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Preface

Audience

This is an introductory textbook dealing with the design and analysis of experiments. It is based on college-level
courses in design of experiments that I have taught for over 40 years at Arizona State University, the University of
Washington, and the Georgia Institute of Technology. It also reflects the methods that I have found useful in my own
professional practice as an engineering and statistical consultant in many areas of science and engineering, including
the research and development activities required for successful technology commercialization and product realization.

The book is intended for students who have completed a first course in statistical methods. This background
course should include at least some techniques of descriptive statistics, the standard sampling distributions, and an
introduction to basic concepts of confidence intervals and hypothesis testing for means and variances. Chapters 10, 11,
and 12 require some familiarity with matrix algebra.

Because the prerequisites are relatively modest, this book can be used in a second course on statistics focusing
on statistical design of experiments for undergraduate students in engineering, the physical and chemical sciences,
statistics, mathematics, and other fields of science. For many years I have taught a course from the book at the first-year
graduate level in engineering. Students in this course come from all of the fields of engineering, materials science,
physics, chemistry, mathematics, operations research life sciences, and statistics. I have also used this book as the
basis of an industrial short course on design of experiments for practicing technical professionals with a wide variety
of backgrounds. There are numerous examples illustrating all of the design and analysis techniques. These examples
are based on real-world applications of experimental design and are drawn from many different fields of engineering
and the sciences. This adds a strong applications flavor to an academic course for engineers and scientists and makes
the book useful as a reference tool for experimenters in a variety of disciplines.

About the Book

The ninth edition is a significant revision of the book. I have tried to maintain the balance between design and analysis
topics of previous editions; however, there are many new topics and examples, and I have reorganized some of the
material. There continues to be a lot of emphasis on the computer in this edition.
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Design-Expert, JMP, and Minitab Software

During the last few years a number of excellent software products to assist experimenters in both the design and
analysis phases of this subject have appeared. I have included output from three of these products, Design-Expert,
JMP, and Minitab at many points in the text. Minitab and JMP are widely available general-purpose statistical software
packages that have good data analysis capabilities and that handles the analysis of experiments with both fixed and
random factors (including the mixed model). Design-Expert is a package focused exclusively on experimental design.
All three of these packages have many capabilities for construction and evaluation of designs and extensive analysis
features. I urge all instructors who use this book to incorporate computer software into your course. (In my course, I
bring a laptop computer, and every design or analysis topic discussed in class is illustrated with the computer.)

Empirical Model

I have continued to focus on the connection between the experiment and the model that the experimenter can develop
from the results of the experiment. Engineers (and physical, chemical and life scientists to a large extent) learn about
physical mechanisms and their underlying mechanistic models early in their academic training, and throughout much
of their professional careers they are involved with manipulation of these models. Statistically designed experiments
offer the engineer a valid basis for developing an empirical model of the system being investigated. This empirical
model can then be manipulated (perhaps through a response surface or contour plot, or perhaps mathematically) just
as any other engineering model. I have discovered through many years of teaching that this viewpoint is very effective
in creating enthusiasm in the engineering community for statistically designed experiments. Therefore, the notion of
an underlying empirical model for the experiment and response surfaces appears early in the book and continues to
receive emphasis.

Factorial Designs

I have expanded the material on factorial and fractional factorial designs (Chapters 5–9) in an effort to make the
material flow more effectively from both the reader’s and the instructor’s viewpoint and to place more emphasis on
the empirical model. There is new material on a number of important topics, including follow-up experimentation
following a fractional factorial, nonregular and nonorthogonal designs, and small, efficient resolution IV andV designs.
Nonregular fractions as alternatives to traditional minimum aberration fractions in 16 runs and analysis methods for
these design are discussed and illustrated.

Additional Important Changes

I have added material on optimal designs and their application. The chapter on response surfaces (Chapter 11) has
several new topics and problems. I have expanded Chapter 12 on robust parameter design and process robustness
experiments. Chapters 13 and 14 discuss experiments involving random effects and some applications of these concepts
to nested and split-plot designs. The residual maximum likelihood method is now widely available in software and I
have emphasized this technique throughout the book. Because there is expanding industrial interest in nested and
split-plot designs, Chapters 13 and 14 have several new topics. Chapter 15 is an overview of important design and
analysis topics: nonnormality of the response, the Box–Coxmethod for selecting the form of a transformation, and other
alternatives; unbalanced factorial experiments; the analysis of covariance, including covariates in a factorial design,
and repeated measures. I have also added new examples and problems from various fields, including biochemistry and
biotechnology.

Experimental Design

Throughout the book I have stressed the importance of experimental design as a tool for engineers and scientists to use
for product design and development as well as process development and improvement. The use of experimental design
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in developing products that are robust to environmental factors and other sources of variability is illustrated. I believe
that the use of experimental design early in the product cycle can substantially reduce development lead time and cost,
leading to processes and products that perform better in the field and have higher reliability than those developed using
other approaches.

The book contains more material than can be covered comfortably in one course, and I hope that instructors will
be able to either vary the content of each course offering or discuss some topics in greater depth, depending on class
interest. There are problem sets at the end of each chapter. These problems vary in scope from computational exercises,
designed to reinforce the fundamentals, to extensions or elaboration of basic principles.

Course Suggestions

My own course focuses extensively on factorial and fractional factorial designs. Consequently, I usually cover Chapter
1, Chapter 2 (very quickly), most of Chapter 3, Chapter 4 (excluding the material on incomplete blocks and only
mentioning Latin squares briefly), and I discuss Chapters 5 through 8 on factorials and two-level factorial and fractional
factorial designs in detail. To conclude the course, I introduce response surface methodology (Chapter 11) and give
an overview of random effects models (Chapter 13) and nested and split-plot designs (Chapter 14). I always require
the students to complete a term project that involves designing, conducting, and presenting the results of a statistically
designed experiment. I require them to do this in teams because this is the way that much industrial experimentation
is conducted. They must present the results of this project, both orally and in written form.

The Supplemental Text Material

For this edition I have provided supplemental text material for each chapter of the book. Often, this supplemental
material elaborates on topics that could not be discussed in greater detail in the book. I have also presented some
subjects that do not appear directly in the book, but an introduction to them could prove useful to some students and
professional practitioners. Some of this material is at a higher mathematical level than the text. I realize that instructors
use this book with a wide array of audiences, and some more advanced design courses could possibly benefit from
including several of the supplemental text material topics. This material is in electronic form on the World Wide
Website for this book, located at www.wiley.com/college/montgomery.

Website

Current supporting material for instructors and students is available at the website www.wiley.com/college/
montgomery. This site will be used to communicate information about innovations and recommendations for
effectively using this text. The supplemental text material described above is available at the site, along with electronic
versions of data sets used for examples and homework problems, a course syllabus, and some representative student
term projects from the course at Arizona State University.

Student Companion Site

The student’s section of the textbook website contains the following:

1. The supplemental text material described above

2. Data sets from the book examples and homework problems, in electronic form

3. Sample Student Projects

http://www.wiley.com/college/montgomery
http://www.wiley.com/college/montgomery
http://www.wiley.com/college/montgomery
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Instructor Companion Site

The instructor’s section of the textbook website contains the following:

1. Solutions to the text problems

2. The supplemental text material described above

3. PowerPoint lecture slides
4. Figures from the text in electronic format, for easy inclusion in lecture slides

5. Data sets from the book examples and homework problems, in electronic form

6. Sample Syllabus

7. Sample Student Projects

The instructor’s section is for instructor use only, and is password-protected. Visit the Instructor Companion Site
portion of the website, located at www.wiley.com/college/montgomery, to register for a password.

Student Solutions Manual

The purpose of the Student Solutions Manual is to provide the student with an in-depth understanding of how to apply
the concepts presented in the textbook. Along with detailed instructions on how to solve the selected chapter exercises,
insights from practical applications are also shared.

Solutions have been provided for problems selected by the author of the text. Occasionally a group of “continued
exercises” is presented and provides the student with a full solution for a specific data set. Problems that are included
in the Student Solutions Manual are indicated by an icon appearing in the text margin next to the problem statement.

This is an excellent study aid that many text users will find extremely helpful. The Student Solutions Manual
may be ordered in a set with the text, or purchased separately. Contact your local Wiley representative to request the
set for your bookstore, or purchase the Student Solutions Manual from the Wiley website.
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C H A P T E R 1

I n t r o d u c t i o n

CHAPTER OUTLINE
1.1 STRATEGY OF EXPERIMENTATION

1.2 SOME TYPICAL APPLICATIONS
OF EXPERIMENTAL DESIGN

1.3 BASIC PRINCIPLES

1.4 GUIDELINES FOR DESIGNING EXPERIMENTS

1.5 A BRIEF HISTORY OF STATISTICAL DESIGN

1.6 SUMMARY: USING STATISTICAL TECHNIQUES IN
EXPERIMENTATION

SUPPLEMENTAL MATERIAL FOR CHAPTER 1
S1.1 More about Planning Experiments
S1.2 Blank Guide Sheets to Assist in Pre-Experimental

Planning
S1.3 Montgomery’s Theorems on Designed Experiments

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Learn about the objectives of experimental design and the role it plays in the knowledge discovery

process.

2. Learn about different strategies of experimentation.

3. Understand the role that statistical methods play in designing and analyzing experiments.

4. Understand the concepts of main effects of factors and interaction between factors.

5. Know about factorial experiments.

6. Know the practical guidelines for designing and conducting experiments.

1.1 Strategy of Experimentation

Observing a system or process while it is in operation is an important part of the learning process and is an integral
part of understanding and learning about how systems and processes work. The great New York Yankees catcher
Yogi Berra said that “ . . . you can observe a lot just by watching.” However, to understand what happens to a process
when you change certain input factors, you have to do more than just watch—you actually have to change the factors.
This means that to really understand cause-and-effect relationships in a system you must deliberately change the
input variables to the system and observe the changes in the system output that these changes to the inputs produce.
In other words, you need to conduct experiments on the system. Observations on a system or process can lead to
theories or hypotheses about what makes the system work, but experiments of the type described above are required
to demonstrate that these theories are correct.

Investigators perform experiments in virtually all fields of inquiry, usually to discover something about a partic-
ular process or system or to confirm previous experience or theory. Each experimental run is a test. More formally,

http://www.wiley.com/college/montgomery
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2 Chapter 1 Introduction

we can define an experiment as a test or series of runs in which purposeful changes are made to the input variables of
a process or system so that we may observe and identify the reasons for changes that may be observed in the output
response. We may want to determine which input variables are responsible for the observed changes in the response,
develop a model relating the response to the important input variables, and use this model for process or system
improvement or other decision-making.

This book is about planning and conducting experiments and about analyzing the resulting data so that valid and
objective conclusions are obtained. Our focus is on experiments in engineering and science. Experimentation plays
an important role in technology commercialization and product realization activities, which consist of new product
design and formulation, manufacturing process development, and process improvement. The objective in many cases
may be to develop a robust process, that is, a process affected minimally by external sources of variability. There are
also many applications of designed experiments in a nonmanufacturing or non-product-development setting, such
as marketing, service operations, and general business operations. Designed experiments are a key technology for
innovation. Both break through innovation and incremental innovation activities can benefit from the effective use
of designed experiments.

As an example of an experiment, suppose that a metallurgical engineer is interested in studying the effect of
two different hardening processes, oil quenching and saltwater quenching, on an aluminum alloy. Here the objective
of the experimenter (the engineer) is to determine which quenching solution produces the maximum hardness for
this particular alloy. The engineer decides to subject a number of alloy specimens or test coupons to each quenching
medium and measure the hardness of the specimens after quenching. The average hardness of the specimens treated
in each quenching solution will be used to determine which solution is best.

As we consider this simple experiment, a number of important questions come to mind:

1. Are these two solutions the only quenching media of potential interest?
2. Are there any other factors that might affect hardness that should be investigated or controlled in this

experiment (such as the temperature of the quenching media)?
3. How many coupons of alloy should be tested in each quenching solution?
4. How should the test coupons be assigned to the quenching solutions, and in what order should the data be

collected?
5. What method of data analysis should be used?
6. What difference in average observed hardness between the two quenching media will be considered

important?

All of these questions, and perhaps many others, will have to be answered satisfactorily before the experiment is
performed.

Experimentation is a vital part of the scientific (or engineering) method. Now there are certainly situations
where the scientific phenomena are so well understood that useful results including mathematical models can be devel-
oped directly by applying these well-understood principles. The models of such phenomena that follow directly from
the physical mechanism are usually called mechanistic models. A simple example is the familiar equation for cur-
rent flow in an electrical circuit, Ohm’s law, E = IR. However, most problems in science and engineering require
observation of the system at work and experimentation to elucidate information about why and how it works.
Well-designed experiments can often lead to a model of system performance; such experimentally determined models
are called empirical models. Throughout this book, we will present techniques for turning the results of a designed
experiment into an empirical model of the system under study. These empirical models can be manipulated by a
scientist or an engineer just as a mechanistic model can.

A well-designed experiment is important because the results and conclusions that can be drawn from the experi-
ment depend to a large extent on the manner in which the data were collected. To illustrate this point, suppose that the
metallurgical engineer in the above experiment used specimens from one heat in the oil quench and specimens from
a second heat in the saltwater quench. Now, when the mean hardness is compared, the engineer is unable to say how
much of the observed difference is the result of the quenching media and howmuch is the result of inherent differences
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◾ F I GURE 1 . 1 General model of a process or system

between the heats.1 Thus, the method of data collection has adversely affected the conclusions that can be drawn from
the experiment.

In general, experiments are used to study the performance of processes and systems. The process or system can
be represented by the model shown in Figure 1.1. We can usually visualize the process as a combination of oper-
ations, machines, methods, people, and other resources that transforms some input (often a material) into an output
that has one ormore observable response variables. Some of the process variables andmaterial properties x1, x2, . . . , xp
are controllable, whereas other variables such as environmental factors or some material properties z1, z2, . . . , zq are
uncontrollable (although they may be controllable for purposes of a test). The objectives of the experiment may
include the following:

1. Determining which variables are most influential on the response y
2. Determining where to set the influential x’s so that y is almost always near the desired nominal value
3. Determining where to set the influential x’s so that variability in y is small
4. Determining where to set the influential x’s so that the effects of the uncontrollable variables z1, z2, . . . , zq

are minimized.

As you can see from the foregoing discussion, experiments often involve several factors. Usually, an objective of
the experimenter is to determine the influence that these factors have on the output response of the system. The general
approach to planning and conducting the experiment is called the strategy of experimentation. An experimenter can
use several strategies. We will illustrate some of these with a very simple example.

I really like to play golf. Unfortunately, I do not enjoy practicing, so I am always looking for a simpler solution
to lowering my score. Some of the factors that I think may be important, or that may influence my golf score, are as
follows:

1. The type of driver used (oversized or regular sized)
2. The type of ball used (balata or three piece)
3. Walking and carrying the golf clubs or riding in a golf cart
4. Drinking water or drinking “something else” while playing
5. Playing in the morning or playing in the afternoon
6. Playing when it is cool or playing when it is hot
7. The type of golf shoe spike worn (metal or soft)
8. Playing on a windy day or playing on a calm day.

Obviously, many other factors could be considered, but let’s assume that these are the ones of primary interest.
Furthermore, based on long experience with the game, I decide that factors 5 through 8 can be ignored; that is, these

1 A specialist in experimental design would say that the effects of quenching media and heat were confounded; that is, the effects of these two factors cannot be separated.
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factors are not important because their effects are so small that they have no practical value. Engineers, scientists,
and business analysts often must make these types of decisions about some of the factors they are considering in
real experiments.

Now, let’s consider how factors 1 through 4 could be experimentally tested to determine their effect on my golf
score. Suppose that a maximum of eight rounds of golf can be played over the course of the experiment. One approach
would be to select an arbitrary combination of these factors, test them, and see what happens. For example, suppose
the oversized driver, balata ball, golf cart, and water combination is selected, and the resulting score is 87. During the
round, however, I noticed several wayward shots with the big driver (long is not always good in golf), and, as a result,
I decide to play another round with the regular-sized driver, holding the other factors at the same levels used previously.
This approach could be continued almost indefinitely, switching the levels of one or two (or perhaps several) factors for
the next test, based on the outcome of the current test. This strategy of experimentation, which we call the best-guess
approach, is frequently used in practice by engineers and scientists. It often works reasonably well, too, because
the experimenters often have a great deal of technical or theoretical knowledge of the system they are studying, as
well as considerable practical experience. The best-guess approach has at least two disadvantages. First, suppose the
initial best-guess does not produce the desired results. Now the experimenter has to take another guess at the correct
combination of factor levels. This could continue for a long time, without any guarantee of success. Second, suppose
the initial best-guess produces an acceptable result. Now the experimenter is tempted to stop testing, although there is
no guarantee that the best solution has been found.

Another strategy of experimentation that is used extensively in practice is the one-factor-at-a-time (OFAT)
approach. The OFAT method consists of selecting a starting point, or baseline set of levels, for each factor, and then
successively varying each factor over its range with the other factors held constant at the baseline level. After all tests
are performed, a series of graphs are usually constructed showing how the response variable is affected by varying
each factor with all other factors held constant. Figure 1.2 shows a set of these graphs for the golf experiment, using
the oversized driver, balata ball, walking, and drinking water levels of the four factors as the baseline. The interpre-
tation of these graphs is straightforward; for example, because the slope of the mode of travel curve is negative, we
would conclude that riding improves the score. Using these one-factor-at-a-time graphs, we would select the optimal
combination to be the regular-sized driver, riding, and drinking water. The type of golf ball seems unimportant.

The major disadvantage of the OFAT strategy is that it fails to consider any possible interaction between the fac-
tors. An interaction is the failure of one factor to produce the same effect on the response at different levels of another
factor. Figure 1.3 shows an interaction between the type of driver and the beverage factors for the golf experiment.
Notice that if I use the regular-sized driver, the type of beverage consumed has virtually no effect on the score, but if
I use the oversized driver, much better results are obtained by drinking water instead of “something else.” Interactions
between factors are very common, and if they occur, the one-factor-at-a-time strategy will usually produce poor results.
Many people do not recognize this, and, consequently, OFAT experiments are run frequently in practice. (Some indi-
viduals actually think that this strategy is related to the scientific method or that it is a “sound” engineering principle.)
One-factor-at-a-time experiments are always less efficient than other methods based on a statistical approach to design.
We will discuss this in more detail in Chapter 5.

The correct approach to dealing with several factors is to conduct a factorial experiment. This is an experimental
strategy in which factors are varied together, instead of one at a time. The factorial experimental design concept is
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◾ F I GURE 1 . 2 Results of the one-factor-at-a-time strategy for the golf experiment
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◾ F I GURE 1 . 4 A two-factor
factorial experiment involving type
of driver and type of ball

extremely important, and several chapters in this book are devoted to presenting basic factorial experiments and a
number of useful variations and special cases.

To illustrate how a factorial experiment is conducted, consider the golf experiment and suppose that only two
factors, type of driver and type of ball, are of interest. Figure 1.4 shows a two-factor factorial experiment for studying
the joint effects of these two factors on my golf score. Notice that this factorial experiment has both factors at two
levels and that all possible combinations of the two factors across their levels are used in the design. Geometrically, the
four runs form the corners of a square. This particular type of factorial experiment is called a 22 factorial design (two
factors, each at two levels). Because I can reasonably expect to play eight rounds of golf to investigate these factors,
a reasonable plan would be to play two rounds of golf at each combination of factor levels shown in Figure 1.4.
An experimental designer would say that we have replicated the design twice. This experimental design would enable
the experimenter to investigate the individual effects of each factor (or themain effects) and to determine whether the
factors interact.

Figure 1.5a shows the results of performing the factorial experiment in Figure 1.4. The scores from each round
of golf played at the four test combinations are shown at the corners of the square. Notice that there are four rounds of
golf that provide information about using the regular-sized driver and four rounds that provide information about using
the oversized driver. By finding the average difference in the scores on the right- and left-hand sides of the square (as in
Figure 1.5b), we have a measure of the effect of switching from the oversized driver to the regular-sized driver, or

Driver effect = 92 + 94 + 93 + 91
4

− 88 + 91 + 88 + 90
4

= 3.25

That is, on average, switching from the oversized to the regular-sized driver increases the score by 3.25 strokes per
round. Similarly, the average difference in the four scores at the top of the square and the four scores at the bottom
measures the effect of the type of ball used (see Figure 1.5c):

Ball effect = 88 + 91 + 92 + 94
4

− 88 + 90 + 93 + 91
4

= 0.75

Finally, a measure of the interaction effect between the type of ball and the type of driver can be obtained by subtracting
the average scores on the left-to-right diagonal in the square from the average scores on the right-to-left diagonal (see
Figure 1.5d), resulting in

Ball–driver interaction effect = 92 + 94 + 88 + 90
4

− 88 + 91 + 93 + 91
4

= 0.25
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◾ F I GURE 1 . 5 Scores from the golf experiment in Figure 1.4 and calculation of the factor effects

The results of this factorial experiment indicate that driver effect is larger than either the ball effect or the inter-
action. Statistical testing could be used to determine whether any of these effects differ from zero. In fact, it turns out
that there is reasonably strong statistical evidence that the driver effect differs from zero and the other two effects do
not. Therefore, this experiment indicates that I should always play with the oversized driver.

One very important feature of the factorial experiment is evident from this simple example; namely, factorials
make the most efficient use of the experimental data. Notice that this experiment included eight observations, and all
eight observations are used to calculate the driver, ball, and interaction effects. No other strategy of experimentation
makes such an efficient use of the data. This is an important and useful feature of factorials.

We can extend the factorial experiment concept to three factors. Suppose that I wish to study the effects of type
of driver, type of ball, and the type of beverage consumed on my golf score. Assuming that all three factors have two
levels, a factorial design can be set up as shown in Figure 1.6. Notice that there are eight test combinations of these
three factors across the two levels of each and that these eight trials can be represented geometrically as the corners of
a cube. This is an example of a 23 factorial design. Because I only want to play eight rounds of golf, this experiment
would require that one round be played at each combination of factors represented by the eight corners of the cube in
Figure 1.6. However, if we compare this to the two-factor factorial in Figure 1.4, the 23 factorial design would provide
the same information about the factor effects. For example, there are four tests in both designs that provide information
about the regular-sized driver and four tests that provide information about the oversized driver, assuming that each
run in the two-factor design in Figure 1.4 is replicated twice.

◾ F I GURE 1 . 6 A three-factor factorial experiment involving
type of driver, type of ball, and type of beverage
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◾ F I GURE 1 . 7 A four-factor factorial
experiment involving type of driver, type of ball,
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◾ F I GURE 1 . 8 A four-factor fractional
factorial experiment involving type of driver,
type of ball, type of beverage, and mode of travel

Figure 1.7 illustrates how all four factors—driver, ball, beverage, and mode of travel (walking or riding)—could
be investigated in a 24 factorial design. As in any factorial design, all possible combinations of the levels of the factors
are used. Because all four factors are at two levels, this experimental design can still be represented geometrically as
a cube (actually a hypercube).

Generally, if there are k factors, each at two levels, the factorial design would require 2k runs. For example, the
experiment in Figure 1.7 requires 16 runs. Clearly, as the number of factors of interest increases, the number of runs
required increases rapidly; for instance, a 10-factor experiment with all factors at two levels would require 1024 runs.
This quickly becomes infeasible from a time and resource viewpoint. In the golf experiment, I can only play eight
rounds of golf, so even the experiment in Figure 1.7 is too large.

Fortunately, if there are four to five or more factors, it is usually unnecessary to run all possible combinations of
factor levels. A fractional factorial experiment is a variation of the basic factorial design in which only a subset of
the runs is used. Figure 1.8 shows a fractional factorial design for the four-factor version of the golf experiment. This
design requires only 8 runs instead of the original 16 and would be called a one-half fraction. If I can play only eight
rounds of golf, this is an excellent design in which to study all four factors. It will provide good information about the
main effects of the four factors as well as some information about how these factors interact.

Fractional factorial designs are used extensively in industrial research and development, and for process
improvement. These designs will be discussed in Chapters 8 and 9.

1.2 Some Typical Applications of Experimental Design

Experimental design methods have found broad application in many disciplines. As noted previously, we may view
experimentation as part of the scientific process and as one of the ways by which we learn about how systems or
processes work. Generally, we learn through a series of activities in which we make conjectures about a process,
perform experiments to generate data from the process, and then use the information from the experiment to establish
new conjectures, which lead to new experiments, and so on.

Experimental design is a critically important tool in the scientific and engineering world for driving innovation
in the product realization process. Critical components of these activities are in new manufacturing process design and
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development and process management. The application of experimental design techniques early in process develop-
ment can result in

1. Improved process yields
2. Reduced variability and closer conformance to nominal or target requirements
3. Reduced development time
4. Reduced overall costs.

Experimental design methods are also of fundamental importance in engineering design activities, where new
products are developed and existing ones improved. Some applications of experimental design in engineering design
include

1. Evaluation and comparison of basic design configurations
2. Evaluation of material alternatives
3. Selection of design parameters so that the product will work well under a wide variety of field conditions,

that is, so that the product is robust
4. Determination of key product design parameters that impact product performance
5. Formulation of new products.

The use of experimental design in product realization can result in products that are easier to manufacture and that
have enhanced field performance and reliability, lower product cost, and shorter product design and development
time. Designed experiments also have extensive applications in marketing, market research, transactional and service
operations, and general business operations. We now present several examples that illustrate some of these ideas.

EXAMPLE 1 . 1 Characterizing a Process

A flow solder machine is used in the manufacturing process
for printed circuit boards. The machine cleans the boards in
a flux, preheats the boards, and then moves them along a
conveyor through a wave of molten solder. This solder pro-
cess makes the electrical andmechanical connections for the
leaded components on the board.

The process currently operates around the 1 percent
defective level. That is, about 1 percent of the solder joints
on a board are defective and require manual retouching.
However, because the average printed circuit board contains
over 2000 solder joints, even a 1 percent defective level
results in far too many solder joints requiring rework.
The process engineer responsible for this area would like
to use a designed experiment to determine which machine
parameters are influential in the occurrence of solder
defects and which adjustments should be made to those
variables to reduce solder defects.

The flow solder machine has several variables that can
be controlled. They include

1. Solder temperature
2. Preheat temperature
3. Conveyor speed
4. Flux type
5. Flux specific gravity

6. Solder wave depth
7. Conveyor angle.

In addition to these controllable factors, several other factors
cannot be easily controlled during routine manufacturing,
although they could be controlled for the purposes of a test.
They are

1. Thickness of the printed circuit board
2. Types of components used on the board
3. Layout of the components on the board
4. Operator
5. Production rate.

In this situation, engineers are interested in characteriz-
ing the flow solder machine; that is, they want to determine
which factors (both controllable and uncontrollable) affect
the occurrence of defects on the printed circuit boards.
To accomplish this, they can design an experiment that
will enable them to estimate the magnitude and direction
of the factor effects; that is, how much does the response
variable (defects per unit) change when each factor is
changed, and does changing the factors together produce
different results than are obtained from individual factor
adjustments—that is, do the factors interact? Sometimes
we call an experiment such as this a screening experiment.
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Typically, screening or characterization experiments
involve using fractional factorial designs, such as in the
golf example in Figure 1.8.

The information from this screening or characterization
experiment will be used to identify the critical process fac-
tors and to determine the direction of adjustment for these
factors to reduce further the number of defects per unit.
The experiment may also provide information about which
factors should be more carefully controlled during routine

manufacturing to prevent high defect levels and erratic pro-
cess performance. Thus, one result of the experiment could
be the application of techniques such as control charts to
one or more process variables (such as solder temperature),
in addition to control charts on process output. Over time,
if the process is improved enough, it may be possible to
base most of the process control plan on controlling process
input variables instead of control charting the output.

EXAMPLE 1 . 2 Optimizing a Processf

In a characterization experiment, we are usually interested
in determining which process variables affect the response.
A logical next step is to optimize, that is, to determine the
region in the important factors that leads to the best possible
response. For example, if the response is yield, we would
look for a region of maximum yield, whereas if the response
is variability in a critical product dimension, we would seek
a region of minimum variability.

Suppose that we are interested in improving the yield
of a chemical process. We know from the results of a
characterization experiment that the two most important
process variables that influence the yield are operating
temperature and reaction time. The process currently
runs at 145∘F and 2.1 hours of reaction time, producing
yields of around 80 percent. Figure 1.9 shows a view of the
time–temperature region from above. In this graph, the lines
of constant yield are connected to form response contours,
and we have shown the contour lines for yields of 60, 70,
80, 90, and 95 percent. These contours are projections on
the time–temperature region of cross sections of the yield
surface corresponding to the aforementioned percent yields.
This surface is sometimes called a response surface. The
true response surface in Figure 1.9 is unknown to the pro-
cess personnel, so experimental methods will be required
to optimize the yield with respect to time and temperature.

To locate the optimum, it is necessary to perform an
experiment that varies both time and temperature together,
that is, a factorial experiment. The results of an initial
factorial experiment with both time and temperature run at
two levels is shown in Figure 1.9. The responses observed
at the four corners of the square indicate that we should
move in the general direction of increased temperature
and decreased reaction time to increase yield. A few
additional runs would be performed in this direction, and
this additional experimentation would lead us to the region
of maximum yield.

Once we have found the region of the optimum, a second
experiment would typically be performed. The objective of

this second experiment is to develop an empirical model of
the process and to obtain a more precise estimate of the opti-
mum operating conditions for time and temperature. This
approach to process optimization is called response surface
methodology, and it is explored in detail in Chapter 11. The
second design illustrated in Figure 1.9 is a central compos-
ite design, one of the most important experimental designs
used in process optimization studies.
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EXAMPLE 1 . 3 Designing a Product—I

A biomedical engineer is designing a new pump for the
intravenous delivery of a drug. The pump should deliver
a constant quantity or dose of the drug over a specified
period of time. She must specify a number of variables
or design parameters. Among these are the diameter and
length of the cylinder, the fit between the cylinder and the
plunger, the plunger length, the diameter and wall thickness
of the tube connecting the pump and the needle inserted
into the patient’s vein, the material to use for fabricating

both the cylinder and the tube, and the nominal pressure
at which the system must operate. The impact of some of
these parameters on the design can be evaluated by building
prototypes in which these factors can be varied over
appropriate ranges. Experiments can then be designed and
the prototypes tested to investigate which design parameters
are most influential on pump performance. Analysis of this
information will assist the engineer in arriving at a design
that provides reliable and consistent drug delivery.

EXAMPLE 1 . 4 Designing a Product—II

An engineer is designing an aircraft engine. The engine is
a commercial turbofan, intended to operate in the cruise
configuration at 40,000 ft and 0.8 Mach. The design
parameters include inlet flow, fan pressure ratio, overall
pressure, stator outlet temperature, and many other factors.
The output response variables in this system are specific
fuel consumption and engine thrust. In designing this
system, it would be prohibitive to build prototypes or actual

test articles early in the design process, so the engineers use
a computer model of the system that allows them to focus
on the key design parameters of the engine and to vary
them in an effort to optimize the performance of the engine.
Designed experiments can be employed with the computer
model of the engine to determine the most important design
parameters and their optimal settings.

Designers frequently use computer models to assist them in carrying out their activities. Examples include finite
element models for many aspects of structural and mechanical design, electrical circuit simulators for integrated circuit
design, factory or enterprise-level models for scheduling and capacity planning or supply chain management, and
computer models of complex chemical processes. Statistically designed experiments can be applied to these models
just as easily and successfully as they can to actual physical systems and will result in reduced development lead time
and better designs.

EXAMPLE 1 . 5 Formulating a Product

A biochemist is formulating a diagnostic product to detect
the presence of a certain disease. The product is a mixture
of biological materials, chemical reagents, and other materi-
als that when combined with human blood react to provide
a diagnostic indication. The type of experiment used here
is a mixture experiment, because various ingredients that
are combined to form the diagnostic make up 100 percent
of the mixture composition (on a volume, weight, or mole

ratio basis), and the response is a function of the mixture
proportions that are present in the product. Mixture exper-
iments are a special type of response surface experiment
that we will study in Chapter 11. They are very useful in
designing biotechnology products, pharmaceuticals, foods
and beverages, paints and coatings, consumer products such
as detergents, soaps, and other personal care products, and
a wide variety of other products.
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EXAMPLE 1 . 6 Designing a Web Page

A lot of business today is conducted via the World Wide
Web. Consequently, the design of a business’ web page
has potentially important economic impact. Suppose that
the website has the following components: (1) a photoflash
image, (2) a main headline, (3) a subheadline, (4) a main
text copy, (5) a main image on the right side, (6) a back-
ground design, and (7) a footer. We are interested in finding
the factors that influence the click-through rate; that is,
the number of visitors who click through into the site
divided by the total number of visitors to the site. Proper
selection of the important factors can lead to an optimal
web page design. Suppose that there are four choices for
the photoflash image, eight choices for the main headline,
six choices for the subheadline, five choices for the main

text copy, four choices for the main image, three choices
for the background design, and seven choices for the footer.
If we use a factorial design, web pages for all possible
combinations of these factor levels must be constructed and
tested. This is a total of 4 × 8 × 6 × 5 × 4 × 3 × 7 = 80,640
web pages. Obviously, it is not feasible to design and
test this many combinations of web pages, so a complete
factorial experiment cannot be considered. However, a
fractional factorial experiment that uses a small number of
the possible web page designs would likely be successful.
This experiment would require a fractional factorial where
the factors have different numbers of levels. We will discuss
how to construct these designs in Chapter 9.

1.3 Basic Principles

If an experiment such as the ones described in Examples 1.1 through 1.6 is to be performed most efficiently, a scientific
approach to planning the experiment must be employed. Statistical design of experiments refers to the process of
planning the experiment so that appropriate data will be collected and analyzed by statistical methods, resulting in valid
and objective conclusions. The statistical approach to experimental design is necessary if we wish to draw meaningful
conclusions from the data. When the problem involves data that are subject to experimental errors, statistical methods
are the only objective approach to analysis. Thus, there are two aspects to any experimental problem: the design of
the experiment and the statistical analysis of the data. These two subjects are closely related because the method of
analysis depends directly on the design employed. Both topics will be addressed in this book.

The three basic principles of experimental design are randomization, replication, and blocking. Sometimes
we add the factorial principle to these three. Randomization is the cornerstone underlying the use of statistical meth-
ods in experimental design. By randomization we mean that both the allocation of the experimental material and the
order in which the individual runs of the experiment are to be performed are randomly determined. Statistical methods
require that the observations (or errors) be independently distributed random variables. Randomization usually makes
this assumption valid. By properly randomizing the experiment, we also assist in “averaging out” the effects of extra-
neous factors that may be present. For example, suppose that the specimens in the hardness experiment are of slightly
different thicknesses and that the effectiveness of the quenching medium may be affected by specimen thickness. If all
the specimens subjected to the oil quench are thicker than those subjected to the saltwater quench, we may be introduc-
ing systematic bias into the experimental results. This bias handicaps one of the quenching media and consequently
invalidates our results. Randomly assigning the specimens to the quenching media alleviates this problem.

Computer software programs are widely used to assist experimenters in selecting and constructing experimental
designs. These programs often present the runs in the experimental design in random order. This random order is
created by using a random number generator. Even with such a computer program, it is still often necessary to assign
units of experimental material (such as the specimens in the hardness example mentioned above), operators, gauges or
measurement devices, and so forth for use in the experiment.

Sometimes experimenters encounter situations where randomization of some aspect of the experiment is
difficult. For example, in a chemical process, temperature may be a very hard-to-change variable as we may want to
change it less often than we change the levels of other factors. In an experiment of this type, complete randomization
would be difficult because it would add time and cost. There are statistical design methods for dealing with restrictions
on randomization. Some of these approaches will be discussed in subsequent chapters (see in particular Chapter 14).
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By replicationwe mean an independent repeat run of each factor combination. In the metallurgical experiment
discussed in Section 1.1, replication would consist of treating a specimen by oil quenching and treating a specimen by
saltwater quenching. Thus, if five specimens are treated in each quenching medium, we say that five replicates have
been obtained. Each of the 10 observations should be run in random order. Replication has two important properties.
First, it allows the experimenter to obtain an estimate of the experimental error. This estimate of error becomes a basic
unit of measurement for determining whether observed differences in the data are really statistically different. Second,
if the sample mean (y) is used to estimate the true mean response for one of the factor levels in the experiment, repli-
cation permits the experimenter to obtain a more precise estimate of this parameter. For example, if 𝜎2 is the variance
of an individual observation and there are n replicates, the variance of the sample mean is

𝜎
2
y
= 𝜎

2

n

The practical implication of this is that if we had n = 1 replicates and observed y1 = 145 (oil quench) and
y2 = 147 (saltwater quench), we would probably be unable to make satisfactory inferences about the effect of the
quenching medium—that is, the observed difference could be the result of experimental error. The point is that without
replication we have no way of knowing why the two observations are different. On the other hand, if n was reasonably
large and the experimental error was sufficiently small and if we observed sample averages y1 < y2, we would be rea-
sonably safe in concluding that saltwater quenching produces a higher hardness in this particular aluminum alloy than
does oil quenching.

Often when the runs in an experiment are randomized, two (or more) consecutive runs will have exactly the same
levels for some of the factors. For example, suppose we have three factors in an experiment: pressure, temperature,
and time. When the experimental runs are randomized, we find the following:

Run number Pressure (psi) Temperature (∘C) Time (min)

i 30 100 30

i + 1 30 125 45

i + 2 40 125 45

Notice that between runs i and i + 1, the levels of pressure are identical and between runs i + 1 and i + 2, the levels of
both temperature and time are identical. To obtain a true replicate, the experimenter needs to “twist the pressure knob”
to an intermediate setting between runs i and i + 1, and reset pressure to 30 psi for run i + 1. Similarly, temperature
and time should be reset to intermediate levels between runs i + 1 and i + 2 before being set to their design levels for
run i + 2. Part of the experimental error is the variability associated with hitting and holding factor levels.

There is an important distinction between replication and repeated measurements. For example, suppose that
a silicon wafer is etched in a single-wafer plasma etching process, and a critical dimension (CD) on this wafer is
measured three times. These measurements are not replicates; they are a form of repeated measurements, and in this
case the observed variability in the three repeated measurements is a direct reflection of the inherent variability in the
measurement system or gauge and possibly the variability in this CD at different locations on the wafer where the
measurements were taken. As another illustration, suppose that as part of an experiment in semiconductor manufac-
turing four wafers are processed simultaneously in an oxidation furnace at a particular gas flow rate and time and then
a measurement is taken on the oxide thickness of each wafer. Once again, the measurements on the four wafers are not
replicates but repeated measurements. In this case, they reflect differences among the wafers and other sources of vari-
ability within that particular furnace run. Replication reflects sources of variability both between runs and (potentially)
within runs.

Blocking is a design technique used to improve the precision with which comparisons among the factors of
interest are made. Often blocking is used to reduce or eliminate the variability transmitted from nuisance factors—that
is, factors that may influence the experimental response but in which we are not directly interested. For example,
an experiment in a chemical process may require two batches of raw material to make all the required runs.
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However, there could be differences between the batches due to supplier-to-supplier variability, and if we are not
specifically interested in this effect, we would think of the batches of raw material as a nuisance factor. Generally,
a block is a set of relatively homogeneous experimental conditions. In the chemical process example, each batch
of raw material would form a block, because the variability within a batch would be expected to be smaller than
the variability between batches. Typically, as in this example, each level of the nuisance factor becomes a block.
Then the experimenter divides the observations from the statistical design into groups that are run in each block.
We study blocking in detail in several places in the text, including Chapters 4, 5, 7, 8, 9, 11, and 13. A simple example
illustrating the blocking principal is given in Section 2.5.1.

The three basic principles of experimental design, randomization, replication, and blocking are part of every
experiment. We will illustrate and emphasize them repeatedly throughout this book.

1.4 Guidelines for Designing Experiments

To use the statistical approach in designing and analyzing an experiment, it is necessary for everyone involved in the
experiment to have a clear idea in advance of exactly what is to be studied, how the data are to be collected, and at least
a qualitative understanding of how these data are to be analyzed. An outline of the recommended procedure is shown
in Table 1.1. We now give a brief discussion of this outline and elaborate on some of the key points. For more details,
see Coleman and Montgomery (1993), and the references therein. The supplemental text material for this chapter is
also useful.

1. Recognition of and statement of the problem. This may seem to be a rather obvious point, but in prac-
tice often neither is it simple to realize that a problem requiring experimentation exists, nor is it simple to
develop a clear and generally accepted statement of this problem. It is necessary to develop all ideas about
the objectives of the experiment. Usually, it is important to solicit input from all concerned parties: engi-
neering, quality assurance, manufacturing, marketing, management, customer, and operating personnel (who
usually have much insight and who are too often ignored). For this reason, a team approach to designing
experiments is recommended.

It is usually helpful to prepare a list of specific problems or questions that are to be addressed by the
experiment. A clear statement of the problem often contributes substantially to better understanding of the
phenomenon being studied and the final solution of the problem.

It is also important to keep the overall objectives of the experiment in mind. There are several broad
reasons for running experiments and each type of experiment will generate its own list of specific questions
that need to be addressed. Some (but by no means all) of the reasons for running experiments include:

a. Factor screening or characterization. When a system or process is new, it is usually important
to learn which factors have the most influence on the response(s) of interest. Often there are a
lot of factors. This usually indicates that the experimenters do not know much about the system

◾ TABLE 1 . 1
Guidelines for Designing an Experiment

1. Recognition of and statement of the problem
]

Pre-experimental
2. Selection of the response variablea Planning
3. Choice of factors, levels, and rangesa

4. Choice of experimental design

5. Performing the experiment

6. Statistical analysis of the data

7. Conclusions and recommendations

aIn practice, steps 2 and 3 are often done simultaneously or in reverse order.
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so screening is essential if we are to efficiently get the desired performance from the system.
Screening experiments are extremely important when working with new systems or technologies
so that valuable resources will not be wasted using best guess and OFAT approaches.

b. Optimization. After the system has been characterized and we are reasonably certain that the
important factors have been identified, the next objective is usually optimization, that is, find
the settings or levels of the important factors that result in desirable values of the response.
For example, if a screening experiment on a chemical process results in the identification of time
and temperature as the two most important factors, the optimization experiment may have as its
objective finding the levels of time and temperature that maximize yield, or perhaps maximize
yield while keeping some product property that is critical to the customer within specifications.
An optimization experiment is usually a follow-up to a screening experiment. It would be very
unusual for a screening experiment to produce the optimal settings of the important factors.

c. Confirmation. In a confirmation experiment, the experimenter is usually trying to verify that the
system operates or behaves in a manner that is consistent with some theory or past experience.
For example, if theory or experience indicates that a particular new material is equivalent to
the one currently in use and the new material is desirable (perhaps less expensive, or easier
to work with in some way), then a confirmation experiment would be conducted to verify that
substituting the new material results in no change in product characteristics that impact its use.
Moving a new manufacturing process to full-scale production based on results found during
experimentation at a pilot plant or development site is another situation that often results in
confirmation experiments—that is, are the same factors and settings that were determined during
development work appropriate for the full-scale process?

d. Discovery. In discovery experiments, the experimenters are usually trying to determine what
happens when we explore new materials, or new factors, or new ranges for factors. Discovery
experiments often involve screening of several (perhaps many) factors. In the pharmaceutical
industry, scientists are constantly conducting discovery experiments to find new materials or
combinations of materials that will be effective in treating disease.

e. Robustness. These experiments often address questions such as under what conditions do the
response variables of interest seriously degrade? Or what conditions would lead to unacceptable
variability in the response variables? A variation of this is determining how we can set the fac-
tors in the system that we can control to minimize the variability transmitted into the response
from factors that we cannot control very well. We will discuss some experiments of this type in
Chapter 12.

Obviously, the specific questions to be addressed in the experiment relate directly to the overall
objectives. An important aspect of problem formulation is the recognition that one large comprehensive
experiment is unlikely to answer the key questions satisfactorily. A single comprehensive experiment
requires the experimenters to know the answers to a lot of questions, and if they are wrong, the results
will be disappointing. This leads to wasting time, materials, and other resources and may result in never
answering the original research questions satisfactorily. A sequential approach employing a series of
smaller experiments, each with a specific objective, such as factor screening, is a better strategy.

2. Selection of the response variable. In selecting the response variable, the experimenter should be certain
that this variable really provides useful information about the process under study. Most often, the average or
standard deviation (or both) of the measured characteristic will be the response variable. Multiple responses
are not unusual. The experimenters must decide how each response will be measured, and address issues
such as how will any measurement system be calibrated and how this calibration will be maintained during
the experiment. The gauge or measurement system capability (or measurement error) is also an important
factor. If gauge capability is inadequate, only relatively large factor effects will be detected by the experiment
or perhaps additional replication will be required. In some situations where gauge capability is poor, the
experimenter may decide to measure each experimental unit several times and use the average of the repeated
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measurements as the observed response. It is usually critically important to identify issues related to defining
the responses of interest and how they are to be measured before conducting the experiment. Sometimes
designed experiments are employed to study and improve the performance of measurement systems. For an
example, see Chapter 13.

3. Choice of factors, levels, and range. (As noted in Table 1.1, steps 2 and 3 are often done simultaneously or
in the reverse order.)When considering the factors that may influence the performance of a process or system,
the experimenter usually discovers that these factors can be classified as either potential design factors or
nuisance factors. The potential design factors are those factors that the experimenter may wish to vary in the
experiment. Often we find that there are a lot of potential design factors, and some further classification of
them is helpful. Some useful classifications are design factors, held-constant factors, and allowed-to-vary
factors. The design factors are the factors actually selected for study in the experiment. Held-constant factors
are variables that may exert some effect on the response, but for purposes of the present experiment these
factors are not of interest, so they will be held at a specific level. For example, in an etching experiment in
the semiconductor industry, there may be an effect that is unique to the specific plasma etch tool used in the
experiment. However, this factor would be very difficult to vary in an experiment, so the experimenter may
decide to perform all experimental runs on one particular (ideally “typical”) etcher. Thus, this factor has been
held constant. As an example of allowed-to-vary factors, the experimental units or the “materials” to which
the design factors are applied are usually nonhomogeneous, yet we often ignore this unit-to-unit variability
and rely on randomization to balance out any material or experimental unit effect. We often assume that the
effects of held-constant factors and allowed-to-vary factors are relatively small.

Nuisance factors, on the other hand, may have large effects that must be accounted for, yet we may
not be interested in them in the context of the present experiment. Nuisance factors are often classified as
controllable, uncontrollable, or noise factors. A controllable nuisance factor is one whose levels may be set
by the experimenter. For example, the experimenter can select different batches of raw material or different
days of the week when conducting the experiment. The blocking principle, discussed in the previous section,
is often useful in dealing with controllable nuisance factors. If a nuisance factor is uncontrollable in the
experiment, but it can be measured, an analysis procedure called the analysis of covariance can often be
used to compensate for its effect. For example, the relative humidity in the process environment may affect
process performance, and if the humidity cannot be controlled, it probably can be measured and treated
as a covariate. When a factor that varies naturally and uncontrollably in the process can be controlled for
purposes of an experiment, we often call it a noise factor. In such situations, our objective is usually to
find the settings of the controllable design factors that minimize the variability transmitted from the noise
factors. This is sometimes called a process robustness study or a robust design problem. Blocking, analysis
of covariance, and process robustness studies are discussed later in the text.

Once the experimenter has selected the design factors, he or she must choose the ranges over which
these factors will be varied and the specific levels at which runs will be made. Thought must also be given
to how these factors are to be controlled at the desired values and how they are to be measured. For instance,
in the flow solder experiment, the engineer has defined 12 variables that may affect the occurrence of solder
defects. The experimenter will also have to decide on a region of interest for each variable (that is, the range
over which each factor will be varied) and on how many levels of each variable to use. Process knowledge
is required to do this. This process knowledge is usually a combination of practical experience and theoret-
ical understanding. It is important to investigate all factors that may be of importance and to be not overly
influenced by past experience, particularly when we are in the early stages of experimentation or when the
process is not very mature.

When the objective of the experiment is factor screening or process characterization, it is usually
best to keep the number of factor levels low. Generally, two levels work very well in factor screening
studies. Choosing the region of interest is also important. In factor screening, the region of interest should
be relatively large—that is, the range over which the factors are varied should be broad. As we learn more
about which variables are important and which levels produce the best results, the region of interest in
subsequent experiments will usually become narrower.
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◾ F I GURE 1 . 10 A cause-and-
effect diagram for the etching process
experiment Charge monitor
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The cause-and-effect diagram can be a useful technique for organizing some of the information gen-
erated in pre-experimental planning. Figure 1.10 is the cause-and-effect diagram constructed while planning
an experiment to resolve problems with wafer charging (a charge accumulation on the wafers) encountered
in an etching tool used in semiconductor manufacturing. The cause-and-effect diagram is also known as a
fishbone diagram because the “effect” of interest or the response variable is drawn along the spine of the
diagram and the potential causes or design factors are organized in a series of ribs. The cause-and-effect dia-
gram uses the traditional causes of measurement, materials, people, environment, methods, and machines to
organize the information and potential design factors. Notice that some of the individual causes will prob-
ably lead directly to a design factor that will be included in the experiment (such as wheel speed, gas flow,
and vacuum), while others represent potential areas that will need further study to turn them into design
factors (such as operators following improper procedures), and still others will probably lead to either fac-
tors that will be held constant during the experiment or blocked (such as temperature and relative humidity).
Figure 1.11 is a cause-and-effect diagram for an experiment to study the effect of several factors on the turbine
blades produced on a computer-numerical-controlled (CNC) machine. This experiment has three response

◾ F I GURE 1 . 11 A cause-and-effect diagram for
the CNC machine experiment
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variables: blade profile, blade surface finish, and surface finish defects in the finished blade. The causes
are organized into groups of controllable factors from which the design factors for the experiment may be
selected, uncontrollable factors whose effects will probably be balanced out by randomization, nuisance fac-
tors that may be blocked, and factors that may be held constant when the experiment is conducted. It is not
unusual for experimenters to construct several different cause-and-effect diagrams to assist and guide them
during pre-experimental planning. For more information on the CNC machine experiment and further dis-
cussion of graphical methods that are useful in pre-experimental planning, see the supplemental text material
for this chapter.

We reiterate how crucial it is to bring out all points of view and process information in steps 1 through 3.
We refer to this as pre-experimental planning. Coleman and Montgomery (1993) provide worksheets that
can be useful in pre-experimental planning. Also see the supplemental text material for more details and
an example of using these worksheets. It is unlikely that one person has all the knowledge required to do this
adequately in many situations. Therefore, we strongly argue for a team effort in planning the experiment.
Most of your success will hinge on how well the pre-experimental planning is done.

4. Choice of experimental design. If the above pre-experimental planning activities are done correctly, this
step is relatively easy. Choice of design involves consideration of sample size (number of replicates), selec-
tion of a suitable run order for the experimental trials, and determination of whether or not blocking or
other randomization restrictions are involved. This book discusses some of the more important types of
experimental designs, and it can ultimately be used as a guide for selecting an appropriate experimental
design for a wide variety of problems.

There are also several interactive statistical software packages that support this phase of experimental
design. The experimenter can enter information about the number of factors, levels, and ranges, and these
programs will either present a selection of designs for consideration or recommend a particular design.
(We usually prefer to see several alternatives instead of relying entirely on a computer recommendation in
most cases.) Most software packages also provide some diagnostic information about how each design will
perform. This is useful in evaluation of different design alternatives for the experiment. These programs
will usually also provide a worksheet (with the order of the runs randomized) for use in conducting the
experiment.

Design selection also involves thinking about and selecting a tentative empirical model to describe
the results. The model is just a quantitative relationship (equation) between the response and the important
design factors. In many cases, a low-order polynomial model will be appropriate. A first-order model in
two variables is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝜀

where y is the response, the x’s are the design factors, the 𝛽’s are unknown parameters that will be estimated
from the data in the experiment, and 𝜀 is a random error term that accounts for the experimental error in
the system that is being studied. The first-order model is also sometimes called a main effects model.
First-order models are used extensively in screening or characterization experiments. A common extension
of the first-order model is to add an interaction term, say

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝜀

where the cross-product term x1x2 represents the two-factor interaction between the design factors. Because
interactions between factors is relatively common, the first-order model with interaction is widely used.
Higher-order interactions can also be included in experiments with more than two factors if necessary.
Another widely used model is the second-order model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
11 + 𝛽22x

2
2 + 𝜀

Second-order models are often used in optimization experiments.
In selecting the design, it is important to keep the experimental objectives inmind. Inmany engineering

experiments, we already know at the outset that some of the factor levels will result in different values for the
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response. Consequently, we are interested in identifyingwhich factors cause this difference and in estimating
themagnitude of the response change. In other situations, we may be more interested in verifying uniformity.
For example, two production conditions A and B may be compared, A being the standard and B being a
more cost-effective alternative. The experimenter will then be interested in demonstrating that, say, there is
no difference in yield between the two conditions.

5. Performing the experiment. When running the experiment, it is vital to monitor the process carefully to
ensure that everything is being done according to plan. Errors in experimental procedure at this stage will
usually destroy experimental validity. One of the most common mistakes that I have encountered is that the
people conducting the experiment failed to set the variables to the proper levels on some runs. Someone
should be assigned to check factor settings before each run. Up-front planning to prevent mistakes like this
is crucial to success. It is easy to underestimate the logistical and planning aspects of running a designed
experiment in a complex manufacturing or research and development environment.

Coleman and Montgomery (1993) suggest that prior to conducting the experiment a few trial runs or
pilot runs are often helpful. These runs provide information about consistency of experimental material, a
check on the measurement system, a rough idea of experimental error, and a chance to practice the over-
all experimental technique. This also provides an opportunity to revisit the decisions made in steps 1–4,
if necessary.

6. Statistical analysis of the data. Statistical methods should be used to analyze the data so that results and
conclusions are objective rather than judgmental in nature. If the experiment has been designed correctly
and performed according to the design, the statistical methods required are not elaborate. There are many
excellent software packages designed to assist in data analysis, and many of the programs used in step 4
to select the design provide a seamless, direct interface to the statistical analysis. Often we find that simple
graphical methods play an important role in data analysis and interpretation. Because many of the questions
that the experimenter wants to answer can be cast into an hypothesis-testing framework, hypothesis testing
and confidence interval estimation procedures are very useful in analyzing data from a designed experiment.
It is also usually very helpful to present the results of many experiments in terms of an empirical model,
that is, an equation derived from the data that express the relationship between the response and the impor-
tant design factors. Residual analysis and model adequacy checking are also important analysis techniques.
We will discuss these issues in detail later.

Remember that statistical methods cannot prove that a factor (or factors) has a particular effect.
They only provide guidelines as to the reliability and validity of results. When properly applied, statistical
methods do not allow anything to be proved experimentally, but they do allow us to measure the likely
error in a conclusion or to attach a level of confidence to a statement. The primary advantage of statistical
methods is that they add objectivity to the decision-making process. Statistical techniques coupled with
good engineering or process knowledge and common sense will usually lead to sound conclusions.

7. Conclusions and recommendations. Once the data have been analyzed, the experimenter must draw
practical conclusions about the results and recommend a course of action. Graphical methods are often
useful in this stage, particularly in presenting the results to others. Follow-up runs and confirmation
testing should also be performed to validate the conclusions from the experiment.

Throughout this entire process, it is important to keep in mind that experimentation is an important
part of the learning process, where we tentatively formulate hypotheses about a system, perform experi-
ments to investigate these hypotheses, and on the basis of the results formulate new hypotheses, and so
on. This suggests that experimentation is iterative. It is usually a major mistake to design a single, large,
comprehensive experiment at the start of a study. A successful experiment requires knowledge of the impor-
tant factors, the ranges over which these factors should be varied, the appropriate number of levels to use,
and the proper units of measurement for these variables. Generally, we do not perfectly know the answers
to these questions, but we learn about them as we go along. As an experimental program progresses, we
often drop some input variables, add others, change the region of exploration for some factors, or add new
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response variables. Consequently, we usually experiment sequentially, and as a general rule, no more than
about 25 percent of the available resources should be invested in the first experiment. This will ensure that
sufficient resources are available to perform confirmation runs and ultimately accomplish the final objective
of the experiment.

Finally, it is important to recognize that all experiments are designed experiments. The important
issue is whether they are well designed or not. Good pre-experimental planning will usually lead to a good,
successful experiment. Failure to do such planning usually leads to wasted time, money, and other resources
and often poor or disappointing results.

1.5 A Brief History of Statistical Design

Experimentation is an important part of the knowledge discovery process. An early record of a designed experiment in
the medical field is the study of scurvy by James Lind on board the Royal Navy ship Salisbury in 1747. Lind conducted
a study to determine the effect of diet on scurvy and discovered the importance of fruit as a preventative measure. Today
we would call the type of experiment he conducted as a completely randomized single-factor design. Experiments of
this type are discussed in Chapters 2 and 3. Between 1843 and 1846 several agricultural field trials were begun at the
Rothamsted Agricultural Research Station outside of London. These experiments were not carried out using modern
techniques but they laid the foundation for the pioneering work of Sir Ronald A. Fisher starting about 1920. This led
to the first of the four eras in the modern development of experimental design, the agricultural era.

Fisher was responsible for statistics and data analysis at Rothamsted. Fisher recognized that flaws in the way
the experiment that generated the data had been performed often hampered the analysis of data from systems (in this
case, agricultural systems). By interacting with scientists and researchers in many fields, he developed the insights that
led to the three basic principles of experimental design that we discussed in Section 1.3: randomization, replication,
and blocking. Fisher systematically introduced statistical thinking and principles into designing experimental investi-
gations, including the factorial design concept and the analysis of variance. His two books [the most recent editions
are Fisher (1958, 1966)] had profound influence on the use of statistics, particularly in agricultural and related life
sciences. For an excellent biography of Fisher, see Box (1978).

Although applications of statistical design in industrial settings certainly began in the 1930s, the second,
or industrial, era was catalyzed by the development of response surface methodology (RSM) by Box and Wilson
(1951). They recognized and exploited the fact that many industrial experiments are fundamentally different from
their agricultural counterparts in two ways: (1) the response variable can usually be observed (nearly) immediately,
and (2) the experimenter can quickly learn crucial information from a small group of runs that can be used to plan
the next experiment. Box (1999) calls these two features of industrial experiments immediacy and sequentiality.
Over the next 30 years, RSM and other design techniques spread throughout the chemical and the process industries,
mostly in research and development work. George Box was the intellectual leader of this movement. However, the
application of statistical design at the plant or manufacturing process level was still not extremely widespread. Some
of the reasons for this include an inadequate training in basic statistical concepts and methods for engineers and other
process specialists and the lack of computing resources and user-friendly statistical software to support the application
of statistically designed experiments.

It was during this second or industrial era that work on optimal design of experiments began. Kiefer (1959, 1961)
and Kiefer and Wolfowitz (1959) proposed a formal approach to selecting a design based on specific objective opti-
mality criteria. Their initial approach was to select a design that would result in the model parameters being estimated
with the best possible precision. This approach did not find much application because of the lack of computer tools for
its implementation. However, there have been great advances in both algorithms for generating optimal designs and
computing capability over the last 25 years. Optimal designs have great application and are discussed at several places
in the book.

The increasing interest of Western industry in quality improvement that began in the late 1970s ushered in
the third era of statistical design. The work of Genichi Taguchi [Taguchi and Wu (1980), Kackar (1985), and Taguchi
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(1987, 1991)] had a significant impact on expanding the interest in and use of designed experiments. Taguchi advocated
using designed experiments for what he termed robust parameter design, or

1. Making processes insensitive to environmental factors or other factors that are difficult to control
2. Making products insensitive to variation transmitted from components
3. Finding levels of the process variables that force the mean to a desired value while simultaneously reducing

variability around this value.

Taguchi suggested highly fractionated factorial designs and other orthogonal arrays along with some novel statistical
methods to solve these problems. The resulting methodology generated much discussion and controversy. Part of the
controversy arose because Taguchi’s methodologywas advocated in theWest initially (and primarily) by entrepreneurs,
and the underlying statistical science had not been adequately peer reviewed. By the late 1980s, the results of peer
review indicated that although Taguchi’s engineering concepts and objectives were well founded, there were substantial
problems with his experimental strategy and methods of data analysis. For specific details of these issues, see Box
(1988), Box, Bisgaard, and Fung (1988), Hunter (1985, 1989), Myers, Montgomery, and Anderson-Cook (2016), and
Pignatiello and Ramberg (1992). Many of these concerns were also summarized in the extensive panel discussion in
the May 1992 issue of Technometrics [see Nair et al. (1992)].

There were several positive outcomes of the Taguchi controversy. First, designed experiments became more
widely used in the discrete parts industries, including automotive and aerospace manufacturing, electronics and semi-
conductors, and many other industries that had previously made little use of the technique. Second, the fourth era
of statistical design began. This era has included a renewed general interest in statistical design by both researchers
and practitioners and the development of many new and useful approaches to experimental problems in the industrial
world, including alternatives to Taguchi’s technical methods that allow his engineering concepts to be carried into
practice efficiently and effectively. Some of these alternatives will be discussed and illustrated in subsequent chapters,
particularly in Chapter 12. Third, computer software for construction and evaluation of designs has improved greatly
with many new features and capability. Forth, formal education in statistical experimental design is becoming part of
many engineering programs in universities, at both undergraduate and graduate levels. The successful integration of
good experimental design practice into engineering and science is a key factor in future industrial competitiveness.

Applications of designed experiments have grown far beyond the agricultural origins. There is not a single area
of science and engineering that has not successfully employed statistically designed experiments. In recent years,
there has been a considerable utilization of designed experiments in many other areas, including the service sector of
business, financial services, government operations, andmany nonprofit business sectors. An article appeared inForbes
magazine onMarch 11, 1996, entitled “The NewMantra: MVT,” whereMVT stands for “multivariable testing,” a term
some authors use to describe factorial designs. The article notes the many successes that a diverse group of companies
have had through their use of statistically designed experiments. Today e-commerce companies routinely conduct
on-line experiments when users access their websites and email marketing services conduct on-line experiments for
their clients.

1.6 Summary: Using Statistical Techniques in Experimentation

Much of the research in engineering, science, and industry is empirical and makes extensive use of experimentation.
Statistical methods can greatly increase the efficiency of these experiments and often strengthen the conclusions so
obtained. The proper use of statistical techniques in experimentation requires that the experimenter keep the following
points in mind:

1. Use your nonstatistical knowledge of the problem. Experimenters are usually highly knowledgeable in
their fields. For example, a civil engineer working on a problem in hydrology typically has considerable
practical experience and formal academic training in this area. In some fields, there is a large body of physical
theory onwhich to draw in explaining relationships between factors and responses. This type of nonstatistical
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knowledge is invaluable in choosing factors, determining factor levels, deciding how many replicates to run,
interpreting the results of the analysis, and so forth. Using a designed experiment is no substitute for thinking
about the problem.

2. Keep the design and analysis as simple as possible. Don’t be overzealous in the use of complex, sophis-
ticated statistical techniques. Relatively simple design and analysis methods are almost always best. This
is a good place to reemphasize steps 1–3 of the procedure recommended in Section 1.4. If you do the
pre-experimental planning carefully and select a reasonable design, the analysis will almost always be rela-
tively straightforward. In fact, a well-designed experiment will sometimes almost analyze itself! However, if
you botch the pre-experimental planning and execute the experimental design badly, it is unlikely that even
the most complex and elegant statistics can save the situation.

3. Recognize the difference between practical and statistical significance. Just because two experimental
conditions produce mean responses that are statistically different, there is no assurance that this difference is
large enough to have any practical value. For example, an engineer may determine that a modification to an
automobile fuel injection system may produce a true mean improvement in gasoline mileage of 0.1 mi/gal
and be able to determine that this is a statistically significant result. However, if the cost of the modification
is $1000, the 0.1 mi/gal difference is probably too small to be of any practical value.

4. Experiments are usually iterative. Remember that in most situations it is unwise to design too compre-
hensive an experiment at the start of a study. Successful design requires the knowledge of important factors,
the ranges over which these factors are varied, the appropriate number of levels for each factor, and the
proper methods and units of measurement for each factor and response. Generally, we are not well equipped
to answer these questions at the beginning of the experiment, but we learn the answers as we go along.
This argues in favor of the iterative, or sequential, approach discussed previously. Of course, there are sit-
uations where comprehensive experiments are entirely appropriate, but as a general rule most experiments
should be iterative. Consequently, we usually should not invest more than about 25 percent of the resources
of experimentation (runs, budget, time, and so forth) in the initial experiment. Often these first efforts
are just learning experiences, and some resources must be available to accomplish the final objectives of
the experiment.

1.7 Problems

1.1 Suppose that you want to design an experiment to
study the proportion of unpopped kernels of popcorn. Com-
plete steps 1–3 of the guidelines for designing experiments
in Section 1.4. Are there any major sources of variation that
would be difficult to control?

1.2 Suppose that you want to investigate the factors that
potentially affect cooking rice.

(a) What would you use as a response variable in this
experiment? How would you measure the response?

(b) List all of the potential sources of variability that could
impact the response.

(c) Complete the first three steps of the guidelines for
designing experiments in Section 1.4.

1.3 Suppose that you want to compare the growth of
garden flowers with different conditions of sunlight, water,

fertilizer, and soil conditions. Complete steps 1–3 of the guide-
lines for designing experiments in Section 1.4.

1.4 Select an experiment of interest to you. Complete
steps 1–3 of the guidelines for designing experiments in
Section 1.4.

1.5 Search the World Wide Web for information about
Sir Ronald A. Fisher and his work on experimental design in
agricultural science at the Rothamsted Experimental Station.

1.6 Find a website for a business that you are interested in.
Develop a list of factors that you would use in an experiment
to improve the effectiveness of this website.

1.7 Almost everyone is concerned about the price of
gasoline. Construct a cause-and-effect diagram identifying the
factors that potentially influence the gasoline mileage that
you get in your car. How would you go about conducting an
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experiment to determine any of these factors actually affect
your gasoline mileage?

1.8 What is replication? Why do we need replication in an
experiment? Present an example that illustrates the difference
between replication and repeated measurements.

1.9 Why is randomization important in an experiment?

1.10 What are the potential risks of a single, large, compre-
hensive experiment in contrast to a sequential approach?

1.11 Have you received an offer to obtain a credit card in
the mail? What “factors” were associated with the offer, such
as an introductory interest rate? Do you think the credit card
company is conducting experiments to investigate which fac-
tors produce the highest positive response rate to their offer?
What potential factors in this experiment can you identify?

1.12 What factors do you think an e-commerce company
could use in an experiment involving their web page to encour-
age more people to “click-through” into their site?
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2.4.6 Comparing a Single Mean to
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2.4.7 Summary

2.5 INFERENCES ABOUT THE DIFFERENCES
IN MEANS, PAIRED COMPARISON DESIGNS
2.5.1 The Paired Comparison Problem
2.5.2 Advantages of the Paired Comparison Design

2.6 INFERENCES ABOUT THE VARIANCES
OF NORMAL DISTRIBUTIONS

SUPPLEMENTAL MATERIAL FOR CHAPTER 2
S2.1 Models for the Data and the t-Test
S2.2 Estimating the Model Parameters
S2.3 A Regression Model Approach to the t-Test
S2.4 Constructing Normal Probability Plots
S2.5 More about Checking Assumptions in the t-Test
S2.6 Some More Information about the Paired t-Test

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Know the importance of obtaining a random sample.

2. Be familiar with the standard sampling distributions: normal, t, chi-square, and F.

3. Know how to interpret the P-value for a statistical test.

4. Know how to use the Z test and t-test to compare means.

5. Know how to construct and interpret confidence intervals involving means.

6. Know how the paired t-test incorporates the blocking principle.

In this chapter, we consider experiments to compare two conditions (sometimes called treatments). These are often
called simple comparative experiments. We begin with an example of an experiment performed to determine

whether two different formulations of a product give equivalent results. The discussion leads to a review of several
basic statistical concepts, such as random variables, probability distributions, random samples, sampling distributions,
and tests of hypotheses.

http://www.wiley.com/college/montgomery
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2.1 Introduction

An engineer is studying the formulation of a Portland cement mortar. He has added a polymer latex emulsion during
mixing to determine if this impacts the curing time and tension bond strength of the mortar. The experimenter prepared
10 samples of the original formulation and 10 samples of the modified formulation. We will refer to the two different
formulations as two treatments or as two levels of the factor formulations. When the cure process was completed, the
experimenter did find a very large reduction in the cure time for the modified mortar formulation. Then he began to
address the tension bond strength of the mortar. If the new mortar formulation has an adverse effect on bond strength,
this could impact its usefulness.

The tension bond strength data from this experiment are shown in Table 2.1 and plotted in Figure 2.1. The graph
is called a dot diagram. Visual examination of these data gives the impression that the strength of the unmodified
mortar may be greater than the strength of the modified mortar. This impression is supported by comparing the average
tension bond strengths y1 = 16.76 kgf∕cm2 for themodifiedmortar and y2 = 17.04 kgf∕cm2 for the unmodifiedmortar.
The average tension bond strengths in these two samples differ by what seems to be a modest amount. However, it
is not obvious that this difference is large enough to imply that the two formulations really are different. Perhaps
this observed difference in average strengths is the result of sampling fluctuation and the two formulations are really
identical. Possibly another two samples would give opposite results, with the strength of the modified mortar exceeding
that of the unmodified formulation.

A technique of statistical inference called hypothesis testing can be used to assist the experimenter in comparing
these two formulations. Hypothesis testing allows the comparison of the two formulations to be made on objective
terms, with knowledge of the risks associated with reaching the wrong conclusion. Before presenting procedures for
hypothesis testing in simple comparative experiments, we will briefly summarize some elementary statistical concepts.

◾ TABLE 2 . 1
Tension Bond Strength Data for the Portland
Cement Formulation Experiment

j

Modified
Mortar

y1j

Unmodified
Mortar

y2j

1 16.85 16.62
2 16.40 16.75
3 17.21 17.37
4 16.35 17.12
5 16.52 16.98
6 17.04 16.87
7 16.96 17.34
8 17.15 17.02
9 16.59 17.08

10 16.57 17.27

17.0816.9416.8016.6616.5216.38 17.22 17.36

Strength (kgf/cm2)

y1 = 16.76 y2 = 17.04

Modified

Unmodified

◾ F I GURE 2 . 1 Dot diagram for the tension bond strength data in Table 2.1
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2.2 Basic Statistical Concepts

Each of the observations in the Portland cement experiment described above would be called a run. Notice that the
individual runs differ, so there is fluctuation, or noise, in the observed bond strengths. This noise is usually called
experimental error or simply error. It is a statistical error, meaning that it arises from variation that is uncontrolled
and generally unavoidable. The presence of error or noise implies that the response variable, tension bond strength,
is a random variable. A random variable may be either discrete or continuous. If the set of all possible values of
the random variable is either finite or countably infinite, then the random variable is discrete, whereas if the set of all
possible values of the random variable is an interval, then the random variable is continuous.

Graphical Description of Variability. We often use simple graphical methods to assist in analyzing the
data from an experiment. The dot diagram, illustrated in Figure 2.1, is a very useful device for displaying a small
body of data (say up to about 20 observations). The dot diagram enables the experimenter to see quickly the general
location or central tendency of the observations and their spread or variability. For example, in the Portland cement
tension bond experiment, the dot diagram reveals that the two formulations may differ in mean strength but that both
formulations produce about the same variability in strength.

If the data are fairly numerous, the dots in a dot diagram become difficult to distinguish and a histogram may
be preferable. Figure 2.2 presents a histogram for 200 observations on the metal recovery, or yield, from a smelting
process. The histogram shows the central tendency, spread, and general shape of the distribution of the data. Recall that
a histogram is constructed by dividing the horizontal axis into bins (usually of equal length) and drawing a rectangle
over the jth bin with the area of the rectangle proportional to nj, the number of observations that fall in that bin. The
histogram is a large-sample tool. When the sample size is small, the shape of the histogram can be very sensitive to
the number of bins, the width of the bins, and the starting value for the first bin. Histograms should not be used with
fewer than 75–100 observations.

The box plot (or box-and-whisker plot) is a very useful way to display data. A box plot displays the minimum,
the maximum, the lower and upper quartiles (the 25th percentile and the 75th percentile, respectively), and the median
(the 50th percentile) on a rectangular box aligned either horizontally or vertically. The box extends from the lower
quartile to the upper quartile, and a line is drawn through the box at the median. Lines (or whiskers) extend from the
ends of the box to (typically) the minimum and maximum values. [There are several variations of box plots that have
different rules for denoting the extreme sample points. See Montgomery and Runger (2011) for more details.]

Figure 2.3 presents the box plots for the two samples of tension bond strength in the Portland cement mortar
experiment. This display indicates some difference in mean strength between the two formulations. It also indicates
that both formulations produce reasonably symmetric distributions of strength with similar variability or spread.
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◾ F I GURE 2 . 2 Histogram
for 200 observations on metal
recovery (yield) from
a smelting process
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◾ F I GURE 2 . 3 Box plots for the Portland cement
tension bond strength experiment
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Dot diagrams, histograms, and box plots are useful for summarizing the information in a sample of data. To
describe the observations that might occur in a sample more completely, we use the concept of the probability distri-
bution.

Probability Distributions. The probability structure of a random variable, say y, is described by its probabil-
ity distribution. If y is discrete, we often call the probability distribution of y, say p(y), the probability mass function
of y. If y is continuous, the probability distribution of y, say f (y), is often called the probability density function for y.

Figure 2.4 illustrates hypothetical discrete and continuous probability distributions. Notice that in the discrete
probability distribution Figure 2.4a, it is the height of the function p(yj) that represents probability, whereas in the con-
tinuous case Figure 2.4b, it is the area under the curve f (y) associated with a given interval that represents probability.
The properties of probability distributions may be summarized quantitatively as follows:

y discrete: 0 ≤ p(yj) ≤ 1 all values of yj
P(y = yj) = p(yj) all values of yj∑
all values
of yj

p(yj) = 1

y continuous: 0 ≤ f (y)

P(a ≤ y ≤ b) =
∫

b

a
f (y) dy

∫

∞

−∞
f (y) dy = 1

(a) A discrete distribution

p
(y

j)

f(
y)

y1 y3
y2 y4 y6 y8 y10 y12 y14

y5 y7 y9 y11 y13

P(y = yj )  = p(yj )

 yj

(b) A continuous distribution

a b

P(a     y    b)

 y

◾ F I GURE 2 . 4 Discrete and continuous probability distributions
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Mean, Variance, and Expected Values. Themean, 𝜇, of a probability distribution is a measure of its central
tendency or location. Mathematically, we define the mean as

𝜇 =
⎧⎪⎨⎪⎩
∫

∞

−∞
yf (y) dy y continuous

∑
all y

yp(yj) y discrete
(2.1)

We may also express the mean in terms of the expected value or the long-run average value of the random variable y
as

𝜇 = E(y) =
⎧⎪⎨⎪⎩
∫

∞

−∞
yf (y) dy y continuous

∑
all y

yp(yj) y discrete
(2.2)

where E denotes the expected value operator.
The variability or dispersion of a probability distribution can be measured by the variance, defined as

𝜎
2 =
⎧⎪⎨⎪⎩
∫

∞

−∞
(y − 𝜇)2f (y) dy y continuous

∑
all y

(y − 𝜇)2p(yj) y discrete
(2.3)

Note that the variance can be expressed entirely in terms of expectation because

𝜎
2 = E[(y − 𝜇)2] (2.4)

Finally, the variance is used so extensively that it is convenient to define a variance operator V such that

V(y) = E[(y − 𝜇)2] = 𝜎
2 (2.5)

The concepts of expected value and variance are used extensively throughout this book, and it may be helpful to
review several elementary results concerning these operators. If y is a random variable with mean 𝜇 and variance 𝜎2

and c is a constant, then

1. E(c) = c

2. E(y) = 𝜇

3. E(cy) = cE(y) = c𝜇

4. V(c) = 0

5. V(y) = 𝜎
2

6. V(cy) = c2V(y) = c2𝜎2

If there are two random variables, say, y1 with E(y1) = 𝜇1 and V(y1) = 𝜎
2
1 and y2 with E(y2) = 𝜇2 and V(y2) = 𝜎

2
2 ,

we have

7. E(y1 + y2) = E(y1) + E(y2) = 𝜇1 + 𝜇2

It is possible to show that

8. V(y1 + y2) = V(y1) + V(y2) + 2 Cov(y1, y2)

where

Cov(y1, y2) = E[(y1 − 𝜇1)(y2 − 𝜇2)] (2.6)
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is the covariance of the random variables y1 and y2. The covariance is a measure of the linear association between y1
and y2. More specifically, we may show that if y1 and y2 are independent,

1 then Cov(y1, y2) = 0. We may also show
that

9. V(y1 − y2) = V(y1) + V(y2) − 2 Cov(y1, y2)

If y1 and y2 are independent, we have

10. V(y1 ± y2) = V(y1) + V(y2) = 𝜎
2
1 + 𝜎

2
2

and

11. E(y1 ⋅ y2) = E(y1) ⋅ E(y2) = 𝜇1 ⋅ 𝜇2

However, note that, in general

12. E
(
y1
y2

)
≠

E(y1)
E(y2)

regardless of whether or not y1 and y2 are independent.

2.3 Sampling and Sampling Distributions

Random Samples, Sample Mean, and Sample Variance. The objective of statistical inference is to draw con-
clusions about a population using a sample from that population. Most of the methods that we will study assume that
random samples are used. A random sample is a sample that has been selected from the population in such a way
that every possible sample has an equal probability of being selected. In practice, it is sometimes difficult to obtain
random samples, and random numbers generated by a computer program may be helpful.

Statistical inference makes considerable use of quantities computed from the observations in the sample. We
define a statistic as any function of the observations in a sample that does not contain unknown parameters. For
example, suppose that y1, y2, . . . , yn represents a sample. Then the sample mean

y =

n∑
i=1

yi

n
(2.7)

and the sample variance

S2 =

n∑
i=1

(yi − y)2

n − 1
(2.8)

are both statistics. These quantities are measures of the central tendency and dispersion of the sample, respectively.
Sometimes S =

√
S2, called the sample standard deviation, is used as a measure of dispersion. Experimenters often

prefer to use the standard deviation to measure dispersion because its units are the same as those for the variable of
interest y.

Properties of the Sample Mean and Variance. The sample mean y is a point estimator of the population
mean 𝜇, and the sample variance S2 is a point estimator of the population variance 𝜎2. In general, an estimator of an

1 Note that the converse of this is not necessarily so; that is, we may have Cov(y1, y2) = 0 and yet this does not imply independence. For an example, see Hines et al.
(2003).
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unknown parameter is a statistic that corresponds to that parameter. Note that a point estimator is a random variable.
A particular numerical value of an estimator, computed from sample data, is called an estimate. For example, suppose
we wish to estimate the mean and variance of the suspended solid material in the water of a lake. A random sample of
n = 25 observations is tested, and the mg/l of suspended solid material is measured and recorded for each. The sample
mean and variance are computed according to Equations 2.7 and 2.8, respectively, and are y = 18.6 and S2 = 1.20.
Therefore, the estimate of 𝜇 is y = 18.6 mg/l, and the estimate of 𝜎2 is S2 = 1.20 (mg/l)2.

Several properties are required of good point estimators. Two of the most important are the following:

1. The point estimator should be unbiased. That is, the long-run average or expected value of the point estimator
should be equal to the parameter that is being estimated. Although unbiasedness is desirable, this property
alone does not always make an estimator a good one.

2. An unbiased estimator should have minimum variance. This property states that the minimum variance
point estimator has a variance that is smaller than the variance of any other estimator of that parameter.

We may easily show that y and S2 are unbiased estimators of 𝜇 and 𝜎
2, respectively. First consider y. Using the

properties of expectation, we have

E(y) = E
⎛⎜⎜⎝

n∑
i=1

yi

n

⎞⎟⎟⎠
= 1

n

n∑
i=1

E(yi)

= 1
n

n∑
i=1

𝜇

= 𝜇

because the expected value of each observation yi is 𝜇. Thus, y is an unbiased estimator of 𝜇.
Now consider the sample variance S2. We have

E(S2) = E
⎡⎢⎢⎣

n∑
i=1

(yi − y)2

n−1

⎤⎥⎥⎦
= 1

n − 1
E

[
n∑
i=1

(yi − y)2
]

= 1
n − 1

E(SS)

where SS =
∑n

i=1 (yi − y)2 is the corrected sum of squares of the observations yi. Now

E(SS) = E

[
n∑
i=1

(yi − y)2
]

(2.9)

= E

[
n∑
i=1

y2i − ny2
]

=
n∑
i=1

(𝜇2 + 𝜎
2) − n(𝜇2 + 𝜎

2∕n)

= (n − 1)𝜎2 (2.10)
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Therefore,

E(S2) = 1
n − 1

E(SS) = 𝜎
2

Therefore S2 is an unbiased estimator of 𝜎2.

Degrees of Freedom. The quantity n − 1 in Equation 2.10 is called the number of degrees of freedom of the
sum of squares SS. This is a very general result; that is, if y is a random variable with variance 𝜎2 and SS =

∑
(yi − y)2

has 𝑣 degrees of freedom, then

E
(SS
𝑣

)
= 𝜎

2 (2.11)

The number of degrees of freedom of a sum of squares is equal to the number of independent elements in that sum
of squares. For example, SS =

∑n
i=1 (yi − y)2 in Equation 2.9 consists of the sum of squares of the n elements y1 −

y, y2 − y, . . . , yn − y. These elements are not all independent because
∑n

i=1(yi − y) = 0; in fact, only n − 1 of them are
independent, implying that SS has n − 1 degrees of freedom.

The Normal and Other Sampling Distributions. Often we are able to determine the probability distribu-
tion of a particular statistic if we know the probability distribution of the population from which the sample was drawn.
The probability distribution of a statistic is called a sampling distribution. We will now briefly discuss several useful
sampling distributions.

One of the most important sampling distributions is the normal distribution. If y is a normal random variable,
the probability distribution of y is

f (y) = 1

𝜎

√
2𝜋

e−(1∕2)[(y−𝜇)∕𝜎]
2 −∞ < y < ∞ (2.12)

where −∞ < 𝜇 < ∞ is the mean of the distribution and 𝜎
2
> 0 is the variance. The normal distribution is shown in

Figure 2.5.
Because sample observations that differ as a result of experimental error often are well described by the normal

distribution, the normal plays a central role in the analysis of data from designed experiments.Many important sampling
distributions may also be defined in terms of normal random variables.We often use the notation y ∼ N(𝜇, 𝜎2) to denote
that y is distributed normally with mean 𝜇 and variance 𝜎2.

An important special case of the normal distribution is the standard normal distribution; that is, 𝜇 = 0 and
𝜎
2 = 1. We see that if y ∼ N(𝜇, 𝜎2), the random variable

z =
y − 𝜇

𝜎
(2.13)

follows the standard normal distribution, denoted z ∼ N(0, 1). The operation demonstrated in Equation 2.13 is often
called standardizing the normal random variable y. The cumulative standard normal distribution is given in Table I
of the Appendix.

◾ F I GURE 2 . 5 The normal distribution

μ

σ2
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Many statistical techniques assume that the random variable is normally distributed. The central limit theorem
is often a justification of approximate normality.

THEOREM 2-1
The Central Limit Theorem

If y1, y2, . . . , yn is a sequence of n independent and identically distributed random variables with E(yi) = 𝜇 and
V(yi) = 𝜎

2 (both finite) and x = y1 + y2 + · · · + yn, then the limiting form of the distribution of

zn =
x − n𝜇√

n𝜎2

as n → ∞, is the standard normal distribution.

This result states essentially that the sum of n independent and identically distributed random variables is approx-
imately normally distributed. In many cases, this approximation is good for very small n, say n < 10, whereas in other
cases large n is required, say n > 100. Frequently, we think of the error in an experiment as arising in an additive
manner from several independent sources; consequently, the normal distribution becomes a plausible model for the
combined experimental error.

An important sampling distribution that can be defined in terms of normal random variables is the chi-square
or 𝜒2 distribution. If z1, z2, . . . , zk are normally and independently distributed random variables with mean 0 and
variance 1, abbreviated NID(0, 1), then the random variable

x = z21 + z22 + · · · + z2k

follows the chi-square distribution with k degrees of freedom. The density function of chi-square is

f (x) = 1

2k∕2Γ
(

k
2

)x(k∕2)−1e−x∕2 x > 0 (2.14)

Several chi-square distributions are shown in Figure 2.6. The distribution is asymmetric, or skewed, with mean
and variance

𝜇 = k

𝜎
2 = 2k

respectively. Percentage points of the chi-square distribution are given in Table III of the Appendix.

k = 1

k = 5

k = 15

◾ F I GURE 2 . 6 Several chi-square distributions
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As an example of a random variable that follows the chi-square distribution, suppose that y1, y2, . . . , yn is a
random sample from an N(𝜇, 𝜎2) distribution. Then

SS
𝜎2

=

n∑
i=1

(yi − y)2

𝜎2
∼ 𝜒

2
n−1 (2.15)

That is, SS∕𝜎2 is distributed as chi-square with n − 1 degrees of freedom.
Many of the techniques used in this book involve the computation andmanipulation of sums of squares. The result

given in Equation 2.15 is extremely important and occurs repeatedly; a sum of squares in normal random variables
when divided by 𝜎2 follows the chi-square distribution.

Examining Equation 2.8, note the sample variance can be written as

S2 = SS
n − 1

(2.16)

If the observations in the sample are NID(𝜇, 𝜎2), then the distribution of S2 is [𝜎2∕(n − 1)]𝜒2
n−1. Thus, the sampling

distribution of the sample variance is a constant times the chi-square distribution if the population is normally dis-
tributed.

If z and 𝜒2
k are independent standard normal and chi-square random variables, respectively, the random variable

tk =
z√
𝜒
2
k∕k

(2.17)

follows the t distribution with k degrees of freedom, denoted tk. The density function of t is

f (t) =
Γ[(k + 1)∕2]√

k𝜋Γ(k∕2)
1

[(t2∕k) + 1](k+1)∕2
−∞ < t < ∞ (2.18)

and the mean and variance of t are 𝜇 = 0 and 𝜎2 = k∕(k − 2) for k > 2, respectively. Several t distributions are shown
in Figure 2.7. Note that if k = ∞, the t distribution becomes the standard normal distribution. The percentage points
of the t distribution are given in Table II of the Appendix. If y1, y2, . . . , yn is a random sample from the N(𝜇, 𝜎2)
distribution, then the quantity

t =
y − 𝜇

S∕
√
n

(2.19)

is distributed as t with n − 1 degrees of freedom.
The final sampling distribution that we will consider is the F distribution. If 𝜒2

u and 𝜒
2
𝑣
are two independent

chi-square random variables with u and 𝑣 degrees of freedom, respectively, then the ratio

Fu,𝑣 =
𝜒
2
u∕u

𝜒
2
𝑣∕𝑣

(2.20)

◾ F I GURE 2 . 7 Several t distributions

0

k = 10
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k = ∞ (normal)
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◾ F I GURE 2 . 8 Several F distributions

follows the F distribution with u numerator degrees of freedom and 𝒗 denominator degrees of freedom. If x is
an F random variable with u numerator and 𝑣 denominator degrees of freedom, then the probability distribution of x is

h(x) =
Γ
(u + 𝑣

2

)(u
𝑣

)u∕2
x(u∕2)−1

Γ
(u
x

)
Γ
(
𝑣

2

) [(u
𝑣

)
x + 1
](u+𝑣)∕2 0 < x < ∞ (2.21)

Several F distributions are shown in Figure 2.8. This distribution is very important in the statistical analysis of designed
experiments. Percentage points of the F distribution are given in Table IV of the Appendix.

As an example of a statistic that is distributed as F, suppose we have two independent normal populations
with common variance 𝜎2. If y11, y12, . . . , y1n1 is a random sample of n1 observations from the first population, and
if y21, y22, . . . , y2n2 is a random sample of n2 observations from the second, then

S21
S22

∼ Fn1−1, n2−1
(2.22)

where S21 and S22 are the two sample variances. This result follows directly from Equations 2.15 and 2.20.

2.4 Inferences About the Differences in Means, Randomized Designs

We are now ready to return to the Portland cement mortar problem posed in Section 2.1. Recall that two different
formulations of mortar were being investigated to determine if they differ in tension bond strength. In this section,
we discuss how the data from this simple comparative experiment can be analyzed using hypothesis testing and
confidence interval procedures for comparing two treatment means.

Throughout this section, we assume that a completely randomized experimental design is used. In such a
design, the data are viewed as a random sample from a normal distribution. The random sample assumption is very
important.

2.4.1 Hypothesis Testing

We now reconsider the Portland cement experiment introduced in Section 2.1. Recall that we are interested in compar-
ing the strength of two different formulations: an unmodified mortar and a modified mortar. In general, we can think of
these two formulations as two levels of the factor “formulations.” Let y11, y12, . . . , y1n1 represent the n1 observations
from the first factor level and y21, y22, . . . , y2n2 represent the n2 observations from the second factor level. We assume
that the samples are drawn at random from two independent normal populations. Figure 2.9 illustrates the situation.
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Factor level 1

Sample 1: y11, y12,..., y1n1

N(1, 1
2)

Factor level 2

Sample 2: y21, y22,..., y2n2

1 2

1

N(2, 2
2)

2

◾ F I GURE 2 . 9 The sampling situation for the two-sample t-test

A Model for the Data. We often describe the results of an experiment with a model. A simple statistical
model that describes the data from an experiment such as we have just described is

yij = 𝜇i + 𝜖ij

{
i = 1, 2

j = 1, 2, . . . , ni
(2.23)

where yij is the jth observation from factor level i, 𝜇i is the mean of the response at the ith factor level, and 𝜖ij is a normal
random variable associated with the ijth observation. We assume that 𝜖ij are NID(0, 𝜎2

i ), i = 1, 2. It is customary to refer
to 𝜖ij as the random error component of the model. Because the means 𝜇1 and 𝜇2 are constants, we see directly from
the model that yij are NID(𝜇i, 𝜎

2
i ), i = 1, 2, just as we previously assumed. For more information about models for the

data, refer to the supplemental text material.

Statistical Hypotheses. A statistical hypothesis is a statement either about the parameters of a probability
distribution or the parameters of a model. The hypothesis reflects some conjecture about the problem situation. For
example, in the Portland cement experiment, we may think that the mean tension bond strengths of the two mortar
formulations are equal. This may be stated formally as

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

where 𝜇1 is the mean tension bond strength of the modified mortar and 𝜇2 is the mean tension bond strength of the
unmodified mortar. The statement H0∶𝜇1 = 𝜇2 is called the null hypothesis and H1∶𝜇1 ≠ 𝜇2 is called the alternative
hypothesis. The alternative hypothesis specified here is called a two-sided alternative hypothesis because it would
be true if 𝜇1 < 𝜇2 or if 𝜇1 > 𝜇2.

To test a hypothesis, we devise a procedure for taking a random sample, computing an appropriate test statistic,
and then rejecting or failing to reject the null hypothesis H0 based on the computed value of the test statistic. Part of
this procedure is specifying the set of values for the test statistic that leads to rejection of H0. This set of values is
called the critical region or rejection region for the test.

Two kinds of errors may be committed when testing hypotheses. If the null hypothesis is rejected when it is true,
a type I error has occurred. If the null hypothesis is not rejected when it is false, a type II error has been made. The
probabilities of these two errors are given special symbols

𝛼 = P(type I error) = P(reject H0|H0 is true)
𝛽 = P(type II error) = P(fail to reject H0|H0 is false)

Sometimes it is more convenient to work with the power of the test, where

Power = 1 − 𝛽 = P(reject H0|H0 is false)
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The general procedure in hypothesis testing is to specify a value of the probability of type I error 𝛼, often called the
significance level of the test, and then design the test procedure so that the probability of type II error 𝛽 has a suitably
small value.

The Two-Sample t-Test. Suppose that we could assume that the variances of tension bond strengths were
identical for both mortar formulations. Then the appropriate test statistic to use for comparing two treatment means in
the completely randomized design is

t0 =
y1 − y2

Sp

√
1
n1

+ 1
n2

(2.24)

where y1 and y2 are the sample means, n1 and n2 are the sample sizes, S2p is an estimate of the common variance
𝜎
2
1 = 𝜎

2
2 = 𝜎

2 computed from

S2p =
(n1 − 1)S21 + (n2 − 1)S22

n1 + n2 − 2
(2.25)

and S21 and S
2
2 are the two individual sample variances. The quantity Sp

√
1
n1

+ 1
n2

in the denominator of Equation 2.24

is often called the standard error of the difference in means in the numerator, abbreviated se(y1 − y2). To determine
whether to reject H0 ∶ 𝜇1 = 𝜇2, we would compare t0 to the t distribution with n1 + n2 − 2 degrees of freedom. If|t0| > t

𝛼∕2,n1+n2−2
, where t

𝛼∕2,n1+n2−2
is the upper 𝛼∕2 percentage point of the t distribution with n1 + n2 − 2 degrees of

freedom, we would reject H0 and conclude that the mean strengths of the two formulations of Portland cement mortar
differ. This test procedure is usually called the two-sample t-test.

This procedure may be justified as follows. If we are sampling from independent normal distributions, then the
distribution of y1 − y2 is N[𝜇1 − 𝜇2, 𝜎

2(1∕n1 + 1∕n2)]. Thus, if 𝜎2 were known, and if H0 ∶ 𝜇1 = 𝜇2 were true, the
distribution of

Z0 =
y1 − y2

𝜎

√
1
n1

+ 1
n2

(2.26)

would beN(0, 1). However, in replacing 𝜎 in Equation 2.26 by Sp, the distribution of Z0 changes from standard normal to
twith n1 + n2 − 2 degrees of freedom. Now ifH0 is true, t0 in Equation 2.24 is distributed as tn1+n2−2 and, consequently,
we would expect 100(1 − 𝛼) percent of the values of t0 to fall between−t𝛼∕2,n1+n2−2 and t𝛼∕2,n1+n2−2. A sample producing
a value of t0 outside these limits would be unusual if the null hypothesis were true and is evidence that H0 should be
rejected. Thus the t distribution with n1 + n2 − 2 degrees of freedom is the appropriate reference distribution for the
test statistic t0. That is, it describes the behavior of t0 when the null hypothesis is true. Note that 𝛼 is the probability of
type I error for the test. Sometimes 𝛼 is called the significance level of the test.

In some problems, one may wish to reject H0 only if one mean is larger than the other. Thus, one would
specify a one-sided alternative hypothesis H1∶𝜇1 > 𝜇2 and would reject H0 only if t0 > t

𝛼,n1+n2−2
. If one wants

to reject H0 only if 𝜇1 is less than 𝜇2, then the alternative hypothesis is H1∶𝜇1 < 𝜇2, and one would reject H0 if
t0 < −t

𝛼,n1+n2−2
.

To illustrate the procedure, consider the Portland cement data in Table 2.1. For these data, we find that

Modified Mortar Unmodified Mortar

y1 = 16.76 kgf∕cm2 y2 = 17.04 kgf∕cm2

S21 = 0.100 S22 = 0.061

S1 = 0.316 S2 = 0.248

n1 = 10 n2 = 10
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Because the sample standard deviations are reasonably similar, it is not unreasonable to conclude that the population
standard deviations (or variances) are equal. Therefore, we can use Equation 2.24 to test the hypotheses

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

Furthermore, n1 + n2 − 2 = 10 + 10 − 2 = 18, and if we choose 𝛼 = 0.05, then we would reject H0∶𝜇1 = 𝜇2 if the
numerical value of the test statistic t0 > t0.025,18 = 2.101, or if t0 < −t0.025,18 = −2.101. These boundaries of the critical
region are shown on the reference distribution (t with 18 degrees of freedom) in Figure 2.10.

Using Equation 2.25 we find that

S2p =
(n1 − 1)S21 + (n2 − 1)S22

n1 + n2 − 2

= 9(0.100) + 9(0.061)
10 + 10 − 2

= 0.081

Sp = 0.284

and the test statistic is

t0 =
y1 − y2

Sp

√
1
n1

+ 1
n2

= 16.76 − 17.04

0.284

√
1
10

+ 1
10

= −0.28
0.127

= −2.20

Because t0 = −2.20 < −t0.025,18 = −2.101, we would reject H0 and conclude that the mean tension bond strengths of
the two formulations of Portland cement mortar are different. This is a potentially important engineering finding. The
change in mortar formulation had the desired effect of reducing the cure time, but there is evidence that the change
also affected the tension bond strength. One can conclude that the modified formulation reduces the bond strength (just
because we conducted a two-sided test, this does not preclude drawing a one-sided conclusion when the null hypothesis
is rejected). If the reduction inmean bond strength is of practical importance (or has engineering significance in addition
to statistical significance), then more development work and further experimentation will likely be required.

The Use of P-Values in Hypothesis Testing. One way to report the results of a hypothesis test is to state
that the null hypothesis was or was not rejected at a specified 𝛼-value or level of significance. This is often called fixed
significance level testing. For example, in the Portland cement mortar formulation above, we can say thatH0∶𝜇1 = 𝜇2

◾ F I GURE 2 . 10 The t distribution with 18
degrees of freedom with the critical region ±t0.025,18
= ±2.101
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was rejected at the 0.05 level of significance. This statement of conclusions is often inadequate because it gives the
decision maker no idea about whether the computed value of the test statistic was just barely in the rejection region
or whether it was very far into this region. Furthermore, stating the results this way imposes the predefined level of
significance on other users of the information. This approach may be unsatisfactory because some decision makers
might be uncomfortable with the risks implied by 𝛼 = 0.05.

To avoid these difficulties, the P-value approach has been adopted widely in practice. The P-value is the proba-
bility that the test statistic will take on a value that is at least as extreme as the observed value of the statistic when the
null hypothesis H0 is true. Thus, a P-value conveys much information about the weight of evidence against H0, and so
a decision maker can draw a conclusion at any specified level of significance. More formally, we define the P-value
as the smallest level of significance that would lead to rejection of the null hypothesis H0.

It is customary to call the test statistic (and the data) significant when the null hypothesisH0 is rejected; therefore,
we may think of the P-value as the smallest level 𝛼 at which the data are significant. Once the P-value is known, the
decision maker can determine how significant the data are without the data analyst formally imposing a preselected
level of significance.

It is not always easy to compute the exact P-value for a test. However, most modern computer programs for
statistical analysis report P-values, and they can be obtained on some handheld calculators. We will show how to
approximate the P-value for the Portland cement mortar experiment. Because |t0| = 2.20 > t0.025,18 = 2.101, we know
that the P-value is less than 0.05. From Appendix Table II, for a t distribution with 18 degrees of freedom, and tail area
probability 0.01 we find t0.01,18 = 2.552. Now |t0| = 2.20 < 2.552, so because the alternative hypothesis is two sided,
we know that the P-value must be between 0.05 and 2(0.01) = 0.02. Some handheld calculators have the capability
to calculate P-values. One such calculator is the HP-48. From this calculator, we obtain the P-value for the value
t0 = −2.20 in the Portland cement mortar formulation experiment as P = 0.0411. Thus, the null hypothesisH0∶𝜇1 = 𝜇2

would be rejected at any level of significance 𝛼 > 0.0411.

Computer Solution. Many statistical software packages have capability for statistical hypothesis testing. The
output from both the Minitab and the JMP two-sample t-test procedure applied to the Portland cement mortar formula-
tion experiment is shown in Table 2.2. Notice that the output includes some summary statistics about the two samples
(the abbreviation “SE mean” in the Minitab section of the table refers to the standard error of the mean, s∕

√
n) as well

as some information about confidence intervals on the difference in the two means (which we will discuss in the next
section). The programs also test the hypothesis of interest, allowing the analyst to specify the nature of the alternative
hypothesis (“not =” in the Minitab output implies H1∶𝜇1 ≠ 𝜇2).

The output includes the computed value of t0, the value of the test statistic t0 (JMP reports a positive value of t0
because of how the sample means are subtracted in the numerator of the test statistic), and the P-value. Notice that the
computed value of the t statistic differs slightly from our manually calculated value and that the P-value is reported to
be P = 0.042. JMP also reports the P-values for the one-sided alternative hypothesis. Many software packages will not
report an actual P-value less than some predetermined value such as 0.0001 and instead will return a “default” value
such as “< 0.001” or, in some cases, zero.

Checking Assumptions in the t-Test. In using the t-test procedure we make the assumptions that both sam-
ples are random samples that are drawn from independent populations that can be described by a normal distribution
and that the standard deviation or variances of both populations are equal. The assumption of independence is critical,
and if the run order is randomized (and, if appropriate, other experimental units and materials are selected at random),
this assumption will usually be satisfied. The equal variance and normality assumptions are easy to check using a
normal probability plot.

Generally, probability plotting is a graphical technique for determiningwhether sample data conform to a hypoth-
esized distribution based on a subjective visual examination of the data. The general procedure is very simple and
can be performed quickly with most statistics software packages. The supplemental text material discusses manual
construction of normal probability plots.
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◾ TABLE 2 . 2
Computer Output for the Two-Sample t-Test

Minitab
Two-sample T for Modified vs Unmodified

N Mean Std. Dev. SE Mean
Modified 10 16.764 0.316 0.10
Unmodified 10 17.042 0.248 0.078

Difference = mu (Modified) - mu (Unmodified)
Estimate for difference: -0.278000
95% CI for difference: (-0.545073, -0.010927)

T-Test of difference = 0 (vs not = ): T-Value = -2.19
P-Value = 0.042 DF = 18
Both use Pooled Std. Dev. = 0.2843

JMP t-test

Unmodified-Modified

Assuming equal variances

Difference 0.278000 t Ratio 2.186876
Std Err Dif 0.127122 DF 18
Upper CL Dif 0.545073 Prob>|t| 0.0422

Lower CL Dif 0.010927 Prob>t 0.0211
Confidence 0.95 Prob<t 0.9789 –0.4 –0.2 0.0 0.1 0.3

To construct a probability plot, the observations in the sample are first ranked from smallest to largest. That
is, the sample y1, y2, . . . , yn is arranged as y(1), y(2), . . . , y(n), where y(1) is the smallest observation, y(2) is the second
smallest observation, and so forth, with y(n) being the largest. The ordered observations y(j) are then plotted against
their observed cumulative frequency (j − 0.5)∕n. The cumulative frequency scale has been arranged so that if the
hypothesized distribution adequately describes the data, the plotted points will fall approximately along a straight line;
if the plotted points deviate significantly from a straight line, the hypothesized model is not appropriate. Usually, the
determination of whether or not the data plot as a straight line is subjective.

To illustrate the procedure, suppose that we wish to check the assumption that tension bond strength in the Port-
land cement mortar formulation experiment is normally distributed. We initially consider only the observations from
the unmodified mortar formulation. A computer-generated normal probability plot is shown in Figure 2.11. Most nor-
mal probability plots present 100(j − 0.5)∕n on the left vertical scale (and occasionally 100[1 − (j − 0.5)∕n] is plotted
on the right vertical scale), with the variable value plotted on the horizontal scale. Some computer-generated normal
probability plots convert the cumulative frequency to a standard normal z score. A straight line, chosen subjectively,
has been drawn through the plotted points. In drawing the straight line, you should be influenced more by the points
near the middle of the plot than by the extreme points. A good rule of thumb is to draw the line approximately between
the 25th and 75th percentile points. This is how the lines in Figure 2.11 for each sample were determined. In assessing
the “closeness” of the points to the straight line, imagine a fat pencil lying along the line. If all the points are covered
by this imaginary pencil, a normal distribution adequately describes the data. Because the points for each sample in
Figure 2.11 would pass the fat pencil test, we conclude that the normal distribution is an appropriate model for tension
bond strength for both the modified and the unmodified mortar.

We can obtain an estimate of the mean and standard deviation directly from the normal probability plot. The
mean is estimated as the 50th percentile on the probability plot, and the standard deviation is estimated as the difference
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◾ F I GURE 2 . 11 Normal probability plots of tension
bond strength in the Portland cement experiment

between the 84th and 50th percentiles. This means that we can verify the assumption of equal population variances
in the Portland cement experiment by simply comparing the slopes of the two straight lines in Figure 2.11. Both lines
have very similar slopes, and so the assumption of equal variances is a reasonable one. If this assumption is violated,
you should use the version of the t-test described in Section 2.4.4. The supplemental text material has more information
about checking assumptions on the t-test.

When assumptions are badly violated, the performance of the t-test will be affected. Generally, small to mod-
erate violations of assumptions are not a major concern, but any failure of the independence assumption and strong
indications of nonnormality should not be ignored. Both the significance level of the test and the ability to detect
differences between the means will be adversely affected by departures from assumptions. Transformations are one
approach to dealing with this problem. We will discuss this in more detail in Chapter 3. Nonparametric hypothesis
testing procedures can also be used if the observations come from nonnormal populations. Refer to Montgomery and
Runger (2011) for more details.

An Alternate Justification to the t-Test. The two-sample t-test we have just presented depends in theory
on the underlying assumption that the two populations from which the samples were randomly selected are normal.
Although the normality assumption is required to develop the test procedure formally, as we discussed above, moderate
departures from normality will not seriously affect the results. It can be argued that the use of a randomized design
enables one to test hypotheses without any assumptions regarding the form of the distribution. Briefly, the reasoning is
as follows. If the treatments have no effect, all [20!∕(10!10!)] = 184,756 possible ways that the 20 observations could
occur are equally likely. Corresponding to each of these 184,756 possible arrangements is a value of t0. If the value of
t0 actually obtained from the data is unusually large or unusually small with reference to the set of 184,756 possible
values, it is an indication that 𝜇1 ≠ 𝜇2.

This type of procedure is called a randomization test. It can be shown that the t-test is a good approximation
of the randomization test. Thus, we will use t-tests (and other procedures that can be regarded as approximations
of randomization tests) without extensive concern about the assumption of normality. This is one reason a simple
procedure such as normal probability plotting is adequate to check the assumption of normality.

2.4.2 Confidence Intervals

Although hypothesis testing is a useful procedure, it sometimes does not tell the entire story. It is often prefer-
able to provide an interval within which the value of the parameter or parameters in question would be expected
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to lie. These interval statements are called confidence intervals. In many engineering and industrial experiments, the
experimenter already knows that the means 𝜇1 and 𝜇2 differ; consequently, hypothesis testing on 𝜇1 = 𝜇2 is of little
interest. The experimenter would usually be more interested in knowing how much the means differ. A confidence
interval on the difference in means 𝜇1 − 𝜇2 is used in answering this question. It is good practice to accompany every
test of a hypothesis with a confidence interval whenever possible.

To define a confidence interval, suppose that 𝜃 is an unknown parameter. To obtain an interval estimate of 𝜃, we
need to find two statistics L and U such that the probability statement

P(L ⩽ 𝜃 ⩽ U) = 1 − 𝛼 (2.27)

is true. The interval
L ⩽ 𝜃 ⩽ U (2.28)

is called a 𝟏𝟎𝟎(𝟏−𝜶) percent confidence interval for the parameter 𝜃. The interpretation of this interval is that if, in
repeated random samplings, a large number of such intervals are constructed, 100(1 − 𝛼) percent of them will contain
the true value of 𝜃. The statistics L and U are called the lower and upper confidence limits, respectively, and 1 − 𝛼 is
called the confidence coefficient. If 𝛼 = 0.05, Equation 2.28 is called a 95 percent confidence interval for 𝜃. Note that
confidence intervals have a frequency interpretation; that is, we do not know if the statement is true for this specific
sample, but we do know that the method used to produce the confidence interval yields correct statements 100(1 − 𝛼)
percent of the time.

Suppose that we wish to find a 100(1 − 𝛼) percent confidence interval on the true difference in means 𝜇1 − 𝜇2
for the Portland cement problem. The interval can be derived in the following way. The statistic

y1 − y2 − (𝜇1 − 𝜇2)

Sp

√
1
n1

+ 1
n2

is distributed as tn1+n2−2. Thus,

P

⎛⎜⎜⎜⎝
−t

𝛼∕2,n1+n2−2
≤

y1 − y2 − (𝜇1 − 𝜇2)

Sp

√
1
n1

+ 1
n2

≤ t
𝛼∕2,n1+n2−2

⎞⎟⎟⎟⎠
= 1 − 𝛼

or

P

(
y1 − y2 − t

𝛼∕2,n1+n2−2
Sp

√
1
n1

+ 1
n2

≤ 𝜇1 − 𝜇2

≤ y1 − y2 + t
𝛼∕2,n1+n2−2

Sp

√
1
n1

+ 1
n2

)
= 1 − 𝛼 (2.29)

Comparing Equations 2.29 and 2.27, we see that

y1 − y2 − t
𝛼∕2,n1+n2−2

Sp

√
1
n1

+ 1
n2

≤ 𝜇1 − 𝜇2

≤ y1 − y2 + t
𝛼∕2,n1+n2−2

Sp

√
1
n1

+ 1
n2

(2.30)

is a 100(1 − 𝛼) percent confidence interval for 𝜇1 − 𝜇2.
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The actual 95 percent confidence interval estimate for the difference in mean tension bond strength for the
formulations of Portland cement mortar is found by substituting in Equation 2.30 as follows:

16.76 − 17.04 − (2.101)0.284
√

1
10

+ 1
10

≤ 𝜇1 − 𝜇2

≤ 16.76 − 17.04 + (2.101)0.284
√

1
10

+ 1
10

−0.28 − 0.27 ≤ 𝜇1 − 𝜇2 ≤ −0.28 + 0.27

−0.55 ≤ 𝜇1 − 𝜇2 ≤ −0.01

Thus, the 95 percent confidence interval estimate on the difference in means extends from −0.55 to −0.01 kgf∕cm2.
Put another way, the confidence interval is 𝜇1 − 𝜇2 = −0.28 ± 0.27 kgf∕cm2, or the difference in mean strengths is
−0.28 kgf∕cm2, and the accuracy of this estimate is ±0.27 kgf∕cm2. Note that because 𝜇1 − 𝜇2 = 0 is not included
in this interval, the data do not support the hypothesis that 𝜇1 = 𝜇2 at the 5 percent level of significance (recall that
the P-value for the two-sample t-test was 0.042, just slightly less than 0.05). It is likely that the mean strength of
the unmodified formulation exceeds the mean strength of the modified formulation. Notice from Table 2.2 that both
Minitab and JMP reported this confidence interval when the hypothesis testing procedure was conducted.

2.4.3 Choice of Sample Size

Selection of an appropriate sample size is one of themost important parts of any experimental design problem. Oneway
to do this is to consider the impact of sample size on the estimate of the difference in two means. From Equation 2.30
we know that the 100(1 − 𝛼)% confidence interval on the difference in two means is a measure of the precision of
estimation of the difference in the two means. The length of this interval is determined by

t
𝛼∕2,n1+n2−2

Sp

√
1
n1

+ 1
n2

We consider the case where the sample sizes from the two populations are equal, so that n1 = n2 = n. Then the length
of the CI is determined by

t
𝛼∕2,2n−2Sp

√
2
n

Consequently, the precision with which the difference in the two means is estimated depends on two quantities—Sp,

over which we have no control, and t
𝛼∕2,2n−2

√
2∕n, which we can control by choosing the sample size n. Figure 2.12 is

a plot of t
𝛼∕2,2n−2

√
2∕n versus n for 𝛼 = 0.05. Notice that the curve descends rapidly as n increases up to about n = 10

and less rapidly beyond that. Since Sp is relatively constant and t
𝛼∕2,2n−2

√
2∕n isn’t going to change much for sample

sizes beyond n = 10 or 12, we can conclude that choosing a sample size of n = 10 or 12 from each population in a
two-sample 95 percent CI will result in a CI that results in about the best precision of estimation for the difference in
the two means that is possible given the amount of inherent variability that is present in the two populations.

We can also use a hypothesis testing framework to determine sample size. The choice of sample size and the
probability of type II error 𝛽 are closely connected. Suppose that we are testing the hypotheses

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

and that the means are not equal so that 𝛿 = 𝜇1 − 𝜇2. Because H0 ∶ 𝜇1 = 𝜇2 is not true, we are concerned about
wrongly failing to reject H0. The probability of type II error depends on the true difference in means 𝛿. A graph
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◾ F I GURE 2 . 12 Plot of t
𝜶∕2,2n−2

√
2∕n

versus sample size in each population n for
𝜶 = 0.05.

t*
sq

rt
 (

2
/n

)

4.5

4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0 5 10
n

15 20

of 𝛽 versus 𝛿 for a particular sample size is called the operating characteristic curve, or OC curve for the
test. The 𝛽 error is also a function of sample size. Generally, for a given value of 𝛿, the 𝛽 error decreases as the
sample size increases. That is, a specified difference in means is easier to detect for larger sample sizes than for
smaller ones.

An alternative to the OC curve is a power curve, which typically plots power or 1 − 𝛽, versus sample size for a
specified difference in the means. Some software packages perform power analysis and will plot power curves. A set
of power curves constructed using JMP for the hypotheses

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

is shown in Figure 2.13 for the case where the two population variances 𝜎2
1 and 𝜎

2
2 are unknown but equal (𝜎

2
1 = 𝜎

2
2 =

𝜎
2) and for a level of significance of 𝛼 = 0.05. These power curves also assume that the sample sizes from the two

populations are equal and that the sample size shown on the horizontal scale (say n) is the total sample size, so that the
sample size in each population is n∕2. Also notice that the difference in means is expressed as a ratio to the common
standard deviation; that is

𝛿 =
|𝜇1 − 𝜇2|

𝜎

From examining these curves, we observe the following:

1. The greater the difference in means 𝜇1 − 𝜇2, the higher the power (smaller type II error probability). That
is, for a specified sample size and significance level 𝛼, the test will detect large differences in means more
easily than small ones.

2. As the sample size gets larger, the power of the test gets larger (the type II error probability gets smaller) for
a given difference in means and significance level 𝛼. That is, to detect a specified difference in means we
may make the test more powerful by increasing the sample size.

Operating curves and power curves are often helpful in selecting a sample size to use in an experiment. For example,
consider the Portland cement mortar problem discussed previously. Suppose that a difference in mean strength of
0.5 kgf∕cm2 has practical impact on the use of the mortar, so if the difference in means is at least this large, we would
like to detect it with a high probability. Thus, because 𝜇1 − 𝜇2 = 0.5 kgf∕cm2 is the “critical” difference in means



�

� �

�

2.4 Inferences About the Differences in Means, Randomized Designs 43

1.00

0.75

 = 2

 = 1.5

 = = 1

0.50

P
o

w
e

r

0.25

0.00
10 20 30

Sample size

40 50

|1–2|


◾ F I GURE 2 . 13 Power curves (from JMP) for
the two-sample t-test assuming equal variances and
𝜶 = 0.05. The sample size on the horizontal axis is the
total sample size, so the sample size in each population
is n = sample size from graph/2

that we wish to detect, we find that the power curve parameter would be 𝛿 = 0.5∕𝜎. Unfortunately, 𝛿 involves the
unknown standard deviation 𝜎. However, suppose on the basis of past experience we think that it is very unlikely that
the standard deviation will exceed 0.25 kgf∕cm2. Then substituting 𝜎 = 0.25 kgf∕cm2 into the expression for 𝛿 results
in 𝛿 = 2. If we wish to reject the null hypothesis when the difference in means 𝜇1 − 𝜇2 = 0.5 with probability at least
0.95 (power = 0.95)with 𝛼 = 0.05, then referring to Figure 2.13 we find that the required sample size on the horizontal
axis is 16 approximately. This is the total sample size, so the sample size in each population should be

n = 16∕2 = 8.

In our example, the experimenter actually used a sample size of 10. The experimenter could have elected to increase
the sample size slightly to guard against the possibility that the prior estimate of the common standard deviation 𝜎 was
too conservative and was likely to be somewhat larger than 0.25.

Operating characteristic curves often play an important role in the choice of sample size in experimental design
problems. Their use in this respect is discussed in subsequent chapters. For a discussion of the uses of operating
characteristic curves for other simple comparative experiments similar to the two-sample t-test, see Montgomery and
Runger (2011).

Many statistics software packages can also assist the experimenter in performing power and sample size calcu-
lations. The following boxed display illustrates several computations for the Portland cement mortar problem from
the power and sample size routine for the two-sample t-test in Minitab. The first section of output repeats the anal-
ysis performed with the OC curves; find the sample size necessary for detecting the critical difference in means of
0.5 kgf∕cm2, assuming that the standard deviation of strength is 0.25 kgf∕cm2. Notice that the answer obtained from
Minitab, n1 = n2 = 8, is identical to the value obtained from the OC curve analysis. The second section of the output
computes the power for the case where the critical difference in means is much smaller, only 0.25 kgf∕cm2. The power
has dropped considerably, from over 0.95 to 0.562. The final section determines the sample sizes that would be nec-
essary to detect an actual difference in means of 0.25 kgf∕cm2 with a power of at least 0.9. The required sample size
turns out to be considerably larger, n1 = n2 = 23.
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Power and Sample Size

2-Sample t-Test

Testing mean 1 = mean 2 (versus not = )

Calculating power for mean 1 = mean 2 + difference

Alpha = 0.05 Sigma = 0.25

Sample Target Actual

Difference Size Power Power

0.5 8 0.9500 0.9602

Power and Sample Size

2-Sample t-Test

Testing mean 1 = mean 2 (versus not =)

Calculating power for mean 1 = mean 2 + difference

Alpha = 0.05 Sigma = 0.25

Sample

Difference Size Power

0.25 10 0.5620

Power and Sample Size

2-Sample t-Test

Testing mean 1 = mean 2 (versus not =)

Calculating power for mean 1 = mean 2 + difference

Alpha = 0.05 Sigma = 0.25

Sample Target Actual

Difference Size Power Power

0.25 23 0.9000 0.9125

2.4.4 The Case Where 𝝈2
1
≠ 𝝈

2
2

If we are testing

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

and cannot reasonably assume that the variances 𝜎2
1 and 𝜎

2
2 are equal, then the two-sample t-test must be modified

slightly. The test statistic becomes

t0 =
y1 − y2√
S21
n1

+
S22
n2

(2.31)

This statistic is not distributed exactly as t. However, the distribution of t0 is well approximated by t if we use

𝑣 =

(
S21
n1

+
S22
n2

)2

(S21∕n1)
2

n1 − 1
+

(S22∕n2)
2

n2 − 1

(2.32)



�

� �

�

2.4 Inferences About the Differences in Means, Randomized Designs 45

as the number of degrees of freedom. A strong indication of unequal variances on a normal probability plot would be
a situation calling for this version of the t-test. You should be able to develop an equation for finding the confidence
interval on the difference in mean for the unequal variances case easily.

EXAMPLE 2 . 1

Nerve preservation is important in surgery because acci-
dental injury to the nerve can lead to post-surgical prob-
lems such as numbness, pain, or paralysis. Nerves are
usually identified by their appearance and relationship to
nearby structures or detected by local electrical stimula-
tion (electromyography), but it is relatively easy to over-
look them. An article inNature Biotechnology (“Fluorescent

Peptides Highlight Peripheral Nerves During Surgery in

Mice,” Vol. 29, 2011) describes the use of a fluorescently

labeled peptide that binds to nerves to assist in identifica-

tion. Table 2.3 shows the normalized fluorescence after two

hours for nerve and muscle tissue for 12 mice (the data were

read from a graph in the paper).

We would like to test the hypothesis that the mean normalized fluorescence after two hours is greater for nerve
tissue than for muscle tissue. That is, if 𝜇1 is the mean normalized fluorescence for nerve tissue and 𝜇2 is the mean
normalized fluorescence for muscle tissue, we want to test

H0∶𝜇1 = 𝜇2

H1∶𝜇1 > 𝜇2

The descriptive statistics output from Minitab is shown below:

Variable N Mean StDev Minimum Median Maximum

Nerve 12 4228 1918 450 4825 6625

Non-nerve 12 2534 961 1130 2650 3900

◾ TABLE 2 . 3
Normalized Fluorescence After Two Hours

Observation Nerve Muscle

1 6625 3900

2 6000 3500

3 5450 3450

4 5200 3200

5 5175 2980

6 4900 2800

7 4750 2500

8 4500 2400

9 3985 2200

10 900 1200

11 450 1150

12 2800 1130
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◾ F I GURE 2 . 14 Normalized
fluorescence data from Table 2.3
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Notice that the two sample standard deviations are quite different, so the assumption of equal variances in the
pooled t-test may not be appropriate. Figure 2.14 is the normal probability plot fromMinitab for the two samples. This
plot also indicates that the two population variances are probably not the same.

Because the equal variance assumption is not appropriate here, we will use the two-sample t-test described in
this section to test the hypothesis of equal means. The test statistic, Equation 2.31, is

t0 =
y1 − y2√
S21
n1

+
S22
n2

= 4228 − 2534√
(1918)2

12
+ (961)2

12

= 2.7354

The number of degrees of freedom are calculated from Equation 2.32:

𝑣 =

(
S21
n1

+
S22
n2

)2

(S21∕n1)
2

n1 − 1
+

(S22∕n2)
2

n2 − 1

=

(
(1918)2

12
+ (961)2

12

)2

[(1918)2∕12]2

11
+

[(961)2∕12]2

11

= 16.1955

If we are going to find a P-value from a table of the t-distribution, we should round the degrees of freedom down to 16.
Most computer programs interpolate to determine the P-value. The Minitab output for the two-sample t-test is shown
below. Since the P-value reported is small (0.007), we would reject the null hypothesis and conclude that the mean
normalized fluorescence for nerve tissue is greater than the mean normalized fluorescence for muscle tissue.

Difference = mu (Nerve) - mu (Non-nerve)

Estimate for difference: 1694

95% lower bound for difference: 613

T-Test of difference = 0 (vs >): T-Value = 2.74 P-Value = 0.007 DF = 16
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2.4.5 The Case Where 𝝈2
1
and 𝝈

2
2
Are Known

If the variances of both populations are known, then the hypotheses

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2

may be tested using the statistic

Z0 =
y1 − y2√
𝜎
2
1

n1
+

𝜎
2
2

n2

(2.33)

If both populations are normal, or if the sample sizes are large enough so that the central limit theorem applies, the
distribution of Z0 is N(0, 1) if the null hypothesis is true. Thus, the critical region would be found using the normal dis-
tribution rather than the t. Specifically, we would rejectH0 if |Z0| > Z

𝛼∕2, where Z𝛼∕2 is the upper 𝛼∕2 percentage point
of the standard normal distribution. This procedure is sometimes called the two-sampleZ-test. AP-value approach can
also be used with this test. The P-value would be found as P = 2[1 − Φ(|Z0|)], where Φ(x) is the cumulative standard
normal distribution evaluated at the point x.

Unlike the t-test of the previous sections, the test on means with known variances does not require the assump-
tion of sampling from normal populations. One can use the central limit theorem to justify an approximate normal
distribution for the difference in sample means y1 − y2.

The 100(1 − 𝛼) percent confidence interval on 𝜇1 − 𝜇2 where the variances are known is

y1 − y2 − Z
𝛼∕2

√
𝜎
2
1

n1
+

𝜎
2
2

n2
≤ 𝜇1 − 𝜇2 ≤ y1 − y2 + Z

𝛼∕2

√
𝜎
2
1

n1
+

𝜎
2
2

n2
(2.34)

As noted previously, the confidence interval is often a useful supplement to the hypothesis testing procedure.

2.4.6 Comparing a Single Mean to a Specified Value

Some experiments involve comparing only one population mean 𝜇 to a specified value, say, 𝜇0. The hypotheses are

H0∶𝜇 = 𝜇0

H1∶𝜇 ≠ 𝜇0

If the population is normal with known variance, or if the population is nonnormal but the sample size is large enough
so that the central limit theorem applies, then the hypothesis may be tested using a direct application of the normal
distribution. The one-sample Z-test statistic is

Z0 =
y − 𝜇0

𝜎∕
√
n

(2.35)

If H0 ∶ 𝜇 = 𝜇0 is true, then the distribution of Z0 is N(0, 1). Therefore, the decision rule for H0 ∶ 𝜇 = 𝜇0 is to reject
the null hypothesis if |Z0| > Z

𝛼∕2. A P-value approach could also be used.
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The value of the mean 𝜇0 specified in the null hypothesis is usually determined in one of three ways. It may
result from past evidence, knowledge, or experimentation. It may be the result of some theory or model describing the
situation under study. Finally, it may be the result of contractual specifications.

The 100(1 − 𝛼) percent confidence interval on the true population mean is

y − Z
𝛼∕2𝜎∕

√
n ≤ 𝜇 ≤ y + Z

𝛼∕2𝜎∕
√
n (2.36)

EXAMPLE 2 . 2

A supplier submits lots of fabric to a textile manufacturer.
The customer wants to know if the lot average breaking
strength exceeds 200 psi. If so, she wants to accept the lot.
Past experience indicates that a reasonable value for the vari-
ance of breaking strength is 100(psi)2. The hypotheses to be
tested are

H0∶𝜇 = 200

H1∶𝜇 > 200

Note that this is a one-sided alternative hypothesis. Thus, we
would accept the lot only if the null hypothesisH0∶𝜇 = 200
could be rejected (i.e., if Z0 > Z

𝛼
).

Four specimens are randomly selected, and the average
breaking strength observed is y = 214 psi. The value of the
test statistic is

Z0 =
y − 𝜇0

𝜎∕
√
n
= 124 − 200

10∕
√
4

= 2.80

If a type I error of 𝛼 = 0.05 is specified, we find Z
𝛼
=

Z0.05 = 1.645 from Appendix Table I. The P-value would
be computed using only the area in the upper tail of
the standard normal distribution, because the alternative
hypothesis is one-sided. The P-value is P = 1 − Φ(2.80) =
1 − 0.99744 = 0.00256. Thus H0 is rejected, and we con-
clude that the lot average breaking strength exceeds
200 psi.

If the variance of the population is unknown, we must make the additional assumption that the population is
normally distributed, although moderate departures from normality will not seriously affect the results.

To test H0 ∶ 𝜇 = 𝜇0 in the variance unknown case, the sample variance S2 is used to estimate 𝜎2. Replacing 𝜎

with S in Equation 2.35, we have the one-sample t-test statistic

t0 =
y − 𝜇0

S∕
√
n

(2.37)

The null hypothesis H0 ∶ 𝜇 = 𝜇0 would be rejected if |t0| > t
𝛼∕2,n−1, where t𝛼∕2,n−1 denotes the upper 𝛼∕2 percentage

point of the t distribution with n − 1 degrees of freedom. A P-value approach could also be used. The 100(1 − 𝛼)
percent confidence interval in this case is

y − t
𝛼∕2,n−1S∕

√
n ≤ 𝜇 ≤ y + t

𝛼∕2,n−1S∕
√
n (2.38)

2.4.7 Summary

Tables 2.4 and 2.5 summarize the t-test and z-test procedures discussed above for sample means. Critical regions are
shown for both two-sided and one-sided alternative hypotheses.
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◾ TABLE 2 . 4
Tests on Means with Variance Known

Hypothesis Test Statistic
Fixed Significance Level
Criteria for Rejection P-Value

H0∶𝜇 = 𝜇0

H1∶𝜇 ≠ 𝜇0 |Z0| > Z
𝛼∕2 P = 2[1 − Φ(|Z0|)]

H0∶𝜇 = 𝜇0

H1∶𝜇 < 𝜇0 Z0 =
y − 𝜇0

𝜎∕
√
n

Z0 < −Z
𝛼

P = Φ(Z0)
H0∶𝜇 = 𝜇0

H1∶𝜇 > 𝜇0 Z0 > Z
𝛼

P = 1 − Φ(Z0)

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2 |Z0| > Z
𝛼∕2 P = 2[1 − Φ(|Z0|)]

H0∶𝜇1 = 𝜇2

H1∶𝜇1 < 𝜇2 Z0 =
y1 − y2√
𝜎
2
1

n1
+

𝜎
2
2

n2

Z0 < −Z
𝛼

P = Φ(Z0)

H0∶𝜇1 = 𝜇2

H1∶𝜇1 > 𝜇2 Z0 > Z
𝛼

P = 1 − Φ(Z0)

◾ TABLE 2 . 5
Tests on Means of Normal Distributions, Variance Unknown

Hypothesis Test Statistic
Fixed Significance Level
Criteria for Rejection P-Value

H0∶𝜇 = 𝜇0 sum of the probability
H1∶𝜇 ≠ 𝜇0 |t0| > t

𝛼∕2,n−1 above t0 and below −t0
H0∶𝜇 = 𝜇0

H1∶𝜇 < 𝜇0 t0 =
y − 𝜇0

S∕
√
n

t0 < −t
𝛼,n−1 probability below t0

H0∶𝜇 = 𝜇0

H1∶𝜇 > 𝜇0 t0 > t
𝛼,n−1 probability above t0

if 𝜎2
1 = 𝜎

2
2

H0∶𝜇1 = 𝜇2

H1∶𝜇1 ≠ 𝜇2 t0 =
y1 − y2

Sp

√
1
n1

+ 1
n2

|t0| > t
𝛼∕2,𝑣 sum of the probability

above t0 and below −t0

𝑣 = n1 + n2 − 2

if 𝜎2
1 ≠ 𝜎

2
2

H0∶𝜇1 = 𝜇2

H1∶𝜇1 < 𝜇2 t0 =
y1 − y2√
S21
n1

+
S22
n2

t0 < −t
𝛼,𝑣

probability below t0

H0∶𝜇1 = 𝜇2

H1∶𝜇1 > 𝜇2 𝑣 =

(
S21
n1

+
S22
n2

)2

(S21∕n1)
2

n1 − 1
+

(S22∕n2)
2

n2 − 1

t0 > t
𝛼,𝑣

probability above t0
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2.5 Inferences About the Differences in Means,
Paired Comparison Designs

2.5.1 The Paired Comparison Problem

In some simple comparative experiments, we can greatly improve the precision bymaking comparisons withinmatched
pairs of experimental material. For example, consider a hardness testing machine that presses a rod with a pointed tip
into a metal specimen with a known force. By measuring the depth of the depression caused by the tip, the hardness of
the specimen is determined. Two different tips are available for this machine, and although the precision (variability)
of the measurements made by the two tips seems to be the same, it is suspected that one tip produces different mean
hardness readings than the other.

An experiment could be performed as follows. A number of metal specimens (e.g., 20) could be randomly
selected. Half of these specimens could be tested by tip 1 and the other half by tip 2. The exact assignment of specimens
to tips would be randomly determined. Because this is a completely randomized design, the average hardness of the
two samples could be compared using the t-test described in Section 2.4.

A little reflection will reveal a serious disadvantage in the completely randomized design for this problem. Sup-
pose the metal specimens were cut from different bar stock that were produced in different heats or that were not
exactly homogeneous in some other way that might affect the hardness. This lack of homogeneity between specimens
will contribute to the variability of the hardness measurements and will tend to inflate the experimental error, thus
making a true difference between tips harder to detect.

To protect against this possibility, consider an alternative experimental design. Assume that each specimen is
large enough so that two hardness determinations may be made on it. This alternative design would consist of dividing
each specimen into two parts, then randomly assigning one tip to one-half of each specimen and the other tip to the
remaining half. The order in which the tips are tested for a particular specimen would also be randomly selected. The
experiment, when performed according to this design with 10 specimens, produced the (coded) data shown in Table 2.6.

We may write a statistical model that describes the data from this experiment as

yij = 𝜇i + 𝛽j + 𝜖ij

{
i = 1, 2

j = 1, 2, . . . , 10
(2.39)

where yij is the observation on hardness for tip i on specimen j, 𝜇i is the true mean hardness of the ith tip, 𝛽j is an effect
on hardness due to the jth specimen, and 𝜖ij is a random experimental error with mean zero and variance 𝜎

2
i . That

is, 𝜎2
1 is the variance of the hardness measurements from tip 1, and 𝜎

2
2 is the variance of the hardness measurements

from tip 2.

◾ TABLE 2 . 6
Data for the Hardness Testing Experiment

Specimen Tip 1 Tip 2

1 7 6

2 3 3

3 3 5

4 4 3

5 8 8

6 3 2

7 2 4

8 9 9

9 5 4

10 4 5
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Note that if we compute the jth paired difference

dj = y1j − y2j j = 1, 2, . . . , 10 (2.40)

the expected value of this difference is

𝜇d = E(dj)
= E(y1j − y2j)
= E(y1j) − E(y2j)
= 𝜇1 + 𝛽j − (𝜇2 + 𝛽j)
= 𝜇1 − 𝜇2

That is, we may make inferences about the difference in the mean hardness readings of the two tips 𝜇1 − 𝜇2 by making
inferences about the mean of the differences 𝜇d. Notice that the additive effect of the specimens 𝛽j cancels out when
the observations are paired in this manner.

Testing H0 ∶ 𝜇1 = 𝜇2 is equivalent to testing

H0∶𝜇d = 0

H1∶𝜇d ≠ 0

This is a single-sample t-test. The test statistic for this hypothesis is

t0 =
d

Sd∕
√
n

(2.41)

where

d = 1
n

n∑
j=1

dj (2.42)

is the sample mean of the differences and

Sd =
⎡⎢⎢⎢⎣

n∑
j=1

(dj − d)2

n−1

⎤⎥⎥⎥⎦

1∕2

=
⎡⎢⎢⎢⎣

n∑
j=1

d2j −
1
n

(
n∑
j=1

dj

)2

n−1

⎤⎥⎥⎥⎦

1∕2

(2.43)

is the sample standard deviation of the differences.H0 ∶ 𝜇d = 0 would be rejected if |t0| > t
𝛼∕2,n−1. A P-value approach

could also be used. Because the observations from the factor levels are “paired” on each experimental unit, this pro-
cedure is usually called the paired t-test.

For the data in Table 2.6, we find

d1 = 7 − 6 = 1 d6 = 3 − 2 = 1

d2 = 3 − 3 = 0 d7 = 2 − 4 = −2

d3 = 3 − 5 = −2 d8 = 9 − 9 = 0

d4 = 4 − 3 = 1 d9 = 5 − 4 = 1

d5 = 8 − 8 = 0 d10 = 4 − 5 = −1

Thus,

d = 1
n

n∑
j=1

dj =
1
10

(−1) = −0.10

Sd =
⎡⎢⎢⎢⎣

n∑
j=1

d2j −
1
n

(
n∑
j=1

dj

)2

n − 1

⎤⎥⎥⎥⎦

1∕2

=
⎡⎢⎢⎣
13 − 1

10
(−1)2

10 − 1

⎤⎥⎥⎦

1∕2

= 1.20
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◾ F I GURE 2 . 15 The reference distribution (t
with 9 degrees of freedom) for the hardness testing
problem
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Suppose we choose 𝛼 = 0.05. Now to make a decision, we would compute t0 and reject H0 if |t0| > t0.025,9 =
2.262.

The computed value of the paired t-test statistic is

t0 =
d

Sd∕
√
n
= −0.10

1.20∕
√
10

= −0.26

and because |t0| = 0.26 ≯ t0.025,9 = 2.262, we cannot reject the hypothesis H0 ∶ 𝜇d = 0. That is, there is no evidence
to indicate that the two tips produce different hardness readings. Figure 2.15 shows the t0 distribution with 9 degrees
of freedom, the reference distribution for this test, with the value of t0 shown relative to the critical region.

Table 2.7 shows the computer output from the Minitab paired t-test procedure for this problem. Notice that
the P-value for this test is P ≃ 0.80, implying that we cannot reject the null hypothesis at any reasonable level of
significance.

2.5.2 Advantages of the Paired Comparison Design

The design actually used for this experiment is called the paired comparison design, and it illustrates the blocking
principle discussed in Section 1.3. Actually, it is a special case of a more general type of design called the randomized
block design. The term block refers to a relatively homogeneous experimental unit (in our case, the metal specimens
are the blocks), and the block represents a restriction on complete randomization because the treatment combinations
are only randomized within the block. We look at designs of this type in Chapter 4. In that chapter, the mathematical
model for the design, Equation 2.39, is written in a slightly different form.

Before leaving this experiment, several points should be made. Note that, although 2n = 2(10) = 20 observations
have been taken, only n − 1 = 9 degrees of freedom are available for the t statistic. (We know that as the degrees of

◾ TABLE 2 . 7
Minitab Paired t-Test Results for the Hardness Testing Example

Paired T for Tip 1-Tip 2

N Mean Std. Dev. SE Mean
Tip 1 10 4.800 2.394 0.757

Tip 2 10 4.900 2.234 0.706

Difference 10 -0.100 1.197 0.379

95% CI for mean difference: (-0.956, 0.756)

t-Test of mean difference = 0 (vs not = 0):
T-Value = -0.26 P-Value = 0.798



�

� �

�

2.6 Inferences About the Variances of Normal Distributions 53

freedom for t increase, the test becomesmore sensitive.) By blocking or pairing we have effectively “lost” n − 1 degrees
of freedom, but we hope we have gained a better knowledge of the situation by eliminating an additional source of
variability (the difference between specimens).

We may obtain an indication of the quality of information produced from the paired design by comparing the
standard deviation of the differences Sd with the pooled standard deviation Sp that would have resulted had the exper-
iment been conducted in a completely randomized manner and the data of Table 2.5 been obtained. Using the data in
Table 2.5 as two independent samples, we compute the pooled standard deviation from Equation 2.25 to be Sp = 2.32.
Comparing this value to Sd = 1.20, we see that blocking or pairing has reduced the estimate of variability by nearly
50 percent.

Generally, when we don’t block (or pair the observations) when we really should have, Sp will always be larger
than Sd. It is easy to show this formally. If we pair the observations, it is easy to show that S2d is an unbiased estimator
of the variance of the differences dj under the model in Equation 2.39 because the block effects (the 𝛽j) cancel out
when the differences are computed. However, if we don’t block (or pair) and treat the observations as two independent
samples, then S2p is not an unbiased estimator of 𝜎2 under the model in Equation 2.39. In fact, assuming that both
population variances are equal,

E(S2p) = 𝜎
2 +

n∑
j=1

𝛽
2
j

That is, the block effects 𝛽j inflate the variance estimate. This is why blocking serves as a noise reduction design
technique.

We may also express the results of this experiment in terms of a confidence interval on 𝜇1 − 𝜇2. Using the paired
data, a 95 percent confidence interval on 𝜇1 − 𝜇2 is

d ± t0.025,9Sd∕
√
n

−0.10 ± (2.262)(1.20)∕
√
10

−0.10 ± 0.86

Conversely, using the pooled or independent analysis, a 95 percent confidence interval on 𝜇1 − 𝜇2 is

y1 − y2 ± t0.025,18Sp

√
1
n1

+ 1
n2

4.80 − 4.90 ± (2.101)(2.32)
√

1
10

+ 1
10

−0.10 ± 2.18

The confidence interval based on the paired analysis is much narrower than the confidence interval from the indepen-
dent analysis. This again illustrates the noise reduction property of blocking.

Blocking is not always the best design strategy. If the within-block variability is the same as the between-block
variability, the variance of y1 − y2 will be the same regardless of which design is used. Actually, blocking in this
situation would be a poor choice of design because blocking results in the loss of n − 1 degrees of freedom and will
actually lead to a wider confidence interval on 𝜇1 − 𝜇2. A further discussion of blocking is given in Chapter 4.

2.6 Inferences About the Variances of Normal Distributions

In many experiments, we are interested in possible differences in the mean response for two treatments. However, in
some experiments it is the comparison of variability in the data that is important. In the food and beverage industry, for
example, it is important that the variability of filling equipment be small so that all packages have close to the nominal
net weight or volume of content. In chemical laboratories, we may wish to compare the variability of two analytical
methods. We now briefly examine tests of hypotheses and confidence intervals for variances of normal distributions.
Unlike the tests on means, the procedures for tests on variances are rather sensitive to the normality assumption. A
good discussion of the normality assumption is in Appendix 2A of Davies (1956).
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Suppose we wish to test the hypothesis that the variance of a normal population equals a constant, for example,
𝜎
2
0 . Stated formally, we wish to test

H0∶𝜎2 = 𝜎
2
0

H1∶𝜎2 ≠ 𝜎
2
0 (2.44)

The test statistic for Equation 2.44 is

𝜒
2
0 =

SS

𝜎
2
0

= (n − 1)S2

𝜎
2
0

(2.45)

where SS =
∑n

i=1 (yi − y)2 is the corrected sum of squares of the sample observations. The appropriate reference
distribution for 𝜒2

0 is the chi-square distribution with n − 1 degrees of freedom. The null hypothesis is rejected if
𝜒
2
0 > 𝜒

2
𝛼∕2,n−1 or if 𝜒

2
0 < 𝜒

2
1−(𝛼∕2),n−1, where 𝜒

2
𝛼∕2,n−1 and 𝜒

2
1−(𝛼∕2),n−1 are the upper 𝛼∕2 and lower 1 − (𝛼∕2) percent-

age points of the chi-square distribution with n − 1 degrees of freedom, respectively. Table 2.8 gives the critical regions
for the one-sided alternative hypotheses. The 100(1 − 𝛼) percent confidence interval on 𝜎2 is

(n − 1)S2

𝜒
2
𝛼∕2,n−1

≤ 𝜎
2 ≤

(n − 1)S2

𝜒
2
1−(𝛼∕2),n−1

(2.46)

Now consider testing the equality of the variances of two normal populations. If independent random samples
of size n1 and n2 are taken from populations 1 and 2, respectively, the test statistic for

H0∶𝜎2
1 = 𝜎

2
2

H1∶𝜎2
1 ≠ 𝜎

2
2 (2.47)

is the ratio of the sample variances

F0 =
S21
S22

(2.48)

The appropriate reference distribution for F0 is the F distribution with n1 − 1 numerator degrees of freedom
and n2 − 1 denominator degrees of freedom. The null hypothesis would be rejected if F0 > F

𝛼∕2,n1−1,n2−1
or if

◾ TABLE 2 . 8
Tests on Variances of Normal Distributions

Hypothesis Test Statistic
Fixed Significance Level
Criteria for Rejection

H0∶𝜎2 = 𝜎
2
0

H1∶𝜎2 ≠ 𝜎
2
0

𝜒
2
0 > 𝜒

2
𝛼∕2,n−1 or

𝜒
2
0 < 𝜒

2
1−𝛼∕2,n−1

H0∶𝜎2 = 𝜎
2
0

H1∶𝜎2
< 𝜎

2
0

𝜒
2
0 =

(n − 1)S2

𝜎
2
0

𝜒
2
0 < 𝜒

2
1−𝛼,n−1

H0∶𝜎2 = 𝜎
2
0

H1∶𝜎2
> 𝜎

2
0

𝜒
2
0 > 𝜒

2
𝛼,n−1

H0∶𝜎2
1 = 𝜎

2
2

H1∶𝜎2
1 ≠ 𝜎

2
2

F0 =
S21
S22

F0 > F
𝛼∕2,n1−1,n2−1 or

F0 < F1−𝛼∕2,n1−1,n2−1

H0∶𝜎2
1 = 𝜎

2
2

H1∶𝜎2
1 < 𝜎

2
2

F0 =
S22
S21

F0 > F
𝛼,n2−1,n1−1

H0∶𝜎2
1 = 𝜎

2
2

H1∶𝜎2
1 > 𝜎

2
2

F0 =
S21
S22

F0 > F
𝛼,n1−1,n2−1
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F0 < F1−(𝛼∕2),n1−1,n2−1
, where F

𝛼∕2,n1−1,n2−1
and F1−(𝛼∕2),n1−1,n2−1

denote the upper 𝛼∕2 and lower 1 − (𝛼∕2) percentage
points of the F distribution with n1 − 1 and n2 − 1 degrees of freedom. Table IV of the Appendix gives only upper-tail
percentage points of F; however, the upper- and lower-tail points are related by

F1−𝛼,𝑣1,𝑣2
= 1

F
𝛼,𝑣2,𝑣1

(2.49)

Critical values for the one-sided alternative hypothesis are given in Table 2.8. Test procedures for more than two
variances are discussed in Section 3.4.3. We will also discuss the use of the variance or standard deviation as a response
variable in more general experimental settings.

EXAMPLE 2 . 3

A chemical engineer is investigating the inherent variability
of two types of test equipment that can be used to monitor
the output of a production process. He suspects that the old
equipment, type 1, has a larger variance than the new one.
Thus, he wishes to test the hypothesis

H0∶𝜎
2
1 = 𝜎

2
2

H1∶𝜎
2
1 > 𝜎

2
2

Two random samples of n1 = 12 and n2 = 10 observa-
tions are taken, and the sample variances are S21 = 14.5 and

S22 = 10.8. The test statistic is

F0 =
S21
S22

= 14.5
10.8

= 1.34

FromAppendix Table IVwe find thatF0.05,11,9 = 3.10, so the
null hypothesis cannot be rejected. That is, we have found
insufficient statistical evidence to conclude that the variance
of the old equipment is greater than the variance of the new
equipment.

The 100(1 − 𝛼) confidence interval for the ratio of the population variances 𝜎2
1∕𝜎

2
2 is

S21
S22

F1−𝛼∕2,n2−1,n1−1
≤

𝜎
2
1

𝜎
2
2

≤
S21
S22

F
𝛼∕2,n2−1,n1−1

(2.50)

To illustrate the use of Equation 2.50, the 95 percent confidence interval for the ratio of variances 𝜎2
1∕𝜎

2
2 in Example 2.2

is, using F0.025,9,11 = 3.59 and F0.975,9,11 = 1∕F0.025,11,9 = 1∕3.92 = 0.255,

14.5
10.8

(0.225) ≤
𝜎
2
1

𝜎
2
2

≤
14.5
10.8

(3.59)

0.34 ≤
𝜎
2
1

𝜎
2
2

≤ 4.82

2.7 Problems

2.1 Computer output for a random sample of data is shown
below. Some of the quantities are missing. Compute the values
of the missing quantities.

Variable N Mean SE Mean Std. Dev. Variance Minimum Maximum

Y 9 19.96 ? 3.12 ? 15.94 27.16

2.2 Computer output for a random sample of data is shown
below. Some of the quantities are missing. Compute the values
of the missing quantities.

Variable N Mean SE Mean Std. Dev. Sum

Y 16 ? 0.159 ? 399.851
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2.3 Suppose that we are testing H0 ∶ 𝜇 = 𝜇0 versus
H1 ∶ 𝜇 ≠ 𝜇0. Calculate the P-value for the following observed
values of the test statistic:

(a) Z0 = 2.25 (b) Z0 = 1.55 (c) Z0 = 2.10

(d) Z0 = 1.95 (e) Z0 = −0.10

2.4 Suppose that we are testing H0 ∶ 𝜇 = 𝜇0 versus
H1 ∶ 𝜇 > 𝜇0. Calculate the P-value for the following observed
values of the test statistic:

(a) Z0 = 2.45 (b) Z0 = −1.53 (c) Z0 = 2.15

(d) Z0 = 1.95 (e) Z0 = −0.25

2.5 Consider the computer output shown below.

One-Sample Z

Test of mu = 30 vs not = 30

The assumed standard deviation = 1.2

N Mean SE Mean 95% CI Z P

16 31.2000 0.3000 (30.6120, 31.7880) ? ?

(a) Fill in the missing values in the output. What conclusion
would you draw?

(b) Is this a one-sided or two-sided test?

(c) Use the output and the normal table to find a 99 percent
CI on the mean.

(d) What is the P-value if the alternative hypothesis is H1 ∶
𝜇 > 30?

2.6 Suppose that we are testing H0 ∶ 𝜇1 = 𝜇2 versus
H0 ∶ 𝜇1 ≠ 𝜇2 where the two sample sizes are n1 = n2 = 12.
Both sample variances are unknown but assumed equal. Find
bounds on the P-value for the following observed values of the
test statistic.

(a) t0 = 2.30 (b) t0 = 3.41 (c) t0 = 1.95 (d) t0 = −2.45

2.7 Suppose that we are testing H0 ∶ 𝜇1 = 𝜇2 versus H0 ∶
𝜇1 > 𝜇2 where the two sample sizes are n1 = n2 = 10. Both
sample variances are unknown but assumed equal. Find
bounds on the P-value for the following observed values of
the test statistic.

(a) t0 = 2.31 (b) t0 = 3.60 (c) t0 = 1.95 (d) t0 = 2.19

2.8 Consider the following sample data: 9.37, 13.04,
11.69, 8.21, 11.18, 10.41, 13.15, 11.51, 13.21, and 7.75. Is it
reasonable to assume that this data is a sample from a normal
distribution? Is there evidence to support a claim that the mean
of the population is 10?

2.9 A computer program has produced the following
output for a hypothesis-testing problem:

Difference in sample means: 2.35

Degrees of freedom: 18

Standard error of the difference in sample means: ?

Test statistic: t0 = 2.01

P-value: 0.0298

(a) What is the missing value for the standard error?

(b) Is this a two-sided or a one-sided test?

(c) If 𝛼 = 0.05, what are your conclusions?

(d) Find a 90% two-sided CI on the difference in means.

2.10 A computer program has produced the following
output for a hypothesis-testing problem:

Difference in sample means: 11.5

Degrees of freedom: 24

Standard error of the difference in sample means: ?

Test statistic: t0 = -1.88

P-value: 0.0723

(a) What is the missing value for the standard error?

(b) Is this a two-sided or a one-sided test?

(c) If 𝛼 = 0.05, what are your conclusions?

(d) Find a 95% two-sided CI on the difference in means.

2.11 A two-sample t-test has been conducted and the sam-
ple sizes are n1 = n2 = 10. The computed value of the test
statistic is t0 = 2.15. If the null hypothesis is two-sided, an
upper bound on the P-value is

(a) 0.10 (b) 0.05 (c) 0.025

(d) 0.01 (e) none of the above.

2.12 A two-sample t-test has been conducted and the sample
sizes are n1 = n2 = 12 The computed value of the test statis-
tic is t0 = 2.27. If the null hypothesis is two-sided, an upper
bound on the P-value is

(a) 0.10 (b) 0.05 (c) 0.025

(d) 0.01 (e) none of the above.

2.13 Suppose that we are testing H0 ∶ 𝜇 = 𝜇0 versus H1 ∶
𝜇 > 𝜇0 with a sample size of n = 15. Calculate bounds on the
P-value for the following observed values of the test statistic:

(a) t0 = 2.35 (b) t0 = 3.55 (c) t0 = 2.00 (d) t0 = 1.55

2.14 Suppose that we are testing H0 ∶ 𝜇 = 𝜇0 versus
H1 ∶ 𝜇 ≠ 𝜇0 with a sample size of n = 10. Calculate bounds



�

� �

�

2.7 Problems 57

on the P-value for the following observed values of the test
statistic:

(a) t0 = 2.48 (b) t0 = −3.95 (c) t0 = 2.69

(d) t0 = 1.88 (e) t0 = −1.25

2.15 Consider the computer output shown below.

One-Sample T: Y

Test of mu = 91 vs. not = 91

Variable N Mean Std. Dev. SE Mean 95% CI T P

Y 25 92.5805 ? 0.4673 (91.6160, ?) 3.38 0.002

(a) Fill in the missing values in the output. Can the null
hypothesis be rejected at the 0.05 level? Why?

(b) Is this a one-sided or a two-sided test?

(c) If the hypotheses had been H0 ∶ 𝜇 = 90 versus H1 ∶
𝜇 ≠ 90, would you reject the null hypothesis at the 0.05
level?,

(d) Use the output and the t table to find a 99 percent
two-sided CI on the mean.

(e) What is the P-value if the alternative hypothesis is H1 ∶
𝜇 > 91?

2.16 Consider the computer output shown below.

One-Sample T: Y

Test of mu = 25 vs. > 25

95% Lower

Variable N Mean Std. Dev. SE Mean Bound T P

Y 12 25.6818 ? 0.3360 ? ? 0.034

(a) How many degrees of freedom are there on the t-test
statistic?

(b) Fill in the missing information.

2.17 Consider the computer output shown below.

Two-Sample T-Test and Cl: Y1, Y2

Two-sample T for Y1 vs Y2

N Mean Std. Dev. SE Mean

Y1 20 50.19 1.71 0.38

Y2 20 52.52 2.48 0.55

Difference = mu (X1) - mu (X2)

Estimate for difference: - 2.33341

95% CI for difference: (- 3.69547, - 0.97135)

T-Test of difference = 0 (vs not =): T-Value = -3.47

P-Value = 0.001 DF = 38

Both use Pooled Std. Dev. = 2.1277

(a) Can the null hypothesis be rejected at the 0.05 level?
Why?

(b) Is this a one-sided or a two-sided test?

(c) If the hypotheses had been H0 ∶ 𝜇1 − 𝜇2 = 2 versus
H1 ∶ 𝜇1 − 𝜇2 ≠ 2, would you reject the null hypothesis
at the 0.05 level?,

(d) If the hypotheses had been H0 ∶ 𝜇1 − 𝜇2 = 2 versus
H1 ∶ 𝜇1 − 𝜇2 < 2, would you reject the null hypothesis
at the 0.05 level? Can you answer this question without
doing any additional calculations? Why?

(e) Use the output and the t table to find a 95 percent upper
confidence bound on the difference in means.

(f) What is the P-value if the hypotheses are H0 ∶ 𝜇1 −
𝜇2 = 2 versus H1 ∶ 𝜇1 − 𝜇2 ≠ 2?

2.18 The breaking strength of a fiber is required to be at
least 150 psi. Past experience has indicated that the standard
deviation of breaking strength is 𝜎 = 3 psi. A random sample
of four specimens is tested, and the results are y1 = 145, y2 =
153, y3 = 150, and y4 = 147.

(a) State the hypotheses that you think should be tested in
this experiment.

(b) Test these hypotheses using 𝛼 = 0.05. What are your
conclusions?

(c) Find the P-value for the test in part (b).

(d) Construct a 95 percent confidence interval on the mean
breaking strength.

2.19 The viscosity of a liquid detergent is supposed to aver-
age 800 centistokes at 25∘C. A random sample of 16 batches
of detergent is collected, and the average viscosity is 812.
Suppose we know that the standard deviation of viscosity is
𝜎 = 25 centistokes.

(a) State the hypotheses that should be tested.

(b) Test these hypotheses using 𝛼 = 0.05. What are your
conclusions?

(c) What is the P-value for the test?

(d) Find a 95 percent confidence interval on the mean.

2.20 The diameters of steel shafts produced by a certain
manufacturing process should have a mean diameter of 0.255
inches. The diameter is known to have a standard deviation of
𝜎 = 0.0001 inch. A random sample of 10 shafts has an average
diameter of 0.2545 inches.

(a) Set up appropriate hypotheses on the mean 𝜇.

(b) Test these hypotheses using 𝛼 = 0.05. What are your
conclusions?
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(c) Find the P-value for this test.

(d) Construct a 95 percent confidence interval on the mean
shaft diameter.

2.21 A normally distributed random variable has an
unknown mean 𝜇 and a known variance 𝜎2 = 9. Find the sam-
ple size required to construct a 95 percent confidence interval
on the mean that has a total length of 1.0.

2.22 The shelf life of a carbonated beverage is of interest.
Ten bottles are randomly selected and tested, and the following
results are obtained:

Days

108 138
124 163
124 159
106 134
115 139

(a) We would like to demonstrate that the mean shelf life
exceeds 120 days. Set up appropriate hypotheses for
investigating this claim.

(b) Test these hypotheses using 𝛼 = 0.01. What are your
conclusions?

(c) Find the P-value for the test in part (b).

(d) Construct a 99 percent confidence interval on the mean
shelf life.

2.23 Consider the shelf life data in Problem 2.22. Can shelf
life be described or modeled adequately by a normal distribu-
tion? What effect would the violation of this assumption have
on the test procedure you used in solving Problem 2.17?

2.24 The time to repair an electronic instrument is a nor-
mally distributed random variable measured in hours. The
repair times for 16 such instruments chosen at random are as
follows:

Hours

159 280 101 212
224 379 179 264
222 362 168 250
149 260 485 170

(a) You wish to know if the mean repair time exceeds 225
hours. Set up appropriate hypotheses for investigating
this issue.

(b) Test the hypotheses you formulated in part (a). What are
your conclusions? Use 𝛼 = 0.05.

(c) Find the P-value for the test.

(d) Construct a 95 percent confidence interval on mean
repair time.

2.25 Reconsider the repair time data in Problem 2.24. Can
repair time, in your opinion, be adequately modeled by a nor-
mal distribution?

2.26 Two machines are used for filling plastic bottles with
a net volume of 16.0 ounces. The filling processes can be
assumed to be normal, with standard deviations of 𝜎1 = 0.015
and 𝜎2 = 0.018. The quality engineering department suspects
that both machines fill to the same net volume, whether
or not this volume is 16.0 ounces. An experiment is per-
formed by taking a random sample from the output of each
machine.

Machine 1 Machine 2

16.03 16.01 16.02 16.03

16.04 15.96 15.97 16.04

16.05 15.98 15.96 16.02

16.05 16.02 16.01 16.01

16.02 15.99 15.99 16.00

(a) State the hypotheses that should be tested in this
experiment.

(b) Test these hypotheses using 𝛼 = 0.05. What are your
conclusions?

(c) Find the P-value for this test.

(d) Find a 95 percent confidence interval on the difference
in mean fill volume for the two machines.

2.27 Two types of plastic are suitable for use by an elec-
tronic calculator manufacturer. The breaking strength of this
plastic is important. It is known that 𝜎1 = 𝜎2 = 1.0 psi. From
random samples of n1 = 10 and n2 = 12, we obtain y1 = 162.5
and y2 = 155.0. The company will not adopt plastic 1 unless
its breaking strength exceeds that of plastic 2 by at least 10 psi.
Based on the sample information, should they use plastic 1? In
answering this question, set up and test appropriate hypotheses
using 𝛼 = 0.01. Construct a 99 percent confidence interval on
the true mean difference in breaking strength.

2.28 The following are the burning times (in minutes) of
chemical flares of two different formulations. The design engi-
neers are interested in both the mean and variance of the
burning times.
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Type 1 Type 2

65 82 64 56

81 67 71 69

57 59 83 74

66 75 59 82

82 70 65 79

(a) Test the hypothesis that the two variances are equal. Use
𝛼 = 0.05.

(b) Using the results of (a), test the hypothesis that the
mean burning times are equal. Use 𝛼 = 0.05. What is
the P-value for this test?

(c) Discuss the role of the normality assumption in this
problem. Check the assumption of normality for both
types of flares.

2.29 An article in Solid State Technology, “Orthogonal
Design for Process Optimization and Its Application to Plasma
Etching” by G. Z. Yin and D. W. Jillie (May 1987) describes
an experiment to determine the effect of the C2F6 flow rate on
the uniformity of the etch on a silicon wafer used in integrated
circuit manufacturing. All of the runs were made in random
order. Data for two flow rates are as follows:

Uniformity ObservationC2F6 Flow
(SCCM) 1 2 3 4 5 6

125 2.7 4.6 2.6 3.0 3.2 3.8

200 4.6 3.4 2.9 3.5 4.1 5.1

(a) Does the C2F6 flow rate affect average etch uniformity?
Use 𝛼 = 0.05.

(b) What is the P-value for the test in part (a)?

(c) Does the C2F6 flow rate affect the wafer-to-wafer vari-
ability in etch uniformity? Use 𝛼 = 0.05.

(d) Draw box plots to assist in the interpretation of the data
from this experiment.

2.30 A new filtering device is installed in a chemical unit.
Before its installation, a random sample yielded the follow-
ing information about the percentage of impurity: y1 = 12.5,
S21 = 101.17, and n1 = 8. After installation, a random sample
yielded y2 = 10.2, S22 = 94.73, n2 = 9.

(a) Can you conclude that the two variances are equal? Use
𝛼 = 0.05.

(b) Has the filtering device reduced the percentage of impu-
rity significantly? Use 𝛼 = 0.05.

2.31 Photoresist is a light-sensitivematerial applied to semi-
conductor wafers so that the circuit pattern can be imaged
on to the wafer. After application, the coated wafers are
baked to remove the solvent in the photoresist mixture and
to harden the resist. Here are measurements of photoresist
thickness (in kA) for eight wafers baked at two different tem-
peratures. Assume that all of the runs were made in random
order.

95∘C 100∘C

11.176 5.263

7.089 6.748

8.097 7.461

11.739 7.015

11.291 8.133

10.759 7.418

6.467 3.772

8.315 8.963

(a) Is there evidence to support the claim that the higher
baking temperature results in wafers with a lower mean
photoresist thickness? Use 𝛼 = 0.05.

(b) What is the P-value for the test conducted in part (a)?

(c) Find a 95 percent confidence interval on the difference
in means. Provide a practical interpretation of this inter-
val.

(d) Draw dot diagrams to assist in interpreting the results
from this experiment.

(e) Check the assumption of normality of the photoresist
thickness.

(f) Find the power of this test for detecting an actual differ-
ence in means of 2.5 kA.

(g) What sample size would be necessary to detect an actual
difference in means of 1.5 kA with a power of at least
0.9?

2.32 Front housings for cell phones are manufactured in
an injection molding process. The time the part is allowed to
cool in the mold before removal is thought to influence the
occurrence of a particularly troublesome cosmetic defect, flow
lines, in the finished housing. After manufacturing, the hous-
ings are inspected visually and assigned a score between 1 and
10 based on their appearance, with 10 corresponding to a per-
fect part and 1 corresponding to a completely defective part.
An experiment was conducted using two cool-down times, 10
and 20 seconds, and 20 housings were evaluated at each level
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of cool-down time. All 40 observations in this experiment were
run in random order. The data are as follows.

10 seconds 20 seconds

1 3 7 6

2 6 8 9

1 5 5 5

3 3 9 7

5 2 5 4

1 1 8 6

5 6 6 8

2 8 4 5

3 2 6 8

5 3 7 7

(a) Is there evidence to support the claim that the longer
cool-down time results in fewer appearance defects?
Use 𝛼 = 0.05.

(b) What is the P-value for the test conducted in part (a)?

(c) Find a 95 percent confidence interval on the differ-
ence in means. Provide a practical interpretation of this
interval.

(d) Draw dot diagrams to assist in interpreting the results
from this experiment.

(e) Check the assumption of normality for the data from this
experiment.

2.33 Twenty observations on etch uniformity on silicon
wafers are taken during a qualification experiment for a plasma
etcher. The data are as follows:

5.34 6.65 4.76 5.98 7.25

6.00 7.55 5.54 5.62 6.21

5.97 7.35 5.44 4.39 4.98

5.25 6.35 4.61 6.00 5.32

(a) Construct a 95 percent confidence interval estimate of
𝜎
2.

(b) Test the hypothesis that 𝜎2 = 1.0. Use 𝛼 = 0.05. What
are your conclusions?

(c) Discuss the normality assumption and its role in this
problem.

(d) Check normality by constructing a normal probability
plot. What are your conclusions?

2.34 The diameter of a ball bearing was measured by 12
inspectors, each using two different kinds of calipers. The
results are as follows:

Inspector Caliper 1 Caliper 2

1 0.265 0.264

2 0.265 0.265

3 0.266 0.264

4 0.267 0.266

5 0.267 0.267

6 0.265 0.268

7 0.267 0.264

8 0.267 0.265

9 0.265 0.265

10 0.268 0.267

11 0.268 0.268

12 0.265 0.269

(a) Is there a significant difference between themeans of the
population of measurements from which the two sam-
ples were selected? Use 𝛼 = 0.05.

(b) Find the P-value for the test in part (a).

(c) Construct a 95 percent confidence interval on the differ-
ence in mean diameter measurements for the two types
of calipers.

2.35 An article in the journal Neurology (1998, Vol. 50,
pp. 1246–1252) observed that monozygotic twins share
numerous physical, psychological, and pathological traits. The
investigators measured an intelligence score of 10 pairs of
twins. The data obtained are as follows:

Pair Birth Order: 1 Birth Order: 2

1 6.08 5.73

2 6.22 5.80

3 7.99 8.42

4 7.44 6.84

5 6.48 6.43

6 7.99 8.76

7 6.32 6.32

8 7.60 7.62

9 6.03 6.59

10 7.52 7.67

(a) Is the assumption that the difference in score is normally
distributed reasonable?
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(b) Find a 95% confidence interval on the difference in
mean score. Is there any evidence that mean score
depends on birth order?

(c) Test an appropriate set of hypotheses indicating that the
mean score does not depend on birth order.

2.36 An article in the Journal of Strain Analysis (Vol. 18,
no. 2, 1983) compares several procedures for predicting the
shear strength for steel plate girders. Data for nine girders in
the form of the ratio of predicted to observed load for two of
these procedures, the Karlsruhe and Lehigh methods, are as
follows:

Girder Karlsruhe Method Lehigh Method

S1/1 1.186 1.061

S2/1 1.151 0.992

S3/1 1.322 1.063

S4/1 1.339 1.062

S5/1 1.200 1.065

S2/1 1.402 1.178

S2/2 1.365 1.037

S2/3 1.537 1.086

S2/4 1.559 1.052

(a) Is there any evidence to support a claim that there is a
difference in mean performance between the two meth-
ods? Use 𝛼 = 0.05.

(b) What is the P-value for the test in part (a)?

(c) Construct a 95 percent confidence interval for the dif-
ference in mean predicted to observed load.

(d) Investigate the normality assumption for both samples.

(e) Investigate the normality assumption for the difference
in ratios for the two methods.

(f) Discuss the role of the normality assumption in the
paired t-test.

2.37 The deflection temperature under load for two differ-
ent formulations of ABS plastic pipe is being studied. Two
samples of 12 observations each are prepared using each for-
mulation and the deflection temperatures (in ∘F) are reported
below:

Formulation 1 Formulation 2

206 193 192 177 176 198

188 207 210 197 185 188

205 185 194 206 200 189

187 189 178 201 197 203

(a) Construct normal probability plots for both samples. Do
these plots support assumptions of normality and equal
variance for both samples?

(b) Do the data support the claim that the mean deflection
temperature under load for formulation 1 exceeds that
of formulation 2? Use 𝛼 = 0.05.

(c) What is the P-value for the test in part (a)?

2.38 Refer to the data in Problem 2.37. Do the data support
a claim that the mean deflection temperature under load for
formulation 1 exceeds that of formulation 2 by at least 3∘F?
2.39 In semiconductor manufacturing, wet chemical
etching is often used to remove silicon from the backs of
wafers prior to metalization. The etch rate is an important
characteristic of this process. Two different etching solutions
are being evaluated. Eight randomly selected wafers have
been etched in each solution, and the observed etch rates (in
mils/min) are as follows.

Solution 1 Solution 2

9.9 10.6 10.2 10.6

9.4 10.3 10.0 10.2

10.0 9.3 10.7 10.4

10.3 9.8 10.5 10.3

(a) Do the data indicate that the claim that both solutions
have the same mean etch rate is valid? Use 𝛼 = 0.05 and
assume equal variances.

(b) Find a 95 percent confidence interval on the difference
in mean etch rates.

(c) Use normal probability plots to investigate the adequacy
of the assumptions of normality and equal variances.

2.40 Two popular pain medications are being compared on
the basis of the speed of absorption by the body. Specifically,
tablet 1 is claimed to be absorbed twice as fast as tablet 2.
Assume that 𝜎2

1 and 𝜎
2
2 are known. Develop a test statistic for

H0∶2𝜇1 = 𝜇2

H1∶2𝜇1 ≠ 𝜇2

2.41 Continuation of Problem 2.40. An article in Nature
(1972, pp. 225–226) reported on the levels of monoamine
oxidase in blood platelets for a sample of 43 schizophrenic
patients resulting in y1 = 2.69 and s1 = 2.30 while for a sam-
ple of 45 normal patients the results were y2 = 6.35 and
s2 = 4.03. The units are nm/mg protein/h. Use the results
of the previous problem to test the claim that the mean
monoamine oxidase level for normal patients is at least
twice the mean level for schizophrenic patients. Assume that
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the sample sizes are large enough to use the sample standard
deviations as the true parameter values.

2.42 Suppose we are testing

H0 ∶ 𝜇1 = 𝜇2

H1 ∶ 𝜇1 ≠ 𝜇2

where 𝜎
2
1 > 𝜎

2
2 are known. Our sampling resources are con-

strained such that n1 + n2 = N. Show that an allocation of the
observations n1 and n2 to the two samples leads to the most
powerful test is in the ratio n1∕n2 = 𝜎1∕𝜎2.
2.43 Continuation of Problem 2.42. Suppose that we want
to construct a 95% two-sided confidence interval on the differ-
ence in two means where the two sample standard deviations
are known to be 𝜎1 = 4 and 𝜎2 = 8. The total sample size is
restricted to N = 30. What is the length of the 95% CI if the
sample sizes used by the experimenter are n1 = n2 = 15? How
much shorter would the 95% CI have been if the experimenter
had used an optimal sample size allocation?

2.44 Develop Equation 2.46 for a 100(1 − 𝛼) percent confi-
dence interval for the variance of a normal distribution.

2.45 Develop Equation 2.50 for a 100(1 − 𝛼) percent con-
fidence interval for the ratio 𝜎

2
1∕𝜎

2
2 , where 𝜎

2
1 and 𝜎

2
1 are the

variances of two normal distributions.

2.46 Develop an equation for finding a 100(1 − 𝛼) percent
confidence interval on the difference in the means of two nor-
mal distributions where 𝜎

2
1 ≠ 𝜎

2
2 . Apply your equation to the

Portland cement experiment data, and find a 95 percent confi-
dence interval.

2.47 Construct a data set for which the paired t-test statis-
tic is very large, but for which the usual two-sample or pooled
t-test statistic is small. In general, describe how you created the
data. Does this give you any insight regarding how the paired
t-test works?

2.48 Consider the experiment described in Problem 2.28. If
the mean burning times of the two flares differ by as much as
2 minutes, find the power of the test. What sample size would
be required to detect an actual difference in mean burning time
of 1 minute with a power of at least 0.90?

2.49 Reconsider the bottle filling experiment described in
Problem 2.26. Rework this problem assuming that the two pop-
ulation variances are unknown but equal.

2.50 Consider the data from Problem 2.26. If the mean
fill volume of the two machines differ by as much as
0.25 ounces, what is the power of the test used in Prob-
lem 2.21? What sample size would result in a power of
at least 0.9 if the actual difference in mean fill volume is
0.25 ounces?

2.51 An experiment has been performed with a factor that
has only two levels. Samples of size n1 = n2 = 12 have been
taken, and the resulting sample data is as follows:

y1 = 12.5, y2 = 13.1, S1 = 1.8, S2 = 2.1.

Can you conclude that there is no difference in means using
𝛼 = 0.05? What are bounds on the P-value for this test? Find
a 95 percent confidence interval on the difference in the two
means. Does the confidence interval provide any information
that is useful in interpreting the test of the hypothesis on the
difference in the two means?

2.52 Reconsider the situation in Problem 2.51. Suppose that
the two sample sizes were n1 = n2 = 5. What difference in
conclusions (if any) would you have obtained from the hypoth-
esis test? From the confidence interval?

2.53 Suppose that you are testing the hypothesis H0 ∶
𝜇 = 50 against the usual two-sided alternative. The data are
normally distributed with known standard deviation 𝜎 = 1.
The sample average obtained in the experiment is 50.5, and it
is known that if the true population mean is actually 50.5, then
this has no practical significance on the problem that motivated
the experiment. Find the P-value for the t-test for the following
sample sizes:

(a) n = 5 (b) n = 10 (c) n = 25

(d) n = 50 (e) n = 100 (f) n = 1000

Discuss your findings. What does this tell you about relying
on P-values in hypothesis testing situations when sample sizes
are large?

2.54 Consider the situation in Problem 2.53. Calculate the
95 percent confidence interval on themean for each of the sam-
ple sizes given. How does the length of the confidence interval
change with sample size?

2.55 Is the assumption of sampling from a normal distri-
bution critical in the application of the t-test? Justify your
answer.

2.56 Why is the random sampling assumption important in
statistical inference? Suppose that you had to select a random
sample of 100 items from a production line. How would you
propose to do this? Should you take into account factors such
as the production rate, or whether the line operates continu-
ously or only intermittently?

2.57 An experiment has been performed with a factor that
has only two levels. Samples of size n1 = n2 = 10 have been
taken, and the resulting sample data is as follows:

y1 = 10.7, y2 = 15.1, S1 = 1.5, S2 = 4.1.
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It seems likely that the two population variances are not
the same. Can you conclude that there is no difference inmeans
using 𝛼 = 0.05? What are bounds on the P-value for this test?
Find a 95 percent confidence interval on the difference in the
two means. Does the confidence interval provide any informa-
tion that is useful in interpreting the test of the hypothesis on
the difference in the two means?

2.58 Do you think that using a significance level of 𝛼 = 0.05
is appropriate for all experiments? In the early stages of
research and development work, is there a lot of harm in

identifying a factor as important when it really isn’t? Would
that seem to justify higher levels of significance such as
𝛼 = 0.10 or perhaps even 𝛼 = 0.15 in some situations?

2.59 Power calculation for hypothesis testing are relatively
easy to do with modern statistical software. What do you think
“adequate power” should be for an experiment? What issues
need to be considered in answering this question?

2.60 In the early stages of research and development
experimentation, which type of error do you think is most
important, type I or type II? Justify your answer.
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3. Know the assumptions underlying the ANOVA and how to check for departures from these
assumptions.

4. Know how to apply methods for post-ANOVA comparisons for individual differences between
means.

5. Know how to interpret computer output from some standard statistics packages.

6. Understand several approaches for determining appropriate sample sizes in designed experiments.

In Chapter 2, we discussed methods for comparing two conditions or treatments. For example, the Portland cement
tension bond experiment involved two different mortar formulations. Another way to describe this experiment is as

a single-factor experiment with two levels of the factor, where the factor is mortar formulation and the two levels are
the two different formulation methods. Many experiments of this type involve more than two levels of the factor. This
chapter focuses on methods for the design and analysis of single-factor experiments with an arbitrary number a levels
of the factor (or a treatments). We will assume that the experiment has been completely randomized.

3.1 An Example

In many integrated circuit manufacturing steps, wafers are completely coated with a layer of material such as silicon
dioxide or a metal. The unwanted material is then selectively removed by etching through a mask, thereby creating
circuit patterns, electrical interconnects, and areas in which diffusions or metal depositions are to be made. A plasma
etching process is widely used for this operation, particularly in small geometry applications. Figure 3.1 shows the
important features of a typical single-wafer etching tool. Energy is supplied by a radio-frequency (RF) generator
causing plasma to be generated in the gap between the electrodes. The chemical species in the plasma are determined
by the particular gases used. Fluorocarbons, such as CF4 (tetrafluoromethane) or C2F6 (hexafluoroethane), are often
used in plasma etching, but other gases and mixtures of gases are relatively common, depending on the application.

An engineer is interested in investigating the relationship between the RF power setting and the etch rate for
this tool. The objective of an experiment like this is to model the relationship between etch rate and RF power and to
specify the power setting that will give a desired target etch rate. She is interested in a particular gas (C2F6) and gap
(0.80 cm) and wants to test four levels of RF power: 160, 180, 200, and 220 W. She decided to test five wafers at each
level of RF power.

This is an example of a single-factor experiment with a = 4 levels of the factor and n = 5 replicates. The 20 runs
should be made in random order. A very efficient way to generate the run order is to enter the 20 runs in a spreadsheet
(Excel), generate a column of random numbers using the RAND () function, and then sort by that column.

Gas supply

Gas control panel

RF
generator

Anode

Wafer
Cathode

Valve

Vacuum pump

◾ F I G U R E 3 . 1 A single-wafer plasma etching tool
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Suppose that the test sequence obtained from this process is given as below:

Test Sequence
Excel Random
Number (Sorted) Power

1 12417 200
2 18369 220
3 21238 220
4 24621 160
5 29337 160
6 32318 180
7 36481 200
8 40062 160
9 43289 180

10 49271 200
11 49813 220
12 52286 220
13 57102 160
14 63548 160
15 67710 220
16 71834 180
17 77216 180
18 84675 180
19 89323 200
20 94037 200

This randomized test sequence is necessary to prevent the effects of unknown nuisance variables, perhaps varying
out of control during the experiment, from contaminating the results. To illustrate this, suppose that we were to run
the 20 test wafers in the original nonrandomized order (that is, all five 160 W power runs are made first, all five 180
W power runs are made next, and so on). If the etching tool exhibits a warm-up effect such that the longer it is on,
the lower the observed etch rate readings will be, the warm-up effect will potentially contaminate the data and destroy
the validity of the experiment.

Suppose that the engineer runs the experiment that we have designed in the indicated random order. The obser-
vations that she obtains on etch rate are shown in Table 3.1.

It is always a good idea to examine experimental data graphically. Figure 3.2a presents box plots for etch rate at
each level of RF power and Figure 3.2b presents a scatter diagram of etch rate versus RF power. Both graphs indicate
that etch rate increases as the power setting increases. There is no strong evidence to suggest that the variability in
etch rate around the average depends on the power setting. On the basis of this simple graphical analysis, we strongly
suspect that (1) RF power setting affects the etch rate and (2) higher power settings result in increased etch rate.

Suppose that we wish to be more objective in our analysis of the data. Specifically, suppose that we wish to
test for differences between the mean etch rates at all a = 4 levels of RF power. Thus, we are interested in testing the
equality of all four means. It might seem that this problem could be solved by performing a t-test for all six possible
pairs of means. However, this is not the best solution to this problem. First of all, performing all six pairwise t-tests is
inefficient. It takes a lot of effort. Second, conducting all these pairwise comparisons inflates the type I error. Suppose
that all four means are equal, so if we select 𝛼 = 0.05, the probability of reaching the correct decision on any single
comparison is 0.95. However, the probability of reaching the correct conclusion on all six comparisons is considerably
less than 0.95, so the type I error is inflated.
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◾ T A B L E 3 . 1
Etch Rate Data (in Å/min) from the Plasma Etching Experiment

ObservationsPower
(W) 1 2 3 4 5 Totals Averages

160 575 542 530 539 570 2756 551.2
180 565 593 590 579 610 2937 587.4
200 600 651 610 637 629 3127 625.4
220 725 700 715 685 710 3535 707.0
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◾ F I G U R E 3 . 2 Box plots and scatter diagram of the etch rate data

The appropriate procedure for testing the equality of several means is the analysis of variance. However, the
analysis of variance has a much wider application than the problem above. It is probably the most useful technique in
the field of statistical inference.

3.2 The Analysis of Variance

Suppose we have a treatments or different levels of a single factor that we wish to compare. The observed response
from each of the a treatments is a random variable. The data would appear as in Table 3.2. An entry in Table 3.2 (e.g.,
yij) represents the jth observation taken under factor level or treatment i. There will be, in general, n observations under
the ith treatment. Notice that Table 3.2 is the general case of the data from the plasma etching experiment in Table 3.1.

Models for the Data. We will find it useful to describe the observations from an experiment with a model.
One way to write this model is

yij = 𝜇i + 𝜖ij

{
i = 1, 2, . . . , a

j = 1, 2, . . . , n
(3.1)

where yij is the ijth observation, 𝜇i is the mean of the ith factor level or treatment, and 𝜖ij is a random error com-
ponent that incorporates all other sources of variability in the experiment including measurement, variability arising
from uncontrolled factors, differences between the experimental units (such as test material) to which the treatments
are applied, and the general background noise in the process (such as variability over time, effects of environmental
variables). It is convenient to think of the errors as having mean zero, so that E(yij) = 𝜇i.

Equation 3.1 is called the means model. An alternative way to write a model for the data is to define

𝜇i = 𝜇 + 𝜏i, i = 1, 2, . . . , a
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◾ T A B L E 3 . 2
Typical Data for a Single-Factor Experiment

Treatment
(Level) Observations Totals Averages

1 y11 y12 · · · y1n y1. y1.

2 y21 y22 · · · y2n y2. y2.

⋮ ⋮ ⋮ · · · ⋮ ⋮ ⋮

· · ·

a ya1 ya2 · · · yan
ya.
y..

ya.
y..

so that Equation 3.1 becomes

yij = 𝜇 + 𝜏i + 𝜖ij

{
i = 1, 2, . . . , a

j = 1, 2, . . . , n
(3.2)

In this form of the model, 𝜇 is a parameter common to all treatments called the overall mean, and 𝜏i is a parameter
unique to the ith treatment called the ith treatment effect. Equation 3.2 is usually called the effects model.

Both the means model and the effects model are linear statistical models; that is, the response variable yij is
a linear function of the model parameters. Although both forms of the model are useful, the effects model is more
widely encountered in the experimental design literature. It has some intuitive appeal in that 𝜇 is a constant and the
treatment effects 𝜏i represent deviations from this constant when the specific treatments are applied.

Equation 3.2 (or 3.1) is also called the one-way or single-factor analysis of variance (ANOVA) model because
only one factor is investigated. Furthermore, we will require that the experiment be performed in random order so
that the environment in which the treatments are applied (often called the experimental units) is as uniform as pos-
sible. Thus, the experimental design is a completely randomized design. Our objectives will be to test appropriate
hypotheses about the treatment means and to estimate them. For hypothesis testing, the model errors are assumed to be
normally and independently distributed random variables with mean zero and variance 𝜎2. The variance 𝜎2 is assumed
to be constant for all levels of the factor. This implies that the observations

yij ∼ N(𝜇 + 𝜏i, 𝜎
2)

and that the observations are mutually independent.

Fixed or Random Factor? The statistical model, Equation 3.2, describes two different situations with
respect to the treatment effects. First, the a treatments could have been specifically chosen by the experimenter. In
this situation, we wish to test hypotheses about the treatment means, and our conclusions will apply only to the factor
levels considered in the analysis. The conclusions cannot be extended to similar treatments that were not explicitly
considered. We may also wish to estimate the model parameters (𝜇, 𝜏i, 𝜎2). This is called the fixed effects model.
Alternatively, the a treatments could be a random sample from a larger population of treatments. In this situation,
we should like to be able to extend the conclusions (which are based on the sample of treatments) to all treatments in
the population, whether or not they were explicitly considered in the analysis. Here, the 𝜏i are random variables, and
knowledge about the particular ones investigated is relatively useless. Instead, we test hypotheses about the variability
of the 𝜏i and try to estimate this variability. This is called the random effects model or components of variance
model. We discuss the single-factor random effects model in Section 3.9. However, we will defer a more complete
discussion of experiments with random factors to Chapter 13.
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3.3 Analysis of the Fixed Effects Model

In this section, we develop the single-factor analysis of variance for the fixed effects model. Recall that yi. represents
the total of the observations under the ith treatment. Let yi. represent the average of the observations under the ith
treatment. Similarly, let y

..
represent the grand total of all the observations and y

..
represent the grand average of all

the observations. Expressed symbolically,

yi. =
n∑

j=1
yij yi. = yi.∕n i = 1, 2, . . . , a

y.. =
a∑

i=1

n∑
j=1

yij y.. = y..∕N
(3.3)

where N = an is the total number of observations. We see that the “dot” subscript notation implies summation over
the subscript that it replaces.

We are interested in testing the equality of the a treatment means; that is, E(yij) = 𝜇 + 𝜏i = 𝜇i, i = 1, 2, . . . , a.
The appropriate hypotheses are

H0∶𝜇1 = 𝜇2 = · · · = 𝜇a
H1∶𝜇i ≠ 𝜇j for at least one pair (i, j) (3.4)

In the effects model, we break the ith treatment mean 𝜇i into two components such that
𝜇i = 𝜇 + 𝜏i. We usually think of 𝜇 as an overall mean so that

a∑
i=1

𝜇i

a
= 𝜇

This definition implies that
a∑
i=1

𝜏i = 0

That is, the treatment or factor effects can be thought of as deviations from the overall mean.1 Consequently, an
equivalent way to write the above hypotheses is in terms of the treatment effects 𝜏i, say

H0∶𝜏1 = 𝜏2 = · · · 𝜏a = 0
H1∶𝜏i ≠ 0 for at least one i

Thus, we speak of testing the equality of treatment means or testing that the treatment effects (the 𝜏i) are zero. The
appropriate procedure for testing the equality of a treatment means is the analysis of variance.

3.3.1 Decomposition of the Total Sum of Squares

The name analysis of variance is derived from a partitioning of total variability into its component parts. The total
corrected sum of squares

SST =
a∑
i=1

n∑
j=1

(yij − y
..
)2

is used as a measure of overall variability in the data. Intuitively, this is reasonable because if we were to divide SST
by the appropriate number of degrees of freedom (in this case, an − 1 = N − 1), we would have the sample variance
of the y’s. The sample variance is, of course, a standard measure of variability.

1 For more information on this subject, refer to the supplemental text material for Chapter 3.
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Note that the total corrected sum of squares SST may be written as

a∑
i=1

n∑
j=1

(yij − y
..
)2 =

a∑
i=1

n∑
j=1

[(yi. − y
..
) + (yij − yi.)]2 (3.5)

or

a∑
i=1

n∑
j=1

(yij − y
..
)2 = n

a∑
i=1

(yi. − y
..
)2 +

a∑
i=1

n∑
j=1

(yij − yi.)2

+2
a∑
i=1

n∑
j=1

(yi. − y
..
)(yij − yi.)

However, the cross-product term in this last equation is zero, because

n∑
j=1

(yij − yi.) = yi. − nyi. = yi. − n(yi.∕n) = 0

Therefore, we have
a∑
i=1

n∑
j=1

(yij − y
..
)2 = n

a∑
i=1

(yi. − y
..
)2 +

a∑
i=1

n∑
j=1

(yij − yi.)2 (3.6)

Equation 3.6 is the fundamental ANOVA identity. It states that the total variability in the data, as measured by the total
corrected sum of squares, can be partitioned into a sum of squares of the differences between the treatment averages
and the grand average plus a sum of squares of the differences of observations within treatments from the treatment
average. Now, the difference between the observed treatment averages and the grand average is a measure of the
differences between treatment means, whereas the differences of observations within a treatment from the treatment
average can be due to only random error. Thus, we may write Equation 3.6 symbolically as

SST = SSTreatments + SSE

where SSTreatments is called the sum of squares due to treatments (i.e., between treatments) and SSE is called the sum
of squares due to error (i.e., within treatments). There are an = N total observations; thus, SST has N − 1 degrees of
freedom. There are a levels of the factor (and a treatment means), so SSTreatments has a − 1 degrees of freedom. Finally,
there are n replicates within any treatment providing n − 1 degrees of freedom with which to estimate the experimental
error. Because there are a treatments, we have a(n − 1) = an − a = N − a degrees of freedom for error.

It is instructive to examine explicitly the two terms on the right-hand side of the fundamental ANOVA identity.
Consider the error sum of squares

SSE =
a∑
i=1

n∑
j=1

(yij − yi.)2 =
a∑
i=1

[
n∑
j=1

(yij − yi.)2
]

In this form, it is easy to see that the term within square brackets, if divided by n − 1, is the sample variance in the ith
treatment, or

S2
i =

n∑
j=1

(yij − yi.)2

n − 1
i = 1, 2, . . . , a
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Now a sample variances may be combined to give a single estimate of the common population variance as follows:

(n − 1)S2
1 + (n − 1)S2

2 + · · · + (n − 1)S2
a

(n − 1) + (n − 1) + · · · + (n − 1)
=

a∑
i=1

[
n∑
j=1

(yij − yi.)2
]

a∑
i=1

(n − 1)

=
SSE

(N − a)
Thus, SSE∕(N − a) is a pooled estimate of the common variance within each of the a treatments.

Similarly, if there were no differences between the a treatment means, we could use the variation of the treatment
averages from the grand average to estimate 𝜎

2. Specifically,

SSTreatments

a − 1
=

n
a∑
i=1

(yi. − y
..
)2

a − 1

is an estimate of 𝜎2 if the treatment means are equal. The reason for this may be intuitively seen as follows: The
quantity

∑a
i=1 (yi. − y

..
)2∕(a − 1) estimates 𝜎

2∕n, the variance of the treatment averages, so n
∑a

i=1 (yi. − y
..
)2∕(a − 1)

must estimate 𝜎
2 if there are no differences in treatment means.

We see that the ANOVA identity (Equation 3.6) provides us with two estimates of 𝜎2—one based on the inherent
variability within treatments and the other based on the variability between treatments. If there are no differences in the
treatment means, these two estimates should be very similar, and if they are not, we suspect that the observed difference
must be caused by differences in the treatment means. Although we have used an intuitive argument to develop this
result, a somewhat more formal approach can be taken.

The quantities

MSTreatments =
SSTreatments

a − 1

and

MSE =
SSE
N − a

are called mean squares. We now examine the expected values of these mean squares. Consider

E(MSE) = E

(
SSE
N − a

)
= 1

N − a
E

[
a∑
i=1

n∑
j=1

(yij − yi.)2
]

= 1
N − a

E

[
a∑
i=1

n∑
j=1

(y2
ij − 2yijyi. + y2

i.)

]

= 1
N − a

E

[
a∑
i=1

n∑
j=1

y2
ij − 2n

a∑
i=1

y2
i. + n

a∑
i=1

y2
i.

]

= 1
N − a

E

[
a∑
i=1

n∑
j=1

y2
ij −

1
n

a∑
i=1

y2
i.

]

Substituting the model (Equation 3.1) into this equation, we obtain

E(MSE) =
1

N − a
E
⎡⎢⎢⎣

a∑
i=1

n∑
j=1

(𝜇 + 𝜏i + 𝜖ij)2 −
1
n

a∑
i=1

(
n∑
i=1

𝜇 + 𝜏i + 𝜖ij

)2⎤⎥⎥⎦
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Now when squaring and taking expectation of the quantity within the brackets, we see that terms involving 𝜖
2
ij and 𝜖

2
i.

are replaced by 𝜎
2 and n𝜎2, respectively, because E(𝜖ij) = 0. Furthermore, all cross products involving 𝜖ij have zero

expectation. Therefore, after squaring and taking expectation, the last equation becomes

E(MSE) =
1

N − a

[
N𝜇2 + n

a∑
i=1

𝜏
2
i + N𝜎2 − N𝜇2 − n

a∑
i=1

𝜏
2
i − a𝜎2

]

or
E(MSE) = 𝜎

2

By a similar approach, we may also show that2

E(MSTreatments) = 𝜎
2 +

n
a∑
i=1

𝜏
2
i

a − 1

Thus, as we argued heuristically, MSE = SSE∕(N − a) estimates 𝜎2, and, if there are no differences in treatment means
(which implies that 𝜏i = 0), MSTreatments = SSTreatments∕(a − 1) also estimates 𝜎2. However, note that if treatment means
do differ, the expected value of the treatment mean square is greater than 𝜎

2.
It seems clear that a test of the hypothesis of no difference in treatment means can be performed by comparing

MSTreatments and MSE. We now consider how this comparison may be made.

3.3.2 Statistical Analysis

We now investigate how a formal test of the hypothesis of no differences in treatment means (H0∶𝜇1 = 𝜇2 = · · · = 𝜇a,
or equivalently, H0∶𝜏1 = 𝜏2 = · · · = 𝜏a = 0) can be performed. Because we have assumed that the errors 𝜖ij are nor-
mally and independently distributed with mean zero and variance 𝜎

2, the observations yij are normally and indepen-
dently distributed with mean 𝜇 + 𝜏i and variance 𝜎

2. Thus, SST is a sum of squares in normally distributed random
variables; consequently, it can be shown that SST∕𝜎2 is distributed as chi-square with N − 1 degrees of freedom. Fur-
thermore, we can show that SSE∕𝜎2 is chi-square with N − a degrees of freedom and that SSTreatments∕𝜎2 is chi-square
with a − 1 degrees of freedom if the null hypothesis H0∶𝜏i = 0 is true. However, all three sums of squares are not
necessarily independent because SSTreatments and SSE add to SST . The following theorem, which is a special form of
one attributed to William G. Cochran, is useful in establishing the independence of SSE and SSTreatments.

THEOREM 3-1
Cochran’s Theorem

Let Zi be NID(0, 1) for i = 1, 2, . . . , v and

v∑
i=1

Z2
i = Q1 + Q2 + · · · + Qs

where s ≤ v, and Qi has vi degrees of freedom (i = 1, 2, . . . , s). Then Q1,Q2, . . . ,Qs are independent chi-square
random variables with v1, v2, . . . , vs degrees of freedom, respectively, if and only if

v = v1 + v2 + · · · + vs

2 Refer to the supplemental text material for Chapter 3.
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Because the degrees of freedom for SSTreatments and SSE add to N − 1, the total number of degrees of freedom,
Cochran’s theorem implies that SSTreatments∕𝜎2 and SSE∕𝜎2 are independently distributed chi-square random variables.
Therefore, if the null hypothesis of no difference in treatment means is true, the ratio

F0 =
SSTreatments∕(a − 1)

SSE∕(N − a)
=

MSTreatments

MSE
(3.7)

is distributed as F with a − 1 and N − a degrees of freedom. Equation 3.7 is the test statistic for the hypothesis of no
differences in treatment means.

From the expected mean squares we see that, in general, MSE is an unbiased estimator of 𝜎2. Also, under the null
hypothesis, MSTreatments is an unbiased estimator of 𝜎2. However, if the null hypothesis is false, the expected value of
MSTreatments is greater than 𝜎

2. Therefore, under the alternative hypothesis, the expected value of the numerator of the
test statistic (Equation 3.7) is greater than the expected value of the denominator, and we should reject H0 on values
of the test statistic that are too large. This implies an upper-tail, one-tail critical region. Therefore, we should reject H0
and conclude that there are differences in the treatment means if

F0 > F
𝛼,a−1,N−a

where F0 is computed from Equation 3.7. Alternatively, we could use the P-value approach for decision making. The
table of F percentages in the Appendix (Table IV) can be used to find bounds on the P-value.

The sums of squares may be computed in several ways. One direct approach is to make use of the definition

yij − y
..
= (y

.
− y

..
) + (yij − yi.)

Use a spreadsheet to compute these three terms for each observation. Then, sum up the squares to obtain SST ,
SSTreatments, and SSE. Another approach is to rewrite and simplify the definitions of SSTreatments and SST in Equation 3.6,
which results in

SST =
a∑
i=1

n∑
j=1

y2
ij −

y2
..

N
(3.8)

SSTreatments =
1
n

a∑
i=1

y2
i. −

y2
..

N
(3.9)

and
SSE = SST − SSTreatments (3.10)

This approach is nice because some calculators are designed to accumulate the sum of entered numbers in one register
and the sum of the squares of those numbers in another, so each number only has to be entered once. In practice, we
use computer software to do this.

The test procedure is summarized in Table 3.3. This is called an analysis of variance (or ANOVA) table.

◾ T A B L E 3 . 3
The Analysis of Variance Table for the Single-Factor, Fixed Effects Model

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0

Between treatments SSTreatments = n
a∑
i=1

(yi. − y
..
)2 a − 1 MSTreatments F0 =

MSTreatments

MSE
Error (within

treatments)
SSE = SST − SSTreatments N − a MSE

Total SST =
a∑
i=1

n∑
j=1

(yij − y
..
)2 N − 1
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EXAMPLE 3 . 1 The Plasma Etching Experiment

To illustrate the analysis of variance, return to the first
example discussed in Section 3.1. Recall that the engineer is
interested in determining if the RF power setting affects the
etch rate, and she has run a completely randomized exper-
iment with four levels of RF power and five replicates. For
convenience, we repeat here the data from Table 3.1:

Observed Etch Rate (Å/min)RF Power
(W) 1 2 3 4 5

Totals
yi.

Averages
yi.

160 575 542 530 539 570 2756 551.2

180 565 593 590 579 610 2937 587.4

200 600 651 610 637 629 3127 625.4

220 725 700 715 685 710 3535 707.0

yi. = 12,355 y
..
= 617.75

SST =
4∑
i=1

5∑
j=1

y2
ij −

y2
..

N

= (575)2 + (542)2 + · · · + (710)2 − (12,355)2

20
= 72,209.75

SSTreatments =
1
n

4∑
i=1

y2
i. −

y2
..

N

= 1
5
[(2756)2 + · · · + (3535)2] − (12,355)2

20
= 66,870.55

We will use the analysis of variance to testH0∶𝜇1 = 𝜇2 =
𝜇3 = 𝜇4 against the alternative H1 ∶ some means are dif-
ferent. The sums of squares required are computed using
Equations 3.8, 3.9, and 3.10 as follows:

SSE = SST − SSTreatments

= 72,209.75 − 66,870.55 = 5339.20

◾ T A B L E 3 . 4
ANOVA for the Plasma Etching Experiment

Source of Variation
Sum of
Square

Degrees of
Freedom

Mean
Squares F0 P-Value

RF Power 66,870.55 3 22,290.18 F0 = 66.80 < 0.01

Error 5339.20 16 333.70

Total 72,209.75 19

Usually, these calculations would be performed on a
computer, using a software package with the capability to
analyze data from designed experiments.

The ANOVA is summarized in Table 3.4. Note that the
RF power or between-treatment mean square (22,290.18)
is many times larger than the within-treatment or error
mean square (333.70). This indicates that it is unlikely
that the treatment means are equal. More formally, we
can compute the F ratio F0 = 22,290.18∕333.70 = 66.80
and compare this to an appropriate upper-tail percent-
age point of the F3,16 distribution. To use a fixed signif-
icance level approach, suppose that the experimenter has
selected 𝛼 = 0.05. From Appendix Table IV we find that
F0.05,3,16 = 3.24. Because F0 = 66.80 > 3.24, we reject H0

and conclude that the treatment means differ; that is, the
RF power setting significantly affects the mean etch rate.
We could also compute a P-value for this test statistic.
Figure 3.3 shows the reference distribution (F3,16) for the test
statistic F0. Clearly, the P-value is very small in this case.
From Appendix Table A-4, we find that F0.01,3,16 = 5.29 and
because F0 > 5.29, we can conclude that an upper bound for
the P-value is 0.01; that is, P < 0.01 (the exact P-value is
P = 2.88 × 10−9).
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◾ F I G U R E 3 . 3 The reference distribution (F3,16) for
the test statistic F0 in Example 3.1

Coding the Data. Generally, we need not be too concerned with computing because there are many widely
available computer programs for performing the calculations. These computer programs are also helpful in performing
many other analyses associated with experimental design (such as residual analysis and model adequacy checking). In
many cases, these programs will also assist the experimenter in setting up the design.

However, when hand calculations are necessary, it is sometimes helpful to code the observations. This is illus-
trated in Example 3.2.

EXAMPLE 3 . 2 Coding the Observations

The ANOVA calculations may often be made more easily
or accurately by coding the observations. For example,
consider the plasma etching data in Example 3.1. Suppose
we subtract 600 from each observation. The coded data are
shown in Table 3.5. It is easy to verify that

SST = (−25)2 + (−58)2 + · · ·

+ (110)2 − (355)2

20
= 72,209.75

SSTreatment =
(−244)2 + (−63)2 + (127)2 + (535)2

5

− (355)2

20
= 66,870.55

and

SSE = 5339.20

Comparing these sums of squares to those obtained in
Example 3.1, we see that subtracting a constant from the
original data does not change the sums of squares.

Now suppose that we multiply each observation in
Example 3.1 by 2. It is easy to verify that the sums of
squares for the transformed data are SST = 288,839.00,
SSTreatments = 267,482.20, and SSE = 21,356.80. These
sums of squares appear to differ considerably from
those obtained in Example 3.1. However, if they are
divided by 4 (i.e., 22), the results are identical. For
example, for the treatment sum of squares 267,482.20∕4 =
66,870.55. Also, for the coded data, the F ratio is
F = (267,482.20∕3)∕(21,356.80∕16) = 66.80, which is
identical to the F ratio for the original data. Thus, the
ANOVAs are equivalent.



�

� �

�

76 Chapter 3 Experiments with a Single Factor: The Analysis of Variance

◾ T A B L E 3 . 5
Coded Etch Rate Data for Example 3.2

ObservationsRF Power
(W) 1 2 3 4 5

Totals
yi.

160 −25 −58 −70 −61 −30 −244

180 −35 −7 −10 −21 10 −63

200 0 51 10 37 29 127

220 125 100 115 85 110 535

Randomization Tests and Analysis of Variance. In our development of the ANOVA F-test, we have used
the assumption that the random errors 𝜖ij are normally and independently distributed random variables. The F-test can
also be justified as an approximation to a randomization test. To illustrate this, suppose that we have five observations
on each of two treatments and that we wish to test the equality of treatment means. The data would look like this:

Treatment 1 Treatment 2

y11 y21

y12 y22

y13 y23

y14 y24

y15 y25

We could use the ANOVA F-test to test H0∶𝜇1 = 𝜇2. Alternatively, we could use a somewhat different approach.
Suppose we consider all the possible ways of allocating the 10 numbers in the above sample to the two treatments.
There are 10!∕5!5! = 252 possible arrangements of the 10 observations. If there is no difference in treatment means,
all 252 arrangements are equally likely. For each of the 252 arrangements, we calculate the value of the F-statistic
using Equation 3.7. The distribution of these F values is called a randomization distribution, and a large value of
F indicates that the data are not consistent with the hypothesis H0∶𝜇1 = 𝜇2. For example, if the value of F actually
observed was exceeded by only five of the values of the randomization distribution, this would correspond to rejection
of H0∶𝜇1 = 𝜇2 at a significance level of 𝛼 = 5∕252 = 0.0198 (or 1.98 percent). Notice that no normality assumption
is required in this approach.

The difficulty with this approach is that, even for relatively small problems, it is computationally prohibitive
to enumerate the exact randomization distribution. However, numerous studies have shown that the exact randomiza-
tion distribution is well approximated by the usual normal-theory F distribution. Thus, even without the normality
assumption, the ANOVA F-test can be viewed as an approximation to the randomization test. For further reading on
randomization tests in the analysis of variance, see Box, Hunter, and Hunter (2005).

3.3.3 Estimation of the Model Parameters

We now present estimators for the parameters in the single-factor model

yij = 𝜇 + 𝜏i + 𝜖ij.
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and confidence intervals on the treatment means. We will prove later that reasonable estimates of the overall mean and
the treatment effects are given by

𝜇̂ = y..

𝜏i = yi. − y.., i = 1, 2, . . . , a
(3.11)

These estimators have considerable intuitive appeal; note that the overall mean is estimated by the grand average of the
observations and that any treatment effect is just the difference between the treatment average and the grand average.

A confidence interval estimate of the ith treatment mean may be easily determined. The mean of the ith treatment
is

𝜇i = 𝜇 + 𝜏i

A point estimator of 𝜇i would be 𝜇̂i = 𝜇̂ + 𝜏i = yi. Now, if we assume that the errors are normally distributed,
each treatment average yi. is distributed NID(𝜇i, 𝜎

2∕n). Thus, if 𝜎2 were known, we could use the normal distribution
to define the confidence interval. Using the MSE as an estimator of 𝜎2, we would base the confidence interval on the t
distribution. Therefore, a 100(1 − 𝛼) percent confidence interval on the ith treatment mean 𝜇i is

yi. − t
𝛼∕2,N−a

√
MSE
n

≤ 𝜇i ≤ yi. + t
𝛼∕2,N−a

√
MSE
n

(3.12)

Differences in treatments are frequently of great practical interest. A 100(1 − 𝛼) percent confidence interval on the
difference in any two treatment means, say 𝜇i − 𝜇j, would be

yi. − yj. − t
𝛼∕2,N−a

√
2MSE
n

≤ 𝜇i − 𝜇j ≤ yi. − yj. + t
𝛼∕2,N−a

√
2MSE
n

(3.13)

EXAMPLE 3 . 3

Using the data in Example 3.1, we may find the esti-
mates of the overall mean and the treatment effects as
𝜇̂ = 12,355∕20 = 617.75 and

𝜏1 = y1. − y
..
= 551.20 − 617.75 = −66.55

𝜏2 = y2. − y
..
= 587.40 − 617.75 = −30.35

𝜏3 = y3. − y
..
= 625.40 − 617.75 = 7.65

𝜏4 = y4. − y
..
= 707.00 − 617.75 = 89.25

A 95 percent confidence interval on the mean of
treatment 4 (220 W of RF power) is computed from

Equation 3.12 as

707.00 − 2.120

√
333.70

5
≤ 𝜇4 ≤ 707.00 + 2.120

√
333.70

5

or

707.00 − 17.32 ≤ 𝜇4 ≤ 707.00 + 17.32

Thus, the desired 95 percent confidence interval is
689.68 ≤ 𝜇4 ≤ 724.32.

Simultaneous Confidence Intervals. The confidence interval expressions given in Equations 3.12 and 3.13
are one-at-a-time confidence intervals. That is, the confidence level 1 − 𝛼 applies to only one particular estimate.
However, in many problems, the experimenter may wish to calculate several confidence intervals, one for each of a
number of means or differences between means. If there are r such 100(1 − 𝛼) percent confidence intervals of interest,
the probability that the r intervals will simultaneously be correct is at least 1 − r𝛼. The probability r𝛼 is often called
the experimentwise error rate or overall confidence coefficient. The number of intervals r does not have to be large
before the set of confidence intervals becomes relatively uninformative. For example, if there are r = 5 intervals and
𝛼 = 0.05 (a typical choice), the simultaneous confidence level for the set of five confidence intervals is at least 0.75,
and if r = 10 and 𝛼 = 0.05, the simultaneous confidence level is at least 0.50.
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One approach to ensuring that the simultaneous confidence level is not too small is to replace 𝛼∕2 in the
one-at-a-time confidence interval Equations 3.12 and 3.13 with 𝛼∕(2r). This is called the Bonferroni method, and
it allows the experimenter to construct a set of r simultaneous confidence intervals on treatment means or differences
in treatment means for which the overall confidence level is at least 100(1 − 𝛼) percent. When r is not too large, this is a
very nice method that leads to reasonably short confidence intervals. For more information, refer to the supplemental
text material for Chapter 3.

3.3.4 Unbalanced Data

In some single-factor experiments, the number of observations taken within each treatment may be different. We then
say that the design is unbalanced. The analysis of variance described may still be used, but slight modifications must be
made in the sum of squares formulas. Let ni observations be taken under treatment i (i = 1, 2, . . . , a) and N =

∑a
i=1 ni.

The manual computational formulas for SST and SSTreatments become

SST =
a∑
i=1

ni∑
j=1

y2
ij −

y2
..

N
(3.14)

and

SSTreatments =
a∑
i=1

y2
i.

ni
−

y2
..

N
(3.15)

No other changes are required in the analysis of variance.
There are two advantages in choosing a balanced design. First, the test statistic is relatively insensitive to small

departures from the assumption of equal variances for the a treatments if the sample sizes are equal. This is not the
case for unequal sample sizes. Second, the power of the test is maximized if the samples are of equal size.

3.4 Model Adequacy Checking

The decomposition of the variability in the observations through an analysis of variance identity (Equation 3.6) is a
purely algebraic relationship. However, the use of the partitioning to test formally for no differences in treatment means
requires that certain assumptions be satisfied. Specifically, these assumptions are that the observations are adequately
described by the model

yij = 𝜇 + 𝜏i + 𝜖ij

and that the errors are normally and independently distributed with mean zero and constant but unknown variance 𝜎
2.

If these assumptions are valid, the analysis of variance procedure is an exact test of the hypothesis of no difference in
treatment means.

In practice, however, these assumptions will usually not hold exactly. Consequently, it is usually unwise to
rely on the analysis of variance until the validity of these assumptions has been checked. Violations of the basic
assumptions and model adequacy can be easily investigated by the examination of residuals. We define the residual
for observation j in treatment i as

eij = yij − ŷij (3.16)

where ŷij is an estimate of the corresponding observation yij obtained as follows:

ŷij = 𝜇̂ + 𝜏i

= y
..
+ (yi. − y

..
)

= yi. (3.17)
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Equation 3.17 gives the intuitively appealing result that the estimate of any observation in the ith treatment is just the
corresponding treatment average.

Examination of the residuals should be an automatic part of any analysis of variance. If the model is adequate,
the residuals should be structureless; that is, they should contain no obvious patterns. Through analysis of residuals,
many types of model inadequacies and violations of the underlying assumptions can be discovered. In this section,
we show how model diagnostic checking can be done easily by graphical analysis of residuals and how to deal with
several commonly occurring abnormalities.

3.4.1 The Normality Assumption

A check of the normality assumption could be made by plotting a histogram of the residuals. If the NID(0, 𝜎2)
assumption on the errors is satisfied, this plot should look like a sample from a normal distribution centered at zero.
Unfortunately, with small samples, considerable fluctuation in the shape of a histogram often occurs, so the appear-
ance of a moderate departure from normality does not necessarily imply a serious violation of the assumptions. Gross
deviations from normality are potentially serious and require further analysis.

An extremely useful procedure is to construct a normal probability plot of the residuals. Recall from Chapter 2
that we used a normal probability plot of the raw data to check the assumption of normality when using the t-test. In the
analysis of variance, it is usually more effective (and straightforward) to do this with the residuals. If the underlying
error distribution is normal, this plot will resemble a straight line. In visualizing the straight line, place more emphasis
on the central values of the plot than on the extremes.

Table 3.6 shows the original data and the residuals for the etch rate data in Example 3.1. The normal probabil-
ity plot is shown in Figure 3.4. The general impression from examining this display is that the error distribution is
approximately normal. The tendency of the normal probability plot to bend down slightly on the left side and upward
slightly on the right side implies that the tails of the error distribution are somewhat thinner than would be anticipated
in a normal distribution; that is, the largest residuals are not quite as large (in absolute value) as expected. This plot is
not grossly nonnormal, however.

In general, moderate departures from normality are of little concern in the fixed effects analysis of variance
(recall our discussion of randomization tests in Section 3.3.2). An error distribution that has considerably thicker or
thinner tails than the normal is of more concern than a skewed distribution. Because the F-test is only slightly affected,
we say that the analysis of variance (and related procedures such as multiple comparisons) is robust to the normality
assumption. Departures from normality usually cause both the true significance level and the power to differ slightly
from the advertised values, with the power generally being lower. The random effects model that we will discuss in
Section 3.9 and Chapter 13 is more severely affected by nonnormality.

◾ T A B L E 3 . 6
Etch Rate Data and Residuals from Example 3.1a

Observations ( j)

Power (w) 1 2 3 4 5

23.8 –9.2 –21.2 –12.2 18.8

160 575 (13) 542 (14) 530 (8) 539 (5) 570 (4) 551.2

–22.4 5.6 2.6 –8.4 22.6

180 565 (18) 593 (9) 590 (6) 579 (16) 610 (17) 587.4

–25.4 25.6 –15.4 11.6 3.6

200 600 (7) 651 (19) 610 (10) 637 (20) 629 (1) 625.4

18.0 –7.0 8.0 –22.0 3.0

220 725 (2) 700 (3) 715 (15) 685 (11) 710 (12) 707.0

aThe residuals are shown in the box in each cell. The numbers in parentheses indicate the order in which each experimental run was made.

yi .ŷij
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◾ F I G U R E 3 . 4 Normal probability plot
of residuals for Example 3.1
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A very common defect that often shows up on normal probability plots is one residual that is very much larger
than any of the others. Such a residual is often called an outlier. The presence of one or more outliers can seriously
distort the analysis of variance, so when a potential outlier is located, careful investigation is called for. Frequently,
the cause of the outlier is a mistake in calculations or a data coding or copying error. If this is not the cause, the
experimental circumstances surrounding this run must be carefully studied. If the outlying response is a particularly
desirable value (high strength, low cost, etc.), the outlier may be more informative than the rest of the data. We should
be careful not to reject or discard an outlying observation unless we have reasonably nonstatistical grounds for doing
so. At worst, you may end up with two analyses: one with the outlier and one without.

Several formal statistical procedures may be used for detecting outliers [e.g., see Stefansky (1972), John and
Prescott (1975), and Barnett and Lewis (1994)]. Some statistical software packages report the results of a statistical
test for normality (such as the Anderson–Darling test) on the normal probability plot of residuals. This should be
viewed with caution as those tests usually assume that the data to which they are applied are independent and residuals
are not independent.

A rough check for outliers may be made by examining the standardized residuals

dij =
eij√
MSE

(3.18)

If the errors 𝜖ij are N(0, 𝜎2), the standardized residuals should be approximately normal with mean zero and unit
variance. Thus, about 68 percent of the standardized residuals should fall within the limits ±1, about 95 percent of
them should fall within ±2, and virtually all of them should fall within ±3. A residual bigger than 3 or 4 standard
deviations from zero is a potential outlier.

For the tensile strength data of Example 3.1, the normal probability plot gives no indication of outliers. Further-
more, the largest standardized residual is

d1 =
e1√
MSE

= 25.6√
333.70

= 25.6
18.27

= 1.40

which should cause no concern.
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3.4.2 Plot of Residuals in Time Sequence

Plotting the residuals in time order of data collection is helpful in detecting strong correlation between the residuals.
A tendency to have runs of positive and negative residuals indicates positive correlation. This would imply that the
independence assumption on the errors has been violated. This is a potentially serious problem and one that is difficult
to correct, so it is important to prevent the problem if possible when the data are collected. Proper randomization of
the experiment is an important step in obtaining independence.

Sometimes the skill of the experimenter (or the subjects) may change as the experiment progresses, or the process
being studied may “drift” or become more erratic. This will often result in a change in the error variance over time. This
condition often leads to a plot of residuals versus time that exhibits more spread at one end than at the other. Nonconstant
variance is a potentially serious problem. We will have more to say on the subject in Sections 3.4.3 and 3.4.4.

Table 3.6 displays the residuals and the time sequence of data collection for the tensile strength data. A plot
of these residuals versus run order or time is shown in Figure 3.5. There is no reason to suspect any violation of the
independence or constant variance assumptions.

3.4.3 Plot of Residuals Versus Fitted Values

If the model is correct and the assumptions are satisfied, the residuals should be structureless; in particular, they should
be unrelated to any other variable including the predicted response. A simple check is to plot the residuals versus the
fitted values ŷij. (For the single-factor experiment model, remember that ŷij = yi., the ith treatment average.) This plot
should not reveal any obvious pattern. Figure 3.6 plots the residuals versus the fitted values for the tensile strength data
of Example 3.1. No unusual structure is apparent.

A defect that occasionally shows up on this plot is nonconstant variance. Sometimes the variance of the obser-
vations increases as the magnitude of the observation increases. This would be the case if the error or background noise
in the experiment was a constant percentage of the size of the observation. (This commonly happens with many mea-
suring instruments—error is a percentage of the scale reading.) If this were the case, the residuals would get larger as yij
gets larger, and the plot of residuals versus ŷij would look like an outward-opening funnel or megaphone. Nonconstant
variance also arises in cases where the data follow a nonnormal, skewed distribution because in skewed distributions
the variance tends to be a function of the mean.
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If the assumption of homogeneity of variances is violated, the F-test is only slightly affected in the balanced
(equal sample sizes in all treatments) fixed effects model. However, in unbalanced designs or in cases where one
variance is very much larger than the others, the problem is more serious. Specifically, if the factor levels having the
larger variances also have the smaller sample sizes, the actual type I error rate is larger than anticipated (or confidence
intervals have lower actual confidence levels than were specified). Conversely, if the factor levels with larger variances
also have the larger sample sizes, the significance levels are smaller than anticipated (confidence levels are higher).
This is a good reason for choosing equal sample sizes whenever possible. For random effects models, unequal error
variances can significantly disturb inferences on variance components even if balanced designs are used.

Inequality of variance also shows up occasionally on the plot of residuals versus run order. An outward-opening
funnel pattern indicates that variability is increasing over time. This could result from operator/subject fatigue, accu-
mulated stress on equipment, changes in material properties such as catalyst degradation, or tool wear, or any of a
number of causes.

The usual approach to dealing with nonconstant variance when it occurs for the aforementioned reasons is to
apply a variance-stabilizing transformation and then to run the analysis of variance on the transformed data. In this
approach, one should note that the conclusions of the analysis of variance apply to the transformed populations.

Considerable research has been devoted to the selection of an appropriate transformation. If experimenters
know the theoretical distribution of the observations, they may utilize this information in choosing a transformation.
For example, if the observations follow the Poisson distribution, the square root transformation y∗ij =

√
yij or

y∗ij =
√

1 + yij would be used. If the data follow the lognormal distribution, the logarithmic transformation
y∗ij = log yij is appropriate. For binomial data expressed as fractions, the arcsin transformation y∗ij = arcsin

√
yij is

useful. When there is no obvious transformation, the experimenter usually empirically seeks a transformation that
equalizes the variance regardless of the value of the mean. We offer some guidance on this at the conclusion of this
section. In factorial experiments, which we introduce in Chapter 5, another approach is to select a transformation that
minimizes the interaction mean square, resulting in an experiment that is easier to interpret. In Chapter 15, we discuss
methods for analytically selecting the form of the transformation in more detail. Transformations made for inequality
of variance also affect the form of the error distribution. In most cases, the transformation brings the error distribution
closer to normal. For more discussion of transformations, refer to Bartlett (1947), Dolby (1963), Box and Cox (1964),
and Draper and Hunter (1969).

Statistical Tests for Equality of Variance. Although residual plots are frequently used to diagnose inequal-
ity of variance, several statistical tests have also been proposed. These tests may be viewed as formal tests of the
hypotheses

H0∶𝜎2
1 = 𝜎

2
2 = · · · = 𝜎

2
a

H1∶above not true for at least one 𝜎
2
i

A widely used procedure is Bartlett’s test. The procedure involves computing a statistic whose sampling dis-
tribution is closely approximated by the chi-square distribution with a − 1 degrees of freedom when the a random
samples are from independent normal populations. The test statistic is

𝜒
2
0 = 2.3026

q

c
(3.19)

where

q = (N − a)log10S
2
p −

a∑
i=1

(ni − 1)log10S
2
i

c = 1 + 1
3(a − 1)

(
a∑
i=1

(ni − 1)−1 − (N − a)−1

)

S2
p =

a∑
i=1

(ni − 1)S2
i

N − a

and S2
i is the sample variance of the ith population.
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The quantity q is large when the sample variances S2
i differ greatly and is equal to zero when all S2

i are equal.
Therefore, we should reject H0 on values of 𝜒2

0 that are too large; that is, we reject H0 only when

𝜒
2
0 > 𝜒

2
𝛼,a−1

where 𝜒2
𝛼,a−1 is the upper 𝛼 percentage point of the chi-square distribution with a − 1 degrees of freedom. The P-value

approach to decision making could also be used.
Bartlett’s test is very sensitive to the normality assumption. Consequently, when the validity of this assumption

is doubtful, Bartlett’s test should not be used.

EXAMPLE 3 . 4

In the plasma etch experiment, the normality assumption is
not in question, so we can apply Bartlett’s test to the etch rate
data. We first compute the sample variances in each treat-
ment and find that S2

1 = 400.7, S2
2 = 280.3, S2

3 = 421.3, and
S2

4 = 232.5. Then

S2
p =

4(400.7) + 4(280.3) + 4(421.3) + 4(232.5)
16

= 333.7

q = 16log10(333.7) − 4[log10400.7 + log10280.3

+ log10421.3 + log10232.5] = 0.21

c = 1 + 1
3(3)

(4
4
− 1

16

)
= 1.10

and the test statistic is

𝜒
2
0 = 2.3026

(0.21)
(1.10)

= 0.43

From Appendix Table III, we find that 𝜒2
0.05,3 = 7.81 (the

P-value is P = 0.934), so we cannot reject the null hypoth-
esis. There is no evidence to counter the claim that all five
variances are the same. This is the same conclusion reached
by analyzing the plot of residuals versus fitted values.

Because Bartlett’s test is sensitive to the normality assumption, there may be situations where an alternative procedure
would be useful. Anderson and McLean (1974) present a useful discussion of statistical tests for equality of variance.
The modified Levene test [see Levene (1960) and Conover, Johnson, and Johnson (1981)] is a very nice procedure
that is robust to departures from normality. To test the hypothesis of equal variances in all treatments, the modified
Levene test uses the absolute deviation of the observations yij in each treatment from the treatment median, say, ỹi.
Denote these deviations by

dij = |yij − ỹi|
{

i = 1, 2, . . . , a
j = 1, 2, . . . ni

The modified Levene test then evaluates whether or not the means of these deviations are equal for all treatments. It
turns out that if the mean deviations are equal, the variances of the observations in all treatments will be the same.
The test statistic for Levene’s test is simply the usual ANOVA F-statistic for testing equality of means applied to the
absolute deviations.

EXAMPLE 3 . 5

A civil engineer is interested in determining whether four
different methods of estimating flood flow frequency pro-
duce equivalent estimates of peak discharge when applied
to the same watershed. Each procedure is used six times
on the watershed, and the resulting discharge data (in
cubic feet per second) are shown in the upper panel of
Table 3.7. The analysis of variance for the data, summa-
rized in Table 3.8, implies that there is a difference in mean
peak discharge estimates given by the four procedures. The

plot of residuals versus fitted values, shown in Figure 3.7,
is disturbing because the outward-opening funnel shape
indicates that the constant variance assumption is not
satisfied.

We will apply the modified Levene test to the peak dis-
charge data. The upper panel of Table 3.7 contains the
treatment medians ỹi and the lower panel contains the
deviations dij around the medians. Levene’s test consists
of conducting a standard analysis of variance on the dij.
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The F-test statistic that results from this is F0 = 4.55, for
which the P-value is P = 0.0137. Therefore, Levene’s test
rejects the null hypothesis of equal variances, essentially

confirming the diagnosis we made from visual examination
of Figure 3.7. The peak discharge data are a good candidate
for data transformation.

◾ T A B L E 3 . 7
Peak Discharge Data

Estimation Method Observations yi. ỹi Si

1 0.34 0.12 1.23 0.70 1.75 0.12 0.71 0.520 0.66

2 0.91 2.94 2.14 2.36 2.86 4.55 2.63 2.610 1.09

3 6.31 8.37 9.75 6.09 9.82 7.24 7.93 7.805 1.66

4 17.15 11.82 10.95 17.20 14.35 16.82 14.72 15.59 2.77

Estimation Method Deviations dij for the Modified Levene Test

1 0.18 0.40 0.71 0.18 1.23 0.40

2 1.70 0.33 0.47 0.25 0.25 1.94

3 1.495 0.565 1.945 1.715 2.015 0.565

4 1.56 3.77 4.64 1.61 1.24 1.23

◾ T A B L E 3 . 8
Analysis of Variance for Peak Discharge Data

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Methods 708.3471 3 236.1157 76.07 < 0.001

Error 62.0811 20 3.1041

Total 770.4282 23
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◾ F I G U R E 3 . 7 Plot of residuals versus ŷij for
Example 3.5
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Empirical Selection of a Transformation. We observed above that if experimenters knew the relationship
between the variance of the observations and the mean, they could use this information to guide them in selecting the
form of the transformation. We now elaborate on this point and show one method for empirically selecting the form
of the required transformation from the data.

Let E(y) = 𝜇 be the mean of y, and suppose that the standard deviation of y is proportional to a power of the
mean of y such that

𝜎y ∝ 𝜇
𝛼

We want to find a transformation on y that yields a constant variance. Suppose that the transformation is a power of
the original data, say

y∗ = y𝜆 (3.20)

Then it can be shown that
𝜎y∗ ∝ 𝜇

𝜆+𝛼−1 (3.21)

Clearly, if we set 𝜆 = 1 − 𝛼, the variance of the transformed data y∗ is constant.
Several of the common transformations discussed previously are summarized in Table 3.9. Note that 𝜆 = 0

implies the log transformation. These transformations are arranged in order of increasing strength. By the strength
of a transformation, we mean the amount of curvature it induces. A mild transformation applied to data spanning a
narrow range has little effect on the analysis, whereas a strong transformation applied over a large range may have
dramatic results. Transformations often have little effect unless the ratio ymax∕ymin is larger than 2 or 3.

In many experimental design situations where there is replication, we can empirically estimate 𝛼 from the data.
Because in the ith treatment combination 𝜎yi

∝ 𝜇
𝛼

i = 𝜃𝜇
𝛼

i , where 𝜃 is a constant of proportionality, we may take logs
to obtain

log 𝜎yi
= log 𝜃 + 𝛼 log 𝜇i (3.22)

Therefore, a plot of log 𝜎yi versus log 𝜇i would be a straight line with slope 𝛼. Because we don’t know 𝜎yi
and 𝜇i,

we may substitute reasonable estimates of them in Equation 3.22 and use the slope of the resulting straight line fit as
an estimate of 𝛼. Typically, we would use the standard deviation Si and the average yi. of the ith treatment (or, more
generally, the ith treatment combination or set of experimental conditions) to estimate 𝜎yi

and 𝜇i.
To investigate the possibility of using a variance-stabilizing transformation on the peak discharge data from

Example 3.5, we plot log Si versus log yi. in Figure 3.8. The slope of a straight line passing through these four points
is close to 1/2 and from Table 3.9 this implies that the square root transformation may be appropriate. The analysis
of variance for the transformed data y∗ =

√
y is presented in Table 3.10, and a plot of residuals versus the predicted

response is shown in Figure 3.9. This residual plot is much improved in comparison to Figure 3.7, so we conclude that
the square root transformation has been helpful. Note that in Table 3.10 we have reduced the degrees of freedom for
error and total by one to account for the use of the data to estimate the transformation parameter 𝛼.

◾ T A B L E 3 . 9
Variance-Stabilizing Transformations

Relationship
Between 𝝈y and 𝝁 𝜶 𝝀 = 1 − 𝜶 Transformation Comment

𝜎y ∝ constant 0 1 No transformation

𝜎y ∝ 𝜇
1∕2 1/2 1/2 Square root Poisson (count) data

𝜎y ∝ 𝜇 1 0 Log

𝜎y ∝ 𝜇
3∕2 3/2 −1∕2 Reciprocal square root

𝜎y ∝ 𝜇
2 2 −1 Reciprocal
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◾ F I G U R E 3 . 8 Plot of log Si

versus log yi. for the peak discharge data
from Example 3.5
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◾ F I G U R E 3 . 9 Plot of residuals from
transformed data versus ŷ∗ij for the peak discharge
data in Example 3.5

◾ T A B L E 3 . 10
Analysis of Variance for Transformed Peak Discharge Data, y∗ =

√
y

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Methods 32.6842 3 10.8947 76.99 < 0.001

Error 2.6884 19 0.1415

Total 35.3726 22

In practice, many experimenters select the form of the transformation by simply trying several alternatives and
observing the effect of each transformation on the plot of residuals versus the predicted response. The transforma-
tion that produced the most satisfactory residual plot is then selected. Alternatively, there is a formal method called
the Box-Cox Method for selecting a variance-stability transformation. In Chapter 15 we discuss and illustrate this
procedure. It is widely used and implemented in many software packages.

3.4.4 Plots of Residuals Versus Other Variables

If data have been collected on any other variables that might possibly affect the response, the residuals should be plotted
against these variables. For example, in the tensile strength experiment of Example 3.1, strength may be significantly
affected by the thickness of the fiber, so the residuals should be plotted versus fiber thickness. If different testing
machines were used to collect the data, the residuals should be plotted against machines. Patterns in such residual
plots imply that the variable affects the response. This suggests that the variable should be either controlled more
carefully in future experiments or included in the analysis.

3.5 Practical Interpretation of Results

After conducting the experiment, performing the statistical analysis, and investigating the underlying assumptions,
the experimenter is ready to draw practical conclusions about the problem he or she is studying. Often this is relatively
easy, and certainly in the simple experiments we have considered so far, this might be done somewhat informally,
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perhaps by inspection of graphical displays such as the box plots and scatter diagram in Figures 3.1 and 3.2. However,
in some cases, more formal techniques need to be applied. We present some of these techniques in this section.

3.5.1 A Regression Model

The factors involved in an experiment can be either quantitative or qualitative. A quantitative factor is one whose
levels can be associated with points on a numerical scale, such as temperature, pressure, or time. Qualitative factors,
on the other hand, are factors for which the levels cannot be arranged in order of magnitude. Operators, batches of raw
material, and shifts are typical qualitative factors because there is no reason to rank them in any particular numerical
order.

Insofar as the initial design and analysis of the experiment are concerned, both types of factors are treated iden-
tically. The experimenter is interested in determining the differences, if any, between the levels of the factors. In fact,
the analysis of variance treats the design factor as if it were qualitative or categorical. If the factor is really qualitative,
such as operators, it is meaningless to consider the response for a subsequent run at an intermediate level of the factor.
However, with a quantitative factor such as time, the experimenter is usually interested in the entire range of values
used, particularly the response from a subsequent run at an intermediate factor level. That is, if the levels 1.0, 2.0,
and 3.0 hours are used in the experiment, we may wish to predict the response at 2.5 hours. Thus, the experimenter is
frequently interested in developing an interpolation equation for the response variable in the experiment. This equation
is an empirical model of the process that has been studied.

The general approach to fitting empirical models is called regression analysis, which is discussed extensively
in Chapter 10. See also the supplemental text material for this chapter. This section briefly illustrates the technique
using the etch rate data of Example 3.1.

Figure 3.10 presents scatter diagrams of etch rate y versus the power x for the experiment in Example 3.1. From
examining the scatter diagram, it is clear that there is a strong relationship between the etch rate and power. As a first
approximation, we could try fitting a linear model to the data, say

y = 𝛽0 + 𝛽1x + 𝜖

where 𝛽0 and 𝛽1 are unknown parameters to be estimated and 𝜖 is a random error term. The method often used to
estimate the parameters in a model such as this is the method of least squares. This consists of choosing estimates of
the 𝛽’s such that the sum of the squares of the errors (the 𝜖’s) is minimized. The least squares fit in our example is

ŷ = 137.62 + 2.527x

(If you are unfamiliar with regression methods, see Chapter 10 and the supplemental text material for this chapter.)
This linear model is shown in Figure 3.10a. It does not appear to be very satisfactory at the higher power settings.

Perhaps an improvement can be obtained by adding a quadratic term in x. The resulting quadratic model fit is

ŷ = 1147.77 − 8.2555 x + 0.028375 x2

This quadratic fit is shown in Figure 3.10b. The quadratic model appears to be superior to the linear model because it
provides a better fit at the higher power settings.

In general, we would like to fit the lowest order polynomial that adequately describes the system or process.
In this example, the quadratic polynomial seems to fit better than the linear model, so the extra complexity of the
quadratic model is justified. Selecting the order of the approximating polynomial is not always easy, however, and it
is relatively easy to overfit, that is, to add high-order polynomial terms that do not really improve the fit but increase
the complexity of the model and often damage its usefulness as a predictor or interpolation equation.

In this example, the empirical model could be used to predict etch rate at power settings within the region of
experimentation. In other cases, the empirical model could be used for process optimization, that is, finding the levels
of the design variables that result in the best values of the response. We will discuss and illustrate these problems
extensively later in the book.
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◾ F I G U R E 3 . 10 Scatter diagrams and regression models for the etch rate data of Example 3.1

3.5.2 Comparisons Among Treatment Means

Suppose that in conducting an analysis of variance for the fixed effects model the null hypothesis is rejected. Thus,
there are differences between the treatment means but exactly which means differ is not specified. Sometimes in this
situation, further comparisons and analysis among groups of treatment means may be useful. The ith treatment mean
is defined as 𝜇i = 𝜇 + 𝜏i, and 𝜇i is estimated by yi. Comparisons between treatment means are made in terms of either
the treatment totals {yi.} or the treatment averages {yi.}. The procedures for making these comparisons are usually
called multiple comparison methods. In the next several sections, we discuss methods for making comparisons
among individual treatment means or groups of these means.

3.5.3 Graphical Comparisons of Means

It is very easy to develop a graphical procedure for the comparison of means following an analysis of variance. Suppose
that the factor of interest has a levels and that y1., y2., . . . , ya., are the treatment averages. If we know 𝜎, any treatment
average would have a standard deviation 𝜎∕

√
n. Consequently, if all factor level means are identical, the observed sam-

ple means yi. would behave as if they were a set of observations drawn at random from a normal distribution with mean
y
..

and standard deviation 𝜎∕
√
n. Visualize a normal distribution capable of being slid along an axis below which the

y1., y2., . . . , ya., are plotted. If the treatment means are all equal, there should be some position for this distribution that
makes it obvious that the yi. values were drawn from the same distribution. If this is not the case, the yi. values that appear
not to have been drawn from this distribution are associated with factor levels that produce different mean responses.

The only flaw in this logic is that 𝜎 is unknown. Box, Hunter, and Hunter (2005) point out that we can replace 𝜎
with

√
MSE from the analysis of variance and use a t distribution with a scale factor

√
MSE∕n instead of the normal.

Such an arrangement for the etch rate data of Example 3.1 is shown in Figure 3.11. Focus on the t distribution shown
as a solid line curve in the middle of the display.

To sketch the t distribution in Figure 3.11, simply multiply the abscissa t value by the scale factor
√
MSE∕n =

√
330.70∕5 = 8.13
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◾ F I G U R E 3 . 11 Etch rate averages from Example 3.1 in relation to a t distribution with scale factor√
MSE∕n =

√
330.70∕5 = 8.13

and plot this against the ordinate of t at that point. Because the t distribution looks much like the normal, except that it
is a little flatter near the center and has longer tails, this sketch is usually easily constructed by eye. If you wish to be
more precise, there is a table of abscissa t values and the corresponding ordinates in Box, Hunter, and Hunter (2005).
The distribution can have an arbitrary origin, although it is usually best to choose one in the region of the yi. values to
be compared. In Figure 3.11, the origin is 615 Å/min.

Now visualize sliding the t distribution in Figure 3.11 along the horizontal axis as indicated by the dashed lines
and examine the four means plotted in the figure. Notice that there is no location for the distribution such that all four
averages could be thought of as typical, randomly selected observations from the distribution. This implies that all four
means are not equal; thus, the figure is a graphical display of the ANOVA results. Furthermore, the figure indicates that
all four levels of power (160, 180, 200, 220 W) produce mean etch rates that differ from each other. In other words,
𝜇1 ≠ 𝜇2 ≠ 𝜇3 ≠ 𝜇4.

This simple procedure is a rough but effective technique for many multiple comparison problems. However,
there are more formal methods. We now give a brief discussion of some of these procedures.

3.5.4 Contrasts

Many multiple comparison methods use the idea of a contrast. Consider the plasma etching experiment of
Example 3.1. Because the null hypothesis was rejected, we know that some power settings produce different etch
rates than others, but which ones actually cause this difference? We might suspect at the outset of the experiment that
200 W and 220 W produce the same etch rate, implying that we would like to test the hypothesis

H0∶𝜇3 = 𝜇4

H1∶𝜇3 ≠ 𝜇4

or equivalently
H0∶𝜇3 − 𝜇4 = 0

H1∶𝜇3 − 𝜇4 ≠ 0 (3.23)

If we had suspected at the start of the experiment that the average of the lowest levels of power did not differ from the
average of the highest levels of power, then the hypothesis would have been

H0∶𝜇1 + 𝜇2 = 𝜇3 + 𝜇4

H1∶𝜇1 + 𝜇2 ≠ 𝜇3 + 𝜇4

or
H0∶𝜇1 + 𝜇2 − 𝜇3 − 𝜇4 = 0

H1∶𝜇1 + 𝜇2 − 𝜇3 − 𝜇4 ≠ 0 (3.24)

In general, a contrast is a linear combination of parameters of the form

Γ =
a∑
i=1

ci𝜇i
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where the contrast constants c1, c2, . . . , ca sum to zero; that is,
∑a

i=1 ci = 0. Both of the above hypotheses can be
expressed in terms of contrasts:

H0∶
a∑
i=1

ci𝜇i = 0

H1∶
a∑
i=1

ci𝜇i ≠ 0 (3.25)

The contrast constants for the hypotheses in Equation 3.23 are c1 = c2 = 0, c3 = +1, and c4 = −1, whereas for the
hypotheses in Equation 3.24, they are c1 = c2 = +1 and c3 = c4 = −1.

Testing hypotheses involving contrasts can be done in two basic ways. The first method uses a t-test. Write the
contrast of interest in terms of the treatment averages, giving

C =
a∑
i=1

ciyi.

The variance of C is

V(C) = 𝜎
2

n

a∑
i=1

c2
i (3.26)

when the sample sizes in each treatment are equal. If the null hypothesis in Equation 3.25 is true, the ratio
a∑
i=1

ciyi.

√
𝜎

2

n

a∑
i=1

c2
i

has the N(0, 1) distribution. Now we would replace the unknown variance 𝜎
2 by its estimate, the mean square error

MSE and use the statistic

t0 =

a∑
i=1

ciyi.

√
MSE
n

a∑
i=1

c2
i

(3.27)

to test the hypotheses in Equation 3.25. The null hypothesis would be rejected if |t0| in Equation 3.27 exceeds t
𝛼∕2,N−a.

The second approach uses an F-test. Now the square of a t random variable with 𝑣 degrees of freedom is an F
random variable with 1 numerator and 𝑣 denominator degrees of freedom. Therefore, we can obtain

F0 = t20 =

(
a∑
i=1

ciyi.

)2

MSE
n

a∑
i=1

c2
i

(3.28)

as an F-statistic for testing Equation 3.25. The null hypothesis would be rejected if F0 > F
𝛼,1,N−a. We can write the

test statistic of Equation 3.28 as

F0 =
MSC
MSE

=
SSC∕1

MSE
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where the single-degree-of-freedom contrast sum of squares is

SSC =

(
a∑
i=1

ciyi.

)2

1
n

a∑
i=1

c2
i

(3.29)

Confidence Interval for a Contrast. Instead of testing hypotheses about a contrast, it may be more useful
to construct a confidence interval. Suppose that the contrast of interest is

Γ =
a∑
i=1

ci𝜇i

Replacing the treatment means with the treatment averages yields

C =
a∑
i=1

ciyi.

Because

E

( a∑
i=1

ciyi.

)
=

a∑
i=1

ci𝜇i and V(C) = 𝜎
2∕n

a∑
i=1

c2
i

the 100(1 − 𝛼) percent confidence interval on the contrast Σa
i=1ci𝜇i is

a∑
i=1

ciyi. − t
𝛼∕2,N−a

√√√√MSE
n

a∑
i=1

c2
i ≤

a∑
i=1

ci𝜇i ≤

a∑
i=1

ciyi. + t
𝛼∕2,N−a

√√√√MSE
n

a∑
i=1

c2
i (3.30)

Note that we have used MSE to estimate 𝜎2. Clearly, if the confidence interval in Equation 3.30 includes zero, we would
be unable to reject the null hypothesis in Equation 3.25.

Standardized Contrast. When more than one contrast is of interest, it is often useful to evaluate them on
the same scale. One way to do this is to standardize the contrast so that it has variance 𝜎

2. If the contrast Σa
i=1ci𝜇i is

written in terms of treatment averages as Σa
i=1ciyi., dividing it by

√
(1∕n)Σa

i=1c
2
i will produce a standardized contrast

with variance 𝜎
2. Effectively, then, the standardized contrast is

a∑
i=1

c∗i yi.

where
c∗i =

ci√
1
n

a∑
i=1

c2
i

Unequal Sample Sizes. When the sample sizes in each treatment are different, minor modifications are made
in the above results. First, note that the definition of a contrast now requires that

a∑
i=1

nici = 0
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Other required changes are straightforward. For example, the t statistic in Equation 3.27 becomes

t0 =

a∑
i=1

ciyi.

√
MSE

a∑
i=1

c2
i

ni

and the contrast sum of squares from Equation 3.29 becomes

SSC =

(
a∑
i=1

ciyi.

)2

a∑
i=1

c2
i

ni

3.5.5 Orthogonal Contrasts

A useful special case of the procedure in Section 3.5.4 is that of orthogonal contrasts. Two contrasts with coefficients
{ci} and {di} are orthogonal if

a∑
i=1

cidi = 0

or, for an unbalanced design, if
a∑
i=1

cidi∕ni = 0

For a treatments, the set of a − 1 orthogonal contrasts partition the sum of squares due to treatments into a − 1 inde-
pendent single-degree-of-freedom components. Thus, tests performed on orthogonal contrasts are independent.

There are many ways to choose the orthogonal contrast coefficients for a set of treatments. Usually, something
in the nature of the experiment should suggest which comparisons will be of interest. For example, if there are a = 3
treatments, with treatment 1 a control and treatments 2 and 3 actual levels of the factor of interest to the experimenter,
appropriate orthogonal contrasts might be as follows:

Treatment
Coefficients for

Orthogonal Contrasts

1 (control) −2 0

2 (level 1) 1 −1

3 (level 2) 1 1

Note that contrast 1 with ci = −2, 1, 1 compares the average effect of the factor with the control, whereas contrast 2
with di = 0,−1, 1 compares the two levels of the factor of interest.

Generally, the method of contrasts (or orthogonal contrasts) is useful for what are called preplanned compar-
isons. That is, the contrasts are specified prior to running the experiment and examining the data. The reason for this is
that if comparisons are selected after examining the data, most experimenters would construct tests that correspond to
large observed differences in means. These large differences could be the result of the presence of real effects, or they
could be the result of random error. If experimenters consistently pick the largest differences to compare, they will
inflate the type I error of the test because it is likely that, in an unusually high percentage of the comparisons selected,
the observed differences will be the result of error. Examining the data to select comparisons of potential interest is often
called data snooping. The Scheffé method for all comparisons, discussed in the next section, permits data snooping.
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EXAMPLE 3 . 6

Consider the plasma etching experiment in Example 3.1.
There are four treatment means and three degrees of free-
dom between these treatments. Suppose that prior to running
the experiment the following set of comparisons among
the treatment means (and their associated contrasts) were
specified:

Hypothesis Contrast

H0∶𝜇1 = 𝜇2

H0∶𝜇1 + 𝜇2 = 𝜇3 + 𝜇4

H0∶𝜇3 = 𝜇4

C1 = y1. − y2.

C2 = y1. + y2. − y3. − y4.

C3 = y3. − y4.

Notice that the contrast coefficients are orthogonal. Using
the data in Table 3.4, we find the numerical values of the
contrasts and the sums of squares to be as follows:

C1 = +1(551.2) − 1(587.4) = −36.2

SSC1
= (−36.2)2

1
5
(2)

= 3276.10

C2 = +1(551.2) + 1(587.4)
−1(625.4) − 1(707.0) = −193.8

SSC2
= (−193.8)2

1
5
(4)

= 46,948.05

C3 = +1(625.4) − 1(707.6) = −81.6

SSC3
= (−81.6)2

1
5
(2)

= 16,646.40

These contrast sums of squares completely partition the
treatment sum of squares. The tests on such orthogonal con-
trasts are usually incorporated in the ANOVA, as shown in
Table 3.11. We conclude from the P-values that there are
significant differences in mean etch rates between levels 1
and 2 and between levels 3 and 4 of the power settings, and
that the average of levels 1 and 2 does differ significantly
from the average of levels 3 and 4 at the 𝛼 = 0.05 level.

◾ T A B L E 3 . 11
Analysis of Variance for the Plasma Etching Experiment

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Power setting 66,870.55 3 22,290.18 66.80 < 0.001

Orthogonal contrasts

C1∶𝜇1 = 𝜇2 (3276.10) 1 3276.10 9.82 < 0.01

C2∶𝜇1 + 𝜇3 = 𝜇3 + 𝜇4 (46,948.05) 1 46,948.05 140.69 < 0.001

C3∶𝜇3 = 𝜇4 (16,646.40) 1 16,646.40 49.88 < 0.001

Error 5,339.20 16 333.70

Total 72,209.75 19

3.5.6 Scheffé’s Method for Comparing All Contrasts

In many situations, experimenters may not know in advance which contrasts they wish to compare, or they may be
interested in more than a − 1 possible comparisons. In many exploratory experiments, the comparisons of interest are
discovered only after preliminary examination of the data. Scheffé (1953) has proposed a method for comparing any
and all possible contrasts between treatment means. In the Scheffé method, the type I error is at most 𝛼 for any of the
possible comparisons.
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Suppose that a set of m contrasts in the treatment means

Γu = c1u𝜇1 + c2u𝜇2 + · · · + cau𝜇a u = 1, 2, . . . ,m (3.31)

of interest have been determined. The corresponding contrast in the treatment averages yi. is

Cu = c1uy1. + c2uy2. + · · · + cauya. u = 1, 2, . . . ,m (3.32)

and the standard error of this contrast is

SCu
=

√√√√MSE

a∑
i=1

(c2
iu∕ni) (3.33)

where ni is the number of observations in the ith treatment. It can be shown that the critical value against which Cu
should be compared is

S
𝛼,u = SCu

√
(a − 1)F

𝛼,a−1,N−a (3.34)

To test the hypothesis that the contrast Γu differs significantly from zero, refer Cu to the critical value. If |Cu| > S
𝛼,u,

the hypothesis that the contrast Γu equals zero is rejected.
The Scheffé procedure can also be used to form confidence intervals for all possible contrasts among treatment

means. The resulting intervals, say Cu − S
𝛼,u ≤ Γu ≤ Cu + S

𝛼,u, are simultaneous confidence intervals in that the
probability that all of them are simultaneously true is at least 1 − 𝛼.

To illustrate the procedure, consider the data in Example 3.1 and suppose that the contrasts of interests are

Γ1 = 𝜇1 + 𝜇2 − 𝜇3 − 𝜇4

and
Γ2 = 𝜇1 − 𝜇4

The numerical values of these contrasts are

C1 = y1. + y2. − y3. − y4.

= 551.2 + 587.4 − 625.4 − 707.0 = −193.80

and

C2 = y1. − y4.

= 551.2 − 707.0 = −155.8

The standard errors are found from Equation 3.33 as

SC1
=

√√√√MSE

5∑
i=1

(c2
i1∕ni) =

√
333.70(1 + 1 + 1 + 1)∕5 = 16.34

and

SC2
=

√√√√MSE

5∑
i=1

(c2
i2∕ni) =

√
333.70(1 + 1)∕5 = 11.55

From Equation 3.34, the 1 percent critical values are

S0.01,1 = SC1

√
(a − 1)F0.01,a−1,N−a = 16.34

√
3(5.29) = 65.09
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and
S0.01,2 = SC2

√
(a − 1)F0.01,a−1,N−a = 11.55

√
3(5.29) = 45.97

Because |C1| > S0.01,1, we conclude that the contrast Γ1 = 𝜇1 + 𝜇2 − 𝜇3 − 𝜇4 does not equal zero; that is, we conclude
that the mean etch rates of power settings 1 and 2 as a group differ from the means of power settings 3 and 4 as a group.
Furthermore, because |C2| > S0.01,2, we conclude that the contrast Γ2 = 𝜇1 − 𝜇4 does not equal zero; that is, the mean
etch rates of treatments 1 and 4 differ significantly.

3.5.7 Comparing Pairs of Treatment Means

In many practical situations, we will wish to compare only pairs of means. Frequently, we can determine which means
differ by testing the differences between all pairs of treatment means. Thus, we are interested in contrasts of the form
Γ = 𝜇j − 𝜇j for all i ≠ j. Although the Scheffé method described in the previous section could be easily applied to
this problem, it is not the most sensitive procedure for such comparisons. We now turn to a consideration of methods
specifically designed for pairwise comparisons between all a population means.

Suppose that we are interested in comparing all pairs of a treatment means and that the null hypotheses that we
wish to test are H0∶𝜇i = 𝜇j for all i ≠ j. There are numerous procedures available for this problem. We now present
two popular methods for making such comparisons.

Tukey’s Test. Suppose that, following an ANOVA in which we have rejected the null hypothesis of equal
treatment means, we wish to test all pairwise mean comparisons:

H0∶𝜇i = 𝜇j

H1∶𝜇i ≠ 𝜇j

for all i ≠ j. Tukey (1953) proposed a procedure for testing hypotheses for which the overall significance level is exactly
𝛼 when the sample sizes are equal and at most 𝛼 when the sample sizes are unequal. His procedure can also be used to
construct confidence intervals on the differences in all pairs of means. For these intervals, the simultaneous confidence
level is 100(1 − 𝛼) percent when the sample sizes are equal and at least 100(1 − 𝛼) percent when sample sizes are
unequal. In other words, the Tukey procedure controls the experimentwise or “family” error rate at the selected level
𝛼. This is an excellent data snooping procedure when interest focuses on pairs of means.

Tukey’s procedure makes use of the distribution of the studentized range statistic

q =
ymax − ymin√

MSE∕n

where ymax and ymin are the largest and smallest sample means, respectively, out of a group of p sample means. Appendix
Table V contains values of q

𝛼
(p, f ), the upper 𝛼 percentage points of q, where f is the number of degrees of freedom

associated with the MSE. For equal sample sizes, Tukey’s test declares two means significantly different if the absolute
value of their sample differences exceeds

T
𝛼
= q

𝛼
(a, f )

√
MSE
n

(3.35)

Equivalently, we could construct a set of 100(1 − 𝛼) percent confidence intervals for all pairs of means as follows:

yi. − yj. − q
𝛼
(a, f )

√
MSE
n

≤ 𝜇i − 𝜇j

≤ yi. − yj. + q
𝛼
(a, f )

√
MSE
n

, i ≠ j. (3.36)

When sample sizes are not equal, Equations 3.35 and 3.36 become

T
𝛼
=

q
𝛼
(a, f )√

2

√
MSE

(
1
ni

+ 1
nj

)
(3.37)
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and

yi. − yj. −
q
𝛼
(a, f )√

2

√
MSE

(
1
ni

+ 1
nj

)
≤ 𝜇i − 𝜇j

≤ yi. − yj. +
q
𝛼
(a, f )√

2

√
MSE

(
1
ni

+ 1
nj

)
, i ≠ j (3.38)

respectively. The unequal sample size version is sometimes called the Tukey–Kramer procedure.

EXAMPLE 3 . 7

To illustrate Tukey’s test, we use the data from the plasma
etching experiment in Example 3.1. With 𝛼 = 0.05 and
f = 16 degrees of freedom for error, Appendix Table V gives
q0.05(4, 16) = 4.05. Therefore, from Equation 3.35,

T0.05 = q0.05(4, 16)
√

MSE
n

= 4.05

√
333.70

5
= 33.09

Thus, any pairs of treatment averages that differ in absolute
value by more than 33.09 would imply that the correspond-
ing pair of population means are significantly different.
The four treatment averages are

y1. = 551.2 y2. = 587.4

y3. = 625.4 y4. = 707.0

and the differences in averages are

y1. − y2. = 551.2 − 587.4 = −36.20∗

y1. − y3. = 551.2 − 625.4 = −74.20∗

y1. − y4. = 551.2 − 707.0 = −155.8∗

y2. − y3. = 587.4 − 625.4 = −38.0∗

y2. − y4. = 587.4 − 707.0 = −119.6∗

y3. − y4. = 625.4 − 707.0 = −81.60∗

The starred values indicate the pairs of means that are sig-
nificantly different. Note that the Tukey procedure indicates
that all pairs of means differ. Therefore, each power setting
results in a mean etch rate that differs from the mean etch
rate at any other power setting.

