-link voltage regulation, which can be achieved by injecting the
corresponding amount of current into the power grid. In this case, the controlled
variable is the grid current is that is “naturally” filtered by the inductor, the current
extracted from the DC link being indirectly controlled.

To conclude, the outer voltage loop should impose the grid current reference that
must be followed (in the inner control loop) in order to maintain the power input-
output balance. Its magnitude follows DC current input random variations.
Concerning circuit safety, as the inductor current is controlled, its value (and its DC
image) cannot exceed the safety effective values. Also, the DC voltage regulation
avoids capacitor rated voltage excess, thus protecting the DC link. Moreover, this
control structure adds flexibility to the application as it can feed reactive power into the
grid by varying the phase lag between the injected current and the AC grid voltage.



182 7 General Control Principles of Power Electronic Converters

7.2 Specific Control Issues Related to Power
Electronic Converters

Power electronic converters are variable-structure plants exhibiting fast dynamics
and their control must ensure quite high bandwidth/fast time response in order to
ensure good output power quality. In the case of digital control this requires high
sampling frequencies and low computing latency, which further induces restrictions
on the execution time of the control algorithm on a certain hardware platform.
Therefore, advanced control algorithms must be carefully used and optimized from
the perspective of execution time.

Power electronic converter behavior is relevant only in the context of its interac-
tion with interconnected power conversion systems; the modeling may thus require
an aggregation of all these components. Often, control of a certain variable is done
indirectly (by virtue of electric variable interactions within the circuit in question),
so the modeling approach must take into account this aspect, too.

As previously shown, in most cases power electronic converter models are
expressed using coupled sources that are controlled by means of the same control
input, which is the duty ratio. This induces severe nonlinearities in converter
models (e.g., due to products between the control input and some states) that render
dynamic behavior of the plant dependent on the operating point variation (e.g.,
the load).

Also, passive elements could be variant when their current varies and the real
sources do not maintain the rated output under any operating conditions (e.g.,
inductance reduction when the core saturates). Depending on its design and on
load conditions, the converter may operate in discontinuous-conduction mode,
which significantly changes its model structure (see Chap. 6).

As the closed-loop high bandwidth is a basic requirement for converter control,
parameter/model variations may reduce the stability phase margin to dangerously
low levels (Morroni et al. 2009b). Therefore, a “strongly” tuned controller may
easily lead to instabilities in certain operating regimes. For these reasons, the
designer may sometimes sacrifice performance for the sake of robustness.

All these aspects suggest that a unique linear controller is not likely to maintain
control performance (dynamic response, stability, etc.) for the entire operating
range. Solutions to this problem suppose the design of the controller to ensure
optimal closed-loop behavior at a certain operating point and the use of an adaptive
algorithm for other operating points or ranges (e.g., gain scheduling).

To conclude, closed-loop system robustness and sensitivity to parameter
variations is an open issue in power electronic converter control.

There is another specificity arising from the modulated control input and the
converter’s specific operation: the controller must deal with larger spectra
(with respect to baseband control applications) in the measurable variables that
may significantly affect its performance. Supplementary filtering and synchronous
data acquisition may be employed in order to reduce modulation effects. The noise
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additive to the output may also contain spectral components (current/voltage
ripple), placed within the system’s closed-loop bandwidth, whose rejection requires
the controller complexity be increased.

Depending on converter type, the current/voltage may be physically limited
(e.g., a one-quadrant buck power stage cannot have negative voltage). Also, for
safety requirements, some of the variables must be limited to certain rated values.
By virtue of power converter physical implementation, the duty ratio takes values in
the interval (0,1). In the case of certain converters this interval may be even smaller,
for efficiency reasons (e.g., the boost power stage). All these limitations induce
nonlinearities that must be dealt with within the control structure. In this context,
effective control structures employ antiwindup schemes used in conjunction with
controllers that use integral components, especially in the inner/faster control loops.

Converters with a “boost” effect display nonminimum-phase behavior on the
duty-ratio-to-output-voltage channel. Their control requires specific solutions that
preserve control quality, meanwhile avoiding closed-loop instabilities, e.g., opti-
mum modulus criterion (Ceanga et al. 2001).

Converter operation often induces nonessential disturbances at frequencies
within the closed-loop system bandwidth that may adversely affect controller
operation. For example, the inverter in Fig. 7.3 induces quite a low-frequency
(two times the grid frequency) ripple in the DC-link voltage due to the modulation
effect (a product between the duty ratio and the grid current, both being sinusoidal
variables). This ripple has a spectrum within the system bandwidth, and, if taken
into account by the control law, it may induce undesired grid current amplitude
variations (Bratcu et al. 2008).

In the case of converters that have more than two energy accumulations (states)
some economic issues prevent control of the entire state vector: not all the states are
sensed because transducers may be expensive. In this case partial (incomplete) state
feedback may be used for control purposes, which employs observers for state
reconstruction. The use of integral reconstruction may prove to be a useful solution
to this problem (Sira-Ramirez and Silva-Ortigoza 2006). See, for example, the
application in Fig. 7.4, where the full-state feedback requires an unaffordable number
of transducers; in this case partial-state observers may be a cost-effective solution.

7.3 Different Control Families

In the relevant literature, one can find a wide plethora of control structures that have
been employed for power electronic converter control. Without being exhaustive,
the next chapters of this book visit some of them, linear as well as nonlinear.

The so-called standard control employs simple and robust classical invariant
PID controllers that are tuned based upon linearized single-input—single-output
averaged models of converters (small-signal models). These output a continuous
control signal (the duty ratio), which needs modulation so it may be applied to the
power switching gates (PWM, sigma-delta, SVM, etc.). Once the worst operating
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Fig. 7.4 Example of control application requiring a significant number of transducers: output
voltage regulation of Ciik DC-DC converter (Malesani et al. 1995)

conditions have been identified, controller tuning is done with classical procedures
such as loop shaping or pole-zero allocation (d’Azzo et al. 2003). In the following
step the control solution is checked to see if it preserves acceptable performance for
the remainder of the operating regime, not only in continuous-conduction but also
in discontinuous-conduction mode.

A widely used and effective control structure is one that employs nested
(or cascaded) loops (Astrom and Hagglund 1995). This allows the output circuit
regulation/tracking, meanwhile preserving the internal variables within specified
safety limits. For example, in a converter having two states — the current inductor
and the capacitor voltage — the outer control loop deals with voltage regulation
imposing low-frequency dynamics and the inner loop concerns the faster current
control. The voltage controller provides the setpoint of the current variable, and this
latter acts as the control input of the outer voltage loop.

Another linear control structure is the full-state feedback (d’Azzo et al. 2003).
The duty ratio is obtained as a linear combination of the converter’s states, and the
controller gains result from imposing the poles of the closed-loop system. In some
cases full-state measurement is not possible and state observers must be employed
for reconstructing nonmeasured state variables (Friedland 2011). However, an outer
integral loop is needed in order to drive the output towards a desired value. As the
internal variables are no longer explicitly controlled, supplementary actions must
be taken in order to maintain them within safe limits.

Also, in the case of three-phase AC/DC or DC/AC converters, control may be
accomplished by using linearized averaged modeling in the rotating dg frame (see
Chap. 5). This allows separate control of the active and reactive power flows,
respectively, by using simple proportional-integral (PI) controllers on each of the
channels (Bose 2001). A decoupling structure may be needed to cancel the recipro-
cal influence between channels d and g.
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Linearized averaged models may also be used for designing resonant controllers for
converters having AC power stages. These controllers employ generalized integrators
having infinite gain at a certain frequency (Etxeberria-Otadui et al. 2006). This allows
harmonic reference tracking (in this case the grid frequency), while rejecting all other
signals that influence the control goal (e.g., higher-order harmonics that pollute the
grid). The implementation of these controllers may either be continuous (in the simpler
cases) or discrete (i.e., digital). In this latter case, the linearized model must be
discretized using the sampling time of the computing system (Maksimovi¢ and Zane
2007; Morroni et al. 2009a).

Nonlinear averaged models (large-signal models) are useful for deriving
advanced nonlinear controllers (as also stated in Chap. 2). By using the converter
model’s intrinsic properties, these control structures strive to maintain closed-loop
performance for the entire operating range. This book will look at the so-called
stabilizing control and passivity-based control that result from applying the more
general Lyapunov stability theory (Sanders and Verghese 1992; Ortega et al. 1998).
In addition to these, the feedback-linearization control approach may be used for
yielding a closed-loop system consisting of a series of integrators (Isidori 1989;
Sira-Ramirez and Silva-Ortigoza 2006). In some of the cases these approaches may
lead to quite complicated mathematical expressions of the duty ratio and may pose
software implementation problems.

Last, but not least, the sliding-mode control for power electronic converters will be
detailed. This is a natural approach since power electronic converters are essentially
variable-structure systems (see switched models in Chap. 3). The resulting controller
is simple and robust in both analog and discrete implementations and does not require
duty cycle modulation (Tan et al. 2011). However, supplementary operations are
needed for confining the (otherwise free) switching frequency in a typical spectral
domain suitable for a certain power switching device.

7.4 Conclusion

Far from being exhaustive, the control methods mentioned here have a common control
goal: to impose the desired low-frequency power electronic converter behavior. This
goal is rather general and frequently relies upon a control structure with more than one
variable to control. Other control methods suitable to power electronic converter
control — e.g., the straightforward method of peak current control (Middlebrook
1985) — will not be considered because the scope of this book is narrower.
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Chapter 8
Linear Control Approaches for DC-DC
Power Converters

This chapter covers the topic of DC-DC power electronic converter control in
continuous-conduction mode. It aims at presenting how converter averaged
(low-frequency) behavior can be tailored by means of feedback control structures.
There is no unique control paradigm that solves this problem. To this end, various
control structures with different design methods that have become classical in
control systems theory can be employed with a similar degree of efficiency. It is
generally assumed that the obtained control input is applied to converter switches
by using pulse-width modulation. This chapter aims at giving a comprehensive
view of this topic without exhausting the entire range of control approaches
dedicated to the subject. The chapter presents the main principles, the design
procedures and provides some pertinent examples, ending with two case studies
and a set of problems.

8.1 Linearized Averaged Models. Control Goals
and Associated Design Methods

As seen before (Chap. 4), it is beneficial to describe the average behavior of a
converter by means of a linearized model; it provides good insight on plant perfor-
mance in terms of steady-state gains, bandwidth, damping and other dynamic effects
(e.g., nonminimum-phase behavior). This allows a full assessment of converter
(plant) properties leading to control loop design that ensures the achievement of a
certain goal (Stefani 1996). The drawback of this modeling approach is the fact that
these plants are nonlinear (Verghese et al. 1986). As it has already been discussed,
their linearized models have coefficients whose values depend on one (or more) time-
varying exogenous signals, i.e., they change with the actual operating point and so
does the linear-controller-based closed-loop system (Philips and Francois 1981;
Mitchell 1988; Kislovsky et al. 1991). Therefore, linear controllers suffer from lack
of robustness with respect to load and input voltage mean values, which must be
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taken into account when one approaches worst-case design, gain scheduling
linear-parameter-varying or other adaptive techniques (Lee et al. 1980; Shamma
and Athans 1990; Morroni et al. 2009; Algreer et al. 2011).

The main control goal in DC-DC converters may vary with the converter role,
but, in general, the aim is to regulate/track either the output or the input converter
voltage (with respect to the power flow), while meeting a set of imposed perfor-
mance requirements. The control loop may be more complicated as the primary
goal may generate subordinate objectives produced when other issues are revealed
during modeling (e.g., stability aspects). Also, the chosen control structure may be
hierarchically organized for tracking some internal variables in order to achieve
better dynamic response or/and to keep them within safety limits (Astrém and
Hiégglund 1995).

Therefore, the control paradigm and associated design method chosen for
solving the control problem of a DC-DC converter depend on a complex of factors
that include the converter role, its original dynamics, desired closed-loop dynamics,
operating range, safety issues, control input limitations, etc.

In the following sections, some classical design methods of control theory
(Levine 2011) will be examined with respect to basic power electronic converters.
Time-domain design techniques that use temporal response specifications — e.g.,
settling time, overshoot, integral performance indices — are useful when the closed-
loop plant can be described as a dynamical system having second-order dynamics
dominant behavior and no critical stability issues. When stability must be ensured
by a supplementary degree of freedom in the control law, frequency-domain
techniques such as loop shaping may be useful. Pole-placement method is useful
for conveniently place the closed-loop eigenvalues when full-state feedback infor-
mation is available. This method is usually employed in conjunction with an outer
control loop that guarantees the fulfillment of the main operating goal. In the case of
high-order plants the root locus method provides a powerful tool for deriving
controllers that ensure robust closed-loop behavior (d’Azzo et al. 2003).
Prediction-based methods (e.g., internal model control) are suitable for dealing
with converter models having right-half-plane zeros.

Next, for simplicity, the brackets denoting averaged values will be dropped. For
example, the averaged inductor current, (i, )o(#) will be denoted simply by i, (), the
duty ratio as average of the switching function u by a(t) = (u)o(f), and so on.
Notations with subscript e are assumed to denote steady-state values (e.g., the
steady-state capacitor voltage will be denoted as v¢,).

8.2 Direct Output Control

In direct output control only one loop is used to control the output variable, either
the voltage or the current. In most of DC-DC power electronic converter
applications the output variable is voltage. Hence, this approach is also named
voltage-mode control. 1t is a classical one in DC-DC converter control and with it
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no current need to be measured in the computation of the required duty ratio. It aims
at regulating output voltage to an imposed value irrespective of load or input
voltage variations. Output voltage variations are allowed within a specified band
(e.g., within +2 %) and depend on the closed-loop bandwidth.

8.2.1 Assumptions and Design Algorithm

The basic requirement of direct output control is that output voltage can be
measured. Also, it is assumed that the small ripple condition is fulfilled and
the converter operates in ccm. Output voltage control is achieved by means of the
simple but very powerful idea of negative feedback and is based on the converter
averaged linear model. This allows closing the system loop and presents a way to
conveniently change its static and dynamic proprieties.

As the complete converter dynamics may prove quite complex, the system may
be “difficult” to handle by such a direct approach. Therefore, the simplicity of the
control structure has to determine the complexity of the controller in order to
obtain suitable closed-loop performance. For example, in Sect. 4.6 from Chap. 4 it
has been shown that the buck-boost transfer function from the duty ratio to the
output voltage presents a right-half-plane zero. This requires appropriate com-
pensation in order to obtain a stable closed loop with sufficiently large bandwidth.
Therefore, the controller structure may contain a phase compensator (usually a
lead-lag or a derivative component) or another kind of prediction based upon the
plant model. Also, an integral component is required if the aim is voltage steady-
state error zeroing.

Following comments from Chap. 7, Fig. 8.1 shows the control structure in the
case of a buck converter. The controller outputs the duty ratio o, which is further
pulse-width modulated so it may be applied to the power switch gate.

Once the controller structure has been chosen, its parameters can be obtained by
equating the closed-loop transfer function parameters with the ones imposed by the
dynamic performance specifications, either in the time- or frequency-domain.
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The plant varies with the operating point (due to either load or primary voltage
source variations); therefore it is expected that both its stability and closed-loop
performance also vary. As consequence, one must ensure that stability is verified at
the operating points corresponding to extremum values of the varying parameters.
The closed-loop behavior should also be verified at these points. From the load
point of view, these are the point of maximum load (corresponding to the circuit
rated power) and the point of minimum load, where the circuit still operates in
continuous-conduction mode. Finally, controller parameters result from ensuring
that the performance requirements are met in the worst case, which depends on each
particular converter configuration.

Suppose that linearization around a certain operating point leads to transfer
function H,,(s) of the duty-ratio-to-output-voltage channel. The design of a controller
starts from the observation that the plant H,(s) is very weakly damped, therefore
very close to instability (see the results presented in Chap. 4). In this context,
the requirement of ensuring zero steady-state error is quite constraining because it
requires an integral component in the controller that worsens the stability margin.
One can however succeed in finding a trade-off in choosing the integral time constant
so as to ensure zero steady-state error with not very large, but satisfactory, conver-
gence speed. Some closed-loop dynamic performance is in this way sacrificed for the
sake of ensuring good stability margin (more precisely, phase margin). Consequently,
controller design is based upon loop shaping, i.e., shaping of the open-loop Bode
diagrams in such a way as to ensure the largest bandwidth possible while still keeping
sufficient phase margin. An extended lecture on this topic may be found in Erikson
and Maksimovi¢ (2001).

The main steps of the design algorithm are listed next.

Algorithm 8.1. Design of direct control structure

#1 Describe the averaged model of the circuit. Choose the quiescent
operating point where the control design will be made. Linearize the
circuit model around the selected operating point.

#2 Deduce the transfer functions from the duty ratio to the output voltage and
from the output current to the output voltage (in variations). If necessary,
also deduce the transfer function from the input voltage to the output
voltage.

#3 Decide if the controller will include an integral component or not.

#4 Plot the Bode diagrams for the open-loop controller-and-plant system.
Deduce the number of necessary folding frequencies and their convenient
ordering so as to ensure stability in the first place (Nyquist criterion
fulfilled).

#5 Tune the folding frequencies in order to obtain sufficient stability margin.
In particular, reduce the phase lag around the open-loop cut-off frequency
(e.g., by introducing a lead component into the controller).
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Fig. 8.2 Buck-boost small-signal equivalent diagram

Remark. The design operating point may be chosen either at the worst or at a typical
(most probable) operating point that usually involves both the load condition and
the supply voltage value at reduced loads DC-DC converters are highly undamped,
whereas at full loads they may have a significant — i.e., low-frequency — right-half-
plane zero (case of converters having boost capability).

8.2.2 Example of a Buck-Boost Converter

Let us consider the buck-boost power stage supplying a variable resistive load.
Suppose the control goal is to maintain the output voltage at a given setpoint with
zero steady-state error despite load resistance R, (within rated limits) and source
voltage E variations (at about 30 % around the rated) and irrespective of operating
mode, as either buck or boost converter.

One follows steps of Algorithm 8.1. The converter is modeled according to
details provided in Sect. 4.6 from Chap. 4. Consider a quiescent operating point
determined by steady-state duty ratio «,, inductor current i; ., voltage capacitor v¢,,
voltage source E, and load resistance R,. The linearized averaged model around this
operating point is

L-ip =aE + (E. —vee)& + (1 — a)vg

N ~ 1 8.1
C'VC :_(1_(xe)iL +iLe(X_R_VC _iS’ ( )

where the variable /s = —% ‘R represents output current variation due to load

e

variation R . The corresponding equivalent electrical diagram is given in Fig. 8.2.
The notation o, stands for 1 — a,.

By zeroing E andig one can compute the transfer function describing the channel
from the control input (duty ratio) « to the capacitor (output) voltage v¢ as

LI
—~ — S
H. (S) _ vc (S) _ _Ee — VCe ) (Ee - VCe)(xe (8.2)
FER
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Fig. 8.3 The closed-loop system, emphasizing influence channels from reference and from
disturbances respectively

The channel from the input supply E to the output voltage is described by the
transfer (o« and % being zeroed):

Ve % 1
e P4 ——s+1
o? R,

The influence of output current is over output voltage is determined by Eq. (8.4)
and actually represents circuit output impedance (& and E being zeroed).
Ve 1 1
Hy(s) =5 = ——. . (8.4)
Is e g4

These transfer functions can be computed either from relation (8.1) or by
conveniently transforming the diagram in Fig. 8.2 (as detailed in Sect. 4.6 from
Chap. 4). Using the principle of linear superposition one may add all these three
effects in order to obtain the complete plant (see Fig. 8.3). Note that in both of
these transfer functions the value v¢, is negative.

In order to make the idea clear, let us consider that the plant H,(s) from relation
(8.2) is written as

1-— T1S
Hy(s) =K - 55——7", 8.5
wls) ! T?s2 +2(Ts + 1 ®-5)
where all its parameters depend on the operating point: gain K| = —E“;,‘C <0,
right-half-plane zero time constant 7| = ﬁ, second-order time constant
T= ‘/(XL,_C and damping coefficient { = 2;—({\/% One can note that plant (8.5)

becomes more undamped as load R, gets larger. Plant (8.5) is coupled with a PI

controller with lead-lag, having transfer function

1 T 1
> »S + (8.6)

Hos) =Ky(14+ ) 25T
(s) ”< i) 0.05Tps 11
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Fig. 8.4 Convenient shaping of open-loop Bode plot corresponding to plant H,(s) coupled with a
PI controller with lead-lag

where the lag time constant is much smaller (i.e., twenty times smaller) than
the lead one, T, (it mainly helps to render causal the controller). The open-loop
Bode plots corresponding to H.(s) - H,4(s) are shown in Fig. 8.4. The influence of
the introduced lag is not shown on the plot, as it is placed in the high-frequency
range. Note that the integrator severely affects the phase characteristic and further
induces reduction of the phase margin.

An important remark is that the place of the first folding frequency, 1/T;
determines the open-loop bandpass gain, which must be large in order to ensure
large closed-loop bandwidth. At the same time, one must ensure that the cross-over
frequency is smaller than the folding frequency introduced by the right-half-plane
zero, 1/T, in order to limit the nonminimum phase influence. The time constant 7 is
usually small in relation to the main time constant 7; in this way, a sufficiently large
bandwidth can be ensured. Figure 8.4 suggests a convenient way of placing folding
frequencies in relation to the plant’s lowest folding frequency (the one giving the
dominant dynamic, 1/T), so as to ensure requirements of both satisfactory bandwidth
and phase margin:

I 2 1 2 KK 5

_— = — N _— = 5 — ) 8-7
T T, T, T T; T ®.7)
thus allowing one to compute values of the controller parameters:
T 10
T, =2T, Ty==, K, = (8.8)

2 T K,
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Fig. 8.5 (a) Open-loop Bode plots for different supply voltages E.; (b) closed-loop Bode plots for
different supply voltages E,

Remarks Note that controller choice according to (86) does not allow for the
nonminimum-phase behavior — induced by the right-half-plane zero of plant (8.5) —
being alleviated in the closed loop. Choosing controller parameters according to (8.7)
and (8.8) normally leads to increased damping in the closed loop. Note also that
choice (8.7) is not unique and in any case must be completed with numerical
simulation, which allows assessing the closed-loop dynamic performance.
If needed, this latter can further be improved by conveniently adjusting parameters
obtained with (8.8).

Figure 8.5 shows the typical variation of the open-loop (a) and the closed-loop
(b) Bode plots in the full-load case, as the input supply voltage E varies. For low
supply voltages the circuit operates in boost mode and the phase plot shows that it
represents a most unfavorable case from the stability viewpoint. Note that the
closed-loop bandwidth does not vary significantly.

Figure 8.6a shows the closed-loop response at step load variations for different
values of input supply (steady-state). The steady-state load R, is at the rated value.
Figure 8.6b shows the closed-loop response at step input voltage variations for
different steady-state values of input supply E,. The best response is obtained for
the buck mode.

8.3 Indirect Output Control: Two-Loop Cascaded
Control Structure

Cascaded control is built by nesting several — generally two — control loops and is
used when there is more than one measured variable — usually the system states —
and a single output. It provides tighter control and improves overall dynamics as it
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Fig. 8.6 (a) Closed-loop output voltage evolutions at step load variations for different values of
E.; (b) closed-loop output voltage evolution at step input voltage variations for different values
of E, (steady-state load R, is at its rated value)

uses an intermediate measured signal that responds faster to the control demand.
However, this structure requires separation of the dynamics in the sense that the
inner loop must act much faster than the outer loop (Astrom and Higglund 1995).

8.3.1 Assumptions and Design Algorithm

In most DC-DC power electronic converter applications the output variable is the
voltage and is involved in the outer loop; therefore, the variable within the inner
loop is the current. This is the reason this technique is also called averaged current-
mode control (Dixon 1991). It applies easily to converters having two states
(independent energy accumulations), but it can be extended to higher-order
converters. In order to solidify the idea, let us consider the example of a buck
converter. Its averaged model, obtained by using the procedure from Chap. 4, and
its linearized version around a steady-state operating point are given by expressions
(8.9) and (8.10) respectively, with source E being constant, inductor resistance R;,
considered negligible and iy = —v%e /R, ‘R being the load current small variation

due to the load resistance variation R :

L-ip =a-E—ve—RypiL
8.9
{C'Vt‘iLVC/R, ( )
{L'i._Ega —vc (8.10)
C-v¢ =iy —v¢ /R —is.

The eigenvalues of the plant (8.10) state matrix
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1
0 _

L

A= 1
C CR,

show that the system exhibits a second-order, habitually weakly damped oscil-
latory time behavior. Indeed, their values result from det(sI, — A) = 0, which
further gives

L
LC-SZ—&—R—-S—&—I:O.

e

This equation corresponds to a second-order dynamic having T = +/LC as time
constant and & = ﬁ \/% as damping coefficient. A typical numerical application

for a buck circuit having L = 0.5 mH and C = 470 pF in the steady-state operating
point with R, =5 Q gives T = 1.5 ms and & = 0.33, which indeed describes a
weakly damped time behavior. Note that for larger values of R, the system becomes
even more undamped. Therefore, the dynamics of the two state variables (the output
voltage and the inductor current) are in fact strongly coupled, meaning that the
assumption of clear separation of the dynamics is not a priori met.

For purposes of comparison, let us consider the well-known case of a DC motor
two-loop speed control, where the two states — the armature current and the
rotational speed — correspond respectively to electrical and mechanical energy
accumulations. In this case each of the state variables introduces a real pole, with
the dominant one corresponding to shaft rotational speed. The result is that the
dynamics of the two states are (in general) naturally clearly separable. This is not
the case for power electronic converters; here, dynamics separation is forced by
control design.

This separation is effectively achieved by splitting the original plant (averaged
circuit) into two plants: the faster inner plant, which is driven by the slower outer plant.
In general, in the case of the two-state power electronic converter, the inner plant
captures the inductor current dynamics, while the outer plant embeds the equivalent
capacitor voltage dynamics. The main control goal applies to the latter plant.

In the general case, the duty ratio may influence not only the inner plant but also
the outer plant, inducing a nonminimum-phase effect and rendering their dynamics
not clearly separable. But, for converters for which this behavior is not significant,
a simplified algorithm can be stated, as detailed further in this section.

Now, suppose that one of the circuit variables (capacitor voltage v-) must be
maintained by the control action to a certain constant value or must track a slowly
variable signal. Supposing this goal achieved, this slow variable is practically
constant (at the equilibrium value) in relation to the inner plant dynamic; so, this
plant may be described by a simpler equation. Taking the buck converter as an
example, the first equation of (8.9) becomes
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L'E:(x'E_VCe_RLiL7
and, by further linearization, one obtains the transfer function describing the inner
plant having as input the duty ratio and as output the averaged inductor current
(vce 1s constant):

1M®:£:T£—. 8.11)

R |

R

Inductor current i, is driven by its reference i, within the inner loop such that its
dynamic becomes much faster than that of v¢. From the outer plant point of view, if
the closed-loop dynamic of the inner variable is very fast, it may be neglected and
i = k - i;, where k < 1 but close to 1. By zeroing the left side of the first equation
of (8.9) one obtains the steady-state algebraic equation of the converter linking the
outer output variable (v¢) with the inner control variable (x): ve = o - E (inductor
losses being neglected). Using these two conditions, the equivalent dynamic of the

converter results from the second equation of (8.9):

dve _
dar

vc

keip =22,

which gives by linearization around the operating point described by load R,:

- ~ V¢ o~
C-vc =k-i; ———is,
C L Re S
where iy = —v¢, /R? -R is the load current variation due to load variation R.

The outer plant, which has as control input the current reference i; and as output
ve, is described by the transfer function

fmw—Twz kR, (8.12)
7 () CRes+1

This outer plant describes the equivalent dynamic of the capacitor voltage in
response to the inductor current reference. It is employed in the primary loop
design, which must perform a tracking of a certain reference v with a dynamic
much slower (at least five times) than the one obtained for the inner loop.

The cascaded control structure is given in Fig. 8.7. The plant describes here the
averaged behavior of the converter. Hcy(s) and Hc(s) represents the voltage and
current controller transfer functions, respectively, which must be designed in order
to solve the control problem. They are computed in conjunction with the transfer
functions of the outer and inner plant, respectively (relations (8.11) and (8.12) in the
previous example), and with some imposed time- or frequency-domain closed-loop
requirements. Note that the output of the outer loop controller represents the
reference to track by the inner loop. The prefilter is intended to cancel the zero of
the inner closed loop.
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Fig. 8.7 Cascaded control structure for voltage control purpose

Note that in Eq. (8.12) the ratio between the gain and the time constant does not
depend on the operating point variation. A PI controller having the transfer function
Hey(s) = K(1 + 1/(T;s)) in the outer loop will lead to a closed-loop transfer
function as

T,‘S+1

HO(S> = TTV 5
i

1 b
7,(1 1
KK T ( +K,,KV>S+

where Ky, = kR, and Ty, = CR, (see Eq. (8.12)). Indeed, the coefficient of s%, which
determines the bandwidth of the closed-loop system, does not depend on R,.. On the
contrary, the damping coefficient depends on the operating point, but its variations
may be alleviated by choosing large values of K,,. These remarks are quite general,
i.e., they apply to any two-state power electronic converter.

To conclude the above discussion: a quasi-general algorithm used for designing
the controllers within the inner and outer loops, respectively, can be formulated for
converters having two states. In order to ease the presentation, the inner-loop
controlled variable is denoted by v; and the outer variable by v,.

Algorithm 8.2 Design of cascaded-loop control structure when dynamics
separation is possible

#1 Write the averaged large-signal model of the converter and emphasize the
variable to be controlled (main control goal). This will be the outer-loop
controlled variable, v{, whereas the other will be the inner-loop controlled
variable, v,.

#2 In the equation describing the dynamic of variable v; consider that
variable v, is constant; rewrite this equation.

#3 Linearize this equation and obtain the open-loop transfer function having
the duty ratio as input and v; as output.

(continued)
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Algorithm 8.2 (continued)

#4 Analyze the transfer function parameters, emphasizing the inner plant
gain and the dominant time constant. Impose the inner closed-loop static
and dynamic performance — usually its bandwidth must be significantly
enlarged in relation to the open-loop one.

#5 Design the inner control loop by choosing a controller appropriate to the
previously imposed requirements.

#6 Inside the outer loop consider that v; has infinite bandwidth; this is
mathematically expressed by zeroing the v; derivative in the inner equa-
tion. Write the algebraic equation expressing the duty ratio as a function
of the variable v,.

#7 In the outer equation expressing the dynamics of v, replace the duty ratio
by the previously obtained algebraic relation and obtain the equivalent
dynamics of the outer variable v,.

#8 Linearize the outer variable equation; extract the transfer function from
the inner variable reference to v,.

#9 Analyze the obtained dynamic by emphasizing the outer plant gain and
the dominant time constant. Impose the outer closed-loop static and
dynamic performance so as to simultaneously satisfy two requirements:
first, the original main control goal, in terms of steady-state error and
dynamic response, must be fulfilled, and second, the outer closed loop
should be at least five times slower than the inner closed loop.

Remarks 1In the case of a two-state converter, the inner and the outer plants end up
as first-order filters. The controllers are proportional, or proportional-integral if zero
steady-state error is required. Their parameters results from identifying the closed-
loop transfer function parameters with the ones corresponding to the imposed
dynamic performance specifications. Note also that one could aim at ensuring a
slower dynamic for the outer plant from the very beginning, namely by choosing a
large value for the capacitor in the initial circuit sizing stage.

This algorithm also works for boost-type converters having the right-half-plane
zero at high frequency.

8.3.2 Example of a Bidirectional-Current DC-DC Converter

Let us consider the synchronous converter in Fig. 8.8 that feeds a motor drive by
means of a DC-link. The current can be either drawn from or injected into the
DC-link by the motor drive operation. It is required to ensure the power balance
between the primary power source E and the motor drive (load) by regulating
the DC voltage to a fixed value.
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Fig. 8.8 Two-quadrant DC-DC converter, E < v¢

Note that the power switches are controlled complementarily — by means of
u and u, respectively — and the converter always operates in current continuous-
conduction mode (ccm), allowing the circulation of a bidirectional current.
The averaged model is given by

diy,
L—=FE—o-ve — R, -1

dr a-ve Ll
Cde . ve . (8.13)
— =iy —— — s,

dt L R¢ §

where o = (u)p and (), =1 —o.

Now, suppose that the DC-link voltage v has significantly slower variations
than the inductor current i;; moreover, if the overall control goal is fulfilled, the
DC-link voltage v¢ should remain almost constant. So the outer controlled variable
is vc and the inner variable is i;. Consequently, by linearizing the first equation of
(8.13) around a quiescent operating point (E is constant) one obtains
Lip = —vee & — Ry -ig. .

The transfer function relating the inductor current with the duty ratio variations
(inner plant) is computed straightforwardly

=
—~
o5
=
=
a

Hig(s) = (8.14)

a(s) Tes+1°
where K- = — v¢/R; and T = L/R;.

If one considers that v¢, = vc* (the main control goal is fulfilled), then the inner
plant is invariant with the operating point.

Further, consider a PI control of the inner plant such that the inductor current
follows its reference i;. Also, within the outer loop consider that the inner loop
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Fig. 8.9 Outer plant ()
structure; H.,;,(s) is the ¢
transfer function I SEGReCEETEEEERETRERS EEEEREERREREE R LR
multiplying the load current ~, :
variations i in Eq. (8.16) i)
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bandwidth is sufficiently enlarged such that the inductor current varies much faster
than the DC-link voltage (i, = ir). By zeroing its derivative and ignoring the
losses, the first equation of (8.13) becomes L - di;/dt = E — o - v¢ = 0, leading to

o =—,
ve
with v¢ being nonzero for typical operation. By replacing the latter expression of a
in the second equation of (8.13) one may emphasize the DC-link voltage v¢
variation with respect to the inductor current (reference):
dVC o E vc

e _Z .- Y g 8.15
dt Ve ' R¢ s ( )

Multiplying this equation with v< one obtains
2
: \
2 . C .
—vi=E-if ———ig-vc.
5 Ve L7 Re sve
Linearizing this expression around an equilibrium point leads to

ZVCE‘/)E‘/
Rc

C-vee-ve =E-ip — —Ise Ve — Vee *ls

that further gives the outer plant transfer in variations from both inductor current
(control input) and load current ig (perturbation) to the output voltage:

e = £ 7 vee s
c = L — s -
2y, 2v,

Cvees + ce + ig, Cvees + Ce + ige
Rc Rc

Note that for efficiency reasons the resistor R- is much larger (it is usually
several tens of kiloohms) than v(/is, for normal operating points, and therefore term
2vco/Rc may easily be neglected, hence:

Ve = e, — s . (8.16)
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Depending on the nature of the primary source, one may also consider the
influence of supply voltage E variations, if necessary, leading to a supplementary
right-side term in Eq. (8.16).

Figure 8.9 is a graphical representation of Eq. (8.16). The outer plant channel
from the inductor current to the DC-link voltage is characterized by a first-order
transfer function

Hyus) _vel)_ K
vil 22 (s) T\/S + 1 ’

(8.17)

where Ky = Elfig, and Ty = Cv(l/is,. Note that the outer plant depends on the
steady-state operating point (is,).
Because inner and outer plants are of first order, PI controllers may be
effectively used to ensure both zero steady-state error and controlled bandwidth.
By choosing the current controller as

1
H =K,c-(1 s
rels) re ( * TiCs>

the closed-loop transfer function of the inner control loop (see Fig. 8.7) turns
out to be

Ti S+1
Hoc(s) = <

8.18
TicTc , ®.18)

1
S +T1C<l —|— >S+ 1
Ky,cKc K,cKc

By studying relations (8.14) and (8.16) one compares the two open-loop time
constants of the inner and outer plants. Then — depending also on these plants’ gains
— the closed-loop time constants must be chosen so that the inner loop is at least five
times faster than the inner loop. Suppose that the inner closed-loop dynamical
performance is described by the bandwidth 1/Toc and a convenient damping
coefficient {oc (e.g., 0.7). Expression (8.18) allows identification of controller
parameters that satisfy the desired performance:

Tic = 26T, Tgc[( __TIc 20T Tic (8.19)
ic = 2Goctoc e’ pC_KcT%C ocloc Tc ) .

The first-order prefilter in Fig. 8.7 has unit gain and time constant is equal to Tjc.
It is used in order to cancel the inner closed-loop zero (see relation (8.18)).

Remark Depending on the application, one may consider a proportional controller
that drives the inner loop. In this case, the closed inner loop transfer function is

1
Hoc(s) = T

— ¢ s+1
1+ K,cKc

and the controller gain results is then
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Fig. 8.10 Two-loop cascaded control structure of bidirectional-current DC-DC converter

Tc —Toc
Ko =520
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The outer loop is designed by using a PI-type controller that allows one to
achieve the main control goal and to obtain a conveniently slow outer dynamics
with respect to the inner loop. The transfer function of this controller is

T,‘\/S

Hro () =K (147

Similarly as in the case of the inner loop, the controller parameters turn out to be:

Tiy =28y, Tov — TLZ]V,K,;V = T—Vz <2§0\/T0v - T—%V> , (8.20)
Ty KyT2, Ty

where 1/Tqy is the bandwidth and oy is the damping imposed for the outer
closed loop.

Figure 8.10 synthesizes the numerical simulation results obtained through the
above detailed control design procedure. Figures 8.11 and 8.12 show some results
concerning the above example for a typical application having a millisecond-sized
outer loop. The ratio between the inner loop and the outer loop bandwidths has been
chosen as 20.
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Fig.8.11 Two-quadrant DC-DC converter two-loop control: (a) voltage and current evolutions to
unit steps of load current for (o, = 0.85 and Ty = 2.5 ms; (b) detail of voltage response (negative
unit step of load current around equilibrium operating point)
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Fig. 8.12 Two-quadrant DC-DC converter two-loop control: (a) detail of current response;
(b) detail concerning the duty ratio evolution (negative unit step of load current around equilib-
rium operating point)

8.3.3 Two-Loop Cascaded Control Structure for DC-DC
Converters with Nonminimum-Phase Behavior

DC-DC converters having boost capability exhibit nonminimum-phase behavior,
which can be recognized through a right-half-plane zero in the transfer function
from the duty ratio to the output voltage around a certain operating point, depending
on that point. In this case, classical control design procedures employed in the
two-loop structure — usually not aiming at alleviating the influence of this zero —
may encounter some difficulties, especially when it happens that the dynamics
within the two loops are not rendered as clearly separable. This is the case, for
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Fig. 8.13 Linearized model of the DC-DC boost converter: (a) small-signal equivalent diagram;
(b) corresponding block diagram

example, when the right-half-plane zero present in the outer voltage loop
corresponds to a time constant near to that of the inner closed loop. For such
converters, Algorithm 8.2, providing the steps of the averaged current-mode control
based on a two-loop structure, must suffer some changes.

Figure 8.13 presents the case of a boost DC-DC converter, where the influence
channels from the duty ratio o as input to the two states, the inductor current i; and
the capacitor voltage v, around a given operating point have been emphasized; L and
R; characterize the inductor and C is the capacitor’s capacity. Figure 8.13a shows the
small-signal equivalent diagram of the circuit (repeated from Fig. 4.9 in Chap. 4),
where o = 1 — a, and Fig. 8.13b represents the block diagram representation of
relation (4.33) from Chap. 4. Subscript e denotes values at the considered operating
point, E is supply voltage variation and s is load current variation around this point.

Diagram in Fig. 8.13 shows that the duty ratio’s variations are transmitted to the
outer loop before the variations of current i; are, which come from the inner loop.
This means that the more important the contribution of the right-half-plane zero in
high frequency is, the less clear the dynamic separation within the two nested loops
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Fig. 8.14 General two-loop control structure for second-order DC-DC converters

becomes. Therefore, the design of the two nested control loops — with current
controller Hc(s) and voltage controller H¢,(s) represented with dashed lines in
the figure — must take into account the presence of this zero.

Figure 8.14 repeats information from Fig. 8.13 in a form more suitable to control
design.

Preserving the same notations, the transfer functions of interest are written as

IL(S) o (X;iLg + VCg/Rg CVCe/((x,giLe + VCe/Re) cs+1

Hi = — ; . ’
(1(5) (x(s) RL/Re + (XEZ L Y2 M v 1
Ry/Re+0o2 ~  Ry/R,+a2
Hyols) = Vels) (X;VCe — LR ) —L/((x;v&/iu — RL) s+ 1
TN T RRbaEIC L LRARC
Ry /Re+&2? ~  Ry/R,+ o2 °
(8.21)

Expression of H,(s) in (8.21) indeed shows the unavoidable presence of a right-
half-plane zero in the linearized dynamics of the output voltage, corresponding to a
time constant equal to L/(a/veo/ir. — Ry) depending on the operating point. Its
contribution is more important when the current i;, is large (heavy-load case).
Moreover, this right-half-plane zero cannot be displaced by means of control
action. If this zero is placed near the inner loop’s bandwidth, it prevents the clear
separation of the dynamics within the two nested loops, which is a basic assumption
for the control design. If this assumption does not hold any longer, then the imposed
performance cannot be guaranteed either.

Figure 8.15 presents comparatively two cases of output voltage regulation using
the two-loop control structure, with the right-half-plane zero’s influence being more
obvious in the first case — i.e., for reduced values of the load current — than in the
second case — large values of the load current — for the same step variation of the
voltage reference v,

The same set of desired performance features (same bandwidth and same damping
coefficient) has been imposed on the outer closed loop and controllers have been
computed using Algorithm 8.2 from Sect. 8.3.1 (which does not take into account the
presence of the right-half-plane zero). The time evolutions in Fig. 8.15 confirm the
behavior predicted by the modeling given by expressions (8.21) and Fig. 8.14.
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Fig. 8.15 Closed-loop behavior of a boost DC-DC converter: (a) heavy-load case; (b) light-load case

One can also note that, whereas in the second case the desired performance is met
(damping coefficient 0.8), in the first case the performance is altered due to the
nonminimum-phase behavior exhibited in high frequency. This latter case corres-
ponds to the assumption of separable dynamics not being met; as a consequence, the
dynamic performance imposed on the outer control loop cannot be fulfilled.

A modified version of Algorithm 8.2 can be proposed for second-order DC-DC
converters in the general case — including dealing with the nonminimum-phase
behavior — as summarized below in the form of Algorithm 8.3.

Algorithm 8.3 Design of the cascaded control structure in the general case

#1 Write the linearized small-signal model of the converter by expressing the
transfer functions from the duty ratio to the two state variables.

#2 Design the inner current control loop by choosing an appropriate control-
ler and by placing the inner closed-loop poles. The root locus method is a
useful tool to this end.

#3 Express the outer plant transfer function by using the voltage transfer
function and the inner loop transfer function — see Fig. 8.14.

#4 Choose an appropriate controller allowing the stated global control goal
being fulfilled. Impose the set of dynamic performances (bandwidth and
overshoot) in relation with the inner closed-loop dynamics.

#5 Use the root locus method in order to establish the dominant pole’s
position (the outer loop bandwidth). For example, if a PI controller is
chosen, then it is required that the root locus pass through the pole
corresponding to the imposed bandwidth and overshoot. In this way, the
left-half-plane zero position results, providing the corresponding value of
the controller’s integral gain, and also the proportional gain of the con-
troller (Ceanga et al. 2001).
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8.4 Converter Control Using Dynamic Compensation
by Pole Placement

Section 8.2 and Chap. 4 showed that the original averaged dynamics of the converter
are unsuitable for control purposes and cannot be properly compensated by a single
control loop. A useful paradigm that has become classic in systems theory is to
separately compensate the converter dynamics by a second state-feedback (inner)
loop and to drive the system output towards the desired setpoint by a primary control
loop. In this way, the state-feedback loop rearranges the systems’ pole-zero map in a
convenient pattern such as the inner closed loop has some prerequisite features: high
natural frequency, high damping factor, etc. This allows the employment of a simple
controller (habitually an integrator) in the outer loop for purposes of output variable
regulation or tracking (d’Azzo et al. 2003; Rytkonen and Tymerski 2012).
Extremization of a suitably chosen performance index also leads to an optimally
sized full-state-feedback control loop (Leung et al. 1991).

8.4.1 Assumptions and Design Algorithm

The same assumptions as in the previous sections are adopted. This technique
applies also to high-order converters if all states are available for measure.
State reconstructors (observers) may be employed if one wishes to estimate some
of the states and hence to save transducers (reducing overall circuit cost, but
adversely affecting its time response).

Use of integral control that ensures zero steady-state error within a reasonable
time for a highly undamped plant quickly results in stability loss. This can easily be
shown by using the root locus method (d’Azzo et al. 2003). It is thus preferable to
impose first some convenient dynamic by using the pole-placement technique
(Sobel et al. 2011). In this way, the desired poles can be placed by a full-state-
feedback gain, denoted by K in Fig. 8.16. To simplify the design further, it is useful
to impose a pair of complex-conjugated poles at this stage.

The regulation task can further be effectively accomplished if an integrator —
with high integral gain — is coupled with the plant having the desired second-order
dominant dynamic, as imposed in the previous stage and shown in Fig. 8.16.
The third-order closed-loop dynamic may subsequently be adjusted via the root
locus method — which is suitable for plants having complex-conjugated-poles

TLDisturbance
.t K. |lv+ o — ¥
y‘ ; Z>__ _l v_a:i\ - COIl)ll\ileI:‘I[er
Fig. 8.16 Output Setpoint —& sl . ; Output
regulation structure using State
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inner loop
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dominant dynamic — by choosing a convenient closed-loop pole placement as the
integral gain K; varies. One can note that, given the single degree of freedom in the
control law, this last design step can entail imposing either a given closed-loop
bandwidth or a desired closed-loop overshoot, depending on the shape of the root
locus when gain K; varies.

For example, one can impose the maximum bandwidth for which the overshoot
value does not change in relation to the one imposed in the state-feedback design
stage, as shown in Fig. 8.17. In this figure, the root locus corresponds to some quasi-
constant value of the damping coefficient for a quite large variation domain of K,
whose limit K;" is emphasized. If K; is increased beyond K; the damping decreases;
meanwhile, the natural frequency of the complex-conjugated poles — giving the
dominant dynamic or the bandwidth — decreases. In conclusion, the value K l-*
suitably trades off the two requirements of the closed-loop dynamic performance.

Now, suppose that the original plant (converter) is described by an averaged
linearized model:

Xx=A-x+B-a
y=C-x,

where the state includes measurable currents and voltages and « is the duty ratio.

The inner plant having variable v as input, variable y as output and vector X as
state is described by the state matrix Ag; = A — B - K, the input matrix B and the
output matrix C. One imposes the desired set of eigenvalues on the closed-loop
state matrix A(; and obtains the necessary feedback gain K. The associated transfer
function can be obtained as
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Hoi(s) = C(sL, — Ag;)) 'B, (8.22)

where I, is the eye matrix of the same dimension as the state matrix A. Therefore
the inner plants’ dynamic properties can effectively be adjusted by imposing the
eigenvalues of matrix A;, and this can be effectively done by choosing a conve-
nient gain vector, K. Due to this inner state feedback, the plant’s original poles —
given by the eigenvalues of A — are moved to new positions at higher natural
frequencies and higher damping.

In the case of a two-state converter, the gainK = [k; &, ]T ensuring the closed-
]T

loop poles are placed as specified by a vector P = [p, p,]| can be computed

an a1z] and B = {Zl} be the
2

analytically in a quite easy manner. Let A =
az;  dx
corresponding state and input matrices, respectively. By imposing poles of the

system closed by feedback with gain K to be the same as vector P, one obtains

det(sl, —A+B-K) = (s —p,)(s — py),
which further leads by simple algebraic computation to

52 + (biki + boky — a1y — axn)s + ajjaxn — anax + anbik
—anbiki + axbiky — ayboky = s* — (py + py)s + pips-

Identification of polynomial coefficients allows for a second-order linear
equation system being obtained as

biki + brky = ay + axn — (p; +ps) (8.23)
(ai2by — axnbi)ky + (anby — anbr)ks = pip, — (an1a2 — anaz), '

which must be solved for k; and k,. By adopting notations

b b, Tr(A) = (P +p2)
M= ,N= , 8.24
{anbz —anby anb — anbz] [ pipy — det(A) (®:29

where Tr(A) = a;; + ay; is the trace of matrix A and det(A) = a;1a2; — a12as; is
its determinant, system (8.23) has a unique solution if and only if matrix M is
invertible, which is equivalent to the controllability of matrix pair (A,B). Then the
gain matrix K can be computed as

K'=M"-N. (8.25)

In the particular case of complex conjugated poles the following relations hold:
— (p1 + p2) = 2Lpw,0 and pp; = (o,,zo with ®,o being the desired closed-loop
bandwidth and {, being the desired closed-loop damping coefficient.

In the case of higher-order converters the solution to the problem relies on the
possibility of effectively inverting the matrix M. Computer-aided design (CAD)
procedures that solve this problem are available within dedicated software (e.g.,
acker function in MATLAB®).
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Algorithm 8.4 Control design for output voltage regulation using
intermediary state feedback and integral control

#1 Choose operating point where control design must be done (e.g., one
corresponding to the full load). Obtain converter’s averaged linearized
model and draw pole-zero map.

#2 Choose new set of poles (conveniently placed at a higher natural
frequency and higher damping in relation to those of open-loop system).

#3 Obtain gain vector that ensures new map of poles by closed-loop state
feedback. This may be computed either analytically or by using dedicated
CAD software (e.g., function acker in MATLAB®).

#4 Draw open-loop transfer function root locus. Choose compensator
integral gain K; such that closed-loop bandwidth is desired one and
plant has reasonable damping.

#5 If no solution can be found, change the new set of poles (e.g., their
associated damping) and reiterate from #3.

#6 If a good solution is found, verify that gain K; gives good results for any
operating point.

Next, having imposed suitable inner dynamics and having computed the
closed-loop transfer function Hy; (s) according to relation (8.22), one may approach
the outer loop, dedicated to outer voltage regulation. The associated open loop
transfer function is

H.(s) = % - Hoi(s).

