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Conversion from SI units to U.S. customary units

o)

To convert from

To

Joule (I)
Joule (J)
Kilogram (kg)

Metre (m)

Newton (N)
Newton-metre (N - m)

Newton-metrefsecond (N - m/s)
Pascal (Pa)

Radian/second (rad/s)

Watt (W)

Pound-foot {Ib fi)
Pound-inch {Ib - in)
Pound mass {lbm)

Stug

Ton, short (2000 1bm)
Foot {ft)

Inch (i)

Mite (mi)

Pound (lb)

Poundal (Ib - ftfs?)
Pound-foot (Ib - ft)
Pound-inch (Ib - in)
Horsepower (hp)
Pound/foot® (1b/ft?)
Pound/inch? (1bfin?), (psi)
Revolutions/minute (rpm)
Horsepower (hp)

Pound-foot/second (Ib - ft/s)
Pound-inch/second (Ib - in/s)

Multiply by
Accurate Common
7.375620 E -0t 0.737
8850744 E+ 00 8.85
2204 622 E+ 00 2,20
6.852 178 E-02 0.068 5
1102311 E-03 0.001 10
3.280 840 E + 00 328
3937008 E+ 01 35.4
6213712 E+02 621
2.248089 E - 01 0.225
7.233012E+00 7.23
7.375620 E—-01 0.737
8.850 744 E+ 00 R.85
1.341 022 E-03 0.001 34
2.088 543 E — 02 0.0209
1.450370 E— 04 0.000 145
9.549297 E+ 00 9.55
1.341 022 E - 03 0.001 34
7.375620 E-01 0.737
8850744 E+00 8.85




Conversion from U.S. customary units to SI units

Multiply by

To convert from To Accuratet Common
Foot (ft) Metre (m} 3.048000E -01* 0.305
Horsepower (hp) Watt (W) 7456999 E + 02 746
Inch (in) Metre (m) 2.540 000 E — 02* 0.0254
Mile, U.S. statute (mi) Metre (m) 1.609 344 E + 03* 1610
Pound force (Ib) Newton (N) 4,448 222 E + 00 4.45
Pound mass (Ilbm) Kilogram (kg) 4.535924 E-01 0.454
Poundal (Ibm - ft/s?) Newton (N) 1.382 550 E—-01 0.138
Pound-foot {Ib - ft) Newton-metre (N - m) 1.355 818 E + 00 1.35

Joule (J) 1.355818E+ 00 1.35
Pound-foot/second (lb - ft/s) Watt (W) 1.3558I1BE+ 00 1.35
Pound-inch (Ib - in) Newton-metre (N - m) 1,128 182 E - 01 0.113

Joule {(J) 1128 182 E - 01 0.113
Pound-inch/second (Ib - infs) Watt (W) 1.128 182 E - 01 0.113
Pound/foot? (1b/ft?) Pascal (Pa) 4.788 026 E + 01 47.9
Pound/inch® (Ib/in?), (psi) Pascal {Pa) 6.894 75T E +03 6890
Revolutions/minute (rpm) Radian/second (rad/s) 1.047 198 E — 01 0.105
Slug Kilogram (kg) 1.459 390 E + 01 14.6
Ton, short {2000 Ibm) Kilogram (kg) 9071847 E 402 907

+ An asterisk indicates that the conve-sion factor is exact,
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PREFACE

Kinematics of machines is the study of the relative motion of machine parts and
is one of the first considerations of the designer in the design of a machine,
Dynamics of machines treats with the forces acting on the parts of a machine
and the motions resulting from these forces. A dynamic analysis is necessary to
ensure that balance is provided for rotating and reciprocating parts and that all
members are adequate from the standpoint of strength.

This book is intended as an undergraduate text and contains sufficient
material for a full year’s work. Part 1 of the text is concerned with kinematics of
machines and Part 2 with dynamics of machines. The book may be used for
either one of these subjects or both. If the student has already completed a
course in kinematics of machines using another text, this book should be read-
ily acceptable for a following course in dynamics of machines. Conventional
notation has been used throughout the text, If the time allotted for kinematics
and dynamics of machines in the undergraduate curriculum is not sufficient for
including all of the topics presented in the text, the material in Chapters 9, 14,
[5, and 22 can be presented in a graduate course.

As prerequisites to Part |, ‘‘Kinematics of Machines,’’ a course in college
physics and mathematics through calculus are sufficient. For Part 2,
“Dynamics of Machines, ' kinematics of machines and mechanics courses in
statics and dynamics are prerequisites.

Emphasis has been placed on presentation of fundamental principles. Spe-
cial constructions have been omitted in order to include more basic theory. The
major concern has been to present the principles in as simple a manner as
possible and to write a book which the student can understand. The text con-
tains numerous worked-out examples illustrating application of the theory.

In Part 1, in the chapter on accelerations, equivalent linkages are discussed
extensively because of their importance in simplifying the acceleration analysis
of direct-contact mechanisms. To aid the student in visualizing the direction of

xi



xii PREFACE

the Coriolis acceleration, it is derived for a special case, but the presentation is
then extended to the most general case of plane motion.

The Hartmann construction and Euler-Savary equation as methods for
obtaining the radius of curvature of the path of relative motion are given par-
ticular emphasis. Having found that students often experience considerable
difficulty in understanding and applying these methods, the author thus has
endeavored to present them in a simple manner with rules set down for apply-
ing them to any problem.