When using any procedure for pairwise testing of means, we occasionally find that the overall F-test from the
ANOVA is significant, but the pairwise comparison of means fails to reveal any significant differences. This situation
occurs because the F-test is simultaneously considering all possible contrasts involving the treatment means, not just
pairwise comparisons. That is, in the data at hand, the significant contrasts may not be of the form 𝜇i − 𝜇j.

The derivation of the Tukey confidence interval of Equation 3.36 for equal sample sizes is straightforward. For
the studentized range statistic q, we have

P

(
max(yi. − 𝜇i) − min(yi. − 𝜇i)√

MSE∕n
≤ q

𝛼
(a, f )

)
= 1 − 𝛼

If max(yi. − 𝜇i) − min(yi. − 𝜇i) is less than or equal to q
𝛼
(a, f )

√
MSE∕n, it must be true that |(yi. − 𝜇i) − (yj. − 𝜇j)| ≤

q
𝛼
(a, f )

√
MSE∕n for every pair of means. Therefore

P

(
−q

𝛼
(a, f )

√
MSE
n

≤ yi. − yj. − (𝜇i − 𝜇j) ≤ q
𝛼
(a, f )

√
MSE
n

)
= 1 − 𝛼

Rearranging this expression to isolate 𝜇i − 𝜇j between the inequalities will lead to the set of 100(1 − 𝛼) percent simul-
taneous confidence intervals given in Equation 3.38.
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The Fisher Least Significant Difference (LSD) Method. The Fisher method for comparing all pairs of
means controls the error rate 𝛼 for each individual pairwise comparison but does not control the experimentwise or
family error rate. This procedure uses the t statistic for testing H0∶𝜇i = 𝜇j

t0 =
yi. − yj.√

MSE

(
1
ni

+ 1
nj

) (3.39)

Assuming a two-sided alternative, the pair of means 𝜇i and 𝜇j would be declared significantly different if |yi. − yj.| >
t
𝛼∕2,N−a

√
MSE(1∕ni + 1∕nj). The quantity

LSD = t
𝛼∕2,N−a

√
MSE

(
1
ni

+ 1
nj

)
(3.40)

is called the least significant difference. If the design is balanced, n1 = n2 = · · · = na = n, and

LSD = t
𝛼∕2,N−a

√
2MSE
n

(3.41)

To use the Fisher LSD procedure, we simply compare the observed difference between each pair of averages to
the corresponding LSD. If |yi. − yj.| > LSD, we conclude that the population means 𝜇i and 𝜇j differ. The t statistic in
Equation 3.39 could also be used.

EXAMPLE 3 . 8

To illustrate the procedure, if we use the data from the exper-
iment in Example 3.1, the LSD at 𝛼 = 0.05 is

LSD = t.025,16

√
2MSE
n

= 2.120

√
2(333.70)

5
= 24.49

Thus, any pair of treatment averages that differ in absolute
value by more than 24.49 would imply that the correspond-
ing pair of population means are significantly different.
The differences in averages are

y1. − y2. = 551.2 − 587.4 = −36.2∗

y1. − y3. = 551.2 − 625.4 = −74.2∗

y1. − y4. = 551.2 − 707.0 = −155.8∗

y2. − y3. = 587.4 − 625.4 = −38.0∗

y2. − y4. = 587.4 − 707.0 = −119.6∗

y3. − y4. = 625.4 − 707.0 = −81.6∗

The starred values indicate pairs of means that are sig-
nificantly different. Clearly, all pairs of means differ
significantly.

Note that the overall 𝛼 risk may be considerably inflated using this method. Specifically, as the number of treat-
ments a gets larger, the experimentwise or family type I error rate (the ratio of the number of experiments in which at
least one type I error is made to the total number of experiments) becomes large.

Which Pairwise Comparison Method Do I Use? Certainly, a logical question at this point is as follows:
Which one of these procedures should I use? Unfortunately, there is no clear-cut answer to this question, and profes-
sional statisticians often disagree over the utility of the various procedures. Carmer and Swanson (1973) have conducted
Monte Carlo simulation studies of a number of multiple comparison procedures, including others not discussed here.
They report that the least significant difference method is a very effective test for detecting true differences in means
if it is applied only after the F-test in the ANOVA is significant at 5 percent. However, this method does not contain
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the experimentwise error rate. Because the Tukey method does control the overall error rate, many statisticians prefer
to use it.

As indicated above, there are several other multiple comparison procedures. For articles describing these meth-
ods, see O’Neill and Wetherill (1971), Miller (1977), and Nelson (1989). The books by Miller (1991) and Hsu (1996)
are also recommended.

3.5.8 Comparing Treatment Means with a Control

In many experiments, one of the treatments is a control, and the analyst is interested in comparing each of the other
a − 1 treatment means with the control. Thus, only a − 1 comparisons are to be made. A procedure for making these
comparisons has been developed by Dunnett (1964). Suppose that treatment a is the control and we wish to test the
hypotheses

H0∶𝜇i = 𝜇a

H1∶𝜇i ≠ 𝜇a

for i = 1, 2, . . . , a − 1. Dunnett’s procedure is a modification of the usual t-test. For each hypothesis, we compute the
observed differences in the sample means

|yi. − ya.| i = 1, 2, . . . , a − 1

The null hypothesis H0∶𝜇i = 𝜇a is rejected using a type I error rate 𝛼 if

|yi. − ya.| > d
𝛼
(a − 1, f )

√
MSE

(
1
ni

+ 1
na

)
(3.42)

where the constant d
𝛼
(a − 1, f ) is given in Appendix Table VI. (Both two- and one-sided tests are possible.) Note that

𝛼 is the joint significance level associated with all a − 1 tests.

EXAMPLE 3 . 9

To illustrate Dunnett’s test, consider the experiment from
Example 3.1 with treatment 4 considered as the control. In
this example, a = 4, a − 1 = 3, f = 16, and ni = n = 5. At
the 5 percent level, we find from Appendix Table VI that
d0.05(3, 16) = 2.59. Thus, the critical difference becomes

d0.05(3, 16)
√

2MSE
n

= 2.59

√
2(333.70)

5
= 29.92

(Note that this is a simplification of Equation 3.42 result-
ing from a balanced design.) Thus, any treatment mean that

differs in absolute value from the control by more than 29.92
would be declared significantly different. The observed dif-
ferences are

1 vs. 4 ∶ y1. − y4. = 551.2 − 707.0 = −155.8

2 vs. 4 ∶ y2. − y4. = 587.4 − 707.0 = −119.6

3 vs. 4 ∶ y3. − y4. = 625.4 − 707.0 = −81.6

Note that all differences are significant. Thus, we would
conclude that all power settings are different from the
control.

When comparing treatments with a control, it is a good idea to use more observations for the control treatment
(say na) than for the other treatments (say n), assuming equal numbers of observations for the remaining a − 1 treat-
ments. The ratio na∕n should be chosen to be approximately equal to the square root of the total number of treatments.
That is, choose na∕n =

√
a.
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3.6 Sample Computer Output

Computer programs for supporting experimental design and performing the analysis of variance are widely available.
The output from one such program, Design-Expert, is shown in Figure 3.12, using the data from the plasma etching
experiment in Example 3.1. The sum of squares corresponding to the “Model” is the usual SSTreatments for a single-factor
design. That source is further identified as “A.” When there is more than one factor in the experiment, the model sum
of squares will be decomposed into several sources (A, B, etc.). Notice that the analysis of variance summary at the top
of the computer output contains the usual sums of squares, degrees of freedom, mean squares, and test statistic F0. The
column “Prob > F” is the P-value (actually, the upper bound on the P-value because probabilities less than 0.0001 are
defaulted to 0.0001).

In addition to the basic analysis of variance, the program displays some other useful information. The quantity
“R-squared” is defined as

R2 =
SSModel

SSTotal
= 66,870.55

72,209.75
= 0.9261

and is loosely interpreted as the proportion of the variability in the data “explained” by the ANOVA model. Thus, in the
plasma etching experiment, the factor “power” explains about 92.61 percent of the variability in etch rate. Clearly, we
must have 0 ≤ R2 ≤ 1, with larger values being more desirable. There are also some other R2-like statistics displayed in
the output. The “adjusted” R2 is a variation of the ordinary R2 statistic that reflects the number of factors in the model.
It can be a useful statistic for more complex experiments with several design factors when we wish to evaluate the
impact of increasing or decreasing the number of model terms. “Std. Dev.” is the square root of the error mean square,√

333.70 = 18.27, and “C.V.” is the coefficient of variation, defined as (
√
MSE∕y)100. The coefficient of variation

measures the unexplained or residual variability in the data as a percentage of the mean of the response variable.
“PRESS” stands for “prediction error sum of squares,” and it is a measure of how well the model for the experiment
is likely to predict the responses in a new experiment. Small values of PRESS are desirable. Alternatively, one can
calculate an R2 for prediction based on PRESS (we will show how to do this later). This R2

Pred in our problem is 0.8845,
which is not unreasonable, considering that the model accounts for about 93 percent of the variability in the current
experiment. The “adequate precision” statistic is computed by dividing the difference between the maximum predicted
response and the minimum predicted response by the average standard deviation of all predicted responses. Large
values of this quantity are desirable, and values that exceed four usually indicate that the model will give reasonable
performance in prediction.

Treatment means are estimated, and the standard error (or sample standard deviation of each treatment mean,√
MSE∕n) is displayed. Differences between pairs of treatment means are investigated by using a hypothesis testing

version of the Fisher LSD method described in Section 3.5.7.
The computer program also calculates and displays the residuals, as defined in Equation 3.16. The program will

also produce all of the residual plots that we discussed in Section 3.4. There are also several other residual diagnostics
displayed in the output. Some of these will be discussed later. Design-Expert also displays the studentized residual
(called “Student Residual” in the output) calculated as

rij =
eij√

MSE(1 − Leverageij)

where Leverageij is a measure of the influence of the ijth observation on the model. We will discuss leverage in more
detail and show how it is calculated in Chapter 10. Studentized residuals are considered to be more effective in iden-
tifying potential outliers rather than either the ordinary residuals or standardized residuals.

Finally, notice that the computer program also has some interpretative guidance embedded in the output. This
“advisory” information is fairly standard in many PC-based statistics packages. Remember in reading such guid-
ance that it is written in very general terms and may not exactly suit the report writing requirements of any specific
experimenter. This advisory output may be hidden upon request by the user.
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◾ F I G U R E 3 . 12 Design-Expert
computer output for Example 3.1
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Figure 3.13 presents the output from Minitab for the plasma etching experiment. The output is very similar to the
Design-Expert output in Figure 3.12. Note that confidence intervals on each individual treatment mean are provided
and that the pairs of means are compared using Tukey’s method. However, the Tukey method is presented using the
confidence interval format instead of the hypothesis-testing format that we used in Section 3.5.7. None of the Tukey
confidence intervals includes zero, so we would conclude that all of the means are different.

Figure 3.14 is the output from JMP for the plasma etch experiment in Example 3.1. The output information is
very similar to that from Design-Expert and Minitab. The plots of actual observations versus the predicted values and
residuals versus the predicted values are default output. There is an option in JMP to provide the Fisher LSD procedure
or Tukey’s method to compare all pairs of means.

One-way ANOVA: Etch Rate versus Power

Source
Power
Error
Total

DF
3

16
19

SS
66871

5339
72210

MS
22290

334

Level
160
180
200
220

N
5
5
5
5

Mean
551.20
587.40
625.40
707.00

Std.Dev.
20.02
16.74
20.53
15.25

Power
180
200
220

Lower
3.11

41.11
122.71

Center
36.20
74.20

155.80

Upper
69.29

107.29
188.89

Power
200
220

Lower
4.91

86.51

Center
38.00

119.60

Upper
71.09

152.69

( (

F
66.80

P
0.000

S = 18.27 R–Sq = 92.61% R–Sq (adj) = 91.22%

Individual 95% CIs For Mean Based on
Pooled StDev

*
( (*

( (*
( (*

( (*

( (*
( (*

550 600 700650

–100 0 200100

( (*

( (*

–100 0 200100

Pooled Std. Dev. = 18.27

Individual confidence level = 98.87%

Power = 160 subtracted from

Power = 180 subtracted from

Turkey 95% Simultaneous Confidence Intervals
All Pairwise Comparisons among Levels of Power

Power
220

Lower
48.51

Center
81.60

Upper
114.69 ( (*

–100 0 200100

Power = 200 subtracted from

◾ F I G U R E 3 . 13 Minitab computer output for Example 3.1
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Actual by Predicted Plot

Response Etch rate
Whole Model

750

700

650

600

550

550

Etch rate Predicted P < .0001
RSq = 0.93 RMSE = 18.267

E
tc

h
 r

a
te

 A
ct

u
a
l

600 650 700

Summary of Fit

0.92606RSquare
0.912196RSquare Adj
18.26746Root Mean Square Error

617.75Mean of Response
20Observations (or Sum Wgts)

Analysis of Variance
F RatioSource DF Sum of Squares Mean Square

Model 3 66870.550 22290.2 66.7971
Error 16 5339.200 333.7 FProb 
C.Total 19 72209.750 .0001

Effect Tests
Source Nparm DF Sum of Squares F Ratio Prob > F
RF power 3 3 66870.550 66.7971 .0001

Residual by Predicted Plot
30

20

10

0

–10

–20

–30

Etch rate Predicted

E
tc

h
 r

a
te

 
R

e
si

d
u

a
l

550 600 650 700

RF power

Least Squares Means Table
Level Least Sq Mean Std Error Mean
160
180
200
220

551.20000
587.40000
625.40000
707.00000

8.1694553
8.1694553
8.1694553
8.1694553

551.200
587.400
625.400
707.000

◾ F I G U R E 3 . 14 JMP output from Example 3.1
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3.7 Determining Sample Size

In any experimental design problem, a critical decision is the choice of sample size—that is, determining the number of
replicates to run. Generally, if the experimenter is interested in detecting small effects, more replicates are required than
if the experimenter is interested in detecting large effects. In this section, we discuss several approaches to determining
sample size. Although our discussion focuses on a single-factor design, most of the methods can be used in more
complex experimental situations.

3.7.1 Operating Characteristic and Power Curves

Recall that an operating characteristic (OC) curve is a plot of the type II error probability 𝛽 of a statistical test for
a particular sample size versus a parameter that reflects the extent to which the null hypothesis is false. Alternatively
a Power Curve plots power or 1−𝛽 versus this parameter. Power and/or OC curves can be constructed from software
and are useful in guiding the experimenter in selecting the number of replicates so that the design will be sensitive to
important potential differences in the treatments.

We consider the probability of type II error of the fixed effects model for the case of equal sample sizes per
treatment, say

𝛽 = 1 − P{Reject H0|H0 is false}

= 1 − P{F0 > F
𝛼,a−1,N−a|H0 is false} (3.43)

To evaluate the probability statement in Equation 3.43, we need to know the distribution of the test statistic F0 if
the null hypothesis is false. It can be shown that, if H0 is false, the statistic F0 = MSTreatments∕MSE is distributed as a
noncentral F random variable with a − 1 and N − a degrees of freedom and the noncentrality parameter 𝛿. If 𝛿 = 0,
the noncentral F distribution becomes the usual (central) F distribution.

We will illustrate the sample size determination method implemented in JMP. Consider the plasma etching exper-
iment described in Exampe 3.1 Suppose that the experimenter is interested in rejecting the null hypothesis with a
probability of at least 0.9 (power = 0.9) if the true treatment means are

𝜇1 = 575, 𝜇2 = 600, 𝜇3 = 650, and 𝜇1 = 675

The experimenter feels that the standard deviation of etch rate will be no larger than 𝜎 = 25 Å∕min. The input and
output from the JMP power and sample size platform for comparing several means is shown in the following display:
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The graph on the right is a plot of power versus the total sample size. This plot indicates that at least 4 replicates are
required to obtain a power that exceeds 0.90.

A potential problem with this approach to determining sample size is that it can be difficult to select a set of
treatment means on which the sample size decision should be based. An alternate approach is to select a sample size
such that if the difference between any two treatment means exceeds a specified value, the null hypothesis should be
rejected.

Minitab uses this approach to perform power calculations and find sample sizes for single-factor ANOVAs.
Consider the following display:

Power and Sample Size

One-way ANOVA

Alpha = 0.01 Assumed standard deviation = 25

Number of Levels = 4

Sample Maximum

SS Means Size Power Difference
2812.5 5 0.804838 75

The sample size is for each level.

Power and Sample Size

One-way ANOVA

Alpha = 0.01 Assumed standard deviation = 25
Number of Levels 5 4

Sample Target Maximum

SS Means Size Power Actual Power Difference
2812.5 6 0.9 0.915384 75

The sample size is for each level.

In the upper portion of the display, we asked Minitab to calculate the power for n = 5 replicates when the maximum
difference in treatment means is 75. The bottom portion of the display is the output when the experimenter requests
the sample size to obtain a target power of at least 0.90.

3.7.2 Confidence Interval Estimation Method

This approach assumes that the experimenter wishes to express the final results in terms of confidence intervals and
is willing to specify in advance how wide he or she wants these confidence intervals to be. For example, suppose that
in the plasma etching experiment from Example 3.1, we wanted a 95 percent confidence interval on the difference in
mean etch rate for any two power settings to be ±30 Å∕min and a prior estimate of 𝜎 is 25. Then, using Equation 3.13,
we find that the accuracy of the confidence interval is

±t
𝛼∕2,N−a

√
2MSE
n

Suppose that we try n = 5 replicates. Then, using 𝜎
2 = (25)2 = 625 as an estimate of MSE, the accuracy of the confi-

dence interval becomes

±2.120

√
2(625)

5
= ±33.52
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which does not meet the requirement. Trying n = 6 gives

±2.086

√
2(625)

6
= ±30.11

Trying n = 7 gives

±2.064

√
2(625)

7
= ±27.58

Clearly, n = 7 is the smallest sample size that will lead to the desired accuracy.
The quoted level of significance in the above illustration applies only to one confidence interval. However, the

same general approach can be used if the experimenter wishes to prespecify a set of confidence intervals about which
a joint or simultaneous confidence statement is made (see the comments about simultaneous confidence intervals in
Section 3.3.3). Furthermore, the confidence intervals could be constructed about more general contrasts in the treatment
means than the pairwise comparison illustrated above.

3.8 Other Examples of Single-Factor Experiments

3.8.1 Chocolate and Cardiovascular Health

An article in Nature describes an experiment to investigate the effect of consuming chocolate on cardiovascular health
(“Plasma Antioxidants from Chocolate,” Nature, Vol. 424, 2003, pp. 1013). The experiment consisted of using three
different types of chocolates: 100 g of dark chocolate, 100 g of dark chocolate with 200 mL of full-fat milk, and 200 g
of milk chocolate. A total of 12 subjects were used, 7 women and 5 men, with an average age range of 32.2 ± 1 years,
an average weight of 65.8 ± 3.1 kg, and body-mass index of 21.9 ± 0.4 kg m−2. On different days a subject consumed
one of the chocolate-factor levels and 1 hour later the total antioxidant capacity of their blood plasma was measured
in an assay. Data similar to that summarized in the article are shown in Table 3.12.

Figure 3.15 presents box plots for the data from this experiment. The result is an indication that the blood
antioxidant capacity one hour after eating the dark chocolate is higher than for the other two treatments. The variability
in the sample data from all three treatments seems very similar. Table 3.13 is the Minitab ANOVA output. The test
statistic is highly significant (Minitab reports a P-value of 0.000, which is clearly wrong because P-values cannot be
zero; this means that the P-value is less than 0.001), indicating that some of the treatment means are different. The
output also contains the Fisher LSD analysis for this experiment. This indicates that the mean antioxidant capacity
after consuming dark chocolate is higher than after consuming dark chocolate plus milk or milk chocolate alone is
the mean antioxidant capacity after consuming dark chocolate plus milk or milk chocolate alone is equal. Figure 3.16
is the normal probability plot of the residual and Figure 3.17 is the plot of residuals versus predicted values. These
plots do not suggest any problems with model assumptions. We conclude that consuming dark chocolate results
in higher mean blood antioxidant capacity after one hour than consuming either dark chocolate plus milk or milk
chocolate alone.

◾ T A B L E 3 . 12
Blood Plasma Levels One Hour Following Chocolate Consumption

Subjects (Observations)

Factor 1 2 3 4 5 6 7 8 9 10 11 12

DC 118.8 122.6 115.6 113.6 119.5 115.9 115.8 115.1 116.9 115.4 115.6 107.9
DC + MK 105.4 101.1 102.7 97.1 101.9 98.9 100.0 99.8 102.6 100.9 104.5 93.5
MC 102.1 105.8 99.6 102.7 98.8 100.9 102.8 98.7 94.7 97.8 99.7 98.6
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◾ F I G U R E 3 . 15 Box plots of the blood antioxidant
capacity data from the chocolate consumption experiment
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◾ T A B L E 3 . 13
Minitab ANOVA Output, Chocolate Consumption Experiment

One-way ANOVA: DC, DC+MK, MC 

Source  DF      SS     MS      F      P
Factor   2  1952.6  976.3  93.58  0.000
Error   33   344.3   10.4
Total   35  2296.9

S = 3.230   R-Sq = 85.01%   R-Sq(adj) = 84.10%

Individual 95% CIs For Mean Based on
Pooled StDev

Level   N    Mean  StDev   ---+---------+---------+---------+------
DC     12  116.06   3.53                                  (---*---)
DC+MK  12  100.70   3.24    (--*---)
MC     12  100.18   2.89   (--*---)

---+---------+---------+---------+------
100.0     105.0     110.0     115.0

Pooled StDev = 3.23

Fisher 95% Individual Confidence Intervals
All Pairwise Comparisons
Simultaneous confidence level = 88.02
DC subtracted from:

Lower   Center    Upper    -+---------+---------+---------+---
DC+MK   -18.041  -15.358  -12.675      (---*----)
MC      -18.558  -15.875  -13.192     (----*---)

-+---------+---------+---------+---
-18.0     -12.0      -6.0       0.0

DC+MK subtracted from:

Lower  Center  Upper     -+---------+---------+---------+--------
MC   -3.200  -0.517  2.166                               (---*----)

-+---------+---------+---------+--------
-18.0     -12.0      -6.0       0.0
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◾ F I G U R E 3 . 16 Normal probability plot of the
residuals from the chocolate consumption experiment
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◾ F I G U R E 3 . 17 Plot of residuals versus the predicted
values from the chocolate consumption experiment

3.8.2 A Real Economy Application of a Designed Experiment

Designed experiments have had tremendous impact on manufacturing industries, including the design of new
products and the improvement of existing ones, development of new manufacturing processes, and process
improvement. In the last 15 years, designed experiments have begun to be widely used outside of this traditional
environment. These applications are in financial services, telecommunications, health care, e-commerce, legal
services, marketing, logistics and transportation, and many of the nonmanufacturing components of manufacturing
businesses. These types of businesses are sometimes referred to as the real economy. It has been estimated that
manufacturing accounts for only about 20 percent of the total US economy, so applications of experimental design
in the real economy are of growing importance. In this section, we present an example of a designed experiment
in marketing.

A soft drink distributor knows that end-aisle displays are an effective way to increase sales of the product.
However, there are several ways to design these displays: by varying the text displayed, the colors used, and the visual
images. The marketing group has designed three new end-aisle displays and wants to test their effectiveness. They
have identified 15 stores of similar size and type to participate in the study. Each store will test one of the displays
for a period of one month. The displays are assigned at random to the stores, and each display is tested in five stores.
The response variable is the percentage increase in sales activity over the typical sales for that store when the end-aisle
display is not in use. The data from this experiment are shown in Table 3.14.

Table 3.15 shows the analysis of the end-aisle display experiment. This analysis was conducted using JMP. The
P-value for the model F-statistic in the ANOVA indicates that there is a difference in the mean percentage increase in
sales between the three display types. In this application, we had JMP use the Fisher LSD procedure to compare the

◾ T A B L E 3 . 14
The End-Aisle Display Experimental Design

Display
Design Sample Observations, Percent Increase in Sales

1 5.43 5.71 6.22 6.01 5.29

2 6.24 6.71 5.98 5.66 6.60

3 8.79 9.20 7.90 8.15 7.55
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◾ T A B L E 3 . 15
JMP Output for the End-Aisle Display Experiment

Response Sales Increase

Whole Model

Actual by Predicted Plot
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Sales increase predicted

7.5 8.5 9.5

Summary of Fit

RSquare 0.856364

RSquare Adj 0.832425

Root Mean Square Error 0.512383

Mean of Response 6.762667

Observations (or Sum Wgts) 15

Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 2 18.783053 9.39153 35.7722

Error 12 3.150440 0.26254 Prob > F

C.Total 14 21.933493 < .0001

Effect Tests

Source Nparm DF Sum of Squares F Ratio Prob > F

Display 2 2 18.783053 35.7722 < .001

Residual by Predicted Plot
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(Continued)
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◾ T A B L E 3 . 15 (Continued)

Least Squares Means Table

Level Least Sq Mean Std Error Mean

1 5.7320000 0.22914479 5.73200

2 6.2380000 0.22914479 6.23800

3 8.3180000 0.22914479 8.31800

LSMeans Differences Student’s t

a = 0.050 t = 2.17881

LSMean[i] By LSMean [i]

Mean[i]-Mean [i] 1 2 3
Std Err Dif
Lower CL Dif
Upper CL Dif

1 0 −0.506 −2.586
0 0.32406 −2.586
0 −1.2121 −3.2921
0 0.20007 −1.8799

2 0.506 0 −2.08
0.32406 0 0.32406
−0.2001 0 −2.7861
1.21207 0 −1.3739

3 2.586 2.08 0
0.32406 0.32406 0
1.87993 1.37393 0
3.29207 2.78607 0

Level Least Sq Mean

3 A 8.3180000

2 B 6.2380000

1 B 5.7320000

Levels not connected by same letter are significantly different.

pairs of treatment means (JMP labels these as the least squares means). The results of this comparison are presented
as confidence intervals on the difference in pairs of means. For pairs of means where the confidence interval includes
zero, we would not declare that the pairs of means are different. The JMP output indicates that display designs 1 and
2 are similar in that they result in the same mean increase in sales, but that display design 3 is different from both
designs 1 and 2 and that the mean increase in sales for display 3 exceeds that of both designs 1 and 2. Notice that JMP
automatically includes some useful graphics in the output, a plot of the actual observations versus the predicted values
from the model, and a plot of the residuals versus the predicted values. There is some mild indication that display
design 3 may exhibit more variability in sales increase than the other two designs.

3.8.3 Discovering Dispersion Effects

We have focused on using the analysis of variance and related methods to determine which factor levels result in
differences among treatment or factor level means. It is customary to refer to these effects as location effects. If there
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◾ T A B L E 3 . 16
Data for the Smelting Experiment

ObservationsRatio
Control
Algorithm 1 2 3 4 5 6

1 4.93(0.05) 4.86(0.04) 4.75(0.05) 4.95(0.06) 4.79(0.03) 4.88(0.05)

2 4.85(0.04) 4.91(0.02) 4.79(0.03) 4.85(0.05) 4.75(0.03) 4.85(0.02)

3 4.83(0.09) 4.88(0.13) 4.90(0.11) 4.75(0.15) 4.82(0.08) 4.90(0.12)

4 4.89(0.03) 4.77(0.04) 4.94(0.05) 4.86(0.05) 4.79(0.03) 4.76(0.02)

was inequality of variance at the different factor levels, we used transformations to stabilize the variance to improve
our inference on the location effects. In some problems, however, we are interested in discovering whether the different
factor levels affect variability; that is, we are interested in discovering potential dispersion effects. This will occur
whenever the standard deviation, variance, or some other measure of variability is used as a response variable.

To illustrate these ideas, consider the data in Table 3.16, which resulted from a designed experiment in an alu-
minum smelter. Aluminum is produced by combining alumina with other ingredients in a reaction cell and applying
heat by passing electric current through the cell. Alumina is added continuously to the cell to maintain the proper
ratio of alumina to other ingredients. Four different ratio control algorithms were investigated in this experiment. The
response variables studied were related to cell voltage. Specifically, a sensor scans cell voltage several times each sec-
ond, producing thousands of voltage measurements during each run of the experiment. The process engineers decided
to use the average voltage and the standard deviation of cell voltage (shown in parentheses) over the run as the response
variables. The average voltage is important because it affects cell temperature, and the standard deviation of voltage
(called “pot noise” by the process engineers) is important because it affects the overall cell efficiency.

An analysis of variance was performed to determine whether the different ratio control algorithms affect average
cell voltage. This revealed that the ratio control algorithm had no location effect; that is, changing the ratio control
algorithms does not change the average cell voltage. (Refer to Problem 3.38.)

To investigate dispersion effects, it is usually best to use

log(s) or log(s2)

as a response variable since the log transformation is effective in stabilizing variability in the distribution of the sample
standard deviation. Because all sample standard deviations of pot voltage are less than unity, we will use

y = − ln(s)

as the response variable. Table 3.17 presents the analysis of variance for this response, the natural logarithm of “pot
noise.” Notice that the choice of a ratio control algorithm affects pot noise; that is, the ratio control algorithm has a
dispersion effect. Standard tests of model adequacy, including normal probability plots of the residuals, indicate that
there are no problems with experimental validity. (Refer to Problem 3.39.)

◾ T A B L E 3 . 17
Analysis of Variance for the Natural Logarithm of Pot Noise

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Ratio control algorithm 6.166 3 2.055 21.96 < 0.001

Error 1.872 20 0.094

Total 8.038 23
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3 1 4 2

Average log pot noise [–ln (s)]

4.003.002.00

◾ F I G U R E 3 . 18 Average log pot noise [−ln (s)] for
four ratio control algorithms relative to a scaled t

distribution with scale factor
√

MSE∕n =
√

0.094∕6 = 0.125

Figure 3.18 plots the average log pot noise for each ratio control algorithm and also presents a scaled t distribution
for use as a reference distribution in discriminating between ratio control algorithms. This plot clearly reveals that
ratio control algorithm 3 produces greater pot noise or greater cell voltage standard deviation than the other algorithms.
There does not seem to be much difference between algorithms 1, 2, and 4.

3.9 The Random Effects Model

3.9.1 A Single Random Factor

An experimenter is frequently interested in a factor that has a large number of possible levels. If the experimenter
randomly selects a of these levels from the population of factor levels, then we say that the factor is random. Because
the levels of the factor actually used in the experiment were chosen randomly, inferences are made about the entire
population of factor levels. We assume that the population of factor levels is either of infinite size or is large enough to
be considered infinite. Situations in which the population of factor levels is small enough to employ a finite population
approach are not encountered frequently. Refer to Bennett and Franklin (1954) and Searle and Fawcett (1970) for a
discussion of the finite population case.

The linear statistical model is

yij = 𝜇 + 𝜏i + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , n

(3.44)

where both the treatment effects 𝜏i and 𝜖ij are random variables. We will assume that the treatment effects 𝜏i are
NID (0, 𝜎2

𝜏
), random variables3 and that the errors are NID(0, 𝜎2), random variables, and that the 𝜏i and 𝜖ij are inde-

pendent. Because 𝜏i is independent of 𝜖ij, the variance of any observation is

V(yij) = 𝜎
2
𝜏
+ 𝜎

2

The variances 𝜎2
𝜏

and 𝜎
2 are called variance components, and the model (Equation 3.44) is called the components of

variance or random effects model. The observations in the random effects model are normally distributed because
they are linear combinations of the two normally and independently distributed random variables 𝜏i and 𝜖ij. However,
unlike the fixed effects case in which all of the observations yij are independent, in the random model the observations
yij are only independent if they come from different factor levels. Specifically, we can show that the covariance of any
two observations is

Cov (yij,yij′ ) = 𝜎
2
𝜏

j ≠ j′

Cov (yij,yi′j′ ) = 0 i ≠ i′

Note that the observations within a specific factor level all have the same covariance, because before the experiment
is conducted, we expect the observations at that factor level to be similar because they all have the same random
component. Once the experiment has been conducted, we can assume that all observations can be assumed to be
independent, because the parameter 𝜏i has been determined and the observations in that treatment differ only because
of random error.

3 The assumption that the [𝜏i] are independent random variables implies that the usual assumption of
∑a

i=1 𝜏i = 0 from the fixed effects model does not apply to the
random effects model.
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We can express the covariance structure of the observations in the single-factor random effects model through
the covariance matrix of the observations. To illustrate, suppose that we have a = 3 treatments and n = 2 replicates.
There are N = 6 observations, which we can write as a vector

y =

⎡⎢⎢⎢⎢⎢⎢⎣

y11
y12
y21
y22
y31
y32

⎤⎥⎥⎥⎥⎥⎥⎦
and the 6 × 6 covariance matrix of these observations is

Cov(y) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝜎
2
𝜏
+ 𝜎

2
𝜎

2
𝜏

0 0 0 0
𝜎

2
𝜏

𝜎
2
𝜏
+ 𝜎

2 0 0 0 0
0 0 𝜎

2
𝜏
+ 𝜎

2
𝜎

2
𝜏

0 0
0 0 𝜎

2
𝜏

𝜎
2
𝜏
+ 𝜎

2 0 0
0 0 0 0 𝜎

2
𝜏
+ 𝜎

2
𝜎

2

0 0 0 0 𝜎
2
𝜏

𝜎
2
𝜏
+ 𝜎

2

⎤⎥⎥⎥⎥⎥⎥⎦
The main diagonals of this matrix are the variances of each individual observation and every off-diagonal element is
the covariance of a pair of observations.

3.9.2 Analysis of Variance for the Random Model

The basic ANOVA sum of squares identity

SST = SSTreatments + SSE (3.45)

is still valid. That is, we partition the total variability in the observations into a component that measures the varia-
tion between treatments (SSTreatments) and a component that measures the variation within treatments (SSE). Testing
hypotheses about individual treatment effects is not very meaningful because they were selected randomly, we are
more interested in the population of treatments, so we test hypotheses about the variance component 𝜎2

𝜏
.

H0∶𝜎2
𝜏
= 0

H1∶𝜎2
𝜏
> 0 (3.46)

If 𝜎2
𝜏
= 0, all treatments are identical; but if 𝜎2

𝜏
= 0, variability exists between treatments. As before, SSE∕𝜎2 is dis-

tributed as chi-square with N − a degrees of freedom and, under the null hypothesis, SSTreatments∕𝜎2 is distributed as
chi-square with a − 1 degrees of freedom. Both random variables are independent. Thus, under the null hypothesis
𝜎

2
𝜏
= 0, the ratio

F0 =
SSTreatments

a−1
SSE
N−a

=
MSTreatments

MSE
(3.47)

is distributed as F with a − 1 and N − a degrees of freedom. However, we need to examine the expected mean squares
to fully describe the test procedure.

Consider

E(MSTreatments) =
1

a − 1
E(SSTreatments) =

1
a − 1

E

[
a∑
i=1

y2
i.

n
−

y2
..

N

]

= 1
a − 1

E
⎡⎢⎢⎣

1
n

a∑
i=1

(
n∑
j=1

𝜇 + 𝜏i + 𝜖ij

)2

− 1
N

(
a∑
i=1

n∑
j=1

𝜇 + 𝜏i + 𝜖ij

)2⎤⎥⎥⎦
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When squaring and taking expectation of the quantities in brackets, we see that terms involving 𝜏
2
i are replaced by 𝜎

2
𝜏

as
E(𝜏i) = 0. Also, terms involving 𝜖2

i. , 𝜖
2
..
, and

∑a
i=1

∑n
j=1 𝜏

2
i are replaced by n𝜎2, an𝜎2, and an2, respectively. Furthermore,

all cross-product terms involving 𝜏i and 𝜖ij have zero expectation. This leads to

E(MSTreatments) =
1

a − 1
[N𝜇2 + N𝜎2

𝜏
+ a𝜎2 − N𝜇2 − n𝜎2

𝜏
− 𝜎

2]

or
E(MSTreatments) = 𝜎

2 + n𝜎2
𝜏

(3.48)

Similarly, we may show that
E(MSE) = 𝜎

2 (3.49)

From the expected mean squares, we see that under H0 both the numerator and denominator of the test statistic
(Equation 3.47) are unbiased estimators of 𝜎2, whereas under H1 the expected value of the numerator is greater than
the expected value of the denominator. Therefore, we should reject H0 for values of F0 that are too large. This implies
an upper-tail, one-tail critical region, so we reject H0 if F0 > F

𝛼,a−1,N−a.
The computational procedure and ANOVA for the random effects model are identical to those for the fixed effects

case. The conclusions, however, are quite different because they apply to the entire population of treatments.

3.9.3 Estimating the Model Parameters

We are usually interested in estimating the variance components (𝜎2 and 𝜎
2
𝜏
) in the model. One very simple procedure

that we can use to estimate 𝜎
2 and 𝜎

2
𝜏

is called the analysis of variance method because it makes use of the lines in
the analysis of variance table. The procedure consists of equating the expected mean squares to their observed values
in the ANOVA table and solving for the variance components. In equating observed and expected mean squares in the
single-factor random effects model, we obtain

MSTreatments = 𝜎
2 + n𝜎2

𝜏

and
MSE = 𝜎

2

Therefore, the estimators of the variance components are

𝜎̂
2 = MSE (3.50)

and

𝜎̂
2
𝜏
=

MSTreatments −MSE
n

(3.51)

For unequal sample sizes, replace n in Equation 3.51 by

n0 = 1
a − 1

⎡⎢⎢⎢⎢⎢⎣

a∑
i=1

ni −

a∑
i=1

n2
i

a∑
i=1

ni

⎤⎥⎥⎥⎥⎥⎦
(3.52)

The analysis of variance method of variance component estimation is a method of moments procedure. It
does not require the normality assumption. It does yield estimators of 𝜎

2 and 𝜎
2
𝜏

that are best quadratic unbiased
(i.e., of all unbiased quadratic functions of the observations, these estimators have minimum variance). There is a
different method based on maximum likelihood that can be used to estimate the variance components that will be
introduced later.
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Occasionally, the analysis of variance method produces a negative estimate of a variance component. Clearly,
variance components are by definition nonnegative, so a negative estimate of a variance component is viewed with
some concern. One course of action is to accept the estimate and use it as evidence that the true value of the variance
component is zero, assuming that sampling variation led to the negative estimate. This has intuitive appeal, but it suffers
from some theoretical difficulties. For instance, using zero in place of the negative estimate can disturb the statistical
properties of other estimates. Another alternative is to reestimate the negative variance component using a method
that always yields nonnegative estimates. Still another alternative is to consider the negative estimate as evidence that
the assumed linear model is incorrect and reexamine the problem. Comprehensive treatment of variance component
estimation is given by Searle (1971a, 1971b), Searle, Casella, and McCullogh (1992), and Burdick and Graybill (1992).

EXAMPLE 3 . 10

A textile company weaves a fabric on a large number of
looms. It would like the looms to be homogeneous so that it
obtains a fabric of uniform strength. The process engineer
suspects that, in addition to the usual variation in strength
within samples of fabric from the same loom, there may
also be significant variations in strength between looms. To
investigate this, she selects four looms at random and makes
four strength determinations on the fabric manufactured on
each loom. This experiment is run in random order, and
the data obtained are shown in Table 3.18. The ANOVA is
conducted and is shown in Table 3.19. from the ANOVA,
we conclude that the looms in the plant differ significantly.

The variance components are estimated by 𝜎̂
2 = 1.90

and

𝜎̂
2
𝜏
= 29.73 − 1.90

4
= 6.96

Therefore, the variance of any observation on strength is
estimated by

𝜎̂y = 𝜎̂
2 + 𝜎̂

2
𝜏
= 1.90 + 6.96 = 8.86.

Most of this variability is attributable to differences between
looms.

◾ T A B L E 3 . 18
Strength Data for Example 3.10

Observations

Looms 1 2 3 4 yi.

1 98 97 99 96 390

2 91 90 93 92 366

3 96 95 97 95 383

4 95 96 99 98 388

1527 = y
..

◾ T A B L E 3 . 19
Analysis of Variance for the Strength Data

Source of Variation Sum of Squares Degrees of Freedom Mean Square F0 P-Value

Looms 89.19 3 29.73 15.68 <0.001

Error 22.75 12 1.90

Total 111.94 15
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(a) Variability of process output

LSL USL

 y = 8.86
2σ

(b) Variability of process output if    2 = 0

LSL USL

 y = 1.90
  2σ

σ τ

›

›

μ μ

◾ F I G U R E 3 . 19 Process
output in the fiber strength
problem

This example illustrates an important use of variance components—isolating different sources of variability
that affect a product or system. The problem of product variability frequently arises in quality assurance, and it is
often difficult to isolate the sources of variability. For example, this study may have been motivated by an observation
that there is too much variability in the strength of the fabric, as illustrated in Figure 3.19a. This graph displays the
process output (fiber strength) modeled as a normal distribution with variance 𝜎̂

2
y = 8.86. (This is the estimate of the

variance of any observation on strength from Example 3.10.) Upper and lower specifications on strength are also
shown in Figure 3.19a, and it is relatively easy to see that a fairly large proportion of the process output is outside
the specifications (the shaded tail areas in Figure 3.19a). The process engineer has asked why so much fabric is
defective and must be scrapped, reworked, or downgraded to a lower quality product. The answer is that most of
the product strength variability is the result of differences between looms. Different loom performance could be the
result of faulty setup, poor maintenance, ineffective supervision, poorly trained operators, defective input fiber, and
so forth.

The process engineer must now try to isolate the specific causes of the differences in loom performance. If she
could identify and eliminate these sources of between-loom variability, the variance of the process output could be
reduced considerably, perhaps to as low as 𝜎̂2

y = 1.90, the estimate of the within-loom (error) variance component in
Example 3.10. Figure 3.19b shows a normal distribution of fiber strength with 𝜎̂

2
y = 1.90. Note that the proportion of

defective product in the output has been dramatically reduced. Although it is unlikely that all of the between-loom
variability can be eliminated, it is clear that a significant reduction in this variance component would greatly increase
the quality of the fiber produced.

We may easily find a confidence interval for the variance component 𝜎2. If the observations are normally and
independently distributed, then (N − a)MSE∕𝜎2 is distributed as 𝜒2

N−a. Thus,

P

[
𝜒

2
1−(𝛼∕2),N−a ≤

(N − a)MSE
𝜎2

≤ 𝜒
2
𝛼∕2,N−a

]
= 1 − 𝛼

and a 100(1 − 𝛼) percent confidence interval for 𝜎2 is

(N − a)MSE
𝜒

2
𝛼∕2,N−a

≤ 𝜎
2 ≤

(N − a)MSE
𝜒

2
1−(𝛼∕2),N−a

(3.53)

Since MSE = 190,N = 16, a = 4, 𝜒2
0.025,12 = 23,3367 and 𝜒

2
0.975,12 = 4.4038, the 95% CI on 𝜎

2 is 0.9770 ≤ 𝜎
2 ≤

5.1775.
Now consider the variance component 𝜎2

𝜏
. The point estimator of 𝜎2

𝜏
is

𝜎̂
2
𝜏
=

MSTreatments −MSE
n

The random variable (a − 1)MSTreatments∕(𝜎2 + n𝜎2
𝜏
) is distributed as 𝜒2

a−1, and (N − a)MSE∕𝜎2 is distributed as 𝜒2
N−a.

Thus, the probability distribution of 𝜎̂2
𝜏

is a linear combination of two chi-square random variables, say

u1𝜒
2
a−1 − u2𝜒

2
N−a
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where

u1 =
𝜎

2 + n𝜎2
𝜏

n(a − 1)
and u2 = 𝜎

2

n(N − a)

Unfortunately, a closed-form expression for the distribution of this linear combination of chi-square random variables
cannot be obtained. Thus, an exact confidence interval for 𝜎2

𝜏
cannot be constructed. Approximate procedures are given

in Graybill (1961) and Searle (1971a). Also see Section 13.6 of Chapter 13.
It is easy to find an exact expression for a confidence interval on the ratio 𝜎

2
𝜏
∕(𝜎2

𝜏
+ 𝜎

2). This ratio is called
the intraclass correlation coefficient, and it reflects the proportion of the variance of an observation [recall that
V(yij) = 𝜎

2
𝜏
+ 𝜎

2] that is the result of differences between treatments. To develop this confidence interval for the case
of a balanced design, note that MSTreatments and MSE are independent random variables and, furthermore, it can be
shown that

MSTreatments∕(n𝜎2
𝜏
+ 𝜎

2)
MSE∕𝜎2

∼ Fa−1,N−a

Thus,

P

(
F1−𝛼∕2,a−1,N−a ≤

MSTreatments

MSE

𝜎
2

n𝜎2
𝜏 + 𝜎2

≤ F
𝛼∕2,a−1,N−a

)
= 1 − 𝛼 (3.54)

By rearranging Equation 3.54, we may obtain the following:

P

(
L ≤

𝜎
2
𝜏

𝜎2
≤ U

)
= 1 − 𝛼 (3.55)

where

L = 1
n

(
MSTreatments

MSE

1
F
𝛼∕2,a−1,N−a

− 1

)
(3.56a)

and

U = 1
n

(
MSTreatments

MSE

1
F1−𝛼∕2,a−1,N−a

− 1

)
(3.56b)

Note that L andU are 100(1 − 𝛼) percent lower and upper confidence limits, respectively, for the ratio 𝜎2
𝜏
∕𝜎2. Therefore,

a 100(1 − 𝛼) percent confidence interval for 𝜎2
𝜏
∕(𝜎2

𝜏
+ 𝜎

2) is

L
1 + L

≤
𝜎

2
𝜏

𝜎
2
𝜏 + 𝜎2

≤
U

1 + U
(3.57)

To illustrate this procedure, we find a 95 percent confidence interval on 𝜎
2
𝜏
∕(𝜎2

𝜏
+ 𝜎

2) for the strength data
in Example 3.10. Recall that MSTreatments = 29.73,MSE = 1.90, a = 4, n = 4,F0.025,3,12 = 4.47, and F0.975,3,12 =
1∕F0.025,12,3 = 1∕14.34 = 0.070. Therefore, from Equation 3.56a and b,

L = 1
4

[(29.73
1.90

)( 1
4.47

)
− 1

]
= 0.625

U = 1
4

[(29.73
1.90

)( 1
0.070

)
− 1

]
= 55.633

and from Equation 3.57, the 95 percent confidence interval on 𝜎
2
𝜏
∕(𝜎2

𝜏
+ 𝜎

2) is

0.625
1.625

≤
𝜎

2

𝜎
2
𝜏 + 𝜎2

≤
55.633
56.633

or

0.38 ≤
𝜎

2

𝜎
2
𝜏 + 𝜎2

≤ 0.98
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We conclude that variability between looms accounts for between 38 and 98 percent of the variability in the observed
strength of the fabric produced. This confidence interval is relatively wide because of the small number of looms used
in the experiment. Clearly, however, the variability between looms (𝜎2

𝜏
) is not negligible.

Estimation of the Overall Mean 𝝁. In many random effects experiments, the experimenter is interested
in estimating the overall mean 𝜇. From the basic model assumptions, it is easy to see that the expected value of any
observation is just the overall mean. Consequently, an unbiased estimator of the overall mean is

𝜇̂ = y
..

So for Example 3.10 the estimate of the overall mean strength is

𝜇̂ = y
..
=

y
..

N
= 1527

16
= 95.44

It is also possible to find a 100(1 − 𝛼)% confidence interval on the overall mean. The variance of y is

V(y
..
) = V

⎛⎜⎜⎜⎜⎜⎝

a∑
i=1

n∑
j=1

yij

an

⎞⎟⎟⎟⎟⎟⎠
=

n𝜎2
𝜏
+ 𝜎

2

an

The numerator of this ratio is estimated by the treatment mean square, so an unbiased estimator of V(y) is

V̂(y
..
) =

MSTreatments

an

Therefore, the 100(1 − 𝛼)% CI on the overall mean is

y
..
− t

𝛼∕2,a(n−1)

√
MSTreatments

an
≤ 𝜇 ≤ y

..
+ t

𝛼∕2,a(n−1)

√
MSTreatments

an
(3.58)

To find a 95% CI on the overall mean in the fabric strength experiment from Example 3.10, we need MSTreatments =
29.73 and t0.025,12 = 2.18. The CI is computed from Equation 3.58 as follows:

y
..
− t

𝛼∕2,a(n−1)

√
MSTreatments

an
≤ 𝜇 ≤ y

..
+ t

𝛼∕2,a(n−1)

√
MSTreatments

an

95.44 − 2.18

√
29.73

16
≤ 𝜇 ≤ 95.44 + 2.18

√
29.73

16

92.47 ≤ 𝜇 ≤ 98.41

So, at 95 percent confidence the mean strength of the fabric produced by the looms in this facility is between
92.47 and 98.41. This is a relatively wide confidence interval because a small number of looms were sampled and
there is a large difference between looms as reflected by the large portion of total variability that is accounted for by
the differences between looms.

Maximum Likelihood Estimation of the Variance Components. Earlier in this section we presented the
analysis of variance method of variance component estimation. This method is relatively straightforward to apply and
makes use of familiar quantities—the mean squares in the analysis of variance table. However, the method has some
disadvantages. As we pointed out previously, it is a method of moments estimator, a technique that mathematical
statisticians generally do not prefer to use for parameter estimation because it often results in parameter estimates that
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do not have good statistical properties. One obvious problem is that it does not always lead to an easy way to construct
confidence intervals on the variance components of interest. For example, in the single-factor random model, there
is not a simple way to construct confidence intervals on 𝜎

2
𝜏
, which is certainly a parameter of primary interest to

the experimenter. The preferred parameter estimation technique is called the method of maximum likelihood. The
implementation of this method can be somewhat involved, particularly for an experimental design model, but it has
been incorporated in some modern computer software packages that support designed experiments, including JMP.

A complete presentation of the method of maximum likelihood is beyond the scope of this book, but the general
idea can be illustrated very easily. Suppose that x is a random variable with probability distribution f (x, 𝜃), where 𝜃 is
an unknown parameter. Let x1, x2, . . . , xn be a random sample of n observations. The joint probability distribution of

the sample is
n∏
i=1

f (xi, 𝜃). The likelihood function is just this joint probability distribution with the sample observations

consider fixed and the parameter 𝜃 unknown. Note that the likelihood function, say

L(x1, x2, . . . , xn; 𝜃) =
n∏
i=1

f (xi, 𝜃)

is now a function of only the unknown parameter 𝜃. The maximum likelihood estimator of 𝜃 is the value of 𝜃

that maximizes the likelihood function L(x1, x2, . . . , xn; 𝜃). To illustrate how this applies to an experimental design
model with random effects, let y be the an × 1 vector of observations for a single-factor random effects model with
a treatments and n replicates and let

∑
be the an × an covariance matrix of the observations. Refer to Section 3.9.1

where we developed this covariance matrix for the special case where a = 3 and n = 2. The likelihood function is

L(x11, x12, . . . , xa,n;𝜇, 𝜎2
𝜏
, 𝜎

2) = 1

(2𝜋)N∕2
[∑]1∕2

exp

[
−1

2
(y − jN𝜇)′

−1∑
(y − jN𝜇)

]

where N = an is the total number of observations, jN is an N × 1 vector of 1s, and 𝜇 is the overall mean in the model.
The maximum likelihood estimates of the parameters 𝜇, 𝜎

2
𝜏
, and 𝜎

2 are the values of these quantities that maximize
the likelihood function.

Maximum likelihood estimators (MLEs) have some very useful properties. For large samples, they are unbiased,
and they have a normal distribution. Furthermore, the inverse of the matrix of second derivatives of the likelihood
function (multiplied by −1) is the covariance matrix of the MLEs. This makes it relatively easy to obtain approximate
confidence intervals on the MLEs.

The standard variant of maximum likelihood estimation that is used for estimating variance components is known
as the residual maximum likelihood (REML) method. It is popular because it produces unbiased estimators and like
all MLEs, it is easy to find CIs. The basic characteristic of REML is that it takes the location parameters in the model
into account when estimating the random effects. As a simple example, suppose that we want to estimate the mean
and variance of a normal distribution using the method of maximum likelihood. It is easy to show that the MLEs are

𝜇̂ =

n∑
i=1

yi

n
= y

𝜎̂
2 =

n∑
i=1

(yi − y)2

n

Notice that the MLE 𝜎̂
2 is not the familiar sample standard deviation. It does not take the estimation of the location

parameter 𝜇 into account. The REML estimator would be

S2 =

n∑
i=1

(yi − y)2

n − 1
The REML estimator is unbiased.
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◾ T A B L E 3 . 20
JMP Output for the Loom Experiment in Example 3.10

Response Y

Summary of Fit

RSquare 0.793521

RSquare Adj 0.793521

Root Mean Square Error 1.376893

Mean of Response 95.4375

Observations (or Sum Wgts) 16

Parameter Estimates

Term Estimate Std Error DFDen t Ratio Prob > |t|
Intercept 95.4375 1.363111 3 70.01 < .0001∗

REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

X1 3.6703297 6.9583333 6.0715247 −4.941636 18.858303 78.588

Residual 1.8958333 0.7739707 0.9748608 5.1660065 21.412

Total 8.8541667 100.000

Covariance Matrix of Variance Component Estimates

Random Effect X1 Residual

X1 36.863412 −0.149758

Residual −0.149758 0.5990307

To illustrate the REML method, Table 3.20 presents the JMP output for the loom experiment in Example 3.10.
The REML estimates of the model parameters 𝜇, 𝜎2

𝜏
, and 𝜎

2 are shown in the output. Note that the REML estimates of
the variance components are identical to those found earlier by the ANOVA method. These two methods will agree for
balanced designs. However, the REML output also contains the covariance matrix of the variance components. The
square roots of the main diagonal elements of this matrix are the standard errors of the variance components. If 𝜃̂ is
the MLE of 𝜃 and 𝜎̂(𝜃̂) is its estimated standard error, then the approximate 100(1 − 𝛼) percent confidence interval on
𝜃 is

𝜃̂ − Z
𝛼∕2𝜎̂(𝜃̂) ≤ 𝜃 ≤ 𝜃̂ + Z

𝛼∕2𝜎̂(𝜃̂)

JMP uses this approach to find the approximate CIs of 𝜎2
𝜏

and 𝜎
2 shown in the output. The 95 percent CI from REML

for 𝜎2 is very similar to the chi-square-based interval computed earlier in Section 3.9.

3.10 The Regression Approach to the Analysis of Variance

We have given an intuitive or heuristic development of the analysis of variance. However, it is possible to give a more
formal development. The method will be useful later in understanding the basis for the statistical analysis of more
complex designs. Called the general regression significance test, the procedure essentially consists of finding the
reduction in the total sum of squares for fitting the model with all parameters included and the reduction in sum of
squares when the model is restricted to the null hypotheses. The difference between these two sums of squares is
the treatment sum of squares with which a test of the null hypothesis can be conducted. The procedure requires the
least squares estimators of the parameters in the analysis of variance model. We have given these parameter estimates
previously (in Section 3.3.3); however, we now give a formal development.
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3.10.1 Least Squares Estimation of the Model Parameters

We now develop estimators for the parameter in the single-factor ANOVA fixed-effects model

yij = 𝜇 + 𝜏i + 𝜖ij

using the method of least squares. To find the least squares estimators of 𝜇 and 𝜏i, we first form the sum of squares of
the errors

L =
a∑
i=1

n∑
j=1

𝜖
2
ij =

a∑
i=1

n∑
j=1

(yij − 𝜇 − 𝜏i)2 (3.59)

and then choose values of 𝜇 and 𝜏i, say 𝜇̂ and 𝜏i, that minimize L. The appropriate values would be the solutions to the
a + 1 simultaneous equations

𝜕L
𝜕𝜇

||||𝜇̂,𝜏i = 0

𝜕L
𝜕𝜏i

||||𝜇̂,𝜏i
= 0 i = 1, 2, . . . , a

Differentiating Equation 3.59 with respect to 𝜇 and 𝜏i and equating to zero, we obtain

−2
a∑
i=1

n∑
j=1

(yij − 𝜇̂ − 𝜏i) = 0

and

−2
n∑
j=1

(yij + 𝜇̂ − 𝜏i) = 0 i = 1, 2, . . . , a

which, after simplification, yield
N𝜇̂ + n𝜏1 + n𝜏2 + · · · + n𝜏a = y..
n𝜇̂ + n𝜏1 = y1•

n𝜇̂ + n𝜏2 = y2•

⋮ ⋮
n𝜇̂ + n𝜏a = ya.

(3.60)

The a + 1 equations (Equation 3.60) in a + 1 unknowns are called the least squares normal equations. Notice
that if we add the last a normal equations, we obtain the first normal equation. Therefore, the normal equations are
not linearly independent, and no unique solution for 𝜇, 𝜏i, . . . , 𝜏a exists. This has happened because the effects model
is overparameterized. This difficulty can be overcome by several methods. Because we have defined the treatment
effects as deviations from the overall mean, it seems reasonable to apply the constraint

a∑
i=1

𝜏i = 0 (3.61)

Using this constraint, we obtain as the solution to the normal equations

𝜇̂ = y..

𝜏i = yi. − y.. i = 1, 2, . . . , a (3.62)

This solution is obviously not unique and depends on the constraint (Equation 3.61) that we have chosen. At
first this may seem unfortunate because two different experimenters could analyze the same data and obtain different
results if they apply different constraints. However, certain functions of the model parameters are uniquely estimated,



�

� �

�

3.10 The Regression Approach to the Analysis of Variance 121

regardless of the constraint. Some examples are 𝜏i − 𝜏j, which would be estimated by 𝜏i − 𝜏j = yi. − yj., and the ith
treatment mean 𝜇i = 𝜇 + 𝜏i, which would be estimated by 𝜇̂i = 𝜇̂ + 𝜏i = yi..

Because we are usually interested in differences among the treatment effects rather than their actual values, it
causes no concern that the 𝜏i cannot be uniquely estimated. In general, any function of the model parameters that
is a linear combination of the left-hand side of the normal equations (Equations 3.60) can be uniquely estimated.
Functions that are uniquely estimated regardless of which constraint is used are called estimable functions. For more
information, see the supplemental material for this chapter. We are now ready to use these parameter estimates in a
general development of the analysis of variance.

3.10.2 The General Regression Significance Test

A fundamental part of this procedure is writing the normal equations for the model. These equations may always be
obtained by forming the least squares function and differentiating it with respect to each unknown parameter, as we
did in Section 3.9.1. However, an easier method is available. The following rules allow the normal equations for any
experimental design model to be written directly:

RULE 1. There is one normal equation for each parameter in the model to be estimated.

RULE 2. The right-hand side of any normal equation is just the sum of all observations that contain the parameter
associated with that particular normal equation.

To illustrate this rule, consider the single-factor model. The first normal equation is for the parameter
𝜇; therefore, the right-hand side is y

..
because all observations contain 𝜇.

RULE 3. The left-hand side of any normal equation is the sum of all model parameters, where each parameter
is multiplied by the number of times it appears in the total on the right-hand side. The parameters are written
with a circumflex (̂) to indicate that they are estimators and not the true parameter values.

For example, consider the first normal equation in a single-factor experiment. According to the aforementioned
rules, it would be

N𝜇̂ + n𝜏1 + n𝜏2 + · · · + n𝜏a = y
..

because 𝜇 appears in all N observations, 𝜏1 appears only in the n observations taken under the first treatment, 𝜏2 appears
only in the n observations taken under the second treatment, and so on. From Equation 3.60, we verify that the equation
shown above is correct. The second normal equation would correspond to 𝜏1 and is

n𝜇̂ + n𝜏1 = y1.

because only the observations in the first treatment contain 𝜏1 (this gives y1. as the right-hand side), 𝜇 and 𝜏1 appear
exactly n times in y1., and all other 𝜏i appear zero times. In general, the left-hand side of any normal equation is the
expected value of the right-hand side.

Now, consider finding the reduction in the sum of squares by fitting a particular model to the data. By fitting a
model to the data, we “explain” some of the variability; that is, we reduce the unexplained variability by some amount.
The reduction in the unexplained variability is always the sum of the parameter estimates, each multiplied by the
right-hand side of the normal equation that corresponds to that parameter. For example, in a single-factor experiment,
the reduction due to fitting the full model yij = 𝜇 + 𝜏i + 𝜖ij is

R(𝜇, 𝜏) = 𝜇̂y
..
+ 𝜏1y1. + 𝜏2y2. + · · · + 𝜏aya.

= 𝜇̂y
..
+

a∑
i=1

𝜏iyi. (3.63)

The notation R(𝜇, 𝜏) means that reduction in the sum of squares from fitting the model containing 𝜇 and {𝜏i}. R(𝜇, 𝜏)
is also sometimes called the “regression” sum of squares for the full model yij = 𝜇 + 𝜏i + 𝜖ij. The number of degrees
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of freedom associated with a reduction in the sum of squares, such as R(𝜇, 𝜏), is always equal to the number of linearly
independent normal equations. The remaining variability unaccounted for by the model is found from

SSE =
a∑
i=1

n∑
j=1

y2
ij − R(𝜇, 𝜏) (3.64)

This quantity is used in the denominator of the test statistic for H0 ∶ 𝜏1 = 𝜏2 = . . . = 𝜏a = 0.
We now illustrate the general regression significance test for a single-factor experiment and show that it yields

the usual one-way analysis of variance. The model is yij = 𝜇 + 𝜏i + 𝜖ij, and the normal equations are found from the
above rules as

N𝜇̂ + n𝜏1 + n𝜏2 + · · · + n𝜏a = y..
n𝜇̂ + n𝜏1 = y1•

n𝜇̂ + n𝜏2 = y2•

⋮ ⋮
n𝜇̂ + n𝜏a = ya.

Compare these normal equations with those obtained in Equation 3.60.
Applying the constraint

∑a
i=1 𝜏i = 0, we find that the estimators for 𝜇 and 𝜏i are

𝜇̂ = y
..

𝜏i = yi. − y
..
i = 1, 2, . . . , a

The reduction in the sum of squares due to fitting this full model is found from Equation 3.48 as

R(𝜇, 𝜏) = 𝜇̂y
..
+

a∑
i=1

𝜏iyi.

= (y
..
)y

..
+

a∑
i=1

(yi. − y
..
)yi.

=
y2
..

N
+

a∑
i=1

yi.yi. − y
..

a∑
i=1

yi.

=
a∑
i=1

y2
i.

n

which has a degrees of freedom because there are a linearly independent normal equations. The error sum of squares
is, from Equation 3.64,

SSE =
a∑
i=1

n∑
j=1

y2
ij − R(𝜇, 𝜏)

=
a∑
i=1

n∑
j=1

y2
ij −

a∑
i=1

y2
i.

n

and has N − a degrees of freedom.
To find the sum of squares resulting from the treatment effects (the {𝜏i}), we consider a reduced model; that is,

the model to be restricted to the null hypothesis (𝜏i = 0 for all i). The reduced model is yij = 𝜇 + 𝜖ij. There is only one
normal equation for this model:

N𝜇̂ = y
..

and the estimator of 𝜇 is 𝜇̂ = y
..
. Thus, the reduction in the sum of squares that results from fitting the reduced model

containing only 𝜇 is

R(𝜇) = (y
..
)(y

..
) =

y2
..

N
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Because there is only one normal equation for this reduced model, R(𝜇) has one degree of freedom. The sum of squares
due to the {𝜏i}, given that 𝜇 is already in the model, is the difference between R(𝜇, 𝜏) and R(𝜇), which is

R(𝜏|𝜇) = R(𝜇, 𝜏) − R(𝜇)
= R(Full Model) − R(Reduced Model)

= 1
n

a∑
i=1

y2
i. −

y2
..

N

with a − 1 degrees of freedom, which we recognize from Equation 3.9 as SSTreatments. Making the usual normality
assumption, we obtain the appropriate statistic for testing H0 ∶ 𝜏1 = 𝜏2 = · · · = 𝜏a = 0

F0 =
R(𝜏|𝜇)(∕(a − 1)[

a∑
i=1

n∑
j=1

y2
ij − R(𝜇, 𝜏)

]
∕(N − a)

which is distributed as Fa−1,N−a under the null hypothesis. This is, of course, the test statistic for the single-factor
analysis of variance.

3.11 Nonparametric Methods in the Analysis of Variance

3.11.1 The Kruskal–Wallis Test

In situations where the normality assumption is unjustified, the experimenter may wish to use an alternative procedure
to the F-test analysis of variance that does not depend on this assumption. Such a procedure has been developed by
Kruskal and Wallis (1952). The Kruskal–Wallis test is used to test the null hypothesis that the a treatments are identical
against the alternative hypothesis that some of the treatments generate observations that are larger than others. Because
the procedure is designed to be sensitive for testing differences in means, it is sometimes convenient to think of the
Kruskal–Wallis test as a test for equality of treatment means. The Kruskal–Wallis test is a nonparametric alternative
to the usual analysis of variance.

To perform a Kruskal–Wallis test, first rank the observations yij in ascending order and replace each observation
by its rank, say Rij, with the smallest observation having rank 1. In the case of ties (observations having the same
value), assign the average rank to each of the tied observations. Let Ri. be the sum of the ranks in the ith treatment. The
test statistic is

H = 1
S2

[
a∑
i=1

R2
i.

ni
− N(N + 1)2

4

]
(3.65)

where ni is the number of observations in the ith treatment, N is the total number of observations, and

S2 = 1
N − 1

[
a∑
i=1

ni∑
j=1

R2
ij −

N(N + 1)2

4

]
(3.66)

Note that S2 is just the variance of the ranks. If there are no ties, S2 = N(N + 1)∕12 and the test statistic simplifies to

H = 12
N(N + 1)

a∑
i=1

R2
i.

ni
− 3(N + 1) (3.67)

When the number of ties is moderate, there will be little difference between Equations 3.66 and 3.67, and the simpler
form (Equation 3.67) may be used. If the ni are reasonably large, say ni ≥ 5,H is distributed approximately as 𝜒2

a−1
under the null hypothesis. Therefore, if

H > 𝜒
2
𝛼,a−1

the null hypothesis is rejected. The P-value approach could also be used.
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EXAMPLE 3 . 11

The data from Example 3.1 and their corresponding ranks
are shown in Table 3.21. There are ties, so we use Equation
3.65 as the test statistic. From Equation 3.65

S2 = 1
19

[
2869.50 − 20(21)2

4

]
= 34.97

and the test statistic is

H = 1
S2

[
a∑
i=1

R2
i.

ni
− N(N + 1)2

4

]

= 1
34.97

[2796.30 − 2205]

= 16.91

◾ T A B L E 3 . 21
Data and Ranks for the Plasma Etching Experiment in Example 3.1

Power

160 180 200 220

y1j R1j y2j R2j y3j R3j y4j R4j

575 6 565 4 600 10 725 20

542 3 593 9 651 15 700 17

530 1 590 8 610 11.5 715 19

539 2 579 7 637 14 685 16

570 5 610 11.5 629 13 710 18

Ri. 17 39.5 63.5 90

Because H > 𝜒
2
0.01,3 = 11.34, we would reject the null

hypothesis and conclude that the treatments differ. (The
P-value for H = 16.91 is P = 7.38 × 10−4.) This is the same
conclusion as given by the usual analysis of variance F-test.

3.11.2 General Comments on the Rank Transformation

The procedure used in the previous section of replacing the observations by their ranks is called the rank transfor-
mation. It is a very powerful and widely useful technique. If we were to apply the ordinary F-test to the ranks rather
than to the original data, we would obtain

F0 =
H∕(a − 1)

(N − 1 − H)∕(N − a)
(3.68)

as the test statistic [see Conover (1980), p. 337]. Note that as the Kruskal–Wallis statistic H increases or decreases, F0
also increases or decreases, so the Kruskal–Wallis test is equivalent to applying the usual analysis of variance to the
ranks.

The rank transformation has wide applicability in experimental design problems for which no nonparametric
alternative to the analysis of variance exists. This includes many of the designs in subsequent chapters of this book.
If the data are ranked and the ordinary F-test is applied, an approximate procedure that has good statistical properties
results [see Conover and Iman (1976, 1981)]. When we are concerned about the normality assumption or the effect
of outliers or “wild” values, we recommend that the usual analysis of variance be performed on both the original data
and the ranks. When both procedures give similar results, the analysis of variance assumptions are probably satisfied
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reasonably well, and the standard analysis is satisfactory. When the two procedures differ, the rank transformation
should be preferred because it is less likely to be distorted by nonnormality and unusual observations. In such cases,
the experimenter may want to investigate the use of transformations for nonnormality and examine the data and the
experimental procedure to determine whether outliers are present and why they have occurred.

3.12 Problems

3.1 An experimenter has conducted a single-factor exper-
iment with four levels of the factor, and each factor level has
been replicated six times. The computed value of theF-statistic
is F0 = 3.26. Find bounds on the P-value.

3.2 An experimenter has conducted a single-factor experi-
ment with six levels of the factor, and each factor level has been
replicated three times. The computed value of the F-statistic is
F0 = 5.81. Find bounds on the P-value.

3.3 An experimenter has conducted a single-factor com-
pletely randomized design with five levels of the factor and
three replicates. The computed value of the F-statistic is 4.87.
Find bounds on the P-value.

3.4 An experimenter has conducted a single-factor com-
pletely randomized design with three levels of the factor and
five replicates. The computed value of the F-statistic is 2.91.
Find bounds on the P-value.

3.5 The mean square for error in the ANOVA provides an
estimate of

(a) The variance of the random error

(b) The variance of an individual treatment average

(c) The standard deviation of an individual observation

(d) None of the above

3.6 It is always a good idea to check the normality assump-
tion in the ANOVA by applying a test for normality such as the
Anderson–Darling test to the residuals.

(a) True

(b) False

3.7 A computer ANOVA output is shown below. Fill in the
blanks. You may give bounds on the P-value.

One-way ANOVA

Source DF SS MS F P
Factor 3 36.15 ? ? ?
Error ? ? ?
Total 19 196.04

3.8 A computer ANOVA output is shown below. Fill in the
blanks. You may give bounds on the P-value.

One-way ANOVA

Source DF SS MS F P
Factor ? ? 246.93 ? ?
Error 25 186.53 ?
Total 29 1174.24

3.9 An article appeared in The Wall Street Journal on
Tuesday, April 27, 2010, with the title “Eating Chocolate
Is Linked to Depression.” The article reported on a study
funded by the National Heart, Lung and Blood Institute (part
of the National Institutes of Health) and conducted by faculty
at the University of California, San Diego, and the Univer-
sity of California, Davis. The research was also published
in the Archives of Internal Medicine (2010, pp. 699–703).
The study examined 931 adults who were not taking antide-
pressants and did not have known cardiovascular disease or
diabetes. The group was about 70% men and the average
age of the group was reported to be about 58. The par-
ticipants were asked about chocolate consumption and then
screened for depression using a questionnaire. People who
score less than 16 on the questionnaire were not consid-
ered depressed, while those with scores above 16 and less
than or equal to 22 were considered possibly depressed,
while those with scores above 22 were considered likely to
be depressed. The survey found that people who were not
depressed ate an average 5.4 servings of chocolate per month,
possibly depressed individuals ate an average of 8.4 serv-
ings of chocolate per month, while those individuals who
scored above 22 and were likely to be depressed ate the
most chocolate, an average of 11.8 servings per month. No
differentiation was made between dark and milk chocolate.
Other foods were also examined, but no pattern emerged
between other foods and depression. Is this study really a
designed experiment? Does it establish a cause-and-effect link
between chocolate consumption and depression? How would
the study have to be conducted to establish such a cause-and
effect link?

3.10 An article in Bioelectromagnetics (“Electromag-
netic Effects on Forearm Disuse Osteopenia: A Random-
ized, Double-Blind, Sham-Controlled Study,” Vol. 32,
2011, pp. 273–282) described a randomized, double-blind,
sham-controlled, feasibility and dosing study to determine if
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a common pulsing electromagnetic field (PEMF) treatment
could moderate the substantial osteopenia that occurs after
forearm disuse. Subjects were randomized into four groups
after a distal radius fracture, or carpal surgery requiring immo-
bilization in a cast. Active or identical sham PEMF transducers
were worn on the distal forearm for 1, 2, or 4 h/day for 8 weeks
starting after cast removal (“baseline”) when bone density
continues to decline. Bone mineral density (BMD) and bone
geometry were measured in the distal forearm by dual energy
X-ray absorptiometry (DXA) and peripheral quantitative
computed tomography (pQCT). The data below are the percent
losses in BMD measurements on the radius after 16 weeks for
patients wearing the active or sham PEMF transducers for 1,
2, or 4 h/day (data were constructed to match the means and
standard deviations read from a graph in the paper).

(a) Is there evidence to support a claim that PEMF usage
affects BMD loss? If so, analyze the data to determine
which specific treatments produce the differences.

(b) Analyze the residuals from this experiment and com-
ment on the underlying assumptions and model
adequacy.

Sham
PEMF
1 h/day

PEMF
2 h/day

PEMF
4 h/day

4.51 5.32 4.73 7.03

7.95 6.00 5.81 4.65

4.97 5.12 5.69 6.65

3.00 7.08 3.86 5.49

7.97 5.48 4.06 6.98

2.23 6.52 6.56 4.85

3.95 4.09 8.34 7.26

5.64 6.28 3.01 5.92

9.35 7.77 6.71 5.58

6.52 5.68 6.51 7.91

4.96 8.47 1.70 4.90

6.10 4.58 5.89 4.54

7.19 4.11 6.55 8.18

4.03 5.72 5.34 5.42

2.72 5.91 5.88 6.03

9.19 6.89 7.50 7.04

5.17 6.99 3.28 5.17

5.70 4.98 5.38 7.60

5.85 9.94 7.30 7.90

6.45 6.38 5.46 7.91

3.11 The tensile strength of Portland cement is being
studied. Four different mixing techniques can be used econom-
ically. A completely randomized experiment was conducted
and the following data were collected:

Mixing
Technique Tensile Strength (lb/in2)

1 3129 3000 2865 2890
2 3200 3300 2975 3150
3 2800 2900 2985 3050
4 2600 2700 2600 2765

(a) Test the hypothesis that mixing techniques affect the
strength of the cement. Use 𝛼 = 0.05.

(b) Construct a graphical display as described in Section
3.5.3 to compare the mean tensile strengths for the four
mixing techniques. What are your conclusions?

(c) Use the Fisher LSD method with 𝛼 = 0.05 to make
comparisons between pairs of means.

(d) Construct a normal probability plot of the residuals.
What conclusion would you draw about the validity of
the normality assumption?

(e) Plot the residuals versus the predicted tensile strength.
Comment on the plot.

(f) Prepare a scatter plot of the results to aid the interpre-
tation of the results of this experiment.

3.12 .(a) Rework part (c) of Problem 3.11 using Tukey’s test
with 𝛼 = 0.05. Do you get the same conclusions from
Tukey’s test that you did from the graphical proce-
dure and/or the Fisher LSD method?

(b) Explain the difference between the Tukey and Fisher
procedures.

3.13 Reconsider the experiment in Problem 3.11. Find a
95 percent confidence interval on the mean tensile strength
of the Portland cement produced by each of the four mixing
techniques. Also find a 95 percent confidence interval on the
difference in means for techniques 1 and 3. Does this aid you
in interpreting the results of the experiment?

3.14 A product developer is investigating the tensile
strength of a new synthetic fiber that will be used to make cloth
for men’s shirts. Strength is usually affected by the percent-
age of cotton used in the blend of materials for the fiber. The
engineer conducts a completely randomized experiment with
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five levels of cotton content and replicates the experiment five
times. The data are shown in the following table.

Cotton Weight Percent Observations

15 7 7 15 11 9

20 12 17 12 18 18

25 14 19 19 18 18

30 19 25 22 19 23

35 7 10 11 15 11

(a) Is there evidence to support the claim that cotton con-
tent affects the mean tensile strength? Use 𝛼 = 0.05.

(b) Use the Fisher LSD method to make comparisons
between the pairs of means. What conclusions can you
draw?

(c) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.15 Reconsider the experiment described in Problem 3.14.
Suppose that 30 percent cotton content is a control. Use Dun-
nett’s test with 𝛼 = 0.05 to compare all of the other means with
the control.

3.16 A pharmaceutical manufacturer wants to investigate
the bioactivity of a new drug. A completely randomized
single-factor experiment was conducted with three dosage lev-
els, and the following results were obtained.

Dosage Observations

20 g 24 28 37 30

30 g 37 44 31 35

40 g 42 47 52 38

(a) Is there evidence to indicate that dosage level affects
bioactivity? Use 𝛼 = 0.05.

(b) If it is appropriate to do so, make comparisons
between the pairs of means. What conclusions can
you draw?

(c) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.17 A rental car company wants to investigate whether the
type of car rented affects the length of the rental period. An
experiment is run for one week at a particular location, and

10 rental contracts are selected at random for each car type.
The results are shown in the following table.

Type of Car Observations

Subcompact 3 5 3 7 6 5 3 2 1 6

Compact 1 3 4 7 5 6 3 2 1 7

Midsize 4 1 3 5 7 1 2 4 2 7

Full size 3 5 7 5 10 3 4 7 2 7

(a) Is there evidence to support a claim that the type of
car rented affects the length of the rental contract? Use
𝛼 = 0.05. If so, which types of cars are responsible for
the difference?

(b) Analyze the residuals from this experiment and com-
ment on model adequacy.

(c) Notice that the response variable in this experiment is a
count. Should this cause any potential concerns about
the validity of the analysis of variance?

3.18 I belong to a golf club in my neighborhood. I divide
the year into three golf seasons: summer (June–September),
winter (November–March), and shoulder (October, April, and
May). I believe that I play my best golf during the sum-
mer (because I have more time and the course isn’t crowded)
and shoulder (because the course isn’t crowded) seasons, and
my worst golf is during the winter (because when all of the
part-year residents show up, the course is crowded, play is
slow, and I get frustrated). Data from the last year are shown
in the following table.

Season Observations

Summer 83 85 85 87 90 88 88 84 91 90

Shoulder 91 87 84 87 85 86 83

Winter 94 91 87 85 87 91 92 86

(a) Do the data indicate that my opinion is correct? Use
𝛼 = 0.05.

(b) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.19 A regional opera company has tried three approaches
to solicit donations from 24 potential sponsors. The 24 poten-
tial sponsors were randomly divided into three groups of eight,
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and one approach was used for each group. The dollar amounts
of the resulting contributions are shown in the following
table.

Approach Contributions (in $)

1 1000 1500 1200 1800 1600 1100 1000 1250

2 1500 1800 2000 1200 2000 1700 1800 1900

3 900 1000 1200 1500 1200 1550 1000 1100

(a) Do the data indicate that there is a difference in results
obtained from the three different approaches? Use
𝛼 = 0.05.

(b) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.20 An experiment was run to determine whether four spe-
cific firing temperatures affect the density of a certain type of
brick. A completely randomized experiment led to the follow-
ing data:

Temperature Density

100 21.8 21.9 21.7 21.6 21.7

125 21.7 21.4 21.5 21.4

150 21.9 21.8 21.8 21.6 21.5

175 21.9 21.7 21.8 21.4

(a) Does the firing temperature affect the density of the
bricks? Use 𝛼 = 0.05.

(b) Is it appropriate to compare the means using the Fisher
LSD method (for example) in this experiment?

(c) Analyze the residuals from this experiment. Are the
analysis of variance assumptions satisfied?

(d) Construct a graphical display of the treatment as
described in Section 3.5.3. Does this graph adequately
summarize the results of the analysis of variance in
part (a)?

3.21 Rework part (d) of Problem 3.20 using the Tukey
method. What conclusions can you draw? Explain carefully
how you modified the technique to account for unequal sample
sizes.

3.22 A manufacturer of television sets is interested in
the effect on tube conductivity of four different types of
coating for color picture tubes. A completely randomized

experiment is conducted and the following conductivity data
are obtained:

Coating Type Conductivity

1 143 141 150 146

2 152 149 137 143

3 134 136 132 127

4 129 127 132 129

(a) Is there a difference in conductivity due to coating
type? Use 𝛼 = 0.05.

(b) Estimate the overall mean and the treatment effects.

(c) Compute a 95 percent confidence interval estimate of
the mean of coating type 4. Compute a 99 percent
confidence interval estimate of the mean difference
between coating types 1 and 4.

(d) Test all pairs of means using the Fisher LSD method
with 𝛼 = 0.05.

(e) Use the graphical method discussed in Section 3.5.3 to
compare the means. Which coating type produces the
highest conductivity?

(f) Assuming that coating type 4 is currently in use, what
are your recommendations to the manufacturer? We
wish to minimize conductivity.

3.23 Reconsider the experiment from Problem 3.22. Ana-
lyze the residuals and draw conclusions about model
adequacy.

3.24 An article in the ACI Materials Journal (Vol. 84, 1987,
pp. 213–216) describes several experiments investigating the
rodding of concrete to remove entrapped air. A 3-inch × 6-inch
cylinder was used, and the number of times this rod was used
is the design variable. The resulting compressive strength of
the concrete specimen is the response. The data are shown in
the following table:

Rodding
Level Compressive Strength

10 1530 1530 1440

15 1610 1650 1500

20 1560 1730 1530

25 1500 1490 1510

(a) Is there any difference in compressive strength due to
the rodding level? Use 𝛼 = 0.05.

(b) Find the P-value for the F-statistic in part (a).
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(c) Analyze the residuals from this experiment. What con-
clusions can you draw about the underlying model
assumptions?

(d) Construct a graphical display to compare the treatment
means as described in Section 3.5.3.

3.25 An article in Environment International (Vol. 18,
No. 4, 1992) describes an experiment in which the amount of
radon released in showers was investigated. Radon-enriched
water was used in the experiment, and six different orifice
diameters were tested in shower heads. The data from the
experiment are shown in the following table:

Orifice Diameter Radon Released (%)

0.37 80 83 83 85

0.51 75 75 79 79

0.71 74 73 76 77

1.02 67 72 74 74

1.40 62 62 67 69

1.99 60 61 64 66

(a) Does the size of the orifice affect the mean percentage
of radon released? Use 𝛼 = 0.05.

(b) Find the P-value for the F-statistic in part (a).

(c) Analyze the residuals from this experiment.

(d) Find a 95 percent confidence interval on the mean per-
cent of radon released when the orifice diameter is 1.40.

(e) Construct a graphical display to compare the treatment
means as described in Section 3.5.3. What conclusions
can you draw?

3.26 The response time in milliseconds was determined
for three different types of circuits that could be used in an
automatic valve shutoff mechanism. The results from a com-
pletely randomized experiment are shown in the following
table:

Circuit Type Response Time

1 9 12 10 8 15

2 20 21 23 17 30

3 6 5 8 16 7

(a) Test the hypothesis that the three circuit types have the
same response time. Use 𝛼 = 0.01.

(b) Use Tukey’s test to compare pairs of treatment means.
Use 𝛼 = 0.01.

(c) Use the graphical procedure in Section 3.5.3 to com-
pare the treatment means. What conclusions can you
draw? How do they compare with the conclusions from
part (b)?

(d) Construct a set of orthogonal contrasts, assuming that
at the outset of the experiment you suspected the
response time of circuit type 2 to be different from the
other two.

(e) If you were the design engineer and you wished to min-
imize the response time, which circuit type would you
select?

(f) Analyze the residuals from this experiment. Are the
basic analysis of variance assumptions satisfied?

3.27 The effective life of insulating fluids at an accelerated
load of 35 kV is being studied. Test data have been obtained for
four types of fluids. The results from a completely randomized
experiment are as follows:

Fluid Type Life (in h) at 35 kV Load

1 17.6 18.9 16.3 17.4 20.1 21.6

2 16.9 15.3 18.6 17.1 19.5 20.3

3 21.4 23.6 19.4 18.5 20.5 22.3

4 19.3 21.1 16.9 17.5 18.3 19.8

(a) Is there any indication that the fluids differ? Use
𝛼 = 0.05.

(b) Which fluid would you select, given that the objective
is long life?

(c) Analyze the residuals from this experiment. Are the
basic analysis of variance assumptions satisfied?

3.28 Four different designs for a digital computer circuit are
being studied to compare the amount of noise present. The fol-
lowing data have been obtained:

Circuit Design Noise Observed

1 19 20 19 30 8

2 80 61 73 56 80

3 47 26 25 35 50

4 95 46 83 78 97

(a) Is the same amount of noise present for all four
designs? Use 𝛼 = 0.05.

(b) Analyze the residuals from this experiment. Are the
analysis of variance assumptions satisfied?

(c) Which circuit design would you select for use? Low
noise is best.
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3.29 Four chemists are asked to determine the percent-
age of methyl alcohol in a certain chemical compound. Each
chemist makes three determinations, and the results are the
following:

Chemist
Percentage of

Methyl Alcohol

1 84.99 84.04 84.38

2 85.15 85.13 84.88

3 84.72 84.48 85.16

4 84.20 84.10 84.55

(a) Do chemists differ significantly? Use 𝛼 = 0.05.

(b) Analyze the residuals from this experiment.

(c) If chemist 2 is a new employee, construct a meaningful
set of orthogonal contrasts that might have been useful
at the start of the experiment.

3.30 Three brands of batteries are under study. It is sus-
pected that the lives (in weeks) of the three brands are different.
Five randomly selected batteries of each brand are tested with
the following results:

Weeks of Life

Brand 1 Brand 2 Brand 3

100 76 108

96 80 100

92 75 96

96 84 98

92 82 100

(a) Are the lives of these brands of batteries different?

(b) Analyze the residuals from this experiment.

(c) Construct a 95 percent confidence interval estimate
on the mean life of battery brand 2. Construct
a 99 percent confidence interval estimate on the
mean difference between the lives of battery brands
2 and 3.

(d) Which brand would you select for use? If the manufac-
turer will replace without charge any battery that fails
in less than 85 weeks, what percentage would the com-
pany expect to replace?

3.31 Four catalysts that may affect the concentration of
one component in a three-component liquid mixture are being

investigated. The following concentrations are obtained from
a completely randomized experiment:

Catalyst
1 2 3 4

58.2 56.3 50.1 52.9
57.2 54.5 54.2 49.9
58.4 57.0 55.4 50.0
55.8 55.3 51.7
54.9

(a) Do the four catalysts have the same effect on the con-
centration?

(b) Analyze the residuals from this experiment.

(c) Construct a 99 percent confidence interval estimate of
the mean response for catalyst 1.

3.32 An experiment was performed to investigate the effec-
tiveness of five insulating materials. Four samples of each
material were tested at an elevated voltage level to accelerate
the time to failure. The failure times (in minutes) are shown
below:

Material Failure Time (minutes)

1 110 157 194 178
2 1 2 4 18
3 880 1256 5276 4355
4 495 7040 5307 10,050
5 7 5 29 2

(a) Do all five materials have the same effect on mean fail-
ure time?

(b) Plot the residuals versus the predicted response. Con-
struct a normal probability plot of the residuals. What
information is conveyed by these plots?

(c) Based on your answer to part (b), conduct another
analysis of the failure time data and draw appropriate
conclusions.

3.33 A semiconductor manufacturer has developed three
different methods for reducing particle counts on wafers. All
three methods are tested on five different wafers and the after
treatment particle count obtained. The data are shown below:

Method Count

1 31 10 21 4 1
2 62 40 24 30 35
3 53 27 120 97 68
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(a) Do all methods have the same effect on mean particle
count?

(b) Plot the residuals versus the predicted response. Con-
struct a normal probability plot of the residuals. Are
there potential concerns about the validity of the
assumptions?

(c) Based on your answer to part (b), conduct another anal-
ysis of the particle count data and draw appropriate
conclusions.

3.34 A manufacturer suspects that the batches of raw mate-
rial furnished by his supplier differ significantly in calcium
content. There are a large number of batches currently in the
warehouse. Five of these are randomly selected for study. A
chemist makes five determinations on each batch and obtains
the following data:

Batch 1 Batch 2 Batch 3 Batch 4 Batch 5

23.46 23.59 23.51 23.28 23.29

23.48 23.46 23.64 23.40 23.46

23.56 23.42 23.46 23.37 23.37

23.39 23.49 23.52 23.46 23.32

23.40 23.50 23.49 23.39 23.38

(a) Is there significant variation in calcium content from
batch to batch? Use 𝛼 = 0.05.

(b) Estimate the components of variance.

(c) Find a 95 percent confidence interval for σ2
𝜏
∕(σ2

𝜏
+ σ2).

(d) Analyze the residuals from this experiment. Are the
analysis of variance assumptions satisfied?

(e) Use the REML method to analyze this data. Compare
the 95 percent confidence interval on the error vari-
ance from REML with the exact chi-square confidence
interval.

3.35 Several ovens in a metal working shop are used to heat
metal specimens. All the ovens are supposed to operate at the
same temperature, although it is suspected that this may not be
true. Three ovens are selected at random, and their tempera-
tures on successive heats are noted. The data collected are as
follows:

Oven Temperature

1 491.50 498.30 498.10 493.50 493.60

2 488.50 484.65 479.90 477.35

3 490.10 484.80 488.25 473.00 471.85 478.65

(a) Is there significant variation in temperature between
ovens? Use 𝛼 = 0.05.

(b) Estimate the components of variance for this model.

(c) Analyze the residuals from this experiment and draw
conclusions about model adequacy.

3.36 An article in the Journal of the Electrochemical Society
(Vol. 139, No. 2, 1992, pp. 524–532) describes an experiment
to investigate the low-pressure vapor deposition of polysil-
icon. The experiment was carried out in a large-capacity
reactor at Sematech in Austin, Texas. The reactor has sev-
eral wafer positions, and four of these positions are selected
at random. The response variable is film thickness uniformity.
Three replicates of the experiment were run, and the data are
as follows:

Wafer Position Uniformity

1 2.76 5.67 4.49

2 1.43 1.70 2.19

3 2.34 1.97 1.47

4 0.94 1.36 1.65

(a) Is there a difference in the wafer positions? Use
𝛼 = 0.05.

(b) Estimate the variability due to wafer positions.

(c) Estimate the random error component.

(d) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.37 Consider the vapor-deposition experiment described in
Problem 3.36.

(a) Estimate the total variability in the uniformity
response.

(b) How much of the total variability in the uniformity
response is due to the difference between positions in
the reactor?

(c) To what level could the variability in the uniformity
response be reduced if the position-to-position vari-
ability in the reactor could be eliminated? Do you
believe this is a significant reduction?

3.38 A single-factor completely randomized design has four
levels of the factor. There are three replicates and the total sum
of squares is 330.56. The treatment sum of squares is 250.65.

(a) What is the estimate of the error variance 𝜎
2?

(b) What proportion of the variability in the response vari-
able is explained by the treatment effect?
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3.39 A single-factor completely randomized design has six
levels of the factor. There are five replicates and the total sum
of squares is 900.25. The treatment sum of squares is 750.50.

(a) What is the estimate of the error variance 𝜎
2?

(b) What proportion of the variability in the response vari-
able is explained by the treatment effect?

3.40 Find a 95% confidence interval on the intraclass corre-
lation coefficient for the experiment in Problem 3.38.

3.41 Find a 95% confidence interval on the intraclass corre-
lation coefficient for the experiment in Problem 3.39.

3.42 An article in the Journal of Quality Technology
(Vol. 13, No. 2, 1981, pp. 111–114) describes an experiment
that investigates the effects of four bleaching chemicals on
pulp brightness. These four chemicals were selected at random
from a large population of potential bleaching agents. The data
are as follows:

Oven Temperature

1 77.199 74.466 92.746 76.208 82.876

2 80.522 79.306 81.914 80.346 73.385

3 79.417 78.017 91.596 80.802 80.626

4 78.001 78.358 77.544 77.364 77.386

(a) Is there a difference in the chemical types? Use
𝛼 = 0.05.

(b) Estimate the variability due to chemical types.

(c) Estimate the variability due to random error.

(d) Analyze the residuals from this experiment and com-
ment on model adequacy.

3.43 Consider the single-factor random effects model dis-
cussed in this chapter. Develop a procedure for finding
a 100(1 − 𝛼) percent confidence interval on the ratio 𝜎

2∕
(𝜎2

𝜏
+ 𝜎

2). Assume that the experiment is balanced.

3.44 Consider testing the equality of the means of two
normal populations, where the variances are unknown but
are assumed to be equal. The appropriate test procedure is
the pooled t-test. Show that the pooled t-test is equivalent to
the single-factor analysis of variance.

3.45 Show that the variance of the linear combination∑a
i=1 ciyi. is σ2 ∑a

i=1 nic
2
i .

3.46 In a fixed effects experiment, suppose that there are n
observations for each of the four treatments. Let Q2

1, Q2
2, Q2

3 be
single-degree-of-freedom components for the orthogonal con-
trasts. Prove that SSTreatments = Q2

1 + Q2
2 + Q2

3.

3.47 Use Bartlett’s test to determine if the assumption of
equal variances is satisfied in Problem 3.30. Use 𝛼 = 0.05. Did

you reach the same conclusion regarding equality of variances
by examining residual plots?

3.48 Use the modified Levene test to determine if the
assumption of equal variances is satisfied in Problem 3.30.
Use 𝛼 = 0.05. Did you reach the same conclusion regarding
the equality of variances by examining residual plots?

3.49 Refer to Problem 3.26. If we wish to detect a maximum
difference in mean response times of 10 milliseconds with a
probability of at least 0.90, what sample size should be used?
How would you obtain a preliminary estimate of σ2?

3.50 Refer to Problem 3.30.

(a) If we wish to detect a maximum difference in battery
life of 10 hours with a probability of at least 0.90, what
sample size should be used? Discuss how you would
obtain a preliminary estimate of 𝜎2 for answering this
question.

(b) If the maximum difference between brands is 8 hours,
what sample size should be used if we wish to detect
this with a probability of at least 0.90?

3.51 Consider the experiment in Problem 3.30. If we wish
to construct a 95 percent confidence interval on the difference
in two mean battery lives that has an accuracy of ±2 weeks,
how many batteries of each brand must be tested?

3.52 Suppose that four normal populations have means of
𝜇1 = 50, 𝜇2 = 60, 𝜇3 = 50, and 𝜇4 = 60. How many obser-
vations should be taken from each population so that the
probability of rejecting the null hypothesis of equal popu-
lation means is at least 0.90? Assume that 𝛼 = 0.05 and that a
reasonable estimate of the error variance is 𝜎2 = 25.

3.53 Refer to Problem 3.52.

(a) How would your answer change if a reasonable
estimate of the experimental error variance were
𝜎

2 = 36?

(b) How would your answer change if a reasonable esti-
mate of the experimental error variance were 𝜎2 = 49?

(c) Can you draw any conclusions about the sensitivity of
your answer in this particular situation about how your
estimate of 𝜎 affects the decision about sample size?

(d) Can you make any recommendations about how we
should use this general approach to choosin g n in
practice?

3.54 Refer to the aluminum smelting experiment described
in Section 3.8.3. Verify that ratio control methods do not affect
average cell voltage. Construct a normal probability plot of
the residuals. Plot the residuals versus the predicted values.
Is there an indication that any underlying assumptions are
violated?
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3.55 Refer to the aluminum smelting experiment in Section
3.8.3. Verify the ANOVA for pot noise summarized in
Table 3.17. Examine the usual residual plots and comment on
the experimental validity.

3.56 Four different feed rates were investigated in an exper-
iment on a CNC machine producing a component part used in
an aircraft auxiliary power unit. The manufacturing engineer
in charge of the experiment knows that a critical part dimen-
sion of interest may be affected by the feed rate. However, prior
experience has indicated that only dispersion effects are likely
to be present. That is, changing the feed rate does not affect
the average dimension, but it could affect dimensional vari-
ability. The engineer makes five production runs at each feed
rate and obtains the standard deviation of the critical dimen-
sion (in 10−3 mm). The data are shown below. Assume that all
runs were made in random order.

Production RunFeed Rate
(in/min) 1 2 3 4 5

10 0.09 0.10 0.13 0.08 0.07

12 0.06 0.09 0.12 0.07 0.12

14 0.11 0.08 0.08 0.05 0.06

16 0.19 0.13 0.15 0.20 0.11

(a) Does feed rate have any effect on the standard deviation
of this critical dimension?

(b) Use the residuals from this experiment to investigate
model adequacy. Are there any problems with experi-
mental validity?

3.57 Consider the data shown in Problem 3.26.

(a) Write out the least squares normal equations for this
problem and solve them for 𝜇̂ and 𝜏i, using the usual

constraint
(∑3

i=1 𝜏i = 0
)

. Estimate 𝜏1 − 𝜏2.

(b) Solve the equations in (a) using the constraint 𝜏3 = 0.
Are the estimators 𝜏i and 𝜇̂ the same as you found
in (a)? Why? Now estimate 𝜏1 − 𝜏2 and compare your
answer with that for (a). What statement can you make
about estimating contrasts in the 𝜏i?

(c) Estimate 𝜇 + 𝜏1, 2𝜏1 − 𝜏2 − 𝜏3, and 𝜇 + 𝜏1 + 𝜏2 using
the two solutions to the normal equations. Compare the
results obtained in each case.

3.58 Apply the general regression significance test to the
experiment in Example 3.6. Show that the procedure yields
the same results as the usual analysis of variance.

3.59 Use the Kruskal–Wallis test for the experiment in
Problem 3.27. Compare the conclusions obtained with those
from the usual analysis of variance.

3.60 Use the Kruskal–Wallis test for the experiment in
Problem 3.28. Are the results comparable to those found by
the usual analysis of variance?

3.61 Consider the experiment in Example 3.6. Suppose that
the largest observation on etch rate is incorrectly recorded as
250 Å/min. What effect does this have on the usual analysis of
variance? What effect does it have on the Kruskal–Wallis test?

3.62 A textile mill has a large number of looms. Each loom
is supposed to provide the same output of cloth per minute.
To investigate this assumption, five looms are chosen at ran-
dom, and their output is noted at different times. The following
data are obtained:

Loom Output (lb/min)

1 14.0 14.1 14.2 14.0 14.1
2 13.9 13.8 13.9 14.0 14.0
3 14.1 14.2 14.1 14.0 13.9
4 13.6 13.8 14.0 13.9 13.7
5 13.8 13.6 13.9 13.8 14.0

(a) Explain why this is a random effects experiment.
Are the looms equal in output? Use 𝛼 = 0.05.

(b) Estimate the variability between looms.

(c) Estimate the experimental error variance.

(d) Find a 95 percent confidence interval for 𝜎2
𝜏
∕(𝜎2

𝜏
+ 𝜎

2).
(e) Analyze the residuals from this experiment. Do you

think that the analysis of variance assumptions are
satisfied?

(f) Use the REML method to analyze this data. Compare
the 95 percent confidence interval on the error vari-
ance from REML with the exact chi-square confidence
interval.

3.63 The normality assumption is extremely important in
the analysis of variance.

(a) True

(b) False

3.64 The analysis of variance treats both quantitative and
qualitative factors alike so far as the basic computations for
sums of squares are concerned.

(a) True

(b) False

3.65 If a single-factor experiment has a levels of the fac-
tor and a polynomial of degree a – 1 is fit to the experimental
data, the error sum of squares for the polynomial model will be
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exactly the same as the error sum of squares for the standard
ANOVA.

(a) True

(b) False

3.66 Fisher’s LSD procedure is an extremely conservative
method for comparing pairs of treatment means following an
ANOVA.

(a) True

(b) False

3.67 The REML method of estimating variance compo-
nents is a technique based on maximum likelihood, while the
ANOVA method is a method-of-moments procedure.

(a) True

(b) False

3.68 One advantage of the REML method of estimating
variance components is that it automatically produces confi-
dence intervals on the variance components.

(a) True

(b) False

3.69 The Tukey method is used to compare all treatment
means to a control.

(a) True

(b) False

3.70 An experiment with a single factor has been conducted
as a completely randomized design and analyzed using com-
puter software. A portion of the output is shown below.

Source DF SS MS F
Factor ? ? 25.69 3.65
Error 12 84.35 ?
Total 15 161.42

(a) Fill in the missing information.

(b) How many levels of the factor were used in this
experiment?

(c) How many replicates were used in this experiment?

(d) Find bounds on the P-value.

3.71 The estimate of the standard deviation of any observa-
tion in the experiment in Problem 3.70 is

(a) 7.03 (b) 2.65 (c) 5.91

(d) 1.95 (e) none of the above
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CHAPTER LEARNING OBJECTIVES
1. Learn about how the blocking principle can be effective in reducing the variability arising from

controllable nuisance factors.

2. Learn about the randomized complete block design.

3. Understand how the analysis of variance can be extended to the randomized complete block design.

4. Know how to do model adequacy checking for the randomized complete block design.

5. Understand how a Latin square design can be used to control two sources of nuisance variability in
an experiment.

4.1 The Randomized Complete Block Design

In any experiment, variability arising from a nuisance factor can affect the results. Generally, we define a nuisance
factor as a design factor that probably has an effect on the response, but we are not interested in that effect. Sometimes
a nuisance factor is unknown and uncontrolled; that is, we don’t know that the factor exists, and it may even be
changing levels while we are conducting the experiment. Randomization is the design technique used to guard
against such a “lurking” nuisance factor. In other cases, the nuisance factor is known but uncontrollable. If we can at

http://www.wiley.com/college/montgomery
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least observe the value that the nuisance factor takes on at each run of the experiment, we can compensate for it in the
statistical analysis by using the analysis of covariance, a technique we will discuss in Chapter 15. When the nuisance
source of variability is known and controllable, a design technique called blocking can be used to systematically
eliminate its effect on the statistical comparisons among treatments. Blocking is an extremely important design
technique used extensively in industrial experimentation and is the subject of this chapter.

To illustrate the general idea, reconsider the hardness testing experiment first described in Section 2.5.1. Suppose
now that we wish to determine whether or not four different tips produce different readings on a hardness testing
machine. An experiment such as this might be part of a gauge capability study. Themachine operates by pressing the tip
into a metal test coupon, and from the depth of the resulting depression, the hardness of the coupon can be determined.
The experimenter has decided to obtain four observations on Rockwell C-scale hardness for each tip. There is only one
factor—tip type—and a completely randomized single-factor design would consist of randomly assigning each one of
the 4 × 4 = 16 runs to an experimental unit, that is, a metal coupon, and observing the hardness reading that results.
Thus, 16 different metal test coupons would be required in this experiment, one for each run in the design.

There is a potentially serious problem with a completely randomized experiment in this design situation. If the
metal coupons differ slightly in their hardness, as might happen if they are taken from ingots that are produced in
different heats, the experimental units (the coupons) will contribute to the variability observed in the hardness data.
As a result, the experimental error will reflect both random error and variability between coupons.

Wewould like to make the experimental error as small as possible; that is, we would like to remove the variability
between coupons from the experimental error. A design that would accomplish this requires the experimenter to test
each tip once on each of four coupons. This design, shown in Table 4.1, is called a randomized complete block
design (RCBD). The word “complete” indicates that each block (coupon) contains all the treatments (tips). By using
this design, the blocks, or coupons, form a more homogeneous experimental unit on which to compare the tips.
Effectively, this design strategy improves the accuracy of the comparisons among tips by eliminating the variability
among the coupons. Within a block, the order in which the four tips are tested is randomly determined. Notice the
similarity of this design problem to the paired t-test of Section 2.5.1. The randomized complete block design is a
generalization of that concept.

The RCBD is one of the most widely used experimental designs. Situations for which the RCBD is appropriate
are numerous. Units of test equipment or machinery are often different in their operating characteristics and would be
a typical blocking factor. Batches of raw material, people, and time are also common nuisance sources of variability
in an experiment that can be systematically controlled through blocking.1

Blocking may also be useful in situations that do not necessarily involve nuisance factors. For example, suppose
that a chemical engineer is interested in the effect of catalyst feed rate on the viscosity of a polymer. She knows that
there are several factors, such as raw material source, temperature, operator, and raw material purity that are very
difficult to control in the full-scale process. Therefore, she decides to test the catalyst feed rate factor in blocks, where

◾ TABLE 4 . 1
Randomized Complete Block Design for the Hardness Testing Experiment

Test Coupon (Block)

1 2 3 4

Tip 3 Tip 3 Tip 2 Tip 1

Tip 1 Tip 4 Tip 1 Tip 4

Tip 4 Tip 2 Tip 3 Tip 2

Tip 2 Tip 1 Tip 4 Tip 3

1 A special case of blocking occurs where the blocks are experimental units such as people, and each block receives the treatments over time or the treatment effects are
measured at different times. These are called repeated measures designs. They are discussed in Chapter 15.
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each block consists of some combination of these uncontrollable factors. In effect, she is using the blocks to test the
robustness of her process variable (feed rate) to conditions she cannot easily control. For more discussion of this, see
Coleman and Montgomery (1993).

4.1.1 Statistical Analysis of the RCBD

Suppose we have, in general, a treatments that are to be compared and b blocks. The randomized complete block design
is shown in Figure 4.1. There is one observation per treatment in each block, and the order in which the treatments are
run within each block is determined randomly. Because the only randomization of treatments is within the blocks, we
often say that the blocks represent a restriction on randomization.

The statistical model for the RCBD can be written in several ways. The traditional model is an effects model:

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(4.1)

where 𝜇 is an overall mean, 𝜏i is the effect of the ith treatment, 𝛽j is the effect of the jth block, and 𝜖ij is the usual
NID (0, 𝜎2) random error term. We will initially consider treatments and blocks to be fixed factors. The case of random
blocks, which is very important, is considered in Section 4.1.3. Just as in the single-factor experimental design model in
Chapter 3, the effects model for the RCBD is an overspecified model. Consequently, we usually think of the treatment
and block effects as deviations from the overall mean so that

a∑
i=1

𝜏i = 0 and
b∑
j=1

𝛽j = 0

It is also possible to use ameans model for the RCBD, say

yij = 𝜇ij + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

where 𝜇ij = 𝜇 + 𝜏i + 𝛽j. However, we will use the effects model in Equation 4.1 throughout this chapter.
In an experiment involving the RCBD, we are interested in testing the equality of the treatment means. Thus, the

hypotheses of interest are
H0∶𝜇1 = 𝜇2 = · · · = 𝜇a
H1∶at least one 𝜇i ≠ 𝜇j

Because the ith treatment mean 𝜇i = (1∕b)
∑b

j=1(𝜇 + 𝜏i + 𝛽j) = 𝜇 + 𝜏i, an equivalent way to write the above hypotheses
is in terms of the treatment effects, say

H0∶𝜏1 = 𝜏2 = · · · = 𝜏a = 0
H1∶𝜏i ≠ 0 at least one i

◾ F I GURE 4 . 1 The randomized complete block design
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The analysis of variance can be easily extended to the RCBD. Let yi. be the total of all observations taken under
treatment i, y

.j be the total of all observations in block j, y
..
be the grand total of all observations, and N = ab be the

total number of observations. Expressed mathematically,

yi. =
b∑
j=1

yij i = 1, 2, . . . , a (4.2)

y
.j =

a∑
i=1

yij j = 1, 2, . . . , b (4.3)

and

y
..
=

a∑
i=1

b∑
j=1

yij =
a∑
i=1

yi. =
b∑
j=1

y
.j (4.4)

Similarly, yi. is the average of the observations taken under treatment i, y
.j is the average of the observations in block j,

and y
..
is the grand average of all observations. That is,

yi. = yi.∕b y
.j = y

.j∕a y
..
= y

..
∕N (4.5)

We may express the total corrected sum of squares as

a∑
i=1

b∑
j=1

(yij − y
..
)2 =

a∑
i=1

b∑
j=1

[(yi. − y
..
) + (y

.j − y
..
) + (yij − yi. − y

.j + y
..
]2 (4.6)

By expanding the right-hand side of Equation 4.6, we obtain

a∑
i=1

b∑
j=1

(yij − y
..
)2 = b

a∑
i=1

(yi. − y
..
)2 + a

b∑
j=1

(y
.j − y

..
)2

+
a∑
i=1

b∑
j=1

(yij − yi. − y
.j + y

..
)2 + 2

a∑
i=1

b∑
j=1

(yi. − y
..
)(y

.j − y
..
)

+ 2
a∑
i=1

b∑
j=1

(y
.j − y

..
)(yij − yi. − y

.j + y
..
)

+ 2
a∑
i=1

b∑
j=1

(yi. − y
..
)(yij − yi. − y

.j + y
..
)

Simple but tedious algebra proves that the three cross products are zero. Therefore,

a∑
i=1

b∑
j=1

(yij − y
..
)2 = b

a∑
i=1

(yi. − y
..
)2 + a

b∑
j=1

(y
.j − y

..
)2

+
a∑
i=1

b∑
j=1

(yij − y
.j − yi. + y

..
)2 (4.7)

represents a partition of the total sum of squares. This is the fundamental ANOVA equation for the RCBD. Expressing
the sums of squares in Equation 4.7 symbolically, we have

SST = SSTreatments + SSBlocks + SSE (4.8)
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Because there are N observations, SST has N − 1 degrees of freedom. There are a treatments and b blocks, so
SSTreatments and SSBlocks have a − 1 and b − 1 degrees of freedom, respectively. The error sum of squares is just a sum
of squares between cells minus the sum of squares for treatments and blocks. There are ab cells with ab − 1 degrees
of freedom between them, so SSE has ab − 1 − (a − 1) − (b − 1) = (a − 1)(b − 1) degrees of freedom. Furthermore,
the degrees of freedom on the right-hand side of Equation 4.8 add to the total on the left; therefore, making the usual
normality assumptions on the errors, one may use Theorem 3-1 to show that SSTreatments∕𝜎2

, SSBlocks∕𝜎2
, and SSE∕𝜎2

are independently distributed chi-square random variables. Each sum of squares divided by its degrees of freedom is
a mean square. The expected value of the mean squares, if treatments and blocks are fixed, can be shown to be

E(MSTreatments) = 𝜎
2 +

b
a∑
i=1

𝜏
2
i

a − 1

E(MSBlocks) = 𝜎
2 +

a
b∑
j=1

𝛽
2
j

b − 1
E(MSE) = 𝜎

2

Therefore, to test the equality of treatment means, we would use the test statistic

F0 =
MSTreatments

MSE

which is distributed as F
𝛼−1,(a−1)(b−1) if the null hypothesis is true. The critical region is the upper tail of the F

distribution, and we would reject H0 if F0 > F
𝛼,a−1,(a−1)(b−1). A P-value approach can also be used.

We may also be interested in comparing block means because, if these means do not differ greatly, blocking
may not be necessary in future experiments. From the expected mean squares, it seems that the hypothesis H0∶𝛽j = 0
may be tested by comparing the statistic F0 = MSBlocls∕MSE to F

𝛼,b−1,(a−1)(b−1). However, recall that randomization
has been applied only to treatments within blocks; that is, the blocks represent a restriction on randomization.
What effect does this have on the statistic F0 = MSBlocks∕MSE? Some differences in treatment of this question exist.
For example, Box, Hunter, and Hunter (2005) point out that the usual analysis of variance F-test can be justified on
the basis of randomization only,2 without direct use of the normality assumption. They further observe that the test to
compare block means cannot appeal to such a justification because of the randomization restriction; but if the errors
are NID(0, 𝜎2), the statistic F0 = MSBlocks∕MSE can be used to compare block means. On the other hand, Anderson
and McLean (1974) argue that the randomization restriction prevents this statistic from being a meaningful test for
comparing block means and that this F ratio really is a test for the equality of the block means plus the randomization
restriction [which they call a restriction error; see Anderson and McLean (1974) for further details].

In practice, then, what do we do? Because the normality assumption is often questionable, to view
F0 = MSBlocks∕MSE as an exact F-test on the equality of block means is not a good general practice. For that
reason, we exclude this F-test from the analysis of variance table. However, as an approximate procedure to
investigate the effect of the blocking variable, examining the ratio of MSBlocks to MSE is certainly reasonable. If this
ratio is large, it implies that the blocking factor has a large effect and that the noise reduction obtained by blocking
was probably helpful in improving the precision of the comparison of treatment means.

The procedure is usually summarized in an ANOVA table, such as the one shown in Table 4.2. The computing
would usually be done with a statistical software package. However, computing formulas for the sums of squares may
be obtained for the elements in Equation 4.7 by working directly with the identity

yij − y
..
= (yi. − y

..
) + (y

.j − y
..
) + (yij − yi. − y

.j + y
..
)

2 Actually, the normal-theory F distribution is an approximation to the randomization distribution generated by calculating F0 from every possible assignment of the
responses to the treatments.
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◾ TABLE 4 . 2
Analysis of Variance for a Randomized Complete Block Design

Source of
Variation Sum of Squares

Degrees of
Freedom Mean Square F0

Treatments SSTreatments a − 1
SSTreatments

a − 1

MSTreatments

MSE

Blocks SSBlocks b − 1
SSBlocks
b − 1

Error SSE (a − 1)(b − 1)
SSE

(a − 1)(b − 1)
Total SST N − 1

These quantities can be computed in the columns of a spreadsheet (Excel). Then each column can be squared and
summed to produce the sum of squares. Alternatively, computing formulas can be expressed in terms of treatment and
block totals. These formulas are

SST =
a∑
i=1

b∑
j=1

y2ij −
y2
..

N
(4.9)

SSTreatments =
1
b

a∑
i=1

y2i. −
y2
..

N
(4.10)

SSBlocks =
1
a

b∑
j=1

y2
.j −

y2
..

N
(4.11)

and the error sum of squares is obtained by subtraction as

SSE = SST − SSTreatments − SSBlocks (4.12)

EXAMPLE 4 . 1

A medical device manufacturer produces vascular grafts
(artificial veins). These grafts are produced by extruding
billets of polytetrafluoroethylene (PTFE) resin combined
with a lubricant into tubes. Frequently, some of the tubes in a
production run contain small, hard protrusions on the exter-
nal surface. These defects are known as “flicks.” The defect
is cause for rejection of the unit.

The product developer responsible for the vascular grafts
suspects that the extrusion pressure affects the occurrence
of flicks and therefore intends to conduct an experiment to
investigate this hypothesis. However, the resin is manufac-
tured by an external supplier and is delivered to the medical
device manufacturer in batches. The engineer also sus-
pects that there may be significant batch-to-batch variation,

because while the material should be consistent with respect
to parameters such as molecular weight, mean particle size,
retention, and peak height ratio, it probably isn’t due to
manufacturing variation at the resin supplier and natural
variation in the material. Therefore, the product developer
decides to investigate the effect of four different levels of
extrusion pressure on flicks using a randomized complete
block design considering batches of resin as blocks. The
RCBD is shown in Table 4.3. Note that there are four lev-
els of extrusion pressure (treatments) and six batches of
resin (blocks). Remember that the order in which the extru-
sion pressures are tested within each block is random. The
response variable is yield, or the percentage of tubes in the
production run that did not contain any flicks.
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◾ TABLE 4 . 3
Randomized Complete Block Design for the Vascular Graft Experiment

Batch of Resin (Block)Extrusion
Pressure (PSI) 1 2 3 4 5 6

Treatment
Total

8500 90.3 89.2 98.2 93.9 87.4 97.9 556.9

8700 92.5 89.5 90.6 94.7 87.0 95.8 550.1

8900 85.5 90.8 89.6 86.2 88.0 93.4 533.5

9100 82.5 89.5 85.6 87.4 78.9 90.7 514.6

Block totals 350.8 359.0 364.0 362.2 341.3 377.8 y
..
= 2155.1

To perform the analysis of variance, we need the following
sums of squares:

SST =
4∑
i=1

6∑
j=1

y2ij −
y2
..

N

= 193,999.31 − (2155.1)2

24
= 480.31

SSTreatments =
1
b

4∑
i=1

y2i. −
y2
..

N

= 1
6
[(556.9)2 + (550.1)2 + (533.5)2

+(514.6)2] − (2155.1)2

24
= 178.17

SSBlocks =
1
a

6∑
j=1

y2
.j −

y2
..

N

= 1
4
[(350.8)2 + (359.0)2 + · · · + (377.8)2]

− (2155.1)2

24
= 192.25

SSE = SST − SSTreatments − SSBlocks
= 480.31 − 178.17 − 192.25 = 109.89

The ANOVA is shown in Table 4.4. Using 𝛼 = 0.05, the
critical value of F is F0.05,3,15 = 3.29. Because 8.11 > 3.29,
we conclude that extrusion pressure affects the mean yield.
The P-value for the test is also quite small. Also, the resin
batches (blocks) seem to differ significantly, because the
mean square for blocks is large relative to error.

◾ TABLE 4 . 4
Analysis of Variance for the Vascular Graft Experiment

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Treatments (extrusion pressure) 178.17 3 59.39 8.11 0.0019

Blocks (batches) 192.25 5 38.45

Error 109.89 15 7.33

Total 480.31 23

It is interesting to observe the results we would have obtained from this experiment had we not been aware of
randomized block designs. Suppose that this experiment had been run as a completely randomized design, and (by
chance) the same design resulted as in Table 4.3. The incorrect analysis of these data as a completely randomized
single-factor design is shown in Table 4.5.

Because the P-value is less than 0.05, we would still reject the null hypothesis and conclude that extrusion pres-
sure significantly affects themean yield. However, note that themean square for error hasmore than doubled, increasing
from 7.33 in the RCBD to 15.11. All of the variability due to blocks is now in the error term. This makes it easy to see
why we sometimes call the RCBD a noise-reducing design technique; it effectively increases the signal-to-noise ratio
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◾ TABLE 4 . 5
Incorrect Analysis of the Vascular Graft Experiment as a Completely Randomized Design

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Extrusion pressure 178.17 3 59.39 3.95 0.0235

Error 302.14 20 15.11

Total 480.31 23

in the data, or it improves the precision with which treatment means are compared. This example also illustrates an
important point. If an experimenter fails to block when he or she should have, the effect may be to inflate the exper-
imental error, and it would be possible to inflate the error so much that important differences among the treatment
means could not be identified.

Sample Computer Output. Condensed computer output for the vascular graft experiment in Example 4.1,
obtained from Design-Expert and JMP, is shown in Figure 4.2. The Design-Expert output is in Figure 4.2a and the
JMP output is in Figure 4.2b. Both outputs are very similar and match the manual computation given earlier. Note
that JMP computes an F-statistic for blocks (the batches). The sample means for each treatment are shown in the
output. At 8500 psi, the mean yield is y1. = 92.82, at 8700 psi the mean yield is y2. = 91.68, at 8900 psi the mean
yield is y3. = 88.92, and at 9100 psi the mean yield is y4. = 85.77. Remember that these sample mean yields estimate
the treatment means 𝜇1, 𝜇2, 𝜇3, and 𝜇4. The model residuals are shown at the bottom of the Design-Expert output. The
residuals are calculated from

eij = yij − ŷij

and, as we will later show, the fitted values are ŷij = yi. + y
.j − y

..
, so

eij = yij − yi. − y
.j + y

..
(4.13)

In the next section, we will show how the residuals are used in model adequacy checking.

Multiple Comparisons. If the treatments in an RCBD are fixed, and the analysis indicates a significant
difference in treatment means, the experimenter is usually interested in multiple comparisons to discover which
treatment means differ. Any of the multiple comparison procedures discussed in Section 3.5 may be used for this
purpose. In the formulas of Section 3.5, simply replace the number of replicates in the single-factor completely
randomized design (n) by the number of blocks (b). Also, remember to use the number of error degrees of freedom
for the randomized block [(a − 1)(b − 1)] instead of those for the completely randomized design [a(n − 1)].

The Design-Expert output in Figure 4.2 illustrates the Fisher LSD procedure. Notice that we would conclude
that 𝜇1 = 𝜇2, because the P-value is very large. Furthermore, 𝜇1 differs from all other means. Now the P-value for
H0∶𝜇2 = 𝜇3 is 0.097, so there is some evidence to conclude that 𝜇2 ≠ 𝜇3, and 𝜇2 ≠ 𝜇4 because the P-value is 0.0018.
Overall, we would conclude that lower extrusion pressures (8500 psi and 8700 psi) lead to fewer defects.

We can also use the graphical procedure of Section 3.5.1 to compare mean yield at the four extrusion pressures.
Figure 4.3 plots the four means from Example 4.1 relative to a scaled t distribution with a scale factor

√
MSE∕b =√

7.33∕6 = 1.10. This plot indicates that the two lowest pressures result in the same mean yield, but that the mean
yields for 8700 psi and 8900 psi (𝜇2 and 𝜇3) are also similar. The highest pressure (9100 psi) results in a mean yield
that is much lower than all other means. This figure is a useful aid in interpreting the results of the experiment and the
Fisher LSD calculations in the Design-Expert output in Figure 4.2.
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(a)

◾ F I GURE 4 . 2 Computer output for Example 4.1. (a) Design-Expert; (b) JMP
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Oneway Analysis of Yield by Pressure
Block
Batch

Oneway Anova
Summary of Fit

0.771218Rsquare
0.649201Adj Rsquare
2.706612Root Mean Square Error
89.79583Mean of Response

24Observations (or Sum Wgts)

Analysis of Variance
Mean SquareSum of SquaresDFSource F Prob > FRatio

0.00198.107159.3904178.171253Pressure

0.00555.248738.4504192.252085Batch

7.3257109.8862515Error

480.3095823C.Total

Means for Oneway Anova
Upper 95%Lower 95%ErrorStd.MeanNumberLevel

95.17290.4611.105092.816768500

94.03989.3281.105091.683368700

91.27286.5611.105088.916768900

88.12283.4111.105085.766769100

Std. Error uses a pooled estimate of error variance

Block Means
NumberMeanBatch

487.70001

489.75002

491.00003

490.55004

485.32505

494.45006

(b)

◾ F I GURE 4 . 2 (Continued)

◾ F I GURE 4 . 3 Mean yields for the four extrusion
pressures relative to a scaled t distribution with a scale

factor
√

MSE∕b =
√
7.33∕6 = 1.10

80 85 90

234 1

95
Yield
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4.1.2 Model Adequacy Checking

We have previously discussed the importance of checking the adequacy of the assumed model. Generally, we should
be alert for potential problems with the normality assumption, unequal error variance by treatment or block, and
block–treatment interaction. As in the completely randomized design, residual analysis is the major tool used in this
diagnostic checking. The residuals for the randomized block design in Example 4.1 are listed at the bottom of the
Design-Expert output in Figure 4.2.

A normal probability plot of these residuals is shown in Figure 4.4. There is no severe indication of nonnormality,
nor is there any evidence pointing to possible outliers. Figure 4.5 plots the residuals versus the fitted values ŷij. There
should be no relationship between the size of the residuals and the fitted values ŷij. This plot reveals nothing of unusual
interest. Figure 4.6 shows plots of the residuals by treatment (extrusion pressure) and by batch of resin or block.
These plots are potentially very informative. If there is more scatter in the residuals for a particular treatment, it could
indicate that this treatment produces more erratic response readings than the others. More scatter in the residuals for
a particular block could indicate that the block is not homogeneous. However, in our example, Figure 4.6 gives no
indication of inequality of variance by treatment, but there is an indication that there is less variability in the yield for
batch 6. However, since all of the other residual plots are satisfactory, we will ignore this.

Sometimes the plot of residuals versus ŷij has a curvilinear shape; for example, there may be a tendency for
negative residuals to occur with low ŷij values, positive residuals with intermediate ŷij values, and negative residuals
with high ŷij values. This type of pattern is suggestive of interaction between blocks and treatments. If this pattern
occurs, a transformation should be used in an effort to eliminate or minimize the interaction. In Section 5.3.7, we
describe a statistical test that can be used to detect the presence of interaction in a randomized block design.

4.1.3 Some Other Aspects of the Randomized Complete Block Design

Additivity of the Randomized Block Model. The linear statistical model that we have used for the random-
ized block design

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij

–3.57083 –6.63333 0.304167 4.179172.24167

99

95

90

80

70

50

30

20

10

5

1

R
e

si
d

u
a

ls

Residual

◾ F I GURE 4 . 4 Normal probability plot
of residuals for Example 4.1
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◾ F I GURE 4 . 5 Plot of residuals versus ŷij for
Example 4.1
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4.17917

2.24167

0.304167

–1.63333

–3.57083
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(a)
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Batch of raw material (block)

(b)
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◾ F I GURE 4 . 6 Plot of residuals by extrusion pressure (treatment) and by batches of resin (block) for Example 4.1

is completely additive. This says that, for example, if the first treatment causes the expected response to increase by
five units (𝜏1 = 5) and if the first block increases the expected response by 2 units (𝛽1 = 2), the expected increase in
response of both treatment 1 and block 1 together is E(y11) = 𝜇 + 𝜏1 + 𝛽1 = 𝜇 + 5 + 2 = 𝜇 + 7. In general, treatment
1 always increases the expected response by 5 units over the sum of the overall mean and the block effect.

Although this simple additivemodel is often useful, in some situations it is inadequate. Suppose, for example, that
we are comparing four formulations of a chemical product using six batches of raw material; the raw material batches
are considered blocks. If an impurity in batch 2 affects formulation 2 adversely, resulting in an unusually low yield,
but does not affect the other formulations, an interaction between formulations (or treatments) and batches (or blocks)
has occurred. Similarly, interactions between treatments and blocks can occur when the response is measured on the
wrong scale. Thus, a relationship that is multiplicative in the original units, say

E(yij) = 𝜇𝜏i𝛽j

is linear or additive in a log scale since, for example,

lnE(yij) = ln𝜇 + ln 𝜏i + ln 𝛽j

or
E(y∗ij) = 𝜇

∗ + 𝜏
∗
i + 𝛽

∗
j

Although this type of interaction can be eliminated by a transformation, not all interactions are so easily treated.
For example, transformations do not eliminate the formulation–batch interaction discussed previously. Residual anal-
ysis and other diagnostic checking procedures can be helpful in detecting nonadditivity.

If interaction is present, it can seriously affect and possibly invalidate the analysis of variance. In general, the
presence of interaction inflates the error mean square and may adversely affect the comparison of treatment means.
In situations where both factors, as well as their possible interaction, are of interest, factorial designs must be used.
These designs are discussed extensively in Chapters 5 through 9.
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Random Treatments and Blocks. Our presentation of the randomized complete block design thus far has
focused on the case when both the treatments and blocks were considered as fixed factors. There are many situations
where either treatments or blocks (or both) are random factors. It is very common to find that the blocks are random.
This is usually what the experimenter would like to do, because we would like for the conclusions from the experiment
to be valid across the population of blocks that the ones selected for the experiments were sampled from. First, we con-
sider the case where the treatments are fixed and the blocks are random. Equation 4.1 is still the appropriate statistical
model, but now the block effects are random, that is, we assume that the 𝛽j, j = 1, 2, . . . , b are NID(0, 𝜎2

𝛽
) random

variables. This is a special case of a mixed model (because it contains both fixed and random factors). In Chapters 13
and 14 we will discuss mixed models in more detail and provide several examples of situations where they occur.
Our discussion here is limited to the RCBD.

Assuming that the RCBD model Equation 4.1 is appropriate, if the blocks are random and the treatments are
fixed we can show that

E(yij) = 𝜇 + 𝜏i, i = 1, 2, . . . , a

V(yij) = 𝜎
2
𝛽
+ 𝜎

2

Cov(yij, yi′j′ ) = 0, j ≠ j′

Cov(yij, yi′j) = 𝜎
2
𝛽
i ≠ i′

(4.14)

Thus, the variance of the observations is constant, the covariance between any two observations in different blocks is
zero, but the covariance between two observations from the same block is 𝜎2

𝛽
. The expected mean squares from the

usual ANOVA partitioning of the total sum of squares are

E(MSTreatments) = 𝜎
2 +

b
a∑
i=1

𝜏
2
i

a − 1
E(MSBlocks) = 𝜎

2 + a𝜎2
𝛽

E(MSE) = 𝜎
2

(4.15)

The appropriate statistic for testing the null hypothesis of no treatment effects (all 𝜏i = 0) is

F0 =
MSTreatment

MSE

which is exactly the same test statistic we used in the case where the blocks were fixed. Based on the expected mean
squares, we can obtain an ANOVA-type estimator of the variance component for blocks as

𝜎̂
2
𝛽
=

MSBlocks −MSE
a

(4.16)

For example, for the vascular graft experiment in Example 4.1 the estimate of 𝜎2
𝛽
is

𝜎̂
2
𝛽
=

MSBlocks −MSE
a

= 38.45 − 7.33
4

= 7.78

This is a method-of-moments estimate and there is no simple way to find a confidence interval on the block variance
component 𝜎2

𝛽
. The REMLmethod would be preferred here. Table 4.6 is the JMP output for Example 4.1 assuming that

blocks are random. The REML estimate of 𝜎2
𝛽
is exactly the same as the ANOVA estimate, but REML automatically

produces the standard error of the estimate (6.116215) and the approximate 95 percent confidence interval. JMP gives
the test for the fixed effect (pressure), and the results are in agreement with those originally reported in Example 4.1.
REML also produces the point estimate and confidence interval for the error variance 𝜎

2. The ease with which
confidence intervals can be constructed is a major reason why REML has been so widely adopted.



�

� �

�

148 Chapter 4 Randomized Blocks, Latin Squares, and Related Designs

◾ TABLE 4 . 6
JMP Output for Example 4.1 with Blocks Assumed Random

Response Y

Summary of Fit

RSquare 0.756688

RSquare Adj 0.720192

Root Mean Square Error 2.706612

Mean of Response 89.79583

Observations (or Sum Wgts) 24

REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Block 1.0621666 7.7811667 6.116215 −4.206394 19.768728 51.507

Residual 7.32575 2.6749857 3.9975509 17.547721 48.493

Total 15.106917 100.000

Covariance Matrix of Variance Component Estimates

Random Effect Block Residual

Block 37.408085 −1.788887
Residual −1.788887 7.1555484

Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Pressure 3 3 15 8.1071 0.0019*

*Significant at the 0.01 level.

Now consider a situation where there is an interaction between treatments and blocks. This could be accounted
for by adding an interaction term to the original statistical model Equation 4.1. Let (𝜏𝛽)ij be the interaction effect of
treatment I in block j. Then the model is

yij = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(4.17)

The interaction effect is assumed to be random because it involves the random block effects. If 𝜎2
𝜏𝛽

is the variance
component for the block treatment interaction, then we can show that the expected mean squares are

E(MSTreatments) = 𝜎
2 + 𝜎

2
𝜏𝛽

+

b
a∑
i=1

𝜏
2
i

a − 1
E(MSBlocks) = 𝜎

2 + a𝜎2
𝛽

E(MSE) = 𝜎
2 + 𝜎

2
𝜏𝛽

(4.18)

From the expected mean squares, we see that the usual F-statistic F = MSTreatments∕MSE would be used to test for
no treatment effects. So another advantage of the random block model is that the assumption of no interaction in the
RCBD is not important. However, if blocks are fixed and there is an interaction, then the interaction effect is not in



�

� �

�

4.1 The Randomized Complete Block Design 149

the expected mean square for treatments but it is in the error expected mean square, so there would not be a statistical
test for the treatment effects.

Estimating Missing Values. When using the RCBD, sometimes an observation in one of the blocks is miss-
ing. This may happen because of carelessness or error or for reasons beyond our control, such as unavoidable damage
to an experimental unit. A missing observation introduces a new problem into the analysis because treatments are no
longer orthogonal to blocks; that is, every treatment does not occur in every block. There are two general approaches
to the missing value problem. The first is an approximate analysis in which the missing observation is estimated and
the usual analysis of variance is performed just as if the estimated observations were real data, with the error degrees
of freedom reduced by 1. This approximate analysis is the subject of this section. The second is an exact analysis,
which is discussed in Section 4.1.4.

Suppose the observation yij for treatment i in block j is missing. Denote the missing observation by x. As an
illustration, suppose that in the vascular graft experiment of Example 4.1 there was a problem with the extrusion
machine when the 8700 psi run was conducted in the fourth batch of material, and the observation y24 could not be
obtained. The data might appear as in Table 4.7.

In general, we will let y′ij represent the grand total with one missing observation, y′i. represent the total for the
treatment with one missing observation, and y′

.j be the total for the block with one missing observation. Suppose we
wish to estimate the missing observation x so that x will have a minimum contribution to the error sum of squares.
Because SSE =

∑a
i=1

∑b
j=1 (yij − yi. − y

.j + y
..
)2, this is equivalent to choosing x to minimize

SSE =
a∑
i=1

b∑
j=1

y2ij −
1
b

a∑
i=1

(
b∑
j=1

yij

)2

− 1
a

b∑
j=1

(
a∑
i=1

yij

)2

+ 1
ab

(
a∑
i=1

b∑
j=1

yij

)2

or
SSE = x2 − 1

b
(y′i. + x)2 − 1

a
(y′

.j + x)2 + 1
ab

(y′
..
+ x)2 + R (4.19)

where R includes all terms not involving x. From dSSE∕dx = 0, we obtain

x =
ay′i. + by′

.j + y′
..

(a − 1)(b − 1)
(4.20)

as the estimate of the missing observation.
For the data in Table 4.7, we find that y′2. = 455.4, y′.4 = 267.5, and y′

..
= 2060.4. Therefore, from Equation 4.16,

x ≡ y24 =
4(455.4) + 6(267.5) − 2060.4

(3)(5)
= 91.08

◾ TABLE 4 . 7
Randomized Complete Block Design for the Vascular Graft Experiment with One Missing Value

Batch of Resin (Block)Extrusion
Pressures (PSI) 1 2 3 4 5 6

8500 90.3 89.2 98.2 93.9 87.4 97.9 556.9

8700 92.5 89.5 90.6 x 87.0 95.8 455.4

8900 85.5 90.8 89.6 86.2 88.0 93.4 533.5

9100 82.5 89.5 85.6 87.4 78.9 90.7 514.6

Block totals 350.8 359.0 364.0 267.5 341.3 377.8 y′
..
= 2060.4
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◾ TABLE 4 . 8
Approximate Analysis of Variance for Example 4.1 with One Missing Value

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Extrusion pressure 166.14 3 55.38 7.63 0.0029

Batches of raw material 189.52 5 37.90

Error 101.70 14 7.26

Total 457.36 23

The usual analysis of variance may now be performed using y24 = 91.08 and reducing the error degrees of freedom
by 1. The analysis of variance is shown in Table 4.8. Compare the results of this approximate analysis with the results
obtained for the full data set (Table 4.4).

If several observations are missing, they may be estimated by writing the error sum of squares as a function of the
missing values, differentiating with respect to each missing value, equating the results to zero, and solving the resulting
equations. Alternatively, we may use Equation 4.20 iteratively to estimate the missing values. To illustrate the iterative
approach, suppose that two values are missing. Arbitrarily estimate the first missing value, and then use this value
along with the real data and Equation 4.20 to estimate the second. Now Equation 4.20 can be used to reestimate the
first missing value, and following this, the second can be reestimated. This process is continued until convergence is
obtained. In any missing value problem, the error degrees of freedom are reduced by one for each missing observation.

4.1.4 Estimating Model Parameters and the General Regression Significance Test

If both treatments and blocks are fixed, we may estimate the parameters in the RCBD model by least squares. Recall
that the linear statistical model is

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(4.21)

Applying the rules in Section 3.9.2 for finding the normal equations for an experimental design model, we obtain

𝜇 ∶ ab𝜇̂ + b𝜏1 + b𝜏2 + · · · + b𝜏a + a𝛽1 + a𝛽2 + · · · + a𝛽b = y..
𝜏1∶ b𝜇̂ + b𝜏1 + 𝛽1 + 𝛽2 + · · · + 𝛽b = y1.
𝜏2∶ b𝜇̂ + b𝜏2 + 𝛽1 + 𝛽2 + · · · + 𝛽b = y2.
⋮ ⋮ ⋮
𝜏a∶ b𝜇̂ b𝜏a + 𝛽1 + 𝛽2 + · · · + 𝛽b = ya.
𝛽1∶ a𝜇̂ + 𝜏1 + 𝜏2 + · · · + 𝜏a + a𝛽1 = y.1
𝛽2∶ a𝜇̂ + 𝜏1 + 𝜏2 + · · · + 𝜏a + a𝛽2 = y.2
⋮ ⋮ ⋮
𝛽b∶ a𝜇̂ + 𝜏1 + 𝜏2 + · · · + 𝜏a + a𝛽b = y

.b (4.22)

Notice that the second through the (a + 1)st equations in Equation 4.22 sum to the first normal equation, as do
the last b equations. Thus, there are two linear dependencies in the normal equations, implying that two constraints
must be imposed to solve Equation 4.22. The usual constraints are

a∑
i=1

𝜏i = 0
b∑
j=1

𝛽j = 0 (4.23)
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Using these constraints helps simplify the normal equations considerably. In fact, they become

ab 𝜇̂ = y
..

b 𝜇̂ + b𝜏i = yi. i = 1, 2, . . . , a
a 𝜇̂ + a𝛽j = y

.j j = 1, 2, . . . , b
(4.24)

whose solution is

𝜇̂ = y
..

𝜏i = yi. − y
..

i = 1, 2, . . . , a

𝛽j = y
.j − y

..
j = 1, 2, . . . , b (4.25)

Using the solution to the normal equation in Equation 4.25, we may find the estimated or fitted values of yij as

ŷij = 𝜇̂ + 𝜏i + 𝛽j

= y
..
+ (yi. − y

..
) + (y

.j − y
..
)

= yi. + y
.j − y

..

This result was used previously in Equation 4.13 for computing the residuals from a randomized block design.
The general regression significance test can be used to develop the analysis of variance for the randomized

complete block design. Using the solution to the normal equations given by Equation 4.25, the reduction in the sum
of squares for fitting the full model is

R(𝜇, 𝜏, 𝛽) = 𝜇̂y
..
+

a∑
i=1

𝜏iyi. +
b∑
j=1

𝛽jy.j

= y
..
y
..
+

a∑
i=1

(yi. − y
..
)yi. +

b∑
j=1

(y
.j − y

..
)y

.j

=
y2
..

ab
+

a∑
i=1

yi.yi. −
y2
..

ab
+

b∑
j=1

y
.jy.j −

y2
..

ab

=
a∑
i=1

y2i.
b

+
b∑
j=1

y2
.j

a
−

y2
..

ab

with a + b − 1 degrees of freedom, and the error sum of squares is

SSE =
a∑
i=1

b∑
j=1

y2ij − R(𝜇, 𝜏, 𝛽)

=
a∑
i=1

b∑
j=1

y2ij −
a∑
i=1

y2i.
b

−
b∑
j=1

y2
.j

a
+

y2
..

ab

=
a∑
i=1

b∑
j=1

(yij − yi. − y
.j + y

..
)2

with (a − 1)(b − 1) degrees of freedom. Compare this last equation with SSE in Equation 4.7.
To test the hypothesis H0∶𝜏i = 0, the reduced model is

yij = 𝜇 + 𝛽j + ∈ij
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which is just a single-factor analysis of variance. By analogy with Equation 3.5, the reduction in the sum of squares
for fitting the reduced model is

R(𝜇, 𝛽) =
b∑
j=1

y2
.j

a

which has b degrees of freedom. Therefore, the sum of squares due to {𝜏i} after fitting 𝜇 and {𝛽j} is

R(𝜏|𝜇, 𝛽) = R(𝜇, 𝜏, 𝛽) − R(𝜇, 𝛽)

= R(full model) − R(reduced model)

=
a∑
i=1

y2i.
b

+
b∑
j=1

y2
.j

a
−

y2
..

ab
−

b∑
j=1

y2
.j

a

=
a∑
i=1

y2i.
b

−
y2
..

ab

which we recognize as the treatment sum of squares with a − 1 degrees of freedom (Equation 4.10).
The block sum of squares is obtained by fitting the reduced model

yij = 𝜇 + 𝜏i + 𝜖ij

which is also a single-factor analysis. Again, by analogy with Equation 3.5, the reduction in the sum of squares for
fitting this model is

R(𝜇, 𝜏) =
a∑
i=1

y2i.
b

with a degrees of freedom. The sum of squares for blocks {𝛽j} after fitting 𝜇 and {𝜏i} is

R(𝛽|𝜇, 𝜏) = R(𝜇, 𝜏, 𝛽) − R(𝜇, 𝜏)

=
a∑
i=1

y2i.
b

+
b∑
j=1

y2
.j

a
−

y2
..

ab
−

a∑
i=1

y2i.
b

=
b∑
j=1

y2
.j

a
−

y2
..

ab

with b − 1 degrees of freedom, which we have given previously as Equation 4.11.
We have developed the sums of squares for treatments, blocks, and error in the randomized complete block

design using the general regression significance test. Although we would not ordinarily use the general regression
significance test to actually analyze data in a randomized complete block, the procedure occasionally proves useful in
more general randomized block designs, such as those discussed in Section 4.4.

Exact Analysis of the Missing Value Problem. In Section 4.1.3 an approximate procedure for dealing
with missing observations in the RCBD was presented. This approximate analysis consists of estimating the missing
value so that the error mean square is minimized. It can be shown that the approximate analysis produces a biased mean
square for treatments in the sense that E(MSTreatments) is larger than E(MSE) if the null hypothesis is true. Consequently,
too many significant results are reported.

The missing value problem may be analyzed exactly by using the general regression significance test. The
missing value causes the design to be unbalanced, and because all the treatments do not occur in all blocks,
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◾ TABLE 4 . 9
Latin Square Design for the Rocket Propellant Problem

OperatorsBatches of
Raw Material 1 2 3 4 5

1 A = 24 B = 20 C = 19 D = 24 E = 24

2 B = 17 C = 24 D = 30 E = 27 A = 36

3 C = 18 D = 38 E = 26 A = 27 B = 21

4 D = 26 E = 31 A = 26 B = 23 C = 22

5 E = 22 A = 30 B = 20 C = 29 D = 31

we say that the treatments and blocks are not orthogonal. This method of analysis is also used in more general
types of randomized block designs; it is discussed further in Section 4.4. Many computer packages will perform
this analysis.

4.2 The Latin Square Design

In Section 4.1 we introduced the randomized complete block design as a design to reduce the residual error in an
experiment by removing variability due to a known and controllable nuisance variable. There are several other types
of designs that utilize the blocking principle. For example, suppose that an experimenter is studying the effects of five
different formulations of a rocket propellant used in aircrew escape systems on the observed burning rate. Each formu-
lation is mixed from a batch of raw material that is only large enough for five formulations to be tested. Furthermore,
the formulations are prepared by several operators, and there may be substantial differences in the skills and experience
of the operators. Thus, it would seem that there are two nuisance factors to be “averaged out” in the design: batches
of raw material and operators. The appropriate design for this problem consists of testing each formulation exactly
once in each batch of raw material and for each formulation to be prepared exactly once by each of five operators.
The resulting design, shown in Table 4.9, is called a Latin square design. Notice that the design is a square arrange-
ment and that the five formulations (or treatments) are denoted by the Latin letters A, B, C, D, and E; hence the name
Latin square. We see that both batches of raw material (rows) and operators (columns) are orthogonal to treatments.

The Latin square design is used to eliminate two nuisance sources of variability; that is, it systematically allows
blocking in two directions. Thus, the rows and columns actually represent two restrictions on randomization. In
general, a Latin square for p factors, or a p × p Latin square, is a square containing p rows and p columns. Each of the
resulting p2 cells contains one of the p letters that corresponds to the treatments, and each letter occurs once and only
once in each row and column. Some examples of Latin squares are

𝟒× 𝟒 𝟓×𝟓 𝟔×𝟔
A B D C A D B E C A D C E B F

B C A D D A C B E B A E C F D

C D B A C B E D A C E D F A B

D A C B B E A C D D C F B E A

E C D A B F B A D C E

E F B A D C
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Latin squares are closely related to a popular puzzle called a sudoku puzzle that originated in Japan (sudoku
means “single number” in Japanese). The puzzle typically consists of a 9 × 9 grid, with nine additional 3 × 3 blocks
contained within. A few of the squares contain numbers and the others are blank. The goal is to fill the blanks with the
integers from 1 to 9 so that each row, each column, and each of the nine 3 × 3 blocks making up the grid contains just
one of each of the nine integers. The additional constraint that a standard 9 × 9 sudoku puzzle have 3 × 3 blocks that
also contain each of the nine integers reduces the large number of possible 9 × 9 Latin squares to a smaller but still
quite large number, approximately 6 × 1021.

Depending on the number of clues and the size of the grid, sudoku puzzles can be extremely difficult to solve.
Solving an n × n sudoku puzzle belongs to a class of computational problems called NP-complete (the NP refers to
nonpolynomial computing time). An NP-complete problem is one for which it’s relatively easy to check whether a
particular answer is correct but may require an impossibly long time to solve by any simple algorithm as n gets larger.

Solving a sudoku puzzle is also equivalent to “coloring” a graph—an array of points (vertices) and lines (edges)
in a particular way. In this case, the graph has 81 vertices, one for each cell of the grid. Depending on the puzzle, only
certain pairs of vertices are joined by an edge. Given that some vertices have already been assigned a “color” (chosen
from the nine number possibilities), the problem is to “color” the remaining vertices so that any two vertices joined by
an edge don’t have the same “color.”

The statistical model for a Latin square is

yijk = 𝜇 + 𝛼i + 𝜏j + 𝛽k + 𝜖ijk

⎧⎪⎨⎪⎩

i = 1, 2, . . . , p

j = 1, 2, . . . , p

k = 1, 2, . . . , p

(4.26)

where yijk is the observation in the ith row and kth column for the jth treatment, 𝜇 is the overall mean, 𝛼i is the ith row
effect, 𝜏j is the jth treatment effect, 𝛽k is the kth column effect, and 𝜖ijk is the random error. Note that this is an effects
model. The model is completely additive; that is, there is no interaction between rows, columns, and treatments.
Because there is only one observation in each cell, only two of the three subscripts i, j, and k are needed to denote
a particular observation. For example, referring to the rocket propellant problem in Table 4.8, if i = 2 and k = 3, we
automatically find j = 4 (formulation D), and if i = 1 and j = 3 (formulation C), we find k = 3. This is a consequence
of each treatment appearing exactly once in each row and column.

The analysis of variance consists of partitioning the total sum of squares of the N = p2 observations into com-
ponents for rows, columns, treatments, and error, for example,

SST = SSRows + SSColumns + SSTreatments + SSE (4.27)

with respective degrees of freedom

p2 − 1 = p − 1 + p − 1 + p − 1 + (p − 2)(p − 1)

Under the usual assumption that ∈ijk is NID (0, 𝜎2), each sum of squares on the right-hand side of Equation 4.27 is,
upon division by 𝜎2, an independently distributed chi-square random variable. The appropriate statistic for testing for
no differences in treatment means is

F0 =
MSTreatments

MSE

which is distributed as Fp−1,(p−2)(p−1) under the null hypothesis. We may also test for no row effect and no column effect
by forming the ratio ofMSRows orMSColumns toMSE. However, because the rows and columns represent restrictions on
randomization, these tests may not be appropriate.

The computational procedure for the ANOVA in terms of treatment, row, and column totals is shown in
Table 4.10. From the computational formulas for the sums of squares, we see that the analysis is a simple extension
of the RCBD, with the sum of squares resulting from rows obtained from the row totals.
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◾ TABLE 4 . 10
Analysis of Variance for the Latin Square Design

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0

Treatments SSTreatments =
1
p

p∑
j=1

y2
.j. −

y2
..

N
p − 1

SSTreatments

p − 1
F0 =

MSTreatments

MSE

Rows SSRows =
1
p

p∑
i=1

y2i.. −
y2
...

N
p − 1

SSRows
p − 1

Columns SSColumns =
1
p

p∑
k=1

y2
..k −

y2
...

N
p − 1

SSColumns

p − 1

Error SSE (by subtraction) (p − 2)(p − 1)
SSE

(p − 2)(p − 1)

Total SST =
∑
i

∑
j

∑
k

y2ijk −
y2
...

N
p2 − 1

EXAMPLE 4 . 2

Consider the rocket propellant problem previously
described, where both batches of raw material and oper-
ators represent randomization restrictions. The design for
this experiment, shown in Table 4.8, is a 5 × 5 Latin square.
After coding by subtracting 25 from each observation, we
have the data in Table 4.11. The sums of squares for the
total, batches (rows), and operators (columns) are computed
as follows:

SST =
∑
i

∑
j

∑
k

y2ijk −
y2
...

N

= 680 − (10)2

25
= 676.00

SSBatches =
1
p

p∑
i=1

y2i.. −
y2
...

N

= 1
5

[
(−14)2 + 92 + 52 + 32 + 72

]

−(10)2

25
= 68.00

SSOperators =
1
p

p∑
k=1

y2
..k −

y2
...

N

= 1
5

[
(−18)2 + 182 + (−4)2 + 52 + 92

]

−(10)2

25
= 150.00

The totals for the treatments (Latin letters) are

Latin Letter Treatment Total

A y.1. = 18

B y.2. = −24
C y.3. = −13
D y.4. = 24

E y.5. = 5

The sum of squares resulting from the formulations is com-
puted from these totals as

SSFormulations =
1
p

p∑
j=1

y2
.j. −

y2
...

N

= 182 + (−24)2 + (−13)2 + 242 + 52

5

−(10)2

25
= 330.00

The error sum of squares is found by subtraction

SSE = SST − SSBatches − SSOperators − SSFormulations

= 676.00 − 68.00 − 150.00 − 330.00 = 128.00

The analysis of variance is summarized in Table 4.12.
We conclude that there is a significant difference in the mean
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burning rate generated by the different rocket propellant
formulations. There is also an indication that differences
between operators exist, so blocking on this factor was a
good precaution. There is no strong evidence of a difference

between batches of raw material, so it seems that in this
particular experiment we were unnecessarily concerned
about this source of variability. However, blocking on
batches of raw material is usually a good idea.

◾ TABLE 4 . 11
Coded Data for the Rocket Propellant Problem

OperatorsBatches of
Raw Material 1 2 3 4 5 yi..

1 A = −1 B = −5 C = −6 D = −1 E = −1 −14
2 B = −8 C = −1 D = 5 E = 2 A = 11 9

3 C = −7 D = 13 E = 1 A = 2 B = −4 5

4 D = 1 E = 6 A = 1 B = −2 C = −3 3

5 E = −3 A = 5 B = −5 C = 4 D = 6 7

y
..k −18 18 −4 5 9 10 = y

...

◾ TABLE 4 . 12
Analysis of Variance for the Rocket Propellant Experiment

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Formulations 330.00 4 82.50 7.73 0.0025

Batches of raw material 68.00 4 17.00

Operators 150.00 4 37.50

Error 128.00 12 10.67

Total 676.00 24

As in any design problem, the experimenter should investigate the adequacy of the model by inspecting and plotting
the residuals. For a Latin square, the residuals are given by

eijk = yijk − ŷijk
= yijk − yi.. − y

.j. − y
..k + 2y

...

The reader should find the residuals for Example 4.2 and construct appropriate plots.
A Latin square in which the first row and column consists of the letters written in alphabetical order is called

a standard Latin square, which is the design shown in Example 4.3. A standard Latin square can always be
obtained by writing the first row in alphabetical order and then writing each successive row as the row of letters just
above shifted one place to the left. Table 4.13 summarizes several important facts about Latin squares and standard
Latin squares.

As with any experimental design, the observations in the Latin square should be taken in random order.
The proper randomization procedure is to select the particular square employed at random. As we see in Table 4.13,
there are a large number of Latin squares of a particular size, so it is impossible to enumerate all the squares and
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◾ TABLE 4 . 13
Standard Latin Squares and Number of Latin Squares of Various Sizesa

Size 3 × 3 4 × 4 5 × 5 6 × 6 7 × 7 p × p

Examples of
standard squares

A B C A B C D A B C D E A B C D E F A B C D E F G ABC . . . P

B C A B C D A B A E C D B C F A D E B C D E F G A BCD . . . A

C A B C D A B C D A E B C F B E A D C D E F G A B CDE . . . B

D A B C D E B A C D E A B F C D E F G A B C ⋮

E C D B A E A D F C B E F G A B C D

F D E C B A F G A B C D E PAB . . . (P − 1)
G A B C D E F

Number of
standard squares

1 4 56 9408 16,942,080 —

Total number of
Latin squares

12 576 161,280 818,851,200 61,479,419,904,000 p!(p − 1)!×

(number of
standard squares)

aSome of the information in this table is found in Fisher and Yates (1953). Little is known about the properties of Latin squares larger than 7 × 7.

select one randomly. The usual procedure is to select an arbitrary Latin square from a table of such designs, as in
Fisher and Yates (1953), or start with a standard square, and then arrange the order of the rows, columns, and letters
at random. This is discussed more completely in Fisher and Yates (1953).

Occasionally, one observation in a Latin square is missing. For a p × p Latin square, the missing value may be
estimated by

yijk =
p(y′i.. + y′

.j. + y′
...k) − 2y′

...

(p − 2)(p − 1)
(4.28)

where the primes indicate totals for the row, column, and treatment with the missing value, and y′
...
is the grand total

with the missing value.
Latin squares can be useful in situations where the rows and columns represent factors the experimenter actually

wishes to study and where there are no randomization restrictions. Thus, three factors (rows, columns, and letters),
each at p levels, can be investigated in only p2 runs. This design assumes that there is no interaction between the factors.
More will be said later on the subject of interaction.

Replication of Latin Squares. A disadvantage of small Latin squares is that they provide a relatively small
number of error degrees of freedom. For example, a 3 × 3 Latin square has only two error degrees of freedom, a 4 × 4
Latin square has only six error degrees of freedom, and so forth. When small Latin squares are used, it is frequently
desirable to replicate them to increase the error degrees of freedom.

A Latin square may be replicated in several ways. To illustrate, suppose that the 5 × 5 Latin square used in
Example 4.3 is replicated n times. This could have been done as follows:

1. Use the same batches and operators in each replicate.

2. Use the same batches but different operators in each replicate (or, equivalently, use the same operators but
different batches).

3. Use different batches and different operators.

The analysis of variance depends on the method of replication.
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Consider case 1, where the same levels of the row and column blocking factors are used in each replicate. Let yijkl
be the observation in row i, treatment j, column k, and replicate l. There are N = np2 total observations. The ANOVA
is summarized in Table 4.14.

Now consider case 2 and assume that new batches of raw material but the same operators are used in each
replicate. Thus, there are now five new rows (in general, p new rows) within each replicate. The ANOVA is summarized
in Table 4.15. Note that the source of variation for the rows really measures the variation between rows within the
n replicates.

◾ TABLE 4 . 14
Analysis of Variance for a Replicated Latin Square, Case 1

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎

Treatments
1
np

p∑
j=1

y2
.j.. −

y2
....

N
p − 1

SSTreatments

p − 1

MSTreatments

MSE

Rows
1
np

p∑
i=1

y2i... −
y2
....

N
p − 1

SSRows
p − 1

Columns
1
np

p∑
k=1

y2
..k. −

y2
....

N
p − 1

SSColumns

p − 1

Replicates
1
p2

n∑
l=1

y2
...l −

y2
....

N
n − 1

SSReplicates
n − 1

Error Subtraction (p − 1)[n(p + 1) − 3]
SSE

(p − 1)[n(p + 1) − 3]
Total

∑∑∑∑
y2ijkl −

y2
....

N
np2 − 1

◾ TABLE 4 . 15
Analysis of Variance for a Replicated Latin Square, Case 2

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎

Treatments
1
np

p∑
j=1

y2
.j.. −

y2
....

N
p − 1

SSTreatments

p − 1

MSTreatments

MSE

Rows
1
p

n∑
l=1

p∑
i=1

y2i..l −
n∑
l=1

y2
...l

p2
n(p − 1)

SSRows
n(p − 1)

Columns
1
np

p∑
k=1

y2
..k. −

y2
....

N
p − 1 SSColumns

p−1

Replicates
1
p2

n∑
l=1

y2
...l −

y2
....

N
n − 1

SSReplicates
n − 1

Error Subtraction (p − 1)(np − 1)
SSE

(p − 1)(np − 1)

Total
∑
i

∑
j

∑
k

∑
l

y2ijkl −
y2
....

N
np2 − 1
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◾ TABLE 4 . 16
Analysis of Variance for a Replicated Latin Square, Case 3

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎

Treatments
1
np

p∑
j=1

y2
.j.. −

y2
....

N
p − 1

SSTreatments

p − 1

MSTreatments

MSE

Rows
1
p

n∑
l=1

p∑
i=1

y2i..l −
n∑
l=1

y2
...l

p2
n(p − 1)

SSRows
n(p − 1)

Columns
1
p

n∑
l=1

p∑
k=1

y2
..kl −

n∑
l=1

y2
...l

p2
n(p − 1)

SSColumns

n(p − 1)

Replicates 1

p2

n∑
l=1

y2
...l −

y2
....

N
n − 1

SSReplicates
n − 1

Error Subtraction (p − 1)[n(p − 1) − 1]
SSE

(p − 1)[n(p − 1) − 1]

Total
∑
i

∑
j

∑
k

∑
l

y2ijkl −
y2
....

N
np2 − 1

Finally, consider case 3, where new batches of raw material and new operators are used in each replicate. Now
the variation that results from both the rows and columns measures the variation resulting from these factors within
the replicates. The ANOVA is summarized in Table 4.16.

There are other approaches to analyzing replicated Latin squares that allow some interactions between treatments
and squares (refer to Problem 4.35).

Crossover Designs and Designs Balanced for Residual Effects. Occasionally, one encounters a problem
in which time periods are a factor in the experiment. In general, there are p treatments to be tested in p time periods
using np experimental units. For example, a human performance analyst is studying the effect of two replacement
fluids on dehydration in 20 subjects. In the first period, half of the subjects (chosen at random) are given fluid A and
the other half fluid B. At the end of the period, the response is measured and a period of time is allowed to pass in
which any physiological effect of the fluids is eliminated. Then the experimenter has the subjects who took fluid A
take fluid B and those who took fluid B take fluid A. This design is called a crossover design. It is analyzed as a set
of 10 Latin squares with two rows (time periods) and two treatments (fluid types). The two columns in each of the 10
squares correspond to subjects.

The layout of this design is shown in Figure 4.7. Notice that the rows in the Latin square represent the time
periods and the columns represent the subjects. The 10 subjects who received fluid A first (1, 4, 6, 7, 9, 12, 13, 15, 17,
and 19) are randomly determined.

An abbreviated analysis of variance is summarized in Table 4.17. The subject sum of squares is computed as
the corrected sum of squares among the 20 subject totals, the period sum of squares is the corrected sum of squares

◾ F I GURE 4 . 7 A crossover design



�

� �

�

160 Chapter 4 Randomized Blocks, Latin Squares, and Related Designs

◾ TABLE 4 . 17
Analysis of Variance for the Crossover Design in Figure 4.7

Source of Variation Degrees of Freedom

Subjects (columns) 19

Periods (rows) 1

Fluids (letters) 1

Error 18

Total 39

among the rows, and the fluid sum of squares is computed as the corrected sum of squares among the letter totals. For
further details of the statistical analysis of these designs, see Cochran and Cox (1957), John (1971), and Anderson and
McLean (1974).

It is also possible to employ Latin square type designs for experiments in which the treatments have a residual
effect—that is, for example, if the data for fluid B in period 2 still reflected some effect of fluid A taken in period 1.
Designs balanced for residual effects are discussed in detail by Cochran and Cox (1957) and John (1971).

4.3 The Graeco-Latin Square Design

Consider a p × p Latin square, and superimpose on it a second p × p Latin square in which the treatments are denoted
by Greek letters. If the two squares when superimposed have the property that each Greek letter appears once and
only once with each Latin letter, the two Latin squares are said to be orthogonal, and the design obtained is called a
Graeco-Latin square. An example of a 4 × 4 Graeco-Latin square is shown in Table 4.18.

The Graeco-Latin square design can be used to control systematically three sources of extraneous variability,
that is, to block in three directions. The design allows investigation of four factors (rows, columns, Latin letters, and
Greek letters), each at p levels in only p2 runs. Graeco-Latin squares exist for all p ≥ 3 except p = 6.

The statistical model for the Graeco-Latin square design is

yijkl = 𝜇 + 𝜃i + 𝜏j + 𝜔k + Ψl + 𝜖ijkl

⎧⎪⎨⎪⎩

i = 1, 2, . . . , p
j = 1, 2, . . . , p
k = 1, 2, . . . , p
l = 1, 2, . . . , p

(4.29)

where yijkl is the observation in row i and column l for Latin letter j and Greek letter k, 𝜃i is the effect of the ith row,
𝜏j is the effect of Latin letter treatment j, 𝜔k is the effect of Greek letter treatment k, Ψl is the effect of column l, and
𝜖ijkl is an NID(0, 𝜎2) random error component. Only two of the four subscripts are necessary to completely identify an
observation.

◾ TABLE 4 . 18
4 × 4 Graeco-Latin Square Design

Column

Row 1 2 3 4

1 A𝛼 B𝛽 C𝛾 D𝛿

2 B𝛿 A𝛾 D𝛽 C𝛼

3 C𝛽 D𝛼 A𝛿 B𝛾

4 D𝛾 C𝛿 B𝛼 A𝛽
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◾ TABLE 4 . 19
Analysis of Variance for a Graeco-Latin Square Design

Source of Variation Sum of Squares Degrees of Freedom

Latin letter treatments SSL =
1

p

p∑
j=1

y2
.j.. −

y2
....

N
p − 1

Greek letter treatments SSG = 1

p

p∑
k=1

y2
..k. −

y2
....

N
p − 1

Rows SSRows =
1

p

p∑
i=1

y2i... −
y2
....

N
p − 1

Columns SSColumns =
1

p

p∑
l=1

y2
...l −

y2
....

N
p − 1

Error SSE (by subtraction) (p − 3)(p − 1)

Total SST =
∑
i

∑
j

∑
k

∑
l

y2ijkl −
y2
....

N
p2 − 1

The analysis of variance is very similar to that of a Latin square. Because the Greek letters appear exactly
once in each row and column and exactly once with each Latin letter, the factor represented by the Greek letters is
orthogonal to rows, columns, and Latin letter treatments. Therefore, a sum of squares due to the Greek letter factor
may be computed from the Greek letter totals, and the experimental error is further reduced by this amount. The
computational details are illustrated in Table 4.19. The null hypotheses of equal row, column, Latin letter, and Greek
letter treatments would be tested by dividing the corresponding mean square by mean square error. The rejection
region is the upper tail point of the Fp−1,(p−3)(p−1) distribution.

EXAMPLE 4 . 3

Suppose that in the rocket propellant experiment of Example
4.2 an additional factor, test assemblies, could be of impor-
tance. Let there be five test assemblies denoted by the Greek
letters 𝛼, 𝛽, 𝛾, 𝛿, and 𝜖. The resulting 5 × 5 Graeco-Latin
square design is shown in Table 4.20.

Notice that because the totals for batches of raw material
(rows), operators (columns), and formulations (Latin letters)
are identical to those in Example 4.2, we have

SSBatches = 68.00, SSOperators = 150.00,
and SSFormulations = 330.00

The totals for the test assemblies (Greek letters) are

Greek Letter Test Assembly Total

𝛼 y..1. = 10

𝛽 y..2. = −6
𝛾 y..3. = −3
𝛿 y..4. = −4
𝜖 y..5. = 13

Thus, the sum of squares due to the test assemblies is

SSAssemblies =
1
p

p∑
k=1

y2
..k. −

y2. . . .
N

= 1
5
[102 + (−6)2 + (−3)2

+(−4)2 + 132] − (10)2

25
= 62.00

The complete ANOVA is summarized in Table 4.21.
Formulations are significantly different at 1 percent. In
comparing Tables 4.21 and 4.12, we observe that remov-
ing the variability due to test assemblies has decreased the
experimental error. However, in decreasing the experimen-
tal error, we have also reduced the error degrees of freedom
from 12 (in the Latin square design of Example 4.2) to 8.
Thus, our estimate of error has fewer degrees of freedom,
and the test may be less sensitive.
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◾ TABLE 4 . 20
Graeco-Latin Square Design for the Rocket Propellant Problem

OperatorsBatches of
Raw Material 1 2 3 4 5 yi...

1 A𝛼 = −1 B𝛾 = −5 C𝜖 = −6 D𝛽 = −1 E𝛿 = −1 −14
2 B𝛽 = −8 C𝛿 = −1 D𝛼 = 5 E𝛾 = 2 A𝜖 = 11 9

3 C𝛾 = −7 D𝜖 = 13 E𝛽 = 1 A𝛿 = 2 B𝛼 = −4 5

4 D𝛿 = 1 E𝛼 = 6 A𝛾 = 1 B𝜖 = −2 C𝛽 = −3 3

5 E𝜖 = −3 A𝛽 = 5 B𝛿 = −5 C𝛼 = 4 D𝛾 = 6 7

y
...l −18 18 −4 5 9 10 = y

...

◾ TABLE 4 . 21
Analysis of Variance for the Rocket Propellant Problem

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Formulations 330.00 4 82.50 10.00 0.0033

Batches of raw material 68.00 4 17.00

Operators 150.00 4 37.50

Test assemblies 62.00 4 15.50

Error 66.00 8 8.25

Total 676.00 24

The concept of orthogonal pairs of Latin squares forming a Graeco-Latin square can be extended somewhat.
A p × p hypersquare is a design in which three or more orthogonal p × p Latin squares are superimposed. In general,
up to p + 1 factors could be studied if a complete set of p − 1 orthogonal Latin squares is available. Such a design
would utilize all (p + 1) (p − 1) = p2 − 1 degrees of freedom, so an independent estimate of the error variance is
necessary. Of course, there must be no interactions between the factors when using hypersquares.

4.4 Balanced Incomplete Block Designs

In certain experiments using randomized block designs, we may not be able to run all the treatment combinations in
each block. Situations like this usually occur because of shortages of experimental apparatus or facilities or the physical
size of the block. For example, in the vascular graft experiment (Example 4.1), suppose that each batch of material is
only large enough to accommodate testing three extrusion pressures. Therefore, each pressure cannot be tested in each
batch. For this type of problem it is possible to use randomized block designs in which every treatment is not present
in every block. These designs are known as randomized incomplete block designs.

When all treatment comparisons are equally important, the treatment combinations used in each block should
be selected in a balanced manner, so that any pair of treatments occur together the same number of times as any other
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pair. Thus, a balanced incomplete block design (BIBD) is an incomplete block design in which any two treatments
appear together an equal number of times. Suppose that there are a treatments and that each block can hold exactly
k (k < a) treatments. A balanced incomplete block design may be constructed by taking

(
a
k

)
blocks and assigning a

different combination of treatments to each block. Frequently, however, balance can be obtained with fewer than
(
a
k

)
blocks. Tables of BIBDs are given in Fisher and Yates (1953), Davies (1956), and Cochran and Cox (1957).

As an example, suppose that a chemical engineer thinks that the time of reaction for a chemical process is a
function of the type of catalyst employed. Four catalysts are currently being investigated. The experimental procedure
consists of selecting a batch of raw material, loading the pilot plant, applying each catalyst in a separate run of the pilot
plant, and observing the reaction time. Because variations in the batches of raw material may affect the performance of
the catalysts, the engineer decides to use batches of raw material as blocks. However, each batch is only large enough
to permit three catalysts to be run. Therefore, a randomized incomplete block design must be used. The balanced
incomplete block design for this experiment, along with the observations recorded, is shown in Table 4.22. The order
in which the catalysts are run in each block is randomized.

4.4.1 Statistical Analysis of the BIBD

As usual, we assume that there are a treatments and b blocks. In addition, we assume that each block contains k
treatments, that each treatment occurs r times in the design (or is replicated r times), and that there are N = ar = bk
total observations. Furthermore, the number of times each pair of treatments appears in the same block is

λ = r(k − 1)
a − 1

If a = b, the design is said to be symmetric.
The parameter λ must be an integer. To derive the relationship for λ, consider any treatment, say treatment 1.

Because treatment 1 appears in r blocks and there are k − 1 other treatments in each of those blocks, there are r(k − 1)
observations in a block containing treatment 1. These r(k − 1) observations also have to represent the remaining a − 1
treatments λ times. Therefore, λ(a − 1) = r(k − 1).

The statistical model for the BIBD is

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij (4.30)

where yij is the ith observation in the jth block, 𝜇 is the overall mean, 𝜏i is the effect of the ith treatment, 𝛽j is the effect
of the jth block, and 𝜖ij is the NID(0, 𝜎2) random error component. The total variability in the data is expressed by the
total corrected sum of squares:

SST =
∑
i

∑
j

y2ij −
y2
..

N
(4.31)

◾ TABLE 4 . 22
Balanced Incomplete Block Design for Catalyst Experiment

Block (Batch of Raw Material)Treatment
(Catalyst) 1 2 3 4 yi.

1 73 74 — 71 218

2 — 75 67 72 214

3 73 75 68 — 216

4 75 — 72 75 222

y
.j 221 224 207 218 870 = yi.
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Total variability may be partitioned into

SST = SSTreatments(adjusted) + SSBlocks + SSE

where the sum of squares for treatments is adjusted to separate the treatment and the block effects. This adjustment
is necessary because each treatment is represented in a different set of r blocks. Thus, differences between unadjusted
treatment totals y1., y2., . . . , ya. are also affected by differences between blocks.

The block sum of squares is

SSBlocks =
1
k

b∑
j=1

y2
.j −

y2
..

N
(4.32)

where y
.j is the total in the jth block. SSBlocks has b − 1 degrees of freedom. The adjusted treatment sum of squares is

SSTreatments(adjusted) =

k
a∑
i=1

Q2
i

λa
(4.33)

where Qi is the adjusted total for the ith treatment, which is computed as

Qi = yi. −
1
k

b∑
j=1

nijy.j i = 1, 2, . . . , a (4.34)

with nij = 1 if treatment i appears in block j and nij = 0 otherwise. The adjusted treatment totals will always sum to
zero. SSTreatments(adjusted) has a − 1 degrees of freedom. The error sum of squares is computed by subtraction as

SSE = SST − SSTreatments(adjusted) − SSBlocks (4.35)

and has N − a − b + 1 degrees of freedom.
The appropriate statistic for testing the equality of the treatment effects is

F0 =
MSTreatments(adjusted)

MSE

The ANOVA is summarized in Table 4.23.

◾ TABLE 4 . 23
Analysis of Variance for the Balanced Incomplete Block Design

Source of
Variation Sum of Squares

Degrees of
Freedom Mean Square F𝟎

Treatments (adjusted)
k
∑

Q2
i

𝜆a
a − 1

SSTreatments(adjusted)

a − 1
F0 =

MSTreatments(adjusted)

MSE

Blocks
1
k

∑
y2
.j −

y2
..

N
b − 1

SSBlocks
b − 1

Error SSE (by subtraction) N − a − b + 1
SSE

N − a − b + 1

Total
∑∑

y2ij −
y2
..

N
N − 1
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EXAMPLE 4 . 4

Consider the data in Table 4.22 for the catalyst experiment.
This is a BIBD with a = 4, b = 4, k = 3, r = 3, 𝜆 = 2, and
N = 12. The analysis of this data is as follows. The total sum
of squares is

SST =
∑
i

∑
j

y2ij −
y2
..

12

= 63,156 − (870)2

12
= 81.00

The block sum of squares is found from Equation 4.32 as

SSBlocks =
1
3

4∑
j=1

y2
.j −

y2
..

12

= 1
3
[(221)2 + (207)2 + (224)2 + (218)2] − (870)2

12
= 55.00

To compute the treatment sum of squares adjusted for
blocks, we first determine the adjusted treatment totals using
Equation 4.34 as

Q1 = (218) − 1

3
(221 + 224 + 218) = −9∕3

Q2 = (214) − 1

3
(207 + 224 + 218) = −7∕3

Q3 = (216) − 1

3
(221 + 207 + 224) = −4∕3

Q4 = (222) − 1

3
(221 + 207 + 218) = 20∕3

The adjusted sum of squares for treatments is computed
from Equation 4.33 as

SSTreatments(adjusted) =
k

4∑
i=1

Q2
i

𝜆a

=
3[(−9∕3)2 + (−7∕3)2 + (−4∕3)2 + (20∕3)2]

(2)(4)
= 22.75

The error sum of squares is obtained by subtraction as

SSE = SST − SSTreatments(adjusted) − SSBlocks
= 81.00 − 22.75 − 55.00 = 3.25

The analysis of variance is shown in Table 4.24. Because the
P-value is small, we conclude that the catalyst employed has
a significant effect on the time of reaction.

◾ TABLE 4 . 24
Analysis of Variance for Example 4.4

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Treatments (adjusted for blocks) 22.75 3 7.58 11.66 0.0107

Blocks 55.00 3 —

Error 3.25 5 0.65

Total 81.00 11

If the factor under study is fixed, tests on individual treatment means may be of interest. If orthogonal contrasts are
employed, the contrasts must be made on the adjusted treatment totals, the {Qi} rather than the {yi.}. The contrast
sum of squares is

SSc =

k

(
a∑
i=1

ciQi

)2

𝜆a
a∑
i=1

c2i
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where {ci} are the contrast coefficients. Other multiple comparison methods may be used to compare all the pairs of
adjusted treatment effects, which we will find in Section 4.4.2 are estimated by 𝜏i = kQi∕(𝜆a). The standard error of
an adjusted treatment effect is

s =
√

kMSE
𝜆a

(4.36)

In the analysis that we have described, the total sum of squares has been partitioned into an adjusted sum of
squares for treatments, an unadjusted sum of squares for blocks, and an error sum of squares. Sometimes we would
like to assess the block effects. To do this, we require an alternate partitioning of SST , that is,

SST = SSTreatments + SSBlocks(adjusted) + SSE

Here SSTreatments is unadjusted. If the design is symmetric, that is, if a = b, a simple formula may be obtained for
SSBlocks(adjusted). The adjusted block totals are

Q′
j = y

.j −
1
4

a∑
i=1

nijyi. j = 1, 2, . . . , b (4.37)

and

SSBlocks(adjusted) =

r
b∑
j=1

(Q′
j)
2

𝜆b
(4.38)

The BIBD in Example 4.4 is symmetric because a = b = 4. Therefore,

Q′
1 = (221) − 1

3
(218 + 216 + 222) = 7∕3

Q′
2 = (224) − 1

3
(218 + 214 + 216) = 24∕3

Q′
3 = (207) − 1

3
(214 + 216 + 222) = −31∕3

Q′
4 = (218) − 1

3
(218 + 214 + 222) = 0

and

SSBlocks(adjusted) =
3[(7∕3)2 + (24∕3)2 + (−31∕3)2 + (0)2]

(2)(4)
= 66.08

Also,

SSTreatments =
(218)2 + (214)2 + (216)2 + (222)2

3
− (870)2

12
= 11.67

A summary of the analysis of variance for the symmetric BIBD is given in Table 4.25. Notice that the sums of
squares associated with the mean squares in Table 4.25 do not add to the total sum of squares, that is,

SST ≠ SSTreatments(adjusted) + SSBlocks(adjusted) + SSE

This is a consequence of the nonorthogonality of treatments and blocks.

Computer Output. There are several computer packages that will perform the analysis for a balanced incom-
plete block design. The SAS General Linear Models procedure is one of these and Minitab and JMP are others. The
upper portion of Table 4.26 is the Minitab General Linear Model output for Example 4.4. Comparing Tables 4.26 and
4.25, we see that Minitab has computed the adjusted treatment sum of squares and the adjusted block sum of squares
(they are called “Adj SS” in the Minitab output).

The lower portion of Table 4.26 is a multiple comparison analysis, using the Tukey method. Confidence intervals
on the differences in all pairs of means and the Tukey test are displayed. Notice that the Tukey method would lead us
to conclude that catalyst 4 is different from the other three.
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◾ TABLE 4 . 25
Analysis of Variance for Example 4.4, Including Both Treatments and Blocks

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Treatments (adjusted) 22.75 3 7.58 11.66 0.0107

Treatments (unadjusted) 11.67 3

Blocks (unadjusted) 55.00 3

Blocks (adjusted) 66.08 3 22.03 33.90 0.0010

Error 3.25 5 0.65

Total 81.00 11

4.4.2 Least Squares Estimation of the Parameters

Consider estimating the treatment effects for the BIBD model. The least squares normal equations are

𝜇∶N𝜇̂ + r
a∑
i=1

𝜏i + k
b∑
j=1

𝛽j = y
..

𝜏i∶r𝜇̂ + r𝜏i +
b∑
j=1

nij𝛽j = yi. i = 1, 2, . . . , a

𝛽j∶k𝜇̂ +
a∑
i=1

nij𝜏i + k𝛽j = y
.j j = 1, 2, . . . , b

(4.39)

Imposing
∑

𝜏i =
∑

𝛽j = 0, we find that 𝜇̂ = y
..
. Furthermore, using the equations for {𝛽j} to eliminate the block effects

from the equations for {𝜏i}, we obtain

rk𝜏i − r𝜏i −
b∑
j=1

a∑
p=1
p≠1

nijnpj𝜏p = kyi. −
b∑
j=1

nijy.j (4.40)

Note that the right-hand side of Equation 4.41 is kQi, where Qi is the ith adjusted treatment total (see Equation 4.34).
Now, because

∑b
J=1 nijnpj = 𝜆 if p ≠ i and n2pj = npj (because npj = 0 or 1), we may rewrite Equation 4.40 as

r(k − 1)𝜏i − 𝜆

a∑
p=1
p≠1

𝜏p = kQi i = 1, 2, . . . , a (4.41)

Finally, note that the constraint
∑a

i=1 𝜏i = 0 implies that
∑a

p=1
p≠1

𝜏p = −𝜏i and recall that r(k − 1) = 𝜆(a − 1) to obtain

𝜆a𝜏i = kQi i = 1, 2, . . . , a (4.42)

Therefore, the least squares estimators of the treatment effects in the balanced incomplete block model are

𝜏i =
kQi

𝜆a
i = 1, 2, . . . , a (4.43)
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◾ TABLE 4 . 26
Minitab (General Linear Model) Analysis for Example 4.4

General Linear Model

Factor Type Levels Values
Catalyst fixed 4 1 2 3 4
Block fixed 4 1 2 3 4

Analysis of Variance for Time, using Adjusted SS for Tests
Source DF Seq SS Adj SS Adj MS F P
Catalyst 3 11.667 22.750 7.583 11.67 0.011
Block 3 66.083 66.083 22.028 33.89 0.001
Error 5 3.250 3.250 0.650
Total 11 81.000

Tukey 95.0% Simultaneous Confidence Intervals
Response Variable Time
All Pairwise Comparisons among Levels of Catalyst

Catalyst = 1 subtracted from:

Catalyst Lower Center Upper ---------+--------+--------+------
2 -2.327 0.2500 2.827 (--------*--------)
3 -1.952 0.6250 3.202 (--------*--------)
4 1.048 3.6250 6.202 (--------*--------)

----------+--------+--------+----–
0.0 2.5 5.0

Catalyst = 2 subtracted from:
Catalyst Lower Center Upper ---------+--------+--------+------
3 -2.202 0.3750 2.952 (--------*--------)
4 0.798 3.3750 5.952 (--------*--------)

----------+--------+--------+----–
0.0 2.5 5.0

Catalyst = 3 subtracted from:
Catalyst Lower Center Upper ---------+--------+--------+------
4 0.4228 3.000 5.577 (--------*--------)

----------+--------+--------+----–
0.0 2.5 5.0

Tukey Simultaneous Tests
Response Variable Time
All Pairwise Comparisons among Levels of Catalyst

Catalyst = 1 subtracted from:

Level Difference SE of Adjusted
Catalyst of Means Difference T-Value P-Value
2 0.2500 0.6982 0.3581 0.9825
3 0.6250 0.6982 0.8951 0.8085
4 3.6250 0.6982 5.1918 0.0130

Catalyst = 2 subtracted from:

Level Difference SE of Adjusted
Catalyst of Means Difference T-Value P-Value
3 0.3750 0.6982 0.5371 0.9462
4 3.3750 0.6982 4.8338 0.0175

Catalyst = 3 subtracted from:

Level Difference SE of Adjusted
Catalyst of Means Difference T-Value P-Value
4 3.000 0.6982 4.297 0.0281



�

� �

�

4.4 Balanced Incomplete Block Designs 169

As an illustration, consider the BIBD in Example 4.4. Because Q1 = −9∕3,Q2 = −7∕3,Q3 = −4∕3, and
Q4 = 20∕3, we obtain

𝜏1 =
3(−9∕3)
(2)(4)

= −9∕8 𝜏2 =
3(−7∕3)
(2)(4)

= −7∕8

𝜏3 =
3(−4∕3)
(2)(4)

= −4∕8 𝜏4 =
3(20∕3)
(2)(4)

= 20∕8

as we found in Section 4.4.1.

4.4.3 Recovery of Interblock Information in the BIBD

The analysis of the BIBD given in Section 4.4.1 is usually called the intrablock analysis because block differences
are eliminated and all contrasts in the treatment effects can be expressed as comparisons between observations in the
same block. This analysis is appropriate regardless of whether the blocks are fixed or random. Yates (1940) noted
that, if the block effects are uncorrelated random variables with zero means and variance 𝜎

2
𝛽
, one may obtain addi-

tional information about the treatment effects 𝜏i. Yates called the method of obtaining this additional information the
interblock analysis.

Consider the block totals y
.j as a collection of b observations. The model for these observations [following John

(1971)] is

y
.j = k𝜇 +

a∑
i=1

nij𝜏i +

(
k𝛽j +

a∑
i=1

𝜖ij

)
(4.44)

where the term in parentheses may be regarded as error. The interblock estimators of 𝜇 and 𝜏i are found by minimizing
the least squares function

L =
b∑
j=1

(
y
.j − k𝜇 −

a∑
i=1

nij𝜏i

)2

This yields the following least squares normal equations:

𝜇∶N𝜇̃ + r
a∑
i=1

𝜏i = y
..

𝜏i∶kr𝜇̃ + r𝜏i + 𝜆

a∑
p=1
p≠1

𝜏p =
b∑
j=1

nijy.j i = 1, 2, . . . , a
(4.45)

where 𝜇̃ and 𝜏i denote the interblock estimators. Imposing the constraint
a∑
i=1

𝜏i = 0, we obtain the solutions to

Equations 4.45 as
𝜇̃ = y

..
(4.46)

𝜏i =

b∑
j=1

nijy.j − kry
..

r − 𝜆
i = 1, 2, . . . , a (4.47)

It is possible to show that the interblock estimators {𝜏i} and the intrablock estimators {𝜏i} are uncorrelated.
The interblock estimators {𝜏i} can differ from the intrablock estimators {𝜏i}. For example, the interblock esti-

mators for the BIBD in Example 4.4 are computed as follows:

𝜏1 =
663 − (3)(3)(72.50)

3 − 2
= 10.50

𝜏2 =
649 − (3)(3)(72.50)

3 − 2
= −3.50

𝜏3 =
652 − (3)(3)(72.50)

3 − 2
= −0.50

𝜏4 =
646 − (3)(3)(72.50)

3 − 2
= −6.50
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Note that the values of
b∑
j=1

nijy.j were used previously on page 164 in computing the adjusted treatment totals in the

intrablock analysis.
Now suppose we wish to combine the interblock and intrablock estimators to obtain a single, unbiased, minimum

variance estimate of each 𝜏i. It is possible to show that both 𝜏i and 𝜏i are unbiased and also that

V(𝜏i) =
k(a − 1)
𝜆a2

𝜎
2 (intrablock)

and

V(𝜏i) =
k(a − 1)
a(r − 𝜆)

(𝜎2 + k𝜎2
𝛽
) (intrablock)

We use a linear combination of the two estimators, say

𝜏
∗
i = 𝛼1𝜏i + 𝛼2𝜏i (4.48)

to estimate 𝜏i. For this estimation method, the minimum variance unbiased combined estimator 𝜏
∗
i should have

weights 𝛼1 = u1∕(u1 + u2) and 𝛼2 = u2∕(u1 + u2), where u1 = 1∕V(𝜏i) and u2 = 1∕V(𝜏i). Thus, the optimal weights
are inversely proportional to the variances of 𝜏i and 𝜏i. This implies that the best combined estimator is

𝜏
∗
i =

𝜏i
k(a − 1)
a(r − 𝜆)

(𝜎2 + k𝜎2
𝛽
) + 𝜏i

k(a − 1)
𝜆a2

𝜎
2

k(a − 1)
𝜆a2

𝜎
2 + k(a − 1)

a(r − 𝜆)
(𝜎2 + k𝜎2

𝛽
)

i = 1, 2, . . . , a

which can be simplified to

𝜏
∗
i =

kQi(𝜎2 + k𝜎2
𝛽
) +

(
b∑
j=1

nijy.j − kry
..

)
𝜎
2

(r − 𝜆)𝜎2 + 𝜆a(𝜎2 + k𝜎2
𝛽
)

i = 1, 2, . . . , a (4.49)

Unfortunately, Equation 4.49 cannot be used to estimate the 𝜏i because the variances 𝜎
2 and 𝜎2

𝛽
are unknown. The

usual approach is to estimate 𝜎2 and 𝜎2
𝛽
from the data and replace these parameters in Equation 4.49 by the estimates.

The estimate usually taken for 𝜎2 is the error mean square from the intrablock analysis of variance, or the intrablock
error. Thus,

𝜎̂
2 = MSE

The estimate of 𝜎2
𝛽
is found from the mean square for blocks adjusted for treatments. In general, for a balanced incom-

plete block design, this mean square is

MSBlocks(adjusted) =

(k
a∑
i=1

Q2
i

𝜆a
+

b∑
j=1

y2
.j

k
−

a∑
i=1

y2i.
r

)

(b − 1)
(4.50)

and its expected value [which is derived in Graybill (1961)] is

E[MSBlocks(adjusted)] = 𝜎
2 + a(r − 1)

(b − 1)
𝜎
2
𝛽
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Thus, if MSBlocks(adjusted) > MSE, the estimate of 𝜎̂2
𝛽
is

𝜎̂
2
𝛽
=

[MSBlocks(adjusted) −MSE](b − 1)
a(r − 1)

(4.51)

and ifMSBlocks(adjusted) ≤ MSE, we set 𝜎̂
2
𝛽
= 0. This results in the combined estimator

𝜏
∗
i =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

kQi(𝜎̂2 + k𝜎̂2
𝛽
) +

(
b∑
j=1

nijy•j − kry
..

)
𝜎̂
2

(r − 𝜆)𝜎̂2 + 𝜆a(𝜎̂2 + k𝜎̂2
𝛽
)

, 𝜎̂
2
𝛽
> 0

yi. − (1∕a)y
..

r
, 𝜎̂

2
𝛽
= 0

(4.52a)

(4.52b)

We now compute the combined estimates for the data in Example 4.4. From Table 4.25 we obtain 𝜎̂
2 = MSE = 0.65

andMSBlocks(adjusted) = 22.03. (Note that in computingMSBlocks(adjusted) we make use of the fact that this is a symmetric
design.) In general, we must use Equation 4.50. Because MSBlocks(adjusted) > MSE, we use Equation 4.51 to estimate
𝜎
2
𝛽
as

𝜎̂
2
𝛽
= (22.03 − 0.65)(3)

4(3 − 1)
= 8.02

Therefore, we may substitute 𝜎̂
2 = 0.65 and 𝜎̂

2
𝛽
= 8.02 into Equation 4.52a to obtain the combined estimates listed

below. For convenience, the intrablock and interblock estimates are also given. In this example, the combined estimates
are close to the intrablock estimates because the variance of the interblock estimates is relatively large.

Parameter Intrablock Estimate Interblock Estimate Combined Estimate

𝜏1 −1.12 10.50 −1.09
𝜏2 −0.88 −3.50 −0.88
𝜏3 −0.50 −0.50 −0.50
𝜏4 2.50 −6.50 2.47

4.5 Problems

4.1 Suppose that a single-factor experiment with four lev-
els of the factor has been conducted. There are six replicates
and the experiment has been conducted in blocks. The error
sum of squares is 500 and the block sum of squares is 250. If
the experiment had been conducted as a completely random-
ized design the estimate of the error variance 𝜎2 would be.

(a) 25.0 (b) 25.5 (c) 35.0

(d) 37.5 (e) None of the above

4.2 Suppose that a single-factor experiment with five lev-
els of the factor has been conducted. There are three replicates

and the experiment has been conducted as a complete random-
ized design. If the experiment had been conducted in blocks,
the pure error degrees of freedom would be reduced by

(a) 3 (b) 5 (c) 2

(d) 4 (e) None of the above

4.3 Blocking is a technique that can be used to control the
variability transmitted by uncontrolled nuisance factors in an
experiment.

(a) True

(b) False
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4.4 The number of blocks in the RCBDmust always equal
the number of treatments or factor levels.

(a) True

(b) False

4.5 The key concept of the phrase “Block if you can,
randomize if you can’t.” is that:

(a) It is usually better to not randomize within blocks.

(b) Blocking violates the assumption of constant variance.

(c) Create blocks by using each level of the nuisance factor
as a block and randomize within blocks.

(d) Randomizing the runs is preferable to randomizing
blocks.

4.6 The ANOVA from a randomized complete block
experiment output is shown below.

Source DF SS MS F P

Treatment 4 1010.56 ? 29.84 ?

Block ? ? 64.765 ? ?

Error 20 169.33 ?

Total 29 1503.71

(a) Fill in the blanks. You may give bounds on the P-value.

(b) How many blocks were used in this experiment?

(c) What conclusions can you draw?

4.7 Consider the single-factor completely randomized
experiment shown in Problem 3.8. Suppose that this exper-
iment had been conducted in a randomized complete block
design and that the sum of squares for blocks was 80.00. Mod-
ify theANOVA for this experiment to show the correct analysis
for the randomized complete block experiment.

4.8 A chemist wishes to test the effect of four chemical
agents on the strength of a particular type of cloth. Because
there might be variability from one bolt to another, the chemist
decides to use a randomized block design, with the bolts of
cloth considered as blocks. She selects five bolts and applies
all four chemicals in random order to each bolt. The resulting
tensile strengths follow. Analyze the data from this experiment
(use 𝛼 = 0.05) and draw appropriate conclusions.

Bolt

Chemical 1 2 3 4 5

1 73 68 74 71 67

2 73 67 75 72 70

3 75 68 78 73 68

4 73 71 75 75 69

4.9 Three different washing solutions are being compared
to study their effectiveness in retarding bacteria growth in
5-gallon milk containers. The analysis is done in a labora-
tory, and only three trials can be run on any day. Because
days could represent a potential source of variability, the
experimenter decides to use a randomized block design. Obser-
vations are taken for four days, and the data are shown here.
Analyze the data from this experiment (use 𝛼 = 0.05) and
draw conclusions.

Days

Solution 1 2 3 4

1 13 22 18 39

2 16 24 17 44

3 5 4 1 22

4.10 Plot the mean tensile strengths observed for each
chemical type in Problem 4.8 and compare them to an appro-
priately scaled t distribution. What conclusions would you
draw from this display?

4.11 Plot the average bacteria counts for each solution in
Problem 4.9 and compare them to a scaled t distribution. What
conclusions can you draw?

4.12 Consider the hardness testing experiment described in
Section 4.1. Suppose that the experiment was conducted as
described and that the following Rockwell C-scale data (coded
by subtracting 40 units) obtained:

Coupon

Tip 1 2 3 4

1 9.3 9.4 9.6 10.0

2 9.4 9.3 9.8 9.9

3 9.2 9.4 9.5 9.7

4 9.7 9.6 10.0 10.2

(a) Analyze the data from this experiment.

(b) Use the Fisher LSD method to make comparisons
among the four tips to determine specifically which tips
differ in mean hardness readings.

(c) Analyze the residuals from this experiment.

4.13 A consumer products company relies on direct mail
marketing pieces as a major component of its advertising cam-
paigns. The company has three different designs for a new
brochure and wants to evaluate their effectiveness, as there
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are substantial differences in costs between the three designs.
The company decides to test the three designs by mailing 5000
samples of each to potential customers in four different regions
of the country. Since there are known regional differences in
the customer base, regions are considered as blocks. The num-
ber of responses to each mailing is as follows.

Region

Design NE NW SE SW

1 250 350 219 375

2 400 525 390 580

3 275 340 200 310

(a) Analyze the data from this experiment.

(b) Use the Fisher LSD method to make comparisons
among the three designs to determine specifically
which designs differ in the mean response rate.

(c) Analyze the residuals from this experiment.

4.14 The effect of three different lubricating oils on fuel
economy in diesel truck engines is being studied. Fuel econ-
omy is measured using brake-specific fuel consumption after
the engine has been running for 15 minutes. Five different
truck engines are available for the study, and the experimenters
conduct the following RCBD.

Truck

Oil 1 2 3 4 5

1 0.500 0.634 0.487 0.329 0.512

2 0.535 0.675 0.520 0.435 0.540

3 0.513 0.595 0.488 0.400 0.510

(a) Analyze the data from this experiment.

(b) Use the Fisher LSD method to make compar-
isons among the three lubricating oils to determine
specifically which oils differ in brake-specific fuel
consumption.

(c) Analyze the residuals from this experiment.

4.15 An article in the Fire Safety Journal (“The Effect of
Nozzle Design on the Stability and Performance of Turbulent
Water Jets,” Vol. 4, August 1981) describes an experiment in
which a shape factor was determined for several different noz-
zle designs at six levels of jet efflux velocity. Interest focused
on potential differences between nozzle designs, with velocity
considered as a nuisance variable. The data are shown below:

Jet Efflux Velocity (m∕s)Nozzle
Design 11.73 14.37 16.59 20.43 23.46 28.74

1 0.78 0.80 0.81 0.75 0.77 0.78

2 0.85 0.85 0.92 0.86 0.81 0.83

3 0.93 0.92 0.95 0.89 0.89 0.83

4 1.14 0.97 0.98 0.88 0.86 0.83

5 0.97 0.86 0.78 0.76 0.76 0.75

(a) Does nozzle design affect the shape factor? Compare
the nozzles with a scatter plot and with an analysis of
variance, using 𝛼 = 0.05.

(b) Analyze the residuals from this experiment.

(c) Which nozzle designs are different with respect to
shape factor? Draw a graph of the average shape factor
for each nozzle type and compare this to a scaled t dis-
tribution. Compare the conclusions that you draw from
this plot to those from Duncan’s multiple range test.

4.16 An article inCommunications of the ACM (Vol. 30, No.
5, 1987) studied different algorithms for estimating software
development costs. Six algorithms were applied to several dif-
ferent software development projects and the percent error in
estimating the development cost was observed. Some of the
data from this experiment is shown in the table below.

(a) Do the algorithms differ in their mean cost estimation
accuracy?

(b) Analyze the residuals from this experiment.

(c) Which algorithm would you recommend for use in
practice?

Project

Algorithm 1 2 3 4 5 6

1(SLIM) 1244 21 82 2221 905 839

2(COCOMO-A) 281 129 396 1306 336 910

3(COCOMO-R) 220 84 458 543 300 794

4(COCONO-C) 225 83 425 552 291 826

5(FUNCTION POINTS) 19 11 −34 121 15 103

6(ESTIMALS) −20 35 −53 170 104 199

4.17 An article in Nature Genetics (2003, Vol. 34,
pp. 85–90) “Treatment-Specific Changes in Gene Expression
Discriminate in vivo Drug Response in Human Leukemia
Cells” studied gene expression as a function of different treat-
ments for leukemia. Three treatment groups are as follows:
mercaptopurine (MP) only; low-dose methotrexate (LDMTX)
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andMP; and high-dose methotrexate (HDMTX) andMP. Each
group contained ten subjects. The responses from a specific
gene are shown in the table below.

(a) Is there evidence to support the claim that the treatment
means differ?

(b) Check the normality assumption. Can we assume these
samples are from normal populations?

(c) Take the logarithm of the raw data. Is there evidence
to support the claim that the treatment means differ for
the transformed data?

(d) Analyze the residuals from the transformed data and
comment on model adequacy.

Treatments Observations

MP ONLY 334.5 31.6 701 41.2 61.2 69.6 67.5 66.6 120.7 881.9

MP + HDMTX 919.4 404.2 1024.8 54.1 62.8 671.6 882.1 354.2 321.9 91.1

MP + LDMTX 108.4 26.1 240.8 191.1 69.7 242.8 62.7 396.9 23.6 290.4

4.18 Consider the ratio control algorithm experiment
described in Section 3.8. The experiment was actually con-
ducted as a randomized block design, where six time periods
were selected as the blocks, and all four ratio control algo-
rithms were tested in each time period. The average cell volt-
age and the standard deviation of voltage (shown in parenthe-
ses) for each cell are as follows:

Time PeriodRatio
Control
Algorithm 1 2 3

1 4.93 (0.05) 4.86 (0.04) 4.75 (0.05)

2 4.85 (0.04) 4.91 (0.02) 4.79 (0.03)

3 4.83 (0.09) 4.88 (0.13) 4.90 (0.11)

4 4.89 (0.03) 4.77 (0.04) 4.94 (0.05)

Time PeriodRatio
Control
Algorithm 4 5 6

1 4.95 (0.06) 4.79 (0.03) 4.88 (0.05)

2 4.85 (0.05) 4.75 (0.03) 4.85 (0.02)

3 4.75 (0.15) 4.82 (0.08) 4.90 (0.12)

4 4.86 (0.05) 4.79 (0.03) 4.76 (0.02)

(a) Analyze the average cell voltage data. (Use 𝛼 = 0.05.)
Does the choice of ratio control algorithm affect the
average cell voltage?

(b) Perform an appropriate analysis on the standard devia-
tion of voltage. (Recall that this is called “pot noise.”)
Does the choice of ratio control algorithm affect the pot
noise?

(c) Conduct any residual analyses that seem appropriate.

(d) Which ratio control algorithm would you select if your
objective is to reduce both the average cell voltage and
the pot noise?

4.19 An aluminum master alloy manufacturer produces
grain refiners in ingot form. The company produces the prod-
uct in four furnaces. Each furnace is known to have its own
unique operating characteristics, so any experiment run in the
foundry that involves more than one furnace will consider fur-
naces as a nuisance variable. The process engineers suspect
that stirring rate affects the grain size of the product. Each fur-
nace can be run at four different stirring rates. A randomized
block design is run for a particular refiner, and the resulting
grain size data is as follows.

Furnace

Stirring Rate (rpm) 1 2 3 4

5 8 4 5 6

10 14 5 6 9

15 14 6 9 2

20 17 9 3 6

(a) Is there any evidence that stirring rate affects grain
size?

(b) Graph the residuals from this experiment on a normal
probability plot. Interpret this plot.

(c) Plot the residuals versus furnace and stirring rate. Does
this plot convey any useful information?

(d) What should the process engineers recommend con-
cerning the choice of stirring rate and furnace for
this particular grain refiner if small grain size is
desirable?

4.20 Analyze the data in Problem 4.9 using the general
regression significance test.

4.21 Assuming that chemical types and bolts are fixed, esti-
mate the model parameters 𝜏i and 𝛽j in Problem 4.8.

4.22 Draw an operating characteristic curve for the design
in Problem 4.9. Does the test seem to be sensitive to small dif-
ferences in the treatment effects?
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4.23 Suppose that the observation for chemical type 2 and
bolt 3 is missing in Problem 4.8. Analyze the problem by esti-
mating the missing value. Perform the exact analysis and com-
pare the results.

4.24 Consider the hardness testing experiment in Problem
4.12. Suppose that the observation for tip 2 in coupon 3
is missing. Analyze the problem by estimating the missing
value.

4.25 Two missing values in a randomized block. Suppose
that in Problem 4.8 the observations for chemical type 2 and
bolt 3 and chemical type 4 and bolt 4 are missing.

(a) Analyze the design by iteratively estimating the miss-
ing values, as described in Section 4.1.3.

(b) Differentiate SSE with respect to the two missing val-
ues, equate the results to zero, and solve for estimates
of the missing values. Analyze the design using these
two estimates of the missing values.

(c) Derive general formulas for estimating two miss-
ing values when the observations are in different
blocks.

(d) Derive general formulas for estimating two missing
values when the observations are in the same block.

4.26 An industrial engineer is conducting an experiment on
eye focus time. He is interested in the effect of the distance
of the object from the eye on the focus time. Four differ-
ent distances are of interest. He has five subjects available
for the experiment. Because there may be differences among
individuals, he decides to conduct the experiment in a ran-
domized block design. The data obtained follow. Analyze the
data from this experiment (use 𝛼 = 0.05) and draw appropriate
conclusions.

Subject

Distance (ft) 1 2 3 4 5

4 10 6 6 6 6

6 7 6 6 1 6

8 5 3 3 2 5

10 6 4 4 2 3

4.27 The effect of five different ingredients (A, B, C, D, E)
on the reaction time of a chemical process is being studied.
Each batch of new material is only large enough to permit five
runs to bemade. Furthermore, each run requires approximately
1 1

2
hours, so only five runs can be made in one day. The exper-

imenter decides to run the experiment as a Latin square so that
day and batch effects may be systematically controlled. She
obtains the data that follow. Analyze the data from this exper-
iment (use 𝛼 = 0.05) and draw conclusions.

Day

Batch 1 2 3 4 5

1 A = 8 B = 7 D = 1 C = 7 E = 3

2 C = 11 E = 2 A = 7 D = 3 B = 8

3 B = 4 A = 9 C = 10 E = 1 D = 5

4 D = 6 C = 8 E = 6 B = 6 A = 10

5 E = 4 D = 2 B = 3 A = 8 C = 8

4.28 An industrial engineer is investigating the effect of four
assembly methods (A, B, C, D) on the assembly time for a
color television component. Four operators are selected for
the study. Furthermore, the engineer knows that each assem-
bly method produces such fatigue that the time required for
the last assembly may be greater than the time required for
the first, regardless of the method. That is, a trend develops in
the required assembly time. To account for this source of vari-
ability, the engineer uses the Latin square design that follows.
Analyze the data from this experiment (𝛼 = 0.05) and draw
appropriate conclusions.

OperatorOrder of
Assembly 1 2 3 4

1 C = 10 D = 14 A = 7 B = 8

2 B = 7 C = 18 D = 11 A = 8

3 A = 5 B = 10 C = 11 D = 9

4 D = 10 A = 10 B = 12 C = 14

4.29 Consider the randomized complete block design in
Problem 4.9. Assume that the days are random. Estimate the
block variance component.

4.30 Consider the randomized complete block design in
Problem 4.12. Assume that the coupons are random. Estimate
the block variance component.

4.31 Consider the randomized complete block design in
Problem 4.14. Assume that the trucks are random. Estimate
the block variance component.

4.32 Consider the randomized complete block design in
Problem 4.16. Assume that the software projects that were
used as blocks are random. Estimate the block variance
component.

4.33 Consider the gene expression experiment in Problem
4.17. Assume that the subjects used in this experiment are ran-
dom. Estimate the block variance component.

4.34 Suppose that in Problem 4.27 the observation from
batch 3 on day 4 is missing. Estimate the missing value and
perform the analysis using the value.
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4.35 Consider a p × p Latin square with rows (𝛼i), columns
(𝛽k), and treatments (𝜏j) fixed. Obtain least squares estimates
of the model parameters 𝛼i, 𝛽k, and 𝜏j.

4.36 Derive the missing value formula (Equation 4.28) for
the Latin square design.

4.37 Designs involving several Latin squares. [See
Cochran and Cox (1957), John (1971).] The p × p Latin square
contains only p observations for each treatment. To obtain
more replications, the experimenter may use several squares,
say n. It is immaterial whether the squares used are the same
or different. The appropriate model is

yijkh =
𝜇 + 𝜌h + 𝛼i(h)
+ 𝜏j + 𝛽k(h)

+ (𝜏𝜌)jh + 𝜖ijkh

⎧⎪⎨⎪⎩

i = 1, 2, . . . , p
j = 1, 2, . . . , p
k = 1, 2, . . . , p
h = 1, 2, . . . , n

where yijkh is the observation on treatment j in row i and column
k of the hth square. Note that 𝛼i(h) and 𝛽k(h) are the row and col-
umn effects in the hth square, 𝜌h is the effect of the hth square,
and (𝜏𝜌)jh is the interaction between treatments and squares.

(a) Set up the normal equations for this model, and solve
for estimates of the model parameters. Assume that
appropriate side conditions on the parameters are∑

h𝜌̂h = 0,
∑

i𝛼̂i(h) = 0, and
∑

k𝛽k(h) = 0 for each h,∑
j𝜏j = 0,

∑
j(𝜏𝜌)jh = 0 for each h, and

∑
h(𝜏𝜌)jh = 0

for each j.

(b) Write down the analysis of variance table for this
design.

4.38 Discuss how you would determine the sample size
for use with the Latin square design.

4.39 Suppose that in Problem 4.27 the data taken on day 5
were incorrectly analyzed and had to be discarded. Develop an
appropriate analysis for the remaining data.

4.40 The yield of a chemical process was measured using
five batches of raw material, five acid concentrations, five
standing times (A, B, C, D, E), and five catalyst concentrations
(𝛼, 𝛽, 𝛾, 𝛿, 𝜖). The Graeco-Latin square that follows was used.
Analyze the data from this experiment (use 𝛼 = 0.05) and draw
conclusions.

Acid Concentration

Batch 1 2 3

1 A𝛼 = 26 B𝛽 = 16 C𝛾 = 19

2 B𝛾 = 18 C𝛿 = 21 D𝜖 = 18

3 C𝜖 = 20 D𝛼 = 12 E𝛽 = 16

4 D𝛽 = 15 E𝛾 = 15 A𝛿 = 22

5 E𝛿 = 10 A𝜖 = 24 B𝛼 = 17

Acid Concentration

Batch 4 5

1 D𝛿 = 16 E𝜖 = 13

2 E𝛼 = 11 A𝛽 = 21

3 A𝛾 = 25 B𝛿 = 13

4 B𝜖 = 14 C𝛼 = 17

5 C𝛽 = 17 D𝛾 = 14

4.41 Suppose that in Problem 4.28 the engineer suspects
that the workplaces used by the four operators may represent
an additional source of variation. A fourth factor, work-
place (𝛼, 𝛽, 𝛾, 𝛿) may be introduced and another experiment
conducted, yielding the Graeco-Latin square that follows.
Analyze the data from this experiment (use 𝛼 = 0.05) and
draw conclusions.

OperatorOrder of
Assembly 1 2 3 4

1 C𝛽 = 11 B𝛾 = 10 D𝛿 = 14 A𝛼 = 8

2 B𝛼 = 8 C𝛿 = 12 A𝛾 = 10 D𝛽 = 12

3 A𝛿 = 9 D𝛼 = 11 B𝛽 = 7 C𝛾 = 15

4 D𝛾 = 9 A𝛽 = 8 C𝛼 = 18 B𝛿 = 6

4.42 Construct a 5 × 5 hypersquare for studying the effects
of five factors. Exhibit the analysis of variance table for this
design.

4.43 Consider the data in Problems 4.28 and 4.41. Suppress-
ing the Greek letters in problem 4.41, analyze the data using
the method developed in Problem 4.37.

4.44 Consider the randomized block design with one miss-
ing value in Problem 4.24. Analyze this data by using the exact
analysis of the missing value problem discussed in Section
4.1.4. Compare your results to the approximate analysis of
these data given from Problem 4.24.

4.45 An engineer is studying the mileage performance char-
acteristics of five types of gasoline additives. In the road test
he wishes to use cars as blocks; however, because of a time
constraint, he must use an incomplete block design. He runs
the balanced design with the five blocks that follow. Ana-
lyze the data from this experiment (use 𝛼 = 0.05) and draw
conclusions.
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Car

Additive 1 2 3 4 5

1 17 14 13 12

2 14 14 13 10

3 12 13 12 9

4 13 11 11 12

5 11 12 10 8

4.46 Construct a set of orthogonal contrasts for the data in
Problem 4.45. Compute the sum of squares for each contrast.

4.47 Seven different hardwood concentrations are being
studied to determine their effect on the strength of the paper
produced. However, the pilot plant can only produce three runs
each day. As days may differ, the analyst uses the BIBD that
follows. Analyze the data from this experiment (use 𝛼 = 0.05)
and draw conclusions.

DaysHardwood
Concentration (%) 1 2 3 4

2 114

4 126 120

6 137 117

8 141 129 149

10 145 150

12 120

14 136

DaysHardwood
Concentration (%) 5 6 7

2 120 117

4 119

6 134

8

10 143

12 118 123

14 130 127

4.48 Analyze the data in Example 4.4 using the general
regression significance test.

4.49 Prove that k
∑a

i=1 Q
2
i ∕(𝜆a) is the adjusted sum of

squares for treatments in a BIBD.

4.50 An experimenter wishes to compare four treatments in
blocks of two runs. Find a BIBD for this experiment with six
blocks.

4.51 An experimenter wishes to compare eight treatments
in blocks of four runs. Find a BIBD with 14 blocks and 𝜆 = 3.

4.52 Perform the interblock analysis for the design in
Problem 4.45.

4.53 Perform the interblock analysis for the design in
Problem 4.47.

4.54 Verify that a BIBD with the parameters a = 8,
r = 8, k = 4, and b = 16 does not exist.

4.55 Show that the variance of the intrablock estimators {𝜏i}
is k(a − 1)𝜎2∕(𝜆a2).

4.56 Extended incomplete block designs. Occasionally,
the block size obeys the relationship a < k < 2a. An
extended incomplete block design consists of a single
replicate of each treatment in each block along with an
incomplete block design with k∗ = k − a. In the balanced
case, the incomplete block design will have parameters
k∗ = k − a, r∗ = r − b, and 𝜆

∗. Write out the statistical
analysis. (Hint: In the extended incomplete block design, we
have 𝜆 = 2r − b + 𝜆

∗.)

4.57 Suppose that a single-factor experiment with five levels
of the factor has been conducted. There are three replicates and
the experiment has been conducted as a complete randomized
design. If the experiment had been conducted in blocks, the
pure error degrees of freedom would be reduced by (choose
the correct answer):

(a) 3 (b) 5 (c) 2

(d) 4 (e) none of the above

4.58 Physics graduate student Laura Van Ertia has con-
ducted a complete randomized design with a single factor,
hoping to solve the mystery of the unified theory and complete
her dissertation. The results of this experiment are summarized
in the following ANOVA display:

Source DF SS MS F

Factor ? ? 14.18 ?

Error ? 37.75 ?

Total 23 108.63
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Answer the following questions about this experiment.

(a) The sum of squares for the factor is .

(b) The number of degrees of freedom for the single factor
in the experiment is .

(c) The number of degrees of freedom for error is
.

(d) The mean square for error is .

(e) The value of the test statistic is .

(f) If the significance level is 0.05, your conclusions are
not to reject the null hypothesis.

Yes
No

(g) An upper bound on the P-value for the test statistic is
.

(h) A lower bound on the P-value for the test statistic is
.

(i) Laura used levels of the factor in this
experiment.

(j) Laura replicated this experiment times.

(k) Suppose that Laura had actually conducted this experi-
ment as a randomized complete block design and the
sum of squares for blocks was 12. Reconstruct the
ANOVA display above to reflect this new situation.
Howmuch has blocking reduced the estimate of exper-
imental error?

4.59 Consider the direct mail marketing experiment in
Problem 4.13. Suppose that this experiment had been run as a
completely randomized design, ignoring potential regional
differences, but that exactly the same data was obtained.
Reanalyze the experiment under this new assumption. What
difference would ignoring blocking have on the results and
conclusions?
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CHAPTER LEARNING OBJECTIVES
1. Learn the definitions of main effects and interactions.

2. Learn about two-factor factorial experiments.

3. Learn how the analysis of variance can be extended to factorial experiments.

4. Know how to check model assumptions in a factorial experiment.

5. Understand how sample size decisions can be evaluated for factorial experiments.

6. Know how factorial experiments can be used for more than two factors.

7. Know how the blocking principle can be extended to factorial experiments.

8. Know how to analyze factorial experiments by fitting response curves and surfaces.

5.1 Basic Definitions and Principles

Many experiments involve the study of the effects of two or more factors. In general, factorial designs are most
efficient for this type of experiment. By a factorial design, we mean that in each complete trial or replicate of the
experiment, all possible combinations of the levels of the factors are investigated. For example, if there are a levels of

http://www.wiley.com/college/montgomery
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◾ F I GURE 5 . 2 A two-factor
factorial experiment with interaction

factor A and b levels of factor B, each replicate contains all ab treatment combinations. When factors are arranged in
a factorial design, they are often said to be crossed.

The effect of a factor is defined to be the change in response produced by a change in the level of the factor.
This is frequently called a main effect because it refers to the primary factors of interest in the experiment. For example,
consider the simple experiment in Figure 5.1. This is a two-factor factorial experiment with both design factors at two
levels. We have called these levels “low” and “high” and denoted them “−” and “+,” respectively. The main effect of
factor A in this two-level design can be thought of as the difference between the average response at the low level of A
and the average response at the high level of A. Numerically, this is

A = 40 + 52
2

− 20 + 30
2

= 21

That is, increasing factor A from the low level to the high level causes an average response increase of 21 units.
Similarly, the main effect of B is

B = 30 + 52
2

− 20 + 40
2

= 11

If the factors appear at more than two levels, the above procedure must be modified because there are other ways to
define the effect of a factor. This point is discussed more completely later.

In some experiments, we may find that the difference in response between the levels of one factor is not the same
at all levels of the other factors. When this occurs, there is an interaction between the factors. For example, consider
the two-factor factorial experiment shown in Figure 5.2. At the low level of factor B (or B−), the A effect is

A = 50 − 20 = 30

and at the high level of factor B (or B+), the A effect is

A = 12 − 40 = −28

Because the effect of A depends on the level chosen for factor B, we see that there is interaction between A and B.
The magnitude of the interaction effect is the average difference in these two A effects, or AB = (−28 − 30)∕2 = −29.
Clearly, the interaction is large in this experiment.

These ideas may be illustrated graphically. Figure 5.3 plots the response data in Figure 5.1 against factor A
for both levels of factor B. Note that the B− and B+ lines are approximately parallel, indicating a lack of interaction
between factors A and B. Similarly, Figure 5.4 plots the response data in Figure 5.2. Here we see that the B− and
B+ lines are not parallel. This indicates an interaction between factors A and B. Two-factor interaction graphs such
as these are frequently very useful in interpreting significant interactions and in reporting results to nonstatistically
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◾ F I GURE 5 . 3 A factorial
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trained personnel. However, they should not be utilized as the sole technique of data analysis because their
interpretation is subjective and their appearance is often misleading.

There is another way to illustrate the concept of interaction. Suppose that both of our design factors are
quantitative (such as temperature, pressure, time). Then a regression model representation of the two-factor
factorial experiment could be written as

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝜖

where y is the response, the 𝛽’s are parameters whose values are to be determined, x1 is a variable that represents factor
A, x2 is a variable that represents factor B, and 𝜖 is a random error term. The variables x1 and x2 are defined on a coded
scale from −1 to +1 (the low and high levels of A and B), and x1x2 represents the interaction between x1 and x2.

The parameter estimates in this regression model turn out to be related to the effect estimates. For the experiment
shown in Figure 5.1 we found the main effects of A and B to be A = 21 and B = 11. The estimates of 𝛽1 and 𝛽2 are
one-half the value of the corresponding main effect; therefore, 𝛽1 = 21∕2 = 10.5 and 𝛽2 = 11∕2 = 5.5. The interac-
tion effect in Figure 5.1 is AB = 1, so the value of interaction coefficient in the regression model is 𝛽12 = 1∕2 = 0.5.
The parameter 𝛽0 is estimated by the average of all four responses, or 𝛽0 = (20 + 40 + 30 + 52)∕4 = 35.5. Therefore,
the fitted regression model is

ŷ = 35.5 + 10.5x1 + 5.5x2 + 0.5x1x2

The parameter estimates obtained in the manner for the factorial design with all factors at two levels (− and +) turn
out to be least squares estimates (more on this later).

The interaction coefficient (𝛽12 = 0.5) is small relative to the main effect coefficients 𝛽1 and 𝛽2. We will take this
to mean that interaction is small and can be ignored. Therefore, dropping the term 0.5x1x2 gives us the model

ŷ = 35.5 + 10.5x1 + 5.5x2

Figure 5.5 presents graphical representations of this model. In Figure 5.5a we have a plot of the plane of y-values
generated by the various combinations of x1 and x2. This three-dimensional graph is called a response surface plot.
Figure 5.5b shows the contour lines of constant response y in the x1, x2 plane. Notice that because the response surface
is a plane, the contour plot contains parallel straight lines.

Now suppose that the interaction contribution to this experiment was not negligible; that is, the coefficient 𝛽12
was not small. Figure 5.6 presents the response surface and contour plot for the model

ŷ = 35.5 + 10.5x1 + 5.5x2 + 8x1x2

(We have let the interaction effect be the average of the two main effects.) Notice that the significant interaction effect
“twists” the plane in Figure 5.6a. This twisting of the response surface results in curved contour lines of constant
response in the x1, x2 plane, as shown in Figure 5.6b. Thus, interaction is a form of curvature in the underlying
response surface model for the experiment.
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◾ F I GURE 5 . 6 Response surface and contour plot for the model ŷ = 35.5 + 10.5x1 + 5.5x2 + 8x1x2

The response surface model for an experiment is extremely important and useful. We will say more about it in
Section 5.5 and in subsequent chapters.

Generally, when an interaction is large, the corresponding main effects have little practical meaning. For the
experiment in Figure 5.2, we would estimate the main effect of A to be

A = 50 + 12
2

− 20 + 40
2

= 1

which is very small, and we are tempted to conclude that there is no effect due to A. However, when we examine
the effects of A at different levels of factor B, we see that this is not the case. Factor A has an effect, but it depends
on the level of factor B. That is, knowledge of the AB interaction is more useful than knowledge of the main effect.
A significant interaction will often mask the significance of main effects. These points are clearly indicated by the
interaction plot in Figure 5.4. In the presence of significant interaction, the experimenter must usually examine the
levels of one factor, say A, with levels of the other factors fixed to draw conclusions about the main effect of A.

5.2 The Advantage of Factorials

The advantage of factorial designs can be easily illustrated. Suppose we have two factors A and B, each at two levels.
We denote the levels of the factors by A−, A+, B−, and B+. Information on both factors could be obtained by varying
the factors one at a time, as shown in Figure 5.7. The effect of changing factor A is given by A+B− − A−B−, and the
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◾ F I GURE 5 . 8 Relative efficiency of a
factorial design to a one-factor-at-a-time
experiment (two-level factors)

effect of changing factor B is given by A−B+ − A−B−. Because experimental error is present, it is desirable to take
two observations, say, at each treatment combination and estimate the effects of the factors using average responses.
Thus, a total of six observations are required.

If a factorial experiment had been performed, an additional treatment combination, A+B+, would have been
taken. Now, using just four observations, two estimates of the A effect can be made: A+B− − A−B− and A+B+ − A−B+.
Similarly, two estimates of the B effect can be made. These two estimates of each main effect could be averaged to
produce average main effects that are just as precise as those from the single-factor experiment, but only four total
observations are required and we would say that the relative efficiency of the factorial design to the one-factor-at-a-time
experiment is (6∕4) = 1.5. Generally, this relative efficiency will increase as the number of factors increases, as shown
in Figure 5.8.

Now suppose interaction is present. If the one-factor-at-a-time design indicated that A−B+ and A+B− gave better
responses than A−B−, a logical conclusion would be that A+B+ would be even better. However, if interaction is present,
this conclusion may be seriously in error. For an example, refer to the experiment in Figure 5.2.

In summary, note that factorial designs have several advantages. They are more efficient than one-factor-at-a-time
experiments. Furthermore, a factorial design is necessary when interactions may be present to avoid misleading con-
clusions. Finally, factorial designs allow the effects of a factor to be estimated at several levels of the other factors,
yielding conclusions that are valid over a range of experimental conditions.

5.3 The Two-Factor Factorial Design

5.3.1 An Example

The simplest types of factorial designs involve only two factors or sets of treatments. There are a levels of factor A and
b levels of factor B, and these are arranged in a factorial design; that is, each replicate of the experiment contains all
ab treatment combinations. In general, there are n replicates.

As an example of a factorial design involving two factors, an engineer is designing a battery for use in a device
that will be subjected to some extreme variations in temperature. The only design parameter that he can select at this
point is the plate material for the battery, and he has three possible choices. When the device is manufactured and is
shipped to the field, the engineer has no control over the temperature extremes that the device will encounter, and he
knows from experience that temperature will probably affect the effective battery life. However, temperature can be
controlled in the product development laboratory for the purposes of a test.
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◾ TABLE 5 . 1
Life (in hours) Data for the Battery Design Example

Temperature (∘F)Material
Type 15 70 125

1 130 155 34 40 20 70

74 180 80 75 82 58

2 150 188 136 122 25 70

159 126 106 115 58 45

3 138 110 174 120 96 104

168 160 150 139 82 60

The engineer decides to test all three plate materials at three temperature levels—15, 70, and 125∘F—because
these temperature levels are consistent with the product end-use environment. Because there are two factors at three
levels, this design is sometimes called a 32 factorial design. Four batteries are tested at each combination of plate
material and temperature, and all 36 tests are run in random order. The experiment and the resulting observed battery
life data are given in Table 5.1.

In this problem, the engineer wants to answer the following questions:

1. What effects do material type and temperature have on the life of the battery?

2. Is there a choice of material that would give uniformly long life regardless of temperature?

This last question is particularly important. It may be possible to find a material alternative that is not greatly affected
by temperature. If this is so, the engineer can make the battery robust to temperature variation in the field. This
is an example of using statistical experimental design for robust product design, a very important engineering
problem.

This design is a specific example of the general case of a two-factor factorial. To pass to the general case,
let yijk be the observed response when factor A is at the ith level (i = 1, 2, . . . , a) and factor B is at the jth level
( j = 1, 2, . . . , b) for the kth replicate (k = 1, 2, . . . , n). In general, a two-factor factorial experiment will appear as in
Table 5.2. The order in which the abn observations are taken is selected at random so that this design is a completely
randomized design.

The observations in a factorial experiment can be described by a model. There are several ways to write the
model for a factorial experiment. The effects model is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(5.1)

where 𝜇 is the overall mean effect, 𝜏i is the effect of the ith level of the row factor A, 𝛽j is the effect of the jth level of
column factor B, (𝜏𝛽)ij is the effect of the interaction between 𝜏i and 𝛽j, and 𝜖ijk is a random error component. Both
factors are assumed to be fixed, and the treatment effects are defined as deviations from the overall mean, so

∑a
i=1 𝜏i = 0

and
∑b

j=1 𝛽j = 0. Similarly, the interaction effects are fixed and are defined such that
∑a

i=1 (𝜏𝛽)ij =
∑b

j=1 (𝜏𝛽)ij = 0.
Because there are n replicates of the experiment, there are abn total observations.
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◾ TABLE 5 . 2
General Arrangement for a Two-Factor Factorial Design

Factor B

1 2 . . . b

Factor A

1
y111, y112,

. . . , y11n

y121, y122,

. . . , y12n

y1b1, y1b2,

. . . , y1bn

2
y211, y212,

. . . , y21n

y221, y222,

. . . , y22n

y2b1, y2b2,

. . . , y2bn

⋮

a
ya11, ya12,

. . . , ya1n

ya21, ya22,

. . . , ya2n

yab1, yab2,

. . . , yabn

Another possible model for a factorial experiment is the means model

yijk = 𝜇ij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

where the mean of the ijth cell is
𝜇ij = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij

We could also use a regression model as in Section 5.1. Regression models are particularly useful when one or
more of the factors in the experiment are quantitative. Throughout most of this chapter we will use the effects model
(Equation 5.1) with an illustration of the regression model in Section 5.5.

In the two-factor factorial, both row and column factors (or treatments),A andB, are of equal interest. Specifically,
we are interested in testing hypotheses about the equality of row treatment effects, say

H0∶𝜏1 = 𝜏2 = · · · = 𝜏a = 0

H1∶at least one 𝜏i ≠ 0 (5.2a)

and the equality of column treatment effects, say

H0∶𝛽1 = 𝛽2 = · · · = 𝛽b = 0

H1∶at least one 𝛽i ≠ 0 (5.2b)

We are also interested in determining whether row and column treatments interact. Thus, we also wish to test

H0∶(𝜏𝛽)ij = 0 for all i, j

H1∶at least one (𝜏𝛽)ij ≠ 0 (5.2c)

We now discuss how these hypotheses are tested using a two-factor analysis of variance.
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5.3.2 Statistical Analysis of the Fixed Effects Model

Let yi.. denote the total of all observations under the ith level of factor A, y
.j.. denote the total of all observations under

the jth level of factor B, yij.. denote the total of all observations in the ijth cell, and y
...

denote the grand total of all
the observations. Define yi.., y.j., yij., and y

...
as the corresponding row, column, cell, and grand averages. Expressed

mathematically,

yi.. =
b∑
j=1

n∑
k=1

yijk yi.. =
yi..
bn

i = 1, 2, . . . , a

y
.j. =

a∑
i=1

n∑
k=1

yijk y
.j. =

y
.j.

an
j = 1, 2, . . . , b

yij. =
n∑

k=1

yijk yij. =
yij.
n

i = 1, 2, . . . , a
j = 1, 2, . . . , b

y
...

=
a∑
i=1

b∑
j=1

n∑
k=1

yijk y
...

=
y
...

abn (5.3)

The total corrected sum of squares may be written as

a∑
i=1

b∑
j=1

n∑
k=1

(yijk − y
...
)2 =

a∑
i=1

b∑
j=1

n∑
k=1

[(yi.. − y
...
) + (y

.j. − y
...
)

+(yij. − yi.. − y
.j. + y

...
) + (yijk − yij.)]2]

= bn
a∑
i=1

(yi.. − y
...
)2 + an

b∑
j=1

(y
.j. − y

...
)2

+n
a∑
i=1

b∑
j=1

(yij. − y
..
− y

.j. − y
...
)2

+
a∑
i=1

b∑
j=1

n∑
k=1

(yijk − yij.)2 (5.4)

because the six cross products on the right-hand side are zero. Notice that the total sum of squares has been partitioned
into a sum of squares due to “rows,” or factor A, (SSA); a sum of squares due to “columns,” or factor B, (SSB); a sum of
squares due to the interaction between A and B, (SSAB); and a sum of squares due to error, (SSE). This is the fundamental
ANOVA equation for the two-factor factorial. From the last component on the right-hand side of Equation 5.4, we see
that there must be at least two replicates (n ≥ 2) to obtain an error sum of squares.

We may write Equation 5.4 symbolically as

SST = SSA + SSB + SSAB + SSE (5.5)

The number of degrees of freedom associated with each sum of squares is

Effect Degrees of Freedom

A a − 1

B b − 1

AB interaction (a − 1)(b − 1)
Error ab(n − 1)
Total abn − 1
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We may justify this allocation of the abn − 1 total degrees of freedom to the sums of squares as follows: The main
effects A and B have a and b levels, respectively; therefore, they have a − 1 and b − 1 degrees of freedom as shown.
The interaction degrees of freedom are simply the number of degrees of freedom for cells (which is ab − 1) minus the
number of degrees of freedom for the two main effects A and B; that is, ab − 1 − (a − 1) − (b − 1) = (a − 1)(b − 1).
Within each of the ab cells, there are n − 1 degrees of freedom between the n replicates; thus, there are ab(n − 1)
degrees of freedom for error. Note that the number of degrees of freedom on the right-hand side of Equation 5.5 adds
to the total number of degrees of freedom.

Each sum of squares divided by its degrees of freedom is a mean square. The expected values of the mean
squares are

E(MSA) = E

(
SSA
a − 1

)
= 𝜎

2 +

bn
a∑
i=1

𝜏
2
i

a − 1

E(MSB) = E

(
SSB
b − 1

)
= 𝜎

2 +

an
b∑
j=1

𝛽
2
j

b − 1

E(MSAB) = E

(
SSAB

(a − 1)(b − 1)

)
= 𝜎

2 +

n
a∑
i=1

b∑
j=1

(𝜏𝛽)2ij

(a − 1)(b − 1)

and

E(MSE) = E

(
SSE

ab(n − 1)

)
= 𝜎

2

Notice that if the null hypotheses of no row treatment effects, no column treatment effects, and no interaction are
true, then MSA, MSB, MSAB, and MSE all estimate 𝜎2. However, if there are differences between row treatment effects,
say, then MSA will be larger than MSE. Similarly, if there are column treatment effects or interaction present, then the
corresponding mean squares will be larger than MSE. Therefore, to test the significance of both main effects and their
interaction, simply divide the corresponding mean square by the error mean square. Large values of this ratio imply
that the data do not support the null hypothesis.

If we assume that the model (Equation 5.1) is adequate and that the error terms 𝜖ijk are normally and independently
distributed with constant variance 𝜎

2, then each of the ratios of mean squares MSA∕MSE, MSB∕MSE, and MSAB∕MSE
is distributed as F with a − 1, b − 1, and (a − 1)(b − 1) numerator degrees of freedom, respectively, and ab(n − 1)
denominator degrees of freedom,1 and the critical region would be the upper tail of theF distribution. The test procedure
is usually summarized in an analysis of variance table, as shown in Table 5.3.

Computationally, we almost always employ a statistical software package to conduct an ANOVA. However, man-
ual computing of the sums of squares in Equation 5.5 is straightforward. One could write out the individual elements
of the ANOVA identity

yijk − y
...
= (yi.. − y

...
) + (y

.j. − y
...
) + (yij. − yi.. − y

.j. + y
...
) + (yijk − yij.)

and calculate them in the columns of a spreadsheet. Then each column could be squared and summed to produce the
ANOVA sums of squares. Computing formulas in terms of row, column, and cell totals can also be used. The total sum
of squares is computed as usual by

SST =
a∑
i=1

b∑
j=1

n∑
k=1

y2
ijk −

y2
...

abn
(5.6)

1 The F-test may be viewed as an approximation to a randomization test, as noted previously.
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◾ TABLE 5 . 3
The Analysis of Variance Table for the Two-Factor Factorial, Fixed Effects Model

Source of
Variation

Sum of
Squares

Degrees of
Freedom Mean Square F0

A treatments SSA a − 1 MSA =
SSA
a − 1

F0 =
MSA
MSE

B treatments SSB b − 1 MSB =
SSB
b − 1

F0 =
MSB
MSE

Interaction SSAB (a − 1)(b − 1) MSAB =
SSAB

(a − 1)(b − 1)
F0 =

MSAB
MSE

Error SSE ab(n − 1) MSE =
SSE

ab(n − 1)

Total SST abn − 1

The sums of squares for the main effects are

SSA = 1
bn

a∑
i=1

y2
i.. −

y2
...

abn
(5.7)

and

SSB = 1
an

b∑
j=1

y2
.j. −

y2
...

abn
(5.8)

It is convenient to obtain the SSAB in two stages. First we compute the sum of squares between the ab cell totals, which
is called the sum of squares due to “subtotals”:

SSSubtotals =
1
n

a∑
i=1

b∑
j=1

y2
ij. −

y2
...

abn

This sum of squares also contains SSA and SSB. Therefore, the second step is to computeSSAB as

SSAB = SSSubtotals − SSA − SSB (5.9)

We may compute SSE by subtraction as

SSE = SST − SSAB − SSA − SSB (5.10)

or
SSE = SST − SSSubtotals

EXAMPLE 5 . 1 The Battery Design Experiment

Table 5.4 presents the effective life (in hours) observed in
the battery design example described in Section 5.3.1. The
row and column totals are shown in the margins of the table,
and the circled numbers are the cell totals.

Using Equations 5.6 through 5.10, the sums of squares
are computed as follows:

SST =
a∑
i=1

b∑
j=1

n∑
k=1

y2
ijk −

y2
···

abn

= (130)2 + (155)2 + (74)2 + · · ·

+ (60)2 − (3799)2

36
= 77,646.97
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SSMaterial =
1
bn

a∑
i=1

y2
i.. −

y2
···

abn

= 1
(3)(4)

[(998)2 + (1300)2 + (1501)2]

− (3799)2

36
= 10,683.72

SSTemperature =
1
an

b∑
j=1

y2
.j. −

y2
···

abn

= 1
(3)(4)

[(1738)2 + (1291)2 + (770)2]

− (3799)2

36
= 39,118.72

SSInteraction =
1
n

a∑
i=1

b∑
j=1

y2
ij. −

y2
···

abn
− SSMaterial

− SSTemperature

= 1
4
[(539)2 + (229)2 + · · · + (342)2]

− (3799)2

36
− 10,683.72

− 39,118.72 = 9613.78

and

SSE = SST − SSMaterial − SSTemperature − SSInteraction

= 77,646.97 − 10,683.72 − 39,118.72

− 9613.78 = 18,230.75

The ANOVA is shown in Table 5.5. Because F0.05,4,27 =
2.73, we conclude that there is a significant interac-
tion between material types and temperature. Furthermore,
F0.05,2,27 = 3.35, so the main effects of material type and
temperature are also significant. Table 5.5 also shows the
P-values for the test statistics.

To assist in interpreting the results of this experiment, it
is helpful to construct a graph of the average responses
at each treatment combination. This graph is shown in
Figure 5.9. The significant interaction is indicated by the
lack of parallelism of the lines. In general, longer life is
attained at low temperature, regardless of material type.
Changing from low to intermediate temperature, battery
life with material type 3 may actually increase, whereas
it decreases for types 1 and 2. From intermediate to high

◾ TABLE 5 . 4
Life Data (in hours) for the Battery Design Experiment

Temperature (∘F)

Material Type 15 70 125 yi..

130 155
539

34 40
229

20 70
230

1 74 180 80 75 82 58 998

150 188
623

136 122
479

25 70
198

2 159 126 106 115 58 45 1300

138 110
576

174 120
583

96 104
342

3 168 160 150 139 82 60 1501

y
.j. 1738 1291 770 3799 = y . . .

◾ TABLE 5 . 5
Analysis of Variance for Battery Life Data

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Material types 10,683.72 2 5,341.86 7.91 0.0020

Temperature 39,118.72 2 19,559.36 28.97 < 0.0001

Interaction 9,613.78 4 2,403.44 3.56 0.0186

Error 18,230.75 27 675.21

Total 77,646.97 35
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temperature, battery life decreases for material types 2 and
3 and is essentially unchanged for type 1. Material type 3

seems to give the best results if we want less loss of effective
life as the temperature changes.

◾ F I GURE 5 . 9 Material type–temperature plot
for Example 5.1

15 70 125

Temperature (°F)

Material type 3

Material type 1
Material type 2

0

175

150

125

100

75

50

25

A
v
e
ra

g
e
 l
if

e
 y

ij
.

Multiple Comparisons. When the ANOVA indicates that row or column means differ, it is usually of interest
to make comparisons between the individual row or column means to discover the specific differences. The multiple
comparison methods discussed in Chapter 3 are useful in this regard.

We now illustrate the use of Tukey’s test on the battery life data in Example 5.1. Note that in this experiment,
interaction is significant. When interaction is significant, comparisons between the means of one factor (e.g., A) may be
obscured by the AB interaction. One approach to this situation is to fix factor B at a specific level and apply Tukey’s test
to the means of factor A at that level. To illustrate, suppose that in Example 5.1 we are interested in detecting differences
among the means of the three material types. Because interaction is significant, we make this comparison at just one
level of temperature, say level 2 (70∘F). We assume that the best estimate of the error variance is the MSE from the
ANOVA table, utilizing the assumption that the experimental error variance is the same over all treatment combinations.

The three material type averages at 70∘F arranged in ascending order are

y12. = 57.25 (material type 1)

y22. = 119.75 (material type 2)

y32. = 145.75 (material type 3)

and

T0.05 = q0.05(3, 27)
√

MSE
n

= 3.50

√
675.21

4

= 45.47

where we obtained q0.05(3, 27) ≃ 3.50 by interpolation in Appendix Table V. The pairwise comparisons yield

3 vs. 1∶ 145.75 − 57.25 = 88.50 > T0.05 = 45.47

3 vs. 2∶ 145.75 − 119.75 = 26.00 < T0.05 = 45.47

2 vs. 1∶ 119.75 − 57.25 = 62.50 > T0.05 = 45.47
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This analysis indicates that at the temperature level 70∘F, the mean battery life is the same for material types 2 and 3
and that the mean battery life for material type 1 is significantly lower in comparison to both types 2 and 3.

If interaction is significant, the experimenter could compare all ab cell means to determine which ones differ
significantly. In this analysis, differences between cell means include interaction effects as well as both main effects.
In Example 5.1, this would give 36 comparisons between all possible pairs of the nine cell means.

Computer Output. Figure 5.10 presents condensed computer output for the battery life data in Example 5.1.
Figure 5.10a contains Design-Expert output and Figure 5.10b contains JMP output. Note that

SSModel = SSMaterial + SSTemperature + SSInteraction

= 10,683.72 + 39,118.72 + 9613.78

= 59,416.22

with eight degrees of freedom. An F-test is displayed for the model source of variation. The P-value is small (<
0.0001), so the interpretation of this test is that at least one of the three terms in the model is significant. The tests on
the individual model terms (A, B, AB) follow. Also,

R2 =
SSModel

SSTotal
= 59,416.22

77,646.97
= 0.7652

That is, about 77 percent of the variability in the battery life is explained by the plate material in the battery, the
temperature, and the material type–temperature interaction. The residuals from the fitted model are displayed on the
Design-Expert computer output and the JMP output contains a plot of the residuals versus the predicted response. We
now discuss the use of these residuals and residual plots in model adequacy checking.

5.3.3 Model Adequacy Checking

Before the conclusions from the ANOVA are adopted, the adequacy of the underlying model should be checked. As
before, the primary diagnostic tool is residual analysis. The residuals for the two-factor factorial model with interaction
are

eijk = yijk − ŷijk (5.11)

and because the fitted value ŷijk = yij. (the average of the observations in the ijth cell), Equation 5.11 becomes

eijk = yijk − ŷij. (5.12)

The residuals from the battery life data in Example 5.1 are shown in the Design-Expert computer output
(Figure 5.10a) and in Table 5.6. The normal probability plot of these residuals (Figure 5.11) does not reveal anything
particularly troublesome, although the largest negative residual (−60.75 at 15∘F for material type 1) does stand out
somewhat from the others. The standardized value of this residual is −60.75∕

√
675.21 = −2.34, and this is the only

residual whose absolute value is larger than 2.
Figure 5.12 plots the residuals versus the fitted values ŷijk. This plot was also shown in the JMP computer output

in Figure 5.10b. There is some mild tendency for the variance of the residuals to increase as the battery life increases.
Figures 5.13 and 5.14 plot the residuals versus material types and temperature, respectively. Both plots indicate mild
inequality of variance, with the treatment combination of 15∘F and material type 1 possibly having larger variance
than the others.

From Table 5.6 we see that the 15∘F-material type 1 cell contains both extreme residuals (−60.75 and 45.25).
These two residuals are primarily responsible for the inequality of variance detected in Figures 5.12, 5.13 and 5.14.
Reexamination of the data does not reveal any obvious problem, such as an error in recording, so we accept these
responses as legitimate. It is possible that this particular treatment combination produces slightly more erratic bat-
tery life than the others. The problem, however, is not severe enough to have a dramatic impact on the analysis and
conclusions.
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(a)

◾ F I GURE 5 . 10 Computer output for Example 5.1. (a) Design-Expert output; (b) JMP output



�

� �

�

5.3 The Two-Factor Factorial Design 193

200

150

100

50

L
if

e
 a

ct
u

a
l

0

0 50 100
Life predicted P<.0001

RSq = 0.77 RMSE = 25.985

150 200

Summary of Fit

0.76521RSquare
0.695642RSquare Adj
25.98486Root Mean Square Error
105.5278Mean of Response

36Observations (or Sum Wgts)

Analysis of Variance

Mean SquareSum of SquaresDFSource F Ratio
10.99957427.0359416.2228Model
Prob > F675.2118230.75027Error

77646.97235C.Total <.001

Effect Tests

Source Sum of SquaresDFNparm F Prob > FRatio
0.00207.911410683.72222
<.000128.967739118.72222

Material Type

0.01863.55959613.77844
Temperature
Material Type Temperature

60

40

20

0

–20

–40L
if

e
 r

e
si

d
u

a
l

–60

–80

0 50 100

Life predicted

150 200

(b)

◾ F I GURE 5 . 10 (Continued)
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◾ TABLE 5 . 6
Residuals for Example 5.1

Temperature (∘F)

Material Type 15 70 125

1 −4.75 20.25 −23.25 −17.25 −37.50 12.50

−60.75 45.25 22.75 17.75 24.50 0.50

2 −5.75 32.25 16.25 2.25 −24.50 20.50

3.25 −29.75 −13.75 −4.75 8.50 −4.50

3 −6.00 −34.00 28.25 −25.75 10.50 18.50

24.00 16.00 4.25 −6.75 −3.50 −25.50

–60.75 –34.25 –7.75

Residual

18.75 45.25

N
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rm
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l 
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◾ F I GURE 5 . 11 Normal probability plot
of residuals for Example 5.1
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◾ F I GURE 5 . 12 Plot of residuals versus ŷijk
for Example 5.1

5.3.4 Estimating the Model Parameters

The parameters in the effects model for two-factor factorial

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk (5.13)

may be estimated by least squares. Because the model has 1 + a + b + ab parameters to be estimated, there are 1 +
a + b + ab normal equations. Using the method of Section 3.9, we find that it is not difficult to show that the normal
equations are

𝜇∶abn𝜇̂ + bn
a∑
i=1

𝜏i + an
b∑
j=1

𝛽j + n
a∑
i=1

b∑
j=1

(𝜏𝛽)ij = y... (5.14a)

𝜏i∶bn𝜇̂ + bn𝜏i + n
b∑
j=1

𝛽j + n
b∑
j=1

(𝜏𝛽)ij = yi... i = 1, 2, . . . , a (5.14b)
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◾ F I GURE 5 . 13 Plot of residuals versus
material type for Example 5.1
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◾ F I GURE 5 . 14 Plot of residuals versus
temperature for Example 5.1

𝛽j∶an𝜇̂ + n
a∑
i=1

𝜏i + an𝛽j + n
a∑
i=1

(𝜏𝛽)ij = y
.j. j = 1, 2, . . . , b (5.14c)

(𝜏𝛽)ij∶n𝜇̂ + n𝜏i + n𝛽j + n(𝜏𝛽)ij = yij.

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(5.14d)

For convenience, we have shown the parameter corresponding to each normal equation on the left-hand side in
Equations 5.14.

The effects model (Equation 5.13) is an overparameterized model. Notice that the a equations in Equation 5.14b
sum to Equation 5.14a and that the b equations of Equation 5.14c sum to Equation 5.14a. Also summing Equation 5.14d
over j for a particular i will give Equation 5.14b, and summing Equation 5.14d over i for a particular j will give
Equation 5.14c. Therefore, there are a + b + 1 linear dependencies in this system of equations, and no unique solution
will exist. In order to obtain a solution, we impose the constraints

a∑
i=1

𝜏i = 0 (5.15a)

b∑
j=1

𝛽j = 0 (5.15b)

a∑
i=1

(𝜏𝛽)ij = 0 j = 1, 2, . . . , b (5.15c)

and
b∑
j=1

(𝜏𝛽)ij = 0 i = 1, 2, . . . , a (5.15d)

Equations 5.15a and 5.15b constitute two constraints, whereas Equations 5.15c and 5.15d form a + b − 1 independent
constraints. Therefore, we have a + b + 1 total constraints, the number needed.
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Applying these constraints, the normal equations (Equations 5.14) simplify considerably, and we obtain the
solution

𝜇̂ = y
...

𝜏i = yi.. − y
...

i = 1, 2, . . . , a

𝛽j = y
.j. − y

...
j = 1, 2, . . . , b

(𝜏𝛽)ij = yij. − yi.. − y
.j. + y

...

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(5.16)

Notice the considerable intuitive appeal of this solution to the normal equations. Row treatment effects are estimated
by the row average minus the grand average; column treatments are estimated by the column average minus the grand
average; and the ijth interaction is estimated by the ijth cell average minus the grand average, the ith row effect, and
the jth column effect.

Using Equation 5.16, we may find the fitted value yijk as

ŷijk = 𝜇̂ + 𝜏i + 𝛽j + (𝜏𝛽)ij
= y

...
+ (yi.. − y

...
) + (y

.j. − y
...
)

+ (yij. − yi.. − y
.j. + y

...
)

= yij.

That is, the kth observation in the ijth cell is estimated by the average of the n observations in that cell. This result was
used in Equation 5.12 to obtain the residuals for the two-factor factorial model.

Because constraints (Equations 5.15) have been used to solve the normal equations, the model parameters are
not uniquely estimated. However, certain important functions of the model parameters are estimable, that is, uniquely
estimated regardless of the constraint chosen. An example is 𝜏i − 𝜏u + (𝜏𝛽)i. − (𝜏𝛽)u., which might be thought of as
the “true” difference between the ith and the uth levels of factor A. Notice that the true difference between the levels
of any main effect includes an “average” interaction effect. It is this result that disturbs the tests on main effects in the
presence of interaction, as noted earlier. In general, any function of the model parameters that is a linear combination
of the left-hand side of the normal equations is estimable. This property was also noted in Chapter 3 when we were
discussing the single-factor model. For more information, see the supplemental text material for this chapter.

5.3.5 Choice of Sample Size

Computer software can be used to assist in determining an appropriate same size in a factorial experiment. For
example, consider the battery life experiment in Example 5.1. There are two factors, one quantitative and one qual-
itative, each at three levels. Suppose that the experimenter is unsure about the required number of replicates, but
wants to be sure that if the effect sizes are one standard deviation in magnitude, they have a high probability of being
detected (power).

JMP can be used to assist in answering this sample size question. Table 5.7 contains output from the JMP Design
Evaluation tool for this experiment, assuming three replicates (upper portion of the table) and four replicates (lower
portion). In this analysis, we have assumed that the model regression coefficients are one standard deviation in magni-
tude. Because temperature is quantitative, we have included both linear and quadratic components of that factor. The
qualitative factor material type has two degrees of freedom, which are represented by the two material type model
terms. Both designs have reasonable power. With three replicates, the interaction effects and the quadratic temperature
effects have power below 0.9, while with four replicates the power for the interaction term is also above 0.9 and the
power for the quadratic effect of temperature has increased from 0.645 to 0.78. This is probably adequate, so a design
with four replicates is a reasonable choice.
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◾ TABLE 5 . 7
Power Analysis from JMP for Example 5.1

5.3.6 The Assumption of No Interaction in a Two-Factor Model

Occasionally, an experimenter feels that a two-factor model without interaction is appropriate, say

yijk = 𝜇 + 𝜏i + 𝛽j + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(5.17)

We should be very careful in dispensing with the interaction terms, however, because the presence of significant inter-
action can have a dramatic impact on the interpretation of the data.

The statistical analysis of a two-factor factorial model without interaction is straightforward. Table 5.8 presents
the analysis of the battery life data from Example 5.1, assuming that the no-interaction model (Equation 5.17) applies.
As noted previously, both main effects are significant. However, as soon as a residual analysis is performed for these
data, it becomes clear that the no-interaction model is inadequate. For the two-factor model without interaction,
the fitted values are ŷijk = yi.. + y

.j. − y
...

. A plot of ŷij. − ŷijk (the cell averages minus the fitted value for that cell)
versus the fitted value ŷijk is shown in Figure 5.15. Now the quantities yij. − ŷijk may be viewed as the differences
between the observed cell means and the estimated cell means assuming no interaction. Any pattern in these quantities
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◾ TABLE 5 . 8
Analysis of Variance for Battery Life Data Assuming No Interaction

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0

Material types 10,683.72 2 5,341.86 5.95

Temperature 39,118.72 2 19,559.36 21.78

Error 27,844.52 31 898.21

Total 77,646.96 35

◾ F I GURE 5 . 15 Plot of yij. − ŷijk versus ŷijk,
battery life data
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is suggestive of the presence of interaction. Figure 5.15 shows a distinct pattern as the quantities yij. − yijk move from
positive to negative to positive to negative again. This structure is the result of interaction between material types and
temperature.

5.3.7 One Observation per Cell

Occasionally, one encounters a two-factor experiment with only a single replicate, that is, only one observation per
cell. If there are two factors and only one observation per cell, the effects model is

yij = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(5.18)

The analysis of variance for this situation is shown in Table 5.9, assuming that both factors are fixed.
From examining the expected mean squares, we see that the error variance 𝜎

2 is not estimable; that is, the two-
factor interaction effect (𝜏𝛽)ij and the experimental error cannot be separated in any obvious manner. Consequently,
there are no tests on main effects unless the interaction effect is zero. If there is no interaction present, then (𝜏𝛽)ij = 0
for all i and j, and a plausible model is

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , b

(5.19)

If the model (Equation 5.19) is appropriate, then the residual mean square in Table 5.9 is an unbiased estimator of 𝜎2,
and the main effects may be tested by comparing MSA and MSB to MSResidual.

A test developed by Tukey (1949a) is helpful in determining whether interaction is present. The procedure
assumes that the interaction term is of a particularly simple form, namely,

(𝜏𝛽)ij = 𝛾𝜏i𝛽j
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◾ TABLE 5 . 9
Analysis of Variance for a Two-Factor Model, One Observation per Cell

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square

Expected
Mean Square

Rows (A)
a∑
i=1

y2
i.

b
−

y2
..

ab
a − 1 MSA 𝜎

2 +
b
∑

𝜏
2
i

a − 1

Columns (B)
b∑
j=1

y2
.j

a
−

y2
..

ab
b − 1 MSB 𝜎

2 +
a
∑

𝛽
2
j

b − 1

Residual or AB Subtraction (a − 1)(b − 1) MSResidual 𝜎
2 +

∑∑
(𝜏𝛽)2ij

(a − 1)(b − 1)

Total
a∑
i=1

b∑
j=1

y2
ij −

y2
..

ab
ab − 1

where 𝛾 is an unknown constant. By defining the interaction term this way, we may use a regression approach to test
the significance of the interaction term. The test partitions the residual sum of squares into a single-degree-of-freedom
component due to nonadditivity (interaction) and a component for error with (a − 1)(b − 1) − 1 degrees of freedom.
Computationally, we have

SSN =

[
a∑
i=1

b∑
j=1

yijyi.y.j − y
..