The goal is to choose a sufficiently high value for the integrator gain K; so as
to ensure the required closed-loop bandwidth with convenient damping. As
stated before, this operation is done by using the root locus method. A CAD
solution (e.g., r1tool in MATLAB®™) may be of great help in this operation
(Mathworks 2012).

Algorithm 8.4 synthesizes all aspects of control loop design using an inner
state feedback.

8.4.2 Example of a Buck Converter

A control structure diagram like the one given in Fig. 8.16 is proposed. The inductor
current and the capacitor (output) voltage are the measured state variables (see also
Fig. 2.10).
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Fig. 8.18 Buck converter controlled with inner state feedback: (a) pole-zero maps for the original,
open-loop buck converter and inner state-feedback plant, respectively; (b) root locus and pole
positions for K; = 500

One begins the control design with the averaged model of the buck converter
(see Chap. 4 and relation (8.9)), which must be linearized in order to obtain the
following state-space model as a version of Eq. (8.10):

R, 1 E
= L C - 7 0 ~
l, 179 L o
| =A A-| | +B B-|_ |. (8.26)
ve r v ve 0 1 is
c CR, C

The transfer function from the duty ratio variations to the output voltage
variations is
Ve E
Hiols) = 2€18) _ . (8.27)
%(s) LCS2+ITS+1

e

The pole-zero map of the original plant (see denominator in Eq. (8.27)) for
typical values of L and C and a typical operating point (in terms of values of E and
Ry) is given in Fig. 8.18a. The imposed poles of inner plant Hy,(s) at higher values
of frequency and damping are also visible.

Figure 8.18b shows the root locus of the outer plant. The controller gain K;
establishes pole positions on this locus. For K; = 0 the loop is not closed and the
pole positions correspond to the plant Hy;(s)/s. For higher values of K; the poles
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Fig. 8.19 Simulation results for the buck converter controlled with inner state feedback — output
voltage response in: (a) tracking (unit step of voltage reference), (b) regulation (unit step of load
resistance)

migrate on the locus, the position of the real pole (which is still the dominant one)
corresponds to a higher bandwidth and the original damping of the complex poles
begins to deteriorate. For sufficiently high K; it is possible that the complex
poles become the dominant ones and the system may eventually lose its stability
(as poles pass to the right-half plane).

Remarks The controller gain K; is chosen so as to have the largest bandwidth
possible with a good damping. Obviously, the choice of inner plant poles Hy(s)
depends on each converter and hence on each root locus shape; for example, if the
root locus slopes are higher, obtaining a higher closed-loop bandwidth for the outer
plant may require choosing a lower damping for the inner plant Hy,(s).

The associated closed-loop step responses for the chosen value of K;
corresponding to Fig. 8.18b are depicted in Fig. 8.19 for both tracking and regula-
tion modes. Note that the transient response lasts 2 ms, as predicted by the
bandwidth and the damping values deducible from Fig. 8.18b.

Remark In the first pole-placement stage one can intent placing the desired closed-
loop poles quite far, so as to correspond to large bandwidth, thus compensating for
its reduction in the second design stage. In this latter stage, because the final closed-
loop dynamic is of third order, the dominant dynamic might need to be that of the
real pole, which further gives the value of the controller gain K;. The damping value
also results from such a choice, with no possibility of its being imposed separately.

8.5 Digital Control Issues

Digital control systems are based upon digital hardware, usually represented by a
programed digital computer as the controller core. Digital controllers perform
numerical computations and interact with the analog plant by means of analog
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components composing its peripheral interface. Nowadays most control implemen-
tation relies upon digital devices because of their advantages over analog control
systems, such as low cost, low power consumption, zero drift of system parameters
and high accuracy. This trend can also be identified for power electronic converter
control (Prodi¢ and Maksimovi¢ 2000; Hung and Nelms 2002; Peng and
Maksimovi¢ 2005; Wen 2007; Arikatla and Qahouq 2011).

Signals within digital control systems are discrete-time signals, which represent
sequences of numbers defined at usually evenly spaced time moments. The time
interval separating such moments is the sampling time (or period), usually denoted
by T. The z transform is the mathematical tool most often used to describe discrete-
time signals; it plays the same role as the Laplace transform does with continuous
systems (Santina and Stubberud 2011). In a similar way, discrete-time linear
systems can be described by z-transfer functions, defined as the ratios between
the Z transforms of the input and output signals, respectively. There are well-known
methods for obtaining the Z transform of a discrete-time signal starting from the
Laplace transform of the corresponding continuous-time signal; the same holds
for continuous-time linear systems and their discrete-time versions in terms of
transfer functions.

8.5.1 Approaches in Digital Control Design

There are two main approaches to designing digital controllers for continuous-time
plants. A first approach — the traditional one — starts from designing an analog
controller for the plant; its digital counterpart is further derived by means of the
discretization operation. Even if in general it closely approximates the behavior of
the original analog controller, it may happen that the digital one performs less well
than its analog counterpart, even for small sampling periods. The second approach
to deriving digital controllers for continuous-time plants is first to compute a
discrete-time equivalent of the plant and then to design a digital controller directly
to control the discretized plant (Landau and Zito 2005).

Some of the most common methods employing the first approach — i.e.,
discretizing analog controllers — will be outlined next.

By digitizing a given continuous transfer function one obtains a discrete transfer
function approximation of it. Obviously, as such approximation is not unique, it can
be done in multiple ways, among which one can cite the numerical approximation
of differential equations, matching time responses or pole-zero matching (Tan
2007; Santina and Stubberud 2011). Differential equations can be approximated
numerically by either numerical integration or by numerical differentiation. From
these two latter possibilities, numerical integration has been more satisfactory for
obtaining discrete-time equivalents in terms of both simplicity and approximation
accuracy.

Usually, numerical integration is performed as follows: the interval of integra-
tion is divided into many subintervals; then the contribution of each subinterval is
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approximated by the integral of an approximating polynomial. The so-called
trapezoidal method — called also Tustin’s method or else bilinear transform — is an
illustrative example which uses two samples to update the approximation within a
sampling interval. This method leads to a discrete-time transfer function H(z) being
computed based on its continuous counterpart H(s) and the following variable change:

Hc(Z) :Hc(S)L:T%;}, (828)
where T is the sampling period. It is common to express discrete-time transfer
functions as functions of the one-sample delay operator z~' because in this way one
can deduce easily the finite-differences equation that describes the digital controller
in time domain.

Note that the Tustin’s transform maps the stability region of the s-plane (its left
half) to the interior of the unit circle on the z-plane, whereas the right half of the
s-plane is mapped into the exterior of the unit circle and the imaginary axis of the
s-plane to the unit circle’s boundary. In this way, the necessary and sufficient
stability condition in the z-plane requires that the poles of the discrete transfer
function be placed inside the unit circle.

A frequency prewarping operation is required in many control and signal
processing applications when the frequency response of the digital filter
(or controller) , should approximate the frequency response of the analog one, ®,.
They are related through the following nonlinear relation:

2 t (OF) T s
®, = — lan s
T, 2

justified by the fact that the entire imaginary axis of the s-plane is mapped into one
complete revolution of the unit circle in the z-plane.

Higher-order approximations result in higher-order digital controllers, which
track better the samples of the analog controller output for any input. The digital
controller is usually equipped with a sample-and-hold output between samples;
therefore, the approximation accuracy is less important than the sample rate choice.
In the particular case of power electronic systems, it is good practice to choose the
sampling period to be the same order of magnitude as the switching frequency
(Peng and Maksimovi¢ 2005).

The example of discretizing a PID continuous controller described by the transfer

1
functionHe_pjp(s) = kp (1 + Ts + Tds> is considered next. By employing Tustin’s
iS

method (8.28), simple algebra leads to the following discrete transfer function:

klz + k2:/271 + k32272
1—2z2 ’

Hepp(z7') = (8.29)

where kr. = k, (1 + Ly ZTT;'),kzz —k, (5_ _ 4Ti)/<3 _ —kp(l ~ L ZTT;'). In the
particular case of power converter control, by denoting by E(z~ ') and a(z~ 1) the

z transforms of the controller input (error) and output (duty ratio a), respectively,
one can write
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Fig. 8.20 Diagram of a digital PID controller
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He pp(z7")
or equivalently

oc(zfl) = klZE(Zfl) + kzzz’lE(zfl) + k3zz’2E(zfl) + zfzoc(z’l),

from which the digital controller’s input—output time-domain equation can be
obtained by taking into account that z~' denotes the one-sample delay operator

Q(kTy) = ki-e(kTy) + kaze((k — 1)Ty) + kaze((k — 2)T,) + a((k — 2)T,). (8.30)

Equation (8.30) corresponds to a second-order digital filter; it shows how
the current output sample a(kT,) depends on the two-step-before output sample
a((k — 2)T,), and current and previous input samples, e(kTy), e((k — 1)T;) and
e((k — 2)T,), respectively. To the controller described by (8.29) and equivalently
by (8.30) corresponds the block diagram of Fig. 8.20.

8.5.2 Example of Obtaining Digital Control Laws for Boost
DC-DC Converter Used in a Photovoltaic Application

Figure 8.21 presents the circuit diagram of a photovoltaic (PV) panel supplying
power to a DC bus by means of a boost DC-DC power converter. Supposing a grid-
connected architecture, the DC-bus voltage is kept constant at Vhe by another
control loop, and the DC-DC converter must be controlled so as to impose the
operating point of the PV panel. To this end, the PV voltage must be controlled, and
this is achieved by means of the boost converter current control. A two-loop
cascaded control structure having the voltage control loop as the outer loop and
the current control loop as the inner loop is built, as detailed in Fig. 8.21.
Following the steps of Algorithm 8.2 presented in Sect. 8.3.1 and guidelines
given in the example from Sect. 8.3.2, one computes the duty-ratio-to-boost-current
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Fig. 8.21 Block diagram of a two-loop control structure of a boost DC-DC converter used in a PV
application
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transfer function and the boost-current-to-PV-voltage transfer function around the
chosen operating point defined by a pair of PV current—voltage values (e.g., for
grid-connected PV applications this is the point corresponding to maximum power).
These transfer functions are respectively

IL<S) VBC va(s) —1
H; = =——0"H,(s) = = ,
La(s) (X(S) Ls + RL prit (S) [L(S) vaS + K

(8.31)

where the meanings of the different notations are clear from Fig. 8.21 and K is the
absolute value of the slope of the PV current—voltage curve, which depends on the
irradiance level and on the operating point (see Fig. 8.22). Relations (8.31) show
that the current plant is practically invariant and that the voltage plant is variant
through parameter K. Supposing that the operating point is known — as resulting
from voltage regulation task, that is, from imposing a certain value of desired
voltage — then K can be estimated based upon the steady-state PV current—voltage
characteristics for different irradiance values.

Two continuous PI controllers can be computed for the two nested loops respec-
tively, starting by imposing a performance on each one in terms of zero steady-state
error and suitable transients (trade-off between overshoot and settling time), provided
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Fig. 8.23 Implementation of a digital PI controller allowing limitation of the output

the inner loop be at least five times faster than the outer one. To this end, computation
relations detailed in Sect. 8.3 may be used. Developing these as done in the previous
section, the transfer function of a digital PI controller turns out to be

1 —az!
Hc_pr (271) =ky. o (8.32)
1- T_\/(le) . .
here k,. = k,(1 + T,/2T; da=—————%,withk, and T; b -
where k), o J(2T;)) and a 15T,/ (T, with k, an eing propor

tional gain and integral time constant of the original continuous controller, respec-
tively. Implementation of the current digital PI controller according to relation
(8.32) must ensure the possibility of limiting the control input, that is, the duty ratio
o, within the interval (0,a,,,,); to this end, a diagram like the one in Fig. 8.23a can
be employed, where the proportional-integral action is equivalently represented by
a first-order low-pass filter having 7; as time constant in a positive-feedback scheme
(Astrém and Hiagglund 1995).

Another — more popular — way of implementing a digital PI controller having
ky, and T; as proportional gain and integral time constant, respectively, is shown in
Fig. 8.23b; here the numerical version has been obtained by discretizing the

integrator’s transfer function through Euler’s forward method, that is, by replacing
—1

T
variable s with L.
1—z1
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Fig. 8.24 Boost converter with losses: output voltage regulation loop

8.6 Case Studies

8.6.1 Boost Converter Output Voltage Direct Control
by Lead-lag Control

Let us consider a nonideal boost power stage that supplies a variable resistive load.
The rated power is 60 W, the input voltage is 15 V without significant variation. The
inductor has L = 0.5 mH and R; = 0.1 Q; the capacitor has C = 1000 pF, its
equivalent series resistance being R = 10 mQ. The PWM frequency is sufficiently
high such as to allow the continuous-conduction mode (ccm) for the quasi-totality
of the operating range. The goal is to design an output voltage lead-lag controller
that regulates the circuit output voltage at 25 V.

The circuit closed-loop diagram is given in Fig. 8.24.

The system averaged model and its linearized version around a steady-state
operating point have already been computed in Problem 4.3 from Chap. 4.
To facilitate the discussion the boost circuit transfer functions are given again in
relation (8.33) (input voltage E being considered constant).

R.(CRes + 1) (voet, — iroRy — irLs)
CL(R. +Rc)s* + [o2R,RcC + CRL(R. + Rc) + L|s + «2R, + Ry’
R.(CRcs + 1)(R, + Ls)
CL(R. + Rc)s® + [02R.RcC + CRL(R. + Rc) + L|s + «?R. + R,

HVOOL (S) =

H.y,ig (S) =

(8.33)

Figure 8.25 presents the linearized plants’ structure.

The operating point at which the control is designed is the point corresponding to
the full load (i.e., 60 W). By considering that the control objective is achieved, the
corresponding operating point is characterized by £ = 15 V, v, = 25V, o, = 0.4,
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Fig. 8.25 Nonideal boost converter linear modeling

oc;: I —a,=0.6 and R, = 10 Q. The output and the inductor steady-state
currents are i, = vg./R, = 2.5 Aand iy, = iSe/(x; =4.17 A.

A brief analysis of system (8.33) yields the pole map (as roots of the transfer
function denominators). The time constant

ICL(R. + R¢)
T=\—F5——7= 8.34
(XlezRg +RL ( )

1 o?R,R-C+R.(R, +R:)C+L
(= L %RRCHRR +Rc)C+ (8.35)
2T o2R, + R,

and the damping coefficient

computed at the chosen operating point lead to 7= 12 ms and { = 0.18,
respectively.

By analyzing the control input channel (the first relation of (8.33)) one notes
the presence of two zeros. One is situated in the left-half plane, at — 1/T,, with
T, = RcC, and the other one is in the right-half plane, at 1/T, with

ir.L
TW=———.
Voell, — iRy

Note that the latter zero induces a nonminimum-phase behavior, which becomes
more significant (7 larger) for higher loads (high i;.). At the chosen operating point
one obtains T, = 0.14 ms and T, = 10 ps. Note that in this case the T, -related zero
can practically be neglected in the control design. If the output capacitor is large
(e.g., when an ultracapacitor is being used) this zero should be taken into account as
its effect cannot be neglected any longer.

The DC gain over the control channel is given by

/ .
Voe®, — izeRp

K =R, —X e Ll
! o2R, + R,

a relation which gives K; = 39.4 V for the selected operating point.
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Fig. 8.26 Open-loop Bode characteristics: dashed-line plots correspond to original plant H4(s),
and solid-line plots represent open-loop plant Hc(s) - H,(s)

Now, let us analyze the disturbance channel. There are two zeros placed in the
left-half complex plane. The least important is described by the time constant
T, = 10 ps and the other by T3 = L/R;, which gives T3 = 5 ms. The DC gain of
the disturbance channel is given by the relation

ReRL
T W2R,+R,
which gives K, = 0.27 Q for the selected operating point. One may easily note that
the control channel gain is far larger that the disturbance channel gain. Obviously,
this means that the disturbance effect over the output voltage will be compensated
with a quite reduced control effort (duty ratio variation).

Now, following the remarks in Sect. 8.2, one may choose a PI controller that
affects less the open-loop phase characteristic and offers a larger phase margin.
Nevertheless, one should assume a nonzero steady-state output voltage error. Also,
as the damping is very small, the phase characteristic evolves very abruptly towards
—180°. Moreover, at higher frequencies the phase characteristic evolves towards
—270° because of the presence of the right-half-plane zero. These aspects are
reflected in the plant’s Bode plots, represented in Fig. 8.26 by dashed lines.
Therefore, a lead (derivative) component is necessary in the controller in order to
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compensate for these phase lags and to maintain a sufficient phase margin.
The chosen controller transfer function is

Tas+ 1

He(s) = K, —&1°
c(8) =Ko 5 oot 11

which corresponds to a proportional-derivative (PD) controller. In a broader sense,
the compensation lead may be seen as a prediction of plant behavior. Predictive
controllers using the internal model, Smith predictor, etc. represent other versions
of the same fundamental principle (Maciejowsky 2000), which allows one to cancel
plant-induced lags, thus providing both larger closed-loop bandwidths and stable
behavior.

Phase lag is compensated by using the time constant T,;, which is chosen in
relation to the main time constant, T; in our case T, = T/2. As can be seen in
Fig. 8.26, this allows a quite large frequency range, one in which the phase margin
is around 40°. It is well known that, when closing the loop, the closed-loop
bandwidth will be enlarged 1 + K times, where K is the steady-state open-loop
total gain. For example, by choosing to enlarge the controlled plant by a factor of
eight, the controller gain may by computed from the relation 1 + K,K; = 8 and
hence one obtains K, = 7/K; = 0.18.

Provided with the above information, one can plot the open-loop Bode diagrams
—1i.e., of the transfer H¢ () - H,,q(s) — for the selected operating point (see the solid-
line plots in Fig. 8.26).

Of course one may further increase the controller gain K),, but beyond a certain
value this will eventually lead to undesirable reduction in the phase margin. As the
main objective is load variation rejection, one may want to analyze the closed-loop
behavior of the plant having disturbance as input and output voltage as output
(see Fig. 8.25).

Note that with respect to the original plant H,;, (s) (represented by dashed line in
Fig. 8.27), the closed-loop steady-state gain (solid line) has been significantly
reduced, namely from —11 to —29 dB. Also, the maximum gain has been reduced
from +10 to around —10 dB, and this maximum has been displaced to a higher
frequency. This means that, even if not zeroed, the output voltage error is made
sufficiently small in order to fulfill reasonable requirements. Note also that the
closed-loop damping has been significantly increased; therefore, the output voltage
will vary without ringing.

In order to assess the closed-loop system time behavior, the nonlinear averaged
model of the boost circuit together with its control has been implemented in
MATLAB®-Simulink®. Due to nonzero steady-state error, the voltage reference
must be a priori fixed to a higher value than the regulation target, vy, = 25 V. For
the present case study this value has been fixed at vy = 27.45 V. The output voltage
v, will drop to v, and — as the following results will show — variations around this
value as the load varies will be sufficiently small.

Figure 8.28a shows the closed-loop behavior at unit steps of load resistance
around the operating point corresponding to the full load. The voltage variations
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Fig. 8.27 Closed-loop Bode characteristics: original plant H,; (s) is drawn with dashed line and
closed-loop plant is represented with solid line

are under 0.4 %. If this simulation is repeated at any other operating point, the
variations will be even smaller. The voltage steady-state value depends slightly on
the load resistance. Note that the duty ratio steady-state value slightly differs from the
a priori stated value, a,, because of losses present in the circuit model. Figure 8.28b
shows the closed-loop behavior at large steps of load, from full load to 25 % load and
vice versa. The output voltage variations are larger, at about 2 % and the response
differs from the step-up to step-down case because the system is nonlinear.

The proposed controller has a quite straightforward analog implementation,
which is depicted in Fig. 8.29.

8.6.2 Boost Converter Output Voltage Direct Control
by Pole Placement

Let us consider the same boost power stage (with the same parameters) as the Case
Study in Sect. 8.6.1. As it has been shown, the capacitor equivalent series resistor
induces an influence at very high frequencies; it will therefore be neglected in this
case study.

Knowing that the maximum output voltage is vemax = 25 'V, it is required that
the output voltage tracks — with zero steady-state error — the desired reference. The
control structure to be employed is the one introduced in Sect. 8.4 and is given in
Fig. 8.30.
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Fig. 8.28 MATLAB®-Simulink® results of a lead-lag-controlled nonideal boost converter: (a)
behavior at a load resistance unit step variation around the selected operating point (R, = 10 Q);
(b) behavior at a load variation from full load to 25 % load and backwards

As in the previous case study, the same full-load (60 W) operating point is chosen
as steady state for design purposes. By considering the state vector x = [i % } T,

and the input vectoru = [& is ], the circuit’s linearized model in variations around
the selected operating point is given by the relation x = Ax + Bu, where
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Fig. 8.30 Boost converter control using compensation by state feedback
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One may compute the plant poles either by computing the roots of the equation
det(sI, — A) = 0 or by using dedicated CAD software (e.g., eig function in
MATLAB®). For the selected steady-state operating point, this gives

P12 = —200 % j - 1200.
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The associated natural frequency is 1220 rad and the damping is 0.164 (see
Fig. 8.31). If one is interested in the control-input-related transfer function, a zero
situated in the right-half plane may also be emphasized — see the same figure.

Now, a new behavior, expressed by a new set of poles, must be imposed to the
inner plant, with higher natural frequency (bandwidth) and stronger damping.
If these latter are chosen as w,, = 6000 rad and {, = 0.7, the imposed closed-loop
set of poles turns out to be

P, = l@nw,1+j~m,, 1-2 L0, —j o, 1@%1,

which gives P, = [-4.2-10% +j-4.28 -10° —4.2-10° +-4.28-10% | . This
new set of poles belongs to the inner matrix Ap; = A — B - K and is also plotted
in Fig. 8.31. By using the MATLAB® function acker one may find the desired
state feedback gain K that ensures the imposed poles, P,,, as

K = [Kl Kz] - [0.24 0.51 }
The inner plant transfer function may be computed as

H(),‘(S) = C(SIZ - AOi)ilB,

with output matrix C = [0 1] (emphasis on output voltage v¢). This gives

143103 - s4+1

Hoi(s) = 1.62 - .
0i(s) 28-10°.82423-10%.5+1

In regards to the same Fig. 8.31 that depicts the Hy;(s) pole-zero map, one may
observe that the right-half-plane zero of the plant has not changed.
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Now, as analyzed before (see Sect. 8.4), the open-loop outer plant has the
transfer function

Heo(s) =K, - HO;(S) , (8.37)

where the controller gain, K;, still needs to be chosen. To this end, the root locus
method is used, as the system (8.37) is of third order. Figure 8.32 shows the root
locus of the system (8.37). This controller gain is chosen such that the real pole to
remain the dominant one (i.e., the complex poles’ natural frequency to not decrease
below the real pole frequency) and the closed-loop damping remain at reasonable
values. The poles’ positions for two such values of K; may be seen on Fig. 8.32.

In order to assess the closed-loop system time behavior, the nonlinear averaged
model of the boost circuit together with its control has been implemented in
MATLAB®-Simulink®. The evolution of the main variables in the regulation
mode (load step variations at fixed output voltage reference) are given in
Fig. 8.33a, while those concerning the tracking mode (reference step variations at
fixed load) are shown in Fig. 8.33b. The dashed plots are those corresponding to the
controller gain K; = 500 and the solid ones correspond to gain K; = 750 (see
Fig. 8.32 for the corresponding closed-loop bandwidth and damping coefficients).

Note that the voltage error is nullified in 1-3 ms and its steady-state value is zero.
In regulation mode, its maximum value is about 0.7 %. Note also that the
nonminimum-phase behavior has not been cancelled (the right-half-plane zero
influence is still visible — see Fig. 8.33b).

If the closed-loop dynamic response is not satisfactory, one may reiterate the
problem solving by imposing another set of poles for the inner dynamic (at higher
natural frequency) and choosing higher outer controller gain K; in order to ensure
even higher bandwidth with satisfactory damping.
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Fig. 8.33 MATLAB®-Simulink® results concerning closed-loop behavior of boost converter
controlled by pole-placement compensation (see Fig. 8.30): (a) regulation mode — unit step load
variations; (b) tracking mode — unit step voltage reference variations

In operating points corresponding to smaller loads, the nonminimum-phase
effect and voltage error peak values will be even smaller. However, more tests
must be done for assessing circuit operation in dcm, as the plant model changes
significantly (see Chap. 6).

Also, depending on circuit power, the inductor current must be limited because,
depending on inner dynamics tuning, current peaks in dynamic regime may reach
dangerous values. This may be done by significantly reducing state feedback action
when inductor current reaches its maximum limit (Matavelli et al. 1993).
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8.7 Conclusion

This chapter has presented some linear control design techniques used for DC-DC
power electronic converters. These approaches assume that converter inputs are
pulse-width modulated and the converters operate in ccm. As a general remark,
most DC-DC converters exhibit second-order weakly damped dominant dynamic,
whereas a particular class — converters having boost capability — also exhibits
nonminimum-phase behavior. The simultaneous presence of these two phenomena
may induce significant stability problems; this is why they are not easily dealt with
by classical control design. The three methods analyzed in this chapter are based
upon somehow more elaborate algorithms, very useful very useful for situations
where converters have two dynamic states and the goal is to control both the value
of the output voltage and its dynamics.

Output voltage direct control is a method that relies on open-loop loop shaping
and aims primarily at ensuring sufficient stability (phase) margin; meanwhile it tries
to guarantee satisfactory dynamic performance. The pole-placement method allows
both stability and dynamic performance to be ensured by means of an inner state
feedback, embedded within a regulation outer loop. In this way, the strongly
oscillatory pole pair giving the dominant dynamic may be relocated at convenient
damping and bandwidth. While the latter two methods do not explicitly allow the
inductor current to be controlled, a third method does so, relying upon a two-loop
control structure. In this case, the basic assumption — of clearly separable dynamics
within the two nested loops — may sometimes be fulfilled at the border, especially in
boost-type power converters which exhibit nonminimum-phase behavior.

Linear controllers are designed for a certain operating point, and the system is
variant with the load and the input supply; therefore the control design must comply
with certain robustness requirements that ensure acceptable performance over the
entire operating range and also in dcm. In the case when a single controller cannot
yield satisfactory behavior, gain scheduling techniques and linear parameter vary-
ing approach may be successfully used (Shamma and Athans 1990).

These control techniques may also be successfully employed in converters with
AC stages. For example, the cascade control structure is quite likely to be used, since
anatural separation of the dynamics within these converters may be emphasized: the
inner loop is built over the AC filter and the outer loop over the DC filter.

Based upon converter linearized averaged models, state observers may be built
(Leung et al. 1991; Friedland 2011; Rytkonen and Tymerski 2012) in order to
estimate the variations of some nonmeasurable or difficult-to-measure states, espe-
cially in the case of high-order converters. Design of such observers is especially
time critical, considering the very fast dynamics of internal variables.
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Problems

Problem 8.1 Cascaded-loop control of Watkins—Johnson converter

The converter in Fig. 8.34 has input supply voltage E = 24 V (constant),
inductance L = 0.33 mH, parasitic series resistance R; = 0.1  and output capaci-
tor C = 2700 pF. This converter supplies a mainly resistive load R and has a rated
power of 350 W. The control input is PWM and the converter is supposed to operate
in ccm. The output voltage must follow a variable reference, which may vary
between — 3F and + E. To this end, design a cascaded control structure like the
one detailed in Sect. 8.3. The following points must be addressed:

(a) obtain the converter’s averaged model and study its steady-state behavior;

(b) obtain the linearized model of the inner current plant around a conveniently
chosen operating point and compute the parameters of a PI controller for this
plant starting from an imposed set of performances (bandwidth and damping);

(c) obtain the linearized model of the outer voltage plant around the same operating
point, then compute the parameters of a PI controller for this plant based upon
some imposed performance that ensures clear separation of dynamics within the
two control loops;

(d) discuss how the plant’s parameters vary when the operating point changes and
propose solutions for dealing with this.

Solution

(a) The averaged model of the converter is

{Li’L = (2a— 1)E —ave — Rpi, 8.38)

Cve = aip —vc/R.

In steady state (current derivative zeroed in the first equation of (8.38)) and by
neglecting inductor losses (i.e., R; = 0), one obtains that

LR,

u
Carri o o ro
arrier Lo Hei(5) s LOHe () = ¢

Fig. 8.34 Two-loop cascaded control of a Watkins—Johnson converter
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vee = E - (20, — 1) /0,

a relation that describes the steady-state behavior and shows that the output voltage
varies within the (—oo, E], being zero for a, = 0.5.

(b) Supposing that the control loop renders the voltage v slowly variable, this
latter may be considered constant (at its reference ve) from the current variation
point of view. Therefore, the first equation of (8.38) becomes

di .
L=t = (2a—1)E — avi. — Ryij.
dt

By expressing the latter equation in variations around a quiescent operating
point, one obtains the transfer function of the inner plant:

i(s) 2E—vi 1
Hiols) =2 = : . .
wl) =TS T R LR st (8-39)

By employing a PI controller one obtains a closed-loop inductor current behavior
described by a transfer function like the one in (8.18), where Ko = (2E — V)R,
and Tc = L/R, = 3.3 ms. If it is supposed that v¢ € [—2E, E], the plant
gain varies between E/R; and 4FE/R; (according to relation (8.39)). The
design operating point is the one corresponding to the smallest plant gain
while at full load: v, = vc* =—2F=—-48 V, a, = 0.25 (inductor losses
neglected), Ko = E/R;, =240 A, R, = 6.6 Q and i;, = — 29 A.

One imposes the inner closed-loop performances: Toc = T¢/5 = 0.66 ms and a
damping of 0.8. Equations (8.19) give controller parameters values T;c = 0.9 ms
and K,c = 0.007 A~ !, Note that, as the output voltage reference changes, from
—2F to E, the steady-state gain K. decreases by a factor of four and the closed-loop
bandwidth decreases by a factor of two. A prefilter with the time constant T;c is
inserted on the current reference in order to compensate the inner loop zero.

(c) Now, concerning the outer voltage loop, by zeroing the dynamic in the first
equation of (8.38) one obtains (v¢, = vc*)

E+Rpip
o0=——,
2E — v,

which is replaced in the second equation of (8.38), leading after linearization to

~ (E + 2RLiLe)Re 1 ~ Re ~
ve (s) = : L — “Is,
2E — v CR.s+ 1 CR.s+1
where is = —v/R?-R is load current variation due to load variation R . As a

consequence, the transfer function corresponding to the inductor-current-to-output-
voltage channel is a first-order one

(E + 2Ryire)R, 1
2E—vi  CRys+1

HViL (S) =

whose parameters — gain and time constant — depend on the operating point.
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By using the same procedure as done for the inner loop, one may design the outer

loop PI controller — see relations (8.20). In this case Ky = W and Ty = R.C.
C

For the same operating point as in the inner loop, one obtains Ky, = 1.45 V/A and
Ty = 17.8 ms. One imposes the outer closed-loop performances: Toy = Ty/
5 = 3.6 ms and a damping of 0.8. Equations (8.20) give K,y = 4.83 A/V and
T;y = 5 ms. Note that the ratio between the inner loop bandwidth and that of the
outer loop is almost 5.4, which is satisfactory because it ensures the dynamics within
the two nested loops are clearly separable. The voltage reference can be passed
through a prefilter with time constant in order to compensate for the outer loop zero.

At this time the control design may be considered complete for the chosen
operating point and one may proceed to closed-loop simulations.

(d) As regards change of steady-state operating point, this induces some degra-
dation of the control performance. In our case variations of both load resistance and
voltage reference represent causes of such degradation. Relations (8.18) and (8.19)
show that for constant output voltage reference, closed-loop damping is slightly
reduced for different load resistances R, with respect to the imposed damping (0.8).
Even more severe is the influence of the voltage reference change from —2F to E.
The outer plant steady-state gain Ky increases by a factor of four and the outer
closed-loop bandwidth increases by two. Meanwhile, the inner closed-loop band-
width is halved. This leads to the ratio between inner and outer bandwidth being
reduced to only 1.35, which is not sufficient to guarantee clear dynamics separation
within the two nested loops. Obviously, this will lead to unwanted global behavior.

To avoid this kind of problem, one solution is to adopt an adaptive control that
modifies in real time the controllers’ proportional gains, for example, by using a
lookup table. Alternatively, one may use the following adaptation relations that
alter the nominal proportional gain values:

, 4E , 2E — V.
K¢ = Kpc 2F — Vfc’ K" = Kpv AE C,
where K, and K, correspond to the precomputed values (in the chosen design
operating point) and v/ is the quiescent output voltage and may be obtained
either by suitably filtering the capacitor voltage or by filtering the voltage reference
(e.g., one may use the voltage prefilter output).

The reader is invited to solve the following problems.

Problem 8.2 Buck DC-DC Converter Output Voltage Tracking

A buck converter (see Fig. 2.10 in Chap. 2) having L = 0.5 mH, C = 680 pF,
E =72 V and a rated load value R = 10 Q must output a controlled voltage
between 15 and 48 V. The minimum load value that still corresponds to ccm is
considered to be 1000 Q.

It is required to design a voltage-mode (direct) control structure based upon
a proportional-integral controller that ensures the largest bandwidth possible and a
damping coefficient between 0.65 and 0.85, all by maintaining a phase margin of
30° for the entire output voltage operating range.


http://dx.doi.org/10.1007/978-1-4471-5478-5_2
http://dx.doi.org/10.1007/978-1-4471-5478-5_2
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Fig. 8.35 Control structure of the quadratic buck DC-DC converter; PWM and gate driver
omitted

The controller must be implemented using a digital signal processor having a
sampling rate of 20 kHz. Obtain the discrete transfer function of the controller and
its associated difference equation.

Problem 8.3 Quadratic Buck DC-DC Converter Control Using Dynamic
Compensation by Pole-placement

Figure 8.35 shows a quadratic buck power stage (also presented in Fig. 4.38 at the
end of Chap. 4).

The converter has the following circuit parameters: L; = 0.5 mH, L, = 0.5 mH,
C, =470 pF, C, = 1000 pF, E = 100 V and a rated load value R = 5 Q. The
control scope is to maintain a desired constant output voltage, ve, = 15 V.

For this four-state converter, design a control structure based upon the dynamic
compensation by pole-placement. Imposed control performance for the inner loop
includes placement of the closed-loop dominant second-order dynamic at a band-
width five times larger than the open-loop one and suitable damping coefficients
(e.g., 0.8) for both second-order dynamics. Further, the integral gain in the outer
regulation loop will be chosen by using the root locus method so as to ensure the
maximal closed-loop bandwidth.

Problem 8.4 Cuk Converter using Dynamic Compensation by Pole-placement

For the Cuk converter presented in Fig. 3.17 at the end of Chap. 3, desired constant
output voltage v, = 50V is aimed at. The circuit parameters are: L; = 0.5 mH,
L, = 0.5 mH, C, = 220 pF, C, = 1000 pF, E = 100 V and a rated load value
R=2Q.


http://dx.doi.org/10.1007/978-1-4471-5478-5_4
http://dx.doi.org/10.1007/978-1-4471-5478-5_4
http://dx.doi.org/10.1007/978-1-4471-5478-5_3
http://dx.doi.org/10.1007/978-1-4471-5478-5_3
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Fig. 8.36 Single-phase rectifier with boost power stage

It is required to design a control structure based upon the dynamic compensation
by pole-placement. The same global control structure and imposed closed-loop
requirements as in the previous problem are considered.

Problem 8.5 Voltage Regulation Control of a Flyback Converter

A lossless flyback converter operating in continuous-conduction mode is considered
(see Fig. 4.24 of Chap. 4), which must output constant voltage v = 3.3 V on a
constant load R = 10 Q, while its supply voltage varies between 0.5v¢- and 1.5v¢. The
circuit parameters are L = 0.22 mH and C = 2200 pF. Address the following points:

(a) Design a two-loop control structure (averaged current-mode control) that ensures
a 3-kHz-bandwidth of the voltage closed loop for the entire operating range.

(b) Discretize the controllers obtained in part a and compute their digital
counterparts for the sampling frequency f; = 40 kHz.

Problem 8.6 Power Factor Correction Using Boost DC-DC Converter Control

Let us consider the case of a resistive load R supplied by means of a diode voltage rectifier
and a boost configuration, as presented in Fig. 8.36. Provided that parameters L, C and
E are known and measures of inductor current i; and output voltage v are available, the
global control goal is to design a control structure ensuring that the load voltage v¢ is
regulated at the reference value ve, meanwhile reducing the harmonic content of the
current absorbed from the grid is and ensuring operation at unit power factor.

The design will be based upon a cascaded control structure having averaged
current i; as inner variable and averaged voltage v¢ as outer variable (Rossetto
et al. 1994). Figure 8.37 presents this control structure.

Address the following issues:

(a) explain how current reference iL* is computed (where I is the amplitude of grid
current ig);

(b) obtain the inner plant linearized model and choose a suitable controller structure;

(c) knowing that the PWM switching frequency is f = 10 kHz and ® = 2z - 50
rad/s, suggest a pertinent way of imposing the inner closed-loop bandwidth,
then compute the inner-loop controller;


http://dx.doi.org/10.1007/978-1-4471-5478-5_4
http://dx.doi.org/10.1007/978-1-4471-5478-5_4
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Fig. 8.37 Cascaded control structure ensuring unit-power-factor operation of the circuit in Fig. 8.36

(d) obtain the outer plant linearized model and choose a suitable controller structure;

(e) by requiring that the outer closed-loop bandwidth be one-tenth that of the inner
loop, compute the outer-loop controller;

(f) build and simulate in MATLAB®-Simulink® the block diagram corresponding
to the nonlinear averaged model of the uncontrolled circuit for the following set
of parameters: L = 2 mH, C = 1000 pF, E = 300 V and load R taking values
in the interval [100 Q, 10 kQ];

(g) by freezing the voltage vc at its reference value ve = 500 V and choosing the
full-load operating point (R = 100 Q) build and simulate the inner control
loop — with the controller computed in part ¢ — then validate the imposed
dynamical performance;

(h) build the outer-loop block diagram — with the controller computed in part e,
simulate its behavior and validate the closed-loop performance for the full-load
operating point;

(i) move the entire controlled system around another operating point, e.g.,
R = 10kQ, without modifying the previously computed controllers and
simulate its behavior, then assess the control performance degradation;

(j) propose an adaptation law for the outer-loop controller.
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Chapter 9
Linear Control Approaches for DC-AC
and AC-DC Power Converters

This chapter addresses linear techniques for controlling the average (low-frequency)
behavior of power electronic converters that include not only DC but also AC power
stages. Without being exhaustive, the chapter focuses on the most-used control
methods applied to somewhat popular single-phase and three-phase PWM- or
full-wave-operated power electronic converters (mostly voltage source inverters).
This chapter deals with control structures designed using both the rotating frame —
relying upon dg models developed in Chap. 5 — and the natural AC stationary frame
for different grid-connected and stand-alone applications. A case study, a number
of examples and a set of problems related to comprehensive applications are
also included.

9.1 Introductory Issues

The main control goal of AC-based converters depends on the converter role,
specifying how the power is to be conveyed to/from the AC grid. For example, if
an AC isolated load needs to be supplied, the output voltage amplitude and
frequency must be regulated. On the contrary, if the converter conveys power
between DC and AC sources, the DC-side voltage regulation may be the main
control goal (see, for example, Sect. 8.3.2 from Chap. 8). As in Chap. 8, all these
major goals include specifications that suppose the suitable changing of the con-
verter dynamic behavior in terms of steady-state error, bandwidth and damping.

Generally speaking, converter models should be developed according to the
stated control goal. As it has been explained in detail in Chap. 5, generalized
averaged model (GAM) provides a mean of obtaining large-signal converter
models that capture their most significant dynamic features. Further, these models
(see, for example, Eq. (5.63) or (5.81)) may be linearized around a typical operating
point in order to allow the application of linear control methods.

Using phase-locked-loop (PLL)-based synchronization with the AC grid, the dg
modeling derived from the GAM performs an amplitude demodulation that

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 237
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transforms the original AC variables into DC variables. This makes possible the
application of the methods used for DC-DC converters (already presented in Chap. 8)
to converters that have AC stages. Also, this allows the separate control of active
and reactive power components exchanged with the AC grid.

As in the previous chapter, these methods — such as loop shaping or pole
placement — may be applied within a suitable control paradigm. The specific
structure of these converters including both DC and AC stages with clearly separa-
ble dynamics makes useful the two-loop cascaded control structure presented in
Sect. 8.3 of Chap. 8. In this context, the main control goal refers to the slower DC
variables and will affect the outer control loop, whereas the inner control loop deals
with the faster AC variables.

To conclude, in the case where the rotating dg frame is used, the control law
(or a significant part of it) is applied to the dg DC variables, and supplementary
transforms (amplitude demodulation/modulation) are employed in order to
synchronously transform AC variables into DC ones. However, in some cases the
control of AC variables in the original stationary frame may be preferred. In such
cases resonant controllers that employ generalized integrators may be effectively
used with enhanced performance. Combined dg-stationary control structures may
also be envisioned for overall AC-DC converters control (Bose 2001; Blaabjerg
et al. 2006; Etxeberria-Otadui et al. 2007).

Remarks. The remarks concerning closed-loop robustness in Chap. 8 for linear
control of DC-DC converters remain valid for the case of AC-based converters.
As in the previous chapter, for the sake of simplicity, the brackets denoting averaged
values will be dropped and notations with subscript e are assumed to denote steady-
state values.

9.2 Control in Rotating dg Frame

This approach refers to the single- or three-phase AC/DC (or DC/AC) converters
operated by pulse-width modulation (PWM) and uses the models developed in
Chap. 5.

Let us begin by analyzing the case of a three-phase rectifier whose diagram is
given in Fig. 9.1. The DC voltage on the variable load R is to be regulated with
certain dynamic performances, meanwhile extracting sinusoidal line currents in
phase with grid voltages (thus ensuring unit power factor).

The use of the dg model facilitates the control of active and reactive power
components as they can be expressed in relation to the components of voltage and
currents (Bose 2001):

9.1

P=v,i; + tiq
Q = Vdiq — tid-
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Fig. 9.1 Three-phase rectifier diagram

Now, by employing the GAM technique of Chap. 5 one obtains the state-space
model of the circuit in Fig. 9.1 in the form

3
Ll'.k :ek—vo-uk—i—‘;—OZuk k=1,2,3,
k=1

; ; 9.2)
CV.() = Zik s Uy _EO,
k=1

where the switching functions uy, k = 1, 2, 3, take values in the set {0;1}.

Further, by considering symmetrical currents and by ignoring the AC component
of voltage v(, one can obtain the dg averaged state-space model of the circuit in
Fig. 9.1 as (see Eq. (5.81) in Chap. 5):

- .Y E

g = 0, —zBdez

: . Vo

lg = —Wlg — ZBq (93)
.3 . Vo

Vo = f (Zdﬁd + lqﬁq> — R_C

The state vector is [iz iy Vo ]T and the control input vector is [ﬁd B, ] A brief
analysis reveals the bilinearity of the system and the existence of cross coupling
between its equations (Blasko and Kaura 1997).

Suppose now that the DC capacitor is sufficiently high so as to induce signifi-
cantly larger DC voltage inertia with respect to inductor current components. In this
case one may want to employ a cascaded control structure which regulates voltage
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vp in the outer loop and drives the i, current in a faster loop (Kaura and Blasko
1997; Lindgren 1998). The control input in this latter loop is the direct duty ratio
component P, As the quadrature component of the grid voltage is zero, the unit
power factor is obtained by separately regulating the quadrature (i,) component at
zero in a third fast loop (see the second equation of (9.1)) by means of the
quadrature component of the duty ratio, ;. Linearizing the system (9.3) around a
quiescent operating point leads to

Lid = ('OLiq - VOeﬁd - Bde%/

Ll; - —(,0[4;:1 - VO(’B:; - qu{}‘(; (94)
— 3 e 3ﬁ e 3i e 3l e I
Cvy = gdld+ 2qlq zdﬁ qu eo Is,
where iy = —(voe/R?) -R is the load current variation.

Supplementary assumptions are necessary for control system design. Suppose
that the current loops are very fast in comparison to the voltage v, loop. In this case
one may consider vo, = v constant and v, having low-frequency content with

respect to i; and i; . This means that in the two first equations of (9.4) the last terms
may represent low-frequency disturbances that can be easily rejected by the current
controllers. In the same two equations the first (coupling) terms are high-frequency
disturbances and may be zeroed by a decoupling structure (Teodorescu et al. 2006;
Zmood et al. 2001). In this way, the current controllers may be independently
designed for each channel d and ¢ starting from the first two equations of (9.4),
taking into account that the current plants are, practically, integrators. Figure 9.2
sketches the envisioned current control structures.

In order to alleviate low variations of vq (ramp-like), PI current controllers may
be employed. As the control inputs B, and f, are intrinsically limited (between
0 and 1), antiwindup structures should be used in order to ensure proper behavior at
sudden loads.

Now, in order to design the voltage controller one may suppose that the i, control
loop maintains i, = i * = (irrespectively of perturbations acting on the ¢ channel.

q
Therefore, one may use a simplified reduced-order model:

Ll; = _VO()B:; - ﬁde‘j\o/
Bde Bige — 1 9.5)

iq + Bd—ITVo—ls,
e

Cvo =

whose second equation shows that the voltage vy can be driven by means of current
iy, as also shown in Fig. 9.3. For its part, this latter current is controlled by a very
fast loop; therefore, the voltage plant “sees” iy = i,™ as a control input.

Note that control input i, induces a supplementary high-frequency disturbance
due to duty ratio f, variations, through the branch having i, as gain. In the very fast
current closed loop, this variable has a very sharp derivative-like response to a step



9.2 Control in Rotating dg Frame

dq current control dg current
structures plants Bae
i + Controller  * Ba -
b Iy T Yoo b 1/L
a
+ +
mL/ V0e ol
mL/ V0e oL
iq * Controller By -
b ; b Yoe z 1/L
lq
Be

Fig. 9.2 dg current plants and associated control structures

i + ~
Controller 5 i) (Control input)

itl

iy (Disturbance)

iy
Voo (Current loop)
3 +
> 1/L L Pue > 1/c
K 2
- +
3 i R
o e 3 1/R,

ﬁde

241

Yo

lq

Y

Yo

(Output)

Fig. 9.3 Voltage plant — control of DC voltage by means of current i,; current loop is indicated

with a gray shading



242 9 Linear Control Approaches for DC-AC and AC-DC Power Converters

variation of current reference i, * (it can be shown that this effect is obtained for any
plant containing an integrator). So, it induces very small variations in the slower
voltage plant and consequently the corresponding branch may be neglected.
Synthesizing all these ideas leads to an expression of the voltage plant dynamic:

3B, ~ 1 - =~
Pa ig ——Vvo — s,

Cvy =
0= R,

which leads to the following transfer function on the control channel:

% 3REBde 1
H,’ v, == = .
i) y 2 R.Cs+1

(9.6)

Based upon this function one can design the voltage controller (which outputs the
quadrature current reference i,;*), for example of PI type, for the worst-case condi-
tion (i.e., at full load) and for the desired dynamic performance. As the converter
must convey a maximum admissible power, the reference of the active current
component must be limited to a maximum value. An antiwindup structure may be
used on the voltage controller in order to handle situations where the system is in
limitation. The control structure is further completed with the dg-abc transform and
pulse-width modulation on the thus obtained ; and 8, control inputs.

Given the analysis within the above presented example, one may state the main
steps of a generic design algorithm for the control of PWM AC-based converters in
the dq frame.

Algorithm 9.1 Design of control structures for PWM AC-based converters
in the dq frame

#1 Ensure that voltage has largest time constant and establish closed-loop
voltage bandwidth based on imposed overall performance. Write averaged
model of circuit and express it by means of DC variables in dg frame.
Choose the quiescent operating point where control design will be made
(e.g., the one corresponding to the full-load conditions). Linearize circuit
model around selected operating point.

#2 Consider a cascaded control structure having DC voltage as control target
of outer loop and active component of AC current as target of inner
control loop. Make suitable simplifications for the given plant. Reactive
current component may be controlled separately.

#3 Deduce transfer functions from duty ratios to currents (d and g channels).
Choose a suitable controller type, then choose sufficiently fast inner
closed-loop behavior (i.e., a current bandwidth of five-to-ten times
larger). By using either loop-shaping or pole-placement method, compute
controller parameters.

(continued)
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Algorithm 9.1 (continued)

#4 Deduce transfer function from active current component to DC voltage.
Ignore voltage ripple and reduce initial closed-loop bandwidth in order
to avoid rejecting these variations. Use of a bandstop filter on main
components of voltage variations may be effective in this sense. Deduce
transfer function from active current component to output voltage. By
using either loop-shaping or pole-placement method, compute controller
parameters to satisfy the overall performance requirement.

#5 Change quiescent operating point (e.g., on a light load condition) and
evaluate robustness of the obtained control law.

#6 If necessary, consider an adaptation of outer controller parameters in
order to either obtain a smooth start-up or to preserve desired dynamic
performance on entire operating range.

Remark The cascaded control structure is not the sole control paradigm that one can
apply in the dg frame for this kind of converter A full-state feedback combined with an
integral DC voltage controller could also be a good solution (in the sense provided by
Sect. 8.4 in Chap. 8). A combined configuration involving partial-state feedback (e.g.,
for currents only) within a two-loop cascaded control structure may also be
envisioned.

9.2.1 Example of a Grid-Connected Single-Phase
DC-AC Converter

The PWM-operated power electronic converter of Fig. 9.4 conveys power from an
unregulated DC current supply (e.g., a PV array) to a single-phase electrical grid.
This DC power source outputs a variable current which depends on the primary
resource and on terminal voltage values.

The design of the associated control structure must allow the available DC
power to be injected into the grid. The converter must also provide a certain level
of reactive power.

The control structure should be based on a two-loop cascade whose controllers
are designed based upon the circuit linearized model by using Algorithm 9.1.