In Chapter 9 the mathematical analysis of velocities and accelerations in
mechanisms is treated. The limitations of analysis by trigonometry are pointed
out, and most of the chapter is devoted to analysis by complex numbers,
including analysis of complex linkages.

Planetary gear trains are discussed in Chapter 10, including planetaries
with multiple inputs. The tabular method of analysis and the principle of super-
position are used here to aid the student.

In Chapter 14 the synthesis of mechanisms by graphical and mathematical
methods is presented, and Chapter 15 is an introduction to mechanical analog
computer mechanisms.

In Chapter 20 the method of rotating vectors for investigating engine bal-
ance has been included because it simplifies the analysis. Gyroscopic effects
are treated in Chapter 21, and here the method of angular momentum has been
used because it makes it casier to visualize the direction of the gyroscopic
forces. Chapter 22, ‘‘Critical Whirling Speeds and Torsional Vibrations of
Shafts,”” includes analysis of whirling speeds of shafts with any number of disks
and analysis of stepped shafts.

In keeping with the changeover to the International System of Units (SI) in
the United States, this edition has been written using SI units. In order to aid
the American student in making the change, approximately 20 percent of the
examples in the text and the problems for assigned work are in the customary
U.S. units and 80 percent are in SI units.

As a result of many suggestions received from users of the previous edi-
tion, material in the first edition has been retained and some chapters have been
expanded. In conjunction with Chapter 9, ‘‘Mathematical Analysis,”” a FOR-
TRAN computer program for the slider-crank mechanism has been included in
the appendix. The program gives the positions, velocities, and accelerations of
the links as well as the positions, velocities, and accelerations of any point on
the linkage. In Chapter 10, ‘*‘Cams,”’ mathematical methods for the design of
disk cams have been added, and methods used to manufacture cams have been
included. Here it is shown how radial distances to points on the pitch curve can
be computed and how the pressure angle can be calculated for any angular
position of the cam. In addition, methods for calculating the cam profile and
also the positions of the cutter or grinder relative to the cam are presented for
various types of cam followers. A FORTRAN computer program which gives
the latter is included in Appendix C. At the time this edition was written, no
standards had yet been established on gear-tooth systems based wholly on the
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International System of Units, Hence in this edition, Chapter 12, **Gears,” and
Chapter 13, ““Gear Trains, Translation Screws, Mechanical Advantage’ use
the tooth systems which were in use in the United States at the time; however,
these chapters use SI units and also module to express tooth size. Chapter 14,
**Synthesis of Mechanisms,’” has been expanded to include a discussion of how
mechanisms can be designed to increase their efficiency of force transmission,
and it is shown how the transmission angle can be calculated. Chapter 22,
which in the first edition covered critical speeds (whirling speeds of shafts), has
been considerably extended to include torsional vibrations of shafts.

The author believes that problem work is of great importance to students in
engineering courses because it aids motivation, understanding, and retention.
At the end of each chapter the text contains a large number of problems of
varying difficulty and length, which can all be worked on 216 x 279 mm
(8%2 x 11 in) paper. Scales have been specified for all graphical work so that
the solutions will come out a reasonable size.

In some chapters the number of problems for assigned work has been
increased. A number of the problems in this edition are design problems, and
these are found in the chapters on linkages, cams, gears, gear trains, synthesis,
and flywheels.

Material taken directly from other sources is acknowledged in the book,
and the author wishes to express appreciation to the manufacturers who gener-
ously presented photographs.

In conclusion, the author wishes to express appreciation for the many
helpful suggestions received from users of the previous edition.

George H. Martin
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CHAPTER

ONE
FUNDAMENTAL CONCEPTS

1-1 KINEMATICS

Kinematics of machines is a study of the relative motion of machine parts.
Displacement, velocity, and acceleration are considered.

1-2 DYNAMICS

Dynamics of machines treats with the forces acting on the parts of a machine
and the motions resulting from these forces.

1-3 MACHINE

A machine is a device for transforming or transferring energy. It is sometimes
defined as consisting of a number of fixed and moving bodies interposed be-
tween the source of power and the work to be done for the purpose of adapting
One to the other. The electric motor transforms electrical energy into mechani-
cal energy while its counterpart the electric generator transforms mechanical
energy into electrical energy. In a gasoline engine each piston connecting rod
and the crankshaft act as a machine for transferring energy. The input mechani-
Callenergy is the product of the force on the piston and the distance it travels.
:Thls energy is transferred to the crankshaft, where it appears as output mechan-
ical energy and is the product of the torque and the angle of shaft rotation.
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Figure 1-1

1-4 KINEMATIC DIAGRAM

In studying the motions of machine parts, it is customary to draw the parts in
skeleton form so that only those dimensions which affect their motions are
considered. The drawing in Fig. 1-1 represents the main elements in the diescl
engine shown in Fig. 1-2, The stationary members, consisting of the crankshaft
bearing and cylinder wall, are crosshatched and labeled link |. The crank and
crankshaft are link 2, connecting rod link 3, and piston or slider link 4. Link is
the name given to any body which has motion relative to another. Since the
bearing and cylinder wall have no motion relative to one another, they are
considered as a single link. That part of a machine which is stationary and
which supports the moving members is called the frame and is designatcd
link 1.

