
uDt R= pkDUt |=yu=@ R
Context-Free Languages 5

uDt R= pkDUt |=yu=@ R w =yQt=Qo 1»5

h} QaDOa=wk |xty Qo = \ki w Qo = ’s}} wo|t uDt R= pkDUt =Q G = (V, T, S, P ) Qt=Qo uDt R= pkDUt Qt=Qo
CQwY x@ P

A → x , x ∈ (V ∪ T )∗, A ∈ V

"OW=@

"OQ=O OwHw xv=}=B=v l} \ki xOa=k Qy AJ CtU ’uDt R= pkDUt Qt=Qo QO

h} QaDOwHw G uDt R= pkDUt Qt=Qo l} Qo = \ki w Qo = ’CU= uDt R= pkDUt L u=@ R uDt R= pkDUt u=@ R
"OW=@ L = L(G) xm OW=@ xDW=O

"CU= uDt R= pkDUt u=@ Rl} ’s_vt u=@ R Qy⇐ CU= uDt R= pkDUt Qt=Qol} ’s_vt Qt=Qo Qy ◭

"CU= uDt R= pkDUt |=yu=@ R |xO=wv=N |xawtHtQ} R ’s_vt |=yu=@ R |xO=wv=N ◭

u; xm |v=tR Qy QO u=wD|t =Q Oa=wk AJ CtU |=yQ}eDt |v} Ro}=H xm u}= |va} uDt R= pkDUt ◭

OQ=Ov |oDU@=w |=xrtH sQi |x}k@ x@ u}= w O=O s=Hv= OwW|t Qy=_ |=xrtH pmW l} QO Q}eDt
"“xOa=k Qy AJ CtU QO Q}eDt l} =yvD OwHw |xH}Dv”

h} QaDQFm =OL u; O}rwD Oa=wk |xty CU=Q CtU QO xm CU= |]N G = (V, T, S, P ) Qt=Qo |]N Qt=Qo
CQwY x@ P Oa=wk |xty |va} "OW=@ xDW=O OwHw xv=}=B=v l}

A → xBy =} A → x , x, y ∈ T ∗, A,B ∈ V

"OW=@

1



uDt R= pkDUt |=yu=@ R w =yQt=Qo 2

H
p=Ft

"CU= uDt R= pkDUt S → aSa, S → bSb, S → λ Oa=wk =@ G = (S, a, b, S, P ) Qt=Qo

"CU= Q} R CQwY x@ Qt=Qo u}= R= j=kDW= xvwtv l}

S ⇒ aSa ⇒ aaSaa ⇒ aabSbaa ⇒ aabbaa

%Ovm|t O}rwD =Q Q} R u=@ R jwi Qt=Qo xm OQm C@=F =QkDU= =@ u=wD|t

L(G) = {wwR : w ∈ {a, b}∗}

"CU= |]N Qt=Qo l} jwi Qt=Qo ’h} QaD j@=]t xm OwW|t xOy=Wt

N

H
p=Ft

"CU= uDt R= pkDUt L = {anbm : n 6= m} u=@ R

%OwW xDWwv u=@ R wO ‘=tDH= CQwY x@ Ov=wD|t jwi u=@ R xm s}vm|t x_Lqt

L = {anbm : n > m} ∪ {anbm : n < m}

%OwW|t u; |xOvvm O}rwD uDt R= pkDUt Qt=Qo ?}DQD u}= x@ w

S → S1 | S2

S1 → AS′

S′ → aS′b | λ

A → aA | a

S2 → S′′b

S′′ → aS′′b | λ

B → bB | b

"CU}v |]N Qt=Qo l} jwi Qt=Qo ’h} QaD j@=]t xm OwW|t xOy=Wt

N

H
p=Ft

"CU}v |]N |rw ’CU= uDt R= pkDUt S → aSb|SS|λ Oa=wk =@ Qt=Qo

%R= CU= CQ=@a Qt=Qo u}= u=@ R

L = {w ∈ {a, b}∗ : na(w) = nb(w) ∧ na(v) ≥ nb(v), w R= |=xDWQQ} R Qy v}

=Q K}LY |wDQOwD |=yRDv=QB Q=DN=U xDU@ RDv=QB u=wva x@ b w R=@ RDv=QB u=wva x@ a uDiQo Q_v QO =@ xm
"Ovm|tXNWt

