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FIGURE 2.1: Vector relative to frame (example).

AP=|p, |. - (2.1)




(4]

FIGURE 2.2: Locating an object in position and orientation.
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FIGURE 2.3: Example of several frames.
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FIGURE 2.4: Translational mapping.




b ol cle el Jols e

e 0L RO L SlaS Gy (A} 4 e ) {B} wpm )l 0y o sl
a3 diyls daly G181 513 e sl Sl daa b 0 L SaS 4y
.J;Jul.l:.‘ cﬂ&: Lqul)j a'

AR= 2R =7R" (\e-Y)
e s (A} Bess 3008 <2y {B) Sy, R = 0y 2l
bt ey {B) Boms 4 coss Sy 2l {A} S b)) AR

i sl gama by g )l pam | shaEgoms Wyt Olys b Ob9> st A
sy sl ) Syyeb S s,

e
AR = AXy AVg AZB]:._ a}‘?;r (V\-Y)
BZA'



Sy ol gyl i 3 yloy A i & o2l il aoy ub AP b sl
‘ijf (d)a\&) 6'& -.er )I 'JI’J'}‘Jﬁ)“a; ..;\:—-.Jl)j di u)a"_)l.‘.:.- 5&: Ul‘)l):u’ Sy

A __ B
py="%,-"P, (2.12)

b s> ONV-T) il 5l i0hgs e S ool oyyon (VY-T) ), 0L sl
ey Dlgge b (V=T )y iy BZa 5 Y4 P Xl ko s R G &

Gy ) 83,50 JSE 4l e sl S

AP=4AR 8P (VF-Y)



FIGURE 2.5: Rotating the description of a vector.




EXAMPLE 2.1

Figure 2.6 shows a frame {B} that is rotated relative to frame {A} about VA by
30 degrees. Here, Z is pointing out of the page.

Ll

/XB

X4

FIGURE 2.6: { B} rotated 30 degrees about Z.




0.866 —0.500 0.000
4R=1 0500 0.866 0.000 |. (2.14)
0.000 0.000 1.000
Given
0.0
Bp=1|20|, (2.15)
0.0
we calculate 4 P as
—1.000 |
i/ Ay S iR e Syl As (2.16)
0.000

compute a new description of the vector relative to another frame.




(o3e) S sl sl Jols el

ity eelyn oy i)l s 3 (B} 5l g g2l 4 s b S oy i
»he=s oS A bl 'pﬂJJ] s {A} by TAW ] PR A
pe ool y o Gl {4} o)l s 2 {BY wpmiler Iae 0l )3 S o S
obs> 3 APgorc b | {B} s iamsplss by 32 0 paiin ()l dya GLE
Ll [ AP paly o PP il cos o bt J R L {A) & cs { B}
f’-“ e YV-T IS

FIGURE 2.7: General transform of a vector.
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1. a“1” i1s added as the last element of the 4 x 1 vectors:
2. arow “[0001]” is added as the last row of the 4 x 4 matrix.

A Ap B A
P=7%R"P+"Ppopg

1=1. (2.20)

The 4 x4 matrixin (2.19) is called a homogeneous transform.
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we use the definition of {B} just given as a transformation:

9.098
T e M 8 IR (2.23)
0.000
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FIGURE 2.8: Frame {B} rotated and translated.
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FIGURE 2.9: Translation operator.
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Given

we calculate 4 P, as

0.000  0.000 1.000
0.0

Ap=| 2.0 |,
0.0

—1.000
AP, =R (30.0)4P, = | 1.732
0.000

0.866 —0.500 0.000
R,(30.0) = | 0.500 0.866 0.000

(2.30)

(2.31)

(2.32)
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FIGURE 2.11: The vector 4 P; rotated and translated to form 4 P,.
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Given

. 3.0
App=|170], (2.35)

we use 7' as an operator:

9.098
Ap,=T4p =| 12562 |. (2.36)
0.000




2.5 SUMMARY OF INTERPRETATIONS

e

1. Itis a description of a frame. gT describes the frame {B} relative to the frame
{A}). Specifically, the columns of gR are unit vectors defining the directions of
the principal axes of {B}, and 4 Py locates the position of the origin of {B].