In Fig. 1-1 consider the position of the connecting rod for a given angular
position of the crank. The angular position, velocity, and acceleration of the
rod depend only on the lengths of the crank and connecting rod and are in no
way affected by the width or thickness of the rod. Thus only the lengths of
members 2 and 3 are of importance in a kinematic analysis. The drawing in Fig.
1-1 is known as a kinematic diagram and is a scale drawing representing the
machine so that only the dimensions which affect its motions are recorded.

All malterials have some elasticity. A rigid link is one whose deformations
are so small that they can be neglected in determiming the motions of the
various other links in a machine. Bodies 2 and 3 in Fig. 1-1 are considered rigid
links. A belt or chain, as illustrated in Fig. 1-3, is aflexible [ink. However, if it is
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Figure 1-2 Diesel engine, (Crwmmins Engine Company, fnc.)

Figure 1-3
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always in tension, it may be replaced by a rigid link, as shown in Fig. 1-4, in
order to analyze the instantancous motions of bodies 2 and 4. Similarly, the
fluid in the hydraulic press shown in Fig. 1-5 is a flexible link. If the piston areas
are A; and A,, then, assuming an incompressible fluid, points A and B of the
equivalent rigid link shown in Fig. 1-6 have the same motions as the pistons,
provided d;/d, is made equal to A,/A,.

1-5 MECHANISM

A kinematic chain is a system of links, that is, rigid bodies, which are either
joined together or are 1n contact with one anotherin a manner that permits them
to move relative to one another. If one of the links 1s fixed and the movement of
any other link to a new position will cause each of the other links to move to
definite predictable positions, the system is a constrained kinematic chain. If
one of the links is held fixed and the movement of any other link to a new
position will not cause each of the other links to move to definite predictable
positions, then the system is an unconstrained kinematic chain. A mechanism
orlinkage 1s a constrained kinematic chain, When link 1 in Fig. 1-1 is held fixed,
the piston and connecting rod each have a definite position for each position of
the crank. Thus, the linkage is a constrained kinematic chain and is therefore a
mechanism. Suppose, however, we have an arrangement of links as shown in

Figure 1-4

Figure 1-5
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Figure 1-8

Fig. 1-7. Note that if link 1 is fixed, then with link 2 in the position shown, links
3,4, and 5 will not have definite predictable positions, but could assume many
positions some of which are shown with dashed lines. Thus, this i1s an uncon-
strained kinematic chain and is therefore not a mechanism. Further, let us
consider Fig. 1-8, in which three bars are pinned together as shown. An ar-
rangement of this type does not constitute a kinematic chain because there can
be no motion of the members relative to one another. Such an assemblage is not
a mechanism but is a struciure or truss.

A machine is a mechanism which transmits forces. The mechanism in Fig.
1-1 becomes a machine when a force is applied to one of the pistons and is
transmitted through the connecting rod and crank to produce rotation of the
crankshaft. An electric motor is a machine, but one might question whether it is
a mechanism. Actually it is a four-link mechanism which is equivalent to the
one shown in Fig. 1-9. In Fig. 1-9 disks 2 and 4 rotate about a common axis and
are connected by a connecting bar, which is link 3. In the electric motor the
rotating polarity of the field coils is analogous to disk 2, the driver in Fig. 1-9.
The magnetic field functions as the connecting bar 3, and the armature is
€quivalent to the driven disk 4.

Though all machines are mechanisms, not all mechanisms are machines.

any instruments, for example, are mechanisms but are not machines because

they do no useful work nor do they transform energy. For example, a clock
does no work in excess of that required to overcome its own friction.
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Figure 1-9

1-6 INVERSION

By making a different link in a kinematic chain the fixed member, we obtain a
different mechanism. The four mechanisms shown in Figs. 1-10 to 1-13 are
derived from the slider-crank chain. The mechanism used in gasoline and diesel
engines is shown in Fig. 1-10. If instead of link I being fixed. link 2 is held fixed,
the result 1s #as shown in Fig. 1-11. This mechanism was used in carly radial
aircraft engines. The crankshaflt was stationary and the crankcasc and cylinders
rotaled. The propeller was attached to the crankcase. Another application of

PELETTTTT TSI

Figure 1-11
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this inversion of the shder-crank chain is the Whitworth quick-return
mechanism, which is discussed later in this book in Sec. 3-8. In Fig. 1-12 link 3
is held fixed. This mechanism is used in toy oscillating-cylinder steam engines.
In Fig. 1-13 link 4 has been made the fixed member. This mechanism is com-
monly used for pumps.

It is of importance to note that inversion of a mechanism in no way changes
the relative motion betwecn its links. For example, in Figs. 1-10 to 1-13 if link 2
rotates #° clockwise relative to link 1, link 4 will move to the right a definite
amount along a straight line on link 1. This is true no matter which link is held
fixed.

1-7 PAIRING

Two bodies in contact constitute a pair. Lower pairing exists when two sur-
faces are in contact. Examples of lower pairing are a piston and its cylinder wall
and a journal and its supporting bearing. Higher pairing refers to contact which
cxists at a point or along a line. Examples of higher pairing are a ball bearing,
where point contact exists between the ball and race, and a roller bearing,
where contact between the roller and race is along a line. In Fig. 1-14 lower
pairing exists at A, B, C, and D. If instead of being cylindrical, the piston were
made a sphere as in Fig. 1-15, then the piston would contact the cylinder wall
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along a circle. Thus there would be higher pairing and it would make for greater
wear,

1-8 PLANE MOTION

A body has plane motion if all its points move in planes which are parailel to
some reference plane. The reference plane is called the plane of motion. Plane
motion can be one of three types: translation, rotation, or a combination of
translation and rotation.