The control must establish the power balance between DC and AC parts in order
to achieve its goal. A built-in imbalance sensor is the capacitor voltage vy: it will
increase to dangerous levels if the power supplied to the DC-link is larger than the
power drawn; otherwise, it will decrease, eventually threatening the normal opera-
tion of the inverter. It is clear that both regimes must be avoided by maintenance of
a sufficient level of DC voltage vy. Therefore, the initial requirement of power
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Fig. 9.4 Grid-connected single-phase inverter

balancing can be translated into the regulation of DC voltage v, to a constant value,
thus ensuring the proper operation of the converter.

As the circuit also operates with AC variables, control actions also target the
envelopes (amplitudes) of these variables (Roshan 2006). These are new DC variables
that can be obtained by amplitude demodulation action, i.e., by dg transformation. In
Chap. 5 it was shown that a generic AC variable y may be expressed by a sum of two
components: y = y, sin ¢ + y, cos wt. The new dq frame is also useful for separately
controlling the active power (d channel) and the reactive power (¢ channel). Suppose
that the primary DC current source has an output characteristic of the form

. Vo
is =f(vo) =1y — R’

where [ is a slow-variable parameter depending on the primary resource and R is
the dynamic resistance of the source (the inverse of the characteristic iy — vq slope),
which is supposed to be rapidly variable.

Recall that the general averaged model of this circuit expressed in the synchro-
nously rotating dg frame is given by (see Eq. (5.81) in Chap. 5):

dig _ oi E v B

dt L oL

di . Vo

o= o= By 9.7)
dvg 1. . Vo

“a = 2¢ aba+ i) =+ 1o,

with [B; B, ]T as input vector and [ig i, Vo ]" as state vector. Model parameters
— grid pulsation ®, DC-link capacitor C, grid-side inductor L — are also visible in
Fig. 9.4. Of course, current i; must be negative in order to establish the DC-link
balance.

The linearized version of this model around a quiescent operating point (whose
variables are denoted by index e) is presented in (9.8), with zg being the variation of
the DC-link input current. In the first two equations of (9.8) the first terms on the
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right-hand side are high-frequency perturbations and should be compensated by a
decoupling action as in the previous example. The second terms are low-frequency
perturbations (v variations are slow, ramp-like) and can be rejected by a suitably
chosen control action.

Lig = iy — Bg70 — voePy
Li, = —oig — quﬁ; V0e ﬁq (9.8)
Bde lde =~ qu ~ Vo

P l
Cvo ——ld +—ﬁd -‘r— Iy + qeﬁq —R—+ls

As a consequence, the transfer functions for both d and ¢ channels represent
integrators, as follows:

—V0e 1
Hp,~iy(s) = Hp,—i,(5) = Ls T’
where T, = — L/vg,. As a result, the current controllers may be either proportional

or PI-type if a good rejection of perturbation v is intended. In this latter case, if the
controller is described by H.(s) = K. (1 + TLX) , the closed-loop transfer function

is Ho.(s) = % Controller parameters are computed as usual, by imposing
I(

inner closed- loop bandwidth 1/T,,. and damping &_:
Kpc = 2§CT('/TOU 5 T[c = 2§CTOU

Remark. The inner closed-loop bandwidth is related to the outer loop’s and should
be five—ten times larger. Damping is usually taken between 0.7 and 0.85. The inner

loop may need a prefilter —— i +1 in order to cancel the influence of the zero from the

closed-loop transfer function.

Now, concerning the outer control loop, a thorough analysis of the current-
controlled linearized voltage plant may be made — see Fig. 9.5 and the third
equation of (9.8).

The i, current is the control input that drives the voltage outer loop; it can be
controlled within the significantly faster inner loop. As has been discussed before, the
current plant contains an integrator. Hence, the variable B, is the output of a derivative.
Supposing that the current reference i, * has a step variation, f; will then have a narrow
spike-like shape (due to the larger bandwidth of the inner loop). This variation of f,
does not, practically speaking, affect the value of vy within the outer loop. This allows
one to neglect the direct influence of variable 3, on the DC voltage v,. Because of its
similar structure, the same argumentation applies to the ¢ channel, so neither B, nor p,
affect vo. The i, input may be considered a low-frequency disturbance if it is driven by
a sufficiently slower outer loop aiming at controlling the reactive power; thus, it can
also be neglected. Under these assumptions, the sole significant disturbance over the
i~controlled voltage (outer) plant is the input current variation ig. Figure 9.6 shows that
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Fig. 9.6 Simplified outer ~
(DC voltage) plant is

this plant is basically reduced to a first-order system having 0.5R f. as gain and R.C as
time constant, both varying with the operating point (R, is variable).

VS

A PI controller K, (1 + TL> may be chosen in order to regulate the output of this

structure without steady-state error. The closed-loop transfer function is
T,“,S +1

H()V(S) =
s* + <1 +

T.C , (9.9)

—_ Tis+1
O'SKPV Bde >

0.5K puByRe

and by imposing outer closed-loop bandwidth 1/T),, and damping &,, one obtains the
controller parameters by identification:

26,CR. — Toy
0.5, TouR.

28,CR. — Toy

Ky = CR,

P Tiv = T()v
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Fig. 9.7 Control diagram of the grid-connected single-phase inverter in Fig. 9.4

The first equation from (9.7) shows that the steady-state value of the duty ratio
on the d channel is practically constant at B,, = E/vy (and slightly variable in the
case of inductor losses). This further implies that the closed-loop bandwidth does
not vary with the operating point (R,), as Eq. (9.9) shows. However, the associated
damping varies from the imposed value &, as operating point changes, but this
variation is quite reduced for large values of controller gain K,,.

Remember that outer loop time constant T, should be imposed five—ten
times the magnitude of Ty (inner loop), otherwise undesired effects such as
nonminimum-phase behavior or intensive ringing may be obtained. The outer-
loop controller output represents the reference for the inner loop (i, *). The control
structure needs a phase-locked loop (PLL) that provides the phase of the electrical
grid so the variables may be computed in the dg frame according to p = f, sin wt
and i; = i, sin wf (see Chap. 5). Figure 9.7 depicts the control diagram that must
be coupled with the circuit diagram in Fig. 9.4 for achieving closed-loop
operation.

Some further improvements can be brought to this structure, for example, a
supplementary filter (e.g., notch filter) on the DC-link voltage may be used to
alleviate control structure excitation by the AC component (at twice ®) present in
the variable vy. The division block may be replaced by a product and a low-pass
filter (as shown in Sect. 5.5.2 of Chap. 5). By displacing the product block ahead of
the current controller, this structure can further be put into a more suitable form
(which reduces the computation burden and avoids division), as can be seen in
Fig. 9.8. Instead of comparing the d current components, one compares the inductor
currents in the inner loop. The control on the ¢ channel is similar, the inner loop
reference results as i = i, cos . The slow-variable reference i,™ will adjust the
reactive power supplied to the electric grid (see (9.1)).

Further, robustness study may be necessary (concerning mainly the damping of
the outer voltage loop) in order to ensure satisfactory dynamics of the closed-loop
system for the entire operating range.

In conclusion, two-loop cascaded control structures for AC-DC converters have
been considered and designed in this section. All controllers process variables within
the synchronously rotating dg frame. But, as will be detailed next, it is possible to
synthesize controllers directly in the stationary frame (Malesani and Tomasin 1993;
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Fig. 9.8 Control diagram of grid-connected single-phase inverter from Fig. 9.4, redrawn and
completed with ¢ channel

Kazmierkowski and Malesani 1998) or to design hybrid control structures that use
variables from both stationary and dg frames (Timbus et al. 2009).

9.3 Resonant Controllers

This section also addresses the control of PWM-operated AC-based converters, but
does so differently than in the previous section; here the control of stationary-frame
AC variables is mainly addressed.

AC variable control in the stationary frame supposes a control loop that acts
directly on the AC circuit, without intermediary amplitude modulation-demodulation
(or dg transform).

9.3.1 Necessity of Resonant Control

Let us consider a single-phase grid-connected inverter, similar to the one described
in Fig. 9.4. The transistor bridge is controlled such that it applies voltage v, = f - vg
on the grid circuit, and therefore the dynamic of the averaged inductor current
(injected to the grid) obeys the following equation:

Lip = v, —vac — irr = Pvo — vac — irr,

where L is inductance, r is inductor parasitic resistance and vqc = E sin gt is
the voltage grid. If the amplitude of the grid voltage is considering invariant and the
DC voltage constant at a desired value vy = vp¢, the resulting associated transfer
function (on the control channel) is
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Fig. 9.9 AC current control loop for converter in Fig. 9.4

The inductor current control structure is schematized in Fig. 9.9. Supposing
the current controller in this figure to be PI, with transfer function of the form
Hc(s) = K, + K/, the closed-loop transfer function (control channel) is

K,s +K;
H = P ! .
C(s) L , r
V_S + KP + — S+Kl'
DC Vbc

The closed-loop frequency response is perfect at frequencies where the gain is
one and the phase shift is zero. The expression for the closed loop gain is

Kyo? + K}

2 2
(5o s o)

Ho((x)) =

Vpe e

and it has unit value in DC (at ® = 0). Also, depending on chosen parameters, it is
possible for resonance to occur so that a second point of unit gain exists, namely at
the frequency (Etxeberria-Otadui 2003)

1
0= Z\/ZVDC(K,-L — Kpr) — 72,

The closed-loop phase lag has the expression

= arctan Ko arctan [ ® vocK, +r
¢= Kl' VDCKVifL(x)2 ’

which is zero only in DC (at ® = 0). Therefore, the only frequency for which the
closed-loop system from Fig. 9.9 employing a PI controller has an ideal frequency
response is the zero frequency. This means that if the reference signal has AC
components (contains nonzero frequencies) it is not possible to cancel the steady-
state error in terms of amplitude and phase. Moreover, this error increases with the
frequency. It is possible to further reduce the steady-state error by employing a very
high controller gain, but there are two major limitations that rule out this solution. The
first one is the control input saturation induced by a finite value of the DC-link voltage.
Second, a high controller gain leads to an increase of the closed-loop bandwidth and a
decrease of the phase margin, eventually leading further to system instability.
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Fig. 9.10 AC variable control by demodulation-modulation (Zmood and Holmes 2003)

To conclude, as the reference is an AC variable having nonzero frequency, this
kind of control loop cannot be properly built using standard PI controllers; therefore
other solutions should be envisioned (Sato et al. 1998; Esselin et al. 2000; Fukuda
and Yoda 2001).

9.3.2 Basics of Proportional-Resonant Control

As has already been described in Sect. 9.2, control in the rotating frame supposes
amplitude demodulation of the AC variables, control of the envelopes (DC variables)
on d and g channels, then amplitude modulation in order to obtain the AC control
input(s). This approach is illustrated in Fig. 9.10, where e, represents the AC error
signal and u,¢ is the AC control input signal.

The error is demodulated through multiplication with sine and cosine of the grid
phase (electrical angle), thus one signal centered on the DC component and another
centered on the 20, component (0y being the grid frequency) are obtained. If PI
controllers in Fig. 9.10 are used, then one can obtain zero steady-state error for the
DC component. Controller outputs are further modulated and by summing them up
one obtains the AC control signal, usc. Note that the expression of usc does not
contain the 2w, signal as its components cancel each other by summing. The
transfer function of the PI controller used in the dg frame is, as usual

K;

Hpc(s) = Ky + (9.10)

Now, by analyzing the diagram in Fig. 9.10 the time-domain expression of
the control input uc is

uAc([) = [(eAC Ccos 000[) ® ]’lpc([)] COS Wof + [(eAC sin u)ot) ® /’ZDc(I)] sinwpt, (9.11)
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where hpc(f) is the controller impulse response and ® denotes the convolution
product. The final aim is to obtain a controller whose transfer function, denoted by
H 4c(s), has the same frequency response with the one given by Eq. (9.11), without
using the demodulation-modulation action (Zmood and Holmes 2003). Such a
system may be represented in the s domain by the equation

Uac(s) = Hac(s) - Eac(s), 9.12)

where E4c(s) and Uac(s) are the Laplace images of the error and the control input,
respectively. In the time domain, this is expressed as

uac(t) = eac(t) ® hac(t),

where h4c(?) is the impulse response of the equivalent AC controller. In Eq. (9.11)
one makes the notations f1(¢) = hpc(t) Q@ [eac(t) - cos wpt] and f5(¢) = hpc(t) @
[eac(?) - sin wyt], respectively, taking account of the convolution product being
commutative. Their Laplace images may be computed as follows:

FI(S) = L{hDC (t) ® (EAc([)'COS (1)0[)} = HDC(S)L {eAc(t) COS (l)ot}

By using the Laplace transform property of frequency shifting, one further obtains

1
Fl(S) = EHDc(S) . [EAc(S +ja)0) + EAc(S 7.]'60())]. (9.13)

In the same way one shows that

F2(S) = %Hl)c(s) . [EAc(S +j(,00) - EAc(S 7j(,00)]. (914)

The Laplace transform of the first term in Eq. (9.11) gives

L(s)= [{[(eAC (t)-cos u)ot)®hDC (t)]-cos oaot} = [{fl (t)-cos (oot}

1 (9.15)
=S [E s+ o)+ F s~ joy)].
The Laplace transform of the second term in Eq. (9.11) gives
Ly(5) = £ {[(e4c (1) sineyt) @ hipe (1) | sin ot} = £{£,(1)-sin oy}
(9.16)

:%.[Fz(s+jo)O)—Fz(s—jooo)].

The Laplace image of the controller output is Usc(s) = L(s) + Ly(s); therefore,
by combining Egs. (9.15), (9.16) and (9.11) one obtains

| .
Uac(s) =5 [F1(s +jao) + Fi(s — jao)] + % [Fa(s + joo) — Fa(s — jwo)]. (9.17)
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By replacing the values F(s) and F,(s) as given by Egs. (9.13) and (9.14) into
Eq. (9.17) and by using (9.12) one finally obtains

1
HAc(S) = E [HDC(S —|—j(,00) + HDC(S —j(Do)]. (918)

An alternative to (9.18), when the reference signal bandwidth is small in
comparison to the reference frequency itself, is to use the low-pass-to-band-pass
filter transformation method developed in filter synthesis. In this way the equivalent
AC controller transfer function that results is

ZK,‘S
HAC(S) :Kp+m (919)

Note that a resonant (second) term appears in this equation; for this reason this
kind of controller is commonly called proportional-resonant (PR).

Remember that an integrator provides infinite gain at zero frequency (in DC).
Conversely, the second term from (9.19) provides infinite gain at a certain fre-
quency m, — the resonance frequency — which may be different from zero, thus
allowing zero steady-state error to be obtained at wo. This is why this term is also
called generalized integrator. The gain of the generalized integrator is in a relation
of inverse proportionality with the selectivity (quality factor) of the generalized
integrator (resonant term), as can be seen in Fig. 9.11.

From a control theory point of view, for zeroing the steady-state error (canceling
the disturbance effect in the steady-state regime) it is necessary to introduce in the
controller the internal model of the exogenous signal as Laplace transform (Francis
and Wonham 1976; Fukuda and Imamura 2005). Thus, for example, if the exoge-
nous is a step variation, then a pole at the origin will be introduced, which is
equivalent to the insertion of a delta distribution in the Bode characteristic at @ = 0.
The distinction of this situation is that the frequency characteristic is affected in the
entire band. If the exogenous is a ramp, a double delta distribution is introduced at
® = 0. Following the same reasoning, in the case of a harmonic exogenous
(supposing either the tracking of a harmonic reference or rejection of a harmonic
disturbance) a resonant component producing a delta distribution at the resonance
frequency must be introduced in the controller. This action solves the problem of
the steady-state regime (nullifying the steady-state error).

Further, one must solve the closed-loop dynamic performance problem by using
either a state-space or frequency-domain approach. The latter is used more often in
power electronics control. The frequency-based model (Nyquist locus or Bode
characteristic) must be corrected according to dynamic performance requirements.

The PI controller is a particular case of PR, used when the delta distribution from
the frequency characteristic is placed at @ = 0. In this case the frequency charac-
teristic is significantly affected in the entire frequency range, imposing the use of
classical tuning methods by root locus (modulus and symmetry methods for the
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Fig. 9.11 Bode characteristics of the proportional-resonant controller for different integral
gains K;

single and the double pole, respectively) in the medium frequency domain. Now,
concerning the PR controller the problem is similar, but the frequency characteristic
is modified only locally, around the resonance frequency. The associated design
methods are frequency-based (e.g., loop shaping and root locus — see r1tool in
MATLAB®™) and obey the same design principles as happens in the case of PI
controllers. However, there are some aspects specific to the power electronic
converters: nonsinusoidal periodical exogenous (whose rejection requires
multiresonant controllers), frequency variation (which supposes adapting the inter-
nal model poles), etc. Note that these aspects do not exist for controllers having
poles in the origin.

Now, suppose that in Fig. 9.9 the current controller has the transfer function
given in Eq. (9.19) (i.e., is a PR one). In this case the closed-loop transfer function is

H (s) _ HAC (S)Hp (S‘)
0 1+ Hac(s)Hp(s)
%
-be ([(ps2 + 2K;s + K,,o)%) 9.20)
1 2K;v ®3
53 +7 (Kpvpe +71)s* + | of + LDC s+ fo (Kpvpe +7)
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The gain of the transfer function in (9.20) is computed as (Etxeberria-Otadui
2003):

L \/Kg (w3 — w2)2 + 4K w?

|Ho(jo)| =

- - =, 2D
Ve oo+ 1) (@8 — )7 + 0 (03 + 22 — ?)

and its phase shift (argument) is:

@ = arg(Ho(jo))

2VDCKI(9
LK, (0 — ©?)

oL (0} + 2542 — 0?)

. 22
Kpoe +r) (3 —a)] O

= arctan

— arctan [

Equations (9.21) and (9.22) show that the system exhibits an ideal response, i.c.,
IHy(jo)l = 1 and ¢ = 0° for ® = . This is also shown in the closed-loop Bode plots
displayed in Fig. 9.12. For high values of K, the closed-loop gain decreases less abruptly,
in this way determining large closed-loop bandwidths and therefore fast responses.

Remark The transfer function from the disturbance (v4¢ in Fig 9.9) to the output
provides infinite attenuation at ® = , thus rejecting completely the disturbance.

9.3.3 Design Methods

9.3.3.1 Loop Shaping

The most straightforward design method is the one based on loop shaping (Zmood
and Holmes 2003; Yuan et al. 2002). The open-loop transfer function is

2s Vbc
Houls) = (Kp ki m> Ls+r

and the associated frequency characteristics are given in Fig. 9.13. First, let us
consider that the effect of the resonant term affects the characteristic only locally,
i.e., only around the frequency o, (this supposes reasonably small values of gain K)),
so its presence does not significantly change the cut-off frequency, wo;. Under this
assumption the simplified open-loop transfer function is the same as for a first-order
system having a proportional controller — see Fig. 9.13:

_ KpVDC
Ls+r’

HE)L(S>

This case is treated classically; the desired settling time imposes the closed-loop
bandwidth or equivalently the cut-off frequency value, o, . This can be adjusted by
means of the controller gain, K,,, as follows (see also Fig. 9.13).
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Fig. 9.12 Closed-loop Bode characteristics with proportional-resonant controller: (a) control-
input-to-output transfer channel; (b) disturbance-to-output transfer channel
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Fig. 9.13 Bode characteristics for open-loop transfer function Hy;(jw) (solid line) and for
simplified transfer function HOLS(ja)) (dotted line)

The cut-off frequency is obtained by zeroing the gain (in dB) of the simplified
open-loop transfer function: IHOLS(ijL)I = 1, which further determines the neces-
sary value of the controller gain:

1
K,=— (D%)LLZ +r2 (9.23)
VDC

The second step of the design procedure concerns the coefficient K; that multiplies
the resonant term. As can be seen in Fig. 9.11, this term introduces a large phase lag (of
about —90° at wg) that decreases slowly as frequency increases. This evolution is
slower as the gain K, is higher and leads to a reduction in the phase margin. To conclude,
the value K; may be chosen as large as possible in order to obtain rapid zeroing of the
steady-state error (Etxeberria-Otadui 2003). However, this choice is upper bounded by
some value that still ensures a reasonable phase margin (e.g., 40°). Note that in real
applications this condition may be quite restrictive as supplementary delays intervene
in the open-loop transfer function (e.g., limited bandwidth of the transducer, sampling
time, etc.). Also, in multiresonant structures —e.g., active filters (Gaztanaga et al. 2005;
Etxeberria-Otadui et al. 2006) — the resonant term should be sufficiently selective in
order not to affect the neighboring harmonics, so the value of K; must be limited for
this reason also. Controller selectivity may be a drawback when the operation is on
power grids having variable frequency (e.g., for weak grids or microgrids). This issue
may be solved by using adaptive PR controllers (Timbus et al. 2006).
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9.3.3.2 Pole Placement

Controller tuning aims at ensuring a suitable dynamic performance of the controlled
variable evolution towards a sinusoidal steady-state regime (and not to the DC steady-
state). This dynamic regime — in terms of response time and shape — is essentially
characterized by the poles’ distribution of the closed-loop transfer function (9.20).
The characteristic polynomial is

2

1 2K ;v )
P(s) =5+ I (KpVDc + r)s2 + (a)(z) + LDC>S + fo (KPVDC + ")’ (9.24)

and a suitable placement of its roots may suppose, for example, one real and one
pair of complex-conjugated. In this case there are only two degrees of freedom
(K, and K;) in the control design and three parameters to configure (natural
frequency and damping of complex-conjugated poles, and frequency of the real
pole, respectively). The design may use the root locus method (e.g., r1tool in
MATLAB®™); basic requirements are to ensure reasonable closed-loop damping
and sufficiently large closed-loop bandwidth. The best way to validate closed-loop
performance is to visualize the error signal evolution.

9.3.3.3 Naslin Polynomial Method

Controller parameters may also be computed by interpreting the closed-loop
characteristic polynomial (9.24) as a third-order Naslin polynomial.

Naslin polynomials — also known as normal polynomials with adjustable
damping — can be introduced starting by an analogy with second-order systems
(Naslin 1968). Let us consider a second-order linear system described by the
transfer function
9
Ho(s) = ap + ais + axs?’

whose damping coefficient depends on the denominator’s polynomial coefficients,

according to 4(_,2 = a%/(aoaz), and gain is in general different from one (ab % ap).
Definition of a damping coefficient for an nth-order system can be given in an

analogous way; let

_ a

_a0+a1s+~~~+a,,s”

Ho(s) 9.25)

be the system’s transfer function. One defines the so-called characteristic ratios

at @ a,
al i 9 az e 9 o .’ an = 9
aopay apas ap—14np+1
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Fig. 9.14 Geometrical
interpretation of
characteristic pulsations and
of characteristic ratios by
means of a gain curve
(Naslin 1968)
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One can give a geometrical interpretation to characteristic ratios and pulsations
on the gain curve of the H, characteristic polynomial, as depicted in Fig. 9.14.

In this figure lines corresponding to gain of successive terms a;s’ are represented;
their envelope is an approximation of the gain curve. The characteristic pulsations
are the abscissas of folding points of the gain curve, whereas the segments’ lengths
are given by the characteristic ratios. Imposing a sufficiently large value for
characteristic ratios will ensure weak resonance (Naslin 1968). For its part, weak
resonance ensure small errors of approximated curve in relation to real gain curve
around folding frequencies. In conclusion, a good approximation is ensured by
imposing characteristic ratios to be sufficiently large or, in other words, segments to
be sufficiently long.

The above remarks allow a polynomial family to be defined whose members
have the characteristic ratios with the same value denoted by a, which is related to
damping. By requiring that o to be greater than a certain chosen value, one ensures
stability and damping, all by guaranteeing transients that are described by a single
dominant mode.

As consequence, a polynomial of this family is entirely described by its order n,
the damping coefficient a and one of its characteristic pulsations. For example, if
giving the first characteristic pulsation, wy, the other ones result as depending of
damping «, according to Eq. (9.27):
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Wi =awy, Wy =Wy, -+ W, =ad"Wwg. (9.28)

Further, by giving the value of coefficient a,, the other polynomial coefficients
can be computed by using Eqs. (9.28) and (9.26):
ao ao o

ay = 5 612:—2, aSZﬁ’ (929)
wo aw, a " w,

Equations (9.29) allow the general writing of Naslin polynomials as

N n
Py(s) = ao (1 +y &) . (9.30)

n=1 O 2 W

Form (9.30) can be used in a control design procedure when the closed-loop
transfer function is to have a Naslin polynomial as characteristic polynomial.
Closed-loop dynamical performance can thus be configured by choosing two
parameters, namely coefficient a and pulsation wy,.

In the case n = 3, the Naslin polynomial is (see Kazmierkowski et al. 2002)

2 3

S S S
Py(s)=ap 14+ —+"o4+ ).
v (s) ao< +WO+WS+Q3W3)

It is easy to verify that s = — awy is a root of the above polynomial; this remark
helps us write successively developments in Eq. (9.31). The last relation of (9.31)
allows one to identify the imposed closed-loop dynamics as third order; there are
two complex-conjugated poles and a real pole, all of them being placed at the same
frequency, awy. As a consequence, the closed-loop system has oo, = awg as
folding frequency, which depends on a and on the first characteristic pulsation, wy.

ao
Py(s) = e (Pwg + o’wg s+ Pwp - s* +57)
A0 (3 Bu? 2
= oowd [(s* + owy) + &?wo - s(s + awo)]

a0 9.31)
[(s + awp) (s* — awg - 5 + ?wg) + a?wo - s(s + awy)]

T o)
o 2 2.2
=——(s+oawp)(s” + awg(oc — 1)s + a“wy).
a3w(3)( 0)( o ) o)

The damping coefficient of the complex pair also is related to the value of a,
namely

_(x—l

(== (9.32)
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Equation (9.32) shows that o must be larger than 1 for the closed loop to be
stable, whereas values between 1 and 3 lead to complex-conjugated poles. Moreover,
resonance is present if o is between 1 and 1 + v/2. Values of « larger than 3 render
factorization of (32 + awg(oe — 1)s + (xzwoz) possible; therefore, the closed loop will
have two real poles instead of a complex pair.

The case of a third-order closed-loop system is the one described by Eq. (9.24).
Thus, if imposing that polynomial

2K vpc

L

1 0}
P(S)=S3+Z(KpVDc+")S2+ (a)(z)—i— )s—l—fo([(pvl)c—i—r),

where o is frequency of sinusoidal signal to track and K), and K; are PI resonant

controller parameters, to be a conveniently tuned Naslin polynomial

2 3

S S S
P = 1+—+—+——=,
N(S) (lo( +w0+0cw%+(x3w(3))

then the following relations hold after coefficient identification and some algebra:

apg = a3w8
2K;
a3w% = a)g + ZDC
atwy = — (vaDC + r) 9.33)

which finally leads to PI resonant controller parameters being determined as

_ay/awpl —r K — wgL(o® — 1)
B e | 2wpe

K, (9.34)

From last relation of (9.33) it turns out that the closed-loop bandwidth w; also
depends on the frequency to track, w:

OcL = oWy = Mg\ . (9.35)

For reasons of stability o must be greater than 1. Therefore the closed-loop band-
width can theoretically be imposed at least equal to the frequency to track wg; but in this
case the damping is null. That is resonance is infinite (see relation (9.32)). As the matter
of fact, since the frequency to track wg is given, there is a single degree of freedom
when the closed-loop performance is imposed, i.e., @, which means that bandwidth
and damping cannot be imposed separately. According to Eqs. (9.32) and (9.35),
respectively, both damping { and bandwidth o, increase with « (see also Fig. 9.15).
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Fig. 9.15 Poles and zeros positions as a increases

Note that for values of o larger than 3 the closed-loop system becomes overdamped
(having three different real poles); wo+/a no longer represents its bandwidth.

Once the dynamical performance is set, controller parameters result according
to (9.34).

9.3.4 Implementation Aspects

It is well known that any linear time-invariant system may be represented by analog
diagram containing integrators (energy accumulations) equal in number to the
system’s order. Starting from the generalized integrator transfer function

Y(s) s

U(s) s*+wp’

with u(f) and y(f) being generic input and output, respectively, one obtains the
input-output relation as Y(s) - (s> + wo>) = s - U(s). Multiplying this equation with
1/s* gives

) = H{ve) - 19 %), 0.36)

N
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Fig. 9.16 Implementations of resonant controllers: (a) analog implementation of a PR controller;
(b) generalized integrator discrete-time implementation

This relation is incorporated into the analog implementation of the PR controller,
as Fig. 9.16a shows (e(?) is the error signal and P(¢) is the controller output)
(Teodorescu et al. 2006; Ma et al. 2011). Hence, the resonant controller can be
physically implemented using operational-amplifier-based integrators and inverting
or noninverting amplifiers.

Another solution for analog implementation is based upon Eq. (9.19), where the
generalized integrator is replaced by a band-pass filter with a very high quality factor.

The discrete-time form of the generalized integrator, suitable to DSP implemen-
tation, can be obtained through the z transform (Oppenheim et al. 1996; Yepes
2011). This form depends on the discretization method used. The “zero-order-hold”
method supposes that the system to be discretized is connected in series with a zero-
order hold element. The discrete transfer function is

H(zl)zz{[[l—em H(S)}}z(l—zl)'z{[] {w}},
s s

where relation z = ¢'’s has been used, with T being the sampling time. Then,
by employing the generalized integrator transfer function (the second term of
Eq. (9.19)), one obtains

1

52+ 0

HEY ==z 2L

By consulting tables giving the correspondence between Laplace and z transforms,
one may find the generalized integrator discrete transfer function as

H(E) (1-z7h zsinwoT's
z = . s
o 722 —2zcoswoTs + 1
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Or, equivalently,

i T i T
S wol g '271 i S wol s '272
H(z")=-—% @0 . 9.37
(Z ) z72—2coswols -z 1+ 1 ©-37)

By adopting the notation y(kTs) = y[k] for the generic discrete-time signal y, the
corresponding difference equation is

sin (ON) TS

ylk] = (ulk — 1] —ulk — 2]) + 2cos woTs - y[k — 1] — y[k — 2]  (9.38)

o

and the associated diagram is presented in Fig. 9.16b.
Now, let us denote by 8 = w(Ts the normalized digital frequency. If the Tustin

discretization method is used, one substitutes s = T% %jr:l in H(s) = 7"~ The
- h 0
generalized integrator transfer function is then
2T 2Ts  _,
N 014 014
H (zf ) = 5 , (9.39)
2 870
446
and then the corresponding difference equation is
0= 25 i - 2) + S sz o
= ulk] — ulk — ——ylk—1] —y[k—2]. .
Wee aver Y

Note that for reasonably small normalized frequency 6, the denominator of the
transfer function from (9.39) approximates the one from Eq. (9.37). As Tustin’s
method does not map the frequency domain exactly, a prewarping action may be
necessary (Tan 2007; Teodorescu et al. 2006). If Euler’s forward method is used,

one must substitute s = IT;ZZ*,I inH(s) = vag The result is
_ T3271 — T5272
H(z") = , 9.41
=) (1+6%)z2—2z1+1 ©4D
which corresponds to the following difference equation:
y[k] = Tsulk — 1] + Tsulk — 2] + 2y[k — 1] — (1 + 0%)y[k — 2]. (9.42)

Note that Eqgs. (9.37), (9.39) and (9.41) give similar frequency responses in the
domain of interest. Difference Eqs. (9.40) and (9.42) produce slightly different
diagrams with respect to the one presented in Fig. 9.16b.

Other methods such as impulse-invariant method (Tan 2007) or direct pole-zero
placement in the z plane are also available for designing the generalized integrator.
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Fig. 9.17 Two-loop cascaded control structure in mixed dg-stationary frame dedicated to
controlling the circuit of Fig. 9.1

The latter method is based upon discretizing the continuous plant and imposing a
suitable closed-loop discrete-pole configuration. The predictive version of the
resulting controller leads to the so-called dead-beat control ensuring a remarkably
fast closed-loop dynamic (Timbus et al. 2009).

9.3.5 Use of Resonant Controllers in a Hybrid dq-Stationary
Control Frame

Let us reconsider the problem formulated at the beginning of Sect. 9.2, consisting of
regulating the DC voltage of the circuit from Fig. 9.1 while controlling the reactive
power exchanged with the three-phase grid. The proposed cascaded control structure
that works exclusively in the synchronously rotating dg frame may be modified in order
to accommodate PR current (inner) controllers that operate in the stationary (abc)
frame. Thus, a combined dg-stationary control structure — as depicted in Fig. 9.17 —
may be effectively used.

This structure supposes the outer loop control working in the dg frame, that is,
references concerning the d and ¢ current components issue from the active and power
requirements (i.e., the necessary values that ensure the power balance). Further, these
references are transformed in three-phase AC variables (inverse Park transform) by
using the PLL-based grid electrical angle. The inner control structure contains three
independent PR-driven control loops that track these AC references. Finally, one may
state the main steps of a generic design algorithm for control in the hybrid dg-abc frame
of PWM AC-based converters.

Algorithm 9.2 Design of control structures in the hybrid dg-abc frame

#1 Ensure that dynamics of circuit are separable such that cascaded control
loop is suitable (i.e., DC variable has largest time constant).

#2 Consider a cascaded control structure having DC variable as target of
outer loop and AC variables as target of inner control loop. Establish outer
closed-loop bandwidth based on the imposed overall performance and

(continued)
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Algorithm 9.2 (continued)

inner-loop performance that ensures complete frequency separation.
Outer loop(s) operate(s) in dg frame and inner loop(s) work in stationary
abc frame.

#3 Write down averaged model of circuit and express it by means of DC
variables in dg frame (all high-frequency variations must be neglected).
Consider only equations related to outer-loop dynamics. Choose the
quiescent operating point where control design will be made (e.g., the
one corresponding to full-load conditions) and linearize circuit model
around selected operating point.

#4 Consider that inner loop is ideal (much faster than outer loop) and make
suitable simplifications for given plant. Reactive power may be controlled
separately. Deduce transfer function(s) that describe (simplified) dynam-
ics of outer plant. Consider a suitable controller that may achieve in
closed loop the performances established at #2. By using either loop-
shaping or pole-placement method, compute controller parameters so as
to satisfy these performances.

#5 Write down only the dynamic equations related to inner-loop dynamics in
stationary frame, while considering DC outer variables as constant (this is
possible at their setpoints). Make suitable simplifications for inner plant.
For each phase write down inner plant transfer function. By using either
loop-shaping, Naslin polynomials or pole-placement method, compute
suitable proportional-resonant controllers that satisfy performances
imposed at #2.

#6 If necessary, consider an adaptation of outer controller parameters in
order to either obtain a smooth start-up or to preserve the desired dynamic
performance on entire operating range.

9.3.6 Example of a Grid-Connected Three-Phase Inverter

The PWM-operated power electronic converter of Fig. 9.18 is powered by an
unregulated DC current supply (e.g., a PV array) and supplies a strong three-
phase electrical grid. The DC power source outputs a variable current as a function
of its primary resource and of the DC voltage.

A control structure is to be conceived that allows the available DC power to be
injected into the grid. The converter must also provide a certain level of reactive
power.

The control structure should be a combined dg-stationary two-loop cascade and
its controllers designed by using the circuit linearized model in the framework of
Algorithm 9.2.

The circuit dg model is (see Eq. (5.80) in Chap. 5)


http://dx.doi.org/10.1007/978-1-4471-5478-5
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Fig. 9.18 Grid-connected three-phase inverter diagram
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7R A Ay B, (9.43)
dvg 3 . . Vo
“ar ~ ac UaPatisby) = g+ 1o,

where o is the grid pulsation, C is the DC-link capacitor, and L and r are the grid-
side inductor parameters. Also, it is supposed that the primary DC current source
has an output characteristic of the form

Vo

is =f(vo) =10 — 5

where [ is a slowly-variable parameter depending on the primary resource and R is the
dynamic resistance of the source (the inverse of the characteristic is — v slope). First,
suppose that the DC-link capacitor (at the rated circuit power) induces sufficiently
slow dynamics with respect to the inductor current dynamic so that a two-loop
cascaded control structure is pertinent. Secondly, suppose that the level of reactive
power to be injected into the grid is low in relation to the active power and its reference
varies slowly. In this case the influence of term i £, on the right-hand side of the third
equation of (9.43) can be neglected (it may be seen as a disturbance). Under these
assumptions this equation may be linearized around a quiescent operating point as

d Vo
dt

3., wvo 3, .
= Zﬁdold — R_ — Zﬁqolq’ (944)

corresponding to a structure like the one depicted in Fig. 9.6. Note that the last term
is seen as disturbance. It follows that the control transfer function on the d channel
(which represents here the outer plant) is
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_0.75B,
Hioas) = a0y R (9.45)

Regulation of DC voltage (outer loop) can be achieved by means of a PI
controller whose parameters are designed according to the procedure detailed in
Sect. 9.2.1.

As in the previous cases (see Sect. 9.2), this controller outputs the necessary
current i;* in order to maintain the DC-link power balance. Also, by modifying the
value of i,*, one varies the reactive power injected into the grid (for simplicity, the
regulation of this latter current is omitted here).

Now, consider that the two references i,™ and iq* are transformed in three-phase
AC variables, 1,3, by using the Park inverse transform and a PLL-supplied
electrical angle 6. The three inner control structures must ensure the tracking of
these AC current references.

For any phase £, the inner plant has the following (current) averaged dynamic,
given essentially by inductor inertia (see Eq. (9.2)):

di 3
Lo PO S k=123, (9.46)
k=1

with v being the DC-link voltage value (supposed constant at the desired value).
3
Supposing a symmetrical grid voltage (even in dynamic conditions), then Z e, =0
k=1
at any moment. Moreover, as the neutral is isolated, the sum of the line currents is also

3
Zero, Z ire = 0. Then, by summing all the three Eq. (9.46) (for all values of k), one
k=1
obtains the identity

3

which — for a reasonable operating point at vy # 0 — is valid only for Z B = 0.
k=1

Therefore, for a symmetrical undistorted condition, Eq. (9.46) can be rewritten as

i
L%:ek—%—n‘k k=1,2,3. (9.47)

By considering the grid voltages as disturbances, the control transfer function of
a generic phase k (inner plant) is a linear time-invariant first-order system:

(9.48)
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An inner control structure on each of the three grid phases can now be computed
based upon use of a PR controller, whose transfer function is given by Eq. (9.19).
For each phase, the open-loop transfer function is

(9.49)

2 0.5
HOL(S) = <Kp + K il ) Y0

's2+w}) Ls+r’

where parameters K, and K; must yet be computed by trading off bandwidth and
stability requirements (see also Fig. 9.13).

Now, by considering that the effect of the resonant term affects the characteristic
only around frequency wy, the simplified open-loop transfer is

05K,y
 Ls+r

H%L(S)

Note that the open-loop cut-off frequency wp; is practically identical to the
closed-loop system bandwidth. Usually the latter is imposed to be two—ten times
larger than the original plant bandwidth, /L (depending on how much one wants to
“hurry” the system). In this example, let us consider wy, = 5 - /L. Then one may
compute the gain K, by using Eq. (9.23):

Iy 2
K, = 05ve a)éLL + 12,

Also, by neglecting the influence of inductor resistance r in the above equation,

_ Loor __ 10r
T 05v v

Equivalently, one may write the closed-loop transfer function (always by
neglecting the influence of the resonant term) as:

one may obtain an approximate value of the above gain as K,

O.SK[,V()
0.5K,vo +r
5, () = — XKoo £

_ 1
0.5K,vo + rs +

This function has almost unit gain and the closed-loop bandwidth is w By

equating this quantity with wo;, one obtains K, = f—;

All these computations provide values for the proportional gain, K, which are very
close one to each other. For small resistance r at tenths of ohms and large values of v,
at hundreds of volts, one obtains quite small values for K|, on the order of mQ/V.

At this moment one may consider that this parameter has been computed and
proceed to choose the controller parameter K; that multiplies the resonant term. This
value must be chosen as large as possible in order to obtain fast zeroing of the
steady-state error, but as it introduces a large phase lag around wy, it must be limited
to a reasonable value that ensures a sufficiently large phase margin. This latter
quantity must be computed in radians as

v = — [arg(Hor(wo))],
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Fig. 9.19 Different inner loop responses at step variation of reference’s amplitude for three-phase
inverter controlled in hybrid dg-abc frame: (a) with phase margin of about 60°; (b) with phase
margin of about 10°

and, by using Eq. (9.49), one obtains

Ko worL 2K;m
0L _ arctan—25= &~ 1.77 — arctan - oL

p (05, — ‘”3) r K, (mOL - “’(2)) .

Y = & — arctan

By forcing this expression to be y = 0.7 rad (which means a phase margin of
about 40°), one may compute the value of K.

Remarks Due to inherent filtering, in real applications supplementary lags are
likely to appear in the above phase margin expression, thus reducing the choice
range of integral gain K; Figure 9.19 shows system response (in terms of AC
current) with sufficient versus insufficient phase margin.

The phase margin may also be chosen by a trial-and-error approach using
interactive tools provided by control-oriented computer-aided design software
like MATLAB® (e.g., sisotool).

The complete control structure embedding the inner and outer control loops is
given in Fig. 9.20.

9.4 Control of Full-Wave Converters

Full-wave operated DC-AC converters are used in a wide variety of applications. Due
to their quite reduced flexibility, they are modeled and controlled differently according
to each particular case. For example, in the case of insulated load (either off-grid
inverters or electronic ballasts driving high-intensity discharge lamps), the control
input may be the frequency of the square wave (Yin et al. 2002). In grid-connected
rectifiers, the frequency is fixed by the grid and the converter may be driven by the
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Fig. 9.21 Full-wave grid-connected single-phase inverter

phase lag of the square wave with respect to the grid voltage phase (Petitclair et al.
1996). In the case of resonant power supplies, the phase lag between control inputs of
the two DC-AC converters surrounding the resonant tank may be utilized as a global
control input (Bacha et al. 1994). Choosing different control inputs leads to different
small-signal models and hence to using different control methods.

Next, a single-phase full-wave operated grid-connected inverter is considered — see
Fig. 9.21. Its power structure is the same as in the PWM case (see Fig. 9.4), but switching
function u is obtained in a different manner. The primary objective is to regulate the DC
voltage and a control structure that accomplishes this goal is to be designed.
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The states are chosen as usual, inductor current and capacitor voltage. Recall the
generalized averaged model from Chap. 5, where the sense of the current
corresponds to the rectifier mode (only the first harmonic of the AC variables and
the average of the DC variables are considered):

% = —jwo(ir), +%(<VAC>1 — (vo - u),)

% = é(<lL : M>1 - <i5>0)’

(9.50)

where g is grid frequency, E is grid voltage amplitude, C is DC-link capacitor, L is
AC inductance and ig is current supplied/drawn by unregulated DC source/sink.
The 0.5-duty-ratio rectangular wave control input u is supplied with a phase lag
o with respect to grid voltage phase g (see Chap. 5 for quick reference).

This model can be rewritten in terms of active and reactive components of the
current inductor current i; (iy and i,), as well as of the DC-link voltage average,
(vo)o — see the developments in Chap. 5. For simplicity the averaging brackets will
be further dropped from variable notation.

dia _ ol +E 4 cosa

ar T T 0

di

ﬁ:—moid —vp— sina (9.51)
dt nL :

d 2 )

%: - (iq cos o+ iy sina) +IES.

In the state-space model of Eq. (9.51), the control input is the phase lag a. Note
that the model is nonlinear — it uses harmonic functions of a. Moreover, it has only
one input and hence does not allow separate control of inductor current components
igand i, (as is the case of PWM-controlled converters). The active and reactive AC
power components cannot be separately controlled.

Consider now a typical steady-state operating point of this model described by
the values o, ise, Voe, I4e and i .. The power exchanged with the DC source is voise
or is,’R,, where R, = vo/is, is the equivalent DC resistance in the quiescent
operating point. As the inverter operation implies a nonnegligible DC power
transfer, the current isz, = vo./R, is also important (R, has a small value). This
operating point satisfies the following system of equations:

. 4V0,
woLig +E — —~ cosa, =0
T

4vge .
— woLigz — % sina, =0 (9.52)

2. . Voe
—— (lde COS O, + ige SIN (xe) ——==0.
T Re
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The third relation of (9.52) shows that the expression of the current injected
into the DC-link,

. .. T,
ide COS Olp + Ige SIN O, = 515,

is an important quantity for the chosen control input a,. One multiplies the first equality
of (9.52) by sin a, and the second by cos «,; then, by subtracting the second equation

from the first, one obtains woL(i, sin o, + iz coOs &) = — E sin «,; therefore
lge SIN O, + 14o COS O, = — —— SIN O,
0)0L

meaning that the value of sin «, is also large. That is, the voltage equilibrium requires
a sufficiently large value of phase lag a, (around n/2) in order to compensate for the
DC current ig,.

The second equality of (9.52) gives iz, = — 71‘0’22 sin ., meaning that a large DC
power requires a large value of the active power be drawn/supplied from/to the grid
(note that P = E - iy).

To conclude, in the case where the AC-DC coupling acts as rectifier/inverter, the
DC voltage balance may be achieved by imposing the right value of i, (i.e., the DC
voltage controller will output the active current reference). Thus, a cascaded control
structure is envisioned, having an outer loop that deals with the DC voltage (v()
control and an inner loop that performs the control of currents.

Note that if the AC-DC coupling acts as a STATCOM, then resistance R, is
large, DC power is not important and phase lag o, is around zero (cos «, is large).

Further, the small-signal state-space model developed around the above-defined
quiescent operating point is

diy ~ 4dcosa, —  4dvg.sina, -
L— = woLi; — ‘v +—= ‘x
dt
di, ~ 4sino, _  4vy,coso, -
LJ = —(,0()le — ¢ Vo — ¢ ¢ o
dt
dvy 2co0s0, ~ 2s8in®, ~ vy 2(ide sin o, — iy cOs (xg) -~
—_—=— ig — iy —— o — ig
dt T x ¢ R, T ’

(9.53)

where 1; is the DC source current variation around the steady-state value is, = vo./R..
Note that the current components i, and i, can be measured using a phase-locked loop
as detailed in Sect. 9.2.1. Since the angle o influences simultaneously the channels d
and ¢, a single current may be controlled in the inner structure. If, for example, a loop
of i, is built (for reasons described in the previous paragraph), the current i, remains
uncontrolled and one must ensure that its dynamic is stable. However, one may impose
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Fig. 9.22 Three-loop DC voltage control structure in which innermost loop is a partial-state
feedback

a convenient dynamic to the pair (i i,) by using a partial-state feedback control
structure (see Fig. 9.22). For this purpose, a simplified reduced-order current (inner)
plant is considered, by neglecting the variations of the DC voltage vy; its model is

dig ~  4vgsina,
i 4 (9.54)
L%: —(x)oLl; _w&.

The design of the state feedback for the system (9.54) may be done by using either
dedicated software (e.g., function acker in MATLAB®™) or the procedure presented in
Sect. 8.4.1 of Chap. 8. According to the developments in the cited chapter, one imposes

the closed-loop poles pair as P = [p, p,]", where P12 = —Co,  jo,\/1 — .
Then, the analytical solution for the state feedback computation may be obtained using
the procedure developed in Sect. 8.2.1. as (see Eq. (8.25)):

K' =k k]"=M"-N, (9.55)

where matrices M and N are given by Eq. (8.24) involving state matrix A and input
matrix B of system (9.54). These matrices are, respectively:

4V0€ .
sin o,
a=| 0 wlg_| T
—wg 0| 4vo,
- COS 0,
T

The eigenvalues of matrix A are the solutions of equation det(sI — A) = 0, which
further gives s> + wo> = 0. This means that the poles of system (9.54) are placed on
the imaginary axis at the grid frequency o, the damping being zero due to the fact
that inductor resistance has been neglected. One imposes to the closed-loop system
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poles a sufficiently high frequency o, (for example, ®, = 10 - ®y) and a suitable
damping, { (for example, { = 0.8).

Since the trace of matrix A is Tr(A) = 0 and det(A) = >, matrix N is
(see Eq. (8.24)):

N — [_@1 +P2)} _ L)Zgwn }

2 2 2
P1P2 — g — g

n

Further, matrix M may be obtained as

M — 4vg, [ sin @, — oS, }

T | —®pcoso, —®pSina,

_ 4&’04,(1)0

having -

as determinant; its inverse is computed as

M=

L —@mpsina, COS L,
4vp,09 | Wocosa,  sina, |

Equation (9.55) providing the gains of the state feedback leads in this case to

b1

k= — T [—28wow, sin o, + (co% - w%) cos o |
i , . (9.56)
ky = — Iro.00 [24’6000),, cos o, + (mn - 600) sin (Xe]-

The partial-state feedback structure intended for the innermost control loop may
be seen in Fig. 9.22. In order to achieve the current i, control, this structure must be
completed with an intermediate control loop based upon an integrator (one
considers the same framework as in Sect. 8.4.1).

The integrator gain K; is chosen by means of root locus method so as to obtain a
good closed-loop bandwidth (in terms of i, tracking) and a suitable damping, {c.
For example, one may take K; such that all three poles of the i, closed-loop have the
same frequency, oc = 1/T¢ — see Fig. 9.23.

In this context, the i, closed-loop transfer function can be described as

!
H;(s) = . 9.57
O = Tet ) (1252 + 20 Tes+ 1) ©7

Note that a large value of o will ease the design of the outermost control loop
(i.e., of the DC voltage v,). The plant of this loop has the transfer function given by
Eq. (9.57).

Besides the PI component that ensures zero steady-state error, a suitable DC
voltage controller must also have an anticipative component to ensure a reasonable
phase margin (the third-order transfer function (9.57) induces large phase lag). To
this end, one may use either a PI controller with a separate lead-lag transfer function
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or, directly, a PID controller. In the latter case, let us consider a PID controller with
the transfer function:

(Ters+ 1)(Tys+ 1)

HCv(S) = Kv TVS

(9.58)

Note that the term (Tcs + 1) in the outer plant (see the denominator in Eq.
(9.57)) varies with the operating point (B depends on «,). If imposing Ty = T,

this term will be compensated exactly, but only in the design operating point (e.g.,

Teis+1
Tes+1

corresponds to a lead-lag system which is likely to introduce small alterations in
the initially imposed dynamic performance. A sensitivity analysis is thus necessary
in each particular case.

