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Some Points on Linear Viscoelastic Models



Modeling (Non-Linear Viscoelasticity)

Linear viscoelastic constitutive equations are not suitable for modeling the large

deformations of viscoelastic materials. There are not also able to present the

non-linar viscometric functions in shear flows and elongational viscosity.

Oldroyd’s Principles

The continuum principles of non-linear constitutive equations have been presented

by Oldroyd (1950 and 1964). He proposed that the constitutive equations should be

invariant from

(a) Change and orthogonal transformation of coordinate systems

(b) Translation and rigid body motion of fluid elements

(c) Change of rheological history of neighboring fluid elements

Now, we introduce the hypothesis, that the relation between the stress tensor and the

kinematic tensors at a fluid particle should be independent of the instantaneous

orientation of that particle in space. This seems like a reasonable hypothesis; if you

measure the stress-strain relation in a rubber band, it should not matter whether you

are stretching the rubber band in the north-south direction or the east-west direction,

or even rotating as you take data (provided, of course, that you do not rotate so

rapidly that centrifugal forces interfere with the measurements).
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Convected Coordinate System

One way to implement the mentioned hypothesis is to introduce at each fluid

particle a corotating coordinate frame. This orthogonal frame rotates with the

local instantaneous angular velocity as it moves along with the fluid particle

through space. In the corotating coordinate system we can now write down some

kind of relation between the stress tensor and the rate-of-strain tensor.

The convected coordinate system which is moved with fluid particles
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Convected Coordinate System



Convected Coordinate System
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Convected Coordinate System for a Flow
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Convected Coordinate System



Types of Convected Coordinate Systems

Covariant

Contravariant
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(5)

It is possible to show that the time derivatives of the convected base vectors are 

(6)

Types of Convected Coordinate Systems
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Strain in Convected Coordinate Systems

(7)

(8)
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(9)

Covariant Convected Derivative of Strain (Lower Convected Derivative)

(10)

Derivatives of Strain in Convected Coordinate Systems
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Derivatives of Strain in Convected Coordinate Systems

(11)

Some Tips about Convected Derivatives

Contravariant Convected Derivative of Tensors (Upper Convected Derivative)
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Covariant Convected Derivative of Stress (Lower Convected Derivative):
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Contravariant Convected Derivative of Stress (Upper Convected Derivative)

Derivatives of Stress in Convected Coordinate Systems

It is possible to show that the same covariant and contravariant derivatives which have 

been defined in Eqs. (10) and (11), can be used for stress tensor.

(12)

(13)
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Jeffreys linear Model: 

( )1 2+ = +     

Oldroyd-A Model 

( )( 1) ( 1) ( 2 )

1 2     + = +
1 2 10 & =−  

Oldroyd-B Model 

( )( 1) ( 1) ( 2 )1 2     + = + 1 20 & 0 =  (14b)

(14a)

Methods of Developing the Constitutive Equations
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Some Points about the book of “Dynamics 

of Polymeric Liquids” by Bird et al.



The End