1-9 TRANSLATION

A body has translation if it moves so that all straight lines in the body move to
parallel positions. Rectilinear translation is a motion wherein all points of the
body move in straight-line paths. The piston in Fig. 1-1 has rectilinear transla-
tion. A translation in which points in the body move along curved paths is
called curvilinear translation. In the parallel-crank mechanism shown in Fig.
3-2 the connecting link 3 has curvilinear translation.

1-10 ROTATION

In rotation all points in a body remain at fixed distances from a line which is
perpendicular to the plane of motion. This line is the axis of rotation, and points
in the body describe circular paths about it. The crank in Fig. |-] has a motion
of rotation if the frame of the engine is fixed.
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1-11 TRANSLATION AND ROTATION

Many machine parts have motions which are a combination of rotation and
translation. For example, in the engine in Fig. 1-16 consider the motion of the
connecting rod as it moves from position BC to B'C’'. These positions are
shown again in Fig. 1-17. Here we see that the motion is equivalent to a
translation from BC to B"'C” followed by a rotation from B''C’ to B'C’'. Another
equivalent motion 1s illustrated in Fig. 1-18. This shows a rotation of the rod
about C from position BC to B""'C, followed by a translation from B""'C to
B'C'. Thus the motion of the connecting rod can be considered as a rotation
about some point plus a translation.

1-12 HELICAL MOTION

A point which rotates about an axis at a fixed distance and at the same time
moves parallel to the axis describes a helix. A body has helical motion if each

Figure 1-16

Bn

I e —

S
¢ -

Figure 1-17

Figure 1.18
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point in the body describes a helix. The motion of a nut along a screw is a
common example.

1-13 SPHERICAL MOTION

A point has spherical motion if it moves in three-dimensional space and re-
mains at a fixed distance from some fixed point. A body has spherical motion if
each point in the body has spherical motion. In the ball-and-socket joint in Fig,
1-19, if either the socket or rod is held fixed, the other will move with spherical
motion.

1-14 CYCLE, PERIOD, AND PHASE OF MOTION

A mechanism completes a cyvcle of motion when it moves through all its possi-
ble configurations and returns to its starting position. Thus the slider-crank
mechanism in Fig. [-16 compietes a cycle of motion as the crank makes one
revolution. The time required for one cycle is the period. The relative positions
of the links at any instant during the cycle of motion for the mechanism consti-
tute a phase. When the crank in Fig. 1-16 is in position &, the mechanism is in
one phase of its motion. When the crank is in position é,, the mechanism is in
another phase.

1-15 VECTORS

Two types of quantities are treated in mechanics. Scalar quantities are those
which have magnitude only. Examples are distance, area, volume, and time.
Vector guantities have magnitude and direction. Examples are displacement,
velocity, acceleration, and force.

Figure 1-19
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A vector quantity can be represented by a straight line with an arrowhead
as illustrated in Fig. 1-20. The magnitude of the vector A is represented by its
fength, which is drawn to any convenient scale. For example, if we wish to
represent a velocity of 20 ft/s and we let 1 in on the paper represent 10 ft/s,
then A would be drawn 2 in long. The arrowhead represents the head or ter-
minus of the vector, and the other end is called the tail or origin. The direction
of a vector may be described by specifying the angle in degrees which it makes
with the horizontal (x axis) measuring in the conventional counterclockwise
direction. This is illustrated in Fig. 1-20.

1-16 ADDITION AND SUBTRACTION OF VECTORS

The symbol 4> is commonly used to denote the addition of vector quantities,
and the symbol — is used to denote subtraction. The sum of vectors A and B is
written A + B, and the subtraction of B from A as A — B.

Vectors A and B in Fig. 1-21 can be added by laying them out in the manner
ShQWH in Fig. 1-22 or in the manner shown in Fig. 1-23. Point O is the starting
pomt, called the pole, and may be chosen at any convenient location in the
Plane of the vectors. From the pole, vectors A and B are laid off with the tail of
One placed at the head of the other. Their sum is called the resultant and is
shown by the dashed line in the figures.
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Figure 1-21

o
Figure 1-23 Figure 1-24

It should be noted that when laying out vectors in order to determine their
resultant, their given magnitudes and directions must be maintained, but the
order in which they are laid out does not affect their resultant. The resultant is
always directed outward from the pole and is the closing side of a polygon.

The subtraction of vectors A and B in Fig. 1-21 is accomplished as follows.
In order to find the resultant of A — B we may write this as A + (—B). That is,
we add a minus value of vector B to vector A as shown in Fig. 1-24, Similarly,
to find the resultant of B — A we may write this as B + (—A). Thus a minus
value of vector A is added to vector B as shown in Fig. 1-25. We note that
subtraction of a vector consists of adding its negative value,

1-17 COMPOSITION AND RESOLUTION OF VECTORS

Composition refers to the adding together of any number of vectors. The sum is
called their resultant, and the vectors are called the components of the resul-
tant. It is important to note that any given number of vectors has but on¢
resultant. For example, the vectors in Fig. 1-26 can be added in any order, as
illustrated by Figs. [-27 to 1-29, yet their resultant is the same.