N
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3 uDt R= pkDUt |=yu=@ R

uDt R= pkDUt |=yQt=Qo QO j=kDW= 1»1»5

OwW|t u} Ro}=H |=xrtH sQi QO Q}eDt u} QDAJ CtU ’j=kDW= R= sOk Qy QO u} QDAJ j=kDW=
"(⇒LM )

OwW|t u} Ro}=H |=xrtH sQi QO Q}eDt u} QDCU=Q CtU ’j=kDW= R= sOk Qy QO u} QDCU=Q j=kDW=
"(⇒RM )

"CW=O Oy=wN OwHw AJ j=kDW= sy w CU=Q j=kDW= sy ’j=kDW= OwHw CQwY QO xDmv ◭

H
p=Ft

%abbbb |xDWQ |=Q@ "O} Q}o@ Q_v QO =Q S → aAB, A → bBb, B → A|λ Oa=wk =@ Qt=Qo
%u} QDAJ j=kDW= l}

S ⇒LM aAB ⇒ abBbB ⇒ abAbB ⇒ abbBbbB ⇒ abbbbB ⇒ abbbb

%u} QDCU=Q j=kDW= l}

S ⇒RM aAB ⇒ aA ⇒ abBb ⇒ abAb ⇒ abbBbb ⇒ abbbb

N

h} QaDtG ?DQt Q=OxW} Q CNQO ’OW=@ uDt R= pkDUt Qt=Qo l} G = (V, T, S, P ) Qo = j=kDW= CNQO
Qo = \ki w Qo = ’CU= G |=Q@ (derivation tree) j=kDW= CNQO l}

"OW=@ S ?UJQ@ |=Q=O xW} Q “1

"OW=@ T ∪ {λ} R= |@UJQ@ |=Q=O =ynQ@ R= l} Qy “2

"OW=@ V R= |@UJQ@ |=Q=O |rN=O |=yxQo R= l} Qy “3

CQwY x@ CU=Q x@ AJ R= u; u=OvRQi w OW=@ A ∈ V ?UJQ@ |=Q=O |=xQo Qo = “4

a1, a2, . . . , an

"OW=@ A → a1a2 . . . an pmW x@ |=xOa=k |w=L P x=ou; ’OW=@ xOW |Q=Po?UJQ@

"OW=@ xDW=Ov |Qo}O OvRQi I}y ’OW=@ λ ?UJQ@ =@ |OvRQi |=Q=O xm |=xQo “5

"CU= Qt=Qo u=@ R QO xDWQl} w O};|tCUO x@ =ynQ@ pw= » jtaV}=t}B R= j=kDW=CNQO pY=L

H
p=Ft

%A → abABc |xOa=k |=Q@ j=kDW= CNQO
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uDt R= pkDUt |=yu=@ R w =yQt=Qo 4

A

cBAba

N

h} QaD|=H x@ xm Cw=iD u}= =@ CU= j=kDW= CNQO Ovv=ty |} RH j=kDW= CNQO |} RH j=kDW= CNQO
"OQ=O =Q ‹CU= V ∪ T ∪ {λ} R= |@UJQ@ |=Q=O nQ@ Qy› \QW ’“2” \QW

R= |=xrtH sQi l} w O};|t CUO x@ =ynQ@ pw= » jta V}=t}B R= |} RH j=kDW= CNQO pY=L
"CU= Qt=Qo

H
p=Ft

%O} Q}o@ Q_v QO =Q S → aAB, A → bBb, B → A|λ Oa=wk =@ G Qt=Qo
%G R= abBbB |=xrtH sQi |=Q@ |} RH j=kDW= CNQO l}

