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Languages



Languages
A language is a set of strings

String: A sequence of letters

"n W " W

Examples: "cat”, "dog”, "house”, ...

Defined over an alphabet:
>=1{a,b,c,...,2}



Alphabets and Strings
We will use small alphabets: ¥ ={a b}

Strings
a

ab

Ahh~n
AauyuAa

baba
aaabbbaabab



String Operations

W=&ay---a, abba

v=bb,---b bbbaaa

Concatenation

WV = &35 ---anlys -+ by, abbabbbaaa



Reverse

ababaaabbb

bbbaaababa



String Length

Leng’rh: ‘V\d =N

Examples: abba‘ =/
ag =2
a=1




Recursive Definition of Length
For any letter: @ =1

For any string wa : \Wa\ = \M+1

Example: \abba\ = \abb\ +1
—ab+1+1

=

=a+1+1+1

=1+1+1+1
=4



Length of Concatenation

Example: U= aab,
v = abaab,

uv
UV

uv = U +V

u=3

aababaab

u

V=3

V=5

|
oo



Proof of Concatenation Length
Claim: UV =U+V

Proof: By induction on the length

Induction basis: V=1

From definition of length:
w=u+l=u+y
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Inductive hypothesis: \Uw = ‘U‘ T M

for v=12,...,n

Inductive step: we will prove iuvi = iui + M

for V=n+1
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Inductive Step
Write V=Wa, where W =N,

a=1

From definition of length: UV = Uwa = uw +1
wal = W +1

From inductive hypothesis: |uw = U +|/W

Thus: V= U+ W+1=U+wa=U-+V
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Empty String
A string with no letters: 4

Observations: w -0

AW=WA=W

Aabba = abbaA = abba
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Substring

Substring of string:
a subsequence of consecutive characters

String Substring
abbab ab
abbab abba
abbab b

abbab bbab
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Prefix and Suffix

abbab
Prefixes Suffixes
y! abbab
a bbab \
b b pre | X
ab a suffix
abb ab
abba b

abbab A
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Another Operation

/

n

Example:  (abba)? = abbaabba

Definition: w° = A

(abba)® = A
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The * Operation

2.* : the set of all possible strings from
alphabet

> ={a,b}
>* ={4,a,b,aa,ab,ba,bb,aaa,aab,...}
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The + Operation

> : the set of all possible strings from
alphabet X except A

> ={a,b}
>* ={4,a,b,aa,ab,ba,bb,aaa,aab,...}

>T=Yy*_2

>* ={a,b,aa,ab,ba,bb,aaa,aab,...}
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Language
A language is any subset of X~

Example: ¥ ={a,b}
>*=1{4,a,b,aa,ab,ba,bb,aaa,...}

Languages: Al
{a,aa, aab}
{4,abba,baba,aa,ab,aaaaaa}



Another Example

An infinite language L ={a"b" : n > 0}

)L N
ab

aabb
aaaaabbbbb

~e L abbe L




Operations on Languages
The usual set operations

la,ab,aaaa}J{bb,ab}={a,ab,bb,aaaa}
la,ab,aaaa}l(){bb,ab}={ab}
la,ab,aaaa}—{bb,ab}=1{a,aaaa}

Complement: L =X*—-L

1a,ba}=1{1,b,aa,ab,bb,aaa,...}
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Reverse
Definition: L7 :{WR we L}
Examples: {ab,aab,babal™ = {ba,baa, abab!