Resolution refers to the breaking down of a vector into any number o
components. Any vector can be resolved into an infinite number of sets of
components. It is often convenient to resolve a vector into two components—
for example, a horizontal component and a vertical component. If a vector it
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resolved into two components, each component has a magnitude and a direc-
tion. When any two of these four quantities are known, the other two can be
found.

Suppose we wish to find the two components of vector A, Fig. 1-30, if their
directions are known as shown by dashed lines at the left in the figure. Through
the origin and terminus of vector A draw lines parallel to given directions. The
intersection of these two lines determines the magnitudes of components B and
C.

In Fig. 1-31 the two components of vector A are to be found when their
magnitudes B and C, as shown to the left, are known. From the origin of vector
A two arcs are swung, one with a radius equal to B and the other with a radius
equal to C. Similarly from the terminus of vector A we swing two arcs, one with
radius B and the other with radius C. The intersections of the arcs determine
the directions of the two components. There are two possible solutions. The
components are vectors B and C or vectors B' and .

In Fig. 1-32 the two components of vector A are to be found; the magnitude
and direction of one component, B, is known, From the origin of vector A this
component is laid off. The closing side of the polygon then determines the other

Figure 1-30

Figure 1-31
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Figure 1-32

Figure 1-33

component, C. Another construction, B’ and C’, is shown. This is equivalent to
the solution B and C.

Next, let us consider Fig. 1-33. The two components of vector A are to be
found when one is to be in the direction of B and the magnitude of the other is to
be C. A line parallel to B is drawn through the origin of vector A. An arc of
radius C is then drawn from the terminus of vector A. The intersection of this
arc with the line of direction B determines vector C or C'. There are two
§01ut.ions, BC and B'C’, If the arc is tangent to the line of direction B, then there
Is just one solution.

PROBLEMS

I'l In Fig, P1-1a the rectangle at point C is used to indicate that BC and CD is one continuous

::e"ﬂber and that BC and CD are not separate parts pivoted together at C. This symbol is used

st“’_“BhOU_t the text. For each drawing, state whether the figure represents a mechanism, an uncon-
Rined kinematic chain, or a structure.
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Figure P1-1

1-2 Given the vectors in Fig. P1-2. use a scale of 1in = 10 unijts and determine the following
veclors:

(@) H=A+ B

(by I=A> R

(¢ J=A—-CH+HB S E

&y K=GCG—->F+HD-CHB

&) L=-DPE->F G

il

A=20 210° 2130
270° 5 _,,\Q
o %
o
n

)

G\=

100°

y

¢

K 75°
w

Figure P1-2
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1-3 Foreach of the vector polygons in Fig. P1-3 write the vector equation giving the resultant R,

{a) (b) (¢) (d)
Figure P1-3

1-4 Resolve a vector A which has a magnitude of 20 units and a direction of 135° inte two vectors B
and C. B is to have a direction of 80° and C is 1o have a direction of 210°. Scale: 1 in = 10 units.
Determine the magnitudes of B and C.

1-5 Resolve a vector T which has a magnitude of 50 units and a direction of 120° into two vectors R
and §. The magnitude of R is to be 30 units and the magnitude of § is to be 66 units. Scale: | mm =
unity.

1-6 Resolve a vectorA which has a magnitude of 50 units and a direction of 210° into two vectors B
and C. C is to be 37.5 units and is to be directed at 75°. Determine the magnitude of B and its
direction in degrees. Scale: I mm = unity.

1-7 Resolve a vector T which has a magnitude of 60 units and a direction of 345° into two vectors R
and §. S is to have a direction of 315°. The magnitude of R is to be 32.5 units. Scale | mm = unity.
Indicate on the drawing the magnitude of §.



CHAPTER

TWO

PROPERTIES OF MOTION, RELATIVE MOTION,
METHODS OF MOTION TRANSMISSION

2-1 INTRODUCTION

The motion of arigid body can be defined in terms of the motion of one or more
of its points. Thus we will first study the motion of a point.

2-2 PATH OF MOTION AND DISTANCE

The path of a moving point is the locus of its successive positions, and the
distance traveled by the point is the length of its path of motion. Distance is a
scalar quantity since it has magnitude only.

2-3 LINEAR DISPLACEMENT AND VELOCITY

Displacement of a point is the change of its position and is a vector quantity. In
Fig. 2-1 as point P moves along path MN from position B to position C, its
linear displacement is the difference in position vectors R, and R,. This can be
expressed as vector As, which is the sum of vectors Ax and Ay. Thus

As = Ax b Ay (2-1)

The magnitude of the linear displacement may be expressed in terms of the
magnitudes Av and Ay

As = V(Ax)? + (Ay)? (2-2)

20
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Figure 2-1

and its direction with respect to the x axis 1s
Ay

tan Y= — 2-3

Y Ax (2-3)

If the displacement is decreased indefinitely, then vector As approaches the
tangent to the path at point B. Hence the motion of a point at any instant isin a
direction tangent to its path,

Linear velocity is the time rate of change of linear displacement. In Fig. 2-1
point £ moves from position B to position C in time As. The average velocity
during this interval is

As
Vﬂl) =
At
The instantaneous linear velocity of the point, when it is at position B, is

As ds
V=Ilim— = — -
AJIT oAt dt (29

and it is directed tangent to the path.

