


Density functional theory (DFT)




Fundamentals: the quantum-mechanical many-
electron problem and the Density Functional
Theory approach
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Walter Kohn, Nobel Prize 1998 Chemistry

PHYSICAL REVIEW VOLUME 140, NUMBEER 4A 15 NOVEMEER 1965

Self-Consistent Equations Including Exchange and Correlation Effects*

W. Konn awp L. J. Smam
main source of error. We do not expect an accurate de-
scription of chemical binding. In large atoms, of course,
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Walter Kohn, Nobel Prize 1998
Chemistry

The Nobel Prize medal.



Background

1920s: Introduction of the Thomas-Fermi model.

1964: Hohenberg-Kohn paper proving existence of exact
DF.

1965: Kohn-Sham scheme introduced.
1970s and early 80s: LDA. DFT becomes useful.

1985: Incorporation of DFT into molecular dynamics (Car-
Parrinello), (Now one of PRL’s top 10 cited papers).

1988: Becke and LYP functionals. DFT useful for some
chemistry.

1998: Nobel prize awarded to Walter Kohn in chemistry for
development of DFT.
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Born-Oppenheimer approximation
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Solve electronic equations assuming fixed
positions for nuclei
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Density-functional theory

REVIEW VOLUME 136,

PHYSICAL

NUMBER 3B 9 NOVEMEBR 1964

Inhomogeneous Electron Gas*

"~ P. HOHENBERGT
Fcole Normale Superieure, Paris, France

AND

W. Kouni
Ecole Normale Superieure, Paris, France and Faculté des Sciences, Orsay, France
and
University of California at San Diego, La Jolla, California
(Received 18 June 1964)

This paper deals with the ground state of an interacting electron gas in an external potential v(r). It is
proved that there exists a universal functional of the density, F[»(r)], independent of »(r), such that the ex-
pression E= [v(r)n (r)dr+ F[x(r) ] has as its minimum value the correct ground-state energy associated with
v(r). The functional F[#(r)] is then discussed for two situations: (1) n(t) =no+7(x), #/n0<<1, and
(2) n(r) = @ (r/ry) with ¢ arbitrary and ro — . In both cases F can be expressed entirely in terms of the cor-
relation energy and linear and higher order electronic polarizabilities of a uniform electron gas. This approach
also sheds some light on generalized Thomas-Fermi methods and their limitations. Some new extensions of

these methods are presented.

INTRODUCTION

URING the last decade there has been considerable

progress in understanding the properties of a
homogeneous interacting electron gas.! The point of
view has been, in general, to regard the electrons as
similar to a collection of noninteracting particles
with the important additional concept of collective
excitations. :

theoretical considerations is a description of this
functional. Once known, it is relatively easy to deter-
mine the ground-state energy in a given external
potential.

In Part II, we obtain an expression for F[z | when =
deviates only slightly from uniformity, i.e., n(r)=mn
-+#(r), with %/no— 0. In this case F[#] is entirely
expressible in terms of the exact ground-state energy

1 s1e,



Corollary of first theorem of Hohenberg-Kohn

no ()

U First theorem of Hohenberg-Kohn
VVea:t (T)

U Definition of the Hamiltonian of interacting electrons in an external potential

2 2
h | e
e _ 2 ext -
H{R} > Vit Z = — T Vg, (U)
?
U Solving the Schrodinger equatlon. ground and excited many body wave fuctions

His Vo iy (7)) = B o ({7)
No prescription to solve this problem.

At this level we have gained nothing

All the properties of the system are completely determined given
only the ground state density ng (7°)




Density-functional theory

VOLUME 140,

PHYSICAL REVIEW

NUMBER 4A 15 NOVEMBER 1965

Self-Consistent Equations Including Exchange and Correlation Effects*

- W. Kou~ anp L. J. Suam
University of California, San Diego, La Jolla, California
(Received 21 June 1965)

From a theory of Hohenberg and Kohn, approximation methods for treating an inhomogeneous system
of interacting electrons are developed. These methods are exact for systems of slowly varying or high density.
For the ground state, they lead to self-consistent equations analogous to the Hartree and Hartree-Fock
equations, respectively. In these equations the exchange and correlation portions of the chemical potential
of a uniform electron gas appear as additional effective potentials. (The exchange portion of our effective
potential differs from that due to Slater by a factor of %.) Electronic systems at finite temperatures and in
magnetic fields are also treated by similar methods. An appendix deals with a further correction for

systems with short-wavelength density oscillations.