In conclusion, consider that the open-loop system is described by the transfer
function

at full load). Otherwise, the transfer function in the outer open loop

Ho (s) = X Ty £ 1) : (9.59)
Tys(Tes? 4+ 2¢cTes + 1)
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Fig. 9.24 Control structure for single-phase full-wave converter presented in Fig. 9.21

corresponding to a PI controller in series with a second-order system. The controller
parameters are designed using the root locus method as follows.

Suppose that the dynamic response specifications of vy are known in terms of
bandwidth oy and damping coefficient y. In this way, the dominant pole position is

determined as p = —{ oy + joyy/1 — sz. It is required that the root locus pass

through pole p, corresponding to the imposed bandwidth and overshoot. The
computation of controller parameters follows a quite laborious procedure requiring
complex analysis tools (d’Azzo et al. 2003); alternatively, one can use dedicated
software tools like, r1tool from Control Toolbox of MATLAB®.

To conclude, the control structure contains three control loops, as can be seen in
Fig. 9.22. The innermost control loop consists in fact in a pole placement using a
partial-state feedback; in this way desired dynamics of currents i, and i, are imposed.
The intermediate loop relies upon using an integral controller aiming at tracking the
required active current i, achieves power balance. Finally the outermost control loop
is in charge of the DC voltage regulation, namely by employing a PID controller. The
two latter control loops are designed by using root locus method. The global control
structure to be coupled with the converter in Fig. 9.21 is described in Fig. 9.24.

9.5 Case Study: dg-Control of a PWM Three-Phase
Grid-Tie Inverter

A three-phase voltage-source inverter which supplies an ideal AC grid is considered
(see Fig. 9.25).

It receives energy from a controlled DC current source and must inject the entire
available DC power to the AC grid. The output reactive power must be zero (i.e.,
the grid currents are in anti-phase with the corresponding grid voltages).

Inductor parameters are L = 2.2 mH and r = 0.1 ©, and capacitor parameters
are C = 4700 pF and R = 47 kQ. The DC source rated power is 2025 W, its rated
voltage is vo™ = 450 V. The grid amplitude is £ = 180 V (with RMS value being
127 V) and its frequency is oy = 50 Hz.
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Fig. 9.25 Three-phase voltage-source grid-connected inverter connected with associated dg-
frame control structure (inner control structure still to be detailed)

The control structure in the dg frame is to be designed so the stated control goal
can be achieved. In the overall dynamic performance is included the requirement
that DC voltage variations not exceed 1 % and its transient last for a maximum
0.25 s at unit step variation of the DC source voltage. Next, Algorithm 9.1 is used
for design purpose.

9.5.1 System Modeling

Modeling follows essentially the steps presented in Sect. 9.2. But unlike the case in
the cited section, the switching functions are in the set {—1; 1}. Hence, the three-
phase control inputs ;53 belong to the [—1, 1] interval and, by considering that a
current measure in the dg frame is available, the circuit averaged model that results
is (see Eq. (5.80) of Chap. 5):

Li; = oLi, — %Oﬁd +E—rig
: . Vo .

Li, = —oLig — fﬁq —rig (9.60)
.3, . vo | .

Cvy = 1 (iaPg + lqﬁq) " Re + is.
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Note that the DC current source is controlled; hence, the current ig only
depends on the sources’ associated control input and not on the DC voltage
value, vy. Current ig will be further considered as disturbance. Now, this model
may lead to the choice of a full-state feedback control structure or to a
cascaded control structure as proposed in Sect. 9.2. This latter case is considered
next.

The steady-state model results from (9.60) by zeroing the time derivatives and
by imposing i, = 0 A and vy, = vo = 450 V. Moreover, inductor and capacitor
losses may be neglected (r = 0 and Rc = o0). So, in the steady-state operating
point one obtains

ﬁ 2F B Z(A)Lid . 4i5
= —, = -, 1l = — —
T T

The only value that varies is iy, as it depends on the actual DC source
current.

9.5.2 Comments on the Adopted Control Structure

The proposed control structure — in the sense of Sect. 9.2 — is shown in
Fig. 9.25. Control of the power injected to the grid supposes control of the
inductor currents. Thus, the inner control loop(s) refer(s) to the inductor
current. Note that the primary control loop is the power balance in the DC-link
(the entire DC power supplied by the DC source must be evacuated to the AC
circuit). As the DC voltage acts as a transducer of the power unbalance, this
requirement is equivalent to maintaining the DC-link voltage constant at the
rated value. As in the case of single-phase voltage-source converters (see
Sect. 9.2.1), the DC-link output current depends mainly on the grid active
current component i, This further implies that the voltage regulation acts on
the active current reference i;. The reactive power injected to the grid is
proportional to the current component i,. Controllers’ outputs are altered in
order to achieve decoupling between the d and ¢ channels. PI controllers are
used for each of the controlled variable (ig4, i, and vy). Prefilters are necessary
in order to compensate for the zeros induced by the use of these types of
controllers. These remarks issue from Sect. 9.2 and lead to the control structure
depicted in Fig. 9.25.
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9.5.3 Design of the Inner Loop (Current) Controllers

The linearized model around a quiescent operating point is

Lig = (nLi; —&ﬁd —%vo —rig
~ ~ W p

Li; = —woLiy — %Bq ;e Vg — rlq 9.61)
— 3 e 3[3 e = 3l e 31 e

CVO = id lgq —+ 4({ lq : [3 —ae Bq V() —|—ls.

Consider that in the currents’ equations the DC voltage is constant, as
maintained at the desired value by the outer control loop (vo. = vo™). The current
(inner) plant becomes

fad ~  Voe 7 ~
Lig = oLi; — %ﬁd —rig

Voo — (9.62)

Li; = —olLiy _TB" —ri;.

In the first equation of (9.62) i; is considered perturbation (which is further

significantly reduced by the d-g decoupling structure). The same applies foriy in the
second equation of (9.62). Therefore, both d and ¢ channels may be described by
the transfer function

Vo 1 1
. =Ke-—.
2r rLs+1 Tes+1

He(s) = (9.63)

Using the parameter values, the gain of H(s) results K- = 2250 A and the time
constant is T¢ = 22 ms. As the current control loop is built by using a PI controller

Hpic(s) = K, (1 +7 ) the closed-loop transfer function is

lec(s) . Hc(S) _ T,Cs +1
L+ Hpie(s) -He(s)  TcTic 24 T'C(
KcKpc

Hoc(s) =

+1>s+1
KcKpc

By imposing a closed-loop transfer function of the form

chS + 1

Hyc(s) =
oc(s) T3.52 + 20 Tocs + 1

with imposed damping coefficient {- and time constant Tyc, one obtains via
identification
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Fig. 9.26 Inner control structure (i, prefilter may not be necessary if i,* remains constant)

T3 _ TcTie

C
Joc g oo Zcfic
PCT KT,

Tic = 28cToc — Te

(9.64)

One imposes a closed-loop dynamic ten times faster than the original current
plant, Toc = T¢/10 = 2.2 ms, and a damping {- = 0.7. Using (9.64), one obtains

Tic =29ms, Kyc=58mA ™"

The inner control structure is detailed in Fig. 9.26.

Note that the value of K¢ is quite small as the loop has already a high gain given
by K¢ (for Toc = T¢/10, the total loop gain must be K, - K¢ ~ 10). As Eq. (9.63)
applies to both channels d and ¢, the PI parameters are the same for both currents

igand i,
As regards the prefilters on the current references, both have the transfer function
Hyvs) =
§)=—.
PE TiCS + 1

Note that, under the assumption that the inductor parameters L and r are
constant, the plant is invariant and the closed loop does not change its parameters
with the operating point.

9.5.4 Simulations Results Concerning the Inner Loop

The converter nonlinear averaged model in the stationary frame given in (9.65) is
implemented in MATLAB®-Simulink®™, where the AC three-phase control inputs
P23 belong to [—1; 1] (see Chap. 5). Direct and inverse Park transforms are
employed in order to convert the three-phase variables to dg variables and vice
versa. For this purpose, an ideal PLL providing the grid phase is used.
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Fig. 9.27 i and i, variations in response to unit step of active current reference, i,*: (a) with dg
decoupling structure being active; (b) without dg decoupling structure
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Ll:k = € *vozﬁk‘i’vgozt}k, k= 17273
k=1

13 (9.65)
.1 - _ V_O .
Cvy = 3 ;lk Bk Re + Ig,

In order to test the current controllers, the integrator of the second equation from
(9.65) is “frozen” at the value vy = vo™ = 450 V. In this way, the gain of the inner
plant (see Eq. (9.63)) remains constant irrespective of the DC voltage imbalance.

Figure 9.27a shows the active current i, response at unit step reference i ; one
can see that the settling time and overshoot correspond to the imposed dynamic
performance. Figure 9.27b shows that the i; dynamic is slightly altered if the
decoupling structure is missing. Also, in this case the change in i, induces a quite
significant transient in i,.

Figure 9.28a shows the reactive current i, response at unit step reference i; ; here
again the settling time and overshoot meet the imposed dynamic performance.
Figure 9.28b shows that the i, dynamic is slightly altered if the decoupling structure
is missing. Also, in this case the change in i, induces a quite significant transient in
iy. Figure 9.29 presents the system response to a large step of active current
reference i, while current i, Temains constant. The system is linear and invariant
as the large-signal variation has the same dynamic performances as in the case
described in Fig. 9.27a.

Note that the grid current envelopes vary according to the shape of current i,, as
shown in Fig. 9.29.

Negative values of the current i, correspond to injection of active power in the
AC grid. The corresponding control efforts are described by the evolutions of B, and
B, (which are the control inputs in the dg frame) in Fig. 9.30. Note that B, is quite
large, its steady-state ideal value being By, = 2E/v™ ~ 0.8 (inductor losses being
neglected). Conversely, B, is very small, corresponding to the steady-state ideal
value of f,, = — 20)0Lid/vf)k ~ (.03 (inductor losses being neglected).
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9.5.5 Design of the Outer Loop (Voltage) Controller

The outer control loop is designed by considering that the separation of modes in the

plant is effective. The i, current dynamic being neglected in this loop (i.e.,l; =% )and
i, being regulated at zero, the third equation of the linearized model (9.61) becomes

— 36 ek 3ide~ 1 ~
Cvop = 4" i+ 2 By “Re0 +is. (9.66)

As has been detailed earlier in this chapter (see, for example Sect. 9.2.1), the

influence of the inner control input [3; can be neglected in the outer loop design: as
the inner system is practically an integrator, §; has a very narrow derivative-like
evolution at steps of i;™ and has no influence on dvy/d¢. Consequently one may
write that

3 0w | ~
ﬁ"‘ ¥ ——vo +is. (9.67)

Cvy =
Vo RC

Hence, the transfer function from the active current component to the DC
voltage vy is

Hy(s) = 20 = 3RcPae 1 (9.68)

= 4 CRes+1°

For the chosen parameter values, the gain of Hy(s) gives K, = 28000 V/A
and time constant 7y, = 221 s. The voltage control loop is built using a PI controller

Hppy(s) :va(l "‘ﬁ) . The same principle as used for the inner loop (see

Sect. 9.5.3) applies here. The voltage closed-loop transfer function

T,‘ s+ 1
Hoy(s) = 4 ,
TvTiy s2+T<V< —|—1>s—|—1
KyK,y Y \KvK v
is imposed to be equal with
T,‘Vs +1

Hov(s)

T T2, + 20, Toys + 1

Imposing damping coefficient {;, and the time constant Tjy, one obtains via
identification,

T2 TvT;
T =2y Tov =2 Ky = # (9.69)
oV
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Fig. 9.31 (a) DC voltage variation at unit step of its reference v,™; (b) associated control effort
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Note that the outer plant time constant is extremely large. In fact, as the resistor
R is high, the plant acts much more as an integrator. In this case, one must impose
a sufficiently small closed-loop time constant in order to achieve a good voltage
response (small variations around the setpoint). Let us consider, for example,
Toy = 47 ms (that is 4700 times faster than the original plant) and a damping
¢y = 0.7. Using (9.69), one obtains

Ty =658ms, K,y =023A/V. (9.70)

If one wants to vary the voltage setpoint, a prefilter must be inserted on the
voltage reference:

Hpr(s) =7
§) =—.
PE T,~Vs + 1
Note that, for purposes concerning regulatory control, B, is constant and the
plant described by Eq. (9.68) is invariant.

9.5.6 Simulations Results Concerning the Outer Loop

For purposes of testing the outer control the same setup as in Sect. 9.5.4 has been
used, this time with the full system (9.65). Also, the previously designed inner current
loops have been used in order to render effective the voltage controller command.
Figure 9.31 shows the DC voltage evolution at unit step of its reference (in the
neighborhood of the rated value of vy) when at full load (i.e., iy = 4.5 A) and using
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Fig. 9.32 (a) DC voltage v, variation at unit step variation of the DC source current ig around
rated value; (b) associated control effort i,* ~ i,

the controller with parameters given by (9.70). The response has about 5 %
overshoot (corresponding to a damping of 0.7) and a rising time of 0.18 s
corresponding to the imposed closed-loop time constant Ty, = 0.47 s. The control
effort is evident in Fig. 9.31b, where one can see that iy, = — 4is/3B4. ~ 7.5 A at
full load. The dynamic regime lasts for about 0.4 s, which may be too long for
certain applications.

Next, a new set of dynamic requirements has been adopted, namely {,; = 0.7 and
Toy = 25 ms. Using Eq. (9.69), one obtains

Ty =35ms, K, =044A/V, 9.71)

so the controller is behaving more aggressively, as can be seen in Fig. 9.32a. This
figure shows the voltage evolution at unit step of DC source current in the
neighborhood of the full load regime (i.e., from 3.5 to 4.5 A and back). Note that
the steady-state voltage error is zero, the dynamic regime takes less time with
respect to the previous case (about 0.2 s) and the voltage deviation is also smaller
(about 0.6 %). The associated control effort is seen in Fig. 9.32b (the steady-state
active current is iy, = — 4ig/3Py. ~ 5.8 A for ig = 3.5 A).

The control structure must be completed with limiters of the control inputs in
each loop. Besides the inherent limitations in the inner loops (the absolute value of
Bs and B, cannot exceed unit), the current reference, i:j must also be limited, for
safety reasons. Antiwindup structures that disable the controller integrator during
limitation regimes may prove a good solution in order to achieve smooth behavior
in heavy loads or in start-up conditions. In this latter situation, the gains of both
inner and outer plants are smaller than the rated, and the dynamic behavior is far
from the one imposed by design. In this case the online adjustment of the
controller’s parameters (adaptive control) may also be considered in order to
achieve good closed-loop behavior.
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9.6 Conclusion

This chapter has presented some linear control design techniques used for
manipulating and regulating the averaged dynamical behavior of the power elec-
tronic converters with AC stages, in terms of steady-state error and closed-loop
bandwidth with respect to one or multiple control goals. The specific feature of
these systems is the fact that the dynamics of the AC and DC stage are separable,
which naturally leads to the use of a cascaded-loop control paradigm.

Controls concerning most PWM-operated converters may be developed in the dg
frame, allowing separate control of active and reactive AC power components.
These control structures suppose a grid-synchronized amplitude demodulation-
modulation that transforms AC variables into DC ones and makes possible the
application of control paradigms and methods used for DC-DC converters (see
Chap. 8). These are very useful for the large majority of AC-DC converters having
two dynamic states.

Stationary-frame control structures may also be devised. Generalized integrators
(resonance elements) are able to introduce very large gain at certain frequencies
(which, in general, are multiples of the grid frequency), thus leading to zero steady-
state errors during tracking of sinusoidal references. Combined dg-stationary con-
trol structures may be used for the overall control of an AC-DC converter.

The control of full-wave-operated converters has also been visited. The dynam-
ics of such controllers may be manipulated through the pole-placement method, and
output variable regulation using integral or PI controllers may be achieved.

This chapter treats into detail the building of control laws associated with
multiple types of converters, the accent being on both components of the control
structure and computation of controller parameters. Although approximate, these
control structures, based upon linearized converter models, may be very effective,
especially when the circuit operating point does not significantly vary. When this is
not the case, the intrinsic robustness of proportional-integral-based control
structures may be effectively exploited. As control inputs are limited to certain
values (by virtue of structure or safety reasons) antiwindup structures must be
associated with this kind of controller.

These linear controllers are designed to meet control requirements for a certain
operating point. As converter models are generally variant with load and input
supply, control design must comply with certain robustness requirements that
ensure acceptable performance over the entire operating range. Gain scheduling
or other adaptive techniques may be used whenever a single controller cannot yield
satisfactory behavior for the entire operating range. Even if the application
examples given in this chapter concern mostly the control of voltage-source
inverters, the techniques presented within may be easily “exported” to current-
source inverter control.

Discussion of the use of discrete-time controllers is not the main purpose of this
chapter; however, their use may be effective in AC-DC converters either by
discretizing previously obtained continuous-time controllers or by modeling plants
in discrete-time and then performing a direct synthesis of the discrete-time controller.
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Fig. 9.33 Single-phase shunt active power filter diagram

Also, control methods and principles presented in this chapter can be easily
applied to other types of applications related to energy quality such as STATCOMs
and active power filters (Buso et al. 1998), AC drives (Cardenas and Pefia 2004),
multilevel converters (Vazquez et al. 2009) or renewable energy systems (Andreica
Vallet et al. 2011).

Problems

Problem 9.1 Control of a single-phase shunt active power filter

Figure 9.33 shows an ideal single-phase grid supplying a nonlinear load (diode
rectifier and resistive load R — on the left side of the figure). Its current ig is heavily
distorted — it contains a rich spectrum with significant high-order harmonics
content. The circuit also contains an active power filter (APF), the fully controlled
rectifier having capacitor C on the DC side (right side of figure). Based upon the
energy accumulated in this capacitor, the APF must draw from the common node a
supplementary current i that compensates the high-order harmonics introduced by
the nonlinear load. In such way, the total current drawn from the grid, is, remains
sinusoidal (Miret et al. 2009). An essential aspect of the proper circuit operation is
that the DC voltage v (on capacitor C) must be maintained at a certain level, ve.
Circuit parameters may be seen in Fig. 9.33.

Design the control structure so it ensures the above presented functionalities of
the APF. Separation of modes between AC and DC variables is considered to be
fulfilled; therefore a cascaded-loop control structure may be envisioned. In more
detail, the following is required:

(a) model the averaged inner AC current dynamic (plant) provided that the output
of the outer plant (v¢) is regulated to a constant value;

(b) model the outer DC voltage dynamic provided that the inner plant is much faster;

(c) propose a cascaded-loop control structure for the plants in part a and b that
fulfills the above control goals. An indirect APF control that aims at controlling
grid current i is envisioned. Also, by considering that the load R induces a
parasitic high frequency (R contains switching devices), a supplementary
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measurement filter of time constant Ty is considered on i;. Note that a PLL is
available in order to measure the grid electrical angle at the coupling node;
(d) design the inner (current) controller as a proportional-resonant controller;
propose alternatives;
(e) design the outer (voltage) controller as a proportional-integral controller;
propose alternatives.

(a) Inner AC plant modeling

APF normal operation supposes that current ir drawn from the coupling node is

nonlinear, so the AC-DC converter dg model is no more suitable for description of

its dynamical behavior. Therefore, stationary-frame modeling must be used in order

to describe the AC-side behavior of the APF. Nevertheless, the model states are the

variables that describe the energy accumulations in the circuit: inductor current ix

and capacitor voltage v¢.

The APF averaged current dynamic is described by

L%:VAc—VH—F'l'F:VAc—B‘Vc—I"iF, (972)

because the switched voltage is vy = - v¢ (see AC-DC coupling equations in
Chap. 5). Further,

Ls-ip+r-ip=—p-ve+ E - sinwot.

If one considers that capacitor voltage varies very slowly and remains almost
constant at vo™* due to control action (according to control goals), the APF current is

. v 1 E 1 ,
= r Lfr-s+1 B—i_r L/r-s+1 SIn @of. ©.73)
Control Disturbance

In the coupling node one may write:
ig =IF +ig;
therefore, the AC current plant may be described by the diagram in Fig. 9.34.

Remark As has been stated in the requirements, the indirect APF control primary
goal supposes control of grid current i; as a sinusoidal variable, in phase with
voltage grid v¢ (this is why i is taken as the output of the inner plant in Fig 9.34).
Further, the outer plant must output the proper reference for this current, i = I
sin wgt, which fulfills the secondary control goal — the regulation of the DC voltage
ve. Variable ve acts as a sensor for the power unbalancing between the grid, the
nonlinear load and the APF. Therefore, the outer control loop must provide the
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Fig. 9.34 Diagram of AC
current plant sin @yt —

P —P

Ls+r

proper value of the current amplitude /™, one that maintains the power balance
irrespectively of load R variations.

(b) Outer DC plant modeling
The DC plant is described by the equation

dve . Ve . Ve
_— —_—_— _— ,74
¢ dt 'DC RC ﬁZF RC (9 )

because ipc = P - ir (see Chap. 5). Suppose that the AC current plant is very fast
with respect to the DC voltage plant (the mode separation condition is satisfied).
That is, in the voltage control one considers that the current controlled in the inner
loop varies instantaneously, i.e., ig = ic: (in fact i has a much larger bandwidth).
Also, this allows zeroing the inductor current dynamics in Eq. (9.72):

0 = Esinwpt — Pve,

the inductor losses being neglected, meaning that vy ~ E sin wgt. This is natural
because, when one wants to control the current drawn/injected from/into the node,
the averaged value of voltage vy must be slightly lower/higher than the coupling
node’s voltage. This shows that at a typical operating point where vc # 0 the duty
ratio is almost sinusoidal (although current iy has higher-order harmonics):

E
f=—" sinwpt.
Ve

Equation (9.74) then becomes successively:

dve  Esinogt . ve Esinwot ., . Ve
To Bty e ESONGey)—C,
dt Ve Rc Ve Rc
and, by multiplying with v one obtains
dve v2
Cve—= = Esinwot - (if —ig) — =5,
C dt 0 ( G R) RC
or, equivalently,
2 2
C dvg . Ve

5'?:Esinﬂ)of' (lé—lR) -
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which represents a nonlinear system. By denoting by xpc = ve> a variable that
expresses the DC power, one can obtain a linear plant of the form

C dXDC . . .
5-7:Esmmot- (i§ —ig) ——. 9.75)

Further, one develops the currents in (9.75). The grid current is i = I sin wgf,
its amplitude having been denoted by I;. The load current i has multiple
harmonics denoted by Z;

o0
ir = Igo - sinwot + E IRkel(kmot+(pk) = I - sin oot + X,
———

Fundamental k=l

Superior-order harmonics

where I is the amplitude of the fundamental, I, is that of the kth-order harmonic
and @y is the phase lag of the kth-order harmonic. Equation (9.75) becomes

. . . . . XpcC
= Esin oyt - Ié sin wot — E sin oot - [gg sin wot — E sin wgt - £ — R
c

C dxpc
2 dt

or

C 1
<§S+R—> Xpc = (EIE'; —EIR()) . Sil’lz(DQt—ESil’l(Dol DI
c

Applying the trigonometric identity sin oot = (1 — cos 2wo)/2 one obtains

C +1 _
25 Re XDC =

| Iy

E
(I& —Iro) — [5 (I& — Iro) cos 2wt — Esinagt - | . (9.76)
_/_/

DC component

High-frequency component

The last term in Eq. (9.76) contains only AC high-frequency components that
induce only “local” variations and have no influence on the long-term evolution DC
voltage, vc. Only the DC component will be considered further:

ER 1 ER 1
e e [ (9.77)

T2 G 2 G

Control channel Disturbance channel

Note that system (9.77) is linear in xp¢; therefore, when building the outer
DC voltage loop one must compute and use xpc = vpc as a feedback. Equa-
tion (9.77) shows that a proper value of I; with respect to Iz, (depending
on load R) may drive the variable xpc (and therefore the value of vpc) at a
desired level.
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Fig. 9.35 Diagram of control structure for active power filter in Fig. 9.33

(c) The control structure

The above remarks and modeling actions suggest that a control structure could be
the one presented in Fig. 9.35 (to be coupled with the circuit diagram from Fig. 9.33
for closed-loop operation).

As already stated, the outer controller outputs the necessary current amplitude to be
drawn from the grid in order to establish the power balance. The PLL provides the grid
phase in order to form a proper current reference — involving zero reactive power — for
the inner loop. The insertion of a supplementary filter on the DC capacitor voltage is
used in order to diminish high-frequency voltage variations (due to high-frequency
current components — see Eq. (9.76)). Without this filter the squaring operation of the
vpc measure will introduce high-amplitude, high-frequency components, which will
further affect controller output ;™ and hence introduce current distortions.

(d) Inner (AC current) loop design

Figure 9.34 and Eq. (9.73) provide the basis for designing the current controller,
which may be solved in the spirit of Sects. 9.3.2 and 9.3.6. As the plant is a
first-order system and the loop reference is sinusoidal, i;™ = I;™ sin wyt, a pro-
portional-resonant controller could be a good solution (see the internal model
principle). Let us consider its transfer function

Next, the loop-shaping method will be used in order to determine parameters
K,c and K;c. In a first time, the influence of the generalized integrator is neglected;
this allows one to determine K, when the open-loop bandwidth is imposed (see
Sects. 9.3.2. and 9.3.6). The open-loop simplified transfer function is

—Kyevi 1 1
r L/r-s+1 Tes+1'

H3, () = .78
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In order to set the current loop response speed, one imposes the cut-off frequency
at a suitable value, wc (which is almost the closed-loop bandwidth). Then, one may
obtain the corresponding value of K¢ by solving the equation

|H3), (joc)| = 0.

Further, parameter K, may be obtained by imposing a sufficient phase margin
(e.g., 40°) to the open-loop transfer function

—vk 1 1 2Kics
Hop(s) = —E . . | K e .
oL(s) rLjros+1 Tes+1 ( pc+s2+co%>’ (9.79)

that is,
Y =n — |arg(HoL(joc))| = 0.7 rad.

According to Eq. (9.78), the latter relation further gives

2K; L
arctan % + arctan <mL> + arctan (u)Cch) =7n—0.7,
p (0 — oF) r

which enables computation of integral gain K;c.

Hysteretic or sliding-mode controllers may be used as an alternative for the
current controller; these solutions ensure sufficiently large closed-loop inner band-
width with acceptable control efforts and, therefore, tracking of the sinusoidal
reference with small time lags.

(e) Outer (DC voltage) loop design

Separation of modes being fulfilled, that is, s being much higher than projected
voltage bandwidth, wy, the current loop may be considered without dynamic, and
the voltage plant transfer is given by Eq. (9.77). Provided the voltage reference is
constant and the plant is essentially a first-order filter, a proportional-integral
voltage controller is considered:

Hin(s) =K (1471 ).

Tl'vs

By making the notation Hy (s) = % . m (see Eq. (9.77)), the closed-loop

transfer function is written as
HPI(S) . Hv(S)

He(s) =17 Hpi(s) - Hy(s)’ (9.80)

and hence results as a second-order system. Further, one imposes suitable closed-
loop transfer function parameters in terms of damping and bandwidth. Damping
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Fig. 9.36 Resonant control of a stand-alone PWM inverter

coefficient Ly is usually taken between 0.7 and 0.9 and time constant T, = 10/0c,
that is, it is sufficiently large with respect to the inner loop time constant. Finally,
proportional gain and integral time constant, K,, and T, respectively, are
computed by identifying the time constant and the damping of system (9.80) with
Toy and Cpy, as previously shown in Sects. 9.2 and 9.5.5.

Note that good dynamic performance is not mandatory for DC voltage regu-
lation (it is required only that the voltage remain between certain limits of a quite
large range). The steady-state error for the outer control loop is not critical
in such an application; hence a simple proportional controller may alternatively
be used.

The reader is invited to solve the following problems.

Problem 9.2 Resonant AC voltage control for a single-phase stand-alone
PWM inverter

The off-grid inverter in Fig. 9.36 supplies a variable resistive load. Its parameters
are E = 300 V,L = 5mH and C = 6.8 pF. The rated load voltage is vy ™ = 127 V
RMS, the rated frequency is f = 50 Hz and its resistance varies between R ,.x = 1
kQ and R,,;, = 25 Q (inductor and capacitor losses are neglected).

Design a control structure based upon a proportional-resonant (PR) controller
that ensures the stabilization of the voltage amplitude on the AC load. PR
controller parameters must be chosen such that the voltage closed-loop bandwidth
is 20 kHz.

Problem 9.3 Averaged control of a current-source inverter used for induction
heating

A current-source inverter — previously introduced in Sect. 3.2 of Chap. 3 and
analyzed in Sect. 5.7 of Chap. 5 — is operated in full wave in the presence of a
variable load. Its parameters are Ly = 6 mH, r = 0.01 Q, C = 6 pF, L = 100 pH
and U,o = 300 V (see Fig. 3.3). Load resistance R varies between 10 Q and 0.5 €.
The general control goal is to control output voltage, the closed-loop bandwidth
being f4c = 1 kHz.
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oyt (PLL)

AC L DC

Vye=E sinogt

Fig. 9.37 Single-phase rectifier supplying a resistive variable load

By considering switching frequency as control input, address the following
points.

(a) Deduce the linearized averaged model of the converter and plot the pole-zero
map by using MATLAB® software.

(b) Conceive an inner partial-state feedback structure (by omitting the output
voltage) and suitably place the system poles (the dominant time constant
must be at most 10x - f4¢).

(c) Conceive the outer voltage loop by using an integral controller and choose the
integral gain by using the root locus method (function r1tool in MATLAB®).

(d) Simulate the converter response at step variations of load R, and compare the
result with the dynamics predicted by the control design.

Problem 9.4 Control of a single-phase PWM rectifier

The rectifier inverter in Fig. 9.37 supplies a variable resistive load. Its parameters
are £ =340 V, oy = 100z rad/s, L = 2.2 mH and C = 820 pF. The rated load
voltage is vo™ = 450 V and the load resistance varies between R, = 20 kQ and
Rumin = 100 Q (inductor and capacitor losses are neglected).

The primary control objective is to regulate DC voltage v at its rated value. The
outer closed-loop bandwidth must be 1 kHz. The secondary goal is to draw
controllable reactive power Q within the limits 0 — 0.3P, with P being the actual
active power.

(a) Build a control structure in the dg frame that fulfills the stated goals.

(b) Build a control structure in the combined dg-stationary frame that fulfills the
stated goals.

(c) Study the outer-loop robustness for the entire variation range of R (evaluate the
variation of its performances).

(d) Simulate using the MATLAB®-Simulink® software the closed-loop response
when R changes for control structures developed in parts a and b; compare the
results with the dynamics predicted by the control design.
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Chapter 10
General Overview of Mathematical Tools
Dedicated to Nonlinear Control

Specific features of power electronic converters as intrinsically nonlinear variable-
structure dynamical systems and particular constraints of their operation require the
use of some powerful tools provided by the theory of nonlinear control. These
obviously appear, in general, more appropriate than linear approaches in dealing
with nonlinearities and unavoidable uncertainties. Some nonlinear control
approaches employed with good results for power electronic converters will be
detailed in the next three chapters. This chapter aims at reviewing the most often
utilized concepts and formal results specific to these approaches, as well as at
identifying relations between them and some of their common characteristics.

10.1 Issues and Basic Concepts

This section will briefly cover mathematical definitions and developments related to
some fundamental concepts employed in nonlinear control, such as Lie derivative,
relative degree, normal form and zero dynamics. Their use aids apprehension of the
power electronic converter dynamical behavior within a framework of the different
nonlinear control formalisms.

10.1.1 Elements of Differential Geometry

Before introducing some elements of a Lie algebra — indispensable for obtaining the
main results of nonlinear control applicable to power electronic converters — some
preliminary notions, like switching function, vector field and Lie derivative, will
first be discussed.

Let us recall the notion of switching function introduced in the first part of this
book, dedicated to modeling of power electronic converters (see Chap. 3). Using

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 297
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_10,
© Springer-Verlag London 2014
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Fig. 10.1 Electrical circuit H i L
of a buck DC-DC converter >
E D C+ R v

notations previously introduced with their usual meaning, any power converter can
be described by a generally nonlinear mathematical model:

é:f(x) +g(x) - u, (10.1)
dt

where x is the n-dimension column state vector. Function u controlling the
switching from one configuration to another (structure change) is called a switching
function. In the multivariable case this is represented as u = [u;  uz -~ 1 }T
where each function u; takes values within a discrete set {u; _;u; . }. Function u
varies according to how the switching surface has been chosen. Function f(x) from
(10.1) is called vector field; function g(x) is a n-by-p matrix of vector fields. If f(x)
and g(x) do not explicitly depend on time, it is said that they are invariant (or
autonomous). Otherwise, it is said that they are variant (or nonautonomous). Vector
fields within Eq. (10.1) are exclusively invariant.

In the linear case

s

(3=t

where A is a n-by-n matrix and B is a n-by-p matrix. In the bilinear case

f(x) =A-x
{g(x) =x-b’ 438, (10.3)

k]

where A is a n-by-n matrix, b is a p-dimension column vector and § is a n-by-p
matrix. If taking the example of a buck converter as in Fig. 10.1, then by choosing
the switching function u such that u = 0 if H is open and u = 1 if H is closed, the
converter model results as:

x = f(x) + g(x) - u,

where x = [ip,  v¢ ]T and the vector fields correspond to the linear case

=1 e = Life -vika] * x5 =®

A
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Fig. 10.2 Representation 7
of vectors d and f .
o d

In a similar way, having defined the switching function, one can identify
switching vector fields. Thus, the vector field g(x) switches between

»
»

g (x)=g(x)-u and g*(x) =g(x) u",

whereas the vector field defined in (10.1) switches between

f(x) +g(x)-u and f(x) +g(x)-u".

Next, the notion of Lie derivative will be introduced. Let a vector f be
considered, which is applied in a given point by an angle of a in relation to the
direction given by a unit vector d , as shown in Fig. 10.2. Projecting vector f on
the direction of d is equivalent to making the scalar (inner) product of the two
vectors, denoted as f @ d and defined asf e d :]?T -d.

The same applies when defining the time variation of a vector field s(x). Thus,
one can write

ds(x) 0s(x) dx

. ox i

(10.4)

Term Os(x)/0x is known as the Jacobian of s(x). In the general case of a function
s : R" — RP its Jacobian is expressed as

EE
ox; Ox,,

Os(x) | +

= . (10.5)
9% 0%
0xy Ox,,

If s is a scalar linear function, its Jacobian is a vector normal to the surface
defined as s(x) = 0. Notation

Os . Os
ds = O0x; Ox,,

is adopted, which denotes the gradient vector of function s.
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Now, recalling the state equation in the form

x = f(x) + g(x) - u,

gives

ds(x) _ Os(x) o f(x) + <52(;) . g(x)) - (10.6)

Equation (10.6) can be written more compactly as

ds(x)

il = Lf(x)S(X) + Lg(X)S(X) -u, (10.7)
where term Lg)s(x) defined as
Os(x
L S(x) a(x) o f(x) (10.8)

is called the Lie derivative of s along vector field f. Equation (10.7) may further be
written as

ds(x)
dt

= Lf(XHg(x).uS(X) . (10.9)

In the single-input—single-output case — functions u# and s(x) being scalars — the
Lie derivative of s(x) along the vector field f is computed as

n as
Lfs=ds-f=; (a—xj-fi(x)) (10.10)
where f = [f, fy - f,].
Remark. Sometimes the term “Lie bracket” is used, which is defined as

[f,g] = Lof — Lyg. (10.11)

In the case of a linear system switching between two configurations — such that
f; = Axand f, = A,x —the Lie bracket of the vector field pair f; and f, is given by

[f],fz] = (Al 'Az — A2 . Al) - X. (1012)

Equation (10.12) contains the matrix expression (A; - A, — A, - A|), which
gives the precision of the first-order approximation of the averaged model in the
case of noncommutative matrices A; and A, (see Eq. (4.31) from Chap. 4).
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10.1.2 Relative Degree and Zero Dynamics

SISO case
The single-input—single-output (SISO) nonlinear system of the form

x=f(x)+gx) u
{y — ) (10.13)

is said to have relative degree r at a point x" if LgLfkh(x) = 0 for all points x in a
neighborhood of x” and for all k < r — 1, and LgL¢ ~ "A(x") # 0 (Isidori 1989).

A pragmatic approach for deducing the relative degree of a system is to compute
time derivatives of the output variable y until the input u appears explicitly;
the order of the corresponding time derivative is the relative degree. For example,
in the case of output voltage regulation of a flyback converter, whose model has
been deduced in Problem 4.1 of Chap. 4, the relative degree is r = 1 because the
input u appears explicitly in the expression of the first derivative of the output
voltage v (see Eq. (4.42)).

One can note that the notion of relative degree of a nonlinear system is a
generalization of the same notion defined in the case of a linear system: the
difference between the number of poles and the number of zeros in the associated
transfer function. For a nonlinear system with the relative degree smaller than the
system degree n (r < n), a concept that plays a role similar to the one of the zeros in
the transfer function can be defined. It is zero dynamics, related to solving the
problem of zeroing the output. This is formulated as follows: find all pairs
consisting of an initial state x” and of an input function uo(t), defined for all ¢ in a
neighborhood of ¢ = 0, such that the corresponding output y(f) of the system is
identically zero for all ¢ in a neighborhood of # = 0.

A partition of the state-space vector is possible, namely, into a vector grouping
the r state variables that give the relative degree and a vector of the remaining n — r
state variables:

§:[21 ZI‘]T’ 'l:[ZrH Zn]T’
where
yt)=z1(t), zZ1=2, ZH=z, - z.1=2
Z, = b(&m) +a(&n)u (10.14)
n=qn).

Equation (10.14) introduces the so-called normal form (Isidori 1989). If the
output y(f) has to be zero, then necessarily z(t) =z, (t) =---=7(t) =0, so
&(t) = 0 for all ¢. Hence, in order to zero the output, the system initial state must
be set to §(0) = 0, whereas n(0) = nO can be chosen arbitrarily. It follows that the
problem of zeroing the output admits the solution
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with n(¢) being the solution of the differential equation

(1) = q(0,n(2), M0)=n’. (10.15)

Equation (10.15) represents the zero dynamics of the considered nonlinear
system; they are called in this way because they describe the “internal” behavior
of the system when input and initial conditions have been chosen in such a way as to
constrain the output to remain identically zero (Isidori 1989).

MIMO case

Extensions of definitions of relative degree and zero dynamics formulated in the
SISO case can quite naturally be made for multi-input-multi-output (MIMO)
dynamical systems belonging to some special class, i.e., which have the number
of inputs equal to that of outputs. These generalizations are briefly presented next
(Isidori 1989). It is said that a dynamical system in the state-space representation

x = f(x) + ;gi(X) Ui (10.16)
=hx), s = ha(x),

— where m is the common number of inputs and outputs, f(x), g;(x), - - -, €,,(X), are
smooth vector fields and %(x), - - -, h,,(X) are smooth functions, all defined on an
open set of R" — has a vector relative degree {ry, ---, r,} at point x" if two
conditions are simultaneously met, namely:

. LglL’f‘hi(x) =0foralll <j<mforalll <i<m,forall k <r; — 1and for
all x in a neighborhood of x’; and
e the m X m matrix

Ly L' 'hi(x) - Ly L' 'hy(x)
ra—1 r—1
A(x) = Lglsz: hy(x) LgmLfZ: ha(x) (10.17)
Lg Lf (%) oo Ly, Ly Un(x)

is nonsingular at x = x°.

The zero dynamics of such a nonlinear system are defined in close analogy with
the results established for the SISO case, always related to solving the problem of
zeroing the output. If the output y(¢) has to be zero, then necessarily the system’s
initial state must be set to &0) = 0, whereas 11(0) = n° can be chosen arbitrarily.
It follows that the problem of zeroing the output admits the solution
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u(r) = —[A0,n())]"" - b(0,n(1)),
with matrix A defined by (10.17) and

L' hi(x)
b(x) = L?@(X)

Lg" i (x)

and n(7) defining the zero dynamics as being the solution of the differential equation
of the form

(1) = a(0.n(1) = p(0,n(1)) - [A(,n(r)] " -b(O,n(®)), M(0) =n°. (10.18)

10.1.3 Lyapunov Approach

In the Lyapunov approach a function V(x,u,f) is called a Lyapunov candidate
function if

with o and P being K-class functions. By a K-class function one understands a
function defined in R, continuous, monotone nondecreasing, null at the origin and
indefinitely increasing with its argument.

Let us recall the following.

Theorem (Lyapunov stability) Given a Lyapunov function V(x,f) and the system
defined by x = f(x) + g(x) - u, its time derivative has the expression

%V(X, 1) =Ly V(x,8) +u-g(x) - V(x,1) + %V(X, f).

(a) If the time derivative of the Lyapunov function satisfies %V(x, 1) <0V x,t,
then the considered system is stable but the equilibrium point can be different
from the origin of the state space.

(b) If % V(x,t) < —y-|x|]| ¥ x,t, with y being a K-class function, then the consid-
ered system is stable and the zero equilibrium point (in the state space) is
reached.

Although the way of finding a Lyapunov function in order to characterize a given
nonlinear dynamical system from an energy viewpoint is not always a systematic
one, the concept of Lyapunov function is crucial for stability analysis (Khalil 2011),
as well as for designing control laws that represent the control goal as being
equivalent with minimizing the energy of the system (the so-called Lyapunov
design; Freeman and Kokotovi¢ 2011).
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10.2 Overview of Nonlinear Control Methods
for Power Electronic Converters

An overview of the content of the next three chapters is presented here; these
chapters are respectively dedicated to three nonlinear control approaches applied to
power electronic converters.

One possible classification of the approaches presented next is according to the
type of control law provided: continuous and discontinuous (variable-structure)
nonlinear control laws. Notions like relative degree and zero dynamics are widely
used by all these approaches for characterizing the structural properties of power
converters as dynamical systems.

Another common feature of these approaches is the fact that they yield control
laws generally dependent on the system’s operating point and/or sensitive to param-
eter variations. Adaptive approaches employing supplementary measurements or
parameter estimations are necessary in almost all cases in order to prevent significant
performance degradation of control quality when the operating point covers the entire
range. Thus, the general control algorithms provided in each case can be rendered
adaptive after being enriched with appropriately tuned on-line parameter estimators.

Continuous control laws

Chapter 11 is dedicated to the feedback-linearization control approach, which
proposes to overcome undesired converters behavior due to their intrinsic nonline-
arities and dependence of the operating point (Isidori 1989). Its result is a nonlinear
state feedback that ensures a pure-integrator input-output behavior whose order is
equal to the system relative degree in the SISO case. Linearization reduces control
structure complexity and enhances plant robustness.

The energy-based control approach for power electronic converters is the
subject of Chap. 12. It treats two control methods based on concepts of energy:
so-called stabilizing control, employing Lyapunov-based control design methods
(Sanders and Verghese 1992); and passivity-based control, exploiting certain
specific structural properties for control purposes (Ortega et al. 1998, 2001). Energy
processing described in terms of power flows proves to be a natural representation
of the phenomena that govern power converter behavior. The basic idea of energy-
based control relies upon adjusting the speed of the energy dissipation process that
ensures convergence to the steady-state operation (Stankovi¢ et al. 2001). The
concept of energy in the increment (Sanders 1989; Sanders and Verghese 1992)
is of extreme importance in characterizing dynamical behavior and designing
control laws in a comprehensive manner.

The most significant drawback exhibited by energy-based control laws is their
complexity and dependence difficult to measure variable parameters, such as load
characteristics. Power converter time-criticality worsens the situation. Energy-
based control approaches may be combined with linear control techniques (Pérez
et al. 2004) as well as with other nonlinear control methods, for example, feedback-
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linearization techniques (Sira-Ramirez and Prada-Rizzo 1992) or variable-structure
control (Sira-Ramirez et al. 1996; Ortega et al. 1998) — in order to improve overall
control performance.

Variable-structure control laws

The final chapter of this book, Chap. 13, approaches the topics of the
variable-structure— or sliding-mode — control (Filippov 1960; Emelyanov 1967
Utkin 1972), which appears a reasonable way of robustly controlling systems whose
structure switches between several configurations. Power converters offer a good
application area for this class of control methods because they are described by
differential equations with discontinuous right-hand sides (i.e., discontinuous
inputs) (Sira-Ramirez and Silva-Ortigoza 2006; Tan et al. 2011). Notions like sliding
surface and equivalent control are fundamental here. In this case, good control
performance such as large bandwidth is ensured because the switching solution is
obtained directly without needing any other form of supplementary modulation;
the fastest closed-loop response is thus ensured. Switching control benefits from
intrinsic robustness and thus exhibits reduced sensitivity to uncertainties likely
to occur in power electronic converters when the operating point and/or operating
mode changes.
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Chapter 11
Feedback-linearization Control Applied
to Power Electronic Converters

Feedback linearization is a powerful instrument that transforms a generic nonlinear
plant model into a linear one by using a nonlinear feedback that cancels the original
plant nonlinearity. Usually the target plant is a pure integrator; hence it can be
controlled (with zero steady-state error) by a simple proportional controller (Isidori
1989). However, this feature comes with a drawback: the linearized system is likely
to be sensitive to parameters’ variations and/or to the operating point, as the
nonlinear feedback derives from the system model.

This control structure outputs a continuous control input that needs supplemen-
tary (e.g., PWM) modulation in order to be applied to power switches. For power
electronic converters the feedback linearization may be conceived for both single-
input—single-output (SISO) and multi-input-multi-output (MIMO) cases by using
their averaged models, but in this chapter the focus is on the first type of method.

Corresponding to the primary control target, one may define the direct control in
which the linearized dynamics correspond to the controlled variable, or indirect
control, in which the linearized dynamics output a different variable (Sira-Ramirez
and Silva-Ortigoza 2006). In this latter case, the control structure turns out to be
more complicated because a supplementary outer control loop is required in order
to achieve the primary control target (Jung et al. 1999; Song et al. 2009). Because in
this case the outer loop is built on a (generally) nonlinear plant, its design may
require either plant-approximated linearization (employing techniques amply
presented in Chaps. 8 and 9 of this book) or the employment of a robust nonlinear
control law (see, for example, Chaps. 12 and 13). In either case the system’s zero
dynamics represent a difficult issue to deal with, except when the system’s relative
degree is equal to the system’s order — and zero dynamics do not exist; feedback
linearization is called exact in such cases.

Using some of the mathematical tools presented in Chap. 10, this chapter
introduces feedback linearization of a generic converter and the algorithm to be
employed for control law design. Some examples, a case study and a problem with
its solution complete the discussion of this subject. The reader is invited to solve
several other problems at the end of this chapter.

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 307
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_11,
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11.1 Basics of Linearization via Feedback

Theoretical foundations of feedback-linearization control have been proposed by
Isidori (1989), in both SISO and MIMO cases; they are based on the differential
geometric approach in the theory of nonlinear control systems. This section aims at
offering a quick overview of this topic and specific solution tools.

11.1.1 Problem Statement

Linearization by feedback aims at finding the expression of the control law that is
able to transform a nonlinear system into a linear and controllable one by means of
feedback and coordinates transformation. The main advantage of such an approach
is the possibility it allows for using further linear control design techniques, which
are simple and intuitive and, at the same time, robust and easy to implement.

11.1.2 Main Results

This section presents briefly the main ideas regarding how the linearizing-feedback
control problem is solved in the SISO case and in a special case of MIMO
dynamical systems. This presentation is only intended to provide essential tools
for application problems. Technical details, complete proofs and in-depth inter-
pretations can be found in Isidori (1989).

Given a SISO nonlinear system described by the model

x=f(x)+gx) u
{yZh(X), (11.1)

which has relative degree r at a point xO, where r < n, with n being the system’s
order. From Chap. 10 recall that Ly is the Lie derivative of a function along a vector
field f. This means that Lg<x>L’f'&§h(x) 2 0 and the state feedback computed as

= | —Lih(x) +v (11.2)
Lg(x)Lf(x])h(X> ( ) )

transforms system (11.1) into a system whose input-output behavior is identical to
that of an rth-order integrator having transfer function
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u x=1f(x) +g(x)u h y

1 ) X
=Ly + )
Lo Lo/1(X) v

r+l <i<n dynamics

H (S‘) = —’ .
K z=q;(z) }Zero

Fig. 11.1 Linearizing feedback leading to decomposition of a SISO nonlinear system into a linear
subsystem and a nonlinear subsystem representing the zero dynamics

where V(s) and Y(s) are the Laplace images of signals v and y, respectively. Further
adopting a change of coordinates z = F(x) such that

Z.l = Z7, Z’Z = Z3, Y ZI‘;I = Zr
L =v, 41 =¢,,(2), - Z.=q,(2), y=z1,

one can note that the initial system appears as a decomposition into an rth-order
linear subsystem, the only one that determines the input-output behavior, and a
possibly nonlinear system of dimension n—r, whose dynamics do not influence the
output, as shown in Fig. 11.1. These latter dynamics are the so-called zero dynam-
ics, defined in Sect. 10.1.2 of Chap. 10.

This latter subsystem plays in many circumstances a role similar to that of
the zeros of the transfer function of a linear system. It corresponds to “internal”
behavior that is unobservable in the output behavior.

Isidori (1989) showed that quite straightforward extensions of the results
obtained for SISO systems are also valid for a special case of MIMO systems,
that is, for systems having multiple inputs and the same number of outputs. In this
case, an interesting problem is the use of feedback to obtain an equivalent system
representing — at least from an input-output viewpoint — an aggregation of indepen-
dent SISO channels. This is called the noninteracting control problem.