2-4 ANGULAR DISPLACEMENT AND VELOCITY

CO_nsider the body in Fig. 2-2 to be rotating about the fixed axis O and let P be a
POt fixed in the body. As P moves to P, the angular displacement of line OP
Or the body is A, which occurs in a time Ar. The average angular velocity of
the body during this interval is

A8
av Af
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w

Figure 2-2

The instantaneous angular velocity of the body for the position OP is

Ag do
= lim— = — 2-5
@ ArlTl_lAl dt ( )
In Fig. 2-2 point P has a radius of rotation R equal to length OP. V is the
velocity of point P and is tangent to the path PP’ and hence perpendicular to
radius R. Arc length PP’ equals R Af, where A# is expressed in radians. The
magnitude of the velocity of point P, when in position P, is

R A6 de
vV =1 = R— 2-6
..\r”}:lﬂ Af R df ( )
Substitution of Eq. (2-5) into (2-6) gives
V =Rw 2-7)

where w is expressed in radians per unit of time. If w is expressed in radians per
minute and R is expressed in feet, then since a radian is dimensionless, the units
for V are feet per minute. Thus

V = Rw

fi

F = ft x—rqi
min min

The angular velocity of a machine part is often expressed in revolutions per
minute (abbreviated r/min) and is denoted by n. Since each revolution equals
2 rad,

w = 2 (2-8)
and
V = 2aRn (2-9)

Since the radii of rotation for all points in a rotating body have the same
angular velocity w, we see from Eq. (2-7) that the magnitudes of their linear
velocities are directly proportional to their radii. Thus in Fig. 2-3,
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Figure 2-3

R (2-10)

=]

2-5 LINEAR AND ANGULAR ACCELERATION

Linear acceleration is the time rate of change of linear velocity. We will first

consider the case¢ of a point having rectilinear motion. Hence the velocity can

change in magnitude only. Let the initial velocity be V, and the velocity after a

time interval At be V; then during the interval At the average acceleration is

V-V, AV
At Ar ( )
The instantaneous acceleration is
AV av
A=lim— = —
AJIE]Q A! dt
But
y o ds
{
Hence
d%s
=22 2-12
o ( )

If a point moves with uniformly accelerated motion, A is constant and the

average acceleration for any time interval is equal to the value at any instant.
For this type of motion, Eq. (2-11)} can be written

V=V, + At (2-13)

where the time interval Af is expressed simply as t.
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If a point moves with constant velocity, its displacement in a time interval ¢
is
s =Vt (2-14)

For a point having variable velocity, the displacement is the product of the
average velocity and the time. Hence for uniform acceleration, the displace-
ment is

s =LV, + V) (2-15)

)
where V is the final velocity. Substituting the value of V from Eq. (2-13) in Eq.
(2-15). we obtain

s = Vit +5 AP (2-16)
Substituting the value of ¢t from Eq. (2-13) in Eq. (2-15) gives
V2=V + 24y (2-17)
Angular acceleration is the time rate of change of angular velocity and is
dw d*0
= = 2-1
T a T dre (2-18)

For a body having uniform angular acceleration, « is constant. For motion
of this type the same analysis as used for uniform linear acceleration gives Eqs.
(2-19) to (2-22), which are similar to Eqs. (2-13), (2-15), (2-16), and (2-17),
except that s, V, and A are replaced by 6, w, and «, respectively. Thus

w = wy + «atf (2-19)
8 = f(wy + @)t (2-20)
0 = wpt + yar? (2-21)
w? = wy: + 2af (2-22)

Angular displacement, velocity, and acceleration are either clockwise (cw)
or counterclockwise (cew). Throughout this text counterclockwise quantities
will be considered positive (+) and clockwise quantities negative ().

2-6 NORMAL AND TANGENTIAL ACCELERATION

A point can have acceleration in a direction either normal, tangential, or both to
its path of motion. If the point has curvilinear motion, it will have a normal
acceleration resulting from a change in direction of its linear velocity; if the
magnitude of its linear velocity changes, the point will also have a tangemial
acceleration. A point having rectilinear motion has no normal acceleration
since its linear velocity does not change direction; it will have a tangential
acceleration if the linear velocity changes in magnitude.
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Figure 2-4

In Fig. 2-4 consider a point moving along path MN. Its velocity, when at
position B, is V. After time At the point is at position C, and its velocity is V +
AV. R and R’ are the radii of curvature at points 8 and C on the path. The two
velocity vectors are shown again in Fig. 2-5 where AV, the change in velocity,
is the sum of components AV" and AV’ Component AV" results from the
change in direction of vector V, and AV’ is the change in magnitude of V.

The tangential acceleration A’ of the point when at position B is the time
rate of change of the magnitude of its lincar velocity; thus

AV! dv!