(
SSA + SSB +

y2
..

ab

)2
]2

abSSASSB
(5.20)

with one degree of freedom, and
SSError = SSResidual − SSN (5.21)

with (a − 1)(b − 1) − 1 degrees of freedom. To test for the presence of interaction, we compute

F0 =
SSN

SSError∕[(a − 1)(b − 1) − 1]
(5.22)

If F0 > F
𝛼,1,(a−1)(b−1)−1, the hypothesis of no interaction must be rejected.

EXAMPLE 5 . 2

The impurity present in a chemical product is affected
by two factors—pressure and temperature. The data from
a single replicate of a factorial experiment are shown in
Table 5.10. The sums of squares are

SSA =
1
b

a∑
i=1

y2
i. −

y2
..

ab

= 1
5
[232 + 132 + 82] − 442

(3)(5)
= 23.33

SSB =
1
a

b∑
j=1

y2
.j −

y2
..

ab

= 1
3
[92 + 62 + 132 + 62 + 102] − 442

(3)(5)
= 11.60

SST =
a∑
i=1

b∑
j=1

y2
ij −

y2
..

ab

= 166 − 129.07 = 36.93

and

SSResidual = SST − SSA − SSB
= 36.93 − 23.33 − 11.60 = 2.00
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The sum of squares for nonadditivity is computed from
Equation 5.20 as follows:

a∑
i=1

b∑
j=1

yijyi.y.j = (5)(23)(9) + (4)(23)(6) + · · ·

+ (2)(8)(10) = 7236

SSN =

[
a∑
i=1

b∑
j=1

yijyi.y.j − y
..

(
SSA + SSB +

y2
..

ab

)]2

abSSASSB

= [7236 − (44)(23.33 + 11.60 + 129.07)]2

(3)(5)(23.33)(11.60)

= [20.00]2

4059.42
= 0.0985

and the error sum of squares is, from Equation 5.21,

SSError = SSResidual − SSN = 2.00 − 0.0985 = 1.9015

The complete ANOVA is summarized in Table 5.11.
The test statistic for nonadditivity is F0 = 0.0985∕0.2716 =
0.36, so we conclude that there is no evidence of interaction
in these data. The main effects of temperature and pressure
are significant.

◾ TABLE 5 . 10
Impurity Data for Example 5.2

Pressure

Temperature (∘F) 25 30 35 40 45 yi .

100 5 4 6 3 5 23

125 3 1 4 2 3 13

150 1 1 3 1 2 8

y
.j 9 6 13 6 10 44 = y

..

◾ TABLE 5 . 11
Analysis of Variance for Example 5.2

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Temperature 23.33 2 11.67 42.97 0.0001

Pressure 11.60 4 2.90 10.68 0.0042

Nonadditivity 0.0985 1 0.0985 0.36 0.5674

Error 1.9015 7 0.2716

Total 36.93 14

In concluding this section, we note that the two-factor factorial model with one observation per cell
(Equation 5.19) looks exactly like the randomized complete block model (Equation 4.1). In fact, the Tukey single-
degree-of-freedom test for nonadditivity can be directly applied to test for interaction in the randomized block model.
However, remember that the experimental situations that lead to the randomized block and factorial models are
very different. In the factorial model, all ab runs have been made in random order, whereas in the randomized block
model, randomization occurs only within the block. The blocks are a randomization restriction. Hence, the manner in
which the experiments are run and the interpretation of the two models are quite different.
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5.4 The General Factorial Design

The results for the two-factor factorial design may be extended to the general case where there are a levels of factor A,
b levels of factor B, c levels of factor C, and so on, arranged in a factorial experiment. In general, there will be abc . . . n
total observations if there are n replicates of the complete experiment. Once again, note that we must have at least two
replicates (n ≥ 2) to determine a sum of squares due to error if all possible interactions are included in the model.

If all factors in the experiment are fixed, we may easily formulate and test hypotheses about the main effects and
interactions using the ANOVA. For a fixed effects model, test statistics for each main effect and interaction may be
constructed by dividing the corresponding mean square for the effect or interaction by the mean square error. All of
these F-tests will be upper-tail, one-tail tests. The number of degrees of freedom for any main effect is the number of
levels of the factor minus one, and the number of degrees of freedom for an interaction is the product of the number
of degrees of freedom associated with the individual components of the interaction.

For example, consider the three-factor analysis of variance model:

yijkl = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij + (𝜏𝛾)ik + (𝛽𝛾)jk

+(𝜏𝛽𝛾)ijk + 𝜖ijkl

⎧⎪⎨⎪⎩

i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , c
l = 1, 2, . . . , n

(5.23)

Assuming that A, B, and C are fixed, the analysis of variance table is shown in Table 5.12. The F-tests on main effects
and interactions follow directly from the expected mean squares.

◾ TABLE 5 . 12
The Analysis of Variance Table for the Three-Factor Fixed Effects Model

Source of
Variation

Sum of
Square

Degrees of
Freedom

Mean
Squares Expected Mean Square F0

A SSA a − 1 MSA 𝜎
2 +

bcn
∑

𝜏
2
i

a − 1
F0 =

MSA
MSE

B SSB b − 1 MSB 𝜎
2 +

acn
∑

𝛽
2
j

b − 1
F0 =

MSB
MSE

C SSC c − 1 MSC 𝜎
2 +

abn
∑

𝛾
2
k

c − 1
F0 =

MSC
MSE

AB SSAB (a − 1)(b − 1) MSAB 𝜎
2 +

cn
∑∑

(𝜏𝛽)2
ij

(a − 1)(b − 1)
F0 =

MSAB
MSE

AC SSAC (a − 1)(c − 1) MSAC 𝜎
2 +

bn
∑∑

(𝜏𝛾)2
ik

(a − 1)(c − 1)
F0 =

MSAC
MSE

BC SSBC (b − 1)(c − 1) MSBC 𝜎
2 +

an
∑∑

(𝛽𝛾)2
jk

(b − 1)(c − 1)
F0 =

MSBC
MSE

ABC SSABC (a − 1)(b − 1)(c − 1) MSABC 𝜎
2 +

n
∑∑∑

(𝜏𝛽𝛾)2ijk
(a − 1)(b − 1)(c − 1)

F0 =
MSABC
MSE

Error SSE abc(n − 1) MSE 𝜎
2

Total SST abcn − 1
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Usually, the analysis of variance computations would be done using a statistics software package. However,
manual computing formulas for the sums of squares in Table 5.12 are occasionally useful. The total sum of squares is
found in the usual way as

SST =
a∑
i=1

b∑
j=1

c∑
k=1

n∑
l=1

y2
ijkl −

y2
....

abcn
(5.24)

The sums of squares for the main effects are found from the totals for factors A(yi...), B(y.j..), and C(y
..k.) as follows:

SSA = 1
bcn

a∑
i=1

y2
i... −

y2
....

abcn
(5.25)

SSB = 1
acn

b∑
j=1

y2
.j.. −

y2
....

abcn
(5.26)

SSC = 1
abn

c∑
k=1

y2
..k. −

y2
....

abcn
(5.27)

To compute the two-factor interaction sums of squares, the totals for the A × B,A × C, and B × C cells are needed. It is
frequently helpful to collapse the original data table into three two-way tables to compute these quantities. The sums
of squares are found from

SSAB =
1
cn

a∑
i=1

b∑
j=1

y2
ij.. −

y2
....

abcn
− SSA − SSB

= SSSubtotals(AB) − SSA − SSB (5.28)

SSAC = 1
bn

a∑
i=1

c∑
k=1

y2
i.k. −

y2
....

abcn
− SSA − SSC

= SSSubtotals(AC) − SSA − SSC (5.29)

and

SSBC = 1
an

b∑
j=1

c∑
k=1

y2
.jk. −

y2
....

abcn
− SSB − SSC

= SSSubtotals(BC) − SSB − SSC (5.30)

Note that the sums of squares for the two-factor subtotals are found from the totals in each two-way table. The
three-factor interaction sum of squares is computed from the three-way cell totals {yijk.} as

SSABC = 1
n

a∑
i=1

b∑
j=1

c∑
k=1

y2
ijk. −

y2
....

abcn
− SSA − SSB − SSC − SSAB − SSAC − SSBC (5.31a)

= SSSubtotals(ABC) − SSA − SSB − SSC − SSAB − SSAC − SSBC (5.31b)

The error sum of squares may be found by subtracting the sum of squares for each main effect and interaction from
the total sum of squares or by

SSE = SST − SSSubtotals(ABC) (5.32)
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EXAMPLE 5 . 3 The Soft Drink Bottling Problem

A soft drink bottler is interested in obtaining more uniform
fill heights in the bottles produced by his manufacturing pro-
cess. The filling machine theoretically fills each bottle to
the correct target height, but in practice, there is variation
around this target, and the bottler would like to understand
the sources of this variability better and eventually reduce it.

The process engineer can control three variables during
the filling process: the percent carbonation (A), the operating
pressure in the filler (B), and the bottles produced per minute
or the line speed (C). The pressure and speed are easy to con-
trol, but the percent carbonation is more difficult to control
during actual manufacturing because it varies with prod-
uct temperature. However, for purposes of an experiment,
the engineer can control carbonation at three levels: 10, 12,
and 14 percent. She chooses two levels for pressure (25 and
30 psi) and two levels for line speed (200 and 250 bpm). She

decides to run two replicates of a factorial design in these
three factors, with all 24 runs taken in random order. The
response variable observed is the average deviation from
the target fill height observed in a production run of bot-
tles at each set of conditions. The data that resulted from
this experiment are shown in Table 5.13. Positive deviations
are fill heights above the target, whereas negative devia-
tions are fill heights below the target. The circled numbers
in Table 5.13 are the three-way cell totals yijk.

The total corrected sum of squares is found from
Equation 5.24 as

SST =
a∑
i=1

b∑
j=1

c∑
k=1

n∑
l=1

y2
ijkl −

y2
....

abcn

= 571 − (75)2

24
= 336.625

◾ TABLE 5 . 13
Fill Height Deviation Data for Example 5.3

Operating Pressure (B)

25 psi 30 psi

Line Speed (C) Line Speed (C)Percent
Carbonation (A) 200 250 200 250 yi...

−3
–4

−1
–1

−1
–1

1
2

10 −1 0 0 1 −4
0

1
2

3
2

5
6

11
12 1 1 3 5 20

5
9

7
13

7
16

10
21

14 4 6 9 11 59

B × C Totals y
.jk. 6 15 20 34 75 = y

y
.j.. 21 54

A × B Totals A × C Totals
yij.. yi.k.

B C
A 25 30 A 200 250

10 −5 1 10 −5 1
12 4 16 12 6 14
14 22 37 14 25 34
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and the sums of squares for the main effects are calculated
from Equations 5.25, 5.26, and 5.27 as

SSCarbonation =
1
bcn

a∑
i=1

y2
i... −

y2
....

abcn

= 1
8
[(−4)2 + (20)2 + (59)2] − (75)2

24
= 252.750

SSPressure =
1
acn

b∑
j=1

y2
.j.. −

y2
....

abcn

= 1
12

[(21)2 + (54)2] − (75)2

24
= 45.375

and

SSSpeed =
1

abn

c∑
k=1

y2
..k. −

y2
....

abcn

= 1
12

[(26)2 + (49)2] − (75)2

24
= 22.042

To calculate the sums of squares for the two-factor inter-
actions, we must find the two-way cell totals. For example,
to find the carbonation–pressure or AB interaction, we need
the totals for the A × B cells {yij..} shown in Table 5.13.
Using Equation 5.28, we find the sums of squares as

SSAB =
1
cn

a∑
i=1

b∑
j=1

y2
ij.. −

y2
....

abcn
− SSA − SSB

= 1
4
[(−5)2 + (1)2 + (4)2 + (16)2 + (22)2 + (37)2]

− (75)2

24
− 252.750 − 45.375

= 5.250

The carbonation–speed or AC interaction uses the A × C cell
totals {yi.k.} shown in Table 5.13 and Equation 5.29:

SSAC = 1
bn

a∑
i=1

c∑
k=1

y2
i.k. −

y2
....

abcn
− SSA − SSC

= 1
4
[(−5)2 + (1)2 + (6)2 + (14)2 + (25)2 + (34)2]

− (75)2

24
− 252.750 − 22.042

= 0.583

The pressure–speed or BC interaction is found from the B ×
C cell totals {y

.jk.} shown in Table 5.13 and Equation 5.30:

SSBC = 1
an

b∑
j=1

c∑
k=1

y2
.jk. −

y2
....

abcn
− SSB − SSC

= 1
6
[(6)2 + (15)2 + (20)2 + (34)2] − (75)2

24
−45.375 − 22.042

= 1.042

The three-factor interaction sum of squares is found
from the A × B × C cell totals {yijk.}, which are circled in
Table 5.13. From Equation 5.31a, we find

SSABC = 1
n

a∑
i=1

b∑
j=1

c∑
k=1

y2
ijk. −

y2
....

abcn
− SSA − SSB − SSC

−SSAB − SSAC − SSBC

= 1
2
[(−4)2 + (−1)2 + (−1)2 + · · · + (16)2 + (21)2]

− (75)2

24
− 252.750 − 45.375 − 22.042

−5.250 − 0.583 − 1.042

= 1.083

Finally, noting that

SSSubtotals(ABC) =
1
n

a∑
i=1

b∑
j=1

c∑
k=1

y2
ijk. −

y2
....

abcn
= 328.125

we have

SSE = SST − SSSubtotals(ABC)

= 336.625 − 328.125

= 8.500

The ANOVA is summarized in Table 5.14. We see
that the percentage of carbonation, operating pressure,
and line speed significantly affect the fill volume. The
carbonation–pressure interaction F ratio has a P-value of
0.0558, indicating some interaction between these factors.

The next step should be an analysis of the residuals from
this experiment. We leave this as an exercise for the reader
but point out that a normal probability plot of the residuals
and the other usual diagnostics do not indicate any major
concerns.

To assist in the practical interpretation of this experi-
ment, Figure 5.16 presents plots of the three main effects
and the AB (carbonation–pressure) interaction. The main
effect plots are just graphs of the marginal response aver-
ages at the levels of the three factors. Notice that all three
variables have positive main effects; that is, increasing the
variable moves the average deviation from the fill target
upward. The interaction between carbonation and pressure
is fairly small, as shown by the similar shape of the two
curves in Figure 5.16d.

Because the company wants the average deviation from
the fill target to be close to zero, the engineer decides to rec-
ommend the low level of operating pressure (25 psi) and
the high level of line speed (250 bpm, which will max-
imize the production rate). Figure 5.17 plots the average
observed deviation from the target fill height at the three dif-
ferent carbonation levels for this set of operating conditions.
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◾ TABLE 5 . 14
Analysis of Variance for Example 5.3

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Percent carbonation (A) 252.750 2 126.375 178.412 <0.0001
Operating pressure (B) 45.375 1 45.375 64.059 <0.0001
Line speed (C) 22.042 1 22.042 31.118 0.0001
AB 5.250 2 2.625 3.706 0.0558
AC 0.583 2 0.292 0.412 0.6713
BC 1.042 1 1.042 1.471 0.2485
ABC 1.083 2 0.542 0.765 0.4867
Error 8.500 12 0.708
Total 336.625 23

Now the carbonation level cannot presently be perfectly
controlled in the manufacturing process, and the normal
distribution shown with the solid curve in Figure 5.17
approximates the variability in the carbonation levels
presently experienced. As the process is impacted by the
values of the carbonation level drawn from this distribution,
the fill heights will fluctuate considerably. This variability

in the fill heights could be reduced if the distribution of
the carbonation level values followed the normal distribu-
tion shown with the dashed line in Figure 5.17. Reducing
the standard deviation of the carbonation level distribution
was ultimately achieved by improving temperature control
during manufacturing.
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◾ F I GURE 5 . 16 Main effects and
interaction plots for Example 5.3. (a) Percentage
of carbonation (A). (b) Pressure (B). (c) Line
speed (C). (d) Carbonation–pressure interaction
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◾ F I GURE 5 . 17 Average fill height deviation at
high speed and low pressure for different carbonation
levels
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We have indicated that if all the factors in a factorial experiment are fixed, test statistic construction is straight-
forward. The statistic for testing any main effect or interaction is always formed by dividing the mean square for
the main effect or interaction by the mean square error. However, if the factorial experiment involves one or more
random factors, the test statistic construction is not always done this way. We must examine the expected mean
squares to determine the correct tests. We defer a complete discussion of experiments with random factors until
Chapter 13.

5.5 Fitting Response Curves and Surfaces

The ANOVA always treats all of the factors in the experiment as if they were qualitative or categorical. However, many
experiments involve at least one quantitative factor. It can be useful to fit a response curve to the levels of a quantitative
factor so that the experimenter has an equation that relates the response to the factor. This equation might be used
for interpolation, that is, for predicting the response at factor levels between those actually used in the experiment.
When at least two factors are quantitative, we can fit a response surface for predicting y at various combinations
of the design factors. In general, linear regression methods are used to fit these models to the experimental data.
We illustrated this procedure in Section 3.5.1 for an experiment with a single factor. We now present two examples
involving factorial experiments. In both examples, we will use a computer software package to generate the regression
models. For more information about regression analysis, refer to Chapter 10 and the supplemental text material for
this chapter.

EXAMPLE 5 . 4

Consider the battery life experiment described in Example
5.1. The factor temperature is quantitative, and the mate-
rial type is qualitative. Furthermore, there are three levels
of temperature. Consequently, we can compute a linear and
a quadratic temperature effect to study how temperature
affects the battery life. Table 5.15 presents condensed output
from Design-Expert for this experiment and assumes that
temperature is quantitative and material type is qualitative.

The ANOVA in Table 5.15 shows that the “model”
source of variability has been subdivided into several
components. The components “A” and “A2” represent the
linear and quadratic effects of temperature, and “B” repre-
sents the main effect of the material type factor. Recall that
material type is a qualitative factor with three levels. The
terms “AB” and “A2B” are the interactions of the linear and
quadratic temperature factor with material type.
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◾ TABLE 5 . 15
Design-Expert Output for Example 5.4

Response: Life In Hours

ANOVA for Response Surface Reduced Cubic Model

Analysis of Variance Table [Partial Sum of Squares]

Source
Sum of
Squares DF

Mean
Square

F
Value Prob > F

Model 59416.22 8 7427.03 11.00 <0.0001 significant

A 39042.67 1 39042.67 57.82 <0.0001

B 10683.72 2 5341.86 7.91 0.0020

A2 76.06 1 76.06 0.11 0.7398

AB 2315.08 2 1157.54 1.71 0.1991

A2B 7298.69 2 3649.35 5.40 0.0106

Residual 18230.75 27 675.21

Lack of Fit 0.000 0

Pure Error 18230.75 27 675.21

Cor Total 77646.97 35

Std. Dev. 25.98 R-Squared 0.7652

Mean 105.53 Adj R-Squared 0.6956

C.V. 24.62 Pred R-Squared 0.5826

PRESS 32410.22 Adeq Precision 8.178

Term
Coefficient
Estimate DF

Standard
Error

95% Cl
Low

95% Cl
High VIF

Intercept 107.58 1 7.50 92.19 122.97

A-Temp −40.33 1 5.30 −51.22 −29.45 1.00

B[1] −50.33 1 10.61 −72.10 −28.57

B[2] 12.17 1 10.61 −9.60 33.93

A2 −3.08 1 9.19 −21.93 15.77 1.00

AB[1] 1.71 1 7.50 −13.68 17.10

AB[2] −12.79 1 7.50 −28.18 2.60

A2B[1] 41.96 1 12.99 15.30 68.62

A2B[2] −14.04 1 12.99 −40.70 12.62

Final Equation in Terms of Coded Factors:

Life =
+107.58

−40.33 ∗A
−50.33 ∗B[1]
+12.17 ∗B[2]
−3.08 ∗A2

+1.71 ∗AB[1]
−12.79 ∗AB[2]
+41.96 ∗A2B[1]
−14.04 ∗A2[2]
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◾ TABLE 5 . 15 (Continued)

Final Equation in Terms of Actual Factors:

Material Type 1

Life =
+169.38017

−2.50145 ∗Temp

+0.012851 ∗Temp2

Material Type 2

Life =
+159.62397

−0.17335 ∗Temp

+0.41627 ∗Temp2

Material Type 3

Life =
+132.76240

+0.90289 ∗Temp

−0.01248 ∗Temp2

15.00 42.50 70.00

Temperature

Material type 1

Material type 2

Material type 3

97.50

2

2

2

125.00

L
if

e

188

146

104

62

20

◾ F I GURE 5 . 18 Predicted life as a function of temperature for the
three material types, Example 5.4
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The P-values indicate that A2 and AB are not significant,
whereas the A2B term is significant. Often we think about
removing nonsignificant terms or factors from a model, but
in this case, removing A2 and AB and retaining A2B will
result in a model that is not hierarchical. The hierarchy
principle indicates that if a model contains a high-order
term (such as A2B), it should also contain all of the lower
order terms that compose it (in this case A2 and AB). Hierar-
chy promotes a type of internal consistency in a model, and
many statistical model builders rigorously follow the princi-
ple. However, hierarchy is not always a good idea, and many
models actually work better as prediction equations without
including the nonsignificant terms that promote hierarchy.
For more information, see the supplemental text material
for this chapter.

The computer output also gives model coefficient esti-
mates and a final prediction equation for battery life in
coded factors. In this equation, the levels of temperature are
A = −1, 0,+1, respectively, when temperature is at the low,

middle, and high levels (15, 70, and 125∘C). The variables
B[1] and B[2] are coded indicator variables that are defined
as follows:

Material Type

1 2 3

B[1] 1 0 −1

B[2] 0 1 −1

There are also prediction equations for battery life in terms
of the actual factor levels. Notice that because material type
is a qualitative factor there is an equation for predicted
life as a function of temperature for each material type.
Figure 5.18 shows the response curves generated by these
three prediction equations. Compare them to the two-factor
interaction graph for this experiment in Figure 5.9.

If several factors in a factorial experiment are quantitative a response surface may be used to model the
relationship between y and the design factors. Furthermore, the quantitative factor effects may be represented by
single-degree-of-freedom polynomial effects. Similarly, the interactions of quantitative factors can be partitioned into
single-degree-of-freedom components of interaction. This is illustrated in the following Example 5.5.

EXAMPLE 5 . 5

The effective life of a cutting tool installed in a numeri-
cally controlled machine is thought to be affected by the
cutting speed and the tool angle. Three speeds and three
angles are selected, and a 32 factorial experiment with
two replicates is performed. The coded data are shown in

Table 5.16. The circled numbers in the cells are the cell
totals {yij.}.

Table 5.17 shows the JMP output for this experiment.
This is a classical ANOVA, treating both factors as categor-
ical. Notice that design factors tool angle and speed as well

◾ TABLE 5 . 16
Data for Tool Life Experiment

Cutting Speed (in/min)Total Angle
(degrees) 125 150 175 yi..

−2
–3

−3
–3

2
515 −1 0 3 −1

0
2

1
4

4
1020 2 3 6 16

−1
–1

5
11

0
–125 0 6 −1 9

y
.j. −2 12 14 24 = y

...
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◾ TABLE 5 . 17
JMP ANOVA for the Tool Life Experiment in Example 5.5

6

4

2

0

–2

–4
–3 –2 –1 0 1

Tool life predicted

T
o

o
l 
li
fe

 a
ct

u
a

l

P=0.0013 RSq=0.90
RMSE=1.2019

2 3 4 5 6

Summary of Fit

RSquare 0.895161

RSquare Adj 0.801971

Root Mean Square Error 1.20185

Mean of Response 1.333333

Observations (or Sum Wgts) 18

Analysis of Variance
Source DF Sum of Squares Mean Square F Ratio

Model 8 111.00000 13.8750 9.6058

Error 9 13.00000 1.4444 Prob > F

C. Total 17 124.00000 0.0013

Effect Tests
Source Nparm DF Sum of Squares F Ratio Prob > F

Angle 2 2 24.333333 8.4231 0.0087

Speed 2 2 25.333333 8.7692 0.0077

Angle*Speed 4 4 61.333333 10.6154 0.0018

2.0

1.5

1.0

0.5

0.0

–0.5

–1.0

–1.5

–2.5

Tool life predicted

T
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o
l 

li
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d

u
a
l

–3 –2 –1 0 1 2 3 4 5 6
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as the angle–speed interaction are significant. Since the fac-
tors are quantitative, and both factors have three levels, a
second-order model such as

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
1 + 𝛽22x

2
2 + 𝜖

where x1 = angle and x2 = speed could also be fit to the
data. The JMP output for this model is shown in Table 5.18.
Notice that JMP “centers” the predictors when forming the
interaction and quadratic model terms. The second-order
model doesn’t look like a very good fit to the data; the
value of R2 is only 0.465 (compared to R2 = 0.895 in the

categorical variable ANOVA) and the only significant factor
is the linear term in speed for which the P-value is 0.0731.
Notice that the mean square for error in the second-order
model fit is 5.5278, considerably larger than it was in the
classical categorical variable ANOVA of Table 5.17. The
JMP output in Table 5.18 shows the prediction profiler,
a graphical display showing the response variable life as a
function of each design factor, angle and speed. The predic-
tion profiler is very useful for optimization. Here it has been
set to the levels of angle and speed that result in maximum
predicted life.

◾ TABLE 5 . 18
JMP Output for the Second-Order Model, Example 5.5
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Tool life predicted
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P = 0.1377 RSq = 0.47
RMSE = 2.3511

2 3 4 5 6

Summary of Fit

RSquare 0.465054

RSquare Adj 0.242159

Root Mean Square Error 2.351123

Mean of Response 1.333333

Observations (or Sum Wgts) 18

Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 5 57.66667 11.5333 2.0864

Error 12 66.33333 5.5278 Prob > F

C. Total 17 124.00000 0.1377

Parameter Estimates

Term Estimate Std. Error t Ratio Prob > |t|
Intercept −8 5.048683 −1.58 0.1390

Angle 0.1666667 0.135742 1.23 0.2431

Speed 0.0533333 0.027148 1.96 0.0731
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◾ TABLE 5 . 18 (Continued)

(Angle-20)*(Speed-150) −0.008 0.00665 −1.20 0.2522

(Angle-20)*(Angle-20) −0.08 0.047022 −1.70 0.1146

(Speed-150)*(Speed-150) −0.0016 0.001881 −0.85 0.4116
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Part of the reason for the relatively poor fit of the second-
order model is that only one of the four degrees of freedom
for interaction are accounted for in this model. In addition
to the term 𝛽12x1x2, there are three other terms that could be
fit to completely account for the four degrees of freedom for
interaction, namely 𝛽112x

2
1x2, 𝛽122x1x

2
2, and 𝛽1122x

2
1x

2
2.

JMP output for the second-order model with the addi-
tional higher-order terms is shown in Table 5.19. While
these higher-order terms are components of the two-factor
interaction, the final model is a reduced quartic. Although
there are some large P-values, all model terms have
been retained to ensure hierarchy. The prediction profiler
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◾ F I GURE 5 . 19 Two-dimensional contour plot of
the tool life response surface for Example 5.5
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indicates that maximum tool life is achieved around an angle
of 25 degrees and speed of 150 in/min.

Figure 5.19 is the contour plot of tool life for this model
and Figure 5.20 is a three-dimensional response surface
plot. These plots confirm the estimate of the optimum

operating conditions found from the JMP prediction pro-
filer. Exploration of response surfaces is an important use of
designed experiments, which we will discuss in more detail
in Chapter 11.

◾ TABLE 5 . 19
JMP Output for the Expanded Model in Example 5.5

Response Y
Actual by Predicted Plot
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Y Predicted P=0.0013
RSq = 0.90  RMSE = 1.2019
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Summary of Fit

RSquare 0.895161

RSquare Adj 0.801971

Root Mean Square Error 1.20185

Mean of Response 1.333333

Observations (or Sum Wgts) 18

Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 8 111.00000 13.8750 9.6058

Error 9 13.00000 1.4444 Prob > F

C. Total 17 124.00000 0.0013*

Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|
Intercept −24 4.41588 −5.43 0.0004*

Angle 0.7 0.120185 5.82 0.0003*

Speed 0.08 0.024037 3.33 0.0088*

(Angle-20)*(Speed-150) −0.008 0.003399 −2.35 0.0431*

(Angle-20)*(Angle-20) 2.776e-17 0.041633 0.00 1.0000

(Speed-150)*(Speed-150) 0.0016 0.001665 0.96 0.3618

(Angle-20)*(Speed-150)*(Angle-20) −0.0016 0.001178 −1.36 0.2073

(Speed-150)*(Speed-150)*(Angle-20) −0.00128 0.000236 −5.43 0.0004*

(Angle-20)*(Speed-150)*(Angle-20)*(Speed-150) −0.000192 8.158a-5 −2.35 0.0431*
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◾ TABLE 5 . 19 (Continued)

Effect Tests

Source Nparm DF
Sum of
Squares F Ratio Prob > F

Angle 1 1 49.000000 33.9231 0.0003*

Speed 1 1 16.000000 11.0769 0.0088*

Angle*Speed 1 1 8.000000 5.5385 0.0431*

Angle*Angle 1 1 6.4198e-31 0.0000 1.0000

Speed*Speed 1 1 1.333333 0.9231 0.3618

Angle*Speed*Angle 1 1 2.666667 1.8462 0.2073

Speed*Speed*Angle 1 1 42.666667 29.5385 0.0004*

Angle*Speed*Angle*Speed 1 1 8.000000 5.5385 0.0431*

Sorted Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|
Angle 0.7 0.120185 5.82 0.0003*

(Speed-150)*(Speed-150)*(Angle-20) −0.00128 0.000236 −5.43 0.0004*

Speed 0.08 0.024037 3.33 0.0088*

(Angle-20)*(Speed-150)*
(Angle-20)*(Speed-150)

−0.000192 8.158a-5 −2.35 0.0431*

(Angle-20)*(Speed-150) −0.008 0.003399 −2.35 0.0431*

(Angle-20)*(Speed-150)*
(Angle-20)

−0.0016 0.001178 −1.36 0.2073

(Speed-150)*(Speed-150) 0.0016 0.001665 0.96 0.3618

(Angle-20)*(Angle-20) 2.776e-17 0.041633 0.00 1.0000
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5.6 Blocking in a Factorial Design

We have discussed factorial designs in the context of a completely randomized experiment. Sometimes, it is not feasible
or practical to completely randomize all of the runs in a factorial. For example, the presence of a nuisance factor may
require that the experiment be run in blocks. We discussed the basic concepts of blocking in the context of a single-factor
experiment in Chapter 4. We now show how blocking can be incorporated in a factorial. Some other aspects of blocking
in factorial designs are presented in Chapters 7, 8, 9, and 13.

Consider a factorial experiment with two factors (A and B) and n replicates. The linear statistical model for this
design is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(5.33)

where 𝜏i, 𝛽j, and (𝜏𝛽)ij represent the effects of factors A, B, and the AB interaction, respectively. Now suppose that to
run this experiment a particular raw material is required. This raw material is available in batches that are not large
enough to allow all abn treatment combinations to be run from the same batch. However, if a batch contains enough
material for ab observations, then an alternative design is to run each of the n replicates using a separate batch of
raw material. Consequently, the batches of raw material represent a randomization restriction or a block, and a single
replicate of a complete factorial experiment is run within each block. The effects model for this new design is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛿k + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(5.34)

where 𝛿k is the effect of the kth block. Of course, within a block the order in which the treatment combinations are run
is completely randomized.

The model (Equation 5.34) assumes that interaction between blocks and treatments is negligible. This was
assumed previously in the analysis of randomized block designs. If these interactions do exist, they cannot be sep-
arated from the error component. In fact, the error term in this model really consists of the (𝜏𝛿)ik, (𝛽𝛿)jk, and (𝜏𝛽𝛿)ijk
interactions. The ANOVA is outlined in Table 5.20. The layout closely resembles that of a factorial design, with the

◾ TABLE 5 . 20
Analysis of Variance for a Two-Factor Factorial in a Randomized Complete Block

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Expected
Mean Square F𝟎
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ab

∑
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y2
..k −

y2
...
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n − 1 𝜎
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A 1

bn
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i
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i.. −
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...
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a − 1 𝜎

2 +
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∑
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2
i

a − 1

MSA
MSE
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.j. −
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...
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an
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j
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∑∑
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ij
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MSAB
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∑
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abn − 1
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error sum of squares reduced by the sum of squares for blocks. Computationally, we find the sum of squares for blocks
as the sum of squares between the n block totals {y

..k}. The ANOVA in Table 5.20 assumes that both factors are fixed
and that blocks are random. The ANOVA estimator of the variance component for blocks 𝜎2

𝛿
, is

𝜎
2
𝛿
=

MSBlocks −MSE
ab

In the previous example, the randomization was restricted to within a batch of raw material. In practice, a variety
of phenomena may cause randomization restrictions, such as time and operators. For example, if we could not run
the entire factorial experiment on one day, then the experimenter could run a complete replicate on day 1, a second
replicate on day 2, and so on. Consequently, each day would be a block.

EXAMPLE 5 . 6

An engineer is studying methods for improving the ability
to detect targets on a radar scope. Two factors she consid-
ers to be important are the amount of background noise, or
“ground clutter,” on the scope and the type of filter placed
over the screen. An experiment is designed using three lev-
els of ground clutter and two filter types. We will consider
these as fixed-type factors. The experiment is performed by
randomly selecting a treatment combination (ground clutter
level and filter type) and then introducing a signal represent-
ing the target into the scope. The intensity of this target is
increased until the operator observes it. The intensity level at
detection is then measured as the response variable. Because
of operator availability, it is convenient to select an opera-
tor and keep him or her at the scope until all the necessary
runs have been made. Furthermore, operators differ in their
skill and ability to use the scope. Consequently, it seems
logical to use the operators as blocks. Four operators are
randomly selected. Once an operator is chosen, the order in
which the six treatment combinations are run is randomly
determined. Thus, we have a 3 × 2 factorial experiment run
in a randomized complete block. The data are shown in
Table 5.21.

The linear model for this experiment is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛿k + 𝜖ijk

⎧⎪⎨⎪⎩

i = 1, 2, 3

j = 1, 2

k = 1, 2, 3, 4

where 𝜏i represents the ground clutter effect, 𝛽j represents
the filter type effect, (𝜏𝛽)ij is the interaction, 𝛿k is the block
effect, and 𝜖ijk is the NID(0, 𝜎2) error component. The sums
of squares for ground clutter, filter type, and their interaction
are computed in the usual manner. The sum of squares due
to blocks is found from the operator totals {y

..k} as follows:

SSBlocks =
1
ab

n∑
k=1

y2
..k −

y2
...

abn

= 1
(3)(2)

[(572)2 + (579)2 + (597)2 + (530)2]

− (2278)2

(3)(2)(4)
= 402.17

◾ TABLE 5 . 21
Intensity Level at Target Detection

1 2 3 4

Operators (blocks)
Filter Type 1 2 1 2 1 2 1 2

Ground clutter

Low 90 86 96 84 100 92 92 81

Medium 102 87 106 90 105 97 96 80

High 114 93 112 91 108 95 98 83
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◾ TABLE 5 . 22
Analysis of Variance for Example 5.6

Source of Variation
Sum of
Square

Degrees of
Freedom

Mean
Squares F𝟎 P-Value

Ground clutter (G) 335.58 2 167.79 15.13 0.0003
Filter type (F) 1066.67 1 1066.67 96.19 <0.0001
GF 77.08 2 38.54 3.48 0.0573
Blocks 402.17 3 134.06
Error 166.33 15 11.09
Total 2047.83 23

The complete ANOVA for this experiment is summarized
in Table 5.22. The presentation in Table 5.22 indicates that
all effects are tested by dividing their mean squares by the
mean square error. Both ground clutter level and filter type
are significant at the 1 percent level, whereas their inter-
action is significant only at the 10 percent level. Thus, we
conclude that both ground clutter level and the type of scope
filter used affect the operator’s ability to detect the target,
and there is some evidence of mild interaction between these
factors. The ANOVA estimate of the variance component for

blocks is

𝜎̂
2
𝛿
=

MSBlocks −MSE
ab

= 134.06 − 11.09
(3162)

= 20.50

The JMP output for this experiment is shown in
Table 5.23. The residual maximum likelihood (REML) esti-
mate of the variance component for blocks is shown in this
output, and because this is a balanced design, the REML and
ANOVA estimates agree. JMP also provides the confidence
intervals on both variance components 𝜎2 and 𝜎

2
𝛿
.

◾ TABLE 5 . 23
JMP Output for Example 5.6

Whole Model
Actual by Predicted Plot
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Summary of Fit

RSquare 0.917432

RSquare Adj 0.894497

Root Mean Square Error 3.329998

Mean of Response 94.91667

Observations (or Sum Wgts) 24
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◾ TABLE 5 . 23 (Continued)

REML Variance Component Estimates

Random Effect Var Ratio
Var

Component Std Error 95% Lower 95% Upper Pct of Total

Operators (Blocks) 1.8481964 20.494444 18.255128 −15.28495 56.273839 64.890

Residual 11.088889 4.0490897 6.0510389 26.561749 35.110

Total 31.583333 100.000

−2 LogLikelihood = 118.73680261

Covariance Matrix of
Variance Component Estimates

Random Effect Operators (Blocks) Residual

Operators (Blocks) 333.24972 −2.732521

Residual −2.732521 16.395128

Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Clutter 2 2 15 15.1315 0.0003*

Filter Type 1 1 15 96.1924 <.0001*

Clutter*Filter Type 2 2 15 3.4757 0.0575

Residual by Predicted Plot
10
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–10

Y Predicted

75 80 85 90 95 100 105 110 115

Y
 R

e
si

d
u

a
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In the case of two randomization restrictions, each with p levels, if the number of treatment combinations in a
k-factor factorial design exactly equals the number of restriction levels, that is, if p = ab . . . m, then the factorial design
may be run in a p × p Latin square. For example, consider a modification of the radar target detection experiment of
Example 5.6. The factors in this experiment are filter type (two levels) and ground clutter (three levels), and operators
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◾ TABLE 5 . 24
Radar Detection Experiment Run in a 6 × 6 Latin Square

Operator

Day 1 2 3 4 5 6

1 A(f1g1 = 90) B(f1g2 = 106) C(f1g3 = 108) D(f2g1 = 81) F(f2g3 = 90) E(f2g2 = 88)

2 C(f1g3 = 114) A(f1g1 = 96) B(f1g2 = 105) F(f2g3 = 83) E(f2g2 = 86) D(f2g1 = 84)

3 B(f1g2 = 102) E(f2g2 = 90) G(f2g3 = 95) A(f1g1 = 92) D(f2g1 = 85) C(f1g3 = 104)

4 E(f2g2 = 87) D(f2g1 = 84) A(f1g1 = 100) B(f1g2 = 96) C(f1g3 = 110) F(f2g3 = 91)

5 F(f2g3 = 93) C(f1g3 = 112) D(f2g1 = 92) E(f2g2 = 80) A(f1g1 = 90) B(f1g2 = 98)

6 D(f2g1 = 86) F(f2g3 = 91) E(f2g2 = 97) C(f1g3 = 98) B(f1g2 = 100) A(f1g1 = 92)

are considered as blocks. Suppose now that because of the setup time required, only six runs can be made per day. Thus,
days become a second randomization restriction, resulting in the 6 × 6 Latin square design, as shown in Table 5.24. In
this table we have used the lowercase letters fi and gj to represent the ith and jth levels of filter type and ground clutter,
respectively. That is, f1g2 represents filter type 1 and medium ground clutter. Note that now six operators are required,
rather than four as in the original experiment, so the number of treatment combinations in the 3 × 2 factorial design
exactly equals the number of restriction levels. Furthermore, in this design, each operator would be used only once on
each day. The Latin letters A,B,C,D,E, and F represent the 3 × 2 = 6 factorial treatment combinations as follows:
A = f1g1,B = f1g2,C = f1g3,D = f2g1,E = f2g2, and F = f2g3.

The five degrees of freedom between the six Latin letters correspond to the main effects of filter type (one
degree of freedom), ground clutter (two degrees of freedom), and their interaction (two degrees of freedom). The
linear statistical model for this design is

yijkl = 𝜇 + 𝛼i + 𝜏j + 𝛽k + (𝜏𝛽)jk + 𝜃l + 𝜖ijkl

⎧⎪⎨⎪⎩

i = 1, 2, . . . , 6
j = 1, 2, 3
k= 1, 2
l = 1, 2, . . . , 6

(5.35)

where 𝜏j and 𝛽k are effects of ground clutter and filter type, respectively, and 𝛼i and 𝜃l represent the randomization
restrictions of days and operators, respectively. To compute the sums of squares, the following two-way table of treat-
ment totals is helpful:

Ground Clutter Filter Type 1 Filter Type 2 y
.j..

Low 560 512 1072

Medium 607 528 1135

High 646 543 1189

y
..k. 1813 1583 3396 = y

....
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◾ TABLE 5 . 25
Analysis of Variance for the Radar Detection Experiment Run as a 3 × 2 Factorial in a Latin Square

Source of
Variation

Sum of
Squares

Degrees of
Freedom

General Formula
for Degrees of

Freedom Mean Square F𝟎 P-Value

Ground clutter (G) 571.50 2 a − 1 285.75 28.86 <0.0001

Filter type (F) 1469.44 1 b − 1 1469.44 148.43 <0.0001

GF 126.73 2 (a − 1)(b − 1) 63.37 6.40 0.0071

Days (rows) 4.33 5 ab − 1 0.87

Operators (columns) 428.00 5 ab − 1 85.60

Error 198.00 20 (ab − 1)(ab − 2) 9.90

Total 2798.00 35 (ab)2 − 1

Furthermore, the row and column totals are

Rows (y
.jkl)∶ 563 568 568 568 565 564

Columns (yijk.)∶ 572 579 597 530 561 557

The ANOVA is summarized in Table 5.25. We have added a column to this table indicating how the number of
degrees of freedom for each sum of squares is determined.

5.7 Problems

5.1 An interaction effect in the model from a factorial
experiment involving quantitative factors is a way of incorpo-
rating curvature into the response surface model representation
of the results.

(a) True

(b) False

5.2 A factorial experiment may be conducted as a RCBD
by running each replicate of the experiment in a unique block.

(a) True

(b) False

5.3 If an interaction effect in a factorial experiment is
significant, the main effects of the factors involved in that
interaction are difficult to interpret individually.

(a) True

(b) False

5.4 A biomedical researcher has conducted a two-factor
factorial experiment as part of the research to develop a

new product. She performed the statistical analysis using
a computer software package. A portion of the output is shown
below:

ANOVA for Selected Factorial Model
Analysis of variance table [Partial sum of squares]

Source
Sum of
Squares DF

Mean
Square

F
Value Prob > F

Model 874.00 5 174.80 3.28 0.0904

A 776.00 ? 388.00 7.27 0.0249

B 5.33 1 5.33 0.10 0.7625

AB 92.67 2 46.33 0.87 0.4663

Pure Error 320.00 ? 53.33

Cor Total 1194.00 11

(a) Interpret the F-statistic in the “Model” row of the
ANOVA. Specifically, what hypothesies are being
tested?
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(b) What conclusions should be drawn regarding the indi-
vidual model effects?

(c) How many levels of factor A were used in this
experiment?

(d) How many replicates were run?

5.5 Consider the following incomplete ANOVA table:

Source SS DF MS F

A ? 1 50.00 ?

B 80.00 ? 40.00 ?

AB 30.00 2 15.00 ?

Error ? 12 ?

Total 172.00 17

(a) Complete the ANOVA calculations.

(b) Provide an interpretation of this experiment.

(c) The pure error estimate of the standard deviation of the
sample observations is 1.

True

False

5.6 The following output was obtained from a computer
program that performed a two-factor ANOVA on a factorial
experiment.

Two-way ANOVA: y versus, A, B

Source DF SS MS F P

A 1 0.322 ? ? ?

B ? 80.554 40.2771 4.59 ?

Interaction ? ? ? ? ?

Error 12 105.327 8.7773

Total 17 231.551

(a) Fill in the blanks in the ANOVA table. You can use
bounds on the P-values.

(b) How many levels were used for factor B?

(c) How many replicates of the experiment were
performed?

(d) What conclusions would you draw about this
experiment?

5.7 The following output was obtained from a computer
program that performed a two-factor ANOVA on a factorial
experiment.

Two-way ANOVA: y versus A, B

Source DF SS MS F P

A 1 ? 0.0002 ? ?

B ? 180.378 ? ? ?

Interaction 3 8.479 ? ? 0.932

Error 8 158.797 ?

Total 15 347.653

(a) Fill in the blanks in the ANOVA table. You can use
bounds on the P-values.

(b) How many levels were used for factor B?

(c) How many replicates of the experiment were per-
formed?

(d) What conclusions would you draw about this experi-
ment?

5.8 The yield of a chemical process is being studied. The
two most important variables are thought to be pressure and
temperature. Three levels of each factor are selected, and a
factorial experiment with two replicates is performed. The
yield data are as follows:

Pressure (psig)

Temperature (∘C) 200 215 230

150 90.4 90.7 90.2

90.2 90.6 90.4

160 90.1 90.5 89.9

90.3 90.6 90.1

170 90.5 90.8 90.4

90.7 90.9 90.1

(a) Analyze the data and draw conclusions. Use 𝛼 = 0.05.

(b) Prepare appropriate residual plots and comment on the
model’s adequacy.

(c) Under what conditions would you operate this process?

5.9 An engineer suspects that the surface finish of a metal
part is influenced by the feed rate and the depth of cut. He
selects three feed rates and four depths of cut. He then conducts
a factorial experiment and obtains the following data:

Depth of Cut (in)
Feed Rate
(in/min) 0.15 0.18 0.20 0.25

74 79 82 99

0.20 64 68 88 104

60 73 92 96

92 98 99 104
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0.25 86 104 108 110

88 88 95 99

99 104 108 114

0.30 98 99 110 111

102 95 99 107

(a) Analyze the data and draw conclusions. Use 𝛼 = 0.05.

(b) Prepare appropriate residual plots and comment on the
model’s adequacy.

(c) Obtain point estimates of the mean surface finish at
each feed rate.

(d) Find the P-values for the tests in part (a).

5.10 For the data in Problem 5.9, compute a 95 percent con-
fidence interval estimate of the mean difference in response for
feed rates of 0.20 and 0.25 in∕min.

5.11 An article in Industrial Quality Control (1956, pp. 5–8)
describes an experiment to investigate the effect of the type of
glass and the type of phosphor on the brightness of a televi-
sion tube. The response variable is the current necessary (in
microamps) to obtain a specified brightness level. The data are
as follows:

Phosphor Type

Glass Type 1 2 3

280 300 290

1 290 310 285

285 295 290

230 260 220

2 235 240 225

240 235 230

(a) Is there any indication that either factor influences
brightness? Use 𝛼 = 0.05.

(b) Do the two factors interact? Use 𝛼 = 0.05.

(c) Analyze the residuals from this experiment.

5.12 Johnson and Leone (Statistics and Experimental
Design in Engineering and the Physical Sciences, Wiley,
1977) describe an experiment to investigate warping of cop-
per plates. The two factors studied were the temperature
and the copper content of the plates. The response vari-
able was a measure of the amount of warping. The data are
as follows:

Copper Content (%)

Temperature (∘C) 40 60 80 100

50 17, 20 16, 21 24, 22 28, 27

75 12, 9 18, 13 17, 12 27, 31

100 16, 12 18, 21 25, 23 30, 23

125 21, 17 23, 21 23, 22 29, 31

(a) Is there any indication that either factor affects the
amount of warping? Is there any interaction between
the factors? Use 𝛼 = 0.05.

(b) Analyze the residuals from this experiment.

(c) Plot the average warping at each level of copper con-
tent and compare them to an appropriately scaled t
distribution. Describe the differences in the effects of
the different levels of copper content on warping. If
low warping is desirable, what level of copper content
would you specify?

(d) Suppose that temperature cannot be easily controlled
in the environment in which the copper plates are to be
used. Does this change your answer for part (c)?

5.13 The factors that influence the breaking strength of a
synthetic fiber are being studied. Four production machines
and three operators are chosen and a factorial experiment is
run using fiber from the same production batch. The results
are as follows:

Machine

Operator 1 2 3 4

1 109 110 108 110

110 115 109 108

2 110 110 111 114

112 111 109 112

3 116 112 114 120

114 115 119 117

(a) Analyze the data and draw conclusions. Use 𝛼 = 0.05.

(b) Prepare appropriate residual plots and comment on the
model’s adequacy.

5.14 A mechanical engineer is studying the thrust force
developed by a drill press. He suspects that the drilling speed
and the feed rate of the material are the most important fac-
tors. He selects four feed rates and uses a high and low drill
speed chosen to represent the extreme operating conditions.
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He obtains the following results. Analyze the data and draw
conclusions. Use 𝛼 = 0.05.

Feed Rate

Drill Speed 0.015 0.030 0.045 0.060

125 2.70 2.45 2.60 2.75

2.78 2.49 2.72 2.86

200 2.83 2.85 2.86 2.94

2.86 2.80 2.87 2.88

5.15 An experiment is conducted to study the influence of
operating temperature and three types of faceplate glass in the
light output of an oscilloscope tube. The following data are
collected:

Temperature

Glass Type 100 125 150

580 1090 1392

1 568 1087 1380

570 1085 1386

550 1070 1328

2 530 1035 1312

579 1000 1299

546 1045 867

3 575 1053 904

599 1066 889

(a) Use 𝛼 = 0.05 in the analysis. Is there a significant inter-
action effect? Does glass type or temperature affect the
response? What conclusions can you draw?

(b) Fit an appropriate model relating light output to glass
type and temperature.

(c) Analyze the residuals from this experiment. Comment
on the adequacy of the models you have considered.

5.16 Consider the experiment in Problem 5.8. Fit an
appropriate model to the response data. Use this model
to provide guidance concerning operating conditions for
the process.

5.17 Use Tukey’s test to determine which levels of the
pressure factor are significantly different for the data in
Problem 5.8.

5.18 An experiment was conducted to determine whether
either firing temperature or furnace position affects the baked
density of a carbon anode. The data are shown below:

Temperature (∘C)

Position 800 825 850

570 1063 565

1 565 1080 510

583 1043 590

528 988 526

2 547 1026 538

521 1004 532

Suppose we assume that no interaction exists. Write down the
statistical model. Conduct the ANOVA and test hypotheses on
the main effects. What conclusions can be drawn? Comment
on the model’s adequacy.

5.19 Derive the expected mean squares for a two-factor
analysis of variance with one observation per cell, assuming
that both factors are fixed.

5.20 Consider the following data from a two-factor factorial
experiment. Analyze the data and draw conclusions. Perform
a test for nonadditivity. Use 𝛼 = 0.05.

Column Factor

Row Factor 1 2 3 4

1 36 39 36 32

2 18 20 22 20

3 30 37 33 34

5.21 The shear strength of an adhesive is thought to
be affected by the application pressure and temperature.
A factorial experiment is performed in which both factors
are assumed to be fixed. Analyze the data and draw conclu-
sions. Perform a test for nonadditivity.

Temperature (∘F)

Pressure (lb/in2) 250 260 270

120 9.60 11.28 9.00

130 9.69 10.10 9.57

140 8.43 11.01 9.03

150 9.98 10.44 9.80
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5.22 Consider the three-factor model

yijk =𝜇 + 𝜏i + 𝛽j

+ 𝛾k + (𝜏𝛽)ij
+ (𝛽𝛾)jk + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k= 1, 2, . . . , c

Notice that there is only one replicate. Assuming all the factors
are fixed, write down the ANOVA table, including the expected
mean squares. What would you use as the “experimental error”
to test hypotheses?

5.23 The percentage of hardwood concentration in raw pulp,
the vat pressure, and the cooking time of the pulp are being
investigated for their effects on the strength of paper. Three
levels of hardwood concentration, three levels of pressure,
and two cooking times are selected. A factorial experiment
with two replicates is conducted, and the following data are
obtained:

Cooking Time 3.0 Hours

PressurePercentage of
Hardwood
Concentration 400 500 650

2 196.6 197.7 199.8

196.0 196.0 199.4

4 198.5 196.0 198.4

197.2 196.9 197.6

8 197.5 195.6 197.4

196.6 196.2 198.1

Cooking Time 4.0 Hours

PressurePercentage of
Hardwood
Concentration 400 500 650

2 198.4 199.6 200.6

198.6 200.4 200.9

4 197.5 198.7 199.6

198.1 198.0 199.0

8 197.6 197.0 198.5

198.4 197.8 199.8

(a) Analyze the data and draw conclusions. Use 𝛼 = 0.05.

(b) Prepare appropriate residual plots and comment on the
model’s adequacy.

(c) Under what set of conditions would you operate this
process? Why?

5.24 The quality control department of a fabric finishing
plant is studying the effect of several factors on the dyeing
of cotton–synthetic cloth used to manufacture men’s shirts.
Three operators, three cycle times, and two temperatures were
selected, and three small specimens of cloth were dyed under
each set of conditions. The finished cloth was compared to a
standard, and a numerical score was assigned. The results are
as follows. Analyze the data and draw conclusions. Comment
on the model’s adequacy.

Temperature

300∘C 350∘C

Operator Operator

Cycle Time 1 2 3 1 2 3

23 27 31 24 38 34

40 24 28 32 23 36 36

25 26 29 28 35 39

36 34 33 37 34 34

50 35 38 34 39 38 36

36 39 35 35 36 31

28 35 26 26 36 28

60 24 35 27 29 37 26

27 34 25 25 34 24

5.25 In Problem 5.8, suppose that we wish to reject the null
hypothesis with a high probability if the difference in the true
mean yield at any two pressures is as great as 0.5. If a rea-
sonable prior estimate of the standard deviation of yield is 0.1,
how many replicates should be run?

5.26 The yield of a chemical process is being studied. The
two factors of interest are temperature and pressure. Three lev-
els of each factor are selected; however, only nine runs can be
made in one day. The experimenter runs a complete replicate
of the design on each day. The data are shown in the following
table. Analyze the data, assuming that the days are blocks.

Day 1 Pressure Day 2 Pressure

Temperature 250 260 270 250 260 270

Low 86.3 84.0 85.8 86.1 85.2 87.3

Medium 88.5 87.3 89.0 89.4 89.9 90.3

High 89.1 90.2 91.3 91.7 93.2 93.7

5.27 Consider the data in Problem 5.12. Analyze the data,
assuming that replicates are blocks.
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5.28 Consider the data in Problem 5.13. Analyze the data,
assuming that replicates are blocks.

5.29 An article in the Journal of Testing and Evaluation
(Vol. 16, no. 2, pp. 508–515) investigated the effects of cyclic
loading and environmental conditions on fatigue crack growth
at a constant 22 MPa stress for a particular material. The data
from this experiment are shown below (the response is crack
growth rate):

Environment

Frequency Air H2O Salt H2O

2.29 2.06 1.90

10 2.47 2.05 1.93

2.48 2.23 1.75

2.12 2.03 2.06

2.65 3.20 3.10

1 2.68 3.18 3.24

2.06 3.96 3.98

2.38 3.64 3.24

2.24 11.00 9.96

0.1 2.71 11.00 10.01

2.81 9.06 9.36

2.08 11.30 10.40

(a) Analyze the data from this experiment (use 𝛼 = 0.05).

(b) Analyze the residuals.

(c) Repeat the analyses from parts (a) and (b) using ln (y)
as the response. Comment on the results.

5.30 An article in the IEEE Transactions on Electron
Devices (Nov. 1986, pp. 1754) describes a study on polysili-
con doping. The experiment shown below is a variation of their
study. The response variable is base current.

Anneal Temperature (∘C)Polysilicon
Doping (ions) 900 950 1000

1 × 1020 4.60 10.15 11.01

4.40 10.20 10.58

2 × 1020 3.20 9.38 10.81

3.50 10.02 10.60

(a) Is there evidence (with 𝛼 = 0.05) indicating that either
polysilicon doping level or anneal temperature affects
base current?

(b) Prepare graphical displays to assist in interpreting this
experiment.

(c) Analyze the residuals and comment on model ade-
quacy.

(d) Is the model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2

+ 𝛽22x
2
2 + 𝛽12x1x2 + 𝜖

supported by this experiment (x1 = doping level, x2 =
temperature)? Estimate the parameters in this model
and plot the response surface.

5.31 An experiment was conducted to study the life (in
hours) of two different brands of batteries in three different
devices (radio, camera, and portable DVD player). A com-
pletely randomized two-factor factorial experiment was con-
ducted and the following data resulted.

Device

Brand of
Battery Radio Camera

DVD
Player

A 8.6 7.9 5.4

8.2 8.4 5.7

B 9.4 8.5 5.8

8.8 8.9 5.9

(a) Analyze the data and draw conclusions, using
𝛼 = 0.05.

(b) Investigate model adequacy by plotting the residuals.

(c) Which brand of batteries would you recommend?

5.32 I have recently purchased new golf clubs, which I
believe will significantly improve my game. Below are the
scores of three rounds of golf played at three different golf
courses with the old and the new clubs.

Course

Clubs Ahwatukee Karsten Foothills

Old 90 91 88

87 93 86

86 90 90

New 88 90 86

87 91 85

85 88 88
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(a) Conduct an analysis of variance. Using 𝛼 = 0.05, what
conclusions can you draw?

(b) Investigate model adequacy by plotting the residuals.

5.33 A manufacturer of laundry products is investigating
the performance of a newly formulated stain remover. The
new formulation is compared to the original formulation with
respect to its ability to remove a standard tomato-like stain in
a test article of cotton cloth using a factorial experiment. The
other factors in the experiment are the number of times the test
article is washed (1 or 2) and whether or not a detergent booster
is used. The response variable is the stain shade after washing
(12 is the darkest, 0 is the lightest). The data are shown in the
following table.

Number of
Washings

Number of
Washings

1 2

Formulation Booster Booster

Yes No Yes No

New 6, 5 6, 5 3, 2 4, 1

Original 10, 9 11, 11 10, 9 9, 10

(a) Conduct an analysis of variance. Using 𝛼 = 0.05, what
conclusions can you draw?

(b) Investigate model adequacy by plotting the residuals.

5.34 Bone anchors are used by orthopedic surgeons in
repairing torn rotator cuffs (a common shoulder tendon injury
among baseball players). The bone anchor is a threaded insert
that is screwed into a hole that has been drilled into the shoul-
der bone near the site of the torn tendon. The torn tendon is
then sutured to the anchor. In a successful operation, the tendon
is stabilized and reattaches itself to the bone. However, bone
anchors can pull out if they are subjected to high loads. An
experiment was performed to study the force required to pull
out the anchor for three anchor types and two different foam
densities (the foam simulates the natural variability found in
real bone). Two replicates of the experiment were performed.
The experimental design and the pullout force response data
are as follows.

Foam Density

Anchor Type Low High

A 190, 200 241, 255

B 185, 190 230, 237

C 210, 205 256, 260

(a) Analyze the data from this experiment.

(b) Investigate model adequacy by constructing appropri-
ate residual plots.

(c) What conclusions can you draw?

5.35 An experiment was performed to investigate the key-
board feel on a computer (crisp or mushy) and the size
of the keys (small, medium, or large). The response vari-
able is typing speed. Three replicates of the experiment
were performed. The experimental design and the data are
as follow.

Keyboard Feel

Key Size Mushy Crisp

Small 31, 33, 35 36, 40, 41

Medium 36, 35, 33 40, 41, 42

Large 37, 34, 33 38, 36, 39

(a) Analyze the data from this experiment.

(b) Investigate model adequacy by constructing appropri-
ate residual plots.

(c) What conclusions can you draw?

5.36 An article in Quality Progress (May 2011, pp. 42–48)
describes the use of factorial experiments to improve a silver
powder production process. This product is used in con-
ductive pastes to manufacture a wide variety of products
ranging from silicon wafers to elastic membrane switches.
Powder density (g∕cm2) and surface area (cm2∕g) are the
two critical characteristics of this product. The experiments
involved three factors—reaction temperature, ammonium
percent, and stirring rate. Each of these factors had two
levels and the design was replicated twice. The design is
shown below.

Ammonium
(%)

Stir Rate
(RPM)

Temperature
(∘C) Density

Surface
Area

2 100 8 14.68 0.40

2 100 8 15.18 0.43

30 100 8 15.12 0.42

30 100 8 17.48 0.41

2 150 8 7.54 0.69

2 150 8 6.66 0.67

30 150 8 12.46 0.52

30 150 8 12.62 0.36

2 100 40 10.95 0.58

2 100 40 17.68 0.43
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30 100 40 12.65 0.57

30 100 40 15.96 0.54

2 150 40 8.03 0.68

2 150 40 8.84 0.75

30 150 40 14.96 0.41

30 150 40 14.96 0.41

(a) Analyze the density response. Are any interactions
significant? Draw appropriate conclusions about the
effects of the significant factors on the response.

(b) Prepare appropriate residual plots and comment on
model adequacy.

(c) Construct contour plots to aid in practical interpretation
of the density response.

(d) Analyze the surface area response. Are any interac-
tions significant? Draw appropriate conclusions about
the effects of the significant factors on the response.

(e) Prepare appropriate residual plots and comment on
model adequacy.

(f) Construct contour plots to aid in practical interpretation
of the surface area response.

5.37 Continuation of Problem 5.36. Suppose that the
specifications require that surface area must be between 0.3
and 0.6 cm2∕g and that density must be less than 14 g∕cm3.
Find a set of operating conditions that will result in a product
that meets these requirements.

5.38 An article in Biotechnology Progress (2001, Vol. 17,
pp. 366–368) described an experiment to investigate
nisin extraction in aqueous two-phase solutions. A two-
factor factorial experiment was conducted using factors
A = concentration of PEG and B = concentration of Na2SO4.
Data similar to that reported in the paper are shown below.

A B Extraction (%)

13 11 62.9

13 11 65.4

15 11 76.1

15 11 72.3

13 13 87.5

13 13 84.2

15 13 102.3

15 13 105.6

(a) Analyze the extraction response. Draw appropriate
conclusions about the effects of the significant factors
on the response.

(b) Prepare appropriate residual plots and comment on
model adequacy.

(c) Construct contour plots to aid in practical interpretation
of the density response.

5.39 Reconsider the experiment in Problem 5.9. Suppose
that this experiment had been conducted in three blocks, with
each replicate a block. Assume that the observations in the data
table are given in order, that is, the first observation in each cell
comes from the first replicate, and so on. Reanalyze the data
as a factorial experiment in blocks and estimate the variance
component for blocks. Does it appear that blocking was useful
in this experiment?

5.40 Reconsider the experiment in Problem 5.11. Suppose
that this experiment had been conducted in three blocks, with
each replicate a block. Assume that the observations in the data
table are given in order, that is, the first observation in each cell
comes from the first replicate, and so on. Reanalyze the data
as a factorial experiment in blocks and estimate the variance
component for blocks. Does it appear that blocking was useful
in this experiment?

5.41 Reconsider the experiment in Problem 5.13. Suppose
that this experiment had been conducted in two blocks, with
each replicate a block. Assume that the observations in the data
table are given in order, that is, the first observation in each cell
comes from the first replicate, and so on. Reanalyze the data
as a factorial experiment in blocks and estimate the variance
component for blocks. Does it appear that blocking was useful
in this experiment?

5.42 Reconsider the three-factor factorial experiment in
Problem 5.23. Suppose that this experiment had been con-
ducted in two blocks, with each replicate a block. Assume that
the observations in the data table are given in order, that is, the
first observation in each cell comes from the first replicate, and
so on. Reanalyze the data as a factorial experiment in blocks
and estimate the variance component for blocks. Does it appear
that blocking was useful in this experiment?

5.43 Reconsider the three-factor factorial experiment in
Problem 5.24. Suppose that this experiment had been con-
ducted in three blocks, with each replicate a block. Assume
that the observations in the data table are given in order,
that is, the first observation in each cell comes from the
first replicate, and so on. Reanalyze the data as a factorial
experiment in blocks and estimate the variance component
for blocks. Does it appear that blocking was useful in this
experiment?

5.44 Reconsider the bone anchor experiment in Problem
5.34. Suppose that this experiment had been conducted in two
blocks, with each replicate a block. Assume that the obser-
vations in the data table are given in order, that is, the first
observation in each cell comes from the first replicate, and so
on. Reanalyze the data as a factorial experiment in blocks and
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estimate the variance component for blocks. Does it appear that
blocking was useful in this experiment?

5.45 Reconsider the keyboard experiment in Problem 5.35.
Suppose that this experiment had been conducted in three
blocks, with each replicate a block. Assume that the obser-
vations in the data table are given in order, that is, the first
observation in each cell comes from the first replicate, and so
on. Reanalyze the data as a factorial experiment in blocks and
estimate the variance component for blocks. Does it appear that
blocking was useful in this experiment?

5.46 The C. F. Eye Care company manufactures lenses for
transplantation into the eye following cataract surgery. An
engineering group has conducted an experiment involving two
factors to determine their effect on the lens polishing process.
The results of this experiment are summarized in the following
ANOVA display:

Source DF SS MS F P-Value

Factor A ? ? 0.0833 0.05 0.952

Factor B ? 96.333 96.3333 57.80 <0.001

Interaction 2 12.167 6.0833 3.65 ?

Error 6 10.000 ? ?

Total 11 118.667

Answer the following questions about this experiment.

(a) The sum of squares for factor A is .

(b) The number of degrees of freedom for factor A in the
experiment is .

(c) The number of degrees of freedom for factor B is .

(d) The mean square for error is .

(e) An upper bound for the P-value for the interaction test
statistic is .

(f) The engineers used levels of the factor A in this
experiment.

(g) The engineers used levels of the factor B in this
experiment.

(h) There are replicates of this experiment.

(i) Would you conclude that the effect of factor B depends
on the level of factor A?

Yes

No

(j) An estimate of the standard deviation of the response
variable is .

5.47 Reconsider the lens polishing experiment in Prob-
lem 5.46. Suppose that this experiment had been conducted
as a randomized complete block design. The sum of squares

for blocks is 4.00. Reconstruct the ANOVA given this new
information. What impact does the blocking have on the
conclusions from the original experiment?

5.48 In Problem 4.58 you met physics PhD student Laura
Van Ertia who had conducted a single-factor experiment in
her pursuit of the unified theory. She is at it again, and this
time she has moved on to a two-factor factorial conducted as
a completely randomized design. From her experiment, Laura
has constructed the following incomplete ANOVA display:

Source SS DF MS F

A 350.00 2 ? ?

B 300.00 ? 150 ?

AB 200.00 ? 50 ?

Error 150.00 18

Total 1000.00

(a) How many levels of factor B did she use in the
experiment?

(b) How many degrees of freedom are associated with
interaction?

(c) The error mean square is .

(d) The mean square for factor A is .

(e) How many replicates of the experiment were
conducted?

(f) What are your conclusions about interaction and the
two main effects?

(g) An estimate of the standard deviation of the response
variable is .

(h) If this experiment had been run in blocks there would
have been degrees of freedom for blocks.

5.49 Continuation of Problem 5.48. Suppose that Laura
did actually conduct the experiment in Problem 5.48 as a ran-
domized complete block design. Assume that the block sum of
squares is 60.00. Reconstruct the ANOVA display under this
new set of assumptions.

5.50 Consider the following ANOVA for a two-factor fac-
torial experiment:

Source DF SS MS F P

A 2 8.0000 4.00000 2.00 0.216

B 1 8.3333 8.33333 4.17 0.087

Interaction 2 10.6667 5.33333 2.67 0.148

Error 6 12.0000 2.00000

Total 11 39.0000
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In addition to the ANOVA, you are given the follow-
ing data totals. Row totals (factor A) = 18, 10, 14; column
totals (factor B) = 16, 26; cell totals = 10, 8, 2, 8, 4, 10, and
replicate totals = 19, 23. The grand total is 42. The original
experiment was a completely randomized design. Now sup-
pose that the experiment had been run in two complete blocks.
Answer the following questions about the ANOVA for the
blocked experiment.

(a) The block sum of squares is .

(b) There are degrees of freedom for blocks.

(c) The error sum of squares is now .

(d) The interaction effect is now significant at 1 percent.

Yes

No

5.51 Consider the following incomplete ANOVA table:

Source SS DF MS F

A 50.00 1 50.00 ?

B 80.00 2 40.00 ?

AB 30.00 2 15.00 ?

Error ? 12 ?

Total 172.00 17

In addition to the ANOVA table you know that the experiment
has been replicated three times and that the totals of the three
replicates are 10, 12, and 14 respectively. The original experi-
ment was run as a completely randomized design. Answer the
following questions:

(a) The pure error estimate of the standard deviation of the
sample observations is 1.

Yes

No

(b) Suppose that the experiment had been run in blocks,
so that it is an randomized complete block design. The
number of degrees of freedom for blocks would be .

(c) The block sum of squares is .

(d) The error sum of squares in the randomized complete
block design is now .

(e) For the randomized complete block design, what is the
estimate of the standard deviation of the sample obser-
vations?

5.52 Consider the following incomplete ANOVA table:

Source SS DF MS F

A 50.00 1 50.00 ?

B 80.00 2 40.00 ?

AB 30.00 2 15.00 ?

Blocks 10.00 1 ?

Error ? ? ?

Total 185.00 11

(a) The pure error estimate of the standard deviation of the
sample observations is 1.73.

True

False

(b) Suppose that the experiment had not been run in
blocks; that is, it is now a CRD. The number
of degrees of freedom for error would now be
__________________.

(c) The error mean square in the CRD would be
___________________.

(d) The F-test statistic for interaction in the CRD is signif-
icant at 𝛼 = 0.05.

True

False
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T h e 2k F a c t o r i a l D e s i g n

CHAPTER OUTLINE
6.1 INTRODUCTION

6.2 THE 22 DESIGN

6.3 THE 23 DESIGN

6.4 THE GENERAL 2k DESIGN

6.5 A SINGLE REPLICATE OF THE 2k DESIGN

6.6 ADDITIONAL EXAMPLES OF UNREPLICATED
2k DESIGNS

6.7 2k DESIGNS ARE OPTIMAL DESIGNS

6.8 THE ADDITION OF CENTER POINTS TO THE
2k DESIGN

6.9 WHY WE WORK WITH CODED DESIGN
VARIABLES

SUPPLEMENTAL MATERIAL FOR CHAPTER 6
S6.1 Factor Effect Estimates Are Least Squares Estimates
S6.2 Yates’s Method for Calculating Factor Effects
S6.3 A Note on the Variance of a Contrast
S6.4 The Variance of the Predicted Response
S6.5 Using Residuals to Identify Dispersion Effects
S6.6 Center Points Versus Replication of Factorial Points
S6.7 Testing for “Pure Quadratic” Curvature Using a t-Test

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Learn about the 2k series of factorial designs.

2. Know how to compute main effects and interactions for 2k factorial designs.

3. Learn how the analysis of variance can be used for 2k factorial designs.

4. Know how to represent the results from a 2k factorial design as a regression model.

5. Know how to use graphical and analytical methods to analyze unreplicated 2k factorial designs.

6. Understand the basics of design optimality: D-optimality, I-optimality, and G-optimality, and why
factorial designs are generally optimal designs.

7. Know how to use design optimality criteria in constructing designs.

8. Know the value of adding center runs to 2k factorial designs.

9. Know why we work with coded variables in analyzing 2k factorial designs.

6.1 Introduction

Factorial designs are widely used in experiments involving several factors where it is necessary to study the joint
effect of the factors on a response. Chapter 5 presented general methods for the analysis of factorial designs. However,
several special cases of the general factorial design are important because they are widely used in research work and
also because they form the basis of other designs of considerable practical value.

http://www.wiley.com/college/montgomery
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The most important of these special cases is that of k factors, each at only two levels. These levels may be
quantitative, such as two values of temperature, pressure, or time; or they may be qualitative, such as two machines,
two operators, the “high” and “low” levels of a factor, or perhaps the presence and absence of a factor. A complete
replicate of such a design requires 2 × 2 × · · · × 2 = 2k observations and is called a 𝟐k factorial design.

This chapter focuses on this extremely important class of designs. Throughout this chapter, we assume that (1)
the factors are fixed, (2) the designs are completely randomized, and (3) the usual normality assumptions are satisfied.

The 2k design is particularly useful in the early stages of experimental work when many factors are likely to be
investigated. It provides the smallest number of runs with which k factors can be studied in a complete factorial design.
Consequently, these designs are widely used in factor screening experiments (where the experiments is intended in
discovering the set of active factors from a large group of factors). It is also easy to develop effective blocking schemes
for these designs (Chapter 7) and to fix them in fractional versions (Chapter 8).

Because there are only two levels for each factor, we assume that the response is approximately linear over the
range of the factor levels chosen. In many factor screening experiments, when we are just starting to study the process
or the system, this is often a reasonable assumption. In Section 6.8, we will present a simple method for checking this
assumption and discuss what action to take if it is violated. The book by Mee (2009) is a useful supplement to this
chapter and Chapters 7 and 8.

6.2 The 22 Design

The first design in the 2k series is one with only two factors, say A and B, each run at two levels. This design is
called a 𝟐𝟐 factorial design. The levels of the factors may be arbitrarily called “low” and “high.” As an example,
consider an investigation into the effect of the concentration of the reactant and the amount of the catalyst on the
conversion (yield) in a chemical process. The objective of the experiment was to determine if adjustments to either of
these two factors would increase the yield. Let the reactant concentration be factor A and let the two levels of interest
be 15 and 25 percent. The catalyst is factor B, with the high level denoting the use of 2 pounds of the catalyst and
the low level denoting the use of only 1 pound. The experiment is replicated three times, so there are 12 runs. The
order in which the runs are made is random, so this is a completely randomized experiment. The data obtained are
as follows:

Factor Replicate

A B
Treatment
Combination I II III Total

− − A low, B low 28 25 27 80

+ − A high, B low 36 32 32 100

− + A low, B high 18 19 23 60

+ + A high, B high 31 30 29 90

The four treatment combinations in this design are shown graphically in Figure 6.1. By convention, we denote
the effect of a factor by a capital Latin letter. Thus, “A” refers to the effect of factor A, “B” refers to the effect of factor
B, and “AB” refers to the AB interaction. In the 22 design, the low and high levels of A and B are denoted by “−”
and “+,” respectively, on the A and B axes. Thus, − on the A axis represents the low level of concentration (15%),
whereas + represents the high level (25%), and − on the B axis represents the low level of catalyst, and + denotes the
high level.

The four treatment combinations in the design are also represented by lowercase letters, as shown in Figure 6.1.
We see from the figure that the high level of any factor in the treatment combination is denoted by the corresponding
lowercase letter and that the low level of a factor in the treatment combination is denoted by the absence of the corre-
sponding letter. Thus, a represents the treatment combination of A at the high level and B at the low level, b represents
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◾ F I GURE 6 . 1 Treatment combinations
in the 22 design

b = 60
(18 + 19 + 23)

ab = 90 
(31 + 30 + 29)

(1) = 80
(28 + 25 + 27)

a = 100 
(36 + 32 + 32)

–

–

+

+
Low

(15%)
High
(25%)

Reactant
concentration,

A

High
(2 pounds)

Low
(1 pound)

A
m

o
u

n
t 

o
f

ca
ta

ly
st

, 
B

A at the low level and B at the high level, and ab represents both factors at the high level. By convention, (1) is used to
denote both factors at the low level. This notation is used throughout the 2k series.

In a two-level factorial design, we may define the average effect of a factor as the change in response produced
by a change in the level of that factor averaged over the levels of the other factor. Also, the symbols (1), a, b, and ab
now represent the total of the response observation at all n replicates taken at the treatment combination, as illustrated
in Figure 6.1. Now the effect of A at the low level of B is [a − (1)]∕n, and the effect of A at the high level of B is
[ab − b]∕n. Averaging these two quantities yields the main effect of A:

A = 1
2n

{[ab − b] + [a − (1)]}

= 1
2n

[ab + a − b − (1)] (6.1)

The average main effect of B is found from the effect of B at the low level of A (i.e., [b − (1)]∕n) and at the high
level of A (i.e., [ab − a]∕n) as

B = 1
2n

{[ab − a] + [b − (1)]}

= 1
2n

[ab + b − a − (1)] (6.2)

We define the interaction effect AB as the average difference between the effect of A at the high level of B and
the effect of A at the low level of B. Thus,

AB = 1
2n

{[ab − b] − [a − (1)]}

= 1
2n

[ab + (1) − a − b] (6.3)

Alternatively, we may define AB as the average difference between the effect of B at the high level of A and the
effect of B at the low level of A. This will also lead to Equation 6.3.

The formulas for the effects of A, B, and AB may be derived by another method. The effect of A can be found
as the difference in the average response of the two treatment combinations on the right-hand side of the square in
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Figure 6.1 (call this average yA+ because it is the average response at the treatment combinations where A is at the high
level) and the two treatment combinations on the left-hand side (or yA− ). That is,

A = yA+ − yA−

= ab + a
2n

− b + (1)
2n

= 1
2n

[ab + a − b − (1)]

This is exactly the same result as in Equation 6.1. The effect of B, Equation 6.2, is found as the difference
between the average of the two treatment combinations on the top of the square (yB+) and the average of the two
treatment combinations on the bottom (yB−), or

B = yB+ − yB−

= ab + b
2n

− a + (1)
2n

= 1
2n

[ab + b − a − (1)]

Finally, the interaction effect AB is the average of the right-to-left diagonal treatment combinations in the square [ab
and (1)] minus the average of the left-to-right diagonal treatment combinations (a and b), or

AB = ab + (1)
2n

− a + b
2n

= 1
2n

[ab + (1) − a − b]

which is identical to Equation 6.3.
Using the experiment in Figure 6.1, we may estimate the average effects as

A = 1
2(3)

(90 + 100 − 60 − 80) = 8.33

B = 1
2(3)

(90 + 60 − 100 − 80) = −5.00

AB = 1
2(3)

(90 + 80 − 100 − 60) = 1.67

The effect of A (reactant concentration) is positive; this suggests that increasing A from the low level (15%) to the high
level (25%) will increase the yield. The effect of B (catalyst) is negative; this suggests that increasing the amount of
catalyst added to the process will decrease the yield. The interaction effect appears to be small relative to the two main
effects.

In experiments involving 2k designs, it is always important to examine the magnitude and direction of the
factor effects to determine which variables are likely to be important. The analysis of variance can generally be used
to confirm this interpretation (t-tests could be used too). Effect magnitude and direction should always be considered
along with the ANOVA, because the ANOVA alone does not convey this information. There are several excellent
statistics software packages that are useful for setting up and analyzing 2k designs. There are also special time-saving
methods for performing the calculations manually.

Consider determining the sums of squares for A, B, and AB. Note from Equation 6.1 that a contrast is used in
estimating A, namely

ContrastA = ab + a − b − (1) (6.4)

We usually call this contrast the total effect of A. From Equations 6.2 and 6.3, we see that contrasts are also used to
estimate B and AB. Furthermore, these three contrasts are orthogonal. The sum of squares for any contrast can be com-
puted from Equation 3.29, which states that the sum of squares for any contrast is equal to the contrast squared divided



�

� �

�

234 Chapter 6 The 2k Factorial Design

by the number of observations in each total in the contrast times the sum of the squares of the contrast coefficients.
Consequently, we have

SSA = [ab + a − b − (1)]2

4n
(6.5)

SSB = [ab + b − a − (1)]2

4n
(6.6)

and

SSAB = [ab + (1) − a − b]2

4n
(6.7)

as the sums of squares for A, B, and AB. Notice how simple these equations are. We can compute sums of squares by
only squaring one number.

Using the experiment in Figure 6.1, we may find the sums of squares from Equations 6.5, 6.6, and 6.7 as

SSA = (50)2

4(3)
= 208.33

SSB = (−30)2

4(3)
= 75.00 (6.8)

and

SSAB = (10)2

4(3)
= 8.33

The total sum of squares is found in the usual way, that is,

SST =
2∑
i=1

2∑
j=1

n∑
k=1

y2
ijk −

y2
...

4n
(6.9)

In general, SST has 4n − 1 degrees of freedom. The error sum of squares, with 4(n − 1) degrees of freedom, is usually
computed by subtraction as

SSE = SST − SSA − SSB − SSAB (6.10)

For the experiment in Figure 6.1, we obtain

SST =
2∑
i=1

2∑
j=1

3∑
k=1

y2
ijk −

y2
...

4(3)
= 9398.00 − 9075.00 = 323.00

and

SSE = SST − SSA − SSB − SSAB
= 323.00 − 208.33 − 75.00 − 8.33

= 31.34

using SSA, SSB, and SSAB from Equations 6.8. The complete ANOVA is summarized in Table 6.1. On the basis of the
P-values, we conclude that the main effects are statistically significant and that there is no interaction between these
factors. This confirms our initial interpretation of the data based on the magnitudes of the factor effects.

It is often convenient to write down the treatment combinations in the order (1), a, b, ab. This is referred to as
standard order (or Yates’s order, for Frank Yates who was one of Fisher coworkers and who made many important
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◾ TABLE 6 . 1
Analysis of Variance for the Experiment in Figure 6.1

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square Fq P-Value

A 208.33 1 208.33 53.15 0.0001

B 75.00 1 75.00 19.13 0.0024

AB 8.33 1 8.33 2.13 0.1826

Error 31.34 8 3.92

Total 323.00 11

contributions to designing and analyzing experiments). Using this standard order, we see that the contrast coefficients
used in estimating the effects are

Effects (1) a b ab

A −1 +1 −1 +1

B −1 −1 +1 +1

AB +1 −1 −1 +1

Note that the contrast coefficients for estimating the interaction effect are just the product of the corresponding coeffi-
cients for the two main effects. The contrast coefficient is always either +1 or −1, and a table of plus and minus signs
such as in Table 6.2 can be used to determine the proper sign for each treatment combination. The column headings in
Table 6.2 are the main effects (A and B), the AB interaction, and I, which represents the total or average of the entire
experiment. Notice that the column corresponding to I has only plus signs. The row designators are the treatment com-
binations. To find the contrast for estimating any effect, simply multiply the signs in the appropriate column of the table
by the corresponding treatment combination and add. For example, to estimate A, the contrast is −(1) + a − b + ab,
which agrees with Equation 6.1. Note that the contrasts for the effects A, B, and AB are orthogonal. Thus, the 22 (and
all 2k designs) is an orthogonal design. The ±1 coding for the low and high levels of the factors is often called the
orthogonal coding or the effects coding.

◾ TABLE 6 . 2
Algebraic Signs for Calculating Effects in the 22 Design

Factorial EffectTreatment
Combination I A B AB

(1) + − − +
a + + − −
b + − + −
ab + + + +
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The Regression Model. In a 2k factorial design, it is easy to express the results of the experiment in terms of
a regression model. Because the 2k is just a factorial design, we could also use either an effects or a means model, but
the regression model approach is much more natural and intuitive. For the chemical process experiment in Figure 6.1,
the regression model is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝝐

where x1 is a coded variable that represents the reactant concentration, x2 is a coded variable that represents the
amount of catalyst, and the 𝛽’s are regression coefficients. The relationship between the natural variables, the reactant
concentration and the amount of catalyst, and the coded variables is

x1 =
Conc − (Conclow + Conchigh)∕2

(Conchigh − Conclow)∕2

and

x2 =
Catalyst − (Catalystlow + Catalysthigh)∕2

(Catalysthigh − Catalystlow)∕2

When the natural variables have only two levels, this coding will produce the familiar ±1 notation for the levels
of the coded variables. To illustrate this for our example, note that

x1 =
Conc − (15 + 25)∕2

(25 − 15)∕2

= Conc − 20
5

Thus, if the concentration is at the high level (Conc = 25%), then x1 = +1; if the concentration is at the low level
(Conc = 15%), then x1 = −1. Furthermore,

x2 =
Catalyst − (1 + 2)∕2

(2 − 1)∕2

=
Catalyst − 1.5

0.5

Thus, if the catalyst is at the high level (Catalyst = 2 pounds), then x2 = +1; if the catalyst is at the low level (Catalyst =
1 pound), then x2 = −1.

The fitted regression model is

ŷ = 27.5 +
(8.33

2

)
x1 +

(−5.00
2

)
x2

where the intercept is the grand average of all 12 observations, and the regression coefficients 𝛽1 and 𝛽2 are one-half
the corresponding factor effect estimates. The regression coefficient is one-half the effect estimate because a regression
coefficient measures the effect of a one-unit change in x on the mean of y, and the effect estimate is based on a two-unit
change (from−1 to+1). This simple method of estimating the regression coefficients results in least squares parameter
estimates. We will return to this topic again in Section 6.7. Also see the supplemental material for this chapter.

How Much Replication is Necessary? A standard question that arises in almost every experiment is how
much replication is necessary? We have discussed this in previous chapters, but there are some aspects of this topic
that are particularly useful in 2k designs, which are used extensively for factor screening. That is, studying a group
of k factors to determine which ones are active. Recall from our previous discussions that the choice of an appropriate
sample size in a designed experiment depends on how large the effect of interest is, the power of the statistical test,
and the choice of type I error. While the size of an important effect is obviously problem-dependent, in many prac-
tical situations experimenters are interested in detecting effects that are at least as large as twice the error standard
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deviation (2𝜎). Smaller effects are usually of less interest because changing the factor associated with such a small
effect often results in a change in response that is very small relative to the background noise in the system. Adequate
power is also problem-dependent, but in many practical situations achieving power of at least 0.80 or 80% should
be the goal.

We will illustrate how an appropriate choice of sample size can be determined using the 22 chemical process
experiment. Suppose that we are interested in detecting effects of size 2𝜎. If the basic 22 design is replicated twice
for a total of 8 runs, there will be 4 degrees of freedom for estimating a model-independent estimate of error (pure
error). If the experimenter uses a significance level or Type I error rate of 𝛼 = 0.05, this design results in a power of
0.572 or 57.2%. This is too low, and the experimenter should consider more replication. There is another alternative
that could be useful in screening experiments, use a higher type I error rate. In screening experiments Type I errors
(thinking a factor is active when it really isn't) usually does not have the same impact than a Type II error (failing to
identify an active factor). If a factor is mistakenly thought to be active, that error will be discovered in further work
and so the consequences of this type I error is usually small. However, failing to identify an active factor is usually
very problematic because that factor is set aside and typically never considered again. So in screening experiments
experimenters are often willing to consider higher Type I error rates, say 0.10 or 0.20.

Suppose that we use 𝛼 = 0.10 in our chemical process experiment. This would result in power of 75%. Using
𝛼 = 0.20 increases the power to 89%, a very reasonable value. The other alternative is to increase the sample size by
using additional replicates. If we use three replicates there will be 8 degrees of freedom for pure error and if we want to
detect effects of size 2𝜎 with 𝛼 = 0.05, this design will result in power of 85.7%. This is a very good value for power,
so the experimenters decided to use three replicates of the 22 design.

Software packages can be used to produce the power calculations given above. The boxed display below shows
the power calculations from JMP. The model has both main effects and the two-factor interaction and the effects of
size 2𝜎 is chosen by setting the square root of mean square error (Anticipated RMSE) to 1 and setting the size of each
anticipated model coefficient to 1.

Evaluate Design

Model
Intercept

X1

X2

X1*X2

Power Analysis
Significance Level 0.05

Anticipated RMSE 1

Anticipated

Term Coefficient Power

Intercept 1 0.857

X1 1 0.857

X2 1 0.857

X1*X2 1 0.857

Residuals and Model Adequacy. The regression model can be used to obtain the predicted or fitted value
of y at the four points in the design. The residuals are the differences between the observed and fitted values of y. For
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example, when the reactant concentration is at the low level (x1 = −1) and the catalyst is at the low level (x2 = −1),
the predicted yield is

ŷ = 27.5 +
(8.33

2

)
(−1) +

(−5.00
2

)
(−1) = 25.835

There are three observations at this treatment combination, and the residuals are

e1 = 28 − 25.835 = 2.165
e2 = 25 − 25.835 = −0.835
e3 = 27 − 25.835 = 1.165

The remaining predicted values and residuals are calculated similarly. For the high level of the reactant concentration
and the low level of the catalyst,

ŷ = 27.5 +
(8.33

2

)
(+1) +

(−5.00
2

)
(−1) = 34.165

and
e4 = 36 − 34.165 = 1.835
e5 = 32 − 34.165 = −2.165
e6 = 32 − 34.165 = −2.165

For the low level of the reactant concentration and the high level of the catalyst,

ŷ = 27.5 +
(8.33

2

)
(−1) +

(−5.00
2

)
(+1) = 20.835

and
e7 = 18 − 20.835 = −2.835
e8 = 19 − 20.835 = −1.835
e9 = 23 − 20.835 = 2.165

Finally, for the high level of both factors,

ŷ = 27.5 +
(8.33

2

)
(+1) +

(−5.00
2

)
(+1) = 29.165

and
e10 = 31 − 29.165 = 1.835
e11 = 30 − 29.165 = 0.835
e12 = 29 − 29.165 = −0.165

Figure 6.2 presents a normal probability plot of these residuals and a plot of the residuals versus the predicted yield.
These plots appear satisfactory, so we have no reason to suspect that there are any problems with the validity of our
conclusions.

The Response Surface. The regression model

ŷ = 27.5 +
(8.33

2

)
x1 +

(−5.00
2

)
x2

can be used to generate response surface plots. If it is desirable to construct these plots in terms of the natural factor
levels, then we simply substitute the relationships between the natural and coded variables that we gave earlier into
the regression model, yielding

ŷ = 27.5 +
(8.33

2

)(Conc − 20
5

)
+
(−5.00

2

)(
Catalyst − 1.5

0.5

)

= 18.33 + 0.8333 Conc − 5.00 Catalyst
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◾ F I GURE 6 . 2 Residual plots for the chemical process experiment

Figure 6.3a presents the three-dimensional response surface plot of yield from this model, and Figure 6.3b is the
contour plot. Because the model is first-order (that is, it contains only the main effects), the fitted response surface is
a plane. From examining the contour plot, we see that yield increases as reactant concentration increases and catalyst
amount decreases. Often, we use a fitted surface such as this to find a direction of potential improvement for a
process. A formal way to do so, called the method of steepest ascent, will be presented in Chapter 11 when we
discuss methods for systematically exploring response surfaces.
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◾ F I GURE 6 . 3 Response surface plot and contour plot of yield from the chemical process experiment
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6.3 The 23 Design

Suppose that three factors, A, B, and C, each at two levels, are of interest. The design is called a 𝟐𝟑 factorial design,
and the eight treatment combinations can now be displayed geometrically as a cube, as shown in Figure 6.4a. Using
the “+ and −” orthogonal coding to represent the low and high levels of the factors, we may list the eight runs in the
23 design as in Figure 6.4b. This is sometimes called the design matrix. Extending the label notation discussed in
Section 6.2, we write the treatment combinations in standard order as (1), a, b, ab, c, ac, bc, and abc. Remember that
these symbols also represent the total of all n observations taken at that particular treatment combination.

Three different notations are widely used for the runs in the 2k design. The first is the + and − notation, often
called the geometric coding (or the orthogonal coding or the effects coding). The second is the use of lowercase
letter labels to identify the treatment combinations. The final notation uses 1 and 0 to denote high and low factor
levels, respectively, instead of + and −. These different notations are illustrated below for the 23 design:

Run A B C Labels A B C

1 − − − (1) 0 0 0

2 + − − a 1 0 0

3 − + − b 0 1 0

4 + + − ab 1 1 0

5 − − + c 0 0 1

6 + − + ac 1 0 1

7 − + + bc 0 1 1

8 + + + abc 1 1 1

There are seven degrees of freedom between the eight treatment combinations in the 23 design. Three degrees of
freedom are associated with the main effects of A, B, and C. Four degrees of freedom are associated with interactions:
one each with AB, AC, and BC and one with ABC.

Consider estimating the main effects. First, consider estimating the main effect A. The effect of A when B and
C are at the low level is [a − (1)]∕n. Similarly, the effect of A when B is at the high level and C is at the low level is
[ab − b]∕n. The effect of A when C is at the high level and B is at the low level is [ac − c]∕n. Finally, the effect of

◾ F I GURE 6 . 4 The 23 factorial
design
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A when both B and C are at the high level is [abc − bc]∕n. Thus, the average effect of A is just the average of these
four, or

A = 1
4n

[a − (1) + ab − b + ac − c + abc − bc] (6.11)

This equation can also be developed as a contrast between the four treatment combinations in the right face of
the cube in Figure 6.5a (where A is at the high level) and the four in the left face (where A is at the low level). That
is, the A effect is just the average of the four runs where A is at the high level (yA+) minus the average of the four runs
where A is at the low level (yA−), or

A = yA+ − yA−

= a + ab + ac + abc
4n

− (1) + b + c + bc
4n

This equation can be rearranged as

A = 1
4n

[a + ab + ac + abc − (1) − b − c − bc]

which is identical to Equation 6.11.
In a similar manner, the effect of B is the difference in averages between the four treatment combinations in the

front face of the cube and the four in the back. This yields

B = yB+ − yB−

= 1
4n

[b + ab + bc + abc − (1) − a − c − ac] (6.12)

A B

(a) Main effects

C

– +
–

+

–

+

AB

B

C

A

(b) Two-factor interaction

(c) Three-factor interaction

= + runs

= – runs

BC

+ +

–

–

AC

+

+

–

–

ABC

–

◾ F I GURE 6 . 5 Geometric presentation of
contrasts corresponding to the main effects and
interactions in the 23 design
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The effect of C is the difference in averages between the four treatment combinations in the top face of the cube and
the four in the bottom, that is,

C = yC+ = yC−

= 1
4n

[c + ac + bc + abc − (1) − a − b − ab] (6.13)

The two-factor interaction effects may be computed easily. A measure of the AB interaction is the difference between
the average A effects at the two levels of B. By convention, one-half of this difference is called the AB interaction.
Symbolically,

B Average A Effect

High (+) [(abc − bc) + (ab − b)]
2n

Low (−) {(ac − c) + [a − (1)]}
2n

Difference
[abc − bc + ab − b − ac + c − a + (1)]

2n

Because the AB interaction is one-half of this difference,

AB = [abc − bc + ab − b − ac + c − a + (1)]
4n

(6.14)

We could write Equation 6.14 as follows:

AB = abc + ab + c + (1)
4n

− bc + b + ac + a
4n

In this form, the AB interaction is easily seen to be the difference in averages between runs on two diagonal planes in
the cube in Figure 6.5b. Using similar logic and referring to Figure 6.5b, we find that the AC and BC interactions are

AC = 1
4n

[(1) − a + b − ab − c + ac − bc + abc] (6.15)

and
BC = 1

4n
[(1) + a − b − ab − c − ac + bc + abc] (6.16)

The ABC interaction is defined as the average difference between the AB interaction at the two different levels
of C. Thus,

ABC = 1
4n

{[abc − bc] − [ac − c] − [ab − b] + [a − (1)]}

= 1
4n

[abc − bc − ac + c − ab + b + a − (1)] (6.17)

As before, we can think of the ABC interaction as the difference in two averages. If the runs in the two averages are
isolated, they define the vertices of the two tetrahedra that comprise the cube in Figure 6.5c.

In Equations 6.11 through 6.17, the quantities in brackets are contrasts in the treatment combinations. A table of
plus and minus signs can be developed from the contrasts, which is shown in Table 6.3. Signs for the main effects are
determined by associating a plus with the high level and a minus with the low level. Once the signs for the main effects
have been established, the signs for the remaining columns can be obtained by multiplying the appropriate preceding
columns row by row. For example, the signs in the AB column are the product of the A and B column signs in each
row. The contrast for any effect can be obtained easily from this table.

Table 6.3 has several interesting properties: (1) Except for column I, every column has an equal number of plus
and minus signs. (2) The sum of the products of the signs in any two columns is zero. (3) Column I multiplied times
any column leaves that column unchanged. That is, I is an identity element. (4) The product of any two columns yields
a column in the table. For example, A × B = AB, and

AB × B = AB2 = A
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◾ TABLE 6 . 3
Algebraic Signs for Calculating Effects in the 23 Design

Factorial EffectTreatment
Combination I A B AB C AC BC ABC

(1) + − − + − + + −
a + + − − − − + +
b + − + − − + − +
ab + + + + − − − −
c + − − + + − − +
ac + + − − + + − −
bc + − + − + − + −
abc + + + + + + + +

We see that the exponents in the products are formed by using modulus 2 arithmetic. (That is, the exponent can only
be 0 or 1; if it is greater than 1, it is reduced by multiples of 2 until it is either 0 or 1.) All of these properties are implied
by the orthogonality of the 23 design and the contrasts used to estimate the effects.

Sums of squares for the effects are easily computed because each effect has a corresponding single-degree-of-freedom
contrast. In the 23 design with n replicates, the sum of squares for any effect is

SS = (Contrast)2

8n
(6.18)

EXAMPLE 6 . 1 Plasma Etching

A 23 factorial design was used to develop a nitride etch
process on a single-wafer plasma etching tool. The design
factors are the gap between the electrodes, the gas flow
(C2F6 is used as the reactant gas), and the RF power applied
to the cathode (see Figure 3.1 for a schematic of the plasma

etch tool). Each factor is run at two levels, and the design
is replicated twice. The response variable is the etch rate
for silicon nitride (Å∕m). The etch rate data are shown
in Table 6.4, and the design is shown geometrically in
Figure 6.6.

◾ TABLE 6 . 4
The Plasma Etch Experiment, Example 6.1

Coded Factors Etch Rate Factor Levels

Run A B C Replicate 1 Replicate 2 Total Low (−1) High (+1)

1 −1 −1 −1 550 604 (1) = 1154 A (Gap, cm) 0.80 1.20

2 1 −1 −1 669 650 a = 1319 B (C2F6 flow, SCCM) 125 200

3 −1 1 −1 633 601 b = 1234 C (Power, W) 275 325

4 1 1 −1 642 635 ab = 1277

5 −1 −1 1 1037 1052 c = 2089

6 1 −1 1 749 868 ac = 1617

7 −1 1 1 1075 1063 bc = 2138

8 1 1 1 729 860 abc = 1589
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Power (C)

Gap (A)

C2 F6 Flow

325 w 

c = 2089 
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a = 1319 

abc = 1589 

275 w 

0.80 cm 1.20 cm 
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◾ F I GURE 6 . 6 The 23 design for the plasma etch
experiment for Example 6.1

Using the totals under the treatment combinations shown
in Table 6.4, we may estimate the factor effects as follows:

A = 1
4n

[a − (1) + ab − b + ac − c + abc − bc]

= 1
8
[1319 − 1154 + 1277 − 1234

+1617 − 2089 + 1589 − 2138]

= 1
8
[−813] = −101.625

B = 1
4n

[b + ab + bc + abc − (1) − a − c − ac]

= 1
8
[1234 + 1277 + 2138 + 1589 − 1154

−1319 − 2089 − 1617]

= 1
8
[59] = 7.375

C = 1
4n

[c + ac + bc + abc − (1) − a − b − ab]

= 1
8
[2089 + 1617 + 2138 + 1589 − 1154

−1319 − 1234 − 1277]

= 1
8
[2449] = 306.125

AB = 1
4n

[ab − a − b + (1) + abc − bc − ac + c]

= 1
8
[1277 − 1319 − 1234 + 1154

+1589 − 2138 − 1617 + 2089]

= 1
8
[−199] = −24.875

AC = 1
4n

[(1) − a + b − ab − c + ac − bc + abc]

= 1
8
[1154 − 1319 + 1234 − 1277 − 2089

+1617 − 2138 + 1589]

= 1
8
[−1229] = −153.625

BC = 1
4n

[(1) + a − b − ab − c − ac + bc + abc]

= 1
8
[1154 + 1319 − 1234 − 1277 − 2089

−1617 + 2138 + 1589]

= 1
8
[−17] = −2.125

and

ABC = 1
4n

[abc − bc − ac + c − ab + b + a − (1)]

= 1
8
[1589 − 2138 − 1617 + 2089 − 1277

+1234 + 1319 − 1154]

= 1
8
[45] = 5.625

The largest effects are for power (C = 306.125),
gap (A = −101.625), and the power–gap interaction
(AC = −153.625).

The sums of squares are calculated from Equation 6.18
as follows:

SSA =
(−813)2

16
= 41,310.5625

SSB =
(59)2

16
= 217.5625

SSC = (2449)2

16
= 374,850.0625

SSAB =
(−199)2

16
= 2475.0625

SSAC = (−1229)2

16
= 94,402.5625

SSBC = (−17)2

16
= 18.0625

and

SSABC = (45)2

16
= 126.5625
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The total sum of squares is SST = 531,420.9375 and by
subtraction SSE = 18,020.50. Table 6.5 summarizes the
effect estimates and sums of squares. The column labeled
“percent contribution” measures the percentage contribu-
tion of each model term relative to the total sum of
squares. The percentage contribution is often a rough but
effective guide to the relative importance of each model
term. Note that the main effect of C (Power) really dom-
inates this process, accounting for over 70 percent of the

total variability, whereas the main effect of A (Gap) and
the AC interaction account for about 8 and 18 percent,
respectively.

The ANOVA in Table 6.6 may be used to confirm the
magnitude of these effects. We note from Table 6.6 that the
main effects of Gap and Power are highly significant (both
have very small P-values). The AC interaction is also highly
significant; thus, there is a strong interaction between Gap
and Power.

◾ TABLE 6 . 5
Effect Estimate Summary for Example 6.1

Factor
Effect

Estimate
Sum of
Squares

Percent
Contribution

A −101.625 41,310.5625 7.7736

B 7.375 217.5625 0.0409

C 306.125 374,850.0625 70.5373

AB −24.875 2475.0625 0.4657

AC −153.625 94,402.5625 17.7642

BC −2.125 18.0625 0.0034

ABC 5.625 126.5625 0.0238

◾ TABLE 6 . 6
Analysis of Variance for the Plasma Etching Experiment

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Gap (A) 41,310.5625 1 41,310.5625 18.34 0.0027

Gas flow (B) 217.5625 1 217.5625 0.10 0.7639

Power (C) 374,850.0625 1 374,850.0625 166.41 0.0001

AB 2475.0625 1 2475.0625 1.10 0.3252

AC 94,402.5625 1 94,402.5625 41.91 0.0002

BC 18.0625 1 18.0625 0.01 0.9308

ABC 126.5625 1 126.5625 0.06 0.8186

Error 18,020.5000 8 2252.5625

Total 531,420.9375 15
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Replication of the 23 Design. The experimenter in the plasma etching experiment of Example 6.1 used two
replicates of the 23 design. This will provide 8 degrees of freedom for pure error. Suppose that effects of size 2σ are of
interest, the experimenter wants to consider all main effects and interactions (the full factorial model) and use α = 0.05.
The JMP power calculations are shown below:

Evaluate Design

Model
Intercept
X1
X2
X3
X1*X2
X1*X3
X2*X3
X1*X2*X3

Power Analysis
Significance Level 0.05
Anticipated RMSE 1

Term
Anticipated
Coefficient Power

Intercept 1 0.937
X1 1 0.937
X2 1 0.937
X3 1 0.937
X1*X2 1 0.937
X1*X3 1 0.937
X2*X3 1 0.937
X1*X2*X3 1 0.937

The power of this design is 93.7%. Even if the experimenter decides to use α = 0.01 the power is still 72%. Two
replicates of the 23 design is a good choice for this experiment.

The Regression Model and Response Surface. The regression model for predicting etch rate is

ŷ = 𝛽0 + 𝛽1x1 + 𝛽3x3 + 𝛽13x1x3

= 776.0625 +
(−101.625

2

)
x1 +

(306.125
2

)
x3 +

(−153.625
2

)
x1x3

where the coded variables x1 and x3 represent A and C, respectively. The x1x3 term is the AC interaction. Residuals can
be obtained as the difference between observed and predicted etch rate values. We leave the analysis of these residuals
as an exercise for the reader.

Figure 6.7 presents the response surface and contour plot for etch rate obtained from the regression model. Notice
that because the model contains interaction, the contour lines of constant etch rate are curved (or the response surface
is a “twisted” plane). It is desirable to operate this process so that the etch rate is close to 900 Å∕m. The contour plot
shows that several combinations of gap and power will satisfy this objective. However, it will be necessary to control
both of these variables very precisely.
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◾ F I GURE 6 . 7 Response surface and contour plot of etch rate for Example 6.1

Computer Solution. Many statistics software packages are available that will set up and analyze two-level
factorial designs. The output from one of these computer programs, Design-Expert, is shown in Table 6.7. In the upper
part of the table, an ANOVA for the full model is presented. The format of this presentation is somewhat different
from the ANOVA results given in Table 6.6. Notice that the first line of the ANOVA is an overall summary for the full
model (all main effects and interactions), and the model sum of squares is

SSModel = SSA + SSB + SSC + SSAB + SSAC + SSBC + SSABC = 5.134 × 105

Thus, the statistic

F0 =
MSModel

MSE
= 73,342.92

2252.56
= 32.56

is testing the hypotheses
H0∶ 𝛽1 = 𝛽2 = 𝛽3 = 𝛽12 = 𝛽13 = 𝛽23 = 𝛽123 = 0
H1∶ at least one 𝛽 ≠ 0

Because F0 is large, we would conclude that at least one variable has a nonzero effect. Then each individual factorial
effect is tested for significance using the F-statistic. These results agree with Table 6.6.

Below the full model ANOVA in Table 6.7, several R2 statistics are presented. The ordinary R2 is

R2 =
SSModel

SSTotal
= 5.134 × 105

5.314 × 105
= 0.9661

and it measures the proportion of total variability explained by the model. A potential problem with this statistic is that
it always increases as factors are added to the model, even if these factors are not significant. The adjusted R2 statistic,
defined as

R2
Adj = 1 −

SSE∕df E
SSTotal∕df Total

= 1 −
18,020.50∕8

5.314 × 105∕15
= 0.9364

is a statistic that is adjusted for the “size” of the model, that is, the number of factors. The adjusted R2 can actually
decrease if nonsignificant terms are added to a model. The PRESS statistic is a measure of how well the model will
predict new data. (PRESS is actually an acronym for prediction error sum of squares, and it is computed as the sum
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◾ TABLE 6 . 7
Design-Expert Output for Example 6.1

Response: Etch rate

ANOVA for Selected Factorial Model

Analysis of variance table [Partial sum of squares]

Source
Sum of
Squares DF

Mean
Square

F
Value Prob > F

Model 5.134E + 005 7 73342.92 32.56 < 0.0001
A 41310.56 1 41310.56 18.34 0.0027
B 217.56 1 217.56 0.097 0.7639
C 3.749E + 005 1 3.749E + 005 166.41 < 0.0001

AB 2475.06 1 2475.06 1.10 0.3252
AC 94402.56 1 94402.56 41.91 0.0002
BC 18.06 1 18.06 8.019E-003 0.9308

ABC 126.56 1 126.56 0.056 0.8186
Pure Error 18020.50 8 2252.56
Cor Total 5.314E + 005 15

Std. Dev. 47.46 R-Squared 0.9661
Mean 776.06 Adj R-Squared 0.9364

C.V. 6.12 Pred R-Squared 0.8644
PRESS 72082.00 Adeq Precision 14.660

Factor
Coefficient
Estimated DF

Standard
Error

95% CI
Low

95% CI
High VIF

Intercept 776.06 1 11.87 748.70 803.42
A-Gap −50.81 1 11.87 −78.17 −23.45 1.00

B-Gas flow 3.69 1 11.87 −23.67 31.05 1.00
C-Power 153.06 1 11.87 125.70 180.42 1.00

AB −12.44 1 11.87 −39.80 14.92 1.00
AC −76.81 1 11.87 −104.17 −49.45 1.00
BC −1.06 1 11.87 −28.42 26.30 1.00

ABC 2.81 1 11.87 −24.55 30.17 1.00

Final Equation in Terms of Coded Factors:
Etch rate =
+776.06
−50.81 ∗ A
+3.69 ∗ B
+153.06 ∗ C
−12.44 ∗ A ∗ B
−76.81 ∗ A ∗ C
+1.06 ∗ B ∗ C
+2.81 ∗ A ∗ B ∗ C

Final Equation in Terms of Actual Factors:
Etch rate =
−6487.33333
+5355.41667 * Gap
+6.59667 * Gas flow
+24.10667 * Power
−6.15833 * Gap * Gas flow
−17.80000 * Gap * Power
−0.016133 * Gas flow * Power
+0.015000 * Gap * Gas flow * Power
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◾ TABLE 6 . 7 (Continued)

Response: Etch rate
ANOVA for Selected Factorial Model
Analysis of variance table [Partial sum of squares]

Source
Sum of
Squares DF

Mean
Square

F
Value Prob > F

Model 5.106E + 005 3 1.702E + 005 97.91 < 0.0001
A 41310.56 1 41310.56 23.77 0.0004
C 3.749E + 005 1 3.749E + 005 215.66 < 0.0001

AC 94402.56 1 94402.56 54.31 < 0.0001

Residual 20857.75 12 1738.15
Lack of Fit 2837.25 4 709.31 0.31 0.8604
Pure Error 18020.50 8 2252.56
Cor Total 5.314E + 005 15

Std. Dev. 41.69 R-Squared 0.9608
Mean 776.06 Adj R-Squared 0.9509
C.V. 5.37 Pred R-Squared 0.9302
PRESS 37080.44 Adeq Precision 22.055

Factor
Coefficient
Estimated DF

Standard
Error

95% CI
Low

95% CI
High VIF

Intercept 776.06 1 10.42 753.35 798.77
A-Gap −50.81 1 10.42 −73.52 28.10 1.00

C-Power 153.06 1 10.42 130.35 175.77 1.00
AC −76.81 1 10.42 −99.52 −54.10 1.00

Final Equation in Terms of Coded Factors:
Etch rate =
+776.06
−50.81 ∗ A

+153.06 ∗ C
−76.81 ∗ A ∗ C

Final Equation in Terms of Actual Factors:
Etch rate =

−5415.37500
+4354.68750 * Gap

+21.48500 * Power
−15.36250 * Gap * Power

Diagnostics Case Statistics
Standard
Order

Actual
Value

Predicted
Value Residual Leverage

Student
Residual

Cook’s
Distance Outlier t

Run
Order

1 550.00 597.00 −47.00 0.250 −1.302 0.141 −1.345 9
2 604.00 597.00 7.00 0.250 0.194 0.003 0.186 6
3 669.00 649.00 20.00 0.250 0.554 0.026 0.537 14
4 650.00 649.00 1.00 0.250 0.028 0.000 0.027 1
5 633.00 597.00 36.00 0.250 0.997 0.083 0.997 3
6 601.00 597.00 4.00 0.250 0.111 0.001 0.106 12
7 642.00 649.00 −7.00 0.250 −0.194 0.003 −0.186 13
8 635.00 649.00 −14.00 0.250 −0.388 0.013 −0.374 8
9 1037.00 1056.75 −19.75 0.250 −0.547 0.025 −0.530 5

10 1052.00 1056.75 −4.75 0.250 −0.132 0.001 −0.126 16
11 749.00 801.50 −52.50 0.250 −1.454 0.176 −1.534 2
12 868.00 801.50 66.50 0.250 1.842 0.283 2.082 15
13 1075.00 1056.75 18.25 0.250 0.505 0.021 0.489 4
14 1063.00 1056.75 6.25 0.250 0.173 0.002 0.166 7
15 729.00 801.50 −72.50 0.250 −2.008 0.336 −2.359 10
16 860.00 801.50 58.50 0.250 1.620 0.219 1.755 11
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of the squared prediction errors obtained by predicting the ith data point with a model that includes all observations
except the ith one.) A model with a small value of PRESS indicates that the model is likely to be a good predictor. The
“Prediction R2” statistic is computed as

R2
Pred = 1 − PRESS

SSTotal
= 1 − 72,082.00

5.314 × 105
= 0.8644

This indicates that the full model would be expected to explain about 86 percent of the variability in new data.
The next portion of the output presents the regression coefficient for each model term and the standard error

of each coefficient, defined as

se(𝛽) =
√

V(𝛽) =

√
MSE
n2k

=
√

MSE
N

=
√

2252.56
2(8)

= 11.87

The standard errors of all model coefficients are equal because the design is orthogonal. The 95 percent confidence
intervals on each regression coefficient are computed from

𝛽 − t0.025,N−pse(𝛽) ≤ 𝛽 ≤ 𝛽 + t0.025,N−pse(𝛽)

where the degrees of freedom on t are the number of degrees of freedom for error; that is, N is the total number of
runs in the experiment (16), and p is the number of model parameters (8). The full model in terms of both the coded
variables and the natural variables is also presented.

The last part of the display in Table 6.7 illustrates the output following the removal of the nonsignificant interac-
tion terms. This reduced model now contains only the main effects A, C, and the AC interaction. The error or residual
sum of squares is now composed of a pure error component arising from the replication of the eight corners of the
cube and a lack-of-fit component consisting of the sums of squares for the factors that were dropped from the model
(B, AB, BC, and ABC). Once again, the regression model representation of the experimental results is given in terms
of both coded and natural variables. The proportion of total variability in etch rate that is explained by this model is

R2 =
SSModel

SSTotal
= 5.106 × 105

5.314 × 105
= 0.9608

which is smaller than the R2 for the full model. Notice, however, that the adjusted R2 for the reduced model is actually
slightly larger than the adjustedR2 for the full model, and PRESS for the reduced model is considerably smaller, leading
to a larger value of R2

Pred for the reduced model. Clearly, removing the nonsignificant terms from the full model has
produced a final model that is likely to function more effectively as a predictor of new data. Notice that the confidence
intervals on the regression coefficients for the reduced model are shorter than the corresponding confidence intervals
for the full model.

The last part of the output presents the residuals from the reduced model. Design-Expert will also construct all
of the residual plots that we have previously discussed.

Other Methods for Judging the Significance of Effects. The analysis of variance is a formal way to
determine which factor effects are nonzero. Several other methods are useful. Below, we show how to calculate the
standard error of the effects, and we use these standard errors to construct confidence intervals on the effects.
Another method, which we will illustrate in Section 6.5, uses normal probability plots to assess the importance of
the effects.

The standard error of an effect is easy to find. If we assume that there are n replicates at each of the 2k runs in
the design, and if yi1, yi2, . . . , yin are the observations at the ith run, then

S2
i =

1
n−1

n∑
j=1

(yij − yi)2 i = 1, 2, . . . , 2k
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is an estimate of the variance at the ith run. The 2k variance estimates can be combined to give an overall variance
estimate:

S2 = 1

2k(n − 1)

2k∑
i=1

n∑
j=1

(yij − yi)2 (6.19)

This is also the variance estimate given by the error mean square in the analysis of variance. The variance of each
effect estimate is

V(Effect) = V

(
Contrast

n2k−1

)

= 1

(n2k−1)2
V(Contrast)

Each contrast is a linear combination of 2k treatment totals, and each total consists of n observations. Therefore,

V(Contrast) = n2k
𝜎

2

and the variance of an effect is
V(Effect) = 1

(n2k−1)2
n2k

𝜎
2 = 1

n2k−2
𝜎

2

The estimated standard error would be found by replacing 𝜎
2 by its estimate S2 and taking the square root of this last

expression:

se(Effect) = 2S√
n2k

(6.20)

Notice that the standard error of an effect is twice the standard error of an estimated regression coefficient in the
regression model for the 2k design (see the Design-Expert computer output for Example 6.1). It would be possible to
test the significance of any effect by comparing the effect estimates to its standard error:

t0 = Effect
se(Effect)

This is a t statistic with N − p degrees of freedom.
The 100(1 − 𝛼) percent confidence intervals on the effects are computed from Effect ± t

𝛼∕2,N−pse(Effect),
where the degrees of freedom on t are just the error or residual degrees of freedom (N − p = total number of runs −
number of model parameters).

To illustrate this method, consider the plasma etching experiment in Example 6.1. The mean square error for the
full model is MSE = 2252.56. Therefore, the standard error of each effect is (using S2 = MSE)

se(Effect) = 2S√
n2k

=
2
√

2252.56√
2(23)

= 23.73

Now t0.025,8 = 2.31 and t0.025,8se(Effect) = 2.31(23.73) = 54.82, so approximate 95 percent confidence intervals
on the factor effects are

A ∶−101.625 ± 54.82
B ∶ 7.375 ± 54.82
C ∶ 306.125 ± 54.82

AB ∶ −24.875 ± 54.82
AC ∶−153.625 ± 54.82
BC ∶ −2.125 ± 54.82

ABC ∶ 5.625 ± 54.82

This analysis indicates that A, C, and AC are important factors because they are the only factor effect estimates for
which the approximate 95 percent confidence intervals do not include zero.
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◾ F I GURE 6 . 8 Ranges of etch rates for
Example 6.1
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Dispersion Effects. The process engineer working on the plasma etching tool was also interested in disper-
sion effects; that is, do any of the factors affect variability in etch rate from run to run? One way to answer the question
is to look at the range of etch rates for each of the eight runs in the 23 design. These ranges are plotted on the cube
in Figure 6.8. Notice that the ranges in etch rates are much larger when both Gap and Power are at their high levels,
indicating that this combination of factor levels may lead to more variability in etch rate than other recipes. Fortunately,
etch rates in the desired range of 900 Å∕m can be achieved with settings of Gap and Power that avoid this situation.

6.4 The General 2k Design

The methods of analysis that we have presented thus far may be generalized to the case of a 𝟐k factorial design, that

is, a design with k factors each at two levels. The statistical model for a 2k design would include k main effects,

(
k
2

)

two-factor interactions,

(
k
3

)
three-factor interactions, . . . , and one k-factor interaction. That is, the complete model

would contain 2k − 1 effects for a 2k design. The notation introduced earlier for treatment combinations is also used
here. For example, in a 25 design abd denotes the treatment combination with factors A, B, and D at the high level and
factors C and E at the low level. The treatment combinations may be written in standard order by introducing the
factors one at a time, with each new factor being successively combined with those that precede it. For example, the
standard order for a 24 design is (1), a, b, ab, c, ac, bc, abc, d, ad, bd, abd, cd, acd, bcd, and abcd.

The general approach to the statistical analysis of the 2k design is summarized in Table 6.8. As we have indicated
previously, a computer software package is usually employed in this analysis process.

◾ TABLE 6 . 8
Analysis Procedure for a 2k Design

1. Estimate factor effects

2. Form initial model

a. If the design is replicated, fit the full model

b. If there is no replication, form the model using a normal probability
plot of the effects

3. Perform statistical testing

4. Refine model

5. Analyze residuals

6. Interpret results
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The sequence of steps in Table 6.8 should, by now, be familiar. The first step is to estimate factor effects and
examine their signs and magnitudes. This gives the experimenter preliminary information regarding which factors
and interactions may be important and in which directions these factors should be adjusted to improve the response. In
forming the initial model for the experiment, we usually choose the full model, that is, all main effects and interactions,
provided that at least one of the design points has been replicated (in the next section, we discuss a modification to this
step). Then in step 3, we use the analysis of variance to formally test for the significance of main effects and interaction.
Table 6.9 shows the general form of an analysis of variance for a 2k factorial design with n replicates. Step 4, refine
the model, usually consists of removing any nonsignificant variables from the full model. Step 5 is the usual residual
analysis to check for model adequacy and assumptions. Sometimes model refinement will occur after residual analysis
if we find that the model is inadequate or assumptions are badly violated. The final step usually consists of graphical
analysis—either main effect or interaction plots, or response surface and contour plots.

Although the calculations described above are almost always done with a computer, occasionally it is necessary
to manually calculate an effect estimate or sum of squares for an effect. To estimate an effect or to compute the sum
of squares for an effect, we must first determine the contrast associated with that effect. This can always be done by
using a table of plus and minus signs, such as Table 6.2 or Table 6.3. However, this is awkward for large values of k and

◾ TABLE 6 . 9
Analysis of Variance for a 2k Design

Source of
Variation

Sum of
Squares

Degrees of
Freedom

k main effects

A SSA 1

B SSB 1

⋮ ⋮ ⋮

K SSK 1(
k

2

)
two-factor interactions

AB SSAB 1

AC SSAC 1

⋮ ⋮ ⋮

JK SSJK 1(
k

3

)
three-factor interactions

ABC SSABC 1

ABD SSABD 1

⋮ ⋮ ⋮

IJK SSIJK 1

⋮ ⋮ ⋮(
k

k

)
k-factor interaction

ABC · · ·K SSABC···K 1

Error SSE 2k(n − 1)
Total SST n2k − 1
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we can use an alternate method. In general, we determine the contrast for effect AB · · ·K by expanding the right-hand
side of

ContrastAB···K = (a ± 1)(b ± 1) · · · (k ± 1) (6.21)

In expanding Equation 6.21, ordinary algebra is used with “1” being replaced by (1) in the final expression. The sign
in each set of parentheses is negative if the factor is included in the effect and positive if the factor is not included.

To illustrate the use of Equation 6.21, consider a 23 factorial design. The contrast for AB would be

ContrastAB = (a − 1)(b − 1)(c + 1)
= abc + ab + c + (1) − ac − bc − a − b

As a further example, in a 25 design, the contrast for ABCD would be

ContrastABCD = (a − 1)(b − 1)(c − 1)(d − 1)(e + 1)
= abcde + cde + bde + ade + bce

+ ace + abe + e + abcd + cd + bd

+ ad + bc + ac + ab + (1) − a − b − c

− abc − d − abd − acd − bcd − ae

− be − ce − abce − de − abde − acde − bcde

Once the contrasts for the effects have been computed, we may estimate the effects and compute the sums of
squares according to

AB · · ·K = 2

n2k
(ContrastAB···K) (6.22)

and
SSAB···K = 1

n2k
(ContrastAB···K)2 (6.23)

respectively, where n denotes the number of replicates. There is also a tabular algorithm due to Frank Yates that can
occasionally be useful for manual calculation of the effect estimates and the sums of squares. Refer to the supplemental
text material for this chapter.

6.5 A Single Replicate of the 2k Design

For even a moderate number of factors, the total number of treatment combinations in a 2k factorial design is large. For
example, a 25 design has 32 treatment combinations, a 26 design has 64 treatment combinations, and so on. Because
resources are usually limited, the number of replicates that the experimenter can employ may be restricted. Frequently,
available resources only allow a single replicate of the design to be run, unless the experimenter is willing to omit
some of the original factors.

An obvious risk when conducting an experiment that has only one run at each test combination is that we may
be fitting a model to noise. That is, if the response y is highly variable, misleading conclusions may result from the
experiment. The situation is illustrated in Figure 6.9a. In this figure, the straight line represents the true factor effect.
However, because of the random variability present in the response variable (represented by the shaded band), the
experimenter actually obtains the two measured responses represented by the dark dots. Consequently, the estimated
factor effect is close to zero, and the experimenter has reached an erroneous conclusion concerning this factor. Now
if there is less variability in the response, the likelihood of an erroneous conclusion will be smaller. Another way to
ensure that reliable effect estimates are obtained is to increase the distance between the low (−) and high (+) levels
of the factor, as illustrated in Figure 6.9b. Notice that in this figure, the increased distance between the low and high
factor levels results in a reasonable estimate of the true factor effect.
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◾ F I GURE 6 . 9 The impact of the choice of factor levels in an unreplicated design

The single-replicate strategy is often used in screening experiments when there are relatively many factors under
consideration. Because we can never be entirely certain in such cases that the experimental error is small, a good
practice in these types of experiments is to spread out the factor levels aggressively. You might find it helpful to reread
the guidance on choosing factor levels in Chapter 1.

A single replicate of a 2k design is sometimes called an unreplicated factorial. With only one replicate, there is
no internal estimate of error (or “pure error”). One approach to the analysis of an unreplicated factorial is to assume that
certain high-order interactions are negligible and combine their mean squares to estimate the error. This is an appeal
to the sparsity of effects principle; that is, most systems are dominated by some of the main effects and low-order
interactions, and most high-order interactions are negligible.

While the effect sparsity principle has been observed by experimenters for many decades, only recently has it
been studied more objectively. A paper by Li, Sudarsanam, and Frey (2006) studied 113 response variables obtained
from 43 published experiments from a wide range of science and engineering disciplines. All of the experiments were
full factorials with between three and seven factors, so no assumptions had to be made about interactions. Most of
the experiments had either three or four factors. The authors found that about 40 percent of the main effects in the
experiments they studied were significant, while only about 11 percent of the two-factor interactions were significant.
Three-factor interactions were very rare, occurring only about 5 percent of the time. The authors also investigated the
absolute values of factor effects for main effects, two-factor interactions, and three-factor interactions. The median
of main effect strength was about four times larger than the median strength of two-factor interactions. The median
strength of two-factor interactions was more than two times larger than the median strength of three-factor interactions.
However, there were many two- and three-factor interactions that were larger than the median main effect. Another
paper by Bergquist, Vanhatalo, and Nordenvaad (2011) also studied the effect of the sparsity question using 22 different
experiments with 35 responses. They considered both full factorial and fractional factorial designs with factors at two
levels. Their results largely agree with those of Li et al. (2006), with the exception that three-factor interactions were
less frequent, occurring only about 2 percent of the time. This difference may be partially explained by the inclusion
of experiments with indications of curvature and the need for transformations in the Li et al. (2006) study. Bergquist
et al. (2011) excluded such experiments. Overall, both of these studies confirm the validity of the sparsity of effects
principle.

When analyzing data from unreplicated factorial designs, occasionally real high-order interactions occur. The
use of an error mean square obtained by pooling high-order interactions is inappropriate in these cases. A method
of analysis attributed to Daniel (1959) provides a simple way to overcome this problem. Daniel suggests examining
a normal probability plot of the estimates of the effects. The effects that are negligible are normally distributed,
with mean zero and variance 𝜎

2 and will tend to fall along a straight line on this plot, whereas significant effects will
have nonzero means and will not lie along the straight line. Thus, the preliminary model will be specified to contain
those effects that are apparently nonzero, based on the normal probability plot. The apparently negligible effects are
combined as an estimate of error.
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EXAMPLE 6 . 2 A Single Replicate of the 24 Design

A chemical product is produced in a pressure vessel. A fac-
torial experiment is carried out in the pilot plant to study
the factors thought to influence the filtration rate of this
product. The four factors are temperature (A), pressure (B),
concentration of formaldehyde (C), and stirring rate (D).
Each factor is present at two levels. The design matrix and
the response data obtained from a single replicate of the 24

experiment are shown in Table 6.10 and Figure 6.10. The
16 runs are made in random order. The process engineer is
interested in maximizing the filtration rate. Current process
conditions give filtration rates of around 75 gal∕h. The pro-
cess also currently uses the concentration of formaldehyde,
factor C, at the high level. The engineer would like to reduce
the formaldehyde concentration as much as possible but has
been unable to do so because it always results in lower fil-
tration rates.

We will begin the analysis of these data by constructing
a normal probability plot of the effect estimates. The table
of plus and minus signs for the contrast constants for the
24 design are shown in Table 6.11. From these contrasts, we

may estimate the 15 factorial effects and the sums of squares
shown in Table 6.12.

The normal probability plot of these effects is shown in
Figure 6.11. All of the effects that lie along the line are neg-
ligible, whereas the large effects are far from the line. The
important effects that emerge from this analysis are the main
effects of A, C, and D and the AC and AD interactions.
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◾ F I GURE 6 . 10 Data from the pilot plant
filtration rate experiment for Example 6.2

◾ TABLE 6 . 10
Pilot Plant Filtration Rate Experiment

Factor
Run
Number A B C D Run Label

Filtration
Rate
(gal/h)

1 − − − − (1) 45

2 + − − − a 71

3 − + − − b 48

4 + + − − ab 65

5 − − + − c 68

6 + − + − ac 60

7 − + + − bc 80

8 + + + − abc 65

9 − − − + d 43

10 + − − + ad 100

11 − + − + bd 45

12 + + − + abd 104

13 − − + + cd 75

14 + − + + acd 86

15 − + + + bcd 70

16 + + + + abcd 96
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◾ TABLE 6 . 11
Contrast Constants for the 24 Design

A B AB C AC BC ABC D AD BD ABD CD ACD BCD ABCD

(1) − − + − + + − − + + − + − − +
a + − − − − + + − − + + + + − −
b − + − − + − + − + − + + − + −
ab + + + − − − − − − − − + + + +
c − − + + − − + − + + − − + + −
ac + − − + + − − − − + + − − + +
bc − + − + − + − − + − + − + − +
abc + + + + + + + − − − − − − − −
d − − + − + + − + − − + − + + −
ad + − − − − + + + + − − − − + +
bd − + − − + − + + − + − − + − +
abd + + + − − − − + + + + − − − −
cd − − + + − − + + − − + + − − +
acd + − − + + − − + + − − + + − −
bcd − + − + − + − + − + − + − + −
abcd + + + + + + + + + + + + + + +

◾ TABLE 6 . 12
Factor Effect Estimates and Sums of Squares for
the 24 Factorial in Example 6.2

Model
Term

Effect
Estimate

Sum of
Squares

Percent
Contribution

A 21.625 1870.56 32.6397

B 3.125 39.0625 0.681608

C 9.875 390.062 6.80626

D 14.625 855.563 14.9288

AB 0.125 0.0625 0.00109057

AC −18.125 1314.06 22.9293

AD 16.625 1105.56 19.2911

BC 2.375 22.5625 0.393696

BD −0.375 0.5625 0.00981515

CD −1.125 5.0625 0.0883363

ABC 1.875 14.0625 0.245379

ABD 4.125 68.0625 1.18763

ACD −1.625 10.5625 0.184307

BCD −2.625 27.5625 0.480942

ABCD 1.375 7.5625 0.131959
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◾ F I GURE 6 . 11 Normal probability plot of the
effects for the 24 factorial in Example 6.2

The main effects of A, C, and D are plotted in
Figure 6.12a. All three effects are positive, and if we consid-
ered only these main effects, we would run all three factors
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at the high level to maximize the filtration rate. How-
ever, it is always necessary to examine any interactions
that are important. Remember that main effects do not
have much meaning when they are involved in significant
interactions.

The AC and AD interactions are plotted in Figure 6.12b.
These interactions are the key to solving the problem. Note
from the AC interaction that the temperature effect is very
small when the concentration is at the high level and very

large when the concentration is at the low level, with the
best results obtained with low concentration and high tem-
perature. TheAD interaction indicates that stirring rateD has
little effect at low temperature but a large positive effect at
high temperature. Therefore, the best filtration rates would
appear to be obtained when A and D are at the high level
and C is at the low level. This would allow the reduction
of the formaldehyde concentration to a lower level, another
objective of the experimenter.
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◾ F I GURE 6 . 12 Main effect and interaction plots for Example 6.2

The use of normal probability plot is not without criticism. If none of the effects are very large (say larger
than 2σ), then the plot may be ambiguous and hard to interpret. If there are few effects, in say an eight-run design, the
plot may be of little help.

Design Projection. Another interpretation of the effects in Figure 6.11 is possible. Because B (pressure) is
not significant and all interactions involving B are negligible, we may discard B from the experiment so that the design
becomes a 23 factorial in A, C, and D with two replicates. This is easily seen from examining only columns A, C, and
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◾ TABLE 6 . 13
Analysis of Variance for the Pilot Plant Filtration Rate Experiment in A, C, and D

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

A 1870.56 1 1870.56 83.36 < 0.0001

C 390.06 1 390.06 17.38 < 0.0001

D 855.56 1 855.56 38.13 < 0.0001

AC 1314.06 1 1314.06 58.56 < 0.0001

AD 1105.56 1 1105.56 49.27 < 0.0001

CD 5.06 1 5.06 < 1

ACD 10.56 1 10.56 < 1

Error 179.52 8 22.44

Total 5730.94 15

D in the design matrix shown in Table 6.10 and noting that those columns form two replicates of a 23 design. The
analysis of variance for the data using this simplifying assumption is summarized in Table 6.13. The conclusions that
we would draw from this analysis are essentially unchanged from those of Example 6.2. Note that by projecting the
single replicate of the 24 into a replicated 23, we now have both an estimate of the ACD interaction and an estimate of
error based on what is sometimes called hidden replication.

The concept of projecting an unreplicated factorial into a replicated factorial in fewer factors is very useful. In
general, if we have a single replicate of a 2k design, and if h(h < k) factors are negligible and can be dropped, then the
original data correspond to a full two-level factorial in the remaining k − h factors with 2h replicates.

Diagnostic Checking. The usual diagnostic checks should be applied to the residuals of a 2k design. Our
analysis indicates that the only significant effects are A = 21.625, C = 9.875, D = 14.625, AC = −18.125, and AD =
16.625. If this is true, the estimated filtration rates are given by

ŷ = 70.06 +
(21.625

2

)
x1 +

(9.875
2

)
x3 +

(14.625
2

)
x4 −

(18.125
2

)
x1x3

+
(16.625

2

)
x1x4

where 70.06 is the average response, and the coded variables x1, x3, x4 take on values between−1 and+1. The predicted
filtration rate at run (1) is

ŷ = 70.06 +
(21.625

2

)
(−1) +

(9.875
2

)
(−1) +

(14.625
2

)
(−1)

−
(18.125

2

)
(−1)(−1) +

(16.625
2

)
(−1)(−1)

= 46.22
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Because the observed value is 45, the residual is e = y − ŷ = 45 − 46.25 = −1.25. The values of y, ŷ, and e = y − ŷ for
all 16 observations are as follows:

y ŷ e = y− ŷ

(1) 45 46.25 −1.25

a 71 69.38 1.63

b 48 46.25 1.75

ab 65 69.38 −4.38

c 68 74.25 −6.25

ac 60 61.13 −1.13

bc 80 74.25 5.75

abc 65 61.13 3.88

d 43 44.25 −1.25

ad 100 100.63 −0.63

bd 45 44.25 0.75

abd 104 100.63 3.38

cd 75 72.25 2.75

acd 86 92.38 −6.38

bcd 70 72.25 −2.25

abcd 96 92.38 3.63

A normal probability plot of the residuals is shown in Figure 6.13. The points on this plot lie reasonably close to a
straight line, lending support to our conclusion that A, C, D, AC, and AD are the only significant effects and that the
underlying assumptions of the analysis are satisfied.

◾ F I GURE 6 . 13 Normal probability plot of residuals for
Example 6.2
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The Response Surface. We used the interaction plots in Figure 6.12 to provide a practical interpretation of
the results of this experiment. Sometimes we find it helpful to use the response surface for this purpose. The response
surface is generated by the regression model

ŷ = 70.06 +
(21.625

2

)
x1 +

(9.875
2

)
x3 +

(14.625
2

)
x4

−
(18.125

2

)
x1x3 +

(16.625
2

)
x1x4

Figure 6.14a shows the response surface contour plot when stirring rate is at the high level (i.e., x4 = 1). The contours
are generated from the above model with x4 = 1, or

ŷ = 77.3725 +
(38.25

2

)
x1 +

(9.875
2

)
x3 −

(18.125
2

)
x1x3

Notice that the contours are curved lines because the model contains an interaction term.
Figure 6.14b is the response surface contour plot when temperature is at the high level (i.e., x1 = 1). When we

put x1 = 1 in the regression model, we obtain

ŷ = 80.8725 −
(8.25

2

)
x3 +

(31.25
2

)
x4

These contours are parallel straight lines because the model contains only the main effects of factors C (x3) and D (x4).
Both contour plots indicate that if we want to maximize the filtration rate, variables A (x1) and D (x4) should be

at the high level and that the process is relatively robust to concentration C. We obtained similar conclusions from the
interaction graphs.

The Half-Normal Plot of Effects. An alternative to the normal probability plot of the factor effects is the
half-normal plot. This is a plot of the absolute value of the effect estimates against their cumulative normal proba-
bilities. Figure 6.15 presents the half-normal plot of the effects for Example 6.2. The straight line on the half-normal
plot always passes through the origin and should also pass close to the fiftieth percentile data value. Many analysts feel
that the half-normal plot is easier to interpret, particularly when there are only a few effect estimates such as when the
experimenter has used an eight-run design. Some software packages will construct both plots.
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◾ F I GURE 6 . 14 Contour plots of filtration rate, Example 6.2
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◾ F I GURE 6 . 15 Half-normal plot of the factor effects
from Example 6.2
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Other Methods for Analyzing Unreplicated Factorials. A widely used analysis procedure for an unrepli-
cated two-level factorial design is the normal (or half-normal) plot of the estimated factor effects. However, unreplicated
designs are so widely used in practice that many formal analysis procedures have been proposed to overcome the sub-
jectivity of the normal probability plot. Hamada and Balakrishnan (1998) compared some of these methods. They
found that the method proposed by Lenth (1989) has good power to detect significant effects. It is also easy to imple-
ment, and as a result it appears in several software packages for analyzing data from unreplicated factorials. We give
a brief description of Lenth’s method.

Suppose that we have m contrasts of interest, say c1, c2, . . . , cm. If the design is an unreplicated 2k factorial
design, these contrasts correspond to the m = 2k − 1 factor effect estimates. The basis of Lenth’s method is to estimate
the variance of a contrast from the smallest (in absolute value) contrast estimates. Let

s0 = 1.5 × median(|cj|)
and

PSE = 1.5 × median(|cj| ∶ |cj| < 2.5s0)

PSE is called the “pseudostandard error,” and Lenth shows that it is a reasonable estimator of the contrast variance when
there are only a few active (significant) effects. The PSE is used to judge the significance of contrasts. An individual
contrast can be compared to the margin of error

ME = t0.025,d × PSE

where the degrees of freedom are defined as d = m∕3. For inference on a group of contrasts, Lenth suggests using the
simultaneous margin of error

SME = t
𝛾,d × PSE

where the percentage point of the t distribution used is 𝛾 = 1 − (1 + 0.951∕m)∕2.
To illustrate Lenth’s method, consider the 24 experiment in Example 6.2. The calculations result in s0 = 1.5 ×| − 2.625| = 3.9375 and 2.5 × 3.9375 = 9.84375, so

PSE = 1.5 × |1.75| = 2.625

ME = 2.571 × 2.625 = 6.75

SME = 5.219 × 2.625 = 13.70
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Now consider the effect estimates in Table 6.12. The SME criterion would indicate that the four largest effects (in
magnitude) are significant because their effect estimates exceed SME. The main effect of C is significant according to
the ME criterion, but not with respect to SME. However, because the AC interaction is clearly important, we would
probably include C in the list of significant effects. Notice that in this example, Lenth’s method has produced the same
answer that we obtained previously from examination of the normal probability plot of effects.

Several authors [see Loughin and Nobel (1997), Hamada and Balakrishnan (1998), Larntz and Whitcomb (1998),
Loughin (1998), and Edwards and Mee (2008)] have observed that Lenth’s method results in values of ME and SME
that are too conservative and have little power to detect significant effects. Simulation methods can be used to calibrate
his procedure. Larntz and Whitcomb (1998) suggest replacing the original ME and SME multipliers with adjusted
multipliers as follows:

Number of Contrasts 7 15 31

Original ME 3.764 2.571 2.218

Adjusted ME 2.295 2.140 2.082

Original SME 9.008 5.219 4.218

Adjusted SME 4.891 4.163 4.030

These are in close agreement with the results in Ye and Hamada (2000).
The JMP software package implements Lenth’s method as part of the screening platform analysis procedure for

two-level designs. In their implementation, P-values for each factor and interaction are computed from a “real-time”
simulation. This simulation assumes that none of the factors in the experiment are significant and calculates the
observed value of the Lenth statistic 10,000 times for this null model. ThenP-values are obtained by determining where
the observed Lenth statistics fall relative to the tails of these simulation-based reference distributions. These P-values
can be used as guidance in selecting factors for the model. Table 6.14 shows the JMP output from the screening anal-
ysis platform for the resin filtration rate experiment in Example 6.2. Notice that in addition to the Lenth statistics, the
JMP output includes a half-normal plot of the effects and a “Pareto” chart of the effect (contrast) magnitudes. When
the factors are entered into the model, the Lenth procedure would recommend including the same factors in the model
that we identified previously.

The final JMP output for the fitted model is shown in Table 6.15. The Prediction Profiler at the bottom of
the table has been set to the levels of the factors that maximize filtration rate. These are the same settings that we
determined earlier by looking at the contour plots.

In general, the Lenth method is a clever and very useful procedure. However, we recommend using it as a
supplement to the usual normal probability plot of effects, not as a replacement for it.

Bisgaard (1998–1999) has provided a nice graphical technique, called a conditional inference chart, to assist
in interpreting the normal probability plot. The purpose of the graph is to help the experimenter in judging significant
effects. This would be relatively easy if the standard deviation 𝜎 were known, or if it could be estimated from the data.
In unreplicated designs, there is no internal estimate of 𝜎, so the conditional inference chart is designed to help the
experimenter evaluate effect magnitude for a range of standard deviation values. Bisgaard bases the graph on the result
that the standard error of an effect in a two-level design with N runs (for an unreplicated factorial, N = 2k) is

2𝜎√
N

where 𝜎 is the standard deviation of an individual observation. Then ±2 times the standard error of an effect is

± 4𝜎√
N
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◾ TABLE 6 . 14
JMP Screening Platform Output for Example 6.2

Response Y
Summary of Fit
RSquare 1
RSquare Adj -
Root Mean Square Error -
Mean of Response 70.0625
Observations (or Sum Wgts) 16

Sorted Parameter Estimates

Term Estimate
Relative
Std Error

Pseudo
t-Ratio Pseudo t-Ratio

Pseudo
p-Value

Temp 10.8125 0.25 8.24 0.0004*
Temp*Conc −9.0625 0.25 −6.90 0.0010*
Temp*StirR 8.3125 0.25 6.33 0.0014*
StirR 7.3125 0.25 5.57 0.0026*
Conc 4.9375 0.25 3.76 0.0131*
Temp*Pressure*StirR 2.0625 0.25 1.57 0.1769
Pressure 1.5625 0.25 1.19 0.2873
Pressure*Conc*StirR −1.3125 0.25 −1.00 0.3632
Pressure*Conc 1.1875 0.25 0.90 0.4071
Temp*Pressure*Conc 0.9375 0.25 0.71 0.5070
Temp*Conc*StirR −0.8125 0.25 −0.62 0.5630
Temp*Pressure*Conc*StirR 0.6875 0.25 0.52 0.6228
Conc*StirR −0.5625 0.25 −0.43 0.6861
Pressure*StirR −0.1875 0.25 −0.14 0.8920
Temp*Pressure 0.0625 0.25 0.05 0.9639

No error degrees of freedom, so ordinary tests uncomputable. Relative Std Error corresponds to residual standard
error of 1.
Pseudo t-Ratio and p-Value calculated using Lenth PSE = 1.3125 and DFE = 5

Effect Screening

The parameter estimates have equal variances.
The parameter estimates are not correlated.

Lenth PSE
1.3125

Orthog t Test used Pseudo Standard Error

Normal Plot

+++++++ + + +
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◾ TABLE 6 . 15
JMP Output for the Fitted Model Example 6.2

Response Filtration Rate Actual by Predicted Plot
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80
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80

70

70

Filtration Rate Predicted
P<.0001 RSq=0.97 RMSE=4.4173

60

60

50

50
40

40

Summary of Fit

RSquare 0.965952

RSquare Adj 0.948929

Root Mean Square Error 4.417296

Mean of Response 70.0625

Observations (or Sum Wgts) 16

Analysis of Variance

Sum of

Source DF Squares Mean Square F Ratio

Model 5 5535.8125 1107.16 56.7412

Error 10 195.1250 19.51 Prob F

C. Total 15 5730.9375 .0001*

Prob |t|

. 0001*

. 0001*

. 0001*

. 0001*

0.0012*

Prediction Profiler

100

80

1
Temperature

1
Stirring

Rate
–1

Concentration Desirability
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5

1

Lack of Fit

Sum of Mean F Ratio

Source DF Squares Square 0.3482

Lack of Fit 2 15.62500 7.8125 Prob F

Pure Error 8 179.50000 22.4375 0.7162

Total Error 10 195.12500 Max RSq

0.9687

Parameter Estimates

Term Estimate Std Error t Ratio Prob>|t|

Intercept 70.0625 1.104324 63.44 .0001*

Temperature 10.8125 1.104324 9.79 .0001*

Stirring Rate 7.3125 1.104324 6.62 .0001*

Concentration 4.9375 1.104324 4.47 0.0012*

Temperature 8.3125 1.104324 7.53 .0001*
*Stirring Rate

Temperature 9.0625 1.104324 8.21 .0001*
*Concentration

Sorted Parameter Estimates

Term Estimate Std Error t Ratio

Temperature 10.8125 1.104324 9.79

Temperature *Concentration 9.0625 1.104324 8.21

Temperature *Stirring Rate 8.3125 1.104324 7.53

Stirring Rate 7.3125 1.104324 6.62

Concentration 4.9375 1.104324 4.47
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◾ F I GURE 6 . 16 A conditional inference chart for
Example 6.2
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Once the effects are estimated, plot a graph as shown in Figure 6.16, with the effect estimates plotted along the vertical
or y-axis. In this figure, we have used the effect estimates from Example 6.2. The horizontal, or x-axis, of Figure 6.16
is a standard deviation (𝜎) scale. The two lines are at

y = + 4𝜎√
N

and y = − 4𝜎√
N

In our example, N = 16, so the lines are at y = +𝜎 and y = −𝜎. Thus, for any given value of the standard deviation 𝜎,
we can read off the distance between these two lines as an approximate 95 percent confidence interval on the negligible
effects.

In Figure 6.16, we observe that if the experimenter thinks that the standard deviation is between 4 and 8, then
factors A, C, D, and the AC and AD interactions are significant. If he or she thinks that the standard deviation is as large
as 10, factor C may not be significant. That is, for any given assumption about the magnitude of 𝜎, the experimenter
can construct a “yardstick” for judging the approximate significance of effects. The chart can also be used in reverse.
For example, suppose that we were uncertain about whether factor C is significant. The experimenter could then ask
whether it is reasonable to expect that 𝜎 could be as large as 10 or more. If it is unlikely that 𝜎 is as large as 10, then
we can conclude that C is significant.

Effect of Outliers in Unreplicated Designs. Experimenters often worry about the impact of outliers in
unreplicated designs, concerned that the outlier will invalidate the analysis and render the results of the experiment
useless. This usually isn’t a major concern. The reason for this is that the effect estimates are reasonably robust to
outliers. To see this, consider an unreplicated 24 design with an outlier for (say) the cd treatment combination. The
effect of any factor, say for example A, is

A = yA+ − yA−
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◾ F I GURE 6 . 17 The effect of outliers. (a) Half-normal probability plot (b) Normal probability plot

and the cd response appears in only one of the averages, in this case yA− . The average yA− is an average of eight
observations (half of the 16 runs in the 24), so the impact of the outlier cd is damped out by averaging it with the other
seven runs. This will happen with all of the other effect estimates. As an illustration, consider the 24 design in the resin
filtration rate experiment of Example 6.2. Suppose that the run cd = 375 (the correct response was 75). Figure 6.17a
shows the half-normal plot of the effects. It is obvious that the correct set of important effects is identified on the
graph. However, the half-normal plot gives an indication that an outlier may be present. Notice that the straight line
identifying the nonsignificant effects does not point toward the origin. In fact, the reference line from the origin is not
even close to the collection of nonsignificant effects. A full normal probability plot would also have provided evidence
of an outlier. The normal probability plot for this example is shown in Figure 6.17b. Notice that there are two distinct
lines on the normal probability plot, not a single line passing through the nonsignificant effects. This is usually a strong
indication that an outlier is present.

The illustration here involves a very severe outlier (375 instead of 75). This outlier is so dramatic that it would
likely be spotted easily just by looking at the sample data or certainly by examining the residuals.

What should we do when an outlier is present? If it is a simple data recording or transposition error, an exper-
imenter may be able to correct the outlier, replacing it with the right value. One suggestion is to replace it by an
estimate (following the tactic introduced in Chapter 4 for blocked designs). This will preserve the orthogonality of
the design and make interpretation easy. Replacing the outlier with an estimate that makes the highest order inter-
action estimate zero (in this case, replacing cd with a value that makes ABCD = 0) is one option. Discarding the
outlier and analyzing the remaining observations is another option. This same approach would be used if one of the
observations from the experiment is missing. Exercise 6.32 asks the reader to follow through with this suggestion for
Example 6.2.

Modern computer software can analyze the data from 2k designs with missing values because they use the method
of least squares to estimate the effects, and least squares does not require an orthogonal design. The impact of this is
that the effect estimates are no longer uncorrelated as they would be from an orthogonal design. The normal probability
plotting technique requires that the effect estimates be uncorrelated with equal variance, but the degree of correlation
introduced by a missing observation is relatively small in 2k designs where the number of factors k is at least four.
The correlation between the effect estimates and the model regression coefficients will not usually cause significant
problems in interpreting the normal probability plot.

Figure 6.18 presents the half-normal probability plot obtained for the effect estimates if the outlier observation
cd = 375 in Example 6.2 is omitted. This plot is easy to interpret, and exactly the same significant effects are identified
as when the full set of experimental data was used. The correlation between design factors in this situation is ±0.0714.
It can be shown that the correlation between the model regression coefficients is larger, that is ±0.5, but this still does
not lead to any difficulty in interpreting the half-normal probability plot.
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◾ F I GURE 6 . 18 Analysis of Example 6.2
with an outlier removed
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6.6 Additional Examples of Unreplicated 2k Designs

Unreplicated 2k designs are widely used in practice. They may be the most common variation of the 2k design. This
section presents four interesting applications of these designs, illustrating some additional analysis that can be helpful.

EXAMPLE 6 . 3 Data Transformation in a Factorial Design

Daniel (1976) describes a 24 factorial design used to study
the advance rate of a drill as a function of four factors: drill
load (A), flow rate (B), rotational speed (C), and the type
of drilling mud used (D). The data from the experiment are
shown in Figure 6.19.
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◾ F I GURE 6 . 19 Data from the drilling
experiment of Example 6.3

The normal probability plot of the effect estimates from
this experiment is shown in Figure 6.20. Based on this plot,
factors B, C, and D along with the BC and BD interactions
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◾ F I GURE 6 . 20 Normal probability plot of
effects for Example 6.3
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◾ F I GURE 6 . 21 Normal probability plot of
residuals for Example 6.3
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◾ F I GURE 6 . 22 Plot of residuals versus
predicted advance rate for Example 6.3

require interpretation. Figure 6.21 is the normal probabil-
ity plot of the residuals and Figure 6.22 is the plot of the
residuals versus the predicted advance rate from the model
containing the identified factors. There are clearly problems
with normality and equality of variance. A data transforma-
tion is often used to deal with such problems. Because the
response variable is a rate, the log transformation seems a
reasonable candidate.

Figure 6.23 presents a normal probability plot of the
effect estimates following the transformation y∗ = ln y.
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◾ F I GURE 6 . 23 Normal probability plot of
effects for Example 6.3 following log transformation

Notice that a much simpler interpretation now seems pos-
sible because only factors B, C, and D are active. That is,
expressing the data in the correct metric has simplified its
structure to the point that the two interactions are no longer
required in the explanatory model.

Figures 6.24 and 6.25 present, respectively, a normal
probability plot of the residuals and a plot of the resid-
uals versus the predicted advance rate for the model in
the log scale containing B, C, and D. These plots are
now satisfactory. We conclude that the model for y∗ = ln y
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◾ F I GURE 6 . 24 Normal probability plot
of residuals for Example 6.3 following log
transformation



�

� �

�

270 Chapter 6 The 2k Factorial Design

Predicted log advance rate
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◾ F I GURE 6 . 25 Plot of residuals versus
predicted advance rate for Example 6.3 Following
log transformation

requires only factors B,C, and D for adequate interpretation.
The ANOVA for this model is summarized in Table 6.16.
The model sum of squares is

SSModel = SSB + SSC + SSD
= 5.345 + 1.339 + 0.431

= 7.115

and R2 = SSModel∕SST = 7.115∕7.288 = 0.98, so the model
explains about 98 percent of the variability in the drill
advance rate.

◾ TABLE 6 . 16
Analysis of Variance for Example 6.3 Following the Log Transformation

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

B (Flow) 5.345 1 5.345 381.79 < 0.0001

C (Speed) 1.339 1 1.339 95.64 < 0.0001

D (Mud) 0.431 1 0.431 30.79 < 0.0001

Error 0.173 12 0.014

Total 7.288 15

EXAMPLE 6 . 4 Location and Dispersion Effects in an Unreplicated
Factorial

A 24 design was run in a manufacturing process producing
interior sidewall and window panels for commercial air-
craft. The panels are formed in a press, and under present
conditions the average number of defects per panel in a
press load is much too high. (The current process aver-
age is 5.5 defects per panel.) Four factors are investigated
using a single replicate of a 24 design, with each repli-
cate corresponding to a single press load. The factors are
temperature (A), clamp time (B), resin flow (C), and press

closing time (D). The data for this experiment are shown
in Figure 6.26.

A normal probability plot of the factor effects is shown
in Figure 6.27. Clearly, the two largest effects are A = 5.75
and C = −4.25. No other factor effects appear to be large,
and A and C explain about 77 percent of the total variabil-
ity. We therefore conclude that lower temperature (A) and
higher resin flow (C) would reduce the incidence of panel
defects.



�

� �

�

6.6 Additional Examples of Unreplicated 2k Designs 271

0.5 8

1.5 9.5

5 11

3.5 9

1 6

5

A = Temperature (°F)
B = Clamp time (min)
C = Resin flow
D = Closing time (s)

5

6 12.5

8 15.5

D

B

C

A

295
7

10
15

325
9

20
30

Factors Low (–) High (+)

◾ F I GURE 6 . 26 Data for the panel process
experiment of Example 6.4

Factor effects

–10 –5 0 5 10

1

5

10

20

30

50

70

90

95

99

80

N
o

rm
a
l 
p

ro
b

a
b

il
it

y
 (

1
 –

 P
j)

 ×
 1

0
0

 P
j 

×
 1

0
0

1

5

10

20

30

50

70

80

90

95

99
C

A

◾ F I GURE 6 . 27 Normal probability plot of the
factor effects for the panel process experiment of
Example 6.4

Careful residual analysis is an important aspect of
any experiment. A normal probability plot of the residuals
showed no anomalies, but when the experimenter plotted the
residuals versus each of the factors A through D, the plot of
residuals versus B (clamp time) presented the pattern shown
in Figure 6.28. This factor, which is unimportant insofar as
the average number of defects per panel is concerned, is very
important in its effect on process variability, with the lower
clamp time resulting in less variability in the average number
of defects per panel in a press load.
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◾ F I GURE 6 . 28 Plot of residuals versus clamp
time for Example 6.4

The dispersion effect of clamp time is also very evident
from the cube plot in Figure 6.29, which plots the average
number of defects per panel and the range of the number of

defects at each point in the cube defined by factors A, B, and
C. The average range when B is at the high level (the back
face of the cube in Figure 6.29) is RB+ = 4.75 and when B
is at the low level, it is RB− = 1.25.
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◾ F I GURE 6 . 29 Cube plot of temperature, clamp
time, and resin flow for Example 6.4

As a result of this experiment, the engineer decided
to run the process at low temperature and high resin flow to
reduce the average number of defects, at low clamp time
to reduce the variability in the number of defects per panel,
and at low press closing time (which had no effect on either
location or dispersion). The new set of operating conditions
resulted in a new process average of less than one defect
per panel.
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The residuals from a 2k design provide much information about the problem under study. Because residuals
can be thought of as observed values of the noise or error, they often give insight into process variability. We can
systematically examine the residuals from an unreplicated 2k design to provide information about process variability.

Consider the residual plot in Figure 6.28. The standard deviation of the eight residuals where B is at the low
level is S(B−) = 0.83, and the standard deviation of the eight residuals where B is at the high level is S(B+) = 2.72.
The statistic

F∗
B = ln

S2(B+)
S2(B−)

(6.24)

has an approximate normal distribution if the two variances 𝜎2(B+) and 𝜎
2(B−) are equal. To illustrate the calculations,

the value of F∗
B is

F∗
B = ln

S2(B+)
S2(B−)

= ln
(2.72)2

(0.83)2
= 2.37

Table 6.17 presents the complete set of contrasts for the 24 design along with the residuals for each run from
the panel process experiment in Example 6.4. Each column in this table contains an equal number of plus and minus
signs, and we can calculate the standard deviation of the residuals for each group of signs in each column, say S(i+) and
S(i−), i = 1, 2, . . . , 15. Then

F∗
i = ln

S2(i+)
S2(i−)

i = 1, 2, . . . , 15 (6.25)

◾ TABLE 6 . 17
Calculation of Dispersion Effects for Example 6.4

Run A B AB C AC BC ABC D AD BD ABD CD ACD BCD ABCD Residual

1 − − + − + + − − + + − + − − + −0.94

2 + − − − − + + − − + + + + − − −0.69

3 − + − − + − + − + − + + − + − −2.44

4 + + + − − − − − − − − + + + + −2.69

5 − − + + − − + − + + − − + + − −1.19

6 + − − + + − − − − + + − − + + 0.56

7 − + − + − + − − + − + − + − + −0.19

8 + + + + + + + − − − − − − − − 2.06

9 − − + − + + − + − − + − + + − 0.06

10 + − − − − + + + + − − − − + + 0.81

11 − + − − + − + + − + − − + − + 2.06

12 + + + − − − − + + + + − − − − 3.81

13 − − + + − − + + − − + + − − + −0.69

14 + − − + + − − + + − − + + − − −1.44

15 − + − + − + − + − + − + − + − 3.31

16 + + + + + + + + + + + + + + + −2.44

S(i+) 2.25 2.72 2.21 1.91 1.81 1.80 1.80 2.24 2.05 2.28 1.97 1.93 1.52 2.09 1.61

S(i−) 1.85 0.83 1.86 2.20 2.24 2.26 2.24 1.55 1.93 1.61 2.11 1.58 2.16 1.89 2.33

F∗
i 0.39 2.37 0.34 −0.28 −0.43 −0.46 −0.44 0.74 0.12 0.70 −0.14 0.40 −0.70 0.20 −0.74
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◾ F I GURE 6 . 30 Normal probability plot of the
dispersion effects F∗

i for Example 6.4

is a statistic that can be used to assess the magnitude of the dispersion effects in the experiment. If the variance of the
residuals for the runs where factor i is positive equals the variance of the residuals for the runs where factor i is negative,
then F∗

i has an approximate normal distribution. The values of F∗
i are shown below each column in Table 6.15.

Figure 6.30 is a normal probability plot of the dispersion effects F∗
i . Clearly, B is an important factor with respect

to process dispersion. For more discussion of this procedure, see Box and Meyer (1986) and Myers, Montgomery, and
Anderson-Cook (2016). Also, in order for the model residuals to properly convey information about dispersion effects,
the location model must be correctly specified. Refer to the supplemental text material for this chapter for more details
and an example.

EXAMPLE 6 . 5 Duplicate Measurements on the Response

A team of engineers at a semiconductor manufacturer ran
a 24 factorial design in a vertical oxidation furnace. Four
wafers are “stacked” in the furnace, and the response vari-
able of interest is the oxide thickness on the wafers. The four
design factors are temperature (A), time (B), pressure (C),
and gas flow (D). The experiment is conducted by loading
four wafers into the furnace, setting the process variables
to the test conditions required by the experimental design,
processing the wafers, and then measuring the oxide thick-
ness on all four wafers. Table 6.18 presents the design and
the resulting thickness measurements. In this table, the four
columns labeled “Thickness” contain the oxide thickness
measurements on each individual wafer, and the last two
columns contain the sample average and sample variance of
the thickness measurements on the four wafers in each run.

The proper analysis of this experiment is to consider
the individual wafer thickness measurements as duplicate
measurements and not as replicates. If they were really
replicates, each wafer would have been processed individu-
ally on a single run of the furnace. However, because all four
wafers were processed together, they received the treatment
factors (that is, the levels of the design variables) simultane-
ously, so there is much less variability in the individual wafer
thickness measurements than would have been observed if

each wafer was a replicate. Therefore, the average of the
thickness measurements is the correct response variable to
initially consider.

Table 6.19 presents the effect estimates for this experi-
ment, using the average oxide thickness y as the response
variable. Note that factors A and B and the AB interaction
have large effects that together account for nearly 90 percent
of the variability in average oxide thickness. Figure 6.31 is
a normal probability plot of the effects. From examination
of this display, we would conclude that factors A, B, and C
and the AB and AC interactions are important. The analysis
of variance display for this model is shown in Table 6.20.

The model for predicting average oxide thickness is

ŷ = 399.19 + 21.56x1+
9.06x2 − 5.19x3 + 8.44x1x2 − 5.31x1x3

The residual analysis of this model is satisfactory.
The experimenters are interested in obtaining an aver-

age oxide thickness of 400 Å, and product specifications
require that the thickness must lie between 390 and 410 Å.
Figure 6.32 presents two contour plots of average thickness,
one with factor C (or x3), pressure, at the low level (that
is, x3 = −1) and the other with C (or x3) at the high level
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◾ TABLE 6 . 18
The Oxide Thickness Experiment

Standard
Order

Run
Order A B C D Thickness y s2

1 10 −1 −1 −1 −1 378 376 379 379 378 2

2 7 1 −1 −1 −1 415 416 416 417 416 0.67

3 3 −1 1 −1 −1 380 379 382 383 381 3.33

4 9 1 1 −1 −1 450 446 449 447 448 3.33

5 6 −1 −1 1 −1 375 371 373 369 372 6.67

6 2 1 −1 1 −1 391 390 388 391 390 2

7 5 −1 1 1 −1 384 385 386 385 385 0.67

8 4 1 1 1 −1 426 433 430 431 430 8.67

9 12 −1 −1 −1 1 381 381 375 383 380 12.00

10 16 1 −1 −1 1 416 420 412 412 415 14.67

11 8 −1 1 −1 1 371 372 371 370 371 0.67

12 1 1 1 −1 1 445 448 443 448 446 6

13 14 −1 −1 1 1 377 377 379 379 378 1.33

14 15 1 −1 1 1 391 391 386 400 392 34

15 11 −1 1 1 1 375 376 376 377 376 0.67

16 13 1 1 1 1 430 430 428 428 429 1.33

◾ TABLE 6 . 19
Effect Estimates for Example 6.5, Response
Variable Is Average Oxide Thickness

Model
Term

Effect
Estimate

Sum of
Squares

Percent
Contribution

A 43.125 7439.06 67.9339

B 18.125 1314.06 12.0001

C −10.375 430.562 3.93192

D −1.625 10.5625 0.0964573

AB 16.875 1139.06 10.402

AC −10.625 451.563 4.12369

AD 1.125 5.0625 0.046231

BC 3.875 60.0625 0.548494

BD −3.875 60.0625 0.548494

CD 1.125 5.0625 0.046231

ABC −0.375 0.5625 0.00513678

ABD 2.875 33.0625 0.301929

ACD −0.125 0.0625 0.000570753

BCD −0.625 1.5625 0.0142688

ABCD 0.125 0.0625 0.000570753

–10.63 2.81

AB

B
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◾ F I GURE 6 . 31 Normal probability plot of the
effects for the average oxide thickness response,
Example 6.5
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◾ TABLE 6 . 20
Analysis of Variance (from Design-Expert) for the Average Oxide Thickness Response, Example 6.5

Source
Sum of

Squares DF
Mean

Square
F

Value Prob > F

Model 10774.31 5 2154.86 122.35 <0.000

A 7439.06 1 7439.06 422.37 <0.000

B 1314.06 1 1314.06 74.61 <0.000

C 430.56 1 430.56 24.45 0.0006

AB 1139.06 1 1139.06 64.67 <0.000

AC 451.46 1 451.56 25.64 0.0005

Residual 176.12 10 17.61

Cor Total 10950.44 15

Std. Dev. 4.20 R-Squared 0.9839

Mean 399.19 Adj R-Squared 0.9759

C.V. 1.05 Pred R-Squared 0.9588

PRESS 450.88 Adeq Precision 27.967

Factor
Coefficient

Estimate DF
Standard

Error
95% CI

Low
95% CI

High

Intercept 399.19 1 1.05 396.85 401.53

A-Time 21.56 1 1.05 19.22 23.90

B-Temp 9.06 1 1.05 6.72 11.40

C-Pressure −5.19 1 1.05 −7.53 −2.85

AB 8.44 1 1.05 6.10 10.78

AC −5.31 1 1.05 −7.65 −2.97
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◾ F I GURE 6 . 32 Contour plots of average oxide thickness with pressure (x3) held constant
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◾ TABLE 6 . 21
Analysis of Variance (from Design-Expert) of the Individual Wafer Oxide Thickness Response

Source Sum of Squares DF Mean Square F Value Prob > F

Model 43801.75 15 2920.12 476.75 <0.0001

A 29756.25 1 29756.25 4858.16 <0.0001

B 5256.25 1 5256.25 858.16 <0.0001

C 1722.25 1 1722.25 281.18 <0.0001

D 42.25 1 42.25 6.90 0.0115

AB 4556.25 1 4556.25 743.88 <0.0001

AC 1806.25 1 1806.25 294.90 <0.0001

AD 20.25 1 20.25 3.31 0.0753

BC 240.25 1 240.25 39.22 <0.0001

BD 240.25 1 240.25 39.22 <0.0001

CD 20.25 1 20.25 3.31 0.0753

ABD 132.25 1 132.25 21.59 <0.0001

ABC 2.25 1 2.25 0.37 0.5473

ACD 0.25 1 0.25 0.041 0.8407

BCD 6.25 1 6.25 1.02 0.3175

ABCD 0.25 1 0.25 0.041 0.8407

Residual 294.00 48 6.12

Lack of Fit 0.000 0

Pure Error 294.00 48 6.13

Cor Total 44095.75 63

(that is, x3 = +1). From examining these contour plots, it
is obvious that there are many combinations of time and
temperature (factors A and B) that will produce acceptable
results. However, if pressure is held constant at the low level,
the operating “window” is shifted toward the left, or lower,
end of the time axis, indicating that lower cycle times will
be required to achieve the desired oxide thickness.

It is interesting to observe the results that would be
obtained if we incorrectly consider the individual wafer
oxide thickness measurements as replicates. Table 6.21
presents a full-model ANOVA based on treating the experi-
ment as a replicated 24 factorial. Notice that there are many
significant factors in this analysis, suggesting a much more
complex model than the one that we found when using the
average oxide thickness as the response. The reason for this
is that the estimate of the error variance in Table 6.21 is too
small (𝜎̂2 = 6.12). The residual mean square in Table 6.21
reflects a combination of the variability between wafers
within a run and variability between runs. The estimate of
error obtained from Table 6.20 is much larger, 𝜎̂2 = 17.61,
and it is primarily a measure of the between-run variability.
This is the best estimate of error to use in judging the signif-
icance of process variables that are changed from run to run.

A logical question to ask is: What harm results from
identifying too many factors as important, as the incorrect
analysis in Table 6.21 would certainly do. The answer is that
trying to manipulate or optimize the unimportant factors
would be a waste of resources, and it could result in adding
unnecessary variability to other responses of interest.

When there are duplicate measurements on the response,
these observations almost always contain useful informa-
tion about some aspect of process variability. For example,
if the duplicate measurements are multiple tests by a gauge
on the same experimental unit, then the duplicate measure-
ments give some insight about gauge capability. If the dupli-
cate measurements are made at different locations on an
experimental unit, they may give some information about
the uniformity of the response variable across that unit. In
our example, because we have one observation on each of
the four experimental units that have undergone processing
together, we have some information about the within-run
variability in the process. This information is contained in
the variance of the oxide thickness measurements from the
four wafers in each run. It would be of interest to deter-
mine whether any of the process variables influence the
within-run variability.
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◾ F I GURE 6 . 33 Normal probability plot of the
effects using ln (s2) as the response, Example 6.5

Figure 6.33 is a normal probability plot of the effect esti-
mates obtained using ln(s2) as the response. Recall from
Chapter 3 that we indicated that the log transformation is
generally appropriate for modeling variability. There are not
any strong individual effects, but factor A and BD inter-
action are the largest. If we also include the main effects
of B and D to obtain a hierarchical model, then the model
for ln(s2) is

l̂n(s2) = 1.08 + 0.41x1 − 0.40x2 + 0.20x4 − 0.56x2x4

The model accounts for just slightly less than half of the
variability in the ln(s2) response, which is certainly not spec-
tacular as empirical models go, but it is often difficult to
obtain exceptionally good models of variances.

Figure 6.34 is a contour plot of the predicted variance
(not the log of the predicted variance) with pressure x3 at
the low level (recall that this minimizes cycle time) and
gas flow x4 at the high level. This choice of gas flow gives
the lowest values of predicted variance in the region of the
contour plot.

The experimenters here were interested in selecting val-
ues of the design variables that gave a mean oxide thick-
ness within the process specifications and as close to 400
Å as possible, while simultaneously making the within-
run variability small, say s2 ≤ 2. One possible way to
find a suitable set of conditions is to overlay the con-
tour plots in Figures 6.32 and 6.34. The overlay plot is
shown in Figure 6.35, with the specifications on mean
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◾ F I GURE 6 . 34 Contour plot of s2 (within-run
variability) with pressure at the low level and gas flow
at the high level

oxide thickness and the constraint s2 ≤ 2 shown as contours.
In this plot, pressure is held constant at the low level and gas
flow is held constant at the high level. The open region near
the upper left center of the graph identifies a feasible region
for the variables time and temperature.

This is a simple example of using contour plots to study
two responses simultaneously. We will discuss this problem
in more detail in Chapter 11.
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◾ F I GURE 6 . 35 Overlay of the average oxide
thickness and s2 responses with pressure at the low level
and gas flow at the high level
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EXAMPLE 6 . 6 Credit Card Marketing

An article in the International Journal of Research in
Marketing (“Experimental Design on the Front Lines of
Marketing: Testing New Ideas to Increase Direct Mail
Sales,” 2006, Vol. 23, pp. 309–319) describes an experiment
to test new ideas to increase direct mail sales by the credit
card division of a financial services company. They want to
improve the response rate to its credit card offers. They know
from experience that the interest rates are an important fac-
tor in attracting potential customers, so they have decided to
focus on factors involving both interest rates and fees. They
want to test changes in both introductory and long-term
rates, as well as the effects of adding an account-opening
fee and lowering the annual fee. The factors tested in the
experiment are as follows:

Factor (−) Control (+) New Idea

A: Annual fee Current Lower

B: Account-opening fee No Yes

C: Initial interest rate Current Lower

D: Long-term interest rate Low High

The marketing team used columns A through D of the
24 factorial test matrix shown in Table 6.22 to create 16 mail
packages. The +∕− sign combinations in the 11 interaction
(product) columns are used solely to facilitate the statistical
analysis of the results. Each of the 16 test combinations was
mailed to 7500 customers, and 2837 customers responded
positively to the offers.

Table 6.23 is the JMP output for the screening anal-
ysis. Lenth’s method with simulated P-values is used
to identify significant factors. All four main effects are
significant, and one interaction (AB, or Annual Fee ×
Account Opening Fee). The prediction profiler indicates the
settings of the four factors that will result in the maximum
response rate. The lower annual fee, no account opening
fee, the lower long-term interest rate and either value of the
initial interest rate produce the best response, 3.39 percent.
The optimum conditions occur at one of the actual test com-
binations because all four design factors were treated as
qualitative. With continuous factors, the optimal conditions
are usually not at one of the experimental runs.

◾ TABLE 6 . 22
The 24 Factorial Design Used in the Credit Card Marketing Experiment, Example 6.6

Annual-
Fee

Account-
Opening
Fee

Initial
Interest
Rate

Long-Term
Interest
Rate (Interactions)Test

Cell A B C D AB AC AD BC BD CD ABC ABD ACD BCD ABCD Orders
Response
Rate

1 − − − − + + + + + + − − − − + 184 2.45%

2 + − − − − − − + + + + + + − − 252 3.36%

3 − + − − − + + − − + + + − + − 162 2.16%

4 + + − − + − − − − + − − + + + 172 2.29%

5 − − + − + − + − + − + − + + − 187 2.49%

6 + − + − − + − − + − − + − + + 254 3.39%

7 − + + − − − + + − − − + + − + 174 2.32%

8 + + + − + + − + − − + − − − − 183 2.44%

9 − − − + + + − + − − − + + + − 138 1.84%

10 + − − + − − + + − − + − − + + 168 2.24%

11 − + − + − + − − + − + − + − + 127 1.69%

12 + + − + + − + − + − − + − − − 140 1.87%

13 − − + + + − − − − + + + − − + 172 2.29%

14 + − + + − + + − − + − − + − − 219 2.92%

15 − + + + − − − + + + − − − + − 153 2.04%

16 + + + + + + + + + + + + + + + 152 2.03%
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◾ TABLE 6 . 23
JMP Output for Example 6.6
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Prediction Profiler

Response Response Rate

Summary of Fit
RSquare 1

RSquare Adj .

Root Mean Square Error .

Mean of Response 2.36375

Observations (or Sum Wgts) 16

Sorted Parameter Estimates

Term
Account Opening Fee[No]
Long-term Interest Rate[Low]
Annual Fee[Current]
Annual Fee[Current]*Account Opening Fee[No]
initial Interest Rate[Current]
initial Interest Rate[Current]*Long-term Interest Rate[Low]
Annual Fee[Current]*Long-term Interest Rate[Low]
Account Opening Fee[No]*initial Interest Rate[Current]*Long-term Interest Rate[Low]
Account Opening Fee[No]*Long-term Interest Rate[Low]
Annual Fee[Current]*Account Opening Fee[No]*Long-term Interest Rate[Low]
Annual Fee[Current]*Account Opening Fee[No]*initial Interest Rate[Current]
Annual Fee[Current]*Account Opening Fee[No]*initial Interest Rate[Current]*Long-term Interest Rate[Low]
Account Opening Fee[No]*initial Interest Rate[Current]
Annual Fee[Current]*initial Interest Rate[Current]*Long-term Interest Rate[Low]
Annual Fee[Current]*initial Interest Rate[Current]

No error degrees of freedom, so ordinary tests uncomputable.
Relative Std Error corresponds to residual standard error of 1.
Pseudo t-Ratio and p-Value calculated using Lenth PSE 0.07125
and DFE 5

Relative
Std Error

Pseudo
t-Ratio

Pseudo
Estimate p-Value

0.25875 0.25 3.63 0.0150*
0.24875 0.25 3.49 0.0174*
0.20375 0.25 2.86 0.0354*
0.15125 0.25 2.12 0.0872
0.12625 0.25 1.77 0.1366
0.07875 0.25 1.11 0.3194
0.05375 0.25 0.75 0.4846
0.05375 0.25 0.75 0.4846
0.05125 0.25 0.72 0.5042
0.04375 0.25 0.61 0.5661
0.02625 0.25 0.37 0.7276
0.02625 0.25 0.37 0.7276
0.02375 0.25 0.33 0.7524
0.00375 0.25 0.05 0.9601
0.00125 0.25 0.02 0.9867
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6.7 2k Designs are Optimal Designs

Two-level factorial designs have many interesting and useful properties. In this section, a brief description of some
of these properties is given. We have remarked in previous sections that the model regression coefficients and effect
estimates from a 2k design are least squares estimates. This is discussed in the supplemental text material for this
chapter and presented in more detail in Chapter 10, but it is useful to give a proof of this here.

Consider a very simple case of the 22 design with one replicate. This is a four-run design, with treatment com-
binations (1), a, b, and ab. The design is shown geometrically in Figure 6.1. The model we fit to the data from this
design is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝜀

where x1 and x2 are the main effects of the two factors on the ±1 scale and x1x2 is the two-factor interaction. We can
write out each one of the four runs in this design in terms of this model as follows:

(1) = 𝛽0 + 𝛽1(−1) + 𝛽2(−1) + 𝛽12(−1)(−1) + 𝜖1

a = 𝛽0 + 𝛽1(1) + 𝛽2(−1) + 𝛽12(1)(−1) + 𝜖2

b = 𝛽0 + 𝛽1(−1) + 𝛽2(1) + 𝛽2(−1)(1) + 𝜖3

ab = 𝛽0 + 𝛽1(1) + 𝛽2(1) + 𝛽12(1)(1) + 𝜖4

It is much easier if we write these four equations in matrix form:

y = X𝜷 + 𝜖,where y =
⎡⎢⎢⎢⎣

(1)
a
b
ab

⎤⎥⎥⎥⎦
,X =

⎡⎢⎢⎢⎣

1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 1 1 1

⎤⎥⎥⎥⎦
,𝜷 =

⎡⎢⎢⎢⎣

𝛽0
𝛽1
𝛽2
𝛽12

⎤⎥⎥⎥⎦
, and 𝜖 =

⎡⎢⎢⎢⎣

𝜀1
𝜀2
𝜀3
𝜀4

⎤⎥⎥⎥⎦
The least squares estimates of the model parameters are the values of the 𝛽’s that minimize the sum of the squares of
the model errors, 𝜖i, i = 1, 2, 3, 4. The least squares estimates are

𝜷̂ = (X′X)−1X′y (6.26)

where the prime (′) denotes a transpose and (X′X)−1 is the inverse of X′X. We will prove this result later in Chapter
10. For the 22 design, the quantities X′X and X′y are

X′X =
⎡⎢⎢⎢⎣

1 1 1 1
−1 1 −1 1
−1 −1 1 1
1 −1 −1 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣

1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 1 1 1

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

4 0 0 0
0 4 0 0
0 0 4 0
0 0 0 4

⎤⎥⎥⎥⎦
and

X′y =
⎡⎢⎢⎢⎣

1 1 1 1
−1 1 −1 1
−1 −1 1 1

1 −1 −1 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣

(1)
a
b
ab

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

(1) + a + b + ab
−(1) + a − b + ab
−(1) − a + b + ab
(1) − a − b + ab

⎤⎥⎥⎥⎦
The X′X matrix is diagonal because the 22 design is orthogonal. The least squares estimates are as follows:

𝜷̂ = (X′X)−1X′y

=
⎡⎢⎢⎢⎣

4 0 0 0
0 4 0 0
0 0 4 0
0 0 0 4

⎤⎥⎥⎥⎦

−1 ⎡⎢⎢⎢⎣

(1) + a + b + ab
−(1) + a − b + ab
−(1) − a + b + ab
(1) − a − b + ab

⎤⎥⎥⎥⎦
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=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(1) + a + b + ab
4

−(1) + a − b + ab
4

−(1) − a + b + ab
4

(1) − a − b + ab
4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
The least squares estimates of the model regression coefficients are exactly equal to one-half of the usual effect
estimates.

It turns out that the variance of any model regression coefficient is easy to find:

V(𝛽) = 𝜎
2(diagonal element of (X′X)−1) (6.27)

= 𝜎
2

4

All model regression coefficients have the same variance. Furthermore, there is no other four-run design on
the design space bounded by ±1 that makes the variance of the model regression coefficients smaller. In general, the
variance of any model regression coefficient in a 2k design where each design point is replicated n times is V(𝛽) =
𝜎

2∕(n2k) = 𝜎
2∕N, where N is the total number of runs in the design. This is the minimum possible variance for the

regression coefficient.
For the 22 design, the determinant of the X′X matrix is

|(X′X)| = 256

This is the maximum possible value of the determinant for a four-run design on the design space bounded by ±1.
It turns out that the volume of the joint confidence region that contains all the model regression coefficients is inversely
proportional to the square root of the determinant of X′X. Therefore, to make this joint confidence region as small as
possible, we would want to choose a design that makes the determinant of X′X as large as possible. This is accomplished
by choosing the 22 design.

In general, a design that minimizes the variance of the model regression coefficients is called a D-optimal
design. The D terminology is used because these designs are found by selecting runs in the design to maximize the
determinant of X′X. The 2k design is a D-optimal design for fitting the first-order model or the first-order model
with interaction. Many computer software packages, such as JMP, Design-Expert, and Minitab, have algorithms for
findingD-optimal designs. These algorithms can be very useful in constructing experimental designs for many practical
situations. We will make use of them in subsequent chapters.

Now consider the variance of the predicted response in the 22 design

V[ŷ(x1x2)] = V(𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2)

The variance of the predicted response is a function of the point in the design space where the prediction is made
(x1 and x2) and the variance of the model regression coefficients. The estimates of the regression coefficients are
independent because the 22 design is orthogonal and they all have variance 𝜎

2∕4, so

V[ŷ(x1, x2)] = V(𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2)

= 𝜎
2

4
(1 + x2

1 + x2
2 + x2

1x
2
2)

The maximum prediction variance occurs when x1 = x2 = ±1 and is equal to 𝜎
2. To determine how good this is,

we need to know the best possible value of prediction variance that we can attain. It turns out that the smallest possible
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value of the maximum prediction variance over the design space is p𝜎2∕N, where p is the number of model parameters
and N is the number of runs in the design. The 22 design has N = 4 runs and the model has p = 4 parameters, so the
model that we fit to the data from this experiment minimizes the maximum prediction variance over the design region.
A design that has this property is called a G-optimal design. In general, 2k designs are G-optimal designs for fitting
the first-order model or the first-order model with interaction.

We can evaluate the prediction variance at any point of interest in the design space. For example, when we are
at the center of the design where x1 = x2 = 0, the prediction variance is

V[ŷ(x1 = 0, x2 = 0)] = 𝜎
2

4

When x1 = 1 and x2 = 0, the prediction variance is

V[ŷ(x1 = 1, x2 = 0)] = 𝜎
2

2

An alternative to evaluating the prediction variance at a lot of points in the design space is to consider the average
prediction variance over the design space. One way to calculate this average prediction variance is

I = 1
A

1

∫
−1

1

∫
−1

V[ŷ(x1, x2)]dx1dx2

where A is the area (in general the volume) of the design space. To compute the average, we are integrating the variance
function over the design space and dividing by the area of the region.

Sometimes I is called the integrated variance criterion. Now for a 22 design, the area of the design region is
A = 4, and

I = 1
A

1

∫
−1

1

∫
−1

V[ŷ(x1, x2)]dx1dx2

= 1
4

1

∫
−1

1

∫
−1

𝜎
2 1

4
(1 + x2

1 + x2
2 + x2

1x
2
2)dx1dx2

= 4𝜎2

9

It turns out that this is the smallest possible value of the average prediction variance that can be obtained from
a four-run design used to fit a first-order model with interaction on this design space. A design with this property is
called an I-optimal design. In general, 2k designs are I-optimal designs for fitting the first-order model or the first-order
model with interaction. The JMP software will construct I-optimal designs. This can be very useful in constructing
designs when response prediction is the goal of the experiment.

It is also possible to display the prediction variance over the design space graphically. Figure 6.36 is output from
JMP illustrating three possible displays of the prediction variance from a 22 design. The first graph is the prediction
variance profiler, which plots the unscaled prediction variance

UPV =
V[ŷ(x1, x2)]

𝜎2

against the levels of each design factor. The “crosshairs” on the graphs are adjustable, so that the unscaled prediction
variance can be displayed at any desired combination of the variables x1 and x2. Here, the values chosen are x1 = −1
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◾ F I GURE 6 . 36 JMP prediction variance output for the 22 design

and x2 = +1, for which the unscaled prediction variance is

UPV =
V[ŷ(x1, x2)]

𝜎2

=

𝜎
2

4
(1 + x2

1 + x2
2 + x2

1x
2
2)

𝜎2

=

𝜎
2

4
(4)

𝜎2

= 1
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The second graph is a fraction of design space (FDS) plot, which shows the unscaled prediction variance on the
vertical scale and the fraction of design space on the horizontal scale. This graph also has an adjustable crosshair
that is shown at the 50 percent point on the fraction of design space scale. The crosshairs indicate that the unscaled
prediction variance will be at most 0.425 𝜎

2 (remember that the unscaled prediction variance divides by 𝜎
2, that’s why

the point on the vertical scale is 0.425) over a region that covers 50 percent of the design region. Therefore, an FDS plot
gives a simple display of how the prediction variance is distributed throughout the design region. An ideal FDS plot
would be flat with a small value of the unscaled prediction variance. FDS plots are an ideal way to compare designs
in terms of their potential prediction performance.

The final display in the JMP output is a surface plot of the unscaled prediction variance. The contours of constant
prediction variance for the 22 are circular; that is, all points in the design space that are at the same distance from the
center of the design have the same prediction variance.

Optimal design tools in software can be used to aid the experimenter in constructing designs when the require-
ments of the experiment are such that a standard design isn’t available. For example, consider a situation where an
experimenter is interested in three continuous factors, each at two levels, and wants to be sure that all main effects and
two-factor interactions can be estimated. It is also desirable to have replication so that formal statistical testing can be
conducted. A logical design choice would seem to be the 23 factorial with two replicates, requiring 16 runs. However,
the experimental budget can only accommodate 12 runs. There isn’t a standard design available with this sample size,
so an optimal design is a reasonable alternative in this situation.

The left side of the display below shows a 12-run D-optimal design created using the optimal design tool in
JMP. The right-hand side contains some estimation efficiency information. The first thing we notice is that the relative
standard error of the model regression coefficients are all equal, but they are not 1∕

√
12 = 0.289, as they would be

for a 12-run orthogonal design (the relative standard error is the standard error of the model parameter apart from
the unknown constant 𝜎). This is because the D-optimal design is not orthogonal. The main effects are orthogonal
to each other but not to all of the two-factor interactions. Every main effect is correlated with the two-factor inter-
action not including that factor and the correlation is 0.33. However, all model coefficients have the same relative
standard error, so this D-optimal design is an equi-variance design, meaning all parameters are estimated with the
same precision. This design is not exactly D-optimal; it’s D-efficiency is 94.28%. The reason that this design isn’t
D-optimal is that it isn’t orthogonal. There isn’t an orthogonal design with 12 runs available for this problem situa-
tion. The length of the confidence intervals on each model parameter (apart from the intercept) is increased by 6.1%
relative to what the length would be if a 12-run orthogonal design could be used. The power of this design using
𝛼 = 0.10 is 84.6%.
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6.8 The Addition of Center Points to the 2k Design

A potential concern in the use of two-level factorial designs is the assumption of linearity in the factor effects.
Of course, perfect linearity is unnecessary, and the 2k system will work quite well even when the linearity assumption
holds only very approximately. In fact, we have noted that if interaction terms are added to a main effect or first-order
model, resulting in

y = 𝛽0 +
k∑

j=1

𝛽jxj +
∑∑

i<j

𝛽ijxixj + 𝜖 (6.28)

then we have a model capable of representing some curvature in the response function. This curvature, of course,
results from the twisting of the plane induced by the interaction terms 𝛽ijxixj.

In some situations, the curvature in the response function will not be adequately modeled by Equation 6.28. In
such cases, a logical model to consider is

y = 𝛽0 +
k∑

j=1

𝛽jxj +
∑∑

i<j

𝛽ijxixj +
k∑

j=1

𝛽ijx
2
j + 𝜖 (6.29)

where the 𝛽jj represent pure second-order or quadratic effects. Equation 6.29 is called a second-order response
surface model.

In running a two-level factorial experiment, we usually anticipate fitting the first-order model in Equation 6.28,
but we should be alert to the possibility that the second-order model in Equation 6.29 is more appropriate. There is a
method of replicating certain points in a 2k factorial that will provide protection against curvature from second-order
effects as well as allow an independent estimate of error to be obtained. The method consists of adding center points to
the 2k design. These consist of nC replicates run at the points xi = 0(i = 1, 2, . . . , k). One important reason for adding
the replicate runs at the design center is that center points do not affect the usual effect estimates in a 2k design. When
we add center points, we assume that the k factors are quantitative.

To illustrate the approach, consider a 22 design with one observation at each of the factorial points (−,−),
(+,−), (−,+), and (+,+) and nC observations at the center point (0, 0). Figures 6.37 and 6.38 illustrate the situation.

1.00
1.00 2.00

2.00

–1.00
–2.00–2.00

–1.00
0.00

0.00

yF

yC

x2 x1

y

◾ F I GURE 6 . 37 A 22 design with center points
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◾ F I GURE 6 . 38 A 22 design with
center points
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Let yF be the average of the four runs at the four factorial points, and yC be the average of the nC runs at the center
point. If the difference yF − yC is small, then the center points lie on or near the plane passing through the factorial
points, and there is no quadratic curvature. On the other hand, if yF − yC is large, then quadratic curvature is present.
A single-degree-of-freedom sum of squares for pure quadratic curvature is given by

SSPure quadratic =
nFnC(yF − yC)2

nF + nC
(6.30)

where, in general, nF is the number of factorial design points. This sum of squares may be incorporated into the ANOVA
and may be compared to the error mean square to test for pure quadratic curvature. More specifically, when points are
added to the center of the 2k design, the test for curvature (using Equation 6.30) actually tests the hypotheses

H0∶
k∑

j=1

𝛽jj = 0

H1∶
k∑

j=1

𝛽jj ≠ 0

Furthermore, if the factorial points in the design are unreplicated, one may use the nC center points to construct an esti-
mate of error with nC − 1 degrees of freedom. A t-test can also be used to test for curvature. Refer to the supplemental
text material for this chapter.

EXAMPLE 6 . 7

We will illustrate the addition of center points to a 2k design
by reconsidering the pilot plant experiment in Example 6.2.
Recall that this is an unreplicated 24 design. Refer to the
original experiment shown in Table 6.10. Suppose that four
center points are added to this experiment, and at the points
x1 = x2 = x3 = x4 = 0 the four observed filtration rates were
73, 75, 66, and 69. The average of these four center points
is yC = 70.75, and the average of the 16 factorial runs is
yF = 70.06. Since yC and yF are very similar, we suspect that
there is no strong curvature present.

Table 6.24 summarizes the analysis of variance for this
experiment. In the upper portion of the table, we have fit
the full model. The mean square for pure error is calculated
from the center points as follows:

MSE =
SSE

nC − 1
=

∑
Center points

(yi − yc)
2

nC − 1
(6.31)

Thus, in Table 6.22,

MSE =

4∑
i=1

(yi − 70.75)2

4 − 1
= 48.75

3
= 16.25

The difference yF − yC = 70.06 − 70.75 = −0.69 is used
to compute the pure quadratic (curvature) sum of squares in
the ANOVA table from Equation 6.30 as follows:

SSPure quadratic =
nFnC(yF − yC)2

nF + nC

= (16)(4)(−0.69)2

16 + 4
= 1.51

The ANOVA indicates that there is no evidence of
second-order curvature in the response over the region of
exploration. That is, the null hypothesis H0 ∶ 𝛽11 + 𝛽22 +
𝛽33 + 𝛽44 = 0 cannot be rejected. The significant effects are
A, C, D, AC, and AD. The ANOVA for the reduced model
is shown in the lower portion of Table 6.24. The results of
this analysis agree with those from Example 6.2, where the
important effects were isolated using the normal probability
plotting method.
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◾ TABLE 6 . 24
Analysis of Variance for Example 6.6

ANOVA for the Full Model

Source of
Variation

Sum of
Squares DF

Mean
Square F Prob > F

Model 5730.94 15 382.06 23.51 0.0121

A 1870.56 1 1870.56 115.11 0.0017

B 39.06 1 39.06 2.40 0.2188

C 390.06 1 390.06 24.00 0.0163

D 855.56 1 855.56 52.65 0.0054

AB 0.063 1 0.063 3.846E-003 0.9544

AC 1314.06 1 1314.06 80.87 0.0029

AD 1105.56 1 1105.56 68.03 0.0037

BC 22.56 1 22.56 1.39 0.3236

BD 0.56 1 0.56 0.035 0.8643

CD 5.06 1 5.06 0.31 0.6157

ABC 14.06 1 14.06 0.87 0.4209

ABD 68.06 1 68.06 4.19 0.1332

ACD 10.56 1 10.56 0.65 0.4791

BCD 27.56 1 27.56 1.70 0.2838

ABCD 7.56 1 7.56 0.47 0.5441

Pure quadratic

Curvature 1.51 1 1.51 0.093 0.7802

Pure error 48.75 3 16.25

Cor total 5781.20 19

Model 5535.81 5 1107.16 59.02 <0.000

A 1870.56 1 1870.56 99.71 <0.000

C 390.06 1 390.06 20.79 0.0005

D 855.56 1 855.56 45.61 <0.000

AC 1314.06 1 1314.06 70.05 <0.000

AD 1105.56 1 1105.56 58.93 <0.000

Pure quadratic

curvature 1.51 1 1.51 0.081 0.7809

Residual 243.87 13 18.76

Lack of fit 195.12 10 19.51 1.20 0.4942

Pure error 48.75 3 16.25

Cor total 5781.20 19
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◾ F I GURE 6 . 39 Central composite designs x2

x1

x3

x2

x1

(a) Two factors (b) Three factors

In Example 6.6, we concluded that there was no indication of quadratic effects; that is, a first-order model in A,
C, D, along with the AC and AD interaction, is appropriate. However, there will be situations where the quadratic terms
(x2

i ) will be required. To illustrate for the case of k = 2 design factors, suppose that the curvature test is significant so
that we will now have to assume a second-order model such as

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
1 + 𝛽22x

2
2 + 𝜖

Unfortunately, we cannot estimate the unknown parameters (the 𝛽’s) in this model because there are six parameters to
estimate and the 22 design and center points in Figure 6.38 have only five independent runs.

A simple and highly effective solution to this problem is to augment the 2k design with four axial runs, as
shown in Figure 6.39a for the case of k = 2. The resulting design, called a central composite design, can now be
used to fit the second-order model. Figure 6.39b shows a central composite design for k = 3 factors. This design has
14 + nC runs (usually 3 ≤ nC ≤ 5) and is a very efficient design for fitting the 10-parameter second-order model in
k = 3 factors.

Central composite designs are used extensively in building second-order response surface models. These designs
will be discussed in more detail in Chapter 11.

We conclude this section with a few additional useful suggestions and observations concerning the use of cen-
ter points.

1. When a factorial experiment is conducted in an ongoing process, consider using the current operating con-
ditions (or recipe) as the center point in the design. This often assures the operating personnel that at least
some of the runs in the experiment are going to be performed under familiar conditions, and so the results
obtained (at least for these runs) are unlikely to be any worse than are typically obtained.

2. When the center point in a factorial experiment corresponds to the usual operating recipe, the experimenter
can use the observed responses at the center point to provide a rough check of whether anything “unusual”
occurred during the experiment. That is, the center point responses should be very similar to the responses
observed historically in routine process operation. Often operating personnel will maintain a control chart
for monitoring process performance. Sometimes the center point responses can be plotted directly on the
control chart as a check of the manner in which the process was operating during the experiment.

3. Consider running the replicates at the center point in nonrandom order. Specifically, run one or two center
points at or near the beginning of the experiment, one or two near the middle, and one or two near the
end. By spreading the center points out in time, the experimenter has a rough check on the stability of the
process during the experiment. For example, if a trend has occurred in the response while the experiment
was performed, plotting the center point responses versus time order may reveal this.

4. Sometimes experiments must be conducted in situations where there is little or no prior information about
process variability. In these cases, running two or three center points as the first few runs in the experiment
can be very helpful. These runs can provide a preliminary estimate of variability. If the magnitude of the
variability seems reasonable, continue; on the contrary, if larger than anticipated (or reasonable!) variability
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◾ F I GURE 6 . 40 A 23 factorial design with one
qualitative factor and center points

is observed, stop. Often it will be very profitable to study the question of why the variability is so large before
proceeding with the rest of the experiment.

5. Usually, center points are employed when all design factors are quantitative. However, sometimes there
will be one or more qualitative or categorical variables and several quantitative ones. Center points can still
be employed in these cases. To illustrate, consider an experiment with two quantitative factors, time and
temperature, each at two levels, and a single qualitative factor, catalyst type, also with two levels (organic
and nonorganic). Figure 6.40 shows the 23 design for these factors. Notice that the center points are placed
in the opposed faces of the cube that involve the quantitative factors. In other words, the center points can be
run at the high- and low-level treatment combinations of the qualitative factors as long as those subspaces
involve only quantitative factors.

It is interesting to note that adding center runs to a 2k design is never a D-optimal design strategy. To illustrate,
recall the 12-run D-optimal design for three factors that we constructed at the end of Section 6.7. The D-efficiency
of that design was 94.28%. The D-efficiency of the 23 design with four center points is only 70.64%. Furthermore,
in the 12-run D-optimal design the relative standard error of the model parameters was 0.306, while in the design
with four center points it is 0.354. As one would expect, the D-optimal design results in model parameters that
are more precisely estimated. The fraction of design space plot in Figure 6.41 compares the prediction variance
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center points (upper curve)
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performance of the two designs. The lower curve in this figure is the FDS curve for the D-optimal design. Clearly,
the D-optimal design outperforms the 23 design with four center points in terms of the ability to predict the response
over almost all of the design space. However, the D-optimal design does not have the capability to detect potential
curvature in the response function. The trade-off between the two designs is a decision that the experimenter needs to
consider carefully.

6.9 Why We Work with Coded Design Variables

The reader will have noticed that we have performed all of the analysis and model fitting for a 2k factorial design in
this chapter using coded design variables, −1 ≤ xi ≤ +1, and not the design factors in their original units (sometimes
called actual, natural, or engineering units). When the engineering units are used, we can obtain different numerical
results in comparison to the coded unit analysis, and often the results will not be as easy to interpret.

To illustrate some of the differences between the two analyses, consider the following experiment. A simple
DC-circuit is constructed in which two different resistors, 1 and 2Ω, can be connected. The circuit also contains
an ammeter and a variable-output power supply. With a resistor installed in the circuit, the power supply is
adjusted until a current flow of either 4 or 6 amps is obtained. Then the voltage output of the power supply is read
from a voltmeter. Two replicates of a 22 factorial design are performed, and Table 6.25 presents the results. We
know that Ohm’s law determines the observed voltage, apart from measurement error. However, the analysis of
these data via empirical modeling lends some insight into the value of coded units and the engineering units in
designed experiments.

Tables 6.26 and 6.27 present the regression models obtained using the design variables in the usual coded vari-
ables (x1 and x2) and the engineering units, respectively. Minitab was used to perform the calculations. Consider first
the coded variable analysis in Table 6.26. The design is orthogonal and the coded variables are also orthogonal. Notice
that both main effects (x1 = current) and (x2 = resistance) are significant as is the interaction. In the coded variable
analysis, the magnitudes of the model coefficients are directly comparable; that is, they all are dimensionless, and they
measure the effect of changing each design factor over a one-unit interval. Furthermore, they are all estimated with the
same precision (notice that the standard error of all three coefficients is 0.053). The interaction effect is smaller than
either main effect, and the effect of current is just slightly more than one-half the resistance effect. This suggests that
over the range of the factors studied, resistance is a more important variable. Coded variables are very effective for
determining the relative size of factor effects.

◾ TABLE 6 . 25
The Circuit Experiment

I (Amps) R (Ohms) x1 x2 V (Volts)

4 1 −1 −1 3.802

4 1 −1 −1 4.013

6 1 1 −1 6.065

6 1 1 −1 5.992

4 2 −1 1 7.934

4 2 −1 1 8.159

6 2 1 1 11.865

6 2 1 1 12.138
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◾ TABLE 6 . 26
Regression Analysis for the Circuit Experiment Using Coded Variables

The regression equation is

V = 7.50 + 1.52 × 1 + 2.53 × 2 + 0.458 × 1 × 2

Predictor Coef StDev T P
Constant 7.49600 0.05229 143.35 0.000
x 1 1.51900 0.05229 29.05 0.000
x 2 2.52800 0.05229 48.34 0.000
x 1 x 2 0.45850 0.05229 8.77 0.001

S = 0.1479 R-Sq = 99.9% R-Sq(adj) = 99.8%

Analysis of Variance

Source DF SS MS F P
Regression 3 71.267 23.756 1085.95 0.000

Residual Error 4 0.088 0.022
Total 7 71.354

◾ TABLE 6 . 27
Regression Analysis for the Circuit Experiment Using Engineering Units

The regression equation is

V = -0.806 + 0.144 I + 0.471 R + 0.917 IR

Predictor Coef StDev T P
Constant -0.8055 0.8432 -0.96 0.394
I 0.1435 0.1654 0.87 0.434
R 0.4710 0.5333 0.88 0.427
IR 0.9170 0.1046 8.77 0.001

S = 0.1479 R-Sq = 99.9% R-Sq(adj) = 99.8%

Analysis of Variance

Source DF SS MS F P
Regression 3 71.267 23.756 1085.95 0.000

Residual Error 4 0.088 0.022
Total 7 71.354

Now consider the analysis based on the engineering units, as shown in Table 6.27. In this model, only the inter-
action is significant. The model coefficient for the interaction term is 0.9170, and the standard error is 0.1046. We can
construct a t statistic for testing the hypothesis that the interaction coefficient is unity:

t0 =
𝛽IR − 1

se(𝛽IR)
= 0.9170 − 1

0.1046
= −0.7935
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◾ TABLE 6 . 28
Regression Analysis for the Circuit Experiment (Interaction Term Only)

The regression equation is

V = 1.00 IR

Predictor Coef Std. Dev. T P
Noconstant
IR 1.00073 0.00550 181.81 0.000

S = 0.1255
Analysis of Variance

Source DF SS MS F P
Regression 3 71.267 23.756 1085.95 0.000

Residual Error 4 0.088 0.022
Total 7 71.354

The P-value for this test statistic is P = 0.76. Therefore, we cannot reject the null hypothesis that the coefficient
is unity, which is consistent with Ohm’s law. Note that the regression coefficients are not dimensionless and that they
are estimated with differing precision. This is because the experimental design, with the factors in the engineering
units, is not orthogonal.

Because the intercept and the main effects are not significant, we could consider fitting a model containing
only the interaction term IR. The results are shown in Table 6.28. Notice that the estimate of the interaction term
regression coefficient is now different from what it was in the previous engineering-units analysis because the design
in engineering units is not orthogonal. The coefficient is also virtually unity.

Generally, the engineering units are not directly comparable, but they may have physical meaning as in the present
example. This could lead to possible simplification based on the underlying mechanism. In almost all situations, the
coded unit analysis is preferable. It is fairly unusual for a simplification based on some underlying mechanism (as
in our example) to occur. The fact that coded variables let an experimenter see the relative importance of the design
factors is useful in practice.

6.10 Problems

6.1 In a 24 factorial design, the number of degrees of free-
dom for the model, assuming the complete factorial model, is

(a) 7 (b) 5 (c) 6

(d) 11 (e) 12 (f) none of the above

6.2 A 23 factorial is replicated twice. The number of pure
error or residual degrees of freedom are

(a) 4 (b) 12 (c) 15

(d) 2 (e) 8 (f) none of the above

6.3 A 23 factorial is replicated twice. The ANOVA indi-
cates that all main effects are significant but the interactions
are not significant. The interaction terms are dropped from

the model. The number of residual degrees of freedom for the
reduced model are

(a) 12 (b) 8 (c) 16

(d) 14 (e) 10 (f) none of the above

6.4 A 23 factorial is replicated three times. The ANOVA
indicates that all main effects are significant but two of the
interactions are not significant. The interaction terms are
dropped from the model. The number of residual degrees of
freedom for the reduced model are

(a) 12 (b) 14 (c) 6

(d) 10 (e) 8 (f) none of the above
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6.5 An engineer is interested in the effects of cutting speed
(A), tool geometry (B), and cutting angle (C) on the life (in
hours) of a machine tool. Two levels of each factor are chosen,
and three replicates of a 23 factorial design are run. The results
are as follows:

Replicate

A B C
Treatment

Combination I II III

− − − (1) 22 31 25
+ − − a 32 43 29
− + − b 35 34 50
+ + − ab 55 47 46
− − + c 44 45 38
+ − + ac 40 37 36
− + + bc 60 50 54
+ + + abc 39 41 47

(a) Estimate the factor effects. Which effects appear to be
large?

(b) Use the analysis of variance to confirm your conclusions
for part (a).

(c) Write down a regression model for predicting tool life
(in hours) based on the results of this experiment.

(d) Analyze the residuals. Are there any obvious problems?

(e) On the basis of an analysis of main effect and interac-
tion plots, what coded factor levels of A, B, and C would
you recommend using?

6.6 Reconsider part (c) of Problem 6.5. Use the regression
model to generate response surface and contour plots of the
tool life response. Interpret these plots. Do they provide insight
regarding the desirable operating conditions for this process?

6.7 Find the standard error of the factor effects and approx-
imate 95 percent confidence limits for the factor effects in
Problem 6.5. Do the results of this analysis agree with the con-
clusions from the analysis of variance?

6.8 Plot the factor effects from Problem 6.5 on a graph rel-
ative to an appropriately scaled t distribution. Does this graphi-
cal display adequately identify the important factors? Compare
the conclusions from this plot with the results from the analysis
of variance.

6.9 A router is used to cut locating notches on a printed cir-
cuit board. The vibration level at the surface of the board as it is
cut is considered to be a major source of dimensional variation
in the notches. Two factors are thought to influence vibration:
bit size (A) and cutting speed (B). Two bit sizes ( 1

16
and 1

8
in.)

and two speeds (40 and 90 rpm) are selected, and four boards
are cut at each set of conditions shown below. The response
variable is vibration measured as the resultant vector of three
accelerometers (x, y, and z) on each test circuit board.

Replicate

A B
Treatment
Combination I II III IV

− − (1) 18.2 18.9 12.9 14.4

+ − a 27.2 24.0 22.4 22.5

− + b 15.9 14.5 15.1 14.2

+ + ab 41.0 43.9 36.3 39.9

(a) Analyze the data from this experiment.

(b) Construct a normal probability plot of the residuals, and
plot the residuals versus the predicted vibration level.
Interpret these plots.

(c) Draw the AB interaction plot. Interpret this plot.
What levels of bit size and speed would you recommend
for routine operation?

6.10 Reconsider the experiment described in Problem 6.5.
Suppose that the experimenter only performed the eight tri-
als from replicate I. In addition, he ran four center points and
obtained the following response values: 36, 40, 43, 45.

(a) Estimate the factor effects. Which effects are large?

(b) Perform an analysis of variance, including a check for
pure quadratic curvature. What are your conclusions?

(c) Write down an appropriate model for predicting tool
life, based on the results of this experiment. Does this
model differ in any substantial way from the model in
Problem 6.5, part (c)?

(d) Analyze the residuals.

(e) What conclusions would you draw about the appropriate
operating conditions for this process?

6.11 An experiment was performed to improve the yield
of a chemical process. Four factors were selected, and two
replicates of a completely randomized experiment were run.
The results are shown in the following table:

Replicate Replicate
Treatment
Combination I II

Treatment
Combination I II

(1) 90 93 d 98 95

a 74 78 ad 72 76

b 81 85 bd 87 83

ab 83 80 abd 85 86

c 77 78 cd 99 90

ac 81 80 acd 79 75

bc 88 82 bcd 87 84

abc 73 70 abcd 80 80
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(a) Estimate the factor effects.

(b) Prepare an analysis of variance table and determine
which factors are important in explaining yield.

(c) Write down a regression model for predicting yield,
assuming that all four factors were varied over the range
from −1 to + 1 (in coded units).

(d) Plot the residuals versus the predicted yield and on a nor-
mal probability scale. Does the residual analysis appear
satisfactory?

(e) Two three-factor interactions,ABC andABD, apparently
have large effects. Draw a cube plot in the factors A,
B, and C with the average yields shown at each corner.
Repeat using the factors A, B, and D. Do these two plots
aid in data interpretation? Where would you recommend
that the process be run with respect to the four variables?

6.12 A bacteriologist is interested in the effects of two dif-
ferent culture media and two different times on the growth
of a particular virus. He or she performs six replicates of
a 22 design, making the runs in random order. Analyze
the bacterial growth data that follow and draw appropri-
ate conclusions. Analyze the residuals and comment on the
model’s adequacy.

Culture Medium

Time (h) 1 2

21 22 25 26

12 23 28 24 25

20 26 29 27

37 39 31 34

18 38 38 29 33

35 36 30 35

6.13 An industrial engineer employed by a beverage bottler
is interested in the effects of two different types of 32-ounce
bottles on the time to deliver 12-bottle cases of the product.
The two bottle types are glass and plastic. Two workers are
used to perform a task consisting of moving 40 cases of the
product 50 feet on a standard type of hand truck and stack-
ing the cases in a display. Four replicates of a 22 factorial
design are performed, and the times observed are listed in
the following table. Analyze the data and draw appropriate

conclusions. Analyze the residuals and comment on the
model’s adequacy.

Worker

Bottle Type 1 2

Glass 5.12 4.89 6.65 6.24

4.98 5.00 5.49 5.55

Plastic 4.95 4.43 5.28 4.91

4.27 4.25 4.75 4.71

6.14 In Problem 6.13, the engineer was also interested
in potential fatigue differences resulting from the two types
of bottles. As a measure of the amount of effort required,
he measured the elevation of the heart rate (pulse) induced
by the task. The results follow. Analyze the data and draw
conclusions. Analyze the residuals and comment on the
model’s adequacy.

Worker

Bottle Type 1 2

Glass 39 45 20 13

58 35 16 11

Plastic 44 35 13 10

42 21 16 15

6.15 Calculate approximate 95 percent confidence limits
for the factor effects in Problem 6.14. Do the results of this
analysis agree with the analysis of variance performed in
Problem 6.14?

6.16 An article in theAT&TTechnical Journal (March/April
1986, Vol. 65, pp. 39–50) describes the application of two-level
factorial designs to integrated circuit manufacturing. A basic
processing step is to grow an epitaxial layer on polished sili-
con wafers. The wafers mounted on a susceptor are positioned
inside a bell jar, and chemical vapors are introduced. The sus-
ceptor is rotated, and heat is applied until the epitaxial layer
is thick enough. An experiment was run using two factors:
arsenic flow rate (A) and deposition time (B). Four replicates
were run, and the epitaxial layer thickness was measured (𝜇m).
The data are shown in Table P6.1.
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◾ TABLE P6 . 1
The 22 Design for Problem 6.16

Replicate Factor Levels

A B I II III IV Low (−) High (+)

− − 14.037 16.165 13.972 13.907 A 55% 59%

+ − 13.880 13.860 14.032 13.914

− + 14.821 14.757 14.843 14.878 B Short Long

+ + 14.888 14.921 14.415 14.932 (10 min) (15 min)

(a) Estimate the factor effects.

(b) Conduct an analysis of variance. Which factors are
important?

(c) Write down a regression equation that could be used
to predict epitaxial layer thickness over the region
of arsenic flow rate and deposition time used in this
experiment.

(d) Analyze the residuals. Are there any residuals that
should cause concern?

(e) Discuss how you might deal with the potential outlier
found in part (d).

6.17 Continuation of Problem 6.16. Use the regression
model in part (c) of Problem 6.16 to generate a response sur-
face contour plot for epitaxial layer thickness. Suppose it is
critically important to obtain layer thickness of 14.5 𝜇m. What
settings of arsenic flow rate and decomposition time would you
recommend?

6.18 Continuation of Problem 6.17. How would your
answer to Problem 6.17 change if arsenic flow rate was more
difficult to control in the process than the deposition time?

6.19 A nickel–titanium alloy is used to make components
for jet turbine aircraft engines. Cracking is a potentially serious
problem in the final part because it can lead to nonrecoverable
failure. A test is run at the parts producer to determine the effect
of four factors on cracks. The four factors are pouring tem-
perature (A), titanium content (B), heat treatment method (C),
and amount of grain refiner used (D). Two replicates of a 24

design are run, and the length of crack (in mm × 10−2) induced
in a sample coupon subjected to a standard test is measured.
The data are shown in Table P6.2.

◾ TABLE P6 . 2
The Experiment for problem 6.19

Replicate

A B C D
Treatment

Combination I II

− − − − (1) 7.037 6.376

+ − − − a 14.707 15.219

− + − − b 11.635 12.089

+ + − − ab 17.273 17.815

− − + − c 10.403 10.151

+ − + − ac 4.368 4.098

− + + − bc 9.360 9.253

+ + + − abc 13.440 12.923

− − − + d 8.561 8.951

+ − − + ad 16.867 17.052

− + − + bd 13.876 13.658

+ + − + abd 19.824 19.639

− − + + cd 11.846 12.337

+ − + + acd 6.125 5.904

− + + + bcd 11.190 10.935

+ + + + abcd 15.653 15.053

(a) Estimate the factor effects. Which factor effects appear
to be large?

(b) Conduct an analysis of variance. Do any of the factors
affect cracking? Use 𝛼 = 0.05.
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(c) Write down a regression model that can be used
to predict crack length as a function of the signifi-
cant main effects and interactions you have identified
in part (b).

(d) Analyze the residuals from this experiment.

(e) Is there an indication that any of the factors affect the
variability in cracking?

(f) What recommendations would you make regarding pro-
cess operations? Use interaction and/or main effect plots
to assist in drawing conclusions.

6.20 Continuation of Problem 6.19. One of the variables
in the experiment described in Problem 6.19, heat treatment
method (C), is a categorical variable. Assume that the remain-
ing factors are continuous.

(a) Write two regression models for predicting crack length,
one for each level of the heat treatment method vari-
able. What differences, if any, do you notice in these
two equations?

(b) Generate appropriate response surface contour plots for
the two regression models in part (a).

(c) What set of conditions would you recommend for the
factors A, B, and D if you use heat treatment method
C = +?

(d) Repeat part (c) assuming that you wish to use heat treat-
ment method C = −.

6.21 An experimenter has run a single replicate of a 24

design. The following effect estimates have been calculated:

A = 76.95 AB = −51.32 ABC = −2.82
B = −67.52 AC = 11.69 ABD = −6.50
C = −7.84 AD = 9.78 ACD = 10.20
D = −18.73 BC = 20.78 BCD = −7.98

BD = 14.74 ABCD = −6.25
CD = 1.27

(a) Construct a normal probability plot of these effects.

(b) Identify a tentative model, based on the plot of the
effects in part (a).

6.22 The effect estimates from a 24 factorial design
are as follows: ABCD = −1.5138, ABC = −1.2661, ABD =
−0.9852, ACD = −0.7566, BCD = −0.4842, CD = −0.0795,
BD = −0.0793, AD = 0.5988, BC = 0.9216, AC = 1.1616,
AB = 1.3266, D = 4.6744, C = 5.1458, B = 8.2469, and A =
12.7151. Are you comfortable with the conclusions that all
main effects are active?

6.23 The effect estimates from a 24 factorial experiment
are listed here. Are any of the effects significant? ABCD =
−2.5251, BCD = 4.4054, ACD = −0.4932, ABD = −5.0842,
ABC = −5.7696, CD = 4.6707, BD = −4.6620, BC =
−0.7982, AD = −1.6564, AC = 1.1109, AB = −10.5229,
D = −6.0275, C = −8.2045, B = −6.5304, and A = −0.7914.

6.24 Consider a variation of the bottle filling experiment
from Example 5.3. Suppose that only two levels of carbona-
tion are used so that the experiment is a 23 factorial design
with two replicates. The data are shown in Table P6.3.

◾ TABLE P6 . 3
Fill Height Experiment from Problem 6.24

Coded Factors Fill Height Deviation Factor Levels

Run A B C Replicate 1 Replicate 2 Low (−1) High (+1)

1 − − − −3 −1 A (%) 10 12
2 + − − 0 1 B (psi) 25 30
3 − + − −1 0 C (b/m) 200 250
4 + + − 2 3
5 − − + −1 0
6 + − + 2 1
7 − + + 1 1
8 + + + 6 5

(a) Analyze the data from this experiment. Which factors
significantly affect fill height deviation?

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy?

(c) Obtain a model for predicting fill height deviation in
terms of the important process variables. Use this model
to construct contour plots to assist in interpreting the
results of the experiment.
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(d) In part (a), you probably noticed that there was an inter-
action term that was borderline significant. If you did
not include the interaction term in your model, include
it now and repeat the analysis. What difference did this
make? If you elected to include the interaction term in
part (a), remove it and repeat the analysis. What differ-
ence does the interaction term make?

6.25 I am always interested in improving my golf scores.
Since a typical golfer uses the putter for about 35–45 per-
cent of his or her strokes, it seems reasonable that improving

one’s putting is a logical and perhaps simple way to improve
a golf score (“The man who can putt is a match for any
man.”—Willie Parks, 1864–1925, two time winner of the
British Open). An experiment was conducted to study the
effects of four factors on putting accuracy. The design factors
are length of putt, type of putter, breaking putt versus straight
putt, and level versus downhill putt. The response variable is
distance from the ball to the center of the cup after the ball
comes to rest. One golfer performs the experiment, a 24 fac-
torial design with seven replicates was used, and all putts are
made in random order. The results are shown in Table P6.4.

◾ TABLE P6 . 4
The Putting Experiment from Problem 6.25

Design Factors Distance from Cup (replicates)

Length of
Putt (ft) Type of Putter

Break
of Putt

Slope
of Putt 1 2 3 4 5 6 7

10 Mallet Straight Level 10.0 18.0 14.0 12.5 19.0 16.0 18.5

30 Mallet Straight Level 0.0 16.5 4.5 17.5 20.5 17.5 33.0

10 Cavity back Straight Level 4.0 6.0 1.0 14.5 12.0 14.0 5.0

30 Cavity back Straight Level 0.0 10.0 34.0 11.0 25.5 21.5 0.0

10 Mallet Breaking Level 0.0 0.0 18.5 19.5 16.0 15.0 11.0

30 Mallet Breaking Level 5.0 20.5 18.0 20.0 29.5 19.0 10.0

10 Cavity back Breaking Level 6.5 18.5 7.5 6.0 0.0 10.0 0.0

30 Cavity back Breaking Level 16.5 4.5 0.0 23.5 8.0 8.0 8.0

10 Mallet Straight Downhill 4.5 18.0 14.5 10.0 0.0 17.5 6.0

30 Mallet Straight Downhill 19.5 18.0 16.0 5.5 10.0 7.0 36.0

10 Cavity back Straight Downhill 15.0 16.0 8.5 0.0 0.5 9.0 3.0

30 Cavity back Straight Downhill 41.5 39.0 6.5 3.5 7.0 8.5 36.0

10 Mallet Breaking Downhill 8.0 4.5 6.5 10.0 13.0 41.0 14.0

30 Mallet Breaking Downhill 21.5 10.5 6.5 0.0 15.5 24.0 16.0

10 Cavity back Breaking Downhill 0.0 0.0 0.0 4.5 1.0 4.0 6.5

30 Cavity back Breaking Downhill 18.0 5.0 7.0 10.0 32.5 18.5 8.0

(a) Analyze the data from this experiment. Which factors
significantly affect putting performance?

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy?

6.26 Semiconductor manufacturing processes have long
and complex assembly flows, so matrix marks and automated
2d-matrix readers are used at several process steps throughout
factories. Unreadable matrix marks negatively affect factory
run rates because manual entry of part data is required before
manufacturing can resume. A 24 factorial experiment was con-
ducted to develop a 2d-matrix laser mark on a metal cover that
protects a substrate-mounted die. The design factors are A =

laser power (9 and 13 W), B = laser pulse frequency (4000
and 12,000 Hz), C = matrix cell size (0.07 and 0.12 in.), and
D = writing speed (10 and 20 in.∕sec), and the response vari-
able is the unused error correction (UEC). This is a measure
of the unused portion of the redundant information embedded
in the 2d-matrix. A UEC of 0 represents the lowest reading
that still results in a decodable matrix, while a value of 1 is
the highest reading. A DMX Verifier was used to measure the
UEC. The data from this experiment are shown in Table P6.5.

(a) Analyze the data from this experiment. Which factors
significantly affect the UEC?

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy?
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◾ TABLE P6 . 5
The 24 Experiment for Problem 6.26

Standard
Order

Run
Order

Laser
Power

Pulse
Frequency

Cell
Size

Writing
Speed UEC

8 1 1.00 1.00 1.00 −1.00 0.8
10 2 1.00 −1.00 −1.00 1.00 0.81
12 3 1.00 1.00 −1.00 1.00 0.79

9 4 −1.00 −1.00 −1.00 1.00 0.6
7 5 −1.00 1.00 1.00 −1.00 0.65

15 6 −1.00 1.00 1.00 1.00 0.55
2 7 1.00 −1.00 −1.00 −1.00 0.98
6 8 1.00 −1.00 1.00 −1.00 0.67

16 9 1.00 1.00 1.00 1.00 0.69
13 10 −1.00 −1.00 1.00 1.00 0.56

5 11 −1.00 −1.00 1.00 −1.00 0.63
14 12 1.00 −1.00 1.00 1.00 0.65

1 13 −1.00 −1.00 −1.00 −1.00 0.75
3 14 −1.00 1.00 −1.00 −1.00 0.72
4 15 1.00 1.00 −1.00 −1.00 0.98

11 16 −1.00 1.00 −1.00 1.00 0.63

6.27 Reconsider the experiment described in Problem 6.24.
Suppose that four center points are available and that the UEC
response at these four runs is 0.98, 0.95, 0.93, and 0.96, respec-
tively. Reanalyze the experiment incorporating a test for curva-
ture into the analysis. What conclusions can you draw? What
recommendations would you make to the experimenters?

6.28 A company markets its products by direct mail. An
experiment was conducted to study the effects of three fac-
tors on the customer response rate for a particular product.

◾ TABLE P6 . 6
The Direct Mail Experiment from Problem 6.28

Coded Factors Number of Orders Factor Levels

Run A B C Replicate 1 Replicate 2 Low (−1) High (+1)

1 − − − 50 54 A (class) 3rd 1st
2 + − − 44 42 B (type) BW Color
3 − + − 46 48 C ($) $19.95 $24.95
4 + + − 42 43
5 − − + 49 46
6 + − + 48 45
7 − + + 47 48
8 + + + 56 54

The three factors are A = type of mail used (3rd class,
1st class), B = type of descriptive brochure (color, black-
and-white), andC = offered price ($19.95, $24.95). The mail-
ings are made to two groups of 8000 randomly selected
customers, with 1000 customers in each group receiving each
treatment combination. Each group of customers is considered
as a replicate. The response variable is the number of orders
placed. The experimental data are shown in Table P6.6.

(a) Analyze the data from this experiment. Which factors
significantly affect the customer response rate?
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(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy?

(c) What would you recommend to the company?

6.29 Consider the single replicate of the 24 design in
Example 6.2. Suppose that we had arbitrarily decided to ana-
lyze the data assuming that all three- and four-factor interac-
tions were negligible. Conduct this analysis and compare your
results with those obtained in the example. Do you think that it
is a good idea to arbitrarily assume interactions to be negligible
even if they are relatively high-order ones?

6.30 An experiment was run in a semiconductor fabrica-
tion plant in an effort to increase yield. Five factors, each
at two levels, were studied. The factors (and levels) were
A = aperture setting (small, large), B = exposure time (20%
below nominal, 20% above nominal), C = development time
(30 and 45 s), D = mask dimension (small, large), and E =
etch time (14.5 and 15.5 min). The unreplicated 25 design
shown below was run.

(1) = 7 d = 8 e = 8 de = 6

a = 9 ad = 10 ae = 12 ade = 10

b = 34 bd = 32 be = 35 bde = 30

ab = 55 abd = 50 abe = 52 abde = 53

c = 16 cd = 18 ce = 15 cde = 15

ac = 20 acd = 21 ace = 22 acde = 20

bc = 40 bcd = 44 bce = 45 bcde = 41

abc = 60 abcd = 61 abce = 65 abcde = 63

(a) Construct a normal probability plot of the effect esti-
mates. Which effects appear to be large?

(b) Conduct an analysis of variance to confirm your findings
for part (a).

(c) Write down the regression model relating yield to the
significant process variables.

(d) Plot the residuals on normal probability paper. Is the plot
satisfactory?

(e) Plot the residuals versus the predicted yields and versus
each of the five factors. Comment on the plots.

(f) Interpret any significant interactions.

(g) What are your recommendations regarding process
operating conditions?

(h) Project the 25 design in this problem into a 2k design
in the important factors. Sketch the design and show the
average and range of yields at each run. Does this sketch
aid in interpreting the results of this experiment?

6.31 Continuation of Problem 6.30. Suppose that the
experimenter had run four center points in addition to the 32

trials in the original experiment. The yields obtained at the
center point runs were 68, 74, 76, and 70.

(a) Reanalyze the experiment, including a test for pure
quadratic curvature.

(b) Discuss what your next step would be.

6.32 In a process development study on yield, four factors
were studied, each at two levels: time (A), concentration (B),
pressure (C), and temperature (D). A single replicate of a 24

design was run, and the resulting data are shown in Table P6.7.

(a) Construct a normal probability plot of the effect esti-
mates. Which factors appear to have large effects?

(b) Conduct an analysis of variance using the normal prob-
ability plot in part (a) for guidance in forming an error
term. What are your conclusions?

(c) Write down a regression model relating yield to the
important process variables.

(d) Analyze the residuals from this experiment. Does your
analysis indicate any potential problems?

(e) Can this design be collapsed into a 23 design with two
replicates? If so, sketch the design with the average and
range of yield shown at each point in the cube. Interpret
the results.

6.33 Continuation of Problem 6.32. Use the regression
model in part (c) of Problem 6.32 to generate a response sur-
face contour plot of yield. Discuss the practical value of this
response surface plot.

6.34 The scrumptious brownie experiment. The author is
an engineer by training and a firm believer in learning by doing.
I have taught experimental design for many years to a wide
variety of audiences and have always assigned the planning,
conduct, and analysis of an actual experiment to the class par-
ticipants. The participants seem to enjoy this practical experi-
ence and always learn a great deal from it. This problem uses
the results of an experiment performed by Gretchen Krueger
at Arizona State University.

There are many different ways to bake brownies. The
purpose of this experiment was to determine how the pan
material, the brand of brownie mix, and the stirring method
affect the scrumptiousness of brownies. The factor levels were
as follows:

Factor Low (−) High (+)

A = pan material Glass Aluminum

B = stirring method Spoon Mixer

C = brand of mix Expensive Cheap

The response variable was scrumptiousness, a subjective
measure derived from a questionnaire given to the subjects
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◾ TABLE P6 . 7
Process Development Experiment from Problem 6.32

Factor LevelsRun
Number

Actual
Run

Order A B C D
Yield
(lbs) Low (−) High (+)

1 5 − − − − 12 A (h) 2.5 3
2 9 + − − − 18 B (%) 14 18
3 8 − + − − 13 C (psi) 60 80
4 13 + + − − 16 D (∘C) 225 250
5 3 − − + − 17
6 7 + − + − 15
7 14 − + + − 20
8 1 + + + − 15
9 6 − − − + 10

10 11 + − − + 25
11 2 − + − + 13
12 15 + + − + 24
13 4 − − + + 19
14 16 + − + + 21
15 10 − + + + 17
16 12 + + + + 23

who sampled each batch of brownies. (The questionnaire dealt
with issues such as taste, appearance, consistency, aroma.) An
eight-person test panel sampled each batch and filled out the
questionnaire. The design matrix and the response data are as
follows.

(a) Analyze the data from this experiment as if there were
eight replicates of a 23 design. Comment on the results.

(b) Is the analysis in part (a) the correct approach? There are
only eight batches; do we really have eight replicates of
a 23 factorial design?

(c) Analyze the average and standard deviation of the
scrumptiousness ratings. Comment on the results. Is this
analysis more appropriate than the one in part (a)? Why
or why not?

Test Panel ResultsBrownie
Batch A B C 1 2 3 4 5 6 7 8

1 − − − 11 9 10 10 11 10 8 9
2 + − − 15 10 16 14 12 9 6 15
3 − + − 9 12 11 11 11 11 11 12
4 + + − 16 17 15 12 13 13 11 11
5 − − + 10 11 15 8 6 8 9 14
6 + − + 12 13 14 13 9 13 14 9
7 − + + 10 12 13 10 7 7 17 13
9 + + + 15 12 15 13 12 12 9 14

6.35 An experiment was conducted on a chemical process
that produces a polymer. The four factors studied were tem-
perature (A), catalyst concentration (B), time (C), and pres-
sure (D). Two responses, molecular weight and viscosity, were
observed. The design matrix and response data are shown in
Table P6.8.

(a) Consider only the molecular weight response. Plot the
effect estimates on a normal probability scale. What
effects appear important?

(b) Use an analysis of variance to confirm the results from
part (a). Is there indication of curvature?

(c) Write down a regression model to predict molecular
weight as a function of the important variables.

(d) Analyze the residuals and comment on model adequacy.

(e) Repeat parts (a)–(d) using the viscosity response.

6.36 Continuation of Problem 6.35. Use the regression
models for molecular weight and viscosity to answer the
following questions.

(a) Construct a response surface contour plot for molecular
weight. In what direction would you adjust the process
variables to increase molecular weight?

(b) Construct a response surface contour plot for viscosity.
In what direction would you adjust the process variables
to decrease viscosity?
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◾ TABLE P6 . 8
The 24 Experiment for Problem 6.35

Factor LevelsRun
Number

Actual
Run

Order A B C D
Molecular

Weight Viscosity Low (−) High (+)

1 18 − − − − 2400 1400 A (∘C) 100 120

2 9 + − − − 2410 1500 B (%) 4 8

3 13 − + − − 2315 1520 C (min) 20 30

4 8 + + − − 2510 1630 D (psi) 60 75

5 3 − − + − 2615 1380

6 11 + − + − 2625 1525

7 14 − + + − 2400 1500

8 17 + + + − 2750 1620

9 6 − − − + 2400 1400

10 7 + − − + 2390 1525

11 2 − + − + 2300 1500

12 10 + + − + 2520 1500

13 4 − − + + 2625 1420

14 19 + − + + 2630 1490

15 15 − + + + 2500 1500

16 20 + + + + 2710 1600

17 1 0 0 0 0 2515 1500

18 5 0 0 0 0 2500 1460

19 16 0 0 0 0 2400 1525

20 12 0 0 0 0 2475 1500

(c) What operating conditions would you recommend if
it was necessary to produce a product with molecular
weight between 2400 and 2500 and the lowest possible
viscosity?

6.37 Consider the single replicate of the 24 design in
Example 6.2. Suppose that we ran five points at the cen-
ter (0, 0, 0, 0) and observed the responses 93, 95, 91, 89,
and 96. Test for curvature in this experiment. Interpret the
results.

6.38 A missing value in a 2k factorial. It is not unusual to
find that one of the observations in a 2k design is missing due
to faulty measuring equipment, a spoiled test, or some other
reason. If the design is replicated n times (n > 1), some of the
techniques discussed in Chapter 5 can be employed. However,
for an unreplicated factorial (n = 1) some other method must
be used. One logical approach is to estimate the missing value
with a number that makes the highest order interaction contrast
zero. Apply this technique to the experiment in Example 6.2
assuming that run ab is missing. Compare the results with the
results of Example 6.2.

6.39 An engineer has performed an experiment to study
the effect of four factors on the surface roughness of a
machined part. The factors (and their levels) are A = tool angle
(12, 15∘), B = cutting fluid viscosity (300, 400), C = feed rate
(10 and 15 in.∕min), and D = cutting fluid cooler used (no,
yes). The data from this experiment (with the factors coded
to the usual −1, +1 levels) are shown in Table P6.9.

(a) Estimate the factor effects. Plot the effect estimates
on a normal probability plot and select a tentative
model.

(b) Fit the model identified in part (a) and analyze the resid-
uals. Is there any indication of model inadequacy?

(c) Repeat the analysis from parts (a) and (b) using 1∕y
as the response variable. Is there an indication that the
transformation has been useful?

(d) Fit a model in terms of the coded variables that can
be used to predict the surface roughness. Convert
this prediction equation into a model in the natural
variables.
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◾ TABLE P6 . 9
The Surface Roughness Experiment from Problem 6.39

Run A B C D
Surface

Roughness

1 − − − − 0.00340

2 + − − − 0.00362

3 − + − − 0.00301

4 + + − − 0.00182

5 − − + − 0.00280

6 + − + − 0.00290

7 − + + − 0.00252

8 + + + − 0.00160

9 − − − + 0.00336

10 + − − + 0.00344

11 − + − + 0.00308

12 + + − + 0.00184

13 − − + + 0.00269

14 + − + + 0.00284

15 − + + + 0.00253

16 + + + + 0.00163

6.40 Resistivity on a silicon wafer is influenced by
several factors. The results of a 24 factorial experiment
performed during a critical processing step are shown in
Table P6.10.

◾ TABLE P6 . 10
The Resistivity Experiment from Problem 6.40

Run A B C D Resistivity

1 − − − − 1.92

2 + − − − 11.28

3 − + − − 1.09

4 + + − − 5.75

5 − − + − 2.13

6 + − + − 9.53

7 − + + − 1.03

8 + + + − 5.35

9 − − − + 1.60

10 + − − + 11.73

11 − + − + 1.16

12 + + − + 4.68

13 − − + + 2.16

14 + − + + 9.11

15 − + + + 1.07

16 + + + + 5.30

(a) Estimate the factor effects. Plot the effect estimates
on a normal probability plot and select a tentative
model.

(b) Fit the model identified in part (a) and analyze the resid-
uals. Is there any indication of model inadequacy?

(c) Repeat the analysis from parts (a) and (b) using ln(y)
as the response variable. Is there an indication that the
transformation has been useful?

(d) Fit a model in terms of the coded variables that can be
used to predict the resistivity.

6.41 Continuation of Problem 6.40. Suppose that the
experimenter had also run four center points along with the
16 runs in Problem 6.40. The resistivity measurements at the
center points are 8.15, 7.63, 8.95, and 6.48. Analyze the exper-
iment again incorporating the center points. What conclusions
can you draw now?

6.42 The book by Davies (Design and Analysis of Indus-
trial Experiments) describes an experiment to study the
yield of isatin. The factors studied and their levels are
as follows:

Factor Low (−) High (+)

A: Acid strength (%) 87 93

B: Reaction time (min) 15 30

C: Amount of acid (mL) 35 45

D: Reaction temperature (∘C) 60 70

The data from the 24 factorial are shown in Table P6.11.

(a) Fit a main-effects-only model to the data from this
experiment. Are any of the main effects significant?

(b) Analyze the residuals. Are there any indications of
model inadequacy or violation of the assumptions?

(c) Find an equation for predicting the yield of isatin over
the design space. Express the equation in both coded and
engineering units.

(d) Is there any indication that adding interactions to
the model would improve the results that you have
obtained?
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◾ TABLE P6 . 11
The 24 Factorial Experiment in Problem 6.42

A B C D Yield

−1 −1 −1 −1 6.08

1 −1 −1 −1 6.04

−1 1 −1 −1 6.53

1 1 −1 −1 6.43

−1 −1 1 −1 6.31

1 −1 1 −1 6.09

−1 1 1 −1 6.12

1 1 1 −1 6.36

−1 −1 −1 1 6.79

1 −1 −1 1 6.68

−1 1 −1 1 6.73

1 1 −1 1 6.08

−1 −1 1 1 6.77

1 −1 1 1 6.38

−1 1 1 1 6.49

1 1 1 1 6.23

6.43 An article inQuality and Reliability Engineering Inter-
national (2010, Vol. 26, pp. 223–233) presents a 25 factorial
design. The experiment is shown in Table P6.12.

(a) Analyze the data from this experiment. Identify the sig-
nificant factors and interactions.

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy or violations of the
assumptions?

(c) One of the factors from this experiment does not seem to
be important. If you drop this factor, what type of design
remains? Analyze the data using the full factorial model
for only the four active factors. Compare your results
with those obtained in part (a).

(d) Find settings of the active factors that maximize the pre-
dicted response.

6.44 A paper in the Journal of Chemical Technology and
Biotechnology (“Response Surface Optimization of the Criti-
cal Media Components for the Production of Surfactin,” 1997,
Vol. 68, pp. 263–270) describes the use of a designed exper-
iment to maximize surfactin production. A portion of the
data from this experiment is shown in Table P6.13. Surfactin
was assayed by an indirect method, which involves mea-
surement of surface tensions of the diluted broth samples.
Relative surfactin concentrations were determined by seri-
ally diluting the broth until the critical micelle concentration
(CMC) was reached. The dilution at which the surface ten-
sion starts rising abruptly was denoted by CMC−1 and was

◾ TABLE P6 . 12
The 25 Design in Problem 6.43

A B C D E y

−1.00 −1.00 −1.00 −1.00 −1.00 8.11

1.00 −1.00 −1.00 −1.00 −1.00 5.56

−1.00 1.00 −1.00 −1.00 −1.00 5.77

1.00 1.00 −1.00 −1.00 −1.00 5.82

−1.00 −1.00 1.00 −1.00 −1.00 9.17

1.00 −1.00 1.00 −1.00 −1.00 7.8

−1.00 1.00 1.00 −1.00 −1.00 3.23

1.00 1.00 1.00 −1.00 −1.00 5.69

−1.00 −1.00 −1.00 1.00 −1.00 8.82

1.00 −1.00 −1.00 1.00 −1.00 14.23

−1.00 1.00 −1.00 1.00 −1.00 9.2

1.00 1.00 −1.00 1.00 −1.00 8.94

−1.00 −1.00 1.00 1.00 −1.00 8.68

1.00 −1.00 1.00 1.00 −1.00 11.49

−1.00 1.00 1.00 1.00 −1.00 6.25

1.00 1.00 1.00 1.00 −1.00 9.12

−1.00 −1.00 −1.00 −1.00 1.00 7.93

1.00 −1.00 −1.00 −1.00 1.00 5

−1.00 1.00 −1.00 −1.00 1.00 7.47

1.00 1.00 −1.00 −1.00 1.00 12

−1.00 −1.00 1.00 −1.00 1.00 9.86

1.00 −1.00 1.00 −1.00 1.00 3.65

−1.00 1.00 1.00 −1.00 1.00 6.4

1.00 1.00 1.00 −1.00 1.00 11.61

−1.00 −1.00 −1.00 1.00 1.00 12.43

1.00 −1.00 −1.00 1.00 1.00 17.55

−1.00 1.00 −1.00 1.00 1.00 8.87

1.00 1.00 −1.00 1.00 1.00 25.38

−1.00 −1.00 1.00 1.00 1.00 13.06

1.00 −1.00 1.00 1.00 1.00 18.85

−1.00 1.00 1.00 1.00 1.00 11.78

1.00 1.00 1.00 1.00 1.00 26.05

considered proportional to the amount of surfactant present in
the original sample.

(a) Analyze the data from this experiment. Identify the sig-
nificant factors and interactions.

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy or violations of the
assumptions?

(c) What conditions would optimize the surfactin
production?
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◾ TABLE P6 . 13
The Factorial Experiment in Problem 6.44

Run

Glucose

(g dm−3)
NH4NO3

(g dm−3)
FeSO4

(g dm−3 × 10−4)
MnSO4

(g dm−3 × 10−2)
y

(CMC)−1

1 20.00 2.00 6.00 4.00 23

2 60.00 2.00 6.00 4.00 15

3 20.00 6.00 6.00 4.00 16

4 60.00 6.00 6.00 4.00 18

5 20.00 2.00 30.00 4.00 25

6 60.00 2.00 30.00 4.00 16

7 20.00 6.00 30.00 4.00 17

8 60.00 6.00 30.00 4.00 26

9 20.00 2.00 6.00 20.00 28

10 60.00 2.00 6.00 20.00 16

11 20.00 6.00 6.00 20.00 18

12 60.00 6.00 6.00 20.00 21

13 20.00 2.00 30.00 20.00 36

14 60.00 2.00 30.00 20.00 24

15 20.00 6.00 30.00 20.00 33

16 60.00 6.00 30.00 20.00 34

6.45 Continuation of Problem 6.44. The experiment in
Problem 6.44 actually included six center points. The
responses at these conditions were 35, 35, 35, 36, 36, and 34.
Is there any indication of curvature in the response function?
Are additional experiments necessary? What would you rec-
ommend doing now?

6.46 An article in the Journal of Hazardous Materials
(“Feasibility of Using Natural Fishbone Apatite as a Substi-
tute for Hydroxyapatite in Remediating Aqueous Heavy Met-
als,” Vol. 69, Issue 2, 1999, pp. 187–196) describes an experi-
ment to study the suitability of fishbone, a natural, apatite, rich
substance, as a substitute for hydroxyapatite in the sequester-
ing of aqueous divalent heavy metal ions. Direct comparison
of hydroxyapatite and fishbone apatite was performed using
a three-factor two-level full factorial design. Apatite (30 or
60 mg) was added to 100 mL deionized water and gently agi-
tated overnight in a shaker. The pH was then adjusted to 5
or 7 using nitric acid. Sufficient concentration of lead nitrate
solution was added to each flask to result in a final volume of
200 mL and a lead concentration of 0.483 or 2.41 mM, respec-
tively. The experiment was a 23 replicated twice and it was
performed for both fishbone and synthetic apatite. Results are
shown in Table P6.14.

(a) Analyze the lead response for fishbone apatite. What
factors are important?

(b) Analyze the residuals from this response and comment
on model adequacy.

(c) Analyze the pH response for fishbone apatite. What fac-
tors are important?

(d) Analyze the residuals from this response and comment
on model adequacy.

(e) Analyze the lead response for hydroxyapatite apatite.
What factors are important?

(f) Analyze the residuals from this response and comment
on model adequacy.

(g) Analyze the pH response for hydroxyapatite apatite.
What factors are important?

(h) Analyze the residuals from this response and comment
on model adequacy.

(i) What differences do you see between fishbone and
hydroxyapatite apatite? The authors of this paper con-
cluded that that fishbone apatite was comparable to
hydroxyapatite apatite. Because the fishbone apatite is
cheaper, it was recommended for adoption. Do you
agree with these conclusions?

◾ TABLE P6 . 14
The Experiment for Problem 6.46. For apatite, + is
60 mg and − is 30 mg per 200 mL metal solution.
For initial pH, + is 7 and − is 4. For Pb + is 2.41 mM
(500 ppm) and − is 0.483 mM (100 ppm)

Fishbone Hydroxyapatite

Apatite pH Pb Pb, mM pH Pb, mM pH

+ + + 1.82 5.22 0.11 3.49

+ + + 1.81 5.12 0.12 3.46

+ + − 0.01 6.84 0.00 5.84

+ + − 0.00 6.61 0.00 5.90

+ − + 1.11 3.35 0.80 2.70

+ − + 1.04 3.34 0.76 2.74

+ − − 0.00 5.77 0.03 3.36

+ − − 0.01 6.25 0.05 3.24

− + + 2.11 5.29 1.03 3.22

− + + 2.18 5.06 1.05 3.22

− + − 0.03 5.93 0.00 5.53

− + − 0.05 6.02 0.00 5.43

− − + 1.70 3.39 1.34 2.82

− − + 1.69 3.34 1.26 2.79

− − − 0.05 4.50 0.06 3.28

− − − 0.05 4.74 0.07 3.28
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6.47 Often the fitted regression model from a 2k factorial
design is used to make predictions at points of interest in the
design space. Assume that the model contains all main effects
and two-factor interactions.

(a) Find the variance of the predicted response ŷ at a point
x1, x2, . . . , xk in the design space. Hint: Remember that
the x’s are coded variables and assume a 2k design with
an equal number of replicates n at each design point so
that the variance of a regression coefficient 𝛽 is 𝜎2∕(n2k)
and that the covariance between any pair of regression
coefficients is zero.

(b) Use the result in part (a) to find an equation for a
100(1 − 𝛼) percent confidence interval on the true mean
response at the point x1, x2, . . . , xk in design space.

6.48 Hierarchical models. Several times we have used the
hierarchy principle in selecting a model; that is, we have
included nonsignificant lower order terms in a model because
they were factors involved in significant higher order terms.
Hierarchy is certainly not an absolute principle that must be
followed in all cases. To illustrate, consider the model resulting
from Problem 6.5, which required that a nonsignificant main
effect be included to achieve hierarchy. Using the data from
Problem 6.5.

(a) Fit both the hierarchical and the nonhierarchical models.

(b) Calculate the PRESS statistic, the adjusted R2, and the
mean square error for both models.

(c) Find a 95 percent confidence interval on the estimate of
the mean response at a cube corner (x1 = x2 = x3 = ±1).
Hint: Use the results of Problem 6.40.

(d) Based on the analyses you have conducted, which model
do you prefer?

6.49 Suppose that you want to run a 23 factorial design. The
variance of an individual observation is expected to be about
4. Suppose that you want the length of a 95 percent confidence
interval on any effect to be less than or equal to 1.5. How many
replicates of the design do you need to run?

6.50 Suppose that a full 24 factorial uses the following factor
levels:

Factor Low (−) High (+)

A: Acid strength (%) 85 95

B: Reaction time (min) 15 35

C: Amount of acid (mL) 35 45

D: Reaction temperature (∘C) 60 80

The fitted model from this experiment is ŷ = 24 + 16x1 −
34x2 + 12x3 + 6x4 − 10x1x2 + 16x1x3. Predict the response at
the following points:

(a) A = 89, B = 20, C = 38, D = 66

(b) A = 90, B = 16, C = 40, D = 70

(c) A = 87, B = 28, C = 42, D = 61

(d) A = 90, B = 27, C = 37, D = 69

6.51 An article inQuality and Reliability Engineering Inter-

national (2010, Vol. 26, pp. 223–233) presents a 25 factorial

design. The experiment is shown in Table P6.15.

◾ TABLE P6 . 15
The Experiment for Problem 6.51

A B C D E y

−1 −1 −1 −1 −1 8.11

1 −1 −1 −1 −1 5.56

−1 1 −1 −1 −1 5.77

1 1 −1 −1 −1 5.82

−1 −1 1 −1 −1 9.17

1 −1 1 −1 −1 7.8

−1 1 1 −1 −1 3.23

1 1 1 −1 −1 5.69

−1 −1 −1 1 −1 8.82

1 −1 −1 1 −1 14.23

−1 1 −1 1 −1 9.2

1 1 −1 1 −1 8.94

−1 −1 1 1 −1 8.68

1 −1 1 1 −1 11.49

−1 1 1 1 −1 6.25

1 1 1 1 −1 9.12

−1 −1 −1 −1 1 7.93

1 −1 −1 −1 1 5

−1 1 −1 −1 1 7.47

1 1 −1 −1 1 12

−1 −1 1 −1 1 9.86

1 −1 1 −1 1 3.65

−1 1 1 −1 1 6.4

1 1 1 −1 1 11.61

−1 −1 −1 1 1 12.43

1 −1 −1 1 1 17.55

−1 1 −1 1 1 8.87

1 1 −1 1 1 25.38

−1 −1 1 1 1 13.06

1 −1 1 1 1 18.85

−1 1 1 1 1 11.78

1 1 1 1 1 26.05
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(a) Analyze the data from this experiment. Identify the sig-
nificant factors and interactions.

(b) Analyze the residuals from this experiment. Are there
any indications of model inadequacy or violations of the
assumptions?

(c) One of the factors from this experiment does not seem to
be important. If you drop this factor, what type of design

remains? Analyze the data using the full factorial model
for only the four active factors. Compare your results
with those obtained in part (a).

(d) Find settings of the active factors that maximize the pre-
dicted response.

6.52 Consider the 23 shown below:

57

36

32
46

48

57
65

50
44
53
56

68

Process Variables
Coded Variables

Run
Temp
(∘C)

Pressure
(psig)

Conc
(g/l) x1 x2 x3 Yield, y

1 120 40 15 −1 −1 −1 32

2 160 40 15 1 −1 −1 46

3 120 80 15 −1 1 −1 57

4 160 80 15 1 1 −1 65

5 120 40 30 −1 −1 1 36

6 160 40 30 1 −1 1 48

7 120 80 30 −1 1 1 57

8 160 80 30 1 1 1 68

9 140 60 22.5 0 0 0 50

10 140 60 22.5 0 0 0 44

11 140 60 22.5 0 0 0 53

12 140 60 22.5 0 0 0 56

x1 = Temp− 140

20
, x2 =

Pressure− 60
20

, x3 =
Conc− 22.5

7.5

When running a designed experiment, it is sometimes diffi-
cult to reach and hold the precise factor levels required by the
design. Small discrepancies are not important, but large ones
are potentially of more concern. To illustrate, the experiment
presented in Table P6.16 shows a variation of the 23 design
above, where many of the test combinations are not exactly
the ones specified in the design. Most of the difficulty seems
to have occurred with the temperature variable.

Fit a first-order model to both the original data and the
data in Table P6.16. Compare the inference from the two mod-
els. What conclusions can you draw from this simple example?

6.53 In two-level design, the expected value of a nonsignif-
icant factor effect is zero.

(a) True

(b) False

6.54 A half-normal plot of factor effects plots the expected
normal percentile versus the effect estimate.

(a) True

(b) False

◾ TABLE P6 . 16
Revised Experimental Data

Process Variables
Coded Variables

Run
Temp
(∘C)

Pressure
(psig)

Conc
(g/l) x1 x2 x3

Yield,
y

1 125 41 14 −0.75 −0.95 −1.133 32

2 158 40 15 0.90 −1 −1 46

3 121 82 15 −0.95 1.1 −1 57

4 160 80 15 1 1 −1 65

5 118 39 33 −1.10 −1.05 1.14 36

6 163 40 30 1.15 −1 1 48

7 122 80 30 −0.90 1 1 57

8 165 83 30 1.25 1.15 1 68

9 140 60 22.5 0 0 0 50

10 140 60 22.5 0 0 0 44

11 140 60 22.5 0 0 0 53

12 140 60 22.5 0 0 0 56
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6.55 In an unreplicated design, the degrees of freedom asso-
ciated with the “pure error” component of error are zero.

(a) True

(b) False

6.56 In a replicated 23 design (16 runs), the estimate of the
model intercept is equal to one-half of the total of all 16 runs.

(a) True

(b) False

6.57 Adding center runs to a 2k design affects the estimate
of the intercept term but not the estimates of any other factor
effects.

(a) True

(b) False

6.58 The mean square for pure error in a replicated factorial
design can get smaller if nonsignificant terms are added to a
model.

(a) True

(b) False

6.59 A 2k factorial design is a D-optimal design for fitting a
first-order model.

(a) True

(b) False

6.60 If a D-optimal design algorithm is used to create a
12-run design for fitting a first-order model in three variables
with all three two-factor interactions, the algorithm will con-
struct a 23 factorial with four center runs.