Let us resume the model of a MIMO nonlinear system with m inputs and
m outputs presented in Eq. (10.16) in Chap. 10:
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{x=f<x>+ig,-<x>-uiy1=h1<x>, Y= ha(), (11.3)

and suppose that ngL'f‘hi(x) =O0forall 1 <j < m,forall 1 <i < mand forall xin
a neighborhood of x°, and [Ly Ly 'iy(x%) -+ Ly Ly 'm(x°)] #[0 -+ 0]
forall 1 < i < m, the noninteracting control problem admits solution if and only if
matrix A(x) defined by (10.17) in Chap. 10,

Ly Ly 'mi(x) - Lg L' 'hy(x)
AR) = | Lely () T L L h(x) | (11.4)
Le Li" (%) -+ Ly, L' h(x)

is nonsingular at point x’. The state feedback computed as

u=-A"x)-bx)+A'(x) v, (11.5)
where
L' hi(x)
b(x) = | Li'n() |, (11.6)
Lihu(x)

transforms system (11.3) into a linear system whose input-output behavior is
described by the transfer function matrix of the form

— 0 0
s

1
0 — 0

H(s) = s
1
0o 0 -
S§i'm

Matrix A given by (11.4) is also called a decoupling matrix because it plays a
role in the separation of the individual input-output channels. Its nonsingularity at
point x° means that the MIMO nonlinear system (11.3) has the vector relative
degree {ry, --,r,} at x° (see definitions in Sect. 10.1.2 of Chap. 10). One can note
that, similarly to the SISO case, if r = r; + 1, + --- + r,, is less than the system
dimension n, an unobservable part is present in the closed-loop system, which has
no influence on the outputs; this part corresponds to the zero dynamics. This
decomposition is depicted in Fig. 11.2. The advantage of such an approach is
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Fig. 11.2 Linearizing feedback that solves the noninteracting control problem — decomposition of
a MIMO m x m nonlinear system into a set of linear subsystems and a nonlinear subsystem
representing the zero dynamics

that each input v; controls the corresponding output y; throughout a chain of r;
integrators. The feedback of the form (11.5) that solves the noninteracting control
problem is called standard noninteractive feedback (Isidori 1989).

11.2 Application to Power Electronic Converters

11.2.1 Feedback-Linearization Control Law Computation

Let us consider the averaged model of a single-input—single-output (SISO) power
converter in its state-space bilinear representation (time argument being dropped):
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o Converter y
(relative
degree r) X 1
s’
O(x.7) (r-th order
Linearizing integrator)
feedback v

Fig. 11.3 Principle of linearization by feedback in case of generic single-input—single-output
power converter

x=1f(x) +g(x) a
{y ~ o, (11.7)

where state x belongs to the n-dimensional space X, « is the input and y is the
output. Let r be the relative degree of system (11.7), where r < n; therefore
the following relation concerning the Lie derivatives holds:

Let v denote the rth order time derivative of the output function, y = h:
dy
A7
Ve

Note that the value of r can be found by successively deriving function / until
input u is made appear explicitly. If one defines control input a like in (11.2), i.e.,

v — Lih(x)

Ly Ligyh(x)’

(11.8)

then it will play the role of a feedback-linearization control because it ensures that
nonlinear system (11.7) will behave like an rth-order integrator on the transfer
channel from v to y; this equivalence is depicted in Fig. 11.3. Relation (11.8) allows
emphasizing a general feature of the linearizing control law as partial-state feed-
back, namely its dependence on system parameters. This further leads to the
necessity of embedding parameter estimators into the control law’s implementation
(Sira-Ramirez et al. 1995).

In this way, output vector y can be controlled by means of a simple gain.
Figure 11.4 offers details about how such control input ensures the dynamic equiva-
lence with a linear system, where notations

F(x)2 Ligh(x),  G(x)2LgwLiih(x)
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Fig. 11.4 Schematics of a feedback linearization control scheme allowing a generic single-
input-single-output power electronic converter modeled as a nonlinear plant being controlled by
means of a proportional controller: (a) model of the uncontrolled linearized-by-feedback system;
(b) equivalent linear system controlled by a gain

have been adopted to detail the implementation of function ®(x,v) (emphasized on
a gray background in this figure). There are n—r variables denoting the so-called
free-variable dynamics, or otherwise the zero dynamics; they have been denoted by
z = ¥(v,y)in Fig. 11.4. Although these variables have no influence on the system’s
output, in any approach for finding control laws for the first » variables one must
ensure that the zero dynamics are stable by suitably choosing the r variables to
control, so the resulting zero dynamics are stable. In some cases it is possible to
control the zero dynamics (Lee 2003); in particular, adding a supplementary degree
of freedom in the control goal definition may allow stabilizing the eventually
unstable zero dynamics (Petitclair 1997). In this way, problems like control input
saturation can be avoided.

11.2.2 Pragmatic Design Approach

A synthesis of the above listed computation steps is presented as the algorithm
below. Taking account that elementary theory of linearizing feedback control for
SISO systems can be extended with minor changes to multi-input-multi-output
(MIMO) systems (Isidori 1989), the algorithm below can serve as generalization
basis to the case of MIMO power converters.
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Algorithm 11.1.

Computation of feedback-linearization-based control laws for SISO power
converters

#1 Obtain averaged model of converter in the form (11.7), emphasizing
system’s order n and functions f, g and /. Establish the variable to control
according to the control goal.

#2 Compute system’s relative degree r by successively time-deriving the
variable to control until the control input o appears explicitly.

#3 Compute feedback-linearization-based control input according to relation
(11.8) involving computation of Lie derivatives.

#4 Compute the (n—r)th-order zero dynamics by replacing in the converter
model the variable to control by its value corresponding to the control
goal (e.g., its setpoint if this is about a regulation task).

#5 Analyze the stability of the generally nonlinear zero dynamics computed
in previous step.

#6 If zero dynamics prove unstable, choose one possibility: either adopt an
indirect control method, that is, achieve the control goal established at
Step #1 by means of one of the “free” variables, or stabilize the zero
dynamics by means of enriching the control goal with a supplementary
degree of freedom that allows stabilization.

#7 Select controller gain that ensures desired closed-loop performance of rth-
order integrator equivalent system.

#8 Study sensitivity of control law to parameter variations. Design suitable
parameter estimators.

#9 Perform closed-loop numerical simulations, eventually reiterating
controller’s gain selection and/or parameter estimators tuning for best
performance.

11.2.3 Examples: Boost DC-DC Converter
and Buck DC-DC Converter

In order to illustrate the application of Algorithm 11.1 to computing feedback
linearization control input expressions, two examples will next be considered,
namely the boost DC-DC converter — as a case for which the relative degree is
inferior to the system’s order — and the buck DC-DC converter supplied by a weak
voltage source. The examples illustrate a case where the relative degree is equal to
the system’s order and therefore the zero dynamics are absent.
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Fig. 11.5 Closed-loop schematics of feedback-linearization-based direct voltage control of boost
DC-DC converter; zero dynamics corresponding to inductor current are unstable

Example 1. The boost converter electrical circuit is the one presented in Sect. 3.2.3
from Chap. 3; its averaged model for the continuous-conduction case is given by
Eq. (3.11) from the same section:

i =—(1—a)yve/L+E/L
{vb (1- (x)iL/é —vc/(RC), (11.9)

where the usual notations have been employed, with a being the average value of
switching function u. It is required to regulate the output voltage, y = v¢, its
setpoint being denoted by vc.

(a) Output voltage control — direct approach

Equation (11.9) shows that control input a appears explicitly in the time derivative
of the variable to control, v¢; therefore the relative degree is » = 1. After adopting
notation v = y = v¢, the second equation from (11.9) allows the expression of the
linearizing feedback to be obtained as

iL—Vc/R—C'V
o0=—F.

179

(11.10)

Use of control input (11.10) allows the converter to be equivalent to an integrator
— from input v to output y — which can therefore be controlled by a simple gain,
denoted by K¢ in Fig. 11.5, where the closed-loop diagram is shown. As a general
remark, the dependence of the control law on system’s parameters is noted.

Except for the first-order controllable dynamic a first-order zero dynamic also
exists in this case. It is the dynamic of the other variable, the inductor current i; and
it can be emphasized by assuming the value of the controlled variable being equal to
its setpoint, i.e., v¢ = vc*, and substituting it into the converter dynamics (11.9).
Note first that v = 0, so the corresponding control input valueisa = 1 — vel(Riy),
according to (11.10). With these values, the zero dynamic is further obtained from

the first equation of (11.9):
. 1 vi2
p=—(E--5). 11.11
LT ( RiL> (L1
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The stability of the nonlinear dynamic expressed by (11.11) can be studied by
linearizing it around the equilibrium point corresponding to ve = vc. This latter is
obtained by zeroing the inductor current’s time derivative (11.11):

v*c2
e = —. 11.12
iLe =gp ( )
The dynamic in variations results further as

*2
Ve

RLi,

l =

ir,

which indicates that the zero dynamic is unstable because 1~L . lz > 0. In this case,
one can decide to keep the control diagram in Fig. 11.5 and study the possibility of
zero dynamic stabilization by changing the expression of the reference. Another
possibility is to change the control method from the direct to the indirect one, that is,
to control the inductor current instead of the capacitor voltage.

(b) Inductor current control — indirect approach

In this case the current setpoint, denoted by i, is given by expression (11.12),
as it must correspond to the desired target voltage v¢. Equation (11.9) shows
that control input o appears explicitly in the time derivative of the variable to
control, i;; therefore, the relative degree is » = 1 in this case also. After adopting
notation w =y = ilL, the first equation from (11.9) yields the expression of the
linearizing control input as

Lw—FE+v¢e
o=—\

Ve

(11.13)

Use of control input (11.13) allows the converter to be equivalent to an integrator
— from input w to output y — which can be controlled by a simple gain like in the
direct control method. This time again, the control law depends on system
parameters. As regards the zero dynamic, it corresponds in this case to the capacitor
voltage and it is stable, as is shown next.

The zero dynamic expression is obtained by assuming the value of the controlled
variable to be equal to its setpoint, i.e., i; = i, and substituting it into the converter
dynamics (11.9). Because w = 0, the corresponding control input value is a = 1

— E/ve, according to (11.13). With these values, the zero dynamic is further
obtained from the second equation of (11.9):

1/ E
Ve :—(iz——%c). (11.14)

Expression (11.14) corresponds to a nonlinear dynamic. Stability can be studied
by linearization in this case also, but a simpler method consists in noting that, if
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Fig. 11.6 Closed-loop schematics of a feedback-linearization-based indirect voltage control of
a boost DC-DC converter; the zero dynamic corresponding to the capacitor voltage are controlled
by an outer loop

Fig. 11.7 Electrical circuit o

i v
of a buck DC-DC converter Iy T B I ¢
supplied by a voltage source 3
having nonnegligible E Ve
internal resistance g +
D C R

multiplying (11.14) by v¢, the dynamic of variable vZ is obtained, which is a first-
order linear and stable one:

R (11.15)
ve = ——=+—i;E. .
¢ RC C*

Finally, the control diagram can be obtained by adding an outer voltage control
loop to the one controlling the current, as shown in Fig. 11.6. Note that such a setup
is valid for controlling either vcz, based upon relation (11.15), or v¢, based upon the
linearized version of relation (11.15).

Example 2. The electrical circuit of a buck converter supplied by a weak voltage
source is presented in Fig. 11.7, where rz denotes the nonnegligible internal
resistance of the voltage source and the other notations are the usual ones, being
clear from the context. As in the previous example, the output voltage y = v is to
be regulated, its setpoint being denoted by v(-.

The buck converter’s averaged model for the continuous-conduction case is the
following:

iy = (E — rgir) - a/L —ve/L
{V'c =ir/C —vc/(RC). (11.16)
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Fig. 11.8 Closed-loop schematics of a feedback-linearization-based voltage control of a buck
DC-DC converter; zero dynamics are absent

Equation (11.16) shows that control input o does not appear explicitly in the time
derivative of the variable to control, v, but computing the second-order derivative
of this variable makes o appear explicitly:

. o Vo E—rgy iL 1 1

= —— ="y — —+—. 11.17

ez T L “ ke VC(L+R2C) (17

In conclusion, the relative degree is r = 2, being equal to the system’s order.

This means that, unlike in the first example, in this case there is no zero dynamic.

After adopting notation v =y = v, Eq. (11.17) allows the expression of the
linearizing control input being obtained as full-state feedback:

o Ly Lin/(RC) — ve[l +L/(R*C)]
o E—rEiL

. (11.18)

Control input (11.18) allows the converter to be equivalent to a double integrator
— from input v to output y — which can further be controlled by a gain controller K.
Figure 11.8 shows the closed-loop diagram, in which the linearizing control law’s
dependence on converter parameters is emphasized.

11.2.4 Dealing with Parameter Uncertainties

As it has been shown in the examples discussed above, the expression of the
linearizing feedback able to transform the initial nonlinear converter into a partially
linear and controllable system generally depends on converter parameters (see
expression (11.13) in the case of indirect control of a boost converter and expres-
sion (11.18) obtained for the buck converter with a nonideal voltage source). This is
in fact a common drawback of practically all nonlinear control methods for power
converters. This means that exact linearization is valid only if one knows precisely
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the values of the parameters involved in feedback control law computation. Among
these parameters are some that could be easily measured (like source voltage E in
the above examples), as well as others that need to be estimated (the converter’s
functional parameters, like inductance L and capacity C or load resistance R).
Parameter estimation may sometimes be difficult to achieve, especially for time-
critical systems like power converters, because one must ensure both a very high
estimation convergence speed along with sufficient estimation precision (Petitclair
and Bacha 1997). Before a decision is made that implementation of parameter
estimators is unavoidable, a preliminary sensitivity analysis is necessary in order to
assess the influence of each parameter’s variation on the quality of linearization.
Effective design of an estimator will be done if it turns out that the influence of the
respective parameter is important. In this case an adaptive approach must be employed.

11.3 Case Study: Feedback-Linearization Control
of a Flyback Converter

The case of a flyback converter providing isolated noninverting boost topology by
means of a transformer is here considered; its electrical circuit is shown in Fig. 4.24
in the text of Problem 4.1 of Chap. 4 and repeated in Fig. 11.9.

For this converter the output voltage regulation to setpoint v is stated as the
control problem; its solution by feedback linearization is illustrated next.

11.3.1 Linearizing Feedback Design

The flyback converter’s averaged model results from Eq. (4.42) in Chap. 4 by
replacing switching function u by duty ratio o; so

. y
Lip = —(1—a)-5 +oE
n

; (11.19)
. L Ve
Cve = (1—w) -1,
ve = (x>n R
1:n D
E iLV Ve
L C R

Fig. 11.9 Electrical circuit
of flyback converter,
including transformer H
model
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where the usual notations have been used, with n being the transformer ratio, £ the
source voltage and duty ratio a the input.

In order to deduce the system’s relative degree, as the output voltage is chosen as
output variable y = v, one first looks at the second equation from (11.19) and
notes that the input a appears explicitly. Therefore, the relative degree is r = 1.
Notation v = y = v¢ is adopted, which allows the linearizing control input « to be
computed based upon the second equation of (11.19) as

nCv — i +nve /R

9

(11.20)

o =

The result is that a first-order zero dynamic exists, in which the other variable,
the inductor current iz, is involved. One must further check whether this dynamic is
stable or not; to this end, conditions for y = vg (hence, v =y = 0) are considered.
Expression (11.20) provides the corresponding expression of the control input:

v /R
o = L=Me/R (11.21)
99
which is further substituted in the first equation of (11.19) and yields
. v miE
Livir —i E—L——C,
1l 153 R R
or, otherwise,
L —ip v ek (11.22)
—Lis =1 _— . .
27T TR R

Equation (11.22) describes the nonlinear first-order zero dynamic (of inductor
current i), whose equilibrium point

. vi (v 4+ nE

iLe = % (11.23)
is an unstable one. Indeed, if linearizing (11.22) around point (11.23) the following
unstable model in variations results:

Lir.i;, — Eip =0,

where 1~L denotes the current variation around i;,. One can conclude that the direct
control feedback-linearization method is not feasible as it is associated with unsta-
ble zero dynamics. At this point we will therefore prefer the indirect control
method, that is, to choose the inductor current as output variable and regulate it at
the setpoint given by (11.23), iz = Ife.
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In the indirect-control case it is the first equation of (11.19) that will allow
relative degree computation. Indeed, one can see that, like in the direct-control case,
here also the relative degree is r = 1, because input o appears explicitly in the
expression of the inductor current’s first-order time derivative. Notation v = y = i,
allows the linearizing control input a to be computed based upon the first equation
of (11.19) as

L
o= Ly tve/n (11.24)
ve/n+E

Now again a first-order zero dynamic exists, in which the capacitor voltage v is
this time involved. In order to check whether this dynamic is stable or not,
conditions for y = i, (and therefore v =y =0) are considered. According to
expression (11.24), the corresponding expression of the control input is obtained as

ve/n

=—, 11.25
o1 ve/n+E ( )

which is further substituted in the second equation of (11.19) and yields

E 1

— —=Vc.

Crin — "
ve vc—i—nElL R

After some simple manipulations, the expression of the zero dynamic can be
written as

C 5 V% . E iy
— —+CE —vec=E-=. 11.26
2nvc+nR+ VC+RVC n ( )

The zero dynamic expressed in (11.26) is a nonlinear one; the stability of its
equilibrium point v, = vc* can be deduced after linearizing (11.26) around this
point. The corresponding linear dynamic equation in variations results:

W+ nE
ZethnE sy, (11.27)
nR

% (v + nE)ve +
where vc denotes the voltage variation around Ve. Equation (11.27) describes a
stable dynamic. The conclusion is that the indirect control is feasible and can be
used for output voltage regulation.

By summarizing the above results, the plant fed with the control input (11.24)
behaves like an integrator from the inductor current viewpoint, whereas the other
variable — the capacitor voltage — exhibits a stable zero dynamic. Note that control
input (11.24) does not depend on load resistance R, nor on operating point, but only
on system parameters L, E and n.

The original control task — of regulating the voltage at the setpoint v¢: — can
finally be achieved by a two-loop control structure as depicted in Fig. 11.10, in
which both loops are driven by linear controllers. Indeed, because the plant in the
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Fig. 11.10 Flyback converter output voltage regulation by using indirect control based upon
feedback linearization

inner loop is an integrator, its controller can be chosen as a simple gain K. At its
turn, the controller in the outer loop can be chosen in different ways; the simplest
remains to use linearization and then linear design techniques, provided the desired
operating point is stable.

The following basic parameter values are considered next for numerical simula-
tion illustration: inductor inductance L = 2 mH, capacitor capacity C = 860 pF,
source voltage E = 9 V, transformer ratio n = 2, rated load R = 10 Q.

Figure 11.11a shows that the inner loop indeed behaves like an integrator when
in open loop, as its output i, is a ramp when its input v = i; is a step. Selection of
gain K¢ in the inner loop is obvious, as it represents the inverse of the desired
closed-loop bandwidth; here, K- = 5000, which ensures 1 ms of settling time in
response to a 1 A step reference, as shown in Fig. 11.11b.

Figure 11.11c, d contain the corresponding time evolutions of capacitor voltage
ve and duty ratio a, respectively. One can note the change in the voltage steady-
state value and quite large values of the duty ratio. It is also important to note the
nonminimum-phase behavior of v¢; this remark will be useful for analyzing the
outer loop dynamics.

11.3.2 Outer Loop Analysis

As regards the outer-loop controller, two possible ways of designing it are
illustrated next. First, let us try to characterize the transfer between the inductor
current and the capacitor voltage when the converter is fed by the linearizing
feedback o given by (11.24). Simulations have already shown nonminimum-
phase behavior (see Fig. 11.11c), which will be characterized analytically next.
By replacing (11.24) in the second equation of (11.19) one obtains a nonlinear
dependence of the capacitor voltage of the inductor current, namely:

o lyycmie B2ty L
' C TR Ve TRYC T T



11.3  Case Study: Feedback-Linearization Control of a Flyback Converter 323

a b
5 ‘ 6
ip [A]
4\/\
3
2 .
v =iy [A/s]
1
0 3.5
1s] 1[s]
-1 w 3L ‘ ‘
0 0.5 1 1.5 2 2.5 3 0.1 0.1005 0.101 0.1015
c d
14.5 1
ve [V] 1 09 a[-]
0.8
0.7
0.6
0.5 1
] 0.4—k/ 1
1s] i[s]
11.5 — : : : : 0.3 b— : : : :
0.1 0.11 012 0.13 0.14 0.1 0.11 0.12 0.13 0.14

Fig. 11.11 Numerical tests regarding inner loop (inductor current) dynamic: (a) integrator-like
open-loop behavior; (b) closed-loop current response to 1 A step reference applied to the system at
operating point (i; =4 A, ve = 12 V); (¢) corresponding evolution of capacitor voltage
emphasizing nonminimum phase; (d) corresponding evolution of duty ratio

which gives further, by linearization around the point (iLe,vg):

* - 2vE E\ - E~ Li, =
C V—C—i—E ve + E-i—— ve =—ip — lLeiL, (11.28)
n nR R n n

where i;, corresponds to voltage setpoint v& and is given by (11.23). Relation

(11.28) allows transfer function H(s) = % to be computed as in (11.29), where

fL N
RC(vi+nE) Lv; (ve+nE)

_ _ER _ c _ Zc\c
K=5tom T =2 and Tup = =gz

By analyzing (11.29), one can see that the nonminimum-phase behavior of the
voltage v¢ anticipated by simulation is confirmed by the presence of a right-half-
plane zero in the transfer function. For the considered case, parameters of transfer
function (11.29) are K = 2.14 Q, T = 6.1 ms and T,,,,,, = 0.88 ms.

L —Tpps

H(s) =K -
(5) 1+Ts

(11.29)
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Two methods are proposed next for designing a PI-type outer-loop controller: the
first will yield a PI controller without taking into account the right-half-plane zero,
that is, by only looking at the H(s) denominator, whereas the second one will
employ the maximum-flat control design method for nonminimum-phase linear
dynamical systems (Ceanga et al. 2001). These two methods are outlined next.
For both of methods the controller transfer function is

Hp[(S)ZKp —|—K,‘/S. (1130)

11.3.3 Outer-Loop PI Design Without Taking into
Account the Right-Half-Plane Zero

According to this method, one is interested only in the plant’s denominator, while
neglecting the presence of the right-half-plane zero.

The closed loop is therefore composed of a first-order filter with gain K and time
constant T (see relation (11.29)) and a PI controller. Simple algebra provides the
second-order closed-loop transfer function

KI’
s+ 1
H()(;(S) = Ki

T 2.k 1 ’
kES” T% (1 +K,,K)s+1

for which the performance is imposed in terms of damping coefficient {, and time
constant Ty, which gives the bandwidth. The controller’s parameters result further:

T T3, T
K, = K72 <2COVT0‘, T ) K; = K72

For the considered case, {,, = 0.75 and T,,, = 2 ms reflect a reasonable choice
of the closed-loop behavior, corresponding to imposing an outer-loop dynamic that
is ten times faster than that of the inner loop, with slight overshoot. Figure 11.12
shows the tracking performance of the outer loop around the steady-state point
(ip =4 A, ve = 12 V) inresponse to voltage step reference. The dynamic response
in Fig. 11.12a shows that design requirements are met.

Figure 11.13 presents how disturbances resulting from load resistance variation
are rejected by the outer loop. Here, a 1 Q load variation in relation to the rated
value of R = 10 Q has been considered. One notes the same transient duration as
seen in the tracking case (about 10 ms), as emphasized in Fig. 11.13a.

11.3.4 Outer-Loop PI Design While Taking
into Account the Right-Half-Plane Zero

Unlike the above detailed method, the second design method takes into account the
presence of the right-half-plane zero in the plant’s transfer function and aims at
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Fig. 11.12 Numerical simulation results showing tracking performance by outer loop equipped with
“ordinary” PI controller — time evolutions of variables of interest to 1 V voltage reference variations:
(a) capacitor voltage; (b) inductor current; (¢) duty ratio; (d) inductor current first-order time derivative

alleviating its influence on the closed-loop time response allure. This influence can
be noted only on the transfer channel from the reference to output, whereas the
response to eventual disturbances due to load R variation is not influenced. This is
why closed-loop performance will not be the same on both channels.

The closed-loop transfer function of plant (11.29) with PI controller (11.30) is:

KpTump 2 K
_%S + (7[: - Tnmp)s +1

i
T _ Kanmp 2 & _ 1
(K,K )+ (% =T tgg)s + 1

Transfer function (11.31) has to have unit gain for an arbitrarily large frequency
domain, i.e., IHp(jow)l = 1 for < wg, with 0y defining a conveniently chosen
bandwidth. In this particular case, ®y must be at least one-fifth the inner loop’s
bandwidth. To facilitate computation the following notations are adopted:

Ho(s) = (11.31)

Kanmp Kp
g b= T (11.32)

a =
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Fig. 11.13 Numerical simulation results showing disturbance rejection by outer loop equipped
with an ordinary PI controller — time evolutions of interest variables to 1 € load variations
(from rated R = 10 Q to 11 Q and back): (a) capacitor voltage; (b) inductor current; (c) duty
ratio; (d) inductor current first-order time derivative

In this way, the frequency response of the closed-loop plant is

. 1 — aw? + jbw
Holjo) =1~ [a+T/(K:K)]w? + b+ 1/(KiK)]o

and its gain is
a0t + (b* —2a)0” + 1
la+ T/ (KK + |(b+1/(KiK))* = 2(a+T/(KK)) |0 + 1
(11.33)

[Ho(jo)| =

Based upon Eq. (11.33), the aim of having |[Hy(jw)l = 1 for < wq is translated
into requiring that the numerator’s polynomial have the same coefficients as the
denominator’s, except for the coefficients of w*. Indeed, by requiring that [a + T/
(K:K))? be close to a” one actually imposes the closed-loop bandwidth. This request
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Fig. 11.14 Numerical simulation results showing tracking performance of outer loop equipped
with maximum-flat PI controller; time evolutions of interest variables to 1 V voltage reference
variations: (a) capacitor voltage; (b) inductor current; (c) duty ratio; (d) inductor current first-order
time derivative

will be expressed as imposing that term 7/(K;K) be put in relation to the absolute
value of a by means of a positive coefficient p, whose effective selection can be
made clear by numerical simulation. To conclude, the following equations are
obtained:

2

1 T
= P —2a=|b+—] =2 -
klal, “ TKK trK|

T
KK

which, taking into account notations (11.32) adopted for a and b, further provide
computation relations for the controller’s coefficients:

K= L g 2T ATy 1134
= WK Ty 2K (T + Tpp) - (11.34)

Figure 11.14 presents results that validate the outer loop tracking performance
when voltage controller is designed according to the latter method; they have been
obtained for p = 10. In the voltage evolution (Fig. 11.14a) one notes that the
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overshoot is practically absent, as expected. The nonminimum-phase effect is still
present, but it is reduced in relation to the previous design case. Indeed, comparing
Figs. 11.14a and 11.12a (showing the evolution of the same variable, voltage v¢, in
the case of an “ordinary” PI controller), one sees less obvious nonminimum-phase
effect for the first, but also longer time response. Sizing of a good trade-off is here
related to choice of coefficient p.

11.4 Conclusion

This chapter has approached a control technique that seeks to overcome undesired
converter behavior owing to intrinsic nonlinearities and dependence of the
operating point. Linearization is intended in order to reduce control structure
complexity and enhance plant robustness. It has to do with a nonlinear state
feedback that ensures a pure-integrator input-output behavior — whose order is
equal to the system’s relative degree in the single-input—single-output case — that
can be easily controlled. This technique can be applied to virtually any type of
converter. In the multi-input-multi-output case equivalence with chains of
integrators on each input-output channel is possible by feedback linearization; an
application of such techniques is MIMO feedback-linearization control of power
converters with AC stages (Lee et al. 2000).

The unobservable zero dynamics — which may be viewed as a sort of undesirable
side effect of this technique — must be stable in order to allow a proper behavior of
the linearized system. In some of cases — see, for example, converters exhibiting
“boost” effect — this may not be possible with direct control, and so an indirect
control approach is needed. This latter case involves the use of an outer control loop
in order to achieve the primary control goal. Setting up the associated controller in
this case may not be a trivial task, as the plant behavior exhibits nonminimum-
phase effects (Jain et al. 2006).

In the dedicated literature one may find advanced solutions to this problem that
employ robust and complex nonlinear methods as passive or sliding-mode control
(Sira-Ramirez and Ilic-Spong 1989; Escobar et al. 1999; Matas et al. 2008). As has
been shown, linearizing feedback may be sensitive to the converters’ operating
points and parameter variations, so adaptive approaches employing supplementary
measures or parameter estimation may be necessary in order to preserve control
quality for the entire converter operating range (Sira-Ramirez et al. 1997).

Problems

Problem 11.1 Feedback-linearization control of series-resonant converter
output voltage

Let us consider the series-resonant power converter whose circuit diagram is shown
in Fig. 11.15, where primary power source is voltage source E. Resonant filter bank
has inductor L, capacitor C and equivalent resistance r;.
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Output voltage is filtered using capacitor Cy. Output resistance R is considered
constant and known. Signals u; and u, are rectangular waveforms of fixed fre-
quency and 0.5 duty ratio that are switching the DC variables E and v,. The input
variable is the phase lag ¢ between these two switching signals, where u is taken as
phase origin.

Control of output voltage vy is the stated goal. For this purpose, the expression of
the control input ¢ that linearizes the plant having v, as output is to be obtained.

Solution. Figure 11.16 presents waveforms of signals u; and u, and emphasizes
the angle lag between them, ¢, which serves as control input in this application.
Current i; is lagged by angle a in relation to signal u;.

By considering as state variables the ones corresponding to energy accumulations
in the circuit, the converter switched state-space model is given by (see Sect. 5.7.2)

diy,

L—L=FE - -u —ver—rrir —vg -

ar Uy —ve —rpip —Vvo - Uz

dVC_,

W—IL (11.35)
dvg . Vo

Co— = -

0 ILup Ro
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One makes the following notations concerning the state variables’ averages in the
sense of the first-order harmonic:

(i), =x1 +jxo, (ve)y =x3+jxa,  (Vo)y =xs. (11.36)

By averaging the state-space circuit representation in the sense of the first-order
harmonic, one obtains (according to the developments presented in Chap. 5)

d ' . . 3 . E .
d .

<r;>1 = —jo(ve), +M (11.37)
d(vo)g 1 . N

dr - Co (i 12)o RoCo’

Term (vg - u5) is developed by using results presented in Chap. 5. Thus, one can
note that switching function u, has zero average value; therefore relation (5.19) can
be used to write further:

(vo - u2)y = (vo)g - (u2)y, (11.38)

where (u,); is expressed by using expression (5.23) of a rectangular zero-averaged
switching function delayed by angle ¢ + o:

2
(), = — =@+, (11.39)
T
Further, by replacing notations (11.36) and expressions (11.38) and (11.39)
in Eq. (11.37) and by separating the real and the imaginary parts, one obtains

2 .
X = —%xl + oxy — )% —Re L (vo)ge #+e)
X = —ax| — I_sz _M 2 (vo) o/ (0+)
L jrL 0
X3 = M on (11.40)
. X2
X4 = E — X3
. _ 4 (vo)
— " a2 _ 0
X5 Co X{ +x5cos@ RoCo”

The new control variable w = d(vo),/dt = Xs is introduced. One can note that
the last equation from (11.40) contains an explicit expression of the control input;
therefore, the relative degree is » = 1. This last equation may be rewritten as
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RoCo’

— 2 2
W=——1/X] +X5C08Q —
7Co 1 2

which allows the angle @ to be computed as the linearizing control input

C R
(p:arccos<E-Lxs/0>. (11.41)

DN

Knowing that i, (f) =~ 2(x; cos ®f — x, sin ®f) (see relation (5.29) from

Chap. 5), the quantity 1/x7 4+ x3 can otherwise be expressed as I;/2, where I,
represents the first-order harmonic’s magnitude of current i;. Therefore, the final
expression of the linearizing feedback is

r M) (11.42)

(p = arccos (5 1,

Before declaring expression (11.42) as providing the linearizing feedback sought
for, one must analyze the stability of the zero dynamics. One notes that the fourth-
order dynamics composed of the first four equations from (11.40) must be analyzed.
To this end, one putsw = X5 = Oand x5 = (vo>(;k in (11.41) to obtain the expression
of the control input to be further replaced into these equations:

@y = arccos (& . M) . (11.43)

The fourth-order nonlinear zero dynamics that result are:

X = —%xl + oxy — % —Re ﬂtiL (vo)ge (@0t
Do =L 5 [ 2y it
X2 = —X I X2 L m jTCL <V0>O€ (11.44)
X1
X3 = E =+ mxy
X2
X4 = E — X3

Stability of nonlinear dynamical system (11.44) will be analyzed by means of the

Lyapunov approach. Notation y = [x; x; X3 x4]T is used to denote the state
vector corresponding to the zero dynamics. The following Lyapunov candidate
function is defined as a quadratic form of the state y:

1
V(y) = EyTQy, (11.45)
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with Q being a symmetric positive defined matrix containing characteristic values
of the energy accumulation elements in the circuit (inductor’s inductance and
capacitor’s capacity, respectively):

oo~
oo~ o
oo o
o oo

Function (11.45) can be declared a Lyapunov function — or else, an energy
function — if its time derivative is negative whatever the value of state y is. This is
proved next. By time-deriving expression (11.45) one obtains

dav
# = Lx1X] + LxpxXy + Cxzxs + Cxyxy. (11.46)

To simplify writing, notation
2 . i
z=-T (vo)ge (@t (11.47)

is adopted. Equation (11.46) is further developed by using expressions of the state
variables’ time derivatives as given in (11.44); it becomes, after some simple
algebra,

dv(y)
dt

= —rpx? — rpx; — LxiRe(z) — Lx; Im(z). (11.48)

One must now get the expressions of Re(z) and Im(z). According to (11.47),
variable z can be written

2, . 2
z= L (vo)g sin (@y + o) *JR_L<V0>0COS (@ + ),

therefore

2 . .
Re(z) = il (vo)osin (¢ + ), Im(z) = _ % (vo)gcos (g +a).  (11.49)

At this point, we will establish a connection between complex components of the
inductor current’s first-order harmonic, x; and x,, and lag angle a. Developments
presented in Sect. 5.5.1 of Chap. 5 — related to the extraction of real-time-varying
signal from the components of the generalized averaged model — are used for this
purpose. Thus, according to Eq. (5.33) and taking into account that a € (0, ©/2) isa
lag angle (therefore o = — ), the following relations hold:

X1 X2
cos (—a) = cosa = —

T2’ T2
Xy + x5 VX X

sin(—a) = —sina =
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therefore the real and imaginary part of the first-order harmonic as a complex
variable can respectively be expressed as

xlz—sin(xw/x%—&—x%, xzz—cosa-\/x%—i—x%. (11.50)

Finally, expressions (11.49) and (11.50) are substituted into Eq. (11.48) to
provide the function V’s time derivative in the form

V()’) = —’”LX% - ”LX%

2

—=(vo)or/xF + x5 - sina - sin (@y + )
n
2 v 2 2

—J—t<v0>0 X} +x3 - cosa- cos (@ + a),

or, equivalently,

. 2
V(y) = —rixt — 15 — = (vo)gr /23 + 23 - cos @p. (11.51)
T

Expression (11.43) of the control input @ is substituted into (11.51) to yield the
final expression of V(y):

*2
V(y) = —rpxd —rpxd — (olo” < 0. (11.52)
2Ry

Relation (11.52) shows that the energy function V defined as a quadratic form of
the zero dynamics state vector (see Eq. (11.45)) is strictly decreasing with time, and
this allows a conclusion that the zero dynamics are in this case stable.

Once Eq. (11.42) of the necessary phase lag has been found as linearizing
feedback, it will be used for obtaining u,. Indeed, u, is obtained by delaying u;
by the phase lag ¢ given in (11.42).

The control block diagram, profiting from the feedback linearization, is given in
Fig. 11.17, which shows that gain K~ is now sufficient for controlling output voltage v,.

The following problems are left to the reader to solve.

Problem 11.2 Voltage regulation of buck-boost converter using feedback-
linearization control

Given the electrical circuit of a buck-boost DC-DC converter supplying a resistance
load R, presented in Fig. 4.12 from Chap. 4, and its model given by Eq. (4.34) from
the same chapter:

LlL =FEu— Vc(l —Ll) —rLiL
. . V
Cve = —ir(1 —u) fﬁc,

where r; is the inductor’s resistance and the other notations preserve their usual
meaning, address the following points.
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Fig. 11.17 Series-resonant
converter output voltage K 5 .
control block diagram based ¢
upon feedback linearization

and gain control Equation (10.42)
Y
¢ 0
a .
PLL sin(o + @) Comparator
> Yo
i L
‘ G R
Oscillator

and dephaser

(a) Design a feedback-linearization control in order to regulate the output voltage,
ve. Based upon the zero dynamics analysis, decide whether a direct or an
indirect control approach is suitable.

(b) For the numerical values L = 3 mH, C = 1200 pF, 7, = 0.1 Q, E = 12V and
rated R = 100 Q compute the linear controller that ensures a voltage closed-
loop bandwidth of 50 rad/s.

(c) Implement the numerical simulation block diagram in Simulink® in order to
validate the closed-loop behavior imposed in part b. Analyze the dynamical
behavior in response to load step variations.

Problem 11.3 Reactive power control of STATCOM using linearizing
feedback

The electrical circuit of a static synchronous compensator (STATCOM) operating
in full wave is given in Fig. 11.18. Resistance Rg represents the inductor resistance
on a phase and load resistance R includes power switch losses.

The reactive power control will be achieved by using the dg model in the sense
of the first-order harmonic, namely by regulating the averaged value of the three-
phase current ¢ component at reference value i: . Output voltage v¢ is uncontrolled.
The control input is o, the phase lag between the switching function #; and the first-
phase grid voltage e, which is taken as phase origin.

(a) Using the approach presented in Chap. 5 — related to computation of the
generalized averaged model (GAM) — prove that the first-order harmonic dg
model of the STATCOM is the following (Petitclair et al. 1996):

. Rs . . 2 .
(ig)o = —L—z<zq>0 — (i), +E—Ls<vc)osmoc

. . Rs . 2 E
(ia)o = m<zq>0 L (ia)o — s (ve)gcosa + I

. 3 3 1
(ve)o = — C <iq>0 sino + C {ia)o sin o — RC (veho:
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Uy e,(t) = Esin oyt

Fig. 11.18 Electrical circuit of static synchronous compensator (STATCOM)

where E is the grid voltage amplitude and ® is the grid voltage pulsation
(0 = 2z - 50 rad/s).

(b) Obtain the expression of the linearizing feedback ensuring regulation of (ig)oat
the value i; .

(c) Analyze the zero dynamics stability by using the small-signal model.

(d) Provide the global reactive power control structure and emphasize the relation
between the imposed value of the reactive power Q" and i;; .

Problem 11.4 Watkins—Johnson DC-DC converter controlled by feedback
linearization

For a Watkins—Johnson converter — whose electrical circuit was presented in Fig. 4.
37 in Chap. 4 and repeated in Fig. 8.34 in Problem 8.1 in Chap. 8 — it is required to
regulate the output voltage at the setpoint vc-. Its averaged model, given by relation
(8.38) of Chap. 8, is given hereafter:

Lip = (20— 1)E — ave
ve

Cve =iy — —,
R

where notations used have their usual meaning, with duty ratio o being the control
input and R being the load resistance. The following issues must be addressed.

(a) Deduce the current value i; that corresponds to the voltage setpoint vc.

(b) Compute the expression of a feedback-linearization control law issued from an
indirect control approach, that is, from regulating current i, to the setpoint i;
computed in part a.

(c) Knowing that the output voltage operating range is [—3E, E], design a two-loop
control structure whose outer loop is dedicated to regulating the output voltage
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vc by means of a PI controller and the inner loop is in charge with current i,
control. Design the inner-loop controller so that the closed-loop bandwidth is at
least ten times larger than the voltage plant bandwidth for the entire operating
range. An outer loop PI controller will result such that the closed-loop band-
width will be two times larger than the voltage plant bandwidth for the
operating point corresponding to ve = 0 V.
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Chapter 12
Energy-Based Control of Power
Electronic Converters

This chapter aims at presenting basic ideas and main insights of the energy-based
control approach for power electronic converters. Thus, two control methods based on
concepts of energy will be here detailed: the so-called stabilizing control —based upon
Lyapunov control design methods — and passivity-based control, relying upon specific
structural properties — for example, passivity and dissipativity — and on control
methods that exploit these properties.

As is true for most engineering systems, power electronic converter modeling is
closely related to control objectives. In this case, it is energy processing that must
be described in terms of power flows, and this turns out to be a natural representa-
tion of the underlying phenomena. Further, the mathematical developments
involved make use of some remarkable properties of these systems. The essence
of energy-based control consists in taking advantage of the fact that power elec-
tronic converters reach their steady-state operation by dissipating energy, that is, in
controlling the speed of this dissipation (Stankovic et al. 2001).

The concept of incremental energy (Sanders 1989) is crucial for designing
control laws for DC-DC converters in a comprehensive manner; this is why buck-
boost and boost DC-DC converters serve in this chapter as benchmarks. But the
energy-based control is not effective for DC-DC converters only; applications of
the same general methodology to converters having AC stages (Komurcugil and
Kukrer 1998; Escobar et al. 2001; Mattavelli et al. 2001), as well as to multilevel
converters (Liserre 2006; Noriega-Pineda and Espinosa-Pérez 2007) have also been
reported.

This chapter begins by introducing some basic concepts specific to the energy-
based control approach. Stabilizing control is detailed in the nonlinear case, then in
the linearized one and illustrated with an example. Next, modeling of power
electronic converters in the Euler—Lagrange formalism is presented, with emphasis
on the passivity property. The use of this property gives its name to the passivity-
based control approach detailed further. After providing a general design method-
ology, the necessity of on-line parameter estimation is considered, which leads to
adaptive versions of the general control algorithm. The buck-boost converter has
been chosen as a case study to illustrate the passivity-based control approach.

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 337
Advanced Textbooks in Control and Signal Processing, DOI 10.1007/978-1-4471-5478-5_12,
© Springer-Verlag London 2014
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Connections between energy-based control methods and other nonlinear control
approaches are briefly reviewed. A set of problems with solutions and some
unsolved problems are provided at the end of this chapter.

12.1 Basic Definitions

Some basic notions will be here briefly reviewed, which are related to formalization
of systems’ fundamental property of processing energy, part of which is stored and
the rest dissipated.

Let Z be a system in its usual state-space representation

[ x=f(x,u)
> {y:g(&u)’ (12.1)

whose state x belongs to the n-dimensional space X. It is said that system X is
dissipative in relation to the energy flow w(¢) if there exists a nonnegative continu-
ous function H : X — R satisfying

H(x(1)) — H(x(0)) < Jw(r)d'c. (12.2)

One can note that the right-hand side of the inequality in relation (12.2) has
energy dimension because it is obtained as the time integral of an energy flow
(or otherwise said power). The result is H as a function of the stored energy,
representing the energy of state x at a given moment; thus, this function is called
an (energy) storage function. The left-hand side of relation (12.2) then represents
the stored energy. If supposing that flow w(¢) is an input for the system X, then (12.2)
indicates that the energy of flow w(¢) is not entirely transferred to the system — a part
of it is dissipated.

A lumped-parameter system connected with its environment by means of port-
power-conjugated variables u € R™ and y € R™ (the product of which has power
dimension), which is dissipative in relation with the energy flow w(u,y) = u'y, that
is, for which

H(x(r)) — H(x(0)) < JuT(T)y(r)dT (12.3)
0

holds, with the storage function satisfying H(0) = 0, is said to be passive. Relation
(12.3) gives information about the stability of a passive system. Thus, if letting
u’ = 0, then, according to (12.3), H(x) decreases starting from any trajectory of Z,
which shows that passive systems having a positive definite energy storage function
are stable in the Lyapunov sense. Note also that zeroing the output (y = 0),
conserves the property is, which denotes stable zero dynamics.
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12.2 Stabilizing Control of Power Electronic Converters

According to standard control goals in power electronics, one wants to maintain
some variables — e.g., the output voltage — at a desired value x,, in spite of
parametric disturbances typically induced by load and input voltage. Steady-state
value x, is in general known; next we will suppose in the first place that either the
full state — or a subset of it — is available for measurements.

Let

X =X—Xy

denote the deviation of the real state x from the steady-state operating point X,
The stabilizing control approach makes use of quadratic forms of variable X,

V(i):%~§T~Q~§, (12.4)
with Q being a symmetric positive definite matrix. Functions of type (12.4) give an
image of how far the system’s current operating point is placed in relation to
system’s equilibrium that expresses its minimum energy. Such quadratic forms
are generally used in defining Lyapunov candidate functions for deriving control
laws aimed at stabilizing the operation at x.

In the case of power electronic converters, the most natural way of expressing
the system’s energy is by summing up its energy accumulations, that is,

1 ny —~2 nc N
V=3 > LT+ Y G’ (12.5)
j=1 k=1

where L; are the inductances of its n, inductors, C; are the capacities of its n¢

capacitors and Z and v¢, denote variations of inductor currents and capacitor
voltages in relation to their respective steady-state values, i ;; and vy, Form (12.5)
has been called the energy in the increment (Sanders and Verghese 1992). In this
case, as the state vector x is composed of currents i;; and voltages v¢y:

. . . T
X:[lLl p -+ gy, Vcr Vo2 v VCnc], (12.6)

the function given by (12.5) can obviously be expressed as a quadratic form of type
(12.4), where matrix Q may be identified by its main diagonal containing the
characteristic values of the power converter’s accumulation elements; therefore, it
can be configured like in (12.7). Lyapunov candidate functions of form (12.5) with
matrix Q of form (12.7) are typically used for designing stabilizing control laws.
Details of the design procedure in the nonlinear and in the linearized case are
presented in the next two sections, respectively.
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Ly
Q= s | . (12.7)

nc

12.2.1 General Nonlinear Case

One may consider the general state-space description of a power electronic con-
verter as a nonlinear system emphasizing the dynamic of the state vector x having
the usual composition (12.6) and input u, which is in the general case the vector of
duty ratios. The steady-state vector X, has the expression

. . . T
Xd:[lle rad *++ lnd VCld Vead "¢ VCnCd],

allowing the vector of deviations to be

— ~ ]T

X:X—Xd:[iu ip o+ Ay Vo1 Ve2 ot Vene (12.8)

It is always possible to obtain the mathematical model of the system in variations
in the general nonlinear form

X =fX)+g®X) u, (12.9)
where nonlinear function f also depends on the steady-state values x,. Function

%~'}ZT~Q~§, (12.10)

V(X) =
with Q being symmetrical and positive definite, is chosen as a Lyapunov candidate
function. Obviously, V(x) > 0. A suitable control input u may be found that
ensures decreasing of the energy function V(x) over time. It follows that
u results from imposing dV(X)/dt < 0. Taking account of (12.8) and (12.9), one
can then write:

dvxX) oV . oV . _ N
WV =T 5) +e®) W)
=x"Q-fX)+x'Q-gX) u, (12.11)

where the equality 0V/0X =X -Q has been used. The time derivative of the
Lyapunov function must be negative:

dv(x)
dt

<0, (12.12)
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thus forcing by control action that the energy function to decrease. By combining
relations (12.11) and (12.12), one obtains

XTQ f(X)+x'Q -g(X) - u<0,

which shows that it is sufficient that both terms be negative for relation (12.12) to be
met. Thus, it is sufficient to find matrix Q symmetrical and positive definite such
that Q - f(x) = —P-Xx, where P is a suitably chosen symmetrical and positive
semidefinite matrix, to ensure that the first term is negative. Once matrix Q has been
found, it is then sufficient to define a control law

u=-1-gx)'Q X, (12.13)

with 1 being an appropriately chosen positive scalar, in order to ensure the negativ-
ity of the function V time derivative and hence the system’s convergence to the
origin, which is equivalent to accomplishing the control goal. Here 4 is responsible
for the convergence speed and its value can be finely tuned by numerical simula-
tion. Equation (12.13) suggests that the stabilizing control solution is obtained as a
nonlinear full-state feedback of the system in variations, thus depending on the
steady-state operating point chosen as setpoint. One can also note that constraints
on u — composed of averages of switching functions, commonly restricted to either
[0,1] or [—1, 1] — suppose an appropriate choice of constant A.

12.2.2 Linearized Case

The linearized case refers to the use of averaged models in the stabilizing control
design; it allows using linear tools in the design and it is for this reason more
intuitive. Averaging methodology was explained in Chap. 4 of this book. Nonlinear
models are linearized around the steady-state point chosen as control target. Next,
notation x, of this point is maintained; let u, be the input value corresponding to x,,.
In this way, linear models involving variations of variables result. Let us consider
such a model in the well-known form

X =A-X+B-u, (12.14)

whereX = x — X4, U = u — uy and matrices A and B depend on the operating point
(Xx41,). One can choose a Lyapunov candidate function of the same form as in
(12.10):

- | ~
VE)=5%"-Q X, (12.15)
which is an energy function identifying the energy in the increment, but this time
requiring only that matrix Q be symmetric and positive definite (that is, without
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imposing that it necessarily have the form given by (12.7)). Elements of Q will
result from imposing that function V become a Lyapunov function. To this end, one
requires that dV(X)/dt < 0. The time derivative of V is computed by using
Egs. (12.14) and (12.15); it then gives:

d"‘f) %(;T.Q.g +x7Q %) :%(A}Z +Bi) QR +%-SZTQ(A§ + Bi)
:%~§T-(ATQ+QA) X +%(GTBT-Q§ +x'Q-Bu).

