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Normal Forms
for

C nt xt f G mm sContext-free Grammars
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Chomsky Normal Form

All productions have form:All productions have form

BCA → aA →andBCA → aA →and

variable variable terminal
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Examples:

ASS → ASS →
aS → AASS →
SAA → SAA →
bA → aaA →

Not ChomskyChomsky 
Normal Form Normal Form 
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Convertion to Chomsky Normal Form

Example: ABaS →Example:

aabA
ABaS

→
→

AcB
aabA

→
→

c→

N t Ch kNot Chomsky
Normal Form N rma F rm
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Introduce variables for terminals: cba TTT ,,

ABTS a→

ABaS →
ATB

TTTA baa→

aabA →
T

ATB c
→

→

AcB →
bT
aT

b

a
→
→

cT
bTb

→
→
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cTc →



Introduce intermediate variable: 1V

ABTS
AVS → 1

TTTA
ABTS a

→
→ BTV a→1

ATB
TTTA baa

→
→ TTTA baa→

aT
ATB c

→
→ ATB c→

bT
aT

b

a
→
→

bT
aTa →

cT
b

c

b
→
→

cT
bTb

→
→
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c cTc →



Introduce intermediate variable: 2V

BTV
AVS → 1AVS → 1

VTA
BTV a

→
→1BTV a→1

1

TTV
VTA a

→
→ 2TTTA baa→

ATB
TTV ba

→
→2ATB c→

aT
ATB

a

c
→

→
aTa →

bTb

a
→
→

T
bTb →

8cTc

b
→

cTc →



Final grammar in Chomsky Normal Form:
AVS →
BTV
AVS

→
→ 1

VTA
BTV a

→
→

2

1

TTV
VTA

ba

a
→

→

2

2
Initial grammar

ATB
TTV

c

ba
→
→2

ABaS →

aTa

c
→aabA →

bTb →AcB →

9cTc →



In general:

fFrom any context-free grammar
not in Chomsky Normal Formnot in Chomsky Normal Form

bt iwe can obtain:
An equivalent grammar n qu a nt grammar
in Chomsky Normal Form
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The Procedure

First remove:

Nullable variablesNullable variables

Unit productions
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F b lFor every symbol     :  a

Add d ti TAdd production aTa →

In productions: replace witha TIn productions:  replace        with  a aT

New variable: T
12

New variable: aT



Replace any production nCCCA "21→

with VCA 11→
VCV 221 →

CCV →
…

nnn CCV 12 −− →

13New intermediate variables: 221 ,,, −nVVV …



Theorem: For any context-free grammar 
there is an equivalent grammar 
in Chomsky Normal Formin Chomsky Normal Form
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Observations

• Chomsky normal forms are goodChomsky normal forms are good
for parsing and proving theorems

• It is very easy to find the Chomsky normal
form of any context-free grammar 
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Greinbach Normal Form

All productions have form:

VVVaA → 0≥kkVVVaA "21→ 0≥k

symbol variablessymbol variables
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Examples:p

cABS →
abSbS →

bB
bbBaAA → ||

aaS
abSbS

→
→

bB →

Greinbach
N m l F m

Not Greinbach
N m l F mNormal Form Normal Form

17



Conversion to Greinbach Normal Form:

abSbS → TS
STaTS bb→

aaS
abSbS

→
→

aT
aTS a

→
→

aaS →

bT
aT

b

a
→
→

bTb →

G i b hGreinbach
Normal Form
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Theorem: For any context-free grammarTheorem For any context free grammar
there is an equivalent grammar
in Greinbach Normal Form
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Observations

• Greinbach normal forms are very goodGreinbach normal forms are very good
for parsing 

• It is hard to find the Greinbach normal
form of any context-free grammar 
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An Application
of

Ch msk N m l F msChomsky Normal Forms
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The CYK Membership Algorithm

Input:

• Grammar       in Chomsky Normal Form G

• String wg

Output:

find if )(GLw∈
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The Algorithm

G G AS

Input example:

• Grammar     :G

BBA
ABS

→
→

aA
BBA

→
→

ABB
aA

→
→

bB
ABB

→
→

St i bbb
23

• String     : w aabbb



aabbb
a a b b b

aa ab bb bbaa ab bb bb

aab abb bbbaab abb bbb

aabb abbb

aabbb
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BBA
ABS →

a a b b baA
BBA

→
→

A A B B B
ABB
aA

→
→

aa ab bb bb
bB
ABB

→
→

aab abb bbb
b→

aabb abbbaabb abbb
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aabbb



BBA
ABS →

a a b b baA
BBA

→
→

A A B B B
ABB
aA

→
→

aa ab
S B

bb
A

bb
AbB

ABB
→
→

S,B A A
aab abb bbb

b→

aabb abbbaabb abbb
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aabbb



a a b b b
ABS →

a
A

a
A

b
B

b
B

b
B

aA
BBA

→
→

aa ab
S B

bb
A

bb
AABB

aA
→
→

S,B A A
aab abb bbbbB →
S,B A S,B
aabb
A

abbb
S BA S,B

aabbb
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Therefore: )(GLaabbb ∈Therefore: )(GLaabbb ∈

Time Complexity:
3|| w

The CYK algorithm can beObservation: The CYK algorithm can be 
easily converted to a parser

Observation:

28