2. Itis a transform mapping. gT maps P — 4P,
3. Itis a transform operator. T operates on 4 P; to create 4 P,.

\




Seiplea B h, Sy slas 4 adad vy ey e 1 slaagly e ol !
UL s 5l wiss jl coms rl-{-‘-h TS FENPS (S RN TN e T
Sl I B Bily Sl & amgi b igrman ayd e bl Slas L el pggie 4
b (e JO LY G 0y el Sl icalrls s 253 b ly Obse 5 JUI S
35 pealyn aalinc] o 53l 5 DL (o8 oL



£

FIGURE 2.12: Compound frames: Each is known relative to the previous one.




Frame {C} is known relative to frame {B}, and frame {B} is known relative to
frame {A}. We can transform ¢ P into 2 P as

EP=_TCF; (2.37)

then we can transform 2 P into AP as

AP=LTRP, (2.38)
Combining (2.37) and (2.38), we get the (not unexpected) result
Ap _ ApBpC
P =2T2T P, (2.39)
from which we could define
SP =TT, (2.40)

\\



s A
2R " Pcorc T " Pporc

1

(2.41)



Inverting a transform

Consider a frame {B} that is known with respect to a frame {A}- ‘; T.

I3
..f-]: T . <SSS

To find 7, we must compute 2R and # P, p; from 4R and 4Py, pe.




Bp _ ApT
JR=pR".

Next, we change the description of # Py 5 into {B} by using (2.13):

B A Bp A B
(" Pgorc) = 4R " Pporc + " Piore-
The left-hand side of (2.43) must be zero, so we have
B Bp A ApTA
Prorc = —4R " Pporc = —3R “Pporc:

Using (2.42) and (2.44), we can write the form of f;T as

ApT ApTA
P R | —5R"*Ppore .
) 0 0 O 1

(2.42)

(2.43)

(2.44)

(2.45)



Note that, with our notation,

Bp . Ap-1



The frame defining {B} is

\\

“‘
*e
. A

)3 To Blaila {A) oylis & comi S dae G5 b {B) wpmler V7T S

¥

0.866 —0.500 0.000 4.0

0.500 0.866 0.000 3.0

AT =
B 0.000 0.000 1.000 0.0
0 0 0 |
(B
P3 i
Xg
(A}
P,
- 2,

(2.46)
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Using (2.45), we compute

0.866 0.500 0.000 —4.964 ]
—0.500 0.866 0.000 —0.598
0.000 0.000 1.000 0.0

0 0 0 1

(2.47)



2.7 TRANSFORM EQUATIONS

~

FIGURE 2.14: Set of transforms forming a loop.




Uep _ U A,
Ur =Ur AT, (2.48)

second;

Uep _Up Bp C
Ur =UrBrCr. (2.49)

We can set these two descriptions of ET equal to construct a transform
equation:

UmAg UmBp C
UrAr=UrErCr (2.50)

Bep _Uep=1Up Agp Cop=—1
Er=UrtUrarcr-1



U _ U -1
T= TT AT (2.52)

and
Yr=UriT (2.53)

TN

FIGURE 2.15: Example of a transform equation.
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FIGURE 2.16: Manipulator reaching for a bolt.

”T

_ U
B

Bp D=1 D
TCTCT T



ik S0 8 A7) e S S0P-Y S 0 0T 4 s
IS} el BT Jus 1rrah Al s ol {B) b il a4 o s
W sy S e K os {B) 4k 4 o ol s 65 o
Syl s 4 e B S 5 oS IT Pyt parie 0T Lis oy 50 s

Al | Al SSIS

1 -} " 5T
;‘T;T =¥T ET ol



Al a5 0 MalaalSy (sl 5l | Oy Sl L

L pleass wolin dalalsy Gl L) b VL plp el o Jle plea s S
4[,-’;‘,1} -\ L:

¥




oy 338 4 J1 28U Glgn b 6504 S U 8050 e e Jl5-
sl p sl ki e s Ml sl S Gl A Uy Gk L0 S
S 16 Sy 3,8 G g wiylizasky sl Sy plge e alalSy

R=(I. - 8)\(I: +5) (65-1)

wjla),'ado(.g: —ST u—e)wml)l:wjb.“lrxrz&w;ln IrbiJ)J
JJLf‘ CA—'J‘Q 0»:.-’. (sz’syasx );-‘!)l:‘a-: e P ¢ tCA—vl T' X T'

¢ =8 & |
S=|s °* -s (0Y-Y)
_sy sz o




- o - OO o
LI | | |

SIS SR
-




EXAMPLE 2.7

Consider two rotations, one about Z by 30 degrees and one about X by 30 degrees:

