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Simplifications 
of 

C nt xt F G mm sContext-Free Grammars
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A Substitution Rule

Equivalent

A
grammar

AA
aA

→
→ aA →

abBcA
aaAA

→
→ aaAA →

Substitute B

abbAB
abBcA

→
→

bb
ababbAcA →Substitute B

bB
abbAB

→
→ abbcA →
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In general:

xBzA →

yyyB |||→ nyyyB ||| 21 "→

Substitute 
BB

zxyzxyzxyA n||| 21 "→ equivalent
grammar
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n21 grammar



Useless Productions

aSbS →
S → λ

AS →
aAA → Useless Production

Some derivations never terminate

⇒⇒⇒⇒⇒⇒ AAAAS

Some derivations never terminate...
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……… ⇒⇒⇒⇒⇒⇒ aAaaaaAaAAS



Another grammar:

AS →
aAA →

A → λ
bAB → Useless Production

Not reachable from S 
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In general:

If wxAyS ⇒⇒⇒⇒ ……

)(GLw∈

Then variable is usefulA

)(GLw∈

Then variable        is usefulA

Otherwise, variable        is uselessA
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d f lAA production               is useful 
if all its variables are useful

xA →
if all its variables are useful
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Removing Useless Productions

Example Grammar:Example Grammar

CAaSS → ||
aA

CAaSS
→
→ ||

aaB
aA

→
→

aCbC →
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First: find all variables that produce
strings with only terminals

CAaSS → || },{ BARound 1:

aA →
|| },{

aaB →
aCbC → },,{ SBARound 2:
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Keep only the variablesKeep only the variables
that produce terminal symbols },,{ SBA

CAaSS → ||
aA →

||
AaSS → |

aaB → aA →

aCbC → aaB →
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Second: Find all variables
reachable from S

D d G hDependency Graph

AaSS → |
S A B

B
aA → S A B

notaaB → not
reachable
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Keep only the variables
h bl freachable from S

Final Grammar
AaSS → |

AaSS → |

F nal Grammar

aA →
aA

AaSS
→
→ |

aaB → aA →
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Nullable Variables

:production−λ λ→A

Nullable Variable: λ⇒⇒…A
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Removing Nullable Variables

E l GExample Grammar:

MbS
→

→
aMbM

aMbS

λ→
→

M
aMbM
λ→M

Nullable variable
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Final Grammar

aMbS →

Final Grammar

→ aMbS
Substitute abS

aMbS
→
→

λ→M
λ

→ aMbM
Substitute

aMbM
abS

→
→

λ→M
abM →
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Unit-Productions

BA →Unit Production:
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Removing Unit Productions

Ob tiObservation:

AA AA →

Is removed immediately
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Example Grammar:Example Grammar:

aAS →
aA →
BA →
AB →
bbB →
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aAS →
BAS → |

aA →
Substitute aA

aBaAS
→
→ |

BA →
Substitute

BA → BAB
aA

→
→

|
AB →

bbB
BAB

→
→ |

bbB →
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BAS → | BAS → |
R maA

aBaAS
→
→ |

aA
aBaAS

→
→ |

Remove
BAB

aA
→
→

| AB
aA

→
→

BB →

bbB
BAB

→
→ |

bbB
AB

→
→
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BAS → |
aAaBaAS → ||aA

aBaAS
→
→ |

Substitute
AB → aA →AB

aA
→
→

bbB →bbB
AB

→
→
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Remove repeated productions

Final grammar

aBaAS → |aAaBaAS → ||
g

aA →
|

aA →
bbB →bbB →
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Removing All

Step 1: Remove Nullable Variablesp

S 2 dStep 2: Remove Unit-Productions

Step 3: Remove Useless Variables
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