(a) True

(b) False

6.61 Suppose that you want to replicate 2 of the 8 runs in
a 23 factorial design. How many ways are there to choose the
2 runs to replicate? Suppose that you decide to replicate the

run with all three factors at the high level and the run with all
three factors at the low level.

(a) Is the resulting design orthogonal?

(b) What are the relative variances of the model coefficients
if the main effects plus two-factor interaction model are
fit to the data from this design?

(c) What is the power for detecting effects of two standard
deviations in magnitude?

6.62 The display below summarizes the results of analyzing
a 24 factorial design.

Term
Intercept

Effect
Estimate

Sum of
Squares % Contribution

A 6.25 3.25945

B 5.25 110.25 57.4967

C 3.5 49 25.5541

D 0.75 1.1734

AB 0.75 2.25 1.1734

AC –0.5 1 0.521512

AD 0.75 2.25 1.1734

BC 1.5 9

BD 0.25 0.25 0.130378

CD 0.5 1 0.521512

ABC –1 4 2.08605

ABD 2.25 1.1734

ACD –0.5 0.521512

BCD 0 0 0

ABCD –0.5 1

(a) Fill in the missing information in this table.

(b) Construct a normal probability plot of the effects. Which
factors seem to be active?
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B l o c k i n g a n d C o n f o u n d i n g
i n t h e 2k F a c t o r i a l D e s i g n

CHAPTER OUTLINE
7.1 INTRODUCTION

7.2 BLOCKING A REPLICATED 2k FACTORIAL DESIGN

7.3 CONFOUNDING IN THE 2k FACTORIAL DESIGN

7.4 CONFOUNDING THE 2k FACTORIAL DESIGN IN
TWO BLOCKS

7.5 ANOTHER ILLUSTRATION OF WHY BLOCKING IS
IMPORTANT

7.6 CONFOUNDING THE 2k FACTORIAL DESIGN IN
FOUR BLOCKS

7.7 CONFOUNDING THE 2k FACTORIAL DESIGN IN 2p

BLOCKS

7.8 PARTIAL CONFOUNDING

SUPPLEMENTAL MATERIAL FOR CHAPTER 7
S7.1 The Error Term in a Blocked Design
S7.2 The Prediction Equation for a Blocked Design
S7.3 Run Order Is Important

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Learn about how the blocking technique can be used with 2k factorial designs.

2. Learn about how blocking can be used with unreplicated 2k factorial designs, and how this leads to
confounding of effects.

3. Know how to construct the 2k factorial designs in 2p blocks.

4. Understand how to construct designs that confound different effects in different replicates.

7.1 Introduction

In many situations it is impossible to perform all of the runs in a 2k factorial experiment under homogeneous conditions.
For example, a single batch of raw material might not be large enough to make all of the required runs. In other cases,
it might be desirable to deliberately vary the experimental conditions to ensure that the treatments are equally effective
(i.e., robust) across many situations that are likely to be encountered in practice. For example, a chemical engineer
may run a pilot plant experiment with several batches of raw material because he knows that different raw material
batches of different quality grades are likely to be used in the actual full-scale process.

http://www.wiley.com/college/montgomery
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The design technique used in these situations is blocking. Chapter 4was an introduction to the blocking principle,
and you may find it helpful to read the introductory material in that chapter again. We also discussed blocking general
factorial experiments in Chapter 5. In this chapter, we will build on the concepts introduced in Chapter 4, focusing on
some special techniques for blocking in the 2k factorial design.

7.2 Blocking a Replicated 2k Factorial Design

Suppose that the 2k factorial design has been replicated n times. This is identical to the situation discussed in Chapter 5,
where we showed how to run a general factorial design in blocks. If there are n replicates, then each set of nonhomo-
geneous conditions defines a block, and each replicate is run in one of the blocks. The runs in each block (or replicate)
would be made in random order. The analysis of the design is similar to that of any blocked factorial experiment; for
example, see the discussion in Section 5.6.

EXAMPLE 7 . 1

Consider the chemical process experiment first described
in Section 6.2. Suppose that only four experimental trials
can be made from a single batch of raw material. There-
fore, three batches of raw material will be required to run
all three replicates of this design. Table 7.1 shows the
design, where each batch of raw material corresponds to
a block.

The ANOVA for this blocked design is shown in
Table 7.2. All of the sums of squares are calculated
exactly as in a standard, unblocked 2k design. The sum of
squares for blocks is calculated from the block totals. Let
B1, B2, and B3 represent the block totals (see Table 7.1).
Then

SSBlocks =
3∑
i=1

B2
i

4
−

y2
...

12

= (113)2 + (106)2 + (111)2

4
− (330)2

12
= 6.50

There are two degrees of freedom among the three blocks.
Table 7.2 indicates that the conclusions from this analysis,
had the design been run in blocks, are identical to those in
Section 6.2 and that the block effect is relatively small. The
F-Statistic for blocks is F0 = (6.50/2)/4.14 = 0.79, which is
not significant.

◾ TABLE 7 . 1
Chemical Process Experiment in Three Blocks

Block 1 Block 2 Block 3

(1) = 28

a = 36

b = 18

ab = 31

(1) = 25

a = 32

b = 19

ab = 30

(1) = 27

a = 32

b = 23

ab = 29

Block totals: B1 = 113 B2 = 106 B3 = 111
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◾ TABLE 7 . 2
Analysis of Variance for the Chemical Process Experiment in Three Blocks

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Blocks 6.50 2 3.25

A (concentration) 208.33 1 208.33 50.32 0.0004

B (catalyst) 75.00 1 75.00 18.12 0.0053

AB 8.33 1 8.33 2.01 0.2060

Error 24.84 6 4.14

Total 323.00 11

The analysis shown in Example 7.1 assumes that blocks are a fixed effect. It is probably more realistic to think
of the batches of raw material used in the experiment as random. The display below shows the analysis from JMP
employing the REML method to treat blocks as a random effect. The estimate of the block variance component is
actually very small and negative. This is consistent with the conclusions from the previous analysis where the block
effect wasn’t significant. The JMP output reports the log worth statistic in addition to the usual P-value. Log worth is
calculated as log worth – log10(P-value). Values of log worth that are 2 or greater are usually taken as an indication
that the factor is significant.

Response Y
Effect Summary

Source LogWorth P-Value

Concentration 3.405 0.00039
43500.0272.2tsylataC

17502.0786.0tsylataC*noitartnecnoC

Summary of Fit

RSquare 0.89048

RSquare Adj 0.849409

Root Mean Square Error 2.034426

Mean of Response 27.5

Observations (or Sum Wgts) 12

Parameter Estimates

Term Estimate Std Error DFDen t Ratio Prob > |t|

Intercept 27.5 0.520416 2 52.84 0.0004*

Concentration 4.1666667 0.587288 6 7.09 0.0004*

Catalyst 2.5 0.587288 6 4.26 0.0053*

Concentration*Catalyst 0.8333333 0.587288 6 1.42 0.2057
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REML Variance Component Estimates

Random

Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Blocks −0.053691 −0.222222 1.0084838 −2.198814 1.7543697 0.000

Residual 4.1388889 2.3895886 1.7186441 20.069866 100.000

Total 4.1388889 2.3895886 1.7186441 20.069866 100.000

−2 LogLikelihood = 43.522517328
Note: Total is the sum of the positive variance components.
Total including negative estimates = 3.9166667

Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Concentration 1 1 6 50.3356 0.0004*

Catalyst 1 1 6 18.1208 0.0053*

Concentration*Catalyst 1 1 6 2.0134 0.2057

7.3 Confounding in the 2k Factorial Design

In many problems it is impossible to perform a complete replicate of a factorial design in one block. Confounding
is a design technique for arranging a complete factorial experiment in blocks, where the block size is smaller than
the number of treatment combinations in one replicate. The technique causes information about certain treatment
effects (usually high-order interactions) to be indistinguishable from, or confounded with, blocks. In this chapter
we concentrate on confounding systems for the 2k factorial design. Note that even though the designs presented are
incomplete block designs because each block does not contain all the treatments or treatment combinations, the special
structure of the 2k factorial system allows a simplified method of analysis.

We consider the construction and analysis of the 2k factorial design in 2p incomplete blocks, where p < k. Con-
sequently, these designs can be run in two blocks (p = 1), four blocks (p = 2), eight blocks (p = 3), and so on.

7.4 Confounding the 2k Factorial Design in Two Blocks

Suppose that we wish to run a single replicate of the 22 design. Each of the 22 = 4 treatment combinations requires a
quantity of raw material, for example, and each batch of raw material is only large enough for two treatment combina-
tions to be tested. Thus, two batches of raw material are required. If batches of raw material are considered as blocks,
then we must assign two of the four treatment combinations to each block.

Figure 7.1 shows one possible design for this problem. The geometric view, Figure 7.1a, indicates that treatment
combinations on opposing diagonals are assigned to different blocks. Notice from Figure 7.1b that block 1 contains
the treatment combinations (1) and ab and that block 2 contains a and b. Of course, the order in which the treatment
combinations are run within a block is randomly determined. We would also randomly decide which block to run first.
Suppose we estimate the main effects of A and B just as if no blocking had occurred. From Equations 6.1 and 6.2,
we obtain

A = 1
2
[ab + a − b − (1)]

B = 1
2
[ab + b − a − (1)]
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◾ F I GURE 7 . 1 A 22 design in two blocks

–

–

–
+

+

(a) Geometric view

(b) Assignment of the four
runs to two blocks

= Run in block 1

Block 1 Block 2

= Run in block 2

A

B
(1)

ab

a

b

Note that both A and B are unaffected by blocking because in each estimate there is one plus and one minus treatment
combination from each block. That is, any difference between block 1 and block 2 will cancel out.

Now consider the AB interaction
AB = 1

2
[ab + (1) − a − b]

Because the two treatment combinations with the plus sign [ab and (1)] are in block 1 and the two with the minus sign
(a and b) are in block 2, the block effect and the AB interaction are identical. That is, AB is confounded with blocks.

The reason for this is apparent from the table of plus and minus signs for the 22 design. This was originally
given as Table 6.2, but for convenience it is reproduced as Table 7.3 here. From this table, we see that all treatment
combinations that have a plus sign on AB are assigned to block 1, whereas all treatment combinations that have a
minus sign on AB are assigned to block 2. This approach can be used to confound any effect (A, B, or AB) with blocks.
For example, if (1) and b had been assigned to block 1 and a and ab to block 2, the main effect A would have been
confounded with blocks. The usual practice is to confound the highest order interaction with blocks.

This scheme can be used to confound any 2k design in two blocks. As a second example, consider a 23 design run
in two blocks. Suppose we wish to confound the three-factor interaction ABC with blocks. From the table of plus and
minus signs shown in Table 7.4, we assign the treatment combinations that are minus on ABC to block 1 and those that
are plus on ABC to block 2. The resulting design is shown in Figure 7.2. Once again, we emphasize that the treatment
combinations within a block are run in random order.

Other Methods for Constructing the Blocks. There is another method for constructing these designs. The
method uses the linear combination

L = 𝛼1x1 + 𝛼2x2 + · · · + akxk (7.1)

where xi is the level of the ith factor appearing in a particular treatment combination and 𝛼i is the exponent appearing
on the ith factor in the effect to be confounded. For the 2k system, we have 𝛼i = 0 or 1 and xi = 0 (low level) or xi = 1
(high level). Equation 7.1 is called a defining contrast. Treatment combinations that produce the same value of L
(mod 2) will be placed in the same block. Because the only possible values of L (mod 2) are 0 and 1, this will assign
the 2k treatment combinations to exactly two blocks.

◾ TABLE 7 . 3
Table of Plus and Minus Signs for the 22 Design

Factorial EffectTreatment
Combination I A B AB Block

(1) + − − + 1

a + + − − 2

b + − + − 2

ab + + + + 1
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◾ TABLE 7 . 4
Table of Plus and Minus Signs for the 23 Design

Factorial EffectTreatment
Combination I A B AB C AC BC ABC Block

(1) + − − + − + + − 1

a + + − − − − + + 2

b + − + − − + − + 2

ab + + + + − − − − 1

c + − − + + − − + 2

ac + + − − + + − − 1

bc + − + − + − + − 1

abc + + + + + + + + 2

(a) Geometric view (b) Assignment of the eight
runs to two blocks

= Run in block 1
Block 1 Block 2

= Run in block 2

(1)

ab

a

b

ac c

bc abc
B

C

A

◾ F I GURE 7 . 2 The 23 design in
two blocks with ABC confounded

To illustrate the approach, consider a 23 design with ABC confounded with blocks. Here x1 corresponds to A, x2
to B, x3 to C, and 𝛼1 = 𝛼2 = 𝛼3 = 1. Thus, the defining contrast corresponding to ABC is

L = x1 + x2 + x3

The treatment combination (1) is written 000 in the (0, 1) notation; therefore,

L = 1(0) + 1(0) + 1(0) = 0 = 0 (mod 2)

Similarly, the treatment combination a is 100, yielding

L = 1(1) + 1(0) + 1(0) = 1 = 1 (mod 2)

Thus, (1) and a would be run in different blocks. For the remaining treatment combinations, we have

b∶ L = 1(0) + 1(1) + 1(0) = 1 = 1 (mod 2)
ab∶ L = 1(1) + 1(1) + 1(0) = 2 = 0 (mod 2)
c∶ L = 1(0) + 1(0) + 1(1) = 1 = 1 (mod 2)
ac∶ L = 1(1) + 1(0) + 1(1) = 2 = 0 (mod 2)
bc∶ L = 1(0) + 1(1) + 1(1) = 2 = 0 (mod 2)
abc∶ L = 1(1) + 1(1) + 1(1) = 3 = 1 (mod 2)
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Thus, (1), ab, ac, and bc are run in block 1 and a, b, c, and abc are run in block 2. This is the same design shown in
Figure 7.2, which was generated from the table of plus and minus signs.

Another method may be used to construct these designs. The block containing the treatment combination (1) is
called the principal block. The treatment combinations in this block have a useful group-theoretic property; namely,
they form a group with respect to multiplication modulus 2. This implies that any element [except (1)] in the principal
block may be generated by multiplying two other elements in the principal block modulus 2. For example, consider
the principal block of the 23 design with ABC confounded, as shown in Figure 7.2.

Note that

ab ⋅ ac = a2bc = bc

ab ⋅ bc = ab2c = ac

ac ⋅ bc = abc2 = ab

Treatment combinations in the other block (or blocks) may be generated by multiplying one element in the new block
by each element in the principal block modulus 2. For the 23 with ABC confounded, because the principal block is (1),
ab, ac, and bc, we know that b is in the other block. Thus, the elements of this second block are

b ⋅ (1) = b
b ⋅ ab = ab2 = a
b ⋅ ac = abc
b ⋅ bc = b2c = c

This agrees with the results obtained previously.

Estimation of Error. When the number of variables is small, say k = 2 or 3, it is usually necessary to replicate
the experiment to obtain an estimate of error. For example, suppose that a 23 factorial must be run in two blocks with
ABC confounded, and the experimenter decides to replicate the design four times. The resulting design might appear
as in Figure 7.3. Note that ABC is confounded in each replicate.

The analysis of variance for this design is shown in Table 7.5. There are 32 observations and 31 total degrees of
freedom. Furthermore, because there are eight blocks, seven degrees of freedom must be associated with these blocks.
One breakdown of those seven degrees of freedom is shown in Table 7.5. The error sum of squares actually consists
of the interactions between replicates and each of the effects (A,B,C,AB,AC,BC). It is usually safe to consider these
interactions to be zero and to treat the resulting mean square as an estimate of error. Main effects and two-factor
interactions are tested against the mean square error. Cochran and Cox (1957) observe that the block or ABC mean
square could be compared to the error for the ABCmean square, which is really replicates × blocks. This test is usually
very insensitive.

If resources are sufficient to allow the replication of confounded designs, it is generally better to use a slightly
different method of designing the blocks in each replicate. This approach consists of confounding a different effect in
each replicate so that some information on all effects is obtained. Such a procedure is called partial confounding and
is discussed in Section 7.8.

◾ F I GURE 7 . 3 Four
replicates of the 23 design with ABC
confounded
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◾ TABLE 7 . 5
Analysis of Variance for Four Replicates of a 23

Design with ABC Confounded

Source of Variation
Degrees of
Freedom

Replicates 3

Blocks (ABC) 1

Error for ABC (replicates × blocks) 3

A 1

B 1

C 1

AB 1

AC 1

BC 1

Error (or replicates × effects) 18

Total 31

If k is moderately large, say k ≥ 4, we can frequently afford only a single replicate. The experimenter usually
assumes higher order interactions to be negligible and combines their sums of squares as error. The normal probability
plot of factor effects can be very helpful in this regard.

EXAMPLE 7 . 2

Consider the situation described in Example 6.2. Recall that
four factors—temperature (A), pressure (B), concentration
of formaldehyde (C), and stirring rate (D)—are studied in a
pilot plant to determine their effect on product filtration rate.
Wewill use this experiment to illustrate the ideas of blocking
and confounding in an unreplicated design. We will make
two modifications to the original experiment. First, suppose
that the 24 = 16 treatment combinations cannot all be run
using one batch of raw material. The experimenter can run
eight treatment combinations from a single batch of mate-
rial, so a 24 design confounded in two blocks seems appro-
priate. It is logical to confound the highest order interaction
ABCD with blocks. The defining contrast is

L = x1 + x2 + x3 + x4

and it is easy to verify that the design is as shown in
Figure 7.4. Alternatively, one may examine Table 6.11 and
observe that the treatment combinations that are + in the
ABCD column are assigned to block 1 and those that are −
in ABCD column are in block 2.

The second modification that we will make is to intro-
duce a block effect so that the utility of blocking can be
demonstrated. Suppose that when we select the two batches

of raw material required to run the experiment, one of them
is of much poorer quality and, as a result, all responses will
be 20 units lower in this material batch than in the other.
The poor quality batch becomes block 1 and the good qual-
ity batch becomes block 2 (it doesn’t matter which batch
is called block 1 or which batch is called block 2). Now
all the tests in block 1 are performed first (the eight runs
in the block are, of course, performed in random order), but
the responses are 20 units lower than they would have been
if good quality material had been used. Figure 7.4b shows
the resulting responses—note that these have been found
by subtracting the block effect from the original observa-
tions given in Example 6.2. That is, the original response
for treatment combination (1) was 45, and in Figure 7.4b it
is reported as (1) = 25 (= 45 − 20). The other responses in
this block are obtained similarly. After the tests in block 1
are performed, the eight tests in block 2 follow. There is no
problem with the rawmaterial in this batch, so the responses
are exactly as they were originally in Example 6.2.

The effect estimates for this “modified” version of
Example 6.2 are shown in Table 7.6. Note that the esti-
mates of the four main effects, the six two-factor interac-
tions, and the four three-factor interactions are identical to
the effect estimates obtained in Example 6.2 where there
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D

C
B

A

– +

= Runs in block 1

= Runs in block 2

Block 1

= 25(1)

= 45ab

= 40ac

= 60bc

= 80ad

= 25bd

= 55cd

= 76abcd

= 71a

= 48b

= 68c

= 43d

= 65abc

= 70bcd

= 86acd

= 104abd

Block 2

(a) Geometric view

(b) Assignment of the 16 runs

to two blocks

◾ F I GURE 7 . 4 The 24 design in two blocks for Example 7.2

◾ TABLE 7 . 6
Effect Estimates for the Blocked 24 Design in Example 7.2

Model Term
Regression
Coefficient

Effect
Estimate

Sum of
Squares

Percent
Contribution

A 10.81 21.625 1870.5625 26.30
B 1.56 3.125 39.0625 0.55
C 4.94 9.875 390.0625 5.49
D 7.31 14.625 855.5625 12.03
AB 0.062 0.125 0.0625 <0.01
AC −9.06 −18.125 1314.0625 18.48
AD 8.31 16.625 1105.5625 15.55
BC 1.19 2.375 22.5625 0.32
BD −0.19 −0.375 0.5625 <0.01
CD −0.56 −1.125 5.0625 0.07
ABC 0.94 1.875 14.0625 0.20
ABD 2.06 4.125 68.0625 0.96
ACD −0.81 −1.625 10.5625 0.15
BCD −1.31 −2.625 27.5625 0.39
Block (ABCD) −18.625 1387.5625 19.51

was no block effect. When a normal probability of these
effect estimates is constructed, factors A,C,D, and the AC
and AD interactions emerge as the important effects, just as
in the original experiment. (The reader should verify this.)

What about the ABCD interaction effect? The estimate
of this effect in the original experiment (Example 6.2) was
ABCD = 1.375. In this example, the estimate of the ABCD
interaction effect is ABCD = −18.625. Because ABCD is
confounded with blocks, the ABCD interaction estimates
the original interaction effect (1.375) plus the block effect
(−20), so ABCD = 1.375 + (−20) = −18.625. (Do you see
why the block effect is −20?) The block effect may also

be calculated directly as the difference in average response
between the two blocks, or

Block effect = yBlock 1 − yBlock 2

= 406
8

− 555
8

= −149
8

= −18.625

Of course, this effect really estimates Blocks + ABCD.
Table 7.7 summarizes the ANOVA for this experiment.

The effects with large estimates are included in the model,
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and the block sum of squares is

SSBlocks =
(406)2 + (555)2

8
− (961)2

16
= 1387.5625

The conclusions from this experiment exactly match those
from Example 6.2, where no block effect was present.

Notice that if the experiment had not been run in blocks,
and if an effect of magnitude −20 had affected the first
8 trials (which would have been selected in a random fash-
ion, because the 16 trials would be run in random order
in an unblocked design), the results could have been very
different.

◾ TABLE 7 . 7
Analysis of Variance for Example 7.2

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Blocks (ABCD) 1387.5625 1
A 1870.5625 1 1870.5625 89.76 < 0.0001
C 390.0625 1 390.0625 18.72 0.0019
D 855.5625 1 855.5625 41.05 0.0001
AC 1314.0625 1 1314.0625 63.05 < 0.0001
AD 1105.5625 1 1105.5625 53.05 < 0.0001
Error 187.5625 9 20.8403
Total 7110.9375 15

The display below shows the output from JMP assuming that blocks are random and using REML for the analysis.
The analysis only considers the main effects and the two-factor interactions, but it essentially agrees with the one pre-
sented in Example 7.2, identifying factors X1, X3, X4 and the two interactions X1X3 andX1X4 as significant. The con-
fidence interval on the variance component for blocks is extremely wide and includes zero. This is probably an artifact
of having only two blocks and only one degree of freedom to estimate the variance component associated with blocks.

Response Y
Effect Summary

Source LogWorth P-Value

04100.0558.21X
17200.0765.23X*1X
37300.0824.24X*1X
59500.0622.24X
27220.0446.13X
59713.0894.02X
81534.0163.03X*2X
75207.0351.04X*3X
18798.0740.04X*2X
28569.0510.02X*1X

Summary of Fit

RSquare 0.982998

RSquare Adj 0.948994

Root Mean Square Error 5.482928

Mean of Response 60.0625

Observations (or Sum Wgts) 16
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Parameter Estimates

Term Estimate Std Error DFDen t Ratio Prob > |t|

Intercept 60.0625 9.3125 1 6.45 0.0979

X1 10.8125 1.370732 4 7.89 0.0014*

X2 1.5625 1.370732 4 1.14 0.3180

X3 4.9375 1.370732 4 3.60 0.0227*

X4 7.3125 1.370732 4 5.33 0.0059*

X1*X2 0.0625 1.370732 4 0.05 0.9658

X1*X3 9.0625 1.370732 4 6.61 0.0027*

X1*X4 8.3125 1.370732 4 6.06 0.0037*

X2*X3 1.1875 1.370732 4 0.87 0.4352

X2*X4 0.1875 1.370732 4 0.14 0.8978

X3*X4 0.5625 1.370732 4 0.41 0.7026

REML Variance Component Estimates

Random Var
Effect Var Ratio Component Std Error 95% Lower 95% Upper Pct of Total

Block 5.6444906 169.6875 245.30311 311.0978 650.47275 84.950

Residual 30.0625 21.257398 10.791251 248.23574 15.050

Total 199.75 245.99293 45.07048 41373.205 100.000

2 Log Likelihood = 65.536279358
Note: Total is the sum of the positive variance components.
Total including negative estimates = 199.75

Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

X1 1 1 4 62.2225 0.0014*

X2 1 1 4 1.2994 0.3180

X3 1 1 4 12.9751 0.0227*

X4 1 1 4 28.4595 0.0059*

X1*X2 1 1 4 0.0021 0.9658

X1*X3 1 1 4 43.7110 0.0027*

X1*X4 1 1 4 36.7755 0.0037*

X2*X3 1 1 4 0.7505 0.4352

X2*X4 1 1 4 0.0187 0.8978

X3*X4 1 1 4 0.1684 0.7026
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7.5 Another Illustration of Why Blocking Is Important

Blocking is a very useful and important design technique. In Chapter 4 we pointed out that blocking has such dramatic
potential to reduce the noise in an experiment that an experimenter should always consider the potential impact of
nuisance factors, and when in doubt, block.

To illustrate what can happen if an experimenter doesn’t block when he or she should have, consider a variation
of Example 7.2 from the previous section. In this example we utilized a 24 unreplicated factorial experiment originally
presented as Example 6.2. We constructed the design in two blocks of eight runs each, and we inserted a “block effect”
or nuisance factor effect of magnitude −20 that affects all of the observations in block 1 (refer to Figure 7.4). Now
suppose that we had not run this design in blocks and that the −20 nuisance factor effect impacted the first eight
observations that were taken (in random or run order). The modified data are shown in Table 7.8.

Figure 7.5 is a normal probability plot of the factor effects from this modified version of the experiment. Notice
that although the appearance of this plot is not too dissimilar from the one given with the original analysis of the
experiment in Chapter 6 (refer to Figure 6.11), one of the important interactions, AD, is not identified. Consequently,
we will not discover this important effect that turns out to be one of the keys to solving the original problem.
We remarked in Chapter 4 that blocking is a noise reduction technique. If we don’t block, then the added variability
from the nuisance variable effect ends up getting distributed across the other design factors.

Some of the nuisance variability also ends up in the error estimate. The residual mean square for the model based
on the data in Table 7.8 is about 109, which is several times larger than the residual mean square based on the original
data (see Table 6.13).

◾ TABLE 7 . 8
The Modified Data from Example 7.2

Run
Order

Std.
Order

Factor A:
Temperature

Factor B:
Pressure

Factor C:
Concentration

Factor D:
Stirring Rate

Response
Filtration Rate

8 1 −1 −1 −1 −1 25

11 2 1 −1 −1 −1 71

1 3 −1 1 −1 −1 28

3 4 1 1 −1 −1 45

9 5 −1 −1 1 −1 68

12 6 1 −1 1 −1 60

2 7 −1 1 1 −1 60

13 8 1 1 1 −1 65

7 9 −1 −1 −1 1 23

6 10 1 −1 −1 1 80

16 11 −1 1 −1 1 45

5 12 1 1 −1 1 84

14 13 −1 −1 1 1 75

15 14 1 −1 1 1 86

10 15 −1 1 1 1 70

4 16 1 1 1 1 76
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◾ F I GURE 7 . 5 Normal probability plot for the data in
Table 7.8

–15.62 –5.69 4.25

Effect

14.19 24.12

A

AC

C
D

N
o

rm
a

l 
%

 p
ro

b
a

b
il

it
y

99

95

90

80
70

50

30
20

10

5

1

7.6 Confounding the 2k Factorial Design in Four Blocks

It is possible to construct 2k factorial designs confounded in four blocks of 2k−2 observations each. These designs
are particularly useful in situations where the number of factors is moderately large, say k ≥ 4, and block sizes are
relatively small.

As an example, consider the 25 design. If each block will hold only eight runs, then four blocks must be used.
The construction of this design is relatively straightforward. Select two effects to be confounded with blocks, say ADE
and BCE. These effects have the two defining contrasts

L1 = x1 + x4 + x5
L2 = x2 + x3 + x5

associated with them. Now every treatment combination will yield a particular pair of values of L1 (mod 2) and L2
(mod 2), that is, either (L1,L2) = (0, 0), (0, 1), (1, 0), or (1, 1). Treatment combinations yielding the same values of
(L1,L2) are assigned to the same block. In our example we find

L1 = 0, L2 = 0 for (1), ad, bc, abcd, abe, ace, cde, bde
L1 = 1, L2 = 0 for a, d, abc, bcd, be, abde, ce, acde

L1 = 0, L2 = 1 for b, abd, c, acd, ae, de abce, bcde

L1 = 1, L2 = 1 for e, ade, bce, abcde, ab, bd, ac, cd

These treatment combinations would be assigned to different blocks. The complete design is as shown in Figure 7.6.
With a little reflection we realize that another effect in addition to ADE and BCE must be confounded with

blocks. Because there are four blocks with three degrees of freedom between them, and because ADE and BCE
have only one degree of freedom each, clearly an additional effect with one degree of freedom must be confounded.
This effect is the generalized interaction of ADE and BCE, which is defined as the product of ADE and BCE
modulus 2. Thus, in our example the generalized interaction (ADE)(BCE) = ABCDE2 = ABCD is also confounded
with blocks. It is easy to verify this by referring to a table of plus and minus signs for the 25 design, such as
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◾ F I GURE 7 . 6 The 25 design in four blocks with ADE, BCE,
and ABCD confounded

in Davies (1956). Inspection of such a table reveals that the treatment combinations are assigned to the blocks
as follows:

Treatment Combinations in Sign on ADE Sign on BCE Sign on ABCD

Block 1 − − +
Block 2 + − −
Block 3 − + −
Block 4 + + +

Notice that the product of signs of any two effects for a particular block (e.g., ADE and BCE) yields the
sign of the other effect for that block (in this case, ABCD). Thus, ADE, BCE, and ABCD are all confounded
with blocks.

The group-theoretic properties of the principal block mentioned in Section 7.4 still hold. For example, we see
that the product of two treatment combinations in the principal block yields another element of the principal block.
That is,

ad ⋅ bc = abcd and abe ⋅ bde = ab2de2 = ad

and so forth. To construct another block, select a treatment combination that is not in the principal block (e.g., b) and
multiply b by all the treatment combinations in the principal block. This yields

b ⋅ (1) = b b ⋅ ad = abd b ⋅ bc = b2c = c b ⋅ abcd = ab2cd = acd

and so forth, which will produce the eight treatment combinations in block 3. In practice, the principal block can be
obtained from the defining contrasts and the group-theoretic property, and the remaining blocks can be determined
from these treatment combinations by the method shown above.

The general procedure for constructing a 2k design confounded in four blocks is to choose two effects to generate
the blocks, automatically confounding a third effect that is the generalized interaction of the first two. Then, the design
is constructed by using the two defining contrasts (L1,L2) and the group-theoretic properties of the principal block.
In selecting effects to be confounded with blocks, care must be exercised to obtain a design that does not confound
effects that may be of interest. For example, in a 25 design we might choose to confound ABCDE and ABD, which
automatically confounds CE, an effect that is probably of interest. A better choice is to confound ADE and BCE, which
automatically confounds ABCD. It is preferable to sacrifice information on the three-factor interactions ADE and BCE
instead of the two-factor interaction CE.



�

� �

�

322 Chapter 7 Blocking and Confounding in the 2k Factorial Design

7.7 Confounding the 2k Factorial Design in 2p Blocks

The methods described above may be extended to the construction of a 2k factorial design confounded in 2p blocks
(p < k), where each block contains exactly 2k−p runs. We select p independent effects to be confounded, where by
“independent” we mean that no effect chosen is the generalized interaction of the others. The blocks may be generated
by use of the p defining contrasts L1,L2, . . . ,Lp associated with these effects. In addition, exactly 2p − p − 1 other
effects will be confounded with blocks, these being the generalized interactions of those p independent effects initially
chosen. Care should be exercised in selecting effects to be confounded so that information on effects that may be of
potential interest is not sacrificed.

The statistical analysis of these designs is straightforward. Sums of squares for all the effects are computed as
if no blocking had occurred. Then, the block sum of squares is found by adding the sums of squares for all the effects
confounded with blocks.

Obviously, the choice of the p effects used to generate the block is critical because the confounding structure
of the design directly depends on them. Table 7.9 presents a list of useful designs. To illustrate the use of this

◾ TABLE 7 . 9
Suggested Blocking Arrangements for the 2k Factorial Design

Number of
Factors, k

Number of
Blocks, 2p

Block
Size, 2k−p

Effects Chosen to
Generate the Blocks Interactions Confounded with Blocks

3 2 4 ABC ABC

4 2 AB,AC AB,AC,BC

4 2 8 ABCD ABCD

4 4 ABC,ACD ABC,ACD,BD

8 2 AB,BC,CD AB,BC,CD,AC,BD,AD,ABCD

5 2 16 ABCDE ABCDE

4 8 ABC,CDE ABC,CDE,ABDE

8 4 ABE,BCE,CDE ABE,BCE,CDE,AC,ABCD,BD,ADE

16 2 AB,AC,CD,DE All two- and four-factor interactions (15 effects)

6 2 32 ABCDEF ABCDEF

4 16 ABCF,CDEF ABCF,CDEF,ABDE

8 8 ABEF,ABCD,ACE ABEF,ABCD,ACE,BCF,BDE,CDEF,ADF

16 4 ABF,ACF,BDF,DEF ABF,ACF,BDF,DEF,BC,ABCD,ABDE,AD,
ACDE,CE,CDF,BCDEF,ABCEF,AEF,BE

32 2 AB,BC,CD,DE,EF All two-, four-, and six-factor interactions (31 effects)

7 2 64 ABCDEFG ABCDEFG

4 32 ABCFG,CDEFG ABCFG,CDEFG,ABDE

8 16 ABCD,CDEF,ADFG ABC,DEF,AFG,ABCDEF,BCFG,ADEG,BCDEG

16 8 ABCD,EFG,CDE,ADG ABCD,EFG,CDE,ADG,ABCDEFG,ABE,BCG,
CDFG,ADEF,ACEG,ABFG,BCEF,BDEG,ACF,
BDF

32 4 ABG,BCG,CDG,
DEG,EFG

ABG,BCG,CDG,DEG,EFG,AC,BD,CE,DF,AE,
BF,ABCD,ABDE,ABEF,BCDE,BCEF,CDEF,
ABCDEFG,ADG,ACDEG,ACEFG,ABDFG,
ABCEG,BEG,BDEFG,CFG,ADEF,ACDF,ABCF,
AFG,BCDFG

64 2 AB,BC,CD,DE,EF,FG All two-, four-, and six-factor interactions (63 effects)



�

� �

�

7.8 Partial Confounding 323

table, suppose we wish to construct a 26 design confounded in 23 = 8 blocks of 23 = 8 runs each. Table 7.9
indicates that we would choose ABEF, ABCD, and ACE as the p = 3 independent effects to generate the blocks.
The remaining 2p − p − 1 = 23 − 3 − 1 = 4 effects that are confounded are the generalized interactions of these
three; that is,

(ABEF)(ABCD) = A2B2CDEF = CDEF

(ABEF)(ACE) = A2BCE2F = BCF

(ABCD)(ACE) = A2BC2ED = BDE

(ABEF)(ABCD)(ACE) = A3B2C2DE2F = ADF

The reader is asked to generate the eight blocks for this design in Problem 7.11.

7.8 Partial Confounding

We remarked in Section 7.4 that, unless experimenters have a prior estimate of error or are willing to assume certain
interactions to be negligible, they must replicate the design to obtain an estimate of error. Figure 7.3 shows a 23 factorial
in two blocks with ABC confounded, replicated four times. From the analysis of variance for this design, shown in
Table 7.5, we note that information on the ABC interaction cannot be retrieved because ABC is confounded with blocks
in each replicate. This design is said to be completely confounded.

Consider the alternative shown in Figure 7.7. Once again, there are four replicates of the 23 design, but a different
interaction has been confounded in each replicate. That is, ABC is confounded in replicate I, AB is confounded in
replicate II, BC is confounded in replicate III, and AC is confounded in replicate IV. As a result, information on ABC
can be obtained from the data in replicates II, III, and IV; information on AB can be obtained from replicates I, III,
and IV; information on AC can be obtained from replicates I, II, and III; and information on BC can be obtained from
replicates I, II, and IV. We say that three-quarters information can be obtained on the interactions because they are
unconfounded in only three replicates. Yates (1937) calls the ratio 3/4 the relative information for the confounded
effects. This design is said to be partially confounded.

The analysis of variance for this design is shown in Table 7.10. In calculating the interaction sums of squares,
only data from the replicates in which an interaction is unconfounded are used. The error sum of squares consists
of replicates ×main effect sums of squares plus replicates × interaction sums of squares for each replicate in which
that interaction is unconfounded (e.g., replicates × ABC for replicates II, III, and IV). Furthermore, there are seven
degrees of freedom among the eight blocks. This is usually partitioned into three degrees of freedom for replicates and
four degrees of freedom for blocks within replicates. The composition of the sum of squares for blocks is shown in
Table 7.10 and follows directly from the choice of the effect confounded in each replicate.

◾ F I GURE 7 . 7 Partial confounding in the 23 design
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◾ TABLE 7 . 10
Analysis of Variance for a Partially Confounded 23 Design

Source of Variation
Degrees of
Freedom

Replicates 3

Blocks within replicates [or ABC (rep. I) +
AB (rep. II) + BC (rep. III) + AC (rep. IV)] 4

A 1

B 1

C 1

AB (from replicates I, III, and IV) 1

AC (from replicates I, II, and III) 1

BC (from replicates I, II, and IV) 1

ABC (from replicates II, III, and IV) 1

Error 17

Total 31

EXAMPLE 7 . 3 A 23 Design with Partial Confounding

Consider Example 6.1, in which an experiment was con-
ducted to develop a plasma etching process. There were
three factors,A = gap,B = gas flow, andC = RF power, and
the response variable was the etch rate. Suppose that only
four treatment combinations can be tested during a shift, and
because there could be shift-to-shift differences in etching

tool performance, the experimenters decide to use shifts as
a blocking factor. Thus, each replicate of the 23 design must
be run in two blocks. Two replicates are run, with ABC con-
founded in replicate I and AB confounded in replicate II.
The data are as follows:

Replicate I Replicate II
ABC Confounded AB Confounded

(1) = 550

ab = 642

ac = 749

bc = 1075

a = 669

b = 633

c = 1037

abc = 729

(1) = 604

c = 1052

ab = 635

abc = 860

a = 650

b = 601

ac = 868

bc = 1063

The sums of squares for A,B,C,AC, and BC may be
calculated in the usual manner, using all 16 observations.

However, wemust find SSABC using only the data in replicate
II and SSAB using only the data in replicate I as follows:

SSABC = [a + b + c + abc − ab − ac − bc − (1)]2

n2k

= [650 + 601 + 1052 + 860 − 635 − 868 − 1063 − 604]2

(1)(8)
= 6.1250

SSAB = [(1) + abc − ac + c − a − b + ab − bc]2

n2k

= [550 + 729 − 749 + 1037 − 669 − 633 + 642 − 1075]2

(1)(8)
= 3528.0
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The sum of squares for the replicates is, in general,

SSRep =
n∑

h=1

R2
h

2k
−

y2
...

N

= (6084)2 + (6333)2

8
− (12,417)2

16
= 3875.0625

where Rh is the total of the observations in the hth replicate.
The block sum of squares is the sum of SSABC from replicate
I and SSAB from replicate II, or SSBlocks = 458.1250.

The analysis of variance is summarized in Table 7.11.
The main effects of A and C and the AC interaction are
important.

◾ TABLE 7 . 11
Analysis of Variance for Example 7.3

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Replicates 3875.0625 1 3875.0625 —

Blocks within replicates 458.1250 2 229.0625 —

A 41,310.5625 1 41,310.5625 16.20 0.01

B 217.5625 1 217.5625 0.08 0.78

C 374,850.5625 1 374,850.5625 146.97 <0.001

AB (rep. I only) 3528.0000 1 3528.0000 1.38 0.29

AC 94,404.5625 1 94,404.5625 37.01 <0.001

BC 18.0625 1 18.0625 0.007 0.94

ABC (rep. II only) 6.1250 1 6.1250 0.002 0.96

Error 12,752.3125 5 2550.4625

Total 531,420.9375 15

7.9 Problems

7.1 Consider the experiment described in Problem 6.5.
Analyze this experiment assuming that each replicate repre-
sents a block of a single production shift.

7.2 Consider the experiment described in Problem 6.9.
Analyze this experiment assuming that each one of the four
replicates represents a block.

7.3 Consider the alloy cracking experiment described in
Problem 6.19. Suppose that only 16 runs could be made on
a single day, so each replicate was treated as a block. Analyze
the experiment and draw conclusions.

7.4 Consider the data from the first replicate of Problem
6.5. Suppose that these observations could not all be run using
the same bar stock. Set up a design to run these observations
in two blocks of four observations each with ABC confounded.
Analyze the data.

7.5 Consider the data from the first replicate of Problem
6.11. Construct a design with two blocks of eight observations
each with ABCD confounded. Analyze the data.

7.6 Repeat Problem 7.5 assuming that four blocks are
required. Confound ABD and ABC (and consequently CD)
with blocks.

7.7 Using the data from the 25 design in Problem 6.30,
construct and analyze a design in two blocks with ABCDE
confounded with blocks.

7.8 Repeat Problem 7.7 assuming that four blocks are
necessary. Suggest a reasonable confounding scheme.

7.9 Consider the data from the 25 design in Problem 6.30.
Suppose that it was necessary to run this design in four blocks
with ACDE and BCD (and consequently ABE) confounded.
Analyze the data from this design.
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7.10 Consider the fill height deviation experiment in
Problem 6.24. Suppose that each replicate was run on a sepa-
rate day. Analyze the data assuming that days are blocks.

7.11 Consider the fill height deviation experiment in Prob-
lem 6.24. Suppose that only four runs could be made on each
shift. Set up a design with ABC confounded in replicate I and
AC confounded in replicate II. Analyze the data and comment
on your findings.

7.12 Consider the putting experiment in Problem 6.25. Ana-
lyze the data considering each replicate as a block.

7.13 Using the data from the 24 design in Problem 6.26,
construct and analyze a design in two blocks with ABCD
confounded with blocks.

7.14 Consider the direct mail experiment in Problem 6.28.
Suppose that each group of customers is in a different
part of the country. Suggest an appropriate analysis for the
experiment.

7.15 Consider the isatin yield experiment in Problem 6.42.
Set up the 24 experiment in this problem in two blocks with
ABCD confounded. Analyze the data from this design. Is the
block effect large?

7.16 The experiment in Problem 6.43 is a 25 factorial.
Suppose that this design had been run in four blocks of eight
runs each.

(a) Recommend a blocking scheme and set up the design.

(b) Analyze the data from this blocked design. Is blocking
important?

7.17 Repeat Problem 7.16 using a design in two blocks.

7.18 The design in Problem 6.44 is a 24 factorial. Set up this
experiment in two blocks with ABCD confounded. Analyze
the data from this design. Is the block effect large?

7.19 The design in Problem 6.46 is a 23 factorial replicated
twice. Suppose that each replicate was a block. Analyze all
of the responses from this blocked design. Are the results
comparable to those from Problem 6.46? Is the block effect
large?

7.20 Design an experiment for confounding a 26 factorial
in four blocks. Suggest an appropriate confounding scheme,
different from the one shown in Table 7.9.

7.21 Consider the 26 design in eight blocks of eight runs
each with ABCD, ACE, and ABEF as the independent effects
chosen to be confounded with blocks. Generate the design.
Find the other effects confounded with blocks.

7.22 Consider the 22 design in two blocks with AB
confounded. Prove algebraically that SSAB = SSBlocks.

7.23 Consider the data in Example 7.2. Suppose that all
the observations in block 2 are increased by 20. Analyze the
data that would result. Estimate the block effect. Can you

explain its magnitude? Do blocks now appear to be an impor-
tant factor? Are any other effect estimates impacted by the
change you made to the data?

7.24 Suppose that in Problem 6.5 we had confounded ABC
in replicate I, AB in replicate II, and BC in replicate III.
Calculate the factor effect estimates. Construct the analysis of
variance table.

7.25 Repeat the analysis of Problem 6.5 assuming that ABC
was confounded with blocks in each replicate.

7.26 Suppose that in Problem 6.11 ABCD was confounded
in replicate I and ABC was confounded in replicate II. Perform
the statistical analysis of this design.

7.27 Construct a 23 design with ABC confounded in the first
two replicates and BC confounded in the third. Outline the
analysis of variance and comment on the information obtained.

7.28 Suppose that a 22 design has been conducted. There
are four replicates and the experiment has been conducted in
four blocks. The error sum of squares is 500 and the block
sum of squares is 250. If the experiment had been conducted
as a completely randomized design, the estimate of the error
variance 𝜎2 would be

(a) 25.0 (b) 25.5 (c) 35.0

(d) 38.5 (e) none of the above

7.29 The block effect in a two-level design with two blocks
can be calculated directly as the difference in the average
response between the two blocks.

(a) True

(b) False

7.30 When constructing the 27 design confounded in eight
blocks, three independent effects are chosen to generate the
blocks, and there are a total of eight interactions confounded
with blocks.

(a) True

(b) False

7.31 Consider the 25 factorial design in two blocks.
If ABCDE is confounded with blocks, then which of the
following runs is in the same block as run acde?

(a) a (b) acd (c) bcd

(d) be (e) abe (f) None of the above

7.32 The information on the interaction confounded with
the block can always be separated from the block effect.

(a) True

(b) False

7.33 Consider the full 25 factorial design in Problem 6.51.
Suppose that this experiment had been run in two blocks
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with ABCDE confounded with the blocks. Set up the blocked
design and perform the analysis. Compare your results with
the results obtained for the completely randomized design in
Problem 6.51.

7.34 Suppose that you are designing an experiment for four
factors and that due tomaterial properties it is necessary to con-
duct the experiment in blocks. Material availability restricts
you to the use of two blocks; however, each batch of material
is only sufficient for six runs. So the standard 24 factorial in
two blocks of eight runs each with ABCD confounded will not
work. Recommend a design. Suggestion: this is a reasonable

application for aD-optimal design.What type of design do you
find in each block?

7.35 Suppose that you are designing an experiment for four
factors and that due tomaterial properties it is necessary to con-
duct the experiment in blocks. Material availability restricts
you to the use of two blocks but each batch of material is large
enough for up to 10 runs. You can afford to make four addi-
tional runs beyond the 16 required by the full 24. What runs
would you choose to make? How would you allocate these
additional four runs to the two blocks?
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8.1 Introduction

As the number of factors in a 2k factorial design increases, the number of runs required for a complete replicate of
the design rapidly outgrows the resources of most experimenters. For example, a complete replicate of the 26 design
requires 64 runs. In this design, only 6 of the 63 degrees of freedom correspond to main effects, and only 15 degrees
of freedom correspond to two-factor interactions. There are only 21 degrees of freedom associated with effects that
are likely to be of major interest. The remaining 42 degrees of freedom are associated with three-factor and higher
interactions.

If the experimenter can reasonably assume that certain high-order interactions are negligible, information on
the main effects and low-order interactions may be obtained by running only a fraction of the complete factorial
experiment. These fractional factorial designs are among the most widely used types of designs for product and
process design, process improvement, and industrial/business experimentation.

A major use of fractional factorials is in screening experiments—experiments in which many factors are
considered and the objective is to identify those factors (if any) that have large effects. Screening experiments are
usually performed in the early stages of a project when many of the factors initially considered likely have little or
no effect on the response. The factors identified as important are then investigated more thoroughly in subsequent
experiments.

The successful use of fractional factorial designs is based on three key ideas:

1. The sparsity of effects principle. When there are several variables, the system or process is likely to be
driven primarily by some of the main effects and low-order interactions. Sparsity of effects usually implies
that no more than about half the number of effects will be active. For example, if there are 4 factors, then
there are 15 effects, and effect sparsity suggests that no more than 6 or 7 of these will be active.

2. The projection property. Fractional factorial designs can be projected into stronger (larger) designs in the
subset of significant factors.

3. Sequential experimentation. It is possible to combine the runs of two (or more) fractional factorials to
construct sequentially a larger design to estimate the factor effects and interactions of interest.

We will focus on these principles in this chapter and illustrate them with several examples.

8.2 The One-Half Fraction of the 2k Design

8.2.1 Definitions and Basic Principles

Consider a situation in which three factors, each at two levels, are of interest, but the experimenters cannot afford to
run all 23 = 8 treatment combinations. They can, however, afford four runs. This suggests a one-half fraction of a
23 design. Because the design contains 23−1 = 4 treatment combinations, a one-half fraction of the 23 design is often
called a 𝟐𝟑−𝟏 design.

The table of plus and minus signs for the 23 design is shown in Table 8.1. Suppose we select the four treatment
combinations a, b, c, and abc as our one-half fraction. These runs are shown in the top half of Table 8.1 and in
Figure 8.1a.

Notice that the 23−1 design is formed by selecting only those treatment combinations that have a plus in the ABC
column. Thus, ABC is called the generator of this particular fraction. Usually we will refer to a generator such as ABC
as a word. Furthermore, the identity column I is also always plus, so we call

I = ABC

the defining relation for our design. In general, the defining relation for a fractional factorial will always be the set of
all columns that are equal to the identity column I.
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◾ TABLE 8 . 1
Plus and Minus Signs for the 23 Factorial Design

Factorial EffectTreatment
Combination I A B C AB AC BC ABC

a + + − − − − + +
b + − + − − + − +
c + − − + + − − +
abc + + + + + + + +
ab + + + − + − − −
ac + + − + − + − −
bc + − + + − − + −
(1) + − − − + + + −

◾ F I GURE 8 . 1 The two one-half
fractions of the 23 design

(a) The principal fraction, I = +ABC

(1) 

(b) The alternate fraction, I = –ABC

abc

c

b

a BC

A

ab

bc

ac

The treatment combinations in the 23−1 design yield three degrees of freedom that we may use to estimate the
main effects. Referring to Table 8.1, we note that the linear combinations of the observations used to estimate the main
effects of A, B, and C are

[A] = 1
2
(a − b − c + abc)

[B] = 1
2
(−a + b − c + abc)

[C] = 1
2
(−a − b + c + abc)

where the notation [A], [B], and [C] is used to indicate the linear combinations associated with the main effects. It is
also easy to verify that the linear combinations of the observations used to estimate the two-factor interactions are

[BC] = 1
2
(a − b − c + abc)

[AC] = 1
2
(−a + b − c + abc)

[AB] = 1
2
(−a − b + c + abc)

Thus, [A] = [BC], [B] = [AC], and [C] = [AB]; consequently, it is impossible to differentiate between A and BC, B and
AC, and C and AB. In fact, when we estimate A, B, and C we are really estimating A + BC,B + AC, and C + AB. Two
or more effects that have this property are called aliases. In our example, A and BC are aliases, B and AC are aliases,
and C and AB are aliases. We indicate this by the notation [A] → A + BC, [B] → B + AC, and [C] → C + AB.

The alias structure for this design may be easily determined by using the defining relation I = ABC. Multiplying
any column (or effect) by the defining relation yields the aliases for that column (or effect). In our example, this yields
as the alias of A

A ⋅ I = A ⋅ ABC = A2BC
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or, because the square of any column is just the identity I,

A = BC

Similarly, we find the aliases of B and C as

B ⋅ I = B ⋅ ABC

B = AB2C = AC
and

C ⋅ I = C ⋅ ABC

C = ABC2 = AB

This one-half fraction, with I = +ABC, is usually called the principal fraction.
Now suppose that we had chosen the other one-half fraction, that is, the treatment combinations in Table 8.1

associated with minus in the ABC column. This alternate, or complementary, one-half fraction (consisting of the
runs (1), ab, ac, and bc) is shown in Figure 8.1b. The defining relation for this design is

I = −ABC

The linear combination of the observations, say [A]′, [B]′, and [C]′, from the alternate fraction gives us

[A]′ → A − BC

[B]′ → B − AC

[C]′ → C − AB

Thus, when we estimate A, B, and C with this particular fraction, we are really estimating A − BC,B − AC, and
C − AB.

In practice, it does not matter which fraction is actually used. Both fractions belong to the same family; that is,
the two one-half fractions form a complete 23 design. This is easily seen by reference to parts a and b of Figure 8.1.

Suppose that after running one of the one-half fractions of the 23 design, the other fraction was also run. Thus,
all eight runs associated with the full 23 are now available. We may now obtain de-aliased estimates of all the effects
by analyzing the eight runs as a full 23 design in two blocks of four runs each. This could also be done by adding
and subtracting the linear combination of effects from the two individual fractions. For example, consider [A] → A +
BC and [A]′ → A − BC. This implies that

1
2
([A] + [A]′) = 1

2
(A + BC + A − BC) → A

and that
1
2
([A] − [A]′) = 1

2
(A + BC − A + BC) → BC

Thus, for all three pairs of linear combinations, we would obtain the following:

i From 1
2
([i] + [i]′) From 1

2
([i] − [i]′)

A A BC

B B AC

C C AB

Furthermore, by assembling the full 23 in this fashion with I = +ABC in the first group of runs and I = −ABC in the
second, the 23 confounds ABC with blocks.

More About Effect Sparsity. As noted earlier, effect sparsity is one of the reasons that fractional facto-
rial designs are so successful. This phenomenon has been observed empirically by experimenters in many fields for
decades. However, a recent paper by Li, Sudarsanam, and Frey(2006) provides more objective evidence of effect
sparsity.
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Li, Sudarsanam, and Frey (2006) re-examined 133 response variables from published full factorial experiments
with from 3 to 7 factors. They re-analyzed all of the responses. They found that in the experiments that they studied
41% of the main effects were active. Generally, the size of an active main effect was twice the size of an active
two-factor interaction. The percent of active two-factor interactions overall was 11%. Interactions beyond order two
were extremely rare. They also reported some “conditional” percentages regarding active two-factor interactions:

• A two-factor interaction was active and both main effects involved in that interaction were active occurred
33% of the time.

• A two-factor interaction was active but only one of the main effects involved in that interaction was active
occurred 4.5% of the time.

• A two-factor interaction was active and neither of the main effects involved in that interaction was active
occurred only 0.5% of the time.

These results strongly support the sparsity of effects assumption. They also support the usual assumptions of
model hierarchy and effect heredity. However, the results are strongly dependent on the types of experiments analyzed.
If more experiments involving chemical processes and systems and biological systems were included, two-factor inter-
actions would probably be more likely to occur. Three-factor interactions can be encountered in some of these systems.
For example, consider a three-factor chemical process experiment involving two continuous factor, time and temper-
ature, and a categorical factor, catalyst type. If the two-factor interaction involving time and temperature is different
for each catalyst type, then there is a three-factor interaction.

8.2.2 Design Resolution

The preceding 23−1 design is called a resolution III design. In such a design, main effects are aliased with two-factor
interactions. A design is of resolution R if no p-factor effect is aliased with another effect containing less than R − p
factors. We usually employ a Roman numeral subscript to denote design resolution; thus, the one-half fraction of the
23 design with the defining relation I = ABC (or I = −ABC) is a 23−1III design.

Designs of resolution III, IV, and V are particularly important. The definitions of these designs and an example
of each follow:

1. Resolution III designs. These are designs in which no main effects are aliased with any other main effect,
but main effects are aliased with two-factor interactions and some two-factor interactions may be aliased
with each other. The 23−1 design in Table 8.1 is of resolution III (23−1III ).

2. Resolution IV designs. These are designs in which no main effect is aliased with any other main effect or
with any two-factor interaction, but two-factor interactions are aliased with each other. A 24−1 design with
I = ABCD is a resolution IV design (24−1IV ).

3. Resolution V designs. These are designs in which no main effect or two-factor interaction is aliased with
any other main effect or two-factor interaction, but two-factor interactions are aliased with three-factor inter-
actions. A 25−1 design with I = ABCDE is a resolution V design (25−1V ).

In general, the resolution of a two-level fractional factorial design is equal to the number of letters in the shortest
word in the defining relation. Consequently, we could call the preceding design types three-, four-, and five-letter
designs, respectively. We usually like to employ fractional designs that have the highest possible resolution consistent
with the degree of fractionation required. The higher the resolution, the less restrictive the assumptions that are required
regarding which interactions are negligible to obtain a unique interpretation of the results.

8.2.3 Construction and Analysis of the One-Half Fraction

A one-half fraction of the 2k design of the highest resolution may be constructed by writing down a basic design
consisting of the runs for a full 2k−1 factorial and then adding the kth factor by identifying its plus and minus levels
with the plus and minus signs of the highest order interaction ABC · · · (K − 1). Therefore, the 23−1III fractional factorial
is obtained by writing down the full 22 factorial as the basic design and then equating factor C to the AB interaction.
The alternate fraction would be obtained by equating factor C to the −AB interaction. This approach is illustrated
in Table 8.2. Notice that the basic design always has the right number of runs (rows), but it is missing one column.
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◾ TABLE 8 . 2
The Two One-Half Fractions of the 23 Design

Full 22

Factorial
(Basic Design) 23−1

III
, I = ABC 23−1

III
, I = −ABC

Run A B A B C = AB A B C = −AB

1 − − − − + − − −
2 + − + − − + − +
3 − + − + − − + +
4 + + + + + + + −

C

A

b

c

a

B

abc

◾ F I GURE 8 . 2 Projection of a 23−1
III

design into three 22 designs

The generator I = ABC · · ·K is then solved for themissing column (K) so thatK = ABC · · · (K − 1) defines the product
of plus and minus signs to use in each row to produce the levels for the kth factor.

Note that any interaction effect could be used to generate the column for the kth factor. However, using any effect
other than ABC · · · (K − 1) will not produce a design of the highest possible resolution.

Another way to view the construction of a one-half fraction is to partition the runs into two blocks with the highest
order interaction ABC · · ·K confounded. Each block is a 2k−1 fractional factorial design of the highest resolution.

Projection of Fractions into Factorials. Any fractional factorial design of resolution R contains complete facto-
rial designs (possibly replicated factorials) in any subset of R − 1 factors. This is an important and useful concept. For
example, if an experimenter has several factors of potential interest but believes that only R − 1 of them have important
effects, then a fractional factorial design of resolution R is the appropriate choice of design. If the experimenter is cor-
rect, the fractional factorial design of resolution R will project into a full factorial in the R − 1 significant factors. This
property is illustrated in Figure 8.2 for the 23−1III design, which projects into a 22 design in every subset of two factors.

Because the maximum possible resolution of a one-half fraction of the 2k design is R = k, every 2k−1 design will
project into a full factorial in any (k − 1) of the original k factors. Furthermore, a 2k−1 design may be projected into
two replicates of a full factorial in any subset of k − 2 factors, four replicates of a full factorial in any subset of k − 3
factors, and so on.

EXAMPLE 8 . 1

Consider the filtration rate experiment in Example 6.2. The
original design, shown in Table 6.10, is a single repli-
cate of the 24 design. In that example, we found that the
main effects A, C, and D and the interactions AC and
AD were different from zero. We will now return to this
experiment and simulate what would have happened if a

half-fraction of the 24 design had been run instead of the full
factorial.

We will use the 24−1 design with I = ABCD, because this
choice of generator will result in a design of the highest pos-
sible resolution (IV). To construct the design, we first write
down the basic design, which is a 23 design, as shown in
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◾ TABLE 8 . 3
The 24−1IV Design with the Defining Relation I = ABCD

Basic Design

Run A B C D = ABC Treatment Combination Filtration Rate

1 − − − − (1) 45

2 + − − + ad 100

3 − + − + bd 45

4 + + − − ab 65

5 − − + + cd 75

6 + − + − ac 60

7 − + + − bc 80

8 + + + + abcd 96

the first three columns of Table 8.3. This basic design has
the necessary number of runs (eight) but only three columns
(factors). To find the fourth factor levels, solve I = ABCD
for D, or D = ABC. Thus, the level of D in each run is the
product of the plus and minus signs in columns A, B, and C.
The process is illustrated in Table 8.3. Because the generator
ABCD is positive, this 24−1IV design is the principal fraction.
The design is shown graphically in Figure 8.3.

Using the defining relation, we note that each main
effect is aliased with a three-factor interaction; that is,
A = A2BCD = BCD,B = AB2CD = ACD,C = ABC2D =
ABD, and D = ABCD2 = ABC. Furthermore, every
two-factor interaction is aliased with another two-factor
interaction. These alias relationships are AB = CD,
AC = BD, and BC = AD. The four main effects plus the
three two-factor interaction alias pairs account for the seven
degrees of freedom for the design.

At this point, we would normally randomize the eight
runs and perform the experiment. Because we have already
run the full 24 design, we will simply select the eight

observed filtration rates from Example 6.2 that correspond
to the runs in the 24−1IV design. These observations are shown
in the last column of Table 8.3 as well as in Figure 8.3.

The estimates of the effects obtained from this 24−1IV

design are shown in Table 8.4. To illustrate the calculations,
the linear combination of observations associated with the
A effect is

[A] = 1

4
(−45 + 100 − 45 + 65 − 75

+60 − 80 + 96) = 19.00 → A + BCD

whereas for the AB effect, we would obtain

[AB] = 1

4
(45 − 100 − 45 + 65 + 75 − 60 − 80 + 96)

= −1.00 → AB + CD

From inspection of the information in Table 8.4, it is not
unreasonable to conclude that the main effects A, C, and
D are large. The AB + CD alias chain has a small estimate,
so the simplest interpretation is that both the AB and CD

(1) = 45 

abcd = 96

BC

A

ab = 65

bc = 80

– +D

ac = 60
cd = 75

ad = 100

bd = 45

◾ F I GURE 8 . 3 The 24−1IV design for the filtration rate experiment
of Example 8.1
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◾ TABLE 8 . 4
Estimates of Effects and Aliases from Example 8.1a

Estimate Alias Structure

[A] = 19.00 [A] → A + BCD

[B] = 1.50 [B] → B + ACD

[C] = 14.00 [C] → C + ABD

[D] = 16.50 [D] → D + ABC

[AB] = −1.00 [AB] → AB + CD

[AC] = −18.50 [AC] → AC + BD

[AD] = 19.00 [AD] → AD + BC

aSignificant effects are shown in boldface type.

interactions are negligible (otherwise, both AB and CD are
large, but they have nearly identical magnitudes and oppo-
site signs—this is fairly unlikely). Furthermore, if A, C, and
D are the important main effects, then it is logical to con-
clude that the two interaction alias chains AC + BD and
AD + BC have large effects because the AC and AD inter-
actions are also significant. In other words, if A, C, and
D are significant, then the significant interactions are most
likelyAC andAD. This is an application ofOckham’s razor
(after William of Ockham), a scientific principle that when
one is confronted with several different possible interpreta-
tions of a phenomena, the simplest interpretation is usually
the correct one. Note that this interpretation agrees with the
conclusions from the analysis of the complete 24 design in
Example 6.2.

Another way to view this interpretation is from the stand-
point of effect heredity. Suppose that AB is significant and
that both main effects A and B are significant. This is called
strong heredity, and it is the usual situation (if an inter-
action is significant and only one of the main effects is
significant this is called weak heredity; and this is rela-
tively less common). So in this example, with A significant
and B not significant this support the assumption that AB is
not significant.

Because factor B is not significant, we may drop it
from consideration. Consequently, we may project this 24−1IV

design into a single replicate of the 23 design in factors A,
C, andD, as shown in Figure 8.4. Visual examination of this
cube plot makes us more comfortable with the conclusions
reached above. Notice that if the temperature (A) is at the

low level, the concentration (C) has a large positive effect,
whereas if the temperature is at the high level, the concen-
tration has a very small effect. This is probably due to an
AC interaction. Furthermore, if the temperature is at the low
level, the effect of the stirring rate (D) is negligible, whereas
if the temperature is at the high level, the stirring rate has a
large positive effect. This is probably due to the AD interac-
tion tentatively identified previously.

75 96

80

45 65

10045
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Low

Low
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◾ F I GURE 8 . 4 Projection of the 24−1IV design into
a 23 design in A, C, and D for Example 8.1

Based on the above analysis, we can now obtain a model
to predict filtration rate over the experimental region. This
model is

ŷ = 𝛽0 + 𝛽1x1 + 𝛽3x3 + 𝛽4x4 + 𝛽13x1x3 + 𝛽14x1x4

where x1, x3, and x4 are coded variables (−1 ≤ xi ≤ +1) that
represent A, C, andD, and the 𝛽’s are regression coefficients
that can be obtained from the effect estimates as we did pre-
viously. Therefore, the prediction equation is

ŷ = 70.75 +
(19.00

2

)
x1 +

(14.00
2

)
x3 +

(16.50
2

)
x4

+
(−18.50

2

)
x1x3 +

(19.00
2

)
x1x4

Remember that the intercept 𝛽0 is the average of all
responses at the eight runs in the design. This model is very
similar to the one that resulted from the full 2k factorial
design in Example 6.2.

The JMP screening analysis for Example 8.1 is shown in the boxed display below. Because there are only eight
runs and seven degrees of freedom, we only included the intercept, the four main effects, and three of the six two-factor
interactions (and their aliases) in the model. All of the P-values from Lenth’s procedure are large. Eight runs with five
active effects are not adequate to produce a reliable error estimate from Lenth’s method. Also, notice that the R2

statistic is 1, and no values are reported for the adjusted R2 and the square root of the mean square error because the
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model is saturated. However, the largest effects are the three main effects and the two two-factor interactions identified
previously in Example 8.1. The prediction profiler portion of the output has been set to the levels of the active factors
that maximize the filtration rate.

Response Y

Summary of Fit
RSquare 1
RSquare Adj .
Root Mean Square Error .
Mean of Response 70.75
Observations (or Sum Wgts) 8

Sorted Parameter Estimates
Term Estimate Relative Std 

Error
Pseudo
t-Ratio

Pseudo
p-Value

X1 9.5 0.353553 0.77 0.5128

X1*X4 9.5 0.353553 0.77 0.5128

X1*X3 –9.25 0.353553 –0.75 0.5228

X4 8.25 0.353553 0.67 0.5649

X3 7 0.353553 0.57 0.6213

X2 0.75 0.353553 0.06 0.9565

X1*X2 –0.5 0.353553 –0.04 0.9710

No error degrees of freedom, so ordinary tests uncomputable. Relative Std Error corresponds to residual
standard error of 1. Pseudo t-Ratio and p-Value calculated using Lenth PSE = 12.375 and DFE = 2.3333

Prediction Profiler

Effect Screening
The parameter estimates have equal variances.
The parameter estimates are not correlated.

Lenth PSE
12.375

Parameter Estimate Population
Term Estimate Pseudo

t-Ratio
Pseudo
p-Value

Intercept 70.7500 5.7172 0.0203*
X1 9.5000 0.7677 0.5128
X2 0.7500 0.0606 0.9565
X3 7.0000 0.5657 0.6213
X4 8.2500 0.6667 0.5649
X1*X2 –0.5000 –0.0404 0.9710
X1*X3 –9.2500 –0.7475 0.5228
X1*X4 9.5000 0.7677 0.5128

Orthog t-Test used Pseudo Standard Error

100.25Y
D
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EXAMPLE 8 . 2 A 25−1 Design Used for Process Improvement

Five factors in a manufacturing process for an integrated cir-
cuit were investigated in a 25−1 design with the objective
of improving the process yield. The five factors were A =
aperture setting (small, large), B = exposure time (20 per-
cent below nominal, 20 percent above nominal), C =
develop time (30 and 45 sec), D = mask dimension (small,
large), andE = etch time (14.5 and 15.5 min). The construc-
tion of the 25−1 design is shown in Table 8.5. Notice that the
design was constructed by writing down the basic design
having 16 runs (a 24 design in A, B, C, and D), selecting
ABCDE as the generator, and then setting the levels of the
fifth factor E = ABCD. Figure 8.5 gives a pictorial represen-
tation of the design.

The defining relation for the design is I = ABCDE. Con-
sequently, every main effect is aliased with a four-factor
interaction (for example, [A] → A + BCDE), and every

two-factor interaction is aliased with a three-factor
interaction (e.g., [AB] → AB + CDE). Thus, the design is
of resolution V. We would expect this 25−1 design to pro-
vide excellent information concerning the main effects and
two-factor interactions.

Table 8.6 contains the effect estimates, sums of squares,
and model regression coefficients for the 15 effects from
this experiment. Figure 8.6 presents a normal probability
plot of the effect estimates from this experiment. The main
effects of A, B, and C and the AB interaction are large.
Remember that, because of aliasing, these effects are really
A + BCDE,B + ACDE,C + ABDE, and AB + CDE. How-
ever, because it seems plausible that three-factor and higher
interactions are negligible, we feel safe in concluding that
only A, B, C, and AB are important effects.

◾ TABLE 8 . 5
A 25−1 Design for Example 8.2

Basic Design

Run A B C D E = ABCD Treatment Combination Yield

1 − − − − + e 8

2 + − − − − a 9

3 − + − − − b 34

4 + + − − + abe 52

5 − − + − − c 16

6 + − + − + ace 22

7 − + + − + bce 45

8 + + + − − abc 60

9 − − − + − d 6

10 + − − + + ade 10

11 − + − + + bde 30

12 + + − + − abd 50

13 − − + + + cde 15

14 + − + + − acd 21

15 − + + + − bcd 44

16 + + + + + abcde 63
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e = 8 

abcde = 63

abe = 52

abc = 60 bcb = 44

acd = 21

bce = 45

ace = 22

–

+

E

cde = 15

ade = 10

bde = 30

abd = 50

a = 9

c = 16

b = 34

d = 6

– +D

BC

A

◾ F I GURE 8 . 5 The 25−1V design for Example 8.2

◾ TABLE 8 . 6
Effects, Regression Coefficients, and Sums of Squares for Example 8.2

Variable Name −1 Level +1 Level

A Aperture Small Large

B Exposure time −20% +20%
C Develop time 30 sec 40 sec

D Mask dimension Small Large

E Etch time 14.5 min 15.5 min

Variable Regression Coefficient Estimated Effect Sum of Squares

Overall Average 30.3125

A 5.5625 11.1250 495.062

B 16.9375 33.8750 4590.062

C 5.4375 10.8750 473.062

D −0.4375 −0.8750 3.063

E 0.3125 0.6250 1.563

AB 3.4375 6.8750 189.063
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◾ TABLE 8 . 6 (Continued)

Variable Regression Coefficient Estimated Effect Sum of Squares

AC 0.1875 0.3750 0.563

AD 0.5625 1.1250 5.063

AE 0.5625 1.1250 5.063

BC 0.3125 0.6250 1.563

BD −0.0625 −0.1250 0.063

BE −0.0625 −0.1250 0.063

CD 0.4375 0.8750 3.063

CE 0.1875 0.3750 0.563

DE −0.6875 −1.3750 7.563

Effect estimates
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◾ F I GURE 8 . 6 Normal probability plot of effects
for Example 8.2

Table 8.7 summarizes the analysis of variance for this
experiment. The model sum of squares is SSModel = SSA +
SSB + SSC + SSAB = 5747.25, and this accounts for over
99 percent of the total variability in yield. Figure 8.7 presents
a normal probability plot of the residuals, and Figure 8.8 is a
plot of the residuals versus the predicted values. Both plots
are satisfactory.

The three factors A, B, and C have large positive effects.
The AB or aperture–exposure time interaction is plotted in
Figure 8.9. This plot confirms that the yields are higher when
both A and B are at the high level.

The 25−1 design will collapse into two replicates of a 23

design in any three of the original five factors. (Looking at
Figure 8.5 will help you visualize this.) Figure 8.10 is a cube
plot in the factors A, B, and C with the average yields super-
imposed on the eight corners. It is clear from inspection of
the cube plot that highest yields are achieved with A, B,

◾ TABLE 8 . 7
Analysis of Variance for Example 8.2

Source of Variation Sum of Squares Degrees of Freedom Mean Square F0 P-Value

A (Aperture) 495.0625 1 495.0625 193.20 <0.0001

B (Exposure time) 4590.0625 1 4590.0625 1791.24 <0.0001

C (Develop time) 473.0625 1 473.0625 184.61 <0.0001

AB 189.0625 1 189.0625 73.78 <0.0001

Error 28.1875 11 2.5625

Total 5775.4375 15
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and C all at the high level. Factors D and E have little effect
on average process yield and may be set to values that opti-
mize other objectives (such as cost).

Residuals
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◾ F I GURE 8 . 7 Normal probability plot
of the residuals for Example 8.2
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◾ F I GURE 8 . 8 Plot of residuals versus predicted
yield for Example 8.2
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◾ F I GURE 8 . 9 Aperture–exposure time
interaction for Example 8.2
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◾ F I GURE 8 . 10 Projection of the 25−1V design in
Example 8.2 into two replicates of a 23 design in the
factors A, B, and C

The output from the JMP screening analysis is shown in the following display. The JMP screening platform uses
Lenth’s method to determine the active effects. The results agree with the normal probability plot of effects method
used in Example 8.2. Because the design is saturated when all main effects and two-factor interactions are included in
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the model, there are no degrees of freedom available to estimate error. Consequently, R2 = 1, and the adjusted R2 and
square root of mean square error cannot be computed.

Response Y

Summary of Fit
RSquare 1
RSquare Adj .
Root Mean Square Error .
Mean of Response 30.3125
Observations (or Sum Wgts) 16

Sorted Parameter Estimates
Term Estimate Relative Std

Error
Pseudo
t-Ratio

Pseudo
p-Value

X2 16.9375 0.25 36.13 <.0001*

X1 5.5625 0.25 11.87 <.0001*

X3 5.4375 0.25 11.60 <.0001*

X1*X2 3.4375 0.25 7.33 0.0007*

X4*X5 –0.6875 0.25 –1.47 0.2024

X1*X4 0.5625 0.25 1.20 0.2839

X1*X5 0.5625 0.25 1.20 0.2839

X4 –0.4375 0.25 –0.93 0.3935

X3*X4 0.4375 0.25 0.93 0.3935

X5 0.3125 0.25 0.67 0.5345

X2*X3 0.3125 0.25 0.67 0.5345

X1*X3 0.1875 0.25 0.40 0.7057

X3*X5 0.1875 0.25 0.40 0.7057

X2*X4 –0.0625 0.25 –0.13 0.8991

X2*X5 –0.0625 0.25 –0.13 0.8991

No error degrees of freedom, so ordinary tests uncomputable. Relative Std Error corresponds to residual
standard error of 1. Pseudo t-Ratio and p-Value calculated using Lenth PSE = 0.46875 and DFE = 5

Sequences of Fractional Factorials. Using fractional factorial designs often leads to great economy and effi-
ciency in experimentation, particularly if the runs can be made sequentially. For example, suppose that we are inves-
tigating k = 4 factors (24 = 16 runs). It is almost always preferable to run a 24−1IV fractional design (eight runs), analyze
the results, and then decide on the best set of runs to perform next. If it is necessary to resolve ambiguities, we can
always run the alternate fraction and complete the 24 design. When this method is used to complete the design,
both one-half fractions represent blocks of the complete design with the highest order interaction confounded with
blocks (here ABCD would be confounded). Thus, sequential experimentation has the result of losing information
only on the highest order interaction. Its advantage is that in many cases we learn enough from the one-half frac-
tion to proceed to the next stage of experimentation, which might involve adding or removing factors, changing
responses, or varying some of the factors over new ranges. Some of these possibilities are illustrated graphically in
Figure 8.11.
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◾ F I GURE 8 . 11 Possibilities for follow-up
experimentation after an initial fractional
factorial experiment

(b)
Add more runs

to clarify results—
resolve aliasing

(f)
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EXAMPLE 8 . 3

Reconsider the experiment in Example 8.1. We have used
a 24−1IV design and tentatively identified three large main
effects—A, C, and D. There are two large effects associ-
ated with two-factor interactions, AC + BD and AD + BC.
In Example 8.2, we used the fact that the main effect of
B was negligible to tentatively conclude that the important

interactions were AC and AD. Sometimes the experimenter
will have process knowledge that can assist in discriminat-
ing between interactions likely to be important. However, we
can always isolate the significant interaction by running the
alternate fraction, given by I = −ABCD. It is straightforward
to show that the design and the responses are as follows:

Basic Design

Run A B C D = −ABC Treatment Combination Filtration Rate

1 − − − + d 43

2 + − − − a 71



�

� �

�

8.2 The One-Half Fraction of the 2k Design 343

Basic Design

Run A B C D = −ABC Treatment Combination Filtration Rate

3 − + − − b 48

4 + + − + abd 104

5 − − + − c 68

6 + − + + acd 86

7 − + + + bcd 70

8 + + + − abc 65

The effect estimates (and their aliases) obtained from this
alternate fraction are

[A]′ = 24.25 → A − BCD

[B]′ = 4.75 → B − ACD

[C]′ = 5.75 → C − ABD

[D]′ = 12.75 → D − ABC

[AB]′ = 1.25 → AB − CD

[AC]′ = −17.75 → AC − BD

[AD]′ = 14.25 → AD − BC

These estimates may be combined with those obtained from
the original one-half fraction to yield the following estimates
of the effects:

i From 1
2
([i] + [i]′) From 1

2
([i] − [i]′)

A 21.63 → A −2.63 → BCD

B 3.13 → B −1.63 → ACD

C 9.88 → C 4.13 → ABD

D 14.63 → D 1.88 → ABC

AB 10.13 → AB −1.13 → CD

AC −18.13 → AC −0.38 → BD

AD 16.63 → AD 2.38 → BC

These estimates agree exactly with those from the original
analysis of the data as a single replicate of a 24 factorial
design, as reported in Example 6.2. Clearly, it is the AC and
AD interactions that are large.

Confirmation Experiments. Adding the alternate fraction to the principal fraction may be thought of as a type of
confirmation experiment in that it provides information that will allow us to strengthen our initial conclusions about
the two-factor interaction effects. We will investigate some other aspects of combining fractional factorials to isolate
interactions in Sections 8.5 and 8.6.

A confirmation experiment need not be this elaborate. A very simple confirmation experiment is to use the
model equation to predict the response at a point of interest in the design space (this should not be one of the runs in
the current design) and then actually run that treatment combination (perhaps several times), comparing the predicted
and observed responses. Reasonably close agreement indicates that the interpretation of the fractional factorial was
correct, whereas serious discrepancies mean that the interpretation was problematic. This would be an indication that
additional experimentation is required to resolve ambiguities.

To illustrate, consider the 24−1 fractional factorial in Example 8.1. The experimenters are interested in finding
a set of conditions where the response variable filtration rate is high, but low concentrations of formaldehyde (factor
C) are desirable. This would suggest that factors A and D should be at the high level and factor C should be at the
low level. Examining Figure 8.3, we note that when B is at the low level, this treatment combination was run in the
fractional factorial, producing an observed response of 100. The treatment combination with B at the high level was
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not in the original fraction, so this would be a reasonable confirmation run. With A, B, and D at the high level and C at
the low level, we use the model equation from Example 8.1 to calculate the predicted response as follows:

ŷ = 70.75 +
(19.00

2

)
x1 +

(14.00
2

)
x3 +

(16.50
2

)
x4 +

(−18.50
2

)
x1x3 +

(19.00
2

)
x1x4

= 70.75 +
(19.00

2

)
(1) +

(14.00
2

)
(−1) +

(16.50
2

)
(1) +

(−18.50
2

)
(1)(−1)

+
(19.00

2

)
(1)(1)

= 100.25

The observed response at this treatment combination is 104 (refer to Figure 6.10 where the response data for the
complete 24 factorial design are presented). Since the observed and predicted values of filtration rate are very similar,
we have a successful confirmation run. This is additional evidence that our interpretation of the fractional factorial was
correct.

There will be situations where the predicted and observed values in a confirmation experiment will not be this
close together, and it will be necessary to answer the question of whether the two values are sufficiently close to
reasonably conclude that the interpretation of the fractional design was correct. One way to answer this question
is to construct a prediction interval on the future observation for the confirmation run and then see if the actual
observation falls inside the prediction interval. We show how to do this using this example in Section 10.6, where
prediction intervals for a regression model are introduced.

8.3 The One-Quarter Fraction of the 2k Design

For a moderately large number of factors, smaller fractions of the 2k design are frequently useful. Consider a
one-quarter fraction of the 2k design. This design contains 2k−2 runs and is usually called a 𝟐k−𝟐 fractional factorial.

The 2k−2 design may be constructed by first writing down a basic design consisting of the runs associated with
a full factorial in k − 2 factors and then associating the two additional columns with appropriately chosen interactions
involving the first k − 2 factors. Thus, a one-quarter fraction of the 2k design has two generators. If P and Q represent
the generators chosen, then I = P and I = Q are called the generating relations for the design. The signs of P and Q
(either + or −) determine which one of the one-quarter fractions is produced. All four fractions associated with the
choice of generators ± P and ± Q are members of the same family. The fraction for which both P and Q are positive
is the principal fraction.

The complete defining relation for the design consists of all the columns that are equal to the identity column
I. These will consist of P, Q, and their generalized interaction PQ; that is, the defining relation is I = P = Q = PQ.
We call the elements P, Q, and PQ in the defining relation words. The aliases of any effect are produced by the
multiplication of the column for that effect by each word in the defining relation. Clearly, each effect has three aliases.
The experimenter should be careful in choosing the generators so that potentially important effects are not aliased with
each other.

As an example, consider the 26−2 design. Suppose we choose I = ABCE and I = BCDF as the design generators.
Now the generalized interaction of the generators ABCE and BCDF is ADEF; therefore, the complete defining relation
for this design is

I = ABCE = BCDF = ADEF
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◾ TABLE 8 . 8
Alias Structure for the 26−2

IV
Design with I = ABCE = BCDF = ADEF

A = BCE = DEF = ABCDF AB = CE = ACDF = BDEF

B = ACE = CDF = ABDEF AC = BE = ABDF = CDEF

C = ABE = BDF = ACDEF AD = EF = BCDE = ABCF

D = BCF = AEF = ABCDE AE = BC = DF = ABCDEF

E = ABC = ADF = BCDEF AF = DE = BCEF = ABCD

F = BCD = ADE = ABCEF BD = CF = ACDE = ABEF

BF = CD = ACEF = ABDE

ABD = CDE = ACF = BEF

ACD = BDE = ABF = CEF

Consequently, this is a resolution IV design. To find the aliases of any effect (e.g., A), multiply that effect by each word
in the defining relation. For A, this produces

A = BCE = ABCDF = DEF

It is easy to verify that every main effect is aliased by three- and five-factor interactions, whereas two-factor interactions
are aliased with each other and with higher order interactions. Thus, when we estimate A, for example, we are really
estimating A + BCE + DEF + ABCDF. The complete alias structure of this design is shown in Table 8.8. If three-factor
and higher interactions are negligible, this design gives clear estimates of the main effects.

To construct the design, first write down the basic design, which consists of the 16 runs for a full 26−2 = 24

design in A, B, C, and D. Then the two factors E and F are added by associating their plus and minus lev-
els with the plus and minus signs of the interactions ABC and BCD, respectively. This procedure is shown in
Table 8.9.

Another way to construct this design is to derive the four blocks of the 26 design with ABCE and BCDF con-
founded and then choose the block with treatment combinations that are positive on ABCE and BCDF. This would be
a 26−2 fractional factorial with generating relations I = ABCE and I = BCDF, and because both generators ABCE and
BCDF are positive, this is the principal fraction.

There are, of course, three alternate fractions of this particular 26−2IV design. They are the fractions with gener-
ating relationships I = ABCE and I = −BCDF; I = −ABCE and I = BCDF; and I = −ABCE and I = −BCDF. These
fractions may be easily constructed by the method shown in Table 8.9. For example, if we wish to find the fraction for
which I = ABCE and I = −BCDF, then in the last column of Table 8.9 we set F = −BCD, and the column of levels
for factor F becomes

+ + − − − − + + − − + + + + −−

The complete defining relation for this alternate fraction is I = ABCE = −BCDF = −ADEF. Certain signs in the alias
structure in Table 8.9 are now changed; for instance, the aliases of A are A = BCE = −DEF = −ABCDF. Thus, the
linear combination of the observations [A] actually estimates A + BCE − DEF − ABCDF.

Finally, note that the 26−2IV fractional factorial will project into a single replicate of a 24 design in any subset of
four factors that is not a word in the defining relation. It also collapses to a replicated one-half fraction of a 24 in any
subset of four factors that is a word in the defining relation. Thus, the design in Table 8.9 becomes two replicates of a
24−1 in the factors ABCE, BCDF, and ADEF, because these are the words in the defining relation. There are 12 other
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◾ TABLE 8 . 9
Construction of the 26−2

IV
Design with the Generators I = ABCE and I = BCDF

Basic Design

Run A B C D E = ABC F = BCD

1 − − − − − −

2 + − − − + −

3 − + − − + +

4 + + − − − +

5 − − + − + +

6 + − + − − +

7 − + + − − −

8 + + + − + −

9 − − − + − +

10 + − − + + +

11 − + − + + −

12 + + − + − −

13 − − + + + −

14 + − + + − −

15 − + + + − +

16 + + + + + +

combinations of the six factors, such as ABCD, ABCF, for which the design projects to a single replicate of the 24.
This design also collapses to two replicates of a 23 in any subset of three of the six factors or four replicates of a 22 in
any subset of two factors.

In general, any 2k−2 fractional factorial design can be collapsed into either a full factorial or a fractional factorial
in some subset of r ≤ k − 2 of the original factors. Those subsets of variables that form full factorials are not words in
the complete defining relation.

EXAMPLE 8 . 4

Parts manufactured in an injection molding process are
showing excessive shrinkage. This is causing problems
in assembly operations downstream from the injection
molding area. A quality improvement team has decided
to use a designed experiment to study the injection mold-
ing process so that shrinkage can be reduced. The team
decides to investigate six factors—mold temperature (A),
screw speed (B), holding time (C), cycle time (D), gate
size (E), and holding pressure (F)—each at two levels,

with the objective of learning how each factor affects
shrinkage and also something about how the factors
interact.

The team decides to use the 16-run two-level fractional
factorial design in Table 8.9. The design is shown again
in Table 8.10, along with the observed shrinkage (×10) for
the test part produced at each of the 16 runs in the design.
Table 8.11 shows the effect estimates, sums of squares, and
the regression coefficients for this experiment.
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◾ TABLE 8 . 10
A 26−2

IV
Design for the Injection Molding Experiment in Example 8.4

Basic Design

Run A B C D E = ABC F = BCD Observed Shrinkage (× 10)

1 − − − − − − 6 (1)

2 + − − − + − 10 ae

3 − + − − + + 32 bef

4 + + − − − + 60 abf

5 − − + − + + 4 cef

6 + − + − − + 15 acf

7 − + + − − − 26 bc

8 + + + − + − 60 abce

9 − − − + − + 8 df

10 + − − + + + 12 adef

11 − + − + + − 34 bde

12 + + − + − − 60 abd

13 − − + + + − 16 cde

14 + − + + − − 5 acd

15 − + + + − + 37 bcdf

16 + + + + + + 52 abcdef

◾ TABLE 8 . 11
Effects, Sums of Squares, and Regression Coefficients for Example 8.4

Variable Name −1 Level +1 Level

A Mold temperature −1.000 1.000

B Screw speed −1.000 1.000

C Holding time −1.000 1.000

D Cycle time −1.000 1.000

E Gate size −1.000 1.000

F Hold pressure −1.000 1.000

Variablea Regression Coefficient Estimated Effect Sum of Squares

Overall average 27.3125

A 6.9375 13.8750 770.062

B 17.8125 35.6250 5076.562

C −0.4375 −0.8750 3.063

D 0.6875 1.3750 7.563

E 0.1875 0.3750 0.563

F 0.1875 0.3750 0.563
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◾ TABLE 8 . 11 (Continued)

Variablea Regression Coefficient Estimated Effect Sum of Squares

AB + CE 5.9375 11.8750 564.063

AC + BE −0.8125 −1.6250 10.562

AD + EF −2.6875 −5.3750 115.562

AE + BC + DF −0.9375 −1.8750 14.063

AF + DE 0.3125 0.6250 1.563

BD + CF −0.0625 −0.1250 0.063

BF + CD −0.0625 −0.1250 0.063

ABD 0.0625 0.1250 0.063

ABF −2.4375 −4.8750 95.063

aOnly main effects and two-factor interactions.

A normal probability plot of the effect estimates from this
experiment is shown in Figure 8.12. The only large effects
are A (mold temperature), B (screw speed), and the AB inter-
action. In light of the alias relationships in Table 8.8, it seems
reasonable to adopt these conclusions tentatively. The plot
of the AB interaction in Figure 8.13 shows that the process
is very insensitive to temperature if the screw speed is at the
low level but very sensitive to temperature if the screw speed
is at the high level. With the screw speed at the low level, the
process should produce an average shrinkage of around 10
percent regardless of the temperature level chosen.
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◾ F I GURE 8 . 12 Normal probability plot of
effects for Example 8.4
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◾ F I GURE 8 . 13 Plot of AB (mold
temperature-screw speed) interaction for Example 8.4

Based on this initial analysis, the team decides to set
both the mold temperature and the screw speed at the low
level. This set of conditions will reduce the mean shrink-
age of parts to around 10 percent. However, the variability
in shrinkage from part to part is still a potential problem.
In effect, the mean shrinkage can be adequately reduced
by the above modifications; however, the part-to-part vari-
ability in shrinkage over a production run could still cause
problems in assembly. One way to address this issue is to
see if any of the process factors affect the variability in parts
shrinkage.
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Residuals
–6 –3 0 3 6

1

5

10

20
30

50

70

90

95

99

80

N
o

rm
a

l 
p

ro
b

a
b

il
it

y,
 (

1
 –

 P
j)

 ×
 1

0
0

 P
j 

×
 
10

0

1

5

10

20
30

50

70
80

90

95

99

◾ F I GURE 8 . 14 Normal probability plot
of residuals for Example 8.4

Figure 8.14 presents the normal probability plot of the
residuals. This plot appears satisfactory. The plots of resid-
uals versus each factor were then constructed. One of these
plots, that for residuals versus factor C (holding time), is
shown in Figure 8.15. The plot reveals that there is much
less scatter in the residuals at the low holding time than at
the high holding time. These residuals were obtained in the
usual way from a model for predicted shrinkage:

ŷ = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2
= 27.3125 + 6.9375x1 + 17.8125x2 + 5.9375x1x2

where x1, x2, and x1x2 are coded variables that correspond to
the factors A and B and the AB interaction. The residuals are
then

e = y − ŷ

The regression model used to produce the residuals essen-
tially removes the location effects of A, B, and AB from
the data; the residuals therefore contain information about
unexplained variability. Figure 8.15 indicates that there is
a pattern in the variability and that the variability in the
shrinkage of parts may be smaller when the holding time is
at the low level. (Please recall that we observed in Chapter
6 that residuals only convey information about dispersion
effects when the location or mean model is correct.)

This is further amplified by the analysis of residuals
shown in Table 8.12. In this table, the residuals are arranged
at the low (−) and high (+) levels of each factor, and the
standard deviations of the residuals at the low and high
levels of each factor have been calculated. Note that the
standard deviation of the residuals with C at the low level
[S(C−) = 1.63] is considerably smaller than the standard
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◾ F I GURE 8 . 15 Residuals versus holding time
(C) for Example 8.4

deviation of the residuals with C at the high level [S(C+) =
5.70].

The bottom line of Table 8.12 presents the statistic

F∗
i = ln

S2(i+)
S2(i−)

Recall that if the variances of the residuals at the high (+)
and low (−) levels of factor i are equal, then this ratio is
approximately normally distributed with mean zero, and it
can be used to judge the difference in the response variability
at the two levels of factor i. Because the ratio F∗

C is rela-
tively large, wewould conclude that the apparent dispersion
or variability effect observed in Figure 8.15 is real. Thus,
setting the holding time at its low level would contribute to
reducing the variability in shrinkage from part to part during
a production run. Figure 8.16 presents a normal probability
plot of the F∗

i values in Table 8.12; this also indicates that
factor C has a large dispersion effect.

Figure 8.17 shows the data from this experiment pro-
jected onto a cube in the factors A, B, and C. The average
observed shrinkage and the range of observed shrinkage are
shown at each corner of the cube. From inspection of this
figure, we see that running the process with the screw speed
(B) at the low level is the key to reducing average parts
shrinkage. If B is low, virtually any combination of tem-
perature (A) and holding time (C) will result in low values
of average parts shrinkage. However, from examining the
ranges of the shrinkage values at each corner of the cube,
it is immediately clear that setting the holding time (C) at
the low level is the only reasonable choice if we wish to
keep the part-to-part variability in shrinkage low during a
production run.
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8.4 The General 2k−p Fractional Factorial Design

8.4.1 Choosing a Design

A 2k fractional factorial design containing 2k−p runs is called a 1∕2p fraction of the 2k design or, more simply, a 𝟐k−p
fractional factorial design. These designs require the selection of p independent generators. The defining relation for
the design consists of the p generators initially chosen and their 2p − p − 1 generalized interactions. In this section, we
discuss the construction and analysis of these designs.

The alias structure may be found by multiplying each effect column by the defining relation. Care should be
exercised in choosing the generators so that effects of potential interest are not aliased with each other. Each effect has
2p − 1 aliases. For moderately large values of k, we usually assume higher order interactions (say, third- or fourth-order
and higher) to be negligible, and this greatly simplifies the alias structure.

It is important to select the p generators for a 2k−p fractional factorial design in such a way that we obtain
the best possible alias relationships. A reasonable criterion is to select the generators such that the resulting
2k−p design has the highest possible resolution. To illustrate, consider the 26−2IV design in Table 8.9, where we
used the generators E = ABC and F = BCD, thereby producing a design of resolution IV. This is the maximum
resolution design. If we had selected E = ABC and F = ABCD, the complete defining relation would have been
I = ABCE = ABCDF = DEF, and the design would be of resolution III. Clearly, this is an inferior choice because it
needlessly sacrifices information about interactions.

Sometimes resolution alone is insufficient to distinguish between designs. For example, consider the three
27−2IV designs in Table 8.13. All of these designs are of resolution IV, but they have rather different alias structures
(we have assumed that three-factor and higher interactions are negligible) with respect to the two-factor interac-
tions. Clearly, design A has more extensive aliasing and design C the least, so design C would be the best choice
for a 27−2IV .

The three word lengths in design A are all 4; that is, the word length pattern is {4, 4, 4}. For design B it is {4,
4, 6}, and for design C it is {4, 5, 5}. Notice that the defining relation for design C has only one four-letter word,
whereas the other designs have two or three. Thus, design C minimizes the number of words in the defining relation
that are of minimum length. We call such a design aminimum aberration design. Minimizing aberration in a design
of resolution R ensures that the design has the minimum number of main effects aliased with interactions of order
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◾ TABLE 8 . 13
Three Choices of Generators for the 27−2IV Design

Design A Generators:
F = ABC, G = BCD

I = ABCF = BCDG = ADFG

Design B Generators:
F = ABC, G = ADE

I = ABCF = ADEG = BCDEFG

Design C Generators:
F = ABCD, G = ABDE

I = ABCDF = ABDEG = CEFG

Aliases (two-factor interactions) Aliases (two-factor interactions) Aliases (two-factor interactions)

AB = CF AB = CF CE = FG

AC = BF AC = BF CF = EG

AD = FG AD = EG CG = EF

AG = DF AE = DG

BD = CG AF = BC

BG = CD AG = DE

AF = BC = DG

R − 1, the minimum number of two-factor interactions aliased with interactions of order R − 2, and so forth. Refer to
Fries and Hunter (1980) for more details.

Table 8.14 presents a selection of 2k−p fractional factorial designs for k ≤ 15 factors and up to n ≤ 128 runs. The
suggested generators in this table will result in a design of the highest possible resolution. These are also the minimum
aberration designs.

The alias relationships for all of the designs in Table 8.14 for which n ≤ 64 are given in Appendix Table
VIII(a–w). The alias relationships presented in this table focus on main effects and two- and three-factor interac-
tions. The complete defining relation is given for each design. This appendix table makes it very easy to select a design
of sufficient resolution to ensure that any interactions of potential interest can be estimated.

EXAMPLE 8 . 5

To illustrate the use of Table 8.14, suppose that we have
seven factors and that we are interested in estimating
the seven main effects and getting some insight regard-
ing the two-factor interactions. We are willing to assume
that three-factor and higher interactions are negligible. This
information suggests that a resolution IV design would be
appropriate.

Table 8.14 shows that there are two resolution IV frac-
tions available: the 27−2IV with 32 runs and the 27−3IV with
16 runs. Appendix Table VIII contains the complete alias
relationships for these two designs. The aliases for the
27−3IV 16-run design are in Appendix Table VIII(i). Notice
that all seven main effects are aliased with three-factor
interactions. The two-factor interactions are all aliased in
groups of three. Therefore, this design will satisfy our
objectives; that is, it will allow the estimation of the main

effects, and it will give some insight regarding two-factor
interactions. It is not necessary to run the 27−2IV design,
which would require 32 runs. Appendix Table VIII(j) shows
that this design would allow the estimation of all seven
main effects and that 15 of the 21 two-factor interactions
could also be uniquely estimated. (Recall that three-factor
and higher interactions are negligible.) This is proba-
bly more information about interactions than is neces-
sary. The complete 27−3IV design is shown in Table 8.15.
Notice that it was constructed by starting with the 16-run
24 design in A, B, C, and D as the basic design and
then adding the three columns E = ABC, F = BCD, and
G = ACD. The generators are I = ABCE, I = BCDF, and
I = ACDG (Table 8.14). The complete defining rela-
tion is I = ABCE = BCDF = ADEF = ACDG = BDEG =
CEFG = ABFG.

(Continued on p. 354)
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◾ TABLE 8 . 15
A 27−3

IV
Fractional Factorial Design

Basic Design

Run A B C D E = ABC F = BCD G = ACD

1 − − − − − − −
2 + − − − + − +
3 − + − − + + −
4 + + − − − + +
5 − − + − + + +
6 + − + − − + −
7 − + + − − − +
8 + + + − + − −
9 − − − + − + +
10 + − − + + + −
11 − + − + + − +
12 + + − + − − −
13 − − + + + − −
14 + − + + − − +
15 − + + + − + −
16 + + + + + + +

8.4.2 Analysis of 2k−p Fractional Factorials

There are many computer programs that can be used to analyze the 2k−p fractional factorial design. For example,
Design-Expert, JMP, and Minitab all have this capability.

The design may also be analyzed by resorting to first principles; the ith effect is estimated by

Effecti =
2(Contrasti)

N
=

Contrasti
(N∕2)

where the Contrasti is found using the plus and minus signs in column i and N = 2k−p is the total number of observa-
tions. The 2k−p design allows only 2k−p − 1 effects (and their aliases) to be estimated. Normal probability plots of the
effect estimates and Lenth’s method are very useful analysis tools.

Projection of the 2k− p Fractional Factorial. The 2k−p design collapses into either a full factorial or a fractional
factorial in any subset of r ≤ k − p of the original factors. Those subsets of factors providing fractional factorials are
subsets appearing as words in the complete defining relation. This is particularly useful in screening experiments when
we suspect at the outset of the experiment that most of the original factors will have small effects. The original 2k−p

fractional factorial can then be projected into a full factorial, say, in the most interesting factors. Conclusions drawn
from designs of this type should be considered tentative and subject to further analysis. It is usually possible to find
alternative explanations of the data involving higher order interactions.

As an example, consider the 27−3IV design from Example 8.5. This is a 16-run design involving seven factors. It
will project into a full factorial in any four of the original seven factors that is not a word in the defining relation. There
are 35 subsets of four factors, seven of which appear in the complete defining relation (see Table 8.15). Thus, there are
28 subsets of four factors that would form 24 designs. One combination that is obvious upon inspecting Table 8.15 is
A, B, C, and D.
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To illustrate the usefulness of this projection properly, suppose that we are conducting an experiment to improve
the efficiency of a ball mill and the seven factors are as follows:

1. Motor speed

2. Gain
3. Feed mode

4. Feed sizing

5. Material type

6. Screen angle

7. Screen vibration level

We are fairly certain that motor speed, feed mode, feed sizing, and material type will affect efficiency and that these
factors may interact. The role of the other three factors is less well known, but it is likely that they are negligible. A
reasonable strategy would be to assign motor speed, feed mode, feed sizing, and material type to columns A, B, C, and
D, respectively, in Table 8.15. Gain, screen angle, and screen vibration level would be assigned to columns E, F, and
G, respectively. If we are correct and the “minor variables” E, F, and G are negligible, we will be left with a full 24

design in the key process variables.

8.4.3 Blocking Fractional Factorials

Occasionally, a fractional factorial design requires so many runs that all of them cannot be made under homogeneous
conditions. In these situations, fractional factorials may be confounded in blocks. Appendix Table VIII contains rec-
ommended blocking arrangements for many of the fractional factorial designs in Table 8.14. The minimum block size
for these designs is eight runs.

To illustrate the general procedure, consider the 26−2IV fractional factorial design with the defining relation I =
ABCE = BCDF = ADEF shown in Table 8.10. This fractional design contains 16 treatment combinations. Suppose
we wish to run the design in two blocks of eight treatment combinations each. In selecting an interaction to confound
with blocks, we note from examining the alias structure in Appendix Table VIII(f) that there are two alias sets involving
only three-factor interactions. The table suggests selecting ABD (and its aliases) to be confounded with blocks. This
would give the two blocks shown in Figure 8.18. Notice that the principal block contains those treatment combinations
that have an even number of letters in common with ABD. These are also the treatment combinations for which L =
x1 + x2 + x4 = 0 (mod 2).

◾ F I GURE 8 . 18 The 26−2
IV

design in two blocks with ABD confounded
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EXAMPLE 8 . 6

A five-axis CNC machine is used to produce an impeller
for a jet turbine engine. The blade profiles are an important
quality characteristic. Specifically, the deviation of the blade
profile from the profile specified on the engineering draw-
ing is of interest. An experiment is run to determine which
machine parameters affect profile deviation. The eight fac-
tors selected for the design are as follows:

Factor
Low

Level (−)
High

Level (+)

A = x-Axis shift (0.001 in.) 0 15

B = y-Axis shift (0.001 in.) 0 15

C = z-Axis shift (0.001 in.) 0 15

D = Tool supplier 1 2

E = a-Axis shift (0.001 deg) 0 30

F = Spindle speed (%) 90 110

G = Fixture height (0.001 in.) 0 15

H = Feed rate (%) 90 110

One test blade on each part is selected for inspection. The
profile deviation is measured using a coordinate measur-
ing machine, and the standard deviation of the difference
between the actual profile and the specified profile is used
as the response variable.

The machine has four spindles. Because there may be
differences in the spindles, the process engineers feel that
the spindles should be treated as blocks.

The engineers feel confident that three-factor and higher
interactions are not too important, but they are reluctant to
ignore the two-factor interactions. From Table 8.14, two
designs initially appear appropriate: the 28−4IV design with
16 runs and the 28−3IV design with 32 runs. Appendix Table
VIII(l) indicates that if the 16-run design is used, there will
be fairly extensive aliasing of two-factor interactions. Fur-
thermore, this design cannot be run in four blocks with-
out confounding four two-factor interactions with blocks.
Therefore, the experimenters decide to use the 28−3IV design
in four blocks. This confounds one three-factor interac-
tion alias chain and one two-factor interaction (EH) and its
three-factor interaction aliases with blocks. The EH interac-
tion is the interaction between the a-axis shift and the feed

rate, and the engineers consider an interaction between these
two variables to be fairly unlikely.

Table 8.16 contains the design and the resulting
responses as standard deviation × 103 in.. Because the
response variable is a standard deviation, it is often best
to perform the analysis following a log transformation.
The effect estimates are shown in Table 8.17. Figure 8.19
is a normal probability plot of the effect estimates, using
ln (standard deviation × 103) as the response variable.
The only large effects are A = x-axis shift, B = y-axis shift,
and the alias chain involving AD + BG. Now AD is the
x-axis shift-tool supplier interaction, and BG is the y-axis
shift-fixture height interaction, and since these two inter-
actions are aliased it is impossible to separate them based
on the data from the current experiment. Since both interac-
tions involve one large main effect it is also difficult to apply
any “obvious” simplifying logic such as effect heredity to
the situation either. If there is some engineering knowledge
or process knowledge available that sheds light on the sit-
uation, then perhaps a choice could be made between the
two interactions; otherwise, more data will be required to
separate these two effects. (The problem of adding runs to
a fractional factorial to de-alias interactions is discussed in
Sections 8.6 and 8.7.)

Suppose that process knowledge suggests that the appro-
priate interaction is likely to be AD. Table 8.18 is the result-
ing analysis of variance for the model with factors A, B, D,
and AD (factor D was included to preserve the hierarchy
principle). Notice that the block effect is small, suggesting
that the machine spindles are not very different.

Figure 8.20 is a normal probability plot of the residu-
als from this experiment. This plot is suggestive of slightly
heavier than normal tails, so possibly other transforma-
tions should be considered. The AD interaction plot is in
Figure 8.21. Notice that tool supplier (D) and the magnitude
of the x-axis shift (A) have a profound impact on the variabil-
ity of the blade profile from design specifications. Running
A at the low level (0 offset) and buying tools from supplier
1 gives the best results. Figure 8.22 shows the projection of
this 28−3IV design into four replicates of a 23 design in factors
A, B, and D. The best combination of operating conditions
is A at the low level (0 offset), B at the high level (0.015 in
offset), and D at the low level (tool supplier 1).
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◾ TABLE 8 . 16
The 28−3 Design in Four Blocks for Example 8.6

Basic Design

Run A B C D E F = ABC G = ABD H = BCDE Block

Actual
Run
Order

Standard
Deviation
(× 103 in.)

1 − − − − − − − + 3 18 2.76

2 + − − − − + + + 2 16 6.18

3 − + − − − + + − 4 29 2.43

4 + + − − − − − − 1 4 4.01

5 − − + − − + − − 1 6 2.48

6 + − + − − − + − 4 26 5.91

7 − + + − − − + + 2 14 2.39

8 + + + − − + − + 3 22 3.35

9 − − − + − − + − 1 8 4.40

10 + − − + − + − − 4 32 4.10

11 − + − + − + − + 2 15 3.22

12 + + − + − − + + 3 19 3.78

13 − − + + − + + + 3 24 5.32

14 + − + + − − − + 2 11 3.87

15 − + + + − − − − 4 27 3.03

16 + + + + − + + − 1 3 2.95

17 − − − − + − − − 2 10 2.64

18 + − − − + + + − 3 21 5.50

19 − + − − + + + + 1 7 2.24

20 + + − − + − − + 4 28 4.28

21 − − + − + + − + 4 30 2.57

22 + − + − + − + + 1 2 5.37

23 − + + − + − + − 3 17 2.11

24 + + + − + + − − 2 13 4.18

25 − − − + + − + + 4 25 3.96

26 + − − + + + − + 1 1 3.27

27 − + − + + + − − 3 23 3.41

28 + + − + + − + − 2 12 4.30

29 − − + + + + + − 2 9 4.44

30 + − + + + − − − 3 20 3.65

31 − + + + + − − + 1 5 4.41

32 + + + + + + + + 4 31 3.40
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◾ TABLE 8 . 17
Effect Estimates, Regression Coefficients, and Sums of Squares for Example 8.6

Variable Name −1 Level +1 Level

A x-Axis shift 0 15
B y-Axis shift 0 15
C z-Axis shift 0 15
D Tool supplier 1 2
E a-Axis shift 0 30
F Spindle speed 90 110
G Fixture height 0 15
H Feed rate 90 110

Variable Regression Coefficient Estimated Effect Sum of Squares

Overall average 1.28007
A 0.14513 0.29026 0.674020
B −0.10027 −0.20054 0.321729
C −0.01288 −0.02576 0.005310
D 0.05407 0.10813 0.093540
E −2.531E-04 −5.063E-04 2.050E-06
F −0.01936 −0.03871 0.011988
G 0.05804 0.11608 0.107799
H 0.00708 0.01417 0.001606

AB + CF + DG −0.00294 −0.00588 2.767E-04
AC + BF −0.03103 −0.06206 0.030815
AD + BG −0.18706 −0.37412 1.119705

AE 0.00402 0.00804 5.170E-04
AF + BC −0.02251 −0.04502 0.016214
AG + BD 0.02644 0.05288 0.022370

AH −0.02521 −0.05042 0.020339
BE 0.04925 0.09851 0.077627
BH 0.00654 0.01309 0.001371

CD + FG 0.01726 0.03452 0.009535
CE 0.01991 0.03982 0.012685

CG + DF −0.00733 −0.01467 0.001721
CH 0.03040 0.06080 0.029568
DE 0.00854 0.01708 0.002334
DH 0.00784 0.01569 0.001969
EF −0.00904 −0.01808 0.002616
EG −0.02685 −0.05371 0.023078
EH −0.01767 −0.03534 0.009993
FH −0.01404 −0.02808 0.006308
GH 0.00245 0.00489 1.914E-04
ABE 0.01665 0.03331 0.008874
ABH −0.00631 −0.01261 0.001273
ACD −0.02717 −0.05433 0.023617
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Effect estimates
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◾ F I GURE 8 . 19 Normal probability plot
of the effect estimates for Example 8.6

◾ TABLE 8 . 18
Analysis of Variance for Example 8.6

Source of Variation Sum of Squares Degrees of Freedom Mean Square F0 P-Value

A 0.6740 1 0.6740 39.42 <0.0001

B 0.3217 1 0.3217 18.81 0.0002

D 0.0935 1 0.0935 5.47 0.0280

AD 1.1197 1 1.1197 65.48 <0.0001

Blocks 0.0201 3 0.0067

Error 0.4099 24 0.0171

Total 2.6389 31
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◾ F I GURE 8 . 20 Normal probability plot of the
residuals for Example 8.6
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Example 8.6
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◾ F I GURE 8 . 22 The 28−3
IV

design in Example 8.6
projected into four replicates of a 23 design in factors A,
B, and D
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8.5 Alias Structures in Fractional Factorials and Other Designs

In this chapter, we show how to find the alias relationships in a 2k−p fractional factorial design by use of the complete
defining relation. This method works well in simple designs, such as the regular fractions we use most frequently, but it
does not work as well in more complex settings, such as some of the nonregular fractions and partial fold-over designs
that we will discuss subsequently. Furthermore, there are some fractional factorials that do not have defining relations,
such as the Plackett–Burman designs in Section 8.6.3, so the defining relation method will not work for these types of
designs at all.

Fortunately, there is a general method available that works satisfactorily in many situations. The method uses
the polynomial or regression model representation of the model, say

y = X1𝜷1 + 𝝐

where y is an n × 1 vector of the responses, X1 is an n × p1 matrix containing the design matrix expanded to the form
of the model that the experimenter is fitting, 𝜷1 is a p1 × 1 vector of the model parameters, and 𝜖 is an n × 1 vector of
errors. The least squares estimate of 𝜷1 is

𝜷̂1 = (X′
1X1)−1X′

1y

Suppose that the true model is
y = X1𝜷1 + X2𝜷2 + 𝜖

where X2 is an n × p2 matrix containing additional variables that are not in the fitted model and 𝜷2 is a p2 × 1 vector
of the parameters associated with these variables. It can be shown that

E(𝜷̂1) = 𝜷1 + (X′
1X1)−1X′

1X2𝜷2

= 𝜷1 + A𝜷2 (8.1)

The matrix A = (X′
1X1)−1X′

1X2 is called the alias matrix. The elements of this matrix operating on 𝜷2 identify the
alias relationships for the parameters in the vector 𝜷1.

We illustrate the application of this procedure with a familiar example. Suppose that we have conducted
a 23−1 design with defining relation I = ABC or I = x1x2x3. The model that the experimenter plans to fit is the
main-effects-only model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝜖
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In the notation defined above

𝜷1 =
⎡⎢⎢⎢⎣

𝛽0
𝛽1
𝛽2
𝛽3

⎤⎥⎥⎥⎦
and X1 =

⎡⎢⎢⎢⎣

1 −1 −1 1
1 1 −1 −1
1 −1 1 −1
1 1 1 1

⎤⎥⎥⎥⎦
Suppose that the true model contains all the two-factor interactions, so that

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝛽12x1x2 + 𝛽13x1x3 + 𝛽23x2x3 + 𝜖

and

𝜷2 =
⎡⎢⎢⎣
𝛽12
𝛽13
𝛽23

⎤⎥⎥⎦
, and X2 =

⎡⎢⎢⎢⎣

1 −1 −1
−1 −1 1
−1 1 −1
1 1 1

⎤⎥⎥⎥⎦
Now

X′
1X1 = 4 I4 and X′

1X2 =
⎡⎢⎢⎢⎣

0 0 0
0 0 4
0 4 0
4 0 0

⎤⎥⎥⎥⎦
Therefore,

(X′
1X1)−1 =

1
4
I4

and
E(𝜷̂1) = 𝜷1 + A𝜷2

E

⎡⎢⎢⎢⎣

𝛽0

𝛽1

𝛽2

𝛽3

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣

𝛽0
𝛽1
𝛽2
𝛽3

⎤⎥⎥⎥⎦
+ 1

4
I4

⎡⎢⎢⎢⎣

0 0 0
0 0 4
0 4 0
4 0 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎣
𝛽12
𝛽13
𝛽23

⎤⎥⎥⎦

=
⎡⎢⎢⎢⎣

𝛽0
𝛽1
𝛽2
𝛽3

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

0 0 0
0 0 1
0 1 0
1 0 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎣
𝛽12
𝛽13
𝛽23

⎤⎥⎥⎦

=
⎡⎢⎢⎢⎣

𝛽0
𝛽1
𝛽2
𝛽3

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

0
𝛽23
𝛽13
𝛽12

⎤⎥⎥⎥⎦

=
⎡⎢⎢⎢⎣

𝛽0
𝛽1 + 𝛽23
𝛽2 + 𝛽13
𝛽3 + 𝛽12

⎤⎥⎥⎥⎦
The interpretation of this, of course, is that each of the main effects is aliased with one of the two-factor interactions,
which we know to be the case for this design. Notice that every row of the alias matrix represents one of the factors
in 𝜷1 and every column represents one of the factors in 𝜷2. While this is a very simple example, the method is very
general and can be applied to much more complex designs.
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8.6 Resolution III Designs

8.6.1 Constructing Resolution III Designs

As indicated earlier, the sequential use of fractional factorial designs is very useful, often leading to great economy
and efficiency in experimentation. This application of fractional factorials occurs frequently in situations of pure factor
screening; that is, there are relatively many factors but only a few of them are expected to be important. Resolution III
designs can be very useful in these situations.

It is possible to construct resolution III designs for investigating up to k = N − 1 factors in only N runs, where
N is a multiple of 4. These designs are frequently useful in industrial experimentation. Designs in which N is a power
of 2 can be constructed by the methods presented earlier in this chapter, and these are presented first. Of particular
importance are designs requiring 4 runs for up to 3 factors, 8 runs for up to 7 factors, and 16 runs for up to 15 factors.
If k = N − 1, the fractional factorial design is said to be saturated.

A design for analyzing up to three factors in four runs is the 23−1III design, presented in Section 8.2. Another very
useful saturated fractional factorial is a design for studying seven factors in eight runs, that is, the 27−4III design. This
design is a one-sixteenth fraction of the 27. It may be constructed by first writing down as the basic design the plus
and minus levels for a full 23 design in A, B, and C and then associating the levels of four additional factors with the
interactions of the original three as follows: D = AB,E = AC,F = BC, and G = ABC. Thus, the generators for this
design are I = ABD, I = ACE, I = BCF, and I = ABCG. The design is shown in Table 8.19.

The complete defining relation for this design is obtained by multiplying the four generators ABD, ACE, BCF,
and ABCG together two at a time, three at a time, and four at a time, yielding

I = ABD = ACE = BCF = ABCG = BCDE = ACDF = CDG

= ABEF = BEG = AFG = DEF = ADEG = CEFG = BDFG = ABCDEFG

To find the aliases of any effect, simply multiply the effect by each word in the defining relation. For example, the
aliases of B are

B = AD = ABCE = CF = ACG = CDE = ABCDF = BCDG = AEF = EG

= ABFG = BDEF = ABDEG = BCEFG = DFG = ACDEFG

This design is a one-sixteenth fraction, and because the signs chosen for the generators are positive, this is the
principal fraction. It is also a resolution III design because the smallest number of letters in any word of the defining
contrast is three. Any one of the 16 different 27−4III designs in this family could be constructed by using the generators
with one of the 16 possible arrangements of signs in I = ± ABD, I = ± ACE, I = ± BCF, I = ± ABCG.

◾ TABLE 8 . 19
The 27−4III Design with the Generators I = ABD, I = ACE, I = BCF, and I = ABCG

Basic Design

Run A B C D = AB E = AC F = BC G = ABC

1 − − − + + + − def

2 + − − − − + + afg

3 − + − − + − + beg

4 + + − + − − − abd

5 − − + + − − + cdg

6 + − + − + − − ace

7 − + + − − + − bcf

8 + + + + + + + abcdefg
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The seven degrees of freedom in this design may be used to estimate the seven main effects. Each of these
effects has 15 aliases; however, if we assume that three-factor and higher interactions are negligible, then considerable
simplification in the alias structure results. Making this assumption, each of the linear combinations associated with
the seven main effects in this design actually estimates the main effect and three two-factor interactions:

[A] → A + BD + CE + FG

[B] → B + AD + CF + EG

[C] → C + AE + BF + DG

[D] → D + AB + CG + EF

[E] → E + AC + BG + DF

[F] → F + BC + AG + DE

[G] → G + CD + BE + AF

(8.2)

These aliases are found in Appendix Table VIII(h), ignoring three-factor and higher interactions.
The saturated 27−4III design in Table 8.19 can be used to obtain resolution III designs for studying fewer than seven

factors in eight runs. For example, to generate a design for six factors in eight runs, simply drop any one column in
Table 8.19, for example, column G. This produces the design shown in Table 8.20.

It is easy to verify that this design is also of resolution III; in fact, it is a 26−3III , or a one-eighth fraction, of the 26

design. The defining relation for the 26−3III design is equal to the defining relation for the original 27−4III design with any
words containing the letter G deleted. Thus, the defining relation for our new design is

I = ABD = ACE = BCF = BCDE = ACDF = ABEF = DEF

In general, when d factors are dropped to produce a new design, the new defining relation is obtained as those
words in the original defining relation that do not contain any dropped letters. When constructing designs by
this method, care should be exercised to obtain the best arrangement possible. If we drop columns B, D, F,
and G from Table 8.19, we obtain a design for three factors in eight runs, yet the treatment combinations cor-
respond to two replicates of a 23−1 design. The experimenter would probably prefer to run a full 23 design in
A, C, and E.

It is also possible to obtain a resolution III design for studying up to 15 factors in 16 runs. This saturated 215−11III
design can be generated by first writing down the 16 treatment combinations associated with a 24 design in A, B, C,
and D and then equating 11 new factors with the two-, three-, and four-factor interactions of the original four. In this

◾ TABLE 8 . 20
A 26−3

III
Design with the Generators I = ABD, I = ACE, and I = BCF

Basic Design

Run A B C D = AB E = AC F = BC

1 − − − + + + def

2 + − − − − + af

3 − + − − + − be

4 + + − + − − abd

5 − − + + − − cd

6 + − + − + − ace

7 − + + − − + bcf

8 + + + + + + abcdef
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design, each of the 15 main effects is aliased with seven two-factor interactions. A similar procedure can be used for
the 231−26III design, which allows up to 31 factors to be studied in 32 runs.

8.6.2 Fold Over of Resolution III Fractions to Separate Aliased Effects

By combining fractional factorial designs in which certain signs are switched, we can systematically isolate effects of
potential interest. This type of sequential experiment is called a fold over of the original design. The alias structure for
any fraction with the signs for one or more factors reversed is obtained by making changes of sign on the appropriate
factors in the alias structure of the original fraction.

Consider the 27−4III design in Table 8.19. Suppose that along with this principal fraction a second fractional design
with the signs reversed in the column for factor D is also run. That is, the column for D in the second fraction is

− + + − − + +−

The effects that may be estimated from the first fraction are shown in Equation 8.2, and from the second fraction we
obtain

[A]′ → A − BD + CE + FG

[B]′ → B − AD + CF + EG

[C]′ → C + AE + BF − DG

[D]′ → D − AB − CG − EF

[−D]′ → −D + AB + CG + EF (8.3)

[E]′ → E + AC + BG − DF

[F]′ → F + BC + AG − DE

[G]′ → G − CD + BE + AF

assuming that three-factor and higher interactions are insignificant. Now from the two linear combinations of effects
1
2
([i] + [i]′) and 1

2
([i] − [i]′) we obtain

i From 1
2
([i] + [i]′) From 1

2
([i] − [i]′)

A A + CE + FG BD

B B + CF + EG AD

C C + AE + BF DG

D D AB + CG + EF

E E + AC + BG DF

F F + BC + AG DE

G G + BE + AF CD

Thus, we have isolated the main effect of D and all of its two-factor interactions. In general, if we add to a
fractional design of resolution III or higher a further fraction with the signs of a single factor reversed, then the
combined design will provide estimates of the main effect of that factor and its two-factor interactions. This is
sometimes called a single-factor fold over.

Now suppose we add to a resolution III fractional a second fraction in which the signs for all the factors are
reversed. This type of fold over (sometimes called a full fold over or a reflection) breaks the alias links between all
main effects and their two-factor interactions. That is, we may use the combined design to estimate all of the main
effects clear of any two-factor interactions. The following example illustrates the full fold-over technique.
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EXAMPLE 8 . 7

A human performance analyst is conducting an experiment
to study eye focus time and has built an apparatus in which
several factors can be controlled during the test. The factors
he initially regards as important are acuity or sharpness of
vision (A), distance from target to eye (B), target shape (C),
illumination level (D), target size (E), target density (F), and
subject (G). Two levels of each factor are considered. He
suspects that only a few of these seven factors are of major
importance and that high-order interactions between the fac-
tors can be neglected. On the basis of this assumption, the
analyst decides to run a screening experiment to identify the
most important factors and then to concentrate further study
on those. To screen these seven factors, he runs the treatment
combinations from the 27−4III design in Table 8.19 in random
order, obtaining the focus times in milliseconds, as shown
in Table 8.21.

Seven main effects and their aliases may be estimated
from these data. From Equation 8.2, we see that the effects
and their aliases are

[A] = 20.63 → A + BD + CE + FG

[B] = 38.38 → B + AD + CF + EG

[C] = −0.28 → C + AE + BF + DG

[D] = 28.88 → D + AB + CG + EF

[E] = −0.28 → E + AC + BG + DF

[F] = −0.63 → F + BC + AG + DE

[G] = −2.43 → G + CD + BE + AF

For example, the estimate of the main effect of A and its
aliases is

[A] = 1

4
(−85.5 + 75.1 − 93.2 + 145.4 − 83.7

+ 77.6 − 95.0 + 141.8) = 20.63

The three largest effects are [A], [B], and [D]. The simplest
interpretation of the results of this experiment is that the
main effects of A, B, and D are all significant. However, this
interpretation is not unique, because one could also logically
conclude that A, B, and the AB interaction, or perhaps B, D,
and the BD interaction, or perhaps A, D, and the AD inter-
action are the true effects.

Notice that ABD is a word in the defining relation for
this design. Therefore, this 27−4III design does not project into
a full 23 factorial in ABD; instead, it projects into two repli-
cates of a 23−1 design, as shown in Figure 8.23. Because the
23−1 design is a resolution III design, A will be aliased with
BD, B will be aliased with AD, and D will be aliased with
AB, so the interactions cannot be separated from the main
effects. The experimenter here may have been unlucky. If he
had assigned the factor illumination level to C instead of D,

A

2

2

2

2

–

+

D

–

–

+

+

B

◾ F I GURE 8 . 23 The 27−4III design projected into
two replicates of a 23−1

III
design in A, B, and D

◾ TABLE 8 . 21
A 27−4III Design for the Eye Focus Time Experiment

Basic Design

Run A B C D = AB E = AC F = BC G = ABC Time

1 − − − + + + − def 85.5

2 + − − − − + + afg 75.1

3 − + − − + − + beg 93.2

4 + + − + − − − abd 145.4

5 − − + + − − + cdg 83.7

6 + − + − + − − ace 77.6

7 − + + − − + − bcf 95.0

8 + + + + + + + abcdefg 141.8
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the design would have projected into a full 23 design, and
the interpretation could have been simpler.

To separate the main effects and the two-factor interac-
tions, the full fold-over technique is used, and a second frac-
tion is run with all the signs reversed. This fold-over design
is shown in Table 8.22 along with the observed responses.
Notice that when we construct a full fold over of a resolution
III design, we (in effect) change the signs on the generators
that have an odd number of letters. The effects estimated by
this fraction are

[A]′ = −17.68 → A − BD − CE − FG

[B]′ = 37.73 → B − AD − CF − EG

[C]′ = −3.33 → C − AE − BF − DG

[D]′ = 29.88 → D − AB − CG − EF

[E]′ = 0.53 → E − AC − BG − DF

[F]′ = 1.63 → F − BC − AG − DE

[G]′ = 2.68 → G − CD − BE − AF

By combining this second fraction with the original one, we
obtain the following estimates of the effects:

i From 1
2
([i] + [i]′) From 1

2
([i] − [i]′)

A A = 1.48 BD + CE + FG = 19.15

B B = 38.05 AD + CE + FG = 19.15

C C = −1.80 BD + CE + FG = 19.15

D D = 29.38 AB + CG + EF = −0.50
E E = 0.13 AC + BG + DF = −0.40
F F = 0.50 BC + AG + DE = −1.13
G G = 0.13 CD + BE + AF = −2.55

The two largest effects are B and D. Furthermore, the
third largest effect is BD + CE + FG, so it seems reason-
able to attribute this to the BD interaction. The experimenter
used the two factors distance (B) and illumination level (D)
in subsequent experiments with the other factorsA, C, E, and
F at standard settings and verified the results obtained here.
He decided to use subjects as blocks in these new experi-
ments rather than ignore a potential subject effect because
several different subjects had to be used to complete the
experiment.

◾ TABLE 8 . 22
A Fold-Over 27−4III Design for the Eye Focus Experiment

Basic Design

Run A B C D = −AB E = −AC F = −BC G = ABC Time

1 + + + − − − + abcg 91.3

2 − + + + + − − bcde 136.7

3 + − + + − + − acdf 82.4

4 − − + − + + + cefg 73.4

5 + + − − + + − abef 94.1

6 − + − + − + + bdfg 143.8

7 + − − + + − + adeg 87.3

8 − − − − − − − (1) 71.9

The Defining Relation for a Fold-Over Design. Combining fractional factorial designs via fold over as demon-
strated in Example 8.7 is a very useful technique. It is often of interest to know the defining relation for the combined
design. It can be easily determined. Each separate fraction will have L + U words used as generators: L words of like
sign and U words of unlike sign. The combined design will have L + U − 1 words used as generators. These will be
the L words of like sign and the U − 1 words consisting of independent even products of the words of unlike sign.
(Even products are words taken two at a time, four at a time, and so forth.)
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To illustrate this procedure, consider the design in Example 8.7. For the first fraction, the generators are

I = ABD, I = ACE, I = BCF, and I = ABCG

and for the second fraction, they are

I = −ABD, I = −ACE, I = −BCF, and I = ABCG

Notice that in the second fraction we have switched the signs on the generators with an odd number of letters. Also,
notice that L + U = 1 + 3 = 4. The combined design will have I = ABCG (the like sign word) as a generator and
two words that are independent even products of the words of unlike sign. For example, take I = ABD and I = ACE;
then I = (ABD)(ACE) = BCDE is a generator of the combined design. Also, take I = ABD and I = BCF; then I =
(ABD)(BCF) = ACDF is a generator of the combined design. The complete defining relation for the combined design
is

I = ABCG = BCDE = ACDF = ADEG = BDFG = ABEF = CEFG

Blocking in a Fold-Over Design.Usually a fold-over design is conducted in two distinct time periods. Following
the initial fraction, some time usually elapses while the data are analyzed and the fold-over runs are planned. Then
the second set of runs is made, often on a different day, or different shift, or using different operating personnel, or
perhapsmaterial from a different source. This leads to a situationwhere blocking to eliminate potential nuisance effects
between the two time periods is of interest. Fortunately, blocking in the combined experiment is easily accomplished.

To illustrate, consider the fold-over experiment in Example 8.7. In the initial group of eight runs shown in
Table 8.21, the generators are D = AB,E = AC,F = BC, and G = ABC. In the fold-over set of runs, Table 8.22, the
signs are changed on three of the generators so that D = −AB,E = −AC, and F = −BC. Thus, in the first group
of eight runs the signs on the effects ABD, ACE, and BCF are positive, and in the second group of eight runs the
signs on ABD, ACE, and BCF are negative; therefore, these effects are confounded with blocks. Actually, there is a
single-degree-of-freedom alias chain confounded with blocks (remember that there are two blocks, so there must be
one degree of freedom for blocks), and the effects in this alias chain may be found by multiplying any one of the effects
ABD, ACE, and BCF through the defining relation for the design. This yields

ABD = CDG = ACE = BCF = BEG = AFG = DEF = ABCDEFG

as the complete set of effects that are confounded with blocks. In general, a completed fold-over experiment will
always form two blocks with the effects whose signs are positive in one block and negative in the other (and their
aliases) confounded with blocks. These effects can always be determined from the generators whose signs have been
switched to form the fold over.

8.6.3 Plackett–Burman Designs

These are two-level fractional factorial designs developed by Plackett and Burman (1946) for studying up to k = N − 1
variables inN runs, whereN is a multiple of 4. IfN is a power of 2, these designs are identical to those presented earlier
in this section. However, for N = 12, 20, 24, 28, and 36, the Plackett–Burman designs are sometimes of interest.
Because these designs cannot be represented as cubes, they are sometimes called nongeometric designs.

The upper half of Table 8.23 presents rows of plus andminus signs that are used to construct the Plackett–Burman
designs for N = 12, 20, 24, and 36, whereas the lower half of the table presents blocks of plus and minus signs for
constructing the design for N = 28. The designs for N = 12, 20, 24, and 36 are obtained by writing the appropriate
row in Table 8.23 as a column (or row). A second column (or row) is then generated from this first one by moving the
elements of the column (or row) down (or to the right) one position and placing the last element in the first position.
A third column (or row) is produced from the second similarly, and the process is continued until column (or row) k
is generated. A row of minus signs is then added, completing the design. For N = 28, the three blocks X, Y , and Z are
written down in the order

X Y Z
Z X Y
Y Z X
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◾ TABLE 8 . 23
Plus and Minus Signs for the Plackett–Burman Designs

k = 11, N = 12 + + − + + + − − − +−

k = 19, N = 20 + + − − + + + + − + − + − − − − + +−

k = 23, N = 24 + + + + + − + − + + − − + + − − + − + − − −−

k = 35, N = 36 − + − + + + − − − + + + + + − + + + − − + − − − − + − + − + + − − +−

k=𝟐𝟕, N=𝟐𝟖

+ − + + + + − − − − + − − − + − − + + + − + − + + − +
+ + − + + + − − − − − + + − − + − − − + + + + − + + −
− + + + + + − − − + − − − + − − + − + − + − + + − + +
− − − + − + + + + − − + − + − − − + + − + + + − + − +
− − − + + − + + + + − − − − + + − − + + − − + + + + −
− − − − + + + + + − + − + − − − + − − + + + − + − + +
+ + + − − − + − + − − + − − + − + − + − + + − + + + −
+ + + − − − + + − + − − + − − − − + + + − + + − − + +
+ + + − − − − + + − + − − + − + − − − + + − + + + − +

and a row of minus signs is added to these 27 rows. The design for N = 12 runs and k = 11 factors is shown in
Table 8.24.

The nongeometric Plackett–Burman designs for N = 12, 20, 24, 28, and 36 have complex alias structures. For
example, in the 12-run design every main effect is partially aliased with every two-factor interaction not involving
itself. For example, the AB interaction is aliased with the nine main effects C,D, . . . ,K and the AC interaction is
aliased with the nine main effects B,D, . . . ,K. Furthermore, each main effect is partially aliased with 45 two-factor
interactions. As an example, consider the aliases of the main effect of factor A:

[A] = A − 1
3
BC − 1

3
BD − 1

3
BE + 1

3
BF + . . . − 1

3
KL

◾ TABLE 8 . 24
Plackett–Burman Design for N = 12, k = 11

Run A B C D E F G H I J K

1 + − + − − − + + + − +
2 + + − + − − − + + + −
3 − + + − + − − − + + +
4 + − + + − + − − − + +
5 + + − + + − + − − − +
6 + + + − + + − + − − −
7 − + + + − + + − + − −
8 − − + + + − + + − + −
9 − − − + + + − + + − +
10 + − − − + + + − + + −
11 − + − − − + + + − + +
12 − − − − − − − − − − −
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Each one of the 45 two-factor interactions in the alias chain in weighed by the constant ± 1
3
. This weighting

of the two-factor interactions occurs throughout the Plackett–Burman series of nongeometric designs. In other
Plackett–Burman designs, the constant will be different than ± 1

3
.

Plackett–Burman designs are examples of nonregular designs. This term appears frequently in the experimental
design literature. Basically, a regular design is one in which all effects can be estimated independently of the other
effects and in the case of a fractional factorial, the effects that cannot be estimated are completely aliased with the other
effects. Obviously, a full factorial such as the 2k is a regular design, and so are the 2k−p fractional factorials because
while all of the effects cannot be estimated the “constants” in the alias chains for these designs are always either zero
or plus or minus unity. That is, the effects that are not estimable because of the fractionation are completely aliased
(some say completely confounded) with the effects that can be estimated. In nonregular designs, because some of the
nonzero constants in the alias chains are not equal to ±1, there is always at least a chance that some information on
the aliased effects may be available.

The projection properties of the nongeometric Plackett–Burman designs are interesting, and in many cases, use-
ful. For example, consider the 12-run design in Table 8.24. This design will project into three replicates of a full 22

design in any two of the original 11 factors. In three factors, the projected design is a full 23 factorial plus a 23−1III
fractional factorial (see Figure 8.24a). All Plackett–Burman designs will project into a full factorial plus some addi-
tional runs in any three factors. Thus, the resolution III Plackett–Burman design has projectivity 3, meaning it will
collapse into a full factorial in any subset of three factors (actually, some of the larger Plackett–Burman designs, such
as those with 68, 72, 80, and 84 runs, have projectivity 4). In contrast, the 2k−pIII design only has projectivity 2. The
four-dimensional projections of the 12-run design are shown in Figure 8.24b. Notice that there are 11 distinct runs.
This design can fit all four of the main effects and all 6 two-factor interactions, assuming that all other main effects
and interactions are negligible. The design in Figure 8.24b needs 5 additional runs to form a complete 24 (with one
additional run) and only a single run to form a 24−1 (with 5 additional runs). Regression methods can be used to fit
models involving main effects and interactions using those projected designs.

(a) Projection into three factors

(b) Projection into four factors

– +

◾ F I GURE 8 . 24 Projection of the 12-run
Plackett–design into three- and four-factor designs
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EXAMPLE 8 . 8

We will illustrate the analysis of a Plackett–Burman design
with an example involving 12 factors. The smallest regu-
lar fractional factorial for 12 factors is a 16-run 212−8 frac-
tional factorial design. In this design, all 12 main effects are
aliased with four two-factor interactions and three chains of
two-factor interactions each containing six two-factor inter-
actions (refer to Appendix VIII, design w). If there are sig-
nificant two-factor interactions along with the main effects
it is very possible that additional runs will be required to
de-alias some of these effects.

Suppose that we decide to use a 20-run Plackett–Burman
design for this problem. Now this has more runs that the
smallest regular fraction, but it contains fewer runs than
would be required by either a full fold over or a partial
fold-over of the 16-run regular fraction. This design was
created in JMP and is shown in Table 8.25, along with the
observed response data obtained when the experiment was
conducted. The alias matrix for this design, also produced
from JMP, is in Table 8.26. Note that the coefficients of the
aliased two-factor interactions are not either 0, −1, or +1

because this is a nonregular design). Hopefully this will pro-
vide some flexibility with which to estimate interactions if
necessary.

Table 8.27 shows the JMP analysis of this design, using
a forward-stepwise regression procedure to fit the model.
In forward-stepwise regression, variables are entered into
the model one at a time, beginning with those that appear
most important, until no variables remain that are reasonable
candidates for entry. In this analysis, we consider all main
effects and two-factor interactions as possible variables of
interest for the model.

Considering the P-values for the variables in Table 8.27,
the most important factor is x2, so this factor is entered into
the model first. JMP then recalculates the P-values and the
next variable entered would be x4. Then the x1x4 interac-
tion is entered along with the main effect of x1 to preserve
the hierarchy of the model. This is followed by the x1x4
interactions. The JMP output for these steps is not shown
but is summarized at the bottom of Table 8.28. Finally,
the last variable entered is x5. Table 8.28 summarizes the
final model.

◾ TABLE 8 . 25
Plackett–Burman Design for Example 8.8

Run X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11 X12 y

1 1 1 1 1 1 1 1 1 1 1 1 1 221.5032

2 −1 1 −1 −1 1 1 1 1 −1 1 −1 1 213.8037

3 −1 −1 1 −1 −1 1 1 1 1 −1 1 −1 167.5424

4 1 −1 −1 1 −1 −1 1 1 1 1 −1 1 232.2071

5 1 1 −1 −1 1 −1 −1 1 1 1 1 −1 186.3883

6 −1 1 1 −1 −1 1 −1 −1 1 1 1 1 210.6819

7 −1 −1 1 1 −1 −1 1 −1 −1 1 1 1 168.4163

8 −1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 180.9365

9 −1 −1 −1 −1 1 1 −1 −1 1 −1 −1 1 172.5698

10 1 −1 −1 −1 −1 1 1 −1 −1 1 −1 −1 181.8605

11 −1 1 −1 −1 −1 −1 1 1 −1 −1 1 −1 202.4022

12 1 −1 1 −1 −1 −1 −1 1 1 −1 −1 1 186.0079

13 −1 1 −1 1 −1 −1 −1 −1 1 1 −1 −1 216.4375

14 1 −1 1 −1 1 −1 −1 −1 −1 1 1 −1 192.4121

15 1 1 −1 1 −1 1 −1 −1 −1 −1 1 1 224.4362

16 1 1 1 −1 1 −1 1 −1 −1 −1 −1 1 190.3312

17 1 1 1 1 −1 1 −1 1 −1 −1 −1 −1 228.3411

18 −1 1 1 1 1 −1 1 −1 1 −1 −1 −1 223.6747

19 −1 −1 1 1 1 1 −1 1 −1 1 −1 −1 163.5351

20 1 −1 −1 1 1 1 1 −1 1 −1 1 −1 236.5124
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◾ TABLE 8 . 27
JMP Stepwise Regression Analysis of Example 8.8, Initial Solution

Stepwise Fit
Response:
Y

Stepwise Regression Control
Prob to Enter 0.250
Prob to Leave 0.100

Current Estimates

SSE DFE MSE RSquare RSquare Adj Cp

10732 19 564.84211 0.0000 0.0000 12
Parameter Estimate nDF SS “F Ratio” “Prob>F”
Intercept 200 1 0 0.000 1.0000
X1 0 1 1280 2.438 0.1359
X2 0 1 2784.8 6.307 0.0218
X3 0 1 452.279 0.792 0.3853
X4 0 1 1843.2 3.733 0.0693
X5 0 1 67.21943 0.113 0.7401
X6 0 1 86.41367 0.146 0.7068
X7 0 1 292.6697 0.505 0.4866
X8 0 1 60.08353 0.101 0.7539
X9 0 1 572.9881 1.015 0.3270
X10 0 1 32.53443 0.055 0.8177
X11 0 1 15.37763 0.026 0.8741
X12 0 1 0.159759 0.000 0.9871
X1*X2 0 3 5908 6.532 0.0043
X1*X3 0 3 1736.782 1.030 0.4058
X1*X4 0 3 5543.2 5.698 0.0075
X1*X5 0 3 1358.09 0.773 0.5261
X1*X6 0 3 2795.154 1.878 0.1740
X1*X7 0 3 1581.316 0.922 0.4528
X1*X8 0 3 1767.483 1.052 0.3970
X1*X9 0 3 1866.724 1.123 0.3692
X1*X10 0 3 1609.033 0.941 0.4441
X1*X11 0 3 1821.162 1.090 0.3818
X1*X12 0 3 1437.829 0.825 0.4991
X2*X3 0 3 4473.249 3.812 0.0309
X2*X4 0 3 4671.721 4.111 0.0243
X2*X5 0 3 3011.798 2.081 0.1431
X2*X6 0 3 3561.431 2.649 0.0842
X2*X7 0 3 3635.536 2.732 0.0781
X2*X8 0 3 2848.428 1.927 0.1659
X2*X9 0 3 3944.319 3.099 0.0564
X2*X10 0 3 2828.937 1.909 0.1688
X2*X11 0 3 2867.948 1.945 0.1631
X2*X12 0 3 2786.331 1.870 0.1753
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◾ TABLE 8 . 27 (Continued)

Parameter Estimate nDF SS “F Ratio” “Prob>F”
X3*X4 0 3 2576.807 1.685 0.2102
X3*X5 0 3 995.7837 0.545 0.6582
X3*X6 0 3 558.5936 0.293 0.8300
X3*X7 0 3 1201.228 0.672 0.5815
X3*X8 0 3 512.677 0.268 0.8478
X3*X9 0 3 1058.287 0.583 0.6344
X3*X10 0 3 626.2659 0.331 0.8034
X3*X11 0 3 569.497 0.299 0.8257
X3*X12 0 3 452.4973 0.235 0.8708
X4*X5 0 3 2038.876 1.251 0.3244
X4*X6 0 3 2132.749 1.323 0.3017
X4*X7 0 3 2320.382 1.471 0.2599
X4*X8 0 3 2034.576 1.248 0.3255
X4*X9 0 3 4886.816 4.459 0.0185
X4*X10 0 3 3125.433 2.191 0.1288
X4*X11 0 3 1970.181 1.199 0.3418
X4*X12 0 3 2194.402 1.371 0.2875
X5*X6 0 3 189.5188 0.096 0.9612
X5*X7 0 3 4964.273 4.590 0.0168
X5*X8 0 3 332.1148 0.170 0.9149
X5*X9 0 3 1065.334 0.588 0.6318
X5*X10 0 3 136.8974 0.069 0.9757
X5*X11 0 3 866.5116 0.468 0.7084
X5*X12 0 3 185.205 0.094 0.9625
X6*X7 0 3 434.1661 0.225 0.8777
X6*X8 0 3 185.7122 0.094 0.9623
X6*X9 0 3 1302.2 0.737 0.5455
X6*X10 0 3 246.5934 0.125 0.9437
X6*X11 0 3 2492.598 1.613 0.2256
X6*X12 0 3 913.7187 0.496 0.6900
X7*X8 0 3 935.8699 0.510 0.6813
X7*X9 0 3 1876.723 1.130 0.3665
X7*X10 0 3 345.5343 0.177 0.9101
X7*X11 0 3 577.8999 0.304 0.8224
X7*X12 0 3 328.611 0.168 0.9161
X8*X9 0 3 1111.212 0.616 0.6146
X8*X10 0 3 936.6248 0.510 0.6811
X8*X11 0 3 710.6107 0.378 0.7700
X8*X12 0 3 1517.358 0.878 0.4731
X9*X10 0 3 2360.154 1.504 0.2517
X9*X11 0 3 588.4157 0.309 0.8183
X9*X12 0 3 587.527 0.309 0.8186
X10*X11 0 3 125.3218 0.063 0.9786
X10*X12 0 3 2241.266 1.408 0.2770
X11*X12 0 3 94.12651 0.047 0.9859
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◾ TABLE 8 . 28
JMP Final Stepwise Regression Solution, Example 8.8

Stepwise Fit
Response:
Y

Stepwise Regression Control
Prob to Enter 0.250
Prob to Leave 0.100
Direction:
Rules:

Current Estimates

SSE DFE MSE RSquare RSquare Adj Cp

381.79001 13 29.368462 0.9644 0.9480 72

Parameter Estimate nDF SS “F Ratio” “Prob>F”
Intercept 200 1 0 0.000 1.0000
X1 8 3 5654.991 64.184 0.0000
X2 9.89242251 2 4804.208 81.792 0.0000
X3 0 1 2.547056 0.081 0.7813
X4 12.1075775 2 4442.053 75.626 0.0000
X5 2.581897 1 122.21 4.161 0.0622
X6 0 1 44.86956 1.598 0.2302
X7 0 1 7.652516 0.245 0.6292
X8 0 1 28.02042 0.950 0.3488
X9 0 1 19.33012 0.640 0.4393
X10 0 1 76.73973 3.019 0.1079
X11 0 1 1.672382 0.053 0.8221
X12 0 1 10.36884 0.335 0.5734
X1*X2 −12.537887 1 2886.987 98.302 0.0000
X1*X3 0 2 6.20474 0.091 0.9138
X1*X4 9.53788744 1 1670.708 56.888 0.0000
X1*X5 0 1 1.889388 0.060 0.8111
X1*X6 0 2 45.6286 0.747 0.4966
X1*X7 0 2 10.10477 0.150 0.8628
X1*X8 0 2 41.24821 0.666 0.5332
X1*X9 0 2 90.27392 1.703 0.2268
X1*X10 0 2 76.84386 1.386 0.2905
X1*X11 0 2 27.15307 0.421 0.6665
X1*X12 0 2 37.51692 0.599 0.5662
X2*X3 0 2 54.47309 0.915 0.4288
X2*X4 0 1 3.403658 0.108 0.7482
X2*X5 0 1 0.216992 0.007 0.9355
X2*X6 0 2 46.47256 0.762 0.4897
X2*X7 0 2 37.44377 0.598 0.5668
X2*X8 0 2 65.97489 1.149 0.3522
X2*X9 0 2 69.32501 1.220 0.3322
X2*X10 0 2 98.35266 1.908 0.1943
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◾ TABLE 8 . 28 (Continued)

Parameter Estimate nDF SS “F Ratio” “Prob>F”
X2*X11 0 2 141.1503 3.226 0.0790
X2*X12 0 2 52.05325 0.868 0.4466
X3*X4 0 2 111.3687 2.265 0.1500
X3*X5 0 2 80.40096 1.467 0.2724
X3*X6 0 3 67.40344 0.715 0.5653
X3*X7 0 3 99.64513 1.177 0.3667
X3*X8 0 3 66.19013 0.699 0.5737
X3*X9 0 3 29.41242 0.278 0.8399
X3*X10 0 3 120.8801 1.544 0.2632
X3*X11 0 3 4.678496 0.041 0.9881
X3*X12 0 3 56.41798 0.578 0.6426
X4*X5 0 1 49.01055 1.767 0.2084
X4*X6 0 2 148.7678 3.511 0.0662
X4*X7 0 2 10.61344 0.157 0.8564
X4*X8 0 2 29.55318 0.461 0.6420
X4*X9 0 2 25.40367 0.392 0.6847
X4*X10 0 2 112.0974 2.286 0.1478
X4*X11 0 2 1.673771 0.024 0.9761
X4*X12 0 2 24.16136 0.372 0.6980
X5*X6 0 2 169.9083 4.410 0.0392
X5*X7 0 2 31.18914 0.489 0.6258
X5*X8 0 2 90.33176 1.705 0.2265
X5*X9 0 2 34.4118 0.545 0.5948
X5*X10 0 2 154.654 3.745 0.0575
X5*X11 0 2 10.09686 0.149 0.8629
X5*X12 0 2 12.34385 0.184 0.8346
X6*X7 0 3 59.7591 0.619 0.6187
X6*X8 0 3 94.11651 1.091 0.3974
X6*X9 0 3 57.73503 0.594 0.6331
X6*X10 0 3 165.7402 2.557 0.1139
X6*X11 0 3 77.11154 0.844 0.5007
X6*X12 0 3 58.58914 0.604 0.6270
X7*X8 0 3 44.58254 0.441 0.7290
X7*X9 0 3 29.92824 0.284 0.8362
X7*X10 0 3 86.08846 0.970 0.4445
X7*X11 0 3 63.54514 0.666 0.5920
X7*X12 0 3 31.78299 0.303 0.8229
X8*X9 0 3 60.30138 0.625 0.6148
X8*X10 0 3 104.4506 1.255 0.3414
X8*X11 0 3 33.70238 0.323 0.8089
X8*X12 0 3 51.03759 0.514 0.6816
X9*X10 0 3 110.8786 1.364 0.3092
X9*X11 0 3 50.35583 0.506 0.6865
X9*X12 0 3 119.2043 1.513 0.2706
X10*X11 0 3 93.00237 1.073 0.4037
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◾ TABLE 8 . 28 (Continued)

Parameter Estimate nDF SS “F Ratio” “Prob>F”
X10*X12 0 3 94.6634 1.099 0.3943
X11*X12 0 3 38.30184 0.372 0.7753

Step History
Step Parameter Action “Sig Prob” Seq SS RSquare Cp
1 X2 Entered 0.0218 2784.8 0.2595 .
2 X4 Entered 0.0368 1843.2 0.4312 .
3 X1*X2 Entered 0.0003 4044.8 0.8081 .
4 X1*X4 Entered 0.0000 1555.2 0.9530 .
5 X5 Entered 0.0622 122.21 0.9644 .

The final model for this experiment contains the main
effects of factors x1, x2, x4, and x5, plus the two-factor inter-
actions x1x2 and x1x4. Now, it turns out that the data for
this experiment were simulated from a model. The model
used was

y = 200 + 8x1 + 10x2 + 12x4 − 12x1x2 + 9x1x4 + 𝜖

where the random error termwas normal withmean zero and
standard deviation 5. The Plackett–Burman design was able
to correctly identify all of the significant main effects and
the two significant two-factor interactions. From Table 8.28
we observe that the model parameter estimates are actually
very close to the values chosen for the model.

The partial aliasing structure of the Plackett–Burman
design has been very helpful in identifying the significant
interactions. Another approach to the analysis would be to
realize that this design could be used to fit the main effects in
any four factors and all of their two factor interactions, then
use a normal probability plot to identify the four largest main

effects, and finally fit the four factorial model in those four
factors.

Notice that there is the main effect x5 is identified as
significant that was not in the simulation model used to
generate the data. A type I error has been committed with
respect to this factor. In screening experiments type I errors
are not as serious as type II errors. A type I error results
in a non-significant factor being identified as important and
retained for subsequent experimentation and analysis. Even-
tually, we will likely discover that this factor really isn’t
important. However, a type II error means that an impor-
tant factor has not been discovered. This variable will be
dropped from subsequent studies and if it really turns out
to be a critical factor, product or process performance can
be negatively impacted. It is highly likely that the effect of
this factor will never be discovered because it was discarded
early in the research. In our example, all important factors
were discovered, including the interactions, and that is the
key point.

8.7 Resolution IV and V Designs

8.7.1 Resolution IV Designs

A 2k−p fractional factorial design is of resolution IV if the main effects are clear of two-factor interactions and some
two-factor interactions are aliased with each other. Thus, if three-factor and higher interactions are suppressed, the
main effects may be estimated directly in a 2k−pIV design. An example is the 26−2IV design in Table 8.10. Furthermore,
the two combined fractions of the 27−4III design in Example 8.7 yield a 27−3IV design. Resolution IV designs are used
extensively as screening experiments. The 24−1 with eight runs and the 16-run fractions with 6, 7, and 8 factors are
very popular.

Any 2k−pIV design must contain at least 2k runs. Resolution IV designs that contain exactly 2k runs are called
minimal designs. Resolution IV designsmay be obtained from resolution III designs by the process of fold over. Recall
that to fold over a 2k−pIII design, simply add to the original fraction a second fraction with all the signs reversed. Then the
plus signs in the identity column I in the first fraction could be switched in the second fraction, and a (k + 1)st factor
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◾ TABLE 8 . 29
A 24−1IV Design Obtained by Fold Over

D

I A B C

Original 𝟐𝟑−𝟏III I = ABC

+ − − +
+ + − −
+ − + −
+ + + +

Second 𝟐𝟑−𝟏III with Signs Switched

− + + −
− − + +
− + − +
− − − −

could be associated with this column. The result is a 2k+1−pIV fractional factorial design. The process is demonstrated
in Table 8.29 for the 23−1III design. It is easy to verify that the resulting design is a 24−1IV design with defining relation
I = ABCD.

Table 8.30 provides a convenient summary of 2k−p fractional factorial designs with N = 4, 8, 16, and 32 runs.
Notice that although 16-run resolution IV designs are available for 6 ≤ k ≤ 8 factors, if there are nine or more factors
the smallest resolution IV design in the 29−p family is the 29−4, which requires 32 runs. Since this is a rather large
number of runs, many experimenters are interested in smaller designs. Recall that a resolution IV design must contain
at least 2k runs, so for example, a nine-factor resolution IV design must have at least 18 runs. A design with exactly
N = 18 runs can be created by using an algorithm for constructing “optimal” designs. This design is a nonregular
design, and it will be illustrated in Chapter 9 as part of a broader discussion of nonregular designs.

8.7.2 Sequential Experimentation with Resolution IV Designs

Because resolution IV designs are used as screening experiments, it is not unusual to find that upon conducting and
analyzing the original experiment, additional experimentation is necessary to completely resolve all of the effects.
We discussed this in Section 8.6.2 for the case of resolution III designs and introduced fold over as a sequential

◾ TABLE 8 . 30
Useful Factorial and Fractional Factorial Designs from the 2k−p System. The Numbers in
the Cells Are the Numbers of Factors in the Experiment

Number of Runs

Design Type 4 8 16 32

Full factorial 2 3 4 5

Half-fraction 3 4 5 6

Resolution IV fraction — 4 6–8 7–16

Resolution III fraction 3 5–7 9–15 17–31
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experimentation strategy. In the resolution III situation, main effects are aliased with two-factor interaction, so the
purpose of the fold over is to separate the main effects from the two-factor interactions. It is also possible to fold over
resolution IV designs to separate two-factor interactions that are aliased with each other.

Montgomery and Runger (1996) observe that an experimenter may have several objectives in folding over a
resolution IV design, such as

1. breaking as many two-factor interaction alias chains as possible;

2. breaking the two-factor interactions on a specific alias chain; or

3. breaking the two-factor interaction aliases involving a specific factor.

However, one has to be careful in folding over a resolution IV design. The full fold-over rule that we used for resolution
III designs, simply run another fraction with all of the signs reversed, will not work for the resolution IV case. If this
rule is applied to a resolution IV design, the result will be to produce exactly the same design with the runs in a different
order. Try it! Use the 26−2IV in Table 8.9 and see what happens when you reverse all of the signs in the test matrix.

The simplest way to fold over a resolution IV design is to switch the signs on a single variable of the original
design matrix. This single-factor fold over allows all the two-factor interactions involving the factor whose signs are
switched to be separated and accomplishes the third objective listed above.

To illustrate how a single-factor fold over is accomplished for a resolution IV design, consider the 26−2IV design
in Table 8.31 (the runs are in standard order, not run order). This experiment was conducted to study the effects of
six factors on the thickness of photoresist coating applied to a silicon wafer. The design factors are A = spin speed,

◾ TABLE 8 . 31
The Initial 26−2

IV
Design for the Spin Coater Experiment

A B C D E F

Speed
(RPM) Acceleration

Vol
(cc)

Time
(sec)

Resist
Viscosity

Exhaust
Rate

Thickness
(mil)

− − − − − − 4524

+ − − − + − 4657

− + − − + + 4293

+ + − − − + 4516

− − + − + + 4508

+ − + − − + 4432

− + + − − − 4197

+ + + − + − 4515

− − − + − + 4521

+ − − + + + 4610

− + − + + − 4295

+ + − + − − 4560

− − + + + − 4487

+ − + + − − 4485

− + + + − + 4195

+ + + + + + 4510
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◾ F I GURE 8 . 25 Half-normal plot of effects for the
initial spin coater experiment in Table 8.31

B = acceleration, C = volume of resist applied, D = spin time, E = resist viscosity, and F = exhaust rate. The alias
relationships for this design are given in Table 8.8. The half-normal probability plot of the effects is shown in
Figure 8.25. Notice that the largest main effects are A, B, C, and E, and since these effects are aliased with three-factor
or higher interactions, it is logical to assume that these are real effects. However, the effect estimate for the AB + CE
alias chain is also large. Unless other process knowledge or engineering information is available, we do not know
whether this is AB, CE, or both of the interaction effects.

The fold-over design is constructed by setting up a new 26−2IV fractional factorial design and changing the signs on
factor A. The complete design following the addition of the fold-over runs is shown (in standard order) in Table 8.32.
Notice that the runs have been assigned to two blocks; the runs from the initial 26−2IV design in Table 8.32 are in block
1, and the fold-over runs are in block 2. The effects that are estimated from the combined set of runs are (ignoring
interactions involving three or more factors)

[A] = A [AE] = AE

[B] = B [AF] = AF

[C] = C [BC] = BC + DF

[D] = D [BD] = BD + CF

[E] = E [BE] = BE

[F] = F [BF] = BF + CD

[AB] = AB [CE] = CE

[AC] = AC [DE] = DE

[AD] = AD [EF] = EF
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◾ TABLE 8 . 32
The Completed Fold Over for the Spin Coater Experiment

A B C D E F

Std.
Order Block

Speed
(RPM) Acceleration

Vol
(cc)

Time
(sec)

Resist
Viscosity

Exhaust
Rate

Thickness
(mil)

1 1 − − − − − − 4524

2 1 + − − − + − 4657

3 1 − + − − + + 4293

4 1 + + − − − + 4516

5 1 − − + − + + 4508

6 1 + − + − − + 4432

7 1 − + + − − − 4197

8 1 + + + − + − 4515

9 1 − − − + − + 4521

10 1 + − − + + + 4610

11 1 − + − + + − 4295

12 1 + + − + − − 4560

13 1 − − + + + − 4487

14 1 + − + + − − 4485

15 1 − + + + − + 4195

16 1 + + + + + + 4510

17 2 + − − − − − 4615

18 2 − − − − + − 4445

19 2 + + − − + + 4475

20 2 − + − − − + 4285

21 2 + − + − + + 4610

22 2 − − + − − + 4325

23 2 + + + − − − 4330

24 2 − + + − + − 4425

25 2 + − − + − + 4655

26 2 − − − + + + 4525

27 2 + + − + + − 4485

28 2 − + − + − − 4310

29 2 + − + + + − 4620

30 2 − − + + − − 4335

31 2 + + + + − + 4345

32 2 − + + + + + 4305

Notice that all of the two-factor interactions involving factor A are now clear of other two-factor interactions.
Also, AB is no longer aliased with CE. The half-normal probability plot of the effects from the combined design is
shown in Figure 8.26. Clearly it is the CE interaction that is significant.

It is easy to show that the completed fold-over design in Table 8.32 allows estimation of the 6 main effects
and 12 two-factor interaction alias chains shown previously, along with estimation of 12 other alias chains involving
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◾ F I GURE 8 . 26 Half-normal plot of effects for the spin
coater experiment in Table 8.32

higher order interactions and the block effect. The generators for the original fractions are E = ABC and F = BCD,
and because we changed the signs in column A to create the fold over, the generators for the second group of 16
runs are E = −ABC and F = BCD. Since there is only one word of like sign (L = 1,U = 1) and the combined design
has only one generator (it is a one-half fraction), the generator for the combined design is F = BCD. Furthermore,
since ABCE is positive in block 1 and ABCE is negative in block 2, ABCE plus its alias ADEF are confounded
with blocks.

Examination of the alias chains involving the two-factor interactions for the original 16-run design and the
completed fold over reveals some troubling information. In the original resolution IV fraction, every two-factor
interaction was aliased with another two-factor interaction in six alias chains, and in one alias chain there were three
two-factor interactions (refer to Table 8.8). Thus, seven degrees of freedom were available to estimate two-factor
interactions. In the completed fold over, there are nine two-factor interactions that are estimated free of other
two-factor interactions and three alias chains involving two two-factor interactions, resulting in 12 degrees of
freedom for estimating two-factor interactions. Put another way, we used 16 additional runs but only gained five
additional degrees of freedom for estimating two-factor interactions. This is not a terribly efficient use of experimental
resources.

Fortunately, there is another alternative to using a complete fold over. In a partial fold over (or semifold) we
make only half of the runs required for a complete fold over, which for the spin coater experiment would be eight runs.
The following steps will produce a partial fold-over design:

1. Construct a single-factor fold over from the original design in the usual way by changing the signs on a
factor that is involved in a two-factor interaction of interest.

2. Select only half of the fold-over runs by choosing those runs where the chosen factor is either at its high or
low level. Selecting the level that you believe will generate the most desirable response is usually a good
idea.
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◾ TABLE 8 . 33
The Partial Fold Over for the Spin Coater Experiment

A B C D E F

Std.
Order Block

Speed
(RPM) Acceleration

Vol
(cc)

Time
(sec)

Resist
Viscosity

Exhaust
Rate

Thickness
(mil)

1 1 − − − − − − 4524

2 1 + − − − + − 4657

3 1 − + − − + + 4293

4 1 + + − − − + 4516

5 1 − − + − + + 4508

6 1 + − + − − + 4432

7 1 − + + − − − 4197

8 1 + + + − + − 4515

9 1 − − − + − + 4521

10 1 + − − + + + 4610

11 1 − + − + + − 4295

12 1 + + − + − − 4560

13 1 − − + + + − 4487

14 1 + − + + − − 4485

15 1 − + + + − + 4195

16 1 + + + + + + 4510

17 2 − − − − + − 4445

18 2 − + − − − + 4285

19 2 − − + − − + 4325

20 2 − + + − + − 4425

21 2 − − − + + + 4525

22 2 − + − + − − 4310

23 2 − − + + − − 4335

24 2 − + + + + + 4305

Table 8.33 is the partial fold-over design for the spin coater experiment. Notice that we selected the runs where A
is at its low level because in the original set of 16 runs (Table 8.31), thinner coatings of photoresist (which are desirable
in this case) were obtained with A at the low level. (The estimate of the A effect is positive in the analysis of the original
16 runs, also suggesting that A at the low level produces the desired results.)

The alias relations from the partial fold over (ignoring interactions involving three or more factors) are

[A] = A [AE] = AE
[B] = B [AF] = AF
[C] = C [BC] = BC + DF
[D] = D [BD] = BD + CF
[E] = E [BE] = BE
[F] = F [BF] = BF + CD

[AB] = AB [CE] = CE
[AC] = AC [DE] = DE
[AD] = AD [EF] = EF
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◾ F I GURE 8 . 27 Half-normal plot of effects from the
partial fold over of the spin coater experiment in Table 8.33

Notice that there are 12 degrees of freedom available to estimate two-factor interactions, exactly as in the com-
plete fold over. Furthermore, AB is no longer aliased with CE. The half-normal plot of the effects from the par-
tial fold over is shown in Figure 8.27. As in the complete fold over, CE is identified as the significant two-factor
interaction.

The partial fold-over technique is very useful with resolution IV designs and usually leads to an efficient use
of experimental resources. Resolution IV designs always provide good estimates of main effects (assuming that
three-factor interactions are negligible), and usually the number of possible two-factor interaction that need to be
de-aliased is not large. A partial fold over of a resolution IV design will usually support estimation of as many
two-factor interactions as a full fold over. One disadvantage of the partial fold over is that it is not orthogonal. This
causes parameter estimates to be correlated and leads to inflation in the standard errors of the effects or regression
model coefficients. For example, in the partial fold over of the spin coater experiment, the standard errors of the
regression model coefficients range from 0.20𝜎 to 0.25𝜎, while in the complete fold over, which is orthogonal, the
standard errors of the model coefficients are 0.18𝜎. For more information on partial fold overs, see Mee and Peralta
(2000) and the supplemental material for this chapter.

8.7.3 Resolution V Designs

Resolution V designs are fractional factorials in which the main effects and the two-factor interactions do not have
other main effects and two-factor interactions as their aliases. Consequently, these are very powerful designs, allowing
unique estimation of all main effects and two-factor interactions, provided of course that all interactions involving
three or more factors are negligible. The shortest word in the defining relation of a resolution V design must have five
letters. The 25−1 design with I = ABCDE is perhaps the most widely used resolution V design, permitting study of five
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factors and estimation of all five main effects and all 10 two-factor interactions in only 16 runs. We illustrated the use
of this design in Example 8.2.

The smallest design of resolution at least V for k = 6 factors is the 26−1VI design with 32 runs, which is of resolution
VI. For k = 7 factors, it is the 64-run 27−1VII which is of resolution VII, and for k = 8 factors, it is the 64 run 28−2V design.
For k ≥ 9 or more factors, all these designs require at least 128 runs. These are very large designs, so statisticians
have long been interested in smaller alternatives that maintain the desired resolution. Mee (2004) gives a survey of this
topic. Nonregular fractions can be very useful. This will be discussed further in Chapter 9.

8.8 Supersaturated Designs

A saturated design is defined as a fractional factorial in which the number of factors or design variables k = N − 1,
where N is the number of runs. In recent years, considerable interest has been shown in developing and using
supersaturated designs for factor screening experiments. In a supersaturated design, the number of variables
k > N − 1, and usually these designs contain quite a few more variables than runs. The idea of using supersaturated
designs was first proposed by Satterthwaite (1959). He proposed generating these designs at random. In an extensive
discussion of this paper, some of the leading authorities in experimental design of the day, including Jack Youden,
George Box, J. Stuart Hunter, William Cochran, John Tukey, Oscar Kempthorne, and Frank Anscombe, criticized
random balanced designs. As a result, supersaturated designs received little attention for the next 30 years. A notable
exception is the systematic supersaturated design developed by Booth and Cox (1962). Their designs were not
randomly generated, which was a significant departure from Satterthwaite’s proposal. They generated their designs
with elementary computer search methods. They also developed the basic criteria by which supersaturated designs
are judged.

Lin (1993) revisited the supersaturated design concept and stimulated much additional research on the topic.
Many authors have proposed methods to construct supersaturated designs. A good survey is in Lin (2000). Most
design construction techniques are limited computer search procedures based on simple heuristics [see Lin (1995),
Li and Wu (1997), and Holcomb and Carlyle (2002), for example]. Others have proposed methods based on optimal
design construction techniques.

Another construction method for supersaturated designs is based on the structure of existing orthogonal
designs. These include using the half-fraction of Hadamard matrices [Lin (1993)] and enumerating the two-factor
interactions of certain Hadamard matrices. A Hadamard matrix is a square orthogonal matrix whose elements are
either −1 or +1. When the number of factors in the experiment exceeds the number of runs, the design matrix
cannot be orthogonal. Consequently, the factor effect estimates are not independent. An experiment with one
dominant factor may contaminate and obscure the contribution of another factor. Supersaturated designs are created
to minimize this amount of nonorthogonality between factors. Supersaturated designs can also be constructed
using the optimal design approach. The custom designer in JMP uses this approach to constructing supersaturated
designs.

The supersaturated designs that are based on the half fraction of a Hadamard matrix are very easy to construct.
Table 8.34 is the Plackett–Burman design for N = 12 runs and k = 11 factors. It is also a Hadamard matrix design.
In the table, the design has been sorted by the signs in the last column (Factor 11 or L). This is sometimes called the
branching column. Now retain only the runs that are positive (say) in column L from the design and delete column
L from this group of runs. The resulting design is a supersaturated design for k = 10 factors in N = 6 runs. We could
have used the runs that are negative in column L equally well. This procedure will always produce a supersaturated
design for k = N − 2 factors in N∕2 runs. If there are fewer than N − 2 factors of interest, additional columns can be
removed from the complete design.
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◾ TABLE 8 . 34
A Supersaturated Design Derived from a 12-Run Hadamard Matrix (Plackett-Burman) Design

Factor Factor Factor Factor Factor Factor Factor Factor Factor Factor Factor

Run I 1 (A) 2 (B) 3 (C) 4 (D) 5 (E) 6 (F) 7 (G) 8 (H) 9 (J) 10 (K) 11 (L)

1 + − + + + − + + − + − −
2 + − − − − − − − − − − −
3 + + − − − + + + − + + −
4 + − − + + + − + + − + −
5 + + + + − + + − + − − −
6 + + + − + − − − + + + −
7 + − + + − + − − − + + +
8 + + + − + + − + − − − +
9 + + − + − − − + + + − +
10 + + − + + − + − − − + +
11 + − − − + + + − + + − +
12 + − + − − − + + + − + +

Supersaturated designs are typically analyzed by regression model-fitting methods, such as the forward selection
method we have illustrated previously. In this procedure, variables are selected one at a time for inclusion in the model
until no other variables appear useful in explaining the response. Abraham, Chipman, andVijayan (1999) andHolcomb,
Montgomery, and Carlyle (2003) have studied analysis methods for supersaturated designs. Generally, these designs
can experience large type I and type II errors, but some analysis methods can be tuned to emphasize type I errors
so that the type II error rate will be moderate. In a factor screening situation, it is usually more important not to
exclude an active factor than it is to conclude that inactive factors are important, so type I errors are less critical than
type II errors. However, because both error rates can be large, the philosophy in using a supersaturated design should
be to eliminate a large portion of the inactive factors, and not to clearly identify the few important or active factors.
Holcomb, Montgomery, and Carlyle (2003) found that some types of supersaturated designs perform better than others
with respect to type I and type II errors. Generally, the designs produced by search algorithms were outperformed by
designs constructed from standard orthogonal designs. Supersaturated designs created using theD-optimality criterion
also usually work well.

Supersaturated designs have not had widespread use. However, they are an interesting and potentially useful
method for experimentation with systems where there are many variables and only a very few of these are expected to
produce large effects.

8.9 Summary

This chapter has introduced the 2k−p fractional factorial design. We have emphasized the use of these designs in screen-
ing experiments to quickly and efficiently identify the subset of factors that are active and to provide some information
on interaction. The projective property of these designs makes it possible in many cases to examine the active factors
in more detail. Sequential assembly of these designs via fold over is a very effective way to gain additional information
about interactions that an initial experiment may identify as possibly important.
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In practice, 2k−p fractional factorial designs with N = 4, 8, 16, and 32 runs are highly useful. Table 8.28 sum-
marizes these designs, identifying how many factors can be used with each design to obtain various types of screen-
ing experiments. For example, the 16-run design is a full factorial for 4 factors, a one-half fraction for 5 factors,
a resolution IV fraction for 6 to 8 factors, and a resolution III fraction for 9 to 15 factors. All of these designs
may be constructed using the methods discussed in this chapter, and many of their alias structures are shown in
Appendix Table VIII.

8.10 Problems

8.1 Suppose that in the chemical process development
experiment described in Problem 6.11, it was only possi-
ble to run a one-half fraction of the 24 design. Construct the
design and perform the statistical analysis, using the data from
replicate I.

8.2 Suppose that in Problem 6.19, only a one-half fraction
of the 24 design could be run. Construct the design and perform
the analysis, using the data from replicate I.

8.3 Consider the plasma etch experiment described in
Example 6.1. Suppose that only a one-half fraction of the
design could be run. Set up the design and analyze the data.

8.4 Problem 6.30 describes a process improvement study
in the manufacturing process of an integrated circuit. Suppose
that only eight runs could be made in this process. Set up
an appropriate 25−2 design and find the alias structure. Use
the appropriate observations from Problem 6.28 as the obser-
vations in this design and estimate the factor effects. What
conclusions can you draw?

8.5 Continuation of Problem 8.4. Suppose you have made
the eight runs in the 25−2 design in Problem 8.4. What addi-
tional runs would be required to identify the factor effects that
are of interest?What are the alias relationships in the combined
design?

8.6 In Example 6.10, a 24 factorial design was used to
improve the response rate to a credit card mail marketing
offer. Suppose that the researchers had used the 24−1 fractional
factorial design with I = ABCD instead. Set up the design
and select the responses for the runs from the full factorial
data in Example 6.6. Analyze the data and draw conclusions.
Compare your findings with those from the full factorial in
Example 6.6.

8.7 Continuation of Problem 8.6. In Problem 6.6, we
found that all four main effects and the two-factor AB inter-
action were significant. Show that if the alternate fraction
(I = −ABCD) is added to the 24−1 design in Problem 8.6 that
the analysis of the results from the combined design produce
results identical to those found in Problem 6.6.

8.8 Continuation of Problem 8.6. Reconsider the 24−1

fractional factorial design with I = ABCD from Problem 8.6.
Set a partial fold over of this fraction to isolate the AB inter-
action. Select the appropriate set of responses from the full
factorial data in Example 6.6 and analyze the resulting data.

8.9 R. D. Snee (“Experimenting with a Large Number of
Variables,” in Experiments in Industry: Design, Analysis and
Interpretation of Results, by R. D. Snee, L. B. Hare, and J. B.
Trout, Editors, ASQC, 1985) describes an experiment in which
a 25−1 design with I = ABCDE was used to investigate the
effects of five factors on the color of a chemical product.
The factors are A = solvent∕reactant, B = catalyst∕reactant,
C = temperature, D = reactant purity, and E = reactant pH.
The responses obtained are as follows:

e = −0.63 d = 6.79
a = 2.51 ade = 5.47
b = −2.68 bde = 3.45

abe = 1.66 abd = 5.68
c = 2.06 cde = 5.22

ace = 1.22 acd = 4.38
bce = −2.09 bcd = 4.30
abc = 1.93 abcde = 4.05

(a) Prepare a normal probability plot of the effects. Which
effects seem active?

(b) Calculate the residuals. Construct a normal probability
plot of the residuals and plot the residuals versus the fit-
ted values. Comment on the plots.

(c) If any factors are negligible, collapse the 25−1 design
into a full factorial in the active factors. Comment on
the resulting design, and interpret the results.

8.10 An article by J. J. Pignatiello Jr. and J. S. Ramberg
in the Journal of Quality Technology (Vol. 17, 1985,
pp. 198–206) describes the use of a replicated frac-
tional factorial to investigate the effect of five factors on
the free height of leaf springs used in an automotive
application. The factors are A = furnace temperature, B =
heating time, C = transfer time, D = hold down time, and
E = quench oil temperature. The data are shown in Table P8.1.
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◾ TABLE P8 . 1
Leaf Spring Experiment

A B C D E Free Height

− − − − − 7.78 7.78 7.81
+ − − + − 8.15 8.18 7.88
− + − + − 7.50 7.56 7.50
+ + − − − 7.59 7.56 7.75
− − + + − 7.54 8.00 7.88
+ − + − − 7.69 8.09 8.06
− + + − − 7.56 7.52 7.44
+ + + + − 7.56 7.81 7.69
− − − − + 7.50 7.25 7.12
+ − − + + 7.88 7.88 7.44
− + − + + 7.50 7.56 7.50
+ + − − + 7.63 7.75 7.56
− − + + + 7.32 7.44 7.44
+ − + − + 7.56 7.69 7.62
− + + − + 7.18 7.18 7.25
+ + + + + 7.81 7.50 7.59

(a) Write out the alias structure for this design. What is the
resolution of this design?

(b) Analyze the data. What factors influence the mean free
height?

(c) Calculate the range and standard deviation of the free
height for each run. Is there any indication that any of
these factors affects variability in the free height?

(d) Analyze the residuals from this experiment, and com-
ment on your findings.

(e) Is this the best possible design for five factors in 16 runs?
Specifically, can you find a fractional design for five fac-
tors in 16 runs with a higher resolution than this one?

8.11 An article in Industrial and Engineering Chemistry
(“More on Planning Experiments to Increase Research Effi-
ciency,” 1970, pp. 60–65) uses a 25−2 design to investigate the
effect of A = condensation temperature, B = amount of
material 1, C = solvent volume, D = condensation time, and
E = amount of material 2 on yield. The results obtained are as
follows:

e = 23.2 ad = 16.9 cd = 23.8 bde = 16.8
ab = 15.5 bc = 16.2 ace = 23.4 abcde = 18.1

(a) Verify that the design generators usedwere I = ACE and
I = BDE.

(b) Write down the complete defining relation and the
aliases for this design.

(c) Estimate the main effects.

(d) Prepare an analysis of variance table. Verify that the AB
and AD interactions are available to use as error.

(e) Plot the residuals versus the fitted values. Also construct
a normal probability plot of the residuals. Comment on
the results.

8.12 Consider the leaf spring experiment in Problem 8.10.
Suppose that factor E (quench oil temperature) is very diffi-
cult to control during manufacturing. Where would you set
factors A, B, C, and D to reduce variability in the free height
as much as possible regardless of the quench oil temperature
used?

8.13 Construct a 27−2 design by choosing two four-factor
interactions as the independent generators. Write down the
complete alias structure for this design. Outline the analysis
of variance table. What is the resolution of this design?

8.14 Consider the 25 design in Problem 6.30. Suppose that
only a one-half fraction could be run. Furthermore, two days
were required to take the 16 observations, and it was neces-
sary to confound the 25−1 design in two blocks. Construct the
design and analyze the data.

8.15 Analyze the data in Problem 6.32 as if it came from a
24−1IV design with I = ABCD. Project the design into a full fac-
torial in the subset of the original four factors that appear to be
significant.

8.16 Repeat Problem 8.15 using I = −ABCD. Does the
use of the alternate fraction change your interpretation of
the data?

8.17 Project the 24−1IV design in Example 8.1 into two repli-
cates of a 22 design in the factors A and B. Analyze the data
and draw conclusions.

8.18 Construct a 25−2III design. Determine the effects that may
be estimated if a full fold over of this design is performed.

8.19 Construct a 26−3III design. Determine the effects that may
be estimated if a full fold over of this design is performed.

8.20 Consider the 26−3III design in Problem 8.19. Determine
the effects that may be estimated if a single factor fold over of
this design is run with the signs for factor A reversed.

8.21 Fold over the 27−4III design in Table 8.19 to produce an
eight-factor design. Verify that the resulting design is a 28−4IV

design. Is this a minimal design?

8.22 Fold over a 25−2III design to produce a six-factor design.
Verify that the resulting design is a 26−2IV design. Compare this
design to the 26−2IV design in Table 8.10.

8.23 An industrial engineer is conducting an experiment
using a Monte Carlo simulation model of an inventory system.
The independent variables in her model are the order quantity
(A), the reorder point (B), the setup cost (C), the backorder
cost (D), and the carrying cost rate (E). The response vari-
able is average annual cost. To conserve computer time, she
decides to investigate these factors using a 25−2III design with
I = ABD and I = BCE. The results she obtains are de = 95,
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ae = 134, b = 158, abd = 190, cd = 92, ac = 187, bce = 155,
and abcde = 185.

(a) Verify that the treatment combinations given are correct.
Estimate the effects, assuming three-factor and higher
interactions are negligible.

(b) Suppose that a second fraction is added to the
first, for example, ade = 136, e = 93, ab = 187,
bd = 153, acd = 139, c = 99, abce = 191, and bcde =
150. How was this second fraction obtained? Add this
data to the original fraction, and estimate the effects.

(c) Suppose that the fraction abc = 189, ce = 96, bcd =
154, acde = 135, abe = 193, bde = 152, ad = 137, and
(1) = 98 was run. How was this fraction obtained? Add
this data to the original fraction and estimate the effects.

8.24 Construct a 25−1 design. Show how the design may be
run in two blocks of eight observations each. Are any main
effects or two-factor interactions confounded with blocks?

8.25 Construct a 27−2 design. Show how the design may be
run in four blocks of eight observations each. Are any main
effects or two-factor interactions confounded with blocks?

8.26 Nonregular fractions of the 2k [John (1971)].
Consider a 24 design. We must estimate the four main effects
and the six two-factor interactions, but the full 24 factorial can-
not be run. The largest possible block size contains 12 runs.
These 12 runs can be obtained from the four one-quarter repli-
cates defined by I = ±AB = ±ACD = ±BCD by omitting the
principal fraction. Show how the remaining three 24−2 fractions
can be combined to estimate the required effects, assuming
three-factor and higher interactions are negligible. This design
could be thought of as a three-quarter fraction.

8.27 Carbon anodes used in a smelting process are baked in
a ring furnace. An experiment is run in the furnace to deter-
mine which factors influence the weight of packing material
that is stuck to the anodes after baking. Six variables are of
interest, each at two levels: A = pitch∕fines ratio (0.45, 0.55),
B = packing material type (1, 2), C = packing material tem-
perature (ambient, 325∘C),D = flue location (inside, outside),
E = pit temperature(ambient, 195∘C), and F = delay time
before packing (zero, 24 hours). A 26−3 design is run, and three
replicates are obtained at each of the design points. The weight
of packing material stuck to the anodes is measured in grams.
The data in run order are as follows: abd = (984, 826, 936);
abcdef = (1275, 976, 1457); be = (1217, 1201, 890); af =
(1474, 1164, 1541); def = (1320, 1156, 913); cd = (765, 705,
821); ace= (1338, 1254, 1294); and bcf = (1325, 1299,
1253). We wish to minimize the amount of stuck packing
material.

(a) Verify that the eight runs correspond to a 26−3III design.
What is the alias structure?

(b) Use the average weight as a response. What factors
appear to be influential?

(c) Use the range of the weights as a response. What factors
appear to be influential?

(d) What recommendations would you make to the process
engineers?

8.28 A 16-run experiment was performed in a semiconduc-
tor manufacturing plant to study the effects of six factors on the
curvature or camber of the substrate devices produced. The six
variables and their levels are shown in Table P8.2.

(a) What type of design did the experimenters use?

(b) What are the alias relationships in this design?

(c) Do any of the process variables affect average camber?

(d) Do any of the process variables affect the variability in
camber measurements?

(e) If it is important to reduce camber as much as possible,
what recommendations would you make?

8.29 A spin coater is used to apply photoresist to a bare
silicon wafer. This operation usually occurs early in the semi-
conductor manufacturing process, and the average coating
thickness and the variability in the coating thickness have an
important impact on downstream manufacturing steps. Six
variables are used in the experiment. The variables and their
high and low levels are as follows:

Factor Low Level High Level

Final spin speed 7350 rpm 6650 rpm

Acceleration rate 5 20

Volume of resist applied 3 cc 5 cc

Time of spin 14 sec 6 sec

Resist batch variation Batch 1 Batch 2

Exhaust pressure Cover off Cover on

The experimenter decides to use a 26−1 design and to make
three readings on resist thickness on each test wafer. The data
are shown in Table P8.4.

(a) Verify that this is a 26−1 design. Discuss the alias rela-
tionships in this design.

(b) What factors appear to affect average resist thickness?

(c) Because the volume of resist applied has little effect on
average thickness, does this have any important practi-
cal implications for the process engineers?
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◾ TABLE P8 . 2
Factor Levels for the Experiment in Problem 8.28

Run

Lamination
Temperature

(∘C)

Lamination
Time
(sec)

Lamination
Pressure
(tn)

Firing
Temperature

(∘C)

Firing
Cycle
Time
(h)

Firing
Dew
Point
(∘C)

1 55 10 5 1580 17.5 20

2 75 10 5 1580 29 26

3 55 25 5 1580 29 20

4 75 25 5 1580 17.5 26

5 55 10 10 1580 29 26

6 75 10 10 1580 17.5 20

7 55 25 10 1580 17.5 26

8 75 25 10 1580 29 20

9 55 10 5 1620 17.5 26

10 75 10 5 1620 29 20

11 55 25 5 1620 29 26

12 75 25 5 1620 17.5 20

13 55 10 10 1620 29 20

14 75 10 10 1620 17.5 26

15 55 25 10 1620 17.5 20

16 75 25 10 1620 29 26

◾ TABLE P8 . 3
Data from the Experiment in Problem 8.28

Camber for Replicate (in./in.)

Run 1 2 3 4
Total

(10−4in.∕in.)
Mean

(10−4in.∕in.)
Standard
Deviation

1 0.0167 0.0128 0.0149 0.0185 629 157.25 24.418

2 0.0062 0.0066 0.0044 0.0020 192 48.00 20.976

3 0.0041 0.0043 0.0042 0.0050 176 44.00 4.083

4 0.0073 0.0081 0.0039 0.0030 223 55.75 25.025

5 0.0047 0.0047 0.0040 0.0089 223 55.75 22.410

6 0.0219 0.0258 0.0147 0.0296 920 230.00 63.639

7 0.0121 0.0090 0.0092 0.0086 389 97.25 16.029

8 0.0255 0.0250 0.0226 0.0169 900 225.00 39.42

9 0.0032 0.0023 0.0077 0.0069 201 50.25 26.725

10 0.0078 0.0158 0.0060 0.0045 341 85.25 50.341

11 0.0043 0.0027 0.0028 0.0028 126 31.50 7.681

12 0.0186 0.0137 0.0158 0.0159 640 160.00 20.083

13 0.0110 0.0086 0.0101 0.0158 455 113.75 31.12

14 0.0065 0.0109 0.0126 0.0071 371 92.75 29.51

15 0.0155 0.0158 0.0145 0.0145 603 150.75 6.75

16 0.0093 0.0124 0.0110 0.0133 460 115.00 17.45

Each run was replicated four times, and a camber measurement was taken on the substrate. The data are shown in Table P8.3.
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◾ TABLE P8 . 4
Data for Problem 8.29

A B C D E F Resist Thickness

Run Volume Batch Time (sec) Speed Acc. Cover Left Center Right Avg. Range

1 5 Batch 2 14 7350 5 Off 4531 4531 4515 4525.7 16

2 5 Batch 1 6 7350 5 Off 4446 4464 4428 4446 36

3 3 Batch 1 6 6650 5 Off 4452 4490 4452 4464.7 38

4 3 Batch 2 14 7350 20 Off 4316 4328 4308 4317.3 20

5 3 Batch 1 14 7350 5 Off 4307 4295 4289 4297 18

6 5 Batch 1 6 6650 20 Off 4470 4492 4495 4485.7 25

7 3 Batch 1 6 7350 5 On 4496 4502 4482 4493.3 20

8 5 Batch 2 14 6650 20 Off 4542 4547 4538 4542.3 9

9 5 Batch 1 14 6650 5 Off 4621 4643 4613 4625.7 30

10 3 Batch 1 14 6650 5 On 4653 4670 4645 4656 25

11 3 Batch 2 14 6650 20 On 4480 4486 4470 4478.7 16

12 3 Batch 1 6 7350 20 Off 4221 4233 4217 4223.7 16

13 5 Batch 1 6 6650 5 On 4620 4641 4619 4626.7 22

14 3 Batch 1 6 6650 20 On 4455 4480 4466 4467 25

15 5 Batch 2 14 7350 20 On 4255 4288 4243 4262 45

16 5 Batch 2 6 7350 5 On 4490 4534 4523 4515.7 44

17 3 Batch 2 14 7350 5 On 4514 4551 4540 4535 37

18 3 Batch 1 14 6650 20 Off 4494 4503 4496 4497.7 9

19 5 Batch 2 6 7350 20 Off 4293 4306 4302 4300.3 13

20 3 Batch 2 6 7350 5 Off 4534 4545 4512 4530.3 33

21 5 Batch 1 14 6650 20 On 4460 4457 4436 4451 24

22 3 Batch 2 6 6650 5 On 4650 4688 4656 4664.7 38

23 5 Batch 1 14 7350 20 Off 4231 4244 4230 4235 14

24 3 Batch 2 6 7350 20 On 4225 4228 4208 4220.3 20

25 5 Batch 1 14 7350 5 On 4381 4391 4376 4382.7 15

26 3 Batch 2 6 6650 20 Off 4533 4521 4511 4521.7 22

27 3 Batch 1 14 7350 20 On 4194 4230 4172 4198.7 58

28 5 Batch 2 6 6650 5 Off 4666 4695 4672 4677.7 29

29 5 Batch 1 6 7350 20 On 4180 4213 4197 4196.7 33

30 5 Batch 2 6 6650 20 On 4465 4496 4463 4474.7 33

31 5 Batch 2 14 6650 5 On 4653 4685 4665 4667.7 32

32 3 Batch 2 14 6650 5 Off 4683 4712 4677 4690.7 35

(d) Project this design into a smaller design involving only
the significant factors. Graphically display the results.
Does this aid in interpretation?

(e) Use the range of resist thickness as a response variable.
Is there any indication that any of these factors affect the
variability in resist thickness?

(f) Where would you recommend that the engineers run the
process?

8.30 Harry Peterson-Nedry (a friend of the author) owns a
vineyard and winery in Newberg, Oregon. He grows several
varieties of grapes and produces wine. Harry has used facto-
rial designs for process and product development in the wine-
making segment of the business. This problem describes the
experiment conducted for the 1985 Pinot Noir. Eight vari-
ables, shown in Table P8.5, were originally studied in this
experiment:
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◾ TABLE P8 . 5
Factors and Levels for the Winemaking Experiment

Variable Low Level (−) High Level (+)

A = Pinot Noir clone Pommard Wadenswil

B = Oak type Allier Troncais

C = Age of barrel Old New

D = Yeast∕skin contact Champagne Montrachet

E = Stems None All

F = Barrel toast Light Medium

G = Whole cluster None 10%

H = Fermentation temperature Low (75∘F max) High (92∘F max)

Harry decided to use a 28−4IV design with 16 runs. The wine
was taste-tested by a panel of experts on March 8, 1986. Each
expert ranked the 16 samples of wine tasted, with rank 1 being
the best. The design and the taste-test panel results are shown
in Table P8.6.

(a) What are the alias relationships in the design selected
by Harry?

(b) Use the average ranks (y) as a response variable. Ana-
lyze the data and draw conclusions. You will find it

◾ TABLE P8 . 6
Design and Results for Wine Tasting Experiment

Variable Panel Rankings Summary

Run A B C D E F G H HPN JPN CAL DCM RGB y s

1 − − − − − − − − 12 6 13 10 7 9.6 3.05

2 + − − − − + + + 10 7 14 14 9 10.8 3.11

3 − + − − + − + + 14 13 10 11 15 12.6 2.07

4 + + − − + + − − 9 9 7 9 12 9.2 1.79

5 − − + − + + + − 8 8 11 8 10 9.0 1.41

6 + − + − + − − + 16 12 15 16 16 15.0 1.73

7 − + + − − + − + 6 5 6 5 3 5.0 1.22

8 + + + − − − + − 15 16 16 15 14 15.2 0.84

9 − − − + + + − + 1 2 3 3 2 2.2 0.84

10 + − − + + − + − 7 11 4 7 6 7.0 2.55

11 − + − + − + + − 13 3 8 12 8 8.8 3.96

12 + + − + − − − + 3 1 5 1 4 2.8 1.79

13 − − + + − − + + 2 10 2 4 5 4.6 3.29

14 + − + + − + − − 4 4 1 2 1 2.4 1.52

15 − + + + + − − − 5 15 9 6 11 9.2 4.02

16 + + + + + + + + 11 14 12 13 13 12.6 1.14

helpful to examine a normal probability plot of the effect
estimates.

(c) Use the standard deviation of the ranks (or some appro-
priate transformation such as log s) as a response vari-
able. What conclusions can you draw about the effects
of the eight variables on variability in wine quality?

(d) After looking at the results, Harry decides that one of
the panel members (DCM) knows more about beer than
he does about wine, so they decide to delete his ranking.
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What effect would this have on the results and conclu-
sions from parts (b) and (c)?

(e) Suppose that just before the start of the experiment,
Harry and Judy discovered that the eight new barrels
they ordered from France for use in the experiment
would not arrive in time, and all 16 runs would have to
be made with old barrels. If Harry just drops column C
from their design, what does this do to the alias relation-
ships? Does he need to start over and construct a new
design?

(f) Harry knows from experience that some treatment com-
binations are unlikely to produce good results. For
example, the run with all eight variables at the high level
generally results in a poorly rated wine. This was con-
firmed in the March 8, 1986 taste test. He wants to set
up a new design for their 1986 Pinot Noir using these
same eight variables, but he does not want to make the
run with all eight factors at the high level. What design
would you suggest?

8.31 Consider the isatin yield data from the experiment
described in Problem 6.42. The original experiment was a 24

full factorial. Suppose that the original experimenters could
only afford eight runs. Set up the 24−1 fractional factorial
design with I = ABCD and select the responses for the runs
from the full factorial data in Problem 6.42. Analyze the data
and draw conclusions. Compare your findings with those from
the full factorial in Problem 6.42.

8.32 Consider the 25 factorial in Problem 6.43. Suppose
that the experimenters could only afford 16 runs. Set up the
25−1 fractional factorial design with I = ABCDE and select
the responses for the runs from the full factorial data in
Problem 6.43.

(a) Analyze the data and draw conclusions.

(b) Compare your findings with those from the full factorial
in Problem 6.43.

(c) Are there any potential interactions that need further
study? What additional runs do you recommend? Select
these runs from the full factorial design in Problem 6.43
and analyze the new design. Discuss your conclusions.

8.33 Consider the 24 factorial experiment for surfactin pro-
duction in Problem 6.44. Suppose that the experimenters could
only afford eight runs. Set up the 24−1 fractional factorial
design with I = ABCD and select the responses for the runs
from the full factorial data in Problem 6.44.

(a) Analyze the data and draw conclusions.

(b) Compare your findings with those from the full factorial
in Problem 6.44.

8.34 Consider the 24 factorial experiment in Problem 6.46.
Suppose that the experimenters could only afford eight runs.

Set up the 24−1 fractional factorial design with I = ABCD and
select the responses for the runs from the full factorial data in
Problem 6.46.

(a) Analyze the data for all of the responses and draw con-
clusions.

(b) Compare your findings with those from the full factorial
in Problem 6.46.

8.35 An article in the Journal of Chromatography A
(“Simultaneous Supercritical Fluid Derivatization and Extrac-
tion of Formaldehyde by the Hantzsch Reaction,” 2000,
Vol. 896, pp. 51–59) describes an experiment where the
Hantzsch reaction is used to produce the chemical derivati-
zation of formaldehyde in a supercritical medium. Pressure,
temperature, and other parameters such as static and dynamic
extraction time must be optimized to increase the yield of
this kinetically controlled reaction. A 25−1 fractional factorial
design with one center run was used to study the significant
parameters affecting the supercritical process in terms of res-
olution and sensitivity. Ultraviolet–visible spectrophotometry
was used as the detection technique. The experimental design
and the responses are shown in Table P8.7.

(a) Analyze the data from this experiment and draw
conclusions.

(b) Analyze the residuals. Are there any concerns about
model adequacy or violations of assumptions?

(c) Does the single center point cause any concerns about
curvature or the possible need for second-order terms?

(d) Do you think that running one center point was a good
choice in this design?

8.36 An article in Thin Solid Films (504, “A Study of
Si/SiGe Selective Epitaxial Growth by Experimental Design
Approach,” 2006, Vol. 504, pp. 95–100) describes the use
of a fractional factorial design to investigate the sensitivity
of low-temperature (740–760∘C) Si/SiGe selective epitaxial
growth to changes in five factors and their two-factor inter-
actions. The five factors are SiH2Cl2, GeH4, HCl, B2H6 and
temperature. The factor levels studied are as follows:

Levels

Factors (−) (+)

SiH2Cl2 (sccm) 8 12

GeH4 (sccm) 7.2 10.8

HCl (sccm) 3.2 4.8

B2H6 (sccm) 4.4 6.6

Temperature (∘C) 740 760

Table P8.8 contains the design matrix and the three mea-
sured responses. Bede RADS Mercury software based on the
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◾ TABLE P8 . 7
The 25−1 Fractional Factorial Design for Problem 8.35

Experiment
P

(MPa)
T

(∘C)
s

(min)
d

(min)
c

(𝝁l) Resolution Sensitivity

1 13.8 50 2 2 100 0.00025 0.057
2 55.1 50 2 2 10 0.33333 0.094
3 13.8 120 2 2 10 0.02857 0.017
4 55.1 120 2 2 100 0.20362 1.561
5 13.8 50 15 2 10 0.00027 0.010
6 55.1 50 15 2 100 0 52632 0.673
7 13.8 120 15 2 100 0.00026 0.028
8 55.1 120 15 2 10 0.52632 1.144
9 13.8 50 2 15 10 0 42568 0.142

10 55.1 50 2 15 100 0.60150 0.399
11 13.8 120 2 15 100 0.06098 0.767
12 55.1 120 2 15 10 0.74165 1.086
13 13.8 50 15 15 100 0.08780 0.252
14 55.1 50 15 15 10 0.40000 0.379
15 13.8 120 15 15 10 0.00026 0.028
16 55.1 120 15 15 100 0.28091 3.105
Central 34.5 85 8.5 8.5 55 0.75000 1.836

◾ TABLE P8 . 8
The Epitaxial Growth Experiment in Problem 8.36

Factors Si Cap SiGe Ge

Run
Order A B C D E

Thickness
(Å)

Thickness
(Å)

Concentration
(at.%)

7 − − − − + 371.18 475.05 8.53
17 − − − + − 152.36 325.21 9.74
6 − − + − − 91.69 258.60 9.78
10 − − + + + 234.48 392.27 9.14
16 − + − − − 151.36 440.37 12.13
2 − + − + + 324.49 623.60 10.68
15 − + + − + 215.91 518.50 11.42
4 − + + + − 97.91 356.67 12.96
9 + − − − − 186.07 320.95 7.87
13 + − − + + 388.69 487.16 7.14
18 + − + − + 277.39 422.35 6.40
5 + − + + − 131.25 241.51 8.54
14 + + − − + 378.41 630.90 9.17
3 + + − + − 192.65 437.53 10.35
1 + + + − − 128.99 346.22 10.95
12 + + + + + 298.40 526.69 9.73
8 0 0 0 0 0 215.70 416.44 9.78
11 0 0 0 0 0 212.21 419.24 9.80
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Takagi–Taupin dynamical scattering theory was used to extract
the Si cap thickness, SiGe thickness, and Ge concentration of
each sample.

(a) What design did the experimenters use? What is the
defining relation?

(b) Will the experimenters be able to estimate all main
effects and two-factor interactions with this experimen-
tal design?

(c) Analyze all three responses and draw conclusions.

(d) Is there any indication of curvature in the responses?

(e) Analyze the residuals and comment on model adequacy.

◾ TABLE P8 . 9
The Solder Paste Experiment

ParametersRun
Order A B C D E F G H PVM

NPU
(%)

4 − − − − − − − + 1.00 5
13 + − − − − + + + 1.04 13
6 − + − − − + + − 1.02 16
3 + + − − − − − − 0.99 12

19 − − + − − + − − 1.02 15
25 + − + − − − + − 1.01 9
21 − + + − − − + + 1.01 12
14 + + + − − + − + 1.03 17
10 − − − + − − + − 1.04 21
22 + − − + − + − − 1.14 20
1 − + − + − + − + 1.20 25
2 + + − + − − + + 1.13 21

30 − − + + − + + + 1.14 25
8 + − + + − − − + 1.07 13
9 − + + + − − − − 1.06 20

20 + + + + − + + − 1.13 26
17 − − − − + − − − 1.02 10
18 + − − − + + + − 1.10 13
5 − + − − + + + + 1.09 17

26 + + − − + − − + 0.96 13
31 − − + − + + − + 1.02 14
11 + − + − + − + + 1.07 11
29 − + + − + − + − 0.98 10
23 + + + − + + − − 0.95 14
32 − − − + + − + + 1.10 28
7 + − − + + + − + 1.12 24

15 − + − + + + − − 1.19 22
27 + + − + + − + − 1.13 15
12 − − + + + + + − 1.20 21
28 + − + + + − − − 1.07 19
24 − + + + + − − + 1.12 21
16 + + + + + + + + 1.21 27

8.37 An article in Soldering & Surface Mount Technology
(“Characterization of a Solder Paste Printing Process and Its
Optimization,” 1999, Vol. 11, No. 3, pp. 23–26) describes the
use of a 28−3 fractional factorial experiment to study the effect
of eight factors on two responses; percentage volume match-
ing (PVM) – the ratio of the actual printed solder paste vol-
ume to the designed volume; and nonconformities per unit
(NPU)—the number of solder paste printing defects deter-
mined by visual inspection (20′ magnification) after printing
according to an industry workmanship standard. The factor
levels are shown below and the test matrix and response data
are shown in Table P8.9.
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Levels

Parameters Low (−) High (+)

A. Squeegee pressure,MPa 0.1 0.3

B. Printing speed, mm/s 24 32

C. Squeegee angle, deg 45 65

D. Temperature, ∘C 20 28

E. Viscosity, kCps 1,100-1,150 1,250-1,300

F. Cleaning interval, stroke 8 15

G. Separation speed, mm/s 0.4 0.8

H. Relative humidity, % 30 70

(a) Verify that the generators are I = ABCF, I = ABDG,
and I = BCDEH for this design.

(b) What are the aliases for the main effects and two-factor
interactions? You can ignore all interactions of order
three and higher.

(c) Analyze both PVM and NPU responses.

(d) Analyze the residual for both responses. Are there any
problems with model adequacy?

(e) The ideal value of PVM is unity and the NPU response
should be as small as possible. Recommend suitable
operating conditions for the process based on the exper-
imental results.

8.38 An article in the International Journal of Research
in Marketing (“Experimental design on the front lines of
marketing: Testing new ideas to increase direct mail sales,”
2006, Vol. 23, pp. 309–319) describes the use of a 20-run
Plackett–Burman design to investigate the effects of 19 factors
to improve the response rate to a direct mail sales campaign to
attract new customers to a credit card. The 19 factors are as
follows:

Factor (−) Control (+) New Idea

A: Envelope teaser General offer Product-specific
offer

B: Return address Blind Add company
name

C: “Official”
ink-stamp on
envelope

Yes No

D: Postage Pre-printed Stamp

E: Additional graphic
on envelope

Yes No

F: Price graphic on
letter

Small Large

G: Sticker Yes No

H: Personalize letter
copy

No Yes

I: Copy message Targeted Generic

J: Letter headline Headline 1 Headline 2

K: List of benefits Standard layout Creative layout

L: Postscript on letter Control version New P.S.

M: Signature Manager Senior executive

N: Product selection Many Few

O: Value of free gift High Low

P: Reply envelope Control New style

Q: Information on
buckslip

Product info Free gift info

R: 2nd buckslip No Yes

S: Interest rate Low High

The 20-run Plackett–Burman design is shown in Table P8.10.
Each test combination in Table P8.17 was mailed to 5,000
potential customers, and the response rate is the percentage of
customers who responded positively to the offer.

(a) Verify that in this design each main effect is aliased with
all two-factor interactions except those that involve that
main effect. That is, in the 19-factor design, the main
effect for each factor is aliased with all two-factor inter-
actions involving the other 18 factors, or 153 two-factor
interactions (18!/2!16!).

(b) Show that for the 20-run Plackett–Burman design in
Table P8.17, the weights (or correlations) that multiple
the two-factor interactions in each alias chain are either
−0.2, +0.2, or −0.6. Of the 153 interactions that are
aliased with each main effect, 144 have weights of −0.2
or +0.2, while 9 interactions have weights of −0.6.

(c) Verify that the five largest main effects are S, G, R, I,
and J.

(d) Factors S (interest rate) andG (presence of a sticker) are
by far the largest main effects. The correlation between
the main effect of R (2nd buckslip) and the SG interac-
tion is−0.6. This means that a significant SG interaction
would bias the estimate of the main effect of R by −0.6
times the value of the interaction. This suggests that it
may not be the main effect of factor R that is important,
but the two-factor interaction between S and G.

(e) Since this design projects into a full factorial in any three
factors, obtain the projection in factors S, G, and R and
verify that it is a full factorial with some runs repli-
cated. Fit a full factorial model involving all three of
these factors and the interactions (you will need to use a
regression program to do this). Show that S, G, and the
SG interaction are significant.



�

� �

�

396 Chapter 8 Two-Level Fractional Factorial Designs

◾ TABLE P8 . 10
The Plackett-Burman Design for the Direct Mail Experiment in Problem 8.38

Envelope
Teaser

Return
Address

“Official”
Ink-stamp
on Envelope Postage

Additional
Graphic
on Envelope

Price
Graphic
on Letter Sticker

Personalize
Letter Copy

Copy
Message

Letter
Headline

Test Cell A B C D E F G H I J

1 + + − − + + + + − +
2 − + + − − + + + + −
3 + − + + − − + + + +
4 + + − + + − − + + +
5 − + + − + + − − + +
6 − − + + − + + − − +
7 − − − + + − + + − −
8 − − − − + + − + + −
9 + − − − − + + − + +

10 − + − − − − + + − +
11 + − + − − − − + + −
12 − + − + − − − − + +
13 + − + − + − − − − +
14 + + − + − + − − − −
15 + + + − + − + − − −
16 + + + + − + − + − −
17 − + + + + − + − + −
18 − − + + + + − + − +
19 + − − + + + + − + −
20 − − − − − − − − − −

List of
Benefits

Postscript
on Letter Signature

Product
Selection

Value of
Free gift

Reply
Envelope

Information
on Buckslip

2nd
Buckslip

Interest
Rate Orders

Response
Rate

K L M N O P Q R S

− + − − − − + + − 52 1.04%
+ − + − − − − + + 38 0.76%
− + − + − − − − + 42 0.84%
+ − + − + − − − − 134 2.68%
+ + − + − + − − − 104 2.08%
+ + + − + − + − − 60 1.20%
+ + + + − + − + − 61 1.22%
− + + + + − + − + 68 1.36%
− − + + + + − + − 57 1.14%
+ − − + + + + − + 30 0.60%
+ + − − + + + + − 108 2.16%
− + + − − + + + + 39 0.78%
+ − + + − − + + + 40 0.80%
+ + − + + − − + + 49 0.98%
− + + − + + − − + 37 0.74%
− − + + − + + − − 99 1.98%
− − − + + − + + − 86 1.72%
− − − − + + − + + 43 0.86%
+ − − − − + + − + 47 0.94%
− − − − − − − − − 104 2.08%
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8.39 Consider the following experiment:

Run Treatment Combination

1 d

2 ae

3 b

4 abde

5 cde

6 ac

7 bce

8 abcd

Answer the following questions about this experiment:

(a) How many factors did this experiment investigate?

(b) How many factors are in the basic design?

(c) Assume that the factors in the experiment are repre-
sented by the initial letters of the alphabet (i.e., A, B,
etc.), what are the design generators for the factors
beyond the basic design?

(d) Is this design a principal fraction?

(e) What is the complete defining relation?

(f) What is the resolution of this design?

8.40 Consider the following experiment:

Run Treatment Combination y

1 (1) 8

2 ad 10

3 bd 12

4 ab 7

5 cd 13

6 ac 6

7 bc 5

8 abcd 11

Answer the following questions about this experiment:

(a) How many factors did this experiment investigate?

(b) What is the resolution of this design?

(c) Calculate the estimates of the main effects.

(d) What is the complete defining relation for this design?

8.41 An unreplicated 25−1 fractional factorial experiment
with four center points has been run in a chemical process.

The response variable is molecular weight. The experimenter
has used the following factors:

Factor Natural Levels Coded Levels (x’s)

A - time 20, 40 (minutes) −1, 1
B - temperature 160, 180 (deg C) −1, 1
C - concentration 30, 60 (percent) −1, 1
D - stirring rate 100, 150 (RPM) −1, 1
E - catalyst type 1, 2 (Type) −1. 1

Suppose that the prediction equation that results from
this experiment is ŷ = 10 + 3x1 + 2x2 − 1x1x2. What is the
predicted response at A = 30, B = 165, C = 50, D = 135,
and E = 1?

8.42 An unreplicated 24−1 fractional factorial experiment
with four center points has been run. The experimenter has
used the following factors:

Factor Natural Levels Coded Levels (x’s)

A - time 10, 50 (minutes) −1, 1
B - temperature 200, 300 (deg C) −1, 1
C - concentration 70, 90 (percent) −1, 1
D - pressure 260, 300 (psi) −1, 1

(a) Suppose that the average of the 16 factorial design
points is 100 and the average of the center points is 120,
what is the sum of squares for pure quadratic curvature?

(b) Suppose that the prediction equation that results from
this experiment is ŷ = 50 + 5x1 + 2x2 − 2x1x2. Find the
predicted response at A = 20, B = 250, C = 80, and
D = 275.

8.43 An unreplicated 24−1 fractional factorial experiment
has been run. The experimenter has used the following
factors:

Factor Natural Levels Coded Levels (x’s)

A 20, 50 −1, 1
B 200, 280 −1, 1
C 50, 100 −1, 1
D 150, 200 −1, 1

(a) Suppose that this design has four center runs that aver-
age 100. The average of the 16 factorial design points
is 95. What is the sum of squares for pure quadratic
curvature?
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(b) Suppose that the prediction equation that results
from this experiment is ŷ = 100 + −2x1 + 10x2 − 4x1x2.
What is the predicted response at A = 41, B = 280,
C = 60, and D = 185?

8.44 A 26−2 factorial experiment with three replicates has
been run in a pharmaceutical drug manufacturing process. The
experimenter has used the following factors:

Factor Natural Levels Coded Levels (x’s)

A 50, 100 −1, 1
B 20, 60 −1, 1
C 10, 30 −1, 1
D 12, 18 −1, 1
E 15, 30 −1, 1
F 60, 100 −1, 1

(a) If two main effects and one two-factor interaction are
included in the final model, how many degrees of free-
dom for error will be available?

(b) Suppose that the significant factors are A, C, AB, and
AC. What other effects need to be included to obtain a
hierarchical model?

8.45 Consider the following design:

Run A B C D E y

1 −1 −1 −1 −1 −1 63

2 1 −1 −1 −1 1 21

3 −1 1 −1 −1 1 36

4 1 1 −1 −1 −1 99

5 −1 −1 1 −1 1 24

6 1 −1 1 −1 −1 66

7 −1 1 1 −1 −1 71

8 1 1 1 −1 1 54

9 −1 −1 −1 1 −1 23

10 1 −1 −1 1 1 74

11 −1 1 −1 1 1 80

12 1 1 −1 1 −1 33

13 −1 −1 1 1 1 63

14 1 −1 1 1 −1 21

15 −1 1 1 1 −1 44

16 1 1 1 1 1 96

(a) What is the generator for column E?

(b) If ABC is confounded with blocks, run 1 above goes in
the block. Answer either + or −.

(c) What is the resolution of this design?

(d) (8 pts) Find the estimates of the main effects and their
aliases.

8.46 Consider the following design:

Run A B C D E y

1 −1 −1 −1 −1 −1 65

2 1 −1 −1 −1 1 25

3 −1 1 −1 −1 1 30

4 1 1 −1 −1 −1 89

5 −1 −1 1 −1 1 25

6 1 −1 1 −1 −1 60

7 −1 1 1 −1 −1 70

8 1 1 1 −1 1 50

9 −1 −1 −1 1 1 20

10 1 −1 −1 1 −1 70

11 −1 1 −1 1 −1 80

12 1 1 −1 1 1 30

13 −1 −1 1 1 −1 60

14 1 −1 1 1 1 20

15 −1 1 1 1 1 40

16 1 1 1 1 −1 90

(a) What is the generator for column E?

(b) If ABE is confounded with blocks, run 16 goes in the
block. Answer either − or +.

(c) The resolution of this design is .

(d) Find the estimates of the main effects and their aliases.

8.47 Consider the following design:

Run A B C D E y

1 −1 −1 −1 1 −1 50

2 1 −1 −1 −1 −1 20

3 −1 1 −1 −1 1 40

4 1 1 −1 1 1 25

5 −1 −1 1 −1 1 45

6 1 −1 1 1 1 30

7 −1 1 1 1 −1 40

8 1 1 1 −1 −1 30

(a) What is the generator for column D?

(b) What is the generator for column E?
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(c) If this design were run in two blocks with the AB inter-
action confounded with blocks, the run d would be in
the block where the sign on AB is . Answer either
− or +.

8.48 Consider the following design:

Std A B C D E y

1 −1 −1 −1 1 1 40

2 1 −1 −1 −1 1 10

3 −1 1 −1 −1 −1 30

4 1 1 −1 1 −1 20

5 −1 −1 1 −1 −1 40

6 1 −1 1 1 −1 30

7 −1 1 1 1 1 20

8 1 1 1 −1 1 30

(a) What is the generator for column D?

(b) What is the generator for column E?

(c) If this design were folded over, what is the resolution of
the combined design?

8.49 In an article in Quality Engineering (“An Application
of Fractional Factorial Experimental Designs,” 1988, Vol. 1,
pp. 19–23), M. B. Kilgo describes an experiment to determine
the effect of CO2 pressure (A), CO2 temperature (B), peanut
moisture (C), CO2 flow rate (D), and peanut particle size (E)
on the total yield of oil per batch of peanuts (y). The levels
that she used for these factors are shown in Table P8.11. She
conducted the 16-run fractional factorial experiment shown in
Table P8.12.

◾ TABLE P8 . 11
Factor Levels for the Experiment in Problem 8.49

Coded
Level

A,
Pressure
(bar)

B,
Temp,
(∘C)

C,
Moisture

(% by weight)

D, Flow
(liters/
min)

E, Part.
Size
(mm)

−1 415 25 5 40 1.28

1 550 95 15 60 4.05

(a) What type of design has been used? Identify the defining
relation and the alias relationships.

(b) Estimate the factor effects and use a normal probability
plot to tentatively identify the important factors.

(c) Perform an appropriate statistical analysis to test the
hypotheses that the factors identified in part (b) have a
significant effect on the yield of peanut oil.

◾ TABLE P8 . 12
The Peanut Oil Experiment

A B C D E y

415 25 5 40 1.28 63

550 25 5 40 4.05 21

415 95 5 40 4.05 36

550 95 5 40 1.28 99

415 25 15 40 4.05 24

550 25 15 40 1.28 66

415 95 15 40 1.28 71

550 95 15 40 4.05 54

415 25 5 60 4.05 23

550 25 5 60 1.28 74

415 95 5 60 1.28 80

550 95 5 60 4.05 33

415 25 15 60 1.28 63

550 25 15 60 4.05 21

415 95 15 60 4.05 44

550 95 15 60 1.28 96

(d) Fit a model that could be used to predict peanut oil
yield in terms of the factors that you have identified as
important.

(e) Analyze the residuals from this experiment and com-
ment on model adequacy.

8.50 A 16-run fractional factorial experiment in 10 factors
on sand-casting of engine manifolds was conducted by engi-
neers at the Essex Aluminum Plant of the Ford Motor Com-
pany and described in the article “Evaporative Cast Process
3.0 Liter IntakeManifold Poor Sandfill Study,” by D. Becknell
(Fourth Symposium on Taguchi Methods, American Supplier
Institute, Dearborn, MI, 1986, pp. 120–130). The purpose was
to determinewhich of 10 factors has an effect on the proportion
of defective castings. The design and the resulting proportion
of nondefective castings p̂ observed on each run are shown in
Table P8.13. This is a resolution III fraction with generators
E = CD, F = BD, G = BC, H = AC, J = AB, and K = ABC.
Assume that the number of castings made at each run in the
design is 1000.

(a) Find the defining relation and the alias relationships in
this design.

(b) Estimate the factor effects and use a normal probability
plot to tentatively identify the important factors.

(c) Fit an appropriate model using the factors identified in
part (b).
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◾ TABLE P8 . 13
The Sand-Casting Experiment

Run A B C D E F G H J K p̂ Arcsin
√
p̂

F&T’s
Modification

1 − − − − + + + + + − 0.958 1.364 1.363

2 + − − − + + + − − + 1.000 1.571 1.555

3 − + − − + − − + − + 0.977 1.419 1.417

4 + + − − + − − − + − 0.775 1.077 1.076

5 − − + − − + − − + + 0.958 1.364 1.363

6 + − + − − + − + − − 0.958 1.364 1.363

7 − + + − − − + − − − 0.813 1.124 1.123

8 + + + − − − + + + + 0.906 1.259 1.259

9 − − − + − − + + + − 0.679 0.969 0.968

10 + − − + − − + − − + 0.781 1.081 1.083

11 − + − + − + − + − + 1.000 1.571 1.556

12 + + − + − + − − + − 0.896 1.241 1.242

13 − − + + + − − − + + 0.958 1.364 1.363

14 + − + + + − − + − − 0.818 1.130 1.130

15 − + + + + + + − − − 0.841 1.161 1.160

16 + + + + + + + + + + 0.955 1.357 1.356

(d) Plot the residuals from this model versus the predicted
proportion of nondefective castings. Also prepare a nor-
mal probability plot of the residuals. Comment on the
adequacy of these plots.

(e) In part (d) you should have noticed an indication that
the variance of the response is not constant. (Consid-
ering that the response is a proportion, you should have
expected this.) The previous table also shows a transfor-
mation on p̂, the arcsin square root, that is a widely used
variance stabilizing transformation for proportion data
(refer to the discussion of variance stabilizing transfor-
mations in Chapter 3). Repeat parts (a) through (d) using
the transformed response and comment on your results.
Specifically, are the residual plots improved?

(f) There is a modification to the arcsin square root trans-
formation, proposed by Freeman and Tukey (“Trans-
formations Related to the Angular and the Square
Root,” Annals of Mathematical Statistics, Vol. 21, 1950,
pp. 607–611), that improves its performance in the tails.
F&T’s modification is

[arcsin
√
np̂∕(n + 1)

+ arcsin
√
(np̂ + 1)∕(n + 1)]∕2

Rework parts (a) through (d) using this transforma-
tion and comment on the results. (For an interesting
discussion and analysis of this experiment, refer to

“Analysis of Factorial Experiments with Defects or
Defectives as the Response,” by S. Bisgaard and
H. T. Fuller, Quality Engineering, Vol. 7, 1994–95,
pp. 429–443.)

8.51 A 16-run fractional factorial experiment in nine factors
was conducted by Chrysler Motors Engineering and described
in the article “Sheet Molded Compound Process Improve-
ment,” by P. I. Hsieh and D. E. Goodwin (Fourth Symposium
on Taguchi Methods, American Supplier Institute, Dearborn,
MI, 1986, pp. 13–21). The purpose was to reduce the number
of defects in the finish of sheet-molded grill opening panels.
The design, and the resulting number of defects, c, observed on
each run, is shown in Table P8.14. This is a resolution III frac-
tion with generators E = BD, F = BCD, G = AC, H = ACD,
and J = AB.

(a) Find the defining relation and the alias relationships in
this design.

(b) Estimate the factor effects and use a normal probability
plot to tentatively identify the important factors.

(c) Fit an appropriate model using the factors identified in
part (b).

(d) Plot the residuals from this model versus the predicted
number of defects. Also, prepare a normal probability
plot of the residuals. Comment on the adequacy of these
plots.
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◾ TABLE P8 . 14
The Grill Defects Experiment

Run A B C D E F G H J c
√
c

F&T’s
Modification

1 − − − − + − + − + 56 7.48 7.52

2 + − − − + − − + − 17 4.12 4.18

3 − + − − − + + − − 2 1.41 1.57

4 + + − − − + − + + 4 2.00 2.12

5 − − + − + + − + + 3 1.73 1.87

6 + − + − + + + − − 4 2.00 2.12

7 − + + − − − − + − 50 7.07 7.12

8 + + + − − − + − + 2 1.41 1.57

9 − − − + − + + + + 1 1.00 1.21

10 + − − + − + − − − 0 0.00 0.50

11 − + − + + − + + − 3 1.73 1.87

12 + + − + + − − − + 12 3.46 3.54

13 − − + + − − − − + 3 1.73 1.87

14 + − + + − − + + − 4 2.00 2.12

15 − + + + + + − − − 0 0.00 0.50

16 + + + + + + + + + 0 0.00 0.50

(e) In part (d) you should have noticed an indication that
the variance of the response is not constant. (Consid-
ering that the response is a count, you should have
expected this.) The previous table also shows a transfor-
mation on c, the square root, that is a widely used vari-
ance stabilizing transformation for count data. (Refer to
the discussion of variance stabilizing transformations in
Chapter 3.) Repeat parts (a) through (d) using the trans-
formed response and comment on your results. Specifi-
cally, are the residual plots improved?

(f) There is a modification to the square root transfor-
mation, proposed by Freeman and Tukey (“Trans-
formations Related to the Angular and the Square
Root,” Annals of Mathematical Statistics, Vol. 21, 1950,
pp. 607–611) that improves its performance. F&T’s
modification to the square root transformation is

[
√
c +

√
(c + 1)]∕2

Rework parts (a) through (d) using this transformation
and comment on the results. (For an interesting discus-
sion and analysis of this experiment, refer to “Analysis
of Factorial Experiments with Defects or Defectives as
the Response,” by S. Bisgaard and H. T. Fuller, Quality
Engineering, Vol. 7, 1994–95, pp. 429–443.)

8.52 An experiment is run in a semiconductor factory to
investigate the effect of six factors on transistor gain. The
design selected is the 26−2IV shown in Table P8.15.

◾ TABLE P8 . 15
The Transistor Gain Experiment

Standard
Order

Run
Order A B C D E F Gain

1 2 − − − − − − 1455

2 8 + − − − + − 1511

3 5 − + − − + + 1487

4 9 + + − − − + 1596

5 3 − − + − + + 1430

6 14 + − + − − + 1481

7 11 − + + − − − 1458

8 10 + + + − + − 1549

9 15 − − − + − + 1454

10 13 + − − + + + 1517

11 1 − + − + + − 1487

12 6 + + − + − − 1596

13 12 − − + + + − 1446

14 4 + − + + − − 1473

15 7 − + + + − + 1461

16 16 + + + + + + 1563
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(a) Use a normal plot of the effects to identify the significant
factors.

(b) Conduct appropriate statistical tests for the model iden-
tified in part (a).

(c) Analyze the residuals and comment on your findings.

(d) Can you find a set of operating conditions that produce
gain of 1500 ± 25?

8.53 Heat treating is often used to carbonize metal parts,
such as gears. The thickness of the carbonized layer is a
critical output variable from this process, and it is usually
measured by performing a carbon analysis on the gear pitch
(the top of the gear tooth). Six factors were studied in a
26−2IV design: A = furnace temperature, B = cycle time, C =
carbon concentration, D = duration of the carbonizing cycle,
E = carbon concentration of the diffuse cycle, and F =
duration of the diffuse cycle. The experiment is shown in
Table P8.16.

◾ TABLE P8 . 16
The Heat Treating Experiment

Standard
Order

Run
Order A B C D E F Pitch

1 5 − − − − − − 74

2 7 + − − − + − 190

3 8 − + − − + + 133

4 2 + + − − − + 127

5 10 − − + − + + 115

6 12 + − + − − + 101

7 16 − + + − − − 54

8 1 + + + − + − 144

9 6 − − − + − + 121

10 9 + − − + + + 188

11 14 − + − + + − 135

12 13 + + − + − − 170

13 11 − − + + + − 126

14 3 + − + + − − 175

15 15 − + + + − + 126

16 4 + + + + + + 193

(a) Estimate the factor effects and plot them on a normal
probability plot. Select a tentative model.

(b) Perform appropriate statistical tests on the model.

(c) Analyze the residuals and comment on model adequacy.

(d) Interpret the results of this experiment. Assume that a
layer thickness of between 140 and 160 is desirable.

8.54 An article by L. B. Hare (“In the Soup: A Case Study to
Identify Contributors to Filling Variability,” Journal of Quality
Technology, Vol. 20, pp. 36–43) describes a factorial exper-
iment used to study the filling variability of dry soup mix
packages. The factors are A = number of mixing ports through
which the vegetable oil was added (1,2), B = temperature sur-
rounding the mixer (cooled, ambient), C = mixing time (60,
80 sec),D = batch weight (1500, 2000 lb), and E = number of
days of delay between mixing and packaging (1, 7). Between
125 and 150 packages of soup were sampled over an 8-hour
period for each run in the design, and the standard deviation of
package weight was used as the response variable. The design
and resulting data are shown in Table P8.17.

◾ TABLE P8 . 17
The Soup Experiment

A B C D E y
Std.
Order

Mixer
Ports Temp. Time

Batch
Weight Delay

Std.
Dev

1 − − − − − 1.13

2 + − − − + 1.25

3 − + − − + 0.97

4 + + − − − 1.7

5 − − + − + 1.47

6 + − + − − 1.28

7 − + + − − 1.18

8 + + + − + 0.98

9 − − − + + 0.78

10 + − − + − 1.36

11 − + − + − 1.85

12 + + − + + 0.62

13 − − + + − 1.09

14 + − + + + 1.1

15 − + + + + 0.76

16 + + + + − 2.1

(a) What is the generator for this design?

(b) What is the resolution of this design?

(c) Estimate the factor effects. Which effects are large?

(d) Does a residual analysis indicate any problems with the
underlying assumptions?

(e) Draw conclusions about this filling process.

8.55 Consider the 26−2IV design.

(a) Suppose that the design had been folded over by chang-
ing the signs in column B instead of column A. What
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changes would have resulted in the effects that can be
estimated from the combined design?

(b) Suppose that the design had been folded over by chang-
ing the signs in column E instead of column A. What
changes would have resulted in the effects that can be
estimated from the combined design?

8.56 Consider the 27−3IV design. Suppose that a fold over of
this design is run by changing the signs in column A. Deter-
mine the alias relationships in the combined design.

8.57 Reconsider the 27−3IV design in Problem 8.56.

(a) Suppose that a fold over of this design is run by changing
the signs in column B. Determine the alias relationships
in the combined design.

(b) Compare the aliases from this combined design to those
from the combined design from Problem 8.35.What dif-
ferences resulted by changing the signs in a different
column?

8.58 Consider the 27−3IV design.

(a) Suppose that a partial fold over of this design is run
using column A (+ signs only). Determine the alias rela-
tionships in the combined design.

(b) Rework part (a) using the negative signs to define the
partial fold over. Does it make any difference which
signs are used to define the partial fold over?

8.59 Consider a partial fold over for the 26−2IV design. Sup-
pose that the signs are reversed in column A, but the eight
runs that are retained are the runs that have positive signs in
column C. Determine the alias relationships in the combined
design.

8.60 Consider a partial fold over for the 27−4III design. Sup-
pose that the partial fold over of this design is constructed using
column A (+ signs only). Determine the alias relationships in
the combined design.

8.61 Consider a partial fold over for the 25−2III design. Sup-
pose that the partial fold over of this design is constructed using
column A (+ signs only). Determine the alias relationships in
the combined design.

8.62 Reconsider the 24−1 design in Example 8.1. The sig-
nificant factors are A, C, D, AC + BD, and AD + BC. Find a
partial fold-over design that will allow the AC, BD, AD, and
BC interactions to be estimated.

8.63 Construct a supersaturated design for k = 8 factors in
P = 6 runs.

8.64 Consider the 28−3 design in Problem 8.37. Suppose that
the alias chain involving the AB interaction was large. Recom-
mend a partial fold-over design to resolve the ambiguity about
this interaction.

8.65 Construct a supersaturated design for h = 12 factors in
N = 10 runs.

8.66 How could an “optimal design” approach be used to
augment a fractional factorial design to de-alias effects of
potential interest?

8.67 Consider the full 25 factorial design in Problem 6.51.
Suppose that this experiment had been run as a 25−1 frac-
tional factorial. Set up the fractional design using the principal
fraction. Using the 16 runs associated with this design from
the original experiment, analyze the data and compare your
results with those obtained from the analysis of the original
full factorial.

8.68 Consider the full 25 factorial design in Problem 6.51.
Suppose that this experiment had been run as a 25−1 fractional
factorial. Set up the fractional design using the alternate frac-
tion. Using the 16 runs associated with this design from the
original experiment, analyze the data and compare your results
with those obtained from the analysis of the principal fraction
in Problem 8.67.

8.69 Consider the full 25 factorial design in Problem 6.51.
Suppose that this experiment had been run as a 25−2 fractional
factorial. Set up the fractional design using the principal frac-
tion. Using the eight runs associated with this design from the
original experiment, analyze the data and compare your results
with those obtained from the analysis of the original full facto-
rial. Then construct the fold-over design and analyze the data
from the combined design.

8.70 Consider the fold over of the 25−2 fractional factorial
constructed in Problem 8.69. Compare this design with the two
one-half fractions of the 25−1. Is the fold-over design the same
as either of the one-half fractions?

8.71 The resolution of a two-level fractional factorial design
is the number of words in the defining relation.

(a) True

(b) False

8.72 For a half fraction of a two-level factorial design
the maximum resolution possible is equal to the number of
factors.

(a) True

(b) False
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8.73 The 12-run Plackett-Burman for up to 11 factors design
is a regular fraction.

(a) True

(b) False

8.74 The design points of the 2k−p family are at the corners
of a cube in a k-dimensional space and they project into a full
factorial in any subset of the original k factors.

(a) True

(b) False

8.75 It is good practice to keep the number of factor levels
low and region of interest small in a screening experiment.

(a) True

(b) False

8.76 Consider a 24-1 fractional factorial design. If the prin-
cipal fraction is run first—first block (I = ABCD)—and
then later augmented with the alternate fraction—second

block—the four-factor interaction effect is confounded with
blocks.

(a) True

(b) False

8.77 In a 2k−2 design every effect has four aliases.

(a) True

(b) False

8.78 In a 2k−3 design, the complete defining relation has
15 words.

(a) True

(b) False

8.79 The aberration of a fractional factorial design is related
to the length of the longest word in the defining relation.

(a) True

(b) False
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4. Know how to construct factorial designs with mixed levels.

5. Know how to use nonregular two-level fractional factorial designs with 6–14 factors in 16 runs.

6. Know how to construct factorial and fractional factorial designs using the optimal design approach.

The two-level series of factorial and fractional factorial designs discussed in Chapters 6, 7, and 8 are widely used
in industrial research and development. This chapter discusses some extensions and variations of these designs;

one important case is the situation where all the factors are present at three levels. These 3k designs and their fractions
are discussed in this chapter. We will also consider cases where some factors have two levels and other factors have
either three or four levels. In Chapter 8 we introduced Plackett–Burman designs and observed that they are nonregular
fractions. The general case of nonregular fractions with all factors at two levels is discussed in more detail here. We
also illustrate how optimal design tools can be useful for constructing designs in many important situations.

9.1 The 3k Factorial Design

9.1.1 Notation and Motivation for the 3k Design

We now discuss the 3k factorial design—that is, a factorial arrangement with k factors, each at three levels. Factors and
interactions will be denoted by capital letters. We will refer to the three levels of the factors as low, intermediate, and
high. Several different notations may be used to represent these factor levels; one possibility is to represent the factor
levels by the digits 0 (low), 1 (intermediate), and 2 (high). Each treatment combination in the 3k design will be denoted
by k digits, where the first digit indicates the level of factor A, the second digit indicates the level of factor B, . . . ,
and the kth digit indicates the level of factor K. For example, in a 32 design, 00 denotes the treatment combination
corresponding to A and B both at the low level, and 01 denotes the treatment combination corresponding to A at the low
level and B at the intermediate level. Figures 9.1 and 9.2 show the geometry of the 32 and the 33 design, respectively,
using this notation.

This system of notation could have been used for the 2k designs presented previously, with 0 and 1 in place of
the ±1s, respectively. In the 2k design, we prefer the ±1 notation because it facilitates the geometric view of the design
and because it is directly applicable to regression modeling, blocking, and the construction of fractional factorials.

In the 3k system of designs, when the factors are quantitative, we often denote the low, intermediate, and high
levels by−1, 0, and+1, respectively. This facilitates fitting a regressionmodel relating the response to the factor levels.

0
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◾ F I GURE 9 . 1 Treatment
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design
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For example, consider the 32 design in Figure 9.1, and let x1 represent factor A and x2 represent factor B. A regression
model relating the response y to x1 and x2 that is supported by this design is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
1 + 𝛽22x

2
2 + 𝜖 (9.1)

Notice that the addition of a third factor level allows the relationship between the response and design factors to be
modeled as a quadratic.

The 3k design is certainly a possible choice by an experimenter who is concerned about curvature in the response
function. However, two points need to be considered:

1. The 3k design is not the most efficient way to model a quadratic relationship; the response surface designs
discussed in Chapter 11 are superior alternatives.

2. The 2k design augmented with center points, as discussed in Chapter 6, is an excellent way to obtain an
indication of curvature. It allows one to keep the size and complexity of the design low and simultaneously
obtain some protection against curvature. Then, if curvature is important, the two-level design can be aug-
mented with axial runs to obtain a central composite design, as shown in Figure 6.37. This sequential
strategy of experimentation is far more efficient than running a 3k factorial design with quantitative factors.

9.1.2 The 32 Design

The simplest design in the 3k system is the 32 design, which has two factors, each at three levels. The treatment
combinations for this design are shown in Figure 9.1. Because there are 32 = 9 treatment combinations, there are
eight degrees of freedom between these treatment combinations. The main effects of A and B each have two degrees
of freedom, and the AB interaction has four degrees of freedom. If there are n replicates, there will be n32 − 1 total
degrees of freedom and 32(n − 1) degrees of freedom for error.

The sums of squares for A,B, and AB may be computed by the usual methods for factorial designs discussed in
Chapter 5. Each main effect can be represented by a linear and a quadratic component, each with a single degree of
freedom, as demonstrated in Equation 9.1. Of course, this is meaningful only if the factor is quantitative.

The two-factor interaction AB may be partitioned in two ways. Suppose that both factors A and B are quanti-
tative. The first method consists of subdividing AB into the four single-degree-of-freedom components correspond-
ing to ABL×L, ABL×Q, ABQ×L, and ABQ×Q. This can be done by fitting the terms 𝛽12x1x2, 𝛽122x1x

2
2, 𝛽112x

2
1x2, and

𝛽1122x
2
1x

2
2, respectively, as demonstrated in Example 5.5. For the tool life data, this yields SSABL×L

= 8.00, SSABL×Q
=

42.67, SSABQ×L
= 2.67, and SSABQ×Q

= 8.00. Because this is an orthogonal partitioning of AB, note that SSAB = SSABL×L
+

SSABL×Q
+ SSABQ×L

+ SSABQ×Q
= 61.34.

The second method is based on orthogonal Latin squares. This method does not require that the factors be
quantitative, and it is usually associated with the case where all factors are qualitative. Consider the totals of the
treatment combinations for the data in Example 5.5. These totals are shown in Figure 9.3 as the circled numbers in
the squares. The two factors A and B correspond to the rows and columns, respectively, of a 3 × 3 Latin square. In
Figure 9.3, two particular 3 × 3 Latin squares are shown superimposed on the cell totals.

◾ F I GURE 9 . 3 Treatment combination
totals from Example 5.5 with two orthogonal
Latin squares superimposed
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These two Latin squares are orthogonal; that is, if one square is superimposed on the other, each letter in the
first square will appear exactly once with each letter in the second square. The totals for the letters in the (a) square are
Q = 18, R = −2, and S = 8, and the sum of squares between these totals is [182 + (−2)2 + 82]∕(3)(2) − [242∕(9)(2)] =
33.34, with two degrees of freedom. Similarly, the letter totals in the (b) square are Q = 0,R = 6, and S = 18, and the
sum of squares between these totals is [02 + 62 + 182]∕(3)(2) − [242∕(9)(2)] = 28.00, with two degrees of freedom.
Note that the sum of these two components is

33.34 + 28.00 = 61.34 = SSAB

with 2 + 2 = 4 degrees of freedom.
In general, the sum of squares computed from square (a) is called the AB component of interaction, and the

sum of squares computed from square (b) is called the AB𝟐 component of interaction. The components AB and AB2

each have two degrees of freedom. This terminology is used because if we denote the levels (0, 1, 2) for A and B by
x1 and x2, respectively, then we find that the letters occupy cells according to the following pattern:

Square (a) Square (b)

Q∶ x1 + x2 = 0 (mod 3)
R∶ x1 + x2 = 1 (mod 3)
S∶ x1 + x2 = 2 (mod 3)

Q∶ x1 + 2x2 = 0 (mod 3)
S∶ x1 = 2x2 = 1 (mod 3)
R∶ x1 + 2x2 = 2 (mod 3)

For example, in square (b), note that the middle cell corresponds to x1 = 1 andx2 = 1; thus, x1 + 2x2 = 1 + (2)(1) =
3 = 0 (mod 3), and Q would occupy the middle cell. When considering expressions of the form ApBq, we establish the
convention that the only exponent allowed on the first letter is 1. If the first letter exponent is not 1, the entire expression
is squared and the exponents are reduced modulus 3. For example, A2B is the same as AB2 because

A2B = (A2B)2 = A4B2 = AB2

The AB and AB2 components of the AB interaction have no actual meaning and are usually not displayed in
the analysis of variance table. However, this rather arbitrary partitioning of the AB interaction into two orthogonal
two-degree-of-freedom components is very useful in constructing more complex designs. Also, there is no connection
between the AB and AB2 components of interaction and the sums of squares for ABL×L,ABL×Q,ABQ×L, and ABQ×Q.

The AB and AB2 components of interaction may be computed another way. Consider the treatment combination
totals in either square in Figure 9.3. If we add the data by diagonals downward from left to right, we obtain the
totals −3 + 4 − 1 = 0,−3 + 10 − 1 = 6, and 5 + 11 + 2 = 18. The sum of squares between these totals is 28.00(AB2).
Similarly, the diagonal totals downward from right to left are 5 + 4 − 1 = 8,−3 + 2 − 1 = −2, and−3 + 11 + 10 = 18.
The sum of squares between these totals is 33.34(AB). Yates called these components of interaction as the I and J
components of interaction, respectively. We use both notations interchangeably; that is,

I(AB) = AB2

J(AB) = AB

For more information about decomposing the sums of squares in three-level designs, refer to the supplemental material
for this chapter.

9.1.3 The 33 Design

Now suppose there are three factors (A,B, and C) under study and that each factor is at three levels arranged in a
factorial experiment. This is a 33 factorial design, and the experimental layout and treatment combination notation are
shown in Figure 9.2. The 27 treatment combinations have 26 degrees of freedom. Each main effect has two degrees of
freedom, each two-factor interaction has four degrees of freedom, and the three-factor interaction has eight degrees of
freedom. If there are n replicates, there are n33 − 1 total degrees of freedom and 33(n − 1) degrees of freedom for error.
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The sums of squares may be calculated using the standard methods for factorial designs. In addition, if the
factors are quantitative, the main effects may be partitioned into linear and quadratic components, each with a
single degree of freedom. The two-factor interactions may be decomposed into linear × linear, linear × quadratic,
quadratic × linear, and quadratic × quadratic effects. Finally, the three-factor interaction ABC can be partitioned into
eight single-degree-of-freedom components corresponding to linear × linear × linear, linear × linear × quadratic, and
so on. Such a breakdown for the three-factor interaction is generally not very useful.

It is also possible to partition the two-factor interactions into their I and J components. These would be desig-
nated AB,AB2

,AC,AC2
,BC, and BC2, and each component would have two degrees of freedom. As in the 32 design,

these components have no physical significance.
The three-factor interaction ABC may be partitioned into four orthogonal two-degrees-of-freedom compo-

nents, which are usually called the W,X,Y , and Z components of the interaction. They are also referred to as
the AB2C2

,AB2C,ABC2, and ABC components of the ABC interaction, respectively. The two notations are used
interchangeably; that is,

W(ABC) = AB2C2

X(ABC) = AB2C

Y(ABC) = ABC2

Z(ABC) = ABC

Note that no first letter can have an exponent other than 1. Like the I and J components, theW,X,Y , and Z components
have no practical interpretation. They are, however, useful in constructing more complex designs.

EXAMPLE 9 . 1

A machine is used to fill 5-gallon metal containers with soft
drink syrup. The variable of interest is the amount of syrup
loss due to frothing. Three factors are thought to influence
frothing: the nozzle design (A), the filling speed (B), and the
operating pressure (C). Three nozzles, three filling speeds,
and three pressures are chosen, and two replicates of a 33

factorial experiment are run. The coded data are shown
in Table 9.1.

The analysis of variance for the syrup loss data is shown
in Table 9.2. The sums of squares have been computed by

the usual methods. We see that the filling speed and operat-
ing pressure are statistically significant. All three two-factor
interactions are also significant. The two-factor interactions
are analyzed graphically in Figure 9.4. The middle level of
speed gives the best performance, nozzle types 2 and 3, and
either the low (10 psi) or high (20 psi) pressure seems most
effective in reducing syrup loss.

◾ TABLE 9 . 1
Syrup Loss Data for Example 9.1 (units are cubic centimeters −70)

Nozzle Type (A)

1 2 3

Speed (in RPM) (B)

Pressure (in psi) (C) 100 120 140 100 120 140 100 120 140

10 −35 −45 −40 17 −65 20 −39 −55 15

−25 −60 15 24 −58 4 −35 −67 −30
15 110 −10 80 55 −55 110 90 −28 110

75 30 54 120 −44 44 113 −26 135

20 4 −40 31 −23 −64 −20 −30 −61 54

5 −30 36 −5 −62 −31 −55 −52 4
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◾ TABLE 9 . 2
Analysis of Variance for Syrup Loss Data

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

A, nozzle 993.77 2 496.89 1.17 0.3256

B, speed 61,190.33 2 30,595.17 71.74 < 0.0001

C, pressure 69,105.33 2 34,552.67 81.01 < 0.0001

AB 6,300.90 4 1,575.22 3.69 0.0160

AC 7,513.90 4 1,878.47 4.40 0.0072

BC 12,854.34 4 3,213.58 7.53 0.0003

ABC 4,628.76 8 578.60 1.36 0.2580

Error 11,515.50 27 426.50

Total 174,102.83 53
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◾ F I GURE 9 . 4 Two-factor interactions for Example 9.1

Example 9.1 illustrates a situation where the three-level design often finds some application; one or more of the
factors are qualitative, naturally taking on three levels, and the remaining factors are quantitative. In this example,
suppose only three nozzle designs are of interest. This is clearly, then, a qualitative factor that requires three levels.
The filling speed and the operating pressure are quantitative factors. Therefore, we could fit a quadratic model such as
Equation 9.1 in the two factors speed and pressure at each level of the nozzle factor.

Table 9.3 shows these quadratic regression models. The 𝛽’s in these models were estimated using a standard
linear regression computer program. (We will discuss least squares regression in more detail in Chapter 10.) In these
models, the variables x1 and x2 are coded to the levels−1, 0,+1 as discussed previously, and we assumed the following
natural levels for pressure and speed:

Coded Level Speed (rpm) Pressure (psi)

−1 100 10

0 120 15

+1 140 20
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◾ TABLE 9 . 3
Regression Models for Example 9.1

Nozzle Type x1 = Speed (S), x2 = Pressure (P) in Coded Units

1
ŷ = 22.1 + 3.5x1 + 16.3x2 + 51.7x21 − 71.8x22 + 2.9x1x2
ŷ = 1217.3 − 31.256S + 86.017P + 0.12917S2 − 2.8733P2 + 0.02875SP

2
ŷ = 25.6 − 22.8x1 − 12.3x2 + 14.1x21 − 56.9x22 − 0.7x1x2
ŷ = 180.1 − 9.475S + 66.75P + 0.035S2 − 2.2767P2 − 0.0075SP

3
ŷ = 15.1 + 20.3x1 + 5.9x2 + 75.8x21 − 94.9x22 + 10.5x1x2
ŷ = 1940.1 − 46.058S + 102.48P + 0.18958S2 − 3.7967P2 + 0.105SP

Table 9.3 presents models in terms of both these coded variables and the natural levels of speed and pressure.
Figure 9.5 shows the response surface contour plots of constant syrup loss as a function of speed and pressure

for each nozzle type. These plots reveal considerable useful information about the performance of this filling system.
Because the objective is to minimize syrup loss, nozzle type 3 would be preferred, as the smallest observed contours
(−60) appear only on this plot. Filling speed near the middle level of 120 rpm and the either low or high pressure levels
should be used.
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◾ F I GURE 9 . 5 Contours of constant syrup loss (units: cc −70) as a function of speed and pressure for nozzle types
1, 2, and 3, Example 9.1
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When constructing contour plots for an experiment that has a mixture of quantitative and qualitative factors, it
is not unusual to find that the shapes of the surfaces in the quantitative factors are very different at each level of the
qualitative factors. This is noticeable to some degree in Figure 9.5, where the shape of the surface for nozzle type 2
is considerably elongated in comparison to the surfaces for nozzle types 1 and 3. When this occurs, it implies that
there are interactions present between the quantitative and qualitative factors, and as a result, the optimum operating
conditions (and other important conclusions) in terms of the quantitative factors are very different at each level of the
qualitative factors.

We can easily show the numerical partitioning of the ABC interaction into its four orthogonal two-degrees-of-
freedom components using the data in Example 9.1. The general procedure has been described by Davies (1956) and
Cochran and Cox (1957). First, select any two of the three factors, say AB, and compute the I and J totals of the AB
interaction at each level of the third factor C. These calculations are as follows:

A Totals

C B 1 2 3 I J

100 −60 41 −74 −198 −222
10 120 −105 −123 −122 −106 −79

140 −25 24 −15 −155 −158
100 185 175 203 331 238

15 120 20 −99 −54 255 440

140 134 154 245 377 285

100 9 −28 −85 −59 −144
20 120 −70 −126 −113 −74 −40

140 67 −51 58 −206 −155

The I(AB) and J(AB) totals are now arranged in a two-way table with factor C, and the I and J diagonal totals of this
new display are computed as follows:

Totals Totals

C I(AB) I J C J(AB) I J

10 −198 −106 −155 −149 41 10 −222 −79 −158 63 138

15 331 255 377 212 19 15 238 440 285 62 4

20 −59 −74 −206 102 105 20 −144 −40 −155 40 23

The I and J diagonal totals computed above are actually the totals representing the quantities I[I(AB) × C] =
AB2C2

, J[I(AB) × C] = AB2C, I[J(AB) × C] = ABC2, and J[J(AB) × C] = ABC or the W,X,Y , and Z components of
ABC. The sums of squares are found in the usual way; that is,

I[I(AB) × C] = AB2C2 = W(ABC)

= (−149)2 + (212)2 + (102)2

18
− (165)2

54
= 3804.11

J[I(AB) × C] = AB2C = X(ABC)

= (41)2 + (19)2 + (105)2

18
− (165)2

54
= 221.77
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J[J(AB) × C] = ABC2 = Y(ABC)

= (63)2 + (62)2 + (40)2

18
− (165)2

54
= 18.77

J[J(AB) × C] = ABC = Z(ABC)

= (138)2 + (4)2 + (23)2

18
− (165)2

54
= 584.11

Although this is an orthogonal partitioning of SSABC, we point out again that it is not customarily displayed in the
analysis of variance table. In subsequent sections, we discuss the occasional need for the computation of one or more
of these components.

9.1.4 The General 3k Design

The concepts utilized in the 32 and 33 designs can be readily extended to the case of k factors, each at three levels, that
is, to a 3k factorial design. The usual digital notation is employed for the treatment combinations, so 0120 represents a
treatment combination in a 34 design with A and D at the low levels, B at the intermediate level, and C at the high level.
There are 3k treatment combinations, with 3k − 1 degrees of freedom between them. These treatment combinations
allow sums of squares to be determined for kmain effects, each with two degrees of freedom; (k2) two-factor interactions,
each with four degrees of freedom; . . . ; and one k-factor interaction with 2k degrees of freedom. In general, an h-factor
interaction has 2h degrees of freedom. If there are n replicates, there are n3k − 1 total degrees of freedom and 3k(n − 1)
degrees of freedom for error.

Sums of squares for effects and interactions are computed by the usual methods for factorial designs. Typi-
cally, three-factor and higher interactions are not broken down any further. However, any h-factor interaction has 2h−1

orthogonal two-degrees-of-freedom components. For example, the four-factor interaction ABCD has 24−1 = 8 orthog-
onal two-degrees-of-freedom components, denoted by ABCD2

,ABC2D,AB2CD,ABCD,ABC2D2
,AB2C2D,AB2CD2,

and AB2C2D2. In writing these components, note that the only exponent allowed on the first letter is 1. If the expo-
nent on the first letter is not 1, then the entire expression must be squared and the exponents reduced modulus 3. To
demonstrate this, consider

A2BCD = (A2BCD)2 = A4B2C2D2 = AB2C2D2

These interaction components have no physical interpretation, but they are useful in constructing more complex
designs.

The size of the design increases rapidly with k. For example, a 33 design has 27 treatment combinations per
replication, a 34 design has 81, a 35 design has 243, and so on. Therefore, only a single replicate of the 3k design is
frequently considered, and higher order interactions are combined to provide an estimate of error. As an illustration,
if three-factor and higher interactions are negligible, then a single replicate of the 33 design provides 8 degrees of
freedom for error, and a single replicate of the 34 design provides 48 degrees of freedom for error. These are still large
designs for k ≥ 3 factors and, consequently, not too useful.

9.2 Confounding in the 3k Factorial Design

Even when a single replicate of the 3k design is considered, the design requires so many runs that it is unlikely that
all 3k runs can be made under uniform conditions. Thus, confounding in blocks is often necessary. The 3k design may
be confounded in 3p incomplete blocks, where p < k. Thus, these designs may be confounded in three blocks, nine
blocks, and so on.

9.2.1 The 3k Factorial Design in Three Blocks

Suppose that we wish to confound the 3k design in three incomplete blocks. These three blocks have two degrees
of freedom among them; thus, there must be two degrees of freedom confounded with blocks. Recall that in the 3k
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factorial series eachmain effect has two degrees of freedom. Furthermore, every two-factor interaction has four degrees
of freedom and can be decomposed into two components of interaction (e.g., AB and AB2), each with two degrees of
freedom; every three-factor interaction has eight degrees of freedom and can be decomposed into four components
of interaction (e.g., ABC, ABC2, AB2C, and AB2C2), each with two degrees of freedom; and so on. Therefore, it is
convenient to confound a component of interaction with blocks.

The general procedure is to construct a defining contrast

L = 𝛼1x + 𝛼2x2 + · · · + 𝛼kxk (9.2)

where 𝛼i represents the exponent on the ith factor in the effect to be confounded and xi is the level of the ith factor in
a particular treatment combination. For the 3k series, we have 𝛼i = 0, 1, or 2 with the first nonzero 𝛼i being unity, and
xi = 0 (low level), 1 (intermediate level), or 2 (high level). The treatment combinations in the 3k design are assigned
to blocks based on the value of L (mod 3). Because L (mod 3) can take on only the values 0, 1, or 2, three blocks are
uniquely defined. The treatment combinations satisfying L = 0 (mod 3) constitute the principal block. This block will
always contain the treatment combination 00 . . . 0.