S

BA

bBb

a

%abbbb |xrtH |=Q@ j=kDW= CNQO l}

S

B

A

bB

λ

b

A

bB

λ

b

a

N

x}[kl} w ∈ L(G) Qy |=R= x@ CQwY u}= QO ’OW=@ uDt R= pkDUt Qt=Qo l} G = (V, T, S, P ) Qo =
"CU= L(G) QO j=kDW= CNQO pY=LTmaQ@ w CU= w u; pY=L xm s} Q=O G |=Q@ j=kDW= CNQO
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5 uDt R= pkDUt |=yu=@ R

|=xrtH pmWl} tG pY=L x=ou; ’OW=@ S |xW} Q =@ G |=Q@ |} RH j=kDW= CNQOl} tG Qo =
"CU= G R=

"C=@F= ◭
|wQ Q@ =QkDU= R= ’OQ=O OwHw |} RH j=kDW= CNQOl} L(G) R= |=xrtH sQi Qy |=Q@ xmv}= C=@F= |=Q@

%s}vm|t xO=iDU= j=kDW= |=ys=o O=OaD

Qo = =Q} R” CU= K}LY ’OwW|t jDWt s=o l} QO xm |=xrtH sQi Qy |=Q@ xQ=Ro u}= %x}=B •
"“S ⇒1 u x=ou; ’S → u ∈ P

OQ=O OwHw |} RH j=kDW= CNQO l} O};|t CUO x@ s=o n QO xm |=xrtH sQi Qy |=Q@ %ZQi •
"“S ⇒n w”

%s}W=@ xDW=O s=o n QO xm OW=@ |=xvwo x@ O}=@ OwW|t jDWt sOk n+1 QO xm w |xDWQ Qy %smL •

S ⇒∗ xAy, x, y ∈ (V ∪ T )∗, A ∈ V

xAy ⇒ xa1a2 . . . amy = w, ai ∈ V ∪ T

|=xOa=k O}=@ Qt=Qo uwJ w OQ=O OwHw xAy pY=L =@ |} RH j=kDW= CNQO l} =QkDU= ZQi T=U= Q@
s} Qw;|tCUO x@ |} RH j=kDW=CNQOl} A nQ@ |xaUwD =@ ’OW=@ xDW=O A → a1a2 . . . am Ovv=t

"CU= xa1a2 . . . amy u; pY=L xm
"CU= K}LY |=xrtH |=ysQi |xty |=Q@ xH}Dv xm s}vm|t =aO= =QkDU= R= xO=iDU= =@ u}=Q@=v@

"OyO|t u=Wv =Q |=xrtH sQi l} j=kDW= CNQO Qy xm s}yO u=Wv s}v=wD|t ?}DQD u}ty x@

�

=t= ’CU= xOW xO=iDU= xrtHl} uOQw; CUO x@ |=Q@ |Oa=wk xJ xm OyO|t u=Wv j=kDW= CNQO
|xH}Dv QO xrLQt Qy QO Oa=wk |Q}oQ=m x@ ?}DQD Qo}O CQ=@a x@ "OyO|tv u=Wv =Q =yv; R= xO=iDU= ?}DQD

"OQ=Ov |Q}F=D |}=yv
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s=y@= w x} RHD 6

s=y@= w x} RHD 2»5

h} QaDumtt j=kDW= O} wo|t =} w O@=}|t j=kDW=l} w |xDWQ |=Q@ xm CU= |tD} Qwor= ’(parser) Qox} RHD
"CU}v

C}w[a sD} Qwor=l} u=wva x@ ‘t=H |wHDUH 1»2»5

s}v=wD|t w ∈ L(G)X}NWD |=Q@

’s}vm |UQQ@ =Q S ⇒ x |va} |=xrLQt l} |=yj=kDW= =OD@= •

’|=xrLQt wO |=yj=kDW=TBU •

. . . •

. . . w |=xrLQt n = |w| |=yj=kDW= •

"O@=}|tv xtD=N p=wQ u}= w 6∈ L(G) Qo = xm CU= u}= u; w OQ=O p=mW= l} VwQ u}=
hkwDt xrLQt |w| R=TB p=wQ u}= ’OW=@ xDW=Ov =Q A → B xm} |xOa=k w λ |xOa=k Q_v OQwt Qt=Qo Qo =

