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Languages
A language is a set of strings

String: A sequence of lettersg q

E l “ t” “d ” “h ”Examples: “cat”, “dog”, “house”, …

Defined over an alphabet:

{ }zcba ,,,, …=Σ
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Alphabets and Strings
We will use small alphabets: { }ba,=Σ

Strings

bb
a

bbbaaav
abu

=
=

abba
ab

abbaw
bbbaaav

=
=

baba
abba

abbaw
baaabbbaaba

baba
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String Operations

naaaw "21= abba

mbbbv "21= bbbaaa

Concatenation

bbbaaawv "" 2121= abbabbbaaamn bbbaaawv 2121= abbabbbaaa
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b b bbbnaaaw "21= ababaaabbb

Reverse

aaawR "= bbbaaababa12aaaw n"= bbbaaababa
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String Length

naaaw "21=

Length: nw =

Examples: 4=abbap

2
4

=aa
abba

1=a
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Recursive Definition of Length
For any letter: 1=a

For any string      : 1+= wwawa

Example: 1+= abbabbaExample:

11
1
++=

+=
ab
abbabba

111
11
+++=

++
a
ab

1111
111

+++=
+++a

84=



Length of Concatenation

vuuv +=

Example: 3, == uaabu
5, == vabaabv

8b b b
853

8
++

==
vuuv

aababaabuv
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853 =+=+= vuuv



Proof of Concatenation Length
Claim: vuuv +=

Proof:   By induction on the length v

Induction basis: 1=v

From definition of length:From definition of length:

vuuuv +=+= 1
10

vuuuv ++1



Inductive hypothesis: vuuv +=

for nv ,,2,1 …=

I d ti t ill +Inductive step: we will prove vuuv +=

for 1+= nv
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Inductive Step
Write             ,        wherewav = 1, == anw

From definition of length: 1+== uwuwauv
1+= wwa

From inductive hypothesis: wuuw +=yp

Thus: vuwauwuuv +=+=++= 1
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Empty String
A string with no letters: λ

Observations: =λ 0

λλ www == λλ

abbaabbaabba == λλ
13

abbaabbaabba == λλ



Substring
Substring of string: 

a subsequence of consecutive charactersa subsequence of consecutive characters

String                    Substring

bb
ab

bb b
abbab

b
abba

abbab
abbab

bbab
b

abbab
abbab
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bbababbab



Prefix and Suffix

Prefixes Suffixes
abbab

Prefixes         Suffixes

λ abbab uvw =

a
λ

bbab
prefix

ab bab
prefix

suffix
abb ab

suffix

abba
λ
b
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Another Operation

�
�	� "n wwww = 	
n

2Example: ( ) abbaabbaabba =2

Definition: λ=0w

( ) λ=0abba
16

( ) λ



The * Operation
: the set of all possible strings from

alphabet
*Σ

Σalphabet Σ

{ }{ }
{ }*

,
bbbbbb

ba
λΣ

=Σ
{ }…,,,,,,,,,* aabaaabbbaabaabaλ=Σ
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The + Operation
: the set of all possible strings from

alphabet except

+Σ
Σ λalphabet      except  Σ

{ }

λ

{ }
{ }*

,
bbbbbb

ba
λΣ

=Σ
{ }…,,,,,,,,,* aabaaabbbaabaabaλ=Σ

λΣ=Σ+ * λ−Σ=Σ *

{ }aabaaabbbaabaaba=Σ+
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{ }…,,,,,,,, aabaaabbbaabaaba=Σ



Language
A language is any subset of *Σ

Example: { },ba=Σ { }
{ }…,,,,,,,,* aaabbbaabaabaλ=Σ

Languages: { }λ
{ },, aabaaa

19
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Another Example

An infinite language }0:{ ≥= nbaL nnAn infinite language }0:{ ≥= nbaL

λ
ab
λ

L Lbb∉
aabb

L∈ Labb∉

aaaaabbbbb
20



Operations on Languages
The usual set operations

{ } { }
{ } { }

aaaabbabaabbbaaaaaba },,,{,,, =
∩
∪

{ } { }
{ } { } { }bbbb

ababbbaaaaaba }{,,, =∩
{ } { } { }aaaaaabbbaaaaaba ,,,, =−

Complement: LL −Σ= *

{ } { }…,,,,,,, aaabbabaabbaa λ=
21



Reverse

Definition: }:{ LwwL RR ∈=Definition: }:{ LwwL ∈=

Examples: { } { }ababbaabababaaabab R ,,,, =

}0:{ ≥= nbaL nn }0:{ ≥= nbaL

}0:{ ≥= nabL nnR
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}0:{ ≥nabL



Concatenation

Definition: { }: LyLxxyLL ∈∈=Definition: { }2121 ,: LyLxxyLL ∈∈=

Example: { }{ }aabbaaba ,,,p { }{ },,,

{ }baaabababaaabbaaaab ,,,,,=
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Another Operation
Definition: 
	�"n LLLL =

n

{ } { }{ }{ }bbbb 3{ } { }{ }{ }
{ }bbbbbababbaaabbabaaabaaa

babababa ,,,, 3 ==
{ }bbbbbababbaaabbabaaabaaa ,,,,,,,

Special case: { }λ=0L

{ } { }λ=0aaabbaa
24

{ } { }λ=,, aaabbaa



More Examples

nn }0:{ ≥= nbaL nn

}0{2 bb mmnn }0,:{2 ≥= mnbabaL mmnn

2Lbb bbb 2Laabbaaabbb∈
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Star-Closure (Kleene *)

Definition: "∪∪ 210* LLLL =Definition: "∪∪* LLLL =

Example:Example:

