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Modeling!
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Constitutive Equations for Polymeric Liquids



Constitutive Equations

Methods for Developing Constitutive Equations

1. Purely empirical models

2. Using mathematical expansions

3. Developing equations of a rather general nature that apply only within certain well-

defined classes of flows

4. Molecular theory

5. Using various extensions of the thermodynamics of irreversible processes

Constitutive equations may be obtained by replacing the time derivatives by convected

derivatives in linear viscoelastic models. The obtained models called quasi-linear models.

Jeffreys linear Model: 

( )1 2+ = +     

Oldroyd-A Model 

( )( 1) ( 1) ( 2 )

1 2+ = +     
1 2 10 & =−  

Oldroyd-B Model 

( )( 1) ( 1) ( 2 )1 2+ = +     
1 20 & 0 = 

Maxwell  Model:   + = Upper Convected Maxwell  

Model (UCM): 
( 1) ( 1)  + =
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Retarded Expansion of Motion Models

The retarded expansion of motion models are derived based on the Taylor expansion series

of shear rates terms around the Newtonian behavior.

Second Order Fluid

Third Order Fluid

These models are suitable for low speed viscoelastic flows. It is possible to show that there

are exact for creeping motions.
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Viscometric Functions of the Third-Order Fluid 
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Viscometric Functions of the Third-Order Fluid 
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Viscometric Functions of the Third-Order Fluid 
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The Second-Order Fluid 

or



The Creeping Flow and Modified Pressure
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The Creeping Flow and Modified Pressure
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Some Useful Theorems

(a) The Three-Dimensional Flow Theorem of Gieseku

s
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Some Useful Theorems

(b) The Plane Flow Theorem of Tanner and Pipkin
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Some Useful Theorems

(c) The Rectilinear Flow Theorem of Langlois, Rivlin, and Pipkin 
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Quasilinear Models



Since 1950, a lot of nonlinear constitutive equations have been presented. They could

model the large deformation with non-zero relaxation time, nonlinear viscometric

functions and extensional viscosity.

1. Retarded-Motion Expansion Models: third order fluids and higher order models

2. Finitely-Extensible-Nonlinear-Elastic Dumbbell Model

3. Multi-constants Oldroyd models

4. Criminale-Ericksen-Filbey Model

5. Reiner-Rivlin Model

6. White-Metzner Model

7. Giesekus Model

8. Phan-Thien-Tanner Model

9. Bird-Carreau

10. Grin-Rivlin Model

11. Lodge-Maxwell Model

12. Doi-Edwards Model

13. Kaye-BKZ Model

14. Curtiss-Bird Model

15. Leonov Model
The freely jointed bead-spring chain model 16

Nonlinear Models
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The Criminale-Ericksen-Filbey (CEF) Model

or



Flow inside non-Circular Straight Ducts

Structures of multi layer polystyrene in extrusion inside a straight duct.
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Flow inside non-Circular Straight Ducts

Viscoelastic flow in straight ducts, (a): secondary flows (numerical simulation), 

(b): material structure (experimental observation)

(a) (b)
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Flow inside non-Circular Straight Ducts

3
max1.0, 1.43 10S −= = 

4
max1.56, 9.55 10S −= = 

4
max4.0, 1.08 10S −= = 

5
max6.25, 4.68 10S −= = 

Effect of aspect ratio on corner vortices (numerical simulation)
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The Reiner-Rivlin Equation
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The Reiner-Rivlin Equation
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The Reiner-Rivlin Equation



The End