For example, suppose we wish to construct a 32 factorial design in three blocks. Either component of the AB
interaction, AB or AB2, may be confounded with blocks. Arbitrarily choosing AB2, we obtain the defining contrast

L = x1 + 2x2

The value of L (mod 3) of each treatment combination may be found as follows:

00∶ L = 1(0) + 2(0) = 0 = 0 (mod 3) 11∶ L = 1(1) + 2(1) = 3 = 0 (mod 3)
01∶ L = 1(0) + 2(1) = 2 = 2 (mod 3) 21∶ L = 1(2) + 2(1) = 4 = 1 (mod 3)
02∶ L = 1(0) + 2(2) = 4 = 1 (mod 3) 12∶ L = 1(1) + 2(2) = 5 = 2 (mod 3)
10∶ L = 1(1) + 2(0) = 1 = 1 (mod 3) 22∶ L = 1(2) + 2(2) = 6 = 0 (mod 3)

20∶ L = 1(2) + 2(0) = 2 = 2 (mod 3)

The blocks are shown in Figure 9.6.
The elements in the principal block form a group with respect to addition modulus 3. Referring to Figure 9.6, we

see that 11 + 11 = 22 and 11 + 22 = 00. Treatment combinations in the other two blocks may be generated by adding,
modulus 3, any element in the new block to the elements of the principal block. Thus, we use 10 for block 2 and
obtain

10 + 00 = 10 10 + 11 = 21 and 10 + 22 = 02
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◾ F I GURE 9 . 6 The 32 design in three blocks with AB2 confounded
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To generate block 3, we find using 01

01 + 00 = 01 01 + 11 = 12 and 01 + 22 = 20

EXAMPLE 9 . 2

We illustrate the statistical analysis of the 32 design con-
founded in three blocks by using the following data, which

come from the single replicate of the 32 design shown in
Figure 9.6.

Block 1 Block 2 Block 3

00 = 4

11 = −4
22 = 0

10 = −2
21 = 1

02 = 8

01 = 5

12 = −5
20 = 0

Block totals = 0 7 0

Using conventional methods for the analysis of factorials,
we find that SSA = 131.56 and SSB = 0.22.

We also find that

SSBlocks =
(0)2 + (7)2 + (0)2

3
− (7)2

9
= 10.89

However, SSBlocks is exactly equal to the AB2 component of
interaction. To see this, write the observations as follows:

Factor B

0 1 2

0 4 5 8

Factor A 1 −2 −4 −5
2 0 1 0

Recall from Section 9.1.2 that the I or AB2 component of
the AB interaction may be found by computing the sum of
squares between the left-to-right diagonal totals in the above
layout. This yields

SSAB2 =
(0)2 + (0)2 + (7)2

3
− (7)2

9
= 10.89

which is identical to SSBlocks.
The analysis of variance is shown in Table 9.4. Because

there is only one replicate, no formal tests can be performed.
It is not a good idea to use the AB component of interaction
as an estimate of error.

◾ TABLE 9 . 4
Analysis of Variance for Data in Example 9.2

Source of Variation Sum of Squares
Degrees of
Freedom

Blocks (AB2) 10.89 2

A 131.56 2

B 0.22 2

AB 2.89 2

Total 145.56 8

We now look at a slightly more complicated design—a 33 factorial confounded in three blocks of nine runs each.
The AB2C2 component of the three-factor interaction will be confounded with blocks. The defining contrast is

L = x1 + 2x2 + 2x3
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It is easy to verify that the treatment combinations 000, 012, and 101 belong in the principal block. The remaining
runs in the principal block are generated as follows:

(1) 000 (4) 101 + 101 = 202 (7) 101 + 021 = 122

(2) 012 (5) 012 + 012 = 021 (8) 012 + 202 = 211

(3) 101 (6) 101 + 012 = 110 (9) 021 + 202 = 220

To find the runs in another block, note that the treatment combination 200 is not in the principal block. Thus, the
elements of block 2 are

(1) 200 + 000 = 200 (4) 200 + 202 = 102 (7) 200 + 122 = 022

(2) 200 + 012 = 212 (5) 200 + 021 = 221 (8) 200 + 211 = 111

(3) 200 + 101 = 001 (6) 200 + 110 = 010 (9) 200 + 220 = 120

Notice that all these runs satisfy L = 2 (mod 3). The final block is found by observing that 100 does not belong in
block 1 or 2. Using 100 as above yields

(1) 100 + 000 = 100 (4) 100 + 202 = 002 (7) 100 + 122 = 222

(2) 100 + 012 = 112 (5) 100 + 021 = 121 (8) 100 + 211 = 011

(3) 100 + 101 = 201 (6) 100 + 110 = 210 (9) 100 + 220 = 020

The blocks are shown in Figure 9.7.
The analysis of variance for this design is shown in Table 9.5. Through the use of this confounding scheme, infor-

mation on all the main effects and two-factor interactions is available. The remaining components of the three-factor
interaction (ABC,AB2C, and ABC2) are combined as an estimate of error. The sum of squares for those three com-
ponents could be obtained by subtraction. In general, for the 3k design in three blocks, we would always select a
component of the highest order interaction to confound with blocks. The remaining unconfounded components of this
interaction could be obtained by computing the k-factor interaction in the usual way and subtracting from this quantity
the sum of squares for blocks.

9.2.2 The 3k Factorial Design in Nine Blocks

In some experimental situations, it may be necessary to confound the 3k design in nine blocks. Thus, eight degrees of
freedom will be confounded with blocks. To construct these designs, we choose two components of interaction, and,
as a result, two more will be confounded automatically, yielding the required eight degrees of freedom. These two are
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◾ F I GURE 9 . 7 The 33 design in three blocks with AB2C2 confounded
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◾ TABLE 9 . 5
Analysis of Variance for a 33 Design with AB2C2 Confounded

Source of Variation Degrees of Freedom

Blocks (AB2C2) 2

A 2

B 2

C 2

AB 4

AC 4

BC 4

Error (ABC + AB2C + ABC2) 6

Total 26

the generalized interactions of the two effects originally chosen. In the 3k system, the generalized interactions of two
effects (e.g., P and Q) are defined as PQ and PQ2 (or P2Q).

The two components of interaction initially chosen yield two defining contrasts

L1 = 𝛼1x1 + 𝛼2x2 + · · · + 𝛼kxk = u (mod 3) u = 0, 1, 2

L2 = 𝛽1x1 + 𝛽2x2 + · · · + 𝛽kxk = h (mod 3) h = 0, 1, 2 (9.3)

where {𝛼i} and {𝛽j} are the exponents in the first and second generalized interactions, respectively, with the convention
that the first nonzero 𝛼i and 𝛽j are unity. The defining contrasts in Equation 9.3 imply nine simultaneous equations
specified by the pair of values for L1 and L2. Treatment combinations having the same pair of values for (L1,L2) are
assigned to the same block.

The principal block consists of treatment combinations satisfying L1 = L2 = 0 (mod 3). The elements of this
block form a group with respect to addition modulus 3; thus, the scheme given in Section 9.2.1 can be used to generate
the blocks.

As an example, consider the 34 factorial design confounded in nine blocks of nine runs each. Suppose we choose
to confound ABC and AB2D2. Their generalized interactions

(ABC)(AB2D2) = A2B3CD2 = (A2B3CD2)2 = AC2D

(ABC)(AB2D2)2 = A3B5CD4 = B2CD = (B2CD)2 = BC2D2

are also confounded with blocks. The defining contrasts for ABC and AB2D2 are

L1 = x1 + x2 + x3
L2 = x1 + 2x2 + 2x4 (9.4)

The nine blocks may be constructed by using the defining contrasts (Equation 9.4) and the group-theoretic property of
the principal block. The design is shown in Figure 9.8.

For the 3k design in nine blocks, four components of interaction will be confounded. The remaining uncon-
founded components of these interactions can be determined by subtracting the sum of squares for the confounded
component from the sum of squares for the entire interaction. The method described in Section 9.1.3 may be useful in
computing the components of interaction.

9.2.3 The 3k Factorial Design in 3p Blocks

The 3k factorial design may be confounded in 3p blocks of 3k−p observations each, where p < k. The procedure is
to select p independent effects to be confounded with blocks. As a result, exactly (3p − 2p − 1)∕2 other effects are
automatically confounded. These effects are the generalized interactions of those effects originally chosen.
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◾ F I GURE 9 . 8 The 34 design in nine blocks with ABC, AB2D2, AC2D, and BC2D2 confounded

As an illustration, consider a 37 design to be confounded in 27 blocks. Because p = 3, we would select three
independent components of interaction and automatically confound [33 − 2(3) − 1]∕2 = 10 others. Suppose we choose
ABC2DG,BCE2F2G, and BDEFG. Three defining contrasts can be constructed from these effects, and the 27 blocks
can be generated by the methods previously described. The other 10 effects confounded with blocks are

(ABC2DG)(BCE2F2G) = AB2DE2F2G2

(ABC2DG)(BCE2F2G)2 = AB3C4DE4F4G3 = ACDEF

(ABC2DG)(BDEFG) = AB2C2D2EFG2

(ABC2DG)(BDEFG)2 = AB3C2D3E2F2G3 = AC2E2F2

(BCE2F2G)(BDEFG) = B2CDE3F3G2 = BC2D2G

(BCE2F2G)(BDEFG)2 = B3CD2E4F4G3 = CD2EF

(ABC2DG)(BCE2F2G)(BDEFG) = AB3C3D2E3F3G3 = AD2

(ABC2DG)2(BCE2F3G)(BDEFG) = A2B4C5D3G4 = AB2CG2

(ABC2DG)(BCE2F2G)2(BDEFG) = ABCD2E2F2G

(ABC2DG)(BCE2F2G)(BDEFG)2 = ABC3D3E4F4G4 = ABEFG

This is a huge design requiring 37 = 2187 observations arranged in 27 blocks of 81 observations each.

9.3 Fractional Replication of the 3k Factorial Design

The concept of fractional replication can be extended to the 3k factorial designs. Because a complete replicate of the 3k

design can require a rather large number of runs even for moderate values of k, fractional replication of these designs
is of interest. As we shall see, however, some of these designs have complex alias structures.

9.3.1 The One-Third Fraction of the 3k Factorial Design

The largest fraction of the 3k design is a one-third fraction containing 3k−1 runs. Consequently, we refer to this as a 3k−1

fractional factorial design. To construct a 3k−1 fractional factorial design, select a two-degrees-of-freedom component
of interaction (generally, the highest order interaction) and partition the full 3k design into three blocks. Each of the
three resulting blocks is a 3k−1 fractional design, and any one of the blocks may be selected for use. If AB𝛼2C𝛼3 · · ·K𝛼k
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is the component of interaction used to define the blocks, then I = AB𝛼2C𝛼3 · · ·K𝛼k is called the defining relation of
the fractional factorial design. Each main effect or component of interaction estimated from the 3k−1 design has two
aliases, which may be found by multiplying the effect by both I and I2 modulus 3.

As an example, consider a one-third fraction of the 33 design. We may select any component of the ABC inter-
action to construct the design, that is, ABC, AB2C, ABC2, or AB2C2. Thus, there are actually 12 different one-third
fractions of the 33 design defined by

x1 + 𝛼2x2 + 𝛼3x3 = u (mod 3)

where 𝛼 = 1 or 2 and u = 0, 1, or 2. Suppose we select the component of AB2C2. Each fraction of the resulting 33−1

design will contain exactly 32 = 9 treatment combinations that must satisfy

x1 + 2x2 + 2x3 = u (mod 3)

where u = 0, 1, or 2. It is easy to verify that the three one-third fractions are as shown in Figure 9.9.
If any one of the 33−1 designs in Figure 9.9 is run, the resulting alias structure is

A = A(AB2C2) = A2B2C2 = ABC

A = A(AB2C2)2 = A3B4C4 = BC

B = B(AB2C2) = AB3C2 = AC2

B = B(AB2C2)2 = A2B5C4 = ABC2

C = C(AB2C2) = AB2C3 = AB2

C = C(AB2C2)2 = A2B4C5 = AB2C

AB = AB(AB2C2) = A2B3C2 = AC

AB = AB(AB2C2)2 = A3B5C4 = BC2

Consequently, the four effects that are actually estimated from the eight degrees of freedom in the design are
A + BC + ABC,B + AC2 + ABC2

,C + AB2 + AB2C, andAB + AC + BC2. This designwould be of practical value only

(b) Geometric view
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if all the interactions were small relative to the main effects. Because the main effects are aliased with two-factor
interactions, this is a resolution III design. Notice how complex the alias relationships are in this design. Each main
effect is aliased with a component of interaction. If, for example, the two-factor interaction BC is large, this will
potentially distort the estimate of the main effect of A and make the AB + AC + BC2 effect very difficult to interpret.
It is very difficult to see how this design could be useful unless we assume that all interactions are negligible.

Before leaving the 33−1III design, note that for the design with u = 0 (see Figure 9.9) if we let A denote the row
and B denote the column, then the design can be written as

000 012 021

101 110 122

202 211 220

which is a 3 × 3 Latin square. The assumption of negligible interactions required for unique interpretations of the
33−1III design is paralleled in the Latin square design. However, the two designs arise from different motives, one as a
consequence of fractional replication and the other from randomization restrictions. From Table 4.13, we observe that
there are only twelve 3 × 3 Latin squares and that each one corresponds to one of the twelve different 33−1 fractional
factorial designs.

The treatment combinations in a 3k−1 design with the defining relation I = AB𝛼2C𝛼3 · · ·K𝛼k can be constructed
using a method similar to that employed in the 2k−p series. First, write down the 3k−1 runs for a full three-level factorial
design in k − 1 factors, with the usual 0, 1, 2 notation. This is the basic design in the terminology of Chapter 8. Then
introduce the kth factor by equating its levels xk to the appropriate component of the highest order interaction, say
AB𝛼2C𝛼3 · · · (K − 1)𝛼k−1 , through the relationship

xk = 𝛽1x1 + 𝛽2x2 + · · · + 𝛽k−1xk−1 (9.5)

where 𝛽i = (3 − 𝛼k)𝛼i (mod 3) for 1 ≤ i ≤ k − 1. This yields a design of the highest possible resolution.
As an illustration, we use this method to generate the 34−1IV design with the defining relation I = AB2CD

shown in Table 9.6. It is easy to verify that the first three digits of each treatment combination in this table are
the 27 runs of a full 33 design. This is the basic design. For AB2CD, we have 𝛼1 = 𝛼3 = 𝛼4 = 1 and 𝛼2 = 2. This
implies that 𝛽1 = (3 − 1)𝛼1(mod 3) = (3 − 1)(1) = 2, 𝛽2 = (3 − 1)𝛼2 (mod 3) = (3 − 1)(2) = 4 = 1 (mod 3), and
𝛽3 = (3 − 1)𝛼3(mod 3) = (3 − 1)(1) = 2. Thus, Equation 9.5 becomes

x4 = 2x1 + x2 + 2x3 (9.6)

The levels of the fourth factor satisfy Equation 9.6. For example, we have 2(0) + 1(0) + 2(0) = 0, 2(0) + 1(1) + 2(0) =
1, 2(1) + 1(1) + 2(0) = 3 = 0, and so on.

◾ TABLE 9 . 6
A 34−1IV Design with I = AB2CD

0000 0012 2221

0101 0110 0021

1100 0211 0122

1002 1011 0220

0202 1112 1020

1201 1210 1121

2001 2010 1222

2102 2111 2022

2200 2212 2120
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The resulting 34−1IV design has 26 degrees of freedom that may be used to compute the sums of squares for the
13 main effects and components of interactions (and their aliases). The aliases of any effect are found in the usual
manner; for example, the aliases of A are A(AB2CD) = ABC2D2 and A(AB2CD)2 = BC2D2. One may verify that the
four main effects are clear of any two-factor interaction components, but that some two-factor interaction components
are aliased with each other. Once again, we notice the complexity of the alias structure. If any two-factor interactions
are large, it will likely be very difficult to isolate them with this design.

The statistical analysis of a 3k−1 design is accomplished by the usual analysis of variance procedures for factorial
experiments. The sums of squares for the components of interaction may be computed as in Section 9.1. Remember
when interpreting results that the components of interactions have no practical interpretation.

9.3.2 Other 3k−p Fractional Factorial Designs

For moderate-to-large values of k, even further fractionation of the 3k design is potentially desirable. In general, we
may construct a

(
1
3

)p
fraction of the 3k design for p < k, where the fraction contains 3k−p runs. Such a design is called

a 3k−p fractional factorial design. Thus, a 3k−2 design is a one-ninth fraction, a 3k−3 design is a one-twenty-seventh
fraction, and so on.

The procedure for constructing a 3k−p fractional factorial design is to select p components of interaction and use
these effects to partition the 3k treatment combinations into 3p blocks. Each block is then a 3k−p fractional factorial
design. The defining relation I of any fraction consists of the p effects initially chosen and their (3p − 2p − 1)∕2 gen-
eralized interactions. The alias of any main effect or component of interaction is produced by multiplication modulus
3 of the effect by I and I2.

We may also generate the runs defining a 3k−p fractional factorial design by first writing down the treatment com-
binations of a full 3k−p factorial design and then introducing the additional p factors by equating them to components
of interaction, as we did in Section 9.3.1.

We illustrate the procedure by constructing a 34−2 design, that is, a one-ninth fraction of the 34 design. Let
AB2C and BCD be the two components of interaction chosen to construct the design. Their generalized interactions are
(AB2C)(BCD) = AC2D and (AB2C)(BCD)2 = ABD2. Thus, the defining relation for this design is I = AB2C = BCD =
AC2D = ABD2, and the design is of resolution III. The nine treatment combinations in the design are found by writing
down a 32 design in the factors A and B, and then adding two new factors by setting

x3 = 2x1 + x2
x4 = 2x2 + 2x3

This is equivalent to using AB2C and BCD to partition the full 34 design into nine blocks and then selecting one of
these blocks as the desired fraction. The complete design is shown in Table 9.7.

This design has eight degrees of freedom that may be used to estimate four main effects and their aliases. The
aliases of any effect may be found by multiplying the effect modulus 3 by AB2C,BCD,AC2D,ABD2, and their squares.
The complete alias structure for the design is given in Table 9.8.

From the alias structure, we see that this design is useful only in the absence of interaction. Furthermore, if A
denotes the rows and B denotes the columns, then from examining Table 9.7 we see that the 34−2III design is also a
Graeco–Latin square.

◾ TABLE 9 . 7
A 34−2III Design with I = AB2C and I = BCD

0000 0111 0222

1021 1102 1210

2012 2120 2201
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◾ TABLE 9 . 8
Alias Structure for the 34−2III Design in Table 9.7

Effect Aliases

A

B

C

D

I

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

ABC2 ABCD ACD2 AB2D

AC BC2D2 ABC2D AB2D2

AB2C2 BC2D AD ABCD2

AB2CD BCD2 AC2D2 AB

I2

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

BC2 AB2C2D2 CD2 BD2

ABC CD AB2C2D AD2

AB2 BD ACD ABC2D2

AB2CD2 BC AC2 ABD

The publication by Connor and Zelen (1959) contains an extensive selection of designs for 4 ≤ k ≤ 10. This
pamphlet was prepared for the National Bureau of Standards and is the most complete table of fractional 3k−p plans
available.

In this section, we have noted several times the complexity of the alias relationships in 3k−p fractional factorial
designs. In general, if k is moderately large, say k ≥ 4 or 5, the size of the 3k design will drive most experimenters to
consider fairly small fractions. These designs have alias relationships that involve the partial aliasing of two-degrees-
of-freedom components of interaction. This, in turn, results in a design that can be difficult and in many cases impos-
sible to interpret if interactions are not negligible. Furthermore, there are no simple augmentation schemes (such as
fold over) that can be used to combine two or more fractions to isolate significant interactions. The 3k design is often
suggested as appropriate when curvature is present. However, more efficient alternatives (see Chapter 11) are possible.

9.4 Factorials with Mixed Levels

We have emphasized factorial and fractional factorial designs in which all the factors have the same number of levels.
The two-level system discussed in Chapters 6, 7, and 8 is particularly useful. The three-level system presented earlier
in this chapter is much less useful because the designs are relatively large even for a modest number of factors, and
most of the small fractions have complex alias relationships that would require very restrictive assumptions regarding
interactions to be useful.

It is our belief that the two-level factorial and fractional factorial designs should be the cornerstone of industrial
experimentation for product and process development, troubleshooting, and improvement. In some situations, however,
it is necessary to include a factor (or a few factors) that has more than two levels. This usually occurs when there are
both quantitative and qualitative factors in the experiment, and the qualitative factor has (say) three levels. If all factors
are quantitative, then two-level designs with center points should be employed. In this section, we show how some
three- and four-level factors can be accommodated in a 2k design.

9.4.1 Factors at Two and Three Levels

Occasionally, there is interest in a design that has some factors at two levels and some factors at three levels. If these
are full factorials, then construction and analysis of these designs presents no new challenges. However, interest in
these designs can occur when a fractional factorial design is being contemplated. If all of the factors are quantitative,
mixed-level fractions are usually poor alternatives to a 2k−p fractional factorial with center points. Usually when these
designs are considered, the experimenter has a mix of qualitative and quantitative factors, with the qualitative factors
taking on three levels. The complex aliasing we observed in the 3k−p design with qualitative factors carries over to a
great extent in the mixed-level fractional system. Thus, mixed-level fractional designs with all qualitative factors or a
mix of qualitative and quantitative factors should be used very carefully. This section gives a brief discussion of some
of these designs.
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◾ TABLE 9 . 9
Use of Two-Level Factors to Form a Three-Level Factor

Two-Level Factors Three-Level Factor

B C X

− − x1
− − x2
− + x2
+ + x3

Designs in which some factors have two levels and other factors have three levels can be derived from the table
of plus and minus signs for the usual 2k design. The general procedure is best illustrated with an example. Suppose we
have two variables, with A at two levels and X at three levels. Consider a table of plus and minus signs for the usual
eight-run 23 design. The signs in columns B and C have the pattern shown on the left side of Table 9.9. Let the levels
of X be represented by x1, x2, and x3. The right side of Table 9.9 shows how the sign patterns for B and C are combined
to form the levels of the three-level factor.

Now factor X has two degrees of freedom and if the factor is quantitative, it can be partitioned into a linear
and a quadratic component, each component having one degree of freedom. Table 9.10 shows a 23 design with the
columns labeled to show the actual effects that they estimate, with XL and XQ denoting the linear and quadratic effects
of X, respectively. Note that the linear effect of X is the sum of the two effect estimates computed from the columns
usually associated with B and C and that the effect of A can only be computed from the runs where X is at either
the low or high levels, namely, runs 1, 2, 7, and 8. Similarly, the A × XL effect is the sum of the two effects that
would be computed from the columns usually labeled AB and AC. Furthermore, note that runs 3 and 5 are replicates.
Therefore, a one-degree-of-freedom estimate of error can be made using these two runs. Similarly, runs 4 and 6 are
replicates, and this would lead to a second one-degree-of-freedom estimate of error. The average variance at these two
pairs of runs could be used as a mean square for error with two degrees of freedom. The complete analysis of variance
is summarized in Table 9.11.

If we are willing to assume that the two-factor and higher interactions are negligible, we can convert the design
in Table 9.10 into a resolution III fraction with up to four two-level factors and a single three-level factor. This would

◾ TABLE 9 . 10
One Two-Level and One Three-Level Factor in a 23 Design

A XL XL A × XL A × XL XQ A × XQ

Actual
Treatment

Combinations

Run A B C AB AC BC ABC A X

1 − − − + + + − Low Low

2 + − − − − + + High Low

3 − + − − + − + Low Med

4 + + − + − − − High Med

5 − − + + − − + Low Med

6 + − + − + − − High Med

7 − + + − − + − Low High

8 + + + + + + + High High
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◾ TABLE 9 . 11
Analysis of Variance for the Design in Table 9.10

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square

A SSA 1 MSA
X(XL + XQ) SSX 2 MSX1
AX(A × XL + A × XQ) SSAX 2 MSAX
Error (from runs 3 and

5 and runs 4 and 6)
SSE 2 MSE

Total SST 7

be accomplished by associating the two-level factors with columns A,AB,AC, and ABC. Column BC cannot be used
for a two-level factor because it contains the quadratic effect of the three-level factor X.

This same procedure can be applied to the 16-, 32-, and 64-run 2k designs. For 16 runs, it is possible to construct
resolution V fractional factorials with two two-level factors and either two or three factors at three levels. A 16-run
resolution V fraction can also be obtained with three two-level factors and one three-level factor. If we include four
two-level factors and a single three-level factor in 16 runs, the design will be of resolution III. The 32- and 64-run
designs allow similar arrangements. For additional discussion of some of these designs, see Addelman (1962).

9.4.2 Factors at Two and Four Levels

It is very easy to accommodate a four-level factor in a 2k design. The procedure for doing this involves using two
two-level factors to represent the four-level factor. For example, suppose that A is a four-level factor with levels
a1, a2, a3, and a4. Consider two columns of the usual table of plus and minus signs, say columns P and Q. The pattern
of signs in these two columns is as shown on the left side of Table 9.12. The right side of this table shows how these
four sign patterns would correspond to the four levels of factor A. The effects represented by columns P and Q and
the PQ interaction are mutually orthogonal and correspond to the three-degrees-of-freedom A effect. This method of
constructing a four-level factor from two two-level factors is called the method of replacement.

To illustrate this idea more completely, suppose that we have one four-level factor and two two-level factors and
that we need to estimate all the main effects and interactions involving these factors. This can be done with a 16-run
design. Table 9.13 shows the usual table of plus and minus signs for the 16-run 24 design, with columns A and B used
to form the four-level factor, say X, with levels x1, x2, x3, and x4. Sums of squares would be calculated for each column

◾ TABLE 9 . 12
Four-Level Factor A Expressed as Two Two-Level Factors

Two-Level Factors Four-Level Factor

Run P Q A

1 − − a1
2 + − a2
3 − + a3
4 + + a4
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◾ TABLE 9 . 13
A Single Four-Level Factor and Two Two-Level Factors in 16 Runs

Run (A B) = X C D AB AC BC ABC AD BD ABD CD ACD BCD ABCD

1 − − x1 − − + + + − + + − + − − +
2 + − x2 − − − − + + − + + + + − −
3 − + x3 − − − + − + + − + + − + −
4 + + x4 − − + − − − − − − + + + +
5 − − x1 + − + − − + + + − − + + −
6 + − x2 + − − + − − − + + − − + +
7 − + x3 + − − − + − + − + − + − +
8 + + x4 + − + + + + − − − − − − −
9 − − x1 − + + + + − − − + − + + −
10 + − x2 − + − − + + + − − − − + +
11 − + x3 − + − + − + − + − − + − +
12 + + x4 − + + − − − + + + − − − −
13 − − x1 + + + − − + − − + + − − +
14 + − x2 + + − + − − + − − + + − −
15 − + x3 + + − − + − − + − + − + −
16 + + x4 + + + + + + + + + + + + +

A,B, . . . ,ABCD just as in the usual 2k system. Then the sums of squares for all factors X,C,D, and their interactions
are formed as follows:

SSX = SSA + SSB + SSAB (3 degrees of freedom)
SSC = SSC (1 degree of freedom)
SSD = SSD (1 degree of freedom)
SSCD = SSCD (1 degree of freedom)
SSXC = SSAC + SSBC + SSABC (3 degrees of freedom)
SSXD = SSAD + SSBD + SSABD (3 degrees of freedom)
SSXCD = SSACD + SSBCD + SSABCD (3 degrees of freedom)

This could be called a 4 × 22 design. If we are willing to ignore two-factor interactions, up to nine additional two-level
factors can be associated with the two-factor interaction (except AB), three-factor interaction, and four-factor interac-
tion columns.

There are a wide range of fractional factorial designs with amix of two- and four-level factors available. However,
we recommend using these designs cautiously. If all factors are quantitative, the 2k−p system with center points will
usually be a superior alternative. Designs with factors at two and four levels that are of resolution IV or higher, which
would usually be necessary if there are both quantitative and qualitative factors present, and typically rather large,
requiring n ≥ 32 runs in many cases.

9.5 Nonregular Fractional Factorial Designs

The regular two-level fractional factorial designs in Chapter 8 are a staple for factor screening in modern industrial
applications. Resolution IV designs are particularly popular because they avoid the confounding of main effects and
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two-factor interactions found in resolution III designs while avoiding the larger sample size requirements of resolu-
tion V designs. However, when the number of factors is relatively large, say k = 9 or more, resolution III designs are
widely used. In Chapter 8 we discussed the regular minimum aberration versions of the 2k−p fractional factorials of
resolutions III, IV, and V.

The two-factor interaction aliasing in resolution III and IV designs can result in experiments whose outcomes
have ambiguous conclusions. For example, in Chapter 8 we illustrated a 26−2 design used in a spin coating process
applying photoresist where four main effects A, B, C, and E were found to be important along with one two-factor
interaction alias chain AB + CE. Without external process knowledge, the experimenter could not decide whether the
AB interaction, the CE interaction, or some linear combination of them represents the true state of nature. To resolve
this ambiguity requires additional runs. In Chapter 8 we illustrated the use of both a fold-over and a partial fold-over
strategy to resolve the aliasing. We also saw an example of a resolution III 27–4 fractional factorial in an eye focus time
experiment where fold over was required to identify a large two-factor interaction effect.

While strong two-factor interactions are usually less likely than strong main effects, there are likely to be many
more interactions than main effects in screening situations (this is a consequence of effect sparsity. As a result, the
likelihood of at least one significant interaction effect is quite high. There is often substantial reluctance to commit addi-
tional time and material to a study with unclear results. Consequently, experimenters often want to avoid the need for a
follow-up study. In this section we show how specific choices of nonregular two-level fractional factorial designs can be
used in experiments with between 6 and 14 factors and potentially avoid subsequent experimentation when two-factor
interactions are active. Section 9.5.1 presents designs for 6, 7, and 8 factors in 16 runs. These designs have no complete
confounding of pairs of two-factor interactions. These designs are excellent alternatives for the regular minimum aber-
ration resolution IV fractional factorials. In Section 9.5.2 we present nonregular designs for between 9 and 14 factors
in 16 runs that have no complete aliasing of main effects and two-factor interactions. These designs are alternative to
the regular minimum aberration resolution III fractional factorials. We also present metrics to evaluate these fractional
factorial designs, show how the recommended nonregular 16-run designs were obtained, and discuss analysis methods.

Screening designs are primarily concerned with the discovery of active factors. This factor activity generally
expresses itself through a main effect or a factor’s involvement in a two-factor interaction. Consider the model

y = X 𝜷 + 𝜖 (9.7)

where X contains columns for the intercept, main effects and all two-factor interactions, 𝜷 is the vector of model
parameters, and 𝜖 is the usual vector of NID(0, 𝜎2) random errors. Consider the case of six factors in 16 runs and a
model with all main effects and two-factor interactions. For this situation the X matrix has more columns than rows.
Thus, it is not of full rank and the usual least squares estimate for 𝜷 does not exist because the matrix X′X is singular.
With respect to this model, every 16-run design is supersaturated. Booth and Cox (1962) introduced the E(s2) criterion
as a diagnostic measure for comparing supersaturated designs, where

E(s2) =
∑
i<j

(X′
iXj)2∕(k(k − 1)) (9.8)

and k is the number of columns in X.
Minimizing the E(s2) criterion is equivalent to minimizing the sum of squared off-diagonal elements of the cor-

relation matrix of X. Removing the constant column from X, the correlation matrix of the regular resolution IV 16-run
six-factor design is 21 × 21 with one row and column for each of the six main effects and 15 two-factor interactions.
Figure 9.10 shows the cell plot of the correlationmatrix for the principal fraction of this design. In Figure 9.10we note
that the correlation is zero between all main effects and two-factor interactions (because the design is resolution IV)
and that the correlation is +1 between every two-factor interaction and at least one other two-factor interaction. These
two-factor interactions are completely confounded. If another member of the same design family had been used, at
least one of the generators would have been used with a negative sign in design construction and some of the entries
of the correlation matrix would have been −1. There still would be complete confounding of two-factor interactions
in the design.

Jones and Montgomery (2010) introduced the cell plot of the correlation matrix as a useful graphical way to
show the aliasing relationships in fractional factorials and to compare nonregular designs to their regular fractional
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◾ F I GURE 9 . 10 The correlation matrix for the regular
26–2 resolution IV fractional factorial design

factorial counterparts. In Figure 9.10 it is a display of the confounding pattern, much like what can be seen in the alias
matrix. We introduced the alias matrix in Chapter 8. Recall that we plan to fit the model

y = X1𝜷1 + 𝜖

where X1 is the design matrix for the experiment that has been conducted expanded to model form, 𝜷1 is the vector of
model parameters, and 𝜖 is the usual vector of NID(0, 𝜎2) errors but that the true model is

y = X1𝜷1 + X2𝜷2 + 𝜖

where the columns of X2 contain additional factors not included in the original model (such as interactions) and 𝜷2
is the corresponding vector of model parameters. In Chapter 8 we observed that the expected value of 𝜷̂1, the least
squares estimate of 𝜷1, is

E(𝜷̂1) = 𝜷1 + (X′
1X1)−1X′

1X2𝜷2 = 𝜷1 + A𝜷2

The alias matrix A = (X′
1X1)−1X′

1X2 shows how estimates of terms in the fitted model are biased by active terms that
are not in the fitted model. Each row of A is associated with a parameter in the fitted model. Nonzero elements in a
row of A show the degree of biasing of the fitted model parameter due to terms associated with the columns of X2.

In a regular design, an arbitrary entry in the alias matrix, say Aij, is either 0 or ±1. If Aij is 0 then the ith column
of X1 is orthogonal to the jth column of X2. Otherwise if Aij is ±1, then the ith column of X1 and the jth column of X2
are perfectly correlated.

For nonregular designs, the aliasing is more complex. If X1 is the design matrix for the main effects model and
X2 is the design matrix for the two-factor interactions, then the entries of the alias matrix for orthogonal nonregular
designs for 16 runs take the values 0, ±1, or ±0.5. A small subset of these designs have no entries of ±1.

Bursztyn and Steinberg (2006) propose using the trace of AA′ (or equivalently the trace of AA′) as a scalar
measure of the total bias in a design. They use this as a means for comparing designs for computer simulations but this
measure works equally well for ranking competitive screening designs.

9.5.1 Nonregular Fractional Factorial Designs for 6, 7, and 8 Factors in 16 Runs

These designs were introduced by Jones and Montgomery (2010) as alternatives to the usual regular minimum aberra-
tion fraction. Hall (1961) identified five nonisomorphic orthogonal designs for 15 factors in 16 runs. By nonisomor-
phic, we mean that one cannot obtain one of these designs from another one by permuting the rows or columns or by
changing the labels of the factor. The Jones and Montgomery designs are projections of the Hall designs created by
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selecting the specific sets of columns that minimize the E(s2) and trace AA′ criteria. They searched all of the noniso-
morphic orthogonal projections of the Hall designs. Tables 9.14 through 9.18 show the Hall designs. Table 9.19 shows
the number of nonisomorphic orthogonal 16-run designs.

◾ TABLE 9 . 14
The Hall I Design

Run A B C D E F G H J K L M N P Q

1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1

2 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1
3 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1
4 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

5 −1 −1 1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1
6 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

7 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1

8 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
9 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1 1 −1
10 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

11 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1

12 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1
13 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1

14 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1
15 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
16 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

◾ TABLE 9 . 15
The Hall II Design

Run A B C D E F G H J K L M N P Q

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
3 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1
4 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

5 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1
6 1 −1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1 1

7 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

8 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1
9 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
10 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1

11 −1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1 −1 1

12 −1 1 −1 −1 1 −1 1 −1 1 −1 1 1 −1 1 −1
13 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1
14 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1

15 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

16 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1
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◾ TABLE 9 . 16
The Hall III Design

Run A B C D E F G H J K L M N P Q

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
3 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1
4 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

5 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1
6 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

7 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

8 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1
9 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
10 −1 1 −1 1 −1 1 −1 −1 1 −1 1 −1 1 −1 1

11 −1 1 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1

12 −1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1 1 −1
13 −1 −1 1 1 −1 −1 1 1 −1 −1 1 −1 1 1 −1
14 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1

15 −1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1

16 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 1 1 −1

◾ TABLE 9 . 17
The Hall IV Design

Run A B C D E F G H J K L M N P Q

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1
3 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1
4 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

5 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1
6 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

7 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1 1 1

8 1 −1 −1 −1 −1 1 1 −1 −1 1 1 1 1 −1 −1
9 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1 1 −1
10 −1 1 −1 1 −1 −1 1 1 −1 −1 1 −1 1 −1 1

11 −1 1 −1 −1 1 1 −1 1 1 −1 1 1 −1 −1 1

12 −1 1 −1 −1 1 −1 1 −1 1 1 −1 −1 1 1 −1
13 −1 −1 1 1 −1 1 −1 −1 1 −1 1 −1 1 1 −1
14 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1 −1 −1 1

15 −1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1 −1 1

16 −1 −1 1 −1 1 −1 1 1 −1 −1 1 1 −1 1 −1
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◾ TABLE 9 . 18
The Hall V Design

Run A B C D E F G H J K L M N P Q

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1

3 1 1 1 −1 −1 −1 −1 1 1 1 1 −1 −1 −1 −1

4 1 1 1 −1 −1 −1 −1 −1 −1 −1 −1 1 1 1 1

5 1 −1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1 −1

6 1 −1 −1 1 1 −1 −1 −1 −1 1 1 −1 −1 1 1

7 1 −1 −1 −1 −1 1 1 1 −1 1 −1 1 −1 1 −1

8 1 −1 −1 −1 −1 1 1 −1 1 −1 1 −1 1 −1 1

9 −1 1 −1 1 −1 1 −1 1 1 −1 −1 −1 −1 1 1

10 −1 1 −1 1 −1 1 −1 −1 −1 1 1 1 1 −1 −1

11 −1 1 −1 −1 1 −1 1 1 −1 −1 1 −1 1 1 −1

12 −1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 1

13 −1 −1 1 1 −1 −1 1 1 −1 1 −1 −1 1 −1 1

14 −1 −1 1 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1

15 −1 −1 1 −1 1 1 −1 1 −1 −1 1 1 −1 −1 1

16 −1 −1 1 −1 1 1 −1 −1 1 1 −1 −1 1 1 −1

◾ TABLE 9 . 19
Number of 16-Run Orthogonal Nonisomorphic Designs

Number of Factors Number of Designs

6 27
7 55
8 80

The nonregular designs that Jones and Montgomery recommended are shown in Tables 9.20, 9.21, and 9.22.
The six-factor design in Table 9.20 is found from columns D, E, H, K, M, and Q of Hall II. The correlation matrix
for this design along with the correlation matrix for the corresponding regular fraction is in Figure 9.11. Notice that
like the regular 26–2 design the design in Table 9.20 is first-order orthogonal but unlike the regular design, there are no
two-factor interactions that are aliased with each other. All of the off-diagonal entries in the correlation matrix are zero,
−0.5, or+0.5. Because there is no complete confounding of two-factor interactions, Jones andMontgomery called this
nonregular fraction a no-confounding design.

Table 9.21 presents the recommended seven-factor 16-run design. This design was constructed by selecting
columns A, B, D, H, J, M, and Q from Hall III. The correlation matrix for this design and the regular 27–3 fraction is
shown in Figure 9.12. The no-confounding design is first-order orthogonal and there is no complete confounding of
two-factor interactions. All off-diagonal elements of the correlation matrix are zero, −0.5, or +0.5.
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◾ TABLE 9 . 20
A Nonregular Orthogonal Design for k = 6 Factors in 16 Runs

Run A B C D E F

1 1 1 1 1 1 1
2 1 1 −1 −1 −1 −1
3 −1 −1 1 1 −1 −1
4 −1 −1 −1 −1 1 1
5 1 1 1 −1 1 −1
6 1 1 −1 1 −1 1
7 −1 −1 1 −1 −1 1
8 −1 −1 −1 1 1 −1
9 1 −1 1 1 1 −1
10 1 −1 −1 −1 −1 1
11 −1 1 1 1 −1 1
12 −1 1 −1 −1 1 −1
13 1 −1 1 −1 −1 −1
14 1 −1 −1 1 1 1
15 −1 1 1 −1 1 1
16 −1 1 −1 1 −1 −1

◾ TABLE 9 . 21
A Nonregular Orthogonal Design for k = 7 Factors in 16 Runs

Run A B C D E F G

1 1 1 1 1 1 1 1
2 1 1 1 −1 −1 −1 −1
3 1 1 −1 1 1 −1 −1
4 1 1 −1 −1 −1 1 1
5 1 −1 1 1 −1 1 −1
6 1 −1 1 −1 1 −1 1
7 1 −1 −1 1 −1 −1 1
8 1 −1 −1 −1 1 1 −1
9 −1 1 1 1 1 1 −1
10 −1 1 1 −1 −1 −1 1
11 −1 1 −1 1 −1 1 1
12 −1 1 −1 −1 1 −1 −1
13 −1 −1 1 1 −1 −1 −1
14 −1 −1 1 −1 1 1 1
15 −1 −1 −1 1 1 −1 1
16 −1 −1 −1 −1 −1 1 −1

Table 9.22 presents the recommended eight-factor 16-run design. This design was constructed by choosing
columns A, B, D, F, H, J, M, and O from Hall IV. The correlation matrix for this design and the regular 28–4 fraction
is shown in Figure 9.13. The no-confounding design is orthogonal for the first-order model and there is no complete
confounding of two-factor interactions. All off-diagonal elements of the correlation matrix are zero, −0.5, or +0.5.
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◾ TABLE 9 . 22
A Nonregular Orthogonal Design for k = 8 Factors in 16 Runs

Run A B C D E F G H

1 1 1 1 1 1 1 1 1

2 1 1 1 1 −1 −1 −1 −1
3 1 1 −1 −1 1 1 −1 −1
4 1 1 −1 −1 −1 −1 1 1

5 1 −1 1 −1 1 −1 1 −1
6 1 −1 1 −1 −1 1 −1 1

7 1 −1 −1 1 1 −1 −1 1

8 1 −1 −1 1 −1 1 1 −1
9 −1 1 1 1 1 1 1 1

10 −1 1 1 −1 1 −1 −1 −1
11 −1 1 −1 1 −1 −1 1 −1
12 −1 1 −1 −1 −1 1 −1 1

13 −1 −1 1 1 −1 −1 −1 1

14 −1 −1 1 −1 −1 1 1 −1
15 −1 −1 −1 1 1 1 −1 −1
16 −1 −1 −1 −1 1 −1 1 1
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◾ F I GURE 9 . 11 Correlation matrix (a) regular 26–2 fractional factorial, (b) the nonregular no-confounding design

Table 9.23 compares the popular minimum aberration resolution IV designs to the nonregular alternatives designs
on the metrics described previously. As shown in the cell plots of the correlation matrices, the recommended designs
outperform the minimum aberration designs for the number of confounded pairs of effects. They also are substantially
better with respect to the E(s2) criterion. The recommended designs all achieve the minimum value of the trace cri-
terion for all of the possible nonregular designs. The price that the Jones and Montgomery recommended designs pay
for avoiding any pure confounding is that there is some correlation between main effects and two-factor interactions.
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◾ F I GURE 9 . 12 Correlation matrix (a) Regular 27–3 fractional factorial, (b) the nonregular no-confounding design
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◾ F I GURE 9 . 13 Correlation matrix (a) regular 28–4 fractional factorial, (b) the nonregular no-confounding design

◾ TABLE 9 . 23
Design Comparison on Metrics

N Factors Design Confounded Effect Pairs E(s2) Trace(AA
′
)

6 Recommended 0 7.31 6
Resolution IV 9 10.97 0

7 Recommended 0 10.16 6
Resolution IV 21 14.20 0

8 Recommended 0 12.80 10.5
Resolution IV 42 17.07 0
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EXAMPLE 9 . 3 The Spin Coating Experiment

Recall from Chapter 8 (Section 8.7.2) the 26−2 spin
coating experiment that involved application of a
photoresist material to silicon wafers. The response
variable is thickness and the design factors are
A = Speed RPM,B = Acceleration,C = Volume, D =
Time, E = Resist Viscosity, and F = Exhaust Rate. The
design is the regular minimum aberration fraction. From
the original analysis in Chapter 8, we concluded that the
main effects of factors A, B, C, and E are important and that
the two-factor interaction alias chain AB + CE is impor-
tant. Because AB and CE are completely confounded, either
additional information or assumptions are necessary to ana-
lytical ambiguity. A complete fold over was performed to
resolve this ambiguity and this additional experimentation
indicated that the CE interaction was active.

Jones and Montgomery (2010) considered an alternative
experimental design for this problem, the no-confounding
six-variable design from Table 9.20. Table 9.24 presents this
design with a set of simulated response data. In constructing

the simulation, they assumed that the main effects that were
important were A, B, C, and E, and that the CE interaction
was the true source of the AB + CE effect observed in the
actual study. They added normal random noise in the sim-
ulated data to match the RMSE of the fitted model in the
original data. They also matched the model parameter esti-
mates to those from the original experiment. The intent is
to create a fair realization of the data that might have been
observed if the no-confounding design had been used.

Jones and Montgomery analyzed this experiment using
forward stepwise regression with all main effect and
two-factor interactions as candidate effects. The reason that
all two-factor interactions can be considered as candidate
effects is that none of these interactions are completely con-
founded. The JMP stepwise regression output is shown in
Figure 9.14. Stepwise regression selects the main effects of
A, B, C, E, along with the CE interaction.

The no-confounding design correctly identifies the
model unambiguously andwithout requiring additional runs.

Lock Entered Parameter Estimate nDF SS “F Ratio” “Prob>F”

× × Intercept 4462.8125 1 0 0.000 1

× A 85.3125 1 77634.37 53.976 2.46e-5

× B −77.6825 1 64368.76 44.753 5.43e-5

× C −34.1875 2 42735.84 14.856 0.00101

D 0 1 31.19857 0.020 0.89184

× E 21.5625 2 31474.34 10.941 0.00304

F 0 1 2024.045 1.474 0.25562

A*B 0 1 395.8518 0.255 0.6259

A*C 0 1 476.1781 0.308 0.59234

A*D 0 2 3601.749 1.336 0.31571

A*E 0 1 119.4661 0.075 0.78986

A*F 0 2 4961.283 2.106 0.18413

B*C 0 1 60.91511 0.038 0.84923

B*D 0 2 938.8809 0.279 0.76337

B*E 0 1 3677.931 3.092 0.11254

B*F 0 2 2044.119 0.663 0.54164

C*D 0 2 1655.264 0.520 0.61321

× C*E 54.8125 1 24035.28 16.711 0.00219

C*F 0 2 2072.497 0.673 0.53667

D*E 0 2 79.65054 0.022 0.97803

D*F 0 0 0 . .

E*F 0 2 5511.275 2.485 0.14476

◾ F I GURE 9 . 14 JMP stepwise regression output for the no-confounding design in Table 9.24
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◾ TABLE 9 . 24
The No-Confounding Design for the Photoresist Application Experiment

Run A B C D E F Thickness

1 1 1 1 1 1 1 4494

2 1 1 −1 −1 −1 −1 4592

3 −1 −1 1 1 −1 −1 4357

4 −1 −1 −1 −1 1 1 4489

5 1 1 1 −1 1 −1 4513

6 1 1 −1 1 −1 1 4483

7 −1 −1 1 −1 −1 1 4288

8 −1 −1 −1 1 1 −1 4448

9 1 −1 1 1 1 −1 4691

10 1 −1 −1 −1 −1 1 4671

11 −1 1 1 1 −1 1 4219

12 −1 1 −1 −1 1 −1 4271

13 1 −1 1 −1 −1 −1 4530

14 1 −1 −1 1 1 1 4632

15 −1 1 1 −1 1 1 4337

16 −1 1 −1 1 −1 −1 4391

Johnson and Jones (2014) show that the no-confounding designs presented in this section can be constructed
using “classical” construction techniques for fractional factorials. That is, start with a basic design that is a full two-level
factorial with the desired number of runs and add columns to this design for the remaining factors using a column
generator for each additional factor. In the case of the no-confounding designs, these column generators are linear
combinations of the columns in the basic design.

Shinde, Montgomery, and Jones (2014) studied the projection properties of the no-confounding designs for six
to eight factors in 16 runs. Consider the six-factor design. There are 20 three-factor projections, of which 12 are full
factorials and 8 have 12 distinct design points with maximum VIF = 1.33. There are 15 four-factor projections, of
which 3 are full factorials and 12 of the projections have 12 distinct design points with maximum VIF = 2.

Now consider the seven-factor NC design. There are 35 three-factor projections, of which 27 are full factorials
and 8 have 8 distinct design points with maximum VIF = 1.33. There are 35 four-factor projections, of which 13 are
full factorials and 23 have 12 distinct design points with maximum VIF = 2.

Finally, consider the eight-factor NC design. There are 56 three-factor projections, of which 42 are full factorials
and 14 have 8 distinct design points with maximum VIF = 1.33. There are 70 four-factor projections, 21 of these are
full factorials and 39 have 12 distinct design points with maximum VIF = 2.

All of the three-factor and four-factor projections of these no-confounding designs will fit all themain effects plus
two-factor interactions models, while the regular 16-run designs can only fit the complete four-factor plus two-factor
interactions models in certain subsets of the original factors. We think the no-confounding designs are excellent and
highly useful alternatives to the regular fractional factorial designs.
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9.5.2 Nonregular Fractional Factorial Designs for 9 Through 14 Factors in 16 Runs

Resolution III fractional factorial designs are popular for factor screening problems in situations where there are a
moderate-to-large number of factors because these designs contain a relatively small number of runs and they are
effective in identifying the unimportant factors and elevating potentially important factors for further experimentation.
Designs in 16 runs are extremely popular because the number of runs is usually within the resources available to most
experimenters.

Because the regular resolution III designs alias main effects and two-factor interactions, and the aliased effects
are completely confounded, experimenters often end up with ambiguous conclusions about which main effects and
two-factor interactions are important. Resolving these ambiguities requires either additional experimentation (such as
use of a fold-over design to augment the original fraction) or assumptions about which effects are important or external
process knowledge. This is very similar to the situation encountered in the previous section, except now main effects
are completely confounded with two-factor interactions. Just as in that section, it is possible to develop no-confounding
designs for 9–14 factors in 16 runs that are good alternatives to the usual minimum aberration resolution III designs
when there are only a few main effects and two-factor interactions that are important. Table 9.25 is an extension of
Table 9.19, showing all possible nonisomorphic nonregular 16-run designs with from 6 to 15 factors. The recommended
designs in Tables 9.26 through 9.31 consist of specific column chosen from the design in this table and are projections
of the Hall designs. The correlation matrices of the designs are shown in Figures 9.15 through 9.20. All recommended
designs are first-order orthogonal (100 percent D-efficient) and the correlations between main effects and two-factor
interactions are ±0.5.

Jones, Shinde, and Montgomery (2015) point out that these no-confounding 16-run designs can be constructed
using the minimum aliasing algorithm in Jones and Nachtsheim (2011a). Minimum aliasing designs are the solution to

Min trace(AA′)
subject to∶
DEff ≥ lD

All of the designs have 100 percent D-efficiency. Jones, Shinde, and Montgomery (2015) also investigated the
projection properties of these designs. There are full factorial projections of all designs for both three and four factors.
There are also three- and four-factor projections with main effects partially aliased with two-factor interactions. No
three-factor projections result in two-factor interactions completely aliased with other two-factor interactions. There
are some four-factor projections with complete aliasing of two-factor interactions. Because there are no designs that
have complete aliasing of main effects with two-factor interactions, these designs deserve consideration as alternatives
to the regular resolution III fractions.

◾ TABLE 9 . 25
Number of Nonisomorphic Nonregular 16-Run Designs

Number of Factors Number of Nonisomorphic Designs

6 27

7 55

8 80

9 87

10 78

11 58

12 36

13 18

14 10

15 5
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◾ TABLE 9 . 26
Recommended 16-Run Nine-Factor No-Confounding Design

Run A B C D E F G H J

1 −1 −1 −1 −1 −1 −1 1 −1 1

2 −1 −1 −1 1 −1 1 −1 1 −1
3 −1 −1 1 −1 1 1 1 1 −1
4 −1 −1 1 1 1 −1 −1 −1 1

5 −1 1 −1 −1 1 1 −1 1 1

6 −1 1 −1 1 1 −1 1 −1 −1
7 −1 1 1 −1 −1 −1 −1 1 −1
8 −1 1 1 1 −1 1 1 −1 1

9 1 −1 −1 −1 1 −1 −1 −1 −1
10 1 −1 −1 1 1 1 1 1 1

11 1 −1 1 −1 −1 1 −1 −1 1

12 1 −1 1 1 −1 −1 1 1 −1
13 1 1 −1 −1 −1 1 1 −1 −1
14 1 1 −1 1 −1 −1 −1 1 1

15 1 1 1 −1 1 −1 1 1 1

16 1 1 1 1 1 1 −1 −1 −1

◾ TABLE 9 . 27
Recommended 16-Run 10-Factor No-Confounding Design

Run A B C D E F G Ha J K

1 −1 −1 −1 −1 1 −1 −1 1 −1 1

2 −1 −1 −1 1 1 1 −1 −1 1 1

3 −1 −1 1 −1 −1 1 1 1 1 1

4 −1 −1 1 −1 1 −1 1 −1 1 −1
5 −1 1 −1 1 −1 1 1 1 −1 1

6 −1 1 −1 1 1 −1 1 −1 −1 −1
7 −1 1 1 −1 −1 −1 −1 1 −1 −1
8 −1 1 1 1 −1 1 −1 −1 1 −1
9 1 −1 −1 −1 −1 1 1 −1 −1 −1
10 1 −1 −1 1 −1 −1 −1 1 1 −1
11 1 −1 1 1 −1 −1 1 −1 −1 1

12 1 −1 1 1 1 1 −1 1 −1 −1
13 1 1 −1 −1 −1 −1 −1 −1 1 1

14 1 1 −1 −1 1 1 1 1 1 −1
15 1 1 1 −1 1 1 −1 −1 −1 1

16 1 1 1 1 1 −1 1 1 1 1
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◾ TABLE 9 . 28
Recommended 16-Run 11-Factor No-Confounding Design

Run A B C D E F G H J K L

1 −1 −1 −1 1 1 −1 −1 −1 1 −1 1

2 −1 −1 1 −1 −1 −1 1 −1 1 −1 −1
3 −1 −1 1 −1 1 1 −1 1 −1 −1 −1
4 −1 −1 1 1 −1 1 1 1 −1 1 1

5 −1 1 −1 −1 −1 −1 −1 −1 −1 1 1

6 −1 1 −1 1 −1 1 1 −1 −1 −1 −1
7 −1 1 −1 1 1 1 −1 1 1 1 −1
8 −1 1 1 −1 1 −1 1 1 1 1 1

9 1 −1 −1 −1 −1 1 −1 1 1 −1 1

10 1 −1 −1 −1 1 1 1 −1 −1 1 1

11 1 −1 −1 1 −1 −1 1 1 1 1 −1
12 1 −1 1 1 1 −1 −1 −1 −1 1 −1
13 1 1 −1 −1 1 −1 1 1 −1 −1 −1
14 1 1 1 −1 −1 1 −1 −1 1 1 −1
15 1 1 1 1 −1 −1 −1 1 −1 −1 1

16 1 1 1 1 1 1 1 −1 1 −1 1

◾ TABLE 9 . 29
Recommended 16-Run 12-Factor No-Confounding Design

Run A B C D E F G H J K L M

1 −1 −1 −1 −1 1 −1 −1 1 1 −1 1 1

2 −1 −1 −1 1 −1 1 1 1 −1 −1 1 −1
3 −1 −1 1 −1 −1 −1 1 −1 1 1 −1 1

4 −1 −1 1 1 1 1 −1 −1 −1 1 −1 −1
5 −1 1 −1 1 −1 −1 −1 −1 −1 −1 −1 1

6 −1 1 −1 1 1 1 1 −1 1 1 1 1

7 −1 1 1 −1 −1 1 −1 1 1 −1 −1 −1
8 −1 1 1 −1 1 −1 1 1 −1 1 1 −1
9 1 −1 −1 −1 −1 1 −1 −1 1 1 1 −1
10 1 −1 −1 −1 1 −1 1 −1 −1 −1 −1 −1
11 1 −1 1 1 −1 −1 −1 1 −1 1 1 1

12 1 −1 1 1 1 1 1 1 1 −1 −1 1

13 1 1 −1 −1 −1 1 1 1 −1 1 −1 1

14 1 1 −1 1 1 −1 −1 1 1 1 −1 −1
15 1 1 1 −1 1 1 −1 −1 −1 −1 1 1

16 1 1 1 1 −1 −1 1 −1 1 −1 1 −1
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◾ TABLE 9 . 30
Recommended 16-Run 13-Factor No-Confounding Design

Run A B C D E F G H J K L M N

1 −1 −1 −1 1 1 −1 −1 1 −1 1 1 −1 1

2 −1 −1 1 −1 −1 −1 −1 −1 1 1 −1 −1 1

3 −1 −1 1 −1 1 1 1 1 1 −1 1 −1 −1
4 −1 −1 1 1 −1 1 1 1 −1 1 −1 1 −1
5 −1 1 −1 −1 −1 1 −1 −1 −1 −1 1 −1 −1
6 −1 1 −1 −1 1 1 1 −1 −1 1 −1 1 1

7 −1 1 −1 1 −1 −1 1 1 1 −1 1 1 1

8 −1 1 1 1 1 −1 −1 −1 1 −1 −1 1 −1
9 1 −1 −1 −1 −1 −1 1 −1 1 1 1 1 −1
10 1 −1 −1 −1 1 −1 −1 1 −1 −1 −1 1 −1
11 1 −1 −1 1 1 1 1 −1 1 −1 −1 −1 1

12 1 −1 1 1 −1 1 −1 −1 −1 −1 1 1 1

13 1 1 −1 1 −1 1 −1 1 1 1 −1 −1 −1
14 1 1 1 −1 −1 −1 1 1 −1 −1 −1 −1 1

15 1 1 1 −1 1 1 −1 1 1 1 1 1 1

16 1 1 1 1 1 −1 1 −1 −1 1 1 −1 −1

◾ TABLE 9 . 31
Recommended 16-Run 14-Factor No-Confounding Design

Run A B C D E F G H J K L M N P

1 −1 −1 −1 −1 1 −1 1 1 −1 1 1 −1 −1 1

2 −1 −1 −1 1 −1 −1 1 −1 1 1 −1 1 1 −1
3 −1 −1 1 −1 −1 1 −1 1 1 1 −1 −1 1 1

4 −1 −1 1 1 1 1 1 −1 −1 −1 1 −1 1 −1
5 −1 1 −1 −1 −1 1 1 −1 1 −1 1 1 −1 1

6 −1 1 −1 1 1 1 −1 1 −1 1 −1 1 −1 −1
7 −1 1 1 −1 −1 −1 −1 1 −1 −1 1 1 1 −1
8 −1 1 1 1 1 −1 −1 −1 1 −1 −1 −1 −1 1

9 1 −1 −1 −1 1 1 −1 −1 −1 −1 −1 1 1 1

10 1 −1 −1 1 −1 1 −1 1 1 −1 1 −1 −1 −1
11 1 −1 1 −1 1 −1 −1 −1 1 1 1 1 −1 −1
12 1 −1 1 1 −1 −1 1 1 −1 −1 −1 1 −1 1

13 1 1 −1 −1 1 −1 1 1 1 −1 −1 −1 1 −1
14 1 1 −1 1 −1 −1 −1 −1 −1 1 1 −1 1 1

15 1 1 1 −1 −1 1 1 −1 −1 1 −1 −1 −1 −1
16 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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◾ F I GURE 9 . 15 Correlations of main effects and two-factor interactions, no-confounding design for nine factors
in 16 runs

◾ F I GURE 9 . 16 Correlations of main effects and two-factor interactions, no-confounding design for 10 factors in
16 runs

◾ F I GURE 9 . 17 Correlations of main effects and two-factor interactions, no-confounding design for 11 factors in
16 runs

◾ F I GURE 9 . 18 Correlations of main effects and two-factor interactions, no-confounding design for 12 factors in
16 runs
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◾ F I GURE 9 . 19 Correlations of main effects and two-factor Interactions, no-confounding design for 13 factors in
16 runs

◾ F I GURE 9 . 20 Correlations of main effects and two-factor interactions, no-confounding design for 14 factors in
16 runs

9.5.3 Analysis of Nonregular Fractional Factorial Designs

In Section 9.5.1 we illustrated the use of forward selection regression to analyze a nonregular design, the 16-run
no-confounding design with k = 6 factors. This approach was very successful as the correct model was identified.
Generally, forward selection regression is a very useful approach for analyzing nonregular designs. There are variations
of the procedure that are useful in some situations.

Let’s begin the discussion by identifying the types of models that may be of interest. We assume that main
effects and two-factor interactions may be important and that higher order interactions are negligible. Interactions
may be hierarchical; that is, an interaction AB (say) may be in the model only if both of the main effects (here both
A and B) are also in the model. This situation is also called strong heredity and it occurs frequently in practice so
assuming hierarchy (strong heredity) in analyzing data from a nonregular design is usually not a bad assumption.
Interactions may also obey only the weak heredity principle; this means that AB can be in the model if either A or B
is in the model. This situation also occurs fairly often, although not as often as hierarchy, but ignoring this possibility
could result in the experimenter failing to identify all of the large interactions effects. Finally, there can be situations
where an interaction such as AB is active but neither main effect A or B is active. This case is relatively uncommon.

There are several variations of forward selection regression that are useful. They are briefly described as follows:

1. Use forward selection without concern about model hierarchy. This can result in including too many inter-
action terms.

2. Use forward selection restricted to hierarchy. This means that if AB is selected for entry, then the entire group
of terms A, B, and AB are entered in the model if A and B are not already included.

3. Consider using larger than “usual” P-values for entering factors. Many stepwise regression computer pro-
grams have “default” values for entering factors such as P = 0.05. This may be too restrictive. Values of
0.10 or even 0.15 may work better. The big danger in screening designs is not identifying important effects
(type II errors), so type I errors are usually not of too much concern.

4. Use forward selection in two steps. First, select terms from all the main effects. Then run forward selection
a second time using all two-factor interactions that satisfy the weak heredity assumption based on the main
effects identified in step 1.
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5. You could also include any two-factor interactions that experience or process knowledge suggests should be
considered.

Another approach is to consider some variation of all-possible-models regression. This is a procedure where
we fit all possible regression models of particular sizes (such as all-possible one-factor models, all-possible two-factor
models) and use some criterion such as minimummean square error, or restrict attention to models with either strong or
weak heredity, or models associated with a large increase in adjusted R2, to narrow down the set of possible models for
further consideration. Generalized regression methods may also prove useful. Krishnamoorthy, Montgomery, Jones,
and Borror (2015) demonstrate using the Dantzig selector to analyze the 6–8 factor no-confounding designs.

We have observed that in many cases nonregular designs have useful projection properties, and this could suggest
an appropriate analysis. For example, the 12-run Plackett–Burman design will support a model will all main effects
and all two-factor interactions in any k = 4 factors. So if up to four main effects appear large, we could analyze this
design simply by fitting the main effects plus two-factor interaction model to the four apparently active effects. In such
situations, it still may be useful to consider other possible interaction terms for inclusion in the final model.

9.6 Constructing Factorial and Fractional Factorial Designs Using an
Optimal Design Tool

Most of this book has focused on standard factorial and fractional factorial design. These standard designs work well
when the experimental research problem and the design are a good match. But there are many situations where the
requirements of a standard design and the research problem are not a good fit. Some of these include the following:

1. The experimenter has unusual resource restrictions, so either the number of runs that can be made in the
experiment or the size of the blocks required are different from the sample size and/or block sizes required
by a standard design. We will see an example of this situation in Chapter 11.

2. There are restrictions or constraints on the design region. That is, the standard cuboidal regions for factorial
and fractional factorial designs and spherical or cuboidal regions for response surface designs are not appro-
priate either because it is impossible to experiment in some portions of the factor space (such as temperatures
and pressures that are simultaneously beyond certain boundaries leading to unsafe operating conditions) or
there are infeasible combinations of some factors. An example of an optimal design for a problem with a
constrained region will be given in Chapter 11.

3. The experimenter needs to fit a nonstandard model. Models containing a mix of factors of different types.
For example, suppose that the experimenter is interested in fitting a full quadratic model in two variables
x1 and x2, but there is a third two-level categorical factor z that is also of interest. The model that the exper-
imenter wants to entertain is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
1 + 𝛽22x

2
2 + yz + 𝛿1zx1 + 𝛿2zx2

+𝛿12zx1x2 + 𝛿11zx
2
1 + 𝛿22zx

2
2 + 𝜖

This is a full quadratic model in the two continuous factors and it also contains the main effect of the categorical
factor plus all interactions between the categorical factor and the linear, interaction, and pure quadratic effects of the
continuous factors. If this full 12-parameter model is the final model for the experiment, then the model describes
two completely different response functions at the two different levels of the categorical factor. Assuming that the
experimenter can only conduct 15 runs, there is not a standard response surface design for this problem. The closest
standard design that would work for this problem would be the 3 × 3 × 2 factorial, which requires 18 runs.

Designing experiments for these types of problems requires a different approach. We can’t look in the textbook
or course notes and try to match the designs we find there to the problem. Instead we need to create a custom design
that fits our specific problem. Creating this custom design requires the following:

1. Information about the problem—specifically the model that the experimenter wants to entertain, the region
of interest, the number of runs that can be performed, and any requirements about blocking, covariates, etc.
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2. Choosing an optimality criterion—that is, a criterion for selecting the design points to be run. In the next
section we will give a brief review of optimality criterion for design experiments.

3. A software package to construct the design. Sometimes optimal designs are called computer-generated
designs. Several standard software packages do a good job of finding optimal designs.

It is always better to create a custom design for the actual problem that you want to solve than to force your
problem to fit a standard design. Fortunately, it has been relatively easy to construct optimal design for about the
last 15 years. The early research work on the theory of design optimality began with Kiefer (1961) and Kiefer and
Wolfowitz (1959). The first practical algorithm for construction of optimal designs was developed by Mitchell (1974).
This was a point exchange method, in which runs from a candidate set of all possible runs that the experimenter would
consider running were systematically exchanged with the runs in a current design until no further improvement in
the optimality criterion could be achieved. Several variations of the point exchange approach were developed and
implemented over the next 20 years. Meyer and Nachtsheim (1995) developed a coordinate exchange algorithm in
which individual design coordinates were systematically searched to find the optimal settings. No candidate set of runs
was required. This approach quickly became the standard one and today almost all efficient optimal design software
makes use of the coordinate exchange approach.

9.6.1 Design Optimality Criterion

In Chapter 6 (Section 6.7) we introduced three design optimality criteria—D-optimality, G-optimality, and
I-optimality. The D-optimal design employs a criterion on the selection of design points that results in the mini-
mization of the volume of the joint confidence region of the regression coefficients. This is achieved by maximizing
the determinant (hence, the “D” in D-optimal) of the X′X matrix. That is, the quantity |X′X| is maximized over all
possible designs with N runs. The covariance or dispersion matrix, (X′X)−1, contains the variances and covariance of
the regression coefficients, and the square of the volume of the confidence region is inversely proportional to |X′X|.
Controlling the volume of the confidence region is related to the precision of the regression coefficients; a smaller
confidence region, for the same level of confidence, means more precise estimates. The G-optimal design minimizes
the maximum value of prediction variance in the design region R. The I-optimal design minimizes the integrated or
average prediction variance of the regression model over the design region R.

The D-optimal and I-optimal are the two most widely used. Experimental designs that are created with respect
to both D-optimal and I-optimal criteria are available in many commercially available software packages. Creating
these designs requires an optimization algorithm. Techniques such as the coordinate exchange method of Meyer and
Nachtsheim (1995) have been developed that minimize the computational burden and reduce the time required to
find the optimal design. These techniques do not always guarantee a global optimal, but the efficiency, a metric that
quantifies the quality of an optimal design, in terms of the best possible design is reported by the software programs.

9.6.2 Examples of Optimal Designs

Many of the standard designs this book are optimal designs. To illustrate, recall the 2k factorial design. The 2k factorial
and its many variants are probably the most widely used family of designs in industrial research and development. In
Section 6.7 of Chapter 6 we showed that these designs are optimal designs with respect to the D,G, and I criteria.

The fact that many widely used standard designs are optimal designs suggests that the optimal design approach
is applicable in any design situation. If the problem turns out to be a standard one, an optimal design algorithm will
generate the required standard design. But if not, then the optimal design approach will be necessary to construct the
appropriate design for this specific research problem.

As an example, consider a situation in which there are two categorical factors with three levels each. A scenario
where this situation might occur is in missile testing. For example, assume that the White Sands missile range testing
center wants to compare distance from target for three different types of missiles (x1 = L1,L2,L3), each containing a
slightly different metal alloy encasing and three different launchingmechanisms (x2 = L1,L2,L3). Using this example,
both D-optimal and I-optimal designs can be created for the main effect only model and main effects plus two-factor
interaction model. Let us assume that the experimenter is interested in a 9-run design. The D-optimal and I-optimal
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designs for the main effects only model were found using JMP and are presented in Tables 9.32 and 9.33, respectively.
Notice that both designs are identical; in fact, they are both 32 factorial designs. If we augment the model to include
the two-factor interaction term and construct 9-run D-optimal and I-optimal designs we get the same results.

Both of the designs in Tables 9.32 and 9.33 are unreplicated factorials. Usually the experimenter would like
to replicate the design in order to obtain an estimate of experimental error that would support statistical testing. If
the design is replicated twice, this would require a total of 18 runs. We would still have a standard design. However,
since each run requires firing a missile, and these runs are likely very expensive, the experimenter would probably
be interested in a design with fewer runs. Suppose that the experimenter wants to fit the main effects plus interaction
model and can afford a total of 12 runs. Where should these replicate runs made? An optimal design approach can be
used to determine the best place to allocate replicate runs to an existing design.

Tables 9.34 and 9.35 present theD-optimal and I-optimal designs obtained from JMP, respectively. From inspec-
tion of the tables, we see that both designs are full 32 full factorials with three replicated runs.

◾ TABLE 9 . 32
The 9-Run D-Optimal Design for Two
Three-Level Categorical Factors

Run X1 X2

1 L1 L1

2 L2 L1

3 L3 L1

4 L1 L2

5 L2 L2

6 L3 L2

7 L1 L3

8 L2 L3

9 L3 L3

◾ TABLE 9 . 33
The 9-Run I-Optimal Design for Two
Three-Level Categorical Factors

Run X1 X2

1 L1 L1

2 L2 L1

3 L3 L1

4 L1 L2

5 L2 L2

6 L3 L2

7 L1 L3

8 L2 L3

9 L3 L3

◾ TABLE 9 . 34
The 12-Run D-Optimal Design for Two
Three-Level Categorical Factors

Run X1 X2

1 L1 L1

2 L2 L1

3 L3 L1

4 L1 L2

5 L1 L2

6 L2 L2

7 L2 L2

8 L3 L2

9 L3 L2

10 L1 L3

11 L2 L3

12 L3 L3

◾ TABLE 9 . 35
The 12-Run I-Optimal Design for Two
Three-Level Categorical Factors

Run X1 X2

1 L3 L3

2 L2 L2

3 L2 L1

4 L1 L1

5 L3 L1

6 L3 L2

7 L2 L3

8 L3 L2

9 L1 L3

10 L2 L2

11 L1 L1

12 L1 L2
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The D-optimal design replicates the treatment combinations (L1, L2), (L2, L2), and (L3, L2). Thus, L2 appears
six times in column X2, while L1 and L3 appear only three times. By contrast, the I-optimal design replicates combi-
nations (L1, L1), (L2, L2), and (L3, L2). In column X2 of this design, L1 appears three times, L2 appears five times,
and L3 appears four times. The only difference between the two designs is that one of the replicated runs is different
in each design. The average scaled prediction variance is 0.833 for both designs.

EXAMPLE 9 . 4 An Experiment with Unusual Blocking Requirements

Suppose an investigator wishes to run a screening experi-
ment with six continuous factors and can perform three runs
in one day. The budget for the experiment allows for 12
runs. So, the experiment will involve four days of experi-
mentation with three runs per day. There could be significant
day-to-day variation, so days should be treated as block.

The 12-run Plackett–Burman design is a natural choice
for a main effects model but there is no blocking scheme for
these designs that accommodates blocks of three runs. So,
no textbook design quite matches this problem description.

Table 9.36 shows the factor settings and block assign-
ments for the 12-run I-optimal design for a main effects
model tailored to fit the problem. This design has a
D-efficiency of 95.4 percent. The most notable feature of
this design is that each factor has one setting at the mid-
dle of its range. This means that if any factor has a strong
quadratic effect, there is a good chance of both detecting
the curvature and identifying the active factor. By contrast,
a two-level design has no way to detect strong curvature if
it exists without adding center points.

◾ TABLE 9 . 36
An I-Optimal Design for 6 Factors in 4 Blocks of Size 3

A B C D E F Day

−1 −1 −1 −1 1 1 1

1 1 1 −1 1 −1 1

1 −1 1 1 −1 1 1

0 −1 1 −1 1 1 2

−1 1 −1 1 −1 −1 2

1 −1 1 0 1 0 2

1 −1 −1 1 1 −1 3

−1 −1 1 −1 −1 −1 3

−1 1 1 1 1 1 3

1 1 0 −1 −1 1 4

−1 −1 1 1 1 −1 4

1 0 −1 −1 0 1 4

Optimal design construction methodology can also be used to create specialized fractional factorial designs. We
saw examples of this in the presentation of no-confounding design earlier in this chapter. To illustrate the usefulness
of optimal design techniques, consider the case of resolution IV designs. We know that there are regular resolution IV
designs available for 6, 7, and 8 factors in 16 runs, and no-confounding designs that are good competitors for these
regular designs (the no-confounding designs can be thought of as resolution III.5 designs). However, for 9 factors the
smallest regular resolution IV fraction is the 29−4, which has 32 runs. This is a large number of runs. Since a resolution
IV design must have at least 2k runs, an 18-run optimal design could be a good competitor to the regular design.
Table 9.37 presents the 18-run design constructed using the D-optimality criterion.
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◾ TABLE 9 . 37
An 18-Run Minimum Run Resolution IV Design in k = 9 Factors

A B C D E F G H J

− − − + − + − + +
+ + + + − + + − +
− + + + + − − − +
+ − + − − − − + +
+ − + + + + − + −
− − + − − + − − −
+ − − − + + − − +
+ + + − + − + − −
+ + − − − + − + −
− + + − + + + + +
− − − − + − − + −
− + − + + + + − −
+ − − − − + + + −
− + − − − − + − +
+ + − + + − + + +
− + + + − − + + −
− − + + + − + − +
+ − − + − − − − −

The alias relationships (for only the main effects and two-factor interactions) for the design in Table 9.37 are

[A] = A, [B] = B, [C] = C, [D] = D, [E] = E, [F] = F, [G] = G, [H] = H, [J] = J

[AB] = AB − 0.429 BC − 0.429 BD − 0.429 BE + 0.429 BF − 0.143 BG + 0.429 BH

− 0.429 BJ + 0.571 CG − 0.571 CH + 0.571 DG + 0.571 DJ − 0.571 EF

+ 0.571 EG − 0.571 FG − 0.571 GH + 0.571 GJ

[AC] = AC − 0.143 BC − 0.143 BD − 0.143 BE + 0.143 BF + 0.286 BG − 0.857 BH

− 0.143 BJ − 0.143 CG + 0.143 CH + DF − 0.143 DG − 0.143 DJ + 0.143 EF

− 0.143 EG − EJ + 10.143 FG − 0.857 GH − 0.143 GJ

[AD] = AD − 0.143 BC − 0.143 BD − 0.143 BE + 0.143 BF + 0.286 BG + 0.143 BH

+ 0.857 BJ + CF − 0.143 CG + 0.143 CH − 0.143 DG − 0.143 DJ + 0.143 EF

− 0.143 EG + EH + 0.143 FG + 0.143 GH + 0.857 GJ

[AE] = AE − 0.143 BC − 0.143 BD − 0.143 BE − 0.857 BF + 0.286 BG + 0.143 BH

− 0.143 BJ − 0.143 CG + 0.143 CH − CJ − 0.143 DG + DH − 0.143 DJ

+ 0.143 EF − 0.143 EG − 0.857 FG + 0.143 GH − 0.143 GJ

[AF] = AF + 0.143 BC + 0.143 BD − 0.857 BE − 0.143 BF − 0.286 BG − 0.143 BH

+ 0.143 BJ + CD + 0.143 CG − 0.143 CH + 0.143 DG + 0.143 DJ − 0.143 EF

− 0.857 EG − 0.143 FG − 0.143 GH + 0.143 GJ − HJ

[AG] = AG + 0.571 BC + 0.571 BD + 0.571 BE − 0.571 BF − 0.143 BG − 0.571 BH

+ 0.571 BJ − 0.429 CG − 0.571 CH − 0.429 DG + 0.571 DJ − 0.571 EF

− 0.429 EG + 0.429 FG + 0.429 GH − 0.429 GJ
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[AH] = AH − 0.857 BC + 0.143 BD + 0.143 BE − 0.143 BF − 0.286 BG − 0.143 BH

+ 0.143 BJ − 0.857 CG − 0.143 CH + DE + 0.143 DG + 0.143 DJ − 0.143 EF

+ 0.143 EG − 0.143 FG − FJ − 0.143 GH + 0.143 GJ

[AJ] = AJ − 0.143 BC + 0.857 BD − 0.143 BE + 0.143 BF + 0.286 BG + 0.143 BH

− 0.143 BJ − CE − 0.143 CG + 0.143 CH + 0.857 DG − 0.143 DJ + 0.143 EF

− 0.143 EG + 0.143 FG − FH + 0.143 GH − 0.143 GJ

We see that, as in any resolution IV design, the main effects are estimated free of any two-factor interactions,
and the two-factor interactions are aliased with each other. However, note that there is partial aliasing of the two-factor
interaction effects (for example, BC appears in more than one alias chain and the constants in the alias chains are not all
either zero or ±1). Therefore, this is a nonregular design. The two-factor interaction alias relationships in the 18-run
design are much more complicated than they are in the standard 32-run 29−4 design. Because of partial aliasing of the
two-factor interactions it may be possible to estimate some of these effects. Furthermore, the standard errors of the
main effects and interaction regression model coefficients are 0.24𝜎, while in the standard 32-run 29−4 design they are
0.18𝜎, so the 18-run design does not provide as much precision in parameter estimation as the standard 32-run design.
Finally, the standard 29−4 design is an orthogonal design, whereas the 18-run design is not. This results in correlation
between the model coefficients and contributes to the inflation of the standard errors of the model coefficients for the
18-run design.

It is also of interest to construct minimum-run resolution IV designs as alternatives to the standard resolution
IV designs for k = 6 or 7 factors. The 12-run resolution IV design for six factors is shown in Table 9.38. The alias
relationships for this design (ignoring three-factor and higher order interactions) are

[A] = A, [B] = B, [C] = C, [D] = D, [E] = E, [F] = F

[AB] = AB − 0.2 BC + 0.6 BD − 0.2 BE − 0.6 BF + 0.4 CD − 0.8 CE − 0.4 CF + 0.4
DE − 0.4 DF − 0.4 EF

[AC] = AC + 0.2 BC + 0.4 BD − 0.8 BE − 0.4 BF + 0.6 CD − 0.2 CE − 0.6 CF − 0.4
DE + 0.4 DF + 0.4 EF

[AD] = AD + 0.4 BC − 0.2 BD + 0.4 BE − 0.8 BF + 0.2 CD − 0.4 CE + 0.8 CF + 0.2
DE − 0.2 DF + 0.8 EF

[AE] = AE − 0.8 BC + 0.4 BD + 0.2 BE − 0.4 BF − 0.4 CD − 0.2 CE + 0.4 CF + 0.6
DE + 0.4 DF − 0.6 EF

[AF] = AF − 0.4 BC − 0.8 BD − 0.4 BE − 0.2 BF + 0.8 CD + 0.4 CE + 0.2 CF + 0.8
DE + 0.2 DF + 0.2 EF

Once again, notice that the price an experimenter is paying to reduce the number of runs from 16 to 12 is to
introduce more complication into the alias relationships for the two-factor interactions. There is also a loss in the
precision of estimation for model coefficients in comparison to the standard design. However, because we do not have
complete confounding between two-factor interactions, it may be possible to estimate some of these effects.

These minimum-run resolution IV designs are additional examples of nonregular fractional factorial designs.
Design-Expert contains a selection of these designs for 5 ≤ k ≤ 50 factors. Similar design can be created using the
“custom designer” feature in JMP. Generally, these will be nonregular designs and there is no guarantee that they
will be orthogonal. Like the no-confounding designs, these designs can be very useful alternatives to the standard 2k−pIV
fractional factorial designs in screening problems where main effects are of primary interest but two-factor interactions
cannot be completely ignored. If two-factor interactions prove to be important, in many cases these interactions can
be estimated by using stepwise regression methods. In other cases follow-on experimentation will be necessary to
determine which interaction effects are important.

Small resolution V designs can be constructed similarly. Table 9.39 contains a nonregular two-level fraction for
k = 6 factors andN = 22 runs. Since the two-factor interaction model has 22 parameters, this is a minimum-run design.
This design supports estimation of all main effect and two-factor interactions, just as the 26−1VI will, but with 10 fewer
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◾ TABLE 9 . 38
A 12-Run Resolution IV Design in k = 6 Factors

A B C D E F

− + − − − −
− − + − − +
+ + − + + −
+ + − − − +
− − − − + +
+ − − + − −
− + + − + +
− − + + + −
+ − + − + −
+ − + + + +
+ + + + − −
− + − + − +

◾ TABLE 9 . 39
A Resolution V Two-Level Fraction in k = 6 Factors

Run A B C D E F

1 + − − − + −
2 + − + − + +
3 − + + − − −
4 − − − − + +
5 + + − + + +
6 + + − + − +
7 + − − + − +
8 + + − − − +
9 − − − + + −
10 − − − − − −
11 + − + + + −
12 − + − − + −
13 + + + + − +
14 + − + − − −
15 − − + − − +
16 + + − + − −
17 − − + + + +
18 − − + + − −
19 − + − + − +
20 + + + − + −
21 − + + + + −
22 − + + − + +
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runs. However, the design in Table 9.39 is not orthogonal, and this impacts the precision of estimation for effects and
regression coefficients. The standard error of the regression model coefficients ranges from 0.26𝜎 to 0.29𝜎, while in
the 26−1VI , the corresponding standard errors are 0.18𝜎.

As a final example, Table 9.40 presents a nonregular two-level fraction for k = 8 factors in N = 38 runs. This
design supports estimation of all main effect and two-factor interactions, just as the 28−2V will, but with 26 fewer runs.

◾ TABLE 9 . 40
A Resolution V Two-Level Fraction in k = 8 Factors

Run A B C D E F G H

1 − − + − + − + −
2 − + + − + + − +
3 − + + + − − − −
4 − − − − − − + −
5 + + − − + − + −
6 + − + + + + + −
7 − − − + + + − −
8 + − − + + − − −
9 − − + − − + + +
10 + + + − + − − +
11 + + + − − + − +
12 + + − + − − + +
13 − + − + + − + −
14 + − − − − − + +
15 + + − + + + + −
16 − + − − − + + +
17 + − + + − + − −
18 + − + − + + − −
19 − − − − − + − −
20 − + + + − + + +
21 − + + − − − + +
22 − + − + + − − +
23 + + + + − − + −
24 − − − + + − + +
25 + − + + − − + +
26 + − + − − − − −
27 + − − + − + + +
28 + + − − + + − +
29 + + + − + + + +
30 + + − − − − − −
31 − + + − − + + −
32 − − − − + + + −
33 − − − + − − − +
34 + − + + + + − +
35 + + + + + + − −
36 − − + + + − − +
37 − − − − + − − +
38 − + − + − + − −
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However, the nonorthogonality of the design has some modest impact on the precision of estimation for effects and
regression coefficients. For the design in Table 9.40, the standard error of the regression model coefficients ranges from
0.18𝜎 to 0.26𝜎, while in the 28−2V , the corresponding standard error is 0.13𝜎.

Despite the loss in precision of estimation, these nonregular fractions can be of value when experimental
resources are scarce. Design-Expert contains a selection of these designs for 6 ≤ k ≤ 50 factors. These designs were
constructed using a D-optimal design construction tool. The custom designer capability in JMP can also be very
useful in constructing small resolution V fractions.

The optimal design approach is also an excellent way to create mixed-level designs. The D-optimality criterion
discussed earlier usually produces good designs. The custom design tool in JMP is an excellent way to construct
D-optimal mixed-level designs. For example, suppose that we have two three-level factors (categorical) and a single
quantitative two-level factor. We want to estimate all main effects and all two-factor interactions. The JMP custom
designer recommends a 24-run design. The design is shown in Table 9.41. This design is nearly orthogonal; notice

◾ TABLE 9 . 41
A 24-Run D-Optimal Design for Two Three-level Factors
and One Two-Level Factor

Run Factor A Factor B Factor C

1 L1 L1 −1
2 L1 L1 −1
3 L1 L1 1

4 L1 L2 −1
5 L1 L2 1

6 L1 L3 −1
7 L1 L3 1

8 L1 L3 1

9 L2 L1 −1
10 L2 L1 −1
11 L2 L1 1

12 L2 L2 −1
13 L2 L2 −1
14 L2 L2 1

15 L2 L3 −1
16 L2 L3 1

17 L3 L1 −1
18 L3 L1 1

19 L3 L2 −1
20 L3 L2 1

21 L3 L2 1

22 L3 L3 −1
23 L3 L3 1

24 L3 L3 1
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◾ TABLE 9 . 42
Relative Variances for the Individual Model Effects for the 24-Run
D-Optimal Design in Table 9.41

Effect Relative Variance

Intercept 0.046

A1 0.045

A2 0.045

B1 0.046

B2 0.044

C 0.045

A*B1 0.044

A*B2 0.047

A*B3 0.046

A*B4 0.044

A*C1 0.046

A*C2 0.046

B*C1 0.046

B*C2 0.046

that each level of the three-level factors A and B appears eight times, but the design is not balanced with respect to
these two factors. Also, while there are exactly 12 runs with factor C at the low and high levels, the levels of C are
not exactly balanced against the levels of factors A and B. Table 9.42 shows the relative variances (that is, variances
divided by 𝜎

2) of the individual single-degree-of-freedom model components from this design. Notice that all of the
relative variances are almost identical, illustrating the near-orthogonality of the design. In an orthogonal design, all of
the relative variances would be equal.

It is possible to construct a smaller design for this problem. The minimum number of runs for this situation is
N = 14, and the D-optimal design, constructed using the JMP custom design tool, is shown in Table 9.43. This design
is not orthogonal, but it does permit unique estimates of all main effects and two-factor interactions. The relative
variances of the model parameters, shown in Table 9.44, are both larger than they were in the 24-run design (this
should not be a surprise—a larger sample size gives smaller variances of the estimates) and more uneven, indicating
that this design is much further from orthogonal than was the 24-run design.

As a final illustration of the power and flexibility of optimal designs for mixed-level fractional factorials, suppose
that an experimenter has five factors: A is categorical with five levels, B is categorical with four levels, C is categorical
with three levels, and B and C are continuous with two levels. The experimenter is interested in estimating all of the
main effects of these factors. The full factorial has N = 5 × 4 × 3 × 2 × 2 = 240 runs and is an orthogonal design.
However, it is not necessary to use 240 runs to estimate the main effects, as only 11 degrees of freedom are required.
A design with 120 runs would be a one-half fraction. This design is almost orthogonal, but probably too large for
practical use. Both the one-quarter and one-eighth fractions with 60 and 30 runs, respectively, are nearly orthogonal
but still too large. Let’s see what can be done with a 15-run design.

Table 9.45 shows the 15-run D-optimal design constructed using the optimal design tool in JMP. This design is
not perfectly balanced; this isn’t possible with 15 runs and a four-level factor. However, it is nearly orthogonal. To see
this, consider the relative variances of the model coefficients shown in Table 9.46, and notice that all of the relative
variances are very similar.
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◾ TABLE 9 . 43
A 14-Run D-Optimal Design for Two
Three-Level Factors and One Two-Level
Factor

Run Factor A Factor B Factor C

1 L1 L3 −1
2 L3 L2 1

3 L1 L1 1

4 L1 L2 1

5 L3 L3 1

6 L2 L3 1

7 L1 L1 −1
8 L3 L1 1

9 L2 L3 −1
10 L3 L3 −1
11 L2 L2 1

12 L2 L1 1

13 L1 L2 −1
14 L3 L1 −1

◾ TABLE 9 . 44
Relative Variances for the Individual
Model Effects for the 14-Run D-Optimal
Design in Table 9.43

Effect Relative Variance

Intercept 0.340

A1 0.093

A2 0.179

B1 0.093

B2 0.179

C 0.167

A*B1 0.111

A*B2 0.185

A*B3 0.185

A*B4 0.136

A*C1 0.167

A*C2 0.278

B*C1 0.167

B*C2 0.278

◾ TABLE 9 . 45
A 15-Run D-Optimal Mixed-Level Design for Five Factors

Run Factor A Factor B Factor C Factor D Factor E

1 L4 L2 L1 1 1

2 L1 L1 L3 1 1

3 L5 L4 L2 1 1

4 L3 L3 L2 1 −1
5 L4 L1 L2 −1 −1
6 L2 L4 L3 1 −1
7 L1 L4 L1 −1 −1
8 L5 L2 L3 −1 −1
9 L3 L2 L3 1 −1
10 L3 L1 L1 −1 1

11 L2 L2 L2 −1 1

12 L4 L3 L3 −1 1

13 L5 L3 L1 1 −1
14 L1 L2 L2 1 −1
15 L2 L1 L1 1 −1
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◾ TABLE 9 . 46
Relative Variances for the Individual Model Effects for the
15-Run D-Optimal Design in Table 9.16

Effect Relative Variance

Intercept 0.077

A1 0.075

A2 0.069

A3 0.078

A4 0.084

B1 0.087

B2 0.063

B3 0.100

C1 0.070

C2 0.068

D 0.077

E 0.077

9.6.3 Extensions of the Optimal Design Approach

We have discussed the use of design optimality for relatively simple situations. There are several extensions of these
ideas that practitioners should be aware of.

A criticism often leveled at the optimal design approach is that the final design depends on the model chosen by
the experimenter. DuMouchel and Jones (1994) introduce a Bayesian modification of theD-optimal design that affords
protection to experimenters against terms that are not in the assumed model. They assume that the model contains p
primary terms but they want to obtain protection against q potential model terms. These potential terms are typically
of higher order than those in the primary model. Their BayesianD-optimal designs have N runs, where p < N < p + q.
These designs allow some of the potential model terms to be fit if necessary. Jones, Lin, and Nachtsheim (2008) use
the Bayesian D-optimality approach to construct supersaturated fractional factorial designs. Andere-Rendon, Mont-
gomery, and Rollier (1997) use this approach to design mixture experiments in the presence of model uncertainty.
Mixture problems are introduced in Chapter 11.

We noted earlier that the G-optimal design criterion makes use of an objective function that involves minimizes
the maximum value of the prediction variance in the design region. Constructing G-optimal designs has historically
proved difficult because two optimization problems must be solved—finding the best coordinate value to change in
the current design and determining the maximum value of the scaled prediction variance for each new design that is
evaluated. Rodriguez et al. (2010) describe a commercially viable algorithm for constructing G-optimal designs and
compare the performance of several G-optimal designs to their I-optimal and D-optimal counterparts.

It is also possible to construct optimal designs for nonlinear models. In linear models the optimal design problem
is relatively simple because the model covariance matrix X′X does not contain any of the unknown parameters 𝜷.
However, if the model is nonlinear, this is not the case. To find a D-optimal design for a nonlinear model, we must
find design points that maximize the determinant of D′D, where D is a matrix of partial derivatives of the nonlinear
model expectation function with respect to each model parameter evaluated at each design point. This matrix is a
function of the unknown parameters, so finding aD-optimal design would require knowledge of the model parameters.
One possible approach to this problem is to assume values for the unknown 𝛽’s. This would produce a conditional
D-optimal design.
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An alternative is to use a Bayesian approach employing a prior distribution f (𝜷) to specify the uncertainty in the
p parameter values. This leads to a design criterion

𝜙(D) =
∫

log |D′D|f (𝜷)d𝜷 (9.9)

This is the expectation of the logarithm of the information matrix. This criterion was proposed by Chaloner and Larntz
(1998) for the single-factor logistic regression model. The difficulty in using Equation 9.9 as a design criterion is
that the p-dimensional integral must be evaluated a very large number of times. Gotwalt, Jones, and Steinberg (2009)
have recently developed a clever quadrature scheme that greatly reduces the computing time to evaluate the integral
in Equation 9.9 with excellent accuracy. This procedure is implemented in the nonlinear design routine of JMP, and
allows computationally efficient construction ofD-optimal designs for nonlinear models. Gotwalt, Jones, and Steinberg
(2009) present examples of the use of this technique. Also see Johnson and Montgomery (2010).

A very important type of nonlinear model that occurs frequently in industrial experimentation is the generalized
linear model. This is a family of models that unify linear and nonlinear regression models with response distributions
that are a member of the exponential family (which includes the binomial, Poisson, normal, exponential, and gamma
distributions). Important special cases include logistic regression, Poisson regression, and regression with exponential
responses. Often an experimenter will know in advance that the response distribution is binomial (for example). Then
a design for a logistic regression model would be appropriate. The method described in Gotwalt, Jones, and Steinberg
(2009) can be used to construct D-optimal designs for this experiment. For examples of designed experiments for
generalized linear models, also see Johnson and Montgomery (2009) and Myers et al. (2010).

9.7 Problems

9.1 The effects of developer strength (A) and development
time (B) on the density of photographic plate film are being
studied. Three strengths and three times are used, and four
replicates of a 32 factorial experiment are run. The data from
this experiment follow. Analyze the data using the standard
methods for factorial experiments.

Development Time (minutes)Developer
Strength 10 14 18

1 0 2 1 3 2 5

5 4 4 2 4 6

2 4 6 6 8 9 10

7 5 7 7 8 5

3 7 10 10 10 12 10

8 7 8 7 9 8

9.2 Compute the I and J components of the two-factor
interaction in Problem 9.1.

9.3 An experiment was performed to study the effect of
three different types of 32-ounce bottles (A) and three different

shelf types (B)—smooth permanent shelves, end-aisle displays
with grilled shelves, and beverage coolers—on the time it takes
to stock ten 12-bottle cases on the shelves. Three workers (fac-
torC) were employed in the experiment, and two replicates of a
33 factorial design were run. The observed time data are shown
in the following table. Analyze the data and draw conclusions.

Replicate I

Worker Bottle Type Permanent
End
Aisle Cooler

Plastic 3.45 4.14 5.80

1 28-mm glass 4.07 4.38 5.48

38-mm glass 4.20 4.26 5.67

Plastic 4.80 5.22 6.21

2 28-mm glass 4.52 5.15 6.25

38-mm glass 4.96 5.17 6.03

Plastic 4.08 3.94 5.14

3 28-mm glass 4.30 4.53 4.99

38-mm glass 4.17 4.86 4.85
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Replicate II

Permanent
End
Aisle Cooler

Plastic 3.36 4.19 5.23

1 28-mm glass 3.52 4.26 4.85

38-mm glass 3.68 4.37 5.58

Plastic 4.40 4.70 5.88

2 28-mm glass 4.44 4.65 6.20

38-mm glass 4.39 4.75 6.38

Plastic 3.65 4.08 4.49

3 28-mm glass 4.04 4.08 4.59

38-mm glass 3.88 4.48 4.90

9.4 Amedical researcher is studying the effect of lidocaine
on the enzyme level in the heart muscle of beagle dogs. Three
different commercial brands of lidocaine (A), three dosage lev-
els (B), and three dogs (C) are used in the experiment, and two
replicates of a 33 factorial design are run. The observed enzyme
levels follow. Analyze the data from this experiment.

Replicate I
DogLidocaine

Brand
Dosage
Strength 1 2 3

1 96 84 85
1 2 94 99 98

3 101 106 98
1 85 84 86

2 2 95 98 97
3 108 114 109
1 84 83 81

3 2 95 97 93
3 105 100 106

Replicate II

Dog

1 2 3

1 84 85 86

1 2 95 97 90

3 105 104 103

1 80 82 84

2 2 93 99 95

3 110 102 100

1 83 80 79

3 2 92 96 93

3 102 111 108

9.5 Compute the I and J components of the two-factor
interactions for Problem 9.4.

9.6 An experiment is run in a chemical process using a 32

factorial design. The design factors are temperature and pres-
sure, and the response variable is yield. The data that result
from this experiment are as follows.

Pressure, psigTemper-
ature, ∘C 100 120 140

80 47.58, 48.77 64.97, 69.22 80.92, 72.60

90 51.86, 82.43 88.47, 84.23 93.95, 88.54

100 71.18, 92.77 96.57, 88.72 76.58, 83.04

(a) Analyze the data from this experiment by conducting an
analysis of variance. What conclusions can you draw?

(b) Graphically analyze the residuals. Are there any
concerns about underlying assumptions or model
adequacy?

(c) Verify that if we let the low, medium, and high levels of
both factors in this design take on the levels −1, 0, and
+1, then a least squares fit to a second-order model for
yield is

ŷ = 86.81 + 10.4x1 + 8.42x2
−7.17x21 − 7.84x22 − 7.69x1x2

(d) Confirm that themodel in part (c) can bewritten in terms
of the natural variables temperature (T) and pressure
(P) as

ŷ = −1335.63 + 18.56T + 8.59P

−0.072T2 − 0.0196P2 − 0.0384TP

(e) Construct a contour plot for yield as a function of pres-
sure and temperature. Based on examination of this plot,
where would you recommend running this process?

9.7 .(a) Confound a 33 design in three blocks using the ABC2

component of the three-factor interaction. Compare
your results with the design in Figure 9.7.

(b) Confound a 33 design in three blocks using the AB2C
component of the three-factor interaction. Compare
your results with the design in Figure 9.7.

(c) Confound a 33 design in three blocks using the ABC
component of the three-factor interaction. Compare
your results with the design in Figure 9.7.

(d) After looking at the designs in parts (a), (b), and (c)
and Figure 9.7, what conclusions can you draw?

9.8 Confound a 34 design in three blocks using the AB2CD
component of the four-factor interaction.

9.9 Consider the data from the first replicate of Problem
9.3. Assuming that not all 27 observations could be run on
the same day, set up a design for conducting the experiment
over three days with AB2C confounded with blocks. Analyze
the data.
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9.10 Outline the analysis of variance table for the 34 design
in nine blocks. Is this a practical design?

9.11 Consider the data in Problem 9.3. If ABC is con-
founded in replicate I and ABC2 is confounded in replicate II,
perform the analysis of variance.

9.12 Consider the data from replicate I of Problem 9.3. Sup-
pose that only a one-third fraction of this design with I = ABC
is run. Construct the design, determine the alias structure, and
analyze the data.

9.13 From examining Figure 9.9, what type of design would
remain if after completing the first nine runs, one of the three
factors could be dropped?

9.14 Construct a 34−1IV design with I = ABCD. Write out the
alias structure for this design.

9.15 Verify that the design in Problem 9.14 is a resolution
IV design.

9.16 Construct a 35−2 design with I = ABC and I = CDE.
Write out the alias structure for this design. What is the reso-
lution of this design?

9.17 Construct a 39−6 design and verify that it is a resolution
III design.

9.18 Construct a 4 × 23 design confounded in two blocks of
16 observations each. Outline the analysis of variance for this
design.

9.19 Outline the analysis of variance table for a 2232 fac-
torial design. Discuss how this design may be confounded in
blocks.

9.20 Starting with a 16-run 24 design, show how two
three-level factors can be incorporated in this experiment. How
many two-level factors can be included if we want some infor-
mation on two-factor interactions?

9.21 Starting with a 16-run 24 design, show how one
three-level factor and three two-level factors can be accommo-
dated and still allow the estimation of two-factor interactions.

9.22 In Problem 8.30, you met Harry Peterson-Nedry, a
friend of the author who has a winery and vineyard in New-
berg, Oregon. That problem described the application of
two-level fractional factorial designs to their 1985 Pinot Noir
product. In 1987, he wanted to conduct another Pinot Noir
experiment. The variables for this experiment were

Variable Levels

Clone of Pinot Noir Wadenswil, Pommard

Berry size Small, large

Fermentation temperature 80∘, 85∘, 90/80∘, and 90∘F
Whole berry None, 10%

Maceration time 10 and 21 days

Yeast type Assmanhau, Champagne

Oak type Tronçais, Allier

Harry decided to use a 16-run two-level fractional factorial
design, treating the four levels of fermentation temperature as
two two-level variables. As he has done previously, Harry used
the rankings from a taste-test panel as the response variable.
The design and the resulting average ranks are as follows.

Run Clone
Berry
Size

Ferm.
Temp.

Whole
Berry

Macer.
Time

Yeast
Type

Oak
Type

Average
Rank

1 − − − − − − − − 4

2 + − − − − + + + 10

3 − + − − + − + + 6

4 + + − − + + − − 9

5 − − + − + + + − 11

6 + − + − + − − + 1

7 − + + − − + − + 15

8 + + + − − − + − 5

9 − − − + + + − + 12

10 + − − + + − + − 2

11 − + − + − + + − 16

12 + + − + − − − + 3

13 − − + + − − + + 8

14 + − + + − + − − 14

15 − + + + + − − − 7

16 + + + + + + + + 13

(a) Describe the aliasing in this design.

(b) Analyze the data and draw conclusions.

9.23 An article byW. D. Baten in the 1956 volume of Indus-
trial Quality Control described an experiment to study the
effect of three factors on the lengths of steel bars. Each bar
was subjected to one of two heat treatment processes and was
cut on one of four machines at one of three times during the
day (8 a.m., 11 a.m., or 3 p.m.). The coded length data are as
follows:

Process

Machine
Time
of
Day

Heat
Treatment
Process 1 2 3 4

1 6 9 7 9 1 2 6 6
1 3 5 5 0 4 7 3

8 a.m. 2 4 6 6 5 −1 0 4 5
0 1 3 4 0 1 5 4

1 6 3 8 7 3 2 7 9
1 −1 4 8 1 0 11 6

11 a.m. 2 3 1 6 4 2 0 9 4
1 −2 1 3 −1 1 6 3

1 5 4 10 11 −1 2 10 5
9 6 6 4 6 1 4 8

3 p.m. 2 6 0 8 7 0 −2 4 3
3 7 10 0 4 −4 7 0
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(a) Analyze the data from this experiment, assuming that
the four observations in each cell are replicates.

(b) Analyze the residuals from this experiment. Is there any
indication that there is an outlier in one cell? If you find
an outlier, remove it and repeat the analysis from part
(a). What are your conclusions?

(c) Suppose that the observations in the cells are the lengths
(coded) of bars processed together in heat treatment
and then cut sequentially (that is, in order) on the four
machines. Analyze the data to determine the effects of
the three factors on mean length.

(d) Calculate the log variance of the observations in each
cell. Analyze this response. What conclusions can you
draw?

(e) Suppose the time at which a bar is cut really cannot be
controlled during routine production. Analyze the aver-
age length and the log variance of the length for each of
the 12 bars cut at each machine/heat treatment process
combination. What conclusions can you draw?

◾ TABLE P9.1
Data for Problem 9.28

Run No
Percent Carbon

(Glucose)
Percent Nitrogen
(Soybean Meal)

Temperature
(∘C)

Activity Against
C. albicans

1 2 0.5 25.84
2 2 1.0 51.86
3 2 3.0 32.59
4 5 0.5 20.48
5 5 1.0 25 25.84
6 5 3.0 12.87
7 7.5 0.5 20.48
8 7.5 1.0 25.84
9 7.5 3.0 10.20
10 2 0.5 51.86
11 2 1.0 131.33
12 2 3.0 41.11
13 5 0.5 41.11
14 5 1.0 30 104.11
15 5 3.0 32.59
16 7.5 0.5 65.42
17 7.5 1.0 82.53
18 7.5 3.0 51.86
19 2 0.5 41.11
20 2 1.0 104.11
21 2 3.0 32.59
22 5 0.5 32.59
23 5 1.0 35 82.53
24 5 3.0 25.84
25 7.5 0.5 51.86
26 7.5 1.0 65.42
27 7.5 3.0 41.11

9.24 Reconsider the experiment in Problem 9.23. Suppose
that it was necessary to estimate all main effects and two-factor
interactions, but the full factorial with 24 runs (not count-
ing replication) was too expensive. Recommend an alternative
design.

9.25 Suppose there are four three-level categorical factor
and a single two-level continuous factor. What is the mini-
mum number of runs required to estimate all main effects and
two-factor interactions? Construct this design.

9.26 Reconsider the experiment in Problem 9.25. Construct
a design with N = 48 runs and compare it to the design you
constructed in Problem 9.25.

9.27 Reconsider the experiment in Problem 9.25. Suppose
that you are only interested in main effects. Construct a design
with N = 12 runs for this experiment.

9.28 An article in the Journal of Chemical Technology
and Biotechnology (“A Study of Antifungal Antibiotic Pro-
duction by Thermomonospora sp MTCC 3340 Using Full
Factorial Design,” 2003, Vol. 78, pp. 605–610) investigated
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three independent variables—concentration of carbon source
(glucose), concentration of nitrogen source (soybean meal),
and temperature of incubation for their effects on the produc-
tion of antifungal antibiotic by the isolate Thermomonospora
sp MTCC 3340. A 33 factorial design was conducted and the
results are shown in Table P9.1.

(a) Analyze the data from this experiment.

(b) Fit a second-order model to the activity response. Con-
struct contour plots and response surface plots to assist
in interpreting the results of this experiment.

(c) What operating conditions would you recommend to
optimize this process?

9.29 Construct a minimum-run D-optimal resolution IV
design for 10 factors. Find the alias relationships. What
approach would you recommend for analyzing the data from
this experiment?

9.30 Construct a minimum-run D-optimal resolution IV
design for 12 factors. Find the alias relationships. What
approach would you recommend for analyzing the data from
this experiment?

9.31 Suppose that you must design an experiment to inves-
tigate nine continuous factors. It is thought that running all
factors at two levels is adequate but that all two-factor inter-
actions are of interest.

(a) Howmany runs are required to estimate all main effects
and two-factor interactions?

(b) Find a minimum-run D-optimal design that is suitable
for this problem.

9.32 Suppose that you must design an experiment to investi-
gate seven continuous factors. Running all factors at two levels
is thought to be appropriate but that only the two-factor inter-
actions involving factor A are of interest.

(a) How many runs are required to estimate all of the rele-
vant effects?

(b) Find a minimum-run D-optimal design that is suitable
for this problem.

9.33 Suppose that you must design an experiment to investi-
gate six continuous factors. It is thought that running all factors
at two levels is adequate but that only the AB, AC, and AD
two-factor interactions are of interest.

(a) Howmany runs are required to estimate all of the effects
that are of interest?

(b) Find a minimum-run D-optimal design that is suitable
for this problem.

9.34 Suppose that you must design an experiment with six
categorical factors. Factor A has six levels, factor B has five

levels, factor C has five levels, factor D has three levels, and
factors E and F have two levels. You are interested in main
effects and two-factor interactions.

(a) Howmany runs are required to estimate all of the effects
that are of interest?

(b) Find aD-optimal design that is suitable for this problem.

(c) Suppose that the experimenter decides that this design
requires too many runs. What strategy would you
recommend?

9.35 Suppose that you need to design an experiment for nine
factors. Three of these factors are categorical with three levels
and the remaining six are continuous. You are interested in the
main effects and the two-factor interactions.

(a) How many runs are required for this experiment?

(b) Construct a D-optimal design with the minimum num-
ber of runs. What are the relative variances of the model
parameters?

(c) Construct an I-optimal design with the minimum num-
ber of runs. What are the relative variances of the
model parameters? How does this design compare to the
D-optimal design you constructed in part (b)?

9.36 Suppose that you need to design an experiment for five
factors. Three of these factors are categorical with three levels
and the remaining two factors are continuous. You are inter-
ested in the main effects and the two-factor interactions of all
factors, along with the pure quadratic effects of the two con-
tinuous factors.

(a) How many runs are required for this experiment?

(b) Construct a D-optimal design with the minimum num-
ber of runs. What are the relative variances of the model
parameters?

(c) Construct an I-optimal design with the minimum num-
ber of runs. What are the relative variances of the
model parameters? How does this design compare to the
D-optimal design you constructed in part (b)?

9.37 Suppose that you need to design an experiment for five
factors. You are interested in the main effects of all factors, but
only the AB and AC factor interactions.

(a) How many runs are required for this experiment?

(b) Construct a D-optimal design with the minimum num-
ber of runs. What are the relative variances of the model
parameters?

(c) Construct an I-optimal design with the minimum num-
ber of runs. What are the relative variances of the
model parameters? How does this design compare to the
D-optimal design you constructed in part (b)?
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(d) Construct an I-optimal design with 12 runs. How does
this design compare to the minimum-run design from
part (c)?

9.38 Construct a minimum-run D-optimal design for eight
two-level factors. Design this experiment to estimate all main
effects and as many two-factor interactions as possible. Com-
pare this design to the 16-run no-confounding design for eight
factors. Which design would you prefer? Why?

9.39 Suppose that you need to conduct an experiment for
four categorical factors. Factor A has five levels, factor B has
four levels, and the other two factors each have three lev-
els. You are interested in all main effects and the two-factor
interactions.

(a) How many runs are required?

(b) How many runs would you actually recommend?

(c) Find an appropriate D-optimal design.

9.40 Suppose that youwant to design an experiment for nine
continuous two-level factors but you can only afford 12 runs.
A co-worker suggests that you should choose 9 columns of the
11 columns from the 12-run Plackett–Burman design.

(a) How many possible designs are there?

(b) Are all of the designs from part (a) the same? Or
does it matter which subset of the 11 columns of the
Plackett–Burman design you choose?

(c) Construct a D-optimal design for this problem. Should
this design be one of the possible choices you identified
in part (a)?

You will find Chapter 10, “Fitting Regression Models,” online at www.wiley.com/college/montgomery.
Chapter 11, “Response Surface Methods and Designs,” begins on page 489.
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CHAPTER LEARNING OBJECTIVES
1. Understand fitting linear regression models using the method of least squares.

2. Understand basic regression model inference, including tests for significance of regression, tests on
individual model parameters and confidence intervals on the parameters.

3. Know how to use the model to estimate the mean response at a specific point and construct the
associated confidence interval.

4. Know how to use the model to predict a new response at a specific point and construct the associated
prediction interval.

5. Know the difference between a confidence interval on the mean response and a prediction interval on
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6. Know how to use basic regression model diagnostics, such as residual plots, the PRESS statistic, and
measures of leverage and influence.

7. Know how to test for lack of fit of a linear regression model.
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10.1 Introduction

In many problems two or more variables are related, and it is of interest to model and explore this relationship. For
example, in a chemical process the yield of product is related to the operating temperature. The chemical engineer
may want to build a model relating yield to temperature and then use the model for prediction, process optimization,
or process control.

In general, suppose that there is a single dependent variable or response y that depends on k independent or
regressor variables, for example, x1, x2, . . . , xk. The relationship between these variables is characterized by a math-
ematical model called a regression model. The regression model is fit to a set of sample data. In some instances,
the experimenter knows the exact form of the true functional relationship between y and x1, x2, . . . , xk, say y =
𝜙(x1, x2, . . . , xk). However, in most cases, the true functional relationship is unknown, and the experimenter chooses
an appropriate function to approximate 𝜙. Low-order polynomial models are widely used as approximating functions.

There is a strong interplay between design of experiments and regression analysis. Throughout this book we have
emphasized the importance of expressing the results of an experiment quantitatively, in terms of an empirical model,
to facilitate understanding, interpretation, and implementation. Regression models are the basis for this. On numerous
occasions we have shown the regression model that represented the results of an experiment. In this chapter, we present
some aspects of fitting these models. More complete presentations of regression are available in Montgomery, Peck,
and Vining (2012) and Myers (1990).

Regression methods are frequently used to analyze data from unplanned experiments, such as might arise from
observation of uncontrolled phenomena or historical records. Regression methods are also very useful in designed
experiments where something has “gone wrong.” We will illustrate some of these situations in this chapter.

10.2 Linear Regression Models

We will focus on fitting linear regression models. To illustrate, suppose that we wish to develop an empirical model
relating the viscosity of a polymer to the temperature and the catalyst feed rate. A model that might describe this
relationship is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝜖 (10.1)

where y represents the viscosity, x1 represents the temperature, and x2 represents the catalyst feed rate. This is amultiple
linear regression modelwith two independent variables. We often call the independent variables predictor variables
or regressors. The term linear is used because Equation 10.1 is a linear function of the unknown parameters 𝛽0, 𝛽1,
and 𝛽2. The model describes a plane in the two-dimensional x1, x2 space. The parameter 𝛽0 defines the intercept of the
plane. We sometimes call 𝛽1 and 𝛽2 partial regression coefficients because 𝛽1 measures the expected change in y per
unit change in x1 when x2 is held constant and 𝛽2 measures the expected change in y per unit change in x2 when x1 is
held constant.

In general, the response variable y may be related to k regressor variables. The model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + · · · + 𝛽kxk + 𝜖 (10.2)

is called amultiple linear regression modelwith k regressor variables. The parameters 𝛽j, j = 0, 1, . . . , k, are called the
regression coefficients. This model describes a hyperplane in the k-dimensional space of the regressor variables {xj}.
The parameter 𝛽j represents the expected change in response y per unit change in xj when all the remaining independent
variables xi(i ≠ j) are held constant.

Models that are more complex in appearance than Equation 10.2 may often still be analyzed by multiple linear
regression techniques. For example, consider adding an interaction term to the first-order model in two variables, say

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝜖 (10.3)
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If we let x3 = x1x2 and 𝛽3 = 𝛽12, then Equation 10.3 can be written as

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝜖 (10.4)

which is a standard multiple linear regression model with three regressors. Recall that we presented empirical models
like Equations 10.2 and 10.4 in several examples in Chapters 6, 7, and 8 to quantitatively express the results of a
two-level factorial design. As another example, consider the second-order response surface model in two variables:

y = 𝛽0 + 𝛽1x1 + 𝛽2xx + 𝛽11x
2
1 + 𝛽22x

2
2 + 𝛽12x1x2 + 𝜖 (10.5)

If we let x3 = x21, x4 = x22, x5 = x1x2, 𝛽3 = 𝛽11, 𝛽4 = 𝛽22, and 𝛽5 = 𝛽12, then this becomes

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝛽4x4 + 𝛽5x5 + 𝜖 (10.6)

which is a linear regression model. We have also seen this model in examples earlier in the text. In general, any
regression model that is linear in the parameters (the 𝛽’s) is a linear regression model, regardless of the shape of the
response surface that it generates.

In this chapter, we will summarize methods for estimating the parameters in multiple linear regression models.
This is often called model fitting. We have used some of these results in previous chapters, but here we give the
developments. We will also discuss methods for testing hypotheses and constructing confidence intervals for these
models as well as for checking the adequacy of the model fit. Our focus is primarily on those aspects of regression
analysis useful in designed experiments. For more complete presentations of regression, refer to Montgomery, Peck,
and Vining (2012) and Myers (1990).

10.3 Estimation of the Parameters in Linear Regression Models

The method of least squares is typically used to estimate the regression coefficients in a multiple linear regression
model. Suppose that n > k observations on the response variable are available, say y1, y2, . . . , yn. Along with each
observed response yi, we will have an observation on each regressor variable and let xij denote the ith observation or
level of variable xj. The data will appear as in Table 10.1. We assume that the error term 𝜖 in the model has E(𝜖) = 0
and V(𝜖) = 𝜎2 and that the {𝜖i} are uncorrelated random variables.

We may write the model equation (Equation 10.2) in terms of the observations in Table 10.1 as

yi = 𝛽0 + 𝛽1xi1 + 𝛽2xi2 + · · · + 𝛽kxik + 𝜖i

= 𝛽0 +
k∑

j=1
𝛽jxij + 𝜖i i = 1, 2, . . . , n (10.7)

The method of least squares chooses the 𝛽’s in Equation 10.7 so that the sum of the squares of the errors, 𝜖i, is mini-
mized. The least squares function is

L =
n∑
i=1

𝜖2i =
n∑
i=1

(
yi − 𝛽0 −

k∑
j=1

𝛽jxij

)2

(10.8)

◾ TABLE 10 . 1
Data for Multiple Linear Regression

y x1 x2 · · · xk

y1 x11 x12 · · · x1k
y2 x21 x22 · · · x2k
⋮ ⋮ ⋮ ⋮

yn xn1 xn2 · · · xnk



�

� �

�

10.3 Estimation of the Parameters in Linear Regression Models 463

The function L is to be minimized with respect to 𝛽0, 𝛽1, . . . , 𝛽k. The least squares estimators, say 𝛽0, 𝛽1, . . . , 𝛽k,
must satisfy

𝜕L
𝜕𝛽0

||||𝛽0,𝛽1, . . . ,𝛽k = −2
n∑
i=1

(
yi − 𝛽0 −

k∑
j=1

𝛽jxij

)
= 0 (10.9a)

and

𝜕L
𝜕𝛽j

|||||𝛽0,𝛽1, . . . ,𝛽k = −2
n∑
i=1

(
yi − 𝛽0 −

k∑
j=1

𝛽jxij

)
xij = 0 j = 1, 2, . . . , k (10.9b)

Simplifying Equation 10.9a, we obtain

n𝛽0 + 𝛽1

n∑
i=1

xi1 + 𝛽2

n∑
i=1

xi2 + · · · + 𝛽k

n∑
i=1

xik =
n∑
i=1

yi

𝛽0

n∑
i=1

xi1

⋮

+ 𝛽1

n∑
i=1

x2i1

⋮

+ 𝛽2

n∑
i=1

xi1xi2

⋮

+ · · · + 𝛽k

n∑
i=1

xi1xik =
n∑
i=1

xi1yi

⋮

𝛽0

n∑
i=1

xik + 𝛽1

n∑
i=1

xikxi1 + 𝛽2

n∑
i=1

xikxi2 + · · · + 𝛽k

n∑
i=1

x2ik =
n∑
i=1

xikyi (10.10)

These equations are called the least squares normal equations. Note that there are p = k + 1 normal equations, one for
each of the unknown regression coefficients. The solution to the normal equations will be the least squares estimators
of the regression coefficients 𝛽0, 𝛽1, . . . , 𝛽k.

It is simpler to solve the normal equations if they are expressed in matrix notation.We now give a matrix develop-
ment of the normal equations that parallels the development of Equation 10.10. The model in terms of the observations,
Equation 10.7, may be written in matrix notation as

y = X𝜷 + 𝝐

where

y =
⎡⎢⎢⎢⎣
y1
y2
⋮
yn

⎤⎥⎥⎥⎦ , X =
⎡⎢⎢⎢⎣
1 x11 x12 · · · x1k
1 x21 x22 · · · x2k
⋮ ⋮ ⋮ ⋮
1 xn1 xn2 · · · xnk

⎤⎥⎥⎥⎦ , 𝜷 =
⎡⎢⎢⎢⎣
𝛽0
𝛽1
⋮
𝛽k

⎤⎥⎥⎥⎦ , and 𝝐 =
⎡⎢⎢⎢⎣
𝜖1
𝜖2
⋮
𝜖n

⎤⎥⎥⎥⎦
In general, y is an (n × 1) vector of the observations, X is an (n × p) matrix of the levels of the independent variables,
𝜷 is a (p × 1) vector of the regression coefficients, and 𝜖 is an (n × 1) vector of random errors.

We wish to find the vector of least squares estimators, 𝜷̂, that minimizes

L =
n∑
i=1

𝜖2i = 𝜖′𝜖 = (y − X𝜷)′(y − X𝜷)

Note that L may be expressed as

L = y′y − 𝜷′X′y − y′X𝜷 + 𝜷′X′X𝜷

= y′y − 2𝜷′X′y + 𝜷′X′X𝜷 (10.11)

because 𝜷′X′y is a (1 × 1) matrix, or a scalar, and its transpose (𝜷′X′y)′ = y′X𝜷 is the same scalar. The least squares
estimators must satisfy

𝜕L
𝜕𝜷

||||𝛽 = −2X′y + 2X′X𝜷̂ = 𝟎

which simplifies to
X′X𝜷̂ = X′y (10.12)
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Equation 10.12 is the matrix form of the least squares normal equations. It is identical to Equation 10.10. To solve
the normal equations, multiply both sides of Equation 10.12 by the inverse of X′X. Thus, the least squares estimator
of 𝜷 is

𝜷̂ = (X′X)−1X′y (10.13)

It is easy to see that the matrix form of the normal equations is identical to the scalar form. Writing out
Equation 10.12 in detail, we obtain⎡⎢⎢⎢⎢⎢⎢⎢⎣

n
n∑
i=1

xi1
n∑
i=1

xi2 · · ·
n∑
i=1

xik
n∑
i=1

xi1
n∑
i=1

x2i1

n∑
i=1

xi1xi2 · · ·
n∑
i=1

xi1xik

⋮ ⋮ ⋮ · · · ⋮
n∑
i=1

xik
n∑
i=1

xikxi1
n∑
i=1

xikxi2 · · ·
n∑
i=1

x2ik

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝛽0

𝛽1

⋮

𝛽k

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

n∑
i=1

yi
n∑
i=1

xi1yi

⋮
n∑
i=1

xikyi

⎤⎥⎥⎥⎥⎥⎥⎥⎦
If the indicated matrix multiplication is performed, the scalar form of the normal equations (i.e., Equation 10.10) will
result. In this form, it is easy to see that X′X is a (p × p) symmetric matrix and X′y is a (p × 1) column vector. Note
the special structure of the X′X matrix. The diagonal elements of X′X are the sums of squares of the elements in
the columns of X, and the off-diagonal elements are the sums of cross products of the elements in the columns of X.
Furthermore, note that the elements ofX′y are the sums of cross products of the columns ofX and the observations {yi}.

The fitted regression model is
ŷ = X𝜷̂ (10.14)

In scalar notation, the fitted model is

ŷi = 𝛽0 +
k∑

j=1
𝛽jxij i = 1, 2, . . . , n

The difference between the actual observation yi and the corresponding fitted value ŷi is the residual, say ei = yi − ŷi.
The (n × 1) vector of residuals is denoted by

e = y − ŷ (10.15)

Estimating 𝝈𝟐. It is also usually necessary to estimate 𝜎2. To develop an estimator of this parameter, consider
the sum of squares of the residuals, say

SSE =
n∑
i=1

(yi − ŷi)2 =
n∑
i=1

e2i = e′e

Substituting e = y − ŷ = y − X𝜷̂, we have

SSE = (y − X𝜷̂)′(y − X𝜷̂)
= y′y − 𝜷̂

′
X′y − y′X𝜷̂ + 𝜷̂

′
X′X𝜷̂

= y′y − 2𝜷̂
′
X′y + 𝜷̂

′
X′X𝜷̂

Because X′X𝜷̂ = X′y, this last equation becomes

SSE = y′y − 𝜷̂
′
X′y (10.16)

Equation 10.16 is called the error or residual sum of squares, and it has n − p degrees of freedom associated with it.
It can be shown that

E(SSE) = 𝜎2(n − p)

so an unbiased estimator of 𝜎2 is given by

𝜎̂2 =
SSE
n − p

(10.17)
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Properties of the Estimators. The method of least squares produces an unbiased estimator of the parameter
𝜷 in the linear regression model. This may be easily demonstrated by taking the expected value of 𝜷̂ as follows:

E(𝜷̂) = E[(X′X)−1X′y] = E[(X′X)−1X′(X𝜷 + 𝜖)]
= E[(X′X)−1X′X𝜷 + (X′X)−1X′𝜖] = 𝜷

because E(𝜖) = 0 and (X′X)−1X′X = I. Thus, 𝜷̂ is an unbiased estimator of 𝜷.
The variance property of 𝜷̂ is expressed in the covariance matrix:

Cov(𝜷̂) ≡ E{[𝜷̂ − E(𝜷̂)][𝜷̂ − E(𝜷̂)]′} (10.18)

which is just a symmetricmatrix whose ithmain diagonal element is the variance of the individual regression coefficient
𝛽i and whose (ij)th element is the covariance between 𝛽i and 𝛽j. The covariance matrix of 𝜷̂ is

Cov(𝜷̂) = 𝜎2(X′X)−1 (10.19)

If 𝜎2 in Equation 10.19 is replaced with the estimate 𝜎̂2 from Equation 10.12, we obtain an estimate of the covariance
matrix of 𝜷̂. The square roots of the main diagonal elements of this matrix are the standard errors of the model
parameters.

EXAMPLE 10 . 1

Sixteen observations on the viscosity of a polymer (y) and
two process variables—reaction temperature (x1) and cata-
lyst feed rate (x2)—are shown in Table 10.2. We will fit a
multiple linear regression model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝜖

to these data. The X matrix and y vector are

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 80 8
1 93 9
1 100 10
1 82 12
1 90 11
1 99 8
1 81 8
1 96 10
1 94 12
1 93 11
1 97 13
1 95 11
1 100 8
1 85 12
1 86 9
1 87 12

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2256
2340
2426
2293
2330
2368
2250
2409
2364
2379
2440
2364
2404
2317
2309
2328

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The X′X matrix is

X′X =
⎡⎢⎢⎣

1 1 · · · 1
80 93 · · · 87
8 9 · · · 12

⎤⎥⎥⎦
⎡⎢⎢⎢⎣
1 80 8
1 93 9
⋮ ⋮ ⋮
1 87 12

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎣

16 1458 164
1458 133,560 14,946
164 14,946 1,726

⎤⎥⎥⎦
and the X′y vector is

X′y =
⎡⎢⎢⎣

1 1 · · · 1
80 93 · · · 87
8 9 · · · 12

⎤⎥⎥⎦
⎡⎢⎢⎢⎣
2256
2340
⋮

2328

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎣

37,577
3,429,550
385,562

⎤⎥⎥⎦
The least squares estimate of 𝜷 is

𝜷̂ = (X′X)−1X′y

or

𝛽 =
⎡⎢⎢⎣
14.176004 −0.129746 −0.223453
−0.129746 1.429184 × 10−3 −4.76947 × 10−5

−0.223453 −4.763947 × 10−5 2.222381 × 10−2

⎤⎥⎥⎦
⎡⎢⎢⎣

37.577
3,429,550
385.562

⎤⎥⎥⎦ =
⎡⎢⎢⎣
1566.07777

7.62129
8.58485

⎤⎥⎥⎦
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◾ TABLE 10 . 2
Viscosity Data for Example 10.1 (Viscosity in Centistokes @ 100∘C)

Observation Temperature (x1,
∘C) Catalyst Feed Rate (x2, lb/h) Viscosity

1 80 8 2256
2 93 9 2340
3 100 10 2426
4 82 12 2293
5 90 11 2330
6 99 8 2368
7 81 8 2250
8 96 10 2409
9 94 12 2364
10 93 11 2379
11 97 13 2440
12 95 11 2364
13 100 8 2404
14 85 12 2317
15 86 9 2309
16 87 12 2328

The least squares fit, with the regression coefficients
reported to two decimal places, is

ŷ = 1566.08 + 7.62x1 + 8.58x2

The first three columns of Table 10.3 present the actual
observations yi, the predicted or fitted values ŷi, and the
residuals. Figure 10.1 is a normal probability plot of the

residuals. Plots of the residuals versus the predicted val-
ues ŷi and versus the two variables x1 and x2 are shown in
Figures 10.2, 10.3, and 10.4, respectively. Just as in designed
experiments, residual plotting is an integral part of regres-
sion model building. These plots indicate that the variance
of the observed viscosity tends to increase with the magni-
tude of viscosity. Figure 10.3 suggests that the variability in
viscosity increases as temperature increases.

◾ TABLE 10 . 3
Predicted Values, Residuals, and Other Diagnostics from Example 10.1

Observation i yi Predicted Value ŷi Residual ei hii Studentized Residual Di R-Student

1 2256 2244.5 11.5 0.350 0.87 0.137 0.87
2 2340 2352.1 −12.1 0.102 −0.78 0.023 −0.77
3 2426 2414.1 11.9 0.177 0.80 0.046 0.79
4 2293 2294.0 −1.0 0.251 −0.07 0.001 −0.07
5 2330 2346.4 −16.4 0.077 −1.05 0.030 −1.05
6 2368 2389.3 −21.3 0.265 −1.52 0.277 −1.61
7 2250 2252.1 −2.1 0.319 −0.15 0.004 −0.15
8 2409 2383.6 25.4 0.098 1.64 0.097 1.76
9 2364 2385.5 −21.5 0.142 −1.42 0.111 −1.48
10 2379 2369.3 9.7 0.080 0.62 0.011 0.60
11 2440 2416.9 23.1 0.278 1.66 0.354 1.80
12 2364 2384.5 −20.5 0.096 −1.32 0.062 −1.36
13 2404 2396.9 17.1 0.289 0.52 0.036 0.50
14 2317 2316.9 0.1 0.185 0.01 0.000 <0.01
15 2309 2298.8 10.2 0.134 0.67 0.023 0.66
16 2328 2332.1 −4.1 0.156 −0.28 0.005 −0.27



�

� �

�

10.3 Estimation of the Parameters in Linear Regression Models 467

Residual

N
o

rm
a

l 
%

 p
ro

b
a

b
il

it
y

–13.68–21.50 –5.85 1.97 9.79 17.61 25.43

1

5

10

20

30

50

70

80

90

95

99

◾ F I GURE 10 . 1 Normal probability plot of
residuals, Example 10.1
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◾ F I GURE 10 . 2 Plot of residuals versus
predicted viscosity, Example 10.1
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◾ F I GURE 10 . 3 Plot of residuals versus x1
(temperature), Example 10.1
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◾ F I GURE 10 . 4 Plot of residuals versus x2
(feed rate), Example 10.1

Using the Computer. Regression model fitting is almost always done using a statistical software package,
such as Minitab or JMP. Table 10.4 shows some of the output obtained when Minitab is used to fit the viscosity
regression model in Example 10.1. Many of the quantities in this output should be familiar because they have similar
meanings to the quantities in the output displays for computer analysis of data from designed experiments. We have
seen many such computer outputs previously in the book. In subsequent sections, we will discuss the analysis of
variance and t-test information in Table 10.4 in detail and will show exactly how these quantities were computed.

Fitting Regression Models in Designed Experiments. We have often used a regression model to present
the results of a designed experiment in a quantitative form. We now give a complete illustrative example. This is
followed by three other brief examples that illustrative other useful applications of regression analysis in designed
experiments.
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◾ TABLE 10 . 4
Minitab Output for the Viscosity Regression Model, Example 10.1

Regression Analysis

The regression equation is

Viscosity = 1566 + 7.62 Temp + 8.58 Feed Rate

Predictor Coef Std. Dev. T P
Constant 1566.08 61.59 25.43 0.000
Temp 7.6213 0.6184 12.32 0.000

Feed Rat 8.585 2.439 3.52 0.004

S = 16.36 R-Sq = 92.7% R-Sq (adj) = 91.6%

Analysis of Variance

Source DF SS MS F P
Regression 2 44157 22079 82.50 0.000

Residual Error 13 3479 268
Total 15 47636

Source DF Seq SS

Temp 1 40841

Feed Rat 1 3316

EXAMPLE 10 . 2 Regression Analysis of a 23 Factorial Design

A chemical engineer is investigating the yield of a process.
Three process variables are of interest: temperature, pres-
sure, and catalyst concentration. Each variable can be run at
a low and a high level, and the engineer decides to run a 23

design with four center points. The design and the resulting

yields are shown in Figure 10.5, where we have shown both
the natural levels of the design factor and the +1, −1 coded
variable notation normally employed in 2k factorial designs
to represent the factor levels.
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◾ F I GURE 10 . 5 Experimental design for Example 10.2
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Suppose that the engineer decides to fit a main effects only
model, say

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝜖

For this model, the X matrix and y vector are

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1 −1
1 1 −1 −1
1 −1 1 −1
1 1 1 −1
1 −1 −1 1
1 1 −1 1
1 −1 1 1
1 1 1 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

32
46
57
65
36
48
57
68
50
44
53
56

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
The 23 is an orthogonal design, and even with the added cen-
ter runs it is still orthogonal. Therefore

X′X =
⎡⎢⎢⎢⎣
12 0 0 0
0 8 0 0
0 0 8 0
0 0 0 8

⎤⎥⎥⎥⎦ and X′y =
⎡⎢⎢⎢⎣
612
45
85
9

⎤⎥⎥⎥⎦
Because the design is orthogonal, the X′X matrix is diago-
nal, the required inverse is also diagonal, and the vector of
least squares estimates of the regression coefficients is

𝜷̂ = (X′X)−1X′y =
⎡⎢⎢⎢⎣
1∕12 0 0 0

0 1∕8 0 0
0 0 1∕8 0
0 0 0 1∕8

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
612
45
85
9

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
51.000
5.625
10.625
1.125

⎤⎥⎥⎥⎦

The fitted regression model is

ŷ = 51.000 + 5.625x1 + 10.625x2 + 1.125x3

As we have made use of on many occasions, the regres-
sion coefficients are closely connected to the effect esti-
mates that would be obtained from the usual analysis of a
23 design. For example, the effect of temperature is (refer to
Figure 10.5)

T = yT+ − yT−

= 56.75 − 45.50 = 11.25

Notice that the regression coefficient for x1 is

(11.25)∕2 = 5.625

That is, the regression coefficient is exactly one-half the
usual effect estimate. This will always be true for a 2k design.
As noted above, we used this result in Chapters 6 through 8
to produce regressionmodels, fitted values, and residuals for
several two-level experiments. This example demonstrates
that the effect estimates from a 2k design are least squares
estimates.

The variance of the regression model parameter are
found from the diagonal elements of (X′X)−1. That is,

V(𝛽0) =
𝜎2

12
, and V(𝛽i) =

𝜎2

8
, i = 1, 2, 3.

The relative variances are

V(𝛽0)
𝜎2

= 1
12

, and
V(𝛽i)
𝜎2

= 1
8
, i = 1, 2, 3.

In Example 10.2, the inverse matrix is easy to obtain because X′X is diagonal. Intuitively, this seems to be
advantageous, not only because of the computational simplicity but also because the estimators of all the regression
coefficients are uncorrelated; that is, Cov(𝛽i, 𝛽j) = 0. If we can choose the levels of the x variables before the data are
collected, we might wish to design the experiment so that a diagonal X′X will result.

In practice, it can be relatively easy to do this. We know that the off-diagonal elements in X′X are the sums of
cross products of the columns in X. Therefore, we must make the inner product of the columns of X equal to zero;
that is, these columns must be orthogonal. As we have noted before, experimental designs that have this property for
fitting a regression model are called orthogonal designs. In general, the 2k factorial design is an orthogonal design for
fitting the multiple linear regression model.

Regression methods are extremely useful when something “goes wrong” in a designed experiment. This is illus-
trated in Examples 10.3 and 10.4.
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EXAMPLE 10 . 3 A 23 Factorial Design with a Missing Observation

Consider the 23 factorial design with four center points from
Example 10.2. Suppose that when this experiment was per-
formed, the run with all variables at the high level (run 8 in
Figure 10.5) was missing. This can happen for a variety of
reasons; the measurement system can produce a faulty read-
ing, the combination of factor levels may prove infeasible,
the experimental unit may be damaged, and so forth.

We will fit the main effects model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝜖

using the 11 remaining observations. The X matrix and y
vector are

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1 −1
1 1 −1 −1
1 −1 1 −1
1 1 1 −1
1 −1 −1 1
1 1 −1 1
1 −1 1 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

32
46
57
65
36
48
57
50
44
53
56

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
To estimate the model parameters, we form

X′X =
⎡⎢⎢⎢⎣
11 −1 −1 −1
−1 7 −1 −1
−1 −1 7 −1
−1 −1 −1 7

⎤⎥⎥⎥⎦ and X′y =
⎡⎢⎢⎢⎣
544
−23
17

−59

⎤⎥⎥⎥⎦

Because there is a missing observation, the design is no
longer orthogonal. Now

𝜷̂ = (X′X)−1X′y

=
⎡⎢⎢⎢⎣
9.61538 × 10−2 1.92307 × 10−2

1.92307 × 10−2 0.15385
1.92307 × 10−2 2.88462 × 10−2

1.92307 × 10−2 2.88462 × 10−2

1.92307 × 10−2 1.92307 × 10−2

2.88462 × 10−2 2.88462 × 10−2

0.15385 2.88462 × 10−2

2.88462 × 10−2 0.15385

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
544
−23
17

−59

⎤⎥⎥⎥⎦
=
⎡⎢⎢⎢⎣
51.25
5.75

10.75
1.25

⎤⎥⎥⎥⎦
Therefore, the fitted model is

ŷ = 51.25 + 5.75x1 + 10.75x2 + 1.25x3

Compare this model to the one obtained in Example 10.2,
where all 12 observations were used. The regression coeffi-
cients are very similar. Because the regression coefficients
are closely related to the factor effects, our conclusions
would not be seriously affected by the missing observa-
tion. However, notice that the effect estimates are no longer
orthogonal because X′X and its inverse are no longer diag-
onal. Further more, the variances of the regression coeffi-
cients are larger than they were in the original orthogonal
design with no missing data.

EXAMPLE 10 . 4 Inaccurate Levels in Design Factors

When running a designed experiment, it is sometimes diffi-
cult to reach and hold the precise factor levels required by
the design. Small discrepancies are not important, but large
ones are potentially of more concern. Regression methods
are useful in the analysis of a designed experiment where
the experimenter has been unable to obtain the required fac-
tor levels.

To illustrate, the experiment presented in Table 10.5
shows a variation of the 23 design fromExample 10.2, where
many of the test combinations are not exactly the ones spec-
ified in the design. Most of the difficulty seems to have
occurred with the temperature variable.

We will fit the main effects model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝜖
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The X matrix and y vector are

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −0.75 −0.95 −1.133
1 0.90 −1 −1
1 −0.95 1.1 −1
1 1 0 −1
1 −1.10 −1.05 1.4
1 1.15 −1 1
1 −0.90 1 1
1 1.25 1.15 1
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

32
46
57
65
36
48
57
68
50
44
53
56

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

To estimate the model parameters, we need

X′X =
⎡⎢⎢⎢⎣
12 0.60 0.25 0.2670
0.60 8.18 0.31 −0.1403
0.25 0.31 8.5375 −0.3437
0.2670 −0.1403 −0.3437 9.2437

⎤⎥⎥⎥⎦
X′y =

⎡⎢⎢⎢⎣
612
77.55
100.7
19.144

⎤⎥⎥⎥⎦

◾ TABLE 10 . 5
Experimental Design for Example 10.4

Process Variables Coded Variables

Run Temp (∘C) Pressure (psig) Conc (g/l) x1 x2 x3 Yield y

1 125 41 14 −0.75 −0.95 −1.133 32

2 158 40 15 0.90 −1 −1 46

3 121 82 15 −0.95 1.1 −1 57

4 160 80 15 1 1 −1 65

5 118 39 33 −1.10 −1.05 1.14 36

6 163 40 30 1.15 −1 1 48

7 122 80 30 −0.90 1 1 57

8 165 83 30 1.25 1.15 1 68

9 140 60 22.5 0 0 0 50

10 140 60 22.5 0 0 0 44

11 140 60 22.5 0 0 0 53

12 140 60 22.5 0 0 0 56

Then

𝛽 = (X′X)−1X′y

=
⎡⎢⎢⎢⎣

8.37447 × 10−2 −6.09871 × 10−3 −2.33542 × 10−3 −2.59833 × 10−3

−6.09871 × 10−3 0.12289 −4.20766 × 10−3 1.88490 × 10−3

−2.33542 × 10−3 −4.20766 × 10−3 0.11753 × 4.37851 × 10−3

−2.59833 × 10−3 1.88490 × 10−3 4.37851 × 10−3 0.10845

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
612
77.55
100.7
19.144

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
50.49391
5.40996
10.16316
1.07245

⎤⎥⎥⎥⎦
The fitted regression model, with the coefficients reported to
two decimal places, is

ŷ = 50.49 + 5.41x1 + 10.61x2 + 1.07x3

Comparing this to the original model in Example 10.2,
where the factor levels were exactly those specified by the

design, we note very little difference. The practical interpre-
tation of the results of this experiment would not be seriously
affected by the inability of the experimenter to achieve the
desired factor levels exactly.
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EXAMPLE 10 . 5 De-aliasing Interactions in a Fractional Factorial

We observed in Chapter 8 that it is possible to de-alias inter-
actions in a fractional factorial design by a process called
fold over. For a resolution III design, a full fold over is con-
structed by running a second fraction in which the signs are
reversed from those in the original fraction. Then the com-
bined design can be used to de-alias all main effects from
the two-factor interactions.

A difficulty with a full fold over is that it requires a sec-
ond group of runs of identical size as the original design. It
is usually possible to de-alias certain interactions of inter-
est by augmenting the original design with fewer runs than
required in a full fold over. The partial fold-over technique
was used to solve this problem. Regression methods are
an easy way to see how the partial fold-over technique
works and, in some cases, find even more efficient fold-over
designs.

To illustrate, suppose that we have run a 24−1IV design.
Table 8.3 shows the principal fraction of this design, in
which I = ABCD. Suppose that after the data from the first
eight trials were observed, the largest effects were A, B,C,D
(we ignore the three-factor interactions that are aliased with
these main effects) and the AB + CD alias chain. The other
two alias chains can be ignored, but clearly either AB, CD,
or both two-factor interactions are large. To find out which
interactions are important, we could, of course, run the alter-
nate fraction, which would require another eight trials. Then
all 16 runs could be used to estimate the main effects and
the two-factor interactions. An alternative would be to use a
partial fold over involving four additional runs.

It is possible to de-alias AB and CD in fewer than four
additional trials. Suppose that we wish to fit the model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝛽4x4 + 𝛽12x1x2
+𝛽34x3x4 + 𝜖

where x1, x2, x3, and x4 are the coded variables representing
A, B, C, and D. Using the design in Table 8.3, the X matrix
for this model is

X =

x1 x2 x3 x4 x1x2 x3x4⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1 −1 −1 1 1
1 1 −1 −1 1 −1 −1
1 −1 1 −1 1 −1 −1
1 1 1 −1 −1 1 1
1 −1 −1 1 1 1 1
1 1 −1 1 −1 −1 −1
1 −1 1 1 −1 −1 −1
1 1 1 1 1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where we have written the variables above the columns
to facilitate understanding. Notice that the x1x2 column is

identical to the x3x4 column (as anticipated, because AB or
x1x2 is aliased with CD or x3x4), implying a linear depen-
dency in the columns of X. Therefore, we cannot estimate
both 𝛽12 and 𝛽34 in the model. However, suppose that we add
a single run x1 = −1, x2 = −1, x3 = −1, and x4 = 1 from the
alternate fraction to the original eight runs. TheXmatrix for
the model now becomes

X =

x1 x2 x3 x4 x1x2 x3x4⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1 −1 −1 1 1
1 1 −1 −1 1 −1 −1
1 −1 1 −1 1 −1 −1
1 1 1 −1 −1 1 1
1 −1 −1 1 1 1 1
1 1 −1 1 −1 −1 −1
1 −1 1 1 −1 −1 −1
1 1 1 1 1 1 1
1 −1 −1 −1 1 1 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Notice that the columns x1x2 and x3x4 are now no longer
identical, and we can fit the model including both the
x1x2(AB) and x3x4(CD) interactions. The magnitudes of the
regression coefficients will give insight regarding which
interactions are important.

Although adding a single runwill de-alias theAB andCD
interactions, this approach does have a disadvantage. Sup-
pose that there is a time effect (or a block effect) between the
first eight runs and the last run added above. Add a column
to the X matrix for blocks, and you obtain the following:

X =

x1 x2 x3 x4 x1x2 x3x4 block⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −1 −1 −1 −1 1 1 −1
1 1 −1 −1 1 −1 −1 −1
1 −1 1 −1 1 −1 −1 −1
1 1 1 −1 −1 1 1 −1
1 −1 −1 1 1 1 1 −1
1 1 −1 1 −1 −1 −1 −1
1 −1 1 1 −1 −1 −1 −1
1 1 1 1 1 1 1 −1
1 −1 −1 −1 1 1 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Wehave assumed the block factor was at the low or “−” level
during the first eight runs, and at the high or “+” level dur-
ing the ninth run. It is easy to see that the sum of the cross
products of every column with the block column does not
sum to zero, meaning that blocks are no longer orthogonal to
treatments, or that the block effect now affects the estimates
of the model regression coefficients. To block orthogonally,
you must add an even number of runs. For example, the
four runs
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x1 x2 x3 x4

−1 −1 −1 1

1 −1 −1 −1
−1 1 1 1

1 1 1 −1

will de-alias AB from CD and allow orthogonal blocking
(you can see this by writing out the X matrix as we did

previously). This is equivalent to a partial fold over, in terms
of the number of runs that are required.

In general, it is usually straightforward to examine the
X matrix for the reduced model obtained from a fractional
factorial and determine which runs to augment the original
design with to de-alias interactions of potential interest. Fur-
thermore, the impact of specific augmentation strategies can
be evaluated using the general results for regression models
given later in this chapter. There are also computer-based
optimal design methods for constructing designs that can be
useful for design augmentation to de-alias effects (refer to
the supplemental material for Chapter 8).

10.4 Hypothesis Testing in Multiple Regression

In multiple linear regression problems, certain tests of hypotheses about the model parameters are helpful in measuring
the usefulness of the model. In this section, we describe several important hypothesis-testing procedures. These pro-
cedures require that the errors 𝜖i in the model be normally and independently distributed with mean zero and variance
𝜎2, abbreviated 𝜖 ∼,NID(0, 𝜎2). As a result of this assumption, the observations yi are normally and independently
distributed with mean 𝛽0 +

∑k
j=1 𝛽jxij and variance 𝜎2.

10.4.1 Test for Significance of Regression

The test for significance of regression is a test to determine whether a linear relationship exists between the response
variable y and a subset of the regressor variables x1, x2, . . . , xk. The appropriate hypotheses are

H0∶ 𝛽1 = 𝛽2 = · · · = 𝛽k = 0
H1∶ 𝛽j ≠ 0 for at least one j

(10.20)

Rejection of H0 in Equation 10.20 implies that at least one of the regressor variables x1, x2, . . . , xk contributes signif-
icantly to the model. The test procedure involves an analysis of variance partitioning of the total sum of squares SST
into a sum of squares due to the model (or to regression) and a sum of squares due to residual (or error), say

SST = SSR + SSE (10.21)

Now if the null hypothesis H0 ∶ 𝛽1 = 𝛽2 = · · · = 𝛽k = 0 is true, then SSR∕𝜎2 is distributed as 𝜒2
k , where the number of

degrees of freedom for 𝜒2 is equal to the number of regressor variables in the model. Also, we can show that SSE∕𝜎2

is distributed as 𝜒2
n−k−1 and that SSE and SSR are independent. The test procedure for H0 ∶ 𝛽1 = 𝛽2 = · · · = 𝛽k = 0 is

to compute

F0 =
SSR∕k

SSE∕(n − k − 1)
=

MSR
MSE

(10.22)

and to reject H0 if F0 exceeds F𝛼,k,n−k−1. Alternatively, we could use the P-value approach to hypothesis testing and
rejectH0 if the P-value for the statistic F0 is less than 𝛼. The test is usually summarized in an analysis of variance table
such as Table 10.6.

A computational formula for SSR may be found easily. We have derived a computational formula for SSE in
Equation 10.16—that is,

SSE = y′y − 𝜷̂
′
X′y
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◾ TABLE 10 . 6
Analysis of Variance for Significance of Regression in Multiple Regression

Source of Variation Sum of Squares
Degrees of
Freedom Mean Square F0

Regression SSR k MSR MSR∕MSE
Error or residual SSE n − k − 1 MSE
Total SST n − 1

Now, because SST =
∑n

i=1 y
2
i −

(∑n
i=1 yi

)2∕n = y′y −
(∑n

i=1 yi
)2∕n, we may rewrite the foregoing equation as

SSE = y′y −

(
n∑
i=1

yi

)2

n
−

⎡⎢⎢⎢⎣ 𝜷̂′
X′y −

(
n∑
i=1

yi

)2

n

⎤⎥⎥⎥⎦
or

SSE = SST − SSR

Therefore, the regression sum of squares is

SSR = 𝜷̂
′
X′y −

(
n∑
i=1

yi

)2

n
(10.23)

and the error sum of squares is
SSE = y′y − 𝜷̂

′
X′y (10.24)

and the total sum of squares is

SST = y′y −

(
n∑
i=1

yi

)2

n
(10.25)

These computations are almost always performed with regression software. For instance, Table 10.4 shows some
of the output from Minitab for the viscosity regression model in Example 10.1. The upper portion in this display is the
analysis of variance for the model. The test of significance of regression in this example involves the hypotheses

H0∶ 𝛽1 = 𝛽2 = 0

H1∶ 𝛽j ≠ 0 for at least one j

The P-value in Table 10.4 for the F-statistic (Equation 10.22) is very small, so we would conclude that at least one of
the two variables—temperature (x1) and feed rate (x2)—has a nonzero regression coefficient.

Table 10.4 also reports the coefficient of multiple determination R2, where

R2 =
SSR
SST

= 1 −
SSE
SST

(10.26)

Just as in designed experiments, R2 is a measure of the amount of reduction in the variability of y obtained by using
the regressor variables x1, x2, . . . , xk in the model. However, as we have noted previously, a large value of R2 does not
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necessarily imply that the regression model is a good one. Adding a variable to the model will always increase R2,
regardless of whether the additional variable is statistically significant or not. Thus, it is possible for models that have
large values of R2 to yield poor predictions of new observations or estimates of the mean response.

Because R2 always increases as we add terms to the model, some regression model builders prefer to use an
adjusted R𝟐 statistic defined as

R2
adj = 1 −

SSE∕(n − p)
SST∕(n − 1)

= 1 −
(
n − 1
n − p

)
(1 − R2) (10.27)

In general, the adjusted R2 statistic will not always increase as variables are added to the model. In fact, if unnecessary
terms are added, the value of R2

adj will often decrease.

For example, consider the viscosity regression model. The adjusted R2 for the model is shown in Table 10.4.
It is computed as

R2
adj = 1 −

(
n − 1
n − p

)
(1 − R2)

= 1 −
(15
13

)
(1 − 0.92697) = 0.915735

which is very close to the ordinary R2. When R2 and R2
adj differ dramatically, there is a good chance that nonsignificant

terms have been included in the model.

10.4.2 Tests on Individual Regression Coefficients and Groups of Coefficients

We are frequently interested in testing hypotheses on the individual regression coefficients. Such tests would be useful
in determining the value of each regressor variable in the regression model. For example, the model might be more
effective with the inclusion of additional variables or perhaps with the deletion of one or more of the variables already
in the model.

Adding a variable to the regression model always causes the sum of squares for regression to increase and the
error sum of squares to decrease. We must decide whether the increase in the regression sum of squares is sufficient
to warrant using the additional variable in the model. Furthermore, adding an unimportant variable to the model can
actually increase the mean square error, thereby decreasing the usefulness of the model.

The hypotheses for testing the significance of any individual regression coefficient, say 𝛽j, are

H0∶ 𝛽j = 0

H1∶ 𝛽j ≠ 0

If H0∶𝛽j = 0 is not rejected, then this indicates that xj can be deleted from the model. The test statistic for this
hypothesis is

t0 =
𝛽j√
𝜎̂2Cjj

(10.28)

where Cjj is the diagonal element of (X′X)−1 corresponding to 𝛽j. The null hypothesis H0 ∶ 𝛽j = 0 is rejected if |t0| >
t𝛼∕2,n−k−1. Note that this is really a partial or marginal test because the regression coefficient 𝛽j depends on all the other
regressor variables xi(i ≠ j) that are in the model.

The denominator of Equation 10.28,
√

𝜎̂2Cjj, is often called the standard error of the regression coefficient 𝛽j.
That is,

se(𝛽j) =
√

𝜎̂2Cjj (10.29)



�

� �

�

476 Chapter 10 Fitting Regression Models

Therefore, an equivalent way to write the test statistic in Equation (10.28) is

t0 =
𝛽j

se(𝛽j)
(10.30)

Most regression computer programs provide the t-test for each model parameter. For example, consider
Table 10.4, which contains the Minitab output for Example 10.1. The upper portion of this table gives the least squares
estimate of each parameter, the standard error, the t statistic, and the corresponding P-value. We would conclude that
both variables, temperature and feed rate, contribute significantly to the model.

We may also directly examine the contribution to the regression sum of squares for a particular variable, say xj,
given that other variables xi(i ≠ j) are included in the model. The procedure for doing this is the general regression sig-
nificance test or, as it is often called, the extra sum of squares method. This procedure can also be used to investigate
the contribution of a subset of the regressor variables to the model. Consider the regression model with k regressor
variables:

y = X𝜷 + 𝜖

where y is (n × 1), X is (n × p), 𝜷 is (p × 1), 𝜖 is (n × 1), and p = k + 1. We would like to determine if the subset of
regressor variables x1, x2, . . . , xr(r < k) contribute significantly to the regression model. Let the vector of regression
coefficients be partitioned as follows:

𝜷 =
[
𝜷1
𝜷2

]
where 𝜷1 is (r × 1) and 𝜷2 is [(p − r) × 1]. We wish to test the hypotheses

H0∶ 𝜷1 = 𝟎
H1∶ 𝜷2 ≠ 𝟎 (10.31)

The model may be written as
y = X𝜷 + 𝜖 = X1𝜷1 + X2𝜷2 + 𝜖 (10.32)

where X1 represents the columns of X associated with 𝜷1 and X2 represents the columns of X associated with 𝜷2.
For the full model (including both 𝜷1 and 𝜷2), we know that 𝜷̂ = (X′X)−1X′y. Also, the regression sum of

squares for all variables including the intercept is

SSR(𝜷) = 𝜷̂
′
X′y (p degrees of freedom)

and

MSE =
y′y − 𝜷̂X′y

n − p

SSR(𝜷) is called the regression sum of squares due to 𝜷. To find the contribution of the terms in 𝜷1 to the regression, we
fit the model assuming the null hypothesis H0 ∶ 𝜷1 = 𝟎 to be true. The reduced model is found from Equation 10.32
with 𝜷1 = 𝟎:

y = X2𝜷2 + 𝜖 (10.33)

The least squares estimator of 𝜷2 is 𝜷̂2 = (X′
2X2)−1X′

2y, and

SSR(𝜷2) = 𝜷̂
′
2X

′
2y (p − r degrees of freedom) (10.34)

The regression sum of squares due to 𝜷1 given that 𝜷2 is already in the model is

SSR(𝜷1|𝜷2) = SSR(𝜷) − SSR(𝜷2) (10.35)
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This sum of squares has r degrees of freedom. It is the “extra sum of squares” due to 𝜷1. Note that SSR(𝜷1|𝜷2) is the
increase in the regression sum of squares due to inclusion of variables x1, x2, . . . , xr in the model.

Now, SSR(𝜷1|𝜷2) is independent of MSE, and the null hypothesis 𝜷1 = 𝟎 may be tested by the statistic

F0 =
SSR(𝜷1|𝜷2)∕r

MSE
(10.36)

If F0 > F𝛼,r,n−p, we reject H0, concluding that at least one of the parameters in 𝜷1 is not zero, and, consequently, at
least one of the variables x1, x2, . . . , xr in X1 contributes significantly to the regression model. Some authors call the
test in Equation 10.36 a partial F-test.

The partial F-test is very useful. We can use it to measure the contribution of xj as if it were the last variable
added to the model by computing

SSR(𝛽j|𝛽0, 𝛽1, . . . , 𝛽j−1, 𝛽j+1, . . . , 𝛽k)
This is the increase in the regression sum of squares due to addition of xj to a model that already includes
x1, . . . , xj−1, xj+1, . . . , xk. Note that the partial F-test on a single variable xj is equivalent to the t-test in
Equation 10.28. However, the partial F-test is a more general procedure in that we can measure the effect of sets of
variables.

EXAMPLE 10 . 6

Consider the viscosity data in Example 10.1. Suppose that
we wish to investigate the contribution of the variable x2
(feed rate) to the model. That is, the hypotheses we wish
to test are

H0∶ 𝛽2 = 0

H1∶ 𝛽2 ≠ 0

This will require the extra sum of squares due to 𝛽2, or

SSR(𝛽2|𝛽1, 𝛽0) = SSR(𝛽0, 𝛽1, 𝛽2) − SSR(𝛽0, 𝛽1)
= SSR(𝛽1, 𝛽2|𝛽0) − SSR(𝛽2|𝛽0)

Now from Table 10.4, where we tested for significance of
regression, we have

SSR(𝛽1, 𝛽2|𝛽0) = 44,157.1

which was called the model sum of squares in the table. This
sum of squares has two degrees of freedom.

The reduced model is

y = 𝛽0 + 𝛽1x1 + 𝜖

The least squares fit for this model is

ŷ = 1652.3955 + 7.6397x1

and the regression sum of squares for this model (with one
degree of freedom) is

SSR(𝛽1|𝛽0) = 40,840.8

Note that SSR(𝛽1|𝛽0) is shown at the bottom of the Minitab
output in Table 10.4 under the heading “Seq SS.” Therefore,

SSR(𝛽2|𝛽0, 𝛽1) = 44,157.1 − 40,840.8

= 3316.3

with 2 − 1 = 1 degree of freedom. This is the increase in
the regression sum of squares that results from adding x2
to a model already containing x1, and it is shown at the bot-
tom of theMinitab output in Table 10.4. To testH0 ∶ 𝛽2 = 0,
from the test statistic we obtain

F0 =
SSR(𝛽2|𝛽0, 𝛽1)∕1

MSE
=

3316.3∕1
267.604

= 12.3926

Note that MSE from the full model (Table 10.4) is used in
the denominator of F0. Now, because F0.05,1,13 = 4.67, we
would reject H0 ∶ 𝛽2 = 0 and conclude that x2 (feed rate)
contributes significantly to the model.

Because this partial F-test involves only a single regres-
sor, it is equivalent to the t-test because the square of a t
random variable with 𝜈 degrees of freedom is an F random
variable with 1 and 𝜈 degrees of freedom. To see this, note
from Table 10.4 that the t-statistic for H0 ∶ 𝛽2 = 0 resulted
in t0 = 3.5203 and that t20 = (3.5203)2 = 12.3925 ≃ F0.
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10.5 Confidence Intervals in Multiple Regression

It is often necessary to construct confidence interval estimates for the regression coefficients {𝛽j} and for other quan-
tities of interest from the regression model. The development of a procedure for obtaining these confidence intervals
requires that we assume the errors {𝜖i} to be normally and independently distributed with mean zero and variance 𝜎2,
the same assumption made in the section on hypothesis testing in Section 10.4.

10.5.1 Confidence Intervals on the Individual Regression Coefficients

Because the least squares estimator 𝜷̂ is a linear combination of the observations, it follows that 𝜷̂ is normally dis-
tributed with mean vector 𝜷 and covariance matrix 𝜎2(X′X)−1. Then each of the statistics

𝛽j − 𝛽j√
𝜎̂2Cjj

j = 0, 1, . . . , k (10.37)

is distributed as t with n − p degrees of freedom, where Cjj is the (jj)th element of the (X′X)−1 matrix, and 𝜎̂2 is the
estimate of the error variance, obtained from Equation 10.17. Therefore, a 100(1 − 𝛼) percent confidence interval for
the regression coefficient 𝛽j, j = 0, 1, . . . , k, is

𝛽j − t𝛼∕2,n−p

√
𝜎̂2Cjj ≤ 𝛽j ≤ 𝛽j + t𝛼∕2,n−p

√
𝜎̂2Cjj (10.38)

Note that this confidence interval could also be written as

𝛽j − t𝛼∕2,n−pse(𝛽j) ≤ 𝛽j ≤ 𝛽j + t𝛼∕2,n−pse(𝛽j)

because se(𝛽j) =
√

𝜎̂2Cjj.

EXAMPLE 10 . 7

We will construct a 95 percent confidence interval for the parameter 𝛽1 in Example 10.1. Now 𝛽1 = 7.62129, and because
𝜎̂2 = 267.604 and C11 = 1.429184 × 10−3, we find that

𝛽1 − t0.025,13

√
𝜎̂2C11 ≤ 𝛽1 ≤ 𝛽1 + t0.025,13

√
𝜎̂2C11

7.62129 − 2.16
√

(267.604)(1.429184 × 10−3) ≤ 𝛽1

≤ 7.62129 + 2.16
√

(267.604)(1.429184 × 10−3)
7.62129 − 2.16(0.6184) ≤ 𝛽1 ≤ 7.62129 + 2.16(0.6184)

and the 95 percent confidence interval on 𝛽1 is

6.2855 ≤ 𝛽1 ≤ 8.9570

10.5.2 Confidence Interval on the Mean Response

We may also obtain a confidence interval on the mean response at a particular point, say, x01, x02, . . . , x0k. We first
define the vector

x0 =

⎡⎢⎢⎢⎢⎣
1
x01
x02
⋮
x0k

⎤⎥⎥⎥⎥⎦



�

� �

�

10.6 Prediction of New Response Observations 479

The mean response at this point is

𝜇y|x0 = 𝛽0 + 𝛽1x01 + 𝛽2x02 + · · · + 𝛽kx0k = x′0𝜷

The estimated mean response at this point is
ŷ(x0) = x′0𝜷̂ (10.39)

This estimator is unbiased because E[ŷ(x0)] = E(x′0𝜷̂) = x′0𝜷 = 𝜇y|x0 , and the variance of ŷ(x0) is

V[ŷ(x0)] = 𝜎2x′0(X
′X)−1x0 (10.40)

Therefore, a 100(1 − 𝛼) percent confidence interval on the mean response at the point x01, x02, . . . , x0k is

ŷ(x0) − t𝛼∕2,n−p

√
𝜎̂2x′0(X′X)−1x0 ≤ 𝜇y|x0 ≤ ŷ(x0) + t𝛼∕2,n−p

√
𝜎̂2x′0(X′X)−1x0 (10.41)

10.6 Prediction of New Response Observations

A regressionmodel can be used to predict future observations on the response y corresponding to particular values of the
regressor variables, say x01, x02, . . . , x0k. If x

′
0 = [1, x01, x02, . . . , x0k], then a point estimate for the future observation

y0 at the point x01, x02, . . . , x0k is computed from Equation 10.39:

ŷ(x0) = x′0𝜷̂

A 100(1 − 𝛼) percent prediction interval for this future observation is

ŷ(x0) = t𝛼∕2,n−p

√
𝜎̂2(1 + x′0(X′X)−1x0) ≤ y0

≤ ŷ(x0) + t𝛼∕2,n−p

√
𝜎̂2(1 + x′0(X′X)−1x0) (10.42)

In predicting new observations and in estimating the mean response at a given point x01, x02, . . . , x0k, we must be
careful about extrapolating beyond the region containing the original observations. It is very possible that a model that
fits well in the region of the original data will no longer fit well outside of that region.

The prediction interval in Equation 10.42 has many useful applications. One of these is in confirmation exper-
iments following a factorial or fractional factorial experiment. In a confirmation experiment, we are usually testing
the model developed from the original experiment to determine if our interpretation was correct. Often we will do
this by using the model to predict the response at some point of interest in the design space and then comparing the
predicted response with an actual observation obtained by conducting another trial at that point. We illustrated this in
Chapter 8, using the 24−1 fractional factorial design in Example 8.1. A useful measure of confirmation is to see if the
new observation falls inside the prediction interval on the response at that point.

To illustrate, reconsider the situation in Example 8.1. The interpretation of this experiment indicated that three
of the four main effects (A, C, and D) and two of the two-factor interactions (AC and AD) were important. The point
with A, B, and D at the high level and C at the low level was considered to be a reasonable confirmation run, and the
predicted value of the response at that point was 100.25. If the fractional factorial has been interpreted correctly and the
model for the response is valid, we would expect the observed value at this point to fall inside the prediction interval
computed from Equation 10.42. This interval is easy to calculate. Since the 24−1 is an orthogonal design, and the model
contains six terms (the intercept, the three main effects, and the two two-factor interactions), the (X′X)−1 matrix has a
particularly simple form, namely (X′X)−1 = 1

8
I6. Furthermore, the coordinates of the point of interest are x1 = 1, x2 = 1,

x3 = −1, and x4 = 1, but sinceB (or x2) isn’t in the model and the two interactions AC andAD (or x1x3 and x1x4 = 1) are
in the model, the coordinates of the point of interest x0 are given by x

′
0 = [1, x1, x3, x4, x1x3, x1x4] = [1, 1,−1, 1,−1, 1].

It is also easy to show that the estimate of 𝜎2 (with two degrees of freedom) for this model is 𝜎̂2 = 3.25. Therefore,
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using Equation 10.42, a 95 percent prediction interval on the observation at this point is

ŷ(x0) − t0.025,2

√
𝜎̂2(1 + x′0(X′X)−1x0) ≤ y0 ≤ ŷ(x0) + t0.025,2

√
𝜎̂2(1 + x′0(X′X)−1x0)

100.25 − 4.30

√
3.25

(
1 + x′0

1
8
I6x0

)
≤ y0 ≤ 100.25 + 4.30

√
3.25

(
1 + x′0

1
8
I6x0

)
100.25 − 4.30

√
3.25(1 + 0.75) ≤ y0 ≤ 100.25 + 4.30

√
3.25(1 + 0.75)

100.25 − 10.25 ≤ y0 ≤ 100.25 + 10.25

90 ≤ y0 ≤ 110.50

Therefore, we would expect the confirmation run with A, B, and D at the high level and C at the low level to result in
an observation on the filtration rate response that falls between 90 and 110.50. The actual observation was 104. The
successful confirmation run provides some assurance that the fractional factorial was interpreted correctly.

10.7 Regression Model Diagnostics

As we emphasized in designed experiments, model adequacy checking is an important part of the data analysis
procedure. This is equally important in building regression models, and as we illustrated in Example 10.1, the residual
plots that we usedwith designed experiments should always be examined for a regressionmodel. In general, it is always
necessary to (1) examine the fitted model to ensure that it provides an adequate approximation to the true system and
(2) verify that none of the least squares regression assumptions are violated. The regression model will probably give
poor or misleading results unless it is an adequate fit.

In addition to residual plots, other model diagnostics are frequently useful in regression. This section briefly
summarizes some of these procedures. For more complete presentations, see Montgomery, Peck, and Vining (2006)
and Myers (1990).

10.7.1 Scaled Residuals and PRESS

Standardized and Studentized Residuals. Many model builders prefer to work with scaled residuals in
contrast to the ordinary least squares residuals. These scaled residuals often convey more information than do the
ordinary residuals.

One type of scaled residual is the standardized residual:

di =
ei
𝜎̂

i = 1, 2, . . . , n (10.43)

where we generally use 𝜎̂ =
√
MSE in the computation. These standardized residuals have mean zero and approxi-

mately unit variance; consequently, they are useful in looking for outliers. Most of the standardized residuals should
lie in the interval −3 ≤ di ≤ 3, and any observation with a standardized residual outside of this interval is potentially
unusual with respect to its observed response. These outliers should be carefully examined because they may represent
something as simple as a data-recording error or something of more serious concern, such as a region of the regressor
variable space where the fitted model is a poor approximation to the true response surface.

The standardizing process in Equation 10.43 scales the residuals by dividing them by their approximate average
standard deviation. In some data sets, residuals may have standard deviations that differ greatly. We now present a
scaling that takes this into account.
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The vector of fitted values ŷi corresponding to the observed values yi is

ŷ =X𝜷̂

=X(X′X)−1X′y

=Hy (10.44)

The n × n matrix H = X(X′X)−1X′ is usually called the “hat” matrix because it maps the vector of observed values
into a vector of fitted values. The hat matrix and its properties play a central role in regression analysis.

The residuals from the fitted model may be conveniently written in matrix notation as

e = y − ŷ

and it turns out that the covariance matrix of the residuals is

Cov(e) = 𝜎2(I −H) (10.45)

The matrix I −H is generally not diagonal, so the residuals have different variances and they are correlated.
Thus, the variance of the ith residual is

V(ei) = 𝜎2(1 − hii) (10.46)

where hii is the ith diagonal element of H. Because 0 ≤ hii ≤ 1, using the residual mean square MSE to estimate the
variance of the residuals actually overestimates V(ei). Furthermore, because hii is a measure of the location of the ith
point in x-space, the variance of ei depends on where the point xi lies. Generally, residuals near the center of the x space
have larger variance than do residuals at more remote locations. Violations of model assumptions are more likely at
remote points, and these violations may be hard to detect from inspection of ei (or di) because their residuals will
usually be smaller.

We recommend taking this inequality of variance into account when scaling the residuals. We suggest plotting
the studentized residuals:

ri =
ei√

𝜎̂2(1 − hii)
i = 1, 2, . . . , n (10.47)

with 𝜎̂2 = MSE instead of ei (or di). The studentized residuals have constant varianceV(ri) = 1 regardless of the location
of xi when the form of the model is correct. In many situations the variance of the residuals stabilizes, particularly for
large data sets. In these cases, there may be little difference between the standardized and studentized residuals. Thus
standardized and studentized residuals often convey equivalent information. However, because any point with a large
residual and a large hii is potentially highly influential on the least squares fit, examination of the studentized residuals
is generally recommended. Table 10.3 displays the hat diagonals hii and the studentized residuals for the viscosity
regression model in Example 10.1.

PRESS Residuals. The prediction error sum of squares (PRESS) provides a useful residual scaling. To calcu-
late PRESS, we select an observation—for example, i. We fit the regression model to the remaining n − 1 observations
and use this equation to predict the withheld observation yi. Denoting this predicted value ŷi, we may find the prediction
error for point i as e(i) = yi − ŷ(i). The prediction error is often called the ith PRESS residual. This procedure is repeated
for each observation i = 1, 2, . . . , n, producing a set of n PRESS residuals e(1), e(2), . . . , e(n). Then the PRESS statistic
is defined as the sum of squares of the n PRESS residuals as in

PRESS =
n∑
i=1

e2(i) =
n∑
i=1

[yi − ŷ(i)]2 (10.48)

Thus PRESS uses each possible subset of n − 1 observations as an estimation data set, and every observation in turn
is used to form a prediction data set.
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It would initially seem that calculating PRESS requires fitting n different regressions. However, it is possible
to calculate PRESS from the results of a single least squares fit to all n observations. It turns out that the ith PRESS
residual is

e(i) =
ei

1 − hii
(10.49)

Thus because PRESS is just the sum of the squares of the PRESS residuals, a simple computing formula is

PRESS =
n∑
i=1

(
ei

1 − hii

)2

(10.50)

From Equation 10.49, it is easy to see that the PRESS residual is just the ordinary residual weighted according to the
diagonal elements of the hat matrix hii. Data points for which hii are large will have large PRESS residuals. These
observations will generally be high influence points. Generally, a large difference between the ordinary residual and
the PRESS residuals will indicate a point where the model fits the data well, but a model built without that point
predicts poorly. In the next section we will discuss some other measures of influence.

Finally, we note that PRESS can be used to compute an approximate R2 for prediction, say

R2
Prediction = 1 − PRESS

SST
(10.51)

This statistic gives some indication of the predictive capability of the regression model. For the viscosity regression
model from Example 10.1, we can compute the PRESS residuals using the ordinary residuals and the values of hii
found in Table 10.3. The corresponding value of the PRESS statistic is PRESS = 5207.7. Then

R2
Prediction = 1 − PRESS

SST

= 1 − 5207.7
47,635.9

= 0.8907

Therefore, we could expect this model to “explain” about 89 percent of the variability in predicting new observations,
as compared to the approximately 93 percent of the variability in the original data explained by the least squares fit.
The overall predictive capability of the model based on this criterion seems very satisfactory.

R-Student. The studentized residual ri discussed above is often considered an outlier diagnostic. It is custom-
ary to use MSE as an estimate of 𝜎2 in computing ri. This is referred to as internal scaling of the residual because
MSE is an internally generated estimate of 𝜎2 obtained from fitting the model to all n observations. Another approach
would be to use an estimate of 𝜎2 based on a data set with the ith observation removed. We denote the estimate of 𝜎2

so obtained by S2(i). We can show that

S2(i) =
(n − p)MSE − e2i ∕(1 − hii)

n − p − 1
(10.52)

The estimate of 𝜎2 in Equation 10.52 is used instead of MSE to produce an externally studentized residual, usually
called R-student, given by

ti =
ei√

S2(i)(1 − hii)
i = 1, 2, . . . , n (10.53)

Inmany situations, ti will differ little from the studentized residual ri. However, if the ith observation is influential,
then S2(i) can differ significantly from MSE, and thus the R-student will be more sensitive to this point. Furthermore,
under the standard assumptions, ti has a tn−p−1 distribution. Thus R-student offers a more formal procedure for outlier
detection via hypothesis testing. Table 10.3 displays the values of R-student for the viscosity regression model in
Example 10.1. None of those values are unusually large.
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10.7.2 Influence Diagnostics

We occasionally find that a small subset of the data exerts a disproportionate influence on the fitted regression model.
That is, parameter estimates or predictions may depend more on the influential subset than on the majority of the data.
We would like to locate these influential points and assess their impact on the model. If these influential points are
“bad” values, they should be eliminated. On the contrary, there may be nothing wrong with these points. But if they
control key model properties, we would like to know it because it could affect the use of the model. In this section we
describe and illustrate some useful measures of influence.

Leverage Points. The disposition of points in x space is important in determining model properties. In partic-
ular, remote observations potentially have disproportionate leverage on the parameter estimates, predicted values, and
the usual summary statistics.

The hat matrixH = X(X′X)−1X′ is very useful in identifying influential observations. As noted earlier,H deter-
mines the variances and covariances of ŷ and e because V(ŷ) = 𝜎2H and V(e) = 𝜎2(I −H). The elements hij ofHmay
be interpreted as the amount of leverage exerted by yj on ŷi. Thus, inspection of the elements ofH can reveal points that
are potentially influential by virtue of their location in x space. Attention is usually focused on the diagonal elements
hii. Because

∑n
i=1 hii = rank(H) = rank(X) = p, the average size of the diagonal element of the H matrix is p∕n. As a

rough guideline, then, if a diagonal element hii is greater than 2p∕n, observation i is a high-leverage point. To apply
this to the viscosity model in Example 10.1, note that 2p∕n = 2(3)∕16 = 0.375. Table 10.3 gives the hat diagonals hii
for the first-order model; because none of the hii exceeds 0.375, we would conclude that there are no leverage points
in these data.

Influence on Regression Coefficients. The hat diagonals will identify points that are potentially influential
due to their location in x space. It is desirable to consider both the location of the point and the response variable
in measuring influence. Cook (1977, 1979) has suggested using a measure of the squared distance between the least
squares estimate based on all n points 𝜷̂ and the estimate obtained by deleting the i point, say 𝜷̂ (i). This distance measure
can be expressed as

D1 =
(𝜷̂(i) − 𝜷̂)′X′X(𝜷̂(i) − 𝜷̂)

pMSE
i = 1, 2, . . . , n (10.54)

A reasonable cutoff for Di is unity. That is, we usually consider observations for which Di > 1 to be influential.
The Di statistic is actually calculated from

Di =
r2i
p

V[ŷ(xi)]
V(ei)

=
r2i
p

hii
(1 − hii)

i = 1, 2, . . . , n (10.55)

Note that, apart from the constant p, Di is the product of the square of the ith studentized residual and hii∕(1 − hii).
This ratio can be shown to be the distance from the vector xi to the centroid of the remaining data. Thus, Di is made
up of a component that reflects how well the model fits the ith observation yi and a component that measures how far
that point is from the rest of the data. Either component (or both) may contribute to a large value of Di.

Table 10.3 presents the values of Di for the regression model fit to the viscosity data in Example 10.1. None of
these values of Di exceeds 1, so there is no strong evidence of influential observations in these data.

10.8 Testing for Lack of Fit

In Section 6.8 we showed how adding center points to a 2k factorial design allows the experimenter to obtain an estimate
of pure experimental error. This allows the partitioning of the residual sum of squares SSE into two components;
that is

SSE = SSPE + SSLOF

where SSPE is the sum of squares due to pure error and SSLOF is the sum of squares due to lack of fit.
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Wemay give a general development of this partitioning in the context of a regressionmodel. Suppose that we have
ni observations on the response at the ith level of the regressors xi, i = 1, 2, . . . ,m. Let yij denote the jth observation
on the response at xi, i = 1, 2, . . . ,m and j = 1, 2, . . . , ni. There are n =

∑m
i=1 ni total observations. We may write the

(ij)th residual as

yij − ŷi = (yij − yi) + (yi − ŷi) (10.56)

where yi is the average of the ni observations at xi. Squaring both sides of Equation 10.56 and summing over i and j
yields

m∑
i=1

ni∑
j=1

(yij − ŷi)2 =
m∑
i=1

ni∑
j=1

(yij − yi)2 +
m∑
i=1

ni(yi − ŷi)2 (10.57)

The left-hand side of Equation 10.57 is the usual residual sum of squares. The two components on the right-hand
side measure pure error and lack of fit. We see that the pure error sum of squares

SSPE =
m∑
i=1

ni∑
j=1

(yij − yi)2 (10.58)

is obtained by computing the corrected sum of squares of the repeat observations at each level of x and then pooling
over the m levels of x. If the assumption of constant variance is satisfied, this is amodel-independentmeasure of pure
error because only the variability of the y’s at each xi level is used to compute SSPE. Because there are ni − 1 degrees
of freedom for pure error at each level xi, the total number of degrees of freedom associated with the pure error sum
of squares is

m∑
i=1

(ni − 1) = n − m (10.59)

The sum of squares for lack of fit

SSLOF =
m∑
i=1

ni(yi − ŷi)2 (10.60)

is a weighted sum of squared deviations between the mean response yi at each xi level and the corresponding fitted
value. If the fitted values ŷi are close to the corresponding average responses yi, then there is a strong indication that
the regression function is linear. If the ŷi deviate greatly from the yi, then it is likely that the regression function is not
linear. There are m − p degrees of freedom associated with SSLOF because there are m levels of x, and p degrees of
freedom are lost because p parameters must be estimated for the model. Computationally we usually obtain SSLOF by
subtracting SSPE from SSE.

The test statistic for lack of fit is

F0 =
SSLOF∕(m − p)
SSPE∕(n − m)

=
MSLOF
MSPE

(10.61)

The expected value of MSPE is 𝜎2, and the expected value of MSLOF is

E(MSLOF) = 𝜎2 +

m∑
i=1

ni

[
E(yi) − 𝛽0 −

k∑
j=1

𝛽jxij

]2

m − 2
(10.62)

If the true regression function is linear, then E(yi) = 𝛽0 +
∑k

j=1 𝛽jxij, and the second term of Equation 10.62 is zero,

resulting in E(MSLOF) = 𝜎2. However, if the true regression function is not linear, then E(yi) ≠ 𝛽0 +
∑k

j=1 𝛽jxij, and
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E(MSLOF) > 𝜎2. Furthermore, if the true regression function is linear, then the statistic F0 follows the Fm−p,n−m
distribution. Therefore, to test for lack of fit, we would compute the test statistic F0 and conclude that the regression
function is not linear if F0 > F𝛼,m−p,n−m.

This test procedure may be easily incorporated into the analysis of variance. If we conclude that the regression
function is not linear, then the tentative model must be abandoned and attempts made to find a more appropriate
equation. Alternatively, if F0 does not exceed F𝛼,m−p,n−m, there is no strong evidence of lack of fit and MSPE and
MSLOF are often combined to estimate 𝜎2. Example 6.7 is a very complete illustration of this procedure, where the
replicate runs are center points in a 24 factorial design.

10.9 Problems

10.1 The tensile strength of a paper product is related to
the amount of hardwood in the pulp. Ten samples are pro-
duced in the pilot plant, and the data obtained are shown in the
following table.

Strength
Percent

Hardwood Strength
Percent

Hardwood

160 10 181 20

171 15 188 25

175 15 193 25

182 20 195 28

184 20 200 30

(a) Fit a linear regression model relating strength to percent
hardwood.

(b) Test the model in part (a) for significance of regression.

(c) Find a 95 percent confidence interval on the parameter
𝛽1.

10.2 A plant distills liquid air to produce oxygen, nitrogen,
and argon. The percentage of impurity in the oxygen is thought
to be linearly related to the amount of impurities in the air as
measured by the “pollution count” in parts per million (ppm).
A sample of plant operating data is shown below:

Purity
(%) 93.3 92.0 92.4 91.7 94.0 94.6 93.6

Pollution
count
(ppm)

1.10 1.45 1.36 1.59 1.08 0.75 1.20

Purity
(%) 93.1 93.2 92.9 92.2 91.3 90.1 91.6 91.9

Pollution
count
(ppm)

0.99 0.83 1.22 1.47 1.81 2.03 1.75 1.68

(a) Fit a linear regression model to the data.

(b) Test for significance of regression.

(c) Find a 95 percent confidence interval on 𝛽1.

10.3 Plot the residuals from Problem 10.1 and comment on
model adequacy.

10.4 Plot the residuals from Problem 10.2 and comment on
model adequacy.

10.5 Using the results of Problem 10.1, test the regression
model for lack of fit.

10.6 A study was performed on wear of a bearing y and its
relationship to x1 = oil viscosity and x2 = load. The following
data were obtained:

y x1 x2

193 1.6 851

230 15.5 816

172 22.0 1058

91 43.0 1201

113 33.0 1357

125 40.0 1115

(a) Fit a multiple linear regression model to the data.

(b) Test for significance of regression.

(c) Compute t statistics for each model parameter. What
conclusions can you draw?
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10.7 The brake horsepower developed by an automobile
engine on a dynamometer is thought to be a function of the
engine speed in revolutions per minute (rpm), the road octane
number of the fuel, and the engine compression. An exper-
iment is run in the laboratory and the data that follow are
collected:

Brake
Horsepower rpm

Road
Octane
Number Compression

225 2000 90 100
212 1800 94 95
229 2400 88 110
222 1900 91 96
219 1600 86 100
278 2500 96 110
246 3000 94 98
237 3200 90 100
233 2800 88 105
224 3400 86 97
223 1800 90 100
230 2500 89 104

(a) Fit a multiple regression model to these data.

(b) Test for significance of regression. What conclusions
can you draw?

(c) Based on t-tests, do you need all three regressor vari-
ables in the model?

10.8 Analyze the residuals from the regression model in
Problem 10.7. Comment on model adequacy.

10.9 The yield of a chemical process is related to the con-
centration of the reactant and the operating temperature. An
experiment has been conducted with the following results.

Yield Concentration Temperature

81 1.00 150
89 1.00 180
83 2.00 150
91 2.00 180
79 1.00 150
87 1.00 180
84 2.00 150
90 2.00 180

(a) Suppose we wish to fit a main effects model to this data.
Set up theX′Xmatrix using the data exactly as it appears
in the table.

(b) Is the matrix you obtained in part (a) diagonal? Discuss
your response.

(c) Suppose we write our model in terms of the “usual”
coded variables

x1 =
Conc − 1.5

0.5
x2 =

Temp − 165

15

Set up the X′X matrix for the model in terms of these
coded variables. Is this matrix diagonal? Discuss your
response.

(d) Define a new set of coded variables

x1 =
Conc − 1.0

1.0
x2 =

Temp − 150

30

Set up the X′X matrix for the model in terms of this set
of coded variables. Is this matrix diagonal? Discuss your
response.

(e) Summarize what you have learned from this problem
about coding the variables.

10.10 Consider the 24 factorial experiment in Example 6.2.
Suppose that the last observation is missing. Reanalyze the
data and draw conclusions. How do these conclusions compare
with those from the original example?

10.11 Consider the 24 factorial experiment in Example 6.2.
Suppose that the last two observations are missing. Reana-
lyze the data and draw conclusions. How do these conclusions
compare with those from the original example?

10.12 Given the following data, fit the second-order poly-
nomial regression model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽11x
2
1 + 𝛽22x

2
2 + 𝛽12x1x2 + 𝜖

y x1 x2

26 1.0 1.0

24 1.0 1.0

175 1.5 4.0

160 1.5 4.0

163 1.5 4.0

55 0.5 2.0

62 1.5 2.0

100 0.5 3.0

26 1.0 1.5

30 0.5 1.5

70 1.0 2.5

71 0.5 2.5

After you have fit the model, test for significance of
regression.
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10.13 .(a) Consider the quadratic regression model from
Problem 10.12. Compute t statistics for eachmodel
parameter and comment on the conclusions that
follow from these quantities.

(b) Use the extra sum of squares method to evaluate
the value of the quadratic terms x21, x

2
2, and x1x2 to

the model.

10.14 Relationship between analysis of variance and
regression. Any analysis of variance model can be expressed
in terms of the general linear model y = X𝜷 + 𝝐, where the X
matrix consists of 0s and 1s. Show that the single-factor model
yij = 𝜇 + 𝜏i + 𝜖ij, i = 1, 2, 3, j = 1, 2, 3, 4 can be written in gen-
eral linear model form. Then,

(a) Write the normal equations (X′X)𝜷̂ = X′y and compare
them with the normal equations found for this model in
Chapter 3.

(b) Find the rank of X′X. Can (X′X)−1 be obtained?
(c) Suppose the first normal equation is deleted and the

restriction
∑3

i=1 n𝜏i = 0 is added. Can the resulting sys-
tem of equations be solved? If so, find the solution. Find
the regression sum of squares 𝜷 ′X′y, and compare it to
the treatment sum of squares in the single-factor model.

10.15 Suppose that we are fitting a straight line and we
desire to make the variance of 𝛽1 as small as possible. Restrict-
ing ourselves to an even number of experimental points, where
should we place these points so as to minimize V(𝛽1)? [Note:
Use the design called for in this exercise with great caution
because, even though it minimizes V(𝛽1), it has some unde-
sirable properties; for example, see Myers, Montgomery, and
Anderson-Cook (2009). Only if you are very sure the true func-
tional relationship is linear, should you consider using this
design.]

10.16 Weighted least squares. Suppose that we are fitting
the straight line y = 𝛽0 + 𝛽1x + 𝜖, but the variance of the y’s
now depends on the level of x; that is,

V(y|xi) = 𝜎2
i = 𝜎2

𝑤i

i = 1, 2, . . . , n

where the 𝑤i are known constants, often called weights.
Show that if we choose estimates of the regression coeffi-
cients to minimize the weighted sum of squared errors given

by
n∑
i=1

𝑤i(yi − 𝛽0 − 𝛽1xi)2, the resulting least squares normal

equations are

𝛽0

n∑
i=1

𝑤i + 𝛽1

n∑
i=1

𝑤ixi =
n∑
i=1

𝑤iyi

𝛽0

n∑
i=1

𝑤ixi + 𝛽1

n∑
i=1

𝑤ix
2
i =

n∑
i=1

𝑤ixiyi

10.17 Consider the 24−1IV design discussed in Example 10.5.

(a) Suppose you elect to augment the design with the sin-
gle run selected in that example. Find the variances and
covariances of the regression coefficients in the model
(ignoring blocks):

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽3x3 + 𝛽4x4
+ 𝛽12x1x2 + 𝛽34x3x4 + 𝜖

(b) Are there any other runs in the alternate fraction that
would de-alias AB from CD?

(c) Suppose you augment the design with the four runs sug-
gested in Example 10.5. Find the variances and covari-
ances of the regression coefficients (ignoring blocks) for
the model in part (a).

(d) Considering parts (a) and (c), which augmentation strat-
egy would you prefer and why?

10.18 Consider a 27−4III design. Suppose after running the
experiment, the largest observed effects are A + BD, B + AD,
and D + AB. You wish to augment the original design with a
group of four runs to de-alias these effects.

(a) Which four runs would you make?

(b) Find the variances and covariances of the regression
coefficients in the model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽4x4 + 𝛽12x1x2
+ 𝛽14x1x4 + 𝛽24x2x4 + 𝜖.

(c) Is it possible to de-alias these effects with fewer than
four additional runs?

10.19 Consider the computer output from a regression
model shown below.

Source
Sum of
Squares

Degrees of
Freedom

Mean
Square F

Model 532, 567.14 2

Error

Total 539, 534.33 14

(a) Fill in the blanks in the table.

(b) How many regressor or predictor variables are in this
model?

(c) Find bounds on the P-value for the test on significance
of regression.

(d) Suppose that the t-statistic for one of the predictor vari-
ables in this model is 4.22. Find bounds on the P-value.
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10.20 Consider the computer output from a regression
model shown below.

Source
Sum of
Squares

Degrees of
Freedom

Mean
Square F

Model 534.66 133.67
Error
Total 590.25 19

(a) Fill in the blanks in the table.

(b) How many regressor or predictor variables are in this
model?

(c) Compute the F-statistic for significance of regression
and find bounds on the P-value.

(d) Suppose that the t-statistic for one of the predictor vari-
ables in this model is 6.11. Find bounds on the P-value.

(e) What is the value of the R2 statistic for this model?

10.21 A regressionmodel with 5 regressors has been built to
75 observations. The individual t-statistics for each predictor
are as follows: 4.21, 2.12, 6.98, 3.55, and 2.45.

(a) Find bounds on the P-values for each predictor.

(b) Based on your answers to part (a), are all of the regressor
variables currently in the model necessary?

10.22 A regression model with 3 regressors has been fit to
a sample of 45 observations. The total sum of squares for the
model is 275.60 and the model sum of squares is 245.86.

(a) Find the value of the mean square error.

(b) Find the model mean square.

(c) Compute the value of the F-statistic for significance of
regression and find bounds on the P-value. What are
your conclusions?

(d) What is the value of R2 for this model?

(e) What is the value of the adjusted R2 statistic for this
model?

10.23 A regression model with 4 regressors has been fit to
a sample of 65 observations. The total sum of squares for the
model is 300 and the model sum of squares is 280.

(a) What is the value of R2 for this model?

(b) What is the value of the adjusted R2 statistic for this
model?

(c) Suppose that one of the regressors is removed from
the model and the new model sum of squares is 250.

What is the value of the adjusted R2 for this reduced
model?What is the impact on model fit of removing this
regressor?

10.24 A regression model with 3 regressors has been built
to a sample of 30 observations. The individual t-statistics for
each predictor are as follows: 2.12, 5.45, and 17.50.

(a) Find bounds on the P-values for each predictor.

(b) Based on your answers to part (a), are all of the regressor
variables currently in the model necessary?

10.25 The value of the adjusted R2 statistic always increases
when a new regressor variable is added to the model.

(a) True

(b) False

10.26 The value of the ordinary R2 statistic can decrease
when a new regressor variable is added to the model.

(a) True

(b) False

10.27 The ordinary R2 statistic is a good indicator of the
prediction capability of a regression model.

(a) True

(b) False

10.28 If the P-value for the test for significance of regres-
sion is <0.01, this is an indication that all of the regressor
variables in the model are necessary.

(a) True

(b) False

10.29 If the P-value for the test for significance of regres-
sion is <0.01, this is an indication that the regression model
will be a good predictor of new observations.

(a) True

(b) False

10.30 A small value of the PRESS statistic is a good indica-
tion that the regression model will be a good predictor of new
observations.

(a) True

(b) False

10.31 The t-test on individual regression coefficients is a
test on the utility of the regressor as if it were the last regressor
added to a model that already contains the other regressors.
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11.1 Introduction to Response Surface Methodology

Response surface methodology, or RSM, is a collection of mathematical and statistical techniques useful for the
modeling and analysis of problems in which a response of interest is influenced by several variables and the objective
is to optimize this response. For example, suppose that a chemical engineer wishes to find the levels of temperature (x1)
and pressure (x2) that maximize the yield (y) of a process. The process yield is a function of the levels of temperature
and pressure, say

y = f (x1, x2) + 𝜖

where 𝜖 represents the noise or error observed in the response y. If we denote the expected response by E(y) =
f (x1, x2) = 𝜂, then the surface represented by

𝜂 = f (x1, x2)

is called a response surface.
We usually represent the response surface graphically, such as in Figure 11.1, where 𝜂 is plotted versus the levels

of x1 and x2. We have seen such response surface plots before, particularly in the chapters on factorial designs. To help
visualize the shape of a response surface, we often plot the contours of the response surface as shown in Figure 11.2.
In the contour plot, lines of constant response are drawn in the x1, x2 plane. Each contour corresponds to a particular
height of the response surface. We have also previously seen the utility of contour plots.

In most RSM problems, the form of the relationship between the response and the independent variables is
unknown. Thus, the first step in RSM is to find a suitable approximation for the true functional relationship between
y and the set of independent variables. Usually, a low-order polynomial in some region of the independent variables is
employed. If the response is well modeled by a linear function of the independent variables, then the approximating
function is the first-order model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + · · · + 𝛽kxk + 𝜖 (11.1)

If there is curvature in the system, then a polynomial of higher degree must be used, such as the second-order model

y = 𝛽0 +
k∑

i=1
𝛽ixi +

k∑
i=1

𝛽iix
2
i +

∑∑
i<j

𝛽ijxixj + 𝜖 (11.2)

Almost all RSM problems use one or both of these models. Of course, it is unlikely that a polynomial model will be
a reasonable approximation of the true functional relationship over the entire space of the independent variables, but
for a relatively small region they usually work quite well.

◾ F I GURE 11 . 1 A three-dimensional response surface
showing the expected yield (𝜼) as a function of temperature (x1)
and pressure (x2)
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◾ F I GURE 11 . 2 A contour plot of a response surface

The method of least squares, discussed in Chapter 10, is used to estimate the parameters in the approximating
polynomials. The response surface analysis is then performed using the fitted surface. If the fitted surface is an adequate
approximation of the true response function, then analysis of the fitted surface will be approximately equivalent to
analysis of the actual system. The model parameters can be estimated most effectively if proper experimental designs
are used to collect the data. Designs for fitting response surfaces are called response surface designs. These designs
are discussed in Section 11.4.

RSM is a sequential procedure. Often, when we are at a point on the response surface that is remote from
the optimum, such as the current operating conditions in Figure 11.3, there is little curvature in the system and the
first-order model will be appropriate. Our objective here is to lead the experimenter rapidly and efficiently along a path
of improvement toward the general vicinity of the optimum. Once the region of the optimum has been found, a more
elaborate model, such as the second-order model, may be employed, and an analysis may be performed to locate the
optimum. From Figure 11.3, we see that the analysis of a response surface can be thought of as “climbing a hill,” where
the top of the hill represents the point of maximum response. If the true optimum is a point of minimum response, then
we may think of “descending into a valley.”
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◾ F I GURE 11 . 3 The sequential nature
of RSM
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The eventual objective of RSM is to determine the optimum operating conditions for the system or to determine
a region of the factor space in which operating requirements are satisfied. More extensive presentations of RSM are in
Khuri and Cornell (1996), Myers, Montgomery, and Anderson-Cook (2016), and Box and Draper (2007). The review
paper by Myers et al. (2004) is also a useful reference.

11.2 The Method of Steepest Ascent

Frequently, the initial estimate of the optimum operating conditions for the system will be far from the actual optimum.
In such circumstances, the objective of the experimenter is to move rapidly to the general vicinity of the optimum. We
wish to use a simple and economically efficient experimental procedure. When we are remote from the optimum, we
usually assume that a first-order model is an adequate approximation to the true surface in a small region of the x’s.

Themethod of steepest ascent is a procedure for moving sequentially in the direction of the maximum increase
in the response. Of course, if minimization is desired, then we call this technique themethod of steepest descent. The
fitted first-order model is

ŷ = 𝛽0 +
k∑

i=1
𝛽ixi (11.3)

and the first-order response surface, that is, the contours of ŷ, is a series of parallel lines as shown in Figure 11.4. The
direction of steepest ascent is the direction in which ŷ increases most rapidly. This direction is normal to the fitted
response surface. We usually take as the path of steepest ascent the line through the center of the region of interest
and normal to the fitted surface. Thus, the steps along the path are proportional to the regression coefficients {𝛽i}. The
actual step size is determined by the experimenter based on process knowledge or other practical considerations.

Experiments are conducted along the path of steepest ascent until no further increase in response is observed.
Then a new first-order model may be fit, a new path of steepest ascent determined, and the procedure continued.
Eventually, the experimenter will arrive in the vicinity of the optimum. This is usually indicated by lack of fit of a
first-order model. At that time, additional experiments are conducted to obtain a more precise estimate of the optimum.

◾ F I GURE 11 . 4 First-order response surface and
path of steepest ascent
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EXAMPLE 11 . 1

A chemical engineer is interested in determining the oper-
ating conditions that maximize the yield of a process. Two
controllable variables influence process yield: reaction time
and reaction temperature. The engineer is currently oper-
ating the process with a reaction time of 35 minutes and
a temperature of 155∘F, which result in yields of around
40 percent. Because it is unlikely that this region contains
the optimum, she fits a first-order model and applies the
method of steepest ascent.

The engineer decides that the region of exploration for
fitting the first-order model should be (30, 40) minutes of
reaction time and (150, 160) Fahrenheit. To simplify the
calculations, the independent variables will be coded to the
usual (−1, 1) interval. Thus, if 𝜉1 denotes the natural vari-
able time and 𝜉2 denotes the natural variable temperature,
then the coded variables are

x1 =
𝜉1 − 35

5
and x2 =

𝜉2 − 155

5

The experimental design is shown in Table 11.1. Note
that the design used to collect these data is a 22 factorial
augmented by five center points. Replicates at the center
are used to estimate the experimental error and to allow for
checking the adequacy of the first-order model. Also, the
design is centered about the current operating conditions for
the process.

A first-order model may be fit to these data by least
squares. Employing the methods for two-level designs, we
obtain the following model in the coded variables:

ŷ = 40.44 + 0.775x1 + 0.325x2

Before exploring along the path of steepest ascent, the
adequacy of the first-order model should be investigated.
The 22 design with center points allows the experimenter
to do the following:

1. Obtain an estimate of error.
2. Check for interactions (cross-product terms) in the

model.
3. Check for quadratic effects (curvature).

The replicates at the center can be used to calculate an esti-
mate of error as follows:

𝜎̂
2 =

(40.3)2 + (40.5)2 + (40.7)2 + (40.2)2
+(40.6)2 − (202.3)2∕5

4
= 0.0430

The first-order model assumes that the variables x1 and
x2 have an additive effect on the response. Interaction
between the variables would be represented by the coeffi-
cient 𝛽12 of a cross-product term x1x2 added to the model.
The least squares estimate of this coefficient is just one-half
the interaction effect calculated as in an ordinary 22 factorial
design, or

𝛽12 = 1
4
[(1 × 39.3) + (1 × 41.5) + (−1 × 40.0) + (−1 × 40.9)]

= 1
4
(−0.1) = −0.25

◾ TABLE 11 . 1
Process Data for Fitting the First-Order Model

Natural

Variables
Coded

Variables Response

𝝃1 𝝃2 x1 x2 y

30 150 −1 −1 39.3

30 160 −1 1 40.0

40 150 1 −1 40.9

40 160 1 1 41.5

35 155 0 0 40.3

35 155 0 0 40.5

35 155 0 0 40.7

35 155 0 0 40.2

35 155 0 0 40.6
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The single-degree-of-freedom sum of squares for interac-
tion is

SSInteraction =
(−0.1)2

4
= 0.0025

Comparing SSInteraction to 𝜎̂
2 gives a lack-of-fit statistic

F =
SSInteraction

𝜎̂2
= 0.0025

0.0430
= 0.058

which is small, indicating that interaction is negligible.
Another check of the adequacy of the straight-line model

is obtained by applying the check for a pure quadratic curva-
ture effect described in Section 6.8. Recall that this consists
of comparing the average response at the four points in the
factorial portion of the design, say yF = 40.425, with the
average response at the design center, say yC = 40.46. If
there is quadratic curvature in the true response function,
then yF − yC is a measure of this curvature. If 𝛽11 and 𝛽22

are the coefficients of the “pure quadratic” terms x21 and x22,
then yF − yC is an estimate of 𝛽11 + 𝛽22. In our example, an
estimate of the pure quadratic term is

𝛽11 + 𝛽22 = yF − yC = 40.425 − 40.46 = −0.035

The single-degree-of-freedom sum of squares associated
with the null hypothesis, H0∶𝛽11 + 𝛽22 = 0, is

SSPure Quadratic =
nFnC(yF − yC)2

nF + nC

= (4)(5)(−0.035)2

4 + 5
= 0.0027

where nF and nC are the number of points in the factorial por-
tion and the number of center points, respectively. Because

F =
SSPure Quadratic

𝜎̂2

= 0.0027
0.0430

= 0.063

is small, there is no indication of a pure quadratic effect.
The analysis of variance for this model is summarized

in Table 11.2. Both the interaction and curvature checks are
not significant, whereas the F-test for the overall regression
is significant. Furthermore, the standard error of 𝛽1 and 𝛽2 is

se(𝛽i) =
√

MSE
4

=
√

𝜎̂2

4
=

√
0.0430

4
= 0.10 i = 1, 2

Both regression coefficients 𝛽1 and 𝛽2 are large relative
to their standard errors. At this point, we have no reason to
question the adequacy of the first-order model.

Tomove away from the design center—the point (x1 =
0,
x2 = 0)—along the path of steepest ascent, we would move
0.775 units in the x1 direction for every 0.325 units in the x2
direction. Thus, the path of steepest ascent passes through
the point (x1 = 0, x2 = 0) and has a slope 0.325/0.775. The
engineer decides to use 5 minutes of reaction time as the
basic step size. Using the relationship between 𝜉1 and x1,
we see that 5 minutes of reaction time is equivalent to a
step in the coded variable x1 of Δx1 = 1. Therefore, the
steps along the path of steepest ascent are Δx1 = 1.0000
and Δx2 = (0.325∕0.775) = 0.42.

The engineer computes points along this path and
observes the yields at these points until a decrease in
response is noted. The results are shown in Table 11.3 in
both coded and natural variables. Although the coded vari-
ables are easier to manipulate mathematically, the natural
variables must be used in running the process. Figure 11.5
plots the yield at each step along the path of steepest ascent.
Increases in response are observed through the tenth step;
however, all steps beyond this point result in a decrease in
yield. Therefore, another first-order model should be fit in
the general vicinity of the point (𝜉1 = 85, 𝜉2 = 175).

◾ TABLE 11 . 2
Analysis of Variance for the First-Order Model

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Model (𝛽1, 𝛽2) 2.8250 2 1.4125 47.83 0.0002

Residual 0.1772 6

(Interaction) (0.0025) 1 0.0025 0.058 0.8215

(Pure quadratic) (0.0027) 1 0.0027 0.063 0.8142

(Pure error) (0.1720) 4 0.0430

Total 3.0022 8
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◾ TABLE 11 . 3
Steepest Ascent Experiment for Example 11.1

Coded Variables Natural Variables Response

Steps x1 x2 𝝃1 𝝃2 y

Origin 0 0 35 155

Δ 1.00 0.42 5 2

Origin + Δ 1.00 0.42 40 157 41.0

Origin + 2Δ 2.00 0.84 45 159 42.9

Origin + 3Δ 3.00 1.26 50 161 47.1

Origin + 4Δ 4.00 1.68 55 163 49.7

Origin + 5Δ 5.00 2.10 60 165 53.8

Origin + 6Δ 6.00 2.52 65 167 59.9

Origin + 7Δ 7.00 2.94 70 169 65.0

Origin + 8Δ 8.00 3.36 75 171 70.4

Origin + 9Δ 9.00 3.78 80 173 77.6

Origin + 10Δ 10.00 4.20 85 175 80.3

Origin + 11Δ 11.00 4.62 90 179 76.2

Origin + 12Δ 12.00 5.04 95 181 75.1
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◾ F I GURE 11 . 5 Yield versus steps along the path
of steepest ascent for Example 11.1

A new first-order model is fit around the point (𝜉1 = 85,
𝜉2 = 175). The region of exploration for 𝜉1 is [80, 90], and
it is [170, 180] for 𝜉2. Thus, the coded variables are

x1 =
𝜉1 − 85

5
and x2 =

𝜉2 − 175

5

Once again, a 22 design with five center points is used. The
experimental design is shown in Table 11.4.

The first-order model fit to the coded variables in
Table 11.4 is

ŷ = 78.97 + 1.00x1 + 0.50x2

The analysis of variance for this model, including the
interaction and pure quadratic term checks, is shown in
Table 11.5. The interaction and pure quadratic checks imply
that the first-order model is not an adequate approximation.
This curvature in the true surface may indicate that we are
near the optimum. At this point, additional analysis must be
done to locate the optimum more precisely.



�

� �

�

496 Chapter 11 Response Surface Methods and Designs

◾ TABLE 11 . 4
Data for Second First-Order Model

Natural
Variables

Coded
Variables Response

𝝃1 𝝃2 x1 x2 y

80 170 −1 −1 76.5
80 180 −1 1 77.0
90 170 1 −1 78.0
90 180 1 1 79.5
85 175 0 0 79.9
85 175 0 0 80.3
85 175 0 0 80.0
85 175 0 0 79.7
85 175 0 0 79.8

◾ TABLE 11 . 5
Analysis of Variance for the Second First-Order Model

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Regression 5.00 2
Residual 11.1200 6

(Interaction) (0.2500) 1 0.2500 4.72 0.0955
(Pure quadratic) (10.6580) 1 10.6580 201.09 0.0001
(Pure error) (0.2120) 4 0.0530

Total 16.1200 8

We notice from Example 11.1 that the path of steepest ascent is proportional to the signs and magnitudes of the
regression coefficients in the fitted first-order model

ŷ = 𝛽0 +
k∑

i=1
𝛽ixi

It is easy to give a general algorithm for determining the coordinates of a point on the path of steepest ascent. Assume
that the point x1 = x2 = · · · = xk = 0 is the base or origin point. Then

1. Choose a step size in one of the process variables, say Δxj. Usually, we would select the variable we know
the most about, or we would select the variable that has the largest absolute regression coefficient |𝛽j|.

2. The step size in the other variables is

Δxi =
𝛽i

𝛽j∕Δxj
i = 1, 2, . . . , k i ≠ j

3. Convert the Δxi from coded variables to the natural variables.

To illustrate, consider the path of steepest ascent computed in Example 11.1. Because x1 has the largest regression
coefficient, we select reaction time as the variable in step 1 of the above procedure. Five minutes of reaction time is the
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step size (based on process knowledge). In terms of the coded variables, this isΔx1 = 1.0. Therefore, from guideline 2,
the step size in temperature is

Δx2 =
𝛽2

𝛽1∕Δx1
= 0.325

(0.775∕1.0)
= 0.42

To convert the coded step sizes (Δx1 = 1.0 and Δx2 = 0.42) to the natural units of time and temperature, we use the
relationships

Δx1 =
Δ𝜉1
5

and Δx2 =
Δ𝜉2
5

which results in
Δ𝜉1 = Δx1(5) = 1.0(5) = 5 min

and
Δ𝜉2 = Δx2(5) = 0.42(5) = 2∘F

11.3 Analysis of a Second-Order Response Surface

When the experimenter is relatively close to the optimum, a model that incorporates curvature is usually required to
approximate the response. In most cases, the second-order model

y = 𝛽0 +
k∑

i=1
𝛽ixi +

k∑
i=1

𝛽iix
2
i +

∑
i<j

∑
𝛽ijxixj + 𝜖 (11.4)

is adequate. In this section, we will show how to use this fitted model to find the optimum set of operating conditions
for the x’s and to characterize the nature of the response surface.

11.3.1 Location of the Stationary Point

Suppose we wish to find the levels of x1, x2, . . . , xk that optimize the predicted response. This point, if it exists, will
be the set of x1, x2, . . . , xk for which the partial derivatives 𝜕ŷ∕𝜕x1 = 𝜕ŷ∕𝜕x2 = · · · = 𝜕ŷ∕𝜕xk = 0. This point, say
x1,s, x2,s, . . . , xk,s, is called the stationary point. The stationary point could represent a point ofmaximum response,
a point of minimum response, or a saddle point. These three possibilities are shown in Figures 11.6, 11.7 and 11.8.
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◾ F I GURE 11 . 6 Response surface and contour plot illustrating a surface with a maximum
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◾ F I GURE 11 . 7 Response surface and contour plot illustrating a surface with a minimum
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◾ F I GURE 11 . 8 Response surface and contour plot illustrating a saddle point (or minimax)

Contour plots play a very important role in the study of the response surface. By generating contour plots using
computer software for response surface analysis, the experimenter can usually characterize the shape of the surface
and locate the optimum with reasonable precision.

We may obtain a general mathematical solution for the location of the stationary point. Writing the fitted
second-order model in matrix notation, we have

ŷ = 𝛽0 + x′b + x′Bx (11.5)
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where

x =
⎡⎢⎢⎢⎣

x1
x2
⋮
xk

⎤⎥⎥⎥⎦
b =

⎡⎢⎢⎢⎣

𝛽1

𝛽2
⋮
𝛽k

⎤⎥⎥⎥⎦
and B =

⎡⎢⎢⎢⎣

𝛽11, 𝛽12∕2, . . . , 𝛽1k∕2
𝛽22, . . . , 𝛽2k∕2

⋱
sym. 𝛽kk

⎤⎥⎥⎥⎦
That is, b is a (k × 1) vector of the first-order regression coefficients and B is a (k × k) symmetric matrix whose main
diagonal elements are the pure quadratic coefficients (𝛽ii) and whose off-diagonal elements are one-half the mixed
quadratic coefficients (𝛽ij, i ≠ j). The derivative of ŷ with respect to the elements of the vector x equated to 0 is

𝜕ŷ

𝜕x
= b + 2Bx = 𝟎 (11.6)

The stationary point is the solution to Equation 11.6, or

xs = − 1
2
B−1b (11.7)

Furthermore, by substituting Equation 11.7 into Equation 11.5, we can find the predicted response at the stationary
point as

ŷs = 𝛽0 + 1
2
x′sb (11.8)

11.3.2 Characterizing the Response Surface

Once we have found the stationary point, it is usually necessary to characterize the response surface in the immediate
vicinity of this point. By characterize, we mean determining whether the stationary point is a point of maximum
or minimum response or a saddle point. We also usually want to study the relative sensitivity of the response to the
variables x1, x2, . . . , xk.

As we mentioned previously, the most straightforward way to do this is to examine a contour plot of the fitted
model. If there are only two or three process variables (the x’s), the construction and interpretation of this contour plot
is relatively easy. However, even when there are relatively few variables, a more formal analysis, called the canonical
analysis, can be useful.

It is helpful first to transform the model into a new coordinate system with the origin at the stationary point xs
and then to rotate the axes of this system until they are parallel to the principal axes of the fitted response surface. This
transformation is illustrated in Figure 11.9. We can show that this results in the fitted model

ŷ = ŷs + 𝜆1𝑤
2
1 + 𝜆2𝑤

2
2 + · · · + 𝜆k𝑤

2
k (11.9)

where the {𝑤i} are the transformed independent variables and the {𝜆i} are constants. Equation 11.9 is called
the canonical form of the model. Furthermore, the {𝜆i} are just the eigenvalues or characteristic roots of
the matrix B.

The nature of the response surface can be determined from the stationary point and the signs and magnitudes of
the {𝜆i}. First, suppose that the stationary point is within the region of exploration for fitting the second-order model.
If the {𝜆i} are all positive, xs is a point of minimum response; if the {𝜆i} are all negative, xs is a point of maximum
response; and if the {𝜆i} have different signs, xs is a saddle point. Furthermore, the surface is steepest in the𝑤i direction
for which |𝜆i| is the greatest. For example, Figure 11.9 depicts a system for which xs is a maximum (𝜆1 and 𝜆2 are
negative) with |𝜆1| > |𝜆2|.
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◾ F I GURE 11 . 9 Canonical form of the second-order model
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EXAMPLE 11 . 2

We will continue the analysis of the chemical pro-
cess in Example 11.1. A second-order model in the
variables x1 and x2 cannot be fit using the design in
Table 11.4. The experimenter decides to augment this
design with enough points to fit a second-order model.1

She obtains four observations at (x1 = 0, x2 = ±1.414) and
(x1 = ±1.414, x2 = 0). The complete experiment is shown

in Table 11.6, and the design is displayed in Figure 11.10.
This design is called a central composite design (or CCD)
and will be discussed in more detail in Section 11.4.2.
In this second phase of the study, two additional
responses were of interest: the viscosity and the molecu-
lar weight of the product. The responses are also shown in
Table 11.6.

◾ TABLE 11 . 6
Central Composite Design for Example 11.2

Natural Variables Coded Variables Responses

𝝃1 𝝃2 x1 x2 y1 (Yield) y2 (Viscosity) y3 (Molecular Weight)

80 170 −1 −1 76.5 62 2940

80 180 −1 1 77.0 60 3470

90 170 1 −1 78.0 66 3680

90 180 1 1 79.5 59 3890

85 175 0 0 79.9 72 3480

85 175 0 0 80.3 69 3200

85 175 0 0 80.0 68 3410

85 175 0 0 79.7 70 3290

85 175 0 0 79.8 71 3500

92.07 175 1.414 0 78.4 68 3360

77.93 175 −1.414 0 75.6 71 3020

85 182.07 0 1.414 78.5 58 3630

85 167.93 0 −1.414 77.0 57 3150

1 The engineer ran the additional four observations at about the same time he or she ran the original nine observations. If substantial time had elapsed between the two
sets of runs, blocking would have been necessary. Blocking in response surface designs is discussed in Section 11.4.3.
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◾ F I GURE 11 . 10 Central composite
design for Example 11.2
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We will focus on fitting a quadratic model to the yield
response y1 (the other responses will be discussed in Section
11.3.4).We generally use computer software to fit a response
surface and to construct the contour plots. Table 11.7 con-
tains the output from Design-Expert. From examining this
table, we notice that this software package first computes
the “sequential or extra sums of squares” for the linear,
quadratic, and cubic terms in the model (there is a warning
message concerning aliasing in the cubic model because the
CCD does not contain enough runs to support a full cubic
model). On the basis of the small P-value for the quadratic
terms, we decided to fit the second-order model to the yield
response. The computer output shows the final model in
terms of both the coded variables and the natural or actual
factor levels.

Figure 11.11 shows the three-dimensional response sur-
face plot and the contour plot for the yield response in terms
of the process variables time and temperature. It is relatively
easy to see from examining these figures that the optimum is
very near 175∘F and 85 minutes of reaction time and that the
response is at a maximum at this point. From examination
of the contour plot, we note that the process may be slightly
more sensitive to changes in reaction time than to changes
in temperature.

We could also find the location of the stationary point
using the general solution in Equation 11.7. Note that

b =
[
0.995
0.515

]
B =

[
−1.376 0.1250
0.1250 −1.001

]

and from Equation 11.7, the stationary point is

xs = − 1
2
B−1b

= − 1
2

⎡⎢⎢⎣
−0.7345 −0.0917
−0.0917 −1.0096

⎤⎥⎥⎦
⎡⎢⎢⎣
0.995
0.515

⎤⎥⎥⎦
=

⎡⎢⎢⎣
0.389
0.306

⎤⎥⎥⎦

That is, x1,s = 0.389 and x2,s = 0.306. In terms of the natural
variables, the stationary point is

0.389 =
𝜉1 − 85

5
0.306 =

𝜉1 − 175

5

which yields 𝜉1 = 86.95 ≃ 87 minutes of reaction time and
𝜉2 = 176.53 ≃ 176.5∘F. This is very close to the stationary
point found by visual examination of the contour plot in
Figure 11.11. Using Equation 11.8, we may find the pre-
dicted response at the stationary point as ŷs = 80.21.

We may also use the canonical analysis described in
this section to characterize the response surface. First, it
is necessary to express the fitted model in canonical form
(Equation 11.9). The eigenvalues 𝜆1 and 𝜆2 are the roots of
the determinantal equation

|B − 𝜆I| = 0
|||||
−1.376 − 𝜆 0.1250
0.1250 −1.001 − 𝜆

||||| = 0

which reduces to

𝜆
2 + 2.3788𝜆 + 1.3639 = 0

The roots of this quadratic equation are 𝜆1 = −0.9634
and 𝜆2 = −1.4141. Thus, the canonical form of the fitted
model is

ŷ = 80.21 − 0.9634𝑤2
1 − 1.4141𝑤2

2

Because both 𝜆1 and 𝜆2 are negative and the stationary point
is within the region of exploration, we conclude that the sta-
tionary point is a maximum.
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◾ TABLE 11 . 7
Computer Output from Design-Expert for Fitting a Model to the Yield Response in Example 11.2

Response: yield

***WARNING: The Cubic Model is Aliased!***

Sequential Model Sum of Squares

Source Sum of Squares DF Mean Square F Value Prob > F
Mean 80062.16 1 80062.16

Linear 10.04 2 5.02 2.69 0.1166

2FI 0.25 1 0.25 0.12 0.7350

Quadratic 17.95 2 8.98 126.88 <0.001 Suggested

Cubic 2.042E-003 2 1.021E-003 0.010 0.9897 Aliased

Residual 0.49 5 0.099

Total 80090.90 13 6160.84

“Sequential Model Sum of Squares”: Select the highest order polynomial where the additional terms are significant.

Lack-of-Fit Tests

Source Sum of Squares DF Mean Square F Value Prob > F
Linear 18.49 6 3.08 58.14 0.0008

2FI 18.24 5 3.65 68.82 0.0006

Quadratic 0.28 3 0.094 1.78 0.2897 Suggested

Cubic 0.28 1 0.28 5.31 0.0826 Aliased

Pure Error 0.21 4 0.053

“Lack-of-Fit Tests”: Want the selected model to have insignificant lack-of-fit.

Model summary Statistics

Source Std. Dev. R-Squared Adjusted R-Squared Predicted R-Squared PRESS
Linear 1.37 0.3494 0.2193 −0.0435 29.99

2FI 1.43 0.3581 0.1441 −0.2730 36.59

Quadratic 0.27 0.9828 0.9705 0.9184 2.35 Suggested

Cubic 0.31 0.9828 0.9588 0.3622 18.33 Aliased

“Model Summary Statistics”: Focus on the model minimizing the “PRESS,” or equivalently maximizing the “PRED R-SQR.”

Response: yield

ANOVA for Response Surface Quadratic Model

Analysis of variance table [Partial sum of squares]

Source Sum of Squares DF Mean Square F Value Prob > F
Model 28.25 5 5.65 79.85 <0.0001

A 7.92 1 7.92 111.93 <0.0001

B 2.12 1 2.12 30.01 0.0009

A2 13.18 1 13.18 186.22 <0.0001

B2 6.97 1 6.97 98.56 <0.0001

AB 0.25 1 0.25 3.53 0.1022
Residual 0.50 7 0.071

Lack of Fit 0.28 3 0.094 1.78 0.2897
Pure Error 0.21 4 0.053

Cor Total 28.74 12
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◾ TABLE 11 . 7 (Continued)

Std. Dev. 0.27 R-Squared 0.9828

Mean 78.48 Adj R-Squared 0.9705

C.V. 0.34 Pred R-Squared 0.9184

PRESS 2.35 Adeq Precision 23.018

Factor Coefficient Estimate DF Standard Error 95% CI Low 95% CI High VIF
Intercept 79.94 1 0.12 79.66 80.22

A-time 0.99 1 0.094 0.77 1.22 1.00

B-temp 0.52 1 0.094 0.29 0.74 1.00

A2 −1.38 1 0.10 −1.61 −1.14 1.02

B2 −1.00 1 0.10 −1.24 −0.76 1.02

AB 0.25 1 0.13 −0.064 0.56 1.00

Final Equation in Terms of Coded Factors:

yield =
+79.94
+0.99 ∗ A

+0.52 ∗ B

−1.38 ∗ A2

−1.00 ∗ B2

+0.25 ∗ A ∗ B

Final Equation in Terms of Actual Factors:

yield =
−1430.52285

+7.80749 ∗ time

+13.27053 ∗ temp

−0.055050 ∗ time2

−0.040050 ∗ temp2

+0.010000 ∗ time ∗ temp

Diagnostics Case Statistics
Run
Order

Standard
Order

Actual
Value

Predicted
Value Residual Leverage

Student
Residual

Cook’s
Distance

Outlier
t

8 1 76.50 76.30 0.20 0.625 1.213 0.409 1.264
6 2 78.00 77.79 0.21 0.625 1.275 0.452 1.347
9 3 77.00 76.83 0.17 0.625 1.027 0.293 1.032
11 4 79.50 79.32 0.18 0.625 1.089 0.329 1.106
12 5 75.60 75.78 −0.18 0.625 −1.107 0.341 −1.129
10 6 78.40 78.59 −0.19 0.625 −1.195 0.396 −1.240
7 7 77.00 77.21 −0.21 0.625 −1.283 0.457 −1.358
1 8 78.50 78.67 −0.17 0.625 −1.019 0.289 −1.023
5 9 79.90 79.94 −0.040 0.200 −0.168 0.001 −0.156
3 10 80.30 79.94 0.36 0.200 1.513 0.095 1.708
13 11 80.00 79.94 0.060 0.200 0.252 0.003 0.235
2 12 79.70 79.94 −0.24 0.200 −1.009 0.042 −1.010
4 13 79.80 79.94 −0.14 0.200 −0.588 0.014 0.559



�

� �

�

504 Chapter 11 Response Surface Methods and Designs

Time

(a) The contour plot

Te
m

p
e

ra
tu

re

77.93 80.29 82.64 85.00 87.36 89.71 92.07
167.9

170.3

172.6

175.0

177.4

179.7

182.1
80.21

77.99

75.77

73.55

182.1

179.2
176.4

173.6
170.8

167.9 77.93
80.76

83.59
86.41

89.24
92.07

Tem
perature Tim

e

Y
ie

ld

(b) The response surface plot

79.00

80.00

78.0077.00 77.00

78.00

76.00

76.00

75.00

75.00
74.00 76.00

◾ F I GURE 11 . 11 Contour and response surface plots of the yield response, Example 11.2

In some RSM problems, it may be necessary to find the relationship between the canonical variables {𝑤i} and
the design variables {xi}. This is particularly true if it is impossible to operate the process at the stationary point. As
an illustration, suppose that in Example 11.2 we could not operate the process at 𝜉1 = 87 minutes and 𝜉2 = 176.5∘F
because this combination of factors results in excessive cost. We now wish to “back away” from the stationary point to
a point of lower cost without incurring large losses in yield. The canonical form of the model indicates that the surface
is less sensitive to yield loss in the 𝑤1 direction. Exploration of the canonical form requires converting points in the
(𝑤1, 𝑤2) space to points in the (x1, x2) space.

In general, the variables x are related to the canonical variables w by

w = M′(x − xs)

where M is a (k × k) orthogonal matrix. The columns of M are the normalized eigenvectors associated with the {𝜆i).
That is, ifmi is the ith column ofM, then mi is the solution to

(B − 𝜆iI)mi = 𝟎 (11.10)

for which
∑k

j=1 m
2
ji = 1.

We illustrate the procedure using the fitted second-order model in Example 11.2. For 𝜆1 = −0.9634,
Equation 11.10 becomes [

(−1.376 + 0.9634) 0.1250
0.1250 (−1.001 + 0.9634)

] [
m11
m21

]
=

[
0
0

]

or

−0.4129m11 + 0.1250m21 = 0

0.1250m11 + 0.0377m21 = 0
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We wish to obtain the normalized solution to these equations, that is, the one for which m2
11 + m2

21 = 1. There is no
unique solution to these equations, so it is most convenient to assign an arbitrary value to one unknown, solve the
system, and normalize the solution. Letting m∗

21 = 1, we find m∗
11 = 0.3027. To normalize this solution, we divide m∗

11
and m∗

21 by √
(m∗

11)2 + (m∗
21)2 =

√
(0.3027)2 + (1)2 = 1.0448

This yields the normalized solution

m11 =
m∗

11

1.0448
= 0.3027

1.0448
= 0.2898

and

m21 =
m∗

21

1.0448
= 1

1.0448
= 0.9571

which is the first column of theM matrix.
Using 𝜆2 = −1.4141, we can repeat the above procedure, obtaining m12 = −0.9571 and m22 = 0.2898 as the

second column ofM. Thus, we have

M =
[
0.2898 −0.9571
0.9571 0.2898

]

The relationship between the w and x variables is[
𝑤1
𝑤2

]
=

[
0.2898 0.9571

−0.9574 0.2898

] [
x1 − 0.389
x2 − 0.306

]

or

𝑤1 = 0.2897(x1 − 0.389) + 0.9571(x2 − 0.306)
𝑤2 = −0.9574(x1 − 0.389) + 0.2888(x2 − 0.306)

If we wished to explore the response surface in the vicinity of the stationary point, we could determine appropriate
points at which to take observations in the (𝑤1, 𝑤2) space and then use the above relationship to convert these points
into the (x1, x2) space so that the runs may be made.

11.3.3 Ridge Systems

It is not unusual to encounter variations of the pure maximum, minimum, or saddle point response surfaces discussed in
the previous section. Ridge systems, in particular, are fairly common. Consider the canonical form of the second-order
model given previously in Equation 11.9:

ŷ = ŷs + 𝜆1𝑤
2
1 + 𝜆2𝑤

2
2 + · · · + 𝜆k𝑤

2
k

Now suppose that the stationary point xs is within the region of experimentation; furthermore, let one or more of the
𝜆i be very small (e.g., 𝜆i ≃ 0). The response variable is then very insensitive to the variables 𝑤i multiplied by the
small 𝜆i.

A contour plot illustrating this situation is shown in Figure 11.12 for k = 2 variables with 𝜆1 = 0. (In practice,
𝜆1 would be close to but not exactly equal to zero.) The canonical model for this response surface is theoretically

ŷ = ŷs + 𝜆2𝑤
2
2

with 𝜆2 negative. Notice that the severe elongation in the𝑤1 direction has resulted in a line of centers at ŷ = 70 and the
optimum may be taken anywhere along that line. This type of response surface is called a stationary ridge system.
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◾ F I GURE 11 . 12 A contour plot of a
stationary ridge system
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◾ F I GURE 11 . 13 A contour plot of a
rising ridge system

If the stationary point is far outside the region of exploration for fitting the second-order model and one (or more) 𝜆i is
near zero, then the surface may be a rising ridge. Figure 11.13 illustrates a rising ridge for k = 2 variables with 𝜆1 near
zero and 𝜆2 negative. In this type of ridge system, we cannot draw inferences about the true surface or the stationary
point because xs is outside the region where we have fit the model. However, further exploration is warranted in the
𝑤1 direction. If 𝜆2 had been positive, we would call this system a falling ridge.

11.3.4 Multiple Responses

Many response surface problems involve the analysis of several responses. For instance, in Example 11.2, the
experimenter measured three responses. In this example, we optimized the process with respect to only the yield
response y1.

Simultaneous consideration of multiple responses involves first building an appropriate response surface model
for each response and then trying to find a set of operating conditions that in some sense optimizes all responses or
at least keeps them in desired ranges. An extensive treatment of the multiple response problem is given in Myers,
Montgomery, and Anderson-Cook (2009).

Wemay obtainmodels for the viscosity andmolecular weight responses (y2 and y3, respectively) in Example 11.2
as follows:

ŷ2 = 70.00 − 0.16x2 − 0.95x2 − 0.69x21 − 6.69x22 − 1.25x1x2
ŷ3 = 3386.2 + 205.1x1 + 177.4x2

In terms of the natural levels of time (𝜉1) and temperature (𝜉2), these models are

ŷ2 = −9030.74 + 13.393𝜉1 + 97.708𝜉2
−2.75 × 10−2𝜉21 − 0.26757𝜉22 − 5 × 10−2𝜉1𝜉2

and
ŷ3 = −6308.8 + 41.025𝜉1 + 35.473𝜉2

Figures 11.14 and 11.15 present the contour and response surface plots for these models.
A relatively straightforward approach to optimizing several responses that works well when there are only

a few process variables is to overlay the contour plots for each response. Figure 11.16 shows an overlay plot
for the three responses in Example 11.2, with contours for which y1 (yield) ≥ 78.5, 62 ≤ y2 (viscosity) ≤ 68, and
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◾ F I GURE 11 . 14 Contour plot and response surface plot of viscosity, Example 11.2
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◾ F I GURE 11 . 15 Contour plot and response surface plot of molecular weight, Example 11.2

y3 (molecular weight Mn) ≤ 3400. If these boundaries represent important conditions that must be met by the process,
then as the unshaded portion of Figure 11.16 shows, a number of combinations of time and temperature will result
in a satisfactory process. The experimenter can visually examine the contour plot to determine appropriate operating
conditions. For example, it is likely that the experimenter would be most interested in the larger of the two feasible
operating regions shown in Figure 11.16.
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◾ F I GURE 11 . 16 Region of the optimum found by
overlaying yield, viscosity, and molecular weight response
surfaces, Example 11.2
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When there are more than three design variables, overlaying contour plots becomes awkward because the
contour plot is two dimensional, and k − 2 of the design variables must be held constant to construct the graph.
Often a lot of trial and error is required to determine which factors to hold constant and what levels to select to
obtain the best view of the surface. Therefore, there is practical interest in more formal optimization methods for
multiple responses.

A popular approach is to formulate and solve the problem as a constrained optimization problem. To illustrate
using Example 11.2, we might formulate the problem as

Max y1
subject to

62 ≤ y2 ≤ 68

y3 ≤ 3400

Many numerical techniques can be used to solve this problem. Sometimes these techniques are referred to as
nonlinear programming methods. The Design-Expert software package solves this version of the problem using a
direct search procedure. The two solutions found are

time = 83.5 temp = 177.1 ŷ1 = 79.5

and

time = 86.6 temp = 172.25 ŷ1 = 79.5

Notice that the first solution is in the upper (smaller) feasible region of the design space (refer to Figure 11.16),
whereas the second solution is in the larger region. Both solutions are very near to the boundary of the constraints.

Another useful approach to optimization of multiple responses is to use the simultaneous optimization
technique popularized by Derringer and Suich (1980). Their procedure makes use of desirability functions.
The general approach is to first convert each response yi into an individual desirability function di that varies over
the range

0 ≤ di ≤ 1
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where if the response yi is at its goal or target, then di = 1 and if the response is outside an acceptable region, di = 0.
Then the design variables are chosen to maximize the overall desirability

D = (d1•d2• · · · •dm)1∕m

where there are m responses. The overall desirability will be zero if any of the individual responses is undesirable.
The individual desirability functions are structured as shown in Figure 11.17. If the objective or target T for the

response y is a maximum value,

d =
⎧⎪⎨⎪⎩

0 y < L(
y − L

T − L

)r

L ≤ y ≤ T

1 y > T

(11.11)

when the weight r = 1, the desirability function is linear. Choosing r > 1 places more emphasis on being close to the
target value and choosing 0 < r < 1 makes this less important. If the target for the response is a minimum value,

d =
⎧⎪⎨⎪⎩

1 y < T(
U − y

U − T

)r

T ≤ y ≤ U

0 y > U

(11.12)

d

L T y

1

0 < r < 1

r = 1

r > 1

0

(a) Objective (target) is to maximize y

d

T U y

1

0 < r < 1

r = 1

r > 1

0

(b) Objective (target) is to minimize y

(c) Objective is for y to be as close as possible to the target

d

T UL y

1

0

r1 = 1 r2 = 1

r1 > 1 r2 > 1

0 < r1 < 1 0 < r2 < 1

◾ F I GURE 11 . 17 Individual desirability functions for simultaneous optimization
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The two-sided desirability function shown in Figure 11.17c assumes that the target is located between the lower (L)
and upper (U) limits and is defined as

d =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 y < L(
y − L

T − L

)r1

L ≤ y ≤ T(
U − y

U − T

)r2

T ≤ y ≤ U

0 y > U

(11.13)

The Design-Expert software package was used to solve Example 11.2 using the desirability function approach.
We chose T = 80 as the target for the yield response with U = 70 and set the weight for this individual desirability
equal to unity. We set T = 65 for the viscosity response with L = 62 and U = 68 (to be consistent with specifications),
with both weights r1 = r2 = 1. Finally, we indicated that any molecular weight between 3200 and 3400 was acceptable.
Two solutions were found.

Solution 1

Time = 86.5 Temp = 170.5 D = 0.822

ŷ1 = 78.8 ŷ2 = 65 ŷ3 = 3287

Solution 2

Time = 82 Temp = 178.8 D = 0.792

ŷ1 = 78.5 ŷ2 = 65 ŷ3 = 3400

Solution 1 has the highest overall desirability. Notice that it results in on-target viscosity and acceptable molecular
weight. This solution is in the larger of the two operating regions in Figure 11.16, whereas the second solution is in
the smaller region. Figure 11.18 shows a response and contour plot of the overall desirability function D.
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◾ F I GURE 11 . 18 Desirability function response surface and contour plot for the problem in Example 11.2
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11.4 Experimental Designs for Fitting Response Surfaces

Fitting and analyzing response surfaces is greatly facilitated by the proper choice of an experimental design. In this
section, we discuss some aspects of selecting appropriate designs for fitting response surfaces.

When selecting a response surface design, some of the features of a desirable design are as follows:

1. Provides a reasonable distribution of data points (and hence information) throughout the region of interest

2. Allows model adequacy, including lack of fit, to be investigated

3. Allows experiments to be performed in blocks

4. Allows designs of higher order to be built up sequentially

5. Provides an internal estimate of error

6. Provides precise estimates of the model coefficients

7. Provides a good profile of the prediction variance throughout the experimental region

8. Provides reasonable robustness against outliers or missing values

9. Does not require a large number of runs

10. Does not require too many levels of the independent variables

11. Ensures simplicity of calculation of the model parameters

These features are sometimes conflicting, so judgment must often be applied in design selection. For more
information on the choice of a response surface design, refer to Khuri and Cornell (1996), Myers, Montgomery, and
Anderson-Cook (2016), and Box and Draper (2007).

11.4.1 Designs for Fitting the First-Order Model

Suppose we wish to fit the first-order model in k variables

y = 𝛽0 +
k∑

i=1
𝛽ixi + 𝜖 (11.14)

There is a unique class of designs that minimize the variance of the regression coefficients {𝛽i}. These are the orthog-
onal first-order designs. A first-order design is orthogonal if the off-diagonal elements of the (X′X) matrix are all
zero. This implies that the cross products of the columns of the X matrix sum to zero.

The class of orthogonal first-order designs includes the 2k factorial and fractions of the 2k series in which main
effects are not aliased with each other. In using these designs, we assume that the low and high levels of the k factors
are coded to the usual ±1 levels.

The 2k design does not afford an estimate of the experimental error unless some runs are replicated. A common
method of including replication in the 2k design is to augment the design with several observations at the center (the
point xi = 0, i = 1, 2, . . . , k). The addition of center points to the 2k design does not influence the {𝛽i} for i ≥ 1, but
the estimate of 𝛽0 becomes the grand average of all observations. Furthermore, the addition of center points does not
alter the orthogonality property of the design. Example 11.1 illustrates the use of a 22 design augmented with five
center points to fit a first-order model.

Another orthogonal first-order design is the simplex. The simplex is a regularly sided figure with k + 1 vertices
in k dimensions. Thus, the simplex design for k = 2 is an equilateral triangle, and it is a regular tetrahedron for k = 3.
Simplex designs in two and three dimensions are shown in Figure 11.19.

11.4.2 Designs for Fitting the Second-Order Model

We have informally introduced in Example 11.2 (and even earlier, in Example 6.6) the central composite design or
CCD for fitting a second-order model. This is the most popular class of designs used for fitting these models. Generally,
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◾ F I GURE 11 . 19 The simplex
design for (a) k = 2 variables and (b) k
= 3 variables

(a) (b)

 x2 

 x3 

 x2 

 x1  x1 

◾ F I GURE 11 . 20 Central
composite designs for k = 2 and k = 3
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the CCD consists of a 2k factorial (or fractional factorial of resolution V) with nF factorial runs, 2k axial or star runs,
and nC center runs. Figure 11.20 shows the CCD for k = 2 and k = 3 factors.

The practical deployment of a CCD often arises through sequential experimentation, as in Examples 11.1 and
11.2. That is, a 2k has been used to fit a first-order model, this model has exhibited lack of fit, and the axial runs are
then added to allow the quadratic terms to be incorporated into the model. The CCD is a very efficient design for fitting
the second-order model. There are two parameters in the design that must be specified: the distance 𝛼 of the axial runs
from the design center and the number of center points nC. We now discuss the choice of these two parameters.

Rotatability. It is important for the second-order model to provide good predictions throughout the region of
interest. One way to define “good” is to require that the model should have a reasonably consistent and stable variance
of the predicted response at points of interest x. Recall from Equation 10.40 that the variance of the predicted response
at some point x is

V[ŷ(x)] = 𝜎
2x′(X′X)−1x (11.15)

Box and Hunter (1957) suggested that a second-order response surface design should be rotatable. This means that
the V[ŷ(x)] is the same at all points x that are at the same distance from the design center. That is, the variance of
predicted response is constant on spheres.

Figure 11.21 shows contours of constant
√
V[ŷ(x)] for the second-order model fit using the CCD in

Example 11.2. Notice that the contours of constant standard deviation of predicted response are concentric circles.
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◾ F I GURE 11 . 21 Contours of constant standard deviation of predicted response for the rotatable CCD,
Example 11.2

A design with this property will leave the variance of ŷ unchanged when the design is rotated about the center
(0, 0, . . . , 0), hence the name rotatable design.

Rotatability is a reasonable basis for the selection of a response surface design. Because the purpose of RSM is
optimization and the location of the optimum is unknown prior to running the experiment, it makes sense to use a design
that provides equal precision of estimation in all directions. (It can be shown that any first-order orthogonal design
is rotatable.)

A central composite design is made rotatable by the choice of 𝛼. The value of 𝛼 for rotatability depends on the
number of points in the factorial portion of the design; in fact, 𝛼 = (nF)1∕4 yields a rotatable central composite design
where nF is the number of points used in the factorial portion of the design.

The Spherical CCD. Rotatability is a spherical property; that is, it makes themost sense as a design criterion
when the region of interest is a sphere. However, it is not important to have exact rotatability to have a good design. For
a spherical region of interest, the best choice of 𝛼 from a prediction variance viewpoint for the CCD is to set 𝛼 =

√
k.

This design, called a spherical CCD, puts all the factorial and axial design points on the surface of a sphere of radius√
k. For more discussion of this, see Myers, Montgomery, and Anderson-Cook (2016).

Center Runs in the CCD. The choice of 𝛼 in the CCD is dictated primarily by the region of interest. When
this region is a sphere, the design must include center runs to provide reasonably stable variance of the predicted
response. Generally, three to five center runs are recommended.

The Box–Behnken Design. Box and Behnken (1960) have proposed some three-level designs for fitting
response surfaces. These designs are formed by combining 2k factorials with incomplete block designs. The resulting
designs are usually very efficient in terms of the number of required runs, and they are either rotatable or nearly
rotatable.

Table 11.8 shows a three-variable Box–Behnken design. The design is also shown geometrically in Figure 11.22.
Notice that the Box–Behnken design is a spherical design, with all points lying on a sphere of radius

√
2. Also, the

Box–Behnken design does not contain any points at the vertices of the cubic region created by the upper and lower
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◾ TABLE 11 . 8
A Three-Variable Box–Behnken Design

Run x1 x2 x3

1 −1 −1 0

2 −1 1 0

3 1 −1 0

4 1 1 0

5 −1 0 −1
6 −1 0 1

7 1 0 −1
8 1 0 1

9 0 −1 −1
10 0 −1 1

11 0 1 −1
12 0 1 1

13 0 0 0

14 0 0 0

15 0 0 0

limits for each variable. This could be advantageous when the points on the corners of the cube represent factor-level
combinations that are prohibitively expensive or impossible to test because of physical process constraints.

Cuboidal Region of Interest. In many situations, the region of interest is cuboidal rather than spherical. In
these cases, a useful variation of the central composite design is the face-centered central composite design or the
face-centered cube, in which 𝛼 = 1. This design locates the star or axial points on the centers of the faces of the cube,
as shown in Figure 11.23 for k = 3. This variation of the central composite design is also sometimes used because it
requires only three levels of each factor, and in practice it is frequently difficult to change factor levels. However, note
that face-centered central composite designs are not rotatable.

The face-centered cube does not require as many center points as the spherical CCD. In practice, nC = 2 or 3 is
sufficient to provide good variance of prediction throughout the experimental region. It should be noted that sometimes
more center runs will be employed to give a reasonable estimate of experimental error. Figure 11.24 shows the square
root of prediction variance

√
V[ŷ(x)] for the face-centered cube for k = 3 with nC = 3 center points. Notice that the

standard deviation of predicted response is reasonably uniform over a relatively large portion of the design space.

x3
x2

x1

–1

+1

–1

+1

–1 +1

◾ F I GURE 11 . 22 A Box–Behnken
design for three factors
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◾ F I GURE 11 . 23 A face-centered central
composite design for k = 3
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◾ F I GURE 11 . 24 Standard deviation of predicted response
√
V[ŷ(x)] for the face-centered cube with k = 3, nC = 3,

and x3 = 0

Other Designs. Many other response surface designs are occasionally useful in practice. For two variables,
we could use designs consisting of points that are equally spaced on a circle and that form regular polygons. Because
the design points are equidistant from the origin, these arrangements are often called equiradial designs.

For k = 2, a rotatable equiradial design is obtained by combining n2 ≥ 5 points equally spaced on a circle
with n1 ≥ 1 points at the center of the circle. Particularly useful designs for k = 2 are the pentagon and the
hexagon. These designs are shown in Figure 11.25. The small composite design is another alternative. The
small composite design consists of a fractional factorial in the cube of resolution III* (main effects aliased with
two-factor interactions and no two-factor interactions aliased with each other) and the usual axial and center runs.
While the small composite design may be of interest when it is important to reduce the number of runs these design
do not enjoy good prediction variance properties relative to those of the CCD.

A small composite design for k = 3 factors is shown in Table 11.9. This design uses the standard one-half fraction
of the 23 in the cube because it meets the resolution III* criteria. The design has four runs in the cube and six axial
runs, and it must have at least one center point. Thus the design has a minimum of N = 11 trials, and the second-order
model in k = 3 variables has p = 10 parameters to estimate, so this is a very efficient design with respect to the number

(a)

 x2

 x1

(b)

 x2

 x1

◾ F I GURE 11 . 25 Equiradial designs for
two variables. (a) Hexagon (b) Pentagon
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◾ TABLE 11 . 9
A Small Composite Design for k = 3 Factors

Standard Order x1 x2 x3

1 1.00 1.00 −1.00
2 1.00 −1.00 1.00

3 −1.00 1.00 1.00

4 −1.00 −1.00 −1.00
5 −1.73 0.00 0.00

6 1.73 0.00 0.00

7 0.00 −1.73 0.00

8 0.00 1.73 0.00

9 0.00 0.00 −1.73
10 0.00 0.00 1.73

11 0.00 0.00 0.00

12 0.00 0.00 0.00

13 0.00 0.00 0.00

14 0.00 0.00 0.00

of runs. The design in Table 11.9 has nC = 4 center runs. We selected 𝛼 = 1.73 to give a spherical design because the
small composite design cannot be made rotatable.

The hybrid design is another alternative when it is important to reduce the number of runs. A hybrid design for
k = 3 is shown in Table 11.10. Some of these designs have irregular levels, and this can be a limiting factor in their
application. However, they are very small designs, and they have excellent prediction variance properties. For more
details about small composite and hybrid designs, refer to Myers, Montgomery, and Anderson-Cook (2016).

Graphical Evaluation of Response Surface Designs. Response surface designs are most often used to
build models for making predictions. Therefore, the prediction variance (defined in Equation 11.15) is of considerable
importance in evaluating or comparing designs. Two-dimensional contour plots or three-dimensional response surface

◾ TABLE 11 . 10
A Hybrid Design for k = 3 Factors

Standard Order x1 x2 x3

1 0.00 0.00 1.41

2 0.00 0.00 −1.41
3 −1.00 −1.00 0.71

4 1.00 −1.00 0.71

5 −1.00 1.00 0.71

6 1.00 1.00 0.71

7 1.41 0.00 −0.71
8 −1.41 0.00 −0.71
9 0.00 1.41 −0.71

10 0.00 −1.41 −0.71
11 0.00 0.00 0.00
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plots of prediction variance (or its square root, prediction standard deviation) such as Figures 11.21 and 11.24 can be
of value in this. However, for a design in k factors, these plots allow only two design factors to be displayed on the
plot. Because all remaining k − 2 factors are held constant, these plots give an incomplete picture of how the prediction
variance is distributed over the design space. Both the fraction of design space (FDS) plot introduced in Section 6.7
and the variance dispersion graph (VDG) developed by Giovannitti-Jensen and Myers (1989) can be used to solve
this problem.

A VDG is a graph displaying the minimum, maximum, and average prediction variance for a specific design and
response model versus the distance of the design point from the center of the region. The distance or radius usually
varies from zero (the design center) to

√
k, which for a spherical design is the distance of the most remote point in the

design from the center. It is customary to plot the scaled prediction variance (SPV)

NV[ŷ(x)]
𝜎2

= Nx′(X′X)−1x (11.16)

on a VDG. Notice that the SPV is the prediction variance in Equation 11.15 multiplied by the number of runs in the
design (N) and divided by the error variance 𝜎2. Dividing by 𝜎2 eliminates an unknown parameter and multiplying by
N often serves to facilitate comparing designs of different sizes.

Figure 11.26a is a VDG for the rotatable CCD with k = 3 variables and four center runs. Because the design is
rotatable, the minimum, maximum, and average SPV are identical for all points that are at the same distance from the
center of the design, so there is only one line on the VDG. Notice how the graph displays the behavior of the SPV over
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◾ F I GURE 11 . 26 Variance dispersion
graphs. (a) the CCD with k = 3 and 𝜶 = 1.68
(four center runs). (b) The CCD with k = 3
and 𝜶 = 1.732 (four center runs)
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◾ F I GURE 11 . 27 Variance dispersion graph
for CCD with k = 4 and 𝜶 = 2 nC = 1
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the design space, with nearly constant variance out to a radius of approximately 1.2, and then increasing steadily from
there out to the boundary of the design. Figure 11.26b is the VDG for a spherical CCD with k = 3 variables and four
center runs. Notice that there is very little difference between the three lines for minimum, maximum, and average
SPV, leading us to conclude that any practical difference between the rotatable and spherical versions of this design is
very minimal.

Figure 11.27 is the VDG for the rotatable CCD with k = 4 factors. In this VDG, the number of center points in
the design varies from nC = 1 to nC = 5. The VDG shows clearly that a design with too few center points will have a
very unstable distribution of prediction variance but that prediction variance quickly stabilizes with increasing values
of nC. Using either four or five center runs will give reasonably stable prediction variance over the design region.
VDGs have been used to study the effect of changing the number of center runs in response surface design, and the
recommendations given earlier in the chapter are based on some of these studies.

11.4.3 Blocking in Response Surface Designs

When using response surface designs, it is often necessary to consider blocking to eliminate nuisance variables. For
example, this problem may occur when a second-order design is assembled sequentially from a first-order design, as
was illustrated in Examples 11.1 and 11.2. Considerable time may elapse between the running of the first-order design
and the running of the supplemental experiments required to build up a second-order design, and test conditions may
change during this time, thus necessitating blocking.

A response surface design is said to block orthogonally if it is divided into blocks such that block effects do
not affect the parameter estimates of the response surface model. If a 2k or 2k−p design is used as a first-order response
surface design, the methods of Chapter 7 may be used to arrange the runs in 2r blocks. The center points in these
designs should be allocated equally among the blocks.

For a second-order design to block orthogonally, two conditions must be satisfied. If there are nb observations
in the bth block, then these conditions are

1. Each block must be a first-order orthogonal design; that is,

nb∑
u=1

xiuxju = 0 i ≠ j = 0, 1, . . . , k for all b

where xiu and xju are the levels of ith and jth variables in the uth run of the experiment with x0u = 1 for all u.
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2. The fraction of the total sum of squares for each variable contributed by every block must be equal to the
fraction of the total observations that occur in the block; that is,

nb∑
u=1

x2iu

N∑
u=1

x2iu

=
nb
N

i = 1, 2, . . . , k for all b

where N is the number of runs in the design.

As an example of applying these conditions, consider a rotatable central composite design in k = 2 variables
with N = 12 runs. We may write the levels of x1 and x2 for this design in the design matrix

D =

x1 x2
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 −1
1 −1

−1 1
1 1
0 0
0 0
1.414 0

−1.414 0
0 1.414
0 −1.414
0 0
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
Block 1

⎫⎪⎪⎬⎪⎪⎭
Block 2

Notice that the design has been arranged in two blocks, with the first block consisting of the factorial portion of the
design plus two center points and the second block consisting of the axial points plus two additional center points. It is
clear that condition 1 is met; that is, both blocks are first-order orthogonal designs. To investigate condition 2, consider
first block 1 and note that

n1∑
u=1

x21u =
n1∑
u=1

x22u = 4

N∑
u=1

x21u =
N∑
u=1

x22u = 8 and n1 = 6

Therefore,
n1∑
u=1

x2iu

n∑
u=1

x2iu

=
n1
N

or
4
8
= 6

12

Thus, condition 2 is satisfied in block 1. For block 2, we have
n2∑
u=1

x21u =
n2∑
u=1

x22u = 4 and n2 = 6
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Therefore,
n2∑
u=1

x2iu

N∑
u=1

x2iu

=
n2
N

or
4
8
= 6

12

Because condition 2 is also satisfied in block 2, this design blocks orthogonally.
In general, the central composite design can always be constructed to block orthogonally in two blocks, with

the first block consisting of nF factorial points plus nCF center points and the second block consisting of nA = 2k axial
points plus nCA center points. The first condition for orthogonal blocking will always hold regardless of the value used
for 𝛼 in the design. For the second condition to hold,

n2∑
u

x2iu

n1∑
u

x2iu

=
nA + nCA
nF + nCF

(11.17)

The left-hand side of Equation 11.17 is 2𝛼2∕nF, and after substituting in this quantity, we may solve the equation for
the value of 𝛼 that will result in orthogonal blocking as

𝛼 =
[
nF(nA + nCA)
2(nF + nCF)

]1∕2
(11.18)

This value of 𝛼 does not, in general, result in a rotatable or spherical design. If the design is also required to be
rotatable, then 𝛼 = (nF)1∕4 and

(nF)1∕2 =
nF(nA + nCA)
2(nF + nCF)

(11.19)

It is not always possible to find a design that exactly satisfies Equation 11.19. For example if k = 3, nF = 8, and nA = 6,
Equation 11.19 reduces to

(8)1∕2 =
8(6 + nCA)
2(8 + nCF)

2.83 =
48 + 8nCA
16 + 2nCF

It is impossible to find values of nCA and nCF that exactly satisfy this last equation. However, note that if nCF = 3 and
nCA = 2, then the right-hand side is

48 + 8(2)
16 + 2(3)

= 2.91

so the design nearly blocks orthogonally. In practice, one could relax somewhat the requirement of either rotatability
or orthogonal blocking without any major loss of information.