"OwW|t

x}[kA → λ =} A → B pmW x@ |Oa=wk xm OW=@ uDt R= pkDUt Qt=Qo l} G = (V, T, S, P ) Qo =
|=Q@ xm O}; QO |tD} Qwor= CQwY x@ Ov=wD|t pt=m |wHDUH VwQ x=ou; ’OW=@ xDW=Ov =Q (A,B ∈ V )

"CU}v umtt x} RHD xm O} wo|t =t x@ =} w Ovm|t u}}aD w |=Q@ x} RHD l} =} w ∈ Σ∗ Qy

"C=@F= ◭

"s} Q}o|t Q_v QO =Q u; |=yxv=}=B O=OaD w pw] ’|=xrtH sQi Qy |=Q@
"“|yD w xm} Oa=wk OwHw sOa p}rO x@” OyO|tV}=Ri= =Q OQwt wO u}= R= |m} pk=OL j=kDW= s=o Qy
V}@ Ov=wD|tv j=kDW=l} ’OW=@ |w| R=V}@ Ov=wD|tv =yxv=}=B O=OaD xv w |=xrtH sQi pw] xv xm =Hv; R=

OW=@ xDW=O xrLQt 2|w| R=
"OwW O}rwD Qt=Qo u; \UwD Ov=wD|tv w =} w CU= xO}UQ u=}=B x@ jiwt Qw] x@ x} RHD =} =Hv; =D w

=yQwO O=OaD ≤ |w| + |w| = 2|w|

�
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7 uDt R= pkDUt |=yu=@ R

O=} R Q=}U@ |=xrtH |=ysQi O=OaD =Q} R ’CU= OwOLt Q=}U@ x} RHD |=Q@ ‘t=H |wHDUH |rta OQ@ Q=m
’u} QDAJ j=kDW= R= xO=iDU= ZQi =@ |=xrtH |=ysQi O=OaD |q=@ OL |x@U=Lt |=Q@ "CU=

’|=xrtH sQi |P | QFm =OL pw= QwO QO
’|=xrtH sQi |P |2 QFm =OL swO QwO QO

’. . .
"OQ=O OwHw xrtH sQi |P |2|w| QFm =OL 2|w| QwO QFm =OL QO
%OwW|t |=xrtH |=ysQi pm O=OaD QFm =OL ‘wtHt QO

M = |P | + |P |2 + . . . + |P |2|w| = |P |
1− |P |2|w|

1− |P |

H
p=Ft

%OQm xOy=Wt Q} R Qt=Qo QO u=wD|t =Q |=xrtH |=ysQi O=OaD Cr=L u} QDO@ R= |r=Ft

S → A1A2

A1 → A3A4

A2 → A5A6

A3 → a

A4 → a

A5 → a

A6 → a

%CU= xOW sUQ Q} R pmW QO aaaa |xDWQ |=Q@ u; j=kDW= CNQO xm

S

A2

A6

a

A5

a

A1

A4

a

A3

a

N

x}[k|rL=Qt O=OaD QO =Q w ∈ L(G) |xDWQ Qy xm OQ=O OwHw |tD} Qwor= ’uDt R= pkDUt Qt=Qo Qy |=R= x@
"Ovm|t x} RHD ’CU= |w|3 =@ ?U=vDt xm

"OwW|t K} QWD |Oa@ pYi QO xm CU= x} RHD |=Q@ CYK VwQ |x}=B Q@ x}[k u}= C=@F=
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s=y@= w x} RHD 8

h} QaD(simple grammar, xO=U Qt=Qo l} G = (V, T, S, P ) uDt R= pkDUt Qt=Qo xO=U Qt=Qo
sQi x@ u; Oa=wk |t=tD Qo = \ki w Qo = OQ=O s=v s-grammar)