(12.16)

Expression (12.16) can further be written by analyzing its last two terms. Thus,
by using matrix transposition properties and the fact that Q is symmetric, i.e.,

Q = Q, one obtains that
aTB QX = (Bi) Q% = ((Q%)" Bi) = ('Q" Ba) = (X7Q Bu)":

therefore the last two terms of (12.16) are equal, since they are in fact scalars.
It follows that relation (12.16) can finally be posed in the form

dv;f):%-'iT-(ATQ—&-QA)-SZ +x7Q - Bu. (12.17)

From relation (12.17) it results that it is sufficient to require both terms of
dV(X)/dt be negative in order for the time derivative of V to be negative. In this
way, elements of Q result by solving the Lyapunov equation

ATQ +QA = —P, (12.18)

with P being a symmetric positive semidefinite matrix suitably chosen. In order to
obtain negative time derivative of the Lyapunov function expressed in (12.17) and
taking account of (12.18), it results that the second term of (12.17) must also be
negative:

x"QBu <0, (12.19)

In order to fulfill relation (12.19) it is sufficient that the control input sought be
chosen as:

u=-1-B'Q-Xx, (12.20)

with A being a positive scalar playing the same role as in the nonlinear case (see
Eq. 12.13). One can note that the control solution u is obtained in the form of a
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linear full-state feedback for the system in variations, obviously depending on the
setpoint x4, U = K - X, where matrix K is given by

K=-1-B7Q. (12.21)

One notes that too large values of 4 could negatively impact control input values,
whose averages are confined to either [0,1] or [—1, 1]. Obviously, the total
stabilizing control is obtained as u = u; + u.

Guidelines for choosing A may in this case result from analyzing the excursion of
poles for the closed-loop system with control law (12.21) (Sanders and Verghese
1992), that is, the eigenvalues of matrix A + B - K, where K is the stabilizing
feedback matrix gain given by (12.21). It is preferable that such analysis be
performed numerically, even for small-order converters. Note that matrix Q also
influences the distribution of closed-loop poles.

12.2.3 Stabilizing Control Design Algorithm

As a synthesis to the above presented issues, implementation of a stabilizing control
approach for a given power electronic converter in the linearized case follows the
general steps of Algorithm 12.1. Algorithm 12.2 summarizes the procedure to be
followed in the nonlinear case.

12.2.4 Example: Stabilizing Control Design
for a Boost DC-DC Converter

12.2.4.1 Basic Stabilizing Control Design

The design of a stabilizing control law will be here illustrated for the linearized
case of a boost converter. Its large-signal bilinear model has been presented in
Sect. 3.2.3 of Chap. 3:

e = Lie o] L]+ [ae 0 L)+ []
V.C o I/C —1/(RC) vc —I/C 0 Ve 0 ’
where notations have their usual meaning employed until now. As detailed in Sect.
4.5.3 of Chap. 4, notations x; = (iz)¢ and x, = (v¢)o are adopted to represent the
averaged values of the two state variables respectively. Suppose that the control
task consists in regulating the averaged value of the output voltage x, to the value

Vea = Xa4. Noting by ay, the corresponding duty ratio value and taking into account
that x,, = E/(1 — ay), one gets

g = 1-— E/VCd. (1222)
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Algorithm 12.1

Steps of stabilizing control design for power electronic converters by using
linearized averaged model

#1. Write down the switched model of the converter and then obtain its
averaged model.

#2. Linearize averaged model around chosen operating point x,, typically
corresponding to control target if this involves a regulation task.
Corresponding input value is denoted by u,,.

#3. Arrange linearized model as a state model, allowing corresponding
matrices A and B to be identified.

#4. Choose diagonal semidefinite positive matrix P and find positive definite
matrix Q that verifies Lyapunov Eq. (12.18). Without loss of generality,
matrix Q can be chosen of form (12.7), having on its main diagonal the
characteristic values of energy accumulation elements of the circuit.

#5. Choose positive scalar 4 having role of accelerating output error conver-
gence to zero (at this step this choice is arbitrary; it will be clarified after
numerical analysis of the closed-loop poles).

#6. Compute stabilizing control input variationu according to relation (12.20).

#7. Perform a numerical analysis of linearized closed-loop system poles —
i.e., of closed-loop matrix’s A — A - B'Q eigenvalues — for different
values of A. Resume selection of 1 as a consequence of some suitable
closed-loop pole placement.

#8. Compute total stabilizing control input u =u,; +u and simulate the
nonlinear closed-loop system numerically.

#9. Analyze robustness of obtained control to parameter variations. Design
parameter estimators for most variable parameters — e.g., by using the
approach detailed further in this chapter (Sect. 12.4.3) — to be embedded
in closed-loop system.

Algorithm 12.2

Stabilizing control design procedure for power electronic converters by using
the nonlinear model

#1. Write down the switched model of the converter. Choose operating point
X, typically corresponding to control target if this involves a
regulation task.

#2. Obtain nonlinear model in variations around point X, in form (12.9),
emphasizing functions f and g.
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#3. Find matrix Q such that Q - f(X) = —P - X, after having suitably chosen
matrix P symmetrical and positive semidefinite. As a hint, verify first that
matrix Q chosen of form (12.7) — having on its main diagonal the
characteristic values of energy accumulation elements of the circuit —
meets the requirement.

#4. Choose positive scalar A having the role of accelerating the output error
convergence to zero (as in the linearized case, at this step this choice is
arbitrary; it can be clarified further by numerical simulation).

#5. Compute stabilizing control input u according to relation (12.13).

#6. Perform a numerical simulation of nonlinear closed-loop system for
different values of A and select its value for most suitable closed-loop
dynamic performance.

#7. Analyze robustness of obtained control to parameter variations. Design
parameter estimators for most variable parameters to be embedded in
closed-loop system.

In the same way, taking into account that i;; = x4 = E/(1 — (xd)zR), the
corresponding desired value of the inductor current is

ira = x10 = v,/ (ER). (12.23)

The following notations are adopted:x = [x; X |,Xg = [X14 %24 ,X =X — Xy
and @ = a — ay. The linearized model is then obtained in the form

X =A-X+B-a, (12.24)
with matrices
_ 0 —(1—aq)/L _ | E/(L(1—ay))
A=laayc 1®D } B‘[—E/((l—J?RC) - 122

The next steps concern the choice of matrix P, which must be symmetric and
positive semidefinite and of positive constant 4. These choices will become clearer
when the closed-loop system’s poles are analyzed; let us for the moment suppose
that P and 4 are known.

Provided that matrix P is known, one further solves Lyapunov Eq. (12.18) in
order to obtain Q as a symmetric and also positive definite matrix:

_lan O
Q—[O C]z} (12.26)
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To this end, function 1yap in MATLAB® can be used as a numerical solving tool.
A simpler way to find matrix Q is to take it of the form (12.7). In this case, this
corresponds to Q being chosen as
L 0
Q= {0 C} (12.27)
Further, once matrix Q is found, one can compute the stabilizing control solution
based upon (12.20) as

u=-1-B'Q-x, (12.28)

with suitably chosen positive scalar A. By using expressions of matrices B and
Q (relations (12.25) and (12.26)), expression (12.28) particularized to our case
gives

o =—1

q.E q,E
M(Xl - X14) — m (xp — de)] , (12.29)

where x,, = v, is the output voltage setpoint, o is given by (12.22) and x4 = iry4
is given by (12.25). If choosing matrix Q as (12.27), expression (12.29) becomes
simpler:

~ AE 1
- _ _ — (X — 12.30
o —y {(Xl X14) R(I—ay) (x2 de)} ( )
which can be put into form
B AE AE B
a = (I—0) R(I—ay) X, (12.31)

K

which makes appear the expression of the stabilizing feedback gain, K. One can
note that scalar A is measured in A~ 'V~ '. The block diagram of the closed-loop
system based upon stabilizing control is given in Fig. 12.1.

Now, one can resume the problem of choosing A. To this end, the closed-loop
pole distribution must be analyzed, that is, the eigenvalues of the closed-loop state
matrix A + B - K, with K being given by (12.31) corresponding to the matrix
Q having been chosen in the form (12.27). The most convenient way to perform this
analysis is numerically for each particular case, by using dedicated software tools,
for example, MATLAB®.

Let us consider the following numerical instance for the considered boost
converter: L = 500 pH, C = 1000 pH,R = 10 Q, E = 5V, vy = 15 V. Relation
(12.22) gives the corresponding value of the “desired” averaged duty ratio
oy = 0.66. Figure 12.2 shows the excursion of the closed-loop system’s poles in
the complex plane for increasing values of A, starting from 0.00015 A~'.V ",
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Fig. 12.1 Output voltage stabilizing control of a boost converter, relying upon a full-state-
variation feedback of form (12.31)
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Fig. 12.2 Pole distribution of boost converter linearized model in variations controlled by
stabilizing control law of form (12.31) for different values of parameter A

One can note that values of 4 placed around 0.0022 already determine in this
case the nature of poles to change: they become real instead of complex-conjugated
with a trend to be increasingly remote one to the other. It may happen that small
values of 1 to not ensure closed-loop stability (existence of two positive-real-part
complex-conjugated poles), whereas very large values could lead to one of the
poles to become unstable. Besides, values of 1 that are too large could lead to
control input saturation. Numerical simulation can be used in order to show that
operation in the so-called saturated region is stable.

According to Fig. 12.2, 2 = 0.0014 ensures in the considered case a closed-loop
damping coefficient around 0.71 and a bandwidth of 534 rad/s. The zone including
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Fig. 12.3 Closed-loop behavior of system controlled with (12.31) for four values of coefficient A:
time evolutions of variations of state variables in response to step changes of voltage setpoint

values of 4 too close to instability is approximately delimited on the gray background
on Fig. 12.2. Another way of selecting gain A is by requiring the closed-loop poles
be real and equal; in this case, the corresponding value of 1 would be around 0.0022.

12.2.4.2 Validation of Imposed Dynamic Performance

Simulations performed for different values of 1 allow assessing the dynamic
performance in response to step variations of the voltage reference v¢,.

Figure 12.3 presents time evolutions of variation variables i, and V¢ in response
to application of a step variation of =1 V in v, around the steady point given by
veq = 15 'V for two values of 4.
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In Fig. 12.3a, b one can note that, for A = 0.0014 (the curves represented by
solid line in the figure), the settling time of both variables is coherent with the
corresponding bandwidth (534 rad/s) and that the weak overshoot indeed reflects a
damping coefficient around 0.7. Smaller values of A correspond to weaker damping
and smaller bandwidth (time evolutions for 4 = 0.0009 are represented by dashed
line in Fig. 12.3). Figure 12.3c, d show a similar comparison, namely for another
two values of A, one corresponding to real and almost equal poles (4 = 0.0022) and
the other much smaller and determining oscillatory behavior (4 = 0.00001).

12.2.4.3 Control Input Saturation Issues

Let us now resume the problem of control input saturation on the considered
example. Suppose that an event has taken place which can produce averaged
control input saturation (this is the case, for example, of a sudden change in the
voltage reference). The operation enters a region where the averaged control input
is upper-saturated at the value oy, (typically around 0.9). Consequently, the
linearized system in variations (12.24) takes the form of an autonomous dynamical
system, since & = O:

Xt = Asat - Xoat » (12.32)

with state matrix

0 —(1 — o) /L

At = (1 _gqu)/C  —1/(RC)

(12.33)

In this case the Lyapunov function of form (12.15) has the time derivative of the
form detailed in (12.16), but preserving the first term only:

dv(x 1 _
d(t ) _ 5% "(ATQ + QA X (12.34)

Choosing Q of particular form (12.27) allows rapid proof that dV(x)/dt < 0.
Thus, by substituting (12.27) and (12.33) into (12.34), one obtains

r :E-Xsat 0 —2/R *Xsat = — R :_T<0 (12.35)

AVE) 1 g {0 0 } I

The fact that the Lyapunov function is strictly decreasing when the system
operates with saturated control input lets one expect that the closed-loop system
will quickly leave the saturated region and enter the unsaturated one.

This is indeed the case, as simulations in Figs. 12.4 and 12.5 show. These two
figures depict the case of applying a significant step change of the voltage setpoint,

veg — from 25 to 30 V — to the system at equilibrium (iz =0, vc = 0). This is an
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Fig. 12.4 Illustration of closed-loop system operation in saturated zone, followed by re-entering
unsaturated zone: (a) duty ratio evolution; (b) state-space trajectory of system in variations

a b
1 : : : : : : : 1
Ve [V
0 0 c[V]
At 1o
21 1 2t
) 1 3t
Ar \ Saturated 1 4r Saturated
region region
5t 1 5t i
1[s] 1[s]

-6 . . . . . . . -6 . . . . . . .
0.045 0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.045 0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085

Fig. 12.5 TIllustration of closed-loop linearized system operation in saturated zone, followed by
re-entering unsaturated zone: (a) current variations; (b) voltage variations

event that determines operation in the saturated region for a quite short time
interval, as Fig. 12.4a containing the evolution of the duty ratio shows. In this
case, upper saturation has been chosen as o, = 0.85. Figure 12.5a, b respectively

present the time evolutions of the current and respectively voltage variations, iy and vc .
Figure 12.4b contains an interesting analysis performed in the phase plane (zNL, Ve ) ,

where the closed-loop state trajectory, ABC, is shown to coincide for a time with
CD, the system state trajectory that would be obtained if the control input were to
continue to be saturated. Thus, segment AB corresponds to the time interval imme-
diately after the event occurred. Segment BC describes the system evolution when
the control input is saturated. One can note that the constant-a operation of the
system is stable, but its equilibrium point (around D) is not the origin.
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Fig. 12.6 Nonrejection of load perturbations by full-state-feedback-gain stabilizing control
law (12.31): nonzero steady-state error on both current (a) and voltage (b) time evolutions

12.2.4.4 Adaptive Stabilizing Control

Expression (12.31) of the stabilizing control shows stabilization control involves a
feedback gain which alone cannot ensure rejection of perturbations. Figure 12.6
presents simulation results obtained for 1 Q step variations of the load R applied to
the system at equilibrium, both positive and negative. Note that the “desired” value
of the current — viewed here as something like an “internal” variable — also changes
abruptly as a consequence of the load step change (see Eq. 12.23). One notes the
presence of a nonzero steady-state error on both current and voltage time
evolutions.

To conclude from the last set of simulation results, the necessity of employing
parameter estimators — especially load estimators — is obvious for real-time imple-
mentation of stabilizing control. Details about how such observers can be designed
to implement adaptive control laws will be given further in this chapter, namely
related to passivity-based control (Sect. 12.4.3).

12.3 Approaches in Passivity-Based Control.
Euler-Lagrange General Representation
of Dynamical Systems

The action of designing a passivity-based controller has often been expressed
somewhat metaphorically as an “energy-shaping” action. First, an energy function
must be suitably defined for the considered system. Then one must find a dynamical
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system — i.e., the controller — and an interconnection pattern that ensures the overall
energy function taking the desired form. Two major directions can be identified
related to the passivity-based control (Ortega et al. 2001), namely the standard
approach — based upon a priori defining an energy storage function as a Lyapunov
candidate function — and the so-called interconnection and damping assignment
(IDA) passivity-based control. Whereas the latter approach allows the energy
function to be obtained in a systematic way (Maschke et al. 2000; Ortega
et al. 2002; Ortega and Garcia-Canseco 2004; Kwasinski and Krein 2007), it is
the standard passivity-based control — relying upon using the Euler—Lagrange
formalism with more intuitive application — that has been chosen as a framework
for the developments discussed next in this chapter (Ortega et al. 1998; Rodriguez
et al. 1999).

Euler—Lagrange (E-L) equations describing the dynamics of mechanical systems
have long constituted the starting point for further developing control methods that
aim at stabilizing this kind of system, based upon exploiting their passivity
(Takegaki and Arimoto 1981; Ortega and Spong 1989). In a next step, one can
deduce the generalization of the Euler—Lagrange formalism to any kind of passive
dynamical system in order to design a general passivity-based control algorithm
(Ortega et al. 1998).

12.3.1 Original Euler-Lagrange Form
Jor Mechanical Systems

The Euler—Lagrange (E-L) representation of dynamical mechanical systems is
(van der Schaft 1996)

M(q) -4 +C(qq) -q +g(q) =T, (12.36)

where q represents the vector of generalized coordinates, M(q) the generalized
inertias, C(q,q) the centrifugal and Coriolis force matrix, g(q) the gravitational
force and t the vector of generalized forces applied to the system. Relation (12.36)
emphasizes the passivity of the t+>q input-to-output map, assuming that the
associated potential energy has an absolute minimum. From the control viewpoint,
examples of systems of form (12.36) are robot manipulators, for which the control
inputs are as many as the states and the relative degree is one irrespective of the
output to control. This is not the case for so-called underactuated systems, having
free modes, as do, for example, rotating electrical machines or power electronic
converters. Their passivity-based control requires adaptations of the original
approach (Ortega and Espinosa 1993).
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12.3.2 Adaptation of Euler-Lagrange Formalism
to Power Electronic Converters

A power electronic converter’s dynamics can be cast into the following
Euler-Lagrange representation (Oyarbide-Usabiaga 1998):

MG +C(u)- 4 +K(u)-q = G(u), (12.37)

where u is the input vector. Note that dynamical systems of type (12.37) are not
“naturally” suitable to be controlled by a passivity-based approach because the size
of the control vector is almost always smaller than the system order and the terms
containing the control input cannot be separated on the right-hand side of the
differential equation.

An adaptation of the general passive-control formulation for power electronic
converters has been proposed by Sira-Ramirez et al. (1997). This “modified”
passivity-based control relies upon a suitable E-L representation of the system
allowing its possible passivity being exploited in the sense of deducing the expres-
sion of a control input that stabilizes the system to an equilibrium point.

As a matter of fact, the E-L representation of power electronic converters which
is presented next is general for a class of dynamical systems that exchange energy
with their environment, a part of which is stored and the other part is dissipated.
Such behavior is formally described by (Oyarbide-Usabiaga 1998):

H-x +F(u) -x+K(u) - x=G(u,E), (12.38)

where x is the n-dimensional state vector, u the m-dimensional input vector, E the
vector of exogenous actions applied to the system (e.g., forces in the mechanical
case, voltage or current sources in the electrical case) and G(u,E) models the way
these actions are applied (i.e., the input energy). Matrices H, F(u) and K(u) are related
to the energy exchanged; thus, H is a positive definite matrix related to the energy
being stored by different elements of the system (this is why it is called a storage
function), F(u) takes into account the “internal” system’s energy and K(u) is a
positive semidefinite matrix providing information about the energy dissipation rate.
Figure 12.7 gives an intuitive image of a system formalized according to (12.38).

A necessary condition for a system in form (12.38) to be passive is that its
internal energy be zero, which is mathematically described by x” - F(u) - x = 0.
The validity of this assumption is related to the configuration of a passive system.
This property is verified for power electronic converters, as shown further in the
next section.
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12.3.3 General Representation of Power Electronic
Converters as Passive Dynamical Systems

Let a generic converter be considered, like the one represented symbolically in
Fig. 3.1 of Chap. 3, which contains & inductors, m capacitors, n perfect switches,
q voltage sources and p current sources. These elements are interconnected to
define various configurations.

LetE=[E; --- Eq]Tbe the vector of voltage sources,I = [I; --- Ip]Tthe
vector of current sources and u = [u; -+ U, ]T the vector giving the states of
switches. Let also Ip = [ipy -+ i }T be the vector of k inductor currents and
Ve=[ver -+ Vem ]T the vector of m capacitor voltages. This system has k + m
states, which are the inductor currents and the capacitor voltages; its state vector is:

x=[I, Vel=lix - i ver - vem]- (12.39)

Dynamics of each current and voltage result according to the influence of all
voltage sources and all current sources weighted by the corresponding linear
combinations of switch states. Thus, the dynamic of inductor current i results
from representing the inductor by its equivalent Thévenin generator and can be
written as

L,'li,' = TSEL,(U) -E + TS]L,.(U) I+ T]L, (ll) I+ TVL,v(u) Ve — RL,'(U) i, (12.40)

Thévenin voltage i

where R;;(u) is the Thévenin equivalent resistance and all T vectors have elements
that are linear combinations of switch states u. Thus, vectors Tsgy, () and Tgyz, (u)
model the influence of the voltage sources and current sources, respectively, on the
dynamic of inductor current i, whereas Ty, (u) and Ty, (u) represent the influence of
all currents I; and all voltages V, respectively (all state variables), on the same
dynamic. One can note that the ith element of Ty, (u) is null because the Thévenin
voltage i is not related to current iy;.

The same formalism is used for expressing the dynamic of capacitor voltage
J, which may be represented by its equivalent Norton generator:

. ‘7 .
CjVCj = TSEC, (ll) -E 4+ TSIC, (u) I+ TIC, (ll) . IL + Tvcj(ll) . VC — Iriju)y (1241)
J

Norton current j

where Rc;(u) is the Norton equivalent resistance and vectors Tsgc, (1) and Tgc, (u)
model the influence of the voltage sources and current sources, respectively, on the
dynamic of capacitor voltage j, whereas T;¢, (u) and Ty, (u) represent the influence
of all currents I, and all voltages V, respectively, on the same dynamic. Similarly
as above, one can note that the jth element of Ty, (u) is null because the Norton
current j is not related to voltage v¢;.
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By grouping together all k dynamic equations of form (12.40) and all m dynamic
equations of form (12.41), the dynamics of the generic converter can be represented
in the Euler-Lagrange formalism (12.38), where the ¢ voltage sources and the
p current sources constitute the external effort:

H-x +F(u) -x+K(u) -x=G(wEI), (12.42)

where X is the state vector given by (12.39) and the involved matrices are

L T, (w) Ty, (u)
. 0 : :
. Ly _ TILk (u) TVLk (ll)
H= C > Flu)= Tic,(u) Ty, (u)
0 . : :
o Tic,(w) Ty, (u)
(12.43)
—RLl (ll) i
0
RLk(u) ,
K(u) = Rer(0) , (12.44)
0
1
L RCm (ll) |
Tser, () - E + Ty, (u) - 1
Gu,E,1) = | rseeu) - EA-Ts (w) -1 (12.45)
| Tsee, (u) - E 4 Tge, (u) -1 | .

Tsec, (u) - E + Ty, (u) - 1

where matrix G(u,E,I) defines the way the external sources (E,I) are applied to
the generic converter, F(u) takes account of the configuration allowing the energy
exchange between inductors and capacitors, H contains the terms related to energy
storage inside of inductors and capacitors and K(u) represents the energy dissipa-
tion matrix.

In order for the Eq. (12.42) to correspond to an Euler—Lagrange representation,
one has to verify the property x'F(u)x = 0. Whereas this property is usually
associated in the literature with the matrix F(u) being antisymmetrical — i.e.,
F(u) = — F(u)T — this is not necessary in the case of electric circuits. Indeed, this
property can be verified by using certain properties of a Kirchhoff’s network
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(Penfield et al. 1970), namely that the subspaces of its currents and its voltages are
orthogonal. In particular, the result of product F(u)x belongs to a subspace which is
orthogonal to the state space x. Moreover, the property x'F(u)x = 0 is preserved
under usual transforms, like the Park or Concordia transform or the one leading to
the generalized averaged model (GAM) (Oyarbide-Usabiaga 1998).

12.3.4 Examples of Converter Modeling
in the Euler-Lagrange Formalism

Next, two examples are presented in order to illustrate Euler-Lagrange modeling
and invariance of passivity properties at the usual transforms. Namely, the case of a
buck-boost converter is first considered, emphasizing the antisymmetry of matrix
F(u); then the case of a voltage inverter and the invariance of properties of its
Euler-Lagrange representation at the Park transform are presented.

The switched model of a buck-boost converter supplying a load R — whose
electrical circuit is shown in Fig. 4.12 in Chap. 4 — is given by relation (4.34) of the
same chapter:

. 1
ip = I [Eu —ve(1 — u) — rig)

(12.46)
. 1 . Ve
ve=g |l mw =gl

where notations preserve their usual meaning. There is a single voltage source, E,

and no current sources. By noting by x = [i; v¢ }T the state vector composed of
the inductor current #; and the capacitor voltage v, Eq. (12.46) can be arranged to
fit the Euler—Lagrange model (12.42), where the different matrices are

H_[é g} K_[g 1?R}’ G_{uﬂ’ F(“)_{—(lo—“) (18@

and one can note that matrix F(u) is antisymmetrical.

The second modeling example consists of the case of a three-phase voltage
inverter supplying a load R, whose circuit is shown in Fig. 5.28 in Chap. 5. Based
upon the switched model of this converter — presented in relation (5.67) from the
same chapter, where the current exchanged with an additional DC stage is is = vo/R —
one can deduce its Euler—Lagrange representation (12.42), with
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L 0 r 0
L 7
H= K=
L 7
0 c 0 1/R
_61 0 0 0 (2141—“2—143)/6
0 0 0 — 2up — 6

G= | F(u) = (=t + 2 = )/

e3 0 0 0 (*M] — Uy +2M3)/6

_0 7u1/2 7u2/2 *b[3/2 0

being the matrices involved andx = [i; i, i3 v }T being the state vector. First,
note that matrix F(u) is no longer antisymmetrical, but one can verify that the
property x'F(u)x = 0 still holds, provided i; + i, + i3 = 0. Next it is shown that
the passivity properties are preserved in the new state space defined by the Park
transform that conserves the exchanged energy and whose expression in a rotating
frame dgq is (see also relations (5.74) in Chap. 5)

3

{fq] 2 [coswt cos (wr — 21/3)  cos (of +2m/3) | Ty
fa

sinwr  sin (of — 2x/3)  sin (of + 21/3) ‘J}:2
3
The new state vector isx = | g iq Vo ]T. If the inverter is operated in full wave,
with the control input being the phase lag between source voltages e; and the
corresponding voltages v;, denoted by «, the generalized averaged model of this
converter in the dg frame contains the following Euler—Lagrange matrices:

L 0 0 [ 0 0
H=({0 L O K={({0 r 0
0 0 C 0 0 I/R
[E, [ 0 oL —V6sina/n
G=|E,; F(u) = —oL 0 V6cosa/n
L 0 | V6sina/n  —v6cosa/n 0

that fit into the form expressed in (12.42), with F(z) being antisymmetrical.

12.4 Passivity-Based Control of Power Electronic
Converters

12.4.1 Theoretical Background

The passivity property of a system whose state model can be arranged in form
(12.42) can be exploited for control purposes. Let x,; be the trajectory around which
one wants to stabilize system (12.42) andX = x — X, be the state error in relation to
the imposed trajectory. Then relation (12.42) can be rewritten as
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H-X +F(u)-X +K(u)-X = G(u,E,I)
—{H x4+ F() x;+K(u) -x4}. (12.47)

Suppose that a control input u zeroing the right side of (12.47) exists and can be
computed; it therefore satisfies

G(uc,E,I) — {H-xs + F(uc) - x4 + K(uc) - x4} = 0. (12.48)

Under these assumptions, the error dynamics are given by

H-X +F(u)-X +K(@u)-X =0. (12.49)

By posing V(X ) = 1/2 - X "HX as the candidate Lyapunov function and by using
the property x"F(u)x = 0 that also holds for the state error, i.e., '}ETF(u)')Z =0, one
proves the asymptotic stability of the considered system around the imposed
trajectory X, (Oyarbide-Usabiaga 1998; Oyarbide and Bacha 1999; Oyarbide
et al. 2000).

The convergence towards x, can be rendered faster if adding a supplementary
term in expression (12.48), which allows computation of the control input uc. The
role of this added term is to increase some of the elements of the dissipativity matrix
K(u), that is, to increase the speed at which the energy gets out of the system. A
diagonal matrix is thus defined as Ki = diag(ky, - - -, k,), with k; > 0 and n being
the system’s order, which is called damping injection matrix. As a consequence, the
new form of relation (12.48) is

(}(llc7 E,I) - {H . )id + F(llc) - Xy + K(llc) . Xd} + Ki - X = 0, (1250)

which serves to compute the stabilizing control uc.

The problem of effectively computing u- depends on whether the system is fully
controllable —i.e., the size of the control input vector is the same as that of the state
vector — or not. Power electronic converters belong to the second class, of so-called
underactuated systems that exhibit free modes.

In order to compute the stabilizing control input uc, the nth order system (12.42)
may be decomposed into two subsystems according to the state vector x being
partitioned as x = [Xc Xp], where xc contains the “controlled” states and xp
contains the free states. Let m be the size of x(; therefore, n — m will be the number
of free modes. Supposing that the dissipativity matrix K(u) is diagonal, the
corresponding decomposition of system (12.42) is

{ HC . XC + Fc(ll) -Xc + Kc(u) - Xc + Fcp(ll) Xf = Gc<ll, E, I)

Hy - Xp + Fr(u) - xp + Kgp(u) - xp + Fpe(u) - xc = Ge(w,E, 1),

where subscript C refers to variables related to controlled states X¢ and subscript
F refers to variables related to free states.
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m

Fig. 12.8 Block diagram implementing computation of passivity-based control input based upon
computation of desired free-state dynamics (Oyarbide et al. 2000)

Let x4 be the desired trajectory that corresponds to controlled states and X its
counterpart for the free states. Let Xc = Xc —X4c and Xy = Xp — X4r be the
corresponding state errors. Equation (12.50) allowing computation of the control
input can also be decomposed as

Ge(ue,EXI) — {He - x40 + Fe(ue) - xac + Ke(ue) - Xge + Fer(ue) - Xar}

+ Kic-xc =0
Gr(uc,E,I) — {Hr - Xgr + Fr(uc) - Xgr + Kr(ue) - Xgr + Fre(ue) - Xac}
+Kir -xF =0.

(12.51)

Note that for regulation purposes x,c = 0 holds. Relations (12.51) represent a
dynamic system that has x,¢ as inputs and allows computation of control input uc
and of the free mode dynamics, the so-called zero dynamics, X,z. This is expressed
formally as

Uc = flmction (XdC’ xqr, E, 1, Kic),(\c/* ), (12.52)
Xar = Hp'
- [Gr(uc, E,X) — Fr(uc)xsr — Kp(ue)xar — Fre(ue)xac + Kipxr |
(12.53)

and can be represented as a block diagram like that in Fig. 12.8. Equation (12.52)
allows control input uc- being computed in a direct manner if the controlled
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variables have unit relative degree; otherwise, the presented approach is no longer
valid and an indirect control approach is necessary. Note also that, in order for the
global stability to be met, the application uc — X, r must be passive. In the case
when n = m, obviously the zero dynamics no longer exist and the system is
globally stable.

Now, let us discuss the choice of damping injection matrices Kir and Kic. Since
they are only indirectly involved in control input computation — see relation (12.52) —
the damping injection corresponding to free variables Kiy can be increased to arbi-
trarily large values. On the contrary, the damping injection related to controlled states
must comply with the maximally reachable dynamics whose computation, at its turn,
must take into account structural limits, saturation of control input, gradient limitation
of certain variables, etc. For example, one can relate Kic to the minimal response time
of the controlled variables, which, at its turn, can be related to the switching frequency.
As regards Kip, its value can result from imposing convergence of free variables x
to be reasonably faster than the convergence of the controlled variables x¢. A detailed
analysis of these issues can be found in Oyarbide et al. (2000).

12.4.2 Limitations of Passivity-Based Control

In the case of non-unit relative degree — when zero dynamics, or free modes X
exist — the passivity-based control approach loses its remarkable property of
being intrinsically stable. Thus, the requirement of having a passive application
uc — Xyr is limiting because it requires a local stability analysis, and a general
analysis approach cannot be applied. Depending on each particular structure and
constraint, a particular means of ensuring the zero dynamic stability can be found.

Another limitation is related to the strong dependence of the control structure on
system parameters, which negatively affects its robustness. Indeed, control input
computation according to (12.52) shows the necessity of measuring or estimating
some of the system’s parameters. In the case of DC-DC converters, for example,
these are typically voltage source value E and load value R. In the case of variables
that are difficult to measure, estimators must be embedded in the control structure,
the latter becomes adaptive in this way.

12.4.3 Parameter Estimation: Adaptive Passivity-Based
Control

Unlike classical control solutions based upon estimation, controller design and
observer design are unified in the case of adaptive passivity-based control. This is
possible if one can ensure the system is linear in relation to the estimated
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parameters (Ortega and Spong 1989). If it is, the Lyapunov stability of the
controller—observer pair can be ensured.

Let P and P, be vectors of real and estimated parameters, respectively. The
dynamics of the difference between them can be written by using relation (12.48):

AG(U(;, E, I) - {AH - Xy + AF(Uc) - Xg + AK(Uc) . Xd}, (12.54)

where notation A(-) = (-)[p — (-)
always possible to perform a linear parameterization — eventually by using variable
changes — then it is also possible to rearrange expression (12.54) to have the
parameter estimation error AP = P — P, as a factor:

p,, denotes parameterization error. Assuming it is

AG(uc,E,I) — {AH - x4 + AF(uc) - x4 + AK(u¢) - x4} = Y(X4, X4, uc) - AP.
(12.55)

In order to have both regulation error and estimation error decreasing to zero, it
is sufficient to implement a parameter estimation law of the form (Bacha et al. 1997;
Oyarbide-Usabiaga 1998):

Py =0 Y(%,Xg4,u0) - X, (12.56)

where the diagonal positive semidefinite matrix I" imposes estimation convergence
speed, commonly larger than the imposed closed-loop dynamics corresponding to the
previously chosen damping injection matrices. Elements of I must be chosen as a trade-
off between convergence speed and sensitivity to high-frequency exogenous variations.
Numerical simulation is useful to determine the best trade-off in each particular case.

12.4.4 Passivity-Based Control Design Algorithm

The main steps of implementing a passivity-based control approach for a given
power electronic converter are listed below.

12.4.5 Example: Passivity-Based Control of a Boost DC-DC
Converter

Let us consider the case of a boost converter supplying a resistive load R, whose
electrical circuit has been presented in Fig. 3.5 of Chap. 3. The switched model of
this converter — originally presented in Eq. (3.11) of Chap. 3 —is shown again here:

Lip = —(1 —u)ve +E
. 12.
{CVCZ (1 — M)iL — Vc/R, ( 57)


http://dx.doi.org/10.1007/978-1-4471-5478-5_3
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where inductor current i; and capacitor voltage v¢ are the two states, and E is the
voltage source value representing the external energy effort applied to the system.
Parameters chosen are L = 5 mH, C = 470 pF, R = 10 Q, E = 15 V, switching
frequency f = 20 kHz.

12.4.5.1 Basic Control Design

The control goal of regulating output voltage will be solved next by passivity-based
control, following the steps of Algorithm 12.3. To this end, model (12.57) can be
expressed in the Euler—Lagrange formalism (12.42) and allows one to identify the
matrices involved:

H X F(u)

i 0 0 il [E
EIE sl s
—— e e N~

X K X G(E)

Algorithm 12.3
Steps of passivity-based control design for power electronic converters

#1. Write down the switched model of the converter, rearrange in E-L
formalism and identify corresponding components.

#2. Conclude as to existence of zero dynamics (free modes). In the case of
positive answer, identify controlled state subvector X and remainder free
state subvector Xz; deduce their sizes.

#3. Verify whether relative degrees of controlled variables X are equal to size
of control input vector u. If so, then passivity-based control is achievable.

#4. Choose desired reference values of controlled variables X .

#5. Choose values of damping injection matrices Kic and Kir in relation to
maximally reachable dynamics and other operating constraints.

#6. Compute control input uc by using Eq. (12.52) and reinject this value in
Eq. (12.53) describing dynamics of “desired” free states X .

#7. Perform small-signal stability analysis — around equilibrium operating
point corresponding to reference x,¢c — of resulting closed-loop system. In
this way, one can be sure that convergence of free variables Xy to their
“desired” values x4 is guaranteed.

(continued)
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#8. Simulate closed-loop system numerically, eventually reiterating choice
of damping injection matrices to improve dynamic performance.

#9. Analyze robustness of obtained control to parameter variations. Design
parameter estimators for most variable parameters — e.g., by using rela-
tion (12.56) — to be embedded in the closed-loop system.

Like every DC-DC converter having boost capabilities, the considered converter
exhibits nonminimum-phase behavior between control input « and output voltage vc.
This is the reason an indirect control is aimed at, namely the regulation of the inductor
current i, to the value i, corresponding to the imposed output voltage vc-. The relation
between these reference values characterizes an equilibrium point and is obtained by
using model (12.57). This is a switched model, which in this case is the same as the
averaged one, except for the nature of the control input and state variables. Thus, the
averaged model results by substituting into (12.57) the switching function u by its
averaged value, a:

Lip = —(1—a)ve +E
{CVC: (1 — )i, — ve/R. (12.59)

Further, equilibrium is characterized by zeroing state derivatives. By zeroing the
derivative of i;, in the first equation of (12.59), the equilibrium value o, can be
deduced as a, = 1 — E/v¢. This latter relation is then substituted into the second
equation of (12.59), provided that the derivative of v¢ also is zeroed. As has been
shown in this chapter, in the example illustrating the design of a stabilizing control
law for a boost DC-DC converter (see Sect. 12.2.3), the following relation
connecting the two reference values results:

L ve
iy = R’ (12.60)

Therefore, the controlled variable is X = i; and Xy = v is the free variable of
unit relative degree, equal to the control vector size. Passivity-based control is
therefore feasible. The reference (desired) values are Xyc = i; and Xgr = Ve,
respectively. The error variables are X¢ = ij — i} and Xr = ve — vge. A difference
is noted between output voltage reference v, which is constant in the case of a
regulation task, and the “desired” output voltage value v, which exhibits dynamics
depending on the control input. Finally, note that if v¢ is constant, then X c = i
is constant, therefore x;c = i.z =0.

Having identified all these formal elements and supposing that damping injec-
tion matrices Kic- and Kiy have also been chosen, one can now proceed with
particularizing relations that allow passivity-based control input computation.
Thus, Eq. (12.51) become in this case:
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Ge(uc,E) — {Fe(uc) - iy + Ke(uc) - iy + Fer(uc) - vac} +Kic - (i — i) =0

Gr(uc,E) — {Hp - vic +Fr(uc) - vac + Kg(uc) - vac + Fre(uc) - if }
+ Kiy - (VC — VdC) =0,
(12.61)

where

Gc(uc,E) = E, Fc(uc) = 0, Kc(uc) = 0, Fcp(uc) =1- uc, (1262)

G E)=0, Hp= F =0
{ rluc,E) =0, Hp=C, Fr(uc) (12.63)

Kr(uc) = 1/R,  Frc(uc) = —(1 —uc).

Note that matrices Kic and Kiy are scalars in this case. By replacing the
elements given in (12.62) in the first relation of (12.61), one obtains

E— (1= uc)vac + Kic(ip —if) =0,

which further allows the passivity-based control input being computed as

E +Kiclip — 1}
uczazl—w. (12.64)
Vdc
Next, by replacing the elements given in (12.63) in the second relation of
(12.61), one obtains

—Cvgc — 1/R “Vac + (1 — Mc)lz +KiF(VC - VdC) =0, (12.65)

which allows computation of the dynamics of the desired free state value v, being
computed based on the computed control input u.. The schematics of the closed-
loop system are depicted in Fig. 12.9 that particularizes Fig. 12.8 to the case of the
boost DC-DC converter.

12.4.5.2 Bounds of Damping Injection Coefficients

As regards the choice of damping injection values, one can start from switching
frequency f and consider that it gives a lower bound of the time constant for the
controlled variable, i.e., of the inductor current i;; therefore

e > 1/f, (12.66)

where frequency f is measured in rad/s.

As regards the dynamic of the free variable v, one can make some general
remarks that hold in all cases when zero dynamics exist. The “free” dynamics are
composed of two components: the first one can be tuned by choosing Kir, whereas
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Fig. 12.9 Block diagram of passive-controlled boost DC-DC converter

the second one represents in fact the dynamic of the controlled variable, which is at
its turn tuned by means of Kic. In general, the adjustable dynamic needs to be faster
than that of the controlled variable. This means that, after some initial fast
variations, the free variable will follow the controlled variable’s variation. In
conclusion, the convergence of the free variable v cannot be rendered faster than
the controlled one.

Let T be the time constant corresponding to the adjustable part of the free
variable’s dynamic. Following the above remarks, one usually imposes that T be
smaller than t¢; for example, one-fifth the size consequently gives

e > 1/(57). (12.67)

Now, the closed-loop time constants T and T must be related to circuit element
values. Note first that the closed-loop time constant of the controlled variable can be
expressed as T = L/Kic, according to relation (12.64) being replaced in the first
relation of (12.59). Taking account of (12.66) results in

Kic <L-f. (12.68)

As regards the time constant T characterizing the adjustable part of the free
variable’s dynamic, its expression can be deduced from relation (12.65) if one
supposes that the free and the dynamics of the controlled variables are decoupled,
that is, if uc- would be constant. In this way, one obtains

1

T 1JRC) + Kip/C

which, combined with (12.67), gives

Kir < 5Cf — 1/R. (12.69)
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Equations (12.68) and (12.69) provide upper bounds of the damping injection
coefficients and gives information about their measurement units. Thus, Ki- has
dimension of resistance (Q2), whereas Kiy has dimension of conductance (Qfl). In
the considered case, Kic < 628 Q and Kip < 295.2 Q™ L

12.4.5.3 Closed-Loop Small-Signal Stability Analysis

Convergence of the “desired” free dynamics (12.65) must be ensured. This is
equivalent to ensuring small-signal stability of the closed-loop system shown in
Fig. 12.9. This system is described by the following state-space model:

1l—a

0 . 0
d 179 1 -« _L 0 1
Slvel=1]c¢ RC | ve
Vdc i e Vdc
Il .
0 - 23k
c c\rTHr
0 E
0 L
L R I (12.70)
¢ 0

so it involves a bilinear system as the state matrix depends on the control input o,
which in turn depends on the system’s state according to (12.64). The small-signal
model of system (12.70) is deduced by linearization around the equilibrium point
given by the equilibrium value of system’s input i/, Letting Xss = [i, V¢ Vac ]T
be the state of system (12.70) gives Xsse = [ire Vce dee}T as its equilibrium
value and Xgg = Xg5 — Xgs. as state vector variation around the steady state Xgg,.
Letting ;i = iy — i}, denote the input’s variation around its steady-state value i/,
and o, the associated control input steady-state value. The small-signal model
describes the dynamics of variations around the quiescent operating point

o __ >
Xss = Ags - Xgs + Bgs - iy,

where the involved matrices are

0(Xss) 0(Xss)
5x55 o= 0 ’ 512 o = o,
Xss = XsSe Xss = XsSe
L =1 L =1,

Ags = Bgs =
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Fig. 12.10 Closed-loop small-signal stability analysis of passivity-based-controlled boost con-
verter (E = 15V, v¢" = 45 V): (a) migration of poles in the complex plane as damping injection
of current (controlled variable) increases; (b) migration of poles in the complex plane as damping
injection of voltage (free variable) increases

From the stability viewpoint, only the state matrix Agg is of interest. After some
algebra, one obtains its analytical expression

_Kic(E+ve)  (1-a) (E +ve)(E +Kic (i — i7))
L(E + vac) L L(E + vae)?
1—a iKic 1 iL(E+Kic(iL — 7))
Ags = C C(E + VdC) RC C(E + de)Z
iiKic Kip L1, i (E+ Kic(ip — if))
Alr S iakin] -
C(E + vac) C c\r™F CE +vac) o=
- 4 I Xs5 = Xsse
i =i,

The eigenvalues of matrix Agg are analyzed numerically for different values of
damping injection coefficients Kic and Kir, assuming constant and known values of
source voltage E and load R. Noting that output voltage reference ve — assumed
constant for sake of simplicity — is related to i, through relation (12.60), it is easy
to verify that
ire = i, = vZ/(ER),

VCL’:deL’:vZ‘7 (xezl_E/Vz*»

which allows putting matrix Agg in the form (12.71).

Numerical analysis provides stable eigenvalue sets for large variation domains
of Kic and Kir when the output voltage setpoint is v = 45 V; therefore, the free
dynamics are stable. Figure 12.10a, b show the excursion of the three eigenvalues as
Kic and, respectively, Kir varies. In each case all three eigenvalues are real and a
single one that changes its position. One can note that the mobile eigenvalue gets
farther from the imaginary axis in both cases, that is, as the damping injection of the
controlled variable Ki increases (see Fig. 12.10a) and also as the damping injection
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of the free variable Kir increases (see Fig. 12.10b). This suggests that injecting
damping increases the stability margin of the system.

r Kic E E :
A LE+v)
E ,_vKic 1 v
Ass = | veC "E(E+vE)RC  RC RC(E +vp)
_v’Kie  Kipo 10U ) vt
E(E +vg)RC c c\r RC(E +vg)?

(12.71)

12.4.5.4 Parameter Estimation

The final step of the control design procedure concerns its sensitivity analysis to
parameter variations. Usually, the most variable parameters are £ and R, and
control law performance depends on how precisely these parameters are known.
A parameter estimator can be designed following guidelines given in Sect. 12.4.3
and relation (12.56). Note first that estimation of parameter ¥ = 1/R (load admit-
tance instead of load resistance) is easier for reasons of linearity. Therefore, the
parameter vector is P = [E Y]".

After having adopted notations AE = E — E.y and AY =Y — Y, for parame-
ter estimation errors, the next step is to determine variations of matrices involved in
the Euler-Lagrange representation (12.58) due to AE and AY. According to relation
(12.58), one obtains

0 O AE
AH =0, AF=0, AK{O AY]’ AG[O],

which allows Eq. (12.55) being particularized as follows:

AGAK-[iL]

AE AE
Vac ’

_AY.de:| :Y(Xdaxdqu) ' |:AY

taking into account that x; = [if vac]" and AP =[AE AY]". From the last
relation one deduces that

. 1 0
Y (X4, Xq,uc) = [0 Vdc}

Finally, Eq. (12.56) giving the parameter estimation dynamics appears as

d[Eq] [y, 01 [1 0 i it
4 _ . . 2 12.72
dt [Y est 0 v, 0 —vac Ve — Vg ( )
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Fig. 12.11 Adaptive passivity-based control structure of boost converter based upon current
tracking and output voltage regulation

where vy, and Yy, are positive scalars which define the convergence speed of the
estimation error to zero. Numerical simulation can be used for fine tuning these two
coefficients for best performance, as well as for verifying that the adaptive control
structure does not render the tracking system — i.e., the current loop — unstable. To
conclude, the passivity-based control structure based upon parameter estimation is
shown in Fig. 12.11.

12.5 Case Study: Passivity-Based Control of a Buck-Boost
DC-DC Converter

This case study concerns the passivity-based control design for a buck-boost
converter supplying a resistive load R, whose electrical circuit was presented in
Fig. 3.26 in the text of Problem 3.5 in Chap. 3. The control goal is to regulate the
output voltage at a setpoint denoted by ve. The design will follow the steps of
Algorithm 12.3. The switched model of this converter operating in continuous-
conduction mode (ccm) — previously presented in the case study from Sect. 4.6 in
Chap. 4 and repeated in relation (12.46) from this chapter —is given below (inductor
resistance r being neglected):

Lip = Eu+ve(l —u) 12
{CV'C: —ip(1 —u) —vc/R, (12.73)

where the inductor current i; and the capacitor voltage v are the two states and E is
the source voltage representing the external energy effort applied to the system.
Note that voltage values here are negative. The parameters are L = 2.5 mH,
C = 220 pF, switching frequency f = 20 kHz, source voltage E varying between
5 and 45 V, rated R = 10 Q and voltage setpoint ve- = — 20 V.
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12.5.1 Basic Passivity-Based Control Design

One can identify the matrices of the Euler—Lagrange general form (12.42) on model
(12.73):

—— —— ——
H X F(u) X K
iL o E-u
[VC} _[ 0 } (12.74)
—— ——
X G(wE)

Being a DC-DC converter with boost capabilities, the converter considered
exhibits nonminimum-phase behavior between control input # and output voltage
ve. Similarly, as in the case of boost converters, an indirect control is
recommended. Thus, inductor current i; is to be regulated at the value iz
corresponding to the imposed output voltage vc.. The relation between these
reference values is determined based upon the averaged model. Since in this case
the switched and averaged models have the same form, it is sufficient to substitute
into (12.74) the switching function u by its averaged value, o

{Li’L = (1 - a)vc + Ea (12.75)

Cve = —(1 —a)ip — ve/R.

Equilibrium values are further obtained by zeroing state derivatives in (12.75).
Thus, after simple algebra, the following equilibrium values result:

ve —E’ I, = T ER (12.76)

Hence, the controlled variable is X = i; and Xy = v is the free variable
of unit relative degree, equal to the control vector size; this renders the
passivity-based control possible. The reference (desired) values are X,;c = iL*
and X4r = v4c, respectively, with X¢c =i, —i; and Xp = v¢ — vy being the
error variables. Variable v,¢ exhibits dynamics depending on the control input.
Note that for a regulation task, ve is constant, then Xyc = i; is constant,
therefore x;c = ii =0.

Once the formal elements have been identified and supposing that damping
injection matrices Kic and Kiy have also been chosen, one can particularize relations
(12.51) that allow the passivity-based control input computation. In this case,
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Ge(uc,E) — {Fe(uc) - i + Ke(uc) - iy + Fer(uc) - vac} + Kic - (i — i) =0

Gr(uc,E) — {Hr -vic +Fr(uc) - vac + Kr(uc) - vac + Frc(uc) - iy }
+ Kir - (ve —vac) =0,
(12.77)

where

Ge(uc,E) = Euc, Fc(uc) =0, Kc(uc) =0, Fer(uc) =—(1 —uc),
(12.78)

{ Gr(uc,E) =0, Hp=C, Fp(uc)=0 (12.79)

Kp(uc) = 1/R, ch(uc) =1- Uc.
Note that matrices Kic and Kiy are scalars in this case. By replacing the
elements given in (12.78) in the first relation of (12.77), one obtains
EMC + (1 - I/lc)vdc + Kic (iL - ZZ) = 0,

which leads to the expression of the passivity-based control input as

ve = o = vac + Kic (i, — if) '

Vaic —F

(12.80)

Finally, by replacing the elements given in (12.79) in the second relation of
(12.77), one obtains

—Cvjc — 1/R “Vac — (1 — I/tc)lz +KiF(VC — VdC) =0, (12.81)

which describes the dynamics of the desired free state value v, as depending on the
computed control input #c. Figure 12.12 presents the block diagram of the closed-
loop system as a particularization of the general diagram given in Fig. 12.8 to the
case of the buck-boost DC-DC converter.