The central composite design is very versatile in its ability to accommodate blocking. If k is large enough, the fac-
torial portion of the design can be divided into two ormore blocks. (The number of factorial blocksmust be a power of 2,
with the axial portion forming a single block.) Table 11.11 presents several useful blocking arrangements for the central
composite design.
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◾ TABLE 11 . 11
Some Rotatable and Near-Rotatable Central Composite Designs That Block Orthogonally

k 2 3 4 5 5 1
2 Rep. 6 6 1

2 Rep. 7 7 1
2 Rep.

Factorial Block(s)

nF 4 8 16 32 16 64 32 128 64

Number of blocks 1 2 2 4 1 8 2 16 8

Number of points in
each block

4 4 8 8 16 8 16 8 8

Number of center
points in each block

3 2 2 2 6 1 4 1 1

Total number of points
in each block

7 6 10 10 22 9 20 9 9

Axial Block

nA 4 6 8 10 10 12 12 14 14

nCA 3 2 2 4 1 6 2 11 4

Total number of points
in the axial block

7 8 10 14 11 18 14 25 18

Total number of points
N in the design

14 20 30 54 33 90 54 169 80

Values of 𝜶

Orthogonal blocking 1.4142 1.6330 2.0000 2.3664 2.0000 2.8284 2.3664 3.3333 2.8284

Rotatability 1.4142 1.6818 2.0000 2.3784 2.0000 2.8284 2.3784 3.3636 2.8284

There are two important points about the analysis of variance when the response surface design has been run in
blocks. The first concerns the use of center points to calculate an estimate of pure error. Only center points that are run
in the same block can be considered to be replicates, so the pure error term can only be calculated within each block. If
the variability is consistent across blocks, then these pure error estimates could be pooled. The second point concerns
the block effect. If the design blocks orthogonally in m blocks, the sum of squares for blocks is

SSBlocks =
m∑
b=1

B2
b

nb
− G2

N
(11.20)

where Bb is the total of the nb observations in the bth block and G is the grand total of all N observations in all m
blocks. When blocks are not exactly orthogonal, the general regression significance test (the “extra sum of squares”
method) described in Chapter 10 can be used.

11.4.4 Optimal Designs for Response Surfaces

The standard response surface designs discussed in the previous sections, such as the central composite design, the
Box–Behnken design, and their variations (such as the face-centered cube), are widely used because they are quite
general and flexible designs. If the experimental region is either a cube or a sphere, typically a standard response
surface design will be applicable to the problem. However, occasionally an experimenter encounters a situation where
a standard response surface design may not be the obvious choice. Optimal designs are an alternative to consider in
these cases.

As we have noted before, there are several situations where some type of computer-generated design may be
appropriate.
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1. An irregular experimental region If the region of interest for the experiment is not a cube or a sphere,
standard designs may not be the best choice. Irregular regions of interest occur fairly often. For example, an
experimenter is investigating the properties of a particular adhesive. The adhesive is applied to two parts and
then cured at an elevated temperature. The two factors of interest are the amount of adhesive applied and
the cure temperature. Over the ranges of these two factors, taken as −1 to +1 on the usual coded variable
scale, the experimenter knows that if too little adhesive is applied and the cure temperature is too low, the
parts will not bond satisfactorily. In terms of the coded variables, this leads to a constraint on the design
variables, say

−1.5 ≤ x1 + x2

where x1 represents the application amount of adhesive and x2 represents the temperature. Furthermore, if
the temperature is too high and too much adhesive is applied, the parts will be either damaged by heat stress
or an inadequate bond will result. Thus, there is another constraint on the factor levels

x1 + x2 ≤ 1

Figure 11.28 shows the experimental region that results from applying these constraints. Notice that the
constraints effectively remove two corners of the square, producing an irregular experimental region (some-
times these irregular regions are called “dented cans”). There is no standard response surface design that
will exactly fit into this region.

2. A nonstandard model Usually an experimenter elects a first- or second-order response surface model,
realizing that this empirical model is an approximation to the true underlying mechanism. However, some-
times the experimenter may have some special knowledge or insight about the process being studied that
may suggest a nonstandard model. For example, the model

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛽11x
2
1 + 𝛽22x

2
2

+𝛽112x21x2 + 𝛽1112x
3
1x2 + 𝜖

may be of interest. The experimenter would be interested in obtaining an efficient design for fitting this
reduced quartic model. As another illustration, sometimes we encounter response surface problems where

◾ F I GURE 11 . 28 A constrained design region
in two variables
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some of the design factors are categorical variables. There are no standard response surface designs for this
situation [refer to Myers, Montgomery, and Anderson-Cook (2009) for a discussion of categorical variables
in response surface problems].

3. Unusual sample size requirements Occasionally, an experimenter may need to reduce the number of runs
required by a standard response surface design. For example, supposewe intend to fit a second-ordermodel in
four variables. The central composite design for this situation requires between 28 and 30 runs, depending on
the number of center points selected. However, the model has only 15 terms. If the runs are extremely expen-
sive or time-consuming, the experimenter will want a design with fewer trials. Although computer-generated
designs can be used for this purpose, there are other approaches. For example, a small composite design can
be constructed for four factors with 20 runs, including four center points, and a hybrid design with as few
as 16 runs is also available. These may be superior choices to using a computer-generated design to reduce
the number of trials.

There are several popular design optimality criteria. Perhaps the most widely used is the D-optimality criterion.
A design is said to be D-optimal if |(X′X)−1|
is minimized. A D-optimal design minimizes the volume of the joint confidence region on the vector of regression
coefficients. A measure of the relative efficiency of design 1 to design 2 according to the D-criterion is given by

De =

(|(X′
2X2)−1|

|(X′
1X1)−1|

)1∕p

(11.21)

where X1 and X2 are the X matrices for the two designs and p is the number of model parameters. Many popular
software packages including JMP, Design-Expert, and Minitab will construct D-optimal designs.

The A-optimality criterion deals with only the variances of the regression coefficients. A design is A-optimal if
it minimizes the sum of the main diagonal elements of (X′X)−1. (This is called the trace of (X′X)−1, usually denoted
tr(X′X)−1.) Thus, an A-optimal design minimizes the sum of the variances of the regression coefficients.

Because many response surface experiments are concerned with the prediction of the response, prediction vari-
ance criteria are of considerable practical interest. Perhaps the most popular of these is the G-optimality criterion.
A design is said to be G-optimal if it minimizes the maximum scaled prediction variance over the design region; that
is, if the maximum value of

NV[ŷ(x)]
𝜎2

over the design region is a minimum, where N is the number of points in the design. If the model has p parameters,
the G-efficiency of a design is just

Ge =
p

max
NV[ŷ(x)]

𝜎2

(11.22)

The V-criterion considers the prediction variance at a set of points of interest in the design region, say x1, x2, . . . , xm.
The set of points could be the candidate set from which the design was selected, or it could be some other collection of
points that have specific meaning to the experimenter. A design that minimizes the average prediction variance over
this set of m points is a V-optimal design.

As we observed in Chapter 6 (Section 6.7), an alternative to calculating the prediction variance at a finite set of
points in the design space is to compute an average or integrated variance over the design space, say

I = 1
A∫R

V[ŷ(x)]dx

where R is the design region and A is the volume of the region. Note that this is a more general form of the I-criterion
discussed in Chapter 6. The I-criterion is also sometimes called the IV or Q-criterion. JMP can construct I-optimal
designs.
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Generally, we think of the D-criteria as the most appropriate for first-order designs, as they are associated with
parameter estimation, which is very important in screening situations where first-order models are most often used.
The G and I criteria are prediction-oriented criteria, so they would be most likely used for second-order models, as
second-order models are often used for optimization, and good prediction properties are essential for optimization.
The I criteria is much easier to implement than G, and is available in several software packages.

One of the design construction methods is based on a point exchange algorithm. In the simplest form of
this algorithm, a grid of candidate points is selected by the experimenter, and an initial design is selected (perhaps
by random) from this set of points. Then the algorithm exchanges points that are in the grid but not in the design
with points currently in the design in an effort to improve the selected optimality criterion. Because not every
possible design is explicitly evaluated, there is no guarantee that an optimal design has been found, but the exchange
procedure usually ensures that a design that is “close” to optimal results. The procedure is also sensitive to the grid
of candidate points that have been specified. Some implementations repeat the design construction process several
times, starting from different initial designs, to increase the likelihood that a final design that is very near the optimal
will result.

Another way to construct optimal design is with a coordinate exchange algorithm. This method searches over
each coordinate of every point in the initial design recursively until no improvement in the optimality criterion is
found. The procedure is usually repeated several times with each cycle starting with a randomly generated initial
design. Coordinate exchange is usually much more efficient than point exchange and is the standard method in many
software packages.

To illustrate some of these ideas, consider the adhesive experiment discussed previously that led to the irregular
experimental region in Figure 11.28. Suppose that the response of interest is pull-off force and that we wish to fit a
second-order model to this response. In Figure 11.29a, we show a central composite design with four center points (12
runs total) inscribed inside this region. This is not a rotatable design, but it is the largest CCD that we can fit inside the
design space. For this design, |(X′X)−1| = 1.852 E-2 and the trace of (X′X)−1 is 6.375. Also shown in Figure 11.29a are
the contours of constant standard deviation of the predicted response, calculated assuming that 𝜎 = 1. Figure 11.29b
shows the corresponding response surface plot.

Figure 11.30a and Table 11.12 show a 12-run D-optimal design for this problem, generated with the
Design-Expert software package. For this design, |(X′X)−1| = 2.153 E-4. Notice that the D-criterion is considerably
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◾ F I GURE 11 . 29 An inscribed central composite design for the constrained design region in Figure 11.28
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◾ F I GURE 11 . 30 A D-optimal design for the constrained design region in Figure 11.28

better for this design than for the inscribed CCD. The relative efficiency of the inscribed CCD to the D-optimal
design is

De =

(|(X′
2X2)−1|

|(X′
1X1)−1|

)1∕p

=
(0.0002153

0.01852

)1∕6
= 0.476

That is, the inscribed CCD is only 47.6 percent as efficient as the D-optimal design. This implies that the CCD would
have to be replicated 1∕0.476 = 2.1 times (or approximately twice) to have the same precision of estimation for the
regression coefficients as achieved with the D-optimal design. The trace of (X′X)−1 is 2.516 for the D-optimal design,
indicating that the sum of the variances of the regression coefficients is considerably smaller for this design than for
the CCD. Figure 11.30a and b also shows the contours of constant standard deviation of predicted response and the
associated response surface plot (assuming that 𝜎 = 1). Generally, the prediction standard deviation contours are lower
for the D-optimal design than for the inscribed CCD, particularly near the boundaries of the region of interest where
the inscribed CCD does not have any design points.

Figure 11.31a shows a third design, created by taking the two replicates at the corners of the region in the
D-optimal design and moving them to the design center. This could be a useful idea because Figure 11.30b shows that
the standard deviation of predicted response increases slightly near the center of the design region for the D-optimal
design. Figure 11.31a also shows the contours of constant standard deviation of prediction for this modified D-optimal
design, and Figure 11.31b shows the response surface plot. The D-criterion for this design is |(X′X)−1| = 3.71 E-4,
and the relative efficiency is

De =

(|(X′
2X2)−1|

|(X′
1X1)−1|

)1∕p

=
(0.0002153
0.000371

)1∕6
= 0.91

That is, this design is almost as efficient as theD-optimal design. The trace of (X′X)−1 is 2.448 for this design, a slightly
smaller value than was obtained for the D-optimal design. The contours of constant prediction standard deviation for
this design visually look at least as good as those for theD-optimal design, particularly at the center of the region. This
points out the necessity of design evaluation; that is, carefully examine the properties of a computer-generated design
before you decide to use it.
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◾ TABLE 11 . 12
A D-Optimal Design for the Constrained Region in Figure 11.26

Standard Order x1 x2

1 −0.50 −1.00
2 1.00 0.00

3 −0.08 −0.08
4 −1.00 1.00

5 1.00 −1.00
6 0.00 1.00

7 −1.00 0.25

8 0.25 −1.00
9 −1.00 −0.50

10 1.00 0.00

11 0.00 1.00

12 −0.08 −0.08
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◾ F I GURE 11 . 31 A modified D-optimal design for the constrained design region in Figure 11.28

EXAMPLE 11 . 3

As an illustration of the different designs that can be con-
structed using both the D- and I-optimality criteria, suppose
that we want to fit a second-order model in four factors on
a cubic region. The standard design for this problem would
be a face-centered cube, a design with 24 factorial and axial
runs plus 2 or 3 center points, or a total of 26 or 27 runs.
The second-order model in k = 4 factors has 15 parameters,

so a minimal design must have 15 runs. Suppose that we
want to employ a design with 16 runs. Since there is not
a standard design available with 16 runs, we will consider
using an optimal design.

Table 11.13 is the output from the JMP custom design
tool for this problem, where a D-optimal design has been
requested. A coordinate-exchange algorithm was used to
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◾ TABLE 11 . 13
The D-Optimal Design

Design Matrix

Run X1 X2 X3 X4

1 1 1 1 1

2 1 −1 −1 1

3 1 1 −1 −1
4 −1 −1 1 −1
5 1 −1 1 −1
6 0 0 0 −1
7 0 0 1 0

8 0 1 −1 1

9 −1 1 −1 −1
10 −1 −1 −1 1

11 0 1 1 −1
12 0 −1 1 1

13 0 −1 −1 −1
14 1 1 0 0

15 1 0 −1 1

16 −1 1 1 1

Prediction variance profile

V
a
ri

a
n

ce
1
.8

0
6
3
6
4

3

2

1

0

1
X1

–1
X2

–1
X3

–0.10959
X4

–1 –11

–0
.5

0
.50 –11

–0
.5

0
.50 –11

–0
.5

0
.50 1

–0
.5

0
.50

P
re

d
ic

ti
o

n
v

a
ri

a
n

ce

1.5

1.0

0.5

0.0
0.0 0.1 0.2 0.3 0.4 0.5

Fraction of space

0.6 0.7 0.8 0.9 1.0

Fraction of design space plot



�

� �

�

528 Chapter 11 Response Surface Methods and Designs

◾ TABLE 11 . 13 (Continued)

Relative Variance of Coefficients

Effect Variance

Intercept 0.909

X1 0.115

X2 0.092

X3 0.088

X4 0.088

X1*X1 0.319

X1*X2 0.124

X2*X2 0.591

X1*X3 0.120

X2*X3 0.093

X3*X3 0.839

X1*X4 0.120

X2*X4 0.093

X3*X4 0.090

X4*X4 0.839

used to construct the design. Immediately below the design
matrix is the prediction variance profile, which shows the
variance of the predicted response along each of the four
directions. The crosshair on the plot has been set to coor-
dinates that maximize the prediction variance. The fraction
of design space plot follows, along with a table of relative
variances of the model coefficients (that is, variance of the
coefficients divided by 𝜎

2).
Table 11.14 is the JMP output for a 16-run I-optimal

design. This table also contains the prediction variance
profile showing the maximum prediction variance, the FDS
plot, and the table of relative variance of the model coef-
ficients. Several important differences between the D- and
I-optimal designs can be observed. First, the D-optimal
design has a smaller maximum prediction variance (1.806
versus 2.818), but from the FDS plot we observe that the

variance near the center of the region is smaller for the
I-optimal design. In other words, the I-optimal design has
smaller prediction variance over most of the design space
(leading to a smaller integrated or average variance) when
compared to the D-optimal design but has a larger predic-
tion variance at the extremes of the region. The relative
variances of the coefficients for the I-optimal design are in
almost all cases smaller than for the D-optimal design. This
is not unexpected as the D-criterion focuses on minimizing
the variances of the model coefficients while the I-criterion
focuses on minimizing a measure of average prediction
variance. This comparison also reveals why the I-criterion
is generally preferable for second-order models or situations
where prediction and/or optimization is required because it
results in a design having small prediction variances over
most of the design space and performs only poorly at the
extremes.
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◾ TABLE 11 . 14
The I-Optimal Design

Design Matrix

Run X1 X2 X3 X4

1 0 1 1 1

2 0 1 −1 −1
3 −1 −1 0 −1
4 1 −1 −1 0

5 −1 −1 −1 1

6 −1 1 0 1

7 −1 1 1 −1
8 −1 0 1 1

9 1 1 −1 1

10 1 −1 1 1

11 1 1 0 0

12 −1 0 −1 0

13 0 0 0 0

14 0 −1 1 0

15 0 0 0 1

16 1 0 1 −1
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◾ TABLE 11 . 14 (Continued)

Relative Variance of Coefficients

Effect Variance

Intercept 0.508

X1 0.118

X2 0.118

X3 0.118

X4 0.121

X1*X1 0.379

X1*X2 0.174

X2*X2 0.379

X1*X3 0.174

X2*X3 0.174

X3*X3 0.379

X1*X4 0.186

X2*X4 0.186

X3*X4 0.186

X4*X4 0.399

Jones and Nachtsheim (2011) have introduced a potentially useful class of response surface designs for quanti-
tative factors whose construction can be facilitated by an optimal design algorithm. They refer to these as “definitive
screening designs” (or DSDs) because they are small enough to allow efficient screening of potentially many fac-
tors yet they can accommodate second-order effects without additional runs. In that regard, they can be thought of as
“one-step RSM designs”. Table 11.15 shows the general structure of these designs with m factors.

Notice that form factors, there are only 2m + 1 runs based onm fold-over pairs and an overall center point. Each
run (excluding the center run) has exactly one factor level at its center point and all others levels at the extremes. These
designs have the following desirable properties:

1. The number of required runs is only one more than twice the number of factors. Consequently, these are
very small designs.

2. Unlike resolution III designs, main effects are completely independent of two-factor interactions. As a result,
estimates of main effects are not biased by the presence of active two-factor interactions, regardless of
whether the interactions are included in the model.

3. Unlike resolution IV designs, two-factor interactions are not completely confounded with other two-factor
interactions, although they may be correlated.

4. Unlike resolution III, IV and V designs with added center points, all quadratic effects can be estimated in
models comprised of any number of linear and quadratic main effect terms.

5. Quadratic effects are orthogonal to main effects and not completely confounded (though correlated) with
interaction effects.

6. With six through or more factors, the designs are capable of estimating all possible full quadratic models
involving three or fewer factors with very high levels of statistical efficiency.
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◾ TABLE 11 . 15
General Structure of a Definitive Screening Design with m Factors

Factor Levels

Fold-Over Pair Run (i) xi,1 xi,2 xi,3 · · · xi,m

1 1 0 ±1 ±1 · · · ±1
2 0 ∓1 ∓1 · · · ∓1

2 3 ±1 0 ±1 · · · ±1
4 ∓1 0 ∓1 · · · ∓1

3 5 ±1 ±1 0 · · · ±1
6 ∓1 ∓1 0 · · · ∓1

⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮

m 2m − 1 ±1 ±1 ±1 · · · 0

2m ∓1 ∓1 ∓1 · · · 0

Center point m + 1 0 0 0 · · · 0

These designs are an excellent compromise between resolution III fractions for screening and small RSMdesigns.
They also admit the possibility of moving directly from screening to optimization using the results of a single exper-
iment. Jones and Nachtsheim found these designs using an optimization technique they had previously developed
for finding minimum aliasing designs [see Jones and Nachtsheim (2011a)]. Their algorithm minimizes the sum of
the squares of the elements of the alias matrix subject to a constraint on the D-efficiency of the resulting design.
Figure 11.32 shows these designs for the cases of 4 through 12 factors.

DSDs can also be constructed from conference matrices [see Xiao, Lin, and Bai (2012)]. A conference matrix
C is an n × nmatrix that has diagonal elements equal to zero and all off-diagonal elements equal to ±1. They have the
property that C′C is a multiple of the identity matrix. For the n × n conference matrix C, C′C = (n − 1)I. Conference
matrices first arose in connection with a problem in telephony. They were used in constructing ideal telephone con-
ference networks from ideal transformers. These networks were represented by conference matrices. There are other
applications.

The conference matrix of order 6 is given by:

⎛⎜⎜⎜⎜⎜⎜⎝

0 +1 +1 +1 +1 +1
+1 0 +1 −1 −1 +1
+1 +1 0 +1 −1 −1
+1 −1 +1 0 +1 −1
+1 −1 −1 +1 0 +1
+1 +1 −1 −1 +1 0

⎞⎟⎟⎟⎟⎟⎟⎠
The 13-run 6-factor DSD can be found by folding over each row of this conference matrix and adding a row of zeros
at the bottom. In general, if C is the conference matrix of order n, the m-factor definitive screening design matrix can
be found as follows:

D =
⎡⎢⎢⎣

C
−C
𝟎

⎤⎥⎥⎦
where 0 denotes the 1 × n row vector of zeros and m = 2n + 1.

Definitive screening designs are intended for use with continuous factors. However, DSDs can be modified
to include two-level categorical variables. The process is straightforward. Begin by constructing the usual DSD for
continuous factors, except adding two rows of zeros instead of one. Change the zeros in the columns for the categorical
factors to either +1 or −1. If the zeros are the added rows of zeros, make all the categorical factors −1 for the first row
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◾ F I GURE 11 . 32 Definitive Screening Designs for 4 Through 12 Factors
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and +1 for the second row. If the zeros are from the conference matrix and its fold over, make the factor −1 for the
first row and +1 for the second row.

As an example, consider a DSD for four continuous factors and two categorical factors. The DSD for six factors
with the two added zeros is shown in the following display:

A B C D E F

0 +1 +1 +1 +1 +1
+1 0 +1 −1 −1 +1
+1 +1 0 +1 −1 −1
+1 −1 +1 0 +1 −1
+1 −1 −1 +1 0 +1
+1 +1 −1 −1 +1 0

0 −1 −1 −1 −1 −1
−1 0 −1 +1 +1 −1
−1 −1 0 −1 +1 +1
−1 +1 −1 0 −1 +1
−1 +1 +1 −1 0 −1
−1 −1 +1 +1 −1 0

0 0 0 0 0 0

0 0 0 0 0 0

Now the zeros in the last two columns are changed to ±1 in order to produce the categorical variables E and F.
The design is

A B C D E F

0 +1 +1 +1 +1 +1
+1 0 +1 −1 −1 +1
+1 +1 0 +1 −1 −1
+1 −1 +1 0 +1 −1
+1 −1 −1 +1 −1 +1
+1 +1 −1 −1 +1 −1
0 −1 −1 −1 −1 −1

−1 0 −1 +1 +1 −1
−1 −1 0 −1 +1 +1
−1 +1 −1 0 −1 +1
−1 +1 +1 −1 +1 −1
−1 −1 +1 +1 −1 +1
0 0 0 0 −1 −1
0 0 0 0 +1 +1
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When two-level categorical variables are added to a DSD as shown, the main effects of the categorical factors
have some correlation with other factors, but the correlations are small.

It is also possible to construct DSDs in orthogonal blocks. The procedure is as follows:

1. Start by repeating the steps for creating a design for continuous factors only except adding as many rows of
zeros as there are blocks. Arrange the design in standard order.

2. Assign the first fold-over pair to the first block, the second fold-over pair to the second block, and so on until
you get to the last block, then start over again assigning the next fold-over pair to the first block.

3. Assign each center run to a separate block.

As an example, consider a DSD for six factors in two blocks. The six-factor DSD in standard order with two
added zeros is shown below:

A B C D E F

0 +1 +1 +1 +1 +1
0 −1 −1 −1 −1 −1

+1 0 −1 +1 +1 −1
−1 0 +1 −1 −1 +1
+1 −1 0 −1 +1 +1
−1 +1 0 +1 −1 −1
+1 +1 −1 0 −1 +1
−1 −1 +1 0 +1 −1
+1 +1 +1 −1 0 −1
−1 −1 −1 +1 0 +1
+1 −1 +1 +1 −1 0

−1 +1 −1 −1 +1 0

0 o 0 0 0 0

0 0 0 0 0 0

Now arrange the blocks as described above, with the first fold-over pair forming the first block, the second
fold-over pair forming the second block, and so on, and then finish by assigning the zeros to each block. The final
design is as follows:

Block A B C D E F

1 0 +1 +1 +1 +1 +1
1 0 −1 −1 −1 −1 −1
2 +1 0 −1 +1 +1 −1
2 −1 0 +1 −1 −1 +1
1 +1 −1 0 −1 +1 +1
1 −1 +1 0 +1 −1 −1
2 +1 +1 −1 0 −1 +1
2 −1 −1 +1 0 +1 −1
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1 +1 +1 +1 −1 0 −1
1 −1 −1 −1 +1 0 +1
2 +1 −1 +1 +1 −1 0

2 −1 +1 −1 −1 +1 0

1 0 0 0 0 0 0

2 0 0 0 0 0 0

11.5 Experiments with Computer Models

We customarily think of applying designed experiments to a physical process, such as chemical vapor deposition in
semiconductor manufacturing, wave soldering, or machining. However, designed experiments can also be successfully
applied to computer simulation models of physical systems. In such applications, the data from the experimental design
is used to build a model of the system being modeled by the computer simulation—a metamodel—and optimization
is carried out on the metamodel. The assumption is that if the computer simulation model is a faithful representation of
the real system, then optimization of the model will result in adequate determination of the optimum conditions for the
real system.

Generally, there are two types of simulation models, stochastic and deterministic. In a stochastic simulation
model, the output responses are random variables. Examples include systems simulations such as the factory planning
and scheduling models used in the semiconductor industry and traffic flow simulators employed by civil engineers,
and Monte Carlo simulations that sample from probability distributions to study complex mathematical phenomena
that do not have direct analytical solutions. Sometimes the output from a stochastic simulation model will be in the
form of a time series. Often standard experimental design techniques can be applied to the output from a stochastic
simulation model, although a number of specialized techniques have been developed. Sometimes polynomials of
higher order than the usual quadratic response surface model are used.

In a deterministic simulation model, the output responses are not random variables; they are entirely deter-
ministic quantities whose values are determined by the (often highly complex) mathematical models upon which the
computermodel is based. Deterministic simulationmodels are often used by engineers and scientists as computer-based
design tools. Typical examples are circuit simulators used for designing electronic circuits and semiconductor devices,
finite element analysis models for mechanical and structural design and computational models for physical phenom-
ena such as fluid dynamics. These are often very complex models, requiring considerable computer resources and
time to run.

As an example of a situation where a finite element analysis model may be employed, consider the problem of
designing a turbine engine to contain a failed compressor rotor. Many factors may influence the design, such as engine
operating conditions as well as the location, size, and material properties of surrounding parts. Figure 11.33 shows
a cutaway view of a typical compressor containment model. Many parameters for each component are potentially
important. The thickness, material type, and geometric feature (bend radius, bolt hole size and location, stiffening
ribs or gussets, etc.) are engineering design parameters and, potentially, experimental factors that could be included
in a response surface model. One can see that large numbers of factors are potentially important in the design of
such a product. Furthermore, the sign or direction of the effect of many of these factors is unknown. For instance,
setting factors that increase the axial stiffness of a backface (such as increasing the thickness of the transition duct)
may help align a rotor fragment, centering the impact on the containment structure. On the other hand, the increased
stiffness may nudge the fragment too much, causing it to miss the primary containment structure. From experi-
ence the design engineers may confidently assume that only a small number of these potentially important factors
have a significant effect on the performance of the design in containing a failed part. Detailed analysis or testing of
the turbine engine is needed to understand which factors are important and to quantify their effect on the design.
The cost of building a prototype turbine engine frequently exceeds one million dollars, so studying the effects of these
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◾ F I GURE 11 . 33 Finite element
model for compressor containment
analysis of a turbine engine and partial
parts list

Partial part list

Outer case

Constrainment ring

Shroud

Impeller fragment

Backface

Inlet

Transition duct

Inlet case

factors using a computer model is very attractive. The type of model used is called a finite element analysis model.
Simulating a containment event with a finite element analysis model is very computationally intensive. The model
shown in Figure 11.32 has over 100,000 elements and takes about 90 hr of computer time to model 2 ms of event
time. Frequently as much as 10 ms of event time must be modeled. Clearly the need to limit experimentation or sim-
ulation is great. Therefore, the typical approach of factor screening followed by optimization might well be applied
to this scenario.

Remember that the response surface approach is based on a philosophy of sequential experimentation, with
the objective of approximating the response with a low-order polynomial in a relatively small region of interest that
contains the optimum solution. Some computer experimenters advocate a somewhat different philosophy. They seek to
find a model that approximates the true response surface over a much wider range of the design variables, sometimes
extending over the entire region of operability. As mentioned earlier in this section, this can lead to situations where
the model that is considered is much more complex than the first- and second-order polynomials typically employed
in response surface methodology [see, for example, Barton (1992, 1994), Mitchell and Morris (1992), and Simpson
and Peplinski (1997)].

The choice of a design for a computer simulation experiment presents some interesting alternatives. If the exper-
imenter is considering a polynomial model, then an optimal design such as a D-optimal or I-optimal design is a
possible choice. In recent years, various types of space-filling designs have been suggested for computer experiments.
Space-filling designs are often thought to be particularly appropriate for deterministic computer models because in
general they spread the design points out nearly evenly or uniformly (in some sense) throughout the region of exper-
imentation. This is a desirable feature if the experimenter doesn’t know the form of the model that is required, and
believes that interesting phenomena are likely to be found in different regions of the experimental space. Furthermore,
most space-filling designs do not contain any replicate runs. For a deterministic computer model this is desirable,
because a single run of the computer model at a design point provides all of the information about the response at that
point. Many space-filling designs do not contain replicates even if some factors are dropped and they are projected into
lower dimensions.

The first space-filling design proposed was the Latin hypercube design [McKay, Conover, and Beckman (1979)].
A Latin hypercube in n runs for k factors in an n × k matrix where each column is a random permutation of the levels
1, 2, . . . , n. JMP can create Latin hypercube designs. An example of a 10-run Latin hypercube design in two factors
from JMP on the interval −1 to +1 is shown in Figure 11.34.
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◾ F I GURE 11 . 34 A 10-run
Latin hypercube design

The sphere-packing design is chosen so that the minimum distance between pairs of points is maximized. These
designs were proposed by Johnson, Moore, and Ylvisaker (1990) and are also called maximin designs. An example of
a 10-run sphere-packing design in two factors constructed using JMP is shown in Figure 11.35.

Uniform designs were proposed by Fang (1980). These designs attempt to place the design points so that they
are uniformly scattered through the regions as would a sample from a uniform distribution. There are a number of
algorithms for creating these designs and several measures of uniformity. See the book by Fang, Li, and Sudjianto
(2006). An example of a 10-run uniform design in two factors constructed using JMP is in Figure 11.36.

Maximum entropy designs were proposed by Shewry and Wynn (1987). Entropy can be thought of as a measure
of the amount of information contained in the distribution of a data set. Suppose that the data comes from a normal
distribution with mean vector 𝛍 and covariance matrix 𝜎

2R(𝛉), where R(𝛉) is a correlation matrix having elements

rij = e
−

k∑
s=1

𝜃s(xis−xjs)
2

(11.23)

The quantities rij are the correlations between the responses at two design points. The maximum entropy design maxi-
mizes the determinant ofR(𝛉). Figure 11.37 shows a 10-runmaximum entropy design in two factors created using JMP.

The Gaussian process model is often used to fit the data from a deterministic computer experiment. These
models were introduced as models for computer experiments by Sacks et al. (1989). They are desirable because they
provide an exact fit to the observations from the experiment. Now this is no assurance that they will interpolate well
at locations in the region of interest where there is no data, and no one seriously believes that the Gaussian process
model is the correct model for the relationship between the response and the design variables. However, the “exact fit”
nature of the model and the fact that it only requires one parameter for each factor considered in the experiment have
made it quite popular. The Gaussian process model is

y = 𝜇 + z(x)

where z(x) is a Gaussian stochastic process with covariance matrix 𝜎
2R(𝛉), and the elements of R(𝛉) are defined in

Equation (11.23). The Gaussian process model is essentially a spatial correlation model, where the correlation of the
response between two observations decreases as the values of the design factors become further apart. When design
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◾ F I GURE 11 . 35 A 10-run
sphere-packing design
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◾ F I GURE 11 . 36 A 10-run uniform
design
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◾ F I GURE 11 . 37 A 10-run maximum
entropy design

points are close together, this causes ill-conditioning in the data for the Gaussian process model, much like multi-
collinearity resulting from predictors that are nearly linearly dependent in linear regression models. The parameters 𝜇
and 𝜃s, s = 1, 2, . . . , k are estimated using the method of maximum likelihood. Predicted values of the response at the
point x are computed from

ŷ(x) = 𝜇̂ + r′(x)R(𝛉̂)−1(y − j𝜇̂)

where 𝜇̂ and 𝛉̂ are the maximum likelihood estimates of the model parameters 𝜇 and 𝛉, and r′(x) = [r(x1, x) , r(x2, x)... ,
r(xn , x)]. The prediction equation contains one model term for each design point in the original experiment. JMP will
fit and provide predictions from the Gaussian process model. More details about the Gaussian process model are in
Santner, Williams, and Notz (2003). A good review of designs for computer experiments and the Gaussian process
model is Jones and Johnson (2009).

EXAMPLE 11 . 4

The temperature in the exhaust from a jet turbine engine at
different locations in the plume was studied using a com-
putational fluid dynamics (CFD) model. The two design
factors of interest were the locations in the plume (x and
y coordinates, however the y-axis was referred to by the
experimenters as the R-axis or radial axis). Both location
axes were coded to the −1, +1 interval. The experimenters
used a 10-run sphere-packing design. The experimental
design and the output obtained at these test conditions from
the CFD model are shown in Table 11.16. Figure 11.38
shows the design.

JMP was used to fit the Gaussian process model to
the temperature data. Some of the output is shown in
Table 11.17. The plot of actual by predicted is obtained
by “jackknifing” the predicted values; that is, each pre-
dicted value is obtained from a model that doesn’t con-
tain that observation when the model parameters are
estimated. The prediction model obtained from JMP is
shown in Table 11.18. In this table, “X-axis” and “R-axis”
refer to the coordinates in x and R where predictions are to
be made.
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◾ TABLE 11 . 16
Sphere-Packing Design and the Temperature
Responses in the CFD Experiment

x-axis R-axis Temperature

0.056 0.062 338.07

0.095 0.013 1613.04

0.077 0.062 335.91

0.095 0.061 327.82

0.090 0.037 449.23

0.072 0.038 440.58

0.064 0.015 1173.82

0.050 0.000 1140.36

0.050 0.035 453.83

0.079 0.000 1261.39

0.1

0.09

0.08

0.07

X
1

0.06

0.05

–0.01 0 0.01 0.02 0.03

X2

0.04 0.05 0.06

◾ F I GURE 11 . 38 The sphere-packing design for
the CFD experiment

◾ TABLE 11 . 17
JMP Output for the Gaussian Process Model for the CFD Experiment in Table 11.16

Gaussian Process

Actual by Predicted Plot

1750

1500

1250

1000Y

750

500

250
250 500 750 1000

Y Jackknife Predicted

1250 1500 1750

Model Report

Column Theta Total Sensitivity Main Effect
X-Axis

Interaction
R-axis

Interaction

X-Axis 65.40254 0.0349982 0.0141129 0.0208852

R-axis 3603.2483 0.9858871 0.9650018 0.0208852

Mu Sigma

734.54584 212205.18

−2*LogLikelihood
132.98004
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◾ TABLE 11 . 17 (Continued)
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◾ TABLE 11 . 18
The JMP Gaussian Process Prediction Model for the CFD Experiment

ŷ = 734.545842514493 +
(−1943.3447961328 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0560573769818389)̂2 +
3603.24827558717 ∗ (“R-Axis”) − 0.0618)̂2)) +
3941.78888206788 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0947)̂2 + 3603.24827558717

∗ ((“R-axis”) − 0.0126487944665913)̂2)) +
3488.57543918861 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0765974898313444)̂2 +
3603.24827558717 ∗ ((“R-axis”) − 0.0618)̂2)) + −
2040.39522592773 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0947)̂2 + 3603.24827558717

∗ ((“R-axis”) − 0.0608005210868486)̂2)) +
−742.642897583584 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.898402482375096)̂2 +
3603.24827558717 ∗ (“R-axis”) − 0.0367246615426894)̂2)) +
519.91871208163 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0717377150616494)̂2 +
3603.24827558717 ∗ ((“R-axis”) − 0.377241897055609)̂2)) +
−3082.85411601115 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0644873310121405)̂2 +
3603.24827558717 ∗ (“R-axis”) − 0.0148210408248663)̂2)) +
958.926988711818 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0499)̂2 + 3603.24827558717

∗ (“R-axis”)̂2)) +
80.468182554262 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0499)̂2 + 3603.24827558717

∗ (“R-axis”) − 0.0347687447931648)̂2)) +
−1180.44117607546 ∗ Exp(−(65.4025404276544 ∗ ((“X-Axis”) − 0.0790747191607881)̂2 +
3603.24827558717 ∗ (“R-axis”)̂2)))
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Experiments with computer models represent a relatively new and challenging area for both researchers and prac-
titioners in RSM and in the broader engineering community. The use of well-designed experiments with engineering
computer models for product design is potentially a very effective way to enhance the productivity of the engineering
design and development community. Some useful references on the general subject of statistical design for computer
experiments include Barton (1992, 1994), McKay, Beckman, and Conover (1979), Simpson and Peplinski (1997),
Jones and Johnson (2009), Kennedy, Silvestrini, Montgomery, and Jones (2015), and Jones, Silvestrini, Montgomery,
and Steinberg (2015).

11.6 Mixture Experiments

In previous sections, we have presented response surface designs for those situations in which the levels of each factor
are independent of the levels of other factors. In mixture experiments, the factors are the components or ingredients
of a mixture, and consequently their levels are not independent. For example, if x1, x2, . . . , xp denote the proportions
of p components of a mixture, then

0 ≤ xi ≤ 1 i = 1, 2, . . . , p

and
x1 + x2 + · · · + xp = 1 (i.e., 100 percent)

These restrictions are illustrated graphically in Figure 11.39 for p = 2 and p = 3 components. For two components,
the factor space for the design includes all values of the two components that lie on the line segment x1 + x2 = 1,
with each component being bounded by 0 and 1. With three components, the mixture space is a triangle with vertices
corresponding to formulations that are pure blends (mixtures that are 100 percent of a single component).

When there are three components of the mixture, the constrained experimental region can be conveniently rep-
resented on trilinear coordinate paper as shown in Figure 11.40. Each of the three sides of the graph in Figure 11.40
represents a mixture that has none of the three components (the component labeled on the opposite vertex). The nine
grid lines in each direction mark off 10 percent increments in the respective components.

Simplex designs are used to study the effects of mixture components on the response variable. A {p,m} sim-
plex lattice design for p components consists of points defined by the following coordinate settings: the proportions
assumed by each component take the m + 1 equally spaced values from 0 to 1,

xi = 0, 1
m
,
2
m
, . . . , 1 i = 1, 2, . . . , p (11.24)

and all possible combinations (mixtures) of the proportions from Equation 11.24 are used. As an example, let p = 3
and m = 2. Then

xi = 0, 1
2
,1 i = 1, 2, 3

and the simplex lattice consists of the following six runs:

(x1, x2, x3) = (1, 0, 0), (0, 1, 0), (0, 0, 1),
(

1
2
,
1
2
,0
)
,
(

1
2
,0, 1

2

)
,
(
0, 1

2
,
1
2

)
This design is shown in Figure 11.41. The three vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1) are the pure blends, whereas
the points

(
1
2
,
1
2
,0
)
, ( 1

2
,0, 1

2
), and (0, 1

2
,
1
2
) are binary blends or two-component mixtures located at the midpoints of the three

sides of the triangle. Figure 11.41 also shows the {3, 3}, {4, 2}, and {4, 3} simplex lattice designs. In general, the
number of points in a {p,m} simplex lattice design is

N =
(p + m − 1)!
m!(p − 1)!

An alternative to the simplex lattice design is the simplex centroid design. In a p-component simplex cen-

troid design, there are 2p − 1 points, corresponding to the p permutations of (1, 0, 0, . . . , 0), the
(
p
2

)
permutations of

(
1
2
,
1
2
,0, . . . ,0

)
, the

(
p
3

)
permutations of

(
1
3
,
1
3
,
1
3
,0, . . . ,0

)
, . . . , and the overall centroid

(
1
p
,
1
p
, . . . , 1

p

)
. Figure 11.42 shows

some simplex centroid designs.
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◾ F I GURE 11 . 39
Constrained factor space for
mixtures with (a) p = 2 components
and (b) p = 3 components
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◾ F I GURE 11 . 40 Trilinear coordinate system

A [3,2] lattice

 x1 = 1 

 x1 = x3 = 2 
1

 x2 = 0 

 x3 = 1  x1 = 0 x2 = 1 

A [3,3] lattice

 x1 = 1 

 x1 = 3, x3 = 3 
12
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 x3 = 1  x2 = 1 

A [4,3] lattice
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◾ F I GURE 11 . 41 Some simplex lattice designs for p = 3 and p = 4 components
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 x1 = 1 

 x1 = x3 = 2 
1

 x1 = x4 = 2 
1

 x1 = x2 = 2 
1

 x2 = x3 = 2 
1  x3 = x4 = 2 
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◾ F I GURE 11 . 42 Simplex centroid designs with (a) p = 3 components and (b) p = 4 components

A criticism of the simplex designs described above is that most of the experimental runs occur on the boundary
of the region and, consequently, include only p − 1 of the p components. It is usually desirable to augment the simplex
lattice or simplex centroid with additional points in the interior of the region where the blends will consist of all p
mixture components. For more discussion, see Cornell (2002) and Myers, Montgomery, and Anderson-Cook (2009).

Mixture models differ from the usual polynomials employed in response surface work because of the constraint∑
xi = 1. The standard forms of the mixture models that are in widespread use are

Linear

E(y) =
p∑
i=1

𝛽ixi (11.25)

Quadratic

E(y) =
p∑
i=1

𝛽ixi +
∑ p∑

i<j

𝛽ijxixj (11.26)

Full cubic

E(y) =
p∑
i=1

𝛽ixi +
∑ p∑

i<j

𝛽ijxixj

+
∑ p∑

i<j

𝛿ijxixj(xi − xj)

+
∑∑∑

i<j<k

𝛽ijkxixjxk (11.27)

Special cubic

E(y) =
p∑
i=1

𝛽ixi +
∑ p∑

i<j

𝛽ijxixj

+
∑∑∑

i<j<k

𝛽ijkxixjxk (11.28)

The terms in thesemodels have relatively simple interpretations. In Equations 11.25 through 11.28, the parameter
𝛽i represents the expected response to the pure blend xi = 1 and xj = 0 when j ≠ i. The portion

∑p
i=1 𝛽ixi is called the

linear blending portion. When curvature arises from nonlinear blending between component pairs, the parameters 𝛽ij
represent either synergistic or antagonistic blending. Higher order terms are frequently necessary in mixture models
because (1) the phenomena studied may be complex and (2) the experimental region is frequently the entire operability
region and therefore large, requiring an elaborate model.
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EXAMPLE 11 . 5 A Three-Component Mixture

Cornell (2002) describes a mixture experiment in which
three components—polyethylene (x1), polystyrene (x2), and
poly-propylene (x3)—were blended to form fiber that will
be spun into yarn for draperies. The response variable of

interest is yarn elongation in kilograms of force applied.
A {3, 2} simplex lattice design is used to study the prod-
uct. The design and the observed responses are shown in
Table 11.19. Notice that all of the design points involve

◾ TABLE 11 . 19
The {3, 2} Simplex Lattice Design for the Yarn Elongation Problem

Component ProportionsDesign
Point x1 x2 x3

Observed
Elongation Values

Average
Elongation Value (y)

1 1 0 0 11.0, 12.4 11.7

2 1
2

1
2

0 15.0, 14.8, 16.1 15.3

3 0 1 0 8.8, 10.0 9.4

4 0 1
2

1
2

10.0, 9.7, 11.8 10.5

5 0 0 1 16.8, 16.0 16.4

6 1
2

0 1
2

17.7, 16.4, 16.6 16.9

either pure or binary blends; that is, at most only two of the
three components are used in any formulation of the prod-
uct. Replicate observations are also run, with two replicates
at each of the pure blends and three replicates at each of the
binary blends. The error standard deviation can be estimated
from these replicate observations as = 0.85. Cornell fits the
second-order mixture polynomial to the data, resulting in

ŷ = 11.7x1 + 9.4x2 + 16.4x3 + 19.0x1x2
+11.4x1x3 − 9.6x2x3

This model can be shown to be an adequate representation
of the response. Note that because 𝛽3 > 𝛽1 > 𝛽2, we would
conclude that component 3 (polypropylene) produces yarn
with the highest elongation. Furthermore, because 𝛽12 and
𝛽13 are positive, blending components 1 and 2 or compo-
nents 1 and 3 produces higher elongation values than would
be expected just by averaging the elongations of the pure
blends. This is an example of “synergistic” blending effects.
Components 2 and 3 have antagonistic blending effects
because 𝛽23 is negative.

Figure 11.43 plots the contours of elongation, and this
may be helpful in interpreting the results. From examining
the figure, we note that if maximum elongation is desired,

a blend of components 1 and 3 should be chosen con-
sisting of about 80 percent component 3 and 20 percent
component 1.

 x1 

 x3 x2 

 13 

 12 

 14 

 15  16 

 15 

 14 

 13 

 17 

◾ F I GURE 11 . 43 Contours of constant estimated
yarn elongation from the second-order mixture model
for Example 11.5
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We noted previously that the simplex lattice and simplex centroid designs are boundary point designs. If the
experimenter wants to make predictions about the properties of complete mixtures, it would be highly desirable to
have more runs in the interior of the simplex. We recommend augmenting the usual simplex designs with axial runs
and the overall centroid (if the centroid is not already a design point).

The axis of component i is the line or ray extending from the base point xi = 0, xj = 1∕(p − 1) for all j ≠ i to the
opposite vertexwhere xi = 1, xj = 0 for all j ≠ i. The base point will always lie at the centroid of the (p − 2)-dimensional
boundary of the simplex that is opposite the vertex xi = 1, xj = 0 for all j ≠ i. [The boundary is sometimes called a
(p − 2)-flat.] The length of the component axis is one unit. Axial points are positioned along the component axes at a
distanceΔ from the centroid. The maximum value forΔ is (p − 1)∕p. We recommend that axial runs be placed midway
between the centroid of the simplex and each vertex so that Δ = (p − 1)∕2p. Sometimes these points are called axial
check blends because a fairly common practice is to exclude them when fitting the preliminary mixture model and
then use the responses at these axial points to check the adequacy of the fit of the preliminary model.

Figure 11.44 shows the {3, 2} simplex lattice design augmented with the axial points. This design has 10
points, with four of these points in the interior of the simplex. The {3, 3} simplex lattice will support fitting the full
cubic model, whereas the augmented simplex lattice will not; however, the augmented simplex lattice will allow the
experimenter to fit the special cubic model or to add special quartic terms such as 𝛽1233x1x2x

2
3 to the quadratic model.

The augmented simplex lattice is superior for studying the response of complete mixtures in the sense that it can
detect and model curvature in the interior of the triangle that cannot be accounted for by the terms in the full cubic
model. The augmented simplex lattice has more power for detecting lack of fit than does the {3, 3} lattice. This is
particularly useful when the experimenter is unsure about the proper model to use and also plans to sequentially build
a model by starting with a simple polynomial (perhaps first order), test the model for lack of fit, and then augment the
model with higher order terms, test the new model for lack of fit, and so forth.

In some mixture problems, constraints on the individual components arise. Lower bound constraints of the form

li ≤ xi ≤ 1 i = 1, 2, . . . , p

are fairly common. When only lower bound constraints are present, the feasible design region is still a simplex, but it
is inscribed inside the original simplex region. This situation may be simplified by the introduction of pseudocompo-
nents, defined as

x′i =
xi − li(

1 −
p∑
j=1

lj

) (11.29)

◾ F I GURE 11 . 44 An augmented
simplex-lattice design

 x1 = x2 =  6, x3 = 3 
1 2 x1 = x3 = 6, x2 = 3 

1 2

 x1 = x3 = 2 
1

 x2 = x3 = 2 
1

 x1 = x2 = 2 
1

 x1 = x2 = x3 = 3 
1

 x3 = 1 

 x1 = 1 

 x1 = 3, x2 = x3 = 6 
12

 x2 = 1 
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with
∑p

j=1 lj < 1. Now
x′1 + x′2 + · · · + x′p = 1

so the use of pseudocomponents allows the use of simplex-type designs when lower bounds are a part of the exper-
imental situation. The formulations specified by the simplex design for the pseudocomponents are transformed into
formulations for the original components by reversing the transformation Equation 11.29. That is, if x′i is the value
assigned to the ith pseudocomponent on one of the runs in the experiment, the ith original mixture component is

xi = li +

(
1 −

p∑
j=1

lj

)
x′i (11.30)

If the components have both upper and lower bound constraints, the feasible region is no longer a sim-
plex; instead, it will be an irregular polytope. Because the experimental region is not a “standard” shape,
computer-generated optimal designs are very useful for these types of mixture problems.

EXAMPLE 11 . 6 Paint Formulation

An experimenter is trying to optimize the formulation of
automotive clear coat paint. These are complex products that
have very specific performance requirements. Specifically,
the customer wants the Knoop hardness to exceed 25 and
the percentage of solids to be below 30. The clear coat is
a three-component mixture, consisting of a monomer (x1),
a crosslinker (x2), and a resin (x3). There are constraints on
the component proportions:

x1 + x2 + x3 = 100

5 ≤ x1 ≤ 25

25 ≤ x2 ≤ 40

50 ≤ x3 ≤ 70

The result is the constrained region of experimentation
shown in Figure 11.45. Because the region of interest is not
a simplex, we will use a D-optimal design for this problem.
Assuming that both responses are likely to be modeled with
a quadratic mixture model, we can generate the D-optimal
design shown in Figure 11.39 using Design-Expert. We
assumed that in addition to the six runs required to fit the
quadratic mixture model, four additional distinct runs would
be made to check for lack of fit and that four of these runs
would be replicated to provide an estimate of pure error.
Design-Expert used the vertices, the edge centers, the over-
all centroid, and the check runs (points located halfway
between the centroid and the vertices) as the candidate
points.

The 14-run design is shown in Table 11.20, along with
the hardness and solids responses. The results of fitting
quadratic models to both responses are summarized in
Tables 11.21 and 11.22. Notice that quadratic models fit
nicely to both the hardness and the solids responses. The

fitted equations for both responses (in terms of the pseudo-
components) are shown in these tables. Contour plots of the
responses are shown in Figures 11.46 and 11.47.

Figure 11.48 is an overlay plot of the two response sur-
faces, showing the Knoop hardness contour of 25 and the
30 percent contour for solids. The feasible region for this
product is the unshaded region near the center of the plot.
Obviously, there are a number of choices for the proportions
of monomer, crosslinker, and resin for the clear coat that will
give a product satisfying the performance requirements.

25
2

2

2

50

Monomer
25.00

5.00 70
Resin

45
Crosslinker

2

◾ F I GURE 11 . 45 The constrained experimental
region for the paint formulation problem in Example
11.6 (shown in the actual component scale)
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◾ TABLE 11 . 20
A D-Optimal Design for the Paint Formulation Problem in Example 11.5

Standard
Order Run

Monomer
x1

Crosslinker
x2

Resin
x3

Hardness
y1

Solids
y2

1 2 17.50 32.50 50.00 29 9.539

2 1 10.00 40.00 50.00 26 27.33

3 4 15.00 25.00 60.00 17 29.21

4 13 25.00 25.00 50.00 28 30.46

5 7 5.00 25.00 70.00 35 74.98

6 3 5.00 32.50 62.50 31 31.5

7 6 11.25 32.50 56.25 21 15.59

8 11 5.00 40.00 55.00 20 19.2

9 10 18.13 28.75 53.13 29 23.44

10 14 8.13 28.75 63.13 25 32.49

11 12 25.00 25.00 50.00 19 23.01

12 9 15.00 25.00 60.00 14 41.46

13 5 10.00 40.00 50.00 30 32.98

14 8 5.00 25.00 70.00 23 70.95

◾ TABLE 11 . 21
Model Fitting for the Hardness Response

Response: hardness

ANOVA for Mixture Quadratic Model

Analysis of Variance Table [Partial sum of squares]

Source Sum of Squares DF Mean Square F Value Prob > F

Model 279.73 5 55.95 2.37 0.1329

Linear Mixture 29.13 2 14.56 0.62 0.5630

AB 72.61 1 72.61 3.08 0.1174

AC 179.67 1 179.67 7.62 0.0247

BC 8.26 1 8.26 0.35 0.5703

Residual 188.63 8 23.58

Lack of Fit 63.63 4 15.91 0.51 0.7354

Pure Error 125.00 4 31.25

Cor Total 468.36 13

Std. Dev. 4.86 R-Squared 0.5973

Mean 24.79 Adj R-Squared 0.3455

C.V. 19.59 Pred R-Squared −0.3635
PRESS 638.60 Adeq Precision 4.975
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◾ TABLE 11 . 21 (Continued)

Component Coefficient Estimate DF Standard Error 95% CI Low 95% CI High

A-Monomer 23.81 1 3.36 16.07 31.55

B-Crosslinker 16.40 1 7.68 −1.32 34.12

C-Resin 29.45 1 3.36 21.71 37.19

AB 44.42 1 25.31 −13.95 102.80

AC −44.01 1 15.94 −80.78 −7.25
BC 13.80 1 23.32 −39.97 67.57

Final Equation in Terms of Pseudocomponents:

hardness =
+23.81 ∗ A

+16.40 ∗ B

+29.45 ∗ C

+44.42 ∗ A ∗ B

−44.01 ∗ A ∗ C

+13.80 ∗ B ∗ C

◾ TABLE 11 . 22
Model Fitting for the Solids Response

Response: solids

ANOVA for Mixture Quadratic Model

Analysis of Variance Table [Partial sum of squares]

Source Sum of Squares DF Mean Square F Value Prob > F

Model 4297.94 5 859.59 25.78 <0.0001

Linear Mixture 2931.09 2 1465.66 43.95 <0.0001

AB 211.20 1 211.20 6.33 0.0360

AC 285.67 1 285.67 8.57 0.0191

BC 1036.72 1 1036.72 31.09 0.0005

Residual 266.79 8 33.35

Lack of Fit 139.92 4 34.98 1.10 0.4633

Pure Error 126.86 4 31.72

Cor Total 4564.73 13

Std. Dev. 5.77 R-Squared 0.9416

Mean 33.01 Adj R-Squared 0.9050

C.V. 17.49 Pred R-Squared 0.7827

PRESS 991.86 Adeq Precision 15.075
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◾ TABLE 11 . 22 (Continued)

Component Coefficient Estimate DF Standard Error 95% CI Low 95% CI High

A-Monomer 26.53 1 3.99 17.32 35.74

B-Crosslinker 46.60 1 9.14 25.53 67.68

C-Resin 73.23 1 3.99 64.02 82.43

AB −75.76 1 30.11 −145.19 −6.34
AC −55.50 1 18.96 −99.22 −11.77
BC −154.61 1 27.73 −218.56 −90.67

Final Equation in Terms of Pseudocomponents:

solids =
+26.53 ∗ A

+46.60 ∗ B

+73.23 ∗ C

−75.76 ∗ A ∗ B

−55.50 ∗ A ∗ C

−154.61 ∗ B ∗ C

25.00
2

2

2

2

50.00

Monomer
25.00

5.00 70.00
Resin

45.00
Crosslinker

28

26

24

24

20

18

22

26
28

◾ F I GURE 11 . 46 Contour
plot of the Knoop hardness
response, Example 11.6

70.00
Resin

45.00
Crosslinker

25.00
2

2

2

2

50.00

Monomer
25.00

5.00

25
35

25

45

◾ F I GURE 11 . 47 Contour
plot of the percentage of solids
response, Example 11.6

70.00
Resin

45.00
Crosslinker

25.00
2

2

2

2

50.00

Monomer
25.00

5.00

Solids: 30

Hardness: 25

Hardness: 25

◾ F I GURE 11 . 48 Overlay
plot of the Knoop hardness and
percentage of solids response,
showing the feasible region for the
paint formulation
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◾ TABLE 11 . 23
A 12-Run I-Optimal Design

Run X1 X2 X3

1 0.5 0 0.5

2 1 0 0

3 0.33333333 0.33333333 0.33333333

4 0 0.5 0.5

5 0.5 0.5 0

6 0 0 1

7 0.5 0 0.5

8 0.5 0.5 0

9 0.33333333 0.333333333 0.333333333

10 0.33333333 0.333333333 0.333333333

11 0 1 0

12 0 0.5 0.5

In addition to the D- and I-optimal criteria, there are other criteria that can be used to construct mixture designs.
Distance-based designs are an approach that spreads the design points out to maximize the distance between them.
This often creates a design that has more runs in the interior of the region than does either the D- or the I-criteria.
The extreme vertices approach constructs a design by starting with the vertices, adding the centers of the edges, and
then adding the centroids of the sub-spaces until the desired number of design points has been reached. Space-filling
strategies can also be used to construct a design. The space-filling algorithm in JMP essentially maximizes the product
of the distances between all potential design points.

To illustrate the space-filling criteria, suppose that we want to construct a three-component mixture design.
Table 11.23 shows a 12-run I-optimal design and Table 11.24 shows a 12-run space-filling design. Figures 11.49 and
11.50 are graphical displays of the designs. The space-filling design has 12 distinct design points, all of which are

◾ TABLE 11 . 24
A 12-Run Space-Filling Design

Run X1 X2 X3

1 0.0566385525 0.5035563474 0.4398051002

2 0.1403888146 0.6848254125 0.174785773

3 0.5979278886 0.1685717851 0.2335003264

4 0.0021204609 0.277430271 0.7204492681

5 0.3064350687 0.1050457166 0.5885192147

6 0.6951342573 0.3036842719 0.0011814709

7 0.2684127928 0.3996327787 0.3319544285

8 0.0164724047 0.9652091258 0.0183184695

9 0.5236343265 0.002453615 0.4739120585

10 0.3942469565 0.5494100414 0.0563430022

11 0.8560801746 0.0425991599 0.1013206655

12 0.0976192298 0.0288613381 0.8735194321
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◾ F I GURE 11 . 49 A 12-run
I-optimal design
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◾ F I GURE 11 . 50 A 12-run space
filling design
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◾ F I GURE 11 . 51 Variance of design space plot for
the I-optimal design in Figure 11.49 and the space-filling
design in Figure 11.50. The space-filling design is the
lower curve

in the interior of the simplex. The I-optimal design has only seven distinct design points consisting of three vertices,
three centers of edges (binary blends) and the overall centroid. The centroid, which is the only interior point, is repli-
cated thrice and each edge center is replicated twice. Figure 11.51 is a fraction of design space plot for both designs.
The space-filling design is the lower curve in the figure, indicating that it has a lower overall variance of prediction
through most of the design space. The average prediction variance (relative to 𝜎) for the I-optimal design is 0.318271
and for the space-filling design it is 0.190901. Space-filling designs for mixtures are often a good alternative to
I-optimal designs.

11.7 Evolutionary Operation

Response surface methodology is often applied to pilot plant operations by research and development personnel.
When it is applied to a full-scale production process, it is usually done only once (or very infrequently) because the
experimental procedure is relatively elaborate. However, conditions that were optimum for the pilot plant may not be
optimum for the full-scale process. The pilot plant may produce 2 pounds of product per day, whereas the full-scale
process may produce 2000 pounds per day. This “scale-up” of the pilot plant to the full-scale production process
usually results in distortion of the optimum conditions. Even if the full-scale plant begins operation at the optimum,
it will eventually “drift” away from that point because of variations in raw materials, environmental changes, and
operating personnel.

A method is needed for the continuous monitoring and improvement of a full-scale process with the goal of
moving the operating conditions toward the optimum or following a “drift.” The method should not require large
or sudden changes in operating conditions that might disrupt production. Evolutionary operation (EVOP) was
proposed by Box (1957) as such an operating procedure. It is designed as a method of routine plant operation that is
carried out by manufacturing personnel with minimum assistance from the research and development staff.

EVOP consists of systematically introducing small changes in the levels of the operating variables under con-
sideration. Usually, a 2k design is employed to do this. The changes in the variables are assumed to be so small enough
that serious disturbances in yield, quality, or quantity will not occur, yet large enough that potential improvements in
process performance will eventually be discovered. Data are collected on the response variables of interest at each point



�

� �

�

554 Chapter 11 Response Surface Methods and Designs

of the 2k design. When one observation has been taken at each design point, a cycle is said to have been completed. The
effects and interactions of the process variables may then be computed. Eventually, after several cycles, the effect of
one or more process variables or their interactions may appear to have a significant effect on the response. At this point,
a decision may be made to change the basic operating conditions to improve the response. When improved conditions
have been detected, a phase is said to have been completed.

In testing the significance of process variables and interactions, an estimate of experimental error is required. This
is calculated from the cycle data. Also, the 2k design is usually centered about the current best operating conditions. By
comparing the response at this point with the 2k points in the factorial portion, we may check on curvature or change
in mean (CIM); that is, if the process is really centered at the maximum, say, then the response at the center should be
significantly greater than the responses at the 2k-peripheral points.

In theory, EVOP can be applied to k process variables. In practice, only two or three variables are usually con-
sidered. We will give an example of the procedure for two variables. Box and Draper (1969) give a detailed discussion
of the three-variable case, including necessary forms and worksheets.

EXAMPLE 11 . 7

Consider a chemical process whose yield is a function of
temperature (x1) and pressure (x2). The current operating
conditions are x1 = 250∘F and x2 = 145 psi. The EVOP pro-
cedure uses the 22 design plus the center point shown in
Figure 11.52. The cycle is completed by running each design
point in numerical order (1, 2, 3, 4, 5). The yields in the first
cycle are also shown in Figure 11.52.

The yields from the first cycle are entered in the EVOP
calculation sheet, as shown in Table 11.25. At the end of
the first cycle, no estimate of the standard deviation can be
made. The effects and interactions for temperature and pres-
sure are calculated in the usual manner for a 22 design.

A second cycle is then run and the yield data entered
in another EVOP calculation sheet, shown in Table 11.26.
At the end of the second cycle, the experimental error can
be estimated and the estimates of the effects compared
to approximate 95 percent (two standard deviation) limits.
Note that the range refers to the range of the differences
in row (iv); thus, the range is +1.0 − (−1.0) = 2.0. Because
none of the effects in Table 11.26 exceed their error limits,
the true effect is probably zero, and no changes in operating
conditions are contemplated.

The results of a third cycle are shown in Table 11.27. The
effect of pressure now exceeds its error limit and the temper-
ature effect is equal to the error limit. A change in operating
conditions is now probably justified.

In light of the results, it seems reasonable to begin a
new EVOP phase about point (3). Thus, x1 = 225∘F and
x2 = 150 psi would become the center of the 22 design in
the second phase.

An important aspect of EVOP is feeding the informa-
tion generated back to the process operators and supervisors.
This is accomplished by a prominently displayed EVOP
information board. The information board for this example
at the end of cycle 3 is shown in Table 11.28.

x1 (°F)

x 2
 (

p
si

)

245 250 255

140

145

150

(1)

84.5

(5) (3)

(2) (4)

84.984.3

84.584.2

◾ F I GURE 11 . 52 A 22 design for EVOP
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◾ TABLE 11 . 25
EVOP Calculation Sheet for Example 11.7, n = 1

Cycle: n = 1
Response: Yield

Phase: 1
Date: 1/11/04

Calculation of Averages
Calculation of

Standard Deviation

Operating Conditions (1) (2) (3) (4) (5)

(i) Previous cycle sum Previous sum S =
(ii) Previous cycle average Previous average S =
(iii) New observations 84.5 84.2 84.9 84.5 84.3 New S = range × f5,n =
(iv) Differences [(ii) − (iii)] Range of (iv) =
(v) New sums [(i) + (iii)] 84.5 84.2 84.9 84.5 84.3 New sum S =
(vi) New averages [yi = (𝑣)∕n] 84.5 84.2 84.9 84.5 84.3 New average S = New sum S

n−1

Calculation of Effects Calculation of Error Limits

Temperature effect = 1
2
(y3 + y4 − y2 − y5) = 0.45 For new average = 2√

n
S =

Pressure effect = 1
2
(y3 + y5 − y2 − y4) = 0.25 For new effects 2√

n
S =

T × P interaction effect = 1
2
(y2 + y3 − y4 − y5) = 0.15

Change-in-mean effect = 1
5
(y2 + y3 + y4 + y5 − 4y1) = 0.02 For change in mean 1.78√

n
S =

◾ TABLE 11 . 26
EVOP Calculation Sheet for Example 11.7, n = 2

Cycle: n = 1
Response: Yield

Phase: 1
Date: 1/11/04

Calculation of Averages
Calculation of

Standard Deviation

Operating Conditions (1) (2) (3) (4) (5)

(i) Previous cycle sum 84.5 84.2 84.9 84.5 84.3 Previous sum S =
(ii) Previous cycle average 84.5 84.2 84.9 84.5 84.3 Previous average S =
(iii) New observations 84.9 84.6 85.9 83.5 84.0 New S = range × f5,n = 0.60

(iv) Differences [(ii) − (iii)] −0.4 −0.4 −1.0 +1.0 0.3 Range of (iv) = 2.0

(v) New sums [(i) + (iii)] 169.4 168.8 170.8 168.0 168.3 New sum S = 0.60

(vi) New average [yi = (𝑣)∕n] 84.70 84.40 85.40 84.00 84.15 New average S = New sum S

n−1
= 0.60

(Continued)
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◾ TABLE 11 . 26 (Continued)

Calculation of Effects Calculation of Error Limits

Temperature effect = 1
2
(y3 + y4 − y2 − y5) = 0.43 For new average = 2√

n
S = 0.85

Pressure effect = 1
2
(y3 + y5 − y2 − y4) = 0.58 For new effects 2√

n
S = 0.85

T × P interaction effect = 1
2
(y2 + y3 − y4 − y5) = 0.83

Change-in-mean effect = 1
5
(y2 + y3 − y4 − y5 − 4y1) = −0.17 For change in mean 1.78√

n
S = 0.76

◾ TABLE 11 . 27
EVOP Calculation Sheet for Example 11.7, n = 3

Cycle: n = 1
Response: Yield

Phase: 1
Date: 1/11/04

Calculation of Averages
Calculation of

Standard Deviation

Operating Conditions (1) (2) (3) (4) (5)

(i) Previous cycle sum 169.4 168.8 170.8 168.0 168.3 Previous sum S = 0.60

(ii) Previous cycle average 84.70 84.40 85.40 84.00 84.15 Previous average S = 0.60

(iii) New observations 85.0 84.0 86.6 84.9 85.2 New S = range × f5,n = 0.56

(iv) Differences [(ii) − (iii)] −0.30 +0.40 −1.20 −0.90 −1.05 Range of (iv) = 1.60

(v) New sums [(i) + (iii)] 254.4 252.8 257.4 252.9 253.5 New sum S = 1.16

(vi) New averages [yi = (𝑣)∕n] 84.80 84.27 85.80 84.30 84.50 New average S = New sum S

n−1
= 0.58

Calculation of Effects Calculation of Error Limits

Temperature effect = 1
2
(y3 + y4 − y2 − y5) = 0.67 For new average = 2√

n
S = 0.67

Pressure effect = 1
2
(y3 + y5 − y2 − y4) = 0.87 For new effects 2√

n
S = 0.67

T × P interaction effect = 1
2
(y2 + y3 − y4 − y5) = 0.64

Change-in-mean effect = 1
5
(y2 + y3 + y4 + y5 − 4y1) = −0.07 For change in mean 1.78√

n
S = 0.60
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◾ TABLE 11 . 28
EVOP Information Board, Cycle 3

Error Limits for Averages: ±0.67

Effects with Temperature 0.67 ± 0.67

95 percent error Pressure 0.87 ± 0.67

Limits T × P 0.64 ± 0.67

Change in mean 0.07 ± 0.60

Standard deviation 0.58

Most of the quantities on the EVOP calculation sheet follow directly from the analysis of the 2k factorial design.
For example, the variance of any effect, such as 1

2
(y3 + y5 − y2 − y4), is simply 𝜎

2∕n where 𝜎
2 is the variance of

the observations (y). Thus, two standard deviation (corresponding to 95 percent) error limits on any effect would be
±2𝜎∕

√
n. The variance of the change in mean is

V(CIM) = V
[
1
5
(y2 + y3 + y4 + y5 − 4y1)

]

= 1
25

(4𝜎2
y
+ 16𝜎2

y
) =

(20
25

)
𝜎
2

n

Thus, two standard deviation error limits on the CIM are ±(2
√
20∕25)𝜎∕

√
n = ±1.78𝜎∕

√
n.

The standard deviation 𝜎 is estimated by the range method. Let yi(n) denote the observation at the ith design
point in cycle n and yi(n) the corresponding average of yi(n) after n cycles. The quantities in row (iv) of the EVOP
calculation sheet are the differences yi(n) − yi(n − 1). The variance of these differences is

V[yi(n) − yi(n − 1)] ≡ 𝜎
2
D = 𝜎

2

[
1 + 1

(n − 1)

]
= 𝜎

2 n
(n − 1)
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The range of the differences, say RD, is related to the estimate of the standard deviation of the differences
by 𝜎̂D = RD∕d2. The factor d2 depends on the number of observations used in computing RD. Now RD∕d2 =
𝜎̂

√
n∕(n − 1), so

𝜎̂ =
√

(n − 1)
n

RD

d2
= (fk,n)RD ≡ s

can be used to estimate the standard deviation of the observations, where k denotes the number of points used in the
design. For a 22 design with one center point, we have k = 5 and for a 23 design with one center point, we have k = 9.
Values of fk,n are given in Table 11.29.

◾ TABLE 11 . 29
Values of f k,n

n = 2 3 4 5 6 7 8 9 10

k = 5 0.30 0.35 0.37 0.38 0.39 0.40 0.40 0.40 0.41

9 0.24 0.27 0.29 0.30 0.31 0.31 0.31 0.32 0.32

10 0.23 0.26 0.28 0.29 0.30 0.30 0.30 0.31 0.31

11.8 Problems

11.1 A chemical plant produces oxygen by liquefying
air and separating it into its component gases by fractional
distillation. The purity of the oxygen is a function of the
main condenser temperature and the pressure ratio between
the upper and lower columns. Current operating conditions
are temperature (𝜉1) = −200∘C and pressure ratio (𝜉2) = 1.2.
Using the following data, find the path of steepest ascent:

Temperature (𝝃1) Pressure Ratio (𝝃2) Purity

−225 1.1 82.8

−225 1.3 83.5

−215 1.1 84.7

−215 1.3 85.0

−220 1.2 84.1

−220 1.2 84.5

−220 1.2 83.9

−220 1.2 84.3

11.2 An industrial engineer has developed a computer sim-
ulation model of a two-item inventory system. The decision
variables are the order quantity and the reorder point for each

item. The response to be minimized is total inventory cost.
The simulation model is used to produce the data shown in
Table P11.1. Identify the experimental design. Find the path
of steepest descent.

◾ TABLE P11.1
The Inventory Experiment, Problem 11.2

Item 1

Order
Quantity (𝝃1) Reorder Point (𝝃2)

100 25

140 45

140 25

140 25

100 45

100 45

100 25

140 45

120 35

120 35

120 35
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◾ TABLE P11.1 (Continued)

Item 2

Order
Quantity (𝝃3)

Reorder
Point (𝝃4)

Total
Cost

250 40 625
250 40 670
300 40 663
250 80 654
300 40 648
250 80 634
300 80 692
300 80 686
275 60 680
275 60 674
275 60 681

11.3 Verify that the following design is a simplex. Fit the
first-order model and find the path of steepest ascent.

x1 x2 x3 y

0
√
2 −1 18.5

−
√
2 0 1 19.8

0 −
√
2 −1 17.4√

2 0 1 22.5

11.4 For the first-order model

ŷ = 60 + 1.5x1 − 0.8x2 + 2.0x3

find the path of steepest ascent. The variables are coded as
−1 ≤ xi ≤ 1.

11.5 The region of experimentation for three factors are
time (40 ≤ T1 ≤ 80 min), temperature (200 ≤ T2 ≤ 300∘C),
and pressure (20 ≤ P ≤ 50 psig). A first-order model in coded
variables has been fit to yield data from a 23 design. The
model is

ŷ = 30 + 5x1 + 2.5x2 + 3.5x3

Is the point T1 = 85, T2 = 325, P = 60 on the path of steepest
ascent?

11.6 The region of experimentation for two factors are
temperature (100 ≤ T ≤ 300∘F) and catalyst feed rate (10 ≤

C ≤ 30 lb∕in). A first-order model in the usual ±1 coded
variables has been fit to a molecular weight response, yielding
the following model:

ŷ = 2000 + 125x1 + 40x2

(a) Find the path of steepest ascent.

(b) It is desired to move to a region where molecular
weights are above 2500. On the basis of the informa-
tion you have from experimentation in this region, about
how many steps along the path of steepest ascent might
be required to move to the region of interest?

11.7 The path of steepest ascent is usually computed
assuming that the model is truly first order; that is, there is
no interaction. However, even if there is interaction, steep-
est ascent ignoring the interaction still usually produces good
results. To illustrate, suppose that we have fit the model

ŷ = 20 + 5x1 − 8x2 + 3x1x2

using coded variables (−1 ≤ xi ≤ +1).
(a) Draw the path of steepest ascent that you would obtain

if the interaction were ignored.

(b) Draw the path of steepest ascent that you would obtain
with the interaction included in the model. Compare this
with the path found in part (a).

11.8 The data shown in the Table P11.2 were collected in
an experiment to optimize crystal growth as a function of three
variables x1, x2, and x3. Large values of y (yield in grams)
are desirable. Fit a second-order model and analyze the fit-
ted surface. Under what set of conditions is maximum growth
achieved?

◾ TABLE P11.2
The Crystal Growth Experiment, Problem 11.8

x1 x2 x3 y

−1 −1 −1 66
−1 −1 1 70
−1 1 −1 78
−1 1 1 60
1 −1 −1 80
1 −1 1 70
1 1 −1 100
1 1 1 75

−1.682 0 0 100
1.682 0 0 80
0 −1.682 0 68
0 1.682 0 63
0 0 −1.682 65
0 0 1.682 82
0 0 0 113
0 0 0 100
0 0 0 118
0 0 0 88
0 0 0 100
0 0 0 85
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11.9 The data in Table P11.3 were collected by a chemical
engineer. The response y is filtration time, x1 is temperature,
and x2 is pressure. Fit a second-order model.

(a) What operating conditions would you recommend if the
objective is to minimize the filtration time?

(b) What operating conditions would you recommend if the
objective is to operate the process at a mean filtration
rate very close to 46?

◾ TABLE P11.3
The Experiment for Problem 11.9

x1 x2 y

−1 −1 54
−1 1 45
1 −1 32
1 1 47

−1.414 0 50
1.414 0 53
0 −1.414 47
0 1.414 51
0 0 41
0 0 39
0 0 44
0 0 42
0 0 40

11.10 The hexagon design in Table P11.4 is used in an
experiment that has the objective of fitting a second-order
model:

◾ TABLE P11.4
A Hexagon Design

x1 x2 y

1 0 68

0.5
√
0.75 74

−0.5
√
0.75 65

−1 0 60

−0.5 −
√
0.75 63

0.5 −
√
0.75 70

0 0 58
0 0 60
0 0 57
0 0 55
0 0 69

(a) Fit the second-order model.

(b) Perform the canonical analysis.What type of surface has
been found?

(c) What operating conditions on x1 and x2 lead to the sta-
tionary point?

(d) Where would you run this process if the objective is to
obtain a response that is as close to 65 as possible?

11.11 An experimenter has run a Box–Behnken design and
obtained the results as shown in Table P11.5, where the
response variable is the viscosity of a polymer:

◾ TABLE P11.5
The Box–Behnken Design for Problem 11.11

Level Temp.
Agitation
Rate Pressure x1 x2 x3

High 200 10.0 25 +1 +1 +1
Middle 175 7.5 20 0 0 0

Low 150 5.0 15 −1 −1 −1

Run x1 x2 x3 y1

1 −1 −1 0 535

2 +1 −1 0 580

3 −1 +1 0 596

4 +1 +1 0 563

5 −1 0 −1 645

6 +1 0 −1 458

7 −1 0 +1 350

8 +1 0 +1 600

9 0 −1 −1 595

10 0 +1 −1 648

11 0 −1 +1 532

12 0 +1 +1 656

13 0 0 0 653

14 0 0 0 599

15 0 0 0 620

(a) Fit the second-order model.

(b) Perform the canonical analysis.What type of surface has
been found?

(c) What operating conditions on x1, x2, and x3 lead to the
stationary point?

(d) What operating conditions would you recommend if it
is important to obtain a viscosity that is as close to 600
as possible?
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11.12 Consider the three-variable central composite design
shown in Table P11.6. Analyze the data and draw conclusions,
assuming that we wish to maximize conversion (y1)with activ-
ity (y2) between 55 and 60.

◾ TABLE P11.6
A Three-Variable CCD

Run
Time
(min)

Temperature
(∘C)

Catalyst
(%)

Conversion
(%) y1

Activity
y2

1 −1.000 −1.000 −1.000 74.00 53.20

2 1.000 −1.000 −1.000 51.00 62.90

3 −1.000 1.000 −1.000 88.00 53.40

4 1.000 1.000 −1.000 70.00 62.60

5 −1.000 −1.000 1.000 71.00 57.30

6 1.000 −1.000 1.000 90.00 67.90

7 −1.000 1.000 1.000 66.00 59.80

8 1.000 1.000 1.000 97.00 67.80

9 0.000 0.000 0.000 81.00 59.20

10 0.000 0.000 0.000 75.00 60.40

11 0.000 0.000 0.000 76.00 59.10

12 0.000 0.000 0.000 83.00 60.60

13 −1.682 0.000 0.000 76.00 59.10

14 1.682 0.000 0.000 79.00 65.90

15 0.000 −1.682 0.000 85.00 60.00

16 0.000 1.682 0.000 97.00 60.70

17 0.000 0.000 −1.682 55.00 57.40

18 0.000 0.000 1.682 81.00 63.20

19 0.000 0.000 0.000 80.00 60.80

20 0.000 0.000 0.000 91.00 58.90

11.13 A manufacturer of cutting tools has developed two
empirical equations for tool life in hours (y1) and for tool cost
in dollars (y2). Both models are linear functions of steel hard-
ness (x1) and manufacturing time (x2). The two equations are

ŷ = 10 + 5x1 + 2x2
ŷ2 = 23 + 3x1 + 4x2

and both equations are valid over the range −1.5 ≤ xi ≤ 1.5.
Unit tool cost must be below $27.50 and life must exceed
12 hours for the product to be competitive. Is there a feasi-
ble set of operating conditions for this process? Where would
you recommend that the process be run?

11.14 A central composite design is run in a chemical vapor
deposition process, resulting in the experimental data shown in
Table P11.7. Four experimental units were processed simulta-
neously on each run of the design, and the responses are the

mean and the variance of thickness, computed across the four
units.

(a) Fit a model to the mean response. Analyze the residuals.

(b) Fit a model to the variance response. Analyze the
residuals.

(c) Fit a model to ln(s2). Is this model superior to the one
you found in part (b)?

(d) Suppose you want the mean thickness to be in the inter-
val 450 ± 25. Find a set of operating conditions that
achieves this objective and simultaneously minimizes
the variance.

(e) Discuss the variance minimization aspects of part (d).
Have you minimized the total process variance?

◾ TABLE P11.7
The CCD for Problem 11.14

x1 x2 y s2

−1 −1 360.6 6.689

1 −1 445.2 14.230

−1 1 412.1 7.088

1 1 601.7 8.586

1.414 0 518.0 13.130

−1.414 0 411.4 6.644

0 1.414 497.6 7.649

0 −1.414 397.6 11.740

0 0 530.6 7.836

0 0 495.4 9.306

0 0 510.2 7.956

0 0 487.3 9.127

11.15 Verify that an orthogonal first-order design is also
first-order rotatable.

11.16 Show that augmenting a 2k design with nC center
points does not affect the estimates of the 𝛽i(i = 1, 2, . . . , k)
but that the estimate of the intercept 𝛽0 is the average of all
2k + nC observations.

11.17 The rotatable central composite design. It can be
shown that a second-order design is rotatable if

∑n
u=1 x

a
iux

b
ju =

0, if a or b or both are odd, and if
∑n

u=1 x
4
iu = 3

∑n
u=1 x

2
iux

2
ju.

Show that for the central composite design these conditions
lead to 𝛼 = (nF)1∕4 for rotatability, where nF is the number of
points in the factorial portion.
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11.18 Verify that the central composite design shown in
Table P11.8 blocks orthogonally:

◾ TABLE P11.8
A CCD in Three Blocks

Block 1 Block 2
x1 x2 x3 x1 x2 x3

0 0 0 0 0 0
0 0 0 0 0 0
1 1 1 1 1 −1
1 −1 −1 1 −1 1

−1 −1 1 −1 1 1
−1 1 −1 −1 −1 −1

Block 3
x1 x2 x3

−1.633 0 0
1.633 0 0
0 −1.633 0
0 1.633 0
0 0 −1.633
0 0 1.633
0 0 0
0 0 0

11.19 Blocking in the central composite design.Consider a
central composite design for k = 4 variables in two blocks. Can
a rotatable design always be found that blocks orthogonally?

11.20 How could a hexagon design be run in two orthogonal
blocks?

11.21 Yield during the first four cycles of a chemical
process is shown in the following table. The variables are
percentage of concentration (x1) at levels 30, 31, and 32 and
temperature (x2) at 140, 142, and 144∘F. Analyze by EVOP
methods.

Conditions

Cycle (1) (2) (3) (4) (5)

1 60.7 59.8 60.2 64.2 57.5

2 59.1 62.8 62.5 64.6 58.3

3 56.6 59.1 59.0 62.3 61.1

4 60.5 59.8 64.5 61.0 60.1

11.22 Suppose that we approximate a response surface with
a model of order d1, such as y = X1𝜷1 + 𝜖, when the true

surface is described by amodel of order d2 > d1; that is,E(y) =
X1𝜷1 + X1𝜷2.

(a) Show that the regression coefficients are biased, that
is, E(𝜷̂1) = 𝜷1 + A𝜷2, where A = (X′

1X1)−1X′
1X2. A is

usually called the alias matrix.

(b) If d1 = 1 and d2 = 2, and a full 2k is used to fit themodel,
use the result in part (a) to determine the alias structure.

(c) If d1 = 1, d2 = 2, and k = 3, find the alias structure
assuming that a 23−1 design is used to fit the model.

(d) If d1 = 1, d2 = 2, and k = 3, and the simplex design in
Problem 11.3 is used to fit themodel, determine the alias
structure and compare the results with part (c).

11.23 Suppose that you need to design an experiment to fit
a quadratic model over the region −1 ≤ xi ≤ +1, i = 1,2 sub-
ject to the constraint x1 + x2 ≤ 1. If the constraint is violated,
the process will not work properly. You can afford to make no
more than n = 12 runs. Set up the following designs:

(a) An “inscribed” CCD with center point at x1 = x2 = 0.

(b) An “inscribed” 32 factorial with center point at x1 =
x2 = −0.25.

(c) A D-optimal design.

(d) A modified D-optimal design that is identical to the one
in part (c), but with all replicate runs at the design center.

(e) Evaluate the |(X′X)−1| criterion for each design.

(f) Evaluate the D-efficiency for each design relative to the
D-optimal design in part (c).

(g) Which design would you prefer? Why?

11.24 Consider a 23 design for fitting a first-order model.

(a) Evaluate the D-criterion |(X′X)−1| for this design.
(b) Evaluate the A-criterion tr(X′X)−1 for this design.
(c) Find the maximum scaled prediction variance for this

design. Is this design G-optimal?

11.25 Repeat problem 11.24 using a first-order model with
the two-factor interactions.

11.26 A chemical engineer wishes to fit a calibration curve
for a new procedure used to measure the concentration of a
particular ingredient in a product manufactured in his facility.
Twelve samples can be prepared, having known concentration.
The engineer wants to build a model for the measured con-
centrations. He suspects that a linear calibration curve will be
adequate to model the measured concentration as a function of
the known concentrations; that is, y = 𝛽0 + 𝛽1x + 𝜖, where x is
the actual concentration. Four experimental designs are under
consideration. Design 1 consists of six runs at known concen-
tration 1 and six runs at known concentration 10. Design 2
consists of four runs at concentrations 1, 5.5, and 10. Design 3
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consists of three runs at concentrations 1, 4, 7, and 10. Finally,
design 4 consists of three runs at concentrations 1 and 10 and
six runs at concentration 5.5.

(a) Plot the scaled variance of prediction for all four designs
on the same graph over the concentration range 1 ≤ x ≤
10. Which design would be preferable?

(b) For each design, calculate the determinant of (X′X)−1.
Which design would be preferred according to the
D-criterion?

(c) Calculate the D-efficiency of each design relative to the
“best” design that you found in part (b).

(d) For each design, calculate the average variance of
prediction over the set of points given by x =
1, 1.5, 2, 2.5, . . . , 10. Which design would you prefer
according to the V-criterion?

(e) Calculate the V-efficiency of each design relative to the
best design that you found in part (d).

(f) What is the G-efficiency of each design?

11.27 Rework problem 11.26 assuming that the model the
engineer wishes to fit is a quadratic. Obviously, only designs
2, 3, and 4 can now be considered.

11.28 Suppose that you want to fit a second-order model in
k = 5 factors. You cannot afford more than 25 runs. Construct
both a D-optimal and on I-optimal design for this situation.
Compare the prediction variance properties of the designs.
Which design would you prefer?

11.29 Suppose that you want to fit a second-order response
surfacemodel in a situationwhere there are k = 4 factors; how-
ever, one of the factors is categorical with two levels. What
model should you consider for this experiment? Suggest an
appropriate design for this situation.

11.30 An experimenter wishes to run a three-component
mixture experiment. The constraints in the component propor-
tions are as follows:

0.2 ≤ x1 ≤ 0.4

0.1 ≤ x2 ≤ 0.3

0.4 ≤ x2 ≤ 0.7

(a) Set up an experiment to fit a quadratic mixture
model. Use n = 14 runs, with four replicates. Use the
D-criterion.

(b) Draw the experimental region.

(c) Set up an experiment to fit a quadratic mixture model
with n = 12 runs, assuming that three of these runs are
replicates. Use the D-criterion.

(d) Comment on the two designs you have found.

11.31 Myers, Montgomery, and Anderson-Cook (2009)
describe a gasoline blending experiment involving three mix-
ture components. There are no constraints on the mixture
proportions, and the following 10-run design is used:

Design Point x1 x2 x3 y (mi/gal)

1 1 0 0 24.5, 25.1

2 0 1 0 24.8, 23.9

3 0 0 1 22.7, 23.6

4 1
2

1
2

0 25.1

5 1
2

0 1
2

24.3

6 0 1
2

1
2

23.5

7 1
3

1
3

1
3

24.8, 24.1

8 2
3

1
6

1
6

24.2

9 1
6

2
3

1
6

23.9

10 1
6

1
6

2
3

23.7

(a) What type of design did the experimenters use?

(b) Fit a quadratic mixture model to the data. Is this model
adequate?

(c) Plot the response surface contours. What blend would
you recommend to maximize the miles per gallon?

11.32 Table P11.9 shows a six-variable RSM design from
Jones and Nachtsheim (2011). Analyze the response data from
this experiment.

◾ TABLE P11.9
The Design for Problem 11.31

Run (i) xi.1 xi.2 xi.3 xi.4 xi.5 xi.6 yi

1 0 1 −1 −1 −1 −1 21.04

2 0 −1 1 1 1 1 10.48

3 1 0 −1 1 1 −1 17.89

4 −1 0 1 −1 −1 1 10.07

5 −1 −1 0 1 −1 −1 7.74

6 1 1 0 −1 1 1 21.01

7 −1 1 1 0 1 −1 16.53

8 1 −1 −1 0 −1 1 20.38

9 1 −1 1 −1 0 −1 8.62

10 −1 1 −1 1 0 1 7.80

11 1 1 1 1 −1 0 23.56

12 −1 −1 −1 −1 1 0 15.24

13 0 0 0 0 0 0 19.91
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11.33 An article in Quality Progress (“For Starbucks, It’s
in the Bag,” March 2011, pp. 18–23) describes using a cen-
tral composite design to improve the packaging of one-pound
coffee. The objective is to produce an airtight seal that is
easy to open without damaging the top of the coffee bag.
The experimenters studied three factors—x1 = plastic viscos-
ity (300–400 centipoise), x2 = clamp pressure (170–190 psi),
and x3 = plate gap (−3,+3 mm) and two responses—y1 =
tear and y2 = leakage. The design is shown in Table P11.10.
The tear response was measure on a scale from 0–9 (good to
bad) and leakage was proportion failing. Each run used a sam-
ple of 20 bags for response measurement.

◾ TABLE P11.10
The Coffee Bag Experiment in Problem 11.32

Run Viscosity Pressure Plate Gap Tear Leakage

Center 350 180 0 0 0.15

Axial 350 170 0 0 0.5

Factorial 319 186 1.8 0.45 0.15

Factorial 380 174 1.8 0.85 0.05

Center 350 180 0 0.35 0.15

Axial 300 180 0 0.3 0.45

Axial 400 180 0 0.7 0.25

Axial 350 190 0 1.9 0

Center 350 180 0 0.25 0.05

Factorial 319 186 −1.8 0.1 0.35

Factorial 380 186 −1.8 0.15 0.4

Axial 350 180 3 3.9 0

Factorial 380 174 −1.8 0 0.45

Center 350 180 0 0.55 0.2

Axial 350 180 −3 0 1

Factorial 319 174 −1.8 0.05 0.2

Factorial 319 174 1.8 0.4 0.25

Factorial 380 186 1.8 4.3 0.05

Center 350 180 0 0 0

(a) Build a second-order model for the tear response.

(b) Build a second-order model for the leakage response.

(c) Analyze the residuals for both models. Do transforma-
tions seem necessary for either response? If so, refit the
models in the transformed metric.

(d) Construct response surface plots and contour plots for
both responses. Provide interpretations for the fitted sur-
faces.

(e) What conditions would you recommend for process
operation to minimize leakage and keep tear below
0.75?

11.34 Box and Liu (1999) describe an experiment flying
paper helicopters where the objective is to maximize flight
time. They used the central composite design shown in Table
P11.11. Each run involved a single helicopter made to the fol-
lowing specifications: x1 = wing area (in2), −1 = 11.80 and
+1 = 13.00; x2 = wing-length to width ratio, −1 = 2.25 and
+1 = 2.78; x3 = base width (in), −1 = 1.00 and +1 = 1.50;
and x4 = base length (in), −1 = 1.50 and +1 = 2.50. Each
helicopter was flown four times and the average flight time and
the standard deviation of flight time were recorded.

(a) Fit a second-order model to the average flight time
response.

(b) Fit a second-order model to the standard deviation of
flight time response.

(c) Analyze the residuals for both models from parts (a) and
(b). Are transformations on the response(s) necessary?
If so, fit the appropriate models.

(d) What design would you recommend to maximize the
flight time?

(e) What design would you recommend to maximize the
flight time while simultaneously minimizing the stan-
dard deviation of flight time?

11.35 The Paper Helicopter Experiment Revisited.
Reconsider the paper helicopter experiment in Problem 11.34.
This experiment was actually run in two blocks. Block 1
consisted of the first 16 runs in Table P11.11 (standard
order runs 1–16) and two center points (standard order runs
25 and 26).

(a) Fit main effects plus two-factor interaction models to
the block 1 data, using both responses.

(b) For themodels in part (a) use the two center points to test
for lack of fit. Is there an indication that second-order
terms are needed?

(c) Now use the data from block 2 (standard order runs
17–24 and the remaining center points, standard order
runs 27–30) to augment block 1 and fit second-order
models to both responses. Check the adequacy of the
fit for both models. Does blocking seem to have been
important in this experiment?

(d) What design would you recommend to maximize the
flight time while simultaneously minimizing the stan-
dard deviation of flight time?
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◾ TABLE P11.11
The Paper Helicopter Experiment

Std.
Order

Run
Order

Wing
Area

Wing
Ratio

Base
Width

Base
Length

Avg. Flight
Time

Std. Dev
Flight Time

1 9 −1 −1 −1 −1 3.67 0.052

2 21 1 −1 −1 −1 3.69 0.052

3 14 −1 1 −1 −1 3.74 0.055

4 4 1 1 −1 −1 3.7 0.062

5 2 −1 −1 1 −1 3.72 0.052

6 19 1 −1 1 −1 3.55 0.065

7 22 −1 1 1 −1 3.97 0.052

8 25 1 1 1 −1 3.77 0.098

9 27 −1 −1 −1 −1 3.5 0.079

10 13 1 −1 −1 1 3.73 0.072

11 20 −1 1 −1 1 3.58 0.083

12 6 1 1 −1 1 3.63 0.132

13 12 −1 −1 1 1 3.44 0.058

14 17 1 −1 1 1 3.55 0.049

15 26 −1 1 1 1 3.7 0.081

16 1 1 1 1 1 3.62 0.051

17 8 −2 0 0 0 3.61 0.129

18 15 2 0 0 0 3.64 0.085

19 7 0 −2 0 0 3.55 0.1

20 5 0 2 0 0 3.73 0.063

21 29 0 0 −2 0 3.61 0.051

22 28 0 0 2 0 3.6 0.095

23 16 0 0 0 −2 3.8 0.049

24 18 0 0 0 2 3.6 0.055

25 24 0 0 0 0 3.77 0.032

26 10 0 0 0 0 3.75 0.055

27 23 0 0 0 0 3.7 0.072

28 11 0 0 0 0 3.68 0.055

29 3 0 0 0 0 3.69 0.078

30 30 0 0 0 0 3.66 0.058

11.36 An article in the Journal of Chromatography A (“Op-
timization of the Capillary Electrophoresis Separation of Ran-
itidine and Related Compounds,” Vol. 766, pp. 245–254)
describes an experiment to optimize the production of ran-
itidine, a compound that is the primary active ingredient of
Zantac, a pharmaceutical product used to treat ulcers, gas-
troesophageal reflux disease (a condition in which backward
flow of acid from the stomach causes heartburn and injury

of the esophagus), and other conditions where the stomach
produces too much acid, such as Zollinger–Ellison syndrome.
The authors used three factors (x1 = pH of the buffer solu-
tion, x2 = the electrophoresis voltage, and the concentration of
one component of the buffer solution) in a central composite
design. The response is chromatographic exponential function
(CEF), which should be minimized. Table P11.12 shows the
design.
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◾ TABLE P11.12
The Ranitidine Separation Experiment

Standard
Order X1 X2 X3 CEF

1 −1 −1 −1 17.3

2 1 −1 −1 45.5

3 −1 1 −1 10.3

4 1 1 −1 11757.1

5 −1 −1 1 16.942

6 1 −1 1 25.4

7 −1 1 1 31697.2

8 1 1 1 12039.2

9 −1.68 0 0 7.5

10 1.68 0 0 6.3

11 0 −1.68 0 11.1

12 0 1.68 0 6.664

13 0 0 −1.68 16548.7

14 0 0 1.68 26351.8

15 0 0 0 9.9

16 0 0 0 9.6

17 0 0 0 8.9

18 0 0 0 8.8

19 0 0 0 8.013

20 0 0 0 8.059

(a) Fit a second-order model to the CEF response. Ana-
lyze the residuals from this model. Does it seem that
all model terms are necessary?

(b) Reduce the model from part (a) as necessary. Did model
reduction improve the fit?

(c) Does transformation of the CEF response seem like a
useful idea? What aspect of either the data or the resid-
ual analysis suggests that transformation would be help-
ful?

(d) Fit a second-order model to the transformed CEF
response. Analyze the residuals from this model. Does
it seem that all model terms are necessary? What would
you choose as the final model?

(e) Suppose that you had some information that suggests
that the separation process malfunctioned during run 7.
Delete this run and analyze the data from this experi-
ment again.

(f) What conditions would you recommend to minimize
CEF?

11.37 An article in the Electronic Journal of Biotechnology
(“Optimization of Medium Composition for Transglutaminase
Production by a Brazilian Soil Streptomyces sp,” available at
The correct URL is http://www.ejbiotechnology.info/index.
php/ejbiotechnology/article/viewFile/v10n4-10/110) descri-
bes the use of designed experiments to improve the medium
for cells used in a new microbial source of transglutaminase
(MTGase), an enzyme that catalyzes an acyl transfer reac-
tion using peptide-bond glutamine residues as acyl donors and
some primary amines as acceptors. Reactions catalyzed by
MTGase can be used in food processing. The article describes
two phases of experimentation—screening with a fractional
factorial and optimization. We will use only the optimization
experiment. The design was a central composite design in four
factors—x1 = KH2PO4, x2 = MgSO4•7H2O, x3 = soybean
flower, and x4 = peptone. MTGase activity is the response,
which should be maximized. Table P11.13 contains the design
and the response data.

◾ TABLE P11.13
The MTGase Optimization Experiment

Standard
Order X1 X2 X3 X4

MTGase
Activity

1 −1 −1 −1 −1 0.87
2 1 −1 −1 −1 0.74
3 −1 1 −1 −1 0.51
4 1 1 −1 −1 0.99
5 −1 −1 1 −1 0.67
6 1 −1 1 −1 0.72
7 −1 1 1 −1 0.81
8 1 1 1 −1 1.01
9 −1 −1 −1 1 1.33
10 1 −1 −1 1 0.7
11 −1 1 −1 1 0.82
12 1 1 −1 1 0.78
13 −1 −1 1 1 0.36
14 1 −1 1 1 0.23
15 −1 1 1 1 0.21
16 1 1 1 1 0.44
17 −2 0 0 0 0.56
18 2 0 0 0 0.49
19 0 −2 0 0 0.57
20 0 2 0 0 0.81
21 0 0 −2 0 0.9
22 0 0 2 0 0.65
23 0 0 0 −2 0.91
24 0 0 0 2 0.49
25 0 0 0 0 1.43
26 0 0 0 0 1.17
27 0 0 0 0 1.5

http://www.ejbiotechnology.info/index.php/ejbiotechnology/article/viewFile/v10n4-10/110
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(a) Fit a second-order model to the MTGase activity
response.

(b) Analyze the residuals from this model.

(c) Recommend operating conditions that maximize
MTGase activity.

11.38 Given the fitted response function

ŷ = 72.0 + 3.6x1 − 2.5x2

which is found to fit well in a localized region of (x1, x2).

(a) Plot contours of constant response, y, in the (x1, x2)
plane.

(b) Calculate and plot the path of steepest ascent generated
from this response function. Use x1 to determine the
path, with Δx1 = 1.

11.39 It is stated in the text that the development of the path
of steepest ascent makes use of the assumption that the model
is truly first-order in nature. However, even if there is a mod-
est amount of curvature or interaction in the system, the use of
steepest ascent can be extremely useful in determining a future
experimental region. Suppose that in a system involving x1 and
x2 the actual model is given by

E(y) = 14 + 5x1 − 10x2 + 3x1x2

Assume that x1 and x2 are in coded form.

(a) Show a plot of the path of steepest ascent (based on
actual parameters) if the interaction is ignored.

(b) Show a plot of the path of steepest ascent for the model
with interaction. Note that this path is not linear.

(c) Comment on the difference in the two paths.

11.40 Suppose that you have fit the following model

ŷ = 20 + 10x1 − 4x2 + 12x3

(a) The experimenter decides to choose x1 as the variable
to define the step size for steepest ascent. Do you think
that this is a good choice for defining step size? Explain
why or why not.

(b) The experimenter decides to make the step size exactly
one coded unit in the x1 direction. Find the coordinates
of this point from the design center on the path of steep-
est ascent.

(c) Suppose that you had used x3 as the variable to define
the direction of steepest ascent. Assuming a step size of
one coded unit, find the coordinates of the first step in
this direction away from the design center.

(d) Find the distance between the two points found in parts
(b) and (c), respectively.

11.41 Any point on the path of steepest ascent is pro-
portional to the unit vector of the first-order regression
coefficients.

(a) True

(b) False

11.42 Consider the first-order model ŷ = 150 + 20x1 +
12x2. If the experimenter used one coded unit in the x1 direc-
tion as the step size, the point x1 = 1.5, x2 = 1.0 is a point on
the path of steepest ascent.

(a) True

(b) False

11.43 Consider the first-order model in Problem 11.42. The
design used to fit this model was a 22 factorial with three cen-
ter points. The variance of the predicted response at the point
x1 = 1.5, x2 = 1.0 is .

11.44 A 22 factorial design with four center points has
been used to fit the first-order model ŷ = 175 + 25x1 + 10x2 −
8x3. The variance of the predicted response at any design point
other than the center point is

11.45 When conducting steepest ascent experiments, it may
be a good idea to replicate runs at some or all of the points
along the path.

(a) True

(b) False

11.46 If a first-order model with interaction is used, the path
of steepest ascent is a straight line.

(a) True

(b) False

11.47 The coordinates of the points on the path of steep-
est ascent are proportional to the effect estimates from the
first-order model.

(a) True

(b) False

11.48 For a first-order model with three variables, the vari-
ance of the predicted response at the design center (in coded
units) is 𝜎2, if an unreplicated 23 design is used to collect the
experimental data.

(a) True

(b) False

11.49 The method of steepest ascent is a gradient
procedure.

(a) True

(b) False
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11.50 Using a second-order model to estimate the underly-
ing relationship is a common approach to approximating the
surface.

(a) True

(b) False

11.51 The location of the stationary point corresponds to a
global maximum or minimum of the surface.

(a) True

(b) False

11.52 The existence of a ridge system in the canonical vari-
ables can restrict the choice of optimal location.

(a) True

(b) False

11.53 If the sign of all of the eigenvalues is the same, the
response surface will have a global maximum.

(a) True

(b) False

11.54 In designing mixture experiments, a good rule of
thumb is to assume that at least a second-order mixture model
is likely to be adequate.

(a) True

(b) False

11.55 The simplex-lattice and simplex-centroid designs
have most of the design points on the boundary of the experi-
mental region.

(a) True

(b) False

11.56 When axial check blends are added to a simplex-
lattice, these blends are as far as possible (Euclidean distance)
from the other design points.

(a) True

(b) False

11.57 The (3,2) simplex-lattice design is a rotatable design
for fitting a second-order mixture model.

(a) True

(b) False

You will find Chapter 12, “Robust Parameter Design and Process Robustness Studies,” online at www.wiley.com/college/
montgomery. Chapter 13, “Experiments with Random Factors,” begins on page 589.

http://www.wiley.com/college/montgomery
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R o b u s t P a r am e t e r D e s i g n
a n d P r o c e s s R o b u s t n e s s
S t u d i e s

CHAPTER OUTLINE
12.1 INTRODUCTION

12.2 CROSSED ARRAY DESIGNS

12.3 ANALYSIS OF THE CROSSED ARRAY DESIGN

12.4 COMBINED ARRAY DESIGNS AND THE
RESPONSE MODEL APPROACH

12.5 CHOICE OF DESIGNS

SUPPLEMENTAL MATERIAL FOR CHAPTER 12
S12.1 The Taguchi Approach to Robust Parameter Design
S12.2 Taguchi’s Technical Methods

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Understand the basic philosophy of robust parameter design and process robustness.

2. Know the difference between signal and noise factors.

3. Understand the idea behind crossed array designs.

4. Know the problems introduced by using signal-to-noise ratios as response variables.

5. Know how to design a combined array experiment.

6. Know how to obtain a model for the process mean and a model for the process variance from a
response model obtained from the combined array design.

12.1 Introduction

Robust parameter design (RPD) is an approach to product realization activities that focuses on choosing the levels of
controllable factors (or parameters) in a process or a product to achieve two objectives: (1) to ensure that the mean of the
output response is at a desired level or target and (2) to ensure that the variability around this target value is as small as
possible. When an RPD study is conducted on a process, it is usually called a process robustness study. The general
RPD problem was developed by a Japanese engineer, Genichi Taguchi, and introduced in the United States in the
1980s (see Taguchi andWu, 1980; Taguchi, 1987). Taguchi proposed an approach to solving the RPD problem based on
designed experiments and some novel methods for analysis of the resulting data. His philosophy and technical methods
generated widespread interest among engineers and statisticians, and during the 1980s his methodology was used at



�

� �

�

570 Chapter 12 Robust Parameter Design and Process Robustness Studies

many large corporations, including AT&T Bell Laboratories, Ford Motor Company, and Xerox. These techniques
generated controversy and debate in the statistical and engineering communities. The controversy was not about the
basic RPD problem, which is an extremely important one, but rather about the experimental procedures and the data
analysis methods that Taguchi advocated. Extensive analysis revealed that Taguchi’s technical methods were usually
inefficient and, in many cases, ineffective. Consequently, a period of extensive research and development on new
approaches to the RPD problem followed. From these efforts, response surface methodology (RSM) emerged as an
approach to the RPD problem that not only allows us to employ Taguchi’s robust design concept but also provides a
sounder and more efficient approach to design and analysis.

This chapter is about the RSM approach to the RPD problem. More information about the original Taguchi
approach, including discussion that identifies the pitfalls and inefficiencies of his methods, is presented in the supple-
mental text material for this chapter. Other useful references include Hunter (1985, 1989), Box (1988), Box, Bisgaard,
and Fung (1988), Pignatiello and Ramberg (1992), Montgomery (1999), Myers, Montgomery, and Anderson-Cook
(2016), and the panel discussion edited by Nair (1992).

In a robust design problem, the focus is usually on one or more of the following:

1. Designing systems that are insensitive to environmental factors that can affect performance once the system
is deployed in the field. An example is the development of an exterior paint that should exhibit long life when
exposed to a variety of weather conditions. Because the weather conditions are not entirely predictable, and
certainly not constant, the product formulator wants the paint to be robust against or withstand a wide range
of temperature, humidity, and precipitation factors that affect the wear and finish of the paint.

2. Designing products so that they are insensitive to variability transmitted by the components of the system.
An example is designing an electronic amplifier so that the output voltage is as close as possible to the
desired target regardless of the variability in the electrical parameters of the transistors, resistors, and power
supplies that are the components of the system.

3. Designing processes so that the manufactured product will be as close as possible to the desired target speci-
fications, even though some process variables (such as temperature) or rawmaterial properties are impossible
to control precisely.

4. Determining the operating conditions for a process so that the critical process characteristics are as close as
possible to the desired target values and the variability around this target is minimized. Examples of this type
of problem occur frequently. For example, in semiconductor manufacturing we want the oxide thickness on
a wafer to be as close as possible to the target mean thickness, and we want the variability in thickness across
the wafer (a measure of uniformity) to be as small as possible.

RPD problems are not new. Product and process designers/developers have been concerned about robustness
issues for decades, and efforts to solve the problem long predate Taguchi’s contributions. One of the classical
approaches used to achieve robustness is to redesign the product using stronger components, or components with
tighter tolerances, or to use different materials. However, this may lead to problems with overdesign, resulting in a
product that is more expensive, that is more difficult to manufacture, or suffers a weight and subsequent performance
penalty. Sometimes different design methods or incorporation of new technology into the design can be exploited.
For example, for many years automobile speedometers were driven by a metal cable, and over time the lubricant in
the cable deteriorated, which could lead to operating noise in cold weather or erratic measurement of vehicle speed.
Sometimes the cable would break, resulting in an expensive repair. This is an example of robustness problems caused
by product aging. Modern automobiles use electronic speedometers that are not subject to these problems. In a process
environment, older equipment may be replaced with new tools, which may improve process robustness but usually
at a significant cost. Another possibility may be to exercise tighter control over the variables that impact robustness.
For example, if variations in environmental conditions cause problems with robustness, then those conditions may
have to be controlled more tightly. The use of clean rooms in semiconductor manufacturing is a result of efforts
to control environmental conditions. In some cases, effort will be directed to controlling raw material properties
or process variables more tightly if these factors impact robustness. These classical approaches are still useful, but
Taguchi’s principal contribution was the recognition that experimental design and other statistical tools could be
applied to the problem in many cases.
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An important aspect of Taguchi’s approach was his notion that certain types of variables cause variability
in important system response variables. We refer to these types of variables as noise variables or uncontrollable
variables. We have discussed this concept before—for example, see Figure 1.1. These noise factors are often func-
tions of environmental conditions such as temperature or relative humidity. They may be properties of raw materials
that vary from batch to batch or over time in the process. They may be process variables that are difficult to control
or to keep at specified targets. In some cases, they may involve the way the consumer handles or uses the product.
Noise variables may often be controlled at the research or development level, but they cannot be controlled at the
production or product use level. An integral part of the RPD problem is identifying the controllable variables and the
noise variables that affect process or product performance and then finding the settings for the controllable variables
that minimize the variability transmitted from the noise variables.

As an illustration of controllable and noise variables, consider a product developer who is formulating a cake
mix. The developer must specify the ingredients and composition of the cake mix, including the amounts of flour,
sugar, dry milk, hydrogenated oils, corn starch, and flavorings. These variables can be controlled reasonably easily
when the cake mix is manufactured. When the consumer bakes the cake, water and eggs are added, the mixture of
wet and dry ingredients is blended into cake batter, and the cake is baked in an oven at a specified temperature for a
specified time. The product formulator cannot control exactly how much water is added to the dry cake mix, how well
the wet and dry ingredients are blended, or the exact baking time or oven temperature. Target values for these variables
can be and usually are specified, but they are really noise variables, as there will be variation (perhaps considerable
variation) in the levels of these factors that are used by different customers. Therefore, the product formulator has a
robust design problem. The objective is to formulate a cake mix that will perform well and meet or exceed customer
expectations regardless of the variability transmitted into the final cake by the noise variables.

12.2 Crossed Array Designs

The original Taguchi methodology for the RPD problem revolved around the use of a statistical design for the
controllable variables and another statistical design for the noise variables. Then these two designs were “crossed”;
that is, every treatment combination in the design for the controllable variables was run in combination with
every treatment combination in the noise variable design. This type of experimental design was called a crossed
array design.

We will illustrate the crossed array design approach using the leaf spring experiment originally introduced
as Problem 8.10. In this experiment, five factors were studied to determine their effect on the free height of a
leaf spring used in an automotive application. There were five factors in the experiment: A = furnace temperature,
B = heating time, C = transfer time, D = hold down time, and E = quench oil temperature. This was originally an
RPD problem, and quench oil temperature was the noise variable. The data from this experiment are shown in
Table 12.1. The design for the controllable factors is a 24−1 fractional factorial design with generator D = ABC.
This is called the inner array design. The design for the single noise factor is a 21 design, and it is called the outer
array design. Notice how each run in the outer array is performed for all eight treatment combinations in the inner
array, producing the crossed array structure. In the leaf spring experiment, each of the 16 distinct design points was
replicated three times, resulting in 48 observations on free height.

An important point about the crossed array design is that it provides information about interactions between
controllable factors and noise factors. These interactions are crucial to the solution of an RPD problem. For example,
consider the two-factor interaction graphs in Figure 12.1, where x is the controllable factor and z is the noise factor.
In Figure 12.1a, there is no interaction between x and z; therefore, there is no setting for the controllable variable
x that will affect the variability transmitted to the response by the variability in the noise factor z. However, in
Figure 12.1b, there is a strong interaction between x and z. Note that when x is set to its low level, there is much less
variability in the response variable than when x is at the high level. Thus, unless there is at least one controllable
factor—noise factor interaction—there is no robust design problem. As we will subsequently see, focusing on
identifying and modeling these interactions is one of the keys to an efficient and effective approach to solving the
RPD problem.
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◾ TABLE 12 . 1
The Leaf Spring Experiment

A B C D E = − E = + y s2

− − − − 7.78, 7.78, 7.81 7.50, 7.25, 7.12 7.54 0.090

+ − − + 8.15, 8.18, 7.88 7.88, 7.88, 7.44 7.90 0.071

− + − + 7.50, 7.56, 7.50 7.50, 7.56, 7.50 7.52 0.001

+ + − − 7.59, 7.56, 7.75 7.63, 7.75, 7.56 7.64 0.008

− − + + 7.54, 8.00, 7.88 7.32, 7.44, 7.44 7.60 0.074

+ − + − 7.69, 8.09, 8.06 7.56, 7.69, 7.62 7.79 0.053

− + + − 7.56, 7.52, 7.44 7.18, 7.18, 7.25 7.36 0.030

+ + + + 7.56, 7.81, 7.69 7.81, 7.50, 7.59 7.66 0.017

(a) No control × noise interaction (b) Significant control × noise interaction

z z

yy

x = –

x = –

x = +x = +

Natural
variability

in z

Natural
variability

in z

Variability in y
transmitted

from z
Variability

in y
is reduced
when x = –

◾ F I GURE 12 . 1 The role of the control × noise interaction in robust design

Table 12.2 presents another example of an RPD problem, taken from Byrne and Taguchi (1987). This problem
involved the development of an elastomeric connector that would deliver the required pull-off force when assem-
bled with a nylon tube. There are four controllable factors, each at three levels (A = interference, B = connector
wall thickness, C = insertion depth, and D = percent adhesive), and three noise or uncontrollable factors, each at two
levels (E = conditioning time, F = conditioning temperature, and G = conditioning relative humidity). Panel (a) of
Table 12.2 contains the inner array design for the controllable factors. Notice that the design is a three-level fractional
factorial, and specifically, it is a 34−2 design. Panel (b) of Table 12.2 contains a 23 outer array design for the noise
factors. Now as before, each run in the inner array is performed for all treatment combinations in the outer array,
producing the crossed array design with 72 observations on pull-off force shown in the table.

Examination of the crossed array design in Table 12.2 reveals a major problem with the Taguchi design strategy;
namely, the crossed array approach can lead to a very large experiment. In our example, there are only seven factors, yet
the design has 72 runs. Furthermore, the inner array design is a 34−2 resolution III design (see Chapter 9 for discussion
of this design), so in spite of the large number of runs, we cannot obtain any information about interactions among the
controllable variables. Indeed, even information about the main effects is potentially tainted because the main effects
are heavily aliased with the two-factor interactions. In Section 12.4, we will introduce the combined array design,
which is generally much more efficient than the crossed array.
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◾ TABLE 12 . 2
The Design for the Connector Pull-Off Force Experiment

(b) Outer Array

E − − − − + + + +
F − − + + − − + +
G − + − + − − − +

(a) Inner Array

Run A B C D

1 −1 −1 −1 −1 15.6 9.5 16.9 19.9 19.6 19.6 20.0 19.1

2 −1 0 0 0 15.0 16.2 19.4 19.2 19.7 19.8 24.2 21.9

3 −1 +1 +1 +1 16.3 16.7 19.1 15.6 22.6 18.2 23.3 20.4

4 0 −1 0 +1 18.3 17.4 18.9 18.6 21.0 18.9 23.2 24.7

5 0 0 +1 −1 19.7 18.6 19.4 25.1 25.6 21.4 27.5 25.3

6 0 +1 −1 0 16.2 16.3 20.0 19.8 14.7 19.6 22.5 24.7

7 +1 −1 +1 0 16.4 19.1 18.4 23.6 16.8 18.6 24.3 21.6

8 +1 0 −1 +1 14.2 15.6 15.1 16.8 17.8 19.6 23.2 24.2

9 +1 +1 0 −1 16.1 19.9 19.3 17.3 23.1 22.7 22.6 28.6

12.3 Analysis of the Crossed Array Design

Taguchi proposed that we summarize the data from a crossed array experiment with two statistics: the average of
each observation in the inner array across all runs in the outer array and a summary statistic that attempted to combine
information about the mean and variance, called the signal-to-noise ratio. These signal-to-noise ratios are purportedly
defined so that a maximum value of the ratio minimizes variability transmitted from the noise variables. Then an
analysis is performed to determine which settings of the controllable factors result in (1) the mean as close as possible
to the desired target and (2) a maximum value of the signal-to-noise ratio. Signal-to-noise ratios are problematic; they
can result in confounding of location and dispersion effects, and they often do not produce the desired result of finding
a solution to the RPD problem that minimizes the transmitted variability. This is discussed in detail in the supplemental
material for this chapter.

Amore appropriate analysis for a crossed array design is to model the mean and variance of the response directly,
where the sample mean and the sample variance for each observation in the inner array are computed across all runs
in the outer array. Because of the crossed array structure, the sample means yi and variances s

2
i are computed over the

same levels of the noise variables, so any differences between these quantities are due to differences in the levels of
the controllable variables. Consequently, choosing the levels of the controllable variables to optimize the mean and
simultaneously minimize the variability is a valid approach.

To illustrate this approach, consider the leaf spring experiment in Table 12.1. The last two columns of this table
show the sample means yi and variances s2i for each run in the inner array. Figure 12.2 is the half-normal probability
plot of the effects for the mean free height response. Clearly, factors A,B, and D have important effects. Since these
factors are aliased with three-factor interactions, it seems reasonable to conclude that these effects are real. The model
for the mean free height response is

ŷi = 7.63 + 0.12x1 − 0.081x2 + 0.044x4
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where the x’s represent the original design factors A,B, and D. Because the sample variance does not have a normal
distribution (it is scaled chi-square), it is usually best to analyze the natural log of the variance. Figure 12.3 is the
half-normal probability plot of the effects of the ln(s2i ) response. The only significant effect is factor B. The model for
the ln(s2i ) response is

l̂n(s2i ) = −3.74 − 1.09x2

Figure 12.4 is a contour plot of the mean free height in terms of factors A and B with factor D = 0, and Figure 12.5
is a plot of the variance response in the original scale. Clearly, the variance of the free height decreases as the heating
time (factor B) increases.

Suppose that the objective of the experimenter is to find a set of conditions that results in a mean free height
between 7.74 and 7.76 inches, with minimum variability. This is a standard multiple response optimization prob-
lem and can be solved by any of the methods for solving these problems described in Chapter 11. Figure 12.6 is an
overlay plot of the two responses, with factor D = hold down time held constant at the high level. By also selecting
A = temperature at the high level and B = heating time at 0.50 (in coded units), we can achieve a mean free height
between the desired limits with variance of approximately 0.0138.

A disadvantage of the mean and variance modeling approach using the crossed array design is that it
does not take direct advantage of the interactions between controllable variables and noise variables. In some
instances, it can even mask these relationships. Furthermore, the variance response is likely to have a nonlinear
relationship with the controllable variables (see Figure 12.5, for example), and this can complicate the modeling
process. In the next section, we introduce an alternative design strategy and modeling approach that overcomes
these issues.
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12.4 Combined Array Designs and the Response Model Approach

As noted in the previous section, interactions between controllable and noise factors are the key to a robust design
problem. Therefore, it is logical to use a model for the response that includes both controllable and noise factors and
their interactions. To illustrate, suppose that we have two controllable factors x1 and x2 and a single noise factor z1.
We assume that both control and noise factors are expressed as the usual coded variables (that is, they are centered at
zero and have lower and upper limits at ± a). If we wish to consider a first-order model involving the controllable and
noise variables, a logical model is

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 + 𝛾1z1 + 𝛿11x1z1 + 𝛿21x2z1 + 𝜖 (12.1)

Notice that this model has the main effects of both controllable factors and their interaction, the main effect of the noise
variable, and interactions between the both controllable and noise variables. This type of model, incorporating both
controllable and noise variables, is often called a response model. Unless at least one of the regression coefficients
𝛿11 and 𝛿21 is nonzero, there will be no robust design problem.

An important advantage of the response model approach is that both the controllable factors and the noise factors
can be placed in a single experimental design; that is, the inner and outer array structure of the Taguchi approach can
be avoided. We usually call the design containing both controllable and noise factors a combined array design.

As mentioned previously, we assume that noise variables are random variables, although they are controllable
for purposes of an experiment. Specifically, we assume that the noise variables are expressed in coded units, they have
expected value zero, and variance 𝜎2

z , and if there are several noise variables, they have zero covariances. Under these
assumptions, it is easy to find a model for the mean response just by taking the expected value of y in Equation 12.1.
This yields

Ez(y) = 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2 (12.2)

where the z subscript on the expectation operator is a reminder to take expected value with respect to both random
variables in Equation 12.1, z1 and 𝜖. To find a model for the variance of the response y, we use the transmission of
error approach. First, expand the response model Equation 12.1 in a first-order Taylor series around z1 = 0. This gives

y ≅ yz=0 +
dy

dz1
(z1 − 0) + R + 𝜖

≅ 𝛽0 + 𝛽1x1 + 𝛽2x2 + 𝛽12x1x2
+(𝛾1 + 𝛿11x1 + 𝛿21x2)z1 + R + 𝜖

where R is the remainder term in the Taylor series. As is the usual practice, we will ignore the remainder term. Now the
variance of y can be obtained by applying the variance operator across this last expression (without R). The resulting
variance model is

Vz(y) = 𝜎2
z (𝛾1 + 𝛿11x1 + 𝛿21x2)2 + 𝜎2 (12.3)

Once again, we have used the z subscript on the variance operator as a reminder that both z1 and 𝜖 are random variables.
Equations 12.2 and 12.3 are simple models for the mean and variance of the response variable of interest. Note

the following:

1. The mean and variance models involve only the controllable variables. This means that we can potentially
set the controllable variables to achieve a target value of the mean and minimize the variability transmitted
by the noise variable.

2. Although the variance model involves only the controllable variables, it also involves the interaction regres-
sion coefficients between the controllable and noise variables. This is how the noise variable influences the
response.

3. The variance model is a quadratic function of the controllable variables.

4. The variance model (apart from 𝜎2) is just the square of the slope of the fitted response model in the direction
of the noise variable.
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To use these models operationally, we would

1. Perform an experiment and fit an appropriate response model, such as Equation 12.1.
2. Replace the unknown regression coefficients in the mean and variance models with their least squares esti-

mates from the response model and replace 𝜎2 in the variance model by the residual mean square found
when fitting the response model.

3. Optimize the mean and variance model using the standard multiple response optimization methods discussed
in Section 11.3.4.

It is very easy to generalize these results. Suppose that there are k controllable variables and r noise variables.
We will write the general response model involving these variables as

y(x, z) = f (x) + h(x, z) + 𝜖 (12.4)

where f (x) is the portion of the model that involves only the controllable variables and h(x, z) are the terms that involve
the main effects of the noise factors and the interactions between the controllable and noise factors. Typically, the
structure for h(x, z) is

h(x, z) =
r∑

i=1
𝛾izi +

k∑
i=1

r∑
j=1

𝛿ijxizj

The structure for f (x) will depend on what type of model for the controllable variables the experimenter thinks is
appropriate. The logical choices are the first-order model with interaction and the second-order model. If we assume
that the noise variables have mean zero, variances 𝜎2

zi
, and zero covariances and that the noise variables and the random

errors 𝜖 have zero covariances, then the mean model for the response is just

Ez[y(x, z)] = f (x) (12.5)

and the variance model for the response is

Vz[y(x, z)] =
r∑

i=1

[
𝜕y(x, z)
𝜕zi

]2
𝜎2
zi
+ 𝜎2 (12.6)

Myers, Montgomery, and Anderson-Cook (2016) give a slightly more general form for Equation (12.6) based on
applying a conditional variance operator directly to the response model.

EXAMPLE 12 . 1

To illustrate the foregoing procedure, reconsider Example
6.2 in which four factors were studied in a 24 factorial design
to investigate their effect on the filtration rate of a chemi-
cal product. We will assume that factor A, temperature, is
potentially difficult to control in the full-scale process, but
it can be controlled during the experiment (which was per-
formed in a pilot plant). The other three factors, pressure (B),
concentration (C), and stirring rate (D), are easy to control.
Thus, the noise factor z1 is temperature, and the controllable
variables x1, x2, and x3 are pressure, concentration, and stir-
ring rate, respectively. Because both the controllable factors
and the noise factor are in the same design, the 24 factorial
design used in this experiment is an example of a combined
array design.

Using the results from Example 6.2, the response
model is

ŷ(x, z1) = 70.06 +
(21.625

2

)
z1

+
(9.875

2

)
x2 +

(14.625
2

)
x3

−
(18.125

2

)
x2z1 +

(16.625
2

)
x3z1

= 70.06 + 10.81z1 + 4.94x2 + 7.31x3
−9.06x2z1 + 8.31x3z1

Using Equations 12.5 and 12.6, we can find the mean and
variance models as

Ez[y(x, z1)] = 70.06 + 4.94x2 + 7.31x3
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and

Vz[y(x, z1)] = 𝜎2
z (10.81 − 9.06x2 + 8.31x3)

2 + 𝜎2

= 𝜎2
z (116.91 + 82.08x22 + 69.06x23

− 195.88x2 + 179.66x3 − 150.58x2x3) + 𝜎2

respectively. Now assume that the low and high levels of
the noise variable temperature have been run at one stan-
dard deviation on either side of its typical or average value,
so that 𝜎2

z = 1 and use 𝜎̂2 = 19.51 (this is the residual mean
square obtained by fitting the response model). Therefore,
the variance model becomes

Vz[y(x, z1)] = 136.42 − 195.88x2 + 179.66x3
−150.58x2x3 + 82.08x22 + 69.06x23

Figure 12.7 presents a contour plot from the Design-
Expert software package of the response contours from
the mean model. To construct this plot, we held the
noise factor (temperature) at zero and the nonsignificant

controllable factor (pressure) at zero. Notice that mean fil-
tration rate increases as both concentration and stirring
rate increase. Design-Expert will also automatically con-
struct plots of the square root of the variance contours,
which it labels propagation of error, or POE. Obviously,
the POE is just the standard deviation of the transmit-
ted variability in the response as a function of the con-
trollable variables. Figure 12.8 shows a contour plot and
a three-dimensional response surface plot of the POE,
obtained from Design-Expert. (In this plot, the noise vari-
able is held constant at zero, as explained previously.)

Suppose that the experimenter wants to maintain a mean
filtration rate of about 75 and minimize the variability
around this value. Figure 12.9 shows an overlay plot of the
contours of mean filtration rate and the POE as a function of
concentration and stirring rate, the significant controllable
variables. To achieve the desired objectives, it will be nec-
essary to hold concentration at the high level and stirring rate
very near the middle level.

◾ F I GURE 12 . 7 Contours of constant
mean filtration rate, Example 12.1, with x1 =
temperature = 0
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We observe that the standard deviation of the filtration rate response in Example 12.1 is still very large. This
illustrates that sometimes a process robustness study may not yield an entirely satisfactory solution. It may still be
necessary to employ other measures to achieve satisfactory process performance, such as controlling temperature
more precisely in the full-scale process.

Example 12.1 illustrates the use of a first-order model with interaction as the model for the controllable factors
f (x). We now present an example adapted from Montgomery (1999) that involves a second-order model.

EXAMPLE 12 . 2

An experiment was run in a semiconductor manufacturing
facility involving two controllable variables and three noise
variables. The combined array design used by the exper-
imenters is shown in Table 12.3. The design is a 23-run
variation of a central composite design that was created by

starting with a standard central composite design (CCD) for
five factors (the cube portion is a 25−1) and deleting the axial
runs associated with the three noise variables. This design
will support a response model that has a second-order model
in the controllable variables, the main effects of the three

◾ TABLE 12 . 3
Combined Array Experiment with Two Controllable Variables and Three Noise Variables, Example 12.2

Run Number x1 x2 z1 z2 z3 y

1 −1.00 −1.00 −1.00 −1.00 1.00 44.2

2 1.00 −1.00 −1.00 −1.00 −1.00 30.0

3 −1.00 1.00 −1.00 −1.00 −1.00 30.0

4 1.00 1.00 −1.00 −1.00 1.00 35.4

5 −1.00 −1.00 1.00 −1.00 −1.00 49.8

6 1.00 −1.00 1.00 −1.00 1.00 36.3

7 −1.00 1.00 1.00 −1.00 1.00 41.3

8 1.00 1.00 1.00 −1.00 −1.00 31.4

9 −1.00 −1.00 −1.00 1.00 −1.00 43.5

10 1.00 −1.00 −1.00 1.00 1.00 36.1

11 −1.00 1.00 −1.00 1.00 1.00 22.7

12 1.00 1.00 −1.00 1.00 −1.00 16.0

13 −1.00 −1.00 1.00 1.00 1.00 43.2

14 1.00 −1.00 1.00 1.00 −1.00 30.3

15 −1.00 1.00 1.00 1.00 −1.00 30.1

16 1.00 1.00 1.00 1.00 1.00 39.2

17 −2.00 0.00 0.00 0.00 0.00 46.1

18 2.00 0.00 0.00 0.00 0.00 36.1

19 0.00 −2.00 0.00 0.00 0.00 47.4

20 0.00 2.00 0.00 0.00 0.00 31.5

21 0.00 0.00 0.00 0.00 0.00 30.8

22 0.00 0.00 0.00 0.00 0.00 30.7

23 0.00 0.00 0.00 0.00 0.00 31.0
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noise variables, and the interactions between the control and
noise factors. The fitted response model is

ŷ(x, z) = 30.37 − 2.92x1 − 4.13x2
+2.60x21 + 2.18x22 + 2.87x1x2
+2.73z1 − 2.33z2 + 2.33z3 − 0.27x1z1
+0.89x1z2 + 2.58x1z3
+2.01x2z1 − 1.43x2z2 + 1.56x2z3

The mean and variance models are

Ez[y(x, z)] = 30.37 − 2.92x1 − 4.13x2
+2.60x21 + 2.18x22 + 2.87x1x2

and
Vz[y(x, z)] = 19.26 + 6.40x1 + 24.91x2 + 7.52x21

+8.52x22 + 4.42x1x2

where we have substituted parameter estimates from the
fitted response model into the equations for the mean and
variance models and, as in the previous example, assumed
that 𝜎2

z = 1. Figures 12.10 and 12.11 (from Design-Expert)
present contour plots of the process mean and POE (remem-
ber POE is the square root of the variance response surface)
generated from these models.

In this problem, it is desirable to keep the process mean
below 30. From inspection of Figures 12.10 and 12.11, it
is clear that some trade-off will be necessary if we wish to
make the process variance small. Because there are only
two controllable variables, a logical way to accomplish
this trade-off is to overlay the contours of constant mean

response and constant variance, as shown in Figure 12.12.
This plot shows the contours for which the process mean is
less than or equal to 30 and the process standard deviation
is less than or equal to 5. The region bounded by these con-
tours would represent a typical operating region of lowmean
response and low process variance.
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12.5 Choice of Designs

The selection of the experimental design is a very important aspect of an RPD problem. Generally, the combined array
approach will result in smaller designs that will be obtained with a crossed array. Also, the response modeling approach
allows the direct incorporation of the controllable factor–noise factor interactions, which is usually superior to direct
mean and variance modeling. Therefore, our comments in this section are confined to combined arrays.

If all of the design factors are at two levels, a resolution V design is a good choice for an RPD study, for it allows
all main effects and two-factor interactions to be estimated, assuming that three-factor and higher interactions are
negligible. Standard 2k−pV fractional factorial designs can be good choices in some cases. For example, with five factors,

this design requires 16 runs. However, with six or more factors, the standard 2k−pV designs are rather large. As noted
in Chapter 8, the software package Design-Expert contains smaller two-level resolution V designs. Table 12.4 is the

◾ TABLE 12 . 4
A Resolution V Design in Seven Factors and 30 Runs

A B C D E F G

− + − − − + −
+ − − − − − −
− + + + − + −
+ − + − + − −
− + − + − − +
+ − + + − − −
+ + + + − + +
− + − + + − −
+ − + − − − +
− − − + + − +
+ − + − − + −
− + + + + − +
− − + − − − −
− − + + − + +
+ + − + − − −
+ + − + + − +
+ + − − + + −
− − + + + − −
+ + + − − − −
− + + − − + +
− − − − − − +
− + + − + + −
− + − − + − +
− + − + + + +
− − − − + + −
+ − − + − + +
+ − − − + + +
+ + + − + + +
+ − − + + + −
+ − + + + + +
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design from this package for seven factors, which requires 30 runs. This design will accommodate any combination of
controllable and noise variables totaling seven and allow all seven main effects and all two-factor interactions between
these factors to be estimated.

Sometimes a design with fewer runs can be employed. For example, suppose that there are three controllable
variables (A,B, and C) and four noise variables (D,E,F, and G). It is only necessary to estimate the main effects
and two-factor interactions of the controllable variables (six parameters), the main effects of the noise variables (four
parameters), and the interactions between the controllable and noise variables (12 parameters). Including the intercept,
only 23 parameters must be estimated. Often very nice designs for these problems can be constructed using either the
D- or I-optimality criterion.

Table 12.5 is aD-optimal design with 23 runs for this situation. In this design, there are no two-factor interactions
involving the controllable factors aliased with each other or with two-factor interactions involving control and noise
variables. However, these main effects and two-factor interactions are aliased with the two-factor interactions involving
the noise factors, so the usefulness of this design depends on the assumption that two-factor interactions involving only
the noise factors are negligible.

◾ TABLE 12 . 5
A D-Optimal Design with 23 Runs for Three Controllable and Four Noise Variables

A B C D E F G

− + − + + + +
+ − − + + + +
− − + − − + +
+ + − − − − +
− + + − − − +
+ + − + − + −
+ + + − − − −
+ − − − − + −
+ − + − − − +
− − + − − − −
− + + − + + −
− − + + + − +
− − − − + − −
− + − + + − −
− − − + − + −
+ − + + − + −
− + + + − + −
− − − − − − +
+ − + − + + −
+ − − + + − −
+ + − − + + +
− + − − − + −
+ + + + + − +
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When it is of interest to fit a complete second-order model in the controllable variables, the CCD is a logical
basis for selecting the experimental design. The CCD can be modified as in Example 12.2 by using only the axial runs
in the directions of the controllable variables. For example, if there were three controllable variables and four noise
variables, adding six axial runs for factors A,B, and C along with four center runs to the 30-run design in Table 12.4
would produce a very nice design for fitting the response model. The resulting design would have 40 runs, and the
response model would have 26 parameters.

Other methods can be used to construct designs for the second-order case. For example, suppose that there
are three controllable factors and two noise factors. A modified CCD would have 16 runs (a 25−1) in the cube,
six axial runs in the directions of the controllable variables, and (say) four center runs. This yields a design with
26 runs to estimate a model with 18 parameters. Another alternative would be to use a small composite design in
the cube (11 runs), along with the six axial runs in the directions of the controllable variables and the four center
runs. This results in a design with only 21 runs. A D-optimal or I-optimal approach could also be used. The 18-run
design in Table 12.6 was constructed using Design-Expert. Note that this is a saturated design. Remember that as
the design gets smaller, in general the parameters in the response model may not be estimated as well as they would
have been with a larger design, and the variance of the predicted response may also be larger. For more information
on designs for RPD and process robustness studies, see Myers, Montgomery, and Anderson-Cook (2016) and the
references therein.

◾ TABLE 12 . 6
A D-Optimal Design for Fitting a Second-Order Response Model with Three Control
and Two Noise Variables

A B C D E

+ + + + −
+ + − + +
+ − − + −
0 − + − −
+ + + − +
− − − + +
− + − + −
− − + + −
+ + − − −
+ − − − +
+ − 0 − −
− − − − −
− + − − +
− − + − +
+ 0 + − −
0 0 0 0 +
− + + + +
− + + − −
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12.6 Problems

12.1 Reconsider the leaf spring experiment in Table 12.1.
Suppose that the objective is to find a set of conditions
where the mean free height is as close as possible to 7.6
inches, with the variance of free height as small as possi-
ble. What conditions would you recommend to achieve these
objectives?

12.2 Consider the bottle-filling experiment in Problem
6.24. Suppose that the percentage of carbonation (A) is a noise
variable (𝜎2

z = 1 in coded units).

(a) Fit the response model to these data. Is there a robust
design problem?

(b) Find the mean model and either the variance model or
the POE.

(c) Find a set of conditions that result in mean fill deviation
as close to zero as possible with minimum transmitted
variance.

12.3 Consider the experiment in Problem 11.12. Suppose
that temperature is a noise variable (𝜎2

z = 1 in coded units). Fit
response models for both responses. Is there a robust design
problem with respect to both responses? Find a set of con-
ditions that maximize conversion with activity between 55
and 60 and that minimize the variability transmitted from
temperature.

12.4 Reconsider the leaf spring experiment from
Table 12.1. Suppose that factors A,B, and C are controllable
variables and that factors D and E are noise factors. Set up
a crossed array design to investigate this problem, assuming
that all of the two-factor interactions involving the controllable
variables are thought to be important.What type of design have
you obtained?

12.5 Continuation of Problem 12.4. Reconsider the leaf
spring experiment from Table 12.1. Suppose that factors A,B
and C are controllable variables and that factors D and E
are noise factors. Show how a combined array design can be
employed to investigate this problem that allows all two-factor
interaction to be estimated and only requires 16 runs. Compare
this with the crossed array design from Problem 12.5. Can you
see how in general combined array designs have fewer runs
than crossed array designs?

12.6 Consider the connector pull-off force experiment
shown in Table 12.2. What main effects and interaction involv-
ing the controllable variables can be estimated with this
design? Remember that all of the controllable variables are
quantitative factors.

12.7 Consider the connector pull-off force experiment
shown in Table 12.2. Show how an experiment can be designed
for this problem that will allow a full quadratic model to be fit
in the controllable variables along all main effects of the noise
variables and their interactions with the controllable variables.
How many runs will be required in this design? How does this
compare with the design in Table 12.2?

12.8 Consider the experiment in Problem 11.11. Suppose
that pressure is a noise variable (𝜎2

z = 1 in coded units). Fit
the response model for the viscosity response. Find a set of
conditions that result in viscosity as close as possible to 600
and that minimize the variability transmitted from the noise
variable pressure.

12.9 A variation of Example 12.1. In Example 12.1
(which utilized data from Example 6.2), we found that one of
the process variables (B = pressure) was not important. Drop-
ping this variable produces two replicates of a 23 design. The
data are as follows:

C D A (+) A (−) y s2

− − 45, 48 71, 65 57.75 121.19

+ − 68, 80 60, 65 68.25 72.25

− + 43, 45 100, 104 73.00 1124.67

+ + 75, 70 86, 96 81.75 134.92

Assume that C and D are controllable factors and that A is a
noise variable.

(a) Fit a model to the mean response.

(b) Fit a model to the ln(s2) response.
(c) Find operating conditions that result in the mean fil-

tration rate response exceeding 75 with minimum vari-
ance.

(d) Compare your results with those from Example 12.1,
which used the transmission of error approach. How
similar are the two answers?

12.10 In an article (“Let’s All Beware the Latin Square,”
Quality Engineering, Vol. 1, 1989, pp. 453–465), J. S. Hunter
illustrates some of the problems associated with 3k−p fractional
factorial designs. Factor A is the amount of ethanol added to
a standard fuel and factor B represents the air/fuel ratio. The
response variable is carbon monoxide (CO) emission in g∕m3.
The design is as follows:
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Design

A B x1 x2

Observations
y

0 0 −1 −1 66 62

1 0 0 −1 78 81

2 0 +1 −1 90 94

0 1 −1 0 72 67

1 1 0 0 80 81

2 1 +1 0 75 78

0 2 −1 +1 68 66

1 2 0 +1 66 69

2 2 +1 +1 60 58

Notice that we have used the notation system of 0, 1, and 2 to
represent the low, medium, and high levels for the factors. We
have also used a “geometric notation” of −1, 0, and +1. Each
run in the design is replicated twice.

(a) Verify that the second-order model

ŷ = 78.5 + 4.5x1 − 7.0x2
−4.5x21 − 4.0x22 − 9.0x1x2

is a reasonable model for this experiment. Sketch the
CO concentration contours in the x1, x2 space.

(b) Now suppose that instead of only two factors, we had
used four factors in a 34−2 fractional factorial design
and obtained exactly the same data as in part (a). The
design would be as follows:

Design

A B C D x1 x2 x3 x4

Obser-
vations y

0 0 0 0 −1 −1 −1 −1 66 62

1 0 1 1 0 −1 0 0 78 81

2 0 2 2 +1 −1 +1 +1 90 94

0 1 2 1 −1 0 +1 0 72 67

1 1 0 2 0 0 −1 +1 80 81

2 1 1 0 +1 0 0 −1 75 78

0 2 1 2 −1 +1 0 +1 68 66

1 2 2 0 0 +1 +1 −1 66 69

2 2 0 1 +1 +1 −1 0 60 58

Calculate the marginal averages of the CO response
at each level of the four factors A,B, C, and D. Con-
struct plots of these marginal averages and interpret
the results. Do factors C and D appear to have strong

effects? Do these factors really have any effect on CO
emission? Why is their apparent effect strong?

(c) The design in part (b) allows the model

y = 𝛽0 +
4∑
i=1

𝛽ixi +
4∑
i=1

𝛽ix
2
i + 𝜖

to be fitted. Suppose that the true model is

y = 𝛽0 +
4∑
i=1

𝛽ixi +
4∑
i=1

𝛽ijx
2
i

+
∑∑

i<j𝛽ijxixj + 𝜖

Show that if 𝛽i represents the least squares estimate of
the coefficients in the fitted model, then

E(𝛽0) = 𝛽0 − 𝛽13 − 𝛽14 − 𝛽34

E(𝛽1) = 𝛽1 − (𝛽23 + 𝛽24)∕2
E(𝛽2) = 𝛽2 − (𝛽13 + 𝛽14 + 𝛽34)∕2
E(𝛽3) = 𝛽3 − (𝛽12 + 𝛽24)∕2
E(𝛽4) = 𝛽4 − (𝛽12 + 𝛽23)∕2
E(𝛽11) = 𝛽11 − (𝛽23 − 𝛽24)∕2
E(𝛽22) = 𝛽22 + (𝛽13 + 𝛽14 + 𝛽34)∕2
E(𝛽33) = 𝛽33 − (𝛽24 − 𝛽12)∕2 + 𝛽14

E(𝛽44) = 𝛽44 − (𝛽12 − 𝛽23)∕2 + 𝛽13

Does this help explain the strong effects for factors C
and D observed graphically in part (b)?

12.11 An experiment has been run in a process that applies
a coating material to a wafer. Each run in the experiment pro-
duced a wafer, and the coating thickness was measured several
times at different locations on the wafer. Then the mean y1 and
the standard deviation y2 of the thickness measurement were
obtained. The data [adapted from Box and Draper (2007)] are
shown in Table P12.1:

◾ TABLE P12 . 1
The Coating Experiment in Problem 12.11

Run Speed Pressure Distance
Mean
y1

Std.
Dev. y2

1 −1 −1 −1 24.0 12.5

2 0 −1 −1 120.3 8.4

3 +1 −1 −1 213.7 42.8

4 −1 0 −1 86.0 3.5

5 0 0 −1 136.6 80.4

6 +1 0 −1 340.7 16.2
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◾ TABLE P12 . 1 (Continued)

Run Speed Pressure Distance
Mean
y1

Std.
Dev. y2

7 −1 +1 −1 112.3 27.6

8 0 +1 −1 256.3 4.6

9 +1 +1 −1 271.7 23.6

10 −1 −1 0 81.0 0.0

11 0 −1 0 101.7 17.7

12 +1 −1 0 357.0 32.9

13 −1 0 0 171.3 15.0

14 0 0 0 372.0 0.0

15 +1 0 0 501.7 92.5

16 −1 +1 0 264.0 63.5

17 0 +1 0 427.0 88.6

18 +1 +1 0 730.7 21.1

19 −1 −1 +1 220.7 133.8

20 0 −1 +1 239.7 23.5

21 +1 −1 +1 422.0 18.5

22 −1 0 +1 199.0 29.4

23 0 0 +1 485.3 44.7

24 +1 0 +1 673.7 158.2

25 −1 +1 +1 176.7 55.5

26 0 +1 +1 501.0 138.9

27 +1 +1 +1 1010.0 142.4

(a) What type of design did the experimenters use? Is this
a good choice of design for fitting a quadratic model?

(b) Build models of both responses.

(c) Find a set of optimum conditions that result in themean
as large as possible with the standard deviation less
than 60.

12.12 Suppose that there are four controllable variables and
two noise variables. It is necessary to estimate the main effects
and two-factor interactions of all of the controllable variables,
the main effects of the noise variables, and the two-factor inter-
actions between all controllable and noise factors. If all factors
are at two levels, what is the minimum number of runs that
can be used to estimate all of the model parameters using a
combined array design? Use a D-optimal algorithm to find a
design.

12.13 Suppose that there are four controllable variables and
two noise variables. It is necessary to fit a complete quadratic
model in the controllable variables, the main effects of the
noise variables, and the two-factor interactions between all

controllable and noise factors. Set up a combined array design
for this by modifying a central composite design.

12.14 Reconsider the situation in Problem 12.13. Could a
modified small composite design be used for this problem?Are
any disadvantages associatedwith the use of the small compos-
ite design?

12.15 Reconsider the situation in Problem 12.13. What is
the minimum number of runs that can be used to estimate all
of the model parameters using a combined array design? Use a
D-optimal algorithm to find a reasonable design for this prob-
lem.

12.16 Rework Problem 12.15 using the I-criterion to con-
struct the design. Compare this design to theD-optimal design
in Problem 12.15. Which design would you prefer?

12.17 Rework Problem 12.12 using the I-criterion. Com-
pare this design to the D-optimal design in Problem 12.12.
Which design would you prefer?

12.18 An experiment was run in a wave soldering process.
There are five controllable variables and three noise variables.
The response variable is the number of solder defects per mil-
lion opportunities. The experimental design employed was the
following crossed array.

Outer Array

F −1 1 1 −1
Inner Array G −1 1 −1 1

A B C D E H −1 −1 1 1

1 1 1 −1 −1 194 197 193 275

1 1 −1 1 1 136 136 132 136

1 −1 1 −1 1 185 261 264 264

1 −1 −1 1 −1 47 125 127 42

−1 1 1 1 −1 295 216 204 293

−1 1 −1 −1 1 234 159 231 157

−1 −1 1 1 1 328 326 247 322

−1 −1 −1 −1 −1 186 187 105 104

(a) What types of designs were used for the inner and
outer arrays? What are the alias relationships in these
designs?

(b) Develop models for the mean and variance of solder
defects. What set of operating conditions would you
recommend?

12.19 Reconsider the wave soldering experiment in Prob-
lem 12.18. Find a combined array design for this experiment
that requires fewer runs.
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12.20 Reconsider the wave soldering experiment in Prob-
lem 12.18. Suppose that it was necessary to fit a complete
quadratic model in the controllable variables, all main effects
of the noise variables, and all controllable variable–noise vari-
able interactions. What design would you recommend?

12.21 Consider the alloy cracking experiment in Problem
6.19. Suppose that temperature (A) is a noise variable. Find
the response model, the model for the mean response, and the
model for the transmitted variability. Can you find settings for
the controllable factors that minimize crack length and make
the transmitted variability small?

12.22 Signal-to-noise factors generally confound location
and dispersion effects.

(a) True

(b) False

12.23 A crossed array design allows estimation of the
control-by-noise factor interactions.

(a) True

(b) False

12.24 If a 33−1 design is used as the inner array and a 23 is
used as the outer array, all interactions can be estimated.

(a) True

(b) False

12.25 Suppose that the response model is ŷ = 6 + 4x1 +
3x2 + 3z + 2x1z + 2x2z. The value of the controllable factor x1
that minimizes the transmitted variance is

(a) −1 (b) +1

(c) −0.5 (d) none of the above

12.26 Consider the response model in Problem 12.25. The
value of the controllable factor x2 that minimizes the transmit-
ted variance is

(a) −1 (b) +1

(c) −0.5 (d) none of the above

12.27 A log transformation could be useful in directly mod-
eling the variance as a response.

(a) True

(b) False

12.28 Computer-generated optimal designs can be a useful
approach for designing combined array experiments with both
control and noise variables.

(a) True

(b) False
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The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Understand the difference between fixed and random factors.

2. Know the difference between the inference spaces for fixed and random factors.

3. Understand the methods-of-moments (ANOVA) approach to estimate variance components.

4. Understand how the REML method for variance component estimation works.

5. Know how to analyze an experiment with both fixed and random factors.

13.1 Random Effects Models

Throughout most of this book we have assumed that the factors in an experiment were fixed factors, that is, the levels
of the factors used by the experimenter were the specific levels of interest. The implication of this, of course, is that
the statistical inferences made about these factors are confined to the specific levels studied. That is, if three material
types are investigated as in the battery life experiment of Example 5.1, our conclusions are valid only about those

http://www.wiley.com/college/montgomery
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specific material types. A variation of this occurs when the factor or factors are quantitative. In these situations, we
often use a regression model relating the response to the factors to predict the response over the region spanned by
the factor levels used in the experimental design. Several examples of this were presented in Chapters 5 through 9.
In general, with a fixed effect, we say that the inference space of the experiment is the specific set of factor levels
investigated.

In some experimental situations, the factor levels are chosen at random from a larger population of possible
levels, and the experimenter wishes to draw conclusions about the entire population of levels, not just those that were
used in the experimental design. In this situation, the factor is said to be a random factor. We introduced a simple
situation in Chapter 3, a single-factor experiment where the factor is random, and we used this to introduce the ran-
dom effects model for the analysis of variance and components of variance. We have also discussed experiments
where blocks are random. However, random factors also occur regularly in factorial experiments as well as in other
types of experiments. In this chapter, we focus on methods for the design and analysis of factorial experiments with
random factors. In Chapter 14, we will present nested and split-plot designs, two situations where random factors are
frequently encountered in practice.

13.2 The Two-Factor Factorial with Random Factors

Suppose that we have two factors, A and B and that both factors have a large number of levels that are of interest (as
in Chapter 3, we will assume that the number of levels is infinite). We will choose at random a levels of factor A and
b levels of factor B and arrange these factor levels in a factorial experimental design. If the experiment is replicated n
times, we may represent the observations by the linear model

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(13.1)

where the model parameters 𝜏i, 𝛽j, (𝜏𝛽)ij, and 𝜖ijk are all independent random variables. We are also going to assume
that the random variables 𝜏i, 𝛽j, (𝜏𝛽)ij, and 𝜖ijk are normally distributed with mean zero and variances given by V(𝜏i) =
𝜎
2
𝜏
,V(𝛽j) = 𝜎

2
𝛽
,V[(𝜏𝛽)ij] = 𝜎

2
𝜏𝛽
, and V(𝜖ijk) = 𝜎

2. Therefore, the variance of any observation is

V(yijk) = 𝜎
2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

+ 𝜎
2 (13.2)

and 𝜎
2
𝜏
, 𝜎

2
𝛽
, 𝜎

2
𝜏𝛽
, and 𝜎

2 are the variance components. The hypotheses that we are interested in testing are H0∶ 𝜎
2
𝜏
=

0,H0∶ 𝜎
2
𝛽
= 0, and H0∶ 𝜎

2
𝜏𝛽

= 0. Notice the similarity to the single-factor random effects model.
The numerical calculations in the analysis of variance remain unchanged; that is, SSA, SSB, SSAB, SS𝜏 , and SSE

are all calculated as in the fixed effects case. However, to form the test statistics, we must examine the expected mean
squares. It may be shown that

E(MSA) = 𝜎
2 + n𝜎2

𝜏𝛽
+ bn𝜎2

𝜏

E(MSB) = 𝜎
2 + n𝜎2

𝜏𝛽
+ an𝜎2

𝛽

E(MSAB) = 𝜎
2 + n𝜎2

𝜏𝛽
(13.3)

and
E(MSE) = 𝜎

2
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From the expected mean squares, we see that the appropriate statistic for testing the no-interaction hypothesis
H0∶ 𝜎

2
𝜏𝛽

= 0 is

F0 =
MSAB
MSE

(13.4)

because underH0 both numerator and denominator of F0 have expectation 𝜎
2, and only ifH0 is false E(MSAB) is greater

than E(MSE). The ratio F0 is distributed as F(a−1)(b−1),ab(n−1). Similarly, for testing H0∶ 𝜎
2
𝜏
= 0 we would use

F0 =
MSA
MSAB

(13.5)

which is distributed as Fa−1,(a−1)(b−1), and for testing H0∶ 𝜎
2
𝛽
= 0 the statistic is

F0 =
MSB
MSAB

(13.6)

which is distributed as Fb−1,(a−1)(b−1). These are all upper-tail, one-tail tests. Notice that these test statistics are not the
same as those used if both factors A and B are fixed. The expected mean squares are always used as a guide to test
statistic construction.

In many experiments involving random factors, interest centers at least as much on estimating the variance
components as on hypothesis testing. Recall from Chapter 3 that there are two approaches to variance component
estimation. The variance components may be estimated by the analysis of variance method, that is, by equating the
observed mean squares in the lines of the analysis of variance table to their expected values and solving for the variance
components. This yields

𝜎̂
2 =MSE

𝜎̂
2
𝜏𝛽

=
MSAB −MSE

n

𝜎̂
2
𝛽
=

MSB −MSAB
an

𝜎̂
2
𝜏
=

MSA −MSAB
bn

(13.7)

as the point estimates of the variance components in the two-factor random effects model. These aremoment estima-
tors. Some computer programs use this method. This will be illustrated in the following Example 13.1.

EXAMPLE 13 . 1 A Measurement Systems Capability Study

Statistically designed experiments are frequently used to
investigate the sources of variability that affect a system.
A common industrial application is to use a designed
experiment to study the components of variability in a
measurement system. These studies are often called gauge
capability studies or gauge repeatability and repro-
ducibility (R&R) studies because these are the components
of variability that are of interest (for more discussion of
gauge R&R studies, see the supplemental material for this
chapter).

A typical gauge R&R experiment from Montgomery
(2009) is shown in Table 13.1. An instrument or gauge is

used to measure a critical dimension on a part. Twenty parts
have been selected from the production process, and three
randomly selected operators measure each part twice with
this gauge. The order in which the measurements are made
is completely randomized, so this is a two-factor factorial
experiment with design factors parts and operators, with two
replications. Both parts and operators are random factors.
The variance component identity in Equation 13.1 applies;
namely,

𝜎
2
y = 𝜎

2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽
+ 𝜎

2
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◾ TABLE 13 . 1
The Measurement Systems Capability Experiment in Example 13.2

Part Number Operator 1 Operator 2 Operator 3

1 21 20 20 20 19 21

2 24 23 24 24 23 24

3 20 21 19 21 20 22

4 27 27 28 26 27 28

5 19 18 19 18 18 21

6 23 21 24 21 23 22

7 22 21 22 24 22 20

8 19 17 18 20 19 18

9 24 23 25 23 24 24

10 25 23 26 25 24 25

11 21 20 20 20 21 20

12 18 19 17 19 18 19

13 23 25 25 25 25 25

14 24 24 23 25 24 25

15 29 30 30 28 31 30

16 26 26 25 26 25 27

17 20 20 19 20 20 20

18 19 21 19 19 21 23

19 25 26 25 24 25 25

20 19 19 18 17 19 17

where 𝜎
2
y is the total variability (including variability due

to the different parts, variability due to the different oper-
ators, and variability due to the gauge), 𝜎2

𝜏
is the variance

component for parts, 𝜎2
𝛽
is the variance component for oper-

ators, 𝜎2
𝜏𝛽

is the variance component that represents inter-
action between parts and operators, and 𝜎

2 is the random
experimental error. Typically, the variance component 𝜎2 is
called the gauge repeatability because 𝜎2 can be thought of
as reflecting the variation observed when the same part is
measured by the same operator, and

𝜎
2
𝛽
+ 𝜎

2
𝜏𝛽

is usually called the reproducibility of the gauge because it
reflects the additional variability in the measurement system
resulting from use of the instrument by the operator. These
experiments are usually performedwith the objective of esti-
mating the variance components.

Table 13.2 shows the ANOVA for this experiment. The
computations were performed using the Balanced ANOVA
routine in Minitab. Based on the P-values, we conclude that
the effect of parts is large, operators may have a small effect,
and no significant part–operator interaction takes place. We
may use Equation 13.7 to estimate the variance components
as follows:

𝜎̂
2
𝜏
= 62.39 − 0.71

(3)(2)
= 10.28

𝜎̂
2
𝛽
= 1.31 − 0.71

(20)(2)
= 0.015

𝜎̂
2
𝜏𝛽

= 0.71 − 0.99
2

= −0.14

and
𝜎̂
2 = 0.99
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◾ TABLE 13 . 2
Analysis of Variance (Minitab Balanced ANOVA) for Example 13.1

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

part random 20 1 2 3 4 5 6 7

8 9 10 11 12 13 14
15 16 17 18 19 20

operator random 3 1 2 3

Analysis of Variance for y

Source DF SS MS F P
part 19 1185.425 62.391 87.65 0.000

operator 2 2.617 1.308 1.84 0.173

part*operator 38 27.050 0.712 0.72 0.861

Error 60 59.500 0.992
Total 119 1274.592

Source Variance Error Expected Mean Square for Each Term

component term (using unrestricted model)

1 part 10.2798 3 (4) + 2(3) + 6(1)

2 operator 0.0149 3 (4) + 2(3) + 40(2)

3 part*operator -0.1399 4 (4) + 2(3)

4 Error 0.9917 (4)

The bottom portion of the Minitab output in Table 13.2
contains the expected mean squares for the random model,
with numbers in parentheses representing the variance
components [(4) represents 𝜎2, (3) represents 𝜎2

𝜏𝛽
, etc.]. The

estimates of the variance components are also given, along
with the error term that was used in testing that variance
component in the analysis of variance. We will discuss the
terminology unrestricted model later; it has no relevance
in random models.

Notice that the estimate of one of the variance com-
ponents, 𝜎2

𝜏𝛽
, is negative. This is certainly not reasonable

because by definition variances are nonnegative. Unfortu-
nately, negative estimates of variance components can result
when we use the analysis of variance method of estimation
(this is considered one of its drawbacks). We can deal with
this negative result in a variety of ways. One possibility is
to assume that the negative estimate means that the variance
component is really zero and just set it to zero, leaving the
other nonnegative estimates unchanged. Another approach
is to estimate the variance components with a method that

assures nonnegative estimates (this can be done with the
maximum likelihood approach). Finally, we could note that
the P-value for the interaction term in Table 13.2 is very
large, take this as evidence that 𝜎2

𝜏𝛽
really is zero and that

there is no interaction effect, and then fit a reduced model
of the form

yijk = 𝜇 + 𝜏i + 𝛽j + 𝜖ijk

that does not include the interaction term. This is a relatively
easy approach and one that often works nearly as well as
more sophisticated methods.

Table 13.3 shows the analysis of variance for the reduced
model. Because there is no interaction term in the model,
both main effects are tested against the error term, and the
estimates of the variance components are

𝜎̂
2
𝜏
= 62.39 − 0.88

(3)(2)
= 10.25

𝜎̂
2
𝛽
= 1.31 − 0.88

(20)(2)
= 0.0108

𝜎̂
2 = 0.88



�

� �

�

594 Chapter 13 Experiments with Random Factors

◾ TABLE 13 . 3
Analysis of Variance for the Reduced Model, Example 13.1

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

part random 20 1 2 3 4 5 6 7

8 9 10 11 12 13 14
15 16 17 18 19 20

operator random 3 1 2 3

Analysis of Variance for y

Source DF SS MS F P
part 19 1185.425 62.391 70.64 0.000

operator 2 2.617 1.308 1.48 0.232

Error 98 86.550 0.883
Total 119 1274.592

Source Variance Error Expected Mean Square for

component term Each Term (using

unrestricted model)
1 part 10.2513 3 (3) + 6(1)

2 operator 0.0106 3 (3) + 40(2)

3 error 0.8832 (3)

Finally, we could estimate the variance of the gauge as the
sum of the variance component estimates 𝜎̂2 and 𝜎̂

2
𝛽
as

𝜎̂
2
gauge = 𝜎̂

2 + 𝜎̂
2
𝛽

= 0.88 + 0.0108

= 0.8908

The variability in the gauge appears small relative to the
variability in the product. This is generally a desirable sit-
uation, implying that the gauge is capable of distinguishing
among different grades of product.

Measurement system capability studies are a very common application of designed experiments. These exper-
iments almost always involve random effects. For more information about measurement systems experiments and a
bibliography, see Burdick, Borror, and Montgomery (2003).

The other method for variance component estimation is the method of maximum likelihood, which was intro-
duced in Chapter 3. This method is superior to the method of moments approach, because it produces estimators that
are approximately normally distributed and it is easy to obtain their standard errors. Therefore, finding confidence
intervals on the variance components is straightforward.

To illustrate how this method applies to an experimental design model with random effects, consider a two-factor
model where both factors are random and a = b = n = 2. The model is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk

with i = 1, 2, j = 1, 2, and k = 1, 2. The variance of any observation is

V(yijk) = 𝜎
2
y = 𝜎

2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

+ 𝜎
2
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and the covariances are
Cov(yijk, yi′j′k′ ) = 𝜎

2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

i = i′, j = j′, k ≠ k′

= 𝜎
2
𝜏

i = i′, j ≠ j′

= 𝜎
2
𝛽

i ≠ i′, j = j′

= 0 i ≠ i′, j ≠ j′

It is convenient to think of the observations as an 8 × 1 vector, say

y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

y111
y112
y211
y212
y121
y122
y221
y222

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
and the variances and covariances can be expressed as an 8 × 8 covariance matrix

𝚺 =
[
𝚺11 𝚺12
𝚺21 𝚺22

]

where 𝚺11,𝚺22,𝚺12, and 𝚺21 = 𝚺′
12 are 4 × 4 matrices defined as follows:

𝚺
11
= 𝚺

22
=

⎡⎢⎢⎢⎢⎣

𝜎
2

𝜎
2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
y 𝜎

2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

𝜎
2
𝜏

𝜎
2
𝜏

𝜎
2
𝜏
+ 𝜎

2
𝛽
+ 𝜎

2
𝜏𝛽

𝜎
2
y

⎤⎥⎥⎥⎥⎦

𝚺
12
=

⎡⎢⎢⎢⎢⎣

𝜎
2
𝛽
𝜎
2
𝛽

0 0
𝜎
2
𝛽
𝜎
2
𝛽

0 0
0 0 𝜎

2
𝛽
𝜎
2
𝛽

0 0 𝜎
2
𝛽
𝜎
2
𝛽

⎤⎥⎥⎥⎥⎦
and 𝚺21 is just the transpose of 𝚺12. Now each observation is normally distributed with variance 𝜎2

y , and if we assume
that all N = abn observations have a joint normal distribution, then the likelihood function for the random model
becomes

L(𝜇, 𝜎2
𝜏
, 𝜎

2
𝛽
, 𝜎

2
𝜏𝛽
, 𝜎

2) = 1
(2𝜋)n∕2|𝚺 |1∕2 exp

[
−1
2
(y − jN𝜇)′𝚺−1(y − jN𝜇)

]

where jN is an N × 1 vector of 1s. The maximum likelihood estimates of 𝜇, 𝜎2
𝜏
, 𝜎

2
𝛽
, 𝜎

2
𝜏𝛽
, and 𝜎2 are those values of these

parameters that maximize the likelihood function. In some situations, it would also be desirable to restrict the variance
component estimates to nonnegative values.

Estimating variance components bymaximum likelihood requires specialized computer software. JMP computes
maximum likelihood estimates of the variance components in random or mixed models using the residual maximum
likelihood (REML) method.

Table 13.4 is the output from JMP for the two-factor random effects experiment in Example 13.1. The output
contains some model summary statistics, and the estimates of the individual variance components, which agree with
those obtained via the ANOVA method in Example 13.1 (REML and the ANOVA method will agree for point estima-
tion in balanced designs). Other information includes the ratio of each variance component to the estimated residual
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◾ TABLE 13 . 4
JMP REML Analysis for the Two-Factor Random Model in Example 13.1

.Response Y

.Whole Model

.Summary of Fit

RSquare 0.910717

RSquare Adj 0.910717

Root Mean Square Error 0.995825

Mean of Response 22.39167

Observations (or Sum Wgts) 120

. Parameter Estimates

Term Estimate Std Error DFDen t Ratio Prob > |t|
Intercept 22.391667 0.724496 19.28 30.91 <.0001*

.REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Parts 10.36621 10.279825 3.3738173 3.6672642 16.892385 92.225

Operators 0.0150376 0.0149123 0.0329622 −0.049692 0.0795169 0.134

Parts*Operators −0.141088 −0.139912 0.1219114 −0.378854 0.0990296 −1.255
Residual 0.9916667 0.1810527 0.7143057 1.4697982 8.897

Total 11.146491 100.000

−2 LogLikelihood = 408.14904346

.Covariance Matrix of Variance Component Estimates

Random Effect Parts Operators Parts*Operators Residual

Parts 11.382643 0.0001111 −0.002222 3.125e-14

Operators 0.0001111 0.0010865 −0.000333 6.126e-17

Parts*Operators −0.002222 −0.000333 0.0148624 −0.01639
Residual 3.125e-14 6.126e-17 −0.01639 0.0327801

error variance, the standard error of each variance component, upper and lower bounds of a large-sample 95 percent
confidence interval on each variance component, the percent of total variability accounted for by each variance com-
ponent and the covariance matrix of the variance component estimates. The square roots of the diagonal elements of
the matrix are the standard errors. The lower and upper bounds on the large-sample CI are found from

L = 𝜎̂
2
i − Za∕2se(𝜎̂2

i ) and U = 𝜎̂
2
i + Za∕2se(𝜎̂2

i )

The 95% CI on the interaction variance component includes zero, evidence that this variance component is likely zero.
Furthermore, the CI on the operator variance component also includes zero, and although its point estimate is positive,
it would not be unreasonable to assume that this variance component is also zero.
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13.3 The Two-Factor Mixed Model

We now consider the situation where one of the factors A is fixed and the other factor B is random. This is called the
mixed model analysis of variance. The linear statistical model is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(13.8)

Here 𝜏i is a fixed effect, 𝛽j is a random effect, the interaction (𝜏𝛽)ij is assumed to be a random effect, and 𝜖ijk is a random
error. We also assume that the {𝜏i} are fixed effects such that

∑a
i=1 𝜏i = 0 and 𝛽j is a NID(0, 𝜎2

𝛽
) random variable. The

interaction effect, (𝜏𝛽)ij, is a normal random variable with mean 0 and variance [(a − 1)∕a]𝜎2
𝜏𝛽
; however, summing the

interaction component over the fixed factor equals zero. That is,

a∑
i=1

(𝜏𝛽)ij = (𝜏𝛽)•j = 0 j = 1, 2, . . . , b

This restriction implies that certain interaction elements at different levels of the fixed factor are not independent. In
fact, we may show that

Cov[(𝜏𝛽)ij, (𝜏𝛽)i′j] = − 1
a
𝜎
2
𝜏𝛽

i ≠ i′

The covariance between (𝜏𝛽)ij′ and (𝜏𝛽)ij′ for j ≠ j′ is zero, and the random error 𝜖ijk is NID(0, 𝜎2). Because the sum
of the interaction effects over the levels of the fixed factor equals zero, this version of the mixed model is often called
the restricted model.

In this model, the variance of (𝜏𝛽)ij is defined as [(a − 1)∕a]𝜎2
𝜏𝛽

rather than 𝜎
2
𝜏𝛽

to simplify the expected mean
squares. The assumption (𝜏𝛽)•j = 0 also has an effect on the expected mean squares, which we may show are

E(MSA) = 𝜎
2 + n𝜎2

𝜏𝛽
+

bn
a∑
i=1

𝜏
2
i

a − 1
E(MSB) = 𝜎

2 + an𝜎2
𝛽

E(MSAB) = 𝜎
2 + n𝜎2

𝜏𝛽
(13.9)

and
E(MSE) = 𝜎

2

Therefore, the appropriate test statistic for testing that the means of the fixed factor effects are equal, or H0∶ 𝜏i = 0, is

F0 =
MSA
MSAB

for which the reference distribution is Fa−1,(a−1)(b−1). For testing H0∶ 𝜎
2
𝛽
= 0, the test statistic is

F0 =
MSB
MSE

with reference distribution Fb−1,ab(n−1). Finally, for testing the interaction hypothesis H0∶ 𝜎
2
𝜏𝛽

= 0, we would use

F0 =
MSAB
MSE

which has reference distribution F(a−1)(b−1),ab(n−1).
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In the mixed model, it is possible to estimate the fixed factor effects as

𝜇̂ = y . . .
𝜏i = yi•• − y . . . i = 1, 2, . . . , a

(13.10)

The variance components 𝜎2
𝛽
, 𝜎

2
𝜏𝛽
, and 𝜎2 may be estimated using the analysis of variance method. Eliminating the first

equation from Equations 13.9 leaves three equations in three unknowns, whose solutions are

𝜎̂
2
𝛽
=

MSB −MSE
an

𝜎̂
2
𝜏𝛽

=
MSAB −MSE

n
(13.11)

and
𝜎̂
2 = MSE

This general approach can be used to estimate the variance components in any mixed model. After eliminating the
mean squares containing fixed factors, there will always be a set of equations remaining that can be solved for the
variance components.

In mixed models the experimenter may be interested in testing hypotheses or constructing confidence intervals
about individual treatment means for the fixed factor. In using such procedures, care must be exercised to use the proper
standard error of the treatment mean. The standard error of the fixed effect treatment mean is[

Mean square for testing the fixed effect

Number of observations in each treatment mean

]1∕2
=
√

MSAB
bn

Notice that this is just the standard error that we would use if this was a fixed effects model, except thatMSE has been
replaced by the mean square used for hypothesis testing.

EXAMPLE 13 . 2 The Measurement Systems Capability Experiment
Revisited

Reconsider the gauge R&R experiment described in

Example 13.1. Suppose now that only three operators use

this gauge, so the operators are a fixed factor. However,

because the parts are chosen at random, the experiment now

involves a mixed model.

The ANOVA for themixedmodel is shown in Table 13.5.

The computations were performed using the Balanced

ANOVA routine in Minitab. We specified that the restricted

model be used in the Minitab analysis. Minitab also gen-

erated the expected mean squares for this model. In the

Minitab output, the quantity Q[2] indicates a quadratic

expression involving the fixed factor effect operator. That
is, Q[2] =

∑b
j=1 𝛽

2
j ∕(b − 1). The conclusions are similar to

Example 13.1. The variance components may be estimated

from Equation 13.11 as

𝜎̂
2
Parts =

MSParts −MSE
an

= 62.39 − 0.99
(3)(2)

= 10.23

𝜎̂
2
Parts × operators =

MSParts × operators −MSE
n

= 0.71 − 0.99
2

= −0.14

𝜎̂
2 =MSE = 0.99

These results are also given in the Minitab output. Once
again, a negative estimate of the interaction variance com-
ponent results. An appropriate course of action would be to
fit a reduced model, as we did in Example 13.1. In the case
of a mixed model with two factors, this leads to the same
results as in Example 13.1.
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◾ TABLE 13 . 5
Analysis of Variance (Minitab) for the Mixed Model in Example 13.2. The Restricted Model Is Assumed

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

part random 20 1 2 3 4 5 6 7

8 9 10 11 12 13 14
15 16 17 18 19 20

operator fixed 3 1 2 3

Analysis of Variance for y

Source DF SS MS F P
part 19 1185.425 62.391 62.92 0.000

operator 2 2.617 1.308 1.84 0.173

part*operator 38 27.050 0.712 0.72 0.861

Error 60 59.500 0.992
Total 119 1274.592

Source Variance Error Expected Mean Square for Each Term

component term (using restricted model)

1 part 10.2332 4 (4) + 6(1)

2 operator 3 (4) + 2(3) + 40Q[2]

3 part*operator -0.1399 4 (4) + 2(3)

4 Error 0.9917 (4)

Alternate Mixed Models. Several different versions of the mixed model have been proposed. These models
differ from the restricted version of the mixed model discussed previously in the assumptions made about the random
components. One of these alternate models is now briefly discussed.

Consider the model
yijk = 𝜇 + 𝛼i + 𝛾j + (𝛼𝛾)ij + 𝜖ijk

where the 𝛼i(i = 1, 2, . . . , a) are fixed effects such that
∑a

i=1 𝛼i = 0 and 𝛾j, (𝛼𝛾)ij, and 𝜖ijk are uncorrelated random vari-
ables having zero means and variances V(𝛾j) = 𝜎

2
𝛾
,V[(𝛼𝛾)ij] = 𝜎

2
𝛼𝛾
, and V(𝜖ijk) = 𝜎

2. Note that the restriction imposed
previously on the interaction effect is not used here; consequently, this version of the mixed model is often called the
unrestricted mixed model.

We can show that expected mean squares for this model are (refer to the supplemental text material for this
chapter)

E(MSA) = 𝜎
2 + n𝜎2

𝛼𝛾
+

bn
a∑
i=1

𝛼
2
i

a − 1
E(MSB) = 𝜎

2 + n𝜎2
𝛼𝛾

+ an𝜎2
𝛾

E(MSAB) = 𝜎
2 + n𝜎2

𝛼𝛾
(13.12)

and
E(MSE) = 𝜎

2
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Comparing these expected mean squares with those in Equation 13.9, we note that the only obvious difference is the
presence of the variance component 𝜎2

𝛼𝛾
in the expected mean square for the random effect. (Actually, there are other

differences because of the different definitions of the variance of the interaction effect in the twomodels.) Consequently,
we would test the hypothesis that the variance component for the random effect equals zero (H0∶ 𝜎

2
𝛾
= 0) using the

statistic

F0 =
MSB
MSAB

as contrasted with testing H0∶ 𝜎
2
𝛽
= 0 with F0 = MSB∕MSE in the restricted model.

The parameters in the two models are closely related. In fact, we may show that

𝜏i = 𝛼i

𝛽j = 𝛾j + (𝛼𝛾)•j
(𝜏𝛽)ij = (𝛼𝛾)ij − (𝛼𝛾)•j

𝜎
2
𝛾
= 𝜎

2
𝛽
+ 1

a
𝜎
2
𝛼𝛾

and
𝜎
2
𝜏𝛽

= 𝜎
2
𝛼𝛾

The analysis of variance method may be used to estimate the variance components. Referring to the expected
mean squares, we find that the only change from Equations 13.11 is that

𝜎̂
2
𝛾
=

MSB −MSAB
an

(13.13)

Both of these models are special cases of the mixed model proposed by Scheffé (1956a, 1959). This model
assumes that the observations may be represented by

yijk = mij + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

where mij and 𝜖ijk are independent random variables. The structure of mij is

mij = 𝜇 + 𝜏i + bj + cij
E(mij) = 𝜇 + 𝜏i

a∑
i=1

𝜏i = 0

and

c•j = 0 j = 1, 2, . . . , b

The variances and covariances of bj and cij are expressed through the covariances of the mij. Furthermore, the random
effect parameters in other formulations of the mixed model can be related to bj and cij. The statistical analysis of
Scheffé’s model is identical to that of our restricted model, except that in general the statisticMSA∕MSAB is not always
distributed as F when H0∶ 𝜏i = 0 is true.

In light of this multiplicity of mixed models, a logical question is: Which model should one use? This author
prefers the restricted model, although both restricted and unrestricted models are widely encountered in the literature.
The restricted model is actually slightly more general than the unrestricted model, because in the restricted model
the covariance between two observations from the same level of the random factor can be either positive or negative,
whereas this covariance can only be positive in the unrestricted model. If the correlative structure of the random
components is not large, then either mixed model is appropriate, and there are only minor differences between these
models. On the contrary, the unrestricted form of themixedmodel is preferredwhen the design is unbalanced, because it
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is easier to work with, and some computer packages always assume the unrestricted model when displaying expected
mean squares. (SAS is an example, JMP uses the unrestricted model, and the default in Minitab is the unrestricted
model, although that can be easily changed.) When we subsequently refer to mixed models, we assume the restricted
model structure. However, if there are large correlations in the data, then Scheffé’s model may have to be employed.
The choice of model should always be dictated by the data. The article by Hocking (1973) is a clear summary of
various mixed models.

EXAMPLE 13 . 3 The Unrestricted Model

Some computer software packages support only one mixed
model. Minitab supports both the restricted and unre-
stricted model, although as noted above the default is
to the unrestricted model. Table 13.6 shows the Minitab
output for the experiment in Example 13.2 using the

unrestricted model. Note that the expected mean squares
are in agreement with those in Equation 13.12. The con-
clusions are identical to those from the restricted model
analysis, and the variance component estimates are very
similar.

◾ TABLE 13 . 6
Analysis of the Experiment in Example 13.2 Using the Unrestricted Model

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

Part random 20 1 2 3 4 5 6 7
8 9 10 11 12 13 14
15 16 17 18 19 20

operator fixed 3 1 2 3

Analysis of Variance for y

Source DF SS MS F P
part 19 1185.425 62.391 87.65 0.000

operator 2 2.617 1.308 1.84 0.173

part*operator 38 27.050 0.712 0.72 0.861

Error 60 59.500 0.992
Total 119 1274.592

Source Variance Error Expected Mean Square for Each Term

component term (using unrestricted model)

1 part 10.2798 3 (4) + 2(3) + 6(1)

2 operator 3 (4) + 2(3) + Q[2]

3 part*operator -0.1399 4 (4) + 2(3)

4 Error 0.9917 (4)

JMP can also analyze the mixed model. JMP uses the REML method for variance component estimation. Table 13.7 is
the JMP output for the two-factor mixed model in Example 13.2. Recall that this is a measurement systems capability
study, where now the parts are random but the operators are fixed. The JMP output includes both variance components
estimates and tests for the fixed effects. JMP assumes the unrestricted form of the mixed model, so the results differ
slightly from the previous analysis of this experiment given in Table 13.5 where the restricted form of the mixed model
was employed.
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◾ TABLE 13 . 7
JMP Output for the Two-Factor Mixed Model in Example 13.2

.Response Y

.Summary of Fit

RSquare 0.911896

RSquare Adj 0.91039

Root Mean Square Error 0.995825

Mean of Response 22.39167

Observations (or Sum Wgts) 120

.REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Parts 10.36621 10.279825 3.3738173 3.6672642 16.892385 92.348

Parts*Operators −0.141088 −0.139912 0.1219114 −0.378854 0.0990296 −1.257
Residual 0.9916667 0.1810527 0.7143057 1.4697982 8.909

Total 11.131579 100.000

−2 LogLikelihood = 410.4121524

.Covariance Matrix of Variance Component Estimates

Random Effect Parts Parts*Operators Residual

Parts 11.382643 −0.002222 2.659e-14

Parts*Operators −0.002222 0.0148624 −0.01639
Residual 2.659e-14 −0.01639 0.0327801

.Fixed Effects Tests

Source Nparm DF DFDen F Ratio Prob > F

Operators 2 2 38 1.8380 0.1730

13.4 Rules for Expected Mean Squares

An important part of any experimental design problem is conducting the analysis of variance. This involves determining
the sum of squares for each component in the model and the number of degrees of freedom associated with each sum of
squares. Then, to construct appropriate test statistics, the expectedmean squaresmust be determined. In complex design
situations, particularly those involving random or mixed models, it is frequently helpful to have a formal procedure
for this process.

We will present a set of rules for writing down the number of degrees of freedom for each model term and the
expected mean squares for any balanced factorial, nested1, or nested factorial experiment. (Note that partially balanced
arrangements, such as Latin squares and incomplete block designs, are specifically excluded.) Other rules are available;
for example, see Scheffé (1959), Bennett and Franklin (1954), Cornfield and Tukey (1956), and Searle (1971a, 1971b).
By examining the expected mean squares, one may develop the appropriate statistic for testing hypotheses about any
model parameter. The test statistic is a ratio of mean squares that is chosen such that the expected value of the numer-
ator mean square differs from the expected value of the denominator mean square only by the variance component
or the fixed factor in which we are interested.

1 Nested designs are discussed in Chapter 14.
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It is always possible to determine the expected mean squares in any model as we did in Chapter 3—that is, by
the direct application of the expectation operator. This brute force method, as it is often called, can be very tedious.
The rules that follow always produce the expected mean squares without resorting to the brute force approach, and
they are relatively simple to use. We illustrate the rules using the two-factor fixed effects factorial model assuming that
there are n replicates.

Rule 1. The error term in the model is 𝜖ij . . . m, where the subscript m denotes the replication subscript. For the
two-factor model, this rule implies that the error term is 𝜖ijk. The variance component associated with 𝜖ij . . . m
is 𝜎2.

Rule 2. In addition to an overall mean (𝜇) and an error term 𝜖ij . . . m, the model contains all the main effects
and any interactions that the experimenter assumes exist. If all possible interactions between k factors exist,
then there are (k2) two-factor interactions, (k3) three-factor interactions, . . . , 1 k-factor interaction. If one of the
factors in a term appears in parentheses, then there is no interaction between that factor and the other factors
in that term.

Rule 3. For each term in the model other than 𝜇 and the error term, divide the subscripts into three classes: (a)
live—those subscripts that are present in the term and are not in parentheses; (b) dead—those subscripts that
are present in the term and are in parentheses; and (c) absent—those subscripts that are present in the model
but not in that particular term. Note that the two-factor fixed effects model has no dead subscripts, but we will
encounter such models later. Thus, in the two-factor model, for the term (𝜏𝛽)ij, i and j are live and k is absent.

Rule 4. Degrees of freedom. The number of degrees of freedom for any effect in the model is the product of
the number of levels associated with each dead subscript and the number of levels minus 1 associated with
each live subscript. For example, the number of degrees of freedom associated with (𝜏𝛽)ij is (a − 1)(b − 1).
The number of degrees of freedom for error is obtained by subtracting the sum of all other degrees of freedom
from N − 1, where N is the total number of observations.

Rule 5. Each term in the model has either a variance component (random effect) or a fixed factor (fixed effect)
associated with it. If an interaction contains at least one random effect, the entire interaction is considered as
random. A variance component has Greek letters as subscripts to identify the particular random effect. Thus,
in a two-factor mixed model with factor A fixed and factor B random, the variance component for B is 𝜎2

𝛽
,

and the variance component for AB is 𝜎2
𝜏𝛽
. A fixed effect is always represented by the sum of squares of the

model components associated with that factor divided by its degrees of freedom. In our example, the fixed
effect for A is

a∑
i=1

𝜏
2
i

a − 1

Rule 6. Expected mean squares. There is an expected mean square for each model component. The expected
mean square for error is E(MSE) = 𝜎

2. In the case of the restricted model, for every other model term, the
expected mean square contains 𝜎2 plus either the variance component or the fixed effect component for that
term, plus those components for all other model terms that contain the effect in question and that involve no
interactions with other fixed effects. The coefficient of each variance component or fixed effect is the number
of observations at each distinct value of that component.

To illustrate for the case of the two-factor fixed effects model, consider finding the interaction expected mean
square, E(MSAB). The expected mean square will contain only the fixed effect for the AB interaction (because no other
model terms contain AB) plus 𝜎2, and the fixed effect for AB will be multiplied by n because there are n observations
at each distinct value of the interaction component (the n observations in each cell). Thus, the expected mean square
for AB is

E(MSAB) = 𝜎
2 +

n
a∑
i=1

b∑
j=1

(𝜏𝛽)2ij

(a − 1)(b − 1)
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As another illustration of the two-factor fixed effects model, the expected mean square for the main effect of A
would be

E(MSA) = 𝜎
2 +

bn
a∑
i=1

𝜏
2
i

(a − 1)
The multiplier in the numerator is bn because there are bn observations at each level of A. The AB interaction term is
not included in the expected mean square because while it does include the effect in question (A), factor B is a fixed
effect.

To illustrate how Rule 6 applies to a model with random effects, consider the two-factor random model.
The expected mean square for the AB interaction would be

E(MSAB) = 𝜎
2 + n𝜎2

𝜏𝛽

and the expected mean square for the main effect of A would be

E(MSA) = 𝜎
2 + n𝜎2

𝜏𝛽
+ bn𝜎2

𝜏

Note that the variance component for the AB interaction term is included because A is included in AB and B is a random
effect.

Now consider the restricted form of the two-factor mixed model. Once again, the expected mean square for the
AB interaction term is

E(MSAB) = 𝜎
2 + n𝜎2

𝜏𝛽

For the main effect of A, the fixed factor, the expected mean square is

E(MSA) = 𝜎
2 + n𝜎2

𝜏𝛽
+

bn
a∑
i=1

𝜏
2
i

a − 1

The interaction variance component is included because A is included in AB and B is a random effect. For the main
effect of B, the expected mean square is

E(MSB) = 𝜎
2 + an𝜎2

𝛽

Here the interaction variance component is not included, because while B is included in AB,A is a fixed effect.
Please note that these expected mean squares agree with those given previously for the two-factor mixed model in
Equation 13.9.

Rule 6 can be easily modified to give expected mean squares for the unrestricted form of the mixed model.
Simply include the term for the effect in question, plus all the terms that contain this effect as long as there is at least
one random factor. To illustrate, consider the unrestricted form of the two-factor mixed model. The expected mean
square for the two-factor interaction term is

E(MSAB) = 𝜎
2 + n𝜎2

𝜏𝛽

(Please recall the difference in notation for model components between the restricted and unrestricted models.) For
the main effect of A, the fixed factor, the expected mean square is

E(MSA) = 𝜎
2 + n𝜎2

𝜏𝛽
+

bn
a∑
i=1

𝜏
2
i

a − 1

and for the main effect of the random factor B, the expected mean square would be

E(MSB) = 𝜎
2 + n𝜎2

𝜏𝛽
+ an𝜎2

𝛽

Note that these are the expected mean squares given previously in Equation 13.12 for the unrestricted mixed model.
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EXAMPLE 13 . 4

Consider a three-factor factorial experiment with a levels
of factor A, b levels of factor B, c levels of factor C, and
n replicates. The analysis of this design, assuming that all
the factors are fixed effects, is given in Section 5.4. We now
determine the expected mean squares assuming that all the
factors are random. The appropriate statistical model is

yijkl = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij
+(𝜏𝛾)ik + (𝛽𝛾)jk + (𝜏𝛽𝛾)ijk + 𝜖ijkl

Using the rules previously described, the expected mean
squares are shown in Table 13.8.

We notice, by examining the expected mean squares in
Table 13.8, that if A, B, and C are all random factors, then
no exact test exists for the main effects. That is, if we wish
to test the hypothesis 𝜎2

𝜏
= 0, we cannot form a ratio of two

expected mean squares such that the only term in the numer-
ator that is not in the denominator is bcn𝜎2

𝜏
. The same phe-

nomenon occurs for the main effects of B and C. Notice that
proper tests do exist for the two- and three-factor interac-
tions. However, it is likely that tests on the main effects are
of central importance to the experimenter. Therefore, how
should the main effects be tested? This problem is consid-
ered in the next section.

◾ TABLE 13 . 8
Expected Mean Squares for the Three-Factor Random Effects Model

Model Term Factor Expected Mean Squares

𝜏i A, main effect 𝜎
2 + cn𝜎2

𝜏𝛽
+ bn𝜎2

𝜏𝛾
+ n𝜎2

𝜏𝛽𝛾
+ bcn𝜎2

𝜏

𝛽j B, main effect 𝜎
2 + cn𝜎2

𝜏𝛽
+ an𝜎2

𝛽𝛾
+ n𝜎2

𝜏𝛽𝛾
+ acn𝜎2

𝛽

𝛾k C, main effect 𝜎
2 + bn𝜎2

𝜏𝛾
+ an𝜎2

𝛽𝛾
+ n𝜎2

𝜏𝛽𝛾
+ abn𝜎2

𝛾

(𝜏𝛽)ij AB, two-factor interaction 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ cn𝜎2

𝜏𝛽

(𝜏𝛾)ik AC, two-factor interaction 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ bn𝜎2

𝜏𝛾

(𝛽𝛾)jk BC, two-factor interaction 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ an𝜎2

𝛽𝛾

(𝜏𝛽𝛾)ijk ABC, three-factor interaction 𝜎
2 + n𝜎2

𝜏𝛽𝛾

𝜖ijkl Error 𝜎
2

13.5 Approximate F-Tests

In factorial experiments with three or more factors involving a random or mixed model and certain other more complex
designs, there are frequently no exact test statistics for certain effects in the models. One possible solution to this
dilemma is to assume that certain interactions are negligible. To illustrate, if we could reasonably assume that all
the two-factor interactions in Example 13.4 are negligible, then we could set 𝜎2

𝜏𝛽
= 𝜎

2
𝜏𝛾

= 𝜎
2
𝛽𝛾

= 0, and tests for main
effects could be conducted.

Although this seems to be an attractive possibility, we must point out that there must be something in the nature
of the process—or some strong prior knowledge—for us to assume that one or more of the interactions are negligible.
In general, this assumption is not easily made, nor should it be taken lightly. We should not eliminate certain inter-
actions from the model without conclusive evidence that it is appropriate to do so. A procedure advocated by some
experimenters is to test the interactions first, then set at zero those interactions found to be insignificant, and then
assume that these interactions are zero when testing other effects in the same experiment. Although sometimes done
in practice, this procedure can be dangerous because any decision regarding an interaction is subject to both type I and
type II errors.

A variation of this idea is to pool certain mean squares in the analysis of variance to obtain an estimate of
error with more degrees of freedom. For instance, suppose that in Example 13.5 the test statistic F0 = MSABC∕MSE
was not significant. Thus, H0∶ 𝜎

2
𝜏𝛽𝛾

= 0 is not rejected, and both MSABC and MSE estimate the error variance 𝜎2. The
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experimenter might consider pooling or combining MSABC and MSE according to

MSE′ =
abc(n − 1)MSE + (a − 1)(b − 1)(c − 1)MSABC

abc(n − 1) + (a − 1)(b − 1)(c − 1)

so that E(MSE′ ) = 𝜎
2. Note that MSE′ has abc(n − 1) + (a − 1)(b − 1)(c − 1) degrees of freedom, compared to

abc(n − 1) degrees of freedom for the original MSE.
The danger of pooling is that one may make a type II error and combine the mean square for a factor that

really is significant with error, thus obtaining a new residual mean square (MSE′ ) that is too large. This will make
other significant effects more difficult to detect. On the contrary, if the original error mean square has a very small
number of degrees of freedom (e.g., less than six), the experimenter may have much to gain by pooling because it
could potentially increase the precision of further tests considerably. A reasonably practical procedure is as follows. If
the original error mean square has six or more degrees of freedom, do not pool. If the original error mean square has
fewer than six degrees of freedom, pool only if the F-statistic for the mean square to be pooled is not significant at a
large value of 𝛼, such as 𝛼 = 0.25.

If we cannot assume that certain interactions are negligible and we still need to make inferences about those
effects for which exact tests do not exist, a procedure attributed to Satterthwaite (1946) can be employed. Satterthwaite’s
method uses linear combinations of mean squares, for example,

MS′ = MSr + · · · +MSs (13.14)

and
MS′′ = MSu + · · · +MS

𝑣
(13.15)

where the mean squares in Equations 13.14 and 13.15 are chosen so that E(MS′) − E(MS′′) is equal to a multiple of
the effect (the model parameter or variance component) considered in the null hypothesis. Then the test statistic would
be

F = MS′

MS′′
(13.16)

which is distributed approximately as Fp,q, where

p =
(MSr + · · · +MSs)2

MS2r∕fr + · · · +MS2s∕fs
(13.17)

and

q =
(MSu + · · · +MS

𝑣
)2

MS2u∕fu + · · · +MS2𝑣∕f𝑣
(13.18)

In p and q, fi is the number of degrees of freedom associated with the mean squareMSi. There is no assurance that p and
qwill be integers, so it may be necessary to interpolate in the tables of theF distribution. For example, in the three-factor
random effects model (Table 13.9), it is relatively easy to see that an appropriate test statistic for H0∶ 𝜎

2
𝜏
= 0 would be

F = MS′∕MS′′, with
MS′ = MSA +MSABC

and
MS′′ = MSAB +MSAC

The degrees of freedom for F would be computed from Equations 13.17 and 13.18.
The theory underlying this test is that both the numerator and the denominator of the test statistic (Equation 13.16)

are distributed approximately as multiples of chi-square random variables, and because no mean square appears in
both the numerator and denominator of Equation 13.16, the numerator and denominator are independent. Thus F in
Equation 13.16 is distributed approximately as Fp,q. Satterthwaite remarks that caution should be used in applying the
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procedure when some of the mean squares inMS′ andMS′′ are involved negatively. Gaylor and Hopper (1969) report
that ifMS′ = MS1 −MS2, then Satterthwaite’s approximation holds reasonably well if

MS1
MS2

> F0.025,f2,f1
× F0.50,f2,f2

and if f1 ≤ 100 and f2 ≥ f1∕2.

EXAMPLE 13 . 5

The pressure drop measured across an expansion valve in a
turbine is being studied. The design engineer considers the
important variables that influence pressure drop reading to
be gas temperature on the inlet side (A), operator (B), and
the specific pressure gauge used by the operator (C). These
three factors are arranged in a factorial design, with gas tem-
perature fixed, and operator and pressure gauge random. The
coded data for two replicates are shown in Table 13.9. The
linear model for this design is

yijkl = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij
+(𝜏𝛾)ik + (𝛽𝛾)jk + (𝜏𝛽𝛾)ijk + 𝜖ijkl

where 𝜏i is the effect of the gas temperature (A), 𝛽j is the
operator effect (B), and 𝛾k is the effect of the pressure
gauge (C).

The analysis of variance is shown in Table 13.10. A col-
umn entitled Expected Mean Squares has been added to this
table, and the entries in this column are derived using the
rules discussed in Section 13.4. From the Expected Mean
Squares column, we observe that exact tests exist for all
effects except the main effect A. Results for these tests are
shown in Table 13.10. To test the gas temperature effect, or

H0∶ 𝜏i = 0, we could use the statistic

F = MS′

MS′′

where
MS′ = MSA +MSABC

and
MS′′ = MSAB +MSAC

because

E(MS′) − E(MS′′) =
bcnΣ𝜏2i
a − 1

To determine the test statistic for H0∶ 𝜏i = 0, we compute

MS′ =MSA +MSABC
= 511.68 + 13.84 = 525.52

MS′′ =MSAB +MSAC
= 202.00 + 34.47 = 236.47

and

F = MS′

MS′′
= 525.52

236.47
= 2.22

◾ TABLE 13 . 9
Coded Pressure Drop Data for the Turbine Experiment

Gas Temperature (A)
60∘F 75∘F 90∘F

Operator (B) Operator (B) Operator (B)Pressure
Gauge
(C) 1 2 3 4 1 2 3 4 1 2 3 4

1 −2 0 −1 4 14 6 1 −7 −8 −2 −1 −2
−3 −9 −8 4 14 0 2 6 −8 20 −2 1

2 −6 −5 −8 −3 22 8 6 −5 −8 1 −9 −8
4 −1 −2 −7 24 6 2 2 3 −7 −8 3

3 −1 −4 0 −2 20 2 3 −5 −2 −1 −4 1
−2 −8 −7 4 16 0 0 −1 −1 −2 −7 3
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◾ TABLE 13 . 10
Analysis of Variance for the Pressure Drop Data

Source of
Variation

Sum of
Squares

Degrees of
Freedom Expected Mean Squares

Mean
Square F0 P-value

Temperature, A 1023.36 2 𝜎
2 + bn𝜎2

𝜏𝛾
+ cn𝜎2

𝜏𝛽
+ n𝜎2

𝜏𝛽𝛾
+

bcnΣ𝜏2i
a − 1

511.68 2.22 0.17

Operator, B 423.82 3 𝜎
2 + an𝜎2

𝛽𝛾
+ acn𝜎2

𝛽
141.27 4.05 0.07

Pressure gauge, C 7.19 2 𝜎
2 + an𝜎2

𝛽𝛾
+ abn𝜎2

𝛾
3.60 0.10 0.90

AB 1211.97 6 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ cn𝜎2

𝜏𝛽
202.00 14.59 < 0.01

AC 137.89 4 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ bn𝜎2

𝜏𝛾
34.47 2.49 0.10

BC 209.47 6 𝜎
2 + an𝜎2

𝛽𝛾
34.91 1.63 0.17

ABC 166.11 12 𝜎
2 + n𝜎2

𝜏𝛽𝛾
13.84 0.65 0.79

Error 770.50 36 𝜎
2 21.40

Total 3950.32 71

The degrees of freedom for this statistic are found from
Equations 13.17 and 13.18 as follows:

p =
(MSA +MSABC)2

(MS2A∕2) + (MS2ABC∕12)

= (525.52)2

[(511.68)2∕2] + [(13.84)2∕12]
= 2.11 ≃ 2

and

q =
(MSAB +MSAC)2

(MS2AB∕6) + (MS2AC∕4)

= (236.47)2

[(202.00)2∕6] + [(34.47)2∕4]
= 7.88 ≃ 8

Comparing F = 2.22 to F0.05,2,8 = 4.46, we cannot rejectH0.
The P-value is approximately 0.17.

The AB, or temperature–operator, interaction is large,
and there is some indication of an AC, or temperature–
gauge, interaction. The graphical analysis of the AB and AC
interactions, shown in Figure 13.1, indicates that the effect
of temperature may be large when operator 1 and gauge
3 are used. Thus, it seems possible that the main effects
of temperature and operator are masked by the large AB
interaction.
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◾ F I GURE 13 . 1 Interactions in pressure drop experiment
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Table 13.11 presents the Minitab Balanced ANOVA output for the experiment in Example 13.5. We have spec-
ified the restricted model. Q[1] represents the fixed effect of gas pressure. Notice that the entries in the analysis of
variance table are in general agreement with those in Table 13.10, except for the F-test on gas temperature (factor A).
Minitab notes that the test is not an exact test (which we see from the expected mean squares). The Synthesized Test
constructed by Minitab is actually Satterthwaite’s procedure, but it uses a different test statistic than we did. Note that,
from the Minitab output, the error mean square for testing factor A is

(4) + (5) − (7) = MSAB +MSAC −MSABC

for which the expected value is

E[(4) + (5) − (7)] = 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ cn𝜎2

𝜏𝛽
+ 𝜎

2 + n𝜎2
𝜏𝛽𝛾

+bn𝜎2
𝜏𝛾
− (𝜎2 + n𝜎2

𝜏𝛽𝛾
)

= 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ cn𝜎2

𝜏𝛽
+ bn𝜎2

𝜏𝛾

which is an appropriate error mean square for testing the mean effect of A. This nicely illustrates that there can be more
than one way to construct the synthetic mean squares used in Satterthwaite’s procedure. However, we would generally
prefer the linear combination of mean squares we selected instead of the one chosen by Minitab because it does not
have any mean squares involved negatively in the linear combinations.

The analysis of Example 13.5, assuming the unrestricted model, is presented in Table 13.12. The principal differ-
ence from the restricted model is that now the expected values of the mean squares for all three mean effects are such
that no exact test exists. In the restricted model, the two random mean effects could be tested against their interaction,
but now the expected mean square for B involves 𝜎2

𝜏𝛽𝛾
and 𝜎2

𝜏𝛽
, and the expected mean square for C involves 𝜎2

𝜏𝛽𝛾
and

𝜎
2
𝜏𝛾
. Once again, Minitab constructs synthetic mean squares and tests these effects with Satterthwaite’s procedure. The

overall conclusions are not radically different from the restricted model analysis, other than the large change in the
estimate of the operator variance component. The unrestricted model produces a negative estimate of 𝜎2

𝛽
. Because the

gauge factor is not significant in either analysis, it is possible that some model reduction is in order.

13.6 Some Additional Topics on Estimation of Variance Components

As we have previously observed, estimating the variance components in a random or mixed model is frequently a
subject of considerable importance to the experimenter. In this section, we present some further results and techniques
useful in estimating variance components. We concentrate on procedures for finding confidence intervals on variance
components.

13.6.1 Approximate Confidence Intervals on Variance Components

When the single-factor random effects model was introduced in Chapter 1, we presented exact 100(1 − 𝛼) percent
confidence intervals for 𝜎2 and for other functions of the variance components in that simple experimental design. It
is always possible to find an exact confidence interval on any function of the variance components that is the expected
value of one of the mean squares in the analysis of variance. For example, consider the error mean square. Because
E(MSE) = 𝜎

2, we can always find an exact confidence interval on 𝜎2 because the quantity

fEMSE∕𝜎2 = fE𝜎̂
2∕𝜎2

has a chi-square distribution with fE degrees of freedom. The exact 100(1 − 𝛼) percent confidence interval is

fEMSE
X2

𝛼∕2,fE

≤ 𝜎
2 ≤

feMSE
X2

1−𝛼,fE

(13.19)



�

� �

�

610 Chapter 13 Experiments with Random Factors

◾ TABLE 13 . 11
Minitab Balanced ANOVA for Example 13.5, Restricted Model

Analysis of Variance (Balanced Designs)

Factor Type Levels Values
GasT fixed 3 60 75 90
Operator random 4 1 2 3 4
Gauge random 3 1 2 3

Analysis of Variance for Drop

Source DF SS MS F P
GasT 2 1023.36 511.68 2.30 0.171 ×
Operator 3 423.82 141.27 4.05 0.069
Gauge 2 7.19 3.60 0.10 0.904
GasT*Operator 6 1211.97 202.00 14.59 0.000
GasT*Gauge 4 137.89 34.47 2.49 0.099
Operator*Gauge 6 209.47 34.91 1.63 0.167
GasT*Operator*Gauge 12 166.11 13.84 0.65 0.788
Error 36 770.50 21.40
Total 71 3950.32

× Not an exact F test

Source Variance Error Expected Mean Square for Each Term
component term (using restricted model)

1 Gas T * (8) + 2(7) + 8(5) + 6(4) + 24Q[1]
2 Operator 5.909 6 (8) + 6(6) + 18(2)
3 Gauge -1.305 6 (8) + 6(6) + 24(3)
4 GasT*Operator 31.359 7 (8) + 2(7) + 6(4)
5 GasT*Gauge 2.579 7 (8) + 2(7) + 8(5)
6 Operator*Gauge 2.252 8 (8) + 6(6)
7 GasT*Operator*Gauge -3.780 8 (8) + 2(7)
8 Error 21.403 (8)

* Synthesized Test

Error Terms for Synthesized Tests

Source Error DF Error MS Synthesis of Error MS
1 GasT 6.97 222.63 (4) + (5) - (7)

Unfortunately, in more complex experiments involving several design factors, it is generally not possible to
find exact confidence intervals on the variance components of interest because these variances are not the expected
value of a single mean square from the analysis of variance. The advantage of the REML method is that it produces
standard errors of the variance component estimates, so finding approximate confidence intervals is easy. The concepts
underlying Satterthwaite’s approximate “pseudo”F-tests, introduced in Section 13.5, can also be employed to construct
approximate confidence intervals on variance components for which no exact CI is available and as an alternative to
REML if it is not available.

Recall that Satterthwaite’s method uses two linear combinations of mean squares

MS′ = MSr + · · · +MSs

and
MS′′ = MSu + · · · +MS

𝑣
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◾ TABLE 13 . 12
Minitab Balanced ANOVA for Example 13.5, Unrestricted Model

Analysis of Variance (Balanced Designs)

Factor Type Levels Values
GasT fixed 3 60 75 90
Operator random 4 1 2 3 4
Gauge random 3 1 2 3

Analysis of Variance for Drop

Source DF SS MS F P
GasT 2 1023.36 511.68 2.30 0.171 ×
Operator 3 423.82 141.27 0.63 0.616 ×
Gauge 2 7.19 3.60 0.06 0.938 ×
GasT*Operator 6 1211.97 202.00 14.59 0.000
GasT*Gauge 4 137.89 34.47 2.49 0.099
Operator*Gauge 6 209.47 34.91 2.52 0.081
GasT*Operator*Gauge 12 166.11 13.84 0.65 0.788
Error 36 770.50 21.40
Total 71 3950.32

× Not an exact F test

Source Variance Error Expected Mean Square for Each Term
component term (using unrestricted model)

1 Gas T * (8) + 2(7) + 8(5) + 6(4) + Q[1]
2 Operator -4.544 * (8) + 2(7) + 6(6) + 6(4) + 18(2)
3 Gauge -2.164 * (8) + 2(7) + 6(6) + 8(5) + 24(3)
4 GasT*Operator 31.359 7 (8) + 2(7) + 6(4)
5 GasT*Gauge 2.579 7 (8) + 2(7) + 8(5)
6 Operator*Gauge 3.512 7 (8) + 2(7) + 6(6)
7 GasT*Operator*Gauge -3.780 8 (8) + 2(7)
8 Error 21.403 (8)

* Synthesized Test

Error Terms for Synthesized Tests

Source Error DF Error MS Synthesis of Error MS
1 GasT 6.97 222.63 (4) + (5) - (7)
2 Operator 7.09 223.06 (4) + (6) - (7)
3 Gauge 5.98 55.54 (5) + (6) - (7)

with the test statistic

F = MS′

MS′′

having an approximate F distribution. Using appropriate degrees of freedom for MS′ and MS′′, defined in
Equations 13.17 and 13.18, we can use this F-statistic in an approximate test of the significance of the parameter or
variance component of interest.

For testing the significance of a variance component, say 𝜎
2
0 , the two linear combinations, MS′ and MS′′ are

chosen such that the difference in their expected values is equal to a multiple of the component, say

E(MS′) − E(MS′′) = k𝜎2
𝜎
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or

𝜎
2
0 = E(MS′) − E(MS′′)

k
(13.20)

Equation 13.20 provides a basis for a point estimate of 𝜎2
0 :

𝜎̂
2
0 =

MS′ −MS′′

k

= 1
k
MSr + · · · + 1

k
MSs −

1
k
MSu − · · · − 1

k
MS

𝑣
(13.21)

The mean squares (MSi) in Equation 13.21 are independent with fiMSi∕𝜎2
i = SSi∕𝜎2

i having chi-square distributions
with fi degrees of freedom. The estimate of the variance component, 𝜎̂2

0 , is a linear combination of multiples of the
mean squares, and r𝜎̂2

0∕𝜎
2
0 has an approximate chi-square distribution with r degrees of freedom, where

r =
(𝜎̂2

0)
2

m∑
i=1

1
k2

MS2i
fi

=
(MSr + · · · +MSs −MSu − · · · −MS

𝑣
)2

MS2r
fr

+ · · · +
MS2s
fs

+
MS2u
fu

+ · · · +
MS2

𝑣

f
𝑣

(13.22)

This result can only be used if 𝜎̂2
0 > 0. As r will usually not be an integer, interpolation from the chi-square tables will

generally be required. Graybill (1961) derives a general result for r.
Now because r𝜎̂2

0∕𝜎
2 has an approximate chi-square distribution with r degrees of freedom,

P

{
𝜒
2
1−𝛼∕2,r ≤

r𝜎̂2
0

𝜎
2
0

≤ 𝜒
2
𝛼∕2,r

}
= 1 − 𝛼

and

P

{
r𝜎̂2

0

𝜒
2
𝛼∕2,r

≤ 𝜎̂
2
0 ≤

r𝜎̂2
0

𝜒
2
1−𝛼∕2,r

}
= 1 − 𝛼

Therefore, an approximate 100(1 − 𝛼) percent confidence interval on 𝜎2
0 is

r𝜎̂2
0

𝜒
2
𝛼∕2,r

≤ 𝜎̂
2
0 ≤

r𝜎̂2
0

𝜒
2
1−𝛼∕2,r

(13.23)

EXAMPLE 13 . 6

To illustrate this procedure, reconsider the experiment in
Example 13.5, where a three-factor mixed model is used on
a study of the pressure drop across an expansion valve of a
turbine. The model is

yijkl = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij + (𝜏𝛾)ik + (𝛽𝛾)jk
+(𝜏𝛽𝛾)ijk + 𝜖ijkl

where 𝜏i is a fixed effect and all other effects are random.We
will find an approximate confidence interval on 𝜎

2
𝜏𝛽
. Using

the expected mean squares in Table 13.10, we note that the
difference in the expected values of the mean squares for
the two-way interaction effect AB and the three-way inter-
action effect ABC is a multiple of the variance component
of interest, 𝜎2

𝜏𝛽
:

E(MSAB) − E(MSABC) = 𝜎
2 + n𝜎2

𝜏𝛽𝛾
+ cn𝜎2

𝜏𝛽
− (𝜎2 + n𝜎2

𝜏𝛽𝛾
)

= cn𝜎2
𝜏𝛽
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Therefore, the point estimate of 𝜎2
𝜏𝛽

is

𝜎̂
2
𝜏𝛽

=
MSAB −MSABC

cn
= 202.00 − 13.84

(3)(2)
= 31.36

and

r =
(MSAB −MSABC)2

MS2AB
(a − 1)(b − 1)

+
MS2ABC

(a − 1)(b − 1)(c − 1)

= (202.00 − 13.84)2

(202.00)2

(2)(3)
+ (13.84)2

(2)(3)(2)

= 5.19

The approximate 95 percent confidence interval on 𝜎
2
𝜏𝛽

is
then found from Equation 13.23 as follows:

r𝜎̂2
𝜏𝛽

𝜒
2
0.025,r

≤ 𝜎
2
𝜏𝛽

≤
r𝜎̂2

𝜏𝛽

𝜒
2
0.975,r

(5.19)(31.36)
13.14

≤ 𝜎
2
𝜏𝛽

≤
(5.19)(31.36)

0.90

12.39 ≤ 𝜎
2
𝜏𝛽

≤ 180.84

This result is consistent with the results of the exactF-test on
𝜎
2
𝜏𝛽
, in that there is strong evidence that this variance com-

ponent is not zero.

13.6.2 The Modified Large-Sample Method

The Satterthwaite method in the previous section is a relatively simple way to find an approximate confidence interval
on a variance component that can be expressed as a linear combination of mean squares, say

𝜎̂
2
0 =

Q∑
i=1

ciMSi (13.24)

The Satterthwaite method works well when the degrees of freedom on each mean square MSi are all relatively large
and when the constants ci in Equation 13.24 are all positive. However, often some of the ci are negative. Graybill
and Wang (1980) proposed a procedure called the modified large-sample method, which can be a very useful
alternative to Satterthwaite’s method. If all of the constants ci in Equation 13.24 are positive, then the approximate
100(1 − 𝛼) percent modified large-sample confidence interval on 𝜎2

0 is

𝜎̂
2
0 −

√√√√ Q∑
i=1

G2
i c

2
i MS2i ≤ 𝜎

2
0 ≤ 𝜎̂

2
0 +

√√√√ Q∑
i=1

H2
i c

2
i MS2i (13.25)

where

Gi = 1 − 1
f
𝛼,fi,∞

and Hi =
1

F1−𝛼,fi,∞
− 1

Note that an F random variable with an infinite number of denominator degrees of freedom is equivalent to a chi-square
random variable divided by its degrees of freedom.

Now consider the more general case of Equation 13.24, where the constants ci are unrestricted in sign. This may
be written as

𝜎̂
2
0 =

P∑
i=1

ciMSi −
Q∑

j=P+1
cjMSj ci,cj ≥ 0 (13.26)

Ting et al. (1990) give an approximate 100(1 − 𝛼) percent lower confidence limit on 𝜎2
0 as

L = 𝜎̂
2
0 −

√
VL (13.27)
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where

VL =
P∑
i=1

G2
i c

2
i MS2i +

Q∑
j=P+1

H2
j c

2
j MS2j +

P∑
i=1

Q∑
j=P+1

G2
ijcicjMSiMSj

+
P−1∑
i=1

P∑
t>1

G∗
itcictMSiMSt

Gi = 1 − 1
F
𝛼,fi,∞

Hj =
1

F1−𝛼,fi,∞
− 1

Gij =
(F

𝛼,fi,fj
− 1)2 − G2

i F
2
𝛼,fi,fj

− H2
j

F
𝛼,fi,fj

G∗
it =

⎡⎢⎢⎣
(

1
F
𝛼,fi+ft ,∞

)2
(fi + fi)2

fift
−

G2
i fi
ft

−
G2

i fi
ft

⎤⎥⎥⎦
(P − 1),

if P > 1 and G∗
it = 0 if P = 1

These results can also be extended to include approximate confidence intervals on ratios of variance components.
For a complete account of these methods, refer to the excellent book by Burdick and Graybill (1992). Also see the
supplemental material for this chapter.

EXAMPLE 13 . 7

To illustrate the modified large-sample method, reconsider
the three-factor mixed model in Example 13.5. We will find
an approximate 95 percent lower confidence interval on 𝜎2

𝜏𝛽
.

Recall that the point estimate of 𝜎2
𝜏𝛽

is

𝜎̂
2
𝜏𝛽

=
MSAB −MSABC

cn
= 202.00 − 13.84

(3)(2)
= 31.359

Therefore, in the notation of Equation 13.26, c1 = c2 = 1
6
,

and

G1 = 1 − 1
F0.05,6,∞

= 1 − 1
2.1

= 0.524

H2 =
1

F0.95,12,∞
− 1 = 1

0.435
− 1 = 1.30

G12 =
(F0.05,6,12 − 1)2 − (G1)2F2

0.05,6.12 − (H2)2

F0.05,6,12

= (3.00 − 1)2 − (0.524)2(3.00)2 − (1.3)2

3.00
= −0.054

G∗
1t = 0

From Equation 13.27

VL = G2
1c

2
1MS2AB + H2

2c
2
2MS2ABC + G12c1c2MSABMSABC

= (0.524)2(1∕6)2(202.00)2 + (1.3)2(1∕6)2(13.84)2

+(−0.054)(1∕6)(1∕6)(202.00)(13.84)
= 316.02

So an approximate 95 percent lower confidence limit on
𝜎
2
𝜏𝛽

is

L = 𝜎̂
2
𝜏𝛽
−
√
VL = 31.36 −

√
316.02 = 13.58

This result is consistent with the results of the exact F-test
for this effect.
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13.7 Problems

13.1 An experiment was performed to investigate the capa-
bility of a measurement system. Ten parts were randomly
selected, and two randomly selected operators measured each
part three times. The tests were made in random order, and the
data are shown in Table P13.1.

◾ TABLE P13 . 1
Measurement Systems Data for Problem 13.1

Operator 1
Measurements

Operator 2
Measurements

Part No. 1 2 3 1 2 3

1 50 49 50 50 48 51
2 52 52 51 51 51 51
3 53 50 50 54 52 51
4 49 51 50 48 50 51
5 48 49 48 48 49 48
6 52 50 50 52 50 50
7 51 51 51 51 50 50
8 52 50 49 53 48 50
9 50 51 50 51 48 49
10 47 46 49 46 47 48

(a) Analyze the data from this experiment.

(b) Estimate the variance components using the ANOVA
method.

13.2 An article by Hoof and Berman (“Statistical Analy-
sis of Power Module Thermal Test Equipment Performance,”
IEEE Transactions on Components, Hybrids, and Manufac-
turing Technology Vol. 11, pp. 516–520, 1988) describes an
experiment conducted to investigate the capability of measure-
ments in thermal impedance (C∘∕w × 100) on a power module
for an induction motor starter. There are 10 parts, 3 operators,
and 3 replicates. The data are shown in Table P13.2.

◾ TABLE P13 . 2
Power Module Thermal Test Equipment Data for
Problem 13.2

Inspector 1 Inspector 2 Inspector 3

Test Test Test

Part No. 1 2 3 1 2 3 1 2 3

1 37 38 37 41 41 40 41 42 41

2 42 41 43 42 42 42 43 42 43

3 30 31 31 31 31 31 29 30 28

◾ TABLE P13 . 2 (Continued)

Inspector 1 Inspector 2 Inspector 3

Test Test Test

Part No. 1 2 3 1 2 3 1 2 3

4 42 43 42 43 43 43 42 42 42

5 28 30 29 29 30 29 31 29 29

6 42 42 43 45 45 45 44 46 45

7 25 26 27 28 28 30 29 27 27

8 40 40 40 43 42 42 43 43 41

9 25 25 25 27 29 28 26 26 26

10 35 34 34 35 35 34 35 34 35

(a) Analyze the data from this experiment, assuming that
both parts and operators are random effects.

(b) Estimate the variance components using the analysis of
variance method.

(c) Estimate the variance components using the REML
method. Use the confidence intervals on the variance
components to assist in drawing conclusions.

13.3 Reconsider the data in Problem 5.13. Suppose that
both factors, machines and operators are chosen at random.

(a) Analyze the data from this experiment.

(b) Find point estimates of the variance components using
the analysis of variance method.

13.4 Reconsider the data in Problem 5.20. Suppose that
both factors are random.

(a) Analyze the data from this experiment.

(b) Estimate the variance components using the ANOVA
method.

13.5 Suppose that in Problem 5.18 the furnace positions
were randomly selected, resulting in a mixed model experi-
ment. Reanalyze the data from this experiment under this new
assumption. Estimate the appropriate model components using
the ANOVA method.

13.6 Reanalyze the measurement systems experiment in
Problem 13.1, assuming that operators are a fixed factor. Esti-
mate the appropriate model components using the ANOVA
method.

13.7 Reanalyze the measurement system experiment in
Problem 13.2, assuming that operators are a fixed factor. Esti-
mate the appropriate model components using the ANOVA
method.
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13.8 In Problem 5.13, suppose that there are only four
machines of interest, but the operators were selected at
random.

(a) What type of model is appropriate?

(b) Perform the analysis and estimate the model compo-
nents using the ANOVA method.

13.9 Rework Problem 13.5 using the REML method.

13.10 Rework Problem 13.6 using the REML method.

13.11 Rework Problem 13.7 using the REML method.

13.12 Rework Problem 13.8 using the REML method.

13.13 By application of the expectation operator, develop
the expected mean squares for the two-factor factorial, mixed
model. Use the restricted model assumptions. Check your
results with the expected mean squares given in Equation 13.9
to see that they agree.

13.14 Consider the three-factor factorial design in Example
13.4. Propose appropriate test statistics for all main effects and
interactions. Repeat for the case where A and B are fixed and
C is random.

13.15 Consider the experiment in Example 13.5. Analyze
the data for the case where A, B, and C are random.

13.16 Derive the expected mean squares shown in
Table 13.10.

13.17 Consider a four-factor factorial experiment where
factor A is at a levels, factor B is at b levels, factor C is at c
levels, factor D is at d levels, and there are n replicates. Write
down the sums of squares, the degrees of freedom, and the
expected mean squares for the following cases. Assume the
restrictedmodel for all mixedmodels. Youmay use a computer
package such as Minitab.

(a) A, B, C, and D are fixed factors.

(b) A, B, C, and D are random factors.

(c) A is fixed and B, C, and D are random.

(d) A and B are fixed and C and D are random.

(e) A, B, and C are fixed and D is random.

Do exact tests exist for all effects? If not, propose test
statistics for those effects that cannot be directly tested.

13.18 Reconsider cases (c), (d), and (e) of Problem 13.17.
Obtain the expected mean squares assuming the unrestricted
model. You may use a computer package such as Minitab.
Compare your results with those for the restricted model.

13.19 In Problem 5.24, assume that the three operators were
selected at random. Analyze the data under these conditions
and draw conclusions. Estimate the variance components.

13.20 Consider the three-factor factorial model

yijk = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij

+(𝛽𝛾)jk + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , c

Assuming that all the factors are random, develop the anal-
ysis of variance table, including the expected mean squares.
Propose appropriate test statistics for all effects.

13.21 The three-factor factorial model for a single repli-
cate is

yijk = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝜏𝛽)ij
+(𝛽𝛾)jk + (𝜏𝛾)ik + (𝜏𝛽𝛾)ijk + 𝜖ijk

If all the factors are random, can any effects be tested? If the
three-factor and (𝜏𝛽)ij interactions do not exist, can all the
remaining effects be tested?

13.22 In the two-factor mixed model analysis of variance,
show that Cov[(𝜏𝛽)ij, (𝜏𝛽)i′j] = −(1∕a)𝜎2

𝜏𝛽
for i ≠ i′.

13.23 Show that the method of analysis of variance always
produces unbiased point estimates of the variance components
in any random or mixed model.

13.24 Invoking the usual normality assumptions, find an
expression for the probability that a negative estimate of a
variance component will be obtained by the analysis of vari-
ance method. Using this result, write a statement giving the
probability that 𝜎̂2

𝜏
> 0 in a one-factor analysis of variance.

Comment on the usefulness of this probability statement.

13.25 Analyze the data in Problem 13.1, assuming that oper-
ators are fixed, using both the unrestricted and the restricted
forms of the mixed models. Compare the results obtained from
the two models.

13.26 Consider the two-factor mixed model. Show that
the standard error of the fixed factor mean (e.g., A) is
[MSAB∕bn]1∕2.
13.27 Consider the variance components in the random
model from Problem 13.1.

(a) Find an exact 95 percent confidence interval on 𝜎2.

(b) Find approximate 95 percent confidence intervals on
the other variance components using the Satterthwaite
method.

13.28 Use the experiment described in Problem 5.13 and
assume that both factors are random. Find an exact 95 percent
confidence interval on 𝜎

2. Construct approximate 95 percent
confidence intervals on the other variance components using
the Satterthwaite method.

13.29 Consider the three-factor experiment in Problem 5.24
and assume that operators were selected at random. Find an
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approximate 95 percent confidence interval on the operator
variance component.

13.30 Rework Problem 13.25 using the modified large-
sample approach described in Section 13.6.2. Compare the two
sets of confidence intervals obtained and discuss.

13.31 Rework Problem 13.27 using the modified large-
sample method described in Section 13.6.2. Compare this con-
fidence interval with the one obtained previously and discuss.

13.32 Consider the experiment described in Problem 5.13.
Estimate the variance components using the REML method.
Compare the confidence intervals to the approximate CIs
found in Problem 13.28.

13.33 Consider the experiment in Problem 13.1. Analyze
the data using REML. Compare the CIs to those obtained in
Problem 13.27.

13.34 Rework Problem 13.30 using REML. Compare all
sets of CIs for the variance components.

13.35 The levels of a random factor are sampled from a large
population of possible levels.

(a) True

(b) False

13.36 The random factor is assumed to have a normal dis-
tribution with a mean of zero and a variance component that
may be nonzero.

(a) True

(b) False

13.37 The REML method is preferred as a technique for
estimating variance components because it can also provide
the standard error of the variance component leading to a con-
fidence interval.

(a) True

(b) False

13.38 Both the ANOVA method and REML will produce
the same point estimate of a variance component if the design
is balanced.

(a) True

(b) False

13.39 Random factors are always categorical.

(a) True

(b) False

13.40 In a mixed model, the statistical tests on fixed fac-
tors are always exactly the same as they are in the fixed effects
model.

(a) True

(b) False

13.41 A negative point estimate of a variance component
implies that the variance of that fixed effect is zero.

(a) True

(b) False

13.42 In a two-factor factorial experiment with at least one
random factor

(a) the statistical tests on main effects are identical to
the corresponding main effects tests in the fixed
effects case.

(b) the statistical tests on main effects are different from
the corresponding main effects tests in the fixed
effects case.

(c) no test on the two-factor interaction may be made.

(d) none of the above (a–c) are true.

(e) all of the above (a–c) are true.

13.43 In a two-factor factorial experiment with at least one
random factor

(a) the statistical test on the interaction effect is identical
to the interaction effect test in the fixed effects case.

(b) the statistical test on the interaction effect is different
from the interaction effect test in the fixed effects case.

(c) no test on the two-factor interaction may be made.

(d) none of the above (a–c) are true.

(e) all of the above (a–c) are true.
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N e s t e d a n d S p l i t- P l o t
D e s i g n s

CHAPTER OUTLINE
14.1 THE TWO-STAGE NESTED DESIGN

14.1.1 Statistical Analysis
14.1.2 Diagnostic Checking
14.1.3 Variance Components
14.1.4 Staggered Nested Designs

14.2 THE GENERAL m-STAGE NESTED DESIGN

14.3 DESIGNS WITH BOTH NESTED AND FACTORIAL
FACTORS

14.4 THE SPLIT-PLOT DESIGN

14.5 OTHER VARIATIONS OF THE SPLIT-PLOT
DESIGN
14.5.1 Split-Plot Designs with More Than

Two Factors
14.5.2 The Split-Split-Plot Design
14.5.3 The Strip-Split-Plot Design

SUPPLEMENTAL MATERIAL FOR CHAPTER 14
S14.1 The Staggered, Nested Design
S14.2 Inadvertent Split-Plots

The supplemental material is on the textbook website www.wiley.com/college/montgomery.

CHAPTER LEARNING OBJECTIVES
1. Know how to identify a nested factor.

2. Understand what can happen if an experimenter makes the common mistake of failing to properly
identify and treat a nested factor in an experiment.

3. Know how to analyze a two-stage nested design.

4. Understand how a split-plot design handles easy-to-change and hard-to-change factors in an
experiment.

5. Understand why there are two sources of variability in a split-plot experiment.

6. Know how to construct and analyze a split-plot design.

This chapter introduces two important types of experimental designs, the nested design and the split-plot design.
Both of these designs find reasonably widespread application in the industrial use of designed experiments. They

also frequently involve one or more random factors, and so some of the concepts introduced in Chapter 13 will find
application here.

http://www.wiley.com/college/montgomery
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14.1 The Two-Stage Nested Design

In certain multifactor experiments, the levels of one factor (e.g., factor B) are similar but not identical for different
levels of another factor (e.g., A). Such an arrangement is called a nested, or hierarchical, design, with the levels of
factor B nested under the levels of factor A. For example, consider a company that purchases its raw material from
three different suppliers. The company wishes to determine whether the purity of the raw material is the same from
each supplier. There are four batches of raw material available from each supplier, and three determinations of purity
are to be taken from each batch. The situation is depicted in Figure 14.1.

This is a two-stage nested design, with batches nested under suppliers. At first glance, you may ask why this is
not a factorial experiment. If this were a factorial, then batch 1 would always refer to the same batch, batch 2 would
always refer to the same batch, and so on. This is clearly not the case because the batches from each supplier are unique
for that particular supplier. That is, batch 1 from supplier 1 has no connection with batch 1 from any other supplier,
batch 2 from supplier 1 has no connection with batch 2 from any other supplier, and so forth. To emphasize the fact
that the batches from each supplier are different batches, we may renumber the batches as 1, 2, 3, and 4 from supplier
1; 5, 6, 7, and 8 from supplier 2; and 9, 10, 11, and 12 from supplier 3, as shown in Figure 14.2.

Sometimes we may not know whether a factor is crossed in a factorial arrangement or nested. If the levels of the
factor can be renumbered arbitrarily as in Figure 14.2, then the factor is nested.

14.1.1 Statistical Analysis

The linear statistical model for the two-stage nested design is

yijk = 𝜇 + 𝜏i + 𝛽j(i) + 𝜖(ij)k

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(14.1)

That is, there are a levels of factor A, b levels of factor B nested under each level of A, and n replicates. The subscript
j(i) indicates that the jth level of factor B is nested under the ith level of factor A. It is convenient to think of the
replicates as being nested within the combination of levels of A and B; thus, the subscript (ij)k is used for the error
term. This is a balanced nested design because there are an equal number of levels of B within each level of A and an
equal number of replicates. Because not every level of factor B appears with every level of factor A, there can be no
interaction between A and B.

Batches

Suppliers

Observations

y111 y121 y131 y141

y112 y122 y132 y142

y113 y123 y133 y143

1

1 2 3 4

y211 y221 y231 y241

y212 y222 y232 y242

y213 y223 y233 y243

1

1 2 3 4

2

1 2

y311 y321 y331 y341

y312 y322 y332 y342

y313 y323 y333 y343

3

1 2 3 4

◾ F I GURE 14 . 1 A two-stage nested design

Batches

Suppliers 1

1 2 3 4

1

7 8

2

5 6

3

9 10 11 12

◾ F I GURE 14 . 2 Alternate layout for the two-stage nested design
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We may write the total corrected sum of squares as

a∑
i=1

b∑
j=1

n∑
k=1

(yijk − y
...
)2 =

a∑
i=1

b∑
j=1

n∑
k=1

[(yi•• − y•••) + (yij• − yi•) + (yijk − yij•)]2 (14.2)

Expanding the right-hand side of Equation 14.2 yields

a∑
i=1

b∑
j=1

n∑
k=1

(yijk − y•••)2 = bn
a∑
i=1

(yi•• − y•••)2 + n
a∑
i=1

b∑
j=1

(yij• − yi••)2

+
a∑
i=1

b∑
j=1

n∑
k=1

(yijk − yij•)2 (14.3)

because the three cross-product terms are zero. Equation 14.3 indicates that the total sum of squares can be partitioned
into a sum of squares due to factor A, a sum of squares due to factor B under the levels of A, and a sum of squares due
to error. Symbolically, we may write Equation 14.3 as

SST = SSA + SSB(A) + SSE (14.4)

There are abn − 1 degrees of freedom for SST , a − 1 degrees of freedom for SSA, a(b − 1) degrees of freedom for
SSB(A), and ab(n − 1) degrees of freedom for error. Note that abn − 1 = (a − 1) + a(b − 1) + ab(n − 1). If the errors
are NID(0, 𝜎2), we may divide each sum of squares on the right of Equation 14.4 by its degrees of freedom to obtain
independently distributed mean squares such that the ratio of any two mean squares is distributed as F.

The appropriate statistics for testing the effects of factors A and B depend on whether A and B are fixed or
random. If factors A and B are fixed, we assume that

∑a
i=1 𝜏i = 0 and

∑b
j=1 𝛽j(i) = 0 (i = 1, 2, . . . , a). That is, the A

treatment effects sum to zero, and the B treatment effects sum to zero within each level of A. Alternatively, if A and
B are random, we assume that 𝜏i is NID(0, 𝜎2

𝜏
) and 𝛽j(i) is NID(0, 𝜎2

𝛽
). Mixed models with A fixed and B random are

also widely encountered. The expected mean squares can be determined by a straightforward application of the rules
in Chapter 13. Table 14.1 gives the expected mean squares for these situations.

Table 14.1 indicates that if the levels of A and B are fixed, H0∶ 𝜏i = 0 is tested byMSA∕MSE and H0∶ 𝛽j(i) = 0 is
tested byMSB(A)∕MSE. IfA is a fixed factor andB is random, thenH0∶ 𝜏i = 0 is tested byMSA∕MSB(A) andH0∶ 𝜎

2
𝛽
= 0 is

tested byMSB(A)∕MSE. Finally, if both A and B are random factors, we testH0∶ 𝜎
2
𝜏
= 0 byMSA∕MSB(A) andH0∶ 𝜎

2
𝛽
= 0

byMSB(A)∕MSE. The test procedure is summarized in an analysis of variance table as shown in Table 14.2. Computing
formulas for the sums of squares may be obtained by expanding the quantities in Equation 14.3 and simplifying.
They are

SSA = 1
bn

a∑
i=1

y2i•• −
y2•••
abn

(14.5)

◾ TABLE 14 . 1
Expected Mean Squares in the Two-Stage Nested Design

A Fixed A Fixed A Random

E(MS) B Fixed B Random B Random

E(MSA) 𝜎
2 +

bnΣ𝜏2i
a − 1

𝜎
2 + n𝜎2

𝛽
+

bnΣ𝜏2i
a − 1

𝜎
2 + n𝜎2

𝛽
+ bn𝜎2

𝜏

E(MSB(A)) 𝜎
2 +

nΣΣ𝛽2
j(i)

a(b − 1)
𝜎
2 + n𝜎2

𝛽
𝜎
2 + n𝜎2

𝛽

E(MSE) 𝜎
2

𝜎
2

𝜎
2
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◾ TABLE 14 . 2
Analysis of Variance Table for the Two-Stage Nested Design

Source of Variation Sum of Squares Degrees of Freedom Mean Square

A bnΣ(yi•• − y•••)2 a − 1 MSA
B within A nΣΣ(yij• − yi••)2 a(b − 1) MSB(A)
Error ΣΣΣ(yijk − yij•)2 ab(n − 1) MSE
Total ΣΣΣ(yijk − y•••)2 abn − 1

SSB(A) =
1
n

a∑
i=1

b∑
j=1

y2ij•• −
1
bn

a∑
i=1

y2i•• (14.6)

SSE =
a∑
i=1

b∑
j=1

n∑
k=1

y2ijk −
1
n

a∑
i=1

b∑
j=1

y2ij• (14.7)

SST =
a∑
i=1

b∑
j=1

n∑
k=1

y2ijk −
y2•••
abn

(14.8)

We see that Equation 14.6 for SSB(A) can be written as

SSB(A) =
a∑
i=1

[
1
n

b∑
j=1

y2ij• −
y2i••
bn

]

This expresses the idea that SSB(A) is the sum of squares between levels of B for each level of A, summed over all the
levels of A.

EXAMPLE 14 . 1

Consider a company that buys raw material in batches from
three different suppliers. The purity of this raw material
varies considerably, which causes problems in manufactur-
ing the finished product. We wish to determine whether the
variability in purity is attributable to differences between the
suppliers. Four batches of raw material are selected at ran-
dom from each supplier, and three determinations of purity
are made on each batch. This is, of course, a two-stage
nested design. The data, after coding by subtracting 93, are
shown in Table 14.3. The sums of squares are computed
as follows:

SST =
a∑
i=1

b∑
j=1

n∑
k=1

y2ijk −
y2. . .
abn

= 153.00 − (13)2

36
= 148.31

SSA = 1
bn

a∑
i=1

y2i•• −
y2••
abn

= 1
(4)(3)

[(−5)2 + (4)2 + (14)2] − (13)2

36
= 15.06

SSB(A) =
1
n

a∑
i=1

b∑
j=1

y2ij• −
1
bn

a∑
i=1

y2i••

= 1
3
[(0)2 + (−9)2 + (−1)2 + · · · + (2)2 + (6)2]

− 19.75 = 69.92

and

SSE =
a∑
i=1

b∑
j=1

n∑
k=1

y2ijk −
1
n

a∑
i=1

b∑
j=1

y2ij•

= 153.00 − 89.67 = 63.33

The analysis of variance is summarized in Table 14.4.
Suppliers are fixed and batches are random, so the expected
mean squares are obtained from the middle column of
Table 14.1. They are repeated for convenience in Table 14.4.
From examining the P-values, we would conclude that there
is no significant effect on purity due to suppliers, but the
purity of batches of raw material from the same supplier
does differ significantly.
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◾ TABLE 14 . 3
Coded Purity Data for Example 14.1 (Code∶ yijk = Purity− 93)

Supplier 1 Supplier 2 Supplier 3

Batches 1 2 3 4 1 2 3 4 1 2 3 4

1 −2 −2 1 1 0 −1 0 2 −2 1 3

−1 −3 0 4 −2 4 0 3 4 0 −1 2

0 −4 1 0 −3 2 −2 2 0 2 2 1

Batch totals yij• 0 −9 −1 5 −4 6 −3 5 6 0 2 6

Supplier totals yi•• −5 4 14

◾ TABLE 14 . 4
Analysis of Variance for the Data in Example 14.1

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square

Expected Mean
Square F𝟎 P-Value

Suppliers 15.06 2 7.53 𝜎
2 + 3𝜎2

𝛽
+ 6Σ𝜏2i 0.97 0.42

Batches (within suppliers) 69.92 9 7.77 𝜎
2 + 3𝜎2

𝛽
2.94 0.02

Error 63.33 24 2.64 𝜎
2

Total 148.31 35

The practical implications of this experiment and the analysis are very important. The objective of the experi-
menter is to find the source of the variability in raw material purity. If it results from differences among suppliers, we
may be able to solve the problem by selecting the “best” supplier. However, that solution is not applicable here because
the major source of variability is the batch-to-batch purity variation within suppliers. Therefore, we must attack the
problem by working with the suppliers to reduce their batch-to-batch variability. This may involve modifications to
the suppliers’ production processes or their internal quality assurance system.

Notice what would have happened if we had incorrectly analyzed this design as a two-factor factorial experiment.
If batches are considered to be crossed with suppliers, we obtain batch totals of 2, −3, −2, and 16, with each batch ×
suppliers cell containing three replicates. Thus, a sum of squares due to batches and an interaction sum of squares can
be computed. The complete factorial analysis of variance is shown in Table 14.5, assuming the mixed model.

This analysis indicates that batches differ significantly and that there is a significant interaction between batches
and suppliers. However, it is difficult to give a practical interpretation of the batches × suppliers interaction. For
example, does this significant interaction mean that the supplier effect is not constant from batch to batch? Further-
more, the significant interaction coupled with the nonsignificant supplier effect could lead the analyst to conclude that
suppliers really differ but their effect is masked by the significant interaction.

Computing. Some statistical software packages will perform the analysis for a nested design. Table 14.6
presents the output from the Balanced ANOVA procedure in Minitab (using the restricted model). The numerical
results are in agreement with the manual calculations reported in Table 14.4. Minitab also reports the expected mean
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◾ TABLE 14 . 5
Incorrect Analysis of the Two-Stage Nested Design in Example 14.1 as a Factorial (Suppliers Fixed, Batches Random)

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Suppliers (S) 15.06 2 7.53 1.02 0.42

Batches (B) 25.64 3 8.55 3.24 0.04

S × B interaction 44.28 6 7.38 2.80 0.03

Error 63.33 24 2.64

Total 148.31 35

◾ TABLE 14 . 6
Minitab Output (Balanced ANOVA) for Example 14.1

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

Supplier fixed 3 1 2 3

Batch(Supplier) random 4 1 2 3 4

Analysis of Variance for Purity

Source DF SS MS F P
Supplier 2 15.056 7.528 0.97 0.416

Batch(Supplier) 9 69.917 7.769 2.94 0.017

Error 24 63.333 2.639
Total 35 148.306

Source Variance Error Expected Mean Square for Each Term

component term (using restricted model)

1 Supplier 2 (3) + 3(2) + 12Q[1]

2 Batch(Supplier) 1.710 3 (3) + 3(2)

3 Error 2.639 (3)

squares in the lower portion of Table 14.6. Remember that the symbolQ[1] is a quadratic term that represents the fixed
effect of suppliers, so in our notation

Q[1] =

a∑
i=1

𝜏
2
i

a − 1

Therefore, the fixed effect term in the Minitab expected mean square for suppliers 12Q[1] = 12
∑3

i=1 𝜏
2
i ∕(3 − 1) =

6
∑3

i=1 𝜏
2
i , which matches the result given by the algorithm in Table 14.4.

Sometimes a specialized computer program for analyzing nested designs is not available. However, notice from
comparing Tables 14.4 and 14.5 that

SSB + SSS×B = 25.64 + 44.28 = 69.92 ≡ SSB(S)
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That is, the sum of squares for batches within suppliers consists of the sum of squares of the batches plus the sum of
squares for the batches × suppliers interaction. The degrees of freedom have a similar property; that is,

Batches
3

+
Batches × Suppliers

6
=

Batches within Suppliers

9

Therefore, a computer program for analyzing factorial designs could also be used for the analysis of nested designs by
pooling the “main effect” of the nested factor and interactions of that factor with the factor under which it is nested.

14.1.2 Diagnostic Checking

The major tool used in diagnostic checking is residual analysis. For the two-stage nested design, the residuals are

eijk = yijk − ŷijk

The fitted value is
ŷijk = 𝜇̂ + 𝜏i + 𝛽j(i)

and if we make the usual restrictions on the model parameters (Σi𝜏i = 0 and Σj𝛽j(i) = 0, i = 1, 2, . . . , a), then
𝜇̂ = y . . . , 𝜏i = yi•• − y . . . , and 𝛽j(i) = yij• − yi••. Consequently, the fitted value is

ŷijk = y . . . + (yi•• − y . . . ) + (yij• − yi••) = yij•

Thus, the residuals from the two-stage nested design are

eijk = yijk − yij• (14.9)

where yij• are the individual batch averages.
The observations, fitted values, and residuals for the purity data in Example 14.1 follow:

Observed Value yijk Fitted Value ŷijk = yij• eijk = yijk − yij•

1 0.00 1.00
−1 0.00 −1.00
0 0.00 0.00

−2 −3.00 1.00
−3 −3.00 0.00
−4 −3.00 −1.00
−2 −0.33 −1.67
0 −0.33 0.33
1 −0.33 1.33
1 1.67 −0.67
4 1.67 2.33
0 1.67 −1.67
1 −1.33 2.33

−2 −1.33 −0.67
−3 −1.33 −1.67
0 2.00 −2.00
4 2.00 2.00
2 2.00 0.00
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−1 −1.00 0.00
0 −1.00 1.00

−2 −1.00 −1.00
0 1.67 −1.67
3 1.67 1.33
2 1.67 0.33
2 2.00 0.00
4 2.00 2.00
0 2.00 −2.00

−2 0.00 −2.00
0 0.00 0.00
2 0.00 2.00
1 0.67 0.33

−1 0.67 −1.67
2 0.67 1.33
3 2.00 1.00
2 2.00 0.00
1 2.00 −1.00

The usual diagnostic checks—including normal probability plots, checking for outliers, and plotting the residuals
versus fitted values—may now be performed. As an illustration, the residuals are plotted versus the fitted values and
against the levels of the supplier factor in Figure 14.3.

In a problem situation such as that described in Example 14.1, the residual plots are particularly useful because
of the additional diagnostic information they contain. For instance, the analysis of variance has indicated that the mean
purity of all three suppliers does not differ but that there is statistically significant batch-to-batch variability (that is,
𝜎
2
𝛽
> 0). But, is the variability within batches the same for all suppliers? In effect, we have assumed this to be the case

and if it’s not true, we would certainly like to know it because it has considerable practical impact on our interpretation
of the results of the experiment. The plot of residuals versus suppliers in Figure 14.3b is a simple but effective way to
check this assumption. Because the spread of the residuals is about the same for all three suppliers, we would conclude
that the batch-to-batch variability in purity is about the same for all three suppliers.

Predicted values

(a) Plot of residuals versus the predicted values (b) Plot of residuals versus supplier
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a

ls

1 2 3

–2

–1

0
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◾ F I GURE 14 . 3 Residual plots for Example 14.1
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14.1.3 Variance Components

For the random effects case, the analysis of variance method can be used to estimate the variance components
𝜎
2
, 𝜎

2
𝛽
, and 𝜎

2
𝜏
. The maximum likelihood (REML) procedure could also be used. Applying the ANOVA method and

using the expected mean squares in the last column of Table 14.1, we obtain

𝜎̂
2 = MSE (14.10)

𝜎̂
2
𝛽
=

MSB(A) −MSE
n

(14.11)

and

𝜎̂
2
𝜏
=

MSA −MSB(A)
bn

(14.12)

Many applications of nested designs involve amixed model, with the main factor (A) fixed and the nested factor
(B) random. This is the case for the problem described in Example 14.1, where suppliers (factor A) are fixed, and
batches of raw material (factor B) are random. The effects of the suppliers may be estimated by

𝜏1 = y1•• − y . . . = −5
12

− 13
36

= −28
36

𝜏2 = y2•• − y . . . = 4
12

− 13
36

= −1
36

𝜏3 = y3•• − y . . . = 14
12

− 13
36

= 29
36

To estimate the variance components 𝜎2 and 𝜎
2
𝛽
, we eliminate the line in the analysis of variance table pertaining to

suppliers and apply the analysis of variance estimation method to the next two lines. This yields

𝜎̂
2 = MSE = 2.64

and

𝜎̂
2
𝛽
=

MSB(A) −MSE
n

= 7.77 − 2.64
3

= 1.71

These results are also shown in the lower portion of theMinitab output in Table 14.6. From the analysis in Example 14.1,
we know that the 𝜏i does not differ significantly from zero, whereas the variance component 𝜎2

𝛽
is greater than zero.

To illustrate the REML method for a nested design, reconsider the experiment in Example 14.1 with suppliers
fixed and batches random. The REML output from JMP is shown in Table 14.7. The REML estimates of the variance
components agree with the ANOVA estimates, but the REML procedure provides confidence intervals. The fixed
effects test on suppliers indicates that there is no significant difference in mean purity among the three suppliers. The
95 percent confidence interval on batches within suppliers has a lower bound that is just less than zero, but the batches
within suppliers variance component accounts for about 40 percent of the total variability so there is some evidence
that batches within suppliers exhibit some meaningful variability.

14.1.4 Staggered Nested Designs

A potential problem in the application of nested designs is that sometimes to get a reasonable number of degrees of
freedom at the highest level, we can end up with many degrees of freedom (perhaps too many) at lower stages. To
illustrate, suppose that we are investigating potential differences in chemical analysis among different lots of material.
We plan to take five samples per lot, and each sample will be measured twice. If we want to estimate a variance
component for lots, then 10 lots would not be an unreasonable choice. This results in 9 degrees of freedom for lots, 40
degrees of freedom for samples, and 50 degrees of freedom for measurements.

One way to avoid this is to use a particular type of unbalanced nested design called a staggered nested design.
An example of a staggered nested design is shown in Figure 14.4. Notice that only two samples are taken from each
lot; one of the samples is measured twice, whereas the other sample is measured once. If there are a lots, then there
will be a − 1 degrees of freedom for lots (or, in general, the upper stage), and all lower stages will have exactly a
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◾ TABLE 14 . 7
JMP Output for the Nested Design in Example 14.1, Suppliers Fixed and Batches Random

.Response Y

.Summary of Fit

RSquare 0.518555

RSquare Adj 0.489376

Root Mean Square Error 1.624466

Mean of Response 0.361111

Observations (or Sum Wgts) 36

.REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Supplier [Batches] 0.6479532 1.7098765 1.2468358 −0.733922 4.1536747 39.319

Residual 2.6388889 0.7617816 1.6089119 5.1070532 60.681

Total 4.3487654 100.000

−2 LogLikelihood = 145.04119391

.Covariance Matrix of Variance Component Estimates

Random Effect Supplier [Batches] Residual

Supplier [Batches] 1.5545995 −0.193437
Residual −0.193437 0.5803112

.Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Supplier 2 2 9 0.9690 0.4158

Measurement
1

Measurement
1

Sample
1

Lot 1 ...Stage 1

Stage 2

Stage 3
Measurement

2

Sample
2

◾ F I GURE 14 . 4 A three-stage staggered
nested design
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degrees of freedom. For more information on the use and analysis of these designs, see Bainbridge (1965), Smith
and Beverly (1981), and Nelson (1983, 1995a, 1995b). The supplemental text material for this chapter contains a
complete example of a staggered nested design.

14.2 The General m-Stage Nested Design

The results of Section 14.1 can be easily extended to the case of m completely nested factors. Such a design would
be called an m-stage nested design. As an example, suppose a foundry wishes to investigate the hardness of two
different formulations of a metal alloy. Three heats of each alloy formulation are prepared, two ingots are selected at
random from each heat for testing, and two hardness measurements are made on each ingot. The situation is illustrated
in Figure 14.5.

In this experiment, heats are nested under the levels of the factor alloy formulation, and ingots are nested under
the levels of the factor heats. Thus, this is a three-stage nested design with two replicates.

The model for the general three stage nested design is

yijkl = 𝜇 + 𝜏i + 𝛽j(i) + 𝛾k(ij) + 𝜖(ijk)l

⎧⎪⎨⎪⎩

i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , c
l = 1, 2, . . . , n

(14.13)

For our example, 𝜏i is the effect of the ith alloy formulation, 𝛽j(i) is the effect of the jth heat within the ith alloy, 𝛾k(ij)
is the effect of the kth ingot within the jth heat and ith alloy, and 𝜖(ijk)l is the usual NID(0, 𝜎2) error term. Extension of
this model to m factors is straightforward.

Notice that in the above example the overall variability in hardness consists of three components: one that results
from alloy formulations, one that results from heats, and one that results from analytical test error. These components
of the variability in overall hardness are illustrated in Figure 14.6.

This example demonstrates how the nested design is often used in analyzing processes to identify the major
sources of variability in the output. For instance, if the alloy formulation variance component is large, then this implies
that overall hardness variability could be reduced by using only one alloy formulation.

The calculation of the sums of squares and the analysis of variance for the m-stage nested design are similar
to the analysis presented in Section 14.1. For example, the analysis of variance for the three-stage nested design is
summarized in Table 14.8. Definitions of the sums of squares are also shown in this table. Notice that they are a
simple extension of the formulas for the two-stage nested design. Many statistics software packages will perform the
calculations.

To determine the proper test statistics, we must find the expected mean squares using the methods of Chapter 13.
For example, if factors A and B are fixed and factor C is random, then the expected mean squares are as shown in
Table 14.9. This table indicates the proper test statistics for this situation.

Alloy
formulation

Observations

y1111 y1121 y1211 y1221

y1112 y1122 y1212 y1222

y1311 y1321

y1312 y1322

Ingots

Heats 1 2

1

3

1 2 1 2 1 21 2

y2111 y2121 y2211 y2221

y2112 y2122 y2212 y2222

y2311 y2321

y2312 y2322

1 2

2

3

1 2 1 2 1 21 2

◾ F I GURE 14 . 5 A three-stage nested design
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Mean
hardness

Observed
hardness

Analytical test
variability

σ2

στ
2

Heat-to-heat
variability

σβ
2

Alloy formulation
variability

◾ F I GURE 14 . 6 Sources of variation in the three-stage
nested design example

◾ TABLE 14 . 8
Analysis of Variance for the Three-Stage Nested Design

Source of Variation Sum of Squares Degrees of Freedom Mean Square

A bcn
∑
i

(yi••• − y•••)2 a − 1 MSA

B (within A) cn
∑
i

∑
j

(yij•• − yi•••)
2 a(b − 1) MSB(A)

C (within B) n
∑
i

∑
j

∑
k

(yijk• − yij••)
2 ab(c − 1) MSC(B)

Error
∑
i

∑
j

∑
k

∑
l

(yijkl − yijk•)
2 abc(n − 1) MSE

Total
∑
i

∑
j

∑
k

∑
l

(yijkl − y••••)2 abcn − 1

◾ TABLE 14 . 9
Expected Mean Squares for a Three-Stage Nested
Design with A and B Fixed and C Random

Model Term Expected Mean Square

𝜏i 𝜎
2 + n𝜎2

𝛾
+

bcnΣ𝜏2i
a − 1

𝛽j(i) 𝜎
2 + n𝜎2

𝛾
+

cnΣΣ𝛽2
j(i)

a(b − 1)
𝛾k(ij) 𝜎

2 + n𝜎2
𝛾

𝜖l(ijk) 𝜎
2
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14.3 Designs with Both Nested and Factorial Factors

Occasionally in a multifactor experiment, some factors are arranged in a factorial layout and other factors are nested.
We sometimes call these designs nested–factorial designs. The statistical analysis of one such design with three
factors is illustrated in the following example.