A → ax ,A ∈ V, a ∈ T, x ∈ V ∗

"OwW Qy=_ P QO x@DQt l} QFm =OL (A, a) GwR Qy w OW=@

H
p=Ft

"CU}v xvwou}= S → aS | bSS | aSS | C |rw CU= xO=U Qt=Qo l} S → aSbSSc | b Qt=Qo

N

u=@ R w Qt=Qo QO s=y@= 2»2»5

h} QaDl} pk=OL Qo = \ki w Qo = s}t=v|t (ambiguous) sy@t =Q G uDt R= pkDUt Qt=Qo sy@t Qt=Qo
"OW=@ xDW=O Cw=iDt j=kDW= CNQO wO pk=OL xm OW=@ xDW=O OwHw w ∈ L(G)

"CU= G |=Q@ u} QDCU=Q =} u} QDAJ j=kDW= OvJ =} wO OwHw |vat x@ s=y@= ’Qo}O CQ=@a x@

H
p=Ft

%OQ=O Cw=iDt j=kDW= CNQO wO aabb |xrtH %CU= sy@t S → aSb|SS|λ Qt=Qo

S

bS

bS

λ

a

a

S

S

bS

bS

λ

a

a

S

λ

"CW=O Oy=wN OwHw xDWQ u}= |=Q@ “u} QDCU=Q” u} QDAJ j=kDW= wO pk=OL u}=Q@=v@

N
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9 uDt R= pkDUt |=yu=@ R

h} QaD|xty Qo = ’s}} wo|t (inherently ambiguous) sy@t ,=D=P u=@ R l} =Q L u=@ R sy@t ,=D=P u=@ R
"OvW=@ sy@t L |xOvvmO}rwD |=yQt=Qo

H
p=Ft

"CU= sy@t ,=D=P u=@ R l} L = {anbncm} ∪ {anbmcm} u=@ R

N

h} QaD"OW=@ OwHwt u; |=Q@ sy@tQ}e Qt=Qol} pk=OL Qo =\ki w Qo = s}} wo|t sy@tQ}e =QL u=@ R sy@tQ}e u=@ R

"“s} Q=O sy@t ,=D=P u=@ R” s} Q=Ov sy@t u=@ R ◭

|=Q@ |tD} Qwor= I}y |va} ’CU= Q}PB=vs}tYD ’uDt R= pkDUt Qt=Qol} QO s=y@=X}NWD |xr=Ut ◭

"OQ=Ov OwHw s=y@= ‘iQ =}X}NWD

"CU}v sy@t ,=D=P |t_vt u=@ R I}y ◭

H
p=Ft

Oa=wk =@ G = (E, a, b, c,+, ∗, (, ), E, P ) Qt=Qo

E → E + E|E ∗ E|(E)|a|b|c

%OQ=O OwHw j=kDW= CNQO wO a + b ∗ c |xDWQ |=Q@ %CU= sy@t ’|@=UL |=yCQ=@a |=Q@

E

E

E

c

∗E

b

+E

a

E

E

c

∗E

E

b

+E

a

%OQm =O}B Qt=Qo u}= |=Q@ sy@t Q}e pO=at Qt=Qo l} ’Qt=Qo |U} wvR=@ =@ u=wD|t

E → E + T |T, T → T ∗ F |F, F → (E)|a|b|c

%OQ=O j=kDW= CNQO l} =yvD xOW O=} |xDWQ Qt=Qo u}= QO
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s=y@= w x} RHD 10

E

T

F

c

∗T

F

b

+E

T

F

a

N

Q}PB=vs}tYD |xr=Utl} u=wva x@ uDt R= pkDUt Qt=Qol} s=y@=X}NWD

h} QaD|xawtHtN u; QO xm gG = (N,E) Q=OCyHh=Qo ’OW=@ uDt R= pkDUt Qt=Qol}G Qo = Qt=Qo h=Qo
CQwY x@ h=Qo Q=O?UJQ@ |=yp=} |xawtHt E w G Qt=Qo |=xrtH |=ysQi |xawtHt ’=yT=Q