12.5.2 Damping Injection Tuning

As explained in Sect. 12.4.1 and illustrated in Sect. 12.4.5 of this chapter, damping
injection values are chosen in relation to switching frequency f, supposing that the
latter gives a lower bound of the time constant for the controlled variable, i.e., of
inductor current i;. The result is

e > 1/f, (12.82)

where frequency fis measured in rad/s. Regarding convergence of the free variable
ve, what is true for the case of the boost converter is true for the buck-boost
converter as well. Thus, the “free” dynamics comprise two components, one of
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Fig. 12.12 Schematics of passive-controlled buck-boost DC-DC converter

which is practically speaking the dynamic of the controlled variable, and the other,
which can be tuned by means of Kir. Imposing that this latter be five times faster
than the controlled variable’s dynamic, one obtains

> 1/(5f). (12.83)

On the other hand, the closed-loop time constant of the controlled variable can
be expressed as tc = L/Kic, according to expression (12.80) of the control input
being replaced in the first relation of converter’s dynamics (12.75). Taking into
account (12.82) gives

Kic < Lf. (12.84)

As for the time constant characterizing the adjustable part of the free variable’s
dynamic, its expression can be deduced from relation (12.81) of the free state
desired dynamic by supposing i to be constant, namely,

1

T 1JRC) + Kir/C’

which, combined with (12.83), gives further

Kip < 5Cf — 1/R. (12.85)

Relations (12.84) and (12.85) provide upper bounds on the damping injection
coefficients. One notes that the same analytical relations as seen in the case of the
boost converter have resulted (see Eqs. 12.68 and 12.69 respectively). In the
considered buck-boost case Ki- < 314 Q and Kip < 138.13 Q™ I
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12.5.3 Study of Closed-Loop Small-Signal Stability

In order to prove the convergence of the “desired” free dynamics (12.81), the small-
signal stability of the closed-loop system presented in Fig. 12.12 must be
performed. This involves a bilinear system with the following state-space
description:

- 1_ -
0 ¢ 0
L
g a1 0 i
E Ve = C RC : vc
Vdc . e Vdc
lF .
~F |-+«
0 ¢ “cl\rTAF
0 E(x
0 L |L
I A (12.86)
¢ 0

where « is the passivity-based control input computed according to (12.80). After
introducing expression (12.80) of a into Eq. (12.86), one deduces the small-signal
model of the closed-loop system by linearization around the equilibrium point
corresponding to the equilibrium value of system input i,,. It is the state matrix
of the linearized system, Agg, that is interesting from the point of view of stability.
One follows steps of the small-signal stability analysis detailed in Sect. 12.4.5 —
concerning an application example to the case of a boost converter — and adopts
analogous notations. In the case of a buck-boost converter, after some obvious
manipulations, it turns out that this matrix has the expression

Kic(E —v¢) -« (E —vc)(i;Kic — E)
L(vac — E) L L(vec — E)?
(-0 iKic 1 i (E+Kic (i — if))
Ags = C C(vac—E) RC C(vac — E)’
iiKic Kip | ii (E+Kic(ip — if))
e — | pt+Kir] - . o= o
C(Vd(; — E) C C\R C(de — E) e
- 41 Xss = Xsse

i =i

The eigenvalues of Agg are computed numerically for different values of the
damping injection coefficients Ki- and Kip — placed within the limits previously
determined, that is, Kic < 314 Q and Kir < 138.13 Q™ t_ supposing in the first
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place that source voltage E and load R are constant. To ease computation, the
relations (see also Eq. 12.76)

— — ¥ : — gk
VCe = VdCe = Vs e =11, =

E-R ~

are replaced in the expression of Agg, to allow rewriting it as

_ Kic _E _ veKic E
L L(v; —E) ERL  L(vi —E)
veKic E 1 _ Ve
Ass= | ERC ~ C(vi—E) RC RC(vi —E)
veKic Kip 11 ) v
ERC C c\r 5" TR —B)
) (12.87)

Numerical analysis was first performed for a boost operation, namely for the
control goal v¢ = — 20 V and source voltage E = 15 V. This provided stable
eigenvalue sets for large variation domains of Kic and Kiy, allowing the conclusion
that the free dynamics are stable. Thus, Fig. 12.13a shows the excursion of the three
eigenvalues as Kic varies, with fixed Kir. This involves two complex-conjugated
eigenvalues that move, the third being real and fixed. The figure shows that there is
a value of Kic —in this case, this is around Ki- = 34 Q — for which the two complex
eigenvalues become equal and real. Increasing Kic further makes only one move,
namely in the sense of increasing its absolute value.

Figure 12.13a contains information helpful for selecting a suitable value for the
damping injection coefficient Ki-. One can see none of the represented cases induce
overshoot, practically speaking, because the damping coefficient is larger than 0.8.
A suitable value can, for example, be one that corresponds to the two complex
eigenvalues becoming real and quasi equal (i.e., Kic = 34 Q in this case).

Figure 12.13b shows the excursion of the three eigenvalues as Kip varies, Kic
being fixed. Here also it is about two complex-conjugated eigenvalues and a third
real one, all three moving. One notes there is a value of Kir — in this case, around
Kip = 13 Q™ ' — for which the two complex eigenvalues practically no longer
move; only the third keeps moving in the sense of increasing its absolute value. In
all the represented cases the pair of complex eigenvalues do not induce overshoot
in the dynamic response, since its damping coefficient is larger than 0.9.

The above remarks suggest that both damping injections — in the controlled and
in the free dynamic — improve the stability margin of the system when in boost
operation.

Numerical analysis has also been performed for buck operation, namely for
control goal ve = — 10 V and source voltage E = 15 V. The free dynamic is
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Fig. 12.13 Closed-loop small-signal stability analysis of a passivity-based-controlled buck-boost
converter operating in boost mode (£ = 15 V, vc* = — 20 V): (a) migration of poles in the
complex plane as damping injection of current (controlled variable) increases; (b) migration of
poles as damping injection of voltage (free variable) increases

convergent also in this case for Kic and Kip varying within the limits previously
determined, that is, Kic < 314 Q and Kip < 138.13 Q™ Uas Figs. 12.14a, b show.

Figure 12.14a shows the excursion of the three eigenvalues as Kic varies, Kip
being fixed. The three eigenvalues follow a similar motion scenario to those in the
boost operation case, i.e., there are two moving complex-conjugated and one real,
fixed. In this case the value of Ki- for which the two complex eigenvalues become
equal and real is around Kic- = 5.8 Q. Increasing Ki. further makes one continue
moving in the sense of increasing its absolute value, whereas the other moves in the
opposite direction until reaching a fixed position.

Figure 12.14b shows the excursion of the three eigenvalues as Kip varies, Kic
being fixed. Now all three eigenvalues are real, one of which moves while the other
two keep approximately the same position. The moving one is getting farther from
the imaginary axis. This suggests that the stability margin of the system increases as
damping is injected in the dynamic of the free variable.

The analysis of the closed-loop linearized system’s eigenvalues can further be
resumed in the case of parameter variations, more precisely, by taking fixed values
for Kic and Kir and allowing E and R to vary. The results of such analysis for
Kic =25Q,Kipr = 10 Q™ Uand vg = — 15 V are shown in Figs. 12.15a, b.

Figure 12.15a shows the influence of varying the source voltage E on the closed-
loop small-signal stability, with the nature of two of eigenvalues changing from
complex-conjugated to real as the operation changes from boost to buck (i.e., as
E increases from 5 to 45 V). Figure 12.15b shows that the load variation has
practically no influence on the closed-loop small-signal stability, as the position
of the three eigenvalues, all real, varies very little as load R varies between 10 and
1000 Q.
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Fig. 12.14 Closed-loop small-signal stability analysis of a passivity-based-controlled buck-boost
converter operating in buck mode (E =15V, vé = — 10 V): (a) migration of poles in the
complex plane as damping injection of current (controlled variable) increases; (b) migration of
poles in the complex plane as damping injection of voltage (free variable) increases

a , b
1 x 10 ‘ ‘ ‘ ‘ | ‘
Im | Ye=-15V x Im | Ve=-15V
R=10Q N E=30V
05rE=5>45V 1 05 R=10— 1000 Q
E increases *
< X—= < =
e S L L L EE P LTS TWOC — 0N [ R R L L EE R L ®----- 2|
x
T N T R increases
0.5 Fixed x 17957 Fixed
position position
: x Re | Re
-4 -3 -2 -1 0 -5 -4 -3 -2 -1 0
x 10* x 10*

Fig. 12.15 Closed-loop small-signal stability analysis of a passivity-based-controlled buck-boost
converter subject to parameter variations (v(*; = — 15 V): (a) migration of poles in the complex
plane as source voltage E varies and load R is constant; (b) migration of poles in the complex plane
as load R varies and source voltage E is constant

12.5.4 Adaptive Passivity-Based Control Design

The previous section ended with an analysis of sensitivity to parameter variations
from the small-signal stability viewpoint. A parameter estimator for the most
variable parameters £ and R can be designed following guidelines given in
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Sect. 12.4.3 and relation (12.56), where parameter ¥ = 1/R (load admittance
instead of load resistance) is estimated for reasons of linearity.

The parameter vector is denoted by P = [E ¥ ]T. AE=E — E.sand AY =Y —
Y.s are notations for the parameter estimation errors. The variations of matrices
involved in the buck-boost converter’s Euler—Lagrange representation (12.74) due to
AE and AY are determined as

_ _ 10 0 | AE - uc
AH=0, AF=0, AK= {O AY]’ AG = [ 0 ]
Taking into account that x; = [if vec]' and AP =[AE AY]", the last
expressions are substituted into relation (12.55), leading to

U 7 B AN B [AE
AG — AK [vdc]—[_Ay.vdc}—Y(Xd,Xdauc) [AY’

and further, to identifying the expression of matrix Y:

. u 0
Y(Xq,Xq,uc) = { OC Vdc]'

Finally, Eq. (12.56) giving the parameter estimation dynamics appears as

aliz]=[6 e Sl L] oow
dr | Yest 0 r 0 —va Ve — Ve

with y; and 7y, being positive scalars responsible for the convergence speed of the
estimation error to zero. Fine tuning of these two coefficients can be done by
numerical simulation. Note that here — unlike in the case of the boost converter —
the parameter estimation scheme needs the value of the passivity-based control
input uc. Also, one must verify that the adaptive control structure does not render

the current loop unstable. Figure 12.16 presents the obtained passivity-based
control structure based upon parameter estimation.

12.5.5 Numerical Simulation Results

This section is dedicated to illustrating the dynamic performance of the considered
buck-boost converter controlled with the previously designed passivity-based con-
trol law. The nonlinear averaged model has been used for this purpose. Operation
around a boost-mode steady-state point has been studied, namely, for the output
voltage setpoint v = — 20 V and source voltage E < 20 V, in the first place
constant, then variable. This type of operation is more challenging in the sense of
exhibiting nonminimum-phase behavior and, more important, nonlinear phenom-
ena that lead to larger tracking errors.
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Fig. 12.16 Adaptive passivity-based control structure of a buck-boost converter based upon
current tracking and output voltage regulation

Figure 12.17 illustrates the dynamic performance of the basic passivity-based
control law presented in Fig. 12.12 when the parameters — load R and source voltage
E — are assumed constant and known, that is, without embedding the parameter
estimator in the closed-loop system. Figure 12.17a, b allow assessing the closed-
loop dynamic response of the free and the controlled variable, respectively.
Figure 12.17c presents the evolution of the duty ratio uc as it reflects the control
input effort.

The closed-loop time constant of the controlled variable T+ can be evaluated
from Fig. 12.17b by measuring the settling time of this variable, i;, for a given value
of the associated damping injection coefficient, Ki.. For example, for Kic = 5 Q
the settling time is around 2 ms, which gives T ~ 0.5 ms, which is coherent with
evaluating the expression T~ = L/Kic. The time constant of the free variable, tr,
can be evaluated from Fig. 12.17d by measuring the settling time of the error
ve — vgc for a given value of the corresponding damping injection coefficient
Kip. For example, for Kip =2 Q' the settling time is around 2.5 ms. Taking
account that the free variable follows the controlled variable’s dynamic, one obtains
a settling time of 2.5 — 2 = 0.5 ms for the “adjustable” free dynamic. Further, this
means a time constant T ~ 0.1 ms that is coherent with evaluating the expression
T = 1/(1/RC) + Kif/C).

Figure 12.18 contains a set of simulation results that emphasizes the influence of
different choices of the damping injection coefficients Kic and Kiy. Figure 12.18a is
for a fixed value of Kir and different values of Kic; the response time of the output
voltage decreases as Kic increases, but so does the nonminimum-phase effect.
Figure 12.18b concerns the case of a fixed value of Kic and different values of
Kir; the response time of the free variable error ve — v, decreases as Kir increases
and so does the error amplitude.

Figure 12.19 presents the evolution of the variables of interest of the buck-boost
converter controlled with the basic passivity-based control law in the presence of
parameter variations. Figure 12.19a refers to load R variations and Fig. 12.19b
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Fig. 12.17 Boost operation of a buck-boost converter with basic passivity-based control for
output voltage regulation — evolution of variables of interest in response to step variations of
+1 V of the voltage reference v¢" around 20 V for two pairs of damping injection coefficients, Kic
and Kir: (a) output voltage; (b) inductor current; (c¢) duty ratio (control input); (d) error between
output voltage and its “desired” value, v ¢

regards the source voltage E variations. Both figures indicate that steady-state error
occurs, which is larger in the case of load variations; hence, implementation of
adaptive control law that embeds parameter estimation is necessary.

Figures 12.20 and 12.21 contain simulation results of implementing the adaptive
passivity-based control structure given in Fig. 12.16. Suitable values of parameter
estimator’s coefficients y; = 40000 and y, = 0.12 — responsible for the estimation
convergence speed —resulted from the simulation.

Figure 12.20a shows that the control goal is achieved in spite of load variations,
with reasonable dynamic errors. The load variation also induces deviations of the
estimated value of the second parameter E, as shown in Fig. 12.20d. Therefore, the
parameter estimation works well and one can see that the estimation convergence
speed depends on the operating point, as suggested in Fig. 12.20c. The steady-state
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Fig. 12.18 Boost operation of a buck-boost converter with basic passivity-based control for
output voltage regulation — evolution of output voltage v and of error ve — vy in response to
step variations of =1 V of voltage reference v around 20 V: (a) influence of varying damping
injection coefficient for controlled variable Kic; (b) influence of varying damping injection
coefficient for free variable Kip
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Fig. 12.19 Boost operation of a buck-boost converter with basic passivity-based control for
output voltage regulation — influence of parameter variations (load R and source voltage E) on
accomplishing control goal: (a) steady-state error due to load 1-€ variation; (b) steady-state error
due to source voltage 1-V variation

value of the controlled variable i; changes in response to parameter change, as
predicted by relation (12.76) (see Fig. 12.20b).

Figure 12.21a shows how the control goal is achieved in spite of source voltage
variations. Reasonable dynamic errors also occur in this case. Voltage source
variation determines deviations of the estimated value of the first parameter, R, as
one can see in Fig. 12.21c. As in the previous case, the parameter estimation also
works well in this case, with the dynamic depending on the operating point, as
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Fig. 12.20 Performance of parameter estimation in boost operation of a buck-boost converter
with adaptive passivity-based control for output voltage regulation — evolution of variables of
interest, real and estimated parameters in response to +1-Q load variation around the value
R = 10 Q for which the control was initially designed

suggested in Fig. 12.21d. Figure 12.21b shows that the steady-state value of the
controlled variable i; changes in response to parameter change.

One can see that it is more important to obtain satisfactory load estimation than
source voltage estimation, because it is highly probable that the latter could be
measured, whereas this is not the case of the former. Besides, source voltage variations
do not happen very abruptly in general, but load variations can occur suddenly.

Finally, Fig. 12.22 allows a comparison to be made between adaptive passivity-
based control applied in the boost mode and in the buck mode of the considered
buck-boost converter, when source voltage varies. Figures 12.22a, b show that,
when the parameter estimated value is used, the output voltage setpoint is reached
more slowly and with larger dynamic error than would happen if the real
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Fig. 12.21 Performance of parameter estimation in boost operation of a buck-boost converter
with adaptive passivity-based control for output voltage regulation — evolution of variables of
interest, real and estimated parameters in response to +1-V variation of source voltage around
value E = 15 V for which control was initially designed

(measured) value were used (supposing that such measure is available). Such errors
are intuitively obvious; they can be estimated with the help of simulation results.
Note that —even if the basic passivity-based control law was designed for £ = 15V,
i.e., for boost-mode operation — dynamic errors due to variations of E are larger in
the boost-mode operation; consequently, control input (duty ratio) variations are
larger in this mode compared to the buck mode (see Fig. 12.22b compared with
Fig. 12.22d).
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12.6 Conclusion

This chapter looked at two control techniques that exploit general features of power
electronic converters related to energy processing. It was then natural for both
approaches — stabilizing control and passivity-based control — to be theoretically
developed with the help of Lyapunov methods, which supposed the use of energy
functions. The property of power converters to dissipate a part of the received
energy was emphasized; this property was further related with convergence to
stable operating points and used for control purposes. More precisely, convergence
speed could be controlled by means of the so-called damping injection. Technically
speaking, both the stabilizing and the passivity-based control rely on conveniently
selecting some damping injection coefficients, whose closed-loop action is equiva-
lent to that of a state feedback that changes the poles of a linear system.
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A systematic procedure for fine tuning damping coefficients needed to be found;
however, upper bounds could be computed to guide their choice. Tuning was then
completed by numerical simulation in each particular case.

Both control approaches detailed in this chapter must deal with the presence of
zero dynamics as a general characteristic of power converter dynamic behavior.
Indirect control is thus necessary in most of cases, in order to ensure the control goal
is achieved by means of stable control laws.

The most important drawback shown by the control laws discussed in this
chapter is their complexity and dependence on variable and difficult-to-measure
parameters; in particular, the dependence on load characteristics represents a
significant constraint. The solution was to employ adaptive versions of both
stabilizing and passivity-based control structures that require appropriate tuning
of the embedded parameter estimation dynamic. As in the case of selection of
damping coefficients, here also numerical simulation plays an important role in
discovering the best values of the estimator gains responsible for the estimation
convergence speed. Recent works have reported more sophisticated methods for
handling parameter uncertainty, many of which take advantage of restating the
problem in a linear formalism (Escobar Valderrama et al. 2003; Leyva et al. 2006;
Hernandez-Gomez et al. 2010).

In conclusion, there are some restrictive issues related to implementing the two
Lyapunov-based approaches for controlling power converters, even more if one
takes into account that implementation involves fast-dynamic, time-critical
systems. In the literature one can find works reporting hybridization of energy-
based control approaches with linear control techniques (Pérez et al. 2004), as well
as with other nonlinear control methods — for example, the variable-structure
control (Nicolas et al. 1995; Sira-Ramirez et al. 1996; Ortega et al. 1998) or
feedback-linearization techniques (Sira-Ramirez and Prada-Rizzo 1992) — for the
purpose of improving simplicity and closed-loop robustness and dynamic perfor-
mance. Extensive details on the application of variable-structure control — and in
particular, of sliding-mode control — to power electronic converters are presented in
the next chapter.

Problems

Problem 12.1. Stabilizing control of a single-phase rectifier

Figure 12.23 presents the electrical circuit of a single-phase rectifier, where  is the
grid pulsation, E is the amplitude of the sinusoidal grid voltage, C is the DC-link
capacitor’s capacity, L is the grid-side inductor’s inductance and the other notations
have their usual meaning. R represents the variable DC load. Design a stabilizing
control law aimed at regulating the output voltage at a setpoint vg; this is the
primary goal, with a secondary one being the requirement of zero reactive power.
The rectifier averaged model in the synchronously rotating dg frame will be used to
this end.
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Fig. 12.23 Electrical circuit of single-phase rectifier

Solution Recall that the general averaged model (GAM) of this circuit expressed
in the synchronously rotating dg frame is given by (see relation (5.63) in Chap. 5)

Liy = oLiy +E — vop,
Liq = —OJLid — Voﬁq (12 89)

R ; v
Cvp= 3 (zdﬁd + quq) — EO’

withu = [ﬁd B, ] ! being the input vector — composed of the d-component and the

g-component of the duty ratio p —and x =[iz i; o }T being the state vector.
Equation (12.89) allows the considered AC-DC converter to be treated from the
control viewpoint like a DC-DC one. Note also that the dg modeling has
transformed the initial single-input system into a multi-input one. A stabilizing
control input will be computed according to the steps of Algorithm 12.1 given in
Sect. 12.2.3, in order to achieve the stated control goal.

Model (12.89) is linearized around the desired operating point, that is, the one
corresponding to the output voltage setpoint vq to the load value R, supposed in
the first place known and constant, and to the steady-state value of the i, current
being zero (since the reactive power is imposed to be zero). The other values
characterizing this operating point — denoted next by subscripts e — are found by
zeroing derivatives in Eq. (12.89). It is easy to verify that

_ 2
" ER’

£

g, — 20 (12.90)
* 2 qe .
Yo

ER

ide iqe = O’ Bde =

The next step is to obtain the linearized version of model (12.89) around the
operating point described by (12.90). By adopting notation - to denote variations
around the chosen steady-state point, one then writes
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Li; = —wLiq —voP, — quvNO

B B ~ .o ~ Vo
Cvo = E <l(1eﬁd + Bdeld + lquq + ﬁqdq) -

Lig = oLy = viB; — a0

in which expressions (12.90) are replaced to finally yield

= ~ E _ B
Li; = oLi; — v—*vo — By
0

= ~ 2oLvj _ o
Li, = —oLiy + OV() - VOBq (12.91)
E ~ olvi~ 1_ v~
—0 Vo + 0 ﬁd .

Cho==—is —
2vg

Expression (12.91) of the linearized model in variations is further written in the

more compact form

X =A-X+B-u, (12.92)
o ~ =~ T, . ~ ~ 77 .
withX = [i; i, v | being the state vector, i = {ﬁd B, } being the input
vector and state and input matrices being determined as follows:
- E v -
0 — —— 0
¢ Vil L
o 0 20v 0 — Vo
A= ER |- B= Ll (12.93)
E oLv§ 1 vy? 0
2viC ERC RC ERC
The Lyapunov candidate function
(12.94)

~ 1.7, .~
V(X) =-x"Qx
2
is defined, where matrix Q is chosen such that function V represents the energy in

the increment; therefore:

(12.95)

=)
I
o o~
o~ o
aoo
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One can easily verify that A’Q + QA is symmetric and negative definite. The
stabilizing control law is effectively computed according to relation (12.20), after
supposing that the positive scalar 4 is conveniently chosen:

u=-1-B'Q-x,

which, by taking into account expressions of matrices B and Q given by (12.93) and
(12.95), respectively, leads in our case to the following state-feedback form of the
stabilizing control input variation:

V*Z
N -vy 0 .
=1 ER | -X. (12.96)
0 —v 0

~ ~7T ~
By replacing u = {ﬁd B, } and X = [i, iy Vo ]T in expression (12.96),

this latter can be written component wise, thus emphasizing the expressions of
d- and g-components of the duty ratio:

__ . V*Z _
B, = Wiig — A2
@ ER (12.97)

B, =My,

One can see that scalar A is measured in A~ 'V~ ! its effective selection results
from a numerical analysis of the closed-loop system’s poles in the complex plane,
as shown in the example detailed in Sect. 12.2.4. Expressions of duty ratio
components obviously result as B, = B, + E; and B, =B, + E; , respectively,
where steady-state values B4, and B, are given by Eq. (12.90) and variation values
ﬁ; and BNq are given by Eq. (12.97):

E _ V*Z
=24 v — 22
P vy AVl T AR
(12.98)

x5

20Lv
2 v0+/1v01q.

ER

By =

Equation (12.98) shows that both obtained stabilizing control expressions
depend on source voltage E and also on load value R. If the former might be not
constant or it might be unknown in some applications, the latter habitually varies in
an unpredictable manner in most applications. This is a quite important limitation of
control law effectiveness because its practical use must rely upon parameter
estimators.

The following problems are left to the reader to solve.
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Fig. 12.24 Bidirectional-current DC-DC converter, E < v¢

Problems 12.2. Bidirectional-current DC-DC converter passivity-based
control
Figure 12.24 presents the electrical circuit of a two-quadrant DC-DC converter —
previously presented in Fig. 8.8 of Chap. 8 — where E is the source voltage of
constant amplitude, R represents the variable DC load and the other notations have
their usual meaning. Inductor losses are here neglected (i.e., R; = 0).

It is required to obtain the Euler—Lagrange model of the converter — in the general
form (12.38) given in Sect. 12.3 — and then use it to compute the expression of a
passivity-based control law aimed at regulating the output voltage at a setpoint v¢ .

Problems 12.3. Buck power stage stabilizing control

Figure 12.25 shows the electrical circuit of a buck DC-DC converter, which

was previously used in Problem 3.5 of Chap. 3 (see Fig. 3.26). Notations have their

usual meaning, with R representing the DC load. E and R are assumed known and

constant. Values of parameters are E = 12 V,L = 1 mH, C = 680 pFand R = 3 Q.
Address the following points.

(a) Obtain the averaged model of the converter. What can be said about its
linearized model?

(b) Use the converter’s linearized model to obtain the expression of a stabilizing
control law aimed at regulating the output voltage at a setpoint v¢.. To this end
follow steps of Algorithm 12.1, choosing matrix Q as in (12.7).

(¢) Forv¢: = 9 V perform a numerical analysis of the closed-loop system’s poles in
order to justify the choice of coefficient A in the expression of the above
computed stabilizing control law.

Problems 12.4. Stabilizing control of Cuk converter

Let us consider the electrical circuit of a Cuk converter presented in Fig. 12.26
(repeated from Fig. 3.17 of Problem 3.1 of Chap. 3). Meanings of notations are
clear from the context, with v, being output voltage and R representing load.
Source voltage E and R are assumed known and constant. Values of parameters are
L =L, =5mH,C; =470 pF, C; =220 pF, E =12 Vand R = 15 Q.
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The following points must be addressed.

(a) Obtain the averaged model of the converter and then its linearized model.

(b) Use the converter’s linearized model to compute the expression of a stabilizing
control law aiming at regulating the output voltage at a setpoint v¢». To this end
follow steps of Algorithm 12.1, with matrix Q chosen as in (12.7).

(c) For vea = 15 V perform a numerical analysis of the closed-loop linearized
system’s poles and choose the value of coefficient A in the expression of the
above computed stabilizing control law so as to ensure a second-order dominant
dynamic with 0.7 as damping coefficient.

(d) Build the numerical simulation diagram of the nonlinear closed-loop system in
Simulink®. Perform simulations in order to validate the imposed dynamic
performance of the system around the desired operating point — one
corresponding to the setpoint v&, — by exciting the system with step variations
of voltage reference.

Problems 12.5. Adaptive passivity-based control of a boost DC-DC converter
Let us return to the case of the boost converter supplying a resistive load R from
the example detailed in Sect. 12.4.5. Its parameters are L = 5 mH, C = 470 pF,
R =10 Q, E = 15 V and the switching frequency f = 20 kHz. Its electrical circuit
was presented in Fig. 3.5 of Chap. 3 and its switched model can be found in relation
(12.57). The control task is to regulate the output voltage at a value ve.

It is required to design a parameter estimator based upon Eq. (12.72) and to
implement numerically the adaptive passivity-based control scheme presented in
Fig. 12.11 by using developments given in the example. Perform an analysis of the
estimator’s dynamic performance depending on the coefficients y; and v5.
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Problems 12.6. Stabilizing control of a buck-boost DC-DC converter using
the nonlinear model

The case of the buck-boost converter from the case study presented in Sect. 12.5 is
considered again here, with the same parameters and the same control objective of
regulating the output voltage. Its switched model is given by (12.73). First obtain
the nonlinear model of the converter in the form (12.9) and then compute a
stabilizing control law by using this model, that is, by applying Algorithm 12.2
detailed in Sect. 12.2.3 previously in this chapter.
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Chapter 13
Variable-Structure Control of Power
Electronic Converters

Interest in variable-structure control is justified by the necessity of robustly
controlling systems whose structure switches between several configurations.
Power electronic converters are such class of systems because they can be described
by differential equations with discontinuous right-hand sides (i.e., discontinuous
inputs). Moreover, they exhibit nonlinear behavior which can in some applications
render unsuitable standard linear control approaches. Good control performance
such as large bandwidth is ensured because the switching solution is obtained
directly without any other form of supplementary modulation (PWM, sigma-delta
modulation).

This chapter first introduces some basic concepts specific to variable-structure
control by relying upon some examples commonly used in the power electronics
community. Next, mathematical developments are outlined in order to support
the general algorithm containing the steps of a variable-structure control design
procedure. Buck and boost DC-DC converters serve as benchmarks. Two case studies
illustrate the variable-structure control approach: first, a single-phase power-factor-
correction converter (PFCC) and second, a three-phase voltage-source converter used
as PFCC, which is treated as a multi-input-multi-output (MIMO) system. Connections
between variable-structure control and other nonlinear control approaches are
emphasized. This chapter ends with two solved problems and several posed problems.

13.1 Introduction

Variable-structure control theory has its roots in early works of Filippov (1960) and
Emelyanov (1967) on nonlinear systems described by differential equations with
discontinuous right-hand side that may exhibit sliding modes. This theory has been
further developed in many other works, like Utkin (1972) and Itkis (1976). As this
approach has matured (Utkin 1977; Hung et al. 1993; Sira-Ramirez 1993; Young
et al. 1999; Levant 2007; Sabanovic et al. 2004), its robustness has spread its
application into many engineering and technology areas; thus, variable-structure
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control is particularly suitable for nonlinear and/or variant systems such as robotic
manipulators (Slotine and Sastry 1983), motion control and electric drives (Utkin
1993; Sabanovic 2011) and renewable energy systems (Battista et al. 2000).

The relevant literature is particularly rich in the power electronic converter
control area. Articles like Venkataramanan et al. (1985), Sira-Ramirez (1987,
1988), Malesani et al. (1995), Spiazzi et al. (1995), Carpita and Marchesoni
(1996), Mattavelli et al. (1997), Carrasco et al. 1997; Martinez-Salamero
et al. (1998), Guffon et al. (1998), Sira-Ramirez (2003) and Tan et al. (2005) are
just few of the bibliographical references that the literature provides. There are also
some notable textbooks like Sira-Ramirez and Silva-Ortigoza (2006) and Tan
et al. (2011) that provide useful theoretical and practical insights in developing
variable-structure control structures for power electronic converters.

13.2 Sliding Surface

The concept of sliding surface is one of the basic concepts related to variable-
structure control; it will be introduced by means of the boost converter given in
Fig. 13.1. Let us state a control goal for this configuration, namely to regulate the

. .k . . . . .
current i, at the reference value i; . This can be achieved by acting on switch H in
the following way:

1, if>i
H= L=" (13.1)
0, if<iy.

One can see that the circuit switches between two configurations — it changes its
structure — according to the sign of the expression issued from (13.1) (see
Fig. 13.2b, c¢):

s(x) =i —iL. (13.2)

It is this change of structure that gives such a system the name “variable-
structure control”. Hysteresis has also been taken into account; it is due to
noninstantaneous switching. This aspect will be discussed later.

Fig. 13.1 Electrical circuit
of a boost converter u
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II

Fig. 13.2 Principle of variable-structure control illustrated on current regulation of boost con-
verter (where Ai; represents the hysteresis)

Fig. 13.3 State-space
trajectory

s
s(x)=0
i / \/ W
Towards the equilibrium point
v

If now one is interested in the (v¢,iy) state-space behavior, one observes that
current i, tends to switch between the two regions marked by the line described by
i, =i, (Fig. 13.3), which is called switching surface. In the general linear case, it
is about the kernel of a linear application, i.e., a hyperplane.

In Fig. 13.3 the switching frequency is finite; in the theoretical case, this
frequency is arbitrarily large (infinite). Thus, supposing that the current i; switches
instantaneously, then the state-space trajectory would slide on the surface defined
by i, =i, . The dynamics on this surface are known as the associated sliding
modes. The corresponding switching surface is called sliding surface (Utkin 1972).

Figure 13.4 shows several types of switching surface, along with the associated
state-space trajectories.

In the single-output case, the switching surface dimension is (n — 1) for an n-
dimensional state space. Thus, in the linear case the switching surface is a

C
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Fig. 13.4 Examples of types of switching surfaces: (a) repulsive surface; (b) refractive surface;

(c) sliding surface and associated sliding modes

hyperplane, which is mathematically defined as the kernel of a linear form. For
example, in R" it is about an n-dimensional subset x having the property that there

n
exist scalars a;, k = 1, 2, - -+, n, such that s(x) = Zakxk =0.
k=1

Some particular cases of switching surface being a hyperplane are as follows:

« apoint if the state space contains a single state variable;
¢ aline in the case of a two-dimensional state space;

¢ aplane when there are three state variables;

* avolume for a four-dimensional state space.

In the case of the above boost converter the switching surface is a line because the
state space is in fact a state plane, namely the (v¢,i;) -plane. Note that in the general
nonlinear case the switching surface is a variety (or manifold) of a nonlinear form.

13.3 General Theoretical Results

For the sake of simplicity, let us first approach the single-input—single-output
(SISO) case and a time-invariant function s : R" — R. Let S be the set defined as
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Fig. 13.5 Intuitive planar
representation of
reachability of surface S in
finite time

S (s=0)

S = {x € R" having property s(x) = 0}, (13.3)

which therefore defines a time-invariant switching surface. Suppose also that the
state-space system is affine in its input, that is, it can be written as

dx
— =f(x) +g(x) - u (13.4)
dt

The goal of the variable-structure control can be stated as to bring and maintain
the system state on the chosen switching surface while preserving the stable
behavior on it.

13.3.1 Reachability of the Sliding Surface:
Transversality Condition

The fact that the surface S is reached is written mathematically as s(x) = 0. The
result is that in a neighborhood,
 if s(x) > 0, then one must apply u* such that d‘vy < 0;

ds(x)

* if s(x) < 0, then one must apply #~ such that =~ > 0.

If the control law meets the above conditions, the reachability of surface S is
ensured, but the manner of reaching is not specified. It could be reached either
asymptotically or in finite time, as illustrated in Fig. 13.5. But in order to obtain
sliding behavior on this surface, it must be reached in finite time.

Asymptotic convergence means that surface S is reached in infinite time, which
is translated as

ds(x) ds(x)

=0 and Slir(gl - 0. (13.5)

lim
s—0"
An example of asymptotic convergence is that of a first-order system: its
equilibrium point is reached asymptotically and in no case is there overshooting.
For a stronger condition, that is, for the surface to be reached in finite time, the
time derivative dsa(;) must not become zero in a neighborhood of S. In this
neighborhood, locally, condition (13.5) becomes
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Fig. 13.6 Illustrating the
transversality condition

lim @ < 0 and lim

s—0F t s—0

(13.6)

ds(x)
T 0.

By using Lie derivatives defined in Chap. 10 and taking account of the system
dynamics, condition (13.6) becomes

lim (Lgs+u-Lgs) <0 and lim (Lgs + u - Lgs) > 0. (13.7)

s—0" s—0T

By appropriately choosing the control law such that

Jut ifs(x) >0
= {u‘ if s(x) <0’ (13.8)
then condition (13.7) can be rewritten as
(Lfs +ut -Lgs) < 0 and (Lfs +u" -Lgs) > 0. (13.9)

One observes that the sign change of dsd(tX) takes place due to the vector field g(x)

being switched by the switching function u. Condition (13.9) cannot be ensured if
Lgs = 0. A necessary, but not sufficient, condition for the switching surface being
reached is the so-called transversality (or hitting) condition,

Lgs # 0, (13.10)

which is intuitively illustrated in Fig. 13.6. Indeed, posing Lgs = 0 is equivalent to
posing ds e g = 0; the nullity of the latter scalar product indicates orthogonality of
vector g and vector ds, normal to surface S. In other words, g has no component
normal to S. The system state cannot therefore be rendered on this surface, meaning
that S is not reachable.

13.3.2 Equivalent Control

Invariance of the switching surface means that the state remains on this surface. If
this is the case, the state will then have an equivalent averaged behavior defined by
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Fig. 13.7 Equivalent
averaged behavior on frutg
surface S according to
Filippov (1960)

Srug

the so-called equivalent control u,, (Utkin 1972) and corresponding vector fields,
as shown in Fig. 13.7. The above requirement can be translated as

ds(x)
=0and —==0 13.11
s(x) p ) (13.11)
which is further equivalent to
Les + ttey - Lgs = 0. (13.12)

Equation (13.12) allows us to get the expression of the equivalent control:

Lis dsef
L,s  dseg’

(13.13)

Ueqg =

which shows that the existence of the equivalent control is subject to the
transversality condition being met, i.e., Lys # 0. Note that in the multivariable
case, Eq. (13.13) becomes

U, = (%g(x))l . (%f(x)) (13.14)

A necessary and sufficient condition for the existence of sliding modes is
expressed as (the proof can be found in Sira-Ramirez 1988)

min{u",u*} < upy < max{u",ut}. (13.15)

To condition (13.15) one can add the requirement that the region R where
condition (13.15) is met have a nonvoid intersection with surface S, i.e., RN S
# @, where set S is defined by (13.3).

13.3.3 Dynamics on the Sliding Surface

The equivalent control u,, indicates sliding-mode behavior on switching surface S.
The system behaves as its dynamics would be given by



400 13 Variable-Structure Control of Power Electronic Converters

dx
= =100 + 1y -g(x) (13.16)
s(x) = 0.

Finally, it is required that the closed-loop system remain on surface S and have
stable dynamics. Thus, one must compute the equilibrium points of (13.16) and
verify that they are stable and placed within the sliding mode existence region.

The general results presented above concern the ideal sliding-mode behavior,
which supposes an infinite switching frequency. In real world applications, the
presence of hysteretic control laws induces finite-frequency switching. This does not
impose theoretical foundations be rebuilt, but one should consider so-called chattering
phenomena, i.e., oscillatory behavior around the sliding surface (Levant 2010).

13.4 Variable-Structure Control Design

13.4.1 General Algorithm

The following algorithm describes the steps for building the variable-structure
control law. It is applicable to a SISO system; nevertheless the methodology is
identical for the multivariable decoupled structures. An example will support this
algorithm by repeating step-by-step its various stages.

13.4.2 Application Example

Let us consider the buck DC-DC power stage given in Fig. 13.8. One aims at
regulating inductor current i; in order to build a current-controlled generator. To
this end, the following notations are adopted: x; is inductor current i;; x, is output
voltage vc. Next, the previously-stated algorithm is applied.

Step #1. The system is described as

Fig. 13.8 DC-DC buck
power stage diagram
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dx_
dr

where

and u gives the controlled switch H state: H is open if u = 0, and H is closed if
u=1.

Step #2. The current should be regulated to a certain value denoted by i, *, which
leads to a switching surface S, defined by

S= {(xl,xz) having property s(x;,x) = x; — i = 0}.
Step #3. The computation of ds givesds = [1 0].
Computation of the scalar product ds e g gives
dseg=1Les=[1 0]-[E/L 0]' =E/L+#0,

which verifies the transversality condition.
Step #4. The time derivative of s equals

Les+u-Leys=dsef+u-(dseg).
Developing this relation one obtains

ds 1
e (u-E—x).
dt L (u )

With the knowledge that in a buck converter input voltage E is always smaller
than output voltage v¢ (i.e., x), control input u is chosen as follows:

0 if s> 0 (x; > i), which gives ds/dt < 0
u:{ (1 > i) & / (13.17)

1 if s<0 (x1 < if),which gives ds/dt > 0.

Equation (13.17) defines the sliding-mode control law.
Step #5. The equivalent control input results as

LfS X2
Upg = ——— = —.
“ Les E

One notes that the equivalent control input u,, is represented by the duty ratio.
This illustrates that the closed-loop system averaged behavior on switching surface
S results as the consequence of applying the equivalent control input.

Step #6. The region in which the sliding modes exist, i.e.,
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Fig. 13.9 Representation of R and S in (x;,x;) -plane

min{u",u*} < upy < max{u,u},

is determined.

In this case u* = 0 and u~ = 1, the computation of u,, gives that 0 < F<1.
Knowing that the voltages x, and E are positive, i, is always positive. Also, the buck
converter always delivers a voltage x, smaller than the input voltage E. To conclude,
sliding modes exist on the entire operating region of the buck converter, defined as

R = {(x1,x2) having property 0 < x, < E}.

By studying the region R representation in the (xy, x) -plane from Fig. 13.9, one
can certify that R N S #£ .

Step #7. This step concerns the stability assessment on the surface S.

The system dynamics on the surface S is given by Eq. (13.12), which, by
particularization to the considered case, gives

d
X1 = l?j and% = f(X) + Ueq - g(X),

which leads to

dXZ lz< X2
— == 13.18
dC RC ( )
The equilibrium point is given by the pair x,o = i, ™ and x, = 0, which leads to
X0 = R - i*. The dynamics on the surface S is defined by Eq. (13.18) and is
always stable as it describes a first-order system with a time constant equal to RC.
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Fig. 13.10 Variable-structure current control employed by a voltage-regulation structure

Remark, This equilibrium point is not possible for any value of imposed inductor
current i, ™. For example, if X, = R - i, * > E, then one goes outside the existence
zone of the sliding modes. In any event, current reference must be chosen in order to
respect the converter structural limits:

e i;* must be smaller than E/R;
 i.* must be positive (x,o also must be positive), which is a trivial condition.

Figure 13.9 shows the structural limits: the operating zone in the state space is
the rectangle defined by 0 < x; < E/R and by 0 < x, < E.

At the end of this stage, one can consider the problem solved.

A supplementary problem arises if one considers the possibility of controlling in
the same manner the output voltage v¢ (i.e., x»). If the switching surface S is defined
as s(x) = v¢™ — x», one can note that the transversality condition is not respected
becauseds = [0 1]and, giventhatg = [E/L 0], thends e g = 0. Therefore, it
is not possible to regulate this voltage by means of variable-structure control
design. Nevertheless, some solutions may arise, either

(a) by changing the surface S so the transversality condition holds (and its expres-
sion still contains the reference value vo*); or

(b) by using the previously studied inductor current control as the inner loop in a v¢
voltage control structure.

The solution (b) displayed in Fig. 13.10 shows the implementation simplicity of
the variable-structure control design. Besides the developed control laws, one can
remark that the current control law given by Eq. (13.17) has been modified in the
sense of including a hysteresis block; this latter limits the switching frequency of
device H. The outer control loop built on a PI controller with the plant given by
Eq. (13.18) is used for voltage regulation purpose.
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13.4.3 Pragmatic Design Approach

Taking account of the system’s properties, the application of steps of Algorithm 13.1
can be simplified, leading to a pragmatic design approach, which is detailed next.

Algorithm 13.1

Design of the variable-structure control law for a SISO system

#1.

#2.
#3.

#4.

#5.

#6.

#7.

Write switched model by highlighting switching functions, i.e., putting
the model into the general form

dx

= t(x) + ()

Define switching surface S (based on reference requirements).
Verify transversality condition:

Lgs =dseg #0.
Define control input u that satisfies following relations:

(Lgs+u' - Lgs) < Oand (Lgs+u™ - Lgs) > 0.

Compute equivalent control input:
L¢s dsef
Uy = —— = — .
! Lgs dseg

Define domain R where min{u ,u*} < u., < max{u ,u"} and verify
that it has nonvoid intersection with switching surface S.
Assess equivalent dynamics on surface S and verify:

+ system stability on S,
+ that equilibrium points are indeed situated within intersection R N S.

In the case that the equivalent dynamics on the surface S are unstable,
find a stabilization solution by choosing another switching surface.

13.4.3.1 Transversality Condition

The time derivative of the switching surface has the expression

= Li(5(x) + Lgx)s(x) - u (13.19)
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(see Eq. (10.7) in Chap. 10). In the analyzed case, if control input u appears
explicitly in the expression of ds/dt, then obviously L,s # 0, which verifies the
transversality condition.

Hence, in the previous example s = x; — i, andds/dt = X, = —v¢/L +u - E/L.
Note that u appears explicitly; therefore the transversality condition is met.

13.4.3.2 Equivalent Control

From Eqgs. (13.13) and (13.19) it is found that the equivalent control is the solution
of the equation ds/dt = 0.

Hence, in the previous example u., = v¢/E, which is the same as the result
provided by Step #5.

13.4.3.3 Dynamics on the Sliding Surface

On the sliding surface the following relations hold: u = u,, and s = 0. If these
conditions are replaced in the systems dynamics dx/d¢ given by Eq. (13.4), then a
new state vector emerges, whose dynamics z =f (z,ueq) describe the system
behavior on the sliding surface.

In the previous example, putting u = u,, cancels the dynamics of the first
state (current i;), s = 0 leads to i, = i, *, which is replaced in the second equation
of dx/dt. The behavior on the sliding surface is given by the voltage equation
uniquely:

dVC o lz< vc

d C RC’
which is identical with Eq. (13.18).

13.5 Supplementary Issues

This subsection is dedicated to how the steps of the variable-structure control
design algorithm are particularized for somehow more complex cases that deserve
a particular study. Namely, focus will be put on:

* how to deal with the case of a time-varying switching surface, for example, one
issued from a sinusoidal reference;

* how to design a switching surface that is attractive;

* how to choose switching functions when the choice is not obvious;

* how to ensure finite switching frequency.
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13.5.1 Case of Time-Varying Switching Surfaces

An invariant dynamical system is a system whose dynamics do not depend explic-
itly on time. A linear system may not be invariant, for example, the buck converter
as described by its switched model: its structure changes within the operating
period; on the contrary, the averaged model of the same converter presents a linear
time-invariant structure.

In power electronics, one may propose time-dependent switching surfaces in the
case of power-factor-correction PWM rectifiers or of active filters, for instance. In
these cases, the reference to track is a sinusoidal signal or the difference between a
harmonic-polluted current and its fundamental, respectively.

It is possible that the expression of s(f) no longer includes a reference, but instead
a model of the reference or a tracking model. In both of these cases, the switching
surface depends on time.

To be able to use the above stated methodology and algorithm, one must

» assume a constant reference and thus study the various scenarios corresponding
to these values of the reference,

¢ add a new state variable in the system which has constant derivative: time; with
this artifice, the time variable can be eliminated from the surface expression.

A PWM rectifier ensuring unit power factor will be presented as the first case
study in Sect. 13.6 in order to illustrate these approaches.

13.5.2 Choice of the Switching Surface

Conditions that determine the switching surface reaching strongly depend on the
choice of the surface itself. Three methods of obtaining the switching surface are
described next, namely: the direct method, the Lyapunov approach and reaching the
switching surface with imposed reaching dynamic. The results that follow are also
valid for the multivariable case.

The direct method derives from the transversality condition (summarized in the
fourth step of Algorithm 13.1); it is the one chosen for the previously illustrated
example concerning the buck converter. This very simple method is based on

u=u" withds/dt > 0if s(x) <0 (13.20)
u=ut with ds/dt < 0 if s(x) > 0. '
If written more compactly, Eq. (13.20) becomes
d
s(x) - chtx) <0. (13.21)

One must remember that the condition expressed by (13.20) or (13.21) is global,
but it does not guarantee surface reachability in a finite time. In the multivariable



13.5 Supplementary Issues 407

case, one again uses (13.20) or (13.21) by particularizing them with respect to the
various switching surfaces s; composing s = [s1 s> -+ 5, ]T.

The Lyapunov stability theorem stated in Chap. 10 can be applied to finding the
switching surface of a variable-structure control law. Thus, by choosing V(x,?) =
s’s in the general (multivariable) case — which gives V(x,¢) = s> in the scalar case —
one can verify that V is a Lyapunov function. The computation of the time deriva-
tive V(x, r) gives 2s”§ in the first case and 2s5 in the second case. It is then sufficient
to choose the control input u (or «) such that

iV(X, 1 < —K-|x| ¥x,t,

dt

where K is a positive gain, in order to ensure finite-time convergence. Note that if
the state space origin is taken as the equilibrium point, the results remain general, as
it is sufficient to make the adequate change of state variable.

A third method of choosing the switching surface technique supposes not only
the reaching of the surface S in finite time but also the manner in which this surface
is reached. This is defined by the so-called convergence law; this is why this method
can be called the controlled-convergence method. In this case the surface S can be
defined by a noninvariant function s(x).

As stated by Hung et al. (1993), the convergence law can be

(a) at constant speed:

%s(x) = —K - sgn(s(x)), (13.22)

where the sgn function is defined by

sgn(s(x)) = [sgn(si(x)) sen(s2(x)) -+ sen(s,(x) ]

— with function sgn taking value 1 if its argument is positive and value —1
otherwise — and K being a p x p diagonal matrix with positive elements;
(b) at variable speed (depending on the distance from S):

%s(x) = —K - sgn(s(x)) — 4 - s(x); (13.23)

(c) at controlled speed expressed in the form of powers of s;(x):

d

Esi(x) = —k; - |s;i(x)"| - sgn(s;(x)) — 1-s5;(x),i = 1,2,--,p,0 <r < 1. (13.24)

Remarks. Equation (13.22) is a particular case of Eq. (13.23). Taking K as the zero
matrix in Eq. (13.23) does not ensure a finite-time convergence towards S and
therefore no sliding modes are obtained. The case of the direct approach —
Egs. (13.20) or (13.21) — is a particular case of Eq. (13.22).
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To conclude, a good choice of the switching surface is crucial for variable-
structure control performance. Its expression must embed the control goal, e.g., the
output setpoint, but it also must ensure the transversality condition by implementing
simple nonlinear operation such as the relay function. Usually, in practice the
switching surface results as a function of measurable states (Buhler 1986; Malesani
et al. 1995; Tan et al. 2011); it may be altered in order to maintain some internal
state variables (e.g., inductor currents) within reasonable limits.

13.5.3 Choice of the Switching Functions

Once the expression of s has been established, one must find the switching function
(s) that allow(s) its implementation. In the previously studied example this is
simple, but in the multivariable case this choice may be far more difficult.