EXAMPLE 14 . 2

An industrial engineer is studying the hand insertion of
electronic components on printed circuit boards to improve
the speed of the assembly operation. He has designed three
assembly fixtures and two workplace layouts that seem
promising. Operators are required to perform the assem-
bly, and it is decided to randomly select four operators
for each fixture–layout combination. However, because the
workplaces are in different locations within the plant, it
is difficult to use the same four operators for each layout.
Therefore, the four operators chosen for layout 1 are differ-
ent individuals from the four operators chosen for layout 2.
Because there are only three fixtures and two layouts, but
the operators are chosen at random, this is a mixed model.
The treatment combinations in this design are run in random
order, and two replicates are obtained. The assembly times
are measured in seconds and are shown in Table 14.10.

In this experiment, operators are nested within the lev-
els of layouts, whereas fixtures and layouts are arranged in
a factorial. Thus, this design has both nested and factorial
factors. The linear model for this design is

yijkl = 𝜇 + 𝜏i + 𝛽j + 𝛾k(j) + (𝜏𝛽)ij + (𝜏𝛾)ik(j) + 𝜖(ijk)l

⎧⎪⎨⎪⎩

i = 1, 2, 3
j = 1, 2
k = 1, 2, 3, 4
l = 1, 2

(14.14)

◾ TABLE 14 . 10
Assembly Time Data for Example 14.2

Layout 1 Layout 2

Operator 1 2 3 4 1 2 3 4 yi•••

Fixture 1 22 23 28 25 26 27 28 24 404

24 24 29 23 28 25 25 23

Fixture 2 30 29 30 27 29 30 24 28 447

27 28 32 25 28 27 23 30

Fixture 3 25 24 27 26 27 26 24 28 401

21 22 25 23 25 24 27 27

Operator totals, y•jk• 149 150 171 149 163 159 151 160

Layout totals, y•j•• 619 633 1252 = y•••

where 𝜏i is the effect of the ith fixture, 𝛽j is the effect
of the jth layout, 𝛾k(j) is the effect of the kth operator
within the jth level of layout, (𝜏𝛽)ij is the fixture × layout
interaction, (𝜏𝛾)ik(j) is the fixture × operators within lay-
out interaction, and 𝜖(ijk)l is the usual error term. Notice
that no layout × operator interaction can exist because all
the operators do not use all the layouts. Similarly, there
can be no three-way fixture × layout × operator interaction.
The expected mean squares are shown in Table 14.11 using

◾ TABLE 14 . 11
Expected Mean Squares for Example 14.2

Model Term Expected Mean Square

𝜏i 𝜎
2 + 2𝜎2

𝜏𝛾
+ 8Σ𝜏2i

𝛽j 𝜎
2 + 6𝜎2

𝛾
+ 24Σ𝛽2

j

𝛾k(j) 𝜎
2 + 6𝜎2

𝛾

(𝜏𝛽)ij 𝜎
2 + 2𝜎2

𝜏𝛾
+ 4ΣΣ(𝜏𝛽)2ij

(𝜏𝛾)ik(j) 𝜎
2 + 2𝜎2

𝜏𝛾

𝜖(ijk)l 𝜎
2



�

� �

�

14.3 Designs with Both Nested and Factorial Factors 631

the methods of Chapter 13 and assuming a restrictedmixed
model. The proper test statistic for any effect or interaction
can be found from the inspection of this table.

The complete analysis of variance is shown in
Table 14.12. We see that assembly fixtures are significant
and that operators within layouts also differ significantly.
There is also a significant interaction between fixtures
and operators within layouts, indicating that the effects
of the different fixtures are not the same for all operators.
The workplace layouts seem to have little effect on the

assembly time. Therefore, to minimize assembly time, we
should concentrate on fixture types 1 and 3. (Note that the
fixture totals in Table 14.9 are smaller for fixture types 1
and 3 than for type 2. This difference in fixture type means
could be formally tested using multiple comparisons.)
Furthermore, the interaction between operators and fixtures
implies that some operators are more effective than oth-
ers using the same fixtures. Perhaps these operator–fixture
effects could be isolated and the less effective operators’
performance improved by retraining them.

◾ TABLE 14 . 12
Analysis of Variance for Example 14.2

Source of Variation Sum of Squares Degrees of Freedom Mean Square F𝟎 P-Value

Fixtures (F) 82.80 2 41.40 7.54 0.01

Layouts (L) 4.08 1 4.09 0.34 0.58

Operators (within layouts), O(L) 71.91 6 11.99 5.15 <0.01

FL 19.04 2 9.52 1.73 0.22

FO(L) 65.84 12 5.49 2.36 0.04

Error 56.00 24 2.33

Total 299.67 47

Computing. A number of statistical software packages can easily analyze nested–factorial designs, including
bothMinitab and JMP. Table 14.13 presents the output fromMinitab (Balanced ANOVA), assuming the restricted form
of themixedmodel, for Example 14.2. The expectedmean squares in the bottom portion of Table 14.13 agree with those
shown in Table 14.10. Q[1],Q[3], and Q[4] are the fixed-factor effects for layouts, fixtures, and layouts × fixtures,
respectively. The estimates of the variance components are

Operator (layout)∶ 𝜎
2
𝛾
= 1.609

Fixture × operator (layout)∶ 𝜎
2
𝜏𝛾

= 1.576

Error∶ 𝜎
2 = 2.333

Table 14.14 presents the Minitab analysis of Example 14.2 using the unrestricted form of the mixed model.
The expected mean squares in the lower portion of this table are slightly different from those reported for the restricted
model, and so the construction of the test statistic will be slightly different for the operators (layout) factor. Specifically,
the F ratio denominator for operators (layout) is the fixtures × operators (layout) interaction in the restricted model
(12 degrees of freedom for error), and it is the layout × fixtures interaction in the unrestricted model (2 degrees of
freedom for error). Because MSlayout×fixture > MSfixture×operator(layout) and it has fewer degrees of freedom, we now find
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◾ TABLE 14 . 13
Minitab Balanced ANOVA Analysis of Example 14.2 Using the Restricted Model

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

Layout fixed 2 1 2

Operator(Layout) random 4 1 2 3 4

Fixture fixed 3 1 2 3

Analysis of Variance for Time

Source DF SS MS F P
Layout 1 4.083 4.083 -0.34 0.581

Operator(Layout) 6 71.917 11.986 5.14 0.002

Fixture 2 82.792 41.396 7.55 0.008
Layout*Fixture 2 19.042 9.521 1.74 0.218

Fixture*Operator(Layout) 12 65.833 5.486 2.35 0.036

Error 24 56.000 2.333
Total 47 299.667

Expected Mean Square

Variance Error for Each Term (using

Source component term restricted model)

1 Layout 2 (6) + 6(2) + 24Q[1]

2 Operator(Layout) 1.609 6 (6) + 6(2)

3 Fixture 5 (6) + 2(5) + 16Q[3]
4 Layout*Fixture 5 (6) + 2(5) + 8Q[4]

5 Fixture*Operator(Layout) 1.576 6 (6) + 2(5)

6 Error 2.333 (6)

that the operator within layout effect is only significant at about the 12 percent level (the P-value was 0.002 in the
restricted model analysis). Furthermore, the variance component estimate 𝜎̂

2
𝛾
= 1.083 is smaller. However, because

there is a large fixture effect and a significant fixture × operator (layout) interaction, we would still suspect an operator
effect, and so the practical conclusions from this experiment are not greatly affected by choosing either the restricted or
the unrestricted form of the mixed model. The quantities Q[1, 4] and Q[3, 4] are fixed-type quadratic terms containing
the interaction effect of layouts × fixtures.

Table 14.15 presents the JMP output for Example 14.3. Because JMP uses the unrestricted form of the mixed
model, estimates of the variance components agree with the Minitab ANOVA estimates in Table 14.14, but the
REML procedure is a preferred analysis because it provides confidence intervals. The fixed effects tests indicate
that there is a strong fixture effect, and even though the confidence intervals on the operators (layout) and the
fixture × operators (layout) interaction variance components includes zero, we would be reluctant to discount an
operator effect and an interaction because these two variance components account for over 50 percent of the total
variability.

If no specialized software such as JMP or Minitab is available, then a program for analyzing factorial experi-
ments can be used to analyze experiments with nested and factorial factors. For instance, the experiment in Example
14.2 could be considered as a three-factor factorial, with fixtures (F), operators (O), and layouts (L) as the factors.
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◾ TABLE 14 . 14
Minitab Balanced ANOVA Analysis of Example 14.2 Using the Unrestricted Model

Analysis of Variance (Balanced Designs)

Factor Type Levels Values

Layout fixed 2 1 2

Operator(Layout) random 4 1 2 3 4

Fixture fixed 3 1 2 3

Analysis of Variance for Time

Source DF SS MS F P
Layout 1 4.083 4.083 0.34 0.581

Operator(Layout) 6 71.917 11.986 2.18 0.117

Fixture 2 82.792 41.396 7.55 0.008
Layout*Fixture 2 19.042 9.521 1.74 0.218

Fixture*Operator(Layout) 12 65.833 5.486 2.35 0.036

Error 24 56.000 2.333
Total 47 299.667

Source Expected Mean Square

Variance Error for Each Term (using

component term unrestricted model)

1 Layout 2 (6) + 2(5) + 6(2) + Q[1,4]

2 Operator(Layout) 1.083 5 (6) + 2(5) + 6(2)

3 Fixture 5 (6) + 2(5) + Q[3,4]

4 Layout*Fixture 5 (6) + 2(5) + Q[4]

5 Fixture*Operator

(Layout) 1.576 6 (6) + 2(5)

6 Error 2.333 (6)

Then certain sums of squares and degrees of freedom from the factorial analysis would be pooled to form the appro-
priate quantities required for the design with nested and factorial factors as follows:

Factorial Analysis Nested–Factorial Analysis

Sum of Squares Degrees of Freedom Sum of Squares Degrees of Freedom

SSF 2 SSF 2

SSL 1 SSL 1

SSFL 2 SSFL 2

SSO 3

SSLO 3 SSO(L) = SSO + SSLO 6

SSFO 6

SSFOL 6 SSFO(L) = SSFO + SSFOL 12

SSE 24 SSE 24

SST 47 SST 47
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◾ TABLE 14 . 15
JMP Output for Example 14.2

.Response Time

.Summary of Fit

RSquare 0.764291

RSquare Adj 0.73623

Root Mean Square Error 1.527525

Mean of Response 26.08333

Observations for (or Sum Wgts) 48

.REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Operator[Layout] 0.4642857 1.0833333 1.2122659 −1.292708 3.4593745 21.697

Operator*Fixture[Layout] 0.6755952 1.5763889 1.1693951 −0.715625 3.8684033 31.572

Residual 2.3333333 0.6735753 1.4226169 4.5157102 46.732

Total 4.9930556 100.000

−2 LogLikelihood = 195.88509411

.Covariance Matrix of Variance Component Estimates

Random Effect Operator[Layout] Operator*Fixture[Layout] Residual

Operator[Layout] 1.4695886 −0.41802 3.608e-15

Operator*Fixture[Layout] −0.41802 1.3674849 −0.226852
Residual 3.608e-15 −0.226852 0.4537037

.Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Layout 1 1 6 0.3407 0.5807

Fixture 2 2 12 7.5456 0.0076*

Layout*Fixture 2 2 12 1.7354 0.2178

14.4 The Split-Plot Design

In some multifactor factorial experiments, we may be unable to completely randomize the order of the runs. This often
results in a generalization of the factorial design called a split-plot design.

As an example, consider a paper manufacturer who is interested in three different pulp preparation methods
(the methods differ in the amount of hardwood in the pulp mixture) and four different cooking temperatures
for the pulp and who wishes to study the effect of these two factors on the tensile strength of the paper. Each
replicate of a factorial experiment requires 12 observations, and the experimenter has decided to run three
replicates. This will require a total of 36 runs. The experimenter decides to conduct the experiment as follows.
A batch of pulp is produced by one of the three methods under study. Then this batch is divided into four samples,
and each sample is cooked at one of the four temperatures. Then a second batch of pulp is made up using another of
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◾ TABLE 14 . 16
The Experiment on the Tensile Strength of Paper

Replicate 1 Replicate 2 Replicate 3

Pulp Preparation Method 1 2 3 1 2 3 1 2 3

Temperature (∘F)
200 30 34 29 28 31 31 31 35 32

225 35 41 26 32 36 30 37 40 34

250 37 38 33 40 42 32 41 39 39

275 36 42 36 41 40 40 40 44 45

the three methods. This second batch is also divided into four samples that are tested at the four temperatures. The
process is then repeated, until all three replicates (36 runs) of the experiment are obtained. The data are shown in
Table 14.16.

Initially, we might consider this to be a factorial experiment with three levels of preparation method (factor A)
and four levels of temperature (factor B). If this is the case, then the order of experimentation within each replicate
should be completely randomized. That is, we should randomly select a treatment combination (a preparation method
and a temperature) and obtain an observation, then we should randomly select another treatment combination and
obtain a second observation, and so on, until all 36 observations have been taken. However, the experimenter did not
collect the data this way. He made up a batch of pulp and obtained observations for all four temperatures from that
batch. Because of the economics of preparing the batches and the size of the batches, this is the only feasible way
to run this experiment. A completely randomized factorial experiment would require 36 batches of pulp, which is
completely unrealistic. The split-plot design requires only 9 batches total. Obviously, the split-plot design has resulted
in considerable experimental efficiency.

The design used in our example is a split-plot design. In this split-plot design we have 9 whole plots, and the
preparation methods are called the whole plot or main treatments. Each whole plot is divided into four parts called
subplots (or split-plots), and one temperature is assigned to each. Temperature is called the subplot treatment. Note
that if other uncontrolled or undesigned factors are present and if these uncontrolled factors vary as the pulp preparation
methods are changed, then any effect of the undesigned factors on the response will be completely confounded with
the effect of the pulp preparation methods. Because the whole plot treatments in a split-plot design are confounded
with the whole plots and the subplot treatments are not confounded, it is best to assign the factor we are most interested
in to the subplots, if possible.

This example is fairly typical of how the split-plot design is used in an industrial setting. Notice that the two
factors were essentially “applied” at different times. Consequently, a split-plot design can be viewed as two experi-
ments “combined” or superimposed on each other. One “experiment” has the whole-plot factor applied to the large
experimental units (or it is a factor whose levels are hard to change) and the other “experiment” has the subplot factor
applied to the smaller experimental units (or it is a factor whose levels are easy to change).

The linear model for the split-plot design is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛾k + (𝜏𝛾)ik

+(𝛽𝛾)jk + (𝜏𝛽𝛾)ijk + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , r
j = 1, 2, . . . , a
k = 1, 2, . . . , b

(14.15)

where 𝜏i, 𝛽j, and (𝜏𝛽)ij represent the whole plot and correspond, respectively, to replicates, main treatments (factor
A), and whole-plot error (replicates × A), and 𝛾k, (𝜏𝛾)ik, (𝛽𝛾)jk, and (𝜏𝛽𝛾)ijk represent the subplot and correspond,
respectively, to the subplot treatment (factor B), the replicates × B and AB interactions, and the subplot error
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◾ TABLE 14 . 17
Expected Mean Squares for Split-Plot Design

Model
Term Expected Mean Square

𝜏i 𝜎
2 + ab𝜎2

𝜏

Whole plot 𝛽j 𝜎
2 + b𝜎2

𝜏𝛽
+

rbΣ𝛽2
j

a − 1
(𝜏𝛽)ij 𝜎

2 + b𝜎2
𝜏𝛽

𝛾k 𝜎
2 + a𝜎2

𝜏𝛾
+

raΣ𝛾2k
(b − 1)

(𝜏𝛾)ik 𝜎
2 + a𝜎2

𝜏𝛾

Subplot (𝛽𝛾)jk 𝜎
2 + 𝜎

2
𝜏𝛽𝛾

+
rΣΣ(𝛽𝛾)2jk

(a − 1)(b − 1)
(𝜏𝛽𝛾)ijk 𝜎

2 + 𝜎
2
𝜏𝛽𝛾

𝜖(ijk)h 𝜎
2 (not estimable)

(replicates × AB). Note that the whole-plot error is the replicates × A interaction and the subplot error is the
three-factor interaction replicates × AB. The sums of squares for these factors are computed as in the three-way
analysis of variance without replication.

The expected mean squares for the split-plot design, with replicates random and main treatments and sub-
plot treatments fixed, are shown in Table 14.17. Note that the main factor (A) in the whole plot is tested against
the whole-plot error, whereas the subtreatment (B) is tested against the replicates × subtreatment interaction. The
AB interaction is tested against the subplot error. Notice that there are no tests for the replicate effect (A) or the
replicate × subtreatment (AC) interaction.

The analysis of variance for the tensile strength data in Table 14.16 is summarized in Table 14.18. Because
both preparation methods and temperatures are fixed and replicates are random, the expected mean squares in
Table 14.17 apply. The mean square for preparation methods is compared to the whole-plot error mean square, and the

◾ TABLE 14 . 18
Analysis of Variance for the Split-Plot Design Using the Tensile Strength Data from Table 14.14

Source of Variation
Sum of
Squares

Degrees of
Freedom

Mean
Square F𝟎 P-Value

Replicates 77.55 2 38.78

Preparation method (A) 128.39 2 64.20 7.08 0.05

Whole-plot error (replicates ×A) 36.28 4 9.07

Temperature (B) 434.08 3 144.69 41.94 <0.01

Replicates × B 20.67 6 3.45

AB 75.17 6 12.53 2.96 0.05

Subplot error (replicates × AB) 50.83 12 4.24

Total 822.97 35
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mean square for temperatures is compared to the replicate × temperature (AC) mean square. Finally, the preparation
method × temperature mean square is tested against the subplot error. Both preparation methods and temperature
have a significant effect on strength, and their interaction is significant.

Note from Table 14.18 that the subplot error (4.24) is less than the whole-plot error (9.07). This is the usual case
in split-plot designs because the subplots are generally more homogeneous than the whole plots. This results in two
different error structures for the experiment. Because the subplot treatments are compared with greater precision, it
is preferable to assign the treatment we are most interested in to the subplots, if possible.

Some authors propose a slightly different statistical model for the split-plot design, say

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛾k + (𝛽𝛾)jk + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , r
j = 1, 2, . . . , a
k = 1, 2, . . . , b

(14.16)

In this model, (𝜏𝛽)ij is still the whole-plot error, but the replicates × B and replicates × AB interactions have essentially
been pooled with 𝜖ijk to form the subplot error. If we denote the variance of the subplot error term 𝜖ijk by 𝜎

2
𝜖
and make

the same assumptions as for model (Equation 14.15), the expected mean squares become

Factor E(MS)

𝜏i (Replicates) 𝜎
2
𝜖
+ ab𝜎2

𝜏

𝛽j(A) 𝜎
2
𝜖
+ b𝜎2

𝜏𝛽
+

rbΣ𝛽2j
a − 1

(𝜏𝛽)ij 𝜎
2
𝜖
+ b𝜎2

𝜏𝛽
(whole-plot error)

𝛾k(B) 𝜎
2
𝜖
+

raΣ𝛾2k
ab − 1

(𝛽𝛾)jk(AB) 𝜎
2
𝜖
+

rΣΣ(𝛽𝛾)2jk
(a − 1)(b − 1)

𝜖ijk 𝜎
2
𝜖
(subplot error)

Notice that now both the subplot treatment (B) and the AB interaction are tested against the subplot error mean square.
If one is reasonably comfortable with the assumption that the interactions of replicates × B and replicates × AB inter-
actions are negligible, then this alternative model is entirely satisfactory.

Because there are two variance components in the split-plot design, REML can be used to estimate them.
JMP implements the REML method for the split-plot design using the model in Equation 14.16. Table 14.19 is the
JMP output for the split-plot design in Table 14.16. The advantage of the REML method is that explicit estimates
of the whole-plot and subplot variance components are provided along with standard errors and approximate
confidence intervals.

Sometimes experimenters do not recognize the very specific structure of split-plot designs. They know that there
is one (or perhaps more) hard-to-change factor involved in the experiment but they do not design the experiment
as a split plot. They set up a standard factorial and then reorder the runs to minimize the number of times that the
hard-to-change factor must be changed. Then they run the experiment creating an “inadvertent” split-plot and analyze
the data as if it were a standard factorial (that is, a completely randomized design or a CRD).

Suppose that this happened with the experiment in Table 14.16. The experimenters made up three batches of pulp
in each replicate and then randomized the levels of temperature within each batch, resulting in the split-plot design in
Table 14.16. The standard factorial analysis of this experiment as a two-factor completely randomized factorial design
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◾ TABLE 14 . 19
JMP Output for the Split-Plot Design in Table 14.16

.Response Strength

.Summary of Fit

RSquare 0.903675

RSquare Adj 0.859526

Root Mean Square Error 1.993043

Mean of Response 36.02778

Observations (or Sum Wgts) 36

.REML Variance Component Estimates

Random Effect Var Ratio Var Component Std Error 95% Lower 95% Upper Pct of Total

Whole Plots 0.6232517 2.4756944 3.2753747 −3.94404 8.8954289 32.059

Subplots 0.3208042 1.2743056 1.6370817 −1.934375 4.4829857 16.502

Residual 3.9722222 1.3240741 2.2679421 8.6869402 51.439

Total 7.7222222 100.000

−2 LogLikelihood = 139.36226272

.Covariance Matrix of Variance Component Estimates

Random Effect Whole Plots Subplots Residual

Whole Plots 10.72808 −0.856821 −9.84e-14
Subplots −0.856821 2.6800365 −0.438293
Residual −9.84e-14 −0.438293 1.7531722

.Fixed Effect Tests

Source Nparm DF DFDen F Ratio Prob > F

Method 2 2 4 7.0781 0.0485*

Temp 3 3 18 36.4266 <.0001*

Temp*Method 6 6 18 3.1538 0.0271*

is shown in Table 14.20. Recall that in the correct split-plot analysis both the whole-plot and subplot factors and their
interaction were significant. However, in the incorrect analysis the interaction is not significant.

Generally, in “inadvertent” split plots we will tend to make too many type I errors for the whole-plot factors
(concluding that unimportant factors are important) and too many type II errors for the subplot factors (failing to
identify significant effects). In our example, we did properly identify the pulp preparation methods (the whole-plot
factor) as important, but we did not identify the significant interaction, which is a subplot factor. This emphasizes the
importance of correctly designing and analyzing experiments involving split plots.

The split-plot design has an agricultural heritage, with the whole plots usually being large areas of land and the
subplots being smaller areas of land within the large areas. For example, several varieties of a crop could be planted
in different fields (whole plots), one variety to a field. Then each field could be divided into, say, four subplots, and
each subplot could be treated with a different type of fertilizer. Here the crop varieties are the main treatments and the
different fertilizers are the subtreatments.
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◾ TABLE 14 . 20
Analysis of the Split-Plot Design in Table 14.16 as a CRD

.Summary of Fit

RSquare 0.7748

RSquare Adj 0.671583

Root Mean Square Error 2.778889

Mean of Response 36.02778

Observations (or Sum Wgts) 36

.Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 11 637.63889 57.9672 7.5065

Error 24 185.33333 7.7222

Prob > F

C. Total 35 822.97222 <.0001*

.Effect Tests

Source Nparm DF Sum of Squares F Ratio Prob > F

Method 2 2 128.38889 8.3129 0.0018*

Temp 3 3 434.08333 18.7374 <.0001

Temp*Method 6 6 75.16667 1.6223 0.1843

Despite its agricultural basis, the split-plot design is useful in many scientific and industrial experiments. In these
experimental settings, it is not unusual to find that some factors require large experimental units, whereas other factors
require small experimental units, such as in the tensile strength problem described above. Alternatively, we sometimes
find that complete randomization is not feasible because it is more difficult to change the levels of some factors than
others. The hard-to-vary factors form the whole plots, whereas the easy-to-vary factors are run in the subplots. The
review paper by Jones and Nachtsheim (2009) is an excellent source of information and key references on split-plot
designs.

In principle, we must carefully consider how the experiment must be conducted and incorporate all restrictions
on randomization into the analysis. We illustrate this point using a modification of the eye focus time experiment in
Chapter 6. Suppose there are only two factors: visual acuity (A) and illumination level (B). A factorial experiment
with a levels of acuity, b levels of illumination, and n replicates would require that all abn observations be taken in
random order. However, in the test apparatus, it is fairly difficult to adjust these two factors to different levels, so
the experimenter decides to obtain the n replicates by adjusting the device to one of the a acuities and one of the
b illumination levels and running all n observations at once. In the factorial design, the error actually represents the
scatter or noise in the system plus the ability of the subject to reproduce the same focus time. The model for the factorial
design could be written as

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝜙ijk + 𝜃ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , b
k = 1, 2, . . . , n

(14.17)

where 𝜙ijk represents the scatter or noise in the system that results from “experimental error” (that is, our failure to
duplicate exactly the same levels of acuity and illumination on different runs, variability in environmental conditions,
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and the like), and 𝜃ijk represents the “reproducibility error” of the subject. Usually, we combine these components into
one overall error term, say 𝜖ijk = 𝜙ijk + 𝜃ijk. Assume that V(𝜖ijk) = 𝜎

2 = 𝜎
2
𝜙
+ 𝜎

2
𝜃
. Now, in the factorial design, the error

mean square has expectation 𝜎
2 = 𝜎

2
𝜙
+ 𝜎

2
𝜃
, with ab(n − 1) degrees of freedom.

If we restrict the randomization as in the second design above, then the “error” mean square in the analysis
of variance provides an estimate of the “reproducibility error” 𝜎

2
𝜃
with ab(n − 1) degrees of freedom, but it yields

no information on the “experimental error” 𝜎
2
𝜙
. Thus, the mean square for error in this second design is too small;

consequently, we will wrongly reject the null hypothesis very frequently. As pointed out by John (1971), this design
is similar to a split-plot design with ab whole plots, each divided into n subplots, and no subtreatment. The situation is
also similar to subsampling, as described by Ostle (1963). Assuming that A and B are fixed, we find that the expected
mean squares in this case are

E(MSA) = 𝜎
2
𝜃
+ n𝜎2

𝜙
+

bn
∑

𝜏
2
i

a − 1

E(MSB) = 𝜎
2
𝜃
+ n𝜎2

𝜙
+

an
∑

𝛽
2
j

b − 1

E(MSAB) = 𝜎
2
𝜃
+ n𝜎2

𝜙
+

n
∑∑

(𝜏𝛽)2ij
(a − 1)(b − 1)

E(MSE) = 𝜎
2
𝜃

(14.18)

Thus, there are no tests on the main effects unless interaction is negligible. The situation is exactly that of a two-way
analysis of variance with one observation per cell. If both factors are random, then the main effects may be tested
against the AB interaction. If only one factor is random, then the fixed factor can be tested against the AB interaction.

In general, if one analyzes a factorial design and all the main effects and interactions are significant, then one
should examine carefully how the experiment was actually conducted. There may be randomization restrictions in
the model not accounted for in the analysis, and consequently, the data should not be analyzed as a factorial.

14.5 Other Variations of the Split-Plot Design

14.5.1 Split-Plot Designs with More Than Two Factors

Sometimes we find that either the whole plot or the subplot will contain two or more factors, arranged in a factorial
structure. As an example, consider an experiment conducted on a furnace to grow an oxide on a silicon wafer. The
response variables of interest are oxide layer thickness and layer uniformity. There are four design factors: temperature
(A), gas flow (B), time (C), and wafer position in the furnace (D). The experimenter plans to run a 24 factorial design
with two replicates (32 trials). Now factors A and B (temperature and gas flow) are difficult to change, whereas C and
D (time and wafer position) are easy to change. This leads to the split-plot design shown in Figure 14.7. Notice that
both replicates of the experiment are split into four whole plots, each containing one combination of the settings of
temperature and gas flow. Once these levels are chosen, each whole plot is split into four subplots and a 22 factorial in
the factors time and wafer position is conducted, where the treatment combinations in the subplot are tested in random
order. Only four changes in temperature and gas flow are made in each replicate, whereas the levels of time and wafer
position are completely randomized.

A model for this experiment, consistent with Equation 14.16, is

yijklm = 𝜇 + 𝜏i + 𝛽j + 𝛾k + (𝛽𝛾)jk + 𝜃ijk + 𝛿l + 𝜆m + (𝛿𝜆)lm
+ (𝛽𝛿)jl + (𝛽𝜆)jm + (𝛾𝛿)kl + (𝛿𝜆)lm + (𝛽𝛾𝛿)jkl + (𝛽𝛾𝜆)jkm

+ (𝛽𝛿𝜆)jlm + (𝛾𝛿𝜆)klm + (𝛽𝛾𝛿𝜆)jklm + 𝜖ijklm

⎧⎪⎪⎨⎪⎪⎩

i = 1, 2
j = 1, 2
k = 1, 2
l = 1, 2
m = 1, 2

(14.19)
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◾ F I GURE 14 . 7 A split-plot design with four design factors, two in the whole plot and two in the subplot

where 𝜏i represents the replicate effect, 𝛽j and 𝛾k represent the whole-plot main effects, 𝜃ijk is the whole-plot error, 𝛿l
and 𝜆m represent the subplot main effects, and 𝜖ijklm is the subplot error. We have included all interactions between the
four design factors. Table 14.21 presents the analysis of variance for this design, assuming that replicates are random
and all design factors are fixed effects. In this table, 𝜎2

𝜃
and 𝜎

2
𝜖
represent the variances of the whole-plot and subplot

errors, respectively, 𝜎2
𝜏
is the variance of the block effects, and (for simplicity) we have used capital Latin letters to

denote fixed-type effects. The whole-plot main effects and interaction are tested against the whole-plot error, whereas

◾ TABLE 14 . 21
An Abbreviated Analysis for a Split-Plot Design with Factors A and B in the Whole Plots and Factors C and D in the
Subplots (Refer to Figure 14.7)

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Expected
Mean Square

Replicates (𝜏i) SSReplicates 1 𝜎
2
𝜖
+ 16𝜎2

𝜏

A(𝛽j) SSA 1 𝜎
2
𝜖
+ 8𝜎2

𝜃
+ A

B(𝛾k) SSB 1 𝜎
2
𝜖
+ 8𝜎2

𝜃
+ B

AB SSAB 1 𝜎
2
𝜖
+ 8𝜎2

𝜃
+ AB

Whole-plot error (𝜃ijk) SSWP 3 𝜎
2
𝜖
+ 8𝜎2

𝜃

C(𝛿l) SSC 1 𝜎
2
𝜖
+ C

D(𝜆m) SSD 1 𝜎
2
𝜖
+ D

CD SSCD 1 𝜎
2
𝜖
+ CD

AC SSAC 1 𝜎
2
𝜖
+ AC

BC SSBC 1 𝜎
2
𝜖
+ BC

AD SSAD 1 𝜎
2
𝜖
+ AD

BD SSBD 1 𝜎
2
𝜖
+ BD

ABC SSABC 1 𝜎
2
𝜖
+ ABC

ABD SSABD 1 𝜎
2
𝜖
+ ABD

ACD SSACD 1 𝜎
2
𝜖
+ ACD

BCD SSBCD 1 𝜎
2
𝜖
+ BCD

ABCD SSABCD 1 𝜎
2
𝜖
+ ABCD

Subplot error (𝜖ijklm) SSSP 12 𝜎
2
𝜖

Total SST 31
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the subplot factors and all other interactions are tested against the subplot error. If some of the design factors are
random, the test statistics will be different. In some cases, there will be no exact F-tests and Satterthwaite’s procedure
(described in Chapter 13) should be used.

Factorial experiments with three or more factors in a split-plot structure tend to be rather large experiments. On
the other hand, the split-plot structure often makes it easier to conduct a larger experiment. For instance, in the oxide
furnace example, the experimenters only have to change the hard-to-change factors (A and B) eight times, so perhaps
a 32-run experiment is not too unreasonable.

As the number of factors in the experiment grows, the experimenter may consider using a fractional factorial
experiment in the split-plot setting. As an illustration, consider the experiment that was originally described in Problem
8.7. This is a 25−1 fractional factorial experiment conducted to study the effect of heat-treating process variables
on the height of truck springs. The factors are A = transfer time, B = heating time, C = oil quench temperature,
D = temperature, and E = hold down time. Suppose that factors A, B, and C are very hard to change and that the other
two factors D and E are easy to change. For example, it might be necessary to first manufacture the springs by varying
factors A, B, and C, and then hold those factors fixed while varying factors D and E in a subsequent experiment.

We consider a modification of that experiment because the original experimenters may not have run it as a split
plot and because they did not use the design generator that we are going to use. Let the whole-plot factors be denoted
by A, B, and C and the split-plot factors be denoted by D and E (the bold symbol is used to help us identify the
easy-to-change factors). We will select the design generator E = ABCD. The layout of this design has eight whole
plots (the eight combinations of factors A, B, and C each at two levels). Each whole plot is divided into two subplots,
and a combination of the factors D and E are tested in each split plot. (The exact treatment combinations depend on
the signs on the treatment combinations for the whole-plot factors through the generator.)

Assume that all three-, four-, and five-factor interactions are negligible. If this assumption is reasonable, then
all whole-plot factors A, B, and C and their two-factor interactions can be estimated in the whole plot . If the design
is replicated, these effects would be tested against the whole-plot error. Alternatively, if the design is unreplicated,
their effects could be assessed via a normal probability plot (or possibly by Lenth’s method). The subplot factors D
and E and their two-factor interaction DE can also be estimated. However, since DE = ABC, the DE interaction needs
to be treated as a whole-plot term. There are six two-factor interactions of whole-plot and split-plot factors that can
also be estimated: AD, AE, BD, BE, CD, and CE. In general, it turns out that any split-plot main effect or interaction
that is aliased with whole-plot main effects or interactions involving only whole-plot factors would be compared to
the whole-plot error. Furthermore, split-plot main effects or interactions involving at least one split-plot factor that
are not aliased with whole-plot main effects or interactions involving only whole-plot factors are compared to the
split-plot error. See Bisgaard (2000) for a thorough discussion. Therefore, in our problem, all of the effects D, E, AD,
AE, BD, BE, CD, and CE are compared to the split-plot error. Alternatively, they could be assessed via a normal
probability plot.

Recently, several papers have appeared on the subject of fractional factorials and response surface experiments
in split plots. The papers by Vining, Kowalski, and Montgomery (2005), Vining and Kowalski (2008), Macharia and
Goos (2010), Bisgaard (2000), Bingham and Sitter (1999), Huang, Chen, and Voelkel (1999), and Almimi, Kulahci,
and Montgomery (2008a, b, 2009) are recommended.

EXAMPLE 14 . 3

The factors affecting uniformity in a single-wafer plasma
etching process are being investigated. Three factors on the
etching tool are relatively difficult to change from run to run:
A = electrode gap, B = gas flow, and C = pressure. Two
other factors are easy to change from run to run: D = time
and E = RF (radio frequency) power. The experimenters

want to use a fractional factorial experiment to investi-
gate these five factors because the number of test wafers
available is limited. The hard-to-change factors also indi-
cate that a split-plot design should be considered. The
experimenters decide to use the strategy discussed above:
a 25−1 design with factors A, B, and C in the whole plots
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and factors D and E in the subplots. The design generator is
E = ABCD. This produces a 16-run fractional factorial with
eight whole plots. Every whole plot contains one of the eight
treatment combinations from a complete 23 factorial design
in factors A, B, and C. Each whole plot is divided into two
subplots, with one of the treatment combinations for fac-
tors D and E in each subplot. The design and the resulting
uniformity data are shown in Table 14.22. The eight whole
plots were run in random order, but once a whole plot con-
figuration for factors A, B, and C was set up on the etching
tool, both subplot runs were made (also in random order).

The statistical analysis of this experiment involves
keeping the whole-plot and subplot factors separate. We
assume that all interactions beyond order two are neg-
ligible. Table 14.23 lists the effect estimates separated
into whole-plot and subplot terms. Furthermore, available

degrees of freedom are used to estimate effects, so we cannot
estimate either the whole-plot or the subplot error. There-
fore, we must use normal probability plots to evaluate the
effects. Figure 14.8a is a half-normal probability plot of
the effect estimates for only the whole-plot factors, ignor-
ing the factors in the subplots. Notice that factors A, B,
and the AB interaction have large effects. Figure 14.8b is a
half-normal probability plot of the subplot effects D and E,
and the interactions involving those factors, DE, AD, AE,
BD, BE, CD, and CE. Only the main effect of E and the
AE interaction are large.

Figures 14.9a and 14.9b are the two-factor interaction
plots of the intersections AB and AE. The experimenter’s
objective is to minimize the uniformity response, so
Figure 14.9a suggests that either level of factorA= electrode

◾ TABLE 14 . 22
The 25−1 Split-Plot Experiment for the Plasma Etching Tool

Whole-Plot Factors Subplot FactorsWhole
Plots A B C D E Uniformity

− − − − + 40.85

1 − − − + − 41.07

+ − − − − 35.67

2 + − − + + 51.15

− + − − − 41.80

3 − + − + + 37.01

+ + − − + 91.09

4 + + − + − 48.67

− − + − − 40.32

5 − − + + + 43.34

+ − + − + 62.46

6 + − + + − 38.08

− + + − + 31.99

7 − + + + − 41.03

+ + + − − 70.31

8 + + + + + 81.03



�

� �

�

644 Chapter 14 Nested and Split-Plot Designs

◾ TABLE 14 . 23
Effects for Plasma Etching Experiment Separated into Whole-Plot
and Subplot Effects

Term Parameter Estimates Type of Term

Intercept 49.73875

Gap (A) 10.0625 Whole

Gas flow (B) 5.6275 Whole

Pressure (C) 1.325 Whole

Time (D) −2.0725 Subplot

RF power (E) 5.12625 Subplot

AB 7.34625 Whole

AC 1.83125 Whole

AD −3.00875 Subplot

AE 6.505 Subplot

BC −0.60125 Whole

BD −1.35875 Subplot

BE −0.2125 Subplot

CD 1.86625 Subplot

CE −1.485 Subplot

DE 0.34 Whole
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◾ F I GURE 14 . 8 Half-normal plots of the effects from the 25−1 split-plot experiment
in Example 14.3. (a) Whole-plot effects. (b) Subplot effects
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◾ F I GURE 14 . 9 Two-factor interaction graphs for the 25−1 split-plot experiment in
Example 14.3. (a) AB interaction. (b) AE interaction

gap will be effective as long as B = gas flow is at the low
level. However, if B is at the high level, then A must be
at the low level to achieve low uniformity. Figure 14.9b
indicates that controlling E = RF power at the low level
is effective in reducing uniformity, particularly if A is at
the high level. However, if E is at the high level, A must

be at the low level. Therefore, the results of this screen-
ing experiment indicate that three of the five original factors
significantly impact etch uniformity. Furthermore, the treat-
ment combination A high, B low, and E low or A low, B
high, and E high will produce low levels of the uniformity
response.

The design in Example 14.3 can be constructed as a D-optimal design using JMP, by specifying A, B, and C to be
hard-to-change factors and D and E to be easy-to-change factors, and requiring eight whole plots and 16 runs. The
default design that JMP recommends for this problem is a 32-run design with eight whole plots and four subplots
per whole plot. This design is a full factorial and because of the additional runs, it allows the estimation of both the
whole-plot and the subplot error terms. The default design is shown in Table 14.24. Note that both designs require
eight whole plots, as they have exactly the same number of changes in the hard-to-change factors. So there may be
little practical difference in the resources required to run the two designs.

14.5.2 The Split-Split-Plot Design

The concept of split-plot designs can be extended to situations in which randomization restrictions may occur at any
number of levels within the experiment. If there are two levels of randomization restrictions, the layout is called a
split-split-plot design. The following example illustrates such a design.

Optimal design tools are an important and useful way to construct split-plot designs. Optimal design tools using
the coordinate exchange algorithm are very efficient and available in JMP. An alternate construction tool using integer
programming has been developed by Capehart et al. (2011).
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◾ TABLE 14 . 24
Default Design from JMP for the Plasma Etching Experiment

Whole-Plot Factors Subplot Factors
Whole Plots A B C D E

1 − − − − −
− +
+ −
+ +

2 − − + − −
− +
+ −
+ +

3 − + − − −
− +
+ −
+ +

4 − + + − −
− +
+ −
+ +

5 + − − − −
− +
+ −
+ +

6 + − + − −
− +
+ −
+ +

7 + + − − −
− +
+ −
+ +

8 + + + − −
− +
+ −
+ +

EXAMPLE 14 . 4

A researcher is studying the absorption times of a particular
type of antibiotic capsule. There are three technicians, three
dosage strengths, and four capsule wall thicknesses of inter-
est to the researcher. Each replicate of a factorial experiment

would require 36 observations. The experimenter has
decided on four replicates, and it is necessary to run each
replicate on a different day. Note that the days can be con-
sidered as blocks. Within a replicate (or a block) (day),
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the experiment is performed by assigning a unit of antibi-
otic to a technician who conducts the experiment on the
three dosage strengths and the four wall thicknesses. Once
a particular dosage strength is formulated, all four wall
thicknesses are tested at that strength. Then another dosage
strength is selected and all four wall thicknesses are tested.
Finally, the third dosage strength and the four wall thick-
nesses are tested. Meanwhile, two other laboratory techni-
cians also follow this plan, each starting with a unit of antibi-
otic.

Note that there are two randomization restrictions within
each replicate (or block): technician and dosage strength.

The whole plots correspond to the technician. The order
in which the technicians are assigned the units of antibi-
otic is randomly determined. The dosage strengths form
three subplots. Dosage strength may be randomly assigned
to a subplot. Finally, within a particular dosage strength, the
four capsule wall thicknesses are tested in random order,
forming four sub-subplots. The wall thicknesses are usually
called sub-subtreatments. Because there are two randomiza-
tion restrictions in the experiment (some authors say two
“splits” in the design), the design is called a split-split-plot
design. Figure 14.10 illustrates the randomization restric-
tions and experimental layout in this design.
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◾ F I GURE 14 . 10 A split-split-plot design
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A linear statistical model for the split-split-plot design is

yijkh = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛾k + (𝜏𝛾)ik + (𝛽𝛾)jk + (𝜏𝛽𝛾)ijk
+ 𝛿h + (𝜏𝛿)ih + (𝛽𝛿)jh
+ (𝜏𝛽𝛿)ijh + (𝛾𝛿)kh + (𝜏𝛾𝛿)ikh + (𝛽𝛾𝛿)jkh

+ (𝜏𝛽𝛾𝛿)ijkh + 𝜖ijkh

⎧⎪⎨⎪⎩

i = 1, 2, . . . , r
j = 1, 2, . . . , a
k = 1, 2, . . . , b
h = 1, 2, . . . , c

(14.20)

where 𝜏i, 𝛽j, and (𝜏𝛽)ij represent the whole plot and correspond to replicates or blocks, main treatments (factor A),
and whole-plot error (replicates (or blocks) × A), respectively; 𝛾k, (𝜏𝛾)ik, (𝛽𝛾)jk, and (𝜏𝛽𝛾)ijk represent the subplot and
correspond to the subplot treatment (factor B), the replicates (or blocks) × B and AB interactions, and the subplot
error, respectively; and 𝛿h and the remaining parameters correspond to the sub-subplot and represent, respectively,
the sub-subplot treatment (factor C) and the remaining interactions. The four-factor interaction (𝜏𝛽𝛾𝛿)ijkh is called the
sub-subplot error.

The expectedmean squares are as shown in Table 14.25, assuming that the replicates (blocks) are random and that
the other design factors are fixed. Tests on the main treatments, subtreatments, sub-subtreatments and their interactions

◾ TABLE 14 . 25
Expected Mean Squares for the Split-Split-Plot Design

Model
Term Expected Mean Square

𝜏i 𝜎
2 + abc𝜎2

𝜏

Whole plot 𝛽j 𝜎
2 + bc𝜎2

𝜏𝛽
+

rbc
∑

𝛽
2
j

(a − 1)
(𝜏𝛽)ij 𝜎

2 + bc𝜎2
𝜏𝛽

𝛾k 𝜎
2 + ac𝜎2

𝜏𝛾
+

rac
∑

𝛾
2
k

(b − 1)
Subplot (𝜏𝛾)ik 𝜎

2 + ac𝜎2
𝜏𝛾

(𝛽𝛾)jk 𝜎
2 + c𝜎2

𝜏𝛽𝛾
+

rc
∑∑

(𝛽𝛾)2jh
(a − 1)(b − 1)

(𝜏𝛽𝛾)ijk 𝜎
2 + c𝜎2

𝜏𝛽𝛾

𝛿h 𝜎
2 + ab𝜎2

𝜏𝛿
+

rab
∑

𝛿
2
k

(c − 1)
(𝜏𝛿)ih 𝜎

2 + ab𝜎2
𝜏𝛿

(𝛽𝛿)jh 𝜎
2 + b𝜎2

𝜏𝛽𝛿
+

rb
∑∑

(𝛽𝛿)2jh
(a − 1)(c − 1)

(𝜏𝛽𝛿)ijh 𝜎
2 + b𝜎2

𝜏𝛽𝛿

Sub-subplot (𝛾𝛿)kh 𝜎
2 + a𝜎2

𝜏𝛾𝛿
+

ra
∑∑

(𝛾𝛿)2kh
(b − 1)(c − 1)

(𝜏𝛾𝛿)ikh 𝜎
2 + a𝜎2

𝜏𝛾𝛿

(𝛽𝛾𝛿)jkh 𝜎
2 + 𝜎

2
𝜏𝛽𝛾𝛿

+
r
∑∑∑

(𝛽𝛾𝛿)2ijk
(a − 1)(b − 1)(c − 1)

(𝜏𝛽𝛾𝛿)ijkh 𝜎
2 + 𝜎

2
𝜏𝛽𝛾𝛿

𝜖l(ijkh) 𝜎
2 (not estimable)
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are obvious from inspection of this table. Note that no tests on replicates or blocks or interactions involving replicates
or blocks exist.

The statistical analysis of a split-split-plot design is like that of a single replicate of a four-factor factorial.
The number of degrees of freedom for each test is determined in the usual manner. To illustrate, in Example 14.4,
where we had four replicates, three technicians, three dosage strengths, and four wall thicknesses, we would have only
(r − 1)(a − 1) = (4 − 1)(3 − 1) = 6 whole-plot error degrees of freedom for testing technicians. This is a relatively
small number of degrees of freedom, and the experimenter might consider using additional replicates to increase the
precision of the test. If there are a replicates, we will have 2(r − 1) degrees of freedom for whole-plot error. Thus, five
replicates yield 2(5 − 1) = 8 error degrees of freedom, six replicates yield 2(6 − 1) = 10 error degrees of freedom,
seven replicates yield 2(7 − 1) = 12 error degrees of freedom, and so on. Consequently, we would probably not want
to run fewer than four replicates because this would yield only four error degrees of freedom. Each additional repli-
cate allows us to gain two degrees of freedom for error. If we could afford to run five replicates, we could increase
the precision of the test by one-third (from six to eight degrees of freedom). Also, in going from five to six repli-
cates, there is an additional 25 percent gain in precision. If resources permit, the experimenter should run five or
six replicates.

14.5.3 The Strip-Split-Plot Design

The strip-split-plot design has had an extensive application in the agricultural sciences, but it finds occasional use in
industrial experimentation. In the simplest case, we have two factors A and B. Factor A is applied to whole plots just as
in the standard split-plot design. Then factor B is applied to strips (which are really just another set of whole plots) that
are orthogonal to the original whole plots used for factor A. Figure 14.11 illustrates a situation in which both factors A
and B have three levels. Note that the levels of factor A are confounded with the whole plots, and the levels of factor
B are confounded with the strips (which can be thought of as a second set of whole plots).

A model for the strip-split plot design in Figure 14.11, assuming r replicates, a levels of factor A, and b levels
of factor B, is

yijk = 𝜇 + 𝜏i + 𝛽j + (𝜏𝛽)ij + 𝛾k + (𝜏𝛾)ik + (𝛽𝛾)jk + 𝜖ijk

⎧⎪⎨⎪⎩
i = 1, 2, . . . , r
j = 1, 2, . . . , a
k = 1, 2, . . . , b

where (𝜏𝛽)ij and (𝜏𝛾)ik are whole-plot errors for factors A and B, respectively, and 𝜖ijk is a “subplot” error used to test
the AB interaction. Table 14.26 shows an abbreviated analysis of variance assuming A and B are fixed factors and
replicates are random. The replicates are sometimes considered as blocks.

A3B1 A1B1 A2B1

A3 A1 A2

A3B3 A1B3 A2B3

A3B2

B1

B3

B2 A1B2 A2B2

Whole plots

Strip
plots

◾ F I GURE 14 . 11 One replicate (block) of a strip-split-plot design
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◾ TABLE 14 . 26
An Abbreviated Analysis of Variance for a Strip-Split-Plot Design

Source of
Variation

Sum of
Squares

Degrees of
Freedom Expected Mean Square

Replicates (or blocks) SSReplicates r − 1 𝜎
2
𝜖
+ ab𝜎2

𝜏

A SSA a − 1 𝜎
2
𝜖
+ b𝜎2

𝜏𝛽
+

rb
∑

𝛽
2
j

a − 1

Whole-plot errorA SSWPA
(r − 1)(a − 1) 𝜎

2
𝜖
+ b𝜎2

𝜏𝛽

B SSB b − 1 𝜎
2
𝜖
+ a𝜎2

𝜏𝛾
+

ra
∑

𝛾
2
k

b − 1

Whole-plot errorB SSWPB
(r − 1)(b − 1) 𝜎

2
𝜖
+ a𝜎2

𝜏𝛾

AB SSAB (a − 1)(b − 1) 𝜎
2
𝜖
+

rΣΣ(𝜏𝛽)2jk
(a − 1)(b − 1)

Subplot error SSSP (r − 1)(a − 1)(b − 1) 𝜎
2
𝜖

Total SST rab − 1

14.6 Problems

14.1 A rocket propellant manufacturer is studying the
burning rate of propellant from three production processes.
Four batches of propellant are randomly selected from the out-
put of each process, and three determinations of burning rate
are made on each batch. The results follow. Analyze the data
and draw conclusions.

Process 1 Process 2 Process 3

Batch 1 2 3 4 1 2 3 4 1 2 3 4

25 19 15 15 19 23 18 35 14 35 38 25

30 28 17 16 17 24 21 27 15 21 54 29

26 20 14 13 14 21 17 25 20 24 50 33

14.2 The surface finish of metal parts made on four
machines is being studied. An experiment is conducted in
which each machine is run by three different operators and
two specimens from each operator are collected and tested.
Because of the location of the machines, different operators
are used on each machine, and the operators are chosen at ran-
dom. The data are shown in the following table. Analyze the
data and draw conclusions.

Machine 1 Machine 2 Machine 3 Machine 4

Operator 1 2 3 1 2 3 1 2 3 1 2 3

79 94 46 92 85 76 88 53 46 36 40 62

62 74 57 99 79 68 75 56 57 53 56 47

14.3 A manufacturing engineer is studying the dimen-
sional variability of a particular component that is produced on
three machines. Each machine has two spindles, and four com-
ponents are randomly selected from each spindle. The results
follow. Analyze the data, assuming that machines and spindles
are fixed factors.

Machine 1 Machine 2 Machine 3

Spindle 1 2 1 2 1 2

12 8 14 12 14 16

9 9 15 10 10 15

11 10 13 11 12 15

12 8 14 13 11 14
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14.4 To simplify production scheduling, an industrial
engineer is studying the possibility of assigning one time stan-
dard to a particular class of jobs, believing that differences
between jobs are negligible. To see if this simplification is pos-
sible, six jobs are randomly selected. Each job is given to a
different group of three operators. Each operator completes the
job twice at different times during the week, and the following
results are obtained. What are your conclusions about the use
of a common time standard for all jobs in this class? What
value would you use for the standard?

Job Operator 1 Operator 2 Operator 3

1 158.3 159.4 159.2 159.6 158.9 157.8

2 154.6 154.9 157.7 156.8 154.8 156.3

3 162.5 162.6 161.0 158.9 160.5 159.5

4 160.0 158.7 157.5 158.9 161.1 158.5

5 156.3 158.1 158.3 156.9 157.7 156.9

6 163.7 161.0 162.3 160.3 162.6 161.8

14.5 Consider the three-stage nested design shown in
Figure 14.5 to investigate alloy hardness. Using the data that
follow, analyze the design, assuming that alloy chemistry and
heats are fixed factors and ingots are random. Use the restricted
form of the mixed model.

Alloy Chemistry 1

Heats 1 2 3

Ingots 1 2 1 2 1 2

40 27 95 69 65 78

63 30 67 47 54 45

Alloy Chemistry 2

Heats 1 2 3

Ingots 1 2 1 2 1 2

22 23 83 75 61 35

10 39 62 64 77 42

14.6 Reanalyze the experiment in Problem 14.5 using the
unrestricted form of the mixed model. Comment on any differ-
ences you observe between the restricted and the unrestricted
model results. You may use a computer software package.

14.7 Derive the expected mean squares for a balanced
three-stage nested design, assuming that A is fixed and that B
and C are random. Obtain formulas for estimating the variance
components. Assume the restricted form of the mixed model.

14.8 Repeat Problem 14.7 assuming the unrestricted form
of themixedmodel. Youmay use a computer software package
to do this. Comment on any differences between the restricted
and unrestricted model analysis and conclusions.

14.9 Derive the expected mean squares for a balanced
three-stage nested design if all three factors are random.Obtain
formulas for estimating the variance components.

14.10 Verify the expected mean squares given in
Table 14.1.

14.11 Unbalanced nested designs.Consider an unbalanced
two-stage nested design with bj levels of B under the ith level
of A and nij replicates in the ijth cell.

Factor A 1 2

Factor B 1 2 1 2 3

6 −3 5 2 1

4 1 7 4 0

8 9 3 −3
6

(a) Write down the least squares normal equations for this
situation. Solve the normal equations.

(b) Construct the analysis of variance table for the unbal-
anced two-stage nested design.

(c) Analyze the following data, using the results in part (b).

14.12 Variance components in the unbalanced two-stage
nested design. Consider the model

yijk = 𝜇 + 𝜏i + 𝛽j(i) + 𝜖k(ij)

⎧⎪⎨⎪⎩
i = 1, 2, . . . , a
j = 1, 2, . . . , bi
k = 1, 2, . . . , nij

where A and B are random factors. Show that

E(MSA) = 𝜎
2 + c1𝜎

2
𝛽
+ c2𝜎

2
𝜏

E(MSB(A)) = 𝜎
2 + c0𝜎

2
𝛽

E(MSE) = 𝜎
2

where

c0 =

N −
a∑
i=1

(
bi∑
j=1

n2ij∕ni•

)

b − a

c1 =

a∑
i=1

(
bi∑
j=1

n2ij∕ni•

)
−

a∑
i=1

bi∑
j=1

n2ij∕N

a − 1

c2 =
N −

a∑
i=1

n2i•

N

a − 1
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14.13 A process engineer is testing the yield of a product
manufactured on three machines. Each machine can be oper-
ated at two power settings. Furthermore, a machine has three
stations on which the product is formed. An experiment is con-
ducted in which each machine is tested at both power settings,
and three observations on yield are taken from each station.
The runs are made in random order, and the results are shown
in Table P14.1. Analyze this experiment, assuming that all
three factors are fixed.

◾ TABLE P14.1
Yield Experiment in Problem 14.13

Machine 1 Machine 2
Station 1 2 3 1 2 3

Power 34.1 33.7 36.2 31.1 33.1 32.8
setting 1 30.3 34.9 36.8 33.5 34.7 35.1

31.6 35.0 37.1 34.0 33.9 34.3
Power 24.3 28.1 25.7 24.1 24.1 26.0
setting 2 26.3 29.3 26.1 25.0 25.1 27.1

27.1 28.6 24.9 26.3 27.9 23.9

Machine 3
Station 1 2 3

Power 32.9 33.8 33.6
setting 1 33.0 33.4 32.8

33.1 32.8 31.7
Power 24.2 23.2 24.7
setting 2 26.1 27.4 22.0

25.3 28.0 24.8

14.14 Suppose that in Problem 14.13 a large number
of power settings could have been used and that the two
selected for the experiment were chosen randomly. Obtain
the expected mean squares for this situation assuming the
restricted form of the mixed model and modify the previous
analysis appropriately.

14.15 Reanalyze the experiment in Problem 14.14 assum-
ing the unrestricted form of the mixed model. You may use a
computer software package to do this. Comment on any differ-
ences between the restricted and unrestricted model analysis
and conclusions.

14.16 A structural engineer is studying the strength of alu-
minum alloy purchased from three vendors. Each vendor sub-
mits the alloy in standard-sized bars of 1.0, 1.5, or 2.0 inches.
The processing of different sizes of bar stock from a common
ingot involves different forging techniques, and so this factor
may be important. Furthermore, the bar stock is forged from
ingots made in different heats. Each vendor submits two test
specimens of each size bar stock from three heats. The result-
ing strength data is shown in Table P14.2. Analyze the data,

assuming that vendors and bar size are fixed and heats are ran-
dom. Use the restricted form of the mixed model.

◾ TABLE P14.2
Strength Data in Problem P14.16

Vendor 1 Vendor 2
Heat 1 2 3 1 2 3

Bar size
1 in. 1.230 1.346 1.235 1.301 1.346 1.315

1.259 1.400 1.206 1.263 1.392 1.320
1 1

2
in. 1.316 1.329 1.250 1.274 1.384 1.346

1.300 1.362 1.239 1.268 1.375 1.357
2 in. 1.287 1.346 1.273 1.247 1.362 1.336

1.292 1.382 1.215 1.215 1.328 1.342

Vendor 3
Heat 1 2 3

Bar size
1 in. 1.247 1.275 1.324

1.296 1.268 1.315
1 1

2
in. 1.273 1.260 1.392

1.264 1.265 1.364
2 in. 1.301 1.280 1.319

1.262 1.271 1.323

14.17 Rework Problem 14.16 using the unrestricted form of
the mixed model. You may use a computer software package
to do this. Comment on any differences between the restricted
and unrestricted model analysis and conclusions.

14.18 Suppose that in Problem 14.16 the bar stock may be
purchased in many sizes and that the three sizes actually used
in the experiment were selected randomly. Obtain the expected
mean squares for this situation and modify the previous analy-
sis appropriately. Use the restricted form of the mixed model.

14.19 Steel is normalized by heating above the critical tem-
perature, soaking, and then air cooling. This process increases
the strength of the steel, refines the grain, and homogenizes
the structure. An experiment is performed to determine the
effect of temperature and heat treatment time on the strength
of normalized steel. Two temperatures and three times are
selected. The experiment is performed by heating the oven to a
randomly selected temperature and inserting three specimens.
After 10 minutes one specimen is removed, after 20 minutes
the second is removed, and after 30 minutes the final specimen
is removed. Then the temperature is changed to the other level
and the process is repeated. Four shifts are required to collect
the data, which are shown below. Analyze the data and draw
conclusions, assuming both factors are fixed.
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Temperature (∘F)

Shift Time (min) 1500 1600

10 63 89

1 20 54 91

30 61 62

10 50 80

2 20 52 72

30 59 69

10 48 73

3 20 74 81

30 71 69

10 54 88

4 20 48 92

30 59 64

14.20 An experiment is designed to study pigment disper-
sion in paint. Four different mixes of a particular pigment
are studied. The procedure consists of preparing a particular
mix and then applying that mix to a panel by three applica-
tion methods (brushing, spraying, and rolling). The response
measured is the percentage reflectance of pigment. Three days

◾ TABLE P14.3
The Absorption Time Experiment

Technician

1 2 3Replicates
(or Blocks)

Dosage
Strengths 1 2 3 1 2 3 1 2 3

Wall Thickness

1 95 71 108 96 70 108 95 70 100

1 2 104 82 115 99 84 100 102 81 106

3 101 85 117 95 83 105 105 84 113

4 108 85 116 97 85 109 107 87 115

1 95 78 110 100 72 104 92 69 101

2 2 106 84 109 101 79 102 100 76 104

3 103 86 116 99 80 108 101 80 109

4 109 84 110 112 86 109 108 86 113

1 96 70 107 94 66 100 90 73 98

3 2 105 81 106 100 84 101 97 75 100

3 106 88 112 104 87 109 100 82 104

4 113 90 117 121 90 117 110 91 112

1 90 68 109 98 68 106 98 72 101

4 2 100 84 112 102 81 103 102 78 105

3 102 85 115 100 85 110 105 80 110

4 114 88 118 118 85 116 110 95 120

are required to run the experiment, and the data obtained fol-
low. Analyze the data and draw conclusions, assuming that
mixes and application methods are fixed.

Mix

Day
Application
Method 1 2 3 4

1 64.5 66.3 74.1 66.5

1 2 68.3 69.5 73.8 70.0

3 70.3 73.1 78.0 72.3

1 65.2 65.0 73.8 64.8

2 2 69.2 70.3 74.5 68.3

3 71.2 72.8 79.1 71.5

1 66.2 66.5 72.3 67.7

3 2 69.0 69.0 75.4 68.6

3 70.8 74.2 80.1 72.4

14.21 Repeat Problem 14.20, assuming that the mixes are
random and the application methods are fixed.

14.22 Consider the split-split-plot design described in
Example 14.4. Suppose that this experiment is conducted as
described and that the data shown in Table P14.3 are obtained.
Analyze the data and draw conclusions.
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14.23 Rework Problem 14.22, assuming that the techni-
cians are chosen at random. Use the restricted form of the
mixed model.

14.24 Suppose that in Problem 14.22 four technicians had
been used. Assuming that all the factors are fixed, how many
blocks should be run to obtain an adequate number of degrees
of freedom on the test for differences among technicians?

14.25 Consider the experiment described in Example 14.4.
Demonstrate how the order in which the treatment combina-
tions are run would be determined if this experiment were run
as (a) a split-split-plot, (b) a split-plot, (c) a factorial design in
a randomized block, and (d) a completely randomized factorial
design.

14.26 An article in Quality Engineering (“Quality Quan-
daries: Two-Level Factorials Run as Split-Plot Experiments,”
Bisgaard et al., Vol. 8, No. 4, pp. 705–708, 1996) describes a
25 factorial experiment in a plasma process focused on mak-
ing paper more susceptible to ink. Four of the factors (A–D) are
difficult to change from run to run, so the experimenters set up
the reactor at the eight sets of conditions specified by the low
and high levels of those factors, and then processed the two
paper types (factor E) together. The placement of the paper
specimens in the reactor (right versus left) was randomized.
This produces a split-plot design with A–D as the whole-plot
factors and factor E as the subplot factor. The data from this
experiment are shown in Table P14.4. Analyze the data from
this experiment and draw conclusions.

◾ TABLE P14.4
The Paper-Making Experiment in Problem 14.26

Stan-
dard
Order

Run
Num-
ber

A =
Pres-
sure

B =
Power

C =
Gas
Flow

D =
Gas
Type

E =
Paper
Type

y
Contact
Angle

5 1 −1 −1 +1 Oxygen E1 37.6

21 2 −1 −1 +1 Oxygen E2 43.5

2 3 +1 −1 −1 Oxygen E1 41.2

18 4 +1 −1 −1 Oxygen E2 38.2

10 5 +1 −1 −1 SiCl4 E1 56.8

26 6 +1 −1 −1 SiCl4 E2 56.2

14 7 +1 −1 +1 SiCl4 E1 47.5

30 8 +1 −1 +1 SiCl4 E2 43.2

11 9 −1 +1 −1 SiCl4 E1 25.6

27 10 −1 +1 −1 SiCl4 E2 33.0

3 11 −1 +1 −1 Oxygen E1 55.8

19 12 −1 +1 −1 Oxygen E2 62.9

13 13 −1 −1 +1 SiCl4 E1 13.3

29 14 −1 −1 +1 SiCl4 E2 23.7

6 15 +1 −1 +1 Oxygen E1 47.2

22 16 +1 −1 +1 Oxygen E2 44.8

16 17 +1 +1 +1 SiCl4 E1 49.5

32 18 +1 +1 +1 SiCl4 E2 48.2

9 19 −1 −1 −1 SiCl4 E1 5.0

25 20 −1 −1 −1 SiCl4 E2 18.1

15 21 −1 +1 +1 SiCl4 E1 11.3

31 22 −1 +1 +1 SiCl4 E2 23.9

1 23 −1 −1 −1 Oxygen E1 48.6

17 24 −1 −1 −1 Oxygen E2 57.0

8 25 +1 +1 +1 Oxygen E1 48.7

24 26 +1 +1 +1 Oxygen E2 44.4

7 27 −1 +1 +1 Oxygen E1 47.2

23 28 −1 +1 +1 Oxygen E2 54.6

4 29 +1 +1 −1 Oxygen E1 53.5

20 30 +1 +1 −1 Oxygen E2 51.3

12 31 +1 +1 −1 SiCl4 E1 41.8

28 32 +1 +1 −1 SiCl4 E2 37.8

14.27 Reconsider the experiment in Problem 14.26. This
is a rather large experiment, so suppose that the experimenter
had used a 25−1 design instead. Set up the 25−1 design in a
split-plot, using the principal fraction. Then select the response
data using the information from the full factorial. Analyze the
data and draw conclusions. Do they agree with the results of
Problem 14.26?

14.28 There is always an interaction term in a nested
design.

(a) True

(b) False

14.29 The nested factor is always random.

(a) True

(b) False

14.30 Both the ANOVAmethod and REML can be applied
to a nested design.

(a) True

(b) False

14.31 If there are three levels of themain factor and five lev-
els of the nested factor there will be four degrees of freedom
for the nested factor.

(a) True

(b) False
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14.32 In a split-plot design the interaction between the
whole-plot factor and the subplot factor is always tested
against the whole-plot error.

(a) True

(b) False

14.33 A good reason to consider a split-plot design is a sit-
uation where some experimental units are larger than others.

(a) True

(b) False

14.34 In a split-plot design the subplot error is usually
smaller than the whole-plot error.

(a) True

(b) False

14.35 If an experiment is conducted as a split plot but ana-
lyzed as a factorial the resulting error estimate will usually be

too large for properly testing the subplot factor and could lead
to misleading conclusions.

(a) True

(b) False

14.36 It is usually easier or cheaper to change the levels of
the whole-plot factor in a split-plot design.

(a) True

(b) False

14.37 In an experiment that has at least one nested factor

(a) the nested factor will always be a random effect.

(b) the primary factor will always be a fixed effect.

(c) one may identify the key factor by arbitrarily renumber-
ing its levels.

(d) none of the above (a–c) are true.

(e) all of the above (a–c) are true.

You will find Chapter 15 “Other Design and Analysis Topics,” the appendix, and the bibliography online at
www.wiley.com/college/montogomery. Index begins on page 731.
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CHAPTER LEARNING OBJECTIVES
1. Know how to use the Box-Cox method to select a variance—stabilizing transformation.

2. Understand how the generalized linear model can be used to analyze some experiments with
nonnormal response distributions.

3. Understand some basic analysis methods for unbalanced factorial designs.

4. Know how to analyze an experiment with a covariate.

5. Know how to design an experiment when the values of the covariate are known in advance.

6. Know how to analyze a single-factor design with repeated measures of the response.
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The subject of statistically designed experiments is an extensive one. The previous chapters have provided an
introductory presentation of many of the basic concepts and methods, yet in some cases we have only been able to

provide an overview. For example, there are book-length presentations of topics such as response surface methodology,
mixture experiments, variance component estimation, and optimal design. In this chapter, we provide an overview of
several other topics that the experimenter may potentially find useful.

15.1 Nonnormal Responses and Transformations

15.1.1 Selecting a Transformation: The Box–Cox Method

In Section 3.4.3, we discussed the problem of nonconstant variance in the response variable y from a designed experi-
ment and noted that this is a departure from the standard analysis of variance assumptions. This inequality of variance
problem occurs relatively often in practice, often in conjunction with a nonnormal response variable. Examples would
include a count of defects or particles, proportion data such as yield or fraction defective, or a response variable that
follows some skewed distribution (one “tail” of the response distribution is longer than the other). We introduced
transformation of the response variable as an appropriate method for stabilizing the variance of the response.
Two methods for selecting the form of the transformation were discussed—an empirical graphical technique and
essentially trial and error in which the experimenter simply tries one or more transformations, selecting the one that
produces the most satisfactory or pleasing plot of residuals versus the fitted response.

Generally, transformations are used for three purposes: stabilizing response variance, making the distribution
of the response variable closer to the normal distribution, and improving the fit of the model to the data. This last
objective could include model simplification, say by eliminating interaction terms. Sometimes a transformation will
be reasonably effective in simultaneously accomplishing more than one of these objectives.

We have noted that the power family of transformations y∗ = y𝜆 is very useful, where 𝜆 is the parameter
of the transformation to be determined (e.g., 𝜆 = 1

2
means use the square root of the original response). Box and

Cox (1964) have shown how the transformation parameter 𝜆 may be estimated simultaneously with the other model
parameters (overall mean and treatment effects). The theory underlying their method uses the method of maximum
likelihood. The actual computational procedure consists of performing, for various values of 𝜆, a standard analysis
of variance on

y(𝜆) =
⎧⎪⎨⎪⎩
y𝜆 − 1

𝜆ẏ𝜆−1
𝜆 ≠ 0

ẏ ln y 𝜆 = 0

(15.1)

where ẏ = ln−1[(1∕n)Σ ln y] is the geometric mean of the observations. The maximum likelihood estimate of 𝜆 is the
value for which the error sum of squares, say SSE(𝜆), is a minimum. This value of 𝜆 is usually found by plotting a
graph of SSE(𝜆) versus 𝜆 and then reading the value of 𝜆 that minimizes SSE(𝜆) from the graph. Usually between 10
and 20 values of 𝜆 are sufficient for estimating the optimum value. A second iteration using a finer mesh of values can
be performed if a more accurate estimate of 𝜆 is necessary.

Notice that we cannot select the value of 𝜆 by directly comparing the error sums of squares from analysis of
variance on y𝜆 because for each value of 𝜆, the error sum of squares is measured on a different scale. Furthermore,
a problem arises in y when 𝜆 = 0, namely, as 𝜆 approaches zero, y𝜆 approaches unity. That is, when 𝜆 = 0, all the
response values are a constant. The component (y𝜆 − 1)∕𝜆 of Equation 15.1 alleviates this problem because as 𝜆 tends
to zero, (y𝜆 − 1)∕𝜆 goes to a limit of ln y. The divisor component ẏ𝜆−1 in Equation 15.1 rescales the responses so that
the error sums of squares are directly comparable.

In using the Box–Cox method, we recommend that the experimenter use simple choices for 𝜆 because
the practical difference between 𝜆 = 0.5 and 𝜆 = 0.58 is likely to be small, but the square root transformation
(𝜆 = 0.5) is much easier to interpret. Obviously, values of 𝜆 close to unity would suggest that no transformation
is necessary.
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Once a value of 𝜆 is selected by the Box–Cox method, the experimenter can analyze the data using y𝜆 as the
response unless of course 𝜆 = 0, in which case he can use ln y. It is perfectly acceptable to use y(𝜆) as the actual
response, although the model parameter estimates will have a scale difference and origin shift in comparison to the
results obtained using y𝜆 (or ln y).

An approximate 100(1 − 𝛼) percent confidence interval for λ can be found by computing

SS∗ = SSE(𝜆)

(
1 +

t2
𝛼∕2,𝜈

𝜈

)
(15.2)

where 𝜈 is the number of degrees of freedom, and plotting a line parallel to the λ axis at height SS∗ on the graph of
SSE(𝜆) versus λ. Then, by locating the points on the λ axis where SS∗ cuts the curve SSE(𝜆), we can read confidence
limits on λ directly from the graph. If this confidence interval includes the value 𝜆 = 1, this implies (as noted above)
that the data do not support the need for transformation.

EXAMPLE 15 . 1

We will illustrate the Box–Cox procedure using the peak
discharge data originally presented in Example 3.5. Recall
that this is a single-factor experiment (see Table 3.7 for the
original data). Using Equation 15.1, we computed values of
SSE(𝜆) for various values of λ:

𝝀 SSE(𝛌)
−1.00 7922.11
−0.50 687.10
−0.25 232.52
0.00 91.96
0.25 46.99
0.50 35.42
0.75 40.61
1.00 62.08
1.25 109.82
1.50 208.12

A graph of values close to the minimum is shown in
Figure 15.1, from which it is seen that λ = 0.52 gives
a minimum value of approximately SSE(λ) = 35.00. An
approximate 95 percent confidence interval on λ is found by
calculating the quantity SS∗ from Equation 15.2 as follows:

SS∗ = SSE(𝜆)

(
1 +

t20.025,20
20

)
= 35.00

[
1 + (2.086)2

20

]
= 42.61

By plotting SS∗ on the graph in Figure 15.1 and reading the
points on the λ scale where this line intersects the curve, we
obtain lower and upper confidence limits on λ of λ− = 0.27
and λ+ = 0.77. Because these confidence limits do not
include the value 1, use of a transformation is indicated,
and the square root transformation (λ = 0.50) actually used
is easily justified.
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◾ F I GURE 15 . 1 Plot of SSE(𝝀) versus 𝝀 for
Example 15.1
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◾ F I GURE 15 . 2 Output from
Design-Expert for the Box–Cox procedure

Some computer programs include the Box–Cox procedure for selecting a power family transformation.
Figure 15.2 presents the output from this procedure as implemented in Design-Expert for the peak discharge data.
The results agree closely with the manual calculations summarized in Example 15.1. Notice that the vertical scale of
the graph in Figure 15.2 is ln[SSE(λ)].

15.1.2 The Generalized Linear Model

Data transformations are often a very effective way to deal with the problem of nonnormal responses and the associated
inequality of variance. As we have seen in the previous section, the Box–Cox method is an easy and effective way to
select the form of the transformation. However, the use of a data transformation poses some problems.

One problem is that the experimenter may be uncomfortable in working with the response in the transformed
scale. That is, he or she is interested in the number of defects, not the square root of the number of defects, or
in resistivity instead of the logarithm of resistivity. On the other hand, if a transformation is really successful and
improves the analysis and the associated model for the response, experimenters will usually quickly adopt the
new metric.

A more serious problem is that a transformation can result in a nonsensical value for the response variable over
some portion of the design factor space that is of interest to the experimenter. For example, suppose that we have used
the square root transformation in an experiment involving the number of defects observed on semiconductor wafers,
and for some portion of the region of interest the predicted square root of the count of defects is negative. This is
likely to occur for situations where the actual number of defects observed is small. Consequently, the model for the
experiment has produced an obviously unreliable prediction in the very region where we would like this model to have
good predictive performance.

Finally, as noted in Section 15.1.1, we often use transformations to stabilize variance, induce normality, and
simplify the model. There is no assurance that a transformation will effectively accomplish all of these objectives
simultaneously.

An alternative to the typical approach of data transformation followed by standard least squares analysis of the
transformed response is to use the generalized linear model (GLM). This is an approach developed by Nelder and
Wedderburn (1972) that essentially unifies linear and nonlinear models with both normal and nonnormal responses.
McCullagh and Nelder (1989) andMyers, et al. (2010) give comprehensive presentations of generalized linear models,
and Myers and Montgomery (1997) provide a tutorial. More details are also given in the supplemental text material
for this chapter. We will provide an overview of the concepts and illustrate them with three short examples.
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A generalized linear model is basically a regression model (an experimental design model is also a regression
model). Like all regression models, it is made up of a random component (what we have usually called the error term)
and a function of the design factors (the x’s) and some unknown parameters (the 𝛽’s). In a standard normal-theory
linear regression model, we write

y = 𝛽0 + 𝛽1x1 + 𝛽2x2 + · · · + 𝛽kxk + 𝜖 (15.3)

where the error term 𝜖 is assumed to have a normal distribution with mean zero and constant variance, and the mean
of the response variable y is

E(y) = 𝜇 = 𝛽0 + 𝛽1x1 + 𝛽2x2 + · · · + 𝛽kxk = x′𝜷 (15.4)

The portion x′𝜷 of Equation (15.4) is called the linear predictor. The generalized linear model contains
Equation (15.3) as a special case.

In aGLM, the response variable can have any distribution that is amember of the exponential family. This family
includes the normal, Poisson, binomial, exponential, and gamma distributions, so the exponential family is a very
rich and flexible collection of distributions applicable to many experimental situations. Also, the relationship between
the response mean 𝜇 and the linear predictor x′𝜷 is determined by a link function.

g(𝜇) = x′𝜷 (15.5)

The regression model that represents the mean response is then given by

E(y) = 𝜇 = g−1(x′𝜷) (15.6)

For example, the link function leading to the ordinary linear regression model in Equation 15.3 is called the identity
link because 𝜇 = g−1(x′𝜷) = x′𝜷. As another example, the log link

ln(𝜇) = x′𝜷 (15.7)

produces the model
𝜇 = ex

′𝜷 (15.8)

The log link is often used with count data (Poisson response) and with continuous responses that have a distribution
that has a long tail to the right (the exponential or gamma distribution). Another important link function used with
binomial data is the logit link

ln

(
𝜇

1 − 𝜇

)
= x′𝜷 (15.9)

This choice of link function leads to the model

𝜇 = 1
1 + e−x′𝜷

(15.10)

Many choices of link function are possible, but it must always be monotonic and differentiable. Also, note that in a
generalized linear model, the variance of the response variable does not have to be a constant; it can be a function of
the mean (and the predictor variables through the link function). For example, if the response is Poisson, the variance
of the response is exactly equal to the mean.

To use a generalized linear model in practice, the experimenter must specify a response distribution and a link
function. Then the model fitting or parameter estimation is done by the method of maximum likelihood, which for
the exponential family turns out to be an iterative version of weighted least squares. For ordinary linear regression or
experimental design models with a normal response variable, this reduces to standard least squares. Using an approach
that is analogous to the analysis of variance for normal-theory data, we can perform inference and diagnostic checking
for a GLM. Refer toMyers andMontgomery (1997) andMyers, et al. (2010) for the details and examples. Two software
packages that support the generalized linear model nicely are SAS (PROC GENMOD) and JMP.
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EXAMPLE 15 . 2

A consumer products company is studying the factors that
impact the chances that a customer will redeem a coupon
for one of its personal care products. A 23 factorial experi-
ment was conducted to investigate the following variables:
A = coupon value (low, high), B = length of time for which
the coupon is valid, and C = ease of use (easy, hard). A total
of 1000 customers were randomly selected for each of the
eight cells of the 23 design, and the response is the number
of coupons redeemed. The experimental results are shown
in Table 15.1.

◾ TABLE 15 . 1
Design and Data for the Coupon Redemption
Experiment

A B C Number of Coupons Redeemed

− − − 200

+ − − 250

− + − 265

+ + − 347

− − + 210

+ − + 286

− + + 271

+ + + 326

We can think of the response as the number of successes
out of 1000 Bernoulli trials in each cell of the design, so
a reasonable model for the response is a generalized linear
model with a binomial response distribution and a logit link.
This particular form of the GLM is usually called logistic
regression.

Minitab and JMP will fit logistic regression models. The
experimenters decided to fit a model involving only themain
effects and two-factor interactions. Therefore, the model for
the expected response is

E(y) = 1

1 + exp

[
−

(
𝛽0 +

3∑
i=1

𝛽ixi +
2∑
i<

3∑
j=2

𝛽ijxixj

)]

Table 15.2 presents a portion of the Minitab output for
the data in Table 15.1. The upper portion of the table fits
the full model involving all three main effects and the three
two-factor interactions. Notice that the output contains a dis-
play of the estimated model coefficients and their standard
errors. It turns out that the ratio of the estimated regres-
sion coefficient to its standard error (a t-like ratio) has an
asymptotically normal distribution under the null hypothe-
sis that the regression coefficient is equal to zero. Thus, the
ratios Z = 𝛽∕se(𝛽) can be used to test the contribution that
each main effect and interaction term is significant. Here,
the word “asymptotic” means when the sample size is large.
Now the sample size here is certainly not large, and we
should be careful about interpreting the P-values associated
with these t-like ratios, but these statistics can be used as a
guide to the analysis of the data. The P-values in the table
indicate that the intercept, the main effects of A and B, and
the BC interaction are significant.

The goodness-of-fit section of the table presents
three different test statistics (Pearson, Deviance, and
Hosmer–Lemeshow) that measure the overall adequacy of
the model. All of the P-values for these goodness-of-fit
statistics are large, implying that the model is satisfactory.
The bottom portion of the table presents the analysis for
a reduced model containing the three main effects and the
BC interaction (factor C was included to maintain model
hierarchy). The fitted model is

ŷ = 1
1 + exp[−(−1.01 + 0.169x1 + 0.169x2 + 0.023x3 − 0.041x2x3)]

= 1
1 + exp(+1.01 − 0.169x1 − 0.169x2 − 0.023x3 + 0.041x2x3)

Since the effects of C and the BC interaction are very small,
these terms could likely be dropped from the model with no
major consequences.

Minitab reports an odds ratio for each regression model
coefficient. The odds ratio follows directly from the logit
link in Equation 15.9 and is interpreted much like factor
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◾ TABLE 15 . 2
Minitab Output for the Coupon Redemption Experiment

Binary Logistic Regression: Full Model

Link Function: Logit

Response Information

Variable Value Count
C5 Success 2155

Failure 5845
C6 Total 8000

Logistic Regression Table

Odds 95% CI
Predictor Coef SE Coef Z P Ratio Lower Upper

Constant -1.01154 0.0255150 -39.65 0.000
A 0.169208 0.0255092 6.63 0.000 1.18 1.13 1.25
B 0.169622 0.0255150 6.65 0.000 1.18 1.13 1.25
C 0.0233173 0.0255099 0.91 0.361 1.02 0.97 1.08
A*B -0.0062854 0.0255122 -0.25 0.805 0.99 0.95 1.04
A*C -0.0027726 0.0254324 -0.11 0.913 1.00 0.95 1.05
B*C -0.0410198 0.0254339 -1.61 0.107 0.96 0.91 1.01
Log-Likelihood = -4615.310

Goodness-of-Fit Tests
Method Chi-Square DF P

Pearson 1.46458 1 0.226
Deviance 1.46451 1 0.226
Hosmer-Lemeshow 1.46458 6 0.962

Binary Logistic Regression: Reduced Model Involving A, B, C, and BC

Link Function: Logit

Response Information

Variable Value Count
C5 Success 2155

Failure 5845
C6 Total 8000

Logistic Regression Table

Odds 95% CI
Predictor Coef SE Coef Z P Ratio Lower Upper

Constant -1.01142 0.0255076 -39.65 0.000
A 0.168675 0.0254235 6.63 0.000 1.18 1.13 1.24
B 0.169116 0.0254321 6.65 0.000 1.18 1.13 1.24
C 0.0230825 0.0254306 0.91 0.364 1.02 0.97 1.08
B*C -0.0409711 0.0254307 -1.61 0.107 0.96 0.91 1.01
Log-Likelihood = -4615.346

Goodness-of-Fit Tests
Method Chi-Square DF P

Pearson 1.53593 3 0.674
Deviance 1.53602 3 0.674
Hosmer-Lemeshow 1.53593 6 0.957
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effect estimates in standard two-level designs. For fac-
tor A, it can be interpreted as the ratio of the odds of
redeeming a coupon of high value (x1 = +1) to the odds
of redeeming a coupon of value x1 = 0. The computed
value of the odds ratio is e𝛽1 = e0.168765 = 1.18. The quantity

e2𝛽1 = e2(0.168765) = 1.40 is the ratio of the odds of redeeming
a coupon of high value (x1 = +1) to the odds of redeem-
ing a coupon of low value (x1 = −1). Thus, a high-value
coupon increases the odds of redemption by about
40 percent.

Logistic regression is widely used andmay be themost common application of theGLM. It findswide application
in the biomedical field with dose-response studies (where the design factor is the dose of a particular therapeutic
treatment and the response is whether or not the patient responds successfully to the treatment). Many reliability
engineering experiments involve binary (success–failure) data, such as when units of products or components are
subjected to a stress or load and the response is whether or not the unit fails.

EXAMPLE 15 . 3 The Grill Defects Experiment

Problem 8.29 introduced an experiment to study the effects
of nine factors on defects in sheet-molded grill opening pan-
els. Bisgaard and Fuller (1994) performed an interesting and
useful analysis of these data to illustrate the value of data
transformation in a designed experiment. As we observed in
Problem 8.29 part (f), they used a modification of the square
root transformation that led to the model

(
√
y +

√
y + 1)∕2 = 2.513 − 0.996x4 − 1.21x6 − 0.772x2x7

where, as usual, the x’s represent the coded design factors.
This transformation does an excellent job of stabilizing the
variance of the number of defectives. The first two panels
of Table 15.3 present some information about this model.
Under the “Transformed” heading, the first column contains
the predicted response. Notice that there are two negative
predicted values. The “Untransformed” heading presents the
untransformed predicted values, along with 95 percent con-
fidence intervals on the mean response at each of the 16
design points. Because there were some negative predicted
values and negative lower confidence limits, we were unable
to compute values for all of the entries in this panel of
the table.

The response is essentially a square root of the count
of defects. A negative predicted value is clearly illogical.
Notice that this is occurring where the observed counts were
small. If it is important to use the model to predict perfor-
mance in this region, the model may be unreliable. This
should not be taken as a criticism of either the original

experimenters or Bisgaard and Fuller’s analysis. This was
an extremely successful screening experiment that clearly
defined the important processing variables. Prediction was
not the original goal, nor was it the goal of the analysis done
by Bisgaard and Fuller.

If obtaining a predictionmodel had been important, how-
ever, a generalized linear model would probably have been
a good alternative to the transformation approach. Myers
and Montgomery use a log link (Equation 15.7) and Pois-
son response to fit exactly the same linear predictor as given
by Bisgaard and Fuller. This produces the model

ŷ = e(1.128−0.896x4−1.176x6−0.737x2x7)

The third panel of Table 15.3 contains the predicted values
from this model and the 95 percent confidence intervals on
the mean response at each point in the design. These results
were obtained from SAS PROC GENMOD. JMP will also
fit the Poisson regression model. There are no negative pre-
dicted values (assured by the choice of link function) and
no negative lower confidence limits. The last panel of the
table compares the lengths of the 95 percent confidence
intervals for the untransformed response and the GLM.
Notice that the confidence intervals for the generalized lin-
ear model are uniformly shorter than their least squares
counterparts. This is a strong indication that the generalized
linear model approach has explained more variability and
produced a superior model compared to the transformation
approach.
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◾ TABLE 15 . 3
Least Squares and Generalized Linear Model Analysis for the Grill Opening Panels Experiment

Using Least Squares Methods with Freeman and
Tukey Modified Square Root Data Transformation

Transformed Untransformed

Generalized Linear
Model (Poisson

Response, Log Link)

Length of the
95% Confidence

Interval

Observation
Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Least
Squares GLM

1 5.50 (4.14, 6.85) 29.70 (16.65, 46.41) 51.26 (42.45, 61.90) 29.76 19.45

2 3.95 (2.60, 5.31) 15.12 (6.25, 27.65) 11.74 (8.14, 16.94) 21.39 8.80

3 1.52 (0.17, 2.88) 1.84 (1.69, 7.78) 1.12 (0.60, 2.08) 6.09 1.47

4 3.07 (1.71, 4.42) 8.91 (2.45, 19.04) 4.88 (2.87, 8.32) 16.59 5.45

5 1.52 (0.17, 2.88) 1.84 (1.69, 7.78) 1.12 (0.60, 2.08) 6.09 1.47

6 3.07 (1.71, 4.42) 8.91 (2.45, 19.04) 4.88 (2.87, 8.32) 16.59 5.45

7 5.50 (4.14, 6.85) 29.70 (16.65, 46.41) 51.26 (42.45, 61.90) 29.76 19.45

8 3.95 (2.60, 5.31) 15.12 (6.25, 27.65) 11.74 (8.14, 16.94) 21.39 8.80

9 1.08 (−0.28, 2.43) 0.71 (*, 5.41) 0.81 (0.42, 1.56) * 1.13

10 −0.47 (−1.82, 0.89) * (*, 0.36) 0.19 (0.09, 0.38) * 0.29

11 1.96 (0.61, 3.31) 3.36 (0.04, 10.49) 1.96 (1.16, 3.30) 10.45 2.14

12 3.50 (2.15, 4.86) 11.78 (4.13, 23.10) 8.54 (5.62, 12.98) 18.96 7.35

13 1.96 (0.61, 3.31) 3.36 (0.04, 10.49) 1.96 (1.16, 3.30) 10.45 2.14

14 3.50 (2.15, 4.86) 11.78 (4.13, 23.10) 8.54 (5.62, 12.98) 18.97 7.35

15 1.08 (−0.28, 2.43) 0.71 (*, 5.41) 0.81 (0.42, 1.56) * 1.13

16 −0.47 (−1.82, 0.89) * (*, 0.36) 0.19 (0.09, 0.38) * 0.29

EXAMPLE 15 . 4 The Worsted Yarn Experiment

Table 15.4 presents a 33 factorial design conducted to inves-
tigate the performance of worsted yarn under cycles of
repeated loading. The experiment is described thoroughly
by Box and Draper (2007). The response is the number of
cycles to failure. Reliability data such as this is typically
nonnegative and continuous and often follows a distribution
with a long right tail.

The data were initially analyzed using the standard (least
squares) approach, and data transformation was necessary to

stabilize the variance. The natural log of the cycles to failure
data is found to yield an adequate model in terms of overall
model fit and satisfactory residual plots. The model is

ln ŷ = 6.33 + 0.82x1 − 0.63x2 − 0.38x3

or in terms of the original response, cycles to failure,

ŷ = e6.33+0.82x1−0.63x2−0.38x3
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◾ TABLE 15 . 4
The Worsted Yarn Experiment

Run x1 x2 x3

Cycles to
Failure

Natural Log
of Cycles to
Failure

1 −1 −1 −1 674 6.51

2 −1 −1 0 370 5.91

3 −1 −1 1 292 5.68

4 −1 0 −1 338 5.82

5 −1 0 0 266 5.58

6 −1 0 1 210 5.35

7 −1 1 −1 170 5.14

8 −1 1 0 118 4.77

9 −1 1 1 90 4.50

10 0 −1 −1 1414 7.25

11 0 −1 0 1198 7.09

12 0 −1 1 634 6.45

13 0 0 −1 1022 6.93

14 0 0 0 620 6.43

15 0 0 1 438 6.08

16 0 1 −1 442 6.09

17 0 1 0 332 5.81

18 0 1 1 220 5.39

19 1 −1 −1 3636 8.20

20 1 −1 0 3184 8.07

21 1 −1 1 2000 7.60

22 1 0 −1 1568 7.36

23 1 0 0 1070 6.98

24 1 0 1 566 6.34

25 1 1 −1 1140 7.04

26 1 1 0 884 6.78

27 1 1 1 360 5.89

This experiment was also analyzed using the generalized
linear model and selecting the gamma response distribution
and the log link.We used exactly the samemodel form found
by least squares analysis of the log-transformed response.
The model that resulted is

ŷ = e6.35+0.84x1−0.63x2−0.39x3

Table 15.5 presents the predicted values from the least
squares model and the generalized linear model, along with
95 percent confidence intervals on the mean response at
each of the 27 points in the design. A comparison of the
lengths of the confidence intervals reveals that the general-
ized linear model is likely to be a better predictor than the
least squares model.

◾ TABLE 15 . 5
Least Squares and Generalized Linear Model Analysis for the Worsted Yarn Experiment

Least Squares Methods
with Log Data Transformation

Transformed Untransformed Generalized Linear Model

Length of the
95% Confidence

Interval

Obs.
Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Least
Squares GLM

1 2.83 (2.76, 2.91) 682.50 (573.85, 811.52) 680.52 (583.83, 793.22) 237.67 209.39

2 2.66 (2.60, 2.73) 460.26 (397.01, 533.46) 463.00 (407.05, 526.64) 136.45 119.59

3 2.49 (2.42, 2.57) 310.38 (260.98, 369.06) 315.01 (271.49, 365.49) 108.09 94.00

4 2.56 (2.50, 2.62) 363.25 (313.33, 421.11) 361.96 (317.75, 412.33) 107.79 94.58

5 2.39 (2.34, 2.44) 244.96 (217.92, 275.30) 246.26 (222.55, 272.51) 57.37 49.96

6 2.22 (2.15, 2.28) 165.20 (142.50, 191.47) 167.55 (147.67, 190.10) 48.97 42.42

7 2.29 (2.21, 2.36) 193.33 (162.55, 229.93) 192.52 (165.69, 223.70) 67.38 58.01

8 2.12 (2.05, 2.18) 130.38 (112.46, 151.15) 130.98 (115.43, 148.64) 38.69 33.22
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◾ TABLE 15 . 5
(Continued)

Least Squares Methods
with Log Data Transformation

Transformed Untransformed Generalized Linear Model

Length of the
95% Confidence

Interval

Obs.
Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Predicted
Value

95%
Confidence
Interval

Least
Squares GLM

9 1.94 (1.87, 2.02) 87.92 (73.93, 104.54) 89.12 (76.87, 103.32) 30.62 26.45

10 3.20 (3.13, 3.26) 1569.28 (1353.94, 1819.28) 1580.00 (1390.00, 1797.00) 465.34 407.00

11 3.02 (2.97, 3.08) 1058.28 (941.67, 1189.60) 1075.00 (972.52, 1189.00) 247.92 216.48

12 2.85 (2.79, 2.92) 713.67 (615.60, 827.37) 731.50 (644.35, 830.44) 211.77 186.09

13 2.92 (2.87, 2.97) 835.41 (743.19, 938.86) 840.54 (759.65, 930.04) 195.67 170.39

14 2.75 (2.72, 2.78) 563.25 (523.24, 606.46) 571.87 (536.67, 609.38) 83.22 72.70

15 2.58 (2.53, 2.63) 379.84 (337.99, 426.97) 389.08 (351.64, 430.51) 88.99 78.87

16 2.65 (2.58, 2.71) 444.63 (383.53, 515.35) 447.07 (393.81, 507.54) 131.82 113.74

17 2.48 (2.43, 2.53) 299.85 (266.75, 336.98) 304.17 (275.13, 336.28) 70.23 61.15

18 2.31 (2.24, 2.37) 202.16 (174.42, 234.37) 206.95 (182.03, 235.27) 59.95 53.23

19 3.56 (3.48, 3.63) 3609.11 (3034.59, 4292.40) 3670.00 (3165.00, 4254.00) 1257.81 1089.00

20 3.39 (3.32, 3.45) 2433.88 (2099.42, 2821.63) 2497.00 (2200.00, 2833.00) 722.21 633.00

21 3.22 (3.14, 3.29) 1641.35 (1380.07, 1951.64) 1699.00 (1462.00, 1974.00) 571.57 512.00

22 3.28 (3.22, 3.35) 1920.88 (1656.91, 2226.90) 1952.00 (1720.00, 2215.00) 569.98 495.00

23 3.11 (3.06, 3.16) 1295.39 (1152.66, 1455.79) 1328.00 (1200.00, 1470.00) 303.14 270.00

24 2.94 (2.88, 3.01) 873.57 (753.53, 1012.74) 903.51 (793.15, 1029.00) 259.22 235.85

25 3.01 (2.93, 3.08) 1022.35 (859.81, 1215.91) 1038.00 (894.79, 1205.00) 356.10 310.21

26 2.84 (2.77, 2.90) 689.45 (594.70, 799.28) 706.34 (620.99, 803.43) 204.58 182.44

27 2.67 (2.59, 2.74) 464.94 (390.93, 552.97) 480.57 (412.29, 560.15) 162.04 147.86

Generalized linear models have found extensive application in biomedical and pharmaceutical research and
development. As more software packages incorporate this capability, it will find widespread application in the general
industrial research and development environment. The examples in this section used standard experimental designs
in conjunction with a response distribution from the exponential family. When the experimenter knows in advance
that a GLM analysis will be required, it is possible to design the experiment with this in mind. Optimal designs for
GLMs are a special type of optimal design for a nonlinear model. For more discussion and examples, see Johnson and
Montgomery (2009, 2010).

15.2 Unbalanced Data in a Factorial Design

The primary focus of this book has been the analysis of balanced factorial designs—that is, cases where there
are an equal number of observations n in each cell. However, it is not unusual to encounter situations where the
number of observations in the cells is unequal. These unbalanced factorial designs occur for various reasons.
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For example, the experimenter may have designed a balanced experiment initially, but because of unforeseen
problems in running the experiment, resulting in the loss of some observations, he or she ends up with unbalanced
data. On the other hand, some unbalanced experiments are deliberately designed that way. For instance, certain
treatment combinations may be more expensive or more difficult to run than others, so fewer observations may be
taken in those cells. Alternatively, some treatment combinations may be of greater interest to the experimenter because
they represent new or unexplored conditions, and so the experimenter may elect to obtain additional replication in
those cells.

The orthogonality property of main effects and interactions present in balanced data does not carry over to the
unbalanced case. This means that the usual analysis of variance techniques do not apply. Consequently, the analysis
of unbalanced factorials is much more difficult than that for balanced designs.

In this section, we give a brief overview of methods for dealing with unbalanced factorials, concentrating on the
case of the two-factor fixed effects model. Suppose that the number of observations in the ijth cell is nij. Furthermore,

let ni• =
∑b

j=1 nij be the number of observations in the ith row (the ith level of factor A), n•j =
∑a

i=1 nij be the number of

observations in the jth column (the jth level of factor B), and n•• =
∑a

i=1
∑b

j=1 nij be the total number of observations.

15.2.1 Proportional Data: An Easy Case

One situation involving unbalanced data presents little difficulty in analysis; this is the case of proportional data.
That is, the number of observations in the ijth cell is

nij =
ni•n•j

n••

(15.11)

This condition implies that the number of observations in any two rows or columns is proportional. When proportional
data occur, the standard analysis of variance can be employed. Only minor modifications are required in the manual
computing formulas for the sums of squares, which become

SST =
a∑
i=1

b∑
j=1

nij∑
k=1

y2ijk −
y2. . .
n••

SSA =
a∑
i=1

y2i••
ni•

−
y2. . .
n••

SSB =
b∑
j=1

y2•j•

n•j
−

y2. . .
n••

SSAB =
a∑
i=1

b∑
j=1

y2ij•

nij
−

y2. . .
n••

− SSA − SSB

SSE = SST − SSA − SSB − SSAB

=
a∑
i=1

b∑
j=1

nij∑
k=1

y2ijk −
a∑
i=1

b∑
j=1

y2ij•

nij

This produces an ANOVA based on a sequential model fitting analysis, with factor A fit before factor B (an alterna-
tive would be to use an “adjusted” model fitting strategy similar to the one used with incomplete block designs in
Chapter 4—both procedures can be implemented using the Minitab Balanced ANOVA routine).

As an example of proportional data, consider the battery design experiment in Example 5.1. A modified version
of the original data is shown in Table 15.6. Clearly, the data are proportional; for example, in cell 1,1 we have

n11 =
n1•n.1
n••

= 10(8)
20

= 4
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◾ TABLE 15 . 6
Battery Design Experiment with Proportional Data

Material
Type

Temperature, (∘F)

15 70 125

n11 = 4 n12 = 4 n13 = 2 n1• = 10

130 155 34 40

1 74 180 80 75 70 58 y1•• = 896

n21 = 2 n22 = 2 n23 = 1 n2• = 5

2 159 126 136 115 45 y2•• = 581

n31 = 2 n32 = 2 n33 = 1 n3•• = 5

3 138 160 150 139 96 y3•• = 683

n.1 = 8 n.2 = 8 n.3 = 4 n•• = 20

y.1• = 1122 y.2• = 769 y.3• = 269 y••• = 2160

observations. The results of applying the usual analysis of variance to these data are shown in Table 15.7. Both material
type and temperature are significant, and the interaction is only significant at about 𝛼 = 0.17. Therefore, the conclusions
mostly agree with the analysis of the full data set in Example 5.1, except that the interaction effect is not significant.

15.2.2 Approximate Methods

When unbalanced data are not too far from the balanced case, it is sometimes possible to use approximate procedures
that convert the unbalanced problem into a balanced one. This, of course, makes the analysis only approximate, but the
analysis of balanced data is so easy that we are frequently tempted to use this approach. In practice, we must decide
when the data are not sufficiently different from the balanced case to make the degree of approximation introduced
relatively unimportant. We now briefly describe some of these approximate methods. We assume that every cell has at
least one observation (i.e., nij ≥ 1).

EstimatingMissingObservations. If only a few nij are different, a reasonable procedure is to estimate themissing
values. For example, consider the unbalanced design in Table 15.8. Clearly, estimating the single missing value in
cell 2,2 is a reasonable approach. For a model with interaction, the estimate of the missing value in the ijth cell that
minimizes the error sum of squares is yij. That is, we estimate themissing value by taking the average of the observations
that are available in that cell.

The estimated value is treated just like actual data. The only modification to the analysis of variance is to reduce
the error degrees of freedom by the number of missing observations that have been estimated. For example, if we
estimate the missing value in cell 2,2 in Table 15.8, we would use 26 error degrees of freedom instead of 27.

◾ TABLE 15 . 7
Analysis of Variance for Battery Design Data in Table 15.6

Source of Variance Sum of Squares Degrees of Freedom Mean Square F0

Material types 7,811.6 2 3,905.8 4.78

Temperature 16,090.9 2 8,045.5 9.85

Interaction 6,266.5 4 1,566.6 1.92

Error 8,981.0 11 816.5

Total 39,150.0 19
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◾ TABLE 15 . 8
The nij Values for an Unbalanced Design

Columns

Rows 1 2 3

1 4 4 4

2 4 3 4

3 4 4 4

◾ TABLE 15 . 9
The nij Values for an Unbalanced Design

Columns

Rows 1 2 3

1 4 4 4

2 4 5 4

3 4 4 4

Setting Data Aside. Consider the data in Table 15.9. Note that cell 2,2 has only one more observation than the
others. Estimating missing values for the remaining eight cells is probably not a good idea here because this would
result in estimates constituting about 18 percent of the final data. An alternative is to set aside one of the observations
in cell 2,2, giving a balanced design with n = 4 replicates.

The observation that is set aside should be chosen randomly. Furthermore, rather than completely discarding the
observation, we could return it to the design, and then randomly choose another observation to set aside and repeat the
analysis. And, we hope, these two analyses will not lead to conflicting interpretations of the data. If they do, we suspect
that the observation that was set aside is an outlier or a wild value and should be handled accordingly. In practice, this
confusion is unlikely to occur when only small numbers of observations are set aside and the variability within the
cells is small.

Method of UnweightedMeans. In this approach, introduced by Yates (1934), the cell averages are treated as data
and are subjected to a standard balanced data analysis to obtain sums of squares for rows, columns, and interaction.
The error mean square is found as

MSE =

a∑
i=1

b∑
j=1

nij∑
k=1

(yijk − yij•)2

n•• − ab
(15.12)

NowMSE estimates 𝜎2, the variance of yijk, an individual observation. However, we have done an analysis of variance
on the cell averages, and because the variance of the average in the ijth cell is 𝜎2∕nij, the error mean square actually
used in the analysis of variance should be an estimate of the average variance of the yij, say

V(yij•) =

a∑
i=1

b∑
j=1

𝜎2∕nij

ab
= 𝜎2

ab

a∑
i=1

b∑
j=1

1
nij

(15.13)

UsingMSE from Equation 15.12 to estimate 𝜎2 in Equation 15.13, we obtain

MS′E =
MSE
ab

a∑
i=1

b∑
j=1

1
nij

(15.14)

as the error mean square (with n•• − ab degrees of freedom) to use in the analysis of variance.
The method of unweighted means is an approximate procedure because the sums of squares for rows, columns,

and interaction are not distributed as chi-square random variables. The primary advantage of the method seems to be
its computational simplicity. When the nij are not dramatically different, the method of unweighted means often works
reasonably well.
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A related technique is the weighted squares of means method, also proposed by Yates (1934). This technique
is also based on the sums of squares of the cell means, but the terms in the sums of squares are weighted in inverse
proportion to their variances. For further details of the procedure, see Searle (1971) and Speed, Hocking, and
Hackney (1978).

15.2.3 The Exact Method

In situations where approximate methods are inappropriate, such as when empty cells occur (some nij = 0) or when
the nij are dramatically different, the experimenter must use an exact analysis. The approach used to develop sums of
squares for testing main effects and interactions is to represent the analysis of variance model as a regression model,
fit that model to the data, and use the general regression significance test approach. However, this may be done in several
ways, and these methods may result in different values for the sums of squares. Furthermore, the hypotheses that are
being tested are not always direct analogs of those for the balanced case, nor are they always easily interpretable.
For further reading on the subject, see the supplemental text material for this chapter. Other good references are Searle
(1971); Hocking and Speed (1975); Hocking, Hackney, and Speed (1978); Speed, Hocking, and Hackney (1978);
Searle, Speed, and Henderson (1981); Milliken and Johnson (1984); and Searle (1987). The SAS system of statistical
software provides an excellent approach to the analysis of unbalanced data through PROC GLM.

15.3 The Analysis of Covariance

In Chapters 2 and 4, we introduced the use of the blocking principle to improve the precision with which comparisons
between treatments are made. The paired t-test was the procedure illustrated in Chapter 2, and the randomized block
design was presented in Chapter 4. In general, the blocking principle can be used to eliminate the effect of control-
lable nuisance factors. The analysis of covariance (ANCOVA) is another technique that is occasionally useful for
improving the precision of an experiment. Suppose that in an experiment with a response variable y there is another
variable, say x, and that y is linearly related to x. Furthermore, suppose that x cannot be controlled by the experi-
menter but can be observed along with y. The variable x is called a covariate or concomitant variable. The analysis
of covariance involves adjusting the observed response variable for the effect of the concomitant variable. If such an
adjustment is not performed, the concomitant variable could inflate the error mean square and make true differences in
the response due to treatments harder to detect. Thus, the analysis of covariance is a method of adjusting for the effects
of an uncontrollable nuisance variable. As we will see, the procedure is a combination of analysis of variance and
regression analysis.

As an example of an experiment in which the analysis of covariance may be employed, consider a study
performed to determine if there is a difference in the strength of a monofilament fiber produced by three different
machines. The data from this experiment are shown in Table 15.10. Figure 15.3 presents a scatter diagram of strength

◾ TABLE 15 . 10
Breaking Strength Data (y = Strength in Pounds and x = Diameter in 10−3 in.)

Machine 1 Machine 2 Machine 3

y x y x y x

36 20 40 22 35 21

41 25 48 28 37 23

39 24 39 22 42 26

42 25 45 30 34 21

49 32 44 28 32 15

207 126 216 130 180 106
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◾ F I GURE 15 . 3 Breaking strength (y) versus fiber
diameter (x)

(y) versus the diameter (or thickness) of the sample. Clearly, the strength of the fiber is also affected by its thickness;
consequently, a thicker fiber will generally be stronger than a thinner one. The analysis of covariance could be used
to remove the effect of thickness (x) on strength (y) when testing for differences in strength between machines.

15.3.1 Description of the Procedure

The basic procedure for the analysis of covariance is now described and illustrated for a single-factor experiment with
one covariate. Assuming that there is a linear relationship between the response and the covariate, we find that an
appropriate statistical model is

yij = 𝜇 + 𝜏i + 𝛽(xij − x••) + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , n

(15.15)

where yij is the jth observation on the response variable taken under the ith treatment or level of the single factor, xij is
the measurement made on the covariate or concomitant variable corresponding to yij (i.e., the ijth run), x•• is the mean
of the xij values, 𝜇 is an overall mean, 𝜏i is the effect of the ith treatment, 𝛽 is a linear regression coefficient indicating
the dependency of yij on xij, and 𝜖ij is a random error component. We assume that the errors 𝜖ij are NID(0, 𝜎2), that the
slope 𝛽 ≠ 0 and the true relationship between yij and xij is linear, that the regression coefficients for each treatment are
identical, that the treatment effects sum to zero (Σa

i=1𝜏i = 0), and that the concomitant variable xij is not affected by the
treatments.

This model assumes that all treatment regression lines have identical slopes. If the treatments interact with the
covariates, this can result in nonidentical slopes. Covariance analysis is not appropriate in these cases. Estimating and
comparing different regression models is the correct approach.

Equation 15.15 assumes a linear relationship between y and x. However, any other relationship such as a quadratic
(for example) could be used.

Notice fromEquation 15.15 that the analysis of covariance model is a combination of the linear models employed
in analysis of variance and regression. That is, we have treatment effects {𝜏i} as in a single-factor analysis of variance
and a regression coefficient 𝛽 as in a regression equation. The concomitant variable in Equation 15.15 is expressed as
(xij − x••) instead of xij so that the parameter 𝜇 is preserved as the overall mean. The model could have been written as

yij = 𝜇′ + 𝜏i + 𝛽xij + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , n

(15.16)

where 𝜇′ is a constant not equal to the overall mean, which for this model is 𝜇′ + 𝛽x••. Equation 15.15 is more widely
found in the literature.
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To describe the analysis, we introduce the following notation:

Syy =
a∑
i=1

n∑
j=1

(yij − y••)2 =
a∑
i=1

n∑
j=1

y2ij −
y2••
an

(15.17)

Sxx =
a∑
i=1

n∑
j=1

(xij − x••)2 =
a∑
i=1

n∑
j=1

x2ij −
x2••
an

(15.18)

Sxy =
a∑
i=1

n∑
j=1

(xij − x••)(yij − y••) =
a∑
i=1

n∑
j=1

xijyij −
(x••)(y••)

an
(15.19)

Tyy = n
a∑
i=1

(yi• − y••)2 =
1
n

a∑
i=1

y2i• −
y2••
an

(15.20)

Txx = n
a∑
i=1

(xi• − x••)2 =
1
n

a∑
i=1

x2i• −
x2••
an

(15.21)

Txy = n
a∑
i=1

(xi• − x••)(yi• − y••) =
1
n

a∑
i=1

(xi•)(yi•) −
(x••)(y••)

an
(15.22)

Eyy =
a∑
i=1

n∑
j=1

(yij − yi•)2 = Syy − Tyy (15.23)

Exx =
a∑
i=1

n∑
j=1

(xij − xi•)2 = Sxx − Txx (15.24)

Exy =
a∑
i=1

n∑
j=1

(xij − xi•)(yij − yi•) = Sxy − Txy (15.25)

Note that, in general, S = T + E, where the symbols S, T , and E are used to denote sums of squares and cross products
for total, treatments, and error, respectively. The sums of squares for x and y must be nonnegative; however, the sums
of cross products (xy) may be negative.

We now show how the analysis of covariance adjusts the response variable for the effect of the covariate. Consider
the full model (Equation 15.15). The least squares estimators of 𝜇, 𝜏i, and 𝛽 are 𝜇̂ = y••, 𝜏i = yi• − y•• − 𝛽(xi• − x••), and

𝛽 =
Exy

Exx
(15.26)

The error sum of squares in this model is
SSE = Eyy − (Exy)2∕Exx (15.27)

with a(n − 1) − 1 degrees of freedom. The experimental error variance is estimated by

MSE =
SSE

a(n − 1) − 1

Now suppose that there is no treatment effect. The model (Equation 15.15) would then be

yij = 𝜇 + 𝛽(xij − x••) + 𝜖ij (15.28)
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and it can be shown that the least squares estimators of 𝜇 and 𝛽 are 𝜇̂ = y•• and 𝛽 = Sxy∕Sxx. The sum of squares for
error in this reduced model is

SS′E = Syy − (Sxy)2∕Sxx (15.29)

with an − 2 degrees of freedom. In Equation 15.29, the quantity (Sxy)2∕Sxx is the reduction in the sum of squares of
y obtained through the linear regression of y on x. Furthermore, note that SSE is smaller than SS′E [because the model
(Equation 15.15) contains additional parameters {𝜏i}] and that the quantity SS′E − SSE is a reduction in sum of squares
due to the {𝜏i}. Therefore, the difference between SS′E and SSE, that is, SS

′
E − SSE, provides a sum of squares with

a − 1 degrees of freedom for testing the hypothesis of no treatment effects. Consequently, to test H0∶ 𝜏i = 0, compute

F0 =
(SS′E − SSE)∕(a − 1)
SSE∕[a(n − 1) − 1]

(15.30)

which, if the null hypothesis is true, is distributed as Fa−1,a(n−1)−1. Thus, we reject H0∶ 𝜏i = 0 if F0 > F𝛼,a−1,a(n−1)−1.
The P-value approach could also be used.

It is instructive to examine the display in Table 15.11. In this table we have presented the analysis of covariance
as an “adjusted” analysis of variance. In the source of variation column, the total variability is measured by Syy with
an − 1 degrees of freedom. The source of variation “regression” has the sum of squares (Sxy)2∕Sxx with one degree of
freedom. If there were no concomitant variable, we would have Sxy = Sxx = Exy = Exx = 0. Then the sum of squares
for error would be simply Eyy and the sum of squares for treatments would be Syy − Eyy = Tyy. However, because of the
presence of the concomitant variable, we must “adjust” Syy and Eyy for the regression of y on x as shown in Table 15.11.
The adjusted error sum of squares has a(n − 1) − 1 degrees of freedom instead of a(n − 1) degrees of freedom because
an additional parameter (the slope 𝛽) is fitted to the data.

Manual computations are usually displayed in an analysis of covariance table such as Table 15.12. This layout
is employed because it conveniently summarizes all the required sums of squares and cross products as well as the
sums of squares for testing hypotheses about treatment effects. In addition to testing the hypothesis that there are no
differences in the treatment effects, we frequently find it useful in interpreting the data to present the adjusted treatment
means. These adjusted means are computed according to

Adjusted yi• = yi• − 𝛽(xi• − x••) i = 1, 2, . . . , a (15.31)

where 𝛽 = Exy∕Exx. This adjusted treatment mean is the least squares estimator of 𝜇 + 𝜏i, i = 1, 2, . . . , a, in the model
(Equation 15.15). The standard error of any adjusted treatment mean is

Sadjyi• =
[
MSE

(
1
n
+

(xi• − x••)2

Exx

)]1∕2
(15.32)

◾ TABLE 15 . 11
Analysis of Covariance as an “Adjusted” Analysis of Variance

Source of
Variation Sum of Squares

Degrees of
Freedom Mean Square F0

Regression (Sxy)2∕Sxx 1

Treatments
SS′E − SSE = Syy−

(Sxy)2∕Sxx − [Eyy − (Exy)2∕Exx]
a − 1

SS′E − SSE
a − 1

(SS′E − SSE)∕(a − 1)
MSE

Error SSE = Eyy − (Exy)2∕Exx a(n − 1) − 1 MSE =
SSE

a(n − 1) − 1
Total Syy an − 1
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◾ TABLE 15 . 12
Analysis of Covariance for a Single-Factor Experiment with One Covariate

Sums of Squares
and Products

Adjusted for Regression

Source of
Variation

Degrees of
Freedom x xy y y

Degrees of
Freedom Mean Square

Treatments a − 1 Txx Txy Tyy

Error a(n − 1) Exx Exy Eyy SSE = Eyy − (Exy)2∕Exx a(n − 1) − 1 MSE =
SSE

a(n − 1) − 1
Total an − 1 Sxx Sxy Syy SS′E = Syy − (Sxy)2∕Sxx an − 2

Adjusted treatments SS′E − SSE a − 1
SS′E − SSE
a − 1

Finally, we recall that the regression coefficient 𝛽 in the model (Equation 15.15) has been assumed to be nonzero. We
may test the hypothesis H0∶ 𝛽 = 0 by using the test statistic

F0 =
(Exy)2∕Exx

MSE
(15.33)

which under the null hypothesis is distributed as F1,a(n−1)−1. Thus, we reject H0∶ 𝛽 = 0 if F0 > F𝛼,1,a(n−1)−1.

EXAMPLE 15 . 5

Consider the experiment described at the beginning of Section 15.3. Three different machines produce a monofilament fiber
for a textile company. The process engineer is interested in determining if there is a difference in the breaking strength of
the fiber produced by the three machines. However, the strength of a fiber is related to its diameter, with thicker fibers being
generally stronger than thinner ones. A random sample of five fiber specimens is selected from each machine. The fiber
strength (y) and the corresponding diameter (x) for each specimen are shown in Table 15.10.

The scatter diagram of breaking strength versus the fiber diameter (Figure 15.3) shows a strong suggestion of a linear
relationship between breaking strength and diameter, and it seems appropriate to remove the effect of diameter on strength
by an analysis of covariance. Assuming that a linear relationship between breaking strength and diameter is appropriate, we
see that the model is

yij = 𝜇 + 𝜏i + 𝛽(xij − x••) + 𝜖ij

{
i = 1, 2, 3

j = 1, 2, . . . , 5

Using Equations 15.17 through 15.25, we may compute

Syy =
3∑
i=1

5∑
j=1

y2ij −
y2••
an

= (36)2 + (41)2 + · · · + (32)2 − (603)2

(3)(5)
= 346.40

Sxx =
3∑
i=1

5∑
j=1

x2ij −
x2••
an

= (20)2 + (25)2 + · · · + (15)2 − (362)2

(3)(5)
= 261.73

Sxy =
3∑
i=1

5∑
j=1

xijyij −
(x••)(y••)

an
= (20)(36) + (25)(41) + · · · + (15)(32) − (362)(603)

(3)(5)
= 282.60
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Tyy =
1
n

3∑
i=1

y2i• −
y2••
an

= 1
5
[(207)2 + (216)2 + (180)2] − (603)2

(3)(5)
= 140.40

Txx =
1
n

3∑
i=1

x2i• −
x2••
an

= 1
5
[(126)2 + (130)2 + (106)2] − (362)2

(3)(5)
= 66.13

Txy =
1
n

3∑
i=1

xi•yi• −
(x••)(y••)

an
= 1

5
[(126)(207) + (130)(216) + (106)(184)] − (362)(603)

(3)(5)
= 96.00

Eyy = Syy − Tyy = 346.40 − 140.40 = 206.00

Exx = Sxx − Txx = 261.73 − 66.13 = 195.60

Exy = Sxy − Txy = 282.60 − 96.00 = 186.60

From Equation 15.29, we find

SS′E = Syy − (Sxy)
2∕Sxx

= 346.40 − (282.60)2∕261.73
= 41.27

with an − 2 = (3)(5) − 2 = 13 degrees of freedom; and from Equation 15.27, we find

SSE = Eyy − (Exy)
2∕Exx

= 206.00 − (186.60)2∕195.60
= 27.99

with a(n − 1) − 1 = 3(5 − 1) − 1 = 11 degrees of freedom.

◾ TABLE 15 . 13
Analysis of Covariance for the Breaking Strength Data

Sums of Squares
and Products

Adjusted for Regression

Source of
Variation

Degrees of
Freedom x xy y y

Degrees of
Freedom Mean Square F0 P-Value

Machines 2 66.13 96.00 140.40

Error 12 195.60 186.60 206.00 27.99 11 2.54

Total 14 261.73 282.60 346.40 41.27 13

Adjusted machines 13.28 2 6.64 2.61 0.1181

The sum of squares for testing H0∶ 𝜏1 = 𝜏2 = 𝜏3 = 0 is

SS′E − SSE = 41.27 − 27.99

= 13.28

with a − 1 = 3 − 1 = 2 degrees of freedom. These calculations are summarized in Table 15.13.
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To test the hypothesis that machines differ in the breaking strength of fiber produced, that is, H0∶ 𝜏i = 0, we compute the
test statistic from Equation 15.30 as

F0 =
(SS′E − SSE)∕(a − 1)
SSE∕[a(n − 1) − 1]

=
13.28∕2
27.99∕11

= 6.64
2.54

= 2.61

Comparing this to F0.10,2,11 = 2.86, we find that the null hypothesis cannot be rejected. The P-value of this test statistic is
0.1181. Thus, there is no strong evidence that the fibers produced by the three machines differ in breaking strength.

The estimate of the regression coefficient is computed from Equation 15.26 as

𝛽 =
Exy

Exx

= 186.60
195.60

= 0.9540

We may test the hypothesis H0∶ 𝛽 = 0 by using Equation 15.33. The test statistic is

F0 =
(Exy)2∕Exx

MSE
=

(186.60)2∕195.60
2.54

= 70.08

and because F0.01,1,11 = 9.65, we reject the hypothesis that 𝛽 = 0. Therefore, there is a linear relationship between breaking
strength and diameter, and the adjustment provided by the analysis of covariance was necessary.

The adjusted treatment means may be computed from Equation 15.31. These adjusted means are

Adjusted y1• = y1• − 𝛽(x1• − x••)
= 41.40 − (0.9540)(25.20 − 24.13) = 40.38

Adjusted y2• = y2• − 𝛽(x2• − x••)
= 43.20 − (0.9540)(26.00 − 24.13) = 41.42

and

Adjusted y3• = y3• − 𝛽(x3• − x••)
= 36.00 − (0.9540)(21.20 − 24.13) = 38.80

Comparing the adjusted treatment means with the unadjusted treatment means (the yi•), we note that the adjusted means are
much closer together, another indication that the covariance analysis was necessary.

A basic assumption in the analysis of covariance is that the treatments do not influence the covariate x because the technique
removes the effect of variations in the xi•. However, if the variability in the xi• is due in part to the treatments, then analysis of
covariance removes part of the treatment effect. Thus, we must be reasonably sure that the treatments do not affect the values
xij. In some experiments this may be obvious from the nature of the covariate, whereas in others it may be more doubtful. In
our example, there may be a difference in fiber diameter (xij) between the three machines. In such cases, Cochran and Cox
(1957) suggest that an analysis of variance on the xij values may be helpful in determining the validity of this assumption.
For our problem, this procedure yields

F0 =
66.13∕2
195.60∕12

= 33.07
16.30

= 2.03

which is less than F0.10,2,12 = 2.81, so there is no reason to believe that machines produce fibers of different diameters.
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Diagnostic checking of the covariance model is based on residual analysis. For the covariance model, the
residuals are

eij = yij − ŷij

where the fitted values are

ŷij = 𝜇̂ + 𝜏i + 𝛽(xij − x••) = y•• + [yi• − y•• − 𝛽(xi• − x••)]
+𝛽(xij − x••) = yi• + 𝛽(xij − xi•)

Thus,
eij = yij − yi• − 𝛽(xij − xi•) (15.34)

To illustrate the use of Equation 15.34, the residual for the first observation from the first machine in
Example 15.5 is

e11 = y11 − y1• − 𝛽(x11 − x1•) = 36 − 41.4 − (0.9540)(20 − 25.2)
= 36 − 36.4392 = −0.4392

A complete listing of observations, fitted values, and residuals is given in the following table:

Observed Value, yij Fitted Value, ŷij Residual, eij = yij − ŷij

36 36.4392 −0.4392
41 41.2092 −0.2092
39 40.2552 −1.2552
42 41.2092 0.7908

49 47.8871 1.1129

40 39.3840 0.6160

48 45.1079 2.8921

39 39.3840 −0.3840
45 47.0159 −2.0159
44 45.1079 −1.1079
35 35.8092 −0.8092
37 37.7171 −0.7171
42 40.5791 1.4209

34 35.8092 −1.8092
32 30.0852 1.9148

The residuals are plotted versus the fitted values ŷij in Figure 15.4, versus the covariate xij in Figure 15.5 and versus the
machines in Figure 15.6. A normal probability plot of the residuals is shown in Figure 15.7. These plots do not reveal
any major departures from the assumptions, so we conclude that the covariance model (Equation 15.15) is appropriate
for the breaking strength data.

It is interesting to note what would have happened in this experiment if an analysis of covariance had not been per-
formed, that is, if the breaking strength data (y) had been analyzed as a completely randomized single-factor experiment
in which the covariate x was ignored. The analysis of variance of the breaking strength data is shown in Table 15.14.
We immediately notice that the error estimate is much longer in the CRD analysis (17.17 versus 2.54). This is a reflec-
tion of the effectiveness of analysis of covariance in reducing error variability. We would also conclude, based on the
CRD analysis, that machines differ significantly in the strength of fiber produced. This is exactly opposite the conclu-
sion reached by the covariance analysis. If we suspected that the machines differed significantly in their effect on fiber
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◾ F I GURE 15 . 4 Plot of residuals versus
fitted values for Example 15.5
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◾ F I GURE 15 . 5 Plot of residuals versus
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◾ F I GURE 15 . 6 Plot of residuals
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◾ F I GURE 15 . 7 Normal probability plot of residuals
from Example 15.5

◾ TABLE 15 . 14
Incorrect Analysis of the Breaking Strength Data as a Single-Factor Experiment

Source of
Variation

Sum of
Squares

Degrees of
Freedom

Mean
Square F0 P-Value

Machines 140.40 2 70.20 4.09 0.0442

Error 206.00 12 17.17

Total 346.40 14
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strength, thenwewould try to equalize the strength output of the threemachines. However, in this problem themachines
do not differ in the strength of fiber produced after the linear effect of fiber diameter is removed. It would be helpful
to reduce the within-machine fiber diameter variability because this would probably reduce the strength variability
in the fiber.

Analysis of Covariance as an Alternative to Blocking In some situations, the experimenter may have a choice
between either running a completely randomized design with a covariate or running a randomized block design with
the covariate used in some fashion to form the blocks. If the relationship between the covariate and the response
is really well-approximated by a straight line and that is the form of the covariance model that the experimenter
chooses, then either of these approaches is about equally effective. However, if the relationship isn’t linear and a
linear model is assumed, the analysis of covariance will be outperformed in error reduction by the randomized block
design. Randomized block designs do not make any explicit assumptions about relationships between the nuisance
variables (covariates) and the response. Generally, a randomized block design will have fewer degrees if freedom for
error than a covariance model but the resulting loss of statistical power is usually quite small.

15.3.2 Computer Solution

Several computer software packages now available can perform the analysis of covariance. The output from theMinitab
General Linear Models procedure for the data in Example 15.4 is shown in Table 15.15. This output is very similar to

◾ TABLE 15 . 15
Minitab Output (Analysis of Covariance) for Example 15.5

General Linear Model
Factor Type Levels Values

Machine fixed 3 1 2 3

Analysis of Variance for Strength, using Adjusted SS for Tests

Source DF Seq SS Adj SS Adj MS F P

Diameter 1 305.13 178.01 178.01 69.97 0.000
Machine 2 13.28 13.28 6.64 2.61 0.118
Error 11 27.99 27.99 2.54
Total 14 346.40

Term Coef Std. Dev. T P
Constant 17.177 2.783 6.17 0.000
Diameter 0.9540 0.1140 8.36 0.000
Machine
1 0.1824 0.5950 0.31 0.765
2 1.2192 0.6201 1.97 0.075

Means for Covariates

Covariate Mean Std. Dev.
Diameter 24.13 4.324

Least Squares Means for Strength

Machine Mean Std. Dev.
1 40.38 0.7236
2 41.42 0.7444
3 38.80 0.7879
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those presented previously. In the section of the output entitled “Analysis of Variance,” the “Seq SS” correspond to a
“sequential” partitioning of the overall model sum of squares, say

SS (Model) = SS (Diameter) + SS (Machine|Diameter)
= 305.13 + 13.28

= 318.41

whereas the “Adj SS” corresponds to the “extra” sum of squares for each factor, that is,

SS (Machine|Diameter) = 13.28

and
SS (Diameter|Machine) = 178.01

Note that SS (Machine|Diameter) is the correct sum of squares to use for testing for no machine effect, and
SS (Diameter|Machine) is the correct sum of squares to use for testing the hypothesis that 𝛽 = 0. The test statistics in
Table 15.15 differ slightly from those computed manually because of rounding.

The program also computes the adjusted treatment means from Equation 15.31 (Minitab refers to those as least
squares means on the sample output) and the standard errors. The program will also compare all pairs of treatment
means using the pairwise multiple comparison procedures discussed in Chapter 3.

15.3.3 Development by the General Regression Significance Test

It is possible to develop formally the ANCOVA procedure for testing H0∶ 𝜏i = 0 in the covariance model

yij = 𝜇 + 𝜏i + 𝛽(xij − x••) + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , n

(15.35)

using the general regression significance test. Consider estimating the parameters in the model (Equation 15.15) by
least squares. The least squares function is

L =
a∑
i=1

n∑
j=1

[yij − 𝜇 − 𝜏i − 𝛽(xij − x••)]2 (15.36)

and from 𝜕L∕𝜕𝜇 = 𝜕L∕𝜕𝜏i = 𝜕L∕𝜕𝛽 = 0, we obtain the normal equations

𝜇∶ an𝜇̂ + n
a∑
i=1

𝜏i = y•• (15.37a)

𝜏i∶ n𝜇̂ + n𝜏i + 𝛽

n∑
j=1

(xij − x••) = yi• i = 1, 2, . . . , a (15.37b)

𝛽∶
a∑
i=1

𝜏i

n∑
j=1

(xij − x••) + 𝛽Sxx = Sxy (15.37c)

Adding the a equations in Equation 15.37b, we obtain Equation 15.37a because
∑a

i=1
∑n

j=1(xij − x••) = 0, so there
is one linear dependency in the normal equations. Therefore, it is necessary to augment Equations 15.37 with a linearly
independent equation to obtain a solution. A logical side condition is

∑a
i=1 𝜏i = 0.

Using this condition, we obtain from Equation 15.37a

𝜇̂ = y•• (15.38a)

and from Equation 15.37b
𝜏i = yi• − y•• − 𝛽(xi• − x••) (15.38b)
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Equation 15.37c may be rewritten as
a∑
i=1

(yi• − y••)
n∑
j=1

(xij − x••) − 𝛽

a∑
i=1

(xi• − x••)
n∑
j=1

(xij − x••) + 𝛽Sxx = Sxy

after substituting for 𝜏i. But we see that
a∑
i=1

(yi• − y••)
n∑
j=1

(xij − x••) = Txy

and
a∑
i=1

(xi• − x••)
n∑
j=1

(xij − x••) = Txx

Therefore, the solution to Equation 15.37c is

𝛽 =
Sxy − Txy
Sxx − Txx

=
Exy

Exx

which was the result given previously in Section 15.3.1, Equation 15.26.
We may express the reduction in the total sum of squares due to fitting the full model (Equation 15.15) as

R(𝜇, 𝜏, 𝛽) = 𝜇̂y•• +
a∑
i=1

𝜏iyi• + 𝛽Sxy

= (y••)y•• +
a∑
i=1

[yi• − y•• − (Exy∕Exx)(xi• − x••)]yi• + (Exy∕Exx)Sxy

= y2••∕an +
a∑
i=1

(yi• − y••)yi• − (Exy∕Exx)
a∑
i=1

(xi• − x••)yi• + (Exy∕Exx)Sxy

= y2••∕an + Tyy − (Exy∕Exx)(Txy − Sxy)
= y2••∕an + Tyy + (Exy)2∕Exx

This sum of squares has a + 1 degrees of freedom because the rank of the normal equations is a + 1. The error sum of
squares for this model is

SSE =
a∑
i=1

n∑
j=1

y2ij − R(𝜇, 𝜏, 𝛽)

=
a∑
i=1

n∑
j=1

y2ij − y2••∕an − Tyy − (Exy)2∕Exx

= Syy − Tyy − (Exy)2∕Exx

= Eyy − (Exy)2∕Exx (15.39)

with an − (a + 1) = a(n − 1) − 1 degrees of freedom. This quantity was obtained previously as Equation 15.27.
Now consider the model restricted to the null hypothesis, that is, to H0∶ 𝜏1 = 𝜏2 = · · · = 𝜏a = 0. This reduced

model is

yij = 𝜇 + 𝛽(xij − x••) + 𝜖ij

{
i = 1, 2, . . . , a
j = 1, 2, . . . , n

(15.40)

This is a simple linear regression model, and the least squares normal equations for this model are

an𝜇̂ = y•• (15.41a)

𝛽Sxx = Sxy (15.41b)
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The solutions to these equations are 𝜇̂ = y•• and 𝛽 = Sxy∕Sxx, and the reduction in the total sum of squares due to fitting
the reduced model is

R(𝜇, 𝛽) = 𝜇̂y•• + 𝛽Sxy
= (y••)y•• + (Sxy∕Sxx)Sxy
= y2••∕an + (Sxy)2∕Sxx (15.42)

This sum of squares has two degrees of freedom.
We may find the appropriate sum of squares for testing H0∶ 𝜏1 = 𝜏2 = · · · = 𝜏a = 0 as

R(𝜏|𝜇, 𝛽) = R(𝜇, 𝜏, 𝛽) − R(𝜇, 𝛽)
= y2••∕an + Tyy + (Exy)2∕Exx − y2••∕an − (Sxy)2∕Sxx
= Syy − (Sxy)2∕Sxx − [Eyy − (Exy)2∕Exx] (15.43)

using Tyy = Syy − Eyy. Note that R(𝜏|𝜇, 𝛽) has a + 1 − 2 = a − 1 degrees of freedom and is identical to the sum of
squares given by SS′E − SSE in Section 15.3.1. Thus, the test statistic for H0∶ 𝜏i = 0 is

F0 =
R(𝜏|𝜇, 𝛽)∕(a − 1)
SSE∕[a(n − 1) − 1]

=
(SS′E − SSE)∕(a − 1)
SSE∕[a(n − 1) − 1]

(15.44)

which we gave previously as Equation 15.30. Therefore, by using the general regression significance test, we have
justified the heuristic development of the analysis of covariance in Section 15.3.1.

15.3.4 Factorial Experiments with Covariates

Analysis of covariance can be applied to more complex treatment structures, such as factorial designs. Provided enough
data exists for every treatment combination, nearly any complex treatment structure can be analyzed through the anal-
ysis of covariance approach. We now show how the analysis of covariance could be used in the most common family
of factorial designs used in industrial experimentation, the 2k factorials.

Imposing the assumption that the covariate affects the response variable identically across all treatment combi-
nations, an analysis of covariance table similar to the procedure given in Section 15.3.1 could be performed. The only
difference would be the treatment sum of squares. For a 22 factorial with n replicates, the treatment sum of squares (Tyy)
would be (1∕n)

∑2
i=1

∑2
j=1 y

2
ij• − y2. . . ∕(2)(2)n. This quantity is the sum of the sums of squares for factors A, B, and

the AB interaction. The adjusted treatment sum of squares could then be partitioned into individual effect components,
that is, adjusted main effects sum of squares SSA and SSB, and an adjusted interaction sum of squares, SSAB.

The amount of replication is a key issue when broadening the design structure of the treatments. Consider a 23

factorial arrangement. A minimum of two replicates is needed to evaluate all treatment combinations with a separate
covariate for each treatment combination (covariate by treatment interaction). This is equivalent to fitting a simple
regression model to each treatment combination or design cell. With two observations per cell, one degree of freedom
is used to estimate the intercept (the treatment effect) and the other is used to estimate the slope (the covariate effect).
With this saturated model, no degrees of freedom are available to estimate the error. Thus, at least three replicates are
needed for a complete analysis of covariance, assuming themost general case. This problem becomesmore pronounced
as the number of distinct design cells (treatment combinations) and covariates increases.

If the amount of replication is limited, various assumptions can be made to allow some useful analysis.
The simplest assumption (and typically the worst) that can be made is that the covariate has no effect. If the
covariate is erroneously not considered, the entire analysis and subsequent conclusions could be dramatically in
error. Another choice is to assume that there is no treatment by covariate interaction. Even if this assumption is
incorrect, the average affect of the covariate across all treatments will still increase the precision of the estimation
and testing of the treatment effects. One disadvantage of this assumption is that if several treatment levels interact
with the covariate, the various terms may cancel one another out and the covariate term, if estimated alone with no
interaction, may be insignificant. A third choice would be to assume some of the factors (such as some two-factor
and higher interactions) are insignificant. This allows some degrees of freedom to be used to estimate error.
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This course of action, however, should be undertaken carefully and the subsequent models evaluated thoroughly
because the estimation of error will be relatively imprecise unless enough degrees of freedom are allocated for it.
With two replicates, each of these assumptions will free some degrees of freedom to estimate error and allow useful
hypothesis tests to be performed. Which assumption to enforce should be dictated by the experimental situation and
how much risk the experimenter is willing to assume. We caution that in the effects model-building strategy if a
treatment factor is eliminated, then the resulting two “replicates” of each original 23 are not truly replicates. These
“hidden replicates” do free 𝜈1 degrees of freedom for parameter estimation but should not be used as replicates to
estimate pure error because the execution of the original design may not have been randomized that way.

To illustrate some of these ideas, consider the 23 factorial design with two replicates and a covariate shown in
Table 15.16. If the response variable y is analyzed without accounting for the covariate, the following model results:

ŷ = 25.03 + 11.20A + 18.05B + 7.24C − 18.91AB + 14.80AC

The overall model is significant at the 𝛼 = 0.01 level with R2 = 0.786 and MSE = 470.82. The residual analysis indi-
cates no problem with this model except the observation with y = 103.01 is unusual.

If the second assumption, common slopes with no treatment by covariate interaction, is chosen, the full effects
model and the covariate effect can be estimated. The JMP output is shown in Table 15.17. Notice that the MSE has
been reduced considerably by considering the covariate. The final resulting analysis after sequentially removing each
nonsignificant interaction and the main effect C is shown in Table 15.18. This reduced model provides an even smaller
MSE than does the full model with the covariate in Table 15.17.

Finally, we could consider a third course of action, assuming certain interaction terms are negligible.We consider
the full model that allows for different slopes between treatments and treatment by covariate interaction. We assume
that the three-factor interactions (both ABC and ABCx) are not significant and use their associated degrees of freedom
to estimate error in the most general effects model that can be fit. This is often a practical assumption. Three-factor and
higher interactions are usually negligible in most experimental settings. We used JMP for the analysis, and the results
are shown in Table 15.19. The type III sums of squares are the adjusted sums of squares that we require.

With a near-saturated model, the estimate of error will be fairly imprecise. Even with only a few terms being
individually significant at the 𝛼 = 0.05 level, the overall sense is that this model is better than the two previous scenarios

◾ TABLE 15 . 16
Response and Covariate Data for a 23 with 2 Replicates

A B C x y

−1 −1 −1 4.05 −30.73
1 −1 −1 0.36 9.07

−1 1 −1 5.03 39.72

1 1 −1 1.96 16.30

−1 −1 1 5.38 −26.39
1 −1 1 8.63 54.58

−1 1 1 4.10 44.54

1 1 1 11.44 66.20

−1 −1 −1 3.58 −26.46
1 −1 −1 1.06 10.94

−1 1 −1 15.53 103.01

1 1 −1 2.92 20.44

−1 −1 1 2.48 −8.94
1 −1 1 13.64 73.72

−1 1 1 −0.67 15.89

1 1 1 5.13 38.57
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◾ TABLE 15 . 17
JMP Analysis of Covariance for the Experiment in Table 15.16, Assuming a Common Slope

.Response Y

.Summary of Fit

RSquare 0.971437

RSquare Adj 0.938795

Root Mean Square Error 9.47287

Mean of Response 25.02875

Observations (or Sum Wgts) 16

.Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 8 21363.834 2670.48 29.7595

Error 7 628.147 89.74 Prob > F

C. Total 15 21991.981 <.0001*

.Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

Intercept −1.015872 5.454106 −0.19 0.8575

X 4.9245327 0.928977 5.30 0.0011*

X1 9.4566966 2.39091 3.96 0.0055*

X2 16.128277 2.395946 6.73 0.0003*

X3 2.4287693 2.536347 0.96 0.3702

X1*X2 −15.59941 2.448939 −6.37 0.0004*

X1*X3 −0.419306 3.72135 −0.11 0.9135

X2*X3 −0.863837 2.824779 −0.31 0.7686

X1*X2*X3 1.469927 2.4156 0.61 0.5621

.Sorted Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

X2 16.128277 2.395946 6.73 ________________ 0.0003*

X1*X2 −15.59941 2.448939 −6.37 ________________ 0.0004*

x 4.9245327 0.928977 5.30 ________________ 0.0011*

X1 9.4566966 2.39091 3.96 ________________ 0.0055*

X3 2.4287693 2.536347 0.96 ________________ 0.3702

X1*X2*X3 1.469927 2.4156 0.61 ________________ 0.5621

X2*X3 −0.863837 2.824779 −0.31 ________________ 0.7686

X1*X3 −0.419306 3.72135 −0.11 ________________ 0.9135
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◾ TABLE 15 . 18
JMP Analysis of Covariance, Reduced Model for the Experiment in Table 15.16

.Response Y

.Whole Model

.Summary of Fit

RSquare 0.96529

RSquare Adj 0.952668

Root Mean Square Error 8.330324

Mean of Response 25.02875

Observations (or Sum Wgts) 16

.Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 4 21228.644 5307.16 76.4783

Error 11 763.337 69.39 Prob > F

C. Total 15 21991.981 <.0001*

.Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

Intercept −1.878361 3.224761 −0.58 0.5720

X 5.0876125 0.465535 10.93 <.0001*

X1 9.3990071 2.089082 4.50 0.0009*

X2 16.064472 2.090531 7.68 <.0001*

X1*X2 −15.48994 2.105895 −7.36 <.0001*

◾ TABLE 15 . 19
JMP Output for the Experiment in Table 15.16

.Response Y

.Summary of Fit

RSquare 0.999872

RSquare Adj 0.999044

Root Mean Square Error 1.18415

Mean of Response 25.02875

Observations (or Sum Wgts) 16

.Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 13 21989.177 1691.48 1206.292

Error 2 2.804 1.40 Prob > F

C. Total 15 21991.981 0.0008*
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◾ TABLE 15 . 19 (Continued)

.Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

Intercept 10.063551 1.018886 9.88 0.0101*

x 2.1420242 0.361866 5.92 0.0274*

X1 13.887593 1.29103 10.76 0.0085*

X2 19.4443 1.12642 17.26 0.0033*

X3 5.0908008 1.114861 4.57 0.0448*

X1*X2 −19.59556 0.701412 −27.94 0.0013*

X1*X3 −0.23434 1.259161 −0.19 0.8695

X2*X3 −0.368071 0.887678 −0.41 0.7186

X1*(x-5.28875) 2.1171372 0.429771 4.93 0.0388*

X2*(x-5.28875) 3.0175357 0.364713 8.27 0.0143*

X3*(x-5.28875) −0.096716 0.356887 −0.27 0.8118

X1*X2*(x-5.28875) −2.949107 0.190284 −15.50 0.0041*

X1*X3*(x-5.28875) −0.012116 0.415868 −0.03 0.9794

X2*X3*(x-5.28875) 0.0848196 0.401999 0.21 0.8524

.Sorted Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

X1*X2 −19.59556 0.701412 −27.94 ________________ 0.0013*

X2 19.4443 1.12642 17.26 ________________ 0.0033*

X1*X2*(x-5.28875) −2.949107 0.190284 −15.50 ________________ 0.0041*

X1 13.887593 1.29103 10.76 ________________ 0.0085*

X2*(x-5.28875) 3.0175357 0.364713 8.27 ________________ 0.0143*

x 2.1420242 0.361866 5.92 ________________ 0.0274*

X1*(x-5.28875) 2.1171372 0.429771 4.93 ________________ 0.0388*

X3 5.0908008 1.114861 4.57 ________________ 0.0448*

X2*X3 −0.368071 0.887678 −0.41 ________________ 0.7186

X3*(x-5.28875) −0.096716 0.356887 −0.27 ________________ 0.8118

X2*X3*(x-5.28875) 0.0848196 0.401999 0.21 ________________ 0.8524

X1*X3* −0.23434 1.259161 −0.19 ________________ 0.8695

X1*X3*(x-5.28875) −0.012116 0.415868 −0.03 ________________ 0.9794

(based on R2 and the mean square for error). Because the treatment effects aspect of the model is of more interest, we
sequentially remove terms from the covariate portion of the model to add degrees of freedom to the estimate of error.
If we sequentially remove the ACx term followed by BCx, the MSE decreases and several terms are insignificant.
The final model is shown in Table 15.20 after sequentially removing Cx, AC, and BC.

This example emphasizes the need to have degrees of freedom available to estimate experimental error in order
to increase the precision of the hypothesis tests associated with the individual terms in the model. This process should
be done sequentially to avoid eliminating significant terms masked by a poor estimate of error.

Reviewing the results obtained from the three approaches, we note that each method successively improves the
model fit in this example. If there is a strong reason to believe that the covariate does not interact with the factors, it may
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◾ TABLE 15 . 20
JMP Output for the Experiment in Table 15.16, Reduced Model

.Response Y

.Summary of Fit

RSquare 0.999743

RSquare Adj 0.99945

Root Mean Square Error 0.898184

Mean of Response 25.02875

Observations (or Sum Wgts) 16

.Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio

Model 8 21986.334 2748.29 3406.688

Error 7 5.647 0.81 Prob > F

C. Total 15 21991.981 <.0001*

.Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

Intercept 10.234044 0.544546 18.79 <.0001*

x 2.05036 0.118305 17.33 <.0001*

X1 13.694768 0.273254 50.12 <.0001*

X2 19.709839 0.272411 72.35 <.0001*

X3 5.4433644 0.321496 16.93 <.0001*

X1*X2 −19.40839 0.27236 −71.26 <.0001*

X1*(x-5.28875) 2.0628522 0.121193 17.02 <.0001*

X2*(x-5.28875) 3.0321079 0.116027 26.13 <.0001*

X1*X2*(x-5.28875) −3.031387 0.11686 −25.94 <.0001*

.Sorted Parameter Estimates

Term Estimate Std Error t Ratio Prob > |t|

X2 19.709839 0.272411 72.35 ________________ <.0001*

X1*X2 −19.40839 0.27236 −71.26 ________________ <.0001*

X1 13.694768 0.273254 50.12 ________________ <.0001*

X2(x-5.28875) 3.0321079 0.116027 26.13 ________________ <.0001*

X1*X2*(x-5.28875) −3.031387 0.11686 −25.94 ________________ <.0001*

x 2.05036 0.118305 17.33 ________________ <.0001*

X1*(x-5.28875) 2.0628522 0.121193 17.02 ________________ <.0001*

X3 5.4433644 0.321496 16.93 ________________ <.0001*
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be best to make that assumption at the outset of the analysis. This choice may also be dictated by software. Although
experimental design software packages may only be able to model covariates that do not interact with treatments, the
analyst may have a reasonable chance of identifying the major factors influencing the process, even if there is some
covariate by treatment interaction. We also note that all the usual tests of model adequacy are still appropriate and
are strongly recommended as part of the ANCOVA model building process.

Another situation involving covariates arises often in practice. The experimenter has available a collection of
experimental units, and these units can be described or characterized by some measured quantities than have the
potential to affect the outcome of the experiment in which they are used. This happens frequently in clinical studies
where the experimental units are patients and they are characterized in terms of factors such as gender, age, blood
pressure, weight, or other parameters relevant to the specific study. The design factors for the experiment can include
type of pharmacological agent, dosage, and how frequently the dose is administered. The experimenter wants to select
a subset of the experimental units that is optimal with respect to the design factors that are to be studied. In this type of
problem the experimenter knows the values of the covariates in advance of running the experiment and wants to obtain
the best possible design taking the values of the covariates into account. This design problem can be solved using the
D-optimality criterion (the mathematical details are beyond the scope of this book, but see the supplemental material
for this chapter).

To illustrate, suppose that a chemical manufacturer is producing an additive for motor oil. He knows that final
properties of his additive depend on two design factors that he can control and also to some extent on the viscosity and
molecular weight of one of the basic raw materials. There are 40 samples of this raw material available for use in his
experiment. Table 15.21 contains the viscosity and molecular weight measurements for the 40 raw material samples.

Figure 15.8 is a scatter plot of the viscosity and molecular weight data in Table 15.21. As the manufacturer
suspects, there is a relationship between the two quantities.

◾ TABLE 15 . 21
Viscosity and Molecular Weight Data

Sample Viscosity Molecular Weight

1 32 1264

2* 33.5 1250

3 37 1290

4* 30.9 1250

5* 50 1325

6 37 1296

7 55 1340

8 58 1359

9* 46 1278

10 44 1260

11* 58.3 1329

12 31.9 1250

13* 32.5 1246

14* 59 1304

15* 57.8 1303

16* 60 1336

17 33 1275

18* 36 1290

19 57.1 1326
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◾ TABLE 15 . 21 (Continued)

Sample Viscosity Molecular Weight

20 58.3 1330

21* 32 1264

22* 33.5 1250

23* 37 1290

24* 30.9 1250

25* 50 1325

26* 37 1296

27* 55 1340

28 58 1359

29* 46 1278

30 44 1260

31 58.3 1329

32 31.9 1250

33 32.5 1246

34 59 1304

35 57.8 1303

36 60 1336

37 33 1275

38* 36 1290

39* 57.1 1326

40 58.3 1330
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◾ F I GURE 15 . 8 Scatter plot of the viscosity versus
molecular weight data from Table 15.21
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There are two quantitative factors x3 and x4 that the manufacturer suspects affect the final properties of his
product. He wants to conduct a factorial experiment to study these two factors. Each run of the experiment will require
one sample of the available 40 samples of rawmaterial. He feels that a 20-run experiment will be adequate to investigate
the effects of the two factors. Table 15.22 is the D-optimal design from JMP assuming a main effects plus two-factor
interaction in the design factors and a sample size of 20. The 20 rawmaterial samples that are selected by theD-optimal
algorithm are indicated in Table 15.21 with asterisks in the sample column. Figure 15.9 is the scatter plot of viscosity
versus molecular weight with the selected samples shown in larger dots. Notice that the selected samples “spread out”
over the boundary of the convex hull of points. This is consistent with the tendency of D-optimal designs to spread
observations to the boundaries of the experimental region. The design points selected in the two factors x3 and x4
correspond to a 22 factorial experiment with n = 5 replicates.

Table 15.23 presents the relative variance of the coefficients for the model for the D-optimal design. Notice
that the design factors are all estimated with the best possible precision (relative variance = 1∕N = 1∕20 = 0.05)
while the covariates are estimated with different precisions that depends on their spread in the original set of 40
samples. The alias matrix is shown in Table 15.24. The numbers in the table are the correlations between model
terms. All correlations are small, a consequence of the D-optimality criterion spreading the design points out as much
as possible.

◾ TABLE 15 . 22
The 20-Run D-Optimal Design from JMP

Run Viscosity Molecular Weight X3 X4

1 44 1260 1 1

2 32.5 1246 1 −1
3 36 1290 −1 −1
4 60 1336 −1 1

5 30.9 1250 1 1

6 33.5 1250 −1 1

7 59 1304 −1 −1
8 58 1359 1 1

9 37 1290 −1 1

10 33 1275 1 −1
11 58.3 1330 1 −1
12 32 1264 −1 −1
13 57.1 1326 1 −1
14 58.3 1329 −1 1

15 46 1278 −1 −1
16 57.8 1303 1 1

17 31.9 1250 −1 1

18 37 1296 1 1

19 55 1340 −1 −1
20 50 1325 1 −1
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◾ F I GURE 15 . 9 Scatter plot of the viscosity
versus molecular weight data from Table 15.21, with the
selected design points shown as larger dots

◾ TABLE 15 . 23
Relative Variances of the Coefficients for the D-Optimal Design in Table 15.22

Effect Relative Variance

Intercept 0.058

Viscosity 0.314

Molecular weight 0.516

X3 0.050

X4 0.050

X3X4 0.050

◾ TABLE 15 . 24
The Alias Matrix

Effect 12 13 14 23 24 34

Intercept 0.417 0.066 0.007 0.084 0.005 0

Viscosity −0.19 −0.2 −0.15 −0.24 −0.18
Molecular weight 0.094 0.252 0.33 0.387 0.415 0

X3 0.011 −0.01 0.008 −0.14 −0.02 0

X4 0.063 0.019 0.005 0 −0.12 0

X3X4 −0.09 −0.03 −0.04 −0.04 −0.042 1
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15.4 Repeated Measures

In experimental work in the social and behavioral sciences and some aspects of engineering the physical sciences, and
business, the experimental units are frequently people. Because of differences in experience, training, or background,
the differences in the responses of different people to the same treatment may be very large in some experimental situa-
tions. Unless it is controlled, this variability between people would become part of the experimental error, and in some
cases, it would significantly inflate the error mean square, making it more difficult to detect real differences between
treatments. In many repeated measures the experimental units are not necessarily people; they could be different stores
in a marketing study, or plants, or experimental animals, and so on. We typically think of these experimental units
as subjects.

It is possible to control this variability between people or “projects” by using a design in which each of the a
treatments is used on each person. Such a design is called a repeated measures design. In this section, we give a brief
introduction to repeated measures experiments with a single factor.

Suppose that an experiment involves a treatments and every treatment is to be used exactly once on each of n
subjects. The data would appear as in Table 15.25. Note that the observation yij represents the response of subject j to
treatment i and that only n subjects are used. The model that we use for this design is

yij = 𝜇 + 𝜏i + 𝛽j + 𝜖ij (15.45)

where 𝜏i is the effect of the ith treatment and 𝛽j is a parameter associated with the jth subject. We assume that treatments
are fixed (so

∑a
i=1 𝜏i = 0) and that the subjects employed are a random sample of subjects from some larger population

of potential subjects. Thus, the subjects collectively represent a random effect, so we assume that the mean of 𝛽j is
zero and that the variance of 𝛽j is 𝜎

2
𝛽
. Because the term 𝛽j is common to all a measurements on the same subject, the

covariance between yij and yi′j is not, in general, zero. It is customary to assume that the covariance between yij and
yi′j is constant across all treatments and subjects.

Consider an analysis of variance partitioning of the total sum of squares, say

a∑
i=1

n∑
j=1

(yij − y••)2 = a
n∑
j=1

(y•j − y••)2 +
a∑
i=1

n∑
j=1

(yij − y•j)2 (15.46)

We may view the first term on the right-hand side of Equation 15.46 as a sum of squares that results from differences
between subjects and the second term as a sum of squares of differences within subjects. That is,

SST = SSBetween Subjects + SSWithin Subjects

◾ TABLE 15 . 25
Data for a Single-Factor Repeated Measures Design

Subject

Treatment 1 2 · · · n
Treatment
Totals

1 y11 y12 · · · y1n y1•
2 y21 y22 · · · y2n y2•
⋮ ⋮ ⋮ ⋮ ⋮

a ya1 ya2 yan ya•
Subject totals y.1 y.2 · · · y•n y••
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The sums of squares SSBetween Subjects and SSWithin Subjects are statistically independent, with degrees of freedom

an − 1 = (n − 1) + n(a − 1)

The differences within subjects depend on both differences in treatment effects and uncontrolled variabil-
ity (noise or error). Therefore, we may decompose the sum of squares resulting from differences within subjects
as follows:

a∑
i=1

n∑
j=1

(yij − y•j)2 = n
a∑
i=1

(yi• − y••)2 +
a∑
i=1

n∑
j=1

(yij − yi• − y•j + y••)2 (15.47)

The first term on the right-hand side of Equation 15.47 measures the contribution of the difference between treatment
means to SSWithin Subjects, and the second term is the residual variation due to error. Both components of SSWithin Subjects
are independent. Thus,

SSWithin Subjects = SSTreatments + SSE

with the degrees of freedom given by

n(a − 1) = (a − 1) + (a − 1)(n − 1)

respectively.
To test the hypothesis of no treatment effect, that is,

H0∶ 𝜏1 = 𝜏2 = · · · = 𝜏a = 0
H1∶ At least one 𝜏i ≠ 0

we would use the ratio

F0 =
SSTreatment∕(a − 1)
SSE∕(a − 1)(n − 1)

=
MSTreatments

MSE
(15.48)

◾ TABLE 15 . 26
Analysis of Variance for a Single-Factor Repeated Measures Design

Source of Variation Sums of Squares
Degrees of
Freedom Mean Square F0

1. Between subjects
n∑
j=1

y2•j
a

−
y2••
an

n − 1

2. Within subjects
a∑
i=1

n∑
j=1

y2ij −
n∑
j=1

y2•j
a

n(a − 1)

3. Treatments
a∑
i=1

y2i•
n

−
y2••
an

a − 1 MSTreatment =
SSTreatment

a − 1

MSTreatment

MSE

4. Error Subtraction∶ line (2) − line (3) (a − 1)(n − 1) MSE =
SSE

(a − 1)(n − 1)

5. Total
a∑
i=1

n∑
j=1

y2ij −
y2••
an

an − 1
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If the model errors are normally distributed, then under the null hypothesis, H0∶ 𝜏i = 0, the statistic F0 follows an
Fa−1,(a−1)(n−1) distribution. The null hypothesis would be rejected if F0 > F𝛼,a−1,(a−1)(n−1).

The analysis of variance procedure is summarized in Table 15.26, which also gives convenient computing formu-
las for the sums of squares. Readers should recognize the analysis of variance for a single-factor design with repeated
measures as equivalent to the analysis for a randomized complete block design, with subjects considered to be the
blocks. Residual analysis and model adequacy checking is done exactly as in the RCBD.

15.5 Problems

15.1 Reconsider the experiment in Problem 5.29. Use the
Box–Cox procedure to determine whether a transformation on
the response is appropriate (or useful) in the analysis of the
data from this experiment.

15.2 In Example 6.3 we selected a log transformation for
the drill advance rate response. Use the Box–Cox procedure to
demonstrate that this is an appropriate data transformation.

15.3 Reconsider the smelting process experiment in
Problem 8.27, where a 26−3 fractional factorial designwas used
to study the weight of packing material that is stuck to car-
bon anodes after baking. Each of the eight runs in the design
was replicated three times, and both the average weight and the
range of the weights at each test combination were treated as
response variables. Is there any indication that a transformation
is required for either response?

15.4 In Problem 8.28 a replicated fractional factorial
design was used to study substrate camber in semiconduc-
tor manufacturing. Both the mean and standard deviation of
the camber measurements were used as response variables.
Is there any indication that a transformation is required for
either response?

15.5 Reconsider the photoresist experiment in Problem
8.29. Use the variance of the resist thickness at each test com-
bination as the response variable. Is there any indication that a
transformation is required?

15.6 In the grill defects experiment described in Prob-
lem 8.51, a variation of the square root transformation was
employed in the analysis of the data. Use the Box–Coxmethod
to determine whether this is the appropriate transformation.

15.7 In the central composite design of Problem 11.14, two
responses were obtained, the mean and variance of an oxide
thickness. Use the Box–Cox method to investigate the poten-
tial usefulness of transformation for both of these responses.
Is the log transformation suggested in part (c) of that problem
appropriate?

15.8 In the 33 factorial design of Problem 12.11, one of the
responses is standard deviation. Use the Box–Cox method to
investigate the usefulness of transformations for this response.

Would your answer change if we used the variance as the
response?

15.9 Problem 12.9 suggests using ln (s2) as the response
[refer to part (b)]. Does the Box–Cox method indicate that a
transformation is appropriate?

15.10 Myers, et al. (2010) describe an experiment to study
spermatozoa survival. The design factors are the amount of
sodium citrate, the amount of glycerol, and equilibrium
time, each at two levels. The response variable is the
number of spermatozoa that survive out of 50 that were
tested at each set of conditions. The data are shown in the
following table:

Sodium
Citrate Glycerol

Equilibrium
Time

Number
Survived

− − − 34

+ − − 20

− + − 8

+ + − 21

− − + 30

+ − + 20

− + + 10

+ + + 25

Analyze the data from this experiment with logistic regression.

15.11 A soft drink distributor is studying the effectiveness
of delivery methods. Three different types of hand trucks
have been developed, and an experiment is performed in the
company’s methods engineering laboratory. The variable of
interest is the delivery time in minutes (y); however, deliv-
ery time is also strongly related to the case volume delivered
(x). Each hand truck is used four times and the data that fol-
low are obtained. Analyze these data and draw appropriate
conclusions. Use 𝛼 = 0.05.
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Hand Truck Type

1 2 3

y x y x y x

27 24 25 26 40 38

44 40 35 32 22 26

33 35 46 42 53 50

41 40 26 25 18 20

15.12 Compute the adjusted treatment means and the stan-
dard errors of the adjusted treatment means for the data in
Problem 15.11.

15.13 The sums of squares and products for a single-factor
analysis of covariance follow. Complete the analysis and draw
appropriate conclusions. Use 𝛼 = 0.05.

Sums of Squares
and ProductsSource of

Variation
Degrees of
Freedom x xy y

Treatment 3 1500 1000 650

Error 12 6000 1200 550

Total 15 7500 2200 1200

15.14 Find the standard errors of the adjusted treatment
means in Example 15.5.

15.15 Four different formulations of an industrial glue are
being tested. The tensile strength of the glue when it is applied
to join parts is also related to the application thickness. Five
observations on strength (y) in pounds and thickness (x) in 0.01
inches are obtained for each formulation. The data are shown
in the following table. Analyze these data and draw appropriate
conclusions.

Glue Formulation

1 2 3 4

y x y x y x y x

46.5 13 48.7 12 46.3 15 44.7 16

45.9 14 49.0 10 47.1 14 43.0 15

49.8 12 50.1 11 48.9 11 51.0 10

46.1 12 48.5 12 48.2 11 48.1 12

44.3 14 45.2 14 50.3 10 48.6 11

15.16 Compute the adjusted treatment means and their stan-
dard errors using the data in Problem 15.15.

15.17 An engineer is studying the effect of cutting speed
on the rate of metal removal in a machining operation.
However, the rate of metal removal is also related to the
hardness of the test specimen. Five observations are taken at
each cutting speed. The amount of metal removed (y) and
the hardness of the specimen (x) are shown in the follow-
ing table. Analyze the data using an analysis of covariance.
Use 𝛼 = 0.05.

Cutting Speed (rpm)

1000 1200 1400

y x y x y x

68 120 112 165 118 175

90 140 94 140 82 132

98 150 65 120 73 124

77 125 74 125 92 141

88 136 85 133 80 130

15.18 Show that in a single-factor analysis of covariance
with a single covariate a 100(1 − 𝛼) percent confidence inter-
val on the ith adjusted treatment mean is

yi• − 𝛽(xi• − x••) ± t𝛼∕2,a(n−1)−1[
MSE

(
1
n
+

(xi• − xi••)2

Exx

)]1∕2
Using this formula, calculate a 95 percent confidence interval
on the adjusted mean of machine 1 in Example 15.5.

15.19 Show that in a single-factor analysis of covariance
with a single covariate, the standard error of the difference
between any two adjusted treatment means is

SAdjyi•−Adjyj• =

[
MSE

(
2
n
+

(xi• − xj•)2

Exx

)]1∕2

15.20 Discuss how the operating characteristic curves for
the analysis of variance can be used in the analysis of covari-
ance.

15.21 Three different Pinot Noir wines were evaluated by a
panel of eight judges. The judges were considered a random
panel of all possible judges. The wines were evaluated on a
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100-point scale. The wines were presented in random order to
each judge, and the following results obtained.

Wine

Judge 1 2 3

1 85 88 93

2 90 89 94

3 88 90 98

4 91 93 96

5 92 92 95

6 89 90 95

7 90 91 97

8 91 89 98

Analyze the data from this experiment. Is there a difference in
wine quality? Analyze the residuals and comment on model
adequacy.

15.22 A transformation that stabilizes the variance of the
response alsomaymake the response distribution closer to nor-
mal.

(a) True

(b) False

15.23 A primary reason for inequality of variance is non-
normality of the response distribution.

(a) True

(b) False

15.24 Inequality of variance in an experiment can be caused
by operator fatigue, tool wear, or depletion of some chemical
reagent.

(a) True

(b) False

15.25 A generalized linear model has the following compo-
nents: A response distribution, a linear predictor, and a link
function.

(a) True

(b) False

15.26 A commonly used link function for binomial data is
the logistic link.

(a) True

(b) False

15.27 The generalized linear model is actually a nonlinear
model.

(a) True

(b) False

15.28 Use of a generalized linear model is often a good
alternative to a data transformation on the response.

(a) True

(b) False

15.29 A covariate is a nuisance factor that can be easily con-
trolled by the experimenter.

(a) True

(b) False

15.30 Analysis of covariance is an extension of the ANOVA
intended to incorporate the effects of uncontrolled but mea-
sured variables into the analysis.

(a) True

(b) False

15.31 An experiment that includes a covariate can improve
the precision of the comparisons between controlled factors.

(a) True

(b) False
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T ABLE I Cumulative Standard Normal Distributiona

Φ(z) =
∫

z

−∞

1√
2𝜋

e−u
2∕2du

z 0.00 0.01 0.02 0.03 0.04 z

0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.0
0.1 0.53983 0.54379 0.54776 0.55172 0.55567 0.1
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.2
0.3 0.61791 0.62172 0.62551 0.62930 0.63307 0.3
0.4 0.65542 0.65910 0.66276 0.66640 0.67003 0.4

0.5 0.69146 0.69497 0.69847 0.70194 0.70540 0.5
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.6
0.7 0.75803 0.76115 0.76424 0.76730 0.77035 0.7
0.8 0.78814 0.79103 0.79389 0.79673 0.79954 0.8
0.9 0.81594 0.81859 0.82121 0.82381 0.82639 0.9

1.0 0.84134 0.84375 0.84613 0.84849 0.85083 1.0
1.1 0.86433 0.86650 0.86864 0.87076 0.87285 1.1
1.2 0.88493 0.88686 0.88877 0.89065 0.89251 1.2
1.3 0.90320 0.90490 0.90658 0.90824 0.90988 1.3
1.4 0.91924 0.92073 0.92219 0.92364 0.92506 1.4

1.5 0.93319 0.93448 0.93574 0.93699 0.93822 1.5
1.6 0.94520 0.94630 0.94738 0.94845 0.94950 1.6
1.7 0.95543 0.95637 0.95728 0.95818 0.95907 1.7
1.8 0.96407 0.96485 0.96562 0.96637 0.96711 1.8
1.9 0.97128 0.97193 0.97257 0.97320 0.97381 1.9

2.0 0.97725 0.97778 0.97831 0.97882 0.97932 2.0
2.1 0.98214 0.98257 0.98300 0.98341 0.93882 2.1
2.2 0.98610 0.98645 0.98679 0.98713 0.98745 2.2
2.3 0.98928 0.98956 0.98983 0.99010 0.99036 2.3
2.4 0.99180 0.99202 0.99224 0.99245 0.99266 2.4

2.5 0.99379 0.99396 0.99413 0.99430 0.99446 2.5
2.6 0.99534 0.99547 0.99560 0.99573 0.99585 2.6
2.7 0.99653 0.99664 0.99674 0.99683 0.99693 2.7
2.8 0.99744 0.99752 0.99760 0.99767 0.99774 2.8
2.9 0.99813 0.99819 0.99825 0.99831 0.99836 2.9

3.0 0.99865 0.99869 0.99874 0.99878 0.99882 3.0
3.1 0.99903 0.99906 0.99910 0.99913 0.99916 3.1
3.2 0.99931 0.99934 0.99936 0.99938 0.99940 3.2
3.3 0.99952 0.99953 0.99955 0.99957 0.99958 3.3
3.4 0.99966 0.99968 0.99969 0.99970 0.99971 3.4

3.5 0.99977 0.99978 0.99978 0.99979 0.99980 3.5
3.6 0.99984 0.99985 0.99985 0.99986 0.99986 3.6
3.7 0.99989 0.99990 0.99990 0.99990 0.99991 3.7
3.8 0.99993 0.99993 0.99993 0.99994 0.99994 3.8
3.9 0.99995 0.99995 0.99996 0.99996 0.99996 3.9

aReproduced with permission from Probability and Statistics in Engineering and Management Science, 3rd edition, by W. W. Hines and D. C. Montgomery, Wiley,
New York, 1990.
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TABLE I Cumulative Standard Normal Distribution (Continued)

Φ(z) =
∫

z

−∞

1√
2𝜋

e−u
2∕2du

z 0.05 0.06 0.07 0.08 0.09 z

0.0 0.51994 0.52392 0.52790 0.53188 0.53586 0.0
0.1 0.55962 0.56356 0.56749 0.57142 0.57534 0.1
0.2 0.59871 0.60257 0.60642 0.61026 0.61409 0.2
0.3 0.63683 0.64058 0.64431 0.64803 0.65173 0.3
0.4 0.67364 0.67724 0.68082 0.68438 0.68793 0.4

0.5 0.70884 0.71226 0.71566 0.71904 0.72240 0.5
0.6 0.74215 0.74537 0.74857 0.75175 0.75490 0.6
0.7 0.77337 0.77637 0.77935 0.78230 0.78523 0.7
0.8 0.80234 0.80510 0.80785 0.81057 0.81327 0.8
0.9 0.82894 0.83147 0.83397 0.83646 0.83891 0.9

1.0 0.85314 0.85543 0.85769 0.85993 0.86214 1.0
1.1 0.87493 0.87697 0.87900 0.88100 0.88297 1.1
1.2 0.89435 0.89616 0.89796 0.89973 0.90147 1.2
1.3 0.91149 0.91308 0.91465 0.91621 0.91773 1.3
1.4 0.92647 0.92785 0.92922 0.93056 0.93189 1.4

1.5 0.93943 0.90462 0.94179 0.94295 0.94408 1.5
1.6 0.95053 0.95154 0.95254 0.95352 0.95448 1.6
1.7 0.95994 0.96080 0.96164 0.96246 0.96327 1.7
1.8 0.96784 0.96856 0.96926 0.96995 0.97062 1.8
1.9 0.97441 0.97500 0.97558 0.97615 0.97670 1.9

2.0 0.97982 0.98030 0.98077 0.98124 0.98169 2.0
2.1 0.98422 0.98461 0.98500 0.98537 0.98574 2.1
2.2 0.98778 0.98809 0.98840 0.98870 0.98899 2.2
2.3 0.99061 0.99086 0.99111 0.99134 0.99158 2.3
2.4 0.99286 0.99305 0.99324 0.99343 0.99361 2.4

2.5 0.99461 0.99477 0.99492 0.99506 0.99520 2.5
2.6 0.99598 0.99609 0.99621 0.99632 0.99643 2.6
2.7 0.99702 0.99711 0.99720 0.99728 0.99736 2.7
2.8 0.99781 0.99788 0.99795 0.99801 0.99807 2.8
2.9 0.99841 0.99846 0.99851 0.99856 0.99861 2.9

3.0 0.99886 0.99889 0.99893 0.99897 0.99900 3.0
3.1 0.99918 0.99921 0.99924 0.99926 0.99929 3.1
3.2 0.99942 0.99944 0.99946 0.99948 0.99950 3.2
3.3 0.99960 0.99961 0.99962 0.99964 0.99965 3.3
3.4 0.99972 0.99973 0.99974 0.99975 0.99976 3.4

3.5 0.99981 0.99981 0.99982 0.99983 0.99983 3.5
3.6 0.99987 0.99987 0.99988 0.99988 0.99989 3.6
3.7 0.99991 0.99992 0.99992 0.99992 0.99992 3.7
3.8 0.99994 0.99994 0.99995 0.99995 0.99995 3.8
3.9 0.99996 0.99996 0.99996 0.99997 0.99997 3.9
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T ABLE II Percentage Points of the t Distributiona

𝝂
𝜶

0.40 0.25 0.10 0.05 0.025 0.01 0.005 0.0025 0.001 0.0005

1 0.325 1.000 3.078 6.314 12.706 31.821 63.657 127.32 318.31 636.62

2 0.289 0.816 1.886 2.920 4.303 6.965 9.925 14.089 23.326 31.598

3 0.277 0.765 1.638 2.353 3.182 4.541 5.841 7.453 10.213 12.924

4 0.271 0.741 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610

5 0.267 0.727 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869

6 0.265 0.727 1.440 1.943 2.447 3.143 3.707 4.317 5.208 5.959

7 0.263 0.711 1.415 1.895 2.365 2.998 3.499 4.019 4.785 5.408

8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041

9 0.261 0.703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781

10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587

11 0.260 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437

12 0.259 0.695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318

13 0.259 0.694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221

14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140

15 0.258 0.691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073

16 0.258 0.690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015

17 0.257 0.689 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965

18 0.257 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922

19 0.257 0.688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883

20 0.257 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850

21 0.257 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819

22 0.256 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792

23 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.767

24 0.256 0.685 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745

25 0.256 0.684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725

26 0.256 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707

27 0.256 0.684 1.314 1.703 2.052 2.473 2.771 3.057 3.421 3.690

28 0.256 0.683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674

29 0.256 0.683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.659

30 0.256 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646

40 0.255 0.681 1.303 1.684 2.021 2.423 2.704 2.971 3.307 3.551

60 0.254 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.460

120 0.254 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373

∞ 0.253 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291

𝜈 = Degrees of freedom.
aAdapted with permission from Biometrika Tables for Statisticians, Vol. 1, 3rd edition, by E. S. Pearson and H. O. Hartley, Cambridge University Press,
Cambridge, 1966.
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TABLE III Percentage Points of the 𝜒2 Distributiona

𝝂
𝜶

0.995 0.990 0.975 0.950 0.500 0.050 0.025 0.010 0.005

1 0.00 + 0.00 + 0.00 + 0.00 + 0.45 3.84 5.02 6.63 7.88

2 0.01 0.02 0.05 0.10 1.39 5.99 7.38 9.21 10.60

3 0.07 0.11 0.22 0.35 2.37 7.81 9.35 11.34 12.84

4 0.21 0.30 0.48 0.71 3.36 9.49 11.14 13.28 14.86

5 0.41 0.55 0.83 1.15 4.35 11.07 12.38 15.09 16.75

6 0.68 0.87 1.24 1.64 5.35 12.59 14.45 16.81 18.55

7 0.99 1.24 1.69 2.17 6.35 14.07 16.01 18.48 20.28

8 1.34 1.65 2.18 2.73 7.34 15.51 17.53 20.09 21.96

9 1.73 2.09 2.70 3.33 8.34 16.92 19.02 21.67 23.59

10 2.16 2.56 3.25 3.94 9.34 18.31 20.48 23.21 25.19

11 2.60 3.05 3.82 4.57 10.34 19.68 21.92 24.72 26.76

12 3.07 3.57 4.40 5.23 11.34 21.03 23.34 26.22 28.30

13 3.57 4.11 5.01 5.89 12.34 22.36 24.74 27.69 29.82

14 4.07 4.66 5.63 6.57 13.34 23.68 26.12 29.14 31.32

15 4.60 5.23 6.27 7.26 14.34 25.00 27.49 30.58 32.80

16 5.14 5.81 6.91 7.96 15.34 26.30 28.85 32.00 34.27

17 5.70 6.41 7.56 8.67 16.34 27.59 30.19 33.41 35.72

18 6.26 7.01 8.23 9.39 17.34 28.87 31.53 34.81 37.16

19 6.84 7.63 8.91 10.12 18.34 30.14 32.85 36.19 38.58

20 7.43 8.26 9.59 10.85 19.34 31.41 34.17 37.57 40.00

25 10.52 11.52 13.12 14.61 24.34 37.65 40.65 44.31 46.93

30 13.79 14.95 16.79 18.49 29.34 43.77 46.98 50.89 53.67

40 20.71 22.16 24.43 26.51 39.34 55.76 59.34 63.69 66.77

50 27.99 29.71 32.36 34.76 49.33 67.50 71.42 76.15 79.49

60 35.53 37.48 40.48 43.19 59.33 79.08 83.30 88.38 91.95

70 43.28 45.44 48.76 51.74 69.33 90.53 95.02 100.42 104.22

80 51.17 53.54 57.15 60.39 79.33 101.88 106.63 112.33 116.32

90 59.20 61.75 65.65 69.13 89.33 113.14 118.14 124.12 128.30

100 67.33 70.06 74.22 77.93 99.33 124.34 129.56 135.81 140.17

𝜈 = Degrees of freedom.
aAdapted with permission from Biometrika Tables for Statisticians, Vol. 1, 3rd edition, by E. S. Pearson and H. O. Hartley, Cambridge University Press,
Cambridge, 1966.
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TABLE VI Critical Values for Dunnett’s Test for Comparing Treatments with a Controla

d0.05(a − 1, f )
Two-Sided Comparisons

a− 1 = Number of Treatment Means (Excluding Control)
f 1 2 3 4 5 6 7 8 9

5 2.57 3.03 3.29 3.48 3.62 3.73 3.82 3.90 3.97
6 2.45 2.86 3.10 3.26 3.39 3.49 3.57 3.64 3.71
7 2.36 2.75 2.97 3.12 3.24 3.33 3.41 3.47 3.53
8 2.31 2.67 2.88 3.02 3.13 3.22 3.29 3.35 3.41
9 2.26 2.61 2.81 2.95 3.05 3.14 3.20 3.26 3.32

10 2.23 2.57 2.76 2.89 2.99 3.07 3.14 3.19 3.24
11 2.20 2.53 2.72 2.84 2.94 3.02 3.08 3.14 3.19
12 2.18 2.50 2.68 2.81 2.90 2.98 3.04 3.09 3.14
13 2.16 2.48 2.65 2.78 2.87 2.94 3.00 3.06 3.10
14 2.14 2.46 2.63 2.75 2.84 2.91 2.97 3.02 3.07

15 2.13 2.44 2.61 2.73 2.82 2.89 2.95 3.00 3.04
16 2.12 2.42 2.59 2.71 2.80 2.87 2.92 2.97 3.02
17 2.11 2.41 2.58 2.69 2.78 2.85 2.90 2.95 3.00
18 2.10 2.40 2.56 2.68 2.76 2.83 2.89 2.94 2.98
19 2.09 2.39 2.55 2.66 2.75 2.81 2.87 2.92 2.96

20 2.09 2.38 2.54 2.65 2.73 2.80 2.86 2.90 2.95
24 2.06 2.35 2.51 2.61 2.70 2.76 2.81 2.86 2.90
30 2.04 2.32 2.47 2.58 2.66 2.72 2.77 2.82 2.86
40 2.02 2.29 2.44 2.54 2.62 2.68 2.73 2.77 2.81
60 2.00 2.27 2.41 2.51 2.58 2.64 2.69 2.73 2.77

120 1.98 2.24 2.38 2.47 2.55 2.60 2.65 2.69 2.73

∞ 1.96 2.21 2.35 2.44 2.51 2.57 2.61 2.65 2.69

d0.01(a − 1, f )
Two-Sided Comparisons

a− 1 = Number of Treatment Means (Excluding Control)
f 1 2 3 4 5 6 7 8 9

5 4.03 4.63 4.98 5.22 5.41 5.56 5.69 5.80 5.89
6 3.71 4.21 4.51 4.71 4.87 5.00 5.10 5.20 5.28
7 3.50 3.95 4.21 4.39 4.53 4.64 4.74 4.82 4.89
8 3.36 3.77 4.00 4.17 4.29 4.40 4.48 4.56 4.62
9 3.25 3.63 3.85 4.01 4.12 4.22 4.30 4.37 4.43

10 3.17 3.53 3.74 3.88 3.99 4.08 4.16 4.22 4.28
11 3.11 3.45 3.65 3.79 3.89 3.98 4.05 4.11 4.16
12 3.05 3.39 3.58 3.71 3.81 3.89 3.96 4.02 4.07
13 3.01 3.33 3.52 3.65 3.74 3.82 3.89 3.94 3.99
14 2.98 3.29 3.47 3.59 3.69 3.76 3.83 3.88 3.93

15 2.95 3.25 3.43 3.55 3.64 3.71 3.78 3.83 3.88
16 2.92 3.22 3.39 3.51 3.60 3.67 3.73 3.78 3.83
17 2.90 3.19 3.36 3.47 3.56 3.63 3.69 3.73 3.79
18 2.88 3.17 3.33 3.44 3.53 3.60 3.66 3.71 3.75
19 2.86 3.15 3.31 3.42 3.50 3.57 3.63 3.68 3.72

20 2.85 3.13 3.29 3.40 3.48 3.55 3.60 3.65 3.69
24 2.80 3.07 3.22 3.32 3.40 3.47 3.52 3.57 3.61
30 2.75 3.01 3.15 3.25 3.33 3.39 3.44 3.49 3.52
40 2.70 2.95 3.09 3.19 3.26 3.32 3.37 3.41 3.44
60 2.66 2.90 3.03 3.12 3.19 3.25 3.29 3.33 3.37

120 2.62 2.85 2.97 3.06 3.12 3.18 3.22 3.26 3.29
∞ 2.58 2.79 2.92 3.00 3.06 3.11 3.15 3.19 3.22

f = Degrees of freedom.
aReproduced with permission from C. W. Dunnett, “New Tables for Multiple Comparison with a Control,” Biometrics, Vol. 20, No. 3, 1964, and from C. W. Dunnett,
“A Multiple Comparison Procedure for Comparing Several Treatments with a Control,” Journal of the American Statistical Association, Vol. 50, 1955.
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T ABLE VI Critical Values for Dunnett’s Test for Comparing Treatments with a Control (Continued)
d0.05(a − 1, f )

One-Sided Comparisons

a− 1 = Number of Treatment Means (Excluding Control)
f 1 2 3 4 5 6 7 8 9

5 2.02 2.44 2.68 2.85 2.98 3.08 3.16 3.24 3.30
6 1.94 2.34 2.56 2.71 2.83 2.92 3.00 3.07 3.12
7 1.89 2.27 2.48 2.62 2.73 2.82 2.89 2.95 3.01
8 1.86 2.22 2.42 2.55 2.66 2.74 2.81 2.87 2.92
9 1.83 2.18 2.37 2.50 2.60 2.68 2.75 2.81 2.86

10 1.81 2.15 2.34 2.47 2.56 2.64 2.70 2.76 2.81
11 1.80 2.13 2.31 2.44 2.53 2.60 2.67 2.72 2.77
12 1.78 2.11 2.29 2.41 2.50 2.58 2.64 2.69 2.74
13 1.77 2.09 2.27 2.39 2.48 2.55 2.61 2.66 2.71
14 1.76 2.08 2.25 2.37 2.46 2.53 2.59 2.64 2.69

15 1.75 2.07 2.24 2.36 2.44 2.51 2.57 2.62 2.67
16 1.75 2.06 2.23 2.34 2.43 2.50 2.56 2.61 2.65
17 1.74 2.05 2.22 2.33 2.42 2.49 2.54 2.59 2.64
18 1.73 2.04 2.21 2.32 2.41 2.48 2.53 2.58 2.62
19 1.73 2.03 2.20 2.31 2.40 2.47 2.52 2.57 2.61

20 1.72 2.03 2.19 2.30 2.39 2.46 2.51 2.56 2.60
24 1.71 2.01 2.17 2.28 2.36 2.43 2.48 2.53 2.57
30 1.70 1.99 2.15 2.25 2.33 2.40 2.45 2.50 2.54
40 1.68 1.97 2.13 2.23 2.31 2.37 2.42 2.47 2.51
60 1.67 1.95 2.10 2.21 2.28 2.35 2.39 2.44 2.48

120 1.66 1.93 2.08 2.18 2.26 2.32 2.37 2.41 2.45
∞ 1.64 1.92 2.06 2.16 2.23 2.29 2.34 2.38 2.42

d0.01(a − 1, f )
One-Sided Comparisons

a− 1 = Number of Treatment Means (Excluding Control)
f 1 2 3 4 5 6 7 8 9

5 3.37 3.90 4.21 4.43 4.60 4.73 4.85 4.94 5.03
6 3.14 3.61 3.88 4.07 4.21 4.33 4.43 4.51 4.59
7 3.00 3.42 3.66 3.83 3.96 4.07 4.15 4.23 4.30
8 2.90 3.29 3.51 3.67 3.79 3.88 3.96 4.03 4.09
9 2.82 3.19 3.40 3.55 3.66 3.75 3.82 3.89 3.94

10 2.76 3.11 3.31 3.45 3.56 3.64 3.71 3.78 3.83
11 2.72 3.06 3.25 3.38 3.48 3.56 3.63 3.69 3.74
12 2.68 3.01 3.19 3.32 3.42 3.50 3.56 3.62 3.67
13 2.65 2.97 3.15 3.27 3.37 3.44 3.51 3.56 3.61
14 2.62 2.94 3.11 3.23 3.32 3.40 3.46 3.51 3.56

15 2.60 2.91 3.08 3.20 3.29 3.36 3.42 3.47 3.52
16 2.58 2.88 3.05 3.17 3.26 3.33 3.39 3.44 3.48
17 2.57 2.86 3.03 3.14 3.23 3.30 3.36 3.41 3.45
18 2.55 2.84 3.01 3.12 3.21 3.27 3.33 3.38 3.42
19 2.54 2.83 2.99 3.10 3.18 3.25 3.31 3.36 3.40

20 2.53 2.81 2.97 3.08 3.17 3.23 3.29 3.34 3.38
24 2.49 2.77 2.92 3.03 3.11 3.17 3.22 3.27 3.31
30 2.46 2.72 2.87 2.97 3.05 3.11 3.16 3.21 3.24
40 2.42 2.68 2.82 2.92 2.99 3.05 3.10 3.14 3.18
60 2.39 2.64 2.78 2.87 2.94 3.00 3.04 3.08 3.12

120 2.36 2.60 2.73 2.82 2.89 2.94 2.99 3.03 3.06
∞ 2.33 2.56 2.68 2.77 2.84 2.89 2.93 2.97 3.00
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Preface


This book has written for scientists and
engineers, as well as graduate students and
senior undergraduate students who need
to have a better understanding of physics
of cryogenics and related thermodynamics
to do their job or get a job in this field. This
is a book with the intention of being a
desktop reference, containing hundreds of
tables and charts of cryogenic data gathered
under one roof, and they are hard to come
cross as sum of materials related to subject
of physics of cryogenic.


The writer assumes that readers have
some fundamental knowledge of engineer-
ing and science and also some of calculus of
differential equations. It is more convenient
for the measurement units of trade to be in
SI, although some steam tables are presented
in MKS units.


Cryogenic processes differ from general
chemical processes in several ways. The use
of multistream heat exchangers with internal
pinch points makes it necessary to use
somewhat different approaches to simulate
mixed refrigerant processes. The methods
for simulating and optimizing cryogenic
processes using a process simulator are pre-
sented in Chapter 2.


The need for using refrigerant mixtures
over pure fluids is presented in Chapter 3
with reference to simple refrigeration and
gas-cooling processes. The more complex
refrigeration processes are presented in
Chapter 4. A unified design approach has
been evolved for optimizing mixed refrig-
erant process refrigerators and liquefiers and
is presented in Chapter 5. The different


natural gas and nitrogen liquefaction pro-
cesses are presented in Chapters 6 and 7,
respectively.


This book also:


• Provides an overview of the history of the
development of cryogenic technology;


• Includes the latest information on micro-
coolers for military and space applications;


• Offers detailed information on high-
capacity cryogenic refrigerator systems
used in applications such as food stor-
age, high-power microwave and laser
sensors, medical diagnostics, and
infrared detectors.


Today’s technology of cryogenics is tak-
ing a new turn and has found different
medical applications for the future, such as
preserving the body, although this seems to
be a fantasy and dream, however it is a fact
that some researchers are looking into it. As
can be seen in this book, cryogenic freezing is
the process of preserving a dead body with
liquid nitrogen.


Advocates believe that scientists will one
day work out how to warm the bodies up
and bring them back to life, by which time
doctors might be able to cure cancers and
other diseases which are untreatable today.
In this case, the freezing needs to begin as
soon as possible after the patient dies to
prevent damage to the brain; the body is first
cooled in an ice bath to gradually reduce its
temperature.


This book provides a practical prospective
on the cryogenics world. An historical and
current picture of cryogenics in industry,
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government, and university laboratories will
be helpful in many careers. The technical
aspects of both the classroom and laboratory
work will prepare you to actually begin
work in many different types of jobs in
cryogenics, which has become ubiquitous in
industry, government labs, and medical
centers. You will be able to see the equip-
ment and processes that are prevalent in the
modern cryogenic workplace. You will also
be given the background that will enable you
to contribute to the advancement of the art of
cryogenics in the future.


This book is formatted in such a way that
Chapter 1 starts with an introduction to
cryogenics as a high-level approach and
Chapters 2e13 describe the fundamentals of
thermodynamics and heat transfer as well as
the concept of heat exchangers in particular
compact types. This allows going into the
granular depth of the physics of cryogenics,


starting from Chapter 14. For those readers
who have such knowledge, they can easily
skip forward to Chapter 14 and scan through
Chapters 2e13 for any necessary reminders.
Taking this approach does not give this book
the presentation of a classical thermody-
namics book, yet it gives a flavor of what the
reader needs to know to be able to easily
follow the concept of ultra-low-temperature
phenomena. It is particularly helpful for
students at undergraduate level to take a
course in this subject, with or without
knowledge of thermodynamics, heat trans-
fer, etc., so long as they have basic courses in
differential and partial differential subjects,
as well advanced calculus.


B. Zohuri
Albuquerque, New Mexico, 2016
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Cryogenics is the science that addresses the production and effects of very low tempera-
tures. The word originates from the Greek words kryos meaning “frost” and genic meaning
“to produce.” Under such a definition, it could be used to include all temperatures below
the freezing point of water (0�C). However, Prof. Kamerlingh Onnes of the University of Lei-
den in the Netherlands first used the word in 1894 to describe the art and science of produc-
ing much lower temperatures. He used the word in reference to the liquefaction of permanent
gases such as oxygen, nitrogen, hydrogen, and helium. Oxygen had been liquefied at �183�C
a few years earlier in 1887, and a race was in progress to liquefy the remaining permanent
gases at even lower temperatures. The techniques used in producing such low temperatures
were quite different from those used somewhat earlier in the production of artificial ice. In
particular, efficient heat exchangers are required to reach very low temperatures. Over the
years, the term “cryogenics” has generally been used to refer to temperatures below
approximately �150�C (123.15K, �238.00�F).


1.1 INTRODUCTION


According to the laws of thermodynamics, there exists a limit to the lowest temperature
that can be achieved, which is known as absolute zero. Molecules are in their lowest, but finite,
energy state at absolute zero. Such a temperature is impossible to reach because the input po-
wer required approaches infinity. However, temperatures within a few billionths of a degree
above absolute zero have been achieved. Absolute zero is the zero of the absolute or thermo-
dynamic temperature scale. It is equal to �273.15�C or �459.67 F. The metric or SI (Interna-
tional System) absolute scale is known as the Kelvin scale, whose unit is the kelvin (not
Kelvin), which has the same magnitude as the degree Celsius. The symbol for the Kelvin scale
is K, as adopted by the 13th General Council on Weights and Measures (CGPM) in 1968. Thus,
0�C equals 273.15K. The English absolute scale, known as the Rankine scale, uses the symbol R
and has an increment the same as that of the Fahrenheit scale. In terms of the Kelvin scale, the
cryogenic region is often considered to be that below approximately 120K (�153�C). The com-
mon permanent gases referred to earlier change from gas to liquid at atmospheric pressure at
the temperatures shown in Table 1.1, called the normal boiling point (NBP). In this table, we
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have included the triple point and critical point, which we will explain them in next chapter.
Such liquids are known as cryogenic liquids or cryogens. When liquid helium is cooled further
to 2.17K or below, it becomes a super-fluid with very unusual properties associated with being
in the quantum mechanical ground state. For example, it has zero viscosity and produces a
film that can creep up and over the walls of an open container, such as a beaker, and drip
off the bottom as long as the temperature of the container remains below 2.17K.


The measurement of cryogenic temperatures requires methods that may not be so familiar
to the public in general. Normal mercury or alcohol thermometers freeze at such low temper-
atures and become useless. One of the metal elements that has a well-defined behavior of
electrical resistance versus temperature is platinum resistance thermometer. It is commonly
used to measure accurately, including cryogenic temperatures down to about 20K. Certain
semiconducting materials, such as doped germanium, are also useful as electrical resistance
thermometers for temperatures down to 1K and below, as long as they are calibrated over the
range they are to be used. Such secondary thermometers are calibrated against primary
thermometers that use fundamental laws of physics in which a physical variable changes
in a well-known theoretical way with temperature.


The production of cryogenic temperatures usually uses the compression and expansion of
gases. In typical air liquefaction process, the air is compressed, causing it to heat, and allowed
to cool back to room temperature while still pressurized. The compressed air is further cooled
in a heat exchanger before it is allowed to expand back to atmospheric pressure. The expansion
causes the air to cool and a portion of it to liquefy. The remaining cooled gaseous portion is
returned through the other side of the heat exchanger, where it precools the incoming high-
pressure air before returning to the compressor. The liquid portion is usually, distilled to produce
liquid oxygen, liquidnitrogen, and liquid argon.Other gases, suchashelium, areused ina similar
process to produce even lower temperatures, but several stages of expansion are necessary.


Cryogenics has many applications. Cryogenic liquids, such as oxygen, nitrogen, and argon
are often used in industrial and medical applications. The electrical resistance of most metals
decreases as temperature decreases. Certain metals lose all electrical resistance below some
transition temperature and become superconductors. An electromagnet wound with a wire
of such a metal can produce extremely high magnetic fields with no generation of heat
and no consumption of electric power once the field is established and the metal remains
cold. These metals, typically niobium alloys cooled to 4.2K, are used for the magnets of mag-
netic resonance imaging (MRI) systems in most hospitals. Superconductivity in some metals


TABLE 1.1 Normal Boiling, Triple, and Critical Points


Cryogen (K) (�C) (�R) (�F) Triple Point Critical Point


Methane 111.7 �161.5 201.1 �258.6 90.7 190.5


Oxygen 90.2 �183.0 162.4 �297.3 54.4 154.6


Nitrogen 77.4 �195.8 139.3 �320.4 63.1 126.2


Hydrogen 20.3 �252.9 36.5 �423.2 13.8 33.2


Helium 4.2 �269.0 7.6 �452.1 2.2 5.2


Absolute Zero 0.0 �273.15 0.0 �459.67 e e
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was first discovered in 1911 by Kamerlingh Onnes, but since 1986, another class of materials,
known as high temperature superconductors, has been found to be superconducting at much
higher temperatures, currently up to about 145K. They are a type of ceramic, and because of
their brittle nature, they are more difficult to fabricate into wires for magnets.


Other applications of cryogenics include fast freezing of some foods and the preservation
of some biological materials such as livestock semen as well as human blood, tissue, and em-
bryos. The practice of freezing an entire human body after death in the hope of later restoring
life is known as cryonics, but it is not an accepted scientific application of cryogenics. The
freezing of portions of the body to destroy unwanted or malfunctioning tissue is known as
cryosurgery. It is used to treat cancers and abnormalities of the skin, cervix, uterus, prostate
gland, and liver.


1.2 LOW TEMPERATURE IN SCIENCE AND TECHNOLOGY


Cryogenics as it was described in previous section is defined as that branch of physics, which
deals with the production of very low temperatures and their effect on matter,1 a formulation that
addresses both aspects of attaining low temperatures that do not naturally occur on Earth
and of using them for the study of nature or the human industry. In a more operational
way,2 it is also defined as the science and technology of temperatures below 120K. The reason
for this latter definition can be understood by examining characteristic temperatures of cryo-
genic fluids as shown in Table 1.1.


The limit temperature of 120K comprehensively includes the NBPs of the main atmo-
spheric gases, as well as of methane, which constitutes the principal component of natural
gas. Today, liquid natural gas (LNG) represents one of the largest e and fast-growing e
industrial domains of application of cryogenics (see Fig. 1.1), together with the liquefaction
and separation of air gases (see Fig. 1.2). The densification by condensation and separation
by distillation of gases was historically e and remains today - the main driving force for
the cryogenic industry. This is exemplified not only by liquid oxygen, and by nitrogen


FIGURE 1.1 A 130,000 m3 liquid natural gas carrier with integrated invar tank.
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used in chemical as well as metallurgical processes, but also by the cryogenic liquid propel-
lants of rocket engines (see Fig. 1.3), with the proposed use of hydrogen as a “clean” energy
vector in transportation (see Fig. 1.4).


As we have stated, cryogenic technology has the need for smaller cryocoolers because of
the advances in the miniaturization of electrical and optical devices and the need for cooling
and conducting efficiency. Cryogenic technology deals with materials at low temperatures
and the physics of their behavior at these temperatures. In this book, we try to demonstrate
the ongoing new applications are being discovered for cryocooled electrical and optical
sensors and devices, with particular emphasis on high-end commercial applications in med-
ical and scientific fields as well as in the aerospace and military industries.


(A) (B)


FIGURE 1.3 Rockets using cryogenic liquid propellants. (A) Ariane 5 (25 t liquid hydrogen, 130 t liquid oxygen).
(B) Space shuttle (100 t liquid hydrogen, 600 t liquid oxygen).


FIGURE 1.2 Cryogenic air separation plant with heat exchanger and distillation column towers.
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Refrigerators, cryocoolers, and microcoolers are needed by various commercial, industrial,
space, and military systems. Cryogenic cooling plays an important role in unmanned aerial
vehicle systems, infrared search and track sensors, missile warning receivers, satellite
tracking systems, and a host of other commercial and military systems.


Now with new-generation nuclear power plants that are known as GEN-IV, a lot of atten-
tion is focused toward making them more efficient and cost effective3 as well as using cryo-
genic techniques to implement energy storage in nuclear plants.4 Energy storage in nuclear
power plants (NPPs) resides on a novel method of integration of nuclear power generation
with cryogenic energy storage (CES) to achieve an effective time shift of the electrical power
output. CES stores excess electricity in the form of cryogen (liquid air/nitrogen) through an
air liquefaction process at off-peak hours and recovers the stored power by expanding the
cryogen at peak hours.5


The quest for low temperatures, however, finds its origin in early thermodynamics, with
Amontons’s gas pressure thermometer (1703) opening the way for the concept of absolute
zero inferred a century later by Charles and Gay-Lussac and eventually formulated by
Kelvin. It is, however, with the advent of Boltzmann’s statistical thermodynamics in the
late nineteenth century that temperature e a phenomenological quantity - could be explained
in terms of microscopic structure and dynamics. Consider a thermodynamic system in a
macrostate, which can be obtained by a multiplicity of microstates. The entropy S of the
system was postulated by Boltzmann as


S ¼ kB log W (1.1)


with kBx1:38� 10�23 J/K. This formula, which founded statistical thermodynamics, is
displayed on Boltzmann’s grave in Vienna (see Fig. 1.5).


Adding reversibly heat dQ to the system produces a change of its entropy dS, with a
proportionality factor T that is precisely temperature


T ¼ dQ
dS


(1.2)


Thus, a low-temperature system can be defined as one to which a minute addition of heat
produces a large change in entropy, that is, a large change in its range of possible microscopic


FIGURE 1.4 Automotive liquid hydrogen fuel tank.
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configurations. Boltzmann also found that the average thermal energy of a particle in a
system in equilibrium at temperature T is


EwkBT (1.3)


Consequently, a temperature of 1K is equivalent to a thermal energy of 10�4 eV or 10�23 J
per particle.


A temperature is therefore low for a given physical process when kBT is small compared to
the characteristic energy of the process that is considered.


Cryogenic temperatures thus reveal phenomena with low characteristic energy (Table 1.2)
and enable their application when significantly lower than the characteristic energy of the


FIGURE 1.5 Lvdwig Boltzmann’s grave in the Zentralfriedh of Vienna, bearing the entropy formula.


TABLE 1.2 Characteristic Temperature of Low-Energy
Phenomena


Phenomenon Temperature (K)


Debye temperature of metals Few 100


High-temperature superconductors w100


Low-temperature superconductors w10


Intrinsic transport properties of metals <10


Cryopumping Few


Cosmic microwave background 2.7


Super fluid helium 4 2.2


Bolometers for cosmic radiation <1


Low density atomic Bose-Einstein condensates w10e6
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phenomenon of interest. From Tables 1.1 and 1.2, it is clear that “low-temperature” supercon-
ductivity requires helium cryogenics: several examples of helium-cooled superconducting
devices are shown in Fig. 1.6. Considering vapor pressures of gases at low temperature
(see Fig. 1.7), it is also clear that helium must be the working cryogen for achieving “clean”
vacuum with cryopumps.


1.3 DEFINING CRYOGENIC FLUIDS OR LIQUIDS


Cryogenic liquids, also known as cryogens, are gases at normal temperatures and pres-
sures. However, at low temperatures, they are in their liquid state. These liquids are
extremely cold and have boiling points less than �150�C (�238�F). Even the vapors and gases
released from cryogenic liquids are very cold. They often condense the moisture in air,
creating a highly visible fog. Different cryogens become liquids under different conditions
of temperature and pressure, but all have two properties in common; extremely cold and
small amounts of liquid can expand into very large volumes of gas. Everyone who works


FIGURE 1.6 Helium-cooled superconducting devices. (A) large Hadron collider at CERN, (B) 5 MV HTS ship
propulsion motor (AMS), (C) Iter experimental fusion reactor, (D) whole-body MRI system (Bruker).
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with cryogenic liquids must be aware of their hazards and know how to work safely with
them. Fig. 1.8 is a presentation of liquid nitrogen (LN).


The discovery of superconducting materials with critical temperatures significantly above
the boiling point of liquid nitrogen has provided new interest in reliable, low-cost methods of


FIGURE 1.7 Vapor pressure of common gases at cryogenic temperature.


FIGURE 1.8 Liquid nitrogen.
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producing high-temperature cryogenic refrigeration. The term “high temperature cryogenic”
describes temperatures ranging from above the boiling point of liquid nitrogen, �195.79�C
(77.36K; �320.42�F), up to �50�C (223.15K; �58.00�F), the generally defined upper limit of
study referred to as cryogenics.6 Cryogenicists use the Kelvin or Rankine temperature scales
present in nature.


1.3.1 Type of Cryogenic Liquids


Each cryogenic liquid has its own specific properties but most cryogenic liquids can be
placed into one of three groups:


• Inert Gases: Inert gases largely to any extent do not react chemically. They do not burn
or support combustion. Examples of this group are nitrogen, helium, neon, argon, and
krypton.


• Flammable Gases: Some cryogenic liquids produce a gas that can burn in air. The most
common examples are hydrogen, methane, carbon monoxide, and liquefied natural gas.


• Oxygen: Many materials considered as noncombustible can burn in the presence of
liquid oxygen. Organic materials can react explosively with liquid oxygen. The hazards
and handling precautions of liquid oxygen must therefore be considered separately
from other cryogenic liquids


It is generally agreed that cryogenic fluids are those whose boiling point (bp) at atmo-
spheric pressure are about 120K or lower, although liquid ethylene with its bp of 170K is
often included. A list of the cryogenic fluids, together with some selected properties, is given
in Table 1.3. Detailed properties are available commercially on computer disc.


Perhaps the most important and widely used fluids are LNG (bp ¼w120K), liquid oxygen
(bp ¼ 90.2K), and liquid nitrogen (bp ¼ 77.3K).


The availability of cryogenic fluids forms an essential part of the infrastructure of a modern
industrialized and civilized society.One of themajor reasons for using liquid cryogens is to allow
transport and storage as liquid at atmospheric pressure, rather than as high-pressure gas in thick-
walled vessels, although there is an energy penalty involved in refrigeration. However, the
distillation of liquid air (air separation) enables the production of very high-purity oxygen and
nitrogen. Plants producing up to several hundred tons per day andmore of oxygen are common-
place, sometimes connected permanently to a chemical plant or steel works. Liquid nitrogend
formerly a byproduct of the processdis now a product in its own right, being used principally
as a convenient source of refrigeration, especially in the frozen food industry.


The other important byproduct of air separation is liquid argon, which, again, can be pro-
duced at a very high purity. For welding, it is increasingly being stored as liquid at the factory
rather than being delivered in high-pressure cylinders.


All cryogenic fluids except helium and hydrogen behave as “normal” fluids, their common
distinguishing features in general being a low specific heat and enthalpy of vaporization. All
gaseous cryogens are odorless, and all liquid cryogens are colorless apart from oxygen, which
is pale blue, and fluorine, which is pale yellow. They are all diamagnetic except oxygen,
which is quite strongly paramagnetic.


With the exception of oxygen, all the gases are asphyxiates, and even oxygen will not sup-
port human life in concentrations greater than about 60%. Fluorine and oxygen are powerful
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oxidizers even in liquid form. Some cryogens are flammable; hydrogen is especially delicate
to handle.


Hydrogen is an unusual fluid in that the molecule exists in two forms known as ortho and
para, with somewhat different properties. The ratio of ortho to para is determined by conven-
tional thermodynamics and is dependent on temperature. There are also different forms of
isotopes (deuterium and tritium) and these two isotopes are used in driving fusion energy
production via either magnetic confinement fusion7 or inertial confinement fusion.7


An explanation of the behavior of the hydrogen molecule requires knowledge of quantum
mechanics and will not be discussed here. At low temperatures, equilibrium hydrogen (e-H2)
is entirely para. At room temperature, the ortho:para ratio is 3. The equilibrium state at room
temperature is often known as normal hydrogen or n-hydrogen. The transition from the ortho
to the para state involves a heat of conversion dwhich can be greater than the enthalpy of
vaporization dso that the vaporization rates of hydrogen are often much larger than ex-
pected. It is for this reason that a catalyst is often included in a hydrogen liquefier to ensure
that only para hydrogen is present in the liquid.8


Helium is the cryogenic fluid that can be claimed to be unique. Because of its low molec-
ular weight and chemical inertness, quantum mechanical effects are important. There are two
isotopic forms: the natural form He4, which has a nucleus consisting of two protons and two


TABLE 1.3 Some Properties of Cryogens at Their Normal Boiling Points


He4 n-H2 D2 Ne N2 CO F2 Ar O2 CH4 Kr Xe C2H4


Normal boiling
point (K)


4.22 20.4 23.7 27.1 77.3 81.7 85.0 87.3 90.2 111.6 120.0 165.0 169.4


Liquid density (kg/m3) 125 71.0 163 1205 809 792 1502 1393 1141 423 2400 3040 568


Liquid density/vapor
density


7.4 53 71 126 175 181 267 241 255 236 270 297 272


Enthalpy of vaporization
(kJ/kg)


20.42 446 301 86 199 216 175 161 213 512 108 96 482


Enthalpy of vaporization
(kJ/kg-mol)


80.6 899 1211 2333 5565 6040 6659 6441 6798 8206 9042 12.604 13.534


Volume of liquid
vaporized by energy input
of 1W-hr (cm3)


1410 114 74 33 22 21 14 16 15 17 14 13 13


Dynamic viscosity of
liquid (mNsec/m2)


3.3 13.3 28.3 124 152 e 240 260 195 119 404 506 170


Surface tension (mN/m) 0.10 1.9 w3 4.8 8.9 9.6 14.8 12.5 13.2 13.2 5.5 18.3 16.5


Thermal conductivity of
liquid (mW/mK)


18.7 100 w100 113 135 e e 128 152 187 94 74 192


Volume of gas at 15�C
released from 1 volume of
liquid


739 830 830 1412 681 806 905 824 842 613 689 520 475


Pressure of 1.01,323 bar.
Hands BA, editor. Cryogenic Engineering: Academic Press; 1996.
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neutrons; , and the comparatively rare manufactured form He3, with only one neutron. The
two isotopes have markedly different properties due to their different nuclear spins. He3 is
not considered here.


Below 2.2K, He4 becomes “superfluid” and is often known as HeII, the “normal” liquid
being known as “’HeI.”’. The locus of the HeI/HeII transition is,is known as the “’Llambda
line or l line”’ from the shape of the curve of specific heat as a function of temperature. The
phase diagram of He4 is shown in Fig. 1.9, inbib8 which features of particular interest are the
absence of a triple point and the fact that the liquid can be solidified only under pressure
(greater than about 26 bars).


The temperature of the normal/superfluid transition depends somewhat on pressure. One
end of this boundary forms with solid HeI and HeII the “upper lambda point” (at 1.77K and
30.2 bars). The other end of the line (at 2.18K, 0.005 bar), where vapor, HeI, and HeII coexist,
is known as the “lower lambda point.”


HeI behaves as a conventional liquid (except when near the l line) but requires much more
care in handling than do other cryogenic fluids, principally because of its extremely low
latent heat of vaporization. HeII is quite different, having a variety of properties that are
very different from those of any other liquid. It will, for instance, climb up over the edge
of a container and drip off the bottom; it has a small or zero viscosity and a very large thermal
conductivity. Flow velocity through fine capillaries is independent of the pressure head and
is greater in tubes of smaller diameter. Flow may be induced by a temperature gradient in the
absence of any pressure gradient. A consequence of the very high thermal conductivity is that
below the l point, boiling ceases and the liquid becomes “quiescent,” although the rate of
heat transfer remains very high. Vinen has published a brief but useful review of the
properties of superfluid helium.


FIGURE 1.9 From cryogenic engineering by hand.8
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1.3.2 Thermophysical Properties


The simplest way of cooling equipment with a cryogenic fluid is to make use of its latent
heat of vaporization (e.g., by immersion in a bath of boiling liquid). Consequently, the useful
temperature range of cryogenic fluids is that in which there exists latent heat of vaporization,
that is, between the triple point and the critical point, with a particular interest in the NBPd
the saturation temperature at atmospheric pressure. These data are given in Table 1.1. In this
introduction to cryogenics, we will concentrate on two cryogens: helium, which is the only
liquid at very low temperature, and nitrogen for its wide availability and ease of use for
precooling equipment and for thermal shielding.


To develop a feeling about properties of these cryogenic fluids, it is instructive to compare
them with those of water (see Table 1.4). In both cases, but particularly with helium, appli-
cations operate much closer to the critical point, that is, in a domain where the difference be-
tween the liquid and vapor phases is much less marked: the ratio of liquid to vapor densities
and the latent heat associated with the change of phase are much smaller. Due to the low
values of its critical pressure and temperature, helium can be used as a cryogenic coolant
beyond the critical point, in the supercritical state. It is also interesting to note that while
liquid nitrogen resembles water as concerns density and viscosity, liquid helium is much
lighter and less viscous.


This latter property makes it a medium of choice for permeating small channels inside
superconducting magnet windings and thus stabilizing the superconductor.


1.3.3 Liquid Boil-Off


The factor of 10 in latent heat of vaporization between helium and nitrogen, combined
with the lower density of the former, induces a large difference in vaporization rates under
the same applied heat load (Table 1.5). This illustrates the need for implementing much better
insulation techniques in liquid helium vessels to achieve comparable holding times.


Boil-off measurements constitute a practical method for measuring the heat load of a cryo-
stat holding a saturated cryogen bath. In steady conditions, that is, provided the liquid level
in the bath is maintained constant, the boil-off _mvap precisely equals the vapor flow _mout


TABLE 1.4 Properties of Helium and Nitrogen Compared to Water


Property Helium Nitrogen Water


Normal boiling point (NBP) (K) 4.2 77 373


Critical temperature (K) 5.2 126 647


Critical pressure (bar) 2.3 34 221


Liquid density (kg/m3) 125 808 960


Liquid density ratioa 7.4 175 1600


Heat of vaporizationa (kJ/kg) 20.4 199 2260


Liquid viscositya (mP1) 3.3 152 278


aAt NBP.
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escaping the cryostat, which can be warmed up to room temperature and measured in a
conventional gas flowmeter. On decreasing the liquid level, though, part of the vapor will
take the volume in the cryostat previously occupied by the liquid, which has vaporized,
and the escaping flow will be lower than the boil-off. More precisely, if the boil-off vapor
is taken at saturation in equilibrium with the liquid


_mout ¼ _mvap


�
1� rv


r[


�
< _mvap (1.4)


The escaping gas flow measured must, therefore, be corrected upward to obtain the true
boil-off. From values of saturated liquid to vapor density ratios in Table 1.4, this correction
factor is only 1.006 for nitrogen and can therefore be neglected. For helium, though, it
amounts to 1.16 and must clearly be taken into account.


1.3.4 Cryogen Use for Equipment Cool-Down


For both fluids, the sensible heat of the vapor over the temperature range from liquid satu-
ration to ambient is comparable to or larger than the latent heat of vaporization. This pro-
vides a valuable cooling potential at intermediate temperature, which can be used for
thermal shielding or for precooling of equipment from room temperature. The heat balance
equation for cooling a mass of, say, iron mFe of specific heat CFeðTÞ at temperature T by vapor-
izing a mass dm of cryogenic liquid at saturation temperature Tv, latent heat of vaporization
Lv and vapor specific heat C taken as constant, is assuming perfect heat exchange with the
liquid and the vapor.


mFeCFeðTÞdT ¼ ½Lv þ CðT � TvÞ�dm (1.5)


Hence, the specific liquid cryogen requirement for cool-down from temperature T0:


m
mFe


¼
Z T


T0


CFeðTÞdT
Lv þ CðT � TvÞ (1.6)


The term CðT � TvÞ adding to Lv in the denominator brings a strong attenuation to the
specific liquid requirement, provided there is good heat exchange between the solid and
the escaping vapor. Calculated values of specific liquid cryogen requirements for iron are
given in Table 1.6, clearly demonstrating the interest of recovering the sensible heat of helium
vapor, as well as that of precooling equipment with liquid nitrogen.


TABLE 1.5 Vaporization of Liquid Helium and Liquid Nitrogen at
Normal Boiling Point Under 1 W Applied Heat Load


Cryogen (mg/s) (1/h Liquid) (1/min Gas NTP)


Helium 48 1.38 16.4


Nitrogen 5 0.02 0.24
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1.3.5 Phase Domains


Typical operating domains with cryogenic helium are shown in Fig. 1.10, superimposed on
the peculiar phase diagram of the substance: the solid phase exists only under pressure and
the normal liquid HeI undergoes a transition to another liquid phase below 2.2K, HeII,
instead of solidifying. There is no latent heat associated with this phase transition but a
peak in the specific heat, the shape of which gave the name “l-line” to the phase boundary.
HeII exhibits superfluidity, a macroscopic quantum behavior entailing very high thermal
conductivity and very low viscosity. While operating in saturated HeI provides fixed (satu-
ration) temperature and high boiling heat transfer at moderate heat flux, it may develop in-
stabilities in two-phase flow and is prone to boiling crisis above the peak nucleate boiling flux
(about 1 W/cm2). The use of monophase supercritical helium in forced-flow systems avoids
the problems of two-phase flow. However, the strongly varying properties of the fluid near
the critical point may create other issues, such as density wave oscillations. More fundamen-
tally, supercritical helium exhibits no latent heat, so that applied heat loads result in temper-
ature increases, which must be contained by high flow rate or periodic recooling in extended
systems. At lower temperature, HeII demonstrates excellent transport properties, which
make it a coolant of choice for advanced superconducting devices.9 Besides the thermody-
namic penalty of lower temperature, the use of HeII imposes that at least part of the cryogenic
circuits operate at subatmospheric pressure, thus requiring efficient compression of low-
pressure vapor and creating risks of dielectric breakdown and contamination by air in-leaks.


Thermophysical properties of cryogenic fluids are available from tables, graphs, and software
running on personal computers, a selection of which is listed in the bibliography (Fig. 1.10).


1.3.6 Personal Protective Equipment to Be Worn


As part of safety requirement to handle any cryogenic liquids, we need to consider the
following personal protective equipment (PPE) and wear them during handling of such
liquids to protect the skin and eyes.


• Be sure to work in a well-ventilated area to prevent oxygen-deficient atmospheres under
19.5% oxygen.


• Wear safety shoes when handling containers along with long-sleeved shirts and trousers
without cuffs.


• ALWAYS wear a full-face shield and splash-resistant safety goggles. Contact lenses
should not be worn.


TABLE 1.6 Volume of Liquid Cryogens Required to Cool Down 1 kg of Iron1


Using Latent Heat Only
Latent Heat and Enthalpy
of Vapor


Liquid helium from 290K to 4.2K 29.5 0.75


Liquid helium from 77K to 4.2K 1.46 0.12


Liquid nitrogen from 290K to 77K 0.45 0.29
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• Wear a lab coat and an apron when dispensing liquid nitrogen.
• Wear insulated or leather gloves when handling liquid nitrogen or large, cold objects.


1.3.7 Handling Cryogenic Liquids


Handling the cryogenic liquids requires the following precautions as part of standard
operating procedures:


• Never allow any unprotected part of the body to touch noninsulated pipes or vessels
that contain cryogenic fluids. Tissue damage that results is similar to frostbite or thermal
burns.


• The extremely cold metal will cause flesh to stick fast and tear when one attempts to
withdraw from it.


• Use a suitable hand truck for container movement.
• Do not drop, tip, or roll containers on their sides. Do not remove or interchange connec-


tions. If user experiences any difficulty operating container valve or with container
connections, discontinue use and contact supplier. Use the proper connection. DO NOT
USE ADAPTERS.


• Many substances become brittle and may shatter when cold, sending pieces of the
material flying. Avoid common glass and large, solid plastics.


1.3.8 Storing Cryogenic Liquids


To store the cryogenic liquids, consider the following steps:


• Store and use with adequate ventilation.


FIGURE 1.10 Phase diagram of helium showing typical operating domains.
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• Do not store in a confined space.
• Cryogenic containers are equipped with pressure relief devices to control internal pres-


sure. Under normal conditions, these containers will periodically vent product. Do not
plug, remove, or tamper with pressure relief device as this could cause an explosion.


• Containers shall be handled and stored in an upright position.
• Small quantities of liquid nitrogen can be stored in Dewar bottles. Dewar bottles are


hollow-walled glass-lined containers, which provide excellent insulation.


1.3.9 Hazards of Cryogenic Liquids


Hazards of cryogenic liquids are listed:


• Extreme Cold Hazard: Cryogenic liquids and their associated cold vapors and gases
can produce effects on the skin similar to a thermal burn. Brief exposures that would
not affect skin on the face or hands can damage delicate tissues such as the eyes.
Prolonged exposure of the skin or contact with cold surfaces can cause frostbite. The
skin appears waxy yellow. There is no initial pain, but there is intense pain when frozen
tissue thaws. Unprotected skin can stick to metal that is cooled by cryogenic liquids.
The skin can then tear when pulled away. Even nonmetallic materials are dangerous to
touch at low temperatures. Prolonged breathing of extremely cold air may damage the
lungs.


• Asphyxiation Hazard: When cryogenic liquids form a gas, the gas is very cold and
usually heavier than air. This cold, heavy gas does not disperse very well and can
accumulate near the floor. Even if the gas is nontoxic, it displaces air. When there is not
enough air or oxygen, asphyxiation and death can occur. Oxygen deficiency is a serious
hazard in enclosed or confined spaces. Small amounts of liquid can evaporate into very
large volumes of gas.


• Toxic Hazards: Each gas can cause specific health effects. Refer to the Myelodysplastic
syndromes for information about the toxic hazards of a particular cryogen.


1.3.10 General Hazards of Cryogenic Liquids


The following points are important to bear in mind when it comes to general hazards of
cryogenic liquids:


• Fire Hazard: Flammable gases such as hydrogen, methane, carbon monoxide, and LNG
can burn or explode. Hydrogen is particularly hazardous. It forms flammable mixtures
with air over a wide range of concentration. It is also very easily ignited.


• Oxygen-Enriched Air: When transferring liquid nitrogen through noninsulated metal
pipes, the air surrounding a cryogen containment system can condense. Nitrogen, which
has a lower boiling point than oxygen, will evaporate first. This evaporation can leave
an oxygen-enriched condensate on the surface that can increase the flammability or
combustibility of materials near the system, creating potentially explosive conditions.
Equipment containing cryogenic fluids must be kept clear of combustible materials to
minimize the fire hazard potential.
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• Liquid Oxygen Hazard: Liquid oxygen contains 4000 times more oxygen by volume
than normal air. Materials that are usually considered noncombustible (carbon and
stainless steels, cast iron, aluminum, zinc, Teflon [polytetrafluoroethylene], etc.) may
burn in the presence of liquid oxygen. Many organic materials can react explosively,
especially if a flammable mixture is produced. Clothing splashed or soaked with liquid
oxygen can remain highly flammable for hours.


• Embrittlement: Rubber, plastic, and carbon steel are some examples of materials that
can be can become brittle and break with very little stress applied to them. Try to avoid
using these materials when working with cryogenic. If these materials are used, perform
an inspection before use.


1.4 HEAT TRANSFER AND THERMAL DESIGN


With the exception of superfluid helium, the heat transfer processes at work in cryogenics
are basically the same as for any engineering temperature range. The strong variation of ther-
mal properties of materials and fluids at low temperature, however, has two consequences:
the relative and absolute magnitudes of the processes may be very different from those at
room temperature, and the equations become nonlinear, thus requiring numerical integra-
tion. Cryogenic thermal design is the art of using these processes adequately, either for
achieving thermal insulation (cryostats, transfer lines) or for improving thermal coupling
between equipment and coolant (cool-down and warm-up, thermal stabilization,
thermometry).10


1.4.1 Solid Conduction


Heat conduction in solids is represented by Fourier’s law, as it can be seen in Eq. (1.7), and
expressing proportionality of heat flux with thermal gradient. In one dimension, this reads


Q ¼ kðTÞAdT
dx


(1.7)


This equation also defines the thermal conductivity k(T) of the material, which varies with
temperature. Conduction along a solid rod of length L, cross section A spanning a tempera-
ture range ½T1;T2� (e.g., the support strut of a cryogenic vessel, ) is then given by the integral
form as:


Q ¼ A
L


Z T2


T1


kðTÞdT (1.8)


Thermal conductivity integrals
R T2


T1
kðTÞdT of standard materials are tabulated in the


literature. A few examples are given in Table 1.7, showing the large differences between good
and bad thermal conducting materials, the strong decrease of conductivity at low tempera-
tures, particularly for pure metals, and the interest of thermal interception to reduce
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conductive heat in-leak in supports. As an example, the thermal conductivity integral of
austenitic stainless steel from 80K to vanishingly low temperature is 9 times smaller than
from 290Kdhence, the benefit of providing a liquid nitrogenecooled heat sink in the support
of a liquid helium vessel. The lower thermal conductivity values of nonmetallic composites,
combined with their good mechanical properties, make them materials of choice for
low-heat in-leak structural supports (Fig. 1.11).


1.4.2 Radiation


Blackbody radiation strongly and solely depends on the temperature of the emitting body,
with the maximum of the power spectrum given by Wien’s law


lmaxT ¼ 2898 ½mm K� (1.9)


and the total power radiated is given by the StefaneBoltzmann law as:


Q ¼ sAT4 (1.10)


TABLE 1.7 Thermal Conductivity Integrals of Selected Materials (W/m)


From Vanishing Low Temperature up to 20K 30K 290K


OFHC copper 11,000 60,600 152,000


DHP copper 395 5,890 46,100


Aluminum 1100 2,740 23,300 72,100


2024 Aluminum alloy 160 2420 22,900


AISI 304 stainless steel 16.3 349 3,060


G-10 Glass-epoxy composite 2 18 153


FIGURE 1.11 Nonmetallic composite support post with heat intercepts for large Hadron collider super-
conducting magnets at CERN.
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with the StefaneBoltzmann’ constant s x 5.67 � 10�8 W/m2 K4. The dependence of the radi-
ative heat flux on the fourth power of temperature makes a strong plea for radiation shielding
of low-temperature vessels with one or several shields cooled by liquid nitrogen or cold he-
lium vapor. Conversely, it makes it very difficult to cool equipment down to low temperature
by radiation only, despite the 2.7K background temperature of outer space and notwith-
standing the Sun’s radiation and the Earth’s albedo. While they can be avoided by proper
attitude control, satellites or interplanetary probes can make use of passive radiators to
release heat down to only about 100K, and embarked active refrigerators are required to
reach lower temperatures.


Technical radiating surfaces are usually described as “graybodies” and characterized by an
emissivity ε < 1.


Q ¼ εsAT4 (1.11)


The emissivity ε strictly depends on the material, surface finish, radiation wavelength, and
angle of incidence. For materials of technical interest, measured average values are found in
the literature,5 a subset of which is given in Table 1.8. As a general rule, emissivity decreases
at low temperature for good electrical conductors and for polished surfaces. As Table 1.7
shows, a simple way to obtain this combination of properties is to wrap cold equipment
with aluminum foil. Conversely, radiative thermal coupling requires emissivity as close as
possible to that of a blackbody, which can be achieved in practice by special paint or adequate
surface treatment, such as anodizing of aluminum.


The net heat flux between two “gray” surfaces at temperatures T1 and T2 is similarly given
by


Q ¼ EsA
�
T4
1 � T4


2


�
(1.12)


TABLE 1.8 Emissivity of Some Technical Materials at Low Temperature


Radiation From 290K
Surface at 77K


Radiation From 77K
Surface at 4.2K


Stainless steel, as found 0.34 0.12


Stainless steel, mesh polished 01.2 0.07


Stainless, electropolished 0.10 0.07


Stainless steel plus aluminum foil 0.05 0.01


Aluminum, black anodized 0.95 0.75


Aluminum, as found 0.12 0.07


Aluminum, mesh polished 0.10 0.06


Aluminum, electropolished 0.08 0.04


Copper, as found 0.12 0.06


Copper, mesh polished 0.06 0.02
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with the emissivity factor E being a function of the emissivities ε1 and ε2 of the surfaces, of the
geometrical configuration, and of the type of reflection (specular or diffuse) between the sur-
faces. Its precise determination can be quite tedious, apart from the few simple geometrical
cases of flat plates, nested cylinders, and nested spheres.


If an uncooled shield with the same emissivity factor E is inserted between the two sur-
faces, it will “float” at temperature Ts given by the energy balance equation


Qs ¼ EsA
�
T4
1 � T4


s


� ¼ EsA
�
T4
s � T4


2


�
(1.13)


Solving for Ts yields the value of Qs ¼ Q=2: the heat flux is halved in presence of the
floating shield. More generally, if n floating shields of equal emissivity factor are inserted be-
tween the two surfaces, the radiative heat flux is divided by nþ 1.


1.4.3 Convection


The diversity and complexity of convection processes cannot be treated here. Fortunately,
in the majority of cases, the correlations established for fluids at higher temperature are fully
applicable to the cryogenic domain,11 and reference is made to the abundant technical liter-
ature on the subject.


In the case of forced convection, one should keep in mind that the high density and low
viscosity of cryogenic fluids often result in flows with a high Reynolds number Re and, hence,
strong convection. The Nüsselt number Ni, which characterizes the efficiency of convective
heat transfer relative to conduction in the fluid, is an increasing function of the Prandtl Pr
and Re, respectively, representing the ratio of mass to heat transport, and the ratio of inertial
to viscous forces


Ni ¼ f ðPr;ReÞ (1.14)


The case of natural convection at low temperature, however, deserves particular mention,
as this mechanism, usually weak at room temperature except on very large scales, becomes
dominant in cryogenic equipment. In this case, the Nüsselt number is an increasing function
of the Prandtl and Grashof number Gr, with the latter representing the ratio of buoyancy to
viscous forces


Ni ¼ f ðPr;GrÞ (1.15)


For gases, while Pr is about constant and independent of temperature, Gr is proportional
to the heated volume, temperature difference, and coefficient of volume thermal expansion,
which scales as 1=T in the ideal case. Consequently, there may exist in helium cryostats strong
natural convection processes with Grashof numbers up to the 1012 range, that is, higher than
those encountered in the general circulation of the Earth’s atmosphere. This has been used by
hydrodynamics specialists to study turbulent convection in extreme conditions. The cryo-
genic engineer sees it as a powerful mechanism for cooling equipment and homogenizing
its temperature.
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1.4.4 Gas Conduction


Since J. Dewar’s invention (1898) of the cryogenic vessel that bears his name, evacuated
envelopes provide the best insulation against heat transport in gaseous media. At low pres-
sure, convection becomes negligible and only residual gas conduction is at work. This process
operates in two distinct regimes, depending on the value of the mean free path of gas
molecules [ relative to the typical distance d between the cold and warm surfaces.


When [ � d corresponding to higher residual pressure, the probability of interaction of a
given molecules with others before it travels distance d is high viscous regimen, and heat
diffuses as in any continuous medium; we can write:


Q ¼ kðTÞAdT
dx


(1.16)


Note that the thermal conductivity kðTÞ of the gas is independent of pressure.
When [[d at low residual pressure, the molecular regimen prevails and the heat transfer


between two surfaces at temperatures T1 and T2 is given by Kennard’s law


Q ¼ AaðTÞUPðT2 � T1Þ (1.17)


where U is a parameter depending on the gas species, and a is the “accommodation coeffi-
cient” representing the thermalization of molecules on the surfaces; its value depends on
T1, T2, the gas species, and the geometry of the facing surfaces. Note that the conductive
heat flux in molecular regimen is proportional to pressure P and independent of the spacing
between the surfaces (and therefore not amenable to the concept of thermal conductivity).
Typical values of heat flux by gas conduction at cryogenic temperature are given in Table 1.9.


1.4.5 Multilayer Insulation


MLI is based on multiple reflecting shields wrapped around the cryogenic piece of equip-
ment to be insulated, with the aim of benefiting from the n þ 1 reduction factor in radiative


TABLE 1.9 Typical Values of Heat Flux to Vanishingly Low Temperature
Between Flat Plates (W/m2)


Blackbody radiation from 290K 401


Blackbody radiation from 80K 2.3


Gas conduction (100 mPa helium) from 290K 19


Gas conduction (1 mPa helium) from 290K 0.19


Gas conduction (100 mPa helium) from 80K 6.8


Gas conduction (1 mPa helium) from 80K 0.07


Multilayer insulation (MLI) (30 layers) from 290K, pressure < 1 mPa 1e15


MLI (10 layers) from 80K, pressure < 1 mPa 0.05


MLI (10 layers) from 80K, pressure 100 mPa 1e2
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heat in-leak. In practice, this is implemented in the form of aluminum or aluminized polymer
films, with low packing density achieved by crinkling or by insertion of a net-type spacer be-
tween layers. The wrapping can be made by winding the layers and spacer in situ or by pre-
fabricated blankets installed and held in place by insulating fasteners (Fig. 1.12). In all cases,
MLI is a complex thermal system, involving the combination of radiation, solid-contact con-
duction, and residual-gas conduction between layers. As a result, increasing the number of
layers, while beneficial for cutting radiation, usually results in increased packing with
more contacts and trapped residual gas between layers, two effects that increase heat transfer.
In view of the nonlinearity of these elementary processes, thermal optimization requires
layer-to-layer modeling and efficient control of the critical parameters. In practice, perfor-
mance is measured on test samples, and measured data are available from an abundant liter-
ature. Typical values for some practical MLI systems are given in Table 1.9.


Of particular interest is the case of operation in degraded vacuum, where the heat in-leak
by molecular conduction is directly proportional to the residual pressure. The presence of a
multilayer system, which segments the insulation space into many cells thermally in series
significantly, contains the increase in heat in-leak to the low-temperature surface (Table 1.8).
In this respect, the multilayer system is no longer used for its radiative properties but for the
reduction of molecular gas conduction.


In the extreme case of complete loss of vacuum in a liquid helium vessel, MLI also
efficiently limits the heat flux, which would otherwise be very high due to condensation of
air on the cold wall, thus alleviating the requirements for emergency discharge systems.


1.4.6 Vapor Cooling of Necks and Supports


The enthalpy of cryogen vapor escaping from a liquid bath can be used to continuously
intercept conduction heat along solid supports and necks connecting the cryogenic bath
with the room temperature environment (Fig. 1.13).


Assuming steady state and perfect heat exchange between the escaping vapor and the
solid, the energy balance equation reads


kðTÞAdT
dx


¼ Qv þ _mCðT � TvÞ (1.18)


FIGURE 1.12 Prefabricated multilayer insulation blankets being installed around an accelerator superconducting
magnet.
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where Qv is the heat reaching the liquid bath and _m is the vapor mass flow rate. In the partic-
ular case of self-sustained vapor cooling, that is, when the vapor mass flow rate _m precisely
equals the boil-off from the liquid bath,


Qv ¼ Lv _m (1.19)


Combining Eqs. (1.18) and (1.19) and integrating yields the value of Qv


Qv ¼ A
L


Z T0


Tv


kðTÞ
1þ ðT � TvÞ CLv


dT (1.20)


The denominator of the integrand clearly acts as an attenuation term for the conduction
integral. Numerical results for helium and a few materials of technical interest appear in
Table 1.10. If properly used, the cooling power of the vapor brings an attenuation of 1 to 2
orders of magnitude in the conductive heat in-leak.


Vapor cooling can also be used for continuous interception of heat loads other than solid
conduction. In cryogenic storage and transport vessels with vapor-cooled shields, it lowers
shield temperature and thus reduces radiative heat in-leak to the liquid bath. In vapor-
cooled current leads, a large fraction of the resistive power dissipation by Joule heating is
taken by the vapor flow, to minimize the residual heat reaching the liquid bath.12


A worked-out example of how these diverse thermal insulation techniques are imple-
mented in a real design is given in Lebrun.13


FIGURE 1.13 Vapor cooling of necks and supports with perfect heat exchange.
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1.5 REFRIGERATION AND LIQUEFACTION


Refrigeration and liquefaction of gases are historically at the root of cryogenics, as they
constitute the enabling technology, which gave access to the low-temperature domain.
They have developed over the years along several lines to become a specialized subject,
which would deserve a thorough presentation. In the following, we shall briefly describe
the basic thermodynamics, the cooling processes at work, and the corresponding equipment
in the case of helium refrigerators/liquefiers based on the Claude cycle. For a more complete
review, see Wagner.14


1.5.1 Thermodynamics of Refrigeration


A refrigerator is a machine raising heat Qi from a low-temperature source Ti to a higher-
temperature sink (usually room temperature) T0 by absorbing mechanical work Wi; in doing
so, it rejects heat Q0 (see Fig. 1.14). These quantities are related through the application of the
first (Joule) and second (Clausius) principles of thermodynamics


Q0 ¼ Qi þWi (1.21)


Q0


T0
� Qi


Ti
(1.22)


TABLE 1.10 Attenuation of Heat Conduction Between 290K and 4K by Self-sustained
Helium Vapor Cooling (W/cm)


Material Purely Conductive Regime Self-Sustained Vapor Cooling


ETP copper 1620 128


OFHC copper 1520 110


Aluminum 1100 728 39.9


Nickel 99% pure 213 8.65


Constantan 51.6 1.94


AISI 300 stainless steel 30.6 0.92


FIGURE 1.14 Thermodynamic scheme of a refrigerator.
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In Eq. (1.22), the equality applies to the case of reversible process. From the above


Wi � T0
Qi


Ti
�Qi (1.23)


This expression can be written in three different ways. Introducing the reversible entropy
variation as DSi ¼ Qi=Ti, then we have;


Wi � T0DSi �Qi (1.24a)


Another form isolates the group ½ðT0=TiÞ � 1� as the proportionality factor between Qi and
Wi, that is, the minimum specific refrigeration work as:


Wi � Qi


�
T0


Ti
� 1


�
(1.24b)


As Carnot has shown in 1824, this minimum work can be only achieved through a cycle of
two isothermal and two adiabatic transforms (Carnot cycle). All other thermodynamic cycles
entail higher refrigeration work for the same refrigeration duty.


A third form of Eq. (1.23) is:


Wi � DEi (1.24c)


This introduces the variation of exergy DEi ¼ ðT0=TiÞ � 1, a thermodynamic function rep-
resenting the maximum mechanical work content (Gouy’s “energy utilizable”) of a heat
quantity Qi at temperature Ti, given an environment at temperature T0.


Eq. (24b) enables to calculate the minimum mechanical power needed to extract 1 W at
4.5K (saturated liquid helium temperature at 1.3 bar pressure, that is, slightly above atmo-
spheric) and reject it at 300K (room temperature), yielding a value of 65.7 W. This is the
power that would be absorbed by a refrigerator operating on a Carnot cycle between
4.5K and 300K. In practice, the best practical cryogenic helium refrigerators have an effi-
ciency of about 30% with respect to a Carnot refrigerator, hence a specific refrigeration
work of about 220.


Cryogenic refrigerators are often required to provide cooling duties at several tempera-
tures or in several temperature ranges, such as for thermal shields or continuous heat inter-
ception. Eq. (24b) can then be applied to the cooling duty at every temperature and every
elementary mechanical power Wi summed or integrated in the case of continuous cooling.
This also allows comparison of different cooling duties in terms of required mechanical work.


1.5.2 Helium Refrigerators versus Liquefiers


A 4.5K helium refrigerator absorbs heat isothermally at this temperature, usually by recon-
densing cold helium vapor at saturation (the saturation pressure is 1.3 bar). In contrast, a
liquefier also eventually condenses cold helium vapor at saturation, but starting from gaseous
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helium at 300K, which it must first precool to 4.5K (Fig. 1.15). From Eq. (1.24a), the minimum
mechanical power for helium liquefaction is


Wliq ¼ Wcondens þWprecool (1.25)


Wliq ¼ T0DScondens �Qcondens þ T0DSprecool �Qprecool (1.26)


The heat quantities Qcondens and Qprecool exchanged at constant pressure are given by the
enthalpy variations DHcondens and DHprecool. With T0 ¼ 300K and the entropy and enthalpy dif-
ferences taken from thermodynamic tables, one finds Wliq ¼ 6628 W per g/s of helium lique-
fied. Given the minimum specific mechanical work of 65.7 at 4.5K, this yields an approximate
equivalence of about 100 W at 4.5K for 1 g/s liquefaction. More precisely, a liquefier produc-
ing 1 g/s liquid helium at 4.5K will absorb the same power (and thus have similar size) as a
refrigerator extracting about 100 W at 4.5K, provided they both have the same efficiency with
respect to the Carnot cycle. For machines with mixed refrigeration and liquefaction duties,
this equivalence can be approximately verified by trading some liquefaction against refriger-
ation around the design point and vice versa.


Note that for all recent equations, we will explain all thermodynamics roles and laws in the next few
chapters in more detail and at a basic level for readers who need a refreshment in thermodynamic and
heat transfer. However, readers who have a solid background can skip the next few chapters and
continue with the subject of cryogenic physics in later chapters of the book.


FIGURE 1.15 Helium refrigerator (A) versus liquefier (B).
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1.5.3 Real Cycles and Refrigeration Equipment


So far, we have only addressed cryogenic refrigeration and liquefaction through thermo-
dynamics, that is, through the exchanges of mass, heat, and work at the boundaries of
machines seen as “blackboxes.” We will now consider cycles, cooling methods, and equip-
ment of real refrigerators.


To minimize the specific mechanical work requirement (and hence the size and power con-
sumption), an efficient refrigerator should try to approximate the Carnot cycle, which is rep-
resented by a rectangle on the temperature-entropy diagram: the two isotherms are
horizontal lines, while the two isentropic transforms are vertical lines. To liquefy helium,
the base of the rectangle should intercept the liquidevapor dome (Fig. 1.16).


However, superimposing this cycle on the temperature-entropy diagram of helium shows
that one should operate at a high pressure of about 613 kbar (!), with a first isentropic
compression from 1.3 bar to 82 kbar (!), followed by an isothermal compression. This is
clearly impractical, and real helium cycles are elongated along isobar (or isochoric) lines,
thus involving transforms, which require heat exchange between the high- and low-
pressure streams. This heat exchange can be performed in recuperative or regenerative
heat exchangers, respectively, for continuous or alternating flows. In the following, we focus
on the continuous-flow cycles using recuperative heat exchangers, which constitute the oper-
ating principles of large-capacity helium refrigerators and liquefiers.


Practical elementary cooling processes are shown on the temperature-entropy diagram,
which is depicted in Fig. 1.17. The gas stream can first undergo quasi-isobar cooling in a
counterflow heat exchanger (segment AB1): modern refrigerators make use of brazed
aluminum plate heat exchangers (Fig. 1.18). Refrigeration can be produced by adiabatic
(quasi-isentropic) expansion with extraction of mechanical work (segment AB’2): the expan-
sion engine is a gas turbine, with the extracted power transmitted to a compressor wheel
sharing a common shaft and later dissipated in a brake circuit (Fig. 1.19). A third process
is isoenthalpic JouleeThomson expansion, that is, without extraction of mechanical work,
in a valve or restriction (segment AB3).


613 kbar


1.3 bar


82 kbar


300k
T


S


4.5K


3.89 J/g K 8.07 J/g K


FIGURE 1.16 A hypothetical Carnot cycle for helium liquefaction.
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Unfortunately, this latter process does not does work for ideal gases, the enthalpy of which
is a sole function of temperature. For real gases, however, enthalpy depends on both temper-
ature and pressure, so that isoenthalpic expansion can produce warming or cooling, depend-
ing on the slope of the isoenthalps on the diagram. To cool the gas stream, JouleeThomson
expansion must start below a limit called the “inversion temperature.” The values of inver-
sion temperature for cryogenic fluids (Table 1.11) show that while air can be cooled from


FIGURE 1.17 Elementary cooling processes shown on temperatureeentropy diagram.


FIGURE 1.18 Schematic view of a brazed aluminum plate heat exchanger.
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FIGURE 1.19 Cryogenic turbo-expander.


TABLE 1.11 Maximum Values of JouleeThomson Inversion Temperature


Cryogen Maximum Inversion Temperature (K)


Helium 43


Hydrogen 202


Neo 260


Air 603


Nitrogen 623


Oxygen 761
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room temperature by JouleeThomson expansion (the risk of freezing the pressure reducer on
the air bottle is well known to scuba divers), helium must first be precooled down to below its
inversion temperature of 43K. The moderate downward slope of isoenthalps on the
temperatureeentropy diagram indicates that in any case, JouleeThomson expansion gener-
ates substantial entropy. Its relative inefficiency with respect to adiabatic expansion is, how-
ever, accepted in view of the simplicity of its implementation, particularly when it results in
partial condensation of the stream entailing two-phase flow conditions, which would be diffi-
cult to handle in an expansion turbine. In Chapter 14, we define the inversion temperature.


For better understanding of heat exchanger and compact heat exchanger, readers can refer
to famous book by Kay and London24 and their application of such heat exchanger in the
book books by Zohuri.4,15


These elementary cooling processes are combined in practical cycles; a common example
for helium refrigeration is provided by the Claude cycle and its refinements. A schematic
two-pressure, two-stage Claude cycle is shown in Fig. 1.20: gaseous helium, compressed to
high pressure in a lubricated screw compressor, is recooled to room temperature in water-
coolers, dried, and purified from oil aerosols down to the ppm level, before being sent to
the high-pressure side of the heat exchange line, where it is refrigerated by heat exchange.
This process takes place with the counterflow of cold gas returning on the low-pressure
side. Part of the flow is tapped from the high-pressure line and expanded in the turbines


FIGURE 1.20 Schematic example of two-pressure, two-stage Claude cycle: T-S diagram (left) and flow scheme
(right).
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before escaping to the low-pressure line. At the bottom of the heat exchange line, the remain-
ing high-pressure flow is expanded in a JouleeThomson valve and partially liquefied.


Large-capacity helium refrigerators and liquefiers operate under this principle, but with
many refinements aiming at meeting specific cooling duties and improving efficiency and
flexibility of operation, such as three- and sometimes four-pressure cycle processes. In this
case, liquid nitrogen precooling of the helium stream, numerous heat exchangers, many tur-
bines in series, or parallel arrangements, JouleeThomson expansion is replaced by adiabatic
expansion in a “wet” turbine, cold compressors to lower the refrigeration temperature below
4.5K. A view of such a large plant appears in Figs. 1.21Ae1.21C.


The capital cost of these complex machines is high but scales less than linearly with refrig-
eration power, which favors large units. Operating costs are dominated by that of electrical
energy, typically amounting to about 10% of the capital cost per year in the case of quasi-
continuous operation. For overall economy, it is therefore very important to seek high effi-
ciency, which is also easier to achieve on large units. For a review of these aspects, see Ref. 16.


FIGURE 1.21A Image of compressor station at CERN


FIGURE 1.21B Image of a 4.5K cold box for the LHC (Linde) at CERN


1. CRYOGENIC TECHNOLOGIES32







1.6 INDUSTRIAL APPLICATIONS


Liquefied gases, such as liquid nitrogen and liquid helium, are used in many cryogenic ap-
plications. Liquid nitrogen is the most commonly used element in cryogenics and is legally
purchasable around the world. Liquid helium is also commonly used and allows the lowest
attainable temperatures to be reached.


These liquids may be stored in Dewar flasks, which are double-walled containers with a
high vacuum between the walls to reduce heat transfer into the liquid. Typical laboratory
Dewar flasks are spherical, made of glass and protected in a metal outer container. Dewar
flasks for extremely cold liquids such as liquid helium have another double-walled container
filled with liquid nitrogen. Dewar flasks are named after their inventor, James Dewar, the
man who first liquefied hydrogen. Thermos bottles are smaller vacuum flasks fitted in a pro-
tective casing.


Cryogenic barcode labels are used to mark Dewar flasks containing these liquids and will
not frost over down to �195�C.


Cryogenic transfer pumps are the pumps used on LNG piers to transfer liquefied natural
gas from LNG carriers to LNG storage tanks, as are cryogenic valves.


1.6.1 Cryogenic Processing for Alloy Hardening


The field of cryogenics advanced during World War II when scientists found that metals
frozen to low temperatures showed more resistance to wear. Based on this theory of


FIGURE 1.21C Front view of 4.5K cold box for the large hadron collider (Linda) at CERN.


1.6 INDUSTRIAL APPLICATIONS 33







cryogenic hardening, the commercial cryogenic processing industry was founded in 1966 by
Ed Busch. With a background in the heat-treating industry, Busch founded a company in
Detroit called CryoTech in 1966, which merged with 300 Below in 1999 to become the world’s
largest and oldest commercial cryogenic processing company. Busch originally experimented
with the possibility of increasing the life of metal tools to anywhere between 200% and 400%
of the original life expectancy by using cryogenic tempering instead of heat treating. This
evolved in the late 1990s into the treatment of other parts.


Cryogens, such as liquid nitrogen, are further used for specialty chilling and freezing ap-
plications. Some chemical reactions, like those used to produce the active ingredients for the
popular statin drugs, which reduce cardiovascular disease, must occur at low temperatures of
approximately �100�C (�148�F). Special cryogenic chemical reactors are used to remove re-
action heat and provide a low temperature environment. The freezing of foods and biotech-
nology products, like vaccines, requires nitrogen in blast freezing or immersion freezing
systems. Certain soft or elastic materials become hard and brittle at very low temperatures,
which make cryogenic milling (cryomilling) an option for some materials that cannot easily
be milled at higher temperatures.


Cryogenic processing is not a substitute for heat treatment but rather an extension of the
heatingequenchingetempering cycle. Normally, when an item is quenched, the final tempera-
ture is ambient. The only reason for this is thatmost heat treaters do not have cooling equipment.
There is nothing metallurgically significant about ambient temperature. The cryogenic process
continues this action from ambient temperature down to �320�F (140�R; 78K; �196�C). In
most instances, the cryogenic cycle is followed by a heat-tempering procedure. As not all alloys
have the same chemical constituents, the tempering procedure varies according to the material’s
chemical composition and thermal history and/or a tool’s particular service application.


The entire process takes 3 to 4 days.


1.6.2 Cryogenic Fuels


Another use of cryogenics is cryogenic fuels for rockets, with liquid hydrogen as the most
widely used example. Liquid oxygen is even more widely used but as an oxidizer, not a fuel.
NASA’s workhorse space shuttle used cryogenic hydrogen/oxygen propellant as its primary
means of getting into orbit. Liquid oxygen is also widely used with RP-1 kerosene, a noncryo-
genic hydrocarbon, such as in the rockets built for the Soviet space program by Sergei
Korolev.


Russian aircraft manufacturer Tupolev developed a version of its popular design Tu-154
(later known as Tu-155) with a cryogenic fuel system, known as the Tu-155. The plane
uses a fuel referred to as LNG and made its first flight in 1989.


1.6.3 Cryogenic Application in Nuclear Magnetic Resonance Spectroscopy


Nuclear magnetic resonance (NMR) is one of the most common methods to determine the
physical and chemical properties of atoms by detecting the radiofrequency absorbed and sub-
sequent relaxation of nuclei in a magnetic field. This is one of the most commonly used char-
acterization techniques and has applications in numerous fields. Primarily, the strong
magnetic fields are generated by supercooling electromagnets, although there are
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spectrometers that do not require cryogens. In traditional superconducting solenoids, liquid
helium is used to cool the inner coils because it has a boiling point of around 4K at ambient
pressure. Inexpensive metallic superconductors can be used for the coil wiring. So-called
high-temperature superconducting compounds can be made to superconduct with the use
of liquid nitrogen (LN), which boils at around 77K.


1.6.4 Cryogenic Application in Magnetic Resonance Image


Cryogenics is the study and use of materials at extremely low temperatures. Such low tem-
peratures cause changes in the physical properties of materials that allow them to be used in
unusual engineering, industrial, and medical applications. For example, in the cryogenic tem-
perature range, air becomes a liquiddor even a soliddand living tissue freezes instantly.
Matter behaves strangely at the lowest temperatures of the cryogenic range. Electric currents
never stop flowing, liquids run uphill, and rubber becomes as brittle as glass. In medicine,
cryogenic cooling is used in some diagnostic techniques, such as magnetic resonance imaging
(MRI). Cryosurgery uses liquid nitrogen to kill unhealthy tissue by freezing it. Cryogenics is
expected to play an important role in the development of better procedures for preserving
human organs for transplantation.


MRI is a complex application of NMR where the geometry of the resonances is deconvo-
luted and used to image objects by detecting the relaxation of protons, which have been
perturbed by a radiofrequency pulse in the strong magnetic field. This is mostly used in
healthcare applications.