" 0.866 —0.500 0.000
R_(30) = | 0.500 0.866 0.000 (2.60)
| 0.000  0.000 1.000 |

" 1.000 0.000  0.000 ]
R.(30) = | 0.000 0.866 —0.500 (2.61)
| 0.000 0.500 0.866

[ 0.87 —043  0.257]
R,B0)R,(30) = | 0.50 0.75 —0.43
| 0.00 050 0.87 |

T 0.87 =050  0.007
# R, (30)R,(30) = | 043 0.75 —0.50 (2.62)
025 043 087 |
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X-Y-Z fixed angles

One method of describing the orientation of a frame {B} is as follows:

Start with the frame coincident with a known reference frame {A}.
Rotate {B} first about X 4 by an angle y, then about I" by an angle 8,
and, finally, about Z 4 by an angle a.

roll, pitch, yaw angles,

. \
h .Y Sk e U ohys voll
iLch . -
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FIGURE 2.17: X-Y -7 fixed angles. Rotations are performed in the order Ry(y)
Ry(B), Rz ().




ARyyz (v, B, @) = Rz (@) Ry (B)Rx ()
ca —sa 0 cg 0 sp 10 0
= | sa¢ ca 0 0 10 0 cy —sy |, (2.63)
0 0 1 —s8 0 ¢f 0 sy cv

" cach casfsy —sacy casfey +sasy |
;R}:rzh’s B,a)=| sacf sasfsy + cacy sasPcy —casy |. (2.64)
| —sp cBsy chey




B 1 12 "3
BRHTE{F’ ﬁ,ﬂr} == i"l-l FEI TE . {E.ES)
| T3y T3z a3 _

Oy Ty T Sla e Fymons o Aomelona | S 3yl g0 raalis (PF-Y) iy,

ale €08 B & —Try o jl CSl5E ST 5350 B 4y e 3)9] Cmsa |, cOS B

Tn/e8 4 tifef e 5l il ST 5 8L ), a Oy € # ° Sl b osys
33l sty TrefCB 4 Ter /€8 oo 1 Sl S HALL s

Sy Oly o M 5ba

B = Atan2(—ry, 1*”'111 - F%ljl,
= Ataﬂ{f'glfﬂﬁ, rnfcﬁL (265)
Yy = Atajﬂ[rﬂ," ch, ry3/ch),

Lowl gl ys it S AtanY(y, z) 51848




3 Atan2(y, x) computes tan_l{%] but uses the signs of both x and y to identify the quadrant in which
the resulting angle lies. For example, Atan 2(—-2.0, —2.0) = —135°, whereas Atan 2(2.0,2.0) = 45°. a

B = 90.0°,
a = 0.0, (2.67)
¥ = Atan2(ry,, ).

It B = —90.0°, then a solution can be calculated to be

B = —90.0°,

a = 0.0, (2.68)
y = —Atan2(ryy, ry).



Z-Y-X Euler angles
Another possible description of a frame {B] is as follows:
Start with the frame coincident with a known frame {A}. Rotate {B} first

about Z 5 by an angle @, then about I’B by an angle 8, and, finally, about
XH by an angle .

Za
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i

FIGURE 2.18: Z-Y—-X Euler angles.
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FIGURE 2.18: Z-Y—-X Euler angles.

sR=5Rp Ry R (2.69)




gRE*P‘x' = Rz(@)Ry(B)Ry(y)

coe —sa 0
s oo U
0 0 1

am—

=

B 0 sp
0 10

=58 0 cf |

1 0 O
0 cy —sy
| 0 sy cy

where co = cos«, sa = sina, and so on. Multiplying out, we obtain

gREr}rr}:f{ﬂ, ﬁ, }-"} —

| P

chsy

 cacB casfsy — sacy casfey +sasy |
sawcfl swsPsy + cacy sasfoy — casy

cpecy

(2.70)

(2.71)



Z-Y-Z Euler angles
Another possible description of a frame {B} is

Start with the frame coincident with a known frame {A}. Rotate {B} first

about Z g by an angle @, then about I’B by an angle g, and, finally, about
Z, by an angle y.




cacfey — sasy —cacfsy — sacy coasp
ERETIE,(W, B.y¥)=| sacfcy +casy —sacBsy + cacy sasf |. (2.72)
—sfcy sBsy cf

The solution for extracting Z—Y-Z Euler angles from a rotation matrix is
stated next.