⎪
⎫

⎪
⎧ ,λ

{ } ⎪⎪
⎬

⎪⎪
⎨=

,,
*,

bbbbbbbb
bba

bba{ }

⎪
⎪
⎭

⎬

⎪
⎪
⎩

⎨ ,,,,
abbbbabbaaabbaaa

bbbbbbaabbaa
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⎪⎭⎪⎩ …,,,, abbbbabbaaabbaaa



Positive Closure

Definition: + 21 LLL ∪∪Definition:

{ }λ−=
=

*L
LLL "∪∪
{ }λ−= L

⎫⎧ bb
{ } ⎪

⎬

⎫
⎪
⎨

⎧
+

,,
bbbbbbbb

bba
bb{ }

⎪⎭

⎬
⎪⎩

⎨= ,,,,,
abbbbabbaaabbaaa

bbbbbbaabbaabba
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Grammars
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Grammars
Grammars express languages

Example:    the English language

predicatephrasenounsentence → pp_

nounarticlephrasenoun →_

29verbpredicate →



aarticle →
thearticle
aarticle

→
→

boynoun →
dognoun →

runsverb →

30
walksverb →



A derivation of “the boy walks”:

bh
predicatephrasenounsentence ⇒ _

bi l
verbphrasenoun⇒ _

bth
verbnounarticle

⇒

⇒

verbboythe
verbnounthe

⇒

⇒

walksboythe
verbboythe

⇒

⇒

31

walksboythe⇒



A derivation of “a dog runs”:

bh
predicatephrasenounsentence ⇒ _

bi l
verbphrasenoun⇒ _

b
verbnounarticle

⇒

⇒

verbdoga
verbnouna

⇒

⇒

runsdoga
verbdoga

⇒

⇒

32

runsdoga⇒



Language of the grammar:

L = { “a boy runs”,
“a boy walks”a boy walks ,
“the boy runs”,
“the boy walks”,
“a dog runs”a dog runs ,
“a dog walks”,g
“the dog runs”,
“the do walks” }

33

the dog walks” }



Notation

b→
dognoun
boynoun

→
→

dognoun →

Variable TerminalVariable
or

TerminalProduction
rule

Non-terminal
rule
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Another Example
Grammar: → aSbS

λ→S

Derivation of sentence :abDerivation of sentence       :ab

abaSbS ⇒⇒

aSbS → λ→S
35

aSbS → λ→S



→ aSbSGrammar:

λ→S

aabbDerivation of sentence :

bbSbbSbS

aabbDerivation of sentence            :

aabbaaSbbaSbS ⇒⇒⇒

SbS λS
36

aSbS → λ→S



Other derivations:

aaabbbaaaSbbbaaSbbaSbS ⇒⇒⇒⇒

aaaSbbbaaSbbaSbS ⇒⇒⇒
aaaabbbbaaaaSbbbb

aaaSbbbaaSbbaSbS
⇒⇒
⇒⇒⇒
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Language of the grammar

→ aSbS
λ→S

}0:{ ≥= nbaL nn
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More Notation

Grammar ( )PSTVG =Grammar ( )PSTVG ,,,=

V :V Set of variables

:T Set of terminal symbols

:S Start variable

:P Set of Production rules
39

:P Set of Production rules



Example

Grammar : → aSbSGGrammar :

λ→
→

S
aSbSG
λ→S

( )SG ( )PSTVG ,,,=

}{SV = }{ baT =}{SV = },{ baT =

}{ λSSbSP
40

},{ λ→→= SaSbSP



More Notation
Sentential Form:

A sentence that containsA sentence that contains 
variables and terminals

Example:Example:

aaabbbaaaSbbbaaSbbaSbS ⇒⇒⇒⇒

l F
41

Sentential Forms sentence



We write: aaabbbS
*
⇒We write: aaabbbS ⇒

Instead of:

bbbSbbbSbbSbS aaabbbaaaSbbbaaSbbaSbS ⇒⇒⇒⇒

42



In general we write: ww
*
⇒In general we write: nww1 ⇒

If: nwwww ⇒⇒⇒⇒ "321

43



*
By default: ww

*
⇒

44



Example
Grammar Derivations

→ aSbS
S

*
⇒λ

λ→S
bS

S
*

⇒λ

abS
*

⇒

aabbS
*
⇒

aaabbbS
*
⇒
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aaabbbS⇒



Example
Grammar Derivations

aaSbbS
∗
⇒→ aSbS

λ→S

baaaaaSbbbbaaSbb
∗
⇒ baaaaaSbbbbaaSbb⇒
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Another Grammar Example
Grammar      : →

AbA
AbSG

λ→
→

A
aAbA
λ→A

Derivations:
bAbS ⇒⇒

bbbAbbbAbbS
abbaAbbAbS ⇒⇒⇒

47

aabbbaaAbbbaAbbS ⇒⇒⇒



More Derivations
aaaAbbbbaaAbbbaAbbAbS ⇒⇒⇒⇒

aaaabbbbbaaaaAbbbbb⇒⇒

∗
aaaabbbbbS⇒

bbbaaaaaabbbbS
∗
⇒

bbS nn∗
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bbaS nn⇒



Language of a Grammar

For a grammar GFor a grammar 
with start variable      : 

G
S

}:{)( wSwGL
∗
⇒= }:{)( wSwGL ⇒

String of terminals
49

String of terminals



Example
For grammar      : → AbSG

λ
→

A
aAbA
λ→A

}0:{)( ≥= nbbaGL nn

∗
Since: bbaS nn∗

⇒
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A Convenient Notation

AbA
λ→

→
A

aAbA
λ|aAbA →

λ→A

aarticle → hi l |
thearticle
aarticle

→
→ theaarticle |→
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