I. INTRODUCTION

N recent years a great deal of attention has been
given to the problem of a homogeneous gas of inter-
acting electrons and its properties have been established
with a considerable degree of confidence over a wide
range of densities. Of course, such a homogeneous gas
represents only a mathematical model, since in all real
systems (atoms, molecules, solids, etc.) the electronic
density is nonuniform.
It is then a matter of interest to see how properties

In Secs. IIT and IV, we describe the necessary modifi-
cations to deal with the finite-temperature properties
and with the spin paramagnetism of an inhomogeneous
electron gas.

Of course, the simple methods which are here pro-
posed in general involve errors. These are of two general
origins?: a too rapid variation of density and, for finite
systems, boundary effects. Refinements aimed at re-
ducing the first type of error are briefly discussed in
Appendix II.
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Exchange Correlation hole
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exchange - correlation energy
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Approximation of
exchange - correlation energy

1.Local density approximation

2.L.ocal spin density approximation
3.Generalized gradient approximation
4 Meta-GGAs

5.Hybrid Functionals
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Ladder of DFT

As you go up the rungs of Jacob’s
Ladder the functional forms get more
complex but the energies get more
accurate (and more expensive to
compute)

hybrid meta GGA
hybrid GGA

meta GGA
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Meta-GGAs

If we're interested in following the Taylor-like expansion of the density
the next logical step is the Laplacian of the density.

Elp(r)]= VZp(r)

)

e, =€, (p(r).[Vp(r).Vip(r). ¥ |Ve,
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Hybrid Functionals
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ladder of DFT

i (/A
B3LYP, PBE1PBE
0CC, {ipl} I SXE "PE ; . PKZB, TPSS

Hartree world



Classification of Density Functionals: GGA, hybrid, meta...

L(S)DA functionals: I];:},: E;-Il)’dB(;(;)g;unctlonals
g‘g/’v"g SVWN3, SVWNS, B3PW91, PBE1PBE
O3LYP, KMLYP
B98, B971, B972
Pure GGA functionals: M052X, THCTH-HYB
BP86, BLYP TPSSH, BMK, MPW1K, MPW3LYP
BPW91, OLYP, XLYP BHandH, BHandHLYP
G96LYP, PBEPBE BHandHHYB, HSE2PBE
HCTH, BPBE HSE1PBE, CAM-B3LYP

G96LYP, MPWLYP, MPWPWO1,
Hybrid meta-GGA functionals:

Pure meta GGA (1) B1B95, BB1K

functionals: PBE1KCIS, VS98,

BB95, MPW1K PKZB, BMK, TPSS1KCIS, TPSSh
THCTH, VSXC, PBEKCIS MO05, M05-2X, MPW1B95
TPSS, TPSSKCIS, mPWB95 MPWB1K, MPW1KCIS

PW6B95, PWB6K

47



o= RS Yol Jo sla (w9

.sjg o V8 eslanal sy oo 8 sledg) (b = RS dales S50 5 = (6l
Lol o roseie a5 55l 5529 8l o33 SO s cpl = 6l Sols el
Sl ke

(TB L LCAO) ot sldleu)l Jox oS 5 iy, (1

LMTO) = o5 il gldliyl s, (2

Joilyy 4 s, B

KKR 3, (4

APW o o s cos el 2y, 5

(LAPW) o= s oo s o 2l gal 5, (6

(FP-LAPW) JolS” Jomils b Jast ol oy o gl 35, (7

48



(APW) oulis wg.cu 1 C‘g.o‘ u’;’:g)

u.m\ u\yu_au.\\)a\_ujmd\)\ \.\.\)S.\\Auj).aﬁ\uw)\ JJJ @‘y ) e

.LM)A\AMJAJ}‘JA\}\JJLA\ JJSLJM)JLAAAC\)A\\J‘JJ\J\&L@-\)JJS\J‘

jJAS (APW) L\ﬂqutwﬂc\}o\ LR 9 Lywumyw\mcj\y
JMC)LAJJM\LM}Q—\M\DJML\AJU‘JJ&JL&L@AJJM‘JMJLAJ\S

o> R4S G sa Gl 4 250 (e pandi Al 2 4y sl glad ¢ sl 2 e
‘_,’_1\“).1?&,ASLQJ)LML;JMA\&MMJJM@MSJSJLJJJ@\Ao)SLAM
A\S&oﬁw\d;\q)qdmu iy pra (1 — (ile o S 4y 5 2dL 4ddly
s 42 4l @l ol asd e a8l 0 iz s 35035 (558
g (g A9l p )