(ziven

A 11 M2 T3

BREJ};IEJ (ﬂ', ﬂ, :IJ'} = F'El J‘EE ]'23 . {2?3)
F31 T3z T3

then, if sin g #* 0, it follows that

ﬂ = ﬁtﬂﬂz{,l / f'%l + r%zf 1'33}1

a = ﬁtﬂﬂz("ﬂﬁﬁs rlEIlII'-Tﬂ]: (2?4}
y = Atand(ry; /58, —rq /5B).



It # = 0.0, then a solution can be calcufatad to be
b= D-'n:

o = 0.0, (2.75)
¥ = Atﬂﬂz{—rlz, 1"11}.

/

If # = 180.0°, then a solution can be calculated to be

g = 180.0°,
a = 0.0, (2.76)

:|..I" = ﬂtﬂ.ﬂﬂ{!‘u, _}_11}.




Ry(8) =

1 1

L—

0 sin#

0

0 cosf —sind

cos @

(2.77)



cosd 0 sinf |
Ry@=| 0 1 0 |, (2.78)
| —sinf 0 cosf |

[ cosd —sinf 0
R;(6) = | sing cosd 0 |. (2.79)
0 0 1




- kvl 8 kk vl — k56 k ok vb + k56
R (@) = | kyhkyvb + k58 kyk,vd +cb kk v —kso |, (2.80)
|k kvt —kys8 kyk vl + k56 k k,v8 + cf

where cfl = cosf, s6 = siné, vl = 1 — cosé, and 4K = [kxk],kz]T. The sign of # is
determined by the right-hand rule, with the thumb pointing along the positive sense
of K.



A [ r 11 712 N3 |
R =| 1y 1oy 123 |, (2.81)
| F31 T3z T3z |
9 — Acos (’“11 g tra— 1)
2
) 1 =T (2.82)
K =— Fia — T .
2sinf 13 3l

a1 — M2 _




EXAMPLE 2.8

A frame [B) is described as initially coincident with {4}. We then rotate {B} about
the vector A K = [0.7070 7070 017 (passing through the origin) by an amount # = 30
degrees. Give the frame description of {B}.

Substituting into (2.80) yields the rotation-matrix part of the frame description.
There was no translation of the origin, so the position vector is [0, 0, 0] . Hence,

0.933 0.067 0.354 0.0
ap_ | 0067 0.933 ~0.354 0.0
Bt = | —0354 0354 0.866 0.0
00 00 00 1.0

(2.83)

— —

\



EXAMPLE 2.9

A frame {B} is described as initially coincident with {A). We then rotate {B} about
the vector K = [0.707 0.707 0.0]7 (passing through the point 4 P = [1.0 2.0 3.0])
by an amount # = 30 degrees. Give the frame description of { B}.




8] i

Ap

(8]

FIGURE 2.20: Rotation about an axis that does not pass through the origin of {A}.
Initially, {B} was coincident with {A}.




T 1.0 0.0 0.0 1.0
0.0 1.0 0.0 2.0

| 2.84
0.0 0.0 1.0 3.0 (2.84)
0.0 0.0 0.0 1.0 _

B B
~
I

1.0 0.0 0.0 =1.07
B | 0.0 1.0 0.0 —2.0
gl = 0.0 0.0 1.0 =30 |- (2.85)

000000 1.0




0.933 0.067 0354 0.0°

0.067 0.933 —0.354 0.0
~0.354 0.354  0.866 0.0
00 00 00 10

Finally, we can write a transform equation to compute the desired frame,

AII
E"T = (2.86)

,i-'[ i i
T =4T53ToT, (2.87)

which evaluates to

0.933 0.067 0354 —1.137
0.067 0.933 —0.354 1.13 |
B —0.354 0.354 0.866 0.05

0.000 0.000 0.000 1.00

(2.88)




Euler parameters
Another representation of orientation is by means of four numbers called the Euler
parameters.

In terms of the equivalent axis K = [k, k, k)7 and the equivalent angle 6, the
Euler parameters are given by

2]
E] =k1. Siﬂ E,
. @
&, =k, sin 7, (2.89)
€3 =k, s'mg,
€ —EDSE
§ — 2

It is then clear that these four quantities are not independent:

2, .2, .2, .2 _
e te tegte =1 (2.90)
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