{a"b":n>0

!— lll'—VJ

LR ={b"a":n>0)
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Concatenation

Definition: LyL, ={xy:xe Ly,ye Ly}

Example: {a,ab,ba}{b,aa}

={ab, aaa, abb, abaa, bab,baaa}
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Another Operation
Definition: | N—_...L

n

[a,b}® ={a,b}a,b}{a,b}=
{aaa, aab, aba, abb, baa, bab, bba, bbb}

Special case: [0 =1

la, bba,aaal® = {1}
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More Examples

L={a"b":n>0}
%> ={a"b"a"b™:n,m> 0}

aabbaaabbbe L2
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Star-Closure (Kleene *)

Definition: L* =10 Lt L2

Example:

{a,bb}* =-

rﬂ’
a, bbb,
aa, abb, bba, bbbb,

‘aaa, aabb, abba, abbbb,...
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Positive Closure

Definition: L = tJL2U---

fa,bb}™ =+

- L2}

‘a, bb,
aa, abb, bba, bbhb,

>

‘aaa, aabb, abba, abbbb, ...
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Grammars
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Grammars
Grammars express languages

Example: the English language

‘sentence) — (noun__ phrase) ( predicate,
‘noun__phrase) — (article) (noun,

_ predicate) — (verb;
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(article) — a

[article) — the

‘noun) — boy
‘noun) — dog

‘verb) — runs
‘verb) — walks
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A derivation of "the boy walks":

'sentence) = (noun_ phrase, ( predicate)
— (noun_ phrase, (verb

— (article) (noun, (verb;

— the (noun) (verb

— the boy (verb,

= the boy walks
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A derivation of "a dog runs™:

'sentence) = (noun_ phrase, ( predicate)
— (noun__phrase) (verb;
— (article) (noun, (verb;
— a (noun, (verb;
— a dog (verb;
— a dog runs
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Language of the grammar:

L = { "a boy runs”,
“a boy walks”,
“the boy runs”,
“the boy walks”,
“a dog runs”,
"“a dog walks"”,
“the dog runs”,
“the dog walks" }
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Notation

‘noun) — boy

‘noun, — dog

e

Variable
or
Non-terminal

T

Terminal

Production
rule
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Another Example
Grammar: S aS
S—> A

Derivation of sentence ab:

S—ah = ab

SN

S —-aS S—> A
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Grammar: S ah
S—> A

Derivation of sentence aabb:

S = ah = aaSHhb = aabb

WA

S —-a%h S—> A
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Other derivations:

S = ah = aaSb = aaaSbb = aaabbb

S = aSh = aaShb = aaaSobb
— aaaabbb = aaaabbbb
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Language of the grammar

S—as
S—> A

L={a"b":n>0}
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More Notation
Grammar G=(V,T,S,P)
V. Set of variables

T Set of terminal symbols

S: Start variable

P: Set of Production rules
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Example

Grammar G : S — aP
S—> A

G=(,T,S,P)

AN
V={S} T={ab)

P={S—a%h, S— A}



More Notation

Sentential Form:
A sentence that contains
variables and terminals

Example:

S = ah = aaSb = aaaSobb = aaabbb

N

Sentential Forms sentence

41




*

We write: S = aaabbb

Instead of:

S = aSh = aaSb = aaaSbb = aaabbb
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*

In general we write: W = W,

If:

W =Wy = Wg = -+ = W,

43



By default: W = W



Example

Grammar Derivations
S—a%h "
S= A
S—> A .
S—=ab
S—aahb

*

S— aaabbb

45



Grammar

S—as
S—> A

Example

Derivations

S—aaShb
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Another Grammar Example
Grammar G: S— ADb

A — aAb
A—>A

Derivations:

S= Ab=Db
S—= Ab—= aAbb = abhb
S — aAbb = aaAbbb = aabbb
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More Derivations
S = Ab—= aAbb = aaAbbb = aaaAbbbb
— aaaaAbbbbb = aaaabbbbb

S— aaaabbbbb

S— aaaaaabbbbbbb

S=a'"b"b
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Language of a Grammar

For a grammar GG
with start variable S

!_( ) :{\/\/' .S:>\,/\_/}

1
— W W =

String of terminals
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Example
For grammar G: S— Ab

A — aAb
A—>A

L(G)={a"b"b: n>0}

S
Since: S=ab"b
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A Convenient Notation

A — aAb
A—>A

(article) — a
[article) — the

me) A—aAb|Aa

) (article) — a|the
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