F\@&\fﬂd;ﬂdd\.&a@\&mw&g\.@\ﬁ uu\mmbeuv-ﬂ\s J
AL e E s L al))

v O Gdla 0 S @A Aals
A(rk )=+ J\7

Jala 4zali

49



(LAPW) s oo Co g b zlgol b,

axa (o S mhu ) Biie Kol idad Sl SR APWUES) 0
) b aS )l aeay G Gale Jaailly 40 (o5 2sane 5 Giladae 2l
LAPW i s ¢ S8 Gl a8 (5l .20 (o0 B g sledis) ATl
A Gl a5 APWasle iy cpd 0 128 Al ¢ guail dau s
Crtle (sl 5 S (50 Al wal 8 (o Cual QA8 Gy a4y 5 23S i (5 S

U, (r, E)
ok E=E,

U,(r,E)=U,(r,E,)+ (E, ~E) +O(E, —E)

LAPW s y23 Culi Bp S (515 APW_2 Jaws ) alas 50 ol o) o 3S0la L
A0 e I

50



(LAPW) s oo Co g b zlgol b,

i) g 43 Oi-le (5L 0 S (500 5 ABla w4l A algihn .
Aed e QAT )

( 1 -
e|Kn.r

\/\7I
D 2 [ARKOU(FLE) + B (KU (L E)lY,(0,9) 1

L =0 mg=—I

#(F.K,) =+

Culd Eobuu\eMVjuo)SujJJ”@;bc@g\_\\Auy|4.\;\.1u‘)&45 J
lase 3 alaie Qlsay (rE) O 02 48 28 dslas )5 o 1) 4 @il 58
Sl G cpila o S JANY ja Fo &l (65 5 ;\j\‘\ggsc\.uiﬁdj)iddtu
] Gc\.au..n c_\\ﬁdﬁ_&o U,(r,E) 3
oU,(r,E)
ok c

U,(r,E)=

EO

51



(FP-LAPW) Jol5' Jouuiliy b (ol o o585 <5 ol s,

)J@L"UJJ—’LASJJ\)QJ}&J\ QJ‘jMLQ“SV\MdeLAPWUMJ‘))‘W ¢
CEO S| DU VN LI P ('*—Sw‘”upfd\é\fw”b‘g}g“ﬁﬁﬂsa‘)@
‘J.Jl_ﬂ JSQJJJ\JJ\‘J}CW\J\NLJJL’w)“)}by‘jﬁ‘)b JJ\J&J\{.)&_)‘M

S o A 5 IS e S O s O
>V (K, )" I
V(r) =1 Kn=
ZVIm(r)Yrm (r) II
L Im

il AL o4l s g Sl o S O il 5 2K o laslas o
o3l ke (o Gl e s e o S 0500 s s Sl ash b IS 4
S 0l 55 a5l (gl aall O 5 (55,5 LSS sasle ¢ sk LSSl Lo sl
o 3 lad LIl el (6585 Gl sl oskh Sisasle 05 G L0
I 4 o8 B2 U ol v st e Sleabee S 115 s esls (g5l
b oileds 45 S L s 0la Ladls 5 oS Soppe 4 e bl 5 oS Jlasl b oty

J\.;‘o../\.».du L}ASML‘{ szj) \) Lf.:’j) w\e\SCﬁw\ L}JJW
52



s ol 4 kai 5 5ali Uy ST L

(im0 S p e i) o Jaaad  MBa (ol 4y lai o3 g0

Capna (Siuiad (a8 b ((Ole)) 40 Al 5 pue) Sl (g 4y ki
L 5l

LB S 1 Sa Saali 0 jsans fosd sl g5

:DJ\.A: o\J
SIC-LSDA L LDA+U ok ol gy dangt DFT Jaawd

QMC DMFT : Lalai 5 38y o) o0 G sla (g s )l



oAlla
U5 LDA 5 GGALls b2 Ol (iiSan (34 dpulaa o

o0l JS (55 Ja 1 2 aily Kiuied agas (2250 o) GGA 5 (s3<) LDA
S (e

Al

Qb et dvulaa (383 Gl g 90 ) g SEISan

).\.Lu vdW-DF L_iﬁjtéé B @\AJS O ealelud 1 ole ya 6l

JuNoLo ( Julich Non Local code)

E(vdW-DF) = E(GGA) — E(GGA, c) + E(LDA, c) + E(nl-c)



DFT Codes
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PWSCF
VASP
CASTEP

SIESTA

B

Gaussian

LAPW
LMTO
Wien2k

DFT Codes
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PWPP ( Plane Wave - Pseudopotential )

ol sl gl g 0w 30l sla by (w9,
LCAOQ ( Linear Combination of Atomic Orbitals )
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Atomic Sphere Methods
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Pesudopotentials in SIESTA
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