Al =lim = = 2.23
_\.'[n?u At di ( )

As At approaches zero, point C approaches B, and vector AV® in Fig. 2-5
becon_les tangent to the path at B in the limit. Hence A‘ is tangent to the path.
S}Jbstlluting the derivative of the expression for V in Eq. (2-7) in Eq. (2-23)
gives

d t)

A" = R 2-24
‘ dt ( )

Figure 2-5
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Next, substituting the expression for dw/dt in Eq. (2-18) in Eq. (2-24) gives
Al = Ra (2-25)

The normal acceleration A" of the point when at position B is the time rate
of change of its velocity in a direction normal to the path. Thus
AVn dvn
A" = lim =
AV V2 dt

(2-26)

In Fig. 2-5 angle A8 becomes ¢6 and the magnitude of AV" becomes equal to
the arc length in the limit. Thus

dV' =Vde (2-27)
Substituting Eq. (2-27) in Eq. (2-26) gives
A" = V% (2-28)
Substituting Egs. (2-5) and (2-7) in Eq. (2-28) gives
A=V =Ru? = —Ei (2-29)

Let us again refer to Fig. 2-5 and Eq. (2-26). We note that as Af approaches
zero and AV” becomes dV”, the latter is directed toward the center of curvature
of the path, and thus the direction of A" is always toward the center of curva-
ture. A point having curvilinear motion always has a normal component of
acceleration. A point having rectilinear motion has no normal component of
acceleration since

V2

At = =0

The total linear acceleration A of the moving point is the vector sum of A"
and A', as shown in Fig. 2-6. 1ts magnitude is

A= V(A" = (AP (2-30)
and its direction is
A[
= tan ' — 2-31)
¢ = tan e (

where A" and A” are the magnitudes of the normal and tangential components.

2-7 SIMPLE HARMONIC MOTION

A particle having rectilinear translation has simple harmonic motion if its ac
celeration is proportional to the displacement of the particle from a fixed point
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Figure 2-6

and is of opposite sign. The mathematical expression for simple harmonic
motion is

A= —Kx (2-32)

where A = acceleration
x = displacement
K = a constant
It is often convenient to represent simple harmonic motion by the projec-
tion upon a diameter of a point moving on a circle. In Fig. 2-7 let line OP rotate
with constant angular velocity w and let B be the projection of point £ on the x
axis. The displacement of point B from point O is

x =R cos wt (2-33)

Figure 3.7
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and its velocity V and acceleration A are

Vo= d_'c = —Rw sin ot (2-34}
dt

A= ks - —Rw® cos wl (2-3%)
dt?

A plot of Eqx. (2-33) to (2-33) appears in Fig. 2-8. From an inspection of Egs.
(2-33) and (2-35) we note that

A=  wix (2-30)

Since w s constant, Eq. (2-36} is the same as Eq. (2-32). which is the definition
of simple harmonic motion.

A Scotch-yoke mechanism is shown in Fig. 2-9. If link 2 rotates with
constant angular velocity, link 4 has simple harmonic metion.

2-8 ABSOLUTE MOTION

Absolute motion is the motion of a body in relation to some other body which is
at rest. In our previous discussion we considered the motion of a point in
relation to some fixed coordinate axes. Thus the motion of the point was an
ubsolute motion. Since nowhere in the universe is there known (o be a body
which is at absolute rest. the motion of any body must be expressed in relation
to some other body. In most irstances in mechanics and kinematics we may
regard the carth as fixed. The motion of a body in relation to the earth is then an
absolute motion, When refeiring to absolute motion, it is common to drop the
word absoluze; that is, if an automohite is traveling 100 km/h, this is its speed

Displacement

Velocity

Acceleration
X

0 90 180 270 360

Flgure 2-8
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relative to the ground. We do not say that its speed is 100 km¢h absolute, but
merely that 1ts speed is 100 km/h.

2-9 RELATIVE MOTION

A body has motion refative to another body only if there 15 w difference in thewe
absolute motions. The displacement of a body A4 relative to a body N 1 the
absoiute displacement of Af minus the absolute displacement of &, Similarly,
the velocity of body M relative 10 body N is the absolute velocity of M minus
the absolute velocity of N. Also the acceleration of body M relative to body N
is the absolute acceleration of M minus the absolute acceleration of M. If we
consider an antomobile moving along a straight path, the absolute displacement
of the frame is a translation. A wheel will have an absclute displacement con-
sisting of a translation which is the same as that of the frame, and in addition a
rotation. Then, in accordance with our defmition of relative motion, the dis-
placement of the wheel relative to the frame is merely a rotarion.

As an illustratton of relative motion consider two automobiles A and B in
Fig. 2-10 traveling with velociues of 60 km/bh and 40 km/h. Let ¥V, and Vy
denote their absolute velocities. Whenever a vector {s written with a single
letter us a subscript it is understood to be an absolute quantity. The velocity of

¥.= b0 km/h D Iy=40k h[:]
- A mlf 1 i ml' 2

VA -V A

~¥y Vin = 20 km/h A Vg = 20 km/h

Figure 2-10
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A relative to B is written V, 5 and is the absolute velocity of A minus the
absolute velocity of B. Thus

Ve = V4 — Vp

The velocity of A relative to B is the velocity that A would appear to have to an
observer in car B if the observer were to imagine that car B were at rest. To the
observer, car A would appear to be moving to the left at 20 km/h. This is shown
as V 5 in the figure. The velocity of B relative to A is written Vg, and is the
absolute velocity of B minus the absolute velocity of 4. Hence

Vg = Vg =V,

The velocity of B relative to A is the velocity car B would appear to have to an
observerin car A if the observer were to imagine that car A were at rest. To the
observer, car B would appear to be moving to the right at 20 km/h. This is
shown as Vy,, in the figure.