E = {(x, r, y) : x
r
⇒
G LM

y, x, y ∈ N}

"s}} wo|t G Qt=Qo “AJ” h=Qo =Q

=Q Qt=Qo \UwD xDWQl} O=H}= |ovwoJ x} RHD CNQO %CU= Cw=iDt x} RHD CNQO =@ Qt=Qo h=Qo ◭

’Ovm|tXNWt
"Ovm|tXNWt =Q Qt=Qo l} uwQO umtt “CU=Q =}” AJ |=yj=kDW= |x}rm Qt=Qo h=Qo

l} hQat xQo Qy Qt=Qo h=Qo QO xm |DQwY QO ’CU= Qt=Qo O=tvl} hQat xQo Qy x} RHD CNQO QO ◭

"CU= |=xrtH sQi

"Ovm|t wHDUH =Q Qt=Qo h=Qo QO |=xrtH |=ysQi ’j=kDW= |ovwoJ uDi=} |=Q@ (parser) Qox} RHD ◭

%CW=O s}y=wN x} RHD |=Q@ |irDNt |=yVwQ ’wHDUH |xwLv x@ xDU@

u}}=B x@ q=@ –

q=@ x@ u}}=B –

pw= » jta –

pw= » ZQa –

"CU= xkrL l} |=Q=O pk=OL OwN h=Qo QO ’sy@t Qt=Qo ◭

"CU= CNQO l} u; h=Qo ’OW=@v sy@t |Qt=Qo Qo = ◭
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11 uDt R= pkDUt |=yu=@ R

"OW=@ xkrL l} |w=L pk=OL u; h=Qo Qo = \ki w Qo = CU= sy@t G Qt=Qo

H
p=Ft

"CU= xkrL |w=L S → aS|a|aa sy@t Qt=Qo h=Qo

S

S aaS aS

S a

aS a aa

S aaS aS

S a

aaS aaa

S aaS aS

S a

aaaS aaaa

...

N

uDt R= pkDUt |=yQt=Qo w |R=Uxt=vQ@ |=yu=@ R 3»5

"CU= pw=ODt Qt=Qo =@ |R=Uxt=vQ@ |=yu=@ R h} QaD ◭

⇐” OQmh}YwD xO=U uDt R= pkDUt |=yQt=Qo =@ u=wD|tv =Q |R=Uxt=vQ@ |=yu=@ R X=wN |xty ◭

“LR =} LL Ovv=t QDxO}J}B |=yQt=Qo x@ R=}v

R= |NQ@ "OQm h}YwD uDt R= pkDUt |=yQt=Qo =@ u=wD|tv =Q |R=Uxt=vQ@ |=yu=@ R X=wN |xty ◭

“|}=vat p}rLD⇐” OvDUy h}YwD p@=k QDq=@ K]U |=yQt=Qo =@ X=wN u}=

"OW=@ sy@t Q}e O}=@ |R=Uxt=vQ@ |=yu=@ R Qt=Qo ◭

uDt R= pkDUt |=yQt=Qo |=Q@ BNF |Q=PoO=tv 1»3»5

%Ovm|t xO=iDU= Q} R |=yO=tv R= (Backus-Naur Form) BNF |Q=PoO=tv

Qt=Qo “xv=}=B=v” Q}eDt l} <variable> •

→ O=tv |=H x@ ::= •

"OvwQ|t Q=m x@ |i=[= Ctqa uwO@ =yxv=}=B •

"OwW|t ?=NDv= |QDQ=O|vat pmW x@ =yxv=}=B=v |t=U=
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uDt R= pkDUt |=yQt=Qo w |R=Uxt=vQ@ |=yu=@ R 12

H
p=Ft

%u=@ R |Qt=Qo |xOa=k OvJ |=Q@ BNF |Q=PoO=tv
<if-statement> ::= if <expression> <then-clause> <else-clause>

<expression> :: = <term> | <expression> + <term>

<term> :: = <factor> | <term> + <factor>

N
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