Suppose that the switching surface has resulted by applying the controlled-
convergence method at variable speed; therefore, it is defined as

%s(x) — K- sgn(s(x)) — 2-s(x),

and knowing the system dynamics on one hand and the time surface derivative on
the other hand

a - ox 'f(")+< ax 'g("))'“’

the control input u is then chosen as

-1
u(x) = (a;(;) ~g(X)> ' (az(;)f(x) + K - sgn(s(x)) +/1~s(x)). (13.25)

If the Lyapunov approach is used, the surface defined by s(x) = O contributes at
building the Lyapunov function V(x, ) = 2s’s; u is chosen such that to obtain

d
—Vx,t) < —y- vV x,t,
V0 < —y-Ix] v

or else

2 5
5ol ( ;(;‘) F(x) + 2(;‘)  g(x) -u) < —y-Ixll, Vx.r. (13.26)

Remarks. If the system to be controlled indeed has variable structure, meaning that
the switching functions take discrete values, Eq. (13.26) is easier to comprehend.
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This is not the case for the Eq. (13.25), which provides a continuous value of the
control input vector u. Only in this latter case is the reasoning done based upon a
continuous-time system where u can take infinitely many values, which is appro-
priate for a bang-bang-type approach.

One must therefore adapt the reasoning to a classical variable-structure control
problem. For example, this is the case of a decoupled system with variable-gain
relays where the problem is solved by taking the components u;(x) of u as

ki s(x)>0
”"(X){k; if  s:(x) <0, (1327

the relay gains k;7(x) and k;,”(x) being chosen to satisfy Eq. (13.25).

The “unnatural” approach of controlling a continuous-time system by means of
variable-structure control design can be built “locally” by choosing a control input
of the form u = u,, + Au, which brings the reasoning back to the classical meth-
odology and algorithm already presented (DeCarlo et al. 2011).

In the multivariable case a (n — p)-dimensional switching surface results, which
is the intersection between different surface components s;.

In the case where the system is naturally decoupled, the variable-structure
control problem is reducible to the scalar case: the p various surfaces are indepen-
dently reached. A four-wire three-phase inverter with capacitor divider in the DC
circuit is an example illustrating this situation.

If, on the contrary, the system is not decoupled, one must either

» make a variable change so any switching function affects only a single switching
function; or

+ find a preliminary decoupling control law u = F(x,u’) so the functions u; affect
only their respectively corresponding surfaces s;.

A case study will be considered for illustrating the nondecoupled case: a three-
phase voltage-source inverter (without neutral wiring).

The surfaces s; can be reached one by one; therefore, a single control input u;
switches each time. The approach can also be global. In this case the various
functions u; are chosen so the resulting vector field brings the state directly to the
resultant switching surface, i.e., the intersection of the components s;.

13.5.4 Limiting of the Switching Frequency

The results presented above suppose an infinite-frequency switching function;
therefore, vectors switch instantaneously from one side to the other of the surface.
In practice the real systems are not infinitely fast and, even if the power electronic
switches become increasingly better-performing, their operation will always intro-
duce delays that will alter more or less the state-space system trajectories.
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Fig. 13.12 State-space trajectory with hysteresis

In Fig. 13.11 is represented an ideal sliding mode trajectory in the state plane of a
second-order system. One can remark that the vector fields bring the state
trajectories onto the surface S and then towards the equilibrium point (this has
been arbitrarily taken as the origin).

Multiple techniques are available that reduce switching frequency to a suitable
value; among such techniques, two are presented next as examples.

Figure 13.12 shows the effect of a hysteresis of imposed width A. The switching
series are done in an interval A around the surface S. A phenomenon appears around
the equilibrium point which is never reached; namely, the state-plane trajectory
gravitates around this point describing a limit cycle. This is the kind of undesirable
phenomenon that must be reduced; it is called chattering. However, the faster the
converter switchings are, the more reduced the surface of the limit cycle is, and so
too the oscillations around the surface S.

In power electronics variable-structure control practice, some admissible current
and voltage variation magnitudes must be allowed, thus allowing reasonably high
switching frequency.
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Suppose, for example, the case when the sliding surface is obtained as a linear
combination of states that employ the feedback vector k”. Therefore,

5(x) = —k’x.

When the switching frequency is finite, the surface s(x) has a triangular-like
shape with a magnitude of A, and §(x) differs slightly from zero:

5(x) = =K' (f(x) + g(X) - tiim)- (13.28)

where u;;y, is equal either to u" or to u”. As result, the state trajectory x gets farther or
closer to the switching hyperplane characterized by s(x) = 0 and §(x) = 0 with a speed
that represents the time derivative of the switching surface, $(x). Let x, be that state
vector value corresponding to the dynamics on the switching hyperplane, that is,

$(x0) = 0 = —Kk" (£(x0) + 8(X0)  tUeq).- (13.29)

It follows that x varies slightly around x,, so f(x) = f(xg), g(xX) = g(x¢). By
combining Eqgs. (13.28) and (13.29) one obtains (Buhler 1986)

5(x) = —k" g(x0) (ttiim — tteq)- (13.30)

Equation (13.30) is useful for computing the values of subinterval durations 7,
and T, by replacing uj, by u* and u~, respectively. Therefore, introducing a
hysteresis of width A in the control law is a way of limiting the switching frequency
to (Buhler 1986):

k" g(xo)
8A

Frvax = (" —u), (13.31)
showing that the switching frequency can be influenced by choosing either the
hysteresis value or the vector of the state feedback, k”. Note that in the general case
s(x) is a nonlinear function and fi,,,x depends proportionally on Lgs(x).

Another way of limiting the switching frequency is by superposing an auxiliary
signal, for example, a triangle-wave, over the original surface, s(x). In this case, the
resulting switching surface will have a ripple of 2A around an average value of a
nonzero value, s,, (see Fig. 13.13).

Suppose that the switching surface in obtained as a linear state feedback, as it was
in the previous case. Hence, §(x) results from Eq. (13.30) and is used to compute the
subintervals T,, and To¢ and then the switching frequency f. Imposing an upper
bound of the switching frequency, fi,.x, Will determine a lower limit of the hysteresis
width, as these variables are related by the following relation (Buhler 1986):

(u*—ug)(ue —u‘) 1
A:kTg(XO)‘ u+‘1_uz ?
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Fig. 13.13 Superposing an auxiliary signal over switching surface: (a) block diagram; (b)
associated waveforms
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Depending of the actual operating point, the average value of the switching
surface, s,,, may take values between —5, and +5, (see Fig. 13.13b). Once the
switching frequency has been chosen, one must take into account the fact that, in
order to ensure proper operation, the slope of the auxiliary signal s, must be higher
than that of the switching surface s(x) in the most unfavorable conditions. After
some algebra this condition is translated into a relation between the switching
frequency and the amplitude of the triangle wave, s, (Buhler 1986):

' Y
o o Kelxo) " —u)
4 max

In this way the auxiliary signal parameters can be effectively designed.

Another version of the diagram from Fig. 13.13a results by replacing the sign
function with a hysteresis; the associated waveforms are shown in Fig. 13.14 (Spiazzi
etal. 1995). The constraints on the switching frequency are less restrictive in this case.

Note that the list of above mentioned techniques for limiting the switching
frequency domain is not exhaustive. For example, a PLL can also be used to control
hysteresis width (Malesani et al. 1996; Guffon 2000).
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13.6 Case Studies

Power electronic converters offer rich application field for variable-structure con-
trol. Increases of operating frequencies and of switched power are suitable for
various applications, among which are power-factor-correction rectifying, active
filtering, reactive power compensation, renewable energy conversion systems con-
trol. The main benefits are the improvement of the closed-loop response time and
robustness.

The following case studies dealt have been chosen because they are representa-
tive from an instructional perspective.

13.6.1 Variable-Structure Control of a Single-Phase Boost
Power-Factor-Correction Converter

The considered converter is shown in Fig. 13.15. Its aim is to output a constant DC
voltage while reducing the harmonic content of the current absorbed from the grid
and ensuring operation at unit power factor.

The main control objective is to regulate output voltage irrespective of load
(in an acceptable power range). A constraint is to maintain AC current i, as
sinusoidal, in phase with grid voltage v,. A single control input is available toward
achievement of these two requirements: the turn-on/turn-off control signal u of the
switch within the boost converter (see Fig. 13.15).

In order to fulfill the above stated goal, the switched models of each sub-circuit
must be obtained by identifying the switching functions of:

« the boost converter by taking a constant positive voltage E;
< the diode rectifier by taking the voltage v, as input and voltage E as output;
« the entire circuit by making the coupling occur between various variables.

la i L D Ip
> >
+
v Ve
a E S C R
w

u

Fig. 13.15 General circuit description of boost power-factor-correction converter (v, = Vj, - sin ot
is AC power grid voltage)
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After having established the averaged model of the rectifier — according to the
methodology presented in Chap. 4 — one must render the model back to the boost
converter switching time scale to obtain the complete circuit averaged model.

Variable-structure control design is based upon a cascade control structure,
comprising an inner inductor current loop — which is computed by supposing
voltage E constant — and an outer output voltage control loop. In this way the
boost converter is decoupled from the rectifier. For the current control a static
switching surface of the form (i, — i, ™) is first chosen, then a dynamical
switching surface with i;* = I}, - | sin wfl — where v, is taken as phase origin —
will be chosen, thus allowing a sinusoidal input current to be drawn from the grid.
The averaged behavior of the output voltage when the switching surface is
reached can next be deduced. Finally, one can suggest a solution for the outer
voltage loop.

The developments associated to the above issues will next be organized into
three parts, dedicated respectively to modeling, sliding-mode control with constant
switching surface and sliding-mode control with variable switching surface dedi-
cated to operation at unit power factor.

(a) Modeling
The switched model of the boost power converter can be obtained following the
steps indicated in Chap. 3:

%x =f(x) +g(x)-u,

with x = [i, vc]" being the state vector, where

1
0 -7 £ I

f(x) = A L e =] g (13.32)
1 1 X2 -
C RC 0 C

The diode rectifier has the property that its output voltage E equals the
absolute value of the AC voltage v,. This holds also for DC current i; with
respect to the current drawn from AC grid i,. Because the sign of the current i,
determines which diodes are in conduction, the expressions of DC variables are
E =v, - sgn(i,) and i;, = i, - sgn(i,), respectively; the function “sgn” has already
been defined as

1 if x>0
s =1 ) i x<o.

By corroborating the above results and developing Eq. (13.32), one obtains
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1

X = _Z(VM - sin(wr) - sgn(iy) — xp - u)

(13.33)
. 1 X2
H=c|a—poxeul,

C

which is the retained form for the global circuit switched model. Note that sgn
(i,) = sgn(sin wt) due to the operation at unit power factor.

The diode rectifier averaged model has no dynamics as it includes no energy
accumulation element. Therefore, one takes £ = lv,| when its output current i; is
nonzero, also meaning that signals i, and v, are in phase. This means that the diode
rectifier output average value on a (voltage grid) period is

2
E)\y=2-Vy.
(E)o =V

The complete circuit averaged model rendered to the time scale of the boost
converter may suppose in a first stage the voltage E as constant; hence, one takes the
model given by (13.32) as the basis for the preliminary computations.

(b) Case of a constant switching surface
Variable-structure control design
Variable-structure control can be justified by several remarks:

« the control action must ensure a very accurate tracking of the current reference;
this means that the closed-loop system bandwidth must be very large;

« the static switch Sw is operated by a binary ON/OFF signal;

« the boost power converter has nonlinear behavior depending on the operating point.

Note that controlling i; means also controlling i,, as it is a direct algebraic link
between the two signals, that is, i, = i - sgn(i,). In deducing the variable-structure
control law, one can employ either a mathematical approach — that is, follow the
steps of Algorithm 13.1 — or a pragmatic one.

Being given the switched model of the boost power stage and the switching surface,
the mathematical approach begins by verifying the transversality condition (Lgs # 0).
Knowing that s(x) = x; — i, * and that g(x) = [xo/L —x;/C]", one obtains

Lgs=dseg(x)=[1 0]-[x2/L —x1/C]" =x2/L.

Respecting the transversality condition implies that x, # 0 (nonzero output
voltage), which concurs with the boost circuit operation.
Using the pragmatic approach, one can directly choose the control input u so as

to ensure s(x) - s(x) < 0 or, equivalently, sgn (s(x)) = —sgn(s(x)). Computations
reveal the next statement:

e if s(x) > O then u is chosen such that £ + (1 — u)x, < 0;
e if s(x) < O then u is chosen such that £ + (1 — u)x, > 0.
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Knowing that in normal operation the boost output voltage x; is larger than E, the
choice of u becomes

o ifs(x) > Othenu = u* = 0;
e ifs(x) <Othenu=u =1.

One can rapidly verify on the circuit diagram (Fig. 13.15) that, when the
condition i; > i, * is fulfilled (equivalent with condition s(x) > 0), if the switch
is opened (meaning that u = u* = 0), the current i; will begin to decrease, leading
to ds/dt < 0. In the same way one can verify that the condition of i, < i, * leads
eventually to an increase of the gradient of s(x).

Equivalent control input
Computation of the equivalent control input u,, gives:

{ E
Uey = o

One remarks that this variable is none other than the boost converter duty ratio.

The sliding mode existence domain is the geometrical locus described by the
pair (x, x,) defined by the relation 0 < u,, < 1, which is equivalent with writing
0 < E < x,. This latter inequality is satisfied when the boost converter operates
normally. One remarks that the sliding domain presents a nonvoid intersection with
the chosen switching surface S.

Dynamics on the sliding surface
One can now analyze the dynamics on S. As the surface S is reached, x; = i, * and

U = U4, the equivalent dynamic of the system is thus given by
d I —Uey 4 X2
J— = -1 -,
a?” c FTRC

N (13.34)

Based on Eq. (13.34) one deduces equilibrium points as follows:

)Cz()zzlzy/R-lzk -E.

Obviously, only the positive point xo0 = /R - i} - E is taken into account.
As regards the stability assessment on the surface S, it is possible to approach it
in two ways, namely:

* by studying the pole of the transfer function of the small-signal system model
around the equilibrium point x,;
by studying the dynamic of the energy function V(x,) = %Cx%.



13.6 Case Studies 417
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If the first method is used, the small-signal model around the point x,, gives
d __ 1 E ~ X
%, = * _ 2 (13.35)

a2 T C\RIF " T TRC

where iz‘ =X — if and x; = x, — xp0; one remarks that the transfer equivalent to

X2 /if is described by a first-order stable transfer function with a time constant equal
to RC/2 therefore the small-signal dynamic on surface S is stable.
The second method makes use of the energy function’s derivative:

d Vv
—V=-2—+E-i. 13.36
dt RCTEN (13-36)

Note that the large-signal model given by (13.36) is linear and stable, which
confirms the previous result.

Domain of sliding modes existence
The existence domain of the sliding modes (previously deduced) is 0 < E < x,.
The condition for which the equilibrium points are included in this domain is

X20:\/R~l.£k-E>E,

which leads to a current reference that satisfies i, ™ > E/R. Figure 13.16 presents
the existence domain of the sliding modes on surface S.

(c) Choice of a dynamic switching surface for operation at unit power factor
Next, a dynamic surface is taken into account, that is, i; is no longer a constant but
varies with time (see Fig. 13.17):

s(x) = |y sinot| — x;.
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By introducing an artificial state, x; = wt, Eq. (13.33) become

. 1 )

X = —Z(Va| sinxs| —xp + X2 - u)

1 X2 (13.37)
X2 —C X1 R X1-U

)53 =

and s(x) can be written as

S(X) = ‘IM sinx3\ — X1. (1338)

This setup ensures that the current drawn from the AC grid, i, is sinusoidal and
in phase with the grid voltage v,,.

One takes into account only the first semi-period of the AC voltage, v,, for the
computations that follow; this emphasizes the use of the absolute value function. It
follows that x5 varies within [0, ) and therefore | sin x3| = sin x3. The results for
the second semi-period are equivalent.

The switching function is chosen as in the time-invariant case; on the contrary, the
equivalent control input computation is different. Using its definition relation and
knowing that the system dynamics are given by Eq. (13.37), one obtains

1 .
I (Vasinxs — xp)

dsef=[—-1 0 Iycosxs]- 1
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XQ/L
dSOg:[—l 0 IMCOS)C3]~ —xl/C
0

Therefore, the equivalent control input is written as

dsef 1 Vasinxs — Lo - Iy cosxz

Ueg =

_ = 13.39
dseg X ( )

Because the condition of existence of sliding modes has not changed, 0 < u,, < 1,
and the variable x, is positive — by virtue of structural issues, the previous inequality
can be rewritten as

Xy > V,sinxy3 — Lo - Iyycosxz > 0,

or, equivalently,

OJ-IM

a

L
Xy > Va<sinx3 — . cosx3) > 0. (13.40)

As the quantity Lo - I,/V, represents a real positive number, then there exists
o € [0, ©/2) such that

L(O'IM
Ve

tana = (13.41)

which leads condition (13.40) to become

Va

X, > sin (x3 — o) > 0.
o
From notation (13.41) one deduces that cosa = V,/1/V2 + (Lo - 1 w)?, which

finally results in

X2 >/ V2 + (Lo - Iy)” - sin (x3 — ) > 0. (13.42)

Equation (13.42) giving the sliding modes existence domain provides informa-
tion on how to design power-factor-correction converter components; it also allows
understanding of why the closed-loop circuit does not work at the beginning of each

semi-period. Indeed, the condition y/V2 + (Lo - Iy7)* - sin (x3 — &) > 0 is valid for
arguments of the sinus function placed between 0 and =. This is equivalent with
saying that condition (13.42) is not satisfied for values of x; situated between 0 and
a, so the sliding modes do not appear within the first o/ seconds at the beginning of
each period of v,,.
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Besides this aspect, satisfying the inequality x, > 4/ Vﬁ + (Lo -IM)2 leads to

taking into account the variable x, = v¢ (output voltage) desired in the electrical
circuit design. For example, if v¢ is too small, the circuit does not work, if one does
not consequently reduce the value of V,, which in its turn requires the reduction of
the inductance L, and so on.

Equivalent dynamic on the switching surface
The equivalent dynamic on the chosen variable sliding surface is described by

DNy, -
a C “’RC’

where u,, is given by (13.39) and x; by (13.38), where s(x) = 0; this dynamic is

therefore

d Vo-Iy, . Lo-I, .
%: X2CM(SIHX3)2— C;;CM SIHX3COSX3—1);—é. (13.43)

Note that the primary objective of the rectifier is to offer a constant and noiseless
output voltage (the capacitor C is chosen as a consequence); therefore, one of the
variables of interest is the average value of x,. If averaging Eq. (13.43) on one
period of v, (this means x3 varies from O to &), one obtains

d<)€2>0 _ Va IM _ <‘x2>0 (13 44)
dt 2(v),C  RC " '

As in the previous case of a time-invariant switching surface, the dynamic from
Eq. (13.43) is stable and can be used to design the output voltage control.

Output voltage control
In order to propose a solution for the output voltage control, one notes the average
behavior of x, on the surface S given by Eq. (13.43) is nonlinear, as it depends on
the operating point. A classical solution would establish a controller based on the
linearized (small-signal) model. This solution has an important drawback as it
does not provide the desired performances when the output voltage reference
varies.

Another quite elegant solution consists in tracking no longer the circuit output
voltage but its squared value. Indeed, according to Eq. (13.44), the dynamics of x,
averaged and squared is of first order:

o)y _Va | o)

= — —2 R
dt c M RC

which renders interesting the use of a classical PI controller with constant parameters,
as presented in Fig. 13.18. However, one must acknowledge that the inherent measure
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Fig. 13.18 Proposed complete control structure for power-factor-correction converter
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Fig. 13.19 Closed-loop behavior at load step variation from 20 to 60 Q (hysteresis width A = 0.1 A):
(@) ve and 3 x I,y (b) grid current i,

noise superposed on the output voltage may introduce problems in the control loop
because the squaring operator significantly amplifies high-frequency noises.

Next, some illustrative simulation results for this case study will be presented.
Circuit parameters are: V, = 12 V, ® = 100 = rad/s, vc* =24V, L=1 mH,
C = 3600 pF and rated power 75 W. Figure 13.19 shows the overall system
performance in rejecting the load variations. Voltage vc’s evolution in
Fig. 13.19a shows a transient regime lasting for about 0.1 s. The corresponding
outer loop control input, [, is the AC current envelope (see Fig. 13.19b).
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Fig. 13.20 Closed-loop system behavior at constant load 20 Q (hysteresis width A = 0.2 A): (a)
grid current i, and v,/3 as image of grid voltage; (b) inductor current and its reference
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Figure 13.20a shows that the AC current’s first-order harmonic is indeed in
phase with the AC voltage. Figure 13.20b shows the tracking of the inductor current
reference. Note that at the beginning of each voltage grid semi-period this tracking
cannot be ensured as the sliding mode actually does not occur. This is also reflected
in a nonsinusoidal AC current shape around the angle ot = =.

Preserving the same conditions, Fig. 13.21 shows the equivalent control input as
a low-pass filtered version of the control variable u. Note that at around ot = = the
sliding mode does not occur as otherwise the equivalent control u,, would have had
values above one. Figure 13.22 shows the tracking of the current reference in
somewhat extreme conditions, i.e., using a larger inductance L and also larger
load corresponding to larger value of I,,. The closed-loop system performs worse
as the sliding mode existence domain diminishes (see (13.41)).
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Fig. 13.22 Closed-loop system behavior at constant load 8 Q (hysteresis width A = 0.1 A): (a)
grid current i, and grid voltage v,; (b) inductor current and its reference for L = 2 mH
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Fig. 13.23 Three-phase rectifier diagram

13.6.2 Variable-Structure Control of a Three-Phase
Rectifier as a MIMO System

The voltage-source inverter (current rectifier) from Fig. 13.23 is a three-phase
circuit characterized by a coupling between the various line currents. In this study
it is proposed the circuit be forced to operate as a sinusoidal-input-current rectifier
at unit power factor. The line currents must track a sinusoidal reference, having the
same phase with the line voltage.
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First, the raw switched model of the structure from Fig. 13.23 will be established.
One denotes by u; the switching function corresponding, respectively, to switch H..
This function will be taken as 1 if the switch is turned on and as O otherwise. A
suitable variable change will be adopted for expressing the model in the dg-frame by
supposing an equilibrated power grid and the voltage v, as phase reference.

As the circuit power factor must be maximized, the reactive power exchanged
with the power grid should be zeroed. As discussed in Chaps. 5 and 9, this means
imposing the quadrature current component i, be equal to zero. Furthermore, as the
rectifier operation supposes the output of an adjustable DC voltage, this can be
obtained by varying the direct component of the current i, in the same frame.

Switching surfaces will next be defined and the equivalent control inputs
computed for the currents i, and i,,. Their equivalent dynamics when the references
(switching surfaces) are reached will also be deduced.

Finally, a complete control diagram that includes both currents and voltage
control loops will be proposed (see also Guffon 2000).

13.6.2.1 Modeling

By taking voltage v, as phase reference, grid voltages are expressed by v, =
V sin(wt — 27/3 - (i — 1)). The converter model can be put into the decoupled
form (see also Sect. 5.7.4 from Chap. 5):

d . 1 ). .
%11 :Z(Vl —uy vy —7 i)
d . 1 ). .
%Q:Z(szuzﬂiofl‘-lz)
d . 1 - . (13.45)
%13:Z(V3—1/l3'\/()—l‘-l3)
d 1< Vo
a e\ &R
where
LE 1 2 -1 -1 U
wm|==-1-1 2 —=1|-|wm
13 -1 -1 2 us

The system in (13.45) is decoupled, but one cannot obtain the control inputs u;
based upon the intermediary variables u;.

As detailed in Sect. 5.7.4 of Chap. 5, the switched model in the dg frame of the
circuit of Fig. 13.23 is given by


http://dx.doi.org/10.1007/978-1-4471-5478-5_5
http://dx.doi.org/10.1007/978-1-4471-5478-5_9
http://dx.doi.org/10.1007/978-1-4471-5478-5_5
http://dx.doi.org/10.1007/978-1-4471-5478-5_5
http://dx.doi.org/10.1007/978-1-4471-5478-5_5
http://dx.doi.org/10.1007/978-1-4471-5478-5_5
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d . —l(v o)

dtld_L Ug - Vo r-lg -1y

d . 1 . .
zthzz(_”q'VO_""q_“)'ld) (13.46)
d 3 . . Vo
Etvozf(ud.ld—i_uq'l”)_ﬁ'

The active and reactive power components exchanged with the electrical grid are
respectively described by

P=3/2-V-iy, Q=3/2-V-i, (13.47)

Equation (13.47) shows that by controlling the current component i, one controls
in fact the reactive power drawn from the grid, while i; determines the active power
transfer and therefore influences the output voltage v, control.

13.6.2.2 Variable-Structure Control Design

By putting o, =i; — i;" and o, =i, —i,* one defines the corresponding
switching surfaces S; and S,. For deducing the equivalent control inputs in the
dg-frame, one can use the model described by (13.46) in the above stated definitions
by considering that

doy/dt = diq/dt = do,/dt = di,/dt = 0,

leading further to

Ugeg = 1/(L-vo) - (V—=r-ig+0-iy) 13.48
{uqeqzl/(L-vo)- —rig+0-ig). (13.48)

The equivalent dynamic is obtained while operating on the two surfaces S, and
S, and therefore by considering that iy = i;" and i, = i,*. By having two
switching surfaces, the order of the system from (13.46) decreases by two. The
dynamic that remains is the one of the DC voltage, v.

By replacing in (13.48) currents i, and i, by their references, one deduces the
equivalent control input expressions; next, these latter are introduced in the model
(13.46) to finally obtain the equivalent dynamic of vy on the intersection of the
surfaces S, and S

d 3 1 sk K2 | k2 Vo
Evozi.%[v.,d_r@ +zq)—%]. (13.49)
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Table 13.1 Relation

. o (upupuz) (i, U, U3) (o, 1p) Vector

between the control inputs in

different frames 0.0,0) 0.0.0) 0.0) A
©00.0)  (<13.-13.23)  (-1/3, —1/y3) B
0.10) (<1323, -153)  (~1/3.1/v/3) c
0,1,1) (=2/3, 1/3, 1/3) (=2/3, 0) D
(1,0,0) 2/3, —1/3, = 1/3)  (2/3,0) E
1,0,) (13, - 23, 13) (1/3.-1/v3) F
(LLO) (3, 13,-23)  (1/3,1/V3) G
(1,1,1) 0,0,0) 0,0) H

If the voltage drop on the inductor resistance r is neglected in relation to voltage
vo, then one finds a form similar to the equivalent dynamic of the single-phase
rectifier obtained in the previous case study, that is,

d o 3v. l;k 1 Vo

4~ " 2C v RC

Therefore, one may control the output voltage squared in which the equivalent
dynamic is linear with respect to the control input iy = i,*. Also, one may attempt
to linearize the above system around a typical operating point and proceed with the
design of a linear control loop.

The convergence condition towards the sliding surfaces is given by somewhat
direct relations, 6, - 64 < Oand o, - 6, < 0. Taking into account Eq. (13.48) and the
two first equations of (13.46), one obtains

6, =vo/L- (udeq — ud), 6, =vo/L- (uqeq — uq).

Therefore, the convergence condition simply becomes:

sgn (g — Uaeq) = sgn(0q), sgn(uy — Ugeq) = sgn(c,). (13.50)

The problem is now how to choose the vector fields (or switching orders u;) in
order to ensure the convergence condition given by (13.50). In this respect, one
can use one of the three available representations: real, Concordia, Park. Once the
dq control inputs u, and u, have been chosen, one should go backwards through-
out these frames until the real control variables u; are obtained. Table 13.1 gives
the relations between these control inputs. The eight possible vectors — two of which
are zero (A and H) — are classically represented in Fig. 13.24 in the af} -frame.

Control inputs u, and u, are not represented in this table, as they are defined in a
rotating frame, so they are functions of wz:

Ug = €080 -ug + sin0 - up, ug = —sin0 - uy + cosO - up. (13.51)
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Fig. 13.24 (a) Representation of the eight positions possible for vector u,, in the off -frame and
example of choosing the control input vector; (b) detail of a

Taking into account the fact that the equivalent control inputs u,,, and u,., must
be bounded by the maximal and minimal values of the controls u, and u,, respec-
tively, from Eq. (13.51) one can extract the domain of existence of the sliding
modes. The controls u, and ug being bounded at = 2/3, the norm

[|ueg|| = /uf,eq + u3,, must be smaller than the norm |uas|| = /12 + uﬁ, meaning

that the vector u,,, is situated in the disc described by the hexagon in Fig. 13.24a. A
sufficient condition imposes that the equivalent controls be bounded at + 2/3.

The next stage is essential for the choice of the appropriate vector required for
the convergence towards the desired sliding surfaces — see condition (13.50).

For representing the variables (u; — ug4.,) and (u, — ug4,) one must change the
representation into another rotating frame d’'q’ that is translated with respect to the
initial frame dg with the value ug,, for the d-axis and with u,,, for the g-axis, as
shown in Fig. 13.24b. The signs of variables (u; — ug4eq) and (u; — uge,) are
directly deduced according to the quadrant in which the operating point is located.

One can better understand the approach when taking the example described in
Fig. 13.24a. Suppose that the expressions 6, and o, are positive, given the value of
the angle O (arbitrarily taken as an example). The convergence condition given by
(13.50) needs the expressions (ug — Ugey) and (u, — uge,) to be positive, which is
possible only in the first quadrant of the d'¢’-frame. The sole vector that guarantees
this condition is the vector G. Using the conversion described in Table 13.1, one
finds from vector G the control input orders (u,u,,u3) for the corresponding
switches.

To conclude, the choice of switching orders (uj,u,u3) depends on vectors
(B,C, - -+, F), which are chosen in turn as depending on the signs of ¢, and o,
the desired vector u,,, which is given by id* and iq*, and on angle 0 (i.e., wr).
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Table 13.2 Choice of the switching vector

oy >0 oy >0 6y <0 6y <0
Domain of 6 (modulo 2x) c, >0 6, <0 c, >0 c, <0
[2r — 4, 27/3 — p] G E D B
[/3 — 4, — pl C G B F
[2n/3 — A, 4n/3 — p] D C F E
[ — A, 57/3 — p] B D E G
[4n/3 — A, 21 — p] F B G C
[5m/3 — A, Tn/3 — p] E F C D
v
Voltage -
controller |« _
Sw
(uy, s, u3)
Switching L Power .
combination electronics
. converter
iq
sgn(c,) . i
sgn(c,) o ) "
q
> <——— park PLL f«—
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iy generation V.0 v
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Fig. 13.25 Global control diagram of circuit of Fig. 13.23

By studying each possible combination of these three parameters and by posing
A = arcsin(3/2 - uye,) and p = arccos(3/2 - uge,), one can conclude the choice of
the suitable switching vector as shown in Table 13.2.

Once the choice of the switching vector has been made, all that remains is to
deduce the corresponding switching orders (uy,u5,u3) using Table 13.1.

13.6.2.3 Global Control Diagram

Next, a block diagram including the control loop of the continuous voltage squared
is proposed (Fig. 13.25), where the innermost current control loop is the one
described previously. A hysteresis is included within the block “switching combi-
nation” from Fig. 13.25. It renders more realistic the switching procedure, which
cannot in fact be instantaneous.
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Fig.13.26 Closed-loop behavior of converter in Fig. 13.23 when using hysteresis width of 3 A for
both surfaces 6, and 6,: (a) evolution of AC current; (b) DC voltage time evolution
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Fig. 13.27 Comparison with time evolutions given in Fig. 13.26 when hysteresis width increases
to 10 A: (a) AC current time evolution; (b) DC voltage time evolution

The simulations presented have been performed based on the switched model of
the current rectifier. Remember that the goal was to regulate the continuous voltage
vo by drawing from the grid only sinusoidal currents. As a matter of fact, these
currents are dominated by their fundamental component and contain also high-
frequency harmonics that can be easily filtered.

Simulations have been performed for the following parameters: L = 3 mH,
r=0Q, C=1mF, R=30 Q and V = 100 V. The chosen references are
i: = 0 (no reactive power) and vg =500 V.

In Fig. 13.26 are represented transients of the line current i; and of voltage vy,
with a hysteresis width of 3 A for 6, and 6,. A good tracking performance of the
sinusoidal current reference by the line current is obtained, the total harmonic
distortion (THD) being 6 %. Figure 13.27 gives the same case, but this time with
a hysteresis width of 10 A, corresponding to THD 17 %.
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13.7 Conclusion

Variable-structure control is naturally adapted to power electronic converters as
they represent switched systems. Variable-structure control provides simple and
robust solutions within a well-established theoretical framework. The main advan-
tage of sliding-mode-based control solution consists in providing the control input
signals to be fed directly into the converters without any supplementary modulation
operation. Hence, the closed-loop response is the fastest possible. The intrinsic
robustness of the switching control is suitable for compensating parameter and
modeling uncertainties, which are likely to occur in power electronic converters
when the operating point and/or operating mode is changing.

Besides developing the control solution that supposes the choice of the
switching function, the variable-structure control framework also allows the
control performance to be assessed in terms of delimiting the domain of sliding
modes existence, deducing the equivalent control and obtaining the dynamics on
the sliding surface.

It is also perfectly possible to extend variable-structure control results to contin-
uous dynamic systems (Buhler 1986; DeCarlo et al. 2011); this “unnatural” case
corresponds to the so-called bang-bang control, when the control input switches
between two extreme values. The “natural” variable-structure control cannot how-
ever be applied to converters containing switches that are not controllable for both
turn-on and turn-off. For example, in the case of a thyristor-based voltage rectifier,
once the turn-on order has been sent for a given leg, the turn-off of the same leg is
not controlled but by the system state itself (zero current or negative voltage on the
concerned thyristor). Hence, variable-structure control is not suitable in this case. It
is however possible to design a bang-bang control by choosing a firing angle that
switches between two values, e.g., 10° and 40°.

The analysis dealt with in this chapter has concerned only the continuous-
conduction mode — see the models used within the developments. However, in
real applications the discontinuous-conduction mode is likely to occur (e.g., for
weak loads). Control designed to perform well in the continuous-conduction case
still ensures stable closed-loop operation, but obviously with altered performance.

Sliding mode control can be used in conjunction with other control-related
purposes. For example, the estimation of nonmeasurable states can be done by
employing a sliding-mode observer built upon a switching surface which is exactly
the estimation error (Sabanovic et al. 2004). The sliding-mode approach can also be
used in conjunction with other control techniques in order to enhance their
performances (e.g., passivity-based or feedback-linearization control).

Without pretending to being exhaustive in what concerns the topic of the sliding-
mode, this chapter has tried to give an overview of sliding-mode control basic
issues and its methodology of application for power electronic converters. The
reader is invited to go deeper in analyzing works from the relevant literature in
order to get a more complete perspective (Tan et al. 2011).
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Problems

Problem 13.1. Sliding-mode control of a flyback converter

Consider the flyback converter schematics given in Fig. 13.28 (whose modeling
was performed in Problem 4.1 of Chap. 4).

Design a sliding-mode control law for regulating the output voltage v at the
reference value v¢™ by using the function u switching between u~ = 0 and u* = 1.

Solution. The switched model of the flyback converter is given below:

Lip=—(1-wsuE
n

; (13.52)
C-ve = (l—u)%—%,

where the usual notations have been used and # is the transformer ratio. The state
vector is X = [iy  v¢]'. The surface defined by s(x) = 0, where

s(x) =ve — v (13.53)

with vo™* constant, is a suitable choice for beginning the design of a sliding-mode
control aimed at regulating the output voltage as follows:

. ut =1 if s(x)<0
S lu =0 if s(x)>0.

The first step of the design is to verify if the transversality condition is met. From
a pragmatic viewpoint, this means to check if the factor multiplying u in the
expression of § is nonzero. Taking into account the state Eq. (13.52), it then results
that

. . iL Ve iL vc iL
s(x):vc:(l—u)E—R—C:%—R—C—%'m (13.54)

in which the term i;/(nC) multiplying u is obviously nonzero because i; > 0.

l:n D

Fig. 13.28 Flyback
converter schematics u
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In a second step one must compute the equivalent control. This is obtained
by solving the equation §(x) = 0 for u. According to (13.54), this gives (I — u) -
ir/n — ve/R = 0, hence:

teg=1—ve-n/(R-ip). (13.55)

From imposing that 0 = u~ < u,, < u™ = 1, one can deduce the domain of the
sliding mode’s existence. The condition u,, > 0 gives v¢ - n/(R - if) > 0, which is
true because ve > 0 and i, > 0 in any operating point. The condition ., < 1 leads
to iy, > v¢ - n/R, which bounds the hatched surface in Fig. 13.29. Note in this figure
that the sliding modes existence domain is obtained as the nonvoid intersection
between the domain of equivalent control existence and the switching surface
defined by s(x) = 0, i.e., the line ve = v

The third design step consists in deducing the equivalent dynamic when in
sliding mode. To this end, Eq. (13.55) is substituted in the converter Eq. (13.52),

meanwhile taking into account that s(x) = 0 (ve = v¢™) and s (x) = 0. Thus, the
equivalent dynamic is that of the inductor current:

L-iy = —(1 = tteg) -v{/n+ tteg - E.

Using Eq. (13.55) one obtains after some simple manipulation:

* *
L = YEUE=YE) (13.56)
R- 179

which describes the dynamic of current i, as a nonlinear function denoted by
ip = h(iL, vé) In order to assess the nature of this dynamic one can proceed by
linearization around a given operating point. Let i.,o be the current value
corresponding to the steady-state operating point ensured by regulating the
voltage v to a certain reference value vy ™; ieq0 1s therefore obtained by zeroing
the current time derivative and putting v = v¢o™. The results is
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Fig. 13.30 Closed-loop diagram based on sliding-mode voltage control and feedback stabilization
of equivalent dynamic for a flyback DC-DC converter

iego = Vo (Véo — nE) /(ER). (13.57)

Note that a positive value of 7., is ensured if and only if veo > nE. Let 12

=1 — ieq0 and ;g =5 — v’c"o be small variations of the state variables around
operating point (ieqo,vco*). Linearization of system (13.56) around this point

gives
S| (o
"L=\%i (i) L ovg

a b
where the values of @ and b can be obtained after some algebra as

.vC s

(i 40V g )

B E? _ E (nE )
A==, b=_ - - (——_2].
Lviy (véo — nE) L(vi — nE) g

Note that ¢ > 0 because veo > nE, so the linearized dynamic of the inductor
current iy is unstable because the transfer function V. (s) /I (s) — with Vi(s) and

I (s) being the Laplace transforms of % and i, , respectively — has a pole placed in
the right-half-plane. In conclusion, the equivalent dynamic is unstable.

In order to stabilize the equivalent dynamic on the sliding surface, one can build
a state feedback K such that the closed-loop dynamic is stable. Moreover, this
dynamic can also be tuned to ensure desired performance, i.e., settling time. Thus,
by imposing T, as desired stabilizing time constant, the value of K results as:

a—|— l/T()
b .

K =

The closed-loop sliding-mode control diagram embedding the stabilization of
the equivalent dynamic is shown in Fig. 13.30. One can remark that this final form
of the control law is equivalent with having chosen a switching surface that embeds
a term depending on the current i;: s(X) = v¢ — vc* + K - (ip, — i.q), wWhere the
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Fig. 13.31 Buck converter H
diagram >

El D c R lvc

value i, is given by Eq. (13.57). Note that, according to this latter relation, the
value i,, depends on the load value R, which is usually not known. Therefore,
implementing the control diagram in Fig. 13.30 requires a load estimator being
designed based upon some reliable measures from circuit.

Problem 13.2. Sliding-mode control of a buck converter

Consider the buck converter schematics given in Fig. 13.31. Design a sliding-mode
control law for regulating the output voltage v at the reference value v¢™ by using
the function u switching between u~ = 0 and u* = 1.

Solution The switched model of the buck converter is as follows:

{L-iL:—vC+u-E (13.58)

C- V.C: iL - Vc/R,
where the usual notations have been used. The state vector is X = [i;, v¢ ]T. Note

that choosing the switching surface s(x) = ve — ve™ would give Lgs(x) = 0,
therefore sliding-mode control is not possible. Let us put s(x) = 0, where

s(x) = ve — vE + l(v'c - v'g) (13.59)

— with v¢™ constant and 4 > 0 having a large value — is the switching surface
depending on which control input is fed in order to regulate the output voltage:

Cfut=1 if s(x)<0
Clu =0 if s(x)>0.

Checking the transversality condition supposes the expression of §(x) being
computed:

5(x) = vie —vg + A(ve — Vi), (13.60)

in which one takes into account that vé = v.éf = 0, replaces the expressions of v
and V- based upon the converter model (13.58) and gets after some computation
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. . A iL Ve Ve E
s(x)—(l RC) (C RC) /ILC+/1LC u, (13.61)

where the control input u appears to be multiplied by a strictly positive value,
AE/LC. The conclusion is that the transversality condition is fulfilled.

Computation of the equivalent control also is based on Eq. (13.61); thus, u,,
results from solving §(x) = 0 for u and taking into account that s(x) = 0 is also
valid. Therefore, by combining results obtained by zeroing Eqgs. (13.60) and
(13.61), the equivalent control takes the following expression:

_ve A (vc — vz)LC
Ueg = 7 (l RC) e . (13.62)

One must now ensure that 0 = u~ < u,, < ut = 1. First, because 1 was
assumed to take large values, it is reasonable to consider that A > RC. Let us

adopt the notation
LC [ 2
=—|=—=-1 13.
=7 (RC ) (13.63)

and note that d > 0 because 4 > RC; moreover, d has small values for the usual
cases; the smaller they are, the larger A is chosen (d < 1). Therefore, the condition
u., > 0 becomes equivalent to

ve-(1—d) > —v-d,

which is met for any operating point, provided that vc and v¢" have positive values
and d has small positive values. As regards the condition u., < 1, this leads to
velE - (1 — d) < 1 — v¢ JE - d, or equivalently, given that 1 — d > 0, to

E—vi-d

<
YesT Ty

To conclude, equivalent control exists for output voltage meeting

E—vi-d

0
<vec < 1—d

(13.64)

Note that, according to (13.63), d — 0 as A — oo; therefore, according to
(13.64), the larger A is chosen, the upper limit of the equivalent control existence
domain approaches E. The domain of equivalent control existence has been
represented by the hatched surface in Fig. 13.32. In the same figure the surface
(line) s(x) = 0 with s(x) given by (13.59) has also been shown for two values of 1.
Note that the solid line segment representing the nonvoid intersection between the
hatched surface and the line s(x) = 0 has smaller slope as 4 increases; for A = oo, it
is superposed onto the abscissa segment (0, E). This latter segment is the domain of
the sliding modes existence.
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Fig. 13.33 Global sliding-mode-based control structure of a buck converter

One can conclude that a large value of A practically ensures the existence of
sliding modes for the whole operating range of the converter (0 < v¢ < E).

The third step of the design concerns the computation of the equivalent dynam-
ics, the ones on the sliding surface. These result by substituting Eq. (13.62) of the
equivalent control into converter Eq. (13.58). Simple algebra finally leads to the
following state equations:

o= — i_l g + i_l 9 *
L ="\rc 2 ¢ e 2 e
. (13.65)
ve=L__- .y
C C RC C»

which describe stable linear dynamics under the assumption that 1 > RC (the proof
of the state matrix poles having negative real parts is left to the reader).

To conclude, the variable-structure control structure is given in Fig. 13.33. Note
that the output voltage derivative is computed based on a measure of the capacitor
current, ic.

The reader is invited to solve the following problems.
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Fig. 13.34 Buck-boost E H D Ve
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Problem 13.3. Study of a variable-structure control for buck-boost power
stage

The converter from Fig. 13.34 has L = 0.5 mH, C = 1000 pF, E = 100 V and a
rated load value R = 2 Q. The control goal is to maintain a constant output voltage,
ve® = — 100 V. The switching function u takes values in the discrete set {0;1}.

The following points must be addressed.

(a) The switching surface is 5;(x) = v¢ — v¢™, with ve™ being the output voltage
setpoint.

(1) Verify the hitting condition and compute the equivalent control input u,,
corresponding to the above defined switching surface.

(ii)) Show the sliding mode existence domain in the plane (iy,vc) and its
intersection with the surface s;(x).

(iii)) Compute the equivalent dynamics. Explain the result by assessing system
stability.

(b) The switching surface is s,(x) = i; — i, *, where i, ™ is the current reference.

(i) Verify the hitting condition and compute the equivalent control input u,,
corresponding to the surface s,(x).

(ii)) Show the sliding mode existence domain in the plane (i;,vc) and its
intersection with the surface s,(x).

(iii) Compute the system equivalent dynamics. Assess the stability and evalu-
ate its main time constant. Simulate the system using MATLAB®--
Simulink® for different values of loads and verify the obtained
theoretical results. Verify that the operation points outside the sliding
mode existence domain cannot be reached. Find a solution to reduce the
switching frequency to 100 kHz.

(c) Consider a controller H¢(s) = Kc _ \ithin an outer voltage control loop.

T Tes+1

(i) Find the controller parameters ensuring a voltage settling time of 0.1 s.

(ii)) Compute the steady-state voltage error for the case when the circuit is
loaded at rated value. Verify the result in simulation.

(iii) Study a solution that cancels the steady-state voltage error.
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Fig. 13.36 Stand-alone voltage-source inverter diagram

Problem 13.4. Study of a voltage-regulated boost DC-DC power stage using
variable-structure control
The converter from Fig. 13.35 has the following circuit parameters: L = 0.5 mH,
C = 1000 pF, E = 100 V and a rated load value R = 2 Q. The control scope is to
maintain a desired constant output voltage, vo* = 250 V.

It is required to answer the same questions as in Problem 13.3.

Problem 13.5. Direct sliding-mode control of voltage-source inverter
The inverter in Fig. 13.36 serves at producing a sinusoidal voltage based upon the
continuous voltage F.

Find a control solution of output voltage regulation via sliding modes

irrespective of variable load R. The switching surface is chosen as s(x) = v¢ —

ve+A- (v'c — vg) where ve™ = Vi max - sin f and 4 > 0 (Ve max and o are

both constant). Switching function u takes values in the discrete set {—1; 1}.

Problem 13.6. Indirect sliding-mode control of voltage-source inverter

Given the converter in Fig. 13.37, obtain a control solution of the output voltage via
sliding modes. The scoped control structure is the so-called indirect control, where
the switching surface is s(x) = i, — i, *. The voltage control loop has the reference
ve™ = Ve max - sin of, with fixed values of V¢ max and o. Switching function
u takes values in the discrete set {—1; 1}.



Problems 439

u

Fig. 13.37 Stand-alone insulated voltage-source inverter diagram

Vac Ve

u

Fig. 13.38 Full-bridge rectifier schematics

Problem 13.7. Variable-structure control for power-factor-correction full-
bridge single-phase rectifier

The AC-DC converter from Fig. 13.38 is controlled using variable-structure control
technique in order to fulfill two objectives:

¢ to maintain a constant desired output voltage irrespective of load value (within
the acceptable limits);
e to draw a sinusoidal current in phase with the grid voltage.

The switching function u takes values in the discrete set {—1; 1} and the
switching surface is chosen as s =iy — ii", where i;" = Ij max Sin ©f, with
ot being the grid phase.

It is required to design a sliding-mode current controller and a continuous
voltage controller that match the control structure presented in Fig. 13.39.
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Fig. 13.39 Control structure for single-phase bridge rectifier in Fig. 13.38
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General Conclusion

Nowadays power electronic converters play key roles within a variety of
applications that fulfill important functions in modern society such as those of
renewable energy conversion systems, electric vehicular applications or power
delivery devices, to mention only a few. The operation of power converters in a
very demanding context — requiring a performance set to be ensured along with
hard real-time constraints — renders crucial the necessity of well-performing control
structures.

This textbook has explored the most typical control approaches of power
electronic converters employing both DC and AC power stages. To this end a
formalization effort was detailed in the first part of the book — the first five chapters
— aimed at providing a unified modeling framework, to be further employed in the
control design approaches detailed in the second part of the book — the last seven
chapters.

Modeling tools developed in the first part offer sufficient generality to be applied
(possibly with minor adaptations) to any type of switching converter. Control
approaches presented in the second part first provided insights on small-signal-
model-based linear control, which is simple and intuitive, but relies upon
approximations, hence it lacks robustness. A second class of nonlinear control
approaches aims at alleviating this drawback; these mainly use the large-signal
nonlinear models and result in quite complex control structures — such as feedback-
linearization or passivity-based — or in less complex variable-structure sliding-
mode controllers.

The discourse was addressed to students already in mastery of the basis of power
electronic circuits and control systems theory. Insights provided may be used in
order to implement control laws either in analog or in digital form and to analyze
the behavior of open-loop and closed-loop power electronic converters. Although
the discourse has been mainly intended for pedagogical goals, the issues considered
indicate some still unexplored paths for research.

Typically a chapter within this book began with an introduction regarding its
contents, followed by an algorithm reflecting a systematic way to solve the stated
problem. The core of each chapter consisted of application examples and case

S. Bacha et al., Power Electronic Converters Modeling and Control: with Case Studies, 443
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studies which helped the reader clarify the main issues. Finally, the reader was
invited to practice the acquired knowledge through a set of solved and unsolved
problems provided at the end of the chapter.

Presentation and developments within this textbook did not aim at covering
exhaustively the topics of power electronic converters control. Here below are
mentioned some modeling and control approaches for possible further consideration.

Further study on modeling may be focused on going into a deeper study of the
sampled-data models intended for digital use (Brown and Middlebrook 1981).
Concerning control methods, direct design of digital controllers using discretized
models of power electronic converters — resulting in discrete-time PID, RST or
dead-beat controllers (Timbus et al. 2009) — can be approached. Adaptive (Morroni
et al. 2009), predictive (Rodriguez and Cortes 2012), flatness-based, fuzzy
(Mattavelli et al. 1997) or model-free-based (Michel et al. 2010) control structures
may be worthy of exploration.

The textbook approaches the current-mode operation of switching converters
only in the averaged form; peak (or valley) current mode is equally interesting for
further study (Middlebrook 1987).

As with many engineering systems, none of the existing control approaches for
power converters can be declared the “best”. Any chosen approach must be adapted
to each application’s initial data and will generally result from suitably trading-off
cost (in terms of complexity) and performance (e.g., regulation quality and
robustness).
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