Another example of relative motion is illustrated in Fig. 2-11, where V; and
Vy are the velocities of two airplanes. The velocity of A relative to B is the
absolute velocity of A minus the absolute velocity of B. Hence

Vig = Vy—Vy
= V, b (=Vp)

as shown in Fig. 2-12. Similarly the velocity of B relative to A is the absolute
velocity of B minus the absolute velocity of A. Thus

Vpig = Vg —V,
=Vy b (—V))

as shown in Fig. 2-13.

Figure 2-11 Figure 2-12
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Figure 2-13

In a vector equation, terms can be transposed, provided their signs are
changed. For example,

V{ifﬂ = V~I - VB
-V, = ‘V,uﬁ — Vy
Ve =Vi—>Vun

Further, if the subscripts are reversed on a vector in a vector equation, the sign
of the vector must be changed. For example, if we reverse the subscripts on
V,s in the last equations,

Vi = Vy—> V;
V= Vgu— Vg
Vg = Vb Vg (2-37)

These equations can be verified by drawing the vector diagrams,
. Equation (2-37) is known as the relative-velocity equation; its right-hand
side can be shown to be equal to Vy as follows. By definition,

Vgiy = Vg =V,
Hence
Ve = Vb Vi,
may be written
VB = V,-i -+ (VB — V4)
=VibVp b (-V,)
— VB

3h1”5 Eq. (2-37) states that knowing the velocity of a point A, we can find the
clocity of a point B by adding to V) the velocity of point B relative to A, In a
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later chapter we will make extensive use of this idea in finding velocities of
points on a mechanism when the velocity of some point on the mechanism jg
known.

Since linear displacements and linear accelerations are vector quantities,
they are handled in the same manner as linear velocities.

If abody 2 and a body 3 have motion in a plane or parallel planes, then thejy
relative angular motions are defined as the difference in their absolute angular
motions. Thus

O30 = 0; — 0
Wyp = Wy — W
Cl‘.’3,:2 = X3 — O

where 6, w, and « are considered positive if counterclockwise and negative if
clockwise.

2-10 METHODS OF TRANSMITTING MOTION

Since all mechanisms transmit motion, it is of interest to classify them as to
basic types in accordance with the manner in which they transmit motion.

In the mechanisms in Figs. 2-14 to 2-16, link 2 is the driver. Link 4 is the
driven member and is called the follower. For a certain range of angular motion
of the driver, the follower is given a definite angular motion. In Fig. 2-14 motion
is transmitted from the driver to the follower through link 3, which s a rigid bar.
Hence link 3 is a rigid connector and is called the coupler. The connecting rod
in a gasoline engine is another example of this type of connector.

Band 3 connecting Jinks 2 and 4 in Fig. 2-15 represents a flexible connector.
Belt and chain drives are examples of mechanisms employing flexible connec-
tors.

In Chap. 1 it was explained how some mechanisms use hydraulic fluid or a
magnetic field as the intermediate link. In the hydraulic press in Fig. 1-5 the
fluid serves as the connecting link between the driver, piston A,, and the

J‘_*.:.U

!
Figure 2-14
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Figure 2-15

A

Figure 2-16

follower, piston A,. Further, with the aid of Fig. 1-9, it was explained how the
magnetic field acts as the connecting link in the four-bar mechanism which in
effect exists in an electric motor.

The linkage in Fig. 2-16 is called a direct-contact mechanism because the
driver and follower are in direct contact. The motion imparted to the follower
by the driver will depend on the shape of the outlines on links 2 and 4, as well as
on the relative position of the links. In direct-contact mechanisms the driver is
usually called the cam and the driven member is the follower. A pair of contact-
INg teeth on a set of gears is another example of a direct-contact mechanism.

2-11 LINE OF TRANSMISSION

MOtlon is transmitted from the driver to the follower along the line of transmis-
fs“m 111_1 Fig. 2-14 motion is transmitted from link 2 to link 4 by link 3. Thus P,P;
o me? 0ft1:an§m:ssjon. Similarly, in the belt drive in Fig. 2-15 line PoP, is the
" trdnsml_ssmn, since motion of the driving pulley is transmitted along this

€ 10 the driven puliey. In the direct-contact mechanism in Fig. 2-17 the
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driving link can transmit motion to the driven link only if the driver has motion
in the direction of the common normal. Thus here the line of transmission is the
common normal.

2-12 ANGULAR-VELOCITY RATIO

In Fig. 2-17 let P, and P, be points on bodies 2 and 4, respectively, which are
coincident for the instantaneous position of the mechanism shown. Through the
contact point the common normal and tangent lines have been drawn. The radii
of rotation for P, and P, are O, P, and O,P,. Vector P, E represents the velocity
of P, and is perpendicular to O,P,. Then the components of P,E along the
normal and tangent are P,S and P, L. Vector P, F represents the velocity of Py
and is perpendicular to O,P,. The components of P,F along the normal and
tangent are P,S and P,M. We note that the components of velocities PoE and
P,F along the normal must be equal; otherwise bodies 2 and 4 would either
move out of contact or would deform one another. If velocity PF is known, iFS
normal component P,.S can be determined. Since the direction of velocity PoF 18
known, its magnitude can then be found by drawing line FS perpendicular t0
P,S. This locates point F.
The angular velocities of links 2 and 4 are

and Wy =
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pROPERTI
Hence
w _ PE - Ofy |
w, Oy PF (2-38)
Lines 0:G and O,H are perpendicular to the normal. Then triangle O,GP, is
si