1.6.5 Cryogenic Application in Electric Power Transmission Within Big Cities


It is difficult to transmit power via overhead cables in big cities, so underground cables are
used (see Fig. 1.22). However, underground cables get heated and the resistance of the wire
increases, leading to waste of power. Superconductors could be used to increase power
throughput, although they would require cryogenic liquids such as nitrogen or helium to
cool special alloy-containing cables to increase power transmission. Several feasibility studies
have been performed, and the field is the subject of an agreement within the International
Energy Agency.


FIGURE 1.22 High-power and high-voltage electricity tower distribution grids.
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1.6.6 Cryogenic Application in Frozen Food Transport


Cryogenic gases are used in the transportation of large masses of frozen food. When very
large quantities of food must be transported to regions like war zones, earthquake-hit
regions, etc., they must be stored for a long time, so cryogenic food freezing is used.
Cryogenic food freezing is also helpful for large-scale food-processing industries. See
Fig. 1.23 for transportation of cryogenic gases.


Cryogenic technology gives low-temperature applications in food sector. There is a
tremendous scope for application of cryogenic technology in food processing and preserva-
tion. Cryopreservation is the only viable method available for long-term preservation of both
plant and animal origin species, such as dairy products. Cryogenic preservation of food offers
great promise for the country, both for export and for domestic consumptions, due to assur-
ance of the food quality and safety. Most industries use evaporative air chilling systems; pres-
ervation by cryogenic technology is less familiar in this sector. Product shrinkage, toughening
and loss of tenderness, product shelf-life, microbial products, drip loss, and dehydration los-
ses are the major quality considerations in the freezing of food products, such as meat
products.17


Preservation with the use cryogenic technology will improve the situation. Proper eco-
nomic considerations including payback period and life of the system, as well as others,.
should be taken into account while selecting the cryogenic applications. The availability of
indigenous cryogenic technology for food processing would ensure the production of
better-quality products within the country and allow the export the processed products to
different countries.


In food processing, cryogenics implies the use of very low-temperature materials for chill-
ing and freezing. This type of refrigeration differs from other procedures because it does not
depend on an external low-temperature production systems.


The freezing of foods and biotechnology products, like vaccines, requires nitrogen in blast
freezing or immersion freezing systems. Cryogenic freezing with nitrogen is carried out by
first passing the food through nitrogen vapor at about �50�C and then freezing the food
by spraying the refrigerant directly onto the food. Fish, meat, poultry, fruit, vegetables,
and bakery products can all be frozen in this way. The extremely low-temperature character-
istics of cryogenic food provide the ultimate in chilling and freezing rates.


The physical properties of the cryogenic gases provided an important tool to help the food
industry to improve the plant automation, versatility, efficiency and manufacturing cost.


FIGURE 1.23 Cryogenic gases delivery truck at a supermarket.
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1.6.7 Cryogenic Application in Forward Looking Infrared


Many infrared (IR) cameras require their detectors to be cryogenically cooled, as it can be
seen in Figs. 1.24 and 1.25.


Miniaturized versions of cryocoolers are known as microcoolers, which have potential ap-
plications to space sensors and military airborne systems such as IR line scanners, IR search
and track sensors, high-resolution thermal imaging systems, and forward looking infrared
(FLIR) sensors. Microcooler design based on the Stirling-cycle operating principle can achieve
a cooling temperature of 77K within 3 min.


The microcooler configuration normally incorporates a generator to produce a compres-
sion and expansion refrigerator cycle with no valves. It is important to mention that the
regenerator has a large heat capacity and acts like an efficient heat exchanger. See
Figs. 1.24 and 1.25.


A microcooler designed for NASA thermal imaging applications consumes electrical po-
wer less than 3W, weighs less than 15 oz, has a life expectancy of 5 years, and has demon-
strated continuous operation exceeding 8000 h with no degradation in performance. High
reliability of a microcooler requires improved materials with self-lubrication capability,
elimination of gaseous contamination, clearance seals with very low friction, and a linear
drive mechanism. For cryogenic temperature measurement down to 30K, PT-100 sensor
(resistance temperature detectors) is used. Additionally, for lower than 30K, it is required
to use silicon diode for accuracy; there are other cryogenic detectors that are used to detect
cryogenic particles.


FIGURE 1.24 Diagram of an infrared space telescope.
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1.6.8 Cryogenic Application in Space


Einstein and IRAS are the first “cryogenic missions,” which flew respectively in 1978 and
1983. Einstein (HEAO-2) was the second of NASA’s three high energy astrophysical observa-
tories, while the first X-ray telescope put into space in 1978. Among other instrument, Ein-
stein carried a solid state spectrometer using a Si(Li) crystal detector (range 0.5e4.5 keV)
cooled at about 100K via a solid ammonia/methane cryostat.18,19


IRAS (infrared astronomy satellite, launched in 1983) was the first cryogenic scientific
satellite. Its mission was to map the entire sky from 8 to 120 mm, and it was equipped
with a 0.6-m telescope cooled with liquid helium to about 4K. The focal plane assembly oper-
ated 62 photoconductive elements at 3K.


Cosmic background explorer (COBE) was developed by NASA to measure the cosmic
background radiation. The satellite was launched in November 1989. It carried three instru-
ments, operating at wavelengths between 1.25 and 240 mm with focal planes at 1.6K and
cooled by a 650 L, superfluid helium cryostat.


As we stated, the first cryogenic missions, such as IRAS, launched in 1983, COBE (COBE
1992) launched in 1989, and Infrared Space Observatory (ISO) launched in 1995; they were
based on liquid helium cryostats, with the bath temperature regulated by adjusting the vapor
pressure. Lifetime was correspondingly limited by the amount of cryogen, typically to about
12e18 months. More recently, the same approach has been used by Spitzer (Fig. 1.26, left).
Spitzer, thanks to an optimized cryogenic system (passive radiation, use of helium gas
enthalpy, orbit choice), was designed to provide a minimum lifetime of 2.5 years, using
only 360 L of superfluid helium.


The European Space Agency (ESA) is presently developing (phase C/D, 2003) two impor-
tant cryogenic astronomical missions: Planck and Herschel.20 Planck’s main objective is to
map the temperature anisotropies of the cosmic microwave background over the whole
sky, with a sensitivity of DT/T ¼ 2.10�6 and an angular resolution of 10 arc-minutes. Such
goals require bolometers operating at 0.1K, HEMT at 20K, and a cooled telescope (60K).
Planck’s cryogenic system uses precooling to 60K by passive radiators, cooling to 20K with


FIGURE 1.25 Astronomical instruments on the very large telescope are equipped with continuous flow cooling
systems.
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an H2 JouleeThomson cooler (adsorption compressors), cooling to 4K with a helium
JouleeThomson cooler (mechanical compressors), and final cooling to 0.1K with an open-
loop dilution refrigerator.


ESA’s ISO operated at wavelengths from 2.5 to 240 mm between November 1995 and May
1998 in a highly elliptical orbit. The satellite is based on a cryostat containing about 2200 L of
superfluid helium and on a 0.6-m-diameter telescope. The instruments made use of different
photoconductors based on InSb, Si, and Ge and operating between 1.8K and 10K.21


Near Infrared Camera and Multi-Object Spectrometer (NICMOS) is a Hubble space tele-
scope instrument based on three cameras designed for simultaneous operations, operating
between 0.8 and 2.5 mm and using HgCdTe photoconductive detectors, cooled down to
50e60K via 120 kg of solid nitrogen. See Fig. 1.27.


1.6.9 Cryogenic in Blood Banking, Medicine, and Surgery


Certain rare blood groups are stored at low temperatures, such as �165�C. Liquid nitrogen
is one of the safest cooling agents available. In medicine, it is used to kill unhealthy tissues by
freezing them. Cryogenic processes are also used to supply “banks” storing eye corneas,
blood, and sperm for future surgical procedures. Some embryos have also been frozen and
stored for later implantation (surgical placement) in women.


In 1961, American surgeon Irving S. Cooper introduced a freezing technique called cryo-
surgery. Cryosurgery is relatively bloodless because the low temperatures used constrict the


FIGURE 1.26 Left is Spitzer spacecraft during final testing (NASA) and right is Herschel spacecraft (European
Space Agency).
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blood vessels, stemming the flow. Special instruments are used that have freezing tips to kill
the damaged tissue and shields to protect surrounding tissue. Cooper used cryosurgery to
freeze and destroy damaged tissue in the brains of patients with Parkinson’s disease (a
degenerative illness). Since then, cryosurgery has found many applications. It is used to
repair detached retinas and to remove cataracts. It is also used to treat liver cancer and pros-
tate cancer.


In medicine and surgery, the low temperature and cryogenic application go a long way.
The application of ultralow temperature and cryogenics to clinical situation and underlying
principles in the absence of ice have been under study and fall back to the ancient history of
humankind, in ancient Egypt 2500 years ago. In the fifth century BC, the Greek physician
Hippocrates advocated the clinical utility of cold for relieving pain in trauma and in certain
diseases affecting the bones and joints. James Arnott is often described as the father of mod-
ern cryosurgery. In 1851, he achieved temperature of �24�C by using a solution of ice and
saline for the treatment of various surface conditions (see Fig. 1.28). The effects of low tem-
perature on mammalian systems can be explained together with the effect of hypothermia
by the researcher in this field of medicine.22


FIGURE 1.27 Hubble space telescope image.
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Low-temperature storage of tissues and organs for transplantation in the liquid state is
playing role of live and death in today’s emergency departments around the world, and
we can see the application of cryogenic state that is associated with the formation of ice
and subsequent freezing of cells and tissues as well as organ cryopreservation.


There are two categories of the processes that occur within living cells:


1. One is the biochemical processes, which are the distinguishing feature of living mate-
rials by using metabolic energy, often involving enzymatic catalysts.


2. The second one or the others are the physical processes, which are also common in
nonliving systems.


One example is the diffusion of a solute due to a concentration gradient. Both categories
can be affected by temperature gradient and changes. It is observed that the biochemical pro-
cesses are usually slowed to a great extent on exposure to a cooling environment, and vice
versa. This observation can be described by a mathematical relationship, by putting it into
a conceptual perspective. In other words, the starting point of cryobiology, including cryo-
preservation, cryosurgery, and cryogenic medicine, is the Van Hoff equation, which states
that the change in the rate of a process such as metabolism produced by a 10�C change in
the system temperature. It is called Q10, which can be expressed in form of the following
equation


Q10 ¼ Reaction Rate at Tþ 10�C
Reaction Rate at T


(1.27)


Usually, Q10 has a value of about 2 in biological systems, 2.3 in most thermochemical re-
actions, and 1 to 3 for reactions in organisms up to 50�C. For example, a reduction in human
body temperature from its basal state of 37�C results in a decline in the metabolic rate by one-
half.


Another important law basic to cryobiology is the Arrhenius relationship, which can be
expressed in the logarithmic form as:


logn ¼ �
�


DHa


2:303R


��
T (1.28)


FIGURE 1.28 Physicians prepare a patient for cryogenic surgery.
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where n denotes the specific rate of change such as degradation in the biomaterial; R is pre-
senting universal gas constant, and DHa is heat of activation, while T stands for absolute tem-
perature in this relationship. Or in the exponential expression, Eq. (1.4) takes a new form as:


n ¼ C exp


�
DHa


2:303RT


�
(1.29)


where C is a constant.
When a tissue is cooled, the rate of heat transfer depends mainly on water content, blood


supply, thermal conductivity of the tissue, rate of freeze, and temperature of the refrigerant.
Table 1.12 lists the extent of surface temperature reductions attainable with various
refrigerants.22


The contour of cryolesion by an open spray is rounded down to the depths of about 6 mm,
but below this it becomes more triangular. The method gives a more rapid drop in temper-
ature and will freeze to a greater depth than a closed probe.


However, the shape of the cryolesion is similar for the two methods.
Cryosurgery is also widely used in the fields of dermatology, gynecology, plastic surgery,


orthopedics, and podiatry and has been used successfully for more than 30 years in veteri-
nary medicine.


Cryogens, like liquid nitrogen, are further used for specialty chilling and freezing applica-
tions. Some chemical reactions, like those used to produce the active ingredients for the pop-
ular statin drugs, must occur at low temperatures of approximately �100�C. Special
cryogenic chemical reactors are used to remove reaction heat and provide a low-
temperature environment.


1.6.10 Cryogenic in Manufacturing Process


The introduction of cryogenic gases in the early 1960s as an alternative to improve freezing
processes in the frozen industry was a major product quality and process improvement.


Cryogenic cooling is used to cool the tool tip at the time of machining. It increases the tool
life. Oxygen is used to perform several important functions in the steel manufacturing
process. See Fig. 1.29.


TABLE 1.12 Surface Tissue Temperature Reductions Attainable
Wwith Various Refrigerants22


Refrigerant Temperature Attainable, �C


Ice 0


Salt-ice �20


CO2 snow �79


Nitrogen oxide �75


Liquid nitrogen �196 (Spray or probe)
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1.6.11 Cryogenic in Recycling of Materials


By freezing the automobile or truck tire in liquid nitrogen, the rubber is made brittle and
can be crushed into small particles. These particles can be used again for other items. The the-
ory was based on how heat-treating metal works. A heat-treated metal is cooled from a very
high temperature down to room temperature, causing certain strength increases in the molec-
ular structure to occur. It was theorized that continuing the temperature descent would allow
for further strength increases. Using liquid nitrogen, CryoTech formulated the first early
version of the cryogenic processor. Unfortunately for the newly born industry, the results
were unstable, as components sometimes experienced thermal shock when they were cooled
too fast. Some components in early tests even shattered because of the ultralow temperatures.
In the late twentieth century, the field improved significantly with the rise of applied
research, which used new controls and technology to create more stable results.


1.6.12 Cryogenic Energy Storage


Cryogenic energy storage (CES) is a novel method of storing grid electricity. The idea is
that off-peak or low-cost electricity is used to liquefy air (by way of a compressor, cooler,
and then expander), that is then stored in an energy dense cold liquid form. When electricity
is required then, the cold liquid air is pumped to increase its pressure, superheated in a heat


FIGURE 1.29 Cryogenic valve.
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exchanger using either ambient or low-grade waste heat, and then expanded through a tur-
bine, generating useful electricity. This process is illustrated in Fig. 1.30.


1.6.12.1 CES Characteristics


The energy density for liquid air is around 100e200 W/kg, and in a recent report on CES
by the Centre for Low Carbon Futures in the United Kingdom, the cost of liquid air was
estimated between $200 and $530/kW (Centre for low Carbon Futures and the Liquid Air
Energy Network, 2013). Proponents of CES suggest that some of the main advantages of
CES are the ability to use an existing gas infrastructure, its high cycling ability, the fact
that it has no geographical constraints, and that CES is a mechanical system that is not con-
structed with any exotic materials, unlike batteries, capacitors, etc. It should be suitable for
grid energy storage on a medium to large scale, back-up generation, renewable integration,
and energy management.


There is also interest in liquid air as an “energy vector,” which could be used in smaller
scale applications in zero emissions vehicles. Mobile refrigeration units are especially inter-
esting as a liquid air engine could provide power and cooling.


At present, the proven efficiency of CES is low in the prototype devices, however, High-
view Power Storage expect that their second-generation device should achieve around 60%
efficiency using the waste heat from a “waste-to-power” thermal generation plant. Much
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FIGURE 1.30 Schematic diagram of a cryogenic energy storage system.
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of the expertise in CES is in the United Kingdom with Highview Power Storage and a new
Centre for CES at the University of Birmingham working with the Chinese Academy of
Sciences. There has also been some research at the universities of Washington and North
Texas. CES is still a technology in the demonstration phase rather than being commercial,
though it is expected to see rapid development in the next few years. Table 1.13 illustrates
some of the anticipated characteristics of CES.


1.6.13 CES in Nuclear Power Plants


Recently there has been a renewed interest in increasing nuclear power generation in both
developed and developing countries due to energy security and environmental consider-
ations. The latter is also very much associated with reducing the carbon footprint because
of the highest percentage of carbon emission from the power generation sector and very
limited contribution from renewable energy to total power supply.


Nuclear power plants (NPPs) feature high capital costs and low operating costs. The costs
of energy from such a capital-intensive technology can be low if the facilities are operated at
full capacity, and therefore NPPs have been mainly used as a baseload source of electricity
production. However, with increasing installations, the capacity of nuclear power may
exceed the baseload of power grids. For example, in France, nuclear power contributes about
53% of the country’s total installation capacity and generates about 79% of the overall elec-
tricity. In these circumstances, the excessive electricity at off-peak times has to be either
exported to other countries or stored for later use. If these measures fail to balance the gen-
eration and demand, the NPPs have to be downregulated regularly. When the NPPs operate
at a part capacity, the cost of electricity production becomes very high. Furthermore, frequent
changes in the load has a strong effect on the aging of the equipment and the performance of
the fuel, and hence causes problems in both the economic and safety aspects. See Fig. 1.31 of a
NPP putting electricity into grid.


Energy storage in NPPs resides on a novel method of integration of nuclear power gener-
ation with CES to achieve an effective time shift of the electrical power output. CES stores
excess electricity in the form of cryogen (i.e., liquid air/nitrogen) through and air liquefaction
process at off-peak hours and recovers the stored power by expanding the cryogen at peak
hours. See Fig. 1.32.


To balance the demand and supply at off-peak hours, NPPs often have to be downregu-
lated, particularly when the installations exceed the baseload requirements. Part-load opera-
tions not only increase the electricity cost but also impose a detrimental effect on the safety
and lifetime of the NPPs. We propose a novel solution by integrating nuclear power


TABLE 1.13 Cryogenic Energy Storage


Typical Capacity Typical Power Efficiency (%)
Storage
Duration $/kWh $/kW Lifespan


Cycling
Capacity Comments


Up to 15 MWh
(anticipated up
to 200 MWh)


100 kW e 5 MW
(anticipated up
to 50 MW)


Presently low,
anticipated in
excess of 60a


min e


days
200-
530a


e


ahttp://www.lowcarbonfutures.org/sites/default/files/potential-guide.pdf.
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generation with CES technology to achieve an effective time shift of the electrical power
output. CES stores excess electricity in the form of cryogen (liquid air/nitrogen) through
an air liquefaction process at off-peak hours and recovers the stored power by expanding
the cryogen at peak hours. The combination of nuclear power generation and the CES
technologies provides an efficient way to use thermal energy of NPPs in the power extraction
process, delivering around 3 times the rated electrical power of the NPP at peak hours, thus
effectively shaving the peak.


Simulations are carried out on the proposed process, which show that the round-trip effi-
ciency of the CES is higher than 70% due to the elevated top temperature in the superheating
process; thermal efficiency is also substantially increased. See Fig. 1.31 for a suggested
concept for CES innovation.


Air


ExhaustWaste Heat


Electricity


Electricity


Peak Time


Off-peak Time


Air Liquefaction
(Separation) Plant)


Power Plant
LiquidAir/Nitrogen


Storage (Transportation)


Cryogen based
Electricity Generation


FIGURE 1.32 Schematic diagram of a cryogenic energy storage system.23


FIGURE 1.31 Typical nuclear reactor power plant producing electricity.
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1.6.14 Cryogenic Application in Research


Experimental research on certain physics phenomena, such as spintronics and magneto-
transport properties, requires cryogenic temperatures for the effects to be observed. Cryo-
genic cooling of devices and material is usually achieved via the use of liquid nitrogen,
liquid helium, or a mechanical cryocooler (which uses high-pressure helium lines). Gifford
McMahon Cryocoolers, pulse tube cryocoolers, and Stirling cryocoolers are in wide use
with selection based on required base temperature and cooling capacity. The most recent
development in cryogenics is the use of magnets as regenerators as well as refrigerators.
These devices work on the principle known as the magnetocaloric effect.


1.7 CRYOGENIC FLUID MANAGEMENT


Cryogenic fluid management (CFM) technology is an integral part of exploration systems
for earth-to-orbit transportation, manned missions to the moon and mars, planetary explora-
tion, and in-situ resource utilization (ISRU). CFM also plays a key role in IR and X-ray astron-
omy, biological sciences, and fundamental investigations into the origins of our universe.


1.7.1 Benefits


The challenges of NASA’s exploration vision require advanced CFM technology. The
exploration vision requires high performance propulsion systems (high specific impulse)
for both human and robotic missions. The vision includes in-space cryopropulsion stages
and ISRU for cryopropellant production and liquefaction of breathable gases. Cryogenic pro-
pellants such as oxygen, methane, and hydrogen can satisfy this requirement. The current
state of the art for cryopropellant storage is a loss rate of 3%/month in low earth orbit using
passive technology. Advances in passive thermal control technology might reduce losses to
1%/month, still an unacceptable rate for a 2þ-year mission to Mars. By using cryocoolers
to balance the entire parasitic and internally generated heat loads in the cryotank, no propel-
lant will be lost, resulting in a zero boil-off (ZBO) system and eliminating the need for over-
sized tanks and extra propellant. Each pound of propellant tank mass saved is directly
tradable for payload mass.


1.7.2 Research Overview


Cryocoolers are the key component of ZBO propellant storage systems. New develop-
ments are required to significantly improve the performance of coolers for the ZBO storage
of liquid hydrogen. For ZBO liquid hydrogen systems, cooling powers of 1e20 W are
required at 20K. These systems require extensive development to achieve the same levels
of efficiency that are reached for the higher-temperature liquid oxygen and methane ZBO
coolers. At present, no long-lived 30K or colder closed-cycle coolers have flown in space. Cur-
rent commercial, nonflight pulse-tube cryocoolers are available for temperatures down to 3K;
however, these machines are not space qualified and are inefficient.
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The final development frontier for LH2 coolers is to achieve high efficiency and reliability
at lower operating temperatures. Pulse-tube and Stirling coolers offer the best opportunity for
achieving high efficiency at these temperatures and power levels. The key to such improve-
ments is the design of the regenerator and the selection and forming of the regenerator
material. The ARC Cryogenics Group and its partners have been developing high heat capac-
ity rare earth alloys for just this purpose.


1.7.3 Right: Lightweight, High-Efficient Cryocooler


Along with advancing the state of the art of cryocoolers, system studies are also being con-
ducted with Glenn Research Center, Jet Propulsion Laboratory, and Marshall Space Flight
Center. One of the major advances in this area is the development of an analytical tool for
sizing the ZBO system, including tankage, passive insulation, cryocooler, radiator, and power
system mass. This model optimizes cryogenic thermal storage system performance. Tank
sizes and configurations for selected mission scenarios can be easily and quickly evaluated.
Topologies can be compared and tradeoffs performed to arrive at a concept optimized for
specific mission parameters. See Fig. 1.33.


Once the system is adequately modeled, the insulation system can be designed appropri-
ately. New materials and integration techniques can be quantitatively analyzed with our
state-of-the-art transport phenomena test facilities. Our thermal conductivity apparatus fea-
tures a sample chamber within a vacuum chamber (isothermal). A hot plate is embedded
in the sample to minimize alternate heat paths. In this manner, the thermal conductivity
can be determined within an accuracy of a few percent. What makes the apparatus truly


FIGURE 1.33 High efficiency cryocooler.
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unique is that the thermal conductivity measurements can be made in the presence of a gas,
including planetary analogues.


1.7.4 Background


Since 1976, Ames Research Center’s (ARC) Cryogenics Group has provided cryogenic sup-
port for the agency’s missions. For the IRAS mission, ARC performed focal plane testing,
thermal design, and development of a backup cryogenic valve. For the Superfluid Helium
On Orbit Transfer (SHOOT) mission, ARC developed the flight flowmeters and the flight
and ground operation software.


The Cryogenics Group has also established a database for cryogenic thermal contact
conductance down to superfluid helium temperatures, characterized swirl in liquid helium
in a rotating Dewar, measured thermal conductivity of cryogenic insulation in the presence
of gases, and developed a cryogenic mirror test facility for IR astronomy.


1.7.5 Right: Liquefier Demo and Cryogenic Insulation Test Facility


The Cryogenics Group has developed coolers down to 50 mK, including dilution coolers,
helium-3 refrigerators, and adiabatic demagnetization coolers. Recently, ARC developed a
flight-qualified pulse-tube cryocooler, in collaboration with the Department of Defense.
This program is for the demonstration of ZBO storage, which is working with Atlas Scientific.
This is also in collaboration with the Department of Energy to develop high-performance
regenerator materials to improve cryocooler efficiency. In addition, ARC has several unique
capabilities for measuring the thermal conductivity of insulation materials and moisture ab-
sorption in the presence of gases, including planetary analogues, within an accuracy of a few
percent. See Fig. 1.34.


FIGURE 1.34 Liquid demo and cryogenic insulation test facility.
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1.8 CONCLUSION


This brief introduction has presented the basic ideas and principles of the most important
aspects of cryogenics, that is, cryogenic fluids, heat transfer, thermal design, and refrigera-
tion. It has also provided the reader with typical numerical values of the relevant parameters,
enabling him or her to perform order-of magnitude estimates and apply his or her engineer-
ing judgment. There is, of course, much more to say on each of these topics, some of which
have significantly developed over the years and still constitute areas of technical progress.
Many other subjects not addressed here also pertain to cryogenic engineering, such as mate-
rials at low temperature, storage, handling and transfer of fluids, two-phase flow and
discharge, vacuum and leak-tightness technology, instrumentation (in particular thermom-
etry), process control, impurity control, and safety. In all cases, the interested reader is
referred to the selected bibliography for detailed information and to the proceedings of the
cryogenic engineering conferences for recent developments.


To cool down the large hadron collider superconducting magnets at CERN, eight refriger-
ators of 18 kW at 4.5K have been built (four by Air-Liquid and four by Linde). The
compressor station is composed of five oil-lubricated screw compressors able to compress
a total mass flow of 1.6 kg/s of helium between 1 bar and 19 bar. The cold box is composed
of 10 heat exchangers and 10 turbines. Each refrigerator cools one-eighth of the large hadron
collider that constitutes a cold mass of 4595 tons over 3.3 km. A refrigerator can provide up to
240 g/s of supercritical helium at 4.5K and 3 bar to the large hadron collider and 250 g/s
between 50 and 75K to cool down thermal screens.
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This chapter deals with the relationship between pressure, specific volume, and tempera-
ture for a pure substance.


2.1 INTRODUCTION


A pure substance is a material with a constant chemical composition throughout its entire
mass. A pure substance can exist in one or more physical phases such as a solid, liquid, or
vapor. Each phase will have homogeneous physical characteristics, but all three phases could
be different physical forms of the same pure substance. The temperature and pressure bound-
aries between phases are well defined and it usually requires an input or extraction of ther-
mal energy to change from one phase to another. Most pure substances have a well defined
triple point where all three phases exist in equilibrium.


In general matter can be classified into two broad categories:


1. Pure substances;
2. Mixtures.


Each of these categories can be described as:


1. Pure substances: A pure substance is defined as a substance having a constant and uni-
form chemical composition. Typically, it can be divided into two groups:
a. Elementsdall the same type of atom;
b. Compoundsdsubstances made from two or more different kinds of atoms.


2. Mixtures: The thermodynamic properties of a mixture of substances can be determined
in the same way as for a single substance. The most common example of this is dry air,
which is a mixture of oxygen, nitrogen, a small percentage of argon, and traces of other
gases. The properties of air are well determined and it is often considered as a single
substance. Mixtures can be categorized as two general types:
a. HomogeneousdA substance that has uniform thermodynamic properties throughout


is said to be homogeneous. The characteristics of a homogeneous mixture are:
i. Mixtures which are the same throughout with identical properties everywhere in


the mixture;
ii. Not easily separated;
iii. This type of mixture is called a solution. A good example would be sugar dis-


solved in water or some type of metal alloy like the CROmiumeMOLYbdenum
steel used in many bike frames.


b. HeterogeneousdA heterogeneous mixture is a type of mixture in which the composi-
tion can easily be identified. Often there are two or more phases present. Each sub-
stance retains its own identifying properties (e.g., granite) and it includes:
i. Mixtures which have different properties when sampled from different areas. An


example of this would be sand mixed with water;
ii. A mixture in which the individual components can be seen with the naked eye;
iii. A mixture that can be easily separated.


Air is a homogeneous mixture of the gases nitrogen, oxygen, and other minor gases.
Here are some other examples of homogeneous mixtures:


• Salt water;
• Brewed tea or coffee;
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• Soapy water;
• A dilute solution of hydrochloric acid;
• Hard alcohol;
• Wine.


Here are some examples of heterogeneous mixtures:


• Sandy water;
• Cake mix and cookie dough;
• Salad;
• Trail mix;
• Granite;
• Sodium chloride (table salt) stirred up with iron filings;
• Sugar and salt mixed in a bowl;
• Carbonated beverage or beer (the CO2 gas is mixed with the liquid);
• Orange juice with pulp in it;
• Water with ice cubes in it;
• Chicken noodle soup.


A pure substance normally requires only two independent properties to specify its state. If
pressure and specific volume, for example, are fixed, then all the other properties become
fixed. The equation relating pressure, volume, and temperature to each other is called an
equation of state. However, a more fundamental equation is required to specify all thermody-
namic variables as a function of only two properties. These fundamental equations will be
called thermodynamic potentials (Fig. 2.1).


An example of a simple equation of state which is satisfactory for most dilute gases is the
ideal gas law: pV ¼ nRT.


2.2 PROPERTIES OF PURE SUBSTANCES: PHASE CHANGES


Now consider how a pure substance changes phases. The most common pure substance
that is available around the world is water in its three phasesdice, liquid water, and steam.


Classification of Matter
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FIGURE 2.1 Classification of matter. Courtesy of
NASA.
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Start with a solid body like ice and add heat. At first the temperature of the body increases
proportional to the amount of heat that is added. However, at some point continued addition
of heat will cause the body to start to melt. Once it starts to melt the temperature stops
increasing and remains constant while the solid is melting. The amount of heat that is added
to complete the melting is called the heat of fusion and is normally expressed on a per unit
mass or per unit mole basis. Once the entire solid is melted the temperature increases again in
proportion to the amount of heat input. Note that the increase in temperature per unit heat
input for the solid and liquid are not usually equal. As the substance continues to heat up, at
some point the liquid will start to vaporize. Once it starts to vaporize, the temperature re-
mains constant until all of the liquid is vaporized. The heat input per unit mass or unit
mole required to change the substance from a liquid to a vapor is called the heat of vapor-
ization. Once all of the liquid is vaporized, the temperature of the substance starts to increase
again proportional to the heat input. This sequence of events is illustrated in Fig. 2.2, which is
called a temperature-specific volume or Tey diagram.


A three-dimensional view of these processes is presented in Fig. 2.3. Note that the surface
has the following regions: solid, liquid, vapor, solideliquid, solidevapor, and liquidevapor.
It also has a line where all three phases can coexist called the triple line with an interest point
that called the triple point, which is depicted in Fig. 2.4. At the top of the liquidevapor re-
gion, a point exists called the critical point. Above the critical point, in either pressure or tem-
perature, the fluid cannot be identified as either liquid or vapor. In the liquidevapor region,
called the vapor dome, the following definition in Section 2.2.1 applies.


2.2.1 Phases of Pure Substances


A pure substance may exist in different phases, where a phase is considered to be a phys-
ically uniform form of the substance. The three principle phases are as solid, liquid, and gas.


Fig. 2.4 shows the typical behavior of pure substances. It is called a “phase diagram”


because three lines separate all three phases from each other.
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FIGURE 2.2 The Tey diagram.
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2.2.2 Equations of State


Consider a closed system, in a vessel so equipped that the pressure, volume, and tempera-
ture may be easily measured. If the volume is set at some arbitrary value and the temperature
is maintained at a specific value, then the pressure will be fixed at a definite value. Once the V


FIGURE 2.3 The PeyeT rendering of a substance that contracts on freezing.
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and T are chosen, then the value of P at equilibrium is fixed. That is, of the three thermody-
namic coordinates P, V, and T, only two are independent variables. There exists an equation
of equilibrium which connects the thermodynamic coordinates and which robs one of them of
its independence. Such an equation, called an equation of state, is a mathematical function
relating the appropriate thermodynamic coordinates of a system in equilibrium. Every ther-
modynamic system has its own equation of state, although in some cases the relation may be
so complicated that it cannot be expressed in terms of simple mathematical functions. For a
closed system, the equation of state relates the temperature to two other thermodynamic
variables.


An equation of state expresses the individual peculiarities of one system as compared with
another system and must, therefore, be determined either by experiment or by molecular the-
ory. A general theory like thermodynamics, based on general laws of nature, is incapable of
generating an equation of state for any substance. An equation of state is not a theoretical
deduction from the theory of thermodynamics, but is an experimentally derived law of
behavior for any given pure substance. It expresses the results of experiments in which the
thermodynamic coordinates of a system were measured as accurately as possible, over a
range of values. An equation of state is only as accurate as the experiments that led to its
formulation, and holds only within the range of values measured. As soon as this range is
exceeded, a different form of equation of state may be required.


Note that in any of the three homogeneous phases discussed in Section 2.2.1, a relationship
exists that gives P ¼ PðV;TÞ. Or any of the variables can be expressed in terms of the other
two. These equations are called equations of state. In the two-phase regions, including their
borders, specifying temperature alone will set the pressure and vice versa. Giving both pres-
sure and temperature will not define the volume because we will need to know the relative
proportion of the two phases present. The mass fraction of the vapor in a two-phase liquide
vapor region is called the quality.


2.3 IDEAL GAS


Any equation that relates the pressure, temperature, and specific volume of a substance is
called an equation of state. There are many equations of state, some simple and others very
complex. The simplest and best-known equation of state for substances in the gas phase is the
ideal gas equation of state. This equation predicts the peveT behavior of a gas quite accu-
rately for dilute or low-pressure gases. Probably, the definition of a low-pressure or dilute
gas is that it obeys the ideal gas law. It is based on the two modeling assumptions that (1) each
molecule is a point mass with no volume and (2) they only interact by billiard ball-like collision,
conserving energy and momentum of the colliding particles. The ideal gas equation of state was
formulated long before the atomic hypothesis was demonstrated, but these two assumptions
quickly lead to the properties of the ideal gas equation of state.


An ideal gas is one that obeys the following equation of state.


pV ¼ n<T (2.1)
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p ¼ absolute pressure; V ¼ volume of gas; n ¼ number of moles of the gas; < ¼ universal gas
constant ¼ 8314 J/kmol/K ¼ 1545 ft-lbf/lbmol/�R ¼ 1.986 Btu/lbmol/�R; T ¼ absolute tem-
perature in degrees Rankine or Kelvins.


Note that R is the universal gas constant. A gas constant for a particular gas can be ob-
tained by dividing the universal constant by the molar mass to obtain the following equation.


R ¼ <=M (2.2)


where M is molecular weight of gas. If we identify m as the mass of gas in kg or lbm, then
another form of the ideal gas law can be written as:


pV ¼ m<T (2.3)


Identifying r ¼ m=V as the gas density, then another form of the ideal gas law is:


p ¼ r<T (2.4)


Normally an ideal gas must be a pure substance. However, air is a mixture that obeys the
ideal gas equation over a broad range of values for temperature and pressure. Most gases
obey the ideal gas equation of state if the pressure is not too high or the temperature too low.


The ideal gas law gives a simple enough equation that given any two of the thermody-
namic variables, p, v, and T, the third can easily be found. Consider 2 kg-mol of H2 at
1000K and 0.2 MPa. Calculate the volume required to store the gas at this temperature and
pressure. The required volume is:


V ¼ n<T
p


¼ 2:0 kg�mol � 8314:47 J=kg�mol=K � 1000 K=200; 000 nt=m2 ¼ 83:1 m3


Obviously, given temperature and density, or specific volume, the pressure could be found
in a similar manner. Given pressure and density, or specific volume, the temperature is easily
found from the same equation. For this reason, applying the ideal gas law is usually a good
first guess when trying to solve for pressure, density, or temperature.


2.4 REAL GASES AND VAPORS


In this section, the behavior and properties of real gases and vapors are described and
equations of state are identified.


An ideal gas is made up of particles that do not attract or repel one another. Real gases are
made up of atoms or molecules that may attract one another strongly, like ammonia, water
vapor, or sulfur dioxide. On the other hand, they may attract one another hardly at all, like
helium.


Real gases behave like ideal gases at “ordinary” temperatures and pressures. However, if
you heat them up and compress them to high pressure, then their behavior departs from
ideal. If the molecules attract one another, a molecule in the center of the gas is attracted
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equally on all sides and its motion is not affected. A molecule, which is very close to the wall
of the container, exerts less force on the wall due to the intermolecular attractive forces with
other molecules.


2.4.1 Simple Real Gas Equations of State


At higher pressures or lower temperatures, the equation of state becomes more compli-
cated. The volume taken up by the molecules of the gas must be considered and the attraction
of the molecules for each other lessens the pressure they exert on their container. The first
equation of state to consider these two effects was the van der Waals equation of state
given by,


p ¼ <T
ðy� bÞ �


a
y2


(2.5)


where a and b are constants appropriate to the specific gas. As far as thermodynamics is con-
cerned, the important idea is that an equation of state exists, not whether it can be written
down in a simple mathematical form. Also there exists no equation of state for the states tra-
versed by a system that is not in mechanical and thermal equilibrium, since such states cannot
be described in terms of thermodynamic coordinates referring to the system as a whole.


It is generally impossible to express the complete behavior of a substance over the whole
range of measured values of p, v, and T by means of one simple equation with two adjustable
parameters (a and b). Several equations of state, such as the ideal gas law and those found
below, can be used to characterize the gas or vapor phase. Several equations of state that
have found utility in thermodynamic analysis are listed here.


1. p ¼ <T
ðy�bÞ � a


y2
van der Waals equation of state


2. p ¼ <T
v�b � a


T1=2v ðvþbÞ RedlicheKwong equation of state


3. p ¼ <T
v�b � aa


v2þ 2bv� b2 PengeRobinson equation of state


4. pv ¼ <T�1þ BPþ CP2 þ/
�
Virial expansion


5.
�
pea=<Ty


�ðy� bÞ ¼ <T Dieterici equation of state


6.
�
pþ a


y2T


�
ðy� bÞ ¼ <T Berthelot equation of state


7.
�
pþ a


ðyþ cÞ2T


�
ðy� bÞ ¼ <T Clausius equation of state.


8. py ¼ <T
�
1þ B0


y
þ C0


y2
þ/


�
Another type of virial expansion


2.4.2 Determining the Adjustable Parameters


Every equation of state must satisfy a number of conditions:


1. It must reduce to the ideal gas law as the pressure approaches zero or the temperature
increases without bound.
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2. The critical isotherm must show a point of inflection at the critical point.
3. The isometrics on a peT diagram should approach straight lines with either decreasing


density or increasing temperature. The critical isometric should be a straight line.


Since the critical point is the limiting position on a pev diagram (see Fig. 2.5) as the two
end-points (saturated liquid and saturated vapor) on the same isotherm approach each other,
it follows that the slope of the isotherm passing through the critical point (the critical
isotherm) is zero, or stated mathematically as:


�
vP
vV


�
T¼Tc


¼ 0 (2.6a)


Also, the critical point is a point of inflection on the critical isotherm, because the isotherm
is concave upward at volumes less than the critical volume and concave downward at spe-
cific volumes more than the critical volume; hence


�
v2P
vV2


�
T¼Tc


¼ 0 (2.6b)


Eqs. (2.6a) and (2.6b), along with the equation of state itself, enable one to evaluate the con-
stants in any two-parameter equation of state based on the critical values PC, VC, and TC.
Consider, for example, the van der Waals equation of state, which can be written:


p ¼ <T
y� b


� a
y2


(2.7)


P


υ


A


B


D


E


C


F
Tc


T < Tc


T > Tc


FIGURE 2.5 pev Diagram for a pure substance
showing isotherms in the region of the critical point.
Solid lines represent the values predicted by the van
der Waals equation of state. Points represents the
experimental values.
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where y ¼ V=n is the molar volume. This equation holds fairly well in the vapor region near
and above the critical point. Eqs. (2.6a) and (2.6b) for molar volume yield, respectively;


�
vP
vy


�
T¼TC


¼ � <T
ðy� bÞ2 þ


2a
y3


¼ 0 (2.8a)


and


�
v2P
vy2


�
T¼TC


¼ � 2<T
ðy� bÞ3 þ


6a
y4


¼ 0 (2.8b)


Eqs. (2.8a and 2.8b) can be rewritten as:


2a
y3


¼ <T
ðy� bÞ2 (2.9)


and


3a
y4


¼ <T
ðy� bÞ3 (2.10)


Dividing the first equation by the second to obtain the critical molar volume gives:


yC ¼ 3b (2.11)


Substituting this value for y in the first of the two equations, we obtain a relationship for
the critical temperature as:


TC ¼ 8a
27b< (2.12)


and finally, substituting these two values in the van der Waals equation to obtain the critical
pressure gives:


pC ¼ a
27b2


(2.13)


At the critical point these equations can be written as follows:
�
vP
vy


�
T¼TC


¼ � <TC


ðyC � bÞ2 þ
2a
y3C


¼ 0 (2.14)


and


�
v2P
vy2


�
T¼TC


¼ 2<TC


ðyC � bÞ3 �
6a
y4C


¼ 0 (2.15)
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so that at the critical point, the van der Waals equation is given by
�
PC þ a


y2C


�
ðyC � bÞ ¼ <TC (2.16)


Based on the critical point data then, we can calculate the van der Waals constants a and b
in terms of the critical constants. Since it is possible to experimentally measure the critical
temperature and critical pressure, a and b can be evaluated from knowledge of PC and TC


through the following relations


a ¼ 27<2T2
C


64PC
and b ¼ <TC


8PC
(2.17)


The values of a and b are provided for a number of gases in the Appendix.
It follows for the van der Waals equation of state at the critical point


Zc ¼ PCyC


<TC
¼


a
27b2


$ 3b


< $
8a


27b<
¼ 3


8
¼ 0:375 (2.18)


where Zc is the critical compressibility factor. If a substance behaved like an ideal gas at the
critical point, then Zc would equal 1.0. If it obeys the van der Waals equation, then this ratio
should equal 0.375, which would be a measure of the departure of the van der Waals gas
from an ideal gas. In Table 2.1, the calculated values of Zc are listed for a number of inter-
esting gases, and in no case is this ratio equal to 0.375, or even close. Above the critical point,
at higher pressure, the van der Waals equation is fairly satisfactory and is useful in many
cases. Other equations of state give better values of Zc, but no two-parameter equation of
state adequately describes all properties of pure substances near the vapor dome.


TABLE 2.1 Calculated Values of Zc


Substance Zc


Water 0.230


Ammonia 0.242


Carbon dioxide 0.275


Nitrogen 0.287


Helium 0.291


Hydrogen 0.307


van der Waals gas 0.375


Ideal gas 1.00


2.4 REAL GASES AND VAPORS 63







2.4.3 Other Useful Two-Parameter Equations of State


Many equations of state have been proposed to represent P� V � T data more accurately
than the ideal gas law for those regions where it does not apply. Most of the equations of state
that have been proposed are empirical and only a few of them are in wide use in thermody-
namics and related engineering and physics fields. Two other equations of state, commonly
used in engineering analysis, are presented below.


2.4.3.1 RedlicheKwong Equation of State


The RedlicheKwong (RK) equation of state is an empirical equation that is widely used for
engineering calculations.


P ¼ <T
y� b


� a
T0:5yðyþ bÞ (2.19)


The constants a and b of the RedlicheKwong equation of state can be estimated from the
critical constants by the following relations. It is generally thought to provide satisfactory re-
sults above the critical temperature for any pressure.


a ¼ 0:42748<2T2:5
c


Pc
(2.20a)


b ¼ 0:0867<Tc


Pc
(2.20b)


This gives Zc ¼ 0.333, which is significantly closer to the range of interest for most gases. The
constants a and b are evaluated in the Appendix for a number of gases.


2.4.3.2 PengeRobinson Equation of State


The PengeRobinson equation of state gives a slightly better approximation below the crit-
ical temperature by adding another parameter, u, the acentricity factor given by,


u ¼ �1� log10


�
psat


PC


�
T=TC


¼0:7


k ¼ 0:37464þ 1:54226u� 0:26993u2 (2.21a)


a ¼
"
1þ k


 
1�


ffiffiffiffiffiffiffiffiffiffi
T=TC


q !#2
P ¼ <T


v� b
� aa
v2 þ 2bv� b2


(2.21b)


The PengeRobinson constants are determined by


a ¼ 0:45723553
<2T2


C


PC
b ¼ 0:07779607


<TC


PC
(2.21c)
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It gives a Zc ¼ 0.307, closer to the range of a number of gases. The constants for the Penge
Robinson equation of state are provided for a number of gases in the Appendix.


2.4.4 Common Equations of State With Additional Parameters


Equations of state play an important role in chemical engineering design and they have
assumed an expanding role in the study of the phase equilibrium of fluids and fluid mixtures.
Originally, equations of state were used mainly for pure components. Many equations of
state have been proposed in the literature with either an empirical, semiempirical, or theoret-
ical basis. Brief reviews can be found in the following sections.


2.4.4.1 BeattieeBridgeman Equation of State


The BeattieeBridgemen equation of state is given by


Py2 ¼ <T
�
1� c


yT3


��
y� B0 � bB0


y


�
� A0


�
1� a


y


�
(2.22)


The constants A0, B0, a, b, and c are characteristic of a gas. These constants for some sub-
stances are given in Table 2.2.


TABLE 2.2 Constants of BeattieeBridgeman Equation of State


Gas A0


�
Pam3


mol2


�
B03106


�
m3


mol


�
a3106


�
m3


mol


�
b3106


�
m3


mol


�
c
�
m3K3


mol


�


Air 0.1318 46.11 19.31 �11.010 43.40


Ammonia 0.2425 34.15 170.31 19.112 4768.70


n-Butane 1.8030 246.20 121.61 94.230 3500.00


Carbon dioxide 0.5073 104.76 71.32 72.350 660.00


Ethane 0.5958 94.00 58.61 19.150 900.00


Ethylene 0.6234 121.56 49.64 35.970 226.80


Helium 0.00219 14.00 59.84 0.000 0.04


Hydrogen 0.0200 20.96 �5.06 �43.590 5.04


Methane 0.2307 55.87 18.55 �158.700 128.30


Neon 0.0215 20.60 21.96 0.000 1.01


Nitrogen 0.1362 50.46 26.17 �6.910 42.00


Oxygen 0.1511 46.24 25.62 4.208 48.00


n-Pentane 2.8634 394.00 150.99 139.600 4000.00


Propane 1.2078 181.00 73.21 42.930 1200.00
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2.4.4.2 BenedicteWebbeRubin Equation of State


The BenedicteWebbeRubin (BWR) equation of state is given by;


P ¼ <T
y


þ 1
y2


�
<T
�
B0 þ b


y


�
�
�
A0 þ a


y
þ aa


y4


�
� 1
T2


�
C0 � c


y


�
1þ g


y2


�
exp


��g


y2


���
(2.23)


where A0, B0, C0, a, b, c, a, and g are constants for a given fluid. The BWR constants for a few
selected gases can be found in Table 2.3 or in Perry’s Chemical Engineer’s Handbook. This
equation of state is quite complex and contains eight constants, and is able to predict the p�
y� T data with higher accuracy compared to many other equations of state.


The equations of state used to calculate the steam properties in the Appendix were broken
down into five regions. Each region required between 10 and 43 constants to adequately
represent the data.


2.4.4.3 Virial Equation of State


The word virial comes from the Latin meaning force, thus it refers to the interaction forces
between molecules. In 1901, Kamerlingh Onnes suggested the virial equation of state
expressed as a power series in reciprocal volume; it is given by


py
<T ¼ 1þ B


y
þ C
y2


þ D
y3


(2.24a)


where B, C, D, etc. are known as the second virial coefficient, third virial coefficient, etc. Virial
coefficients express the deviations from the ideal gas law due to intermolecular forces. These
virial coefficients are functions of temperature only. The advantage of the virial equation of
state is that it may be made to represent the experimental p� y� T data as accurately as
required by increasing the number of constants. The values of the second virial coefficients
have been determined experimentally for a number of gases. The third virial coefficients
are not known for many substances and much less information is available beyond the third
virial coefficient. Moreover, the virial equation of state with more than three terms is difficult
to handle. The virial equation of state and the ideal gas law have a strong theoretical base.
They have been derived through statistical mechanical methods. All other equations of state


TABLE 2.3 Presentation of the Values for Eq. (2.23) for BWR Equation of State


Gas a A0 B B0 c 3 9L4 C0 3 9L5 a3 105 G


n-Butane, C4H10 190.68 1021.6 0.039998 0.12436 3205 1006 110.1 0.0340


Carbon dioxide, CO2 13.86 277.30 0.007210 0.04991 151.1 140.4 8.470 0.0054


Carbon monoxide, CO 3.71 135.87 0.002632 0.05454 10.54 8.673 13.50 0.0060


Methane, CH4 5.00 187.91 0.003380 0.04260 25.78 22.86 12.44 0.0060


Nitrogen, N2 2.54 106.73 0.002328 0.04074 7.379 8.164 12.72 0.0053


Source: Kenneth Wark, Thermodynamics, 4th ed. p.141.
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are empirical or semiempirical. The virial equation of state is sometimes written as a power
series in the pressure as:


py
<T ¼ 1þ B0Pþ C0P2 þD0P3 þ/ (2.24b)


where the coefficients B0, C0, D0, etc. are functions of temperature only. The coefficients B0, C0,
D0, etc. are related to the virial coefficients B, C, D, etc. by the following relations:


B0 ¼ B
<T (2.25a)


C0 ¼ C� B2


ð<TÞ2 (2.25b)


D0 ¼ D� 3BCþ 3B3


ð<TÞ3 (2.25c)


It has been found that the virial Eq. (2.24a) adequately represents the experimental data
over a wide range of pressure, compared to the virial Eq. (2.24b) when both these equations
are truncated after the third term.6 The general form of Eq. (2.24a) can be written as:


py
<T ¼ 1þ B


y
þ C
y2


þ D
y3


þ/ ¼
XR
i¼ 0


ci
yi


(2.26)


The parameters in the equation ðB;C;D ¼ ciÞ are again called “virial coefficients.” If ci ¼
0 for i > 0, the virial equation reduces to the ideal gas equation. The accuracy required deter-
mines the number of terms that are keptdmore terms make the equation more accurate, but
also more complicated to work with. Virial coefficients are different for each gas, but other
than that are functions of temperature only.


Coefficients are normally, obtained by making measurements of p, v, and T, and fitting the
equation. These values are then published so that others may use them.


Many forms of the virial equation exist. Truncating this equation after one coefficient gives
a quadratic equation in v. Thus, it retains some of the simplicity of the ideal gas law allowing
quick analytic solutions for v given p and T.


Py
<T ¼ 1þ B


y
(2.27)


A number of methods (correlations, etc.) are available to determine B. In order to improve
accuracy and capture more behaviors, additional parameters are sometimes added. One
example is the BenedicteWebbeRubin (BWR) equation of state in Eq. (2.23).


This equation provides a first-order correction to the ideal gas law for nonpolar species. It
should not be attempted for polar compounds such as water that have a nonzero dipole
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moment.6 The following procedure may be used to estimate y or P for a given T for a
nonpolar species, one with a dipole moment close to zero, such as hydrogen or oxygen
and all other symmetrical molecules.


To use the truncated virial equation of state proceed in the following manner:


• Look up the critical temperature and pressure (Tc and Pc) for the species of interest in
the Appendix. Also, look up the acentric factor, u, a parameter that reflects the geome-
try and polarity of a molecule, in the constants table for the PengeRobinson equation of
state in the Appendix (A more complete list can be found in Reid et al.7)


• Calculate the reduced temperature Tr using the relationshipTr ¼ T=Tc.
• Calculate the following coefficients:


B0 ¼ 0:083� 0:422
T1:6
r


(2.27a)


B1 ¼ 0:139� 0:172
T4:2
r


(2.27b)


B ¼ <Tc


Pc
ðB0 þ uB1Þ (2.27c)


• Substitute into Eq. (2.27) the value of B and whichever of the variables p and y is known
and solve for the other variable. The solution for p is straightforward. If y is to be deter-
mined, the equation can be rearranged into a quadratic and solved using the quadratic
formula.


v2 � <T
p


v�<T
p


B ¼ 0


• Normally one of the two solutions is reasonable and the other is not and should be dis-
carded; if there is any doubt, estimate y from the ideal gas equation of state and accept
the virial equation solution that comes closest to yideal.


2.4.4.4 Equation of State Comparison


Virial equations with one coefficient cannot represent thermodynamic systems where both
liquid and vapor are present. A “cubic” equation of state is needed to do this. We have iden-
tified three two-parameter equations of state above for which data are presented in the Ap-
pendix. The most sophisticated of these is the PengeRobinson equation because it corrects
the “a” coefficient for the acentric factor.


P ¼ <T
ðy� bÞ �


aa
v2 þ 2bv� b2


(2.28)
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where the constants are given by;


a ¼ 0:45723553
<2T2


c


Pc
(2.28a)


b ¼ 0:07779607
<Tc


Pc
(2.28b)


k ¼ 0:37464þ 1:54226u� 0:26993u2 (2.28c)


a ¼
 
1þ k


 
1�


ffiffiffiffiffi
T
Tc


s !!2


(2.28d)


In this equation, the b term is a volume correction, while a is a molecular interaction
parameter. The constants all depend on the critical temperature and pressure of the gas.
These can be looked up easily in a data table.


The “acentric factor,” omega u, is also easily looked up. It is related to the geometry of the
gas molecule.


To use the PengeRobinson equation:


1. Look up Tc, Pc, and the acentric factor for the species of interest in the Appendix.
2. Plug in and find a, b, and alpha a.
3. Plug these into the PengeRobinson equation; the result will be a cubic equation in v


depending on p and T.
4. Solve for the unknown you seek.


Solving the cubic equation can be accomplished with a binary search using a computer or
by analytically solving the cubic equation. The equation can be transformed to


v3 þ
�
b� <T


p


�
v2 þ


�
aa
p
� 3b2 � 2


<T
p


b
�
vþ


�
b3 þ <T


p
b2 � aa


p
b
�


¼ 0


v3 þ a1v2 þ a2vþ a3 ¼ 0


The analytic solution is given by


v3 þ a1v2 þ a2vþ a3 ¼ 0


Transform to


x3 þ b1xþ b2 ¼ 0 v ¼ x� a1
3


b1 ¼ 3a2 � a21
3


b2 ¼ 2a31 � 9a1a2 þ 27a3
27
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b22
4
þ b31
27


> 0; 1 real; 2 imaginary;
b22
4
þ b31
27


¼ 0; 3 real; 2 equal;
b22
4
þ b31
27


< 0; 3 real distinct


For the first case


C ¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2
2
þ


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22
4
þ b31
27


s
3


vuut
D ¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2
2
�


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22
4
þ b31
27


s
3


vuut


x ¼ CþD x ¼ �CþD
2


þ C�D
2


ffiffiffiffiffiffiffi
�3


p
x ¼ �CþD


2
� C�D


2


ffiffiffiffiffiffiffi
�3


p


v ¼ x� a1
3


For the third case of three real unequal roots let,


cos f ¼ �a2


=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a31


=27


q


x1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
�b1


=3
p


cos


�
f


=3


�
x2 ¼ 2


ffiffiffiffiffiffiffiffiffiffiffi
�b1


=3
p


cos


�
f


=3þ 2p =3


�
x3 ¼ 2


ffiffiffiffiffiffiffiffiffiffiffi
�b1


=3
p


cos


�
f


=3þ 4p =3


�


EXAMPLE 2.1
Carbon dioxide at 500K and 6.5 MPa flows at 100 kg/h. Use the one-parameter virial equation of


state and the PengeRobinson equation of state to determine the volumetric flow.


Solution
The pressure and temperature are known, so look up the critical properties, the acentric factor,


and the PengeRobinson constants in the Appendix.
The critical properties are Tc ¼ 304.2K, pc ¼ 7.39 MPa, and the acentric factor is 0.225.
Evaluating the B coefficients,


Tr ¼ 500:0=304:2 ¼ 1:64; 365 B0 ¼ 0:083� 0:422
	
T1:6
r ¼ �0:1076


B1 ¼ 0:139� 0:422
	
T4:2
r ¼ 0:0867


B ¼ 8314:47 � 304:2=7:39Eþ 6 � ð� 0:1076þ 0:225 � 0:0867Þ ¼ �0:03014


v ¼ <T
2p


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�<T
2p


�2


þ<TB
p


s
¼ ð0:31978þ 0:081651Þ=44 ¼ 0.01382 m3


	
kg


The PengeRobinson coefficients are


a ¼ 0:39576 MPa�m3
	
kgmol2 b ¼ 0:02662 m3


	
kgmol


k ¼ 0:37464þ 1:5422 � 0:225� 0:26993 � 0:2252 ¼ 0:70797
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a ¼
 
1:0þ 0:70797


(
1�


ffiffiffiffiffiffiffiffiffiffi
T=Tc


q )!2


¼ 0:6357


p ¼ <T
v� b


� aa
v2 þ 2bv� b2


v3 þ
�
b�<T


p


�
v2 þ


�
aa
p
� 3b2 � 2


<T
p


b
�
vþ b3 þ<T


p
b2 � aa


p
b ¼ 0


Applying the cubic formula gives


a1 ¼ �0:61295; a2 ¼ 0:002526; a3 ¼ �0:00055844; b1 ¼ �0:12271; b2 ¼ �0:017101


b22
4
þ b31
27


> 0; 1 real; 2 imaginary


C ¼ 0:22044 D ¼ 0:18555


v ¼ 0:5 � ð0:22044þ 0:18555Þ=44:0 ¼ 0.01387 m3
	
kg


It is worth noting that the ideal gas solution is


v ¼ <T
pAM


¼ 8314:47 � 500
6500000:0 � 44 ¼ 0.01454 m3


	
kgand the tables give 0.01389 m3


	
kg


So the ideal gas solution is high by 4.65%.The virial solution is lowby 0.54%, and the PengeRobinson
solution is low by 0.14%.


The volumetric flow rate with the viral solution will be 100*0.01382 ¼ 1.382 m3/h.
The volumetric flow rate with the PengeRobinson solution would be 100*0.01387 ¼ 1.387 m3/h.


2.4.5 The LiquideVapor Region


Applying Fig. 2.6 shows that at any given ðT; yÞ between saturated points 1 and 2, liquid
and vapor exist as a mixture in equilibrium. Let yf and yg represent the specific volumes of the
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FIGURE 2.6 The P� V, T � V, and P� T diagrams.
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saturated liquid and the saturated vapor, respectively, while m is the total mass of the system
that is shown in Fig. 2.6 and mf the amount of mass in the liquid phase, and mg the amount
of mass in the vapor phase, then for a state of the system represented by ðT; yÞ the total
volume of the mixture is the same as the volume occupied by the liquid and the occupied
by the vapor as:1


my ¼ mf yf þmgyg (2.29)


m ¼ mf þmg (2.30)


or dividing both sides of Eq. (2.29) by m, then utilizing Eq. (2.30), we have:


y ¼
�mf


m


�
yf þ


�mg


m


�
yg


¼
�
m�mg


m


�
yf þ


�mg


m


�
yg


¼ yf þ
�mg


m


�
yg �


�mg


m


�
yf


¼ yf þ
�mg


m


�
ðyg � yf Þ


¼ yf þ xðyg � yf Þ
¼ yf þ xyfg


(2.31)


The ratio x ¼ mg


m is called quality because steam that has a larger proportion of vapor is
considered “higher quality” than steam with a lesser mass of vapor. yfg ¼ yg � yf is the
heat of vaporization. If we take a slice through the 3-D plot to form the PeT plane and
include the critical point we will obtain the plot that is shown in Fig. 2.4.


Note that the percentage liquid by mass in a mixture is 1000ð1� xÞ and the percentage
vapor is 100x (see Fig. 2.7).


For most substances, the relationships among thermodynamic properties are too complex
to be expressed by simple equations. Therefore, properties are frequently presented in the
form of tables. Some thermodynamic properties can be measured easily and those that
can’t are calculated by using the thermodynamic relations that they must satisfy and the
measurable properties.


The working fluid of most interest to engineers and by far the fluid most studied is water.
Its properties have been tabulated for years in what are called steam tables. A set of steam
tables is provided in the back of the book, within the Appendix. The tables are:


Appendix 14.1: Saturation properties of water as a function of saturation temperature (SI);
Appendix 14.2: Saturation properties of water as a function of saturation pressure (SI);
Appendix 14.3: Properties of steam as a superheated vapor (SI);
Appendix 14.4: Compressed liquid (SI);
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Appendix 14.5: Saturation properties of water as a function of saturation temperature
(En);
Appendix 14.6: Saturation properties of water as a function of saturation pressure (EnI);
Appendix 14.7: Properties of steam as a superheated vapor (En);
Appendix 14.8: Compressed liquid (En).


2.5 TLV DIAGRAM FOR A SIMPLE COMPRESSIBLE SUBSTANCE


Consider an experiment in which a substance starts as a solid and is heated up at constant
pressure until it becomes a gas. The process is depicted in Fig. 2.8.


As heat is applied to the solid, the temperature increases and the volume increases slightly.
When the melt temperature is reached, the temperature remains constant but the volume
continues to increase as the solid is converted to a liquid. Once all of the material has been
converted to a liquid, the temperature begins to increase again as more heat is added.
When the vaporization temperature is reached, the liquid begins to be converted to a vapor
and the temperature remains constant as more heat is added. Once all of the liquid has been
converted to vapor, adding more heat will once again cause the temperature to rise.1e5


2.6 PLV DIAGRAM FOR A SIMPLE COMPRESSIBLE SUBSTANCE


The general shape of a P� V diagram for a pure substance is very similar to that of a T � V
diagram and its representation by the vapor dome was discussed above. Fig. 2.9 is a presen-
tation of a P� V diagram.
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FIGURE 2.7 The T � V diagram showing
the saturated liquid and saturated vapor
points.
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FIGURE 2.8 Illustration of Tev process steps and its diagram.


FIGURE 2.9 Illustration of P� V diagram.
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In this diagram, the subscript f denotes a saturated liquid (fluid) and g denotes a saturated
vapor (gas).


2.7 PLVLT DIAGRAM FOR A SIMPLE COMPRESSIBLE
SUBSTANCE


All the data that are represented on both the PeV and PeT diagrams can be shown in one
diagram if the three coordinates P, V, and T are plotted along orthogonal axes. The result is
called the PeVeT surface, two such surfaces are shown in Figs. 2.10 and 2.11, the first for a


FIGURE 2.10 P� V � T surface for H2O, which contracts while melting.


FIGURE 2.11 P� V � T surface for CO2, which expands while melting.
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kilogram of an unusual substance like water that contracts upon melting, and the second for a
kilogram of a typical substance like carbon dioxide, that expands upon melting.


The critical point is denoted by the letter C and the triple point by TP. The critical isotherm
is marked TC. Every point on the P� V � T surface represents a state of equilibrium for the
substance. If the PeVeT surface is projected on the PeV plane, then the usual PeV diagram
is seen upon projecting the PeVeT surface onto the PeT plane. The entire solidevapor re-
gion projects into the sublimation curve, the entire liquidevapor region projects into the
vaporization curve. The entire solideliquid region projects into the fusion curve, and, finally,
the triple-point line projects into the triple point on the phase diagram.2


The P� V � T surfaces present a great deal of information at once, but in typical thermo-
dynamic analysis it is more convenient to work with two-dimensional diagrams, such as the
PeV and TeV diagrams (Fig. 2.12).


EXAMPLE 2.2
Determine the volume change when 1 kg of saturated water is completely vaporized at a


pressure of (1) 1 kPa, (2) 100 kPa, and (3) 10,000 kPa.


Solution
Appendix A14.2 provides the necessary values. The quantity being sought is yfg ¼ yg � yf . Note


that p is given in MPa


1. 1 kPa. Thus, yfg ¼ 129.183e0.001 ¼ 129.182 m3/kg.


FIGURE 2.12 Illustration of P� V � T diagram for two cases.
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2. 100 kPa MPa. Again y ¼ 1.673e0.001 ¼ 1.672 m3/kg.
3. 10,000 kPa ¼ 10 MPa. Finally, yfg ¼ 0.018,034e0.001,453 ¼ 0.016,581 m3/kg.


EXAMPLE 2.3
Four kg of water is placed in an enclosed volume of 1 m3. Heat is added until the temperature is


420K. Find (1) the pressure, (2) the mass of vapor, and (3) the volume of the vapor.


Solution
Appendix A14.1 is used. The volume of 4 kg of saturated vapor at 420K is (0.425,255) (4) ¼


1.701 m3. Since the given volume is less than this, we assume the state to be in the quality region.


1. In the quality region the pressure is given as P ¼ 437.24 kPa.
2. To find the mass of the vapor we must determine the quality. It is found from Eq. (2.3), using


the actual v ¼ 1/4 m3/kg, as:


0:25 ¼ 0:001087þ xð0:425255� 0:001087Þ
thus x ¼ 0.2489/0.425,255 ¼ 0.5853. Using the relationship of x ¼ mg


m , the vapor mass is


mg ¼ mx ¼ ð4Þð0:5853Þ ¼ 2:341 kg


3. Finally, the volume of the vapor is found from


Vg ¼ ygmg ¼ ð0:4253Þð2:341Þ ¼ 0:9956 m3


Note that in a mixture where the quality is not very close to zero, the vapor phase occupies most
of the volume. In this example, with a quality of 58.53 percent it occupies 99.56 percent of the
volume.


EXAMPLE 2.4
Four kg of water is heated at a pressure of 220 kPa to produce a mixture with quality x ¼ 0.8.


Determine the final volume occupied by the mixture.


Solution
Using Appendix A14.2 to determine the appropriate number at 220 kPa we linearly interpolate


between 0.2 and 0.3 MPa. This provides, at 220 kPa.


yg ¼
�
220� 200
250� 200


�
ð0:718697� 0:885735Þ þ 0:885735 ¼ 0:8189 m3


	
kg


2.7 P�V�T DIAGRAM FOR A SIMPLE COMPRESSIBLE SUBSTANCE 77







Note that no interpolation is necessary for yf , since for both pressures yf is the same to four
decimal places. Using Eq. (2.6), we now find:


y ¼ yf þ xðyg � yf Þ ¼ 0:0011þ ð0:8Þð0:8189� 0:001Þ ¼ 0:6554 m3
	
kg


The total volume occupied by 4 kg is V ¼ my ¼ ð4 kgÞ�0:6640 m3
	
kg
� ¼ 2:621 m3.


EXAMPLE 2.5
Two lb of water is contained in a constant-pressure container held at 540 psia. Heat is added


until the temperature reaches 1100�R. Determine the final volume of the container.


Solution
Use Appendix 14.7. Since 540 psia lies between the table entry values, the specific volume is


simply


y ¼ 1:2223þ ð0:4Þð1:0017� 1:2223Þ ¼ 1:1341 ft3
	
lbm


The final volume is then V ¼ my ¼ ð2Þð1:2115Þ ¼ 2:2681 ft3


EXAMPLE 2.6
Calculate the pressure of steam at a temperature of 500�C and a density of 24 kg/m3 using (1) the


ideal gas equation, (2) the van der Waals equation, (3) the RedlicheKwong equation, (4) the Penge
Robinson equation, and (5) the steam table.


Solution
1. Using the ideal gas equation, P ¼ rRT ¼ ð24=18Þð8:31447Þð773Þ ¼ 8569:4 kPa.
2. Using values for a and b from the Appendix for the van der Waals equation provides:


P ¼ RT
y� b


� a
y2


¼ 8:31447ð773Þ
18
24


� 0:03084
� 553:04�


18
24


�2 ¼ 7954 kPa


3. Using values for a and b from the Appendix for the RedlicheKwong equation gives;


P ¼ RT
y� b


� a


yðyþ bÞ ffiffiffiffi
T


p ¼ ð8:31447Þð773Þ
18
24


� 0:02110
� 14258:5�


18
24


��
18
24


þ 0:02110
� ffiffiffiffiffiffiffiffi


773
p ¼ 7931 kPa
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4. For the PengeRobinson equation, the acentric factor for water is 0.3437.


k ¼ 0:37464þ 1:54226u� 0:26993u2


a ¼
 
1þ k


 
1�


ffiffiffiffiffi
T
Tc


s !!2


a ¼ 0.8447:


p ¼ 8:31447 � 773
0:75� 0:01895


� 0:8447 � 599:4
ð0:752 þ 2 � 0:01895 � 0:75� 0:018952Þ ¼ 7934:24 kPa


5. The steam table provides the most precise value for the pressure. Using T ¼ 500�C and
y ¼ 1


	
24 ¼ 0:04166 m3


	
kg, we find P ¼ 8141 kPa. Note that the ideal gas law has an error of


5.3 percent, and the errors of each of the other three equations are:


Van der Waals ¼ �2:29%; Redlich Kwong ¼ �2:58%; Peng� Robinson� 2:54%
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Not all thermodynamic systems contain only pure substances. Many systems of interest
are composed of mixtures of pure substances. It is important to be able to analyze these sys-
tems as well as those containing only pure substances. Therefore, an understanding of mix-
tures is essential to the study of thermodynamics.


3.1 IDEAL GAS MIXTURES


In the following section we will be studying gas mixtures and introduce a certain concep-
tual framework and the properties of substances that are mixed. Readers can also refer to the
references at the end of this chapter for further information on the subject of mixtures.1e3


3.1.1 Avogadro’s Number


In order to provide a conceptual framework for understanding mixtures it is easiest to start
with ideal gas mixtures and address the fundamentals. Then real gas effects and liquid effects
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can be added in. The ideal gas is composed of point molecules that have no volume and only
interact with billiard ball-like collisions. This description does not distinguish between one
type of molecule or another. So the only thing that matters when combining two or more
ideal gases is how many molecules of each gas are present. To get the number of molecules
of a gas present it is a simple matter to divide the mass of the gas by the molecular weight of
the gas and multiply by a constant known as Avogadro’s number. A kilogram-mole of any
pure substance contains 6.022 � 1026 molecules or atoms. Avogadro’s number gives the num-
ber of molecules in a mole of a pure substance. To get the number of kilogram-moles in a
given mass, the mass of the substance is divided by the molecular mass in kilograms. For
instance,


5 kg of He ¼ 5 kg=4 kg per kg-mol ¼ 1:25 kg-mol He ¼ 7:528� 1026 atoms He


5 kg of N2 ¼ 5 kg=28 kg per kg-mol ¼ 0:1786 kg-mol N2


¼ 1:075� 1026 molecules N2


It is generally not important to know the number of atoms or molecules present, but in
most cases, it is important to know the number of moles present. Therefore, it is useful to
remember that when quantities are measured in moles, it is the same as if they were
measured in atoms or molecules. Classical thermodynamics was developed long before the
atomic hypothesis was demonstrated, but the concept of a mole of material superseded clas-
sical thermodynamics.


3.1.2 Mass Fractions


When pure substances are mixed, they are typically quantified by the amount of mass of
each substance present. The mass fraction for a component of a mixture is the mass of that
component divided by the total mass of the mixture. Knowing the mass fractions for a
mixture is useful if one wants to know the recipe for putting the mixture together, but
they are generally not usually useful for predicting the thermodynamic characteristics of
the mixture. Consider a mixture of 5 kg N2 and 15 kg of CO2.


Total Mass ¼ 5 kgþ 15 kg ¼ 20 kg


Mass Fraction N2 ¼ 5=20 ¼ 0:25


Mass Fraction CO2 ¼ 15=20 ¼ 0:75


Unfortunately, the mass fractions tell very little about the thermodynamic characteristics of
the mixture other than the recipe for putting it together.


3.1.3 Mole Fractions


A more useful characterization of the mixture is the mole fraction of the components. In
order to calculate mole fractions, the moles of each component present must be calculated
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first. To get the moles of a component present the component’s mass must be divided by its
molecular weight. For instance,


5 kg N2 ¼ 5 kg=28 kg per kg-mol ¼ 0:1786 kg-mol of N2


15 kg CO2 ¼ 15 kg=44 kg per kg-mol ¼ 0:3409 kg-mol of CO2


Total kg-mol ¼ 0:1786þ 0:3409 ¼ 0:5195 kg-mol


Mole Fraction N2 ¼ 0:1786=0:5195 ¼ 0:3438


Mole Fraction CO2 ¼ 0:3409=0:5195 ¼ 0:6562


Now that we have the mole fractions present, we have the relative numbers of molecules
of each gas present. These fractions will be far more useful for determining the properties of
the gas mixture than the relative masses.


EXAMPLE 3.1
Consider a mixture of O2 and H2 that is 5 wt% H2. If it is burned, which component will be


consumed entirely, and which component will be left over.


Solution
To solve this problem we must find the mole fractions of the two gases and consider that 1 mol of


O2 combines with 2 mols of H2 to form water.


nH2 ¼ 0:1=2 ¼ 0:05


nO2 ¼ 0:9=32 ¼ 0:0281


ntotal ¼ 0:0781


nf ;H2 ¼ 0:05=0:0781 ¼ 0:64


nf ;O2 ¼ 0:0281=0:0781 ¼ 0:36


0:32 mol of O2 will combine with 0:64 mol of H2 leaving 0:04 mol of excess O2


The final mixture will contain 0:32 mol of H2O and 0:04 mol of O2


nf ;H2O ¼ 0:32
0:32þ 0:04


¼ 0:889 nf ;O2 ¼ 0:04
0:32þ 0:04


¼ 0:111


3.1.4 Dalton’s Law and Partial Pressures


Ideal gases when combined to form a mixture can be modeled fairly easily. Basically each
of the gases expands to fill the volume of the mixture. Each gas exerts a pressure proportional
to the number of atoms or molecules present. Therefore, each gas behaves as if it is an ideal
gas, ignoring the other gases present. Dalton’ s Law states that the total pressure exerted by a
mixture is simply the sum of the partial pressures of the gases in the mixture.
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pTotal ¼
X
i


pi ¼
X
i


ni<T
V


pi
pTotal


¼ niP
i
ni


¼ nf ;i


(3.1)


Thus, the partial pressure of an ideal gas is equal to the mole fraction of the gas in the
mixture.


3.1.5 Amagat’s Law and Partial Volumes


Amagat’s law is similar in that it states that the partial volumes occupied by a mixture add up to
the total volume of the mixture at the system pressure.


Vi ¼ ni<T
p


Vi


V
¼ niP


i
ni


¼ nf ;i


(3.2)


It is a little harder to measure partial volumes but the concept has utility in some cases.


EXAMPLE 3.2
A rigid tank contains 2 kg of N2 and 4 kg of CO2 at a temperature of 25�C and 2 MPa. Find the


partial pressures of the two gases and the gas constant of the mixture.


Solution
To find the partial pressures we need the mole fractions. The moles of N2 and CO2 are,


respectively as follows:


N1 ¼ m1


M1
¼ 2


28
¼ 0:0714 mol


N2 ¼ m2


M2
¼ 4


44
¼ 0:0909 mol


9>>>=
>>>;


Therefore v3 þ a1v2 þ a2vþ a3 ¼ 0


The mole fractions are


v3 þ a1v2 þ a2vþ a3 ¼ 0


Transform to


x3 þ b1xþ b2 ¼ 0 v ¼ x� a1
3


b1 ¼ 3a2 � a21
3


b2 ¼ 2a31 � 9a1a2 þ 27a3
27


3. MIXTURE84







The partial pressures are then:


P1 ¼ nf ;1P ¼ ð0:44Þð2Þ ¼ 0:88 MPa and P2 ¼ nf ;2P ¼ ð0:56Þð2Þ ¼ 0:1:12 MPa


The molecular weight is Mm ¼ M1nf ;1 þM2nf ;2 ¼ 28ð Þ 0:44ð Þ þ 44ð Þ 0:56ð Þ ¼ 36:96kg
�
kg-mol.


The gas constant of the mixture is, then given by:


Rm ¼ Ru


Mm
¼ 8:314


36:96
¼ 0:225 kJ=kg:K


3.2 REAL GAS MIXTURES


Real gas mixtures are more complicated than ideal gas mixtures because the molecules
have volume and they are attracted to each other in different ways. The best that can be
done is to develop a real gas model based on equivalent critical temperatures and pressures.


3.2.1 Pseudocritical States for MixturesdKay’s Rule


Kay’s rule states that mixtures of real gases can be approximately modeled by calculating a
pseudocritical state for the mixture based on a mole fraction weighted critical temperature
and mole fraction weighted critical pressure. We have


Tc;equiv ¼
X
i


nf ;iTc;i


pc;equiv ¼
X
i


nf ;ipc;i
(3.3)


This will not work very well if the conditions of interest are too close to the highest critical
temperature of one of the components.


3.2.2 Real Gas Equations of State


Once the pseudocritical temperature and pressure have been determined, either the van
der Waals or RedlicheKwong equation of state can be used to estimate properties. The virial
and PengeRobinson equations present the added difficulty of trying to estimate the acentric
factor, which adds an additional source of uncertainty.


EXAMPLE 3.3
Estimate the pressure exerted on a 3-cubic-meter tank used to store 100 kg of air at 200K. The


mole fractions for air are 0.78 N2, 0.21 O2, and 0.01 Ar.


Solution
First calculate the pseudocritical state for the mixture.


Tc;equiv ¼ 0:78 � 126:2þ 0:21 � 154:8þ 0:01 � 151:0 ¼ 132:45K


pc;equiv ¼ 0:78 � 3:39þ 0:21 � 5:08þ 0:01 � 4:86 ¼ 3:76 MPa


MW ¼ 0:78 � 28þ 0:21 � 32þ 0:01 � 39:95 ¼ 28:96
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Choose to model the air with the RedlicheKwong model. Note,


v ¼ 0:03m3
�
kg ¼ 0:03 � 28:96 ¼ 0:8687m3


�
kg-mol


The RedlicheKwong constants become


a ¼ 0:42748 � <2T2:5
c


pc
¼ 0:42748 � 8314:472132:452:5


3760000
¼ 1:5868� 106


b ¼ 0:0867 � < � Tc


pc
¼ 0:0867 � 8314:47 � 132:45


3760000
¼ 0:02539


Then calculating the required pressure,


p ¼ <T
v� b


¼ a
T0:5vðv� bÞ ¼ 8314:47 � 200


0:8687� 0:02539
� 1:5868 � 106
2000:5ð0:8687Þð0:8687� 0:02539Þ ¼ 1:819 MPa


For the ideal gas model the pressure would have been 1.914 MPa or about 5.2% more.


3.3 LIQUID MIXTURES


Liquid mixtures can be very simple or quite complicated.


3.3.1 Conservation of Volumes


Typically, gases are assumed to have an indefinite shape and an indefinite volume,
whereas liquids are assumed to have an indefinite shape but a definite volume, and solids
have a definite shape and definite volume. When this simple model works, combining two
volumes of different liquids will produce a volume that is simply the sum of the volumes
of the components. If the volumes of the molecules of the two liquids are similar, this is a
good approximation.


3.3.2 Nonconservation of Volumes and Molecular Packing


However, if one of the components of the mixture has a large molecular structure and the
other component is a fairly small molecule like H2O, it is possible for the smaller molecules to
take up space between the large molecules and the net volume of the mixture to be signifi-
cantly smaller than the simple sum of the volumes of the two components. Quantifying
this effect is beyond the level of this text.
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4.1 INTRODUCTION OF THE WORK AND HEAT


A closed system can interact with its surroundings in either of two ways:


1. Work transfer;
2. Heat transfer.


These may be called energy transfer or energy interactions and they bring about changes in
the properties of the system. Positive work occurs when the system transfers energy to its
surroundings by some mechanical or electrical process. Positive heat transfer occurs when
the surroundings transfer thermal energy to the system. Normally a temperature difference
is the driving potential that moves thermal energy into or out of a system.


4.2 DEFINITION OF WORK


The formal definition of work is “a force acting through a distance.” When a system
undergoes a displacement due to the action of a force, work is taking place and the amount
of work is equal to the product of the force and the displacement in the direction of the force.
The term work is so common with many meanings in the English language that it is impor-
tant to be very specific in its thermodynamic definition.


4.2.1 Work Is Done by a Force as It Acts Upon a Body Moving in the
Direction of the Force


If the force acts, but no movement takes place, no work is done. Work is performed by the
expanding exhaust gases after combustion occurs in a cylinder of an automobile engine as
shown in Fig. 4.1. In this case the energy produced by the combustion process can be trans-
ferred to the crankshaft by means of the connecting rod, in the form of work. Therefore, the
work can be thought of as energy being transferred across the boundary of a system, the
system being the gases in the cylinder.


A similar concept is the work done in the turbine to generate electricity in a nuclear power
plant. The gas pressure rotates the turbine blades producing a torque that turns a generator.
Thermal energy is transferred from the reactor core to the steam generator in the first loop.
The second loop then uses this steam to drive the turbine. See Fig. 4.2 for the basic configu-
ration of the loops.


FIGURE 4.1 Work being done by expanding gases in a cylinder.


4. WORK AND HEAT88







Work is done by a system if the sole external effect on the surroundings would be the raising
of a weight.1 The work done, however, by one part of a system on another part is called inter-
nal work. Internal work is not discussed in macroscopic thermodynamics. Only the work that
involves an interaction between a system and its surroundings can be analyzed. When a sys-
tem does external work, the changes that take place can be described by means of macroscopic
quantities referring to the system as a whole. In this case, the change may be imagined as the
raising or lowering of a suspended weight, the winding or unwinding of a spring, or more
generally the alteration of the position or configuration of some external mechanical device.


The magnitude of the work is the product of the weight and the distance that the weight is
lifted. Fig. 4.3A and B shows that the battery cell is connected to an external circuit through
which charge flows. The current may be imagined to produce rotation of the armature of a
motor, thereby lifting a weight or winding a spring. For an electrochemical cell to do
work, it must be connected to an external circuit. Fig. 4.3B is the interaction for Fig. 4.3A
that qualifies as work in the thermodynamic sense.


FIGURE 4.2 Basic schematic of nuclear power plants and steam loops.


FIGURE 4.3 Work being done by electrical means.
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The thermodynamic convention defines positive work as that done by the system on its sur-
roundings. Negative work is defined as work is done on the system. Fig. 4.4 is a simple presen-
tation of positive and negative work,W, for interactions between a system and its surroundings.


The units of work in the SI system are Newton-meters. A Newton-meter is also defined as
a Joule. In the British system, the basic unit is foot-pound force. There is no other name. A
new quantity defined as power can be introduced as the rate of doing work, W. In the SI
system, the unit for power is Joules per second (J/s) or Watts (W), while in the British
system the unit is ft-lbf/s. An additional British system unit is the horsepower (hp) which
is defined as 550 ft-lbf/s. Note that 1 hp ¼ 746 W.


The work associated with a unit mass will be designated as w or specific work. It should
not be confused with specific weight as is given by:


w ¼ W
m


(4.1)


4.3 QUASI-STATIC PROCESSES


Before going further, it is important to note that thermodynamics can only be used to
describe equilibrium states. A system in thermodynamic equilibrium will satisfy the
following requirements:


1. Mechanical equilibrium: There are no unbalanced forces or torques acting on any part
of the system or on the system as a whole.


2. Thermal equilibrium: There are no temperature differences between parts of the system
or between the system and its surroundings.


3. Chemical equilibrium: There are no chemical reactions within the system and no motion
of any chemical constituent from one part of a system to another part.


A system in thermodynamic equilibrium with its surroundings will have no motion take
place and, as a result, no work will be done, since there is no displacement of any kind.


If the sum of the external forces is changed so that there is a finite unbalanced force acting
on the system, then the condition for mechanical equilibrium is no longer satisfied and the
following situations will arise:


1. Unbalanced forces or torques will be created within the system; resulting in turbulence,
waves, etc. The system as a whole may execute some sort of accelerated motion.


FIGURE 4.4 Work interaction between a system and its surroundings.
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2. As a result of this turbulence, acceleration, etc., a nonuniform temperature distribution
may be brought about, as well as a finite difference of temperature between the system
and its surroundings. The sudden change in the forces and in the temperature may
produce a chemical reaction or the motion of a chemical constituent.


The above finite unbalanced force may cause the system to pass through nonequilibrium
states. If it is desired, during a process, to describe every state of a system by means of
system-wide thermodynamic coordinates, then the process must not be performed using a
finite unbalanced force or torque. Under these circumstances, the external forces acting on
a system are varied only slightly so that the unbalanced force is infinitesimal, and the process
proceeds infinitesimally slowly. A process performed in this mode is said to be quasi-static.


If all of the states through which the system passes can be described by means of thermo-
dynamic coordinates referring to the system as a whole, and an equation of state for all these
states is valid, the process is called quasi-static. A quasi-static process is an idealization that is
applicable to any thermodynamic system, including electric and magnetic ones. The condi-
tions for such a process can never be achieved in the real world, but can often be approached
with almost any degree of accuracy.


Classical thermodynamics does not quantify how infinitesimally slowly a process must take
place to be considered quasi-static. Molecular gas kinetics requires only that the process pro-
ceed slowly compared to the speed of the molecules in the gas. This allows system properties
to be equilibrated across the system faster than the system configuration changes. Examples of
processes that seem rapid but can be treated as quasi-static are the expansion of combustion
products in a gasoline engine, or the expansion of the exhaust gases of a chemical rocket.


The reason for the introduction of a quasi-static process is to allow calculations without
addressing the complications of friction within the system. This approach is no different
from that of Newtonian’s mechanics with its massless springs and ideal pulleys, or that of
circuit theory with wires with no resistance, or batteries with constant voltage. Later revers-
ible processes will be considered that are synonymous quasi-static processes because dissipa-
tive processes are ignored.


4.4 QUASI-EQUILIBRIUM WORK DUE TO MOVING BOUNDARY


Consider the piston-cylinder arrangement with the included gas in it as shown in Fig. 4.5.
The expanding gas can be treated as instantaneously in equilibrium at a given pressure p and
volume V. Initially the system is characterized by the pressure p1 and volume V1. If we let the
piston move out to the new equilibrium state at position 2 that is specified by pressure p2 and
volume V2 via a quasi-static process, all intermediate points in the travel path of the piston
can be characterized by the pressure p and the volume V at those points. This is required
because the macroscopic properties p and V are significant only for equilibrium states.


If A is the area of the piston and the piston moves an infinitesimal distance dl, the force F
acting on the piston is F ¼ pA. The infinitesimal amount of work done by the gas on the
piston is:


dW ¼ F$dl ¼ pAdl (4.2)
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where dV ¼ Adl ¼ infinitesimal displacement volume. The small delta (d) sign in dW repre-
sents an inexact differential. When the piston moves out from position 1 to position 2 with
the volume changing from V1 to V2, the amount of work W done by the system will be


W1�2 ¼
Z V2


V1


pdV (4.3)


In Fig. 4.6, the magnitude of the work done is given by the area under path 1e2. Since p is
at all times a thermodynamic coordinate, all the states passed through by the system as the
volume changes from V1 to V2 must be equilibrium states, and the path 1e2 must be quasi-
static. The piston moves infinitely slowly so that every state passed through is an equilibrium
state.


The integration
R
pdV can be performed only on a quasi-state path.


The significant key in Eq. (4.3) is that we assume the pressure is known for each position as
the piston moves from volume V1 to volume V2 and typical pressureevolume (peV)
diagrams are shown in Fig. 4.7. The work W1�2 is the crosshatched area under the peV curve
from the definition of the integration process. The integration process highlights two very
important features.


Gas system
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V1


P2


V2


1 2


FIGURE 4.5 pdV work.
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FIGURE 4.6 Quasi-state pdV work.
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First, as work is performed from state 1 to state 2 by the moving piston of Fig. 4.7, pressure
and volume changes of a gas during expansion may be indicated by the area under the curve
of Fig. 4.8A. However, the expansion of the gas could be represented by the area under curve
of Fig. 4.8B. The area under curve of Fig. 4.8B work is significantly larger than the work under
the curve of Fig. 4.8A.


The end states 1 and 2 are identical, yet the areas under the peV curves are very different.
In addition to being dependent on the end-points, work depends on the actual path that con-
nects the two end points.


Thus, work is a path function, as contrasted with a point, or state, function, which is
dependent only on the end-points. The differential of a path function is called an inexact
differential, whereas the differential of a point or state function is an exact differential. An
inexact differential will be denoted with the symbol d and the integral of dW isW1�2 as shown
in Eq. (4.2), where the subscript emphasizes that the work is associated with the path as the
process passes from state 1 to state 2, however the subscript may be omitted when the work
done is written simply as W. In this case, we would never write W1 or W2, since work is not
associated with a state but with a process. Work is not a property.


FIGURE 4e7 Work due to a moving boundary.
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FIGURE 4.8 Work depends on the path between two states.
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The integral of an exact differential, for example, dT would be


Z T2


T1


dT ¼ T2 � T1 (4.4)


where T1 is the temperature at state 1 and T2 is the temperature at state 2.
The second observation to be made from Eq. (4.3) is that the pressure is assumed to be con-


stant throughout the volume at each intermediate position. The system passes through each
equilibrium state shown in the peV diagrams of Fig. 4.8A and B. An equilibrium state can
usually be assumed even though the variables may appear to be changing quite rapidly.
Combustion is a very rapid process that cannot be modeled as a quasi-static process. The other
processes in the internal combustion engine (expansion, exhaust, intake, and compression) can
be assumed to be quasi-static processes, as they occur at a slow rate, thermodynamically.


As a final comment regarding work we may now discuss what is meant by a simple sys-
tem. For a system free of surface, magnetic, and electrical effects, the only work mode is that
due to pressure acting on a moving boundary. Such simple systems require only two
independent variables to establish an equilibrium state of the system composed of a homo-
geneous substance. If other work modes were present, such as an electric field, additional
independent variables would be necessary, such as the electric field intensity.


On the peV diagram depicted in Fig. 4.9, an initial equilibrium state characterized by the
coordinates Pi, Vi, and Ti, as well as a final equilibrium state coordinates by Pf, Vf and Tf of a
hydrostatic system are represented by two the points i and f, respectively.


There are many ways in which the system may expand from i to f. For example, using
Fig. 4.9 the pressure may be kept constant from i to a (isobaric process) and then the volume
kept constant from a to f (isochoric processes), in which case the work done is equal to the area
under the line ia, W ¼ 2P0V0 and positive, because work is being done by the system.
Another possibility is the path ibf, in which case the work is the area under the line bf, or
P0V0. The straight line from i to f represents another path, where the work is 3


2P0V0. The
most work is done by system traversing path iaf, which does more work than traversing
path if, which does more work than traversing path ibf. We can see that the work done by


FIGURE 4.9 Work depends on the path of integration from initial equilibrium state i to the final equilibrium
state f .
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a system depends not only on the initial and final states but also on the intermediate states,
namely, on the path of integration. This is basically another way of saying that, for a quasi-
static process, the expression


W ¼
Z Vf


Vi


PdV (4.5)


cannot be integrated until P is specified as a function of V using an appropriate equation of
state.


The expression PdV is an infinitesimal amount of work and is represented by the symbol of
dW. There is, however, an important distinction between an infinitesimal amount of work
and the other infinitesimals, such as dP or dV. An infinitesimal amount of hydrostatic
work is an inexact differential, that is, dW is not the differential of an actual function of the ther-
modynamic coordinates. To indicate that an infinitesimal amount of work is not a mathemat-
ical differential of a functionW and to emphasize at all times that it is an inexact differential, it
gets denoted by dW.


4.5 DEFINITION OF A CYCLE IN THERMODYNAMICS


Any process or series of processes whose end states are identical is termed a cycle. The pro-
cesses through which the system has passed can be shown on a state diagram, but a complete
description of the path also requires a statement of the heat and work crossing the boundary of
the system. Consider Fig. 4.10. It shows such a cycle in which a system starts at state “1” and
changes pressure and volume through a path 1e2e3 to return to its initial state “1.”


With this definition of a cycle, consider the following peV diagrams. For curve I in
Fig. 4.11A an expansion, the volume increases, dV is positive, and the integral Eq. (4.3) is pos-
itive. For curve II in Fig. 4.11B, where the gas is being compressed, the volume decreases, so
the same integral is negative. According to the sign convention for work, work is done by the
system in the process represented by curve I, and work is done on the system in the process
represented by curve II. In Fig. 4.11C, curves I and II are drawn together so that they


p (Pressure)


2


31


V (Volume)


FIGURE 4.10 Cycle of operations.
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constitute two processes that bring the gas back to its initial state. The net work for the cycle is
positive as represented by the area enclosed between the two curves.


Such a series of two or more processes, represented by a closed figure, is called a cycle. The
area within the closed figure in Fig. 4.11C is obviously the difference between the area curves
I and II and, therefore, represents the net work done in the cycle. Notice that the cycle is
traversed in a direction such that the net work is positive, and the net work is done by the
system. If the direction of the cycle were reversed, then the net work would be negative as
the net work is done on the system.2


4.6 PATH FUNCTIONS AND POINT OR STATE FUNCTIONS


Further interpretation of Eq. (4.3) and with reference to Fig. 4.12, it is possible to take a
system from state 1 to state 2 along many quasi-static paths as mentioned above, such as
A, B, or C. Since the area under each curve represents the work for each process, the amount
of work involved in each case is not a function of the states of the process, and it depends on the
path the system follows in going from state 1 to state 2. For this reason, work is called a path
function, and dW is an inexact or imperfect differential.


Thermodynamic properties are point or state functions, since for a given state, there is a def-
inite value for each property. The change in a thermodynamic property of a system when
changing states is independent of the path the system follows during the change of state,
and depends only on the initial and final states of the system. The differentials of point, or
state, functions are exact or perfect differentials, and the integration is simply


Z V2


V1


dV ¼ V2 � V1 (4.6)


P P P


V V V


1 1 1


2 22
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∫
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FIGURE 4.11 peV diagram of a gas with shaded area to show work done by the system or work done on the
system. (A) Curve I, expansion; (B) curve II, compression; (C) curves I and II together constitute a cycle.
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The change in volume thus depends only on the end states of the system irrespective of the
path the system of follows. On the other hand, work done in a quasi-static process between
two given states depends on the path followed and will be expressed as:


Z 2


1
dWsW2 �W11 (4.7a)


Or a more simple form will be written as


Z 2


1
dWsW1�2 ¼ 1W2 (4.7b)


Path functions and point or state functions can be expressed as:


• Path functions: Magnitudes depend on the path followed during a process as well as
the end states. Work (W) and heat (Q) are considered as path functions. Work and heat
are examples of path functions. Heat and work are inexact differentials. Their change
cannot be written as difference between their end states. Thus,in the case of work,


Z 2


1
dWsW2 �W1 abbreviated as W1�2 or 1W2 (4.8a)


In case of heat we will have


Z 2


1
dQsQ2 �Q1 abbreviated as Q1�2 or 1Q2 (4.8b)


FIGURE 4.12 Workda path function.
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• Point or state functions: These depend on the state only, and not on how a system
reaches that state. Properties are point functions (i.e., pressure, volume, temperature,
etc.) and they are exact differentials. For example temperature and volume can be
expressed as:


Z T2


T1


dT ¼ T2 � T1 (4.9a)


Z V2


V1


dV ¼ V2 � V1 (4.9b)


In addition, to distinguish an inexact differential dW from an exact differential dV or dP as
we explained in Section 4.4 of this chapter the d symbol is used.


From Eq. (4.2b), we can write the following expression.


dV ¼ 1
p
dW (4.10)


Here, 1/p is called the integration factor. Therefore, an inexact differential dW when multiplied
by an integrating factor 1/p becomes an exact differential dV.


For a cyclic process, the initial and final states of the system are the same, and hence, the
change in any property is zero, i.e.,


I
dV ¼ 0 $


I
d4 ¼ 0 $


I
dT ¼ 0 (4.11)


where the symbol
H


denotes the cyclic integral around a closed path. Therefore, the cyclic
integral of a property is always zero.


4.7 PdV WORK FOR QUASI-STATIC PROCESS


It must be emphasized that the area on a peV diagram represents the work for a quasi-
static process only. For nonequilibrium processes the work cannot be calculated usingR
PdV. Either p must be given as a function of V or it must be determined by some other


means. Consider the following examples in which integration of
R
PdV can be carried out,


because the path of integration is provided by an equation of state or a state function.


1. Constant pressure expansion presented by Fig. 4.13 process 1e2, which depicts an
isobaric process.


W1�2 ¼
Z V2


V1


PdV ¼ PðV2 � V1Þ (4.12)
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2. Constant volume process represented in Fig. 4.14 as the process 1e2, depicting an
isochoric process.


W1�2 ¼
Z V2


V1


PdV ¼ 0 (4.13)


3. A process in which PV ¼ constant as shown in Fig. 4.15.


W1�2 ¼
Z V2


V1


PdV;PV ¼ P1V1 ¼ C; where C is a constant presentation.


P ¼ ðP1V1Þ
V


1


V1 V2
V


p


2


W1-2


FIGURE 4.13 Constant pressure process.
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FIGURE 4.14 Constant volume process.
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Substitution gives


W1�2 ¼ P1V1


Z V2


V1


dV
V


¼ P1V1 ln
V2


V1


¼ P1V1 ln
P1


P2


(4.14)


4. A process in which PVn ¼ C as shown in Fig. 4.16, where both n and C are constant.


PVn ¼ P1Vn
1 ¼ P2Vn


2 ¼ C


P ¼ P1Vn
1


Vn


1 n = 0


pVn = C
(Quasistatic)


n = ∞


P


V


n = 1n = 2n = 3


2


222


FIGURE 4.16 Process in which PVn is constant.


pV = C
(Quasistatic)
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V1 V2V


W1–2
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FIGURE 4.15 Process in which PV is constant.
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W1�2 ¼
Z V2


V1


PdV ¼
Z V2


V1


P1Vn
1


Vn $dV ¼ �
P1Vn


1


��V�nþ1


�nþ
�V2


V1


¼ P1Vn
1


1� n


�
V1�n


2 � V1�n
1


� ¼ P2Vn
2 � V1�n


2 � P1Vn
1 � V1�n


1


1� n


¼ P1V1 � P2V2


n� 1
¼ P1V1


n� 1


"
1�


�
P2


P


�n�1=n
#


(4.15)


For each of these processes the inexact differential can be converted to an exact differential
so that the integration can easily be performed. The states that the quasi-static process passes
through are defined by the function that performs this conversion.


4.8 NONEQUILIBRIUM WORK


In order to have a concept for a nonequilibrium work process, we consider a system to be
formed by the gas in Fig. 4.17. In part (A) work is crossing the boundary of the system by
means of the rotating shaft and the volume doesn’t change. We calculate the work input,
neglecting any friction in the pulley system, by multiplying the distance the weight drops
by its weight. This action does not mean the work is equal to W ¼ R


PdV, which is zero.
The paddle wheel provides a nonequilibrium work mode.


Suppose the membrane in Fig. 4.17B ruptures, allowing the gas to be expanded and fill
the evacuated volume. There is no resistance to the expansion of the gas at the moving
boundary as the gas fills the volume; hence, there is no work done. Yet there is a change
in volume by the gas’s expansion to fill the entire container. The sudden expansion is a
nonequilibrium process, and again the W ¼ R


PdV relationship cannot be used to calculate
the work.


Weight
Gas


Gas Vacuum


ω


(A) (B)


FIGURE 4.17 A system with rotating shaft paddle and weight attached to a pulley.
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EXAMPLE 4.1
A 100-kg mass drops 3 m, resulting in an increased volume in the cylinder of 0.002 of Fig. 4.18.


The piston maintains a constant gage pressure of 200 kPa. Determine the net work done by the gas
on the surroundings.


Solution
Assessing the problem and considering Fig. 4.18, we see that the paddle wheel does work on the


system, the gas, due to the 100 kg mass dropping 3 m, consequently the work done is negative.


W ¼ �ðFÞðdÞ ¼ �ðmgÞðdÞ ¼ �ð100Þð9:8Þð3Þ ¼ �2940 J


The work done by the system on this frictionless piston is positive since the system is doing the
work. It is


W ¼ ðPAÞðhÞ ¼ ðPÞðAhÞ ¼ PV ¼ ð200000Þð0:002Þ ¼ 400 J


Therefore, the net work done is


Wnet ¼ �2940þ 400 ¼ �2540 J


4.9 OTHER WORK MODES


There are many other forms of work than W ¼ R
PdV or simple displacement work on a


straight line. Some additional types of work are:


1. Electrical work: When a current flows through the resistor that is shown in Fig. 4.19,
taken as a system, there is work transfer into the system. This is because the current can
drive a motor, the motor can drive a pulley and the pulley can raise a weight.


The current flow is I ¼ dC
ds , where C is the charge in coulombs and s is the time in


seconds. Thus dC is the charge crossing a boundary during time ds. If E is the voltage
potential, the work is given by:


dW ¼ E$dC


¼ EIds


100 kg


W


Gas


FIGURE 4.18 Illustration of Example 4.1.
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Therefore


W ¼
Z 2


1
EIds (4.16)


The electrical power will be


_W ¼ lim
ds/N


dW
ds


¼ EI (4.17)


Work is transferred at this rate.
2. Shaft work: When a shaft, taken as the system according to Fig. 4.20, is rotated by a


motor, there is work transfer into the system. This is because the shaft can rotate a
pulley which can raise a weight. If T is the torque applied to the shaft and dq is the
angular displacement of the shaft, the shaft work is then given by:


W ¼
Z 2


1
Tdq (4.18)


and the shaft power is


_W ¼
Z 2


1
T
dq
ds


¼ Tu (4.19)


where u is the angular velocity and T is applied torque.
3. Paddle-wheel work or stirring work: As the weight is lowered, and the paddle wheel


turns as shown in Fig. 4.21, there is work transfer into the fluid system which gets
stirred. Since the volume of the system remains constant,


R
PdV ¼ 0. If m is the mass of


Work and Heat Transfer


System boundary


I I


FIGURE 4.19 Electrical work illustration.
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FIGURE 4.20 Shaft work illustration.
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the weight lowered through a distance dz and T is the torque transmitted by the shaft
in rotating through an angle dq, the differential work transfer to the fluid is given by


dW ¼ mgdz ¼ Tdq


and the total work transfer is presented by.


W ¼
Z 2


1
mgdz ¼


Z 2


1
Tdq (4.20)


4. Flow work: The flow work, significant only in a flow process or an open system, repre-
sents the energy transferred across the system boundary because of the energy imparted
to the fluid by a pump, blower, or compressor to make the fluid flow across the control
volume. Flow work is analogous to displacement work. Let P be the fluid pressure in
the plane of the imaginary piston, which acts in a direction normal to it as it can be
seen in Fig. 4.22. The work done on this imaginary piston by the external pressure as
the piston moves forward is given by:


dWflow ¼ pdV (4.21)


where dV is the volume of fluid element about to enter the system.


dWflow ¼ pydm (4.22)


where dV ¼ ydm. Therefore, flow work at inlet Fig. 4.22 is given by:


ðdWflowÞin ¼ p1y1dm1 (4.23)


Eq. (4.23) can also be derived in a slightly different manner. If the normal pressure p1
is exerted against the area A1, giving a total force (p1A1) against the piston, in time ds,
this force moves a distance a distance V1ds, where V1 is the velocity of flow (piston). The
work in time ds is p1A1V1ds, or the work per unit time is p1A1V1. Since the flow rate


w1 ¼ A1V1


y1
¼ dm1


ds
(4.24)


System


W


Weight


FIGURE 4.21 Paddle-wheel work illustration.
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The work done in time ds becomes;


ðdWflowÞin ¼ p1y1dm1 (4.25)


Similarly, flow work of the fluid element leaving the system is


ðdWflowÞout ¼ p2y2dm2 (4.26)


The flow work per unit mass is thus


Wflow ¼ py (4.27)


It is the displacement work done by mass moving across the system boundary.
5. Work done in stretching a wire: Let us consider a wire as the system. If the length of


the wire is changed from L to L þ dL by the tension fT the infinitesimal amount of work
done is equal to,


dW ¼ �fTdL


The minus sign is used because a positive value of dL means an expansion of the
wire, for which work must be done on the wire, i.e., negative work. For a finite change
of length,


W ¼ �
Z 2


1
fTdL (4.28)


dV


m1


m2


p1, V1, A1


p2, V2, A2


1


2


BondaryImaginary
Piston


FIGURE 4.22 Flow work illustration.
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If the stretching is kept within the elastic limit, where E is the modulus of elasticity, s
is the stress, ε is the strain, and A is the cross-sectional area, then


fT ¼ sA ¼ EεA since
s
ε


¼ E


dε ¼ dL
L


dW ¼ �fTdL ¼ �EεALdε


Therefore,


W ¼ �AεL
Z 2


1
εdε ¼ �AEL


2


�
ε
2
2 � ε


2
1


�
(4.29)


6. Work done in changing the area of a surface film: A film on the surface of a liquid has
a surface tension, which is a property of the liquid and the surroundings. The surface
tension acts to make the surface area of the liquid a minimum. It has units of force per
unit length. The work done on a homogeneous liquid film in changing its surface area
by an infinitesimal amount dA is


dW ¼ �sdA


where s is the surface tension (N/m). Therefore,


W ¼ �
Z 2


1
sdA (4.30)


7. Magnetization of a paramagnetic solid: The work done per unit volume on a magnetic
material through which the magnetic and magnetization fields are uniform is


dW ¼ �HdI


and


W1 �W2 ¼ �
Z I2


I1


HdI (4.31)


where H is the field strength, and I is the component of the magnetization field in the direc-
tion of the field. The minus sign provides that an increase in magnetization (positive dI) in-
volves negative work.
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The following equations summarize the different forms of work transfer:


Displacement work:
Compressible fluid W ¼ R 2


1 pdV


Electrical work W ¼ R 2
1 EdC ¼ R 2


1 EIds


Shaft work W ¼ R 2
1 Tdq


Surface film W ¼ R 2
1 sdA


Stretched wire W ¼ R 2
1 fTdL


Magnetized solid W ¼ �R 2
1 HdI


It may be noted in the above expressions that the work is equal to the integral of the prod-
uct of an intensive property and the change in its related extensive property. These expres-
sions are valid only for quasi-static processes.


There are some other forms of work, which can be identified in processes that are not
quasi-static, for example, the work done by shearing forces in a process involving friction
in a viscous fluid.


EXAMPLE 4.2
One kg of steam with a quality of 20% is heated at a constant pressure of 200 kPa until the


temperature reaches 700K. Calculate the work done by the steam.


Solution
The work is given by;


W ¼
Z


pdV ¼ PðV2 � V1Þ ¼ mpðy2 � y1Þ


To evaluate the work we must determine y1 and y2. Using steam tables, we find


yf þ xðyg � yf Þ ¼ 0:001061þ ð0:2Þð0:8857� 0:001061Þ ¼ 0:1780 m3
�
kg


From the superheat table we locate state 2 at T2 ¼ 400�C and P2 ¼ 0.2 MPa as:


y2 ¼ 1:61172 m3
�
kg


The work is then


W ¼ ð1Þð200Þð1:61172� 0:1780Þ ¼ 286:7 kJ


Note: With the pressure having units of kPa, the result is in kJ.


EXAMPLE 4.3
A 19-mm-diameter cylinder contains 100 cm3 of water at 330K. A 50-kg piston sits on top of the


water. If heat is added until the temperature is 500K, find the work done.


4.9 OTHER WORK MODES 107







Solution
The pressure in the cylinder is due to the weight of the piston and remains constant. Assuming a


frictionless seal (this is always done unless information is given to the contrary), a force balance
provides


mg ¼ pA� patmA p
pð0:110Þ2


4
¼ ð50Þð9:81Þ þ 101325:0


pð0:110Þ2
4


rp ¼ 152938:6 Pa


The atmospheric pressure is included so that absolute pressure results. The volume at the initial
state 1 is given as


V1 ¼ 100� 10�6 ¼ 10�4 m3


Using y1 at 330K, the mass is calculated to be


m ¼ V1


y1
¼ 10�4


0:001015
¼ 0:09852 kg


At state 2 the temperature is 500K and the pressure is 0.1516 MPa. Interpolating to find the
specific volume gives,


v2 ¼ 3:18482þ ð1:61172� 3:18482Þ
ð0:2� 0:101325Þ ð0:152938:6� 0:101325Þ ¼ 2:362 m3


�
kg


V2 ¼ my2 ¼ ð0:09852Þð2:362Þ ¼ 0:2327 m3


Finally, the work is calculated to be


W ¼ PðV2 � V1Þ ¼ 152938:6 � ð0:2327� 0:0001Þ ¼ 35573:5 J or 35:6 kJ


EXAMPLE 4.4
Energy is added to a piston-cylinder arrangement, and the piston is withdrawn in such a way


that the quantity PV remains constant. The initial pressure and volume are 200 kPa and 2 m3,
respectively. If the final pressure is 100 kPa, calculate the work done by the gas on the piston.


Solution
The work is found from Eq. (4.3) to be


W1�2 ¼
Z V2


2
pdV ¼


Z V2


2


C
V
dV


where we have used PV ¼ C. To calculate the work we must find C and V2. The constant C is
found from


C ¼ P1V1 ¼ ð200Þð2Þ ¼ 400 kJ
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To find V2 we use P1V1 ¼ P2V2, which is, of course, the equation that would result from an
isothermal process (constant temperature) involving an ideal gas. This can be written as


P1V1


P2
¼ ð200Þð2Þ


100
¼ 4 m3


Finally,


W1�2 ¼
Z 4


2


400
V


dV ¼ 400 ln
4
2
¼ 277 kJ


This is positive, since work is done during the expansion process by the system (the gas con-
tained in the cylinder).


EXAMPLE 4.5
Determine the horsepower required to overcome the wind drag on a modern car traveling


90 km/h if the drag coefficient CD is 0.2. The drag force is given by FD ¼ 1
2 rV


2ACD, where A is the
projected area of the car and V is the velocity. The density r of air is 1.23 kg/m3. Use A ¼ 2.3 m2.


Solution
To find the drag force on a car we must express the velocity in m/s:


V ¼ ð90Þð1000=3600Þ ¼ 25 m=s:


The drag force is then


FD ¼ 1
2
rV2ACD ¼


�
1
2


�
ð1:23Þ�252�ð2:3Þð0:2Þ ¼ 177 N


To move this drag force at 25 m/s the engine must do work at the rate


W ¼ FDV ¼ ð177Þð25Þ ¼ 4425 W


The horsepower is then


HP ¼ 4425 W
746 W=hp


¼ 5:93 hp


EXAMPLE 4.6
The drive shaft in an automobile delivers 100 N-m of torque as it rotates at 3000 rpm. Calculate


the horsepower delivered.
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Solution
The power is found by using _W ¼ Tu. This requires u to be expressed in rad/s.


u ¼ ð3000Þð2pÞ
�
1
60


�
¼ 314:2 rad=s


Hence _W ¼ ð100Þð314:2Þ ¼ 31420 W or HP ¼ 31420
746


¼ 42:1 hp


EXAMPLE 4.7
The air in the circular cylinder in Fig. 4.23 is heated until the spring is compressed 50 mm. Find


the work done by the air on the frictionless piston. The spring is initially unstretched, as shown in
the figure.


Solution
The pressure in the cylinder is initially found from a force balance:


P1A1 ¼ PatmAþW P1
pð0:1Þ2


4
¼ ð101325Þpð0:1Þ


2


4
þ ð50Þð9:81Þ rp1 ¼ 163777 Pa


To raise the piston a distance of 50 mm, without the spring, the pressure would be constant
required would be force times distance:


W ¼ PA� d ¼ ð163777Þpð0:1Þ
2


4
ð0:05Þ ¼ 64:32 J


For the additional work performed to compress the spring, with spring constant K and the
compression from a length x1 to x2 the force doing the work given by F ¼ Kx. This becomes,


W ¼
Z x2


x1


Fdx ¼
Z x2


x1


Kxdx ¼ 1
2
K
�
x22 � x21


� ¼
�
1
2


�
ð2500Þð0:05Þ2 ¼ 3:125 J


K = 2500 N/m


50 kg


10 cm


FIGURE 4.23 Example 4.7 illustration.
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The total work is then found by summing the above two values:


WTotal ¼ 64:32þ 3:125 ¼ 67:45 J


4.10 REVERSIBLE AND IRREVERSIBLE PROCESSES


Reversible process: A reversible process (also sometimes called a quasi-static process) is
one that can be stopped at any stage and reversed so that the system and surroundings
are exactly restored to their initial stage (see Fig. 4.24).


This process has the following characteristics:


1. It must pass through the same states on the reversed path as were initially visited on
the forward path.


2. This process when undone will leave no history of events in the surroundings.
3. It must pass through a continuous series of equilibrium states.


No real process is truly reversible but some processes may approach reversibility, to a
close approximation.


Example: Some examples of nearly reversible processes are:


1. Frictionless relative motion;
2. Expansion and compression of a spring;
3. Frictionless adiabatic expansion or compression of a fluid;
4. Polytropic expansion or compression of a fluid;
5. Isothermal expansion or compression of a fluid;
6. Electrolysis.


Irreversible process: An irreversible process is one in which there are friction-like losses,
usually involving heat transfer, such that it cannot be reversed (see Fig. 4.25).


An irreversible process is usually represented by a dotted (or discontinuous) line joining
the end states to indicate that the intermediate states are indeterminate.


Irreversibilities are of two types:


1. External irreversibilities: These are associated with dissipating effects outside the working
fluids. An example is mechanical friction occurring due to some external movement.


FIGURE 4.24 Reversible process.
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2. Internal irreversibilities: These are associated with dissipating effects within the working
fluid. An example is unrestricted expansion of a gas.


Example: Some examples of irreversible processes are:


1. Relative motion with friction;
2. Combustion;
3. Diffusion;
4. Free expansion;
5. Throttling;
6. Electricity flow through a resistance;
7. Heat transfer;
8. Plastic deformation.


4.11 DEFINITION OF ENERGY (THERMAL ENERGY
OR INTERNAL ENERGY)


Energy is generally defined as the potential to do work. Mechanical energy is classically
divided into kinetic and potential energy. Kinetic mechanical energy is related to the velocity
that a mass possesses. Potential mechanical energy is related to the distance a mass is above
some neutral reference plane. Tension in a spring or surface film tension are other forms of
potential mechanical energy. There are many other forms of energy including electrical,
chemical, and nuclear. Thermodynamics deals with another type of energy called “thermal
energy” or “internal energy.” If energy were not such a broad term, it might simply be
possible to call the internal energy stored in a fluid simply “energy.” But to distinguish the
thermal energy stored in a fluid as a result of the temperature of the fluid from other forms
of energy the normal thermodynamic term is internal energy. Internal energy, or thermal en-
ergy, is generally represented by a capital U (sometimes an E). Normally the two ways that
the internal energy of a system is changed is by work or heat transfer. Both work and heat
transfer affect the internal energy of a system. When a system does work on its environment,
it gives up internal energy. When heat is transferred to a system, its internal energy increases.


FIGURE 4.25 Irreversible process.
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Heat transfer, like work, is a path-dependent process. Both heat transfer and work represent
energy in transition. These are the only forms in which energy can cross the boundaries of a
system. Neither heat nor work can exist as stored energy.


4.12 DEFINITION OF HEAT


Detailed analysis of heat and heat transferwill be addressed in Chapter 12, but it isdiscussed
conceptually at now to relate it to changes in internal energy of systems. In the preceding sec-
tion, several work modes by which energy is transferred macroscopically to or from a system
were addressed. Energy can also be transferred microscopically to or from a system by means
of interactions between the molecules that form the surface of the system and those that form
the surface of the surroundings. If the molecules of the system boundary are more active than
those of the surrounding boundaries, they will transfer energy from the system to the sur-
roundings, with the faster molecules transferring energy to the slower molecules. On this
microscopic scale the energy is transferred by a work mode: collisions between particles. A
force occurs over an extremely short time span, with work transferring energy from the faster
molecules to the slower ones. The problem is that this microscopic transfer of energy is not
observable macroscopically as any of the work modes addressed so far and a means must
be developed to account for it.


System temperature is a property which increases with increased molecular activity. Thus,
it is not surprising that microscopic energy transfer can be related to the macroscopic prop-
erty temperature. This macroscopic transfer of energy that we cannot account for by any of
the classic macroscopic work modes will be called heat. Heat is energy transferred across the
boundary of a system due to a difference in temperature between the system and its sur-
roundings. A system does not contain heat, it contains energy, and heat is energy in transit.


Heat, like work, is something that crosses a boundary. Because a system does not contain
heat, heat is not a property. Thus, its differential is inexact and is written as dQ where Q is
the heat transfer. For a particular process between state 1 and state 2 the heat transfer could
be written as Q1�2 (or Q2), but it will generally be denoted by Q. The rate of heat transferwill be
denoted by _Q.


By convention, if heat is transferred to a system it is considered positive. If it is transferred
from a system, it is negative. This is opposite from the convention chosen for work; if a system
performs work on the surroundings it is positive. Positive heat transfer adds energy to a sys-
tem, whereas positive work subtracts energy from a system. A process in which there is zero
heat transfer is called an adiabatic process. Such a process is approximated experimentally by
insulating the system so that negligible heat is transferred.


Heat is denoted by the symbol Q, and may be defined in an analogous way to work as
follows:


Heat is something which appears at the boundary when a system changes its state due to a difference in
temperature between the system and its surroundings.


Heat, like work, is a transient quantity, which only appears at the boundary while a
change is taking place within the system.
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It is apparent that neither dW or dQ are exact differentials and therefore any integration of
the elemental quantities of work or heat which appear during a change from state 1 to state 2
must be written as Z 2


1
dW ¼ W1 �W2 ¼ W1�2 ¼ 1W2 or simply W (4.32a)


and Z 2


1
dQ ¼ Q1 �Q2 ¼ Q1�2 ¼ 1Q2 (4.32b)


4.12.1 Sign Convention


If the heat flows into a system from the surroundings, the quantity is said to be positive and,
conversely, if heat flows from the system to the surroundings it is said to be negative. In other
words, we can say:


• Heat received by the system ¼ þQ
• Heat rejected or given up by the system ¼ �Q.


4.13 COMPARISON OF WORK AND HEAT


There certain similarities and dissimilarities between work and heat.


1. Similarities:
a. Both are path functions and inexact differentials.
b. Both are boundary phenomena, i.e., both are recognized at the boundaries of the


system as they cross them.
c. Both are associated with a process, not a state. Unlike properties, work or heat has


no meaning at a state.
d. Systems possess energy, but not work.


2. Dissimilarities:
a. In heat transfer temperature difference is required.
b. In a stable system there cannot be work transfer, however, there is no restriction for


the transfer of heat.
c. The sole effect external to the system from work could be reduced to rising of a


weight but in the case of a heat transfer other effects are also observed.


In the case of heat and heat transfer processes, it is sometimes convenient to refer to heat
transfer per unit mass. Heat transfer per unit mass will be designated by the letter q and
defined by the following expression as;


q ¼ Q
m


(4.33)
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There are three modes of heat transfer:


1. Conduction;
2. Convection;
3. Radiation.


Briefly, each of these modes can be explained as follows.


1. Conduction
This results from the collision of neighboring molecules in which the kinetic energy


of vibration of one molecule is transferred to its nearest neighbor. Thermal energy is
thus spread by conduction even if the molecules themselves do not move location
appreciably. Fourier’s law of heat transfer, which for a one-dimensional plane wall takes
the form, gives the mathematical expression of this process


_Q ¼ �kA
DT
DL


(4.34)


where k is the thermal conductivity with units of W/m K (Btu/s-ft-�R), DL is the thickness of
the wall, DT is the temperature difference, and A is the wall area. Often, the heat transfer is
related to the common R-factor, resistivity, given by Rmat ¼ DL=k. Note that heat flows in the
opposite direction to the temperature gradient.
2. Convection


In addition to conduction, when a vibrating molecule moves from one region to
another, it takes its thermal energy with it. This type of movement of thermal energy is
called convection. Convection is expressed in terms of the temperature difference
between the bulk temperature of a fluid TN and the temperature of the surface Ts.
Newton’s law of cooling expresses this as


_Q ¼ hcAðTs � TNÞ (4.35)


where hc is the convective heat transfer coefficient, with units of W/m2 K (Btu/s-ft2-�R), and
depends on the properties of the fluid including its velocity and the wall geometry. Free
convection occurs due to the temperature difference only, whereas forced convection results
from the fluid being forced, as with a fan. Convection is once again in the direction opposite
to the temperature difference. Heat must move from a high to a low temperature.
3. Radiation


Radiation is energy that is transmitted by electromagnetic radiation. All bodies emit
electromagnetic radiation as a result of electron transitions within their atoms. The elec-
trons are moved to excited states via collisions with other atoms. When they return to
their normal state, they emit radiation. At absolute zero temperature there is no atomic
motion, so there is no exciting of the electrons and bodies do not radiate. Radiation heat
transfer is calculated using the StefaneBoltzmann law and accounts for the energy
emitted and the energy absorbed from the surroundings.


_Q ¼ εsA
�
T4 � T4


surr


�
(4.36)
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where s is the StefaneBoltzmann constant
�
s ¼ 5:67� 1�8 W=m2 K4�, ε is the emissivity


which is a number within the interval of 0 < ε < 1 where ε ¼ 1 is for a blackbody, a body
that emits the maximum amount of radiation, and Tsurr is the uniform temperature of the
surroundings. The temperatures must be absolute temperatures and the area A must be
the area over which the systems in question face each other.


EXAMPLE 4.8
A paddle wheel adds work to a rigid container by dropping a 50-kg weight a distance of 2 m


from a pulley. How much heat must be transferred to result in an equivalent effect?


Solution
For this nonequilibrium process the work is given by;


W ¼ ðmgÞðdÞ ¼ ð50Þð9:8Þð2Þ ¼ 980 J


The heat Q that must be transferred equals the work, 980 J.


EXAMPLE 4.9
A 9-m long by 3-m high wall is composed of an insulation layer with R ¼ 2 m2 K/W and a wood


layer with R ¼ 0.5 m2 K/W. Estimate the heat transfer rate through the wall if the temperature
difference is 40�C.


Solution
The total resistance to heat flow through the wall is


RTotal ¼ RInsulation þ RWood ¼ 2þ 0:5 ¼ 2:5 m2 K=W


The heat transfer rate is then


_Q ¼ A
RTotal


DT ¼ 10� 3
2:5


� 40 ¼ 480 W


Note that DT measured in �C is the same as DT measured in Kelvin.


EXAMPLE 4.10
The heat transfer from a 2-m-diameter sphere to a 25�C air stream over a time interval of 1 h is


3000 kJ. Estimate the surface temperature of the sphere if the heat transfer coefficient is 10 W/m2 K.
Note that the surface area of a sphere is 4pr2.


Solution
The heat transfer is


Q ¼ hcAðTs � TNÞ or 3� 106 ¼ 10� 4p� 12ðTs � 25Þ � 3600
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The surface temperature is calculated to be


Ts ¼ 31:6�C


EXAMPLE 4.11
Estimate the rate of heat transfer from a 200�C sphere which has an emissivity of 0.8 if it is


suspended in a cold room maintained at �20�C. The sphere has a diameter of 20 cm.


Solution
The rate of heat transfer is given by


_Q ¼ εsA
�
T4 � T4


surr


� ¼ 0:8� 5:67� 10�8 � 4p� 0:12
�
4733 � 2534


� ¼ 262 J=s
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The first law of thermodynamics states that the total energy of a system remains constant,
even if it is converted from one form to another.


5.1 INTRODUCTION


The first law of thermodynamics is generally thought to be the least demanding to grasp,
as it is an extension of the law of conservation of energy, meaning that energy can be neither
created nor destroyed. However much energy there was at the start of the universe, there will
be that amount at the end. However, thermodynamics is a subtle subject, and the first law is
much more interesting than this remark might suggest. Moreover, like the zeroth law, which
provided an impetus for the introduction of the property “temperature” and its clarification,
the first law motivates the introduction and helps to clarify the meaning of the elusive
concept of “energy.”


Energy balance, based on the first law of thermodynamics, is developed to better under-
stand any process, to facilitate design and control, to point at the needs for process improve-
ment, and to enable eventual optimization. The degree of perfection in the energy utilization
of the process, or its particular parts, allows comparison with the degree of perfection, and
the related process parameters, to those in other similar processes. Comparison with the
currently achievable values in the most efficient systems is especially important. Priorities
for the required optimization attempts for a system, or its components, can be established.
Such priorities can be carried out based either on the excessive energy consumption, or on
the particularly low degree of perfection.


However, the energy approach has some deficiencies. Generally, energy exchange is not
sensitive to the assumed direction of the process, e.g., energy analysis allows heat to be trans-
ferred spontaneously in the direction of the increasing temperature. Energy also does not
distinguish its quality, e.g., 1 Watt of heat equals 1 Watt of work or electricity.


The first law of thermodynamics states that the total energy of a system remains constant,
even if it is converted from one form to another. For example, kinetic energydthe energy that
an object possesses when it movesdis converted to heat energy when a driver presses the
brakes on the car to slow it down. The first law of thermodynamics relates the various forms
of kinetic and potential energy in a system to the work, which a system can perform, and to
the transfer of heat. This law is sometimes taken as the definition of internal energy, and also
introduces an additional state variable, enthalpy. The first law of thermodynamics allows for
many possible states of a system to exist. However, experience indicates that only certain
states occur. This eventually leads to the second law of thermodynamics and the definition
of another state variable called entropy.


Work is motion against an opposing force. Raising a weight against the opposing force of
gravity requires work. The magnitude of the work depends on the mass of the object, the
strength of the gravitational pull on it, and the height through which it is raised. Work is
the primary foundation of thermodynamics and in particular of the first law. Any system
has the capacity to do work. For instance, a compressed or extended spring can do work
such as that used to bring about the raising of a weight. An electric battery has the capacity
to do work, as it can be connected to an electric motor, which in turn can be used to raise a
weight. It is not an entirely obvious point, but when an electric current passes through a heater,
it is doing work on the heater, as the same current could be used to raise a weight by passing it
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through an electric motor rather than the heater. Then, why a heater is called a “heater” and not
a “worker” is obvious from the concept of heat that was defined in Chapter 4.


The first law of thermodynamics is commonly called the conservation of energy. In
elementary physics courses, the study of the conservation of energy emphasizes changes in
mechanical kinetic and potential energy and their relationship to work. A more general
form of conservation of energy includes the effects of heat transfer and internal energy
changes. This more general form is usually called the first law of thermodynamics. Other forms
of energy may also be included, such as electrostatic, magnetic, strain, and surface energy.


To understand and have a better concept of work from a thermodynamics point of view, a
term is needed to denote the capacity of a system to do work. That term is energy. A fully
stretched spring has a greater capacity to do work than the same spring only slightly
stretched. A liter of hot water has greater energy than a liter of cold water. Therefore, the
concept of energy is just a measure of the capacity of a system to do work.


The first law of thermodynamics states that energy can neither be created nor destroyed, only
altered in form. For any system, energy transfer is associated with mass crossing the control
boundary, external work, or heat transfer across the boundary. These produce a change of
stored energy within the control volume. The mass flow of a fluid is associated with the
kinetic, potential, internal, and “flow” energies that affect the overall energy balance of the
system. The exchanges of external work and heat complete the energy balance. That is
why the first law of thermodynamics is referred to as the conservation of energy principle, meaning
that energy can neither be created nor destroyed, but rather transformed into various forms as the
fluid within the control volume changes. A system is a region in space (control volume)
through which a working fluid may or may not pass. The various energies associated with
the fluid are then observed as they cross the boundaries of the system and the balance is
made. As discussed in Chapter 1, a system may be one of three types:


1. Isolated system;
2. Closed system;
3. Open system.


The open system, the most general of the three, allows mass, heat, and external work to cross
the control boundary. The balance is expressed in work, as all energies into the system are equal
to all energies leaving the system plus the change in storage of energies within the system.


The system might be a mechanical device, a biological organism, or a specified quantity of
material such as the refrigerant in an air conditioner, or the steam expanding in a turbine. A
thermodynamic system is a system that can interact (and exchange energy) with its surround-
ings, or environment, in at least two ways, one of which is heat transfer. A familiar example is
a quantity of popcorn kernels in a pot with a lid (Fig. 5.1). When the pot is placed on a stove,
energy is added to the popcorn by conduction of heat; as the popcorn pops and expands, it
does work as it exerts an upward force on the lid and displaces it.


The state of the popcorn changes in this process, since the volume, temperature, and pres-
sure of the popcorn all change as it pops. A process such as this one, in which there are
changes in the state of a thermodynamic system, is called a thermodynamic process. With
thermodynamic systems, it is essential to define clearly at the start exactly what is and is
not included in the system. Only then can the energy transfers be unambiguously described.
For instance, in the popcorn example, the system was defined to include the popcorn, but not
the pot, lid, or stove.


5.1 INTRODUCTION 121







5.2 SYSTEM AND SURROUNDINGS


The first law of thermodynamics tells us that energy is neither created nor destroyed, thus
the energy of the universe is a constant. However, energy can certainly be transferred from
one part of the universe to another. To work out thermodynamic problems we will need
to isolate a certain portion of the universe (the system) from the remainder of the universe
(the surroundings).


For example, consider the pendulum example given in the last section. In real life, there is
friction and the pendulum will gradually slow down until it comes to rest. We can define the
pendulum as the system and everything else as the surroundings. Due to friction there is a
small but steady transfer of heat energy from the system (pendulum) to the surroundings
(the air and the bearing upon which the pendulum swings). Due to the first law of thermo-
dynamics the energy of the system must decrease to compensate for the energy lost as heat
until the pendulum comes to rest. (Remember though that the total energy of the universe
remains constant as required by the first law.)


When it comes time to work homework, quiz, and exam problems, not to mention to
design a power plant, the first law of thermodynamics will be much more useful if we can
express it as an equation.


DE ¼ QþW ðFirst Law of ThermodynamicsÞ


where DE ¼ the change internal energy of the system; Q ¼ the heat transferred into/out of
the system; and W ¼ the work done by/on the system.


FIGURE 5.1 The popcorn in the pot is a thermodynamic system. In the thermodynamic process shown here, heat
is added to the system, and the system does work on its surroundings to lift the lid of the pot.


5. FIRST LAW OF THERMODYNAMICS122







This reformulation of the first law tells us that once we define a system (remember we can
define the system in any way that is convenient) the energy of the system will remain con-
stant unless there is heat added or taken away from the system, or some work takes place.


5.2.1 Internal Energy


We have already discussed work and heat extensively, but a few comments are in order
regarding internal energy. The internal energy encompasses many different things, including:


• The kinetic energy associated with the motions of the atoms;
• The potential energy stored in the chemical bonds of the molecules;
• The gravitational energy of the system.


It is nearly impossible to sum all of these contributions up to determine the absolute
energy of the system. That is why we only worry about DE, the change in the energy of
the system. This saves all of us a lot of work, for example:


• If the temperature doesn’t change we can ignore the kinetic energy of the atoms;
• If no bonds are broken or destroyed we can ignore the chemical energy of the system;
• If the height of the system does not change then we can ignore the gravitational poten-


tial energy of the system.


Our convention for DE is to subtract the initial energy of the system from the final energy
of the system.


DE ¼ EðfinalÞ � EðinitialÞ ¼ QþW


In a chemical reaction the energy of the reactants is E (initial) and the heat of the products
is E (final). Now if we ask the question whether the nuclear power plant follows the first law
of thermodynamics, we can positive say yes to the question and the reason behind this is that
because a nuclear power plant does not create or destroy energy, and it converts energy, then
the amount of energy in the system and the surroundings remains constant.


5.2.2 Heat Engines


The work-producing device that best fits into the definition of a heat engine is the steam
power plant (Fig. 5.2), which is an external-combustion engine. That is, the combustion pro-
cess takes place outside the engine, and the thermal energy released during this process is
transferred to the steam as heat.


Heat engines, technically speaking, are continuously operating thermodynamic systems at
the boundary of where there are heat and work interactions. Simply, a heat engine converts
heat to work energy or vice versa.


An example of a common heat engine is a power plant. It consists of four main elements, a
boiler, turbine, condenser, and feed pump, and the main circulating heat transfer entity is
water. If we consider the power plant to be a closed system with its boundary enclosing
the operating components, we can apply the first law of thermodynamics. The boiler
burns a fuel source, causing a transfer of Qcombustion heat to water inside, vaporizing it.
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The high-pressure vapor enters the turbine, resulting in a work output of Wturbine, and then
leaves still as steam but at lower pressure and temperature. The vapor moves through the
condenser where it condenses back into water, losing Qcondensation heat to the surroundings.
The water is pumped back into the boiler, requiring Wpump work.


Since DE [ Q D W, and assuming a steady state of operation (DE ¼ 0),


ðQcombustion �QcondensationÞ þ ðWpump �WturbineÞ ¼ 0


or


Qcombustion �Qcondensation ¼ Wturbine �Wpump


Generally, Wpump is significantly less than the Wturbine attained. However, Qcondensation
may be even more than two-thirds the magnitude ofQcombustion, meaning that the total useful
work obtained from the combustion of fuel is less than one third of the total work theoreti-
cally possible from a complete conversion of Qcombustion. The second law of thermodynamics
embodies the fact that no engine can be constructed that is 100% efficient.


5.3 SIGNS FOR HEAT AND WORK IN THERMODYNAMICS


As noted in Chapter 4, energy transfers in any thermodynamic process are measured in
terms of the quantity of heat Q added to the system and the work W done by the system.
Both Q and W may be positive, negative, or zero (Fig. 5.3).


Exhaust gases


Water Vapor


qcombustion


qcondensation


Wturbine


Wpump


Boiler


Condenser


Pump


Turbine


Water vapor
and liquid


Fuel and air


Liquid water


FIGURE 5.2 Diagram of a
steam power plant.
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A positive value of Q represents heat flow into the system, with a corresponding input of
energy to the system. A negative value of Q represents heat flow out of the system. A positive
value of W represents work done by the system against its surroundings, such as work done
by an expanding gas, and hence corresponds to energy leaving the system. Negative W, such
as work done during compression of a gas by its surroundings, represents energy entering the
system.


5.4 WORK DONE DURING VOLUME CHANGES


A gas in a cylinder with a movable piston is a simple example of a thermodynamic system.
Internal-combustion engines, steam engines, and compressors in refrigerators and air condi-
tioners all use some version of such a system.
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(environment)
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(environment)
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(C) (D)
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FIGURE 5.3 A thermodynamic system may exchange energy with its surroundings (environment) by means of
heat and work. (A) When heat is added to the system, Q is positive. (B) When heat is transferred out of the system, Q
is negative. (C) When work is done by the system,W is positive. (D) When work is done on the system,W is negative.
Energy transfer by both heat and work can occur simultaneously; in (E), heat is added to the system and work is done
by the system, and in (F), heat is transferred out of the system and work is done on the system.2
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Consider a microscopic viewpoint, based on the kinetic and potential energies of individ-
ual molecules in a material, to develop intuition about thermodynamic quantities. (It is
important to understand that the central principles of thermodynamics can be treated in a
completely macroscopic way, without reference to microscopic models. Indeed, part of the
great power and generality of thermodynamics is that it does not depend on details of the
structure of matter.) First, consider the work done by the system during a volume change.
When a gas expands, it pushes outward on its boundary surface as it moves outward. Hence
an expanding gas always does positive work. The same thing is true of any solid or fluid ma-
terial that expands under pressure, such as the popcorn in Fig. 5.1.


The work done by a gas in a volume change can be understood by considering the mole-
cules that make up the gas. When one such molecule collides with a stationary surface, it
exerts a momentary force on the wall but does no work because the wall does not move.
However, if the surface is moving, such as a piston in a gasoline engine, the molecule does
work on the surface during the collision. If the piston in Fig. 5.4A moves to the right, so
that the volume of the gas increases, the molecules that strike the piston exert a force through
a distance and do positive work on the piston. If the piston moves toward the left as in
Fig. 5.4B, so the volume of the gas decreases, then positive work is done on the molecule dur-
ing the collision. Hence the gas molecules do negative work on the piston.


Fig. 5.5 shows a fluid in a cylinder with a movable piston. Suppose that the cylinder has a
cross-sectional area A and that the pressure exerted by the system at the piston face is P. The
total force F exerted by the system on the piston is F ¼ PA. When the piston moves out a
small distance Dx, the work DW done by this force is


DW ¼ FDx ¼ PADx (5.1)


where DV is the infinitesimal change of volume of the system. Thus, we can express the work
done by the system in this infinitesimal volume change as


DW ¼ PDV (5.2)


FIGURE 5.4 (A) When a molecule strikes a wall moving away from it, the molecule does work on the walldthe
molecule’s speed and kinetic energy decrease. The gas does positive work on the piston. (B) When a molecule strikes
a wall moving toward it, the wall does work on the moleculedthe molecule’s speed and kinetic energy increase. The
gas does negative work on the piston.2


5. FIRST LAW OF THERMODYNAMICS126







In a finite change of volume from V1 to V2


W ¼
X


PDV (5.3)


This equation says the total work is equal to the sum of all the infinitesimally small volume
changes times the pressure at that volume.


In general the pressure of the system may vary during the volume change. To evaluate
Eq. (5.3), we have to know how the pressure varies as a function of volume. We can represent
this relationship as a graph of P as a function of V (called a PeV diagram). Fig. 5.5A shows a
simple example. In the figure, Eq. (5.3) is represented graphically as the area under the curve
of P versus V between the limits V1 and V2.


According to the rule we stated for the sign of work, work is positive when a system
expands. In an expansion from state 1 to state 2 in Fig. 5.6A the area under the curve and
the work are positive. A compression from 1 to 2 in Fig. 5.6B gives a negative area; when a sys-
tem is compressed, its volume decreases and it does negative work on its surroundings.
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FIGURE 5.6 The work done equals the area under the curve on a PeV diagram. (A) In this change from state 1 to
state 2 the volume increases and the work and area are positive. (B) In this change from state 1 to state 2 the volume
decreases; the area is taken to be negative to agree with the sign of W. The two states are reversed from part (A). (C)
The area of the rectangle gives the work done for a constant-pressure process. In this case, volume increases and
W>0.


FIGURE 5.5 The infinitesimal work done by the system during the small expansion Dx isDW ¼ PADx
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If the pressure P remains constant while the volume changes from V1 to V2 (Fig. 5.5C), the
work done by the system is


W ¼ P V2 � V1ð Þ (5.4)


In any process in which the volume is constant, the system does no work because there is
no displacement.


5.5 PATHS BETWEEN THERMODYNAMIC STATES


We have seen that if a thermodynamic process involves a change in volume, the system
undergoing the process does work (either positive or negative) on its surroundings. Heat
also flows into or out of the system during the process, if there is a temperature difference
between the system and its surroundings. Consider now how the work done by, and the
heat added to, the system during a thermodynamic process depend on the details of how
the process takes place.


When a thermodynamic system changes from an initial state to a final state, it passes
through a series of intermediate states. We call this series of states a path. There are always
infinitely many different possibilities for these intermediate states. When they are all equilib-
rium states (a quasi-static process), the path can be plotted on a PeV diagram (Fig. 5.7A).
Point 1 represents an initial state with pressure P1 and volume V1. Point 2 represents a final
state with pressure P2 and volume V2. To pass from state 1 to state 2, we could keep the pres-
sure constant at P1 while the system expands to volume V2 (point 3 in Fig. 5.7B), then reduce
the pressure to P1 (probably by decreasing the temperature) while keeping the volume con-
stant at V2 (to point 2 on the diagram). The work done by the system during this process is
the area under the line 1 / 3; no work is done during the constant-volume process 3 / 2. Or
the system might traverse the path 1 / 4 / 2 (Fig. 5.7C); in that case the work is the area
under the line 4 / 2, since no work is done during the constant-volume process 1 / 4.
The smooth curve from 1 to 2 is another possibility (Fig. 5.7D), and the work for this path
is different from that for either of the other paths.


The work done by the system depends not only on the initial and final states, but also on the inter-
mediate states, that is, on the path. Furthermore, the system can move through a series of states
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FIGURE 5.7 (A) Three different paths between state 1 and state 2. (BeD) The work done by the system during a
transition between two states depends on the path chosen.2
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forming a closed loop, such as 1 / 3 / 2 / 4 /1. In this case, the final state is the same as
the initial state, but the total work done by the system is not zero. (In fact, it is represented on
the graph by the area enclosed by the loop.) It follows that it does not make sense to talk
about the amount of work contained in a system. In a particular state, a system may have
definite values of the state coordinates P, V, and T, but it wouldn’t make sense to say that
it has a definite value of W.


EXAMPLE 5.1
A gas is taken through the cycle illustrated in Fig. 5.8. During one cycle, how much work is done


by an engine operating on this cycle from point 1 to 4?


Solution
Start in the lower left-hand corner of the rectangle and work clockwise. Call the lower left corner


point 1, the upper left corner point 2, the upper right corner point 3, and the lower right corner point
4.


W ¼ W1/2 þW2/3 þW3/4 þW4/1


W ¼ PDVð Þ1/2 þ PDVð Þ2/3 þ PDVð Þ3/4 þ PDVð Þ4/1


From 1 to 2, DV ¼ 0, so PDVð Þ1/2 ¼ 0. From 2 to 3, PDVð Þ2/3 ¼ 2P� 3V ¼ 6PV. From 3 to 4,
PDVð Þ3/4 ¼ 0, and from 4 to 1, PDVð Þ4/1 ¼ �P� 3V ¼ �3PV. Adding these up gives


W ¼ 0þ 6PV þ 0� 3PV ¼ 3PV


Therefore, the work done by an engine operating on this cycle is a positive 3PV on each cycle.


Like work, the heat added to a thermodynamic system when it undergoes a change of state
depends on the path from the initial state to the final state. Here is an example. Consider
changing the volume of a certain quantity of an ideal gas from 2.0 to 5.0 L while keeping
the temperature constant at T ¼ 300K. Fig. 5.9 shows two different ways to do this. In
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V 2V 3V 4V
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FIGURE 5.8 Sketch of a full cycle in Example 5.1.
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Fig. 5.9A the gas is contained in a cylinder with a piston, with an initial volume of 2.0 L. The
gas expands slowly, supplying heat from the electric heater to keep the temperature at 300K.
After expanding in this slow, controlled, isothermal manner, the gas reaches its final volume
of 5.0 L; it absorbs a definite amount of heat in the process.


Fig. 5.9B shows a different process leading to the same final state. The container is sur-
rounded by insulating walls and is divided by a thin, breakable partition into two compart-
ments. The lower part has volume 2.0 L, and the upper part has volume 3.0 L. In the lower
compartment, place the same amount of the same gas as in Fig. 5.9A, again at T ¼ 300K. The
initial state is the same as before. Now break the partition. The gas undergoes a rapid, uncon-
trolled expansion, with no heat passing through the insulating walls. The final volume is
5.0 L, the same as in Fig. 5.9A. The gas does not do any work during this expansion because
it does not push against anything that moves. The uncontrolled expansion of a gas into a vac-
uum is called a free expansion.


Experiments have shown that when an ideal gas undergoes a free expansion, there is no
temperature change. Therefore the final state of the gas is the same as in Fig. 5.9A. The inter-
mediate states (pressures and volumes) during the transition from state 1 to state 2 are
entirely different in the two cases; Fig. 5.9A and B represent two different paths connecting
the same states 1 and 2. For the path in Fig. 5.9B, no heat is transferred into the system and
the system does not do any work. Like work, heat depends not only on the initial and final states
but also on the path.


Because of this path dependence, it would not make sense to say that a system “contains” a
certain quantity of heat. To see this, suppose that an arbitrary value is assigned to “the heat in
a body” in some reference state. Then presumably the “heat in the body” in some other state
would equal the “heat in the body” in the reference state and the heat added when the body
goes to the second state. However, that is ambiguous. The heat added depends on the path
taken from the reference state to the second state. The obvious conclusion is that there is
no consistent way to define “heat in a body.” It is not a useful concept.


While it does not make sense to talk about “work in a body” or “heat in a body,” it does
make sense to speak of the amount of internal energy in a body.


FIGURE 5.9 (A) Slow, controlled isothermal expansion of a gas from an initial state 1 to a final state 2 with the
same temperature but lower pressure. (B) Rapid, uncontrolled expansion of the same gas, starting at the same state 1
and ending at the same state 2.
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5.6 PATH INDEPENDENCE


Consider a system enclosed in adiabatic (thermally nonconducting) walls. In practice,
“adiabatic” means a thermally insulated container, like a well-insulated vacuum flask. The
temperature of the contents of the flask can be monitored using a thermometer, a concept
introduced by the zeroth law. Now do some experiments.


First, churn the contents of the flask (that is, the system) with paddles driven by a falling
weight, and note the change in temperature this churning brings about. J.P. Joule (1818e89),
one of the fathers of thermodynamics, performed exactly this type of experiment in the years
following 1843. The work accomplished can be calculated based on the heaviness of the
weight and the distance through which it fell. Then remove the insulation and let the system
return to its original state. After replacing the insulation, put a heater into the system and
pass an electric current through it for a time that results in the same work being done by
the heater as was done by the falling weight. The conclusion arrived at in this pair of exper-
iments and in a multitude of others of a similar kind is that the same amount of work, however it
is performed, brings about the same change of state of the system.


This is analogous to climbing a mountain by a variety of different paths, each path corre-
sponding to a different method of doing work (see Fig. 5.10). Provided we start at the same
base camp and arrive at the same destination, we shall have climbed through the same height
regardless of the path we took between them. That is, we can attach a number (the “altitude”)
to every point on the mountain, and calculate the height we have climbed, regardless of the
path, by taking the difference of the initial and final altitudes for our climb. Exactly the same
process applies to our system. The fact that the change of state is path-independent means
that we can associate a number, which we shall call the internal energy�
symbol


Q
1 ¼ D


w2V2r


�
with each state of the system. Then we can calculate the work needed


to travel between any two states by taking the difference of the initial and final values of the
internal energy, and using Fig. 5.9, then we can write


Work required ðhÞ ¼ Uf ðfinalÞ �UiðinitialÞ (5.5)


Change in
internal
energy


Path 1


Path 2


FIGURE 5.10 The observation that different ways of doing work on a system and thereby changing its state
between fixed endpoints required the same amount of work is analogous to different paths on a mountain resulting
in the same change of altitude leading to the recognition of the existence of a property called the internal energy.
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The observation of the path-independence of the work required to go between two spec-
ified states in an adiabatic system (remember, at this stage the system is adiabatic) has moti-
vated the recognition that there is a property of the system that is a measure of its
capacity to do work. In thermodynamics, a property that depends only on the current state
of the system and is independent of how that state was prepared (like altitude in geography)
is called a state function. The state function for the energy stored in a closed system is called
internal energy. It has a definite parallel with the state function called temperature that was
defined by the zeroth law of thermodynamics.


5.7 HEAT AND WORK


Internal energy can change by an agency other than by doing work. One way of regarding
this additional change in internal energy is to interpret it as arising from the transfer of energy
from the system into the surroundings due to the difference in temperature caused by the
work that has been done. This transfer of energy because of a temperature difference is called
heat.


A simple model gives “work as the transfer of energy that makes use of the uniform motion of
atoms in the surroundings” as depicted in Fig. 5.11. Moreover, “heat is the transfer of energy
that makes use of the random motion of atoms in the surroundings.”


In more pictorial terms, using Fig. 5.11 and noting that temperature is a property that tells
us the relative numbers of atoms in the allowed energy states, with the higher energy states
progressively more populated as the temperature is increased. A block of iron at high tem-
perature consists of atoms that are oscillating vigorously around their average positions.
At low temperatures, the atoms continue to oscillate, but with less vigor. If a hot block of
iron is put in contact with a cooler block, the vigorously oscillating atoms at the edge of
the hot block jostle the less vigorously oscillating atoms at the edge of the cool block into
more vigorous motion, and they pass on their energy by jostling their neighbors. There is
no net motion of either block, but energy is transferred from the hotter to the cooler block


Surroundings Surroundings


Work


System System


Heat


FIGURE 5.11 The molecular distinction between the transfer of energy as work (left) and heat (right). Doing
work results in the uniform motion of atoms in the surroundings; heating stimulates their disorderly motion.
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by this random jostling where the two blocks are in contact. That is why the above statement
that was made, and is repeated here again, is a valid statement. That is, “heat is the transfer of
energy that makes use of the random motion of atoms in the surroundings.”1


5.8 HEAT AS ENERGY IN TRANSITION


The amount of energy that is transferred as heat into or out of the system can be measured
very simply. We measure the work required to bring about a given change in an adiabatic
system, and then the work required to bring about the same change of state in a nonadiabatic
system (the one with thermal insulation removed), and take the difference of the two values.


That difference is the energy transferred as heat. A point to note is that this type of the
measurement of the rather elusive concept of “heat” has been put on a purely mechanical
foundation as the difference in the heights through which a weight falls to bring about a
given change of state under two different conditions (see Fig. 5.12).


Once the energy is inside the system, either by making use of the uniform motion of atoms
in the surroundings (a falling weight) or of randomly oscillating atoms (a hotter object, such
as a flame), there is no memory of how it was transferred. Once inside, the energy is stored as
the kinetic energy (the energy due to motion) and the potential energy (the energy due to po-
sition) of the constituent atoms and that energy can be withdrawn either as heat or as work.
The distinction between work and heat is made in the surroundings: the system has no mem-
ory of the mode of transfer nor is it concerned about how its store of energy will be used.


Consider a closed system and use it to do some work or allow a release of energy as heat.
Its internal energy falls. Then leave the system isolated from its surroundings for an indefinite
amount of time. Return to it and measure its capacity to do work. Invariably it’s capacity to
do workdits internal energydis the same as when it was first isolated. In other words,


The internal energy of an isolated system is constant.


FIGURE 5.12 When a system is adiabatic (left), a given change of state is brought about by doing a certain
amount of work. When the same system undergoes the same change of state in a nonadiabatic container (right), more
work has to be done. The difference is equal to the energy lost as heat.
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That is, the first law of thermodynamics, or at least one statement of it, for the law comes in
many equivalent forms.


5.9 THE FIRST LAW OF THERMODYNAMICS APPLIED TO A
CYCLE


Having discussed the concepts of work and heat completely in Chapter 3 and briefly in
Section 5.7 of this chapter again, we are now ready to present the first law of thermody-
namics. Recall that a law is not derived or proved from basic principles but is simply a state-
ment that we write based on our observations of many experiments. If an experiment shows a
law to be violated, either the law must be revised or additional conditions must be placed on
the applicability of the law. Historically, the first law of thermodynamics was stated for a cycle
and the net heat transfer is equal to the net work done for a system undergoing a cycle. This is
expressed in equation form by Eq. (5.6):


X
W ¼


X
Q (5.6)


or
I


dW ¼
I


dQ (5.7)


where the symbol
H
implies an integration around a complete cycle. Therefore, the first law of


thermodynamics can be stated as: whenever a system undergoes a cyclic change, however complex
the cycle may be, the algebraic sum of the work transfer is equal to the algebraic sum of energy transfer
as heat. Another way of interpreting the first law of thermodynamics is the conclusion that
Joule made from his experiment, which is depicted in Fig. 5.9A and B. This figure indicates
that the net work done on the system is always proportional to the net energy removed from
the system as heat, irrespective of the type of work interaction, the rate at which work was
done on the system. The method employed for transferring the energy in the form of work
into thermal energy can be shown as in the following equation


I
dQðfrom systemÞ ¼


I
dWðon systemÞ (5.8)


The first law can be illustrated by considering the following experiment. Let a weight be
attached to a pulley/paddle-wheel setup, such as that shown in Fig. 5.9A. Let the weight fall
a certain distance thereby doing work on the system, contained in the insulated (adiabatic)
tank shown, equal to the multiplied by the distance dropped. The temperature of the system
(the fluid in the tank) will rise by an amount of DT. Now, the system is returned to its initial
state (the completion of the cycle) by transferring heat to the surroundings, as implied by the
Q in Fig. 5.9B. This reduces the temperature of the system to its initial temperature. The first
law states that this heat transfer will be exactly equal to the work which was done by the fall-
ing weight.3
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5.10 SIGN CONVENTION


To avoid confusion as to whether the work is being done on the system by the surround-
ings, or by the system on the surroundings, and whether energy is transferred as heat from
the system, or to the system, the following sign convention is defined with reference to
Fig. 5.13. The work done by a system on its surroundings is treated as a positive quantity.
Similarly, the energy transfer as heat to a system from its surroundings is also treated as a
positive quantity. With this convention, Eq. (5.8) becomes


�
I


dQ�
I


ð�dWÞ ¼
I


dQ�
I


ðdWÞ ¼ 0 (5.9)


or
I


ðdQ� dWÞ ¼ 0 (5.10)


It should be noted that there is no restriction on the type of process the system has under-
gone. Therefore, the first law of thermodynamics is applicable to reversible as well as irre-
versible processes.


The first law of thermodynamics, as stated above, has a number of important
consequences.


5.11 HEAT IS A PATH FUNCTION


Suppose a system is taken from an initial state 1 to state 2 by the path 1a2 and it is restored
to the initial state through the 2b1 according to Fig. 5.14. Then, the system has undergone a
cyclic change. If the system is restored to the initial state by following path 1a2c1 it has expe-
rienced a different cycle. Apply the first law of thermodynamics to the two cycles 1a2b1 and
1a2c1.


Z
1a2
dQþ


Z
2b1


dQ�
Z
1a2
dW �


Z
2b1


dW ¼ 0 (5.11)


System


–W +W


–Q +Q


FIGURE 5.13 Sign convention for heat and
work interactions.
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Z
1a2
dQþ


Z
2c1
dQ�


Z
1a2
dW �


Z
2c1
dW ¼ 0 (5.12)


Subtracting Eq. (5.12) from (5.11), gives
Z
2b1


dQ�
Z
2c1
dQ�


�Z
2b1
dW �


Z
2c1
dW


�
¼ 0 (5.13)


Since work depends on the path, we have
Z
2b1


dW �
Z
2c1
dWs0 (5.14)


Therefore
Z
2b1


dQs


Z
2c1
dQ (5.15)


That is, energy transfer as heat is not a point function, neither is it a property of the system.
Therefore, heat interaction is a path function and its differential is not exact.


EXAMPLE 5.2
A spring is stretched a distance of 0.8 m and attached to a paddle s illustrated in Fig. 5.15. The


paddle wheel then rotates until the spring is unstretched. Calculate the heat transfer necessary to
return the system to its initial state.


Solution
The work done by spring on the system is given by


c b


a
P


ν


1


2


FIGURE 5.14 Reversible cycles on a P�V diagram.
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W1�2 ¼
Z 0:8


0
Fdx ¼


Z 0:8


0
100xdx ¼ ð100Þ


"
ð0:8Þ2
2


#
¼ 32 N


Since the heat transfer returns the system to its initial state, a cycle results. The first law then
states that Q1�2 ¼W1�2 ¼ 32 J.


5.12 ENERGY IS A PROPERTY OF A SYSTEM


Quite often changes in the state of a system when it undergoes a process are important,
rather than when it passes through a cycle. Evaluating the energy changes of the system
while it interacts with its surroundings for a specific process is necessary. Rearranging
Eq. (5.13) gives


Z
2b1


ðdQ� dWÞ ¼
Z
2c1
ðdQ� dWÞ (5.16)


This shows that while
R
dQ and


R
dW depend on the path followed by the system, the


quantity
R ðdQ� dWÞ is the same for both processes 2b1 and 2c1, connecting states 2 and


1. By considering several other cycles, it can be observed that
R ðdQ� dWÞ is the same for


all the processes connecting states 1 and 2. Therefore
R ðdQ� dWÞ does not depend on the


path followed by the system, but depends only on the initial and final states of the system.
Hence, the quantity


R ðdQ� dWÞ is an exact differential. Therefore it is the differential of a
property of the system. This property is the energy of the system and is represented by E.
The differential change in the energy of the system is given by


dE ¼ dQ� dW (5.17)


The energy of a system is the sum of the macroscopic and microscopic modes of energy,
i.e.,


E ¼ KEþ PEþU (5.18)


K = 100 N/m


FIGURE 5.15 Sketch of Example 5.2.
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and


dE ¼ dðKEÞ þ dðPEÞ þ dU ¼ dQ� dW (5.19)


Therefore, whenever a system undergoes a change of state, energy may cross the boundary
as either heat or as work, and the change in the energy of the system is equal to the total
energy that crosses the boundary. The energy of the system may change from one form to
the other. For example, kinetic energy may change into either potential energy or internal
energy. Eq. (5.19) simply accounts for the energy when the system interacts with the sur-
roundings. The quantity ½dðKEÞ þ dðPEÞ þ dU� represents the net change in the energy of
the system while dQ and dW represent the energy transfer across the boundary of the system
in the form of heat and work, respectively. The net change in the energy of the system is
exactly equal to the net energy transfer across the boundary of the system.


5.13 ENERGY OF AN ISOLATED SYSTEM IS CONSERVED


A system which does not exchange energy with the surroundings, in the form of either
heat or work, is called an isolated system. During any process in such a system dQ ¼ 0
and dW ¼ 0. The first law of thermodynamics then reduces to


dE ¼ 0 or E2 ¼ E1 (5.20)


for a reversible or an irreversible process. Therefore, the energy of an isolated system remains
constant.


EXAMPLE 5.3
A radiator of a heating system with a volume of 0.1 m3 contains saturated steam at 0.2 MPa. The


inlet and outlet valves of the radiator are closed. Due to the energy transfer as heat to the sur-
roundings, the pressure drops to 0.15 MPa. Determine the amount of steam and water at the final
pressure.


Solution
Steam contained in the radiator.
The process followed by the system is shown in a P� y diagram in Fig. 5.16.
Specific volume of the saturated steam at 0.2 MPa, y1 ¼ 0:885 m3/kg.
Volume of the radiator, V ¼ 0.1 m3


Total mass of the steam, m ¼ V
y1


¼ 0:1
0:8854 ¼ 0:113 kg.


Since the quantity of steam and the volume of the radiator are constant, the steam undergoes a
constant volume process. Therefore, y ¼ constant; or y1 ¼ y2.


At P2 ¼ 0.15 MPa yf ¼ 0:001053 m3/kg yg ¼ 1:159 m3/kg T ¼ 111:37�C
Since yf < y < yg, the final state is wet steam of quality X2.
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y2 ¼ X2yg þ ð1� X2Þyf 0:8854 ¼ X2ð1:159Þ þ ð1� X2Þð0:001053Þ
or X2 ¼ 0:7637
The saturation temperature at P2 ¼ 0.15 MPa, T2 ¼ 111:37�C. Quality of the steam in the final


state, X2 ¼ 0.7637. Mass of vapor ¼ 0.7637(0.1138) ¼ 0.86 kg and mass of liquid ¼ 0.027 kg.


EXAMPLE 5.4
An insulated and rigid container of 1 m3 volume contains helium at 20�C and 100 kPa pressure.


A paddle wheel is rotated inside the container raising the temperature of the helium to 60�C.
Assume that helium obeys the relation PV ¼ NRT and du ¼ CvdT with Cv ¼ 12.4717 kJ/kmol K.
Determine the work done on helium and the final pressure of helium.


Solution


N ¼ P1V1


RT1
¼ 100� 103 � 1


8:314� 103 � 293:15
¼ 0:041 kmol


Du ¼ CvDT


or


DU ¼ NCvDT ¼ 0:041� 12:4717ð40Þ ¼ 20:4685 KJ


DU ¼ �W or W ¼ �20:4685 KJ


P2


P1
¼ T2


T1
or P2 ¼ P1T2


T1
¼ 100� 103 � 313:15


293:15
¼ 106:82 kPa


P
(M


P
a)


0.2


0.15
2


1


T = 111.37 °C


X = 0.7637
Constant quality line


ν


FIGURE 5.16 Sketch for Example 5.3 on a
P� y diagram.
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5.14 INTERNAL ENERGY AND THE FIRST LAW OF
THERMODYNAMICS


Internal energy is one of the most important concepts in thermodynamics. What is internal
energy? It can be approached in various ways. Start with one based on the ideas of
mechanics. Matter consists of atoms and molecules, and these are made up of particles having
kinetic and potential energies. Tentatively define the internal energy of a system as the sum of
the kinetic energies of all its constituent particles, plus the sum of all the potential energies of
interaction among these particles.


Note that internal energy does not include potential energy arising from the interaction
between the system and its surroundings. If the system is a glass of water, placing it on a
high shelf increases the gravitational potential energy arising from the interaction between
the glass and the earth. However, this has no effect on the interaction between the molecules
of the water, and so the internal energy of the water does not change.


The symbol U represents internal energy. During a change of state of the system the inter-
nal energy may change from an initial value U1 to a final value U2. Denote the change in
internal energy as DU ¼ U2�U1.


Heat transfer is energy transfer. Adding a quantity of heat Q to a system, without doing
any work during the process, will increase the internal energy by an amount equal to Q. That
is, DU ¼ Q. When a system does work W by expanding against its surroundings and no heat
is added during the process, energy leaves the system and the internal energy decreases. That
is, when W is positive, DU is negative, and conversely. So DU ¼ �W. When both heat transfer
and work occur, the total change in internal energy is


U2 �U1 ¼ DU ¼ Q�W ðFirst law of thermodynamicsÞ (5.21)


This can be rearranged to


Q ¼ DU þW (5.22)


The message of Eq. (5.22) is that in general when heat Q is added to a system, some of this
added energy remains within the system, changing its internal energy by an amount DU. The
remainder leaves the system again as the system does work W against its surroundings.
Because W and Q may be positive, negative, or zero, U can be positive, negative, or zero
for different processes (Fig. 5.17).


Eq. (5.21) or (5.22) is the first law of thermodynamics. It is a generalization of the principle
of conservation of energy to include energy transfer through heat as well as mechanical work.
This principle can be extended to ever-broader classes of phenomena by identifying addi-
tional forms of energy and energy transfer. In every situation in which it seems that the total
energy in all known forms is not conserved, it has been possible to identify a new form of
energy such that the total energy, including the new form, is conserved. There is energy asso-
ciated with electric fields, with magnetic fields, and, according to the theory of relativity, even
with mass itself.


At the beginning of this discussion, internal energy was tentatively defined in terms of
microscopic kinetic and potential energies. This has drawbacks, however. Actually calculating
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internal energy in this way for any real system would be hopelessly complicated. Further-
more, this definition isn’t an operational one because it doesn’t describe how to determine
internal energy from physical quantities that can be measured directly.


So look at internal energy in another way. Starting over, define the change in internal
energy DU during any change of a system as the quantity given by Eq. (5.21), DU ¼ Q � W.
This is an operational definition, because Q and W can be measured. It does not define U
itself, only DU. This is not a shortcoming, because the value of the internal energy of a system
can be defined to have a specified value in some reference state, and then use Eq. (5.21) to
define the internal energy in any other state.


This new definition trades one difficulty for another. If U is defined by Eq. (5.21), then
when the system goes from state 1 to state 2 by two different paths, is DU the same for
both paths? Q and W are, in general, not the same for different paths. If DU, which equals
Q�W, is also path-dependent, then DU is ambiguous. If so, the concept of the internal energy
of a system is subject to the same criticism as the erroneous concept of quantity of heat in a
system, as discussed earlier in this chapter.


The only way to answer this question is through experiment. For various materials and
processes, Q and W have been measured for various changes of state and various paths to
learn whether DU is, or is not, path-dependent. The results of many such investigations
are clear and unambiguous: While Q and W depend on the path, DU ¼ Q � W is independent
of path. The change in internal energy of a system during any thermodynamic process depends only on
the initial and final states, not on the path leading from one to the other.


Experiment, then, is the ultimate justification for believing that a thermodynamic system in a
specific state has a unique internal energy that depends only on that state. An equivalent state-
ment is that the internal energy U of a system is a function of the state coordinates P, V, and T
(actually, any two of these, since the three variables are related by the equation of state).


To say that the first law of thermodynamics, given by Eq. (5.21) or (5.22), represents con-
servation of energy for a thermodynamic process is correct, as far as it goes. However, an
important additional aspect of the first law is the fact that internal energy depends only on
the state of a system. In changes of state, the change in internal energy is path-independent.


All this may seem a little abstract if one wants to think of internal energy as microscopic
mechanical energy. But remember classical thermodynamics and the concept of internal


FIGURE 5.17 In a thermodynamic process, the internal energy of a system may increase, decrease, or stay the
same. (A) If more heat is added to the system than the system does work, DU is positive and the internal energy
increases. (B) If more heat flows out of the system than work is done on the system, DU is negative and the internal
energy decreases. (C) If the heat added to the system equals the work done by the system, DU ¼ 0 and the internal
energy is unchanged.
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energy were developed long before atoms and molecules were proven to exist. There’s
nothing wrong with the microscopic view. But in the interest of precise operational definitions,
internal energy, like heat, can and must be defined in a way that is independent of the
detailed microscopic structure of the material.


Two special cases of the first law of thermodynamics are worth mentioning. A process that
eventually returns a system to its initial state is called a cyclic process. For such a process, the
final state is the same as the initial state, and so the total internal energy change must be zero.
Then,


U2 ¼ U1 and Q ¼ W (5.23)


If a net quantity of work W is done by the system during this process, an equal amount of
energy must have flowed into the system as heat Q. Nevertheless, there is no reason why
either Q or W individually has to be zero.


Another special case occurs in an isolated system, one that does not do any work on its
surroundings and has no heat flow to or from its surroundings. For any process taking place
in an isolated system,


W ¼ Q ¼ 0 (5.24)


and therefore


U2 �U1 ¼ DU ¼ 0 (5.25)


In other words, the internal energy of an isolated system is constant.


EXAMPLE 5.5
You propose to eat a 900 cal hot fudge sundae (with whipped cream) and then run up several


flights of stairs to work off the energy you have taken in. How high do you have to climb? Assume
that your mass is 60 kg.


Solution
The system consists of you and the earth. Remember that one food-value calorie is


1 kcal ¼ 1000 cal ¼ 4190 J. The energy intake is


Q ¼ 900 kcalð4190 J=kcalÞ ¼ 3:77� 106J


The potential energy output required to climb a height h is


W ¼ mgh ¼ ð60 kgÞ�9:8 m=s2
�
h ¼ ð588 NÞh


If the final state of the system is the same as the initial state (that is, no fatter, no leaner), these
two energy quantities must be equal: Q ¼W. Then


h ¼ Q
mg


¼ 3:77� 106 J
588N


¼ 6410 m ðabout 21; 000 ftÞ
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EXAMPLE 5.6
Fig. 5.18 below shows a PeV diagram for a cyclic process, one in which the initial and final states


are the same. It starts at point a and proceeds counterclockwise in the PeV diagram to point b, then
back to a, and the total work is W ¼ �500 J. (1) Why is the work negative? (2) Find the change in
internal energy and the heat added during this process.


Solution:
1. The work done equals the area under the curve, with the area taken as positive for increasing


volume and negative for decreasing volume. The area under the lower curve from a to b is
positive, but it is smaller than the absolute value of the negative area under the upper curve
from b back to a. Therefore, the net area (the area enclosed by the path, shown with red
stripes) and the work are negative. In other words, 500 more joules of work are done on the
system than by the system.


2. For this and any other cyclic process (in which the beginning and end points are the same),
DU ¼ 0, so W ¼ Q ¼ �500 J. That is, 500 J of heat must come out of the system.


EXAMPLE 5.7
A rigid volume tank contains 6 ft3 of steam originally at a pressure of 400 psia and a temperature


of 1300�R. Estimate the final temperature if 800 Btu of heat is added.


Solution
The first law of thermodynamics, with DKE ¼ DPE ¼ 0, is Q �W ¼ DU. For a rigid container the


work is zero. Thus


Q ¼ DU ¼ mðu2 � u1Þ


FIGURE 5.18 The net work done by the system in the process aba is �500 J. Would it have been if the process had
proceeded clockwise in this PeV diagram?.
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From steam tables on Section A.8 first column and second row group, we read u1 ¼ 1302 Btu/
lbm and v1 ¼ 1.8871 ft3/lbm for a temperature of 1300�R. The mass is then;


m1 ¼ V1


v1
¼ 6½ft3�


1:8871½ft3=lbm� ¼ 3:179 lbm


Then using the first law, the energy transferred to the volume by heat is given, thus we have


800 ¼ 3:179ðu2 � 1302Þ ru2 ¼ 1553:7 Btu=lbm


So the state is specified by v2 ¼ 1.8871 ft3/lbm and u2 ¼ 1553.7 Btu/lbm. u and u are two
thermodynamic parameters which are enough to define a state. However, no tables exist for tem-
perature as a function of u and v. Therefore, a double linear interpolation is required. First four
pressureetemperature combinations must be identified that bound both the desired u and v. For
this case these combinations are (from Table A14.7)


P ¼ 550 psi T ¼ 1800 R v ¼ 1:9358 ft3
�
lbm u ¼ 1513:8 Btu=lbm


P ¼ 600 psi T ¼ 1800 R v ¼ 1:7729 ft3
�
lbm u ¼ 1513:1 Btu=lbm


P ¼ 550 psi T ¼ 1900 R v ¼ 2:0479 ft3
�
lbm u ¼ 1558:8 Btu=lbm


P ¼ 600 psi T ¼ 1900 R v ¼ 1:8760 ft3
�
lbm u ¼ 1558:3 Btu=lbm


A double linear interpolation is required. The first interpolation can be done in pressure or
temperature, but then the second must be performed in the other variable. Consider interpolating in
pressure first. At 1800 R this gives


U1800 ¼ 1513:8þ ð1:9358� 1:8871Þ=ð1:9358� 1:7729Þ � ð1513:1� 1513:8Þ
U1800 ¼ 1513:8þ 0:298 � ð � 0:7Þ ¼ 1513:6 Btu=lbm


U1900 ¼ 1558:8þ ð2:0478� 1:8871Þ=ð2:0478� 1:8760Þ � ð1558:3� 1558:8Þ
U1900 ¼ 1558:8þ 0:936 � ð � 0:5Þ ¼ 1558:33


Tð1553:7Þ ¼ 1800þ ð1553:7� 1513:6Þ=ð1558:33� 1513:6Þ � 100
Tð1553:7Þ ¼ 1800þ 0:896 � 100 ¼ 1889:6 R


EXAMPLE 5.8
A frictionless piston is used to provide a constant pressure of 400 kPa in a cylinder containing


steam originally at 500K with a volume of 2 m3. Calculate the final temperature if 3500 kJ of heat is
added.


Solution
The first law of thermodynamics gives DU ¼ Q �W. The work done is W ¼ P(V2 � V1). The


mass remains unchanged m1�m2.


m1 ¼ V1


v1
¼ 2


0:56722
¼ 3:526 kg
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Then the first law gives


3500 ¼ 400 � ð3:526v2 � 2Þ þ 3:526 � ðu2 � 2690Þ
This requires iteration on v2 and u2 to find the final temperature. After some effort this gives


Tf ¼ 965K


5.15 INTERNAL ENERGY OF AN IDEAL GAS


For an ideal gas, the internal energy U depends only on temperature, not on pressure or
volume. Consider again the free-expansion experiment described earlier. A thermally
insulated container with rigid walls is divided into two compartments by a partition
(Fig. 5.19). One compartment has a quantity of an ideal gas, and the other is evacuated.


When the partition is removed or broken, the gas expands to fill both parts of the
container. The gas does not do any work on its surroundings because the walls of the
container don’t move, and there is no heat flow through the insulation. So both Q and W
are zero, and the internal energy U is constant. This is true of any substance, whether it is
an ideal gas or not.


Does the temperature change during a free expansion? Suppose it does change, while the
internal energy stays the same. In that case we have to conclude that the internal energy
depends on both the temperature and the volume or on both the temperature and the pres-
sure, but certainly not on the temperature alone. But if T is constant during a free expansion,
for which we know that U is constant even though both P and V change, then we have to
conclude that U depends only on T, not on P or V.


Many experiments have shown that when a low-density gas undergoes a free expan-
sion, its temperature does not change. Such a gas is essentially an ideal gas. The conclu-
sion is: The internal energy of an ideal gas depends only on its temperature, not on its
pressure or volume. This property, in addition to the ideal-gas equation of state, is part
of the ideal-gas model. Both properties will be used frequently in later systems
calculations.


FIGURE 5.19 The partition is broken (or removed) to start the free expansion of gas into the vacuum region.
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5.16 INTRODUCTION TO ENTHALPY


In the solution of problems involving systems, certain products or sums of properties
occur with regularity. One such combination of properties can be demonstrated by consid-
ering the addition of heat to the constant-pressure situation shown in Fig. 5.20. Heat is added
slowly to the system (the gas in the cylinder), which is maintained at constant pressure by
assuming a frictionless seal between the piston and the cylinder. If the kinetic energy changes
and potential energy changes of the system are neglected and all other work modes are
absent, the first law of thermodynamics requires that Eq. (5.21) apply,


Q�W ¼ U2 �U1 (5.26)


The work done using the weight for the constant pressure process is given by


W ¼ PðV2 � V1Þ (5.27)


The first law can then be written as


Q ¼ ðU þ PVÞ2 � ðU þ PVÞ1 (5.28)


The quantity in parentheses U þ PV is a combination of properties, and it is thus a prop-
erty itself. It is called the enthalpy H of the system,


H ¼ U þ PV (5.29)


The specific enthalpy h is found by dividing by the mass.


Cp � Cv ¼ T
ds
dv


				
T


dv
dT


				
p


(5.30)


Enthalpy is a property of a system. It is so useful that it is tabulated in the steam tables
along with specific volume and specific internal energy. The energy equation can now be
written for a constant pressure process as


Cp � Cv ¼ T
ds
dv


				
T


dv
dT


				
p


(5.31)


Gas
Gas
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FIGURE 5.20 Constant pressure heat addition.
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The enthalpy has been defined assuming a constant-pressure system with difference in
enthalpies between two states being the heat transfer. For a variable-pressure process, the dif-
ference in enthalpy is not quite as obvious. However, enthalpy is still of use in many engi-
neering problems and it remains a property as defined by Eq. (5.29). In a nonequilibrium
constant-pressure process DH would not equal the heat transfer.


Because only changes in the enthalpy or the internal energy are important, the datum for
each can be chosen arbitrarily. Normally the saturated liquid at 0�C is chosen as the datum
point for water.


EXAMPLE 5.9
A frictionless piston is used to provide a constant pressure of 400 kPa in a cylinder containing


steam originally at 500K with a volume of 2 m3. Calculate the final temperature if 3500 kJ of heat is
added.


Solution
This is the same problem as Example 5.8. However, using the concept of enthalpy the solution is


simpler, Q ¼ H2 e H1. Then


3500 ¼ ðh2 � 2916:2Þ � 3:526


h2 ¼ 3500þ 2916:2 � 3:526
3:526


¼ 3908:8


Tf ¼ 964:8K


5.17 LATENT HEAT


When a substance changes phase from either a solid to a liquid or a liquid to a gas, it
requires an input of energy to do so. The potential energy stored in the interatomic forces
between molecules needs to be overcome by the kinetic energy of the motion of the particles
before the substance can change phase.


Starting with a substance that is initially solid, as it is heated, its temperature will rise as
depicted in the graph in Fig. 5.21.


Starting a point A, the substance is in its solid phase, heating it brings the temperature up
to its melting point but the material is still a solid at point B. As it is heated further under
constant pressure, the energy from the heat source goes into breaking the bonds holding
the atoms in place. This takes place from B to C. At point C all of the solid phase has been
transformed into the liquid phase. Once again, as energy is added the energy goes into the
kinetic energy of the particles raising the temperature (C to D). At point D the temperature
has reached its boiling point but it is still in the liquid phase. From points D to E thermal
energy overcomes the bonds holding the particles in the liquid state and the particles have
enough kinetic energy to escape to the vapor state. Then substance enters the gas phase
and its temperature continues to rise with added heat inputs. Beyond E, further heating
under pressure can raise the temperature still further.
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The latent heats of fusion and vaporization are the heat inputs required to produce the
phase changes. The word latent means hidden, when the phase change is from solid to liquid
it is the latent heat of fusion, and when the phase change is from liquid to gas, it is the latent
heat of vaporization.


The energy required is Q ¼ mL, where m is the mass of the substance and L is the specific
latent heat of fusion or vaporization required to produced the phase change.


Table 5.1 lists the latent heat of fusion and vaporization for certain substances.
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FIGURE 5.21 Temperature change with time. Phase changes are indicated by flat regions where heat energy is
used to overcome attractive forces between molecules.


TABLE 5.1 Latent Heat of Fusion and Vaporization for Certain Substances


Substance
Specific Latent Heat
of Fusion (kJ/kg) �C


Specific Latent Heat of
Vaporization (kJ/kg) �C


Water 334 0 2258 100


Ethanol 109 �114 838 78


Ethanoic acid 192 17 395 118


Chloroform 74 �64 254 62


Mercury 11 �39 294 357


Sulfur 54 115 1406 445


Hydrogen 60 �259 449 �253


Oxygen 14 �219 213 �183


Nitrogen 25 �210 199 �196


5. FIRST LAW OF THERMODYNAMICS148







The amount of energy that must be transferred in the form of heat to a substance held at
constant pressure in order that phase changes occur is called the latent heat. It is the change in
enthalpy of the substance at the saturated conditions of the two phases. The heat that is neces-
sary to melt (or freeze) a unit mass at the substance at constant pressure is the heat of fusion
and is equal to hif ¼ hf � hi, where hi is the enthalpy of saturated solid and hf is the enthalpy of
a saturated liquid. The heat of vaporization is the heat required to completely vaporize a unit of
saturated liquid (or condense a unit mass of saturated vapor) and it equal to hfg ¼ hg � hf.
When a solid changes phases directly to a gas, sublimation occurs and the heat of sublimation
is equal to hig ¼ hg � hi.


The heat of fusion and the heat of sublimation are relatively insensitive to pressure or tem-
perature changes. For ice the heat of fusion is approximately 320 kJ/kg (140 Btu/lbm) and the
heat of sublimation is about 2040 kJ/kg (880 Btu/lbm). The heat of vaporization of water is
identified as hfg in Appendices A14.1eA14.6.


5.18 SPECIFIC HEAT


For a simple system, only two independent variables are necessary to establish the state of
the system as specified by the Gibbs phase rule. This means that properties like specific inter-
nal energy u can be tabulated as a function of two variables, In the case of u, it is particularly
useful to choose T and y. Or,


u ¼ uðT; yÞ (5.32)


Using the calculus chain rule, we express the differential in terms of the partial derivative
as follows, using the function u and its independent variables T and y in Eq. (5.32);


du ¼ vu
vT


				
y


dT þ vu
vy


				
T


dy (5.33)


The Chain Rule for Functions of
Two Variables


The Chain Rule
If x ¼ x(t) and y ¼ y(t) are differentiable at


t and z ¼ f ðx; yÞ ¼ f ðxðtÞ; yðtÞÞ is differen-
tiable at ðxðtÞ; yðtÞÞ, then z ¼ f ðxðtÞ; yðtÞÞ is
differentiable at t and is written as;


dz
dt


¼ vz
vx


dx
dt


þ vz
vy


vy
vt


¼ vz
vx


				
y


dxþ vz
vy


				
x


dy


This can be proved directly from the def-
initions of z being differentiable at ðxðtÞ; yðtÞÞ
and x(t) and y(t) being differentiable at t.


Example of Chain Rule
In physics and chemistry, the pressure P


of a gas is related to the volume V, the
number of moles of gas n, and temperature T
of the gas by the following equation:


P ¼ nRT
V


Continued
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where R is a constant of proportionality. We
can easily find how the pressure changes
with volume and temperature by finding the
partial derivatives of Pwith respect to V and P,
respectively. But, now suppose volume and
temperature are functions of variable time t
(with n constant): V ¼ V(t) and T ¼ T(t). We
wish to know how the pressure P is changing


with time. To do this we need a chain rule for
functions of more than one variable. We will
find that the chain rule is an essential part of
the solution of any related rate problem, then
we can write dP/dt as


dP
dt


¼ vP
vT


dT
dt


þ dP
dV


dV
dt


¼ nR
V


dT
dt


� nRT
V2


dV
dt


Since u, y, and T are all properties, the partial derivative is also a property and is called the
constant volume specific heat, Cy and that is


Cy ¼ vu
vT


				
y


(5.34)


Many experiments have shown that when a low-density gas undergoes a free expansion,
its temperature does not change. Such a gas is by definition an ideal gas. The conclusion is
that, the internal energy of an ideal gas depends only on its temperature, not on its pressure
or volume. This property, in addition to the ideal gas equation of state, is part of the ideal gas
model. Because there is no change in temperature, there is no net heat transfer to the sub-
stance under experiment. Obviously since no work is involved, the first law requires that
the internal energy of an ideal gas does not depend on volume. Thus the second term in
Eq. (5.33) is zero.


vu
vy


				
T


¼ 0 (5.35)


Combining Eqs. (5.33)e(5.35) we have


du ¼ CydT (5.36)


This can be integrated to give


u2 � u1 ¼
Z T2


T1


CydT (5.37)


For a known CyðTÞ Eq. (5.37) can be integrated to find the change in internal energy over
any temperature interval for an ideal gas. By a similar argument, considering specific
enthalpy to be dependent on the two variables, temperature T and pressure P, we have


dh ¼ vh
vT


				
P


dT þ vh
vP


				
T


dP (5.38)
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The constant-pressure specific heat Cp is defined as the partial


Cp ¼ vh
vT


				
P


(5.39)


For an ideal gas and the definition of enthalpy,


h ¼ uþ Py ¼ uþ RT (5.40)


where we have used the ideal-gas equation of state. Since u is only a function of T per
Eq. (5.32), h also is only a function of T for an ideal gas. Hence, for an ideal gas,


vh
vP


				
T


¼ 0 (5.41)


Then from Eq. (5.38), we have


dh ¼ CpdT (5.42)


and integrating Eq. (5.42) over the temperature range T1 to T2 will give the following result.


h2 � h1 ¼
Z T2


T1


CpdT (5.43)


Often it is convenient to denote the specific heat on a per-mole rather than a per kilogram
basis and the specific heats can be written as:


Cy ¼ MCy and CP ¼ MCP (5.44a)


where M is the molar mass. The values of Cy and CP have been fit very accurately with a five
parameter fit whose coefficients are given in Appendix A11 for a number of gases and com-
bustion products. Cy and CP can be derived from the specific heats per mole by dividing by
the molar mass M defined as


M ¼ m
n


(5.44b)


where m is the mass and n is the number of moles of the substance. The normal units used for
m and n are kg and kgmol. Therefore the normal unit for M is kg/kgmol.


The enthalpy Eq. (5.30) or Eq. (5.40) for an ideal gas can written as


dh ¼ duþ dðPyÞ (5.45)


Introducing the specific heat relations and the ideal-gas equation, gives


CpdT ¼ CydT þ RdT (5.46)
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Dividing both sides by dTresults in the following relation for an ideal gas:


Cp ¼ Cy þ R (5.47)


The same relation holds for the molar specific heats and the universal gas constant
CP ¼ Cy þ R. Note that the difference between Cp and Cy for an ideal gas is always a con-
stant, even though both are functions of temperature. Defining the ratio of specific heats g,
we can see this ratio is also property of interest and is written as


g ¼ Cp


Cy


(5.48)


Substitution of Eq. (5.48) into Eq. (5.47), results in the following useful relationships.


Cp ¼
�


g


g� 1


�
R (5.49a)


or


Cy ¼
�


1
g� 1


�
R (5.49b)


Since R for an ideal gas is constant, the specific heat ratio g just depends on temperature T.
For gases, the specific heat slowly increases with increasing temperature. Since they do not


vary significantly over fairly large temperature differences, it is often acceptable to treat Cp
and Cy as constants. In this case, the integration is simple and the internal energy and
enthalpy can be expressed as


u2 � u1 ¼ CyðT2 � T1Þ (5.50)


h2 � h1 ¼ CpðT2 � T1Þ (5.51)


EXAMPLE 5.10
The specific heat of superheated steam at 200 kPa can be determined by the equation


Cp ¼ 2:0þ T � 700
2500


kJ=kg�K


1. What is the enthalpy change between 500K and 1000K for 5 kg of steam? Compare with the
steam tables.


2. What is the average Cp between 500 and 1000�K based on the equation and based on the
tabulated data?
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Solution
1. The enthalpy change is found to be


DH ¼ m
Z T2


T1


CpdT ¼ 5
Z 1000


500


�
2:0þ T � 700


2500


�
dT ¼ 5323 kJ


From Table A14.3 we find, using P ¼ 200 kpa


DH ¼ mð3990:1� 2924:8Þ ¼ 5ð1065:3Þ ¼ 5326:5 kJ


2. The average value CP,Avg, is found by using the relation


mCP;AvgDT ¼ m
Z T2


T1


CpdT


or


ð5Þð1000� 500ÞCP;Avg ¼ 5
Z 1000


500


�
2:0þ T � 700


2500


�
dT


The integral on the right-hand side of the above relation was evaluated in part (a) of the
problem; hence, we have


8><
>:


ð5Þð500ÞCP;Avg ¼ 5323


CP;Avg ¼ 5323
2500


¼ 2:1292 ¼ 2:13 kJ=kg�K


Using the values from the steam table, we have


CP;Avgx
Dh
DT


¼ ð3990:1� 2924:8Þ
500


¼ 1065:3
500


¼ 2:1306z2:13 kJ=kg�K


Because the steam tables give the same values as the linear equation of this example, we can
safely assume that the CP(T) relationship for steam over this temperature range is closely approx-
imated by a linear relation. This linear relation would change, however, for each pressure chosen;
hence, the steam tables are essential.


EXAMPLE 5.11
Determine the value of Cp for steam at T ¼ 1500�R and P ¼ 800 Psia (see Appendix A14.6).


Solution
To determine CP we use a finite-difference approximation to Eq. (5.39). We use the entries at


T ¼ 1600 and T ¼ 1400�R (a forward difference), CP is too low. If values at T ¼ 1500 and T ¼ 1300�R
are used (a backward difference), CP is too high. Thus, both a forward and a backward value
(a central difference) should be used, resulting in a more accurate slope.
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EXAMPLE 5.12
Calculate the change in enthalpy between 300 and 1200K for nitrogen gas three ways:


1. Look up the change in the enthalpy given in the tables in Appendix A13.7.
2. Calculate the constant pressure specific heat at 300K based on the fitted coefficients in Appen-


dix A11. Multiply this specific heat value times the temperature difference to get the change
in enthalpy over this temperature range.


3. Integrate the fitted expansion from 300K to 1200 K to get the enthalpy change.


Solution
1. From Appendix A13.7


hð300KÞ ¼ 7754:4 kJ=kgmol hð1200KÞ ¼ 35806:4 kJ=kgmol


Dh ¼ 35806:4� 7754:4 ¼ 28; 052 kJ=kgmol


2. From Appendix A11


q ¼ T
100


Cp ¼ c0




q2


q2 þ s


�
þ c1q


1 =


2 þ c2qþ c3q
3 =


2 þ c4q2


q ¼ 3 Cp ¼ 12:2568ð1Þ � 7:0276 � 31


=


2 þ 3:1766 � 3� 0:5465 � 33


=


2 þ 0:0328 � 32


Cp ¼ 12:2568� 12:1722þ 9:5298� 2:8396þ 0:2952 ¼ 7:070
kcal


kgmol� K


Cp ¼ 7:07 � 4:1868 ¼ 29:60 kJ=kgmol


Dh ¼ 29:6 � ð1200� 300Þ ¼ 26; 640 kJ=kgmolð�5%Þ


3. The following steps are used to calculate step 3 of this problem


q1 ¼ 300
100


¼ 3 q2 ¼ 1200
100


¼ 12


Dh ¼
Z T2


T1


CpdT ¼ 100
Z q2


q1
Cpdq ¼ 100


Z q2


q1


�
c0 þ c1q


1 =


2 þ c2qþ c3q
3 =


2 þ c4q2
�
dq


Dh ¼ 100 �
8<
:12:2568 � ð12� 3Þ � 7:0276 �


�
12


3 =


2 � 3
3 =


2
�


3 =2
þ 3:1766 � ð12


2 � 32Þ
2


�0:5465 �
�
12


5 =


2 � 3
5 =


2
�


5 =2
þ 0:0328 � ð12


3 � 33Þ
3


9=
;


Dh ¼ 6728:15 kcal=kgmol ¼ 28; 169:4 kJ=kgmolðþ0:4%Þ
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5.19 HEAT CAPACITIES OF AN IDEAL GAS


It is usually easiest to measure the heat capacity of a gas in a closed container under
constant-volume conditions. The corresponding heat capacity is called the specific heat
at constant volume and is designated Cy. Heat capacity measurements for solids and
liquids are usually carried out in the atmosphere under constant atmospheric pressure,
and we call the corresponding heat capacity the specific heat at constant pressure, desig-
nated Cp. If neither p nor V is constant, we have an infinite number of possible heat
capacities.


Consider Cy and Cp for an ideal gas. To measure Cy, an ideal gas is heated in a rigid
container at constant volume. To measure Cp, the gas is allowed to expand just enough to
keep the pressure constant as the temperature rises.


Why should these two molar heat capacities be different? The answer lies in the first law of
thermodynamics. In a constant-volume temperature increase, the system does not do any
work, and the change in internal energy DU equals the heat added Q. In a constant-
pressure temperature increase, on the other hand, the volume must increase; otherwise, the
pressure (given by the ideal-gas equation of state) could not remain constant. As the material
expands, it does an amount of work W. According to the first law,


Q ¼ DU þW (5.52)


For a given temperature increase, the internal energy change U of an ideal gas has the
same value no matter what the process (remember that the internal energy of an ideal gas
depends only on temperature, not pressure or volume). Eq. (5.52) then shows that the
heat input for a constant-pressure process must be greater than that for a constant-
volume process because additional energy must be supplied to account for the work done
during the expansion. So Cp is greater than Cy for an ideal gas. The PeV diagram in
Fig. 5.22 shows this relationship. For air, Cp is 40% greater than Cy at temperatures near
room temperature.


The ratio of specific heats then is a dimensionless parameter that will be useful for predict-
ing many ideal gas processes. It is denoted by the Greek letter gamma,


g ¼ Cp


Cy


(5.53)


For gases, Cp is always greater than Cy and g is always greater than unity. This quantity
plays an important role in adiabatic processes for an ideal gas. Table 5.2 contains specific heats
and ratios of specific heat for various temperatures for air. Note that in most gas dynamics
text books g also is known as the adiabatic index.


Here’s a final reminder: For an ideal gas the internal energy change in any process is given
by DU ¼ nCyDT, whether the volume is constant or not.
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EXAMPLE 5.13
Cooling a Dorm Room


A typical dorm room or bedroom is about 8 � 4 � 2.5 m. The density of air on a typical day is
about 1.225 kg/m3. First find the mass of the air in the room. Then find the change in the internal
energy of this much air when it is cooled from 23.9 to 11.6�C at a constant pressure of 1.00 atm. Treat
the air as an ideal gas.


Solution
This is a constant pressure process. One way to do this is to find Q from Q ¼ nCpDT, then find the


volume change. After finding the volume change, then find the work done by the gas from
W ¼ PDV. Finally, use the first law to find DU. This would be perfectly correct, but there’s a much


FIGURE 5.22 Raising the temperature of an ideal gas from T1 to T2 by a constant-volume or a constant-pressure
process. For an ideal gas, U depends only on T, so DU is the same for both processes. In the constant-volume process,
no work is done, so Q ¼ DU. But for the constant-pressure process, Q is greater, since it must include both DU and
W ¼ P1 V2 � V1ð Þ. Thus Cp > Cy.


TABLE 5.2 Table of Ratio of Specific Heat for Air


Temperature (K) Cp (kJ/kg K) Cy (kJ/kg K) g


200 1.002 0.715 1.401


300 1.005 0.718 1.400


500 1.029 0.742 1.387


1000 1.140 0.853 1.336


2000 1.249 0.962 1.298
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easier way. For an ideal gas the internal-energy change is DU ¼ nCyDT for every process, whether the
volume is constant or not. So all that is needed is Cy. The average of 23.9 and 11.6 is about 18�C or
about 291K. We’ll use the value for Cy from the table at 300K which is 0.718 kJ/kg K. We also need
the mass of the air.


mass ¼ r� V ¼ 1.225 kg=m3 � 8 m� 4 m� 2.5 m ¼ 98 kg


Then


DU ¼ 98 kg� 0:718 kJ=kg K� ð11:6� 23:9�CÞ
DU ¼ �865 kJ ¼ �8:65� 105 J


A room air conditioner must extract this much internal energy from the air in the room and
transfer it to the air outside.


5.20 ADIABATIC PROCESSES FOR AN IDEAL GAS


An adiabatic process is a process in which no heat transfer takes place between a system
and its surroundings. Zero heat transfer is an idealization, but a process is approximately
adiabatic if the system is well insulated or if the process takes place so quickly that there
is not enough time for appreciable heat flow to occur.


In an adiabatic process, Q ¼ 0, so from the first law, DU ¼ �W. An adiabatic process for an
ideal gas is shown in the PeV diagram in Fig. 5.23.


As the gas expands from volume Va to Vb, it does positive work, so its internal energy
decreases and its temperature drops. If point a, representing the initial state, lies on an


FIGURE 5.23 A PeV diagram of an adiabatic process for an ideal gas. As the gas expands from Va to Vb, its
temperature drops from T þ DT to T, corresponding to the decrease in internal energy due to the workW done by the
gas (indicated by the shaded area). For an ideal gas, when an isotherm and an adiabatic pass through the same point
on a PeV diagram, the adiabatic is always steeper.


5.20 ADIABATIC PROCESSES FOR AN IDEAL GAS 157







isotherm at temperature T þ DT, then point b for the final state is on a different isotherm at a
lower temperature T. For an ideal gas, an adiabatic curve at any point is always steeper than
the isotherm passing through the same point. For an adiabatic compression from Vb to Va ,
the situation is reversed and the temperature rises accordingly.


The air in the output pipes of air compressors used in gasoline stations and in paint-
spraying equipment is always warmer than the air entering the compressor; this is because
the compression is rapid and hence approximately adiabatic. Adiabatic cooling occurs
when you open a bottle of your favorite carbonated beverage. The gas just above the
beverage surface expands rapidly in a nearly adiabatic process; the temperature of the gas
drops so much that water vapor in the gas condenses, forming a miniature cloud.


Caution: Keep in mind that “adiabatic heating” and “adiabatic cooling,” really mean
“raising the temperature” and “lowering the temperature,” in an adiabatic process, respec-
tively. In an adiabatic process, the temperature change is due to work done by, or on, the sys-
tem; there is no heat flow at all.


A relation can be derived between volume and temperature changes for an infinitesimal
adiabatic process in an ideal gas. Eq. (5.55) gives the internal energy change DU for any
process for an ideal gas, adiabatic or not, so we have DU ¼ nCyDT. Also, the work done
by the gas during the process is given by DW ¼ PDV. Then, since DU ¼ �DW for an adiabatic
process, we have


nCyDT ¼ �PDV (5.54)


To obtain a relation containing only the volume V and temperature T, eliminate P using
the ideal-gas equation in the form P ¼ rRT. Since m ¼ rV, write the ideal gas equation as
P ¼ (n/V),RT. Substituting this into Eq. (5.54), gives


nCyDT ¼ �n
V
RTDV


Rearranging, gives


DT
T


þ R
Cy


DV
V


¼ 0


The coefficient R=Cy can be expressed in terms of g ¼ Cp=Cy. We have


R
Cy


¼ Cp � Cy


Cy


¼ Cp


Cy


� 1 ¼ g� 1


DT
T


þ ðg� 1ÞDV
V


¼ 0 (5.55)


Because g is always greater than unity for a gas, ðg� 1Þ is always positive. This means that
in Eq. (5.55), DV and DT always have opposite signs. An adiabatic expansion of an ideal gas
(DV > 0) always occurs with a drop in temperature (DT < 0), and an adiabatic compression
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(DV < 0) always occurs with a rise in temperature (DT > 0); this confirms the earlier
prediction.


Eq. (5.55) does not help much in its current form for solving problems. To get it to a form
that will help requires a little calculus. Taking differentials and integrating gives


ln T þ ðg� 1Þln V ¼ constant


ln
�
TVg�1


� ¼ constant (5.56)


Thus, for an initial state (T1, V1) and a final state (T2, V2),


T1V
g�1
1 ¼ T2V


g�1
2 ðAdiabatic process; ideal gasÞ (5.57)


The T’s must always be absolute (Kelvin) temperatures.
Eq. (5.56) can be converted into a relation between pressure and volume by eliminating T,


using the ideal-gas equation in the form T ¼ P=Rr ¼ PV=nR. Substituting this into Eq.
(5.56), gives


PV
nR


Vg�1 ¼ constant


or because n and R are constant


PVg ¼ constant (5.58)


For an initial state (P1, V1) and a final state (P2, V2), Eq. (5.58) becomes


P1V
g
1 ¼ P2Vg Adiabatic process; ideal gas


� �
(5.59)


V1 and V2 can be eliminated between Eqs. (5.58) and (5.59) to obtain


P1


P2
¼


�
T1


T2


� g
g�1


(5.60)


It is also possible to calculate the work done by an ideal gas during an adiabatic process. In
this case Q ¼ 0 and W ¼ �DU which holds true for any adiabatic process. For an ideal gas,
DU ¼ nCyðT2 � T1Þ. If the mass n and the initial and final temperatures T1 and T2 are known,
then


W ¼ nCyðT1 � T2Þ ðAdiabatic; ideal gasÞ (5.61)


Using the ideal gas law P ¼ rRT ¼ m=Vð Þ$RT in this equation to obtain


W ¼ Cy


R
P1V1 � P2V2ð Þ ¼ 1


g� 1
P1V1 � P2V2ð Þ Adiabatic process; ideal gas


� �
(5.62)
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where Cv ¼ R/(g � 1). If the process is an expansion, the temperature drops. T1 is greater than
T2. P1V1 is greater than P2V2, and the work is positive, as expected. If the process is a
compression, the work is negative.


Throughout this analysis of adiabatic processes the ideal gas equation of state is assumed,
which is valid only for equilibrium states. Strictly speaking, these results are valid only for
processes that are fast enough to prevent appreciable heat exchange with the surroundings
(so that Q ¼ 0 and the process is adiabatic), yet slow enough that the system does not depart
very much from thermal and mechanical equilibrium. Even when these conditions are not
strictly satisfied, though, Eqs. (5.59)e(5.61) gives useful approximate results.


Hot steam escapes from the top of this pressure cooker at high speed. Hence, it has no time
to exchange heat with its surroundings, and its expansion is nearly adiabatic. As the steam’s
volume increases, its temperature drops so much (see Eq. 5.59) that it feels cool on the chef’s
hand (see Fig 5.24).


EXAMPLE 5.14
Adiabatic Compression in a Diesel Engine


The compression ratio of a diesel engine is 15 to 1; this means that air in the cylinders is com-
pressed to 1/15 of its initial value (Fig. 5.25). If the initial pressure is 1.10 � 105 Pa and the initial
temperature is 27�C (300K), find the final pressure and the temperature after compression. Air is
mostly a mixture of diatomic oxygen and nitrogen; treat it as an ideal gas with g ¼ 1.4.


Solution
We have p1 ¼ 1.10 � 105 Pa, T1 ¼ 300K, and V1/V2 ¼ 15. From Eq. (5.57),


T2 ¼ T1


�
V1


V2


�g�1


¼ ð300KÞð15Þ0:4 ¼ 886K ¼ 613�C


FIGURE 5.24 Hot steam pressure cooker.
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From Eq. (5.59),


P2 ¼ P1
V1


V2


� �g


¼ 1:01� 105Pa
� �


15ð Þ1:4


¼ 44:8� 105 Pa ¼ 44 atm


If the compression had been isothermal, the final pressure would have been 15 atm, but because
the temperature also increases during an adiabatic compression, the final pressure is much greater.


When fuel is injected into the cylinders near the end of the compression stroke, the high tem-
perature of the air attained during compression causes the fuel to ignite spontaneously without the
need for spark plugs.


EXAMPLE 5.15
Work done in an Adiabatic Process


In Example 5.12, how much work does the gas do during the compression if the initial volume of
the cylinder is 1.00 L ¼ 1.00 � 9�3 m3? Assume that Cy for air is 0.718 kJ/kg K and g ¼ 1.4.


Solution
Determine the mass using the ideal gas equation of state


P ¼ rRT ¼ m=Vð ÞRT:


m ¼ P1V1


RT1
¼ 1:01� 105 Pað Þ 1:00� 10�3 m3ð Þ


287:05
Nm
kgK


� �
300Kð Þ


m ¼ 1:173� 9�3 kg


FIGURE 5.25 Adiabatic compression of air in a cylinder of a diesel engine.
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and Eq. (5.26) gives


W ¼ nCyðT1 � T2Þ
¼ 1:173� 9�3 kgð0:718 kJ=kg KÞð300� 886 KÞ


W ¼ �0:494 kJ ¼ �494 J


With the second method,


W ¼ 1
g� 1


P1V1 � P2V2ð Þ


W ¼ 1
1:40� 1


��
1:01� 105 Pa


��
1:00� 10�3 m3


�� �
44:8� 105 Pa


��1:00� 10�3 m3


15


�



W ¼ �494 kJ ¼ �494 J


The work is negative because the gas is compressed.


5.21 SUMMARY


This has been a long chapter, but its fundamentals can be summarized with the following
main points and equations.


• A thermodynamic system can exchange energy with its surroundings by heat transfer
or by mechanical work and in some cases by other mechanisms. When a system at pres-
sure p expands from volume V1 to V2, it does an amount of work W given by


W ¼
X


PDV Eq. 5.3ð Þ


If the pressure is constant during the expansion


W ¼ P V2 � V1ð Þ Eq. 5.4ð Þ


• In any thermodynamic process, the heat added to the system and the work done by the
system depend not only on the initial and final states, but also on the path (the series of
intermediate states through which the system passes).


• The first law of thermodynamics states that when heat Q is added to a system while it
does work W, the internal energy U changes by an amount


U2 �U1 ¼ DU ¼ Q�W ðFirst Law of ThermodynamicsÞ ðEq. 5.21Þ


The internal energy of any thermodynamic system depends only on its state. The change in
internal energy during a process depends only on the initial and final states, not on the path.
The internal energy of an isolated system is constant.
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• An adiabatic process requires no heat transfer into or out of a system, Q ¼ 0.
• An isochoric process implies constant volume, DV ¼ 0, ¼>W ¼ 0.
• An isobaric process implies constant pressure, DP ¼ 0 ¼>W ¼ P V2 � V1ð Þ.
• An isothermal process implies constant temperature.
• The heat capacities Cy and Cp of an ideal gas are related by


Cp ¼ Cy þ R ðEq. 5.47Þ


The ratio of heat capacities Cp=Cy, is denoted by g


g ¼ Cp


Cy


ðEq. 5.48Þ


• For an adiabatic process for an ideal gas the quantities TVg�1 and PVg are constant. For
an initial state (P1, V1, T1) and a final state (P2, V2, T2),


T1V
g�1
1 ¼ T2V


g�1
2 ðEq. 5.57Þ


P1V
g
1 ¼ P2Vg Eq. 5.59ð Þ


Or eliminating V1 and V2 between these equations gives


P1
P2


¼
�
T1


T2


� g
g�1


Eq. 5.60ð Þ


The work done by an ideal gas during an adiabatic expansion is


W ¼ nCy T1 � T2ð Þ ¼ Cv


R
P1V1 � P2V2ð Þ ¼ 1


g� 1
P1V1 � P2V2ð Þ Eqs. 5.61; 5.62ð Þ
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The second law of thermodynamics stipulates that the total entropy of a system plus its
environment cannot decrease; it can remain constant for a reversible process but must always
increase for an irreversible process.


6.1 INTRODUCTION


The first law of thermodynamics has been validated experimentally many times in many
places. It is truly a law of physics. It always allows the conversion of energy from one form to
another, but never allows energy to be produced or destroyed in the conversion process. But
it is not a complete description of thermal energy conversion processes. The first law would
allow heat to be transferred from a cold body to a hot body as long as the amount of heat
transferred decreased the internal energy of the cold body by the amount it increased the
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internal energy of the hot body. However, this never happens. Heat can only be transferred
from a hot body to a cold body. Therefore, there is a requirement for a law that explicitly
states the direction of thermal energy transfer in addition to the conservation of energy
expressed by the first law. This is the second law of thermodynamics. A simple statement
of the second law would be that “heat can’t be spontaneously transferred from a cold
body to a hot body.” Statements that are more elegant are provided below.


6.2 HEAT ENGINES, HEAT PUMPS, AND REFRIGERATORS


Consider Fig. 6.1. Heat is transferred from a heat reservoir to an ideal heat engine to pro-
duce work.


Unfortunately, it is virtually impossible to transfer heat to a heat engine without using
some kind of a working fluid. Therefore, if the working fluid is passed to the heat engine
and all of its contained heat is converted to work, it will have to be released to the environ-
ment with no heat or at zero absolute temperature. This is virtually impossible to do, so any
realistic heat engine will need to operate between two heat reservoirs, one to provide the heat
and another to absorb the working fluid after the work has been extracted from it. Therefore,
a simple concept of a heat engine would have to look like Fig. 6.2. There must be a high-
temperature reservoir to provide heat and a low-temperature reservoir to accept heat after
the work has been performed. Then


W ¼ QH �QL


FIGURE 6.1 Ideal heat engine.


FIGURE 6.2 Real heat engine.
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There are basically three devices that operate in a cycle that can be represented by this
model of a heat engine. These are a true heat engine, a heat pump, and a refrigerator.


For the true heat engine, the objective is to produce work, so its efficiency is given by


h ¼ W
QH


(6.1)


Note that QH ¼ W þ QL and h could be optimized by minimizing QL. The heat pump ab-
sorbs work and produces heat to the upper reservoir. Its coefficient of performance is given
by


COPHP ¼ QH


W
(6.2)


Once again, QH ¼ W þ QL, but COP could be maximized by minimizing W. The refriger-
ator absorbs work and removes heat from the low temperature reservoir. Its coefficient of
performance is given by


COPR ¼ QL


W
(6.3)


In this case COP could be maximized by also minimizing W.


6.3 STATEMENTS OF THE SECOND LAW OF THERMODYNAMICS


The second law must apply to each of these devices, so consider two more elegant state-
ments of the second law.


Clausius Statementd“It is impossible to construct a device which operates on a cycle and
whose sole effect is the transfer of heat from a cooler body to a hotter body.”
KelvinePlank Statementd“It is impossible to construct a device which operates on a cycle and
produces no other effect than the production of work and the transfer of heat from a single body.”


The two statements are equivalent (see Fig. 6.3A and B).
Note that both statements are negations. They cannot be proven theoretically from some


higher first principle argument, but have simply been determined to be correct by experi-
ments similar to the first law. They also rule out any heat engine that can be 100% efficient.


FIGURE 6.3 (A) Not allowed by KelvinePlank statement. (B) Not allowed by Clausius statement.
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6.4 REVERSIBILITY


Now in order to find the most efficient engine possible given two heat reservoirs, the
concept of reversibility must be quantified. Reversibility was touched on in the first law
Chapter 5 when quasistatic processes were discussed. A reversible process is simply one
that, once it has taken place, can be reversed back to the original state. It is the thermody-
namic equivalent of a frictionless surface in mechanics or a resistance-less wire in an electrical
circuit. No process is reversible, but a process can be reversed if the energy losses are so small
as to be negligible. The energy losses that have to be considered are:


1. Friction losses;
2. Heat transfer across a finite temperature difference;
3. Unrestrained expansion of a gas;
4. Mixing of simple substances;
5. Chemical or nuclear reactions.


Friction losses mean that energy is lost when two bodies slide across each other. When the
sliding is reversed, additional friction losses occur, so a process involving friction cannot be
reversed. Heat transfers across a finite temperature drop mean that when the process is
reversed, the heat must transfer from a colder body to a hotter body. This is impossible. Un-
restrained expansion of a gas means that the volume increased without work or heat being
applied. A gas cannot be compressed without doing work. When substances are mixed, it re-
quires work to separate them, so this type of process cannot be reversed. Finally, once a
chemical or nuclear reaction has occurred, the products cannot be converted back to the in-
gredients without the input of energy. Now if these processes are eliminated and only revers-
ible processes are considered, it is possible to talk about the Carnot engine.


6.5 THE CARNOT ENGINE


The heat engine that operates most efficiently between a given high-temperature reservoir
and a given low-temperature reservoir is a Carnot engine, named after Sadi Carnot who first
proposed it. It uses reversible processes to complete a thermodynamic cycle and produce the
most useful work possible. It also establishes a standard to which other heat engines can be
compared to determine how well they use the thermal energy available in a high-temperature
reservoir. If their efficiency is significantly less than the Carnot efficiency, there may be im-
provements possible to boost their efficiency. The simplest model for a Carnot engine is
one based on an ideal gas cycle. The cycle consists of four processes and is described in
Fig. 6.4, in which the figure is the plot of the cycle in a T-v diagram.


Assume a piston cylinder arrangement that can alternately be placed in contact with hot
and cold reservoirs and during the transition can be treated as adiabatic.


Process 1e2 is an isothermal expansion from point 1 to point 2. Heat is added reversibly at
the high-temperature reservoir and the volume contained by the piston expands.


QH1�2 ¼ W1�2 ¼
Z


pdV ¼ mRTHln


�
V2=V1


�
(6.4)
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Process 2e3 is an adiabatic expansion from point 2 to point 3. The volume continues to
expand adiabatically.


Q ¼ 0
V2


V3
¼


�
TL


TH


�1
=g�1


(6.5)


Process 3e4 is an isothermal compression from point 3 to point 4. The piston cylinder
arrangement is placed in contact with the cold reservoir and the gas is compressed
isothermally.


QL;3�4 ¼ W3�4 ¼
Z


pdV ¼ mRTL ln


�
V4


V3


�
(6.6)


Process 4e1 is an adiabatic compression from point 4 to point 1. The gas continues its
compression back to its initial conditions.


Q ¼ 0
�
TL


TH


�1
=g�1 ¼ V1


V2
(6.7)


Then the efficiency for the cycle is given by


h ¼ W
QH


¼ QH �QL


QH
¼ 1� QL


QH
¼ 1þ


TL ln


�
V4=V3


�


TH ln


�
V2=V1


� (6.8)


and for the adiabatic processes


V3


V2
¼ V4


V1
V3V1 ¼ V2V4


V1


V2
¼ V4


V3
ln


�
V4=V3


�
¼ ln


�
V1=V2


�
(6.9)


FIGURE 6.4 T-v diagram for Carnot cycle.
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Therefore


h ¼ 1� TL


TH
(6.10)


which is the fundamental relationship for the Carnot efficiency of a reversible heat engine.
When the cycle is operated in reverse, the heat engine becomes a heat pump and this gives


COPHP ¼ Qh


Wnet
¼ QH


QH �QL
¼ 1


1�QL=QH


¼ 1
1� TL=TH


(6.11)


This is the fundamental relationship for a Carnot heat pump.
By the same analysis the COP for a Carnot refrigerator is given by


COPR ¼ QL


Wnet
¼ QL


QH �QL
¼ 1


QH=QL
� 1


¼ 1
TH=TL


� 1
(6.12)


and this is the fundamental relationship for a Carnot refrigerator.


EXAMPLE 6.1
A Carnot engine operates between two temperature reservoirs maintained at 240�F and 40�F. If


the desired output from the heat engine is 15 hp what is the heat transfer from the high-temperature
reservoir and the heat transfer to the low-temperature reservoir?


Solution
The efficiency of the Carnot engine is given by


h ¼ 1� TL


TH
¼ 1� 40þ 460


240þ 460
¼ 1� 500


700
¼ 2


7
¼ 0:286


0:286 ¼ QH


W
QH ¼ W


0:286
¼ 15 � 2545


0:286
¼ 1:33 � 105 Btu=h


QL ¼ QH �W ¼ 1:33 � 105 � 15 � 2545 ¼ ð1:33� 0:38Þ � 105 ¼ 9:5 � 104 Btu=h


EXAMPLE 6.2
A Carnot engine operates with air on the following cycle.


Process 1e2: Constant temperature expansion at 327�C
Process 2e3: Adiabatic expansion to 8 m3/kg
Process 3e4: Constant temperature compression at 77�C
Process 4e1: Adiabatic compression starting at 80 kPa back to 327�C


Determine the thermal efficiency and the work output per cycle per kg.
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Solution
The thermal efficiency is


h ¼ 1� TL


TH
¼ 1� 77þ 273


327þ 273
¼ 1� 350


600
¼ 0:417


At point 4 the specific volume can be found from the ideal gas equation


v4 ¼ RT4


p4
¼


8314:47 =28:9669 � 350
8:0 � 104 ¼ 1:256 m3


�
kg


Then for an adiabatic compression from points 4 to 1,


v1 ¼ v4


�
T4


T1


� 1
g�1


¼ 1:256
�
350
600


�2:5


¼ 0:3264


Also for the adiabatic expansion from points 2 to 3


v2 ¼ v3


�
T3


T2


� 1
g�1


¼ 8
�
350
600


�2:5


¼ 2:079


Then the work for the isothermal expansion from points 1 to 2


qH ¼ RTH ln


�
v2=v1


�
¼ 287 � 600 � ln


�
2:079 =0:3264


�
¼ 3:189 � 105 J


qL ¼ RTL ln


�
v4=v3


�
¼ 287 � 350 � ln


�
1:256 =8


�
¼ �1:860 � 105 J


wper cycle ¼ qH � qL ¼ ð3:189� 1:860Þ � 105 J ¼ 1:329 � 105 J
or


h ¼ w
qH


¼ 0:417 ¼ w
3:189 � 105 w ¼ 0:417 � 3:189 � 105 ¼ 1:329 � 105 J


6.6 THE CONCEPT OF ENTROPY


When the fundamental concepts of classical thermodynamics were being formulated the
scientific community investigated a number of concepts that would formalize the second
law analytically. The concept that was finally settled on was dQ=T. If a cyclic integral of
this quantity is taken for the Carnot engine cycle it gives


I
dQ
T


¼ QH


TH
�QL


TL
(6.13)


and for the Carnot cycle


QL


QH
¼ TL


TH
or


QH


TH
¼ QL


TL
(6.14)
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This then leads to the conclusion that
I


dQ
T


¼ 0 (6.15)


As a result dQ=T is a perfect differential and it can define a new property of a thermody-
namic system. This property is called entropy and is given the symbol S. Its differential is
given by


dS ¼ dQ
T


����
reversible


(6.16)


1/T serves as an integrating factor for dQ. It can be integrated for a process to give


DS ¼
Z 2


1


dQ
T


(6.17)


Note that S is an extensive property and it can be converted to a specific entropy by
dividing by the mass, s ¼ S/m. In addition, an adiabatic-reversible process implies DS ¼ 0,
the Carnot cycle can be plotted on a T-s diagram rather than a T-v diagram. Fig. 6.5 is
such a plot.


Then,


DS1�2 ¼ S2 � S1 ¼
Z 2


1


dQ
T


¼ QH;1�2


TH


DS2�3 ¼ S3 � S2 ¼
Z 3


2


dQ
T


¼ 0


DS3�4 ¼ S4 � S3 ¼
Z 4


3


dQ
T


¼ �QL;3�4


TL


DS4�1 ¼ S1 � S4 ¼
Z 1


4


dQ
T


¼ 0


(6.18)


FIGURE 6.5 Temperatureeentropy plot for a Carnot cycle.
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For a reversible process the heat transfer can be written as dQ ¼ TdS. This allows the first
law for closed systems to be written as


dU ¼ dQ� dW ¼ TdS� pdV (6.19)


Or on a per unit mass basis it can be written as


du ¼ Tds� pdv (6.20)


The first law for a flow system using the enthalpy gives


h ¼ uþ pv


dh ¼ duþ pdvþ vdp


dh ¼ Tdsþ vdp


(6.21)


6.7 THE CONCEPT OF ENTROPY IN IDEAL GAS


Now consider an ideal gas with constant specific heats. Dividing Eq. (6.20) by T and using
the ideal gas law gives


ds ¼ du
T


þ pdv
T


¼ Cv
dT
T


þ R
dv
v


(6.22)


This can be integrated to give


s2 � s1 ¼ Cv ln


�
T2


T1


�
þ R ln


�
v2
v1


�
(6.23)


Eq. (6.21) can also be evaluated as


ds ¼ Cp
dT
T


� v
T
dp ¼ Cp


dT
T


� R
dp
p


s2 � s1 ¼ Cp ln


�
T2


T1


�
� R ln


�
p2
p1


� (6.24)


Of course, these equations only apply to reversible processes. However, since they relate
changes in entropy to other thermodynamic properties at the two end states, they can be
used for reversible and irreversible processes.


If the entropy change is zero, which is called an isentropic process, then Eq. (6.23) becomes


T2


T1
¼


�
v1
v2


�g�1 T2


T1
¼


�
p2
p1


�g�1=g
0


p2
p1


¼
�
v1
v2


�g


(6.25)
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Of course, these equations are exactly the ones obtained earlier for a quasistatic adiabatic
process.


EXAMPLE 6.3
Nitrogen is contained in a rigid volume at 27�C and 100 kPa. A paddle wheel does 900 kJ of work


on the nitrogen. If the volume is 3 m3, calculate the entropy increase assuming constant specific
heats.


Solution
Treating the process as adiabatic


�W ¼ DU ¼ mCvDT


Calculating the mass based on the ideal gas law


m ¼ pV
RT


¼ 1:0 � 105 � 3
8314:47 =


28 � 300 ¼ 3:367 kg


Cv ¼ R
g� 1


¼ 8314:47=28
1:4� 1


¼ 742:4 J=kg=K


9:0 � 105 ¼ 3:367 � 742:4 � ðT2 � 300Þ


T2 ¼ 300þ 9:0 � 105
3:367 � 742:4 ¼ 300þ 360 ¼ 600K


DS ¼ m � Cv � ln
�
T2=T1


�
¼ 3:367 � 742:4 � ln


�
660 =300


�
¼ 1:97 kJ=K


EXAMPLE 6.4
Nitrogen is heated to 327�C and a pressure of 1.5 MPa. It is then expanded to 200 kPa with a


reversible adiabatic process. Calculate the work done by the nitrogen assuming it to be calorically
perfect.


Solution
The first law gives


�W ¼ mCvðT2 � T1Þ


T2 ¼ T1


�
p2
p1


�g�1=g
¼ 600 �


�
0:2 =1:5


�0:286


¼ 337K


�w ¼ 742:4 � ð337� 600Þ ¼ �195 kJ=kg


(6.26)
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6.8 ENTROPY FOR AN IDEAL GAS WITH VARIABLE SPECIFIC
HEATS


If the ideal gas does not have constant specific heats over the temperature range of interest, the
entropy change equations are very useful. Consider the constant pressure specific heat equation


ds ¼ dh
T


� vdp
T


¼ Cp
dT
T


� R
dp
p


s2 � s1 ¼
Z T2


T1


Cp
dT
T


� R ln


�
p2
p1


�


Now define


s02 � s01 ¼
Z T2


T1


Cp


T
dT (6.27)


and


s2 � s1 ¼ s02 � s01 � R ln


�
p2
p1


�
(6.28)


This can be rearranged as


p2
p1


¼ e
s0
2
�s0


1
R ¼ e


s02=R


e
s01=R


¼ f ðT2Þ
f ðT1Þ (6.29)


This allows the definition of a relative pressure, pr, as


pr ¼ e
s0=R (6.30)


Thus for an isentropic process,


p2
p1


¼ pr2
pr1


(6.31)


The volume ratio can be found by applying the ideal gas law to get


v2
v1


¼
RT2=p2
RT1=p1


¼ p1
p2


T2


T1
¼


T2=p2
T1=p1


(6.32)


Therefore a relative volume can be defined as, vr, with


v2
v1


¼ vr2
vr1


(6.33)
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Both pr and vr are tabulated as a function of temperature for several gases in Appendix 13.


EXAMPLE 6.5
Rework Example 6.3 assuming variable specific heats.


Solution
As before m ¼ 3.367 kg.
From the first law �w ¼ u2 � u1


u2 ¼ �W=mþ u1 ¼ �ð�900Þ
3:367


þ 5551:2 =28 ¼ 465:56 kJ=kg ¼ 13035:6 kJ=kmol


Tð13035:6Þ ¼ 650þ 13035:6� 13010:8
13566:4� 13010:8


� 25 ¼ 650þ 0:0446 � 25 ¼ 651:1K


s01 ¼ 186:3310


s02 ¼ 209:411þ 0:0446 � ð210:2928� 209:1411Þ ¼ 209:193


The ideal gas law gives the pressure at state 2


p2 ¼ p1


�
T2


T1


�
¼ 100 �


�
651:1
300


�
¼ 217 kPa


DS ¼ m
��
s02 � s01


�� R ln


�
p2=p1


�	


¼ 3:367 �
�
209:193� 186:3310� 8:31447 � ln


�
217 =


100


�	

28


¼ 1:97 kJ=K


EXAMPLE 6.6
Rework Example 6.4 assuming variable specific heats.


Solution
Assume isentropic process.
At T ¼ 600K, pr1 ¼ 16.13


pr2 ¼ pr1


�
p2
p1


�
¼ 16:13 �


�
0:2
1:5


�
¼ 2:15


Tð2:15Þ ¼ 325þ 2:15� 1:84
2:38� 1:84


� 25 ¼ 325þ 0:574 � 25 ¼ 339:4K


�w ¼ u2 � u1


u1 ¼ 11911:4=28 ¼ 425:4


u2 ¼ 6073:4þ 0:574 � ð6595:7� 6073:4Þ
28


¼ 227:6


w ¼ 425:4� 227:6 ¼ 197:7 kJ=kg
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6.9 ENTROPY FOR STEAM, LIQUIDS, AND SOLIDS


For pure substances like steam the specific entropy is included in the steam tables similar
to specific volume, specific internal energy, and specific enthalpy. In the mixed-phase region,
the specific entropy is calculated based on the steam quality similar to the other properties.


s ¼ sf þ xsfg (6.34)


For a compressed liquid or solid, the specific heat can be assumed to be constant and both
are assumed to be incompressible (dv ¼ 0), so


Tds ¼ du ¼ CdT


ds ¼ C
dT
T


Ds1�2 ¼ C ln


�
T2


T1


� (6.35)


If the specific heat is known as a function of temperature, the functional dependence can be
substituted in the above equations and the integration performed. Specific heats for liquids
and metals are listed in Appendix B and Appendix 9.


EXAMPLE 6.7
Steam is contained in a rigid container at 600K and 0.8 MPa. The pressure is reduced to 60 kPa.


Calculate the entropy change and heat transfer.


Solution
The specific volume must remain the same. The initial specific volume is taken from the su-


perheated steam tables


v1 ¼ 0:34046 m3
�
kg u1 ¼ 2841:1 kJ=kg s1 ¼ 7:33094 k=kg=K


Then at 60 kPa the fluid must be in the mixed liquidevapor region, so from Table 14.2 of Ap-
pendix 14, the specific volumes are


vf ¼ 0:001033 m3
�
kg vg ¼ 2:73183 m3


�
kg


0:34046 ¼ 0:001033þ x � 2:73183 x ¼ ð0:34046� 0:001033Þ=2:73183 ¼ 0:124


So the final internal energy is


uf ¼ 359:8þ 0:124 � 2129:2 ¼ 623:8 kJ=kg


and


sf ¼ 1:14524þ 0:124 � 6:38586 ¼ 1:93709 kJ=kg=K


Du ¼ 2841:1� 623:8 ¼ 2217:3 kJ=kg


Ds ¼ 7:330904� 1:93709 ¼ 5:38385 kJ=kg=K
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6.10 THE INEQUALITY OF CLAUSIUS


The Carnot cycle is a reversible cycle operating between two reservoirs. If an irreversible
cycle operates between the same two reservoirs, the available work from the irreversible cycle
will have to be less than the available work from the reversible cycle. That is


Wirr < Wrev


If the first law is applied to a cycle and equal amounts of heat QH are transferred from the
high-temperature reservoir, more heat will be transferred to the low-temperature reservoir
for the irreversible cycle.


QH ¼ Wrev þQL;rev


QH ¼ Wirr þQL;irr


So when performing the cyclic integral for dS.
I �


dQ
T


�
irr


< 0 (6.36)


For a reversible process the above integral is, of course, 0. If an irreversible refrigerator is
being considered more work will be required than for a reversible refrigerator, the heat trans-
ferred at the high-temperature reservoir will be greater so the cyclic integral will still be less
than zero for an irreversible process. So the fundamental result can be written for any cycle


I �
dQ
T


�
irr


� 0 (6.37)


This is known as the inequality of Clausius. It is a consequence of the second law of
thermodynamics.


EXAMPLE 6.8
A steam power plant operates on the cycle shown in Fig. 6.6.
The quality at point 4 after expansion through the turbine is 88%. The quality leaving the


condenser and entering the pump at point 1 is 18%. Does this cycle the inequality of Clausius?


Solution
To check the inequality of Clausius the following integral must be evaluated.


I
dQ
T


¼ Q2�3


T2�3
�Q4�1


T4�1


From the steam tables in Appendix 14.2, the two temperatures are


T2�3 ¼ 453:0 K T4�1 ¼ 333:2 K


6. SECOND LAW OF THERMODYNAMICS178







The heat transfer in the boiler is u2�3 ¼ 1821.2 kJ/kg.
The heat transfer in the condenser is u4�1 ¼ (0.88�0.18) * 2204.6 ¼ 1543.2 kJ/kg.
Then


I
dQ
T


¼ 1821:2
453:0


� 1543:2
333:2


¼ 4:02031� 4:63145 ¼ �0:61114


Therefore, the inequality of Clausius is satisfied.


6.11 ENTROPY CHANGE FOR AN IRREVERSIBLE PROCESS


Now consider a cycle composed of two reversible processes as shown in Fig. 6.7.
Process 1rev goes from state A to state B as a reversible process. Process 2rev returns from


state B to state A as a reversible process. Process 3irr also returns from state B to state A, but it
is an irreversible process. The reversible processes give,


Z B


A


dQ
T


1
A


along1


þ
Z A


B


dQ
T


1
A


along2


¼ 0 (6.38)


FIGURE 6.6 Power plant cycle. Process 1e2: adiabatic compression in the pump; process 2e3: isothermal heat
transfer in the boiler; process 3e4: adiabatic expansion in the turbine; process 4e1: isothermal heat transfer in the
condenser.


FIGURE 6.7 A cycle with an irreversible process.
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But for the cycle A-1-B-3-A,


Z B


A


dQ
T


1
A


along1


þ
Z A


B


dQ
T


1
A


along3


< 0 (6.39)


Subtracting Eq. (6.38) from Eq. (6.39) gives


Z A


B


dQ
T


1
A


along2


>


Z A


B


dQ
T


1
A


along3


(6.40)


But along path 2,


DS ¼
Z A


B


dQ
T


1
A


along2


Thus for any path representing any process,


DS �
Z


dQ
T


or dS � dQ
T


(6.41)


The relationship expressed by Eq. (6.41) leads to a fundamental statement. Consider an
infinitesimal heat transfer to a system at an absolute temperature T, if the process is revers-
ible, the change in entropy is DQ/T. If the process is irreversible the change in entropy is
greater than DQ/T. The effect of irreversibility, e.g., friction, is to increase the entropy of
the system.


So to check to see if a process is possible, simply see if it satisfies Eq. (6.41). If it does not
then the process is impossible. Entropy plays the same roll for the second law, as does energy
for the first law.


Now consider an isolated system. It exchanges no work or heat with its surroundings. The
first law requires that for any process U2 ¼ U1. For this case Eq. (6.41) becomes DS � 0. There-
fore, the entropy of the isolated system must remain constant or increase. For any real process
that must be irreversible to some extent, the entropy of the system increases.


It is possible to consider the universe as an isolated system and break it down to a subsys-
tem and its environment. This would then give


DSuniverse ¼ DSsub�system þ DSenvironment � 0 (6.42)


Once again the equality applies to a reversible process and the inequality applies to any
real (irreversible) process. This is sometimes referred to as the mathematical statement of
the second law.
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EXAMPLE 6.9
Helium is contained in one-half of an insulated tank as shown in Fig. 6.8, confined by a mem-


brane. The membrane is ruptured and the helium expands to fill the tank. Calculate the specific
entropy change for this system.


Solution
There is no heat transfer so the final temperature is equal to the initial temperature. Using Eq.


(6.23) for the entropy change gives


Ds ¼ R � lnðv2=v1Þ ¼ 8:31447=4 � ln 2 ¼ 1:44 kJ=kg=K


6.12 THE SECOND LAW APPLIED TO A CONTROL VOLUME


The second law can be applied to a control volume in the same way that the first law was.
It simply requires a balance equation that conserves, or increases, entropy. This can be written
as


DSIn Control Volume þ DSexiting � DSentering þ DSsurroundings � 0 (6.43)


This can be refined to


DScv þm2s2 �m1s1 þ dQsurr


Tsurr
� 0


Then considering changes as a function of time and using the dot notation to signify a rate
this becomes,


_Scv þ _m2s2 � _m1s1 þ
_Q
T
� 0 (6.44)


For a steady flow process, the entropy in the control volume does not change and the mass
entering is equal to the mass exiting, so this becomes


_mðs2 � s1Þ þ d _Qsurr


Tsurr
� 0 (6.45)


In all cases the equal sign applies to reversible processes and the greater than sign applies
to all real (irreversible) processes. If a process is adiabatic and reversible, DS ¼ mDs ¼ 0 and
the process is called isentropic.


FIGURE 6.8 Insulated tank.
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Finally, for devices like turbines and compressors, an isentropic process defines the ideal
process and the adiabatic efficiency of a device can be defined as


hturbine ¼ Wactual


Wisentropic
hcompressor ¼ Wisentropic


Wactual
(6.46)


Note that since a turbine does work on its environment, the actual work is less than the
isentropic work, so the efficiency requires the actual to be divided by the theoretically
maximum possible, the isentropic work. On the other hand, for a compressor, the environ-
ment is doing work on the working fluid, so the work required will be greater that the theo-
retical minimum work, the isentropic work. The relationship is reversed.


EXAMPLE 6.10
Superheated steam enters a turbine at 900K and 1 MPa and exits at 10 kPa. If the mass flow is


2 kg/s, determine the power output if the process is assumed to be isentropic.


Solution
The enthalpy for the high-temperature steam is 3758.5 kJ/kg and the entropy is 8.09857 kJ/kg/


K. For an isentropic expansion the entropy at 10 kPa must be the same. At 10 kPa the saturation
entropies are sf ¼ 0.64922 kJ/kg/K and sg ¼ 8.14889 kJ/kg/K, so


8:09857 ¼ 0:64922þ x � 7:49968 x ¼ ð8:09857� 0:64933Þ=7:49968 ¼ 0:9933


Therefore, the final enthalpy is


h ¼ 191:8þ 0:9933 � 2392:1 ¼ 2567:8 kJ=kg


Dh ¼ 3758:5� 2567:8 ¼ 1190:7 kJ=kg


P ¼ 2 � 1190:7 ¼ 2381:4 kW


EXAMPLE 6.11
Assume that the turbine in Example 6.10 is 80% efficient. Determine the entropy and temperature


of the final state.


Solution
For 80% efficiency, the change in enthalpy must be 80% of the isentropic change in enthalpy.


Dhact ¼ 0:8 � 1190:7 ¼ 952:6 kJ=kg


hf ¼ 3758:5� 952:6 ¼ 2805:9 kJ=kg


At 10 kPa, h ¼ 2805.9 kJ/kg gives a vapor in the superheated region between 400 and 450K.


Tf ¼ 400þ ð2805:8� 2738:7Þ=ð2834:7� 2738:7Þ � 50 ¼ 400þ 0:7 � 50 ¼ 435K


sf ¼ 8:58137þ 0:7 � ð8:80763� 8:58137Þ ¼ 8:73975 kJ=kg=K


6. SECOND LAW OF THERMODYNAMICS182







Further Reading
1. Potter MC, Somerton CW. Thermodynamics for engineers. In: Shaum’s outline series. 2nd ed. New York: McGraw


Hill; 2006.
2. Cengel YA, Boles MA. Thermodynamics, an engineering approach. 6th ed. Boston: McGraw Hill; 2008.
3. Moran MJ, Shapiro HN. Fundamentals of engineering thermodynamics. 6th ed. Hoboken, NJ: John Wiley & Sons, Inc.;


2008.


FURTHER READING 183







7


The Kinetic Theory of Gases


O U T L I N E


7.1 Kinetic Theory Basis for the Ideal
Gas Law 185


7.2 Collisions With a Moving Wall 189


7.3 Real Gas Effects and Equations of
State 190


7.4 Principle of Corresponding States 191


7.5 Kinetic Theory of Specific Heat 192


7.6 Specific Heat for Solids 195


7.7 Mean Free Path of Molecules in a
Gas 196


7.8 Distribution of Mean Free Paths 198


7.9 Coefficient of Viscosity 199


7.10 Thermal Conductivity 202


Reference 204


Further Reading 204


As stated previously, classical thermodynamics is very much a mathematical discipline.
Given that the defining equations are known, the theory is developed around multivariable
calculus. The theory is actually quite elegant, but it does not predict how to estimate or calcu-
late the fundamental quantities or the properties that characterize them. For this, a transition
to statistical thermodynamics is required. Statistical thermodynamics starts with the kinetic
theory of gases and treats fluids as made up of large assemblages of atoms or molecules. It
can be a very detailed and extensive theory that extends well beyond the subjects of interest
to this text. However, a smattering of statistical thermodynamics, including the kinetic theory
of gases, will be useful for understanding a number of classical thermodynamics phenomena.
A brief sojourn into the kinetic theory of gases is useful.


7.1 KINETIC THEORY BASIS FOR THE IDEAL GAS LAW


Classical thermodynamics is based on treating all fluids (gases and liquids) as a contin-
uum. This means there is no macroscopic structure to the fluid. However, liquids and gases
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in particular are made up of individual atoms or molecules. To extend classical thermody-
namics to be able to predict some of the parameters that show up in the classical equations,
molecular structure must be considered. Begin by considering the size of some molecules of
interest (Table 7.1). Though there is some internal structure to each of these molecules, they
can be approximated as spheres to first order.


Generally of more interest to the analysis are the number of molecules per cubic millimeter
and the fraction of available volume they take up. For the above molecules, these data are
presented in Table 7.2.


EXAMPLE 7.1
Estimate the molecules per cubic millimeter for CO2 and the fraction of volume it occupies at


STP. The average radius for the CO2 molecule is 0.226 nm.


Solution
The effective volume of the CO2 molecule is


V ¼ 4p
3
r3 ¼ 4p


3


�
0:226 � 10�9


�3 ¼ 4:835 � 10�20nm3


and the number of molecules per cubic meter for any gas at STP is given by


TABLE 7.1 Effective Molecular Radii and Volumes per Molecule


Gas
Effective Atom/Molecule
Radius (nm)


Volume per
Atom/Molecule (Cubic mm)


Helium 0.152 1.46E-20


Argon 0.181 2.50E-20


Nitrogen 0.175 2.23E-20


Oxygen 0.161 1.76E-20


Hydrogen 0.155 1.57E-20


Water 0.157 1.62E-20


TABLE 7.2 Volume Fraction Occupied at STP


Gas Fraction of Volume at STP


Helium 3.93E-5


Argon 6.71E-5


Nitrogen 5.99E-5


Oxygen 4.73E-5


Hydrogen 4.21E-5


Water 4.34E-5


STP, standard temperature and pressure, 273.15K and 1 atm pressure (101.3 kPa).
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N ¼ Na
r


M
¼ Nap=RT


M
¼ Nap


M
<
M


T
¼ Nap


<T ¼ 6:022 � 1026 � 101325
8314:47 � 273:15 ¼ 2:687 � 1025 molecules


m3


Na ¼ Avogadro's Number


Then the volume per cubic millimeter occupied by the molecules is


Vmolecules ¼ V �N ¼ 4:835 � 10�20 � 2:687 � 1025�1:0 � 109 ¼ 1:299 � 10�3mm3


It is clear that in a volume as small as a cubic millimeter there are a huge number of
molecules and they fill only a very small fraction of the volume.


Now consider these molecules as they hit a stationary wall that confines them. Assume
that they are moving equally in all directions and have a distribution of speeds. Thus at
each speed the number that passes through a small area on the surface of a sphere that is
characterized by the polar and azimuthal angles q and f is given by


dnvqf ¼ dnv
sin qdqdf


4p
(7.1)


Consider a cylinder that ends on the surface of the wall and intercepts a small area dA on
the wall (Fig. 7.1). The cylinder is of length vdt. (Only consider molecules close enough to the
wall that they do not collide with each other before they hit the wall.)


Then the molecules with a given speed that will intercept the surface during dt are those
that are contained in the volume dV given by


dV ¼ dAðvdt cos qÞ (7.2)


The number that are headed in the right direction and can intercept the surface in the time
dt are given by


dncolliding ¼ dnvqfdV ¼ dAdtdnv
v sin q cos qdqdf


4p
(7.3)


So the number colliding per dAdt is given by


dncolliding


dAdt
¼ vdnv


sinq cosq dqdf
4p


(7.4)


dA


vdt


φ


θ


FIGURE 7.1 Column volume for molecules impacting the wall.
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Now for every collision in which the molecule is scattered elastically, each molecule has a
change in momentum corresponding to twice its momentum perpendicular to the fixed
surface.


Dmv ¼ mv cos q� ð�mv cos qÞ ¼ 2mv cos q (7.5)


The total momentum change for those colliding in dAdt is


Dmvdncolliding ¼ mv2dnv
sin q cos2 qdqdf


2p
dAdt (7.6)


Integrating over q from 0 to p/2 and f from 0 to 2p gives


Dmvdncolliding ¼ 1
3
mv2dnvdAdt (7.7)


for the total momentum change due to molecules at velocity v. Integrating over all velocities
to get the total momentum change and setting that equal the total impulse gives


dFdt ¼ 1
3
m
Z N


0
v2dnvdAdt (7.8)


or


dFdt
dAdt


¼ 1
3
m


2
4Z N


0
v2dnv


3
5 ¼ dF


dA
¼ p (7.9)


Then defining


n
�
v2
� ¼


Z N


0
v2dnv (7.10)


Thus


p ¼ 1
3
nm


�
v2
�


(7.11)


Remembering that n [ N/V, gives,


pV ¼ 1
3
Nm


�
v2
�


(7.12)


This looks like the ideal gas law:


pv[ nRT (7.13)


Note that n ¼ N/Na where Na is Avogadro’s number 6.022Eþ26 molecules per kilogram-
mole. Therefore, the ideal gas law is


pV ¼ NðR=NaÞT ¼ NkT
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k ¼ R=Na ¼ 8314; 47 J=kmol=K=6:022Eþ 26 mol=kmol


k ¼ 1:381E� 23 J=mol=K� Boltzmann's constant


and


pV ¼ NkT ¼ 1
3
Nm


�
v2
� �


v2
� ¼ 3kT


m
vrms ¼


ffiffiffiffiffiffiffiffi
hv2i


p
¼


ffiffiffiffiffiffiffiffi
3kT
m


r
(7.14)


EXAMPLE 7.2
Estimate Vrms for a nitrogen molecule in a gas at 300K. Compare this with the speed of sound in


nitrogen at this temperature given by Vsound ¼ ffiffiffiffiffiffiffiffiffiffi
gRT


p
.


Solution
So estimating the Vrms for nitrogen at 300K gives


Vrms ¼
ffiffiffiffiffiffiffiffi
3kT
m


r
¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 � 1:381 � 10�23


nt�m
K


� 300K
28 � 1:661 � 10�27 kg


vuut ¼ 516:9 m=s


The speed of sound in nitrogen is


Vsound ¼
ffiffiffiffiffiffiffiffiffiffi
gRT


p
¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:4 � 8314:47=28 � 300


p
¼ 353:2 m=s


Therefore, the molecules, on average, are traveling significantly faster than the speed of
sound. Thus, if the gas is pushing a piston at speeds below 0.1 the speed of sound, the gas
molecules hardly know the piston is moving and the process of moving the piston looks
like a quasi-static one.


Perhaps more important is the following relationship:


EKE ¼ 1
2
m
�
v2
� ¼ 3


2
kT (7.15)


which relates the average kinetic energy of a gas molecule to the absolute temperature.


7.2 COLLISIONS WITH A MOVING WALL


Now using the same type of analysis to evaluate collisions with a moving wall, consider a
wall moving relatively slowly compared to the root mean square (rms) velocity of the
molecules in the gas. The change in kinetic energy of a molecule striking a wall moving
away from it is given by


DKEA;v;q;f ¼ 1
2
m
h
ðv cos qÞ2 � ðv cos q� 2uÞ2


i


DKEA;v;q;f ¼ 1
2
m
�
v2 cos2 q� v2 cos2 qþ 4uv cos q� 4u2


	
DKEA;v;q;f ¼ 2muv cos q


(7.16)
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Multiplying this by the number of molecules striking the wall with velocity v gives


DKEA;v ¼ 2mvu
Z p


2


0
cos qvdnv


sin q cos qdq
Z 2p


0
df


4p


DKEA;v ¼ muv2dnv


Z p
2


0
sin q cos2 qdq


DKEA;v ¼ 1
3
muv2dnv


(7.17)


Then integrating over velocity gives


DKEA ¼ 1
3
nmu


�
v2
� ¼ pu (7.18)


Multiplying by the area of the moving wall gives


pAu ¼ pA
dx
dt


¼ p
dV
dt


¼ DKEgas


dt
pdV ¼ DKEgas


(7.19)


7.3 REAL GAS EFFECTS AND EQUATIONS OF STATE


The ideal gas assumes that the molecules are small spherical masses of negligible volume
that only interact with each other by bouncing off each other elastically. This is not true
because as the temperature goes down and the pressure increases, eventually each gas will
condense into a liquid. So, as a minimum, there are two corrections that must be made to
the ideal gas law as an ideal gas becomes a “real gas” or vapor. The first correction is for
the volume that the molecules take up as they get in the way of each other. Rudolf Clausius
proposed that the actual volume V could be corrected to a volume V0 such that V0 ¼ V � b. He
estimated that the excluded volume should be four times the volume of each molecule. So he
calculated b0 as 16


3 Npr2 where r is the molecular radius. van der Waals in 1873 included a
second correction factor to take into account the forces of attraction that molecules exert on
each other. These forces typically fall off very rapidly with distance between molecules
w1/r6, so they are appreciable only between one molecule and its nearest neighbor. Since
the molecules are attracted to each other one would expect that the actual pressure would
be reduced from the pressure calculated by the ideal gas law. If p0 is the pressure based
only on instantaneous collisions, the actual pressure would be given by


p ¼ p0 � a0


N
V


�2


(7.20)
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Combining this effect with the Clausius correction gives the van der Waals equation of
state: "


pþ a0


N
V


�2
#
ðV � b0Þ ¼ m<T (7.21)


Redefining


a ¼ a0Na2 b ¼ b0Na=N (7.22)


gives can der Waal’s equation of state
�
pþ a


�
v2
�ðv� bÞ ¼ RT ðvan der WaalsÞ (7.23)


7.4 PRINCIPLE OF CORRESPONDING STATES


van der Waals also noticed that if the actual temperature and pressure for a gas are
normalized by the pressure and temperature at the critical point (the top of the vapor
dome) to produce a reduced temperature and pressure. The compressibility factor, Z [ pv/
RT, for most gases could then be plotted on a small number of charts with the value of ZC
being the distinguishing factor among the charts. A typical generalized compressibility chart
is given in Fig 7.2 for ZC ¼ 0.27.


As shown previously, the van der Waals coefficients a and b are found in terms of the crit-
ical state values. The coefficients are, given by


a ¼ 27<2T2
cr


64pcr
b ¼ <Tcr


8pcr
(7.24)


when these values are substituted into the van der Waals equation, it can be expressed in
terms of the reduced pressure, temperature, and specific volume:




Pr þ 3


v2r


�
ð3vr � 1Þ ¼ 8Tr Pr ¼ P


PC
; Tr ¼ T


TC
; vr ¼ v


vC
(7.25)


For the RedlicheKwong model, this becomes


Pr ¼ Tr


vr � 0:0867
� 0:42748


T
1 =


2
r vrðvr þ 0:0867Þ (7.26)


and for the PengeRobinson model, this becomes


Pr ¼ Tr


vr � 0:077796
� 0:45724a
v2r þ 0:1556vr � 0:00605


(7.27)
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Note that based on the corresponding states theory, the ideal gas constant does not show
up and units depend only on what is used for critical state values.


7.5 KINETIC THEORY OF SPECIFIC HEAT


The relationship for point molecules was derived above as


1
2
m
�
v2
� ¼ 3


2
kT (7.28)


where the average kinetic energy of a point molecule is equal to 3/2kT. Had the same
derivation been made for point molecules in a plane, the average kinetic energy would equal
kT, and if the molecules were confined to a line, the average kinetic energy would be equal to
1/2kT. Since the molecules are bouncing around in three dimensions, they essentially have
three degrees of freedom. The equi-partition of energy theorem states that each degree of
freedom contributes 1/2kT to the thermal energy of the gas. Admittedly at this point this is
something of a hand-waving argument, but it will be proven more rigorously later.


Now when dealing with diatomic and polyatomic molecules, they can store energy in two
additional modes. Since they have a nonspherical shape, they can store energy as a rotation
about their center of mass. In addition, since they are not rigidly connected, they can store
energy because of vibration between the atoms.


FIGURE 7.2 Generalized compressibility chart for Z ¼ 0.270.
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For any three-dimensional structure, there are potentially three different axes about, which
energy can be stored in the rotation of the structure. However, for a diatomic molecule there
are really only two degrees of freedom associated with the rotation of the molecule. Rotation
about the axis joining the two atoms stores an insignificant amount of energy and its contri-
bution to stored energy is negligible. Therefore, for a diatomic molecule, gas rotation can
contribute only kT to the stored energy per molecule. Of course, for polyatomic molecules,
the full three degrees of freedom associated with rotation are possible and rotation can poten-
tially contribute 3/2kT to the stored energy per molecule.


A diatomic molecule stores the energy of vibration as the kinetic energy of separation and
the potential energy of separation. Therefore, vibration contributes two degrees of freedom to
the energy storage in a diatomic molecule. The relationship for polyatomic molecules
depends on the vibration modes available and excited, but certainly more than two degrees
of freedom are possible.


Based on this model a diatomic gas should store internal energy in the following manner:


U ¼ Utrans þUrot þUvib


U ¼ 3
2
NkT þNkT þNkT


(7.29)


or factoring out the number of molecules:


U ¼ N


3
2
kT þ kT þ kT


�


U ¼ n


3
2
<T þ<T þ<T


� (7.30)


Then to calculate the specific heat we have


u ¼ U
n


¼


3
2
<T þ <T þ <T


�


Cv ¼ du
dT


����
v


¼ 3
2
< þ <þ < ¼ 7


2
<


Cp ¼ Cv þ < ¼ 9
2
<


(7.31)


This implies that for a monatomic ideal gas we should have


Cv ¼ 3
2
< ¼ 1:5 � 8:3143 kJ=ðkgmol� KÞ ¼ 12:47 kJ=ðkgmol� KÞ


Cp ¼ 5
2
< ¼ 20:79 kJ=ðkgmol� KÞ


g ¼ 5=3 ¼ 1:667


(7.32)
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All of which are in excellent agreement with experiment results. However, for a diatomic
gas like hydrogen this implies that


Cv ¼ 7
2
< ¼ 3:5 � 8:3143 kJ=ðkgmol� KÞ ¼ 29:1 kJ=ðkgmol� KÞ


Cp ¼ 9
2
< ¼ 37:4 kJ=ðkgmol� KÞ


g ¼ 9=7 ¼ 1:286


(7.33)


which is not in good agreement with experiments. These are overestimates of the specific
heats for diatomic gases at normal temperatures below the onset of disassociation.


Consider the chart for hydrogen in Fig. 7.3. Basically, at low temperatures, Cp takes the
value of a monatomic gas. As the temperature increases, the specific heat increases in what
appears to be two steps when plotted against the temperature on a logarithmic scale. The first
step corresponds to the activation of rotational degrees of freedom. The second step corre-
sponds to the activation of the vibration degrees of freedom.


The transitions between the levels are functions of characteristic temperatures for rotation
and vibration. For hydrogen these temperatures are Trot ¼ 87.5K and Tvib ¼ 6382K. For other
diatomic gases the transition temperatures are listed in Table 7.3.


Perhaps the most useful thing to observe from Table 7.3 is that for temperatures of
interest with air as the working fluid, both oxygen and nitrogen are in the region where
the rotational degrees of freedom have been activated and the vibration degrees of freedom
are still dormant. Thus, for both gases Cv should be 5/2 R and Cp should be 7/2 R. This
gives a value for g of 7/5 or 1.4, which matches the experimental value quite well near
room temperature.


40
35
30
25
20
15
10


5
0
100 1000


Temperature (K)


C
p 


(k
J/


[k
m


ol
-k


])


Constant Pressure Specific Heat for
Hydrogen


FIGURE 7.3 Constant pressure specific heat for H2 versus temperature.
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7.6 SPECIFIC HEAT FOR SOLIDS


Based on the simple models above, it is worth commenting on the specific heat of a solid.
The atoms vibrating in a solid at room temperature store energy in two modesdthe kinetic
energy of movement about the neutral position and the potential energy of the field trying to
restore the atoms to the neutral position. Therefore, for each possible direction of motion,
there is kT energy stored. (A solid is essentially a constant volume phase so the constant
pressure and constant volume specific heats are equal.) This gives


U ¼ 3NkT ¼ 3RT Cv ¼ 3R (7.34)


This is known as the law of Dulong and Petit. It is only valid if the temperature of the solid
is well above the Debye temperature for the solid. Below the Debye temperature of a solid the
constant volume specific heat is given by


Cv ¼ 3<
2
412
x3o


Z xo


0


x3dx
ex � 1


� 3xo
exo � 1


3
5; where xo ¼ qD


T
and qD ¼ Debye Temperature


(7.35)


TABLE 7.3 Characteristic Rotation and Vibration Tempera-
tures for Diatomic Molecules


Gas
Characteristic
Rotation Temp (K)


Characteristic
Vibration Temp (K)


H2 87.5 6382


OH 27.2 5411


HCl 15.2 4331


CH 20.8 4145


N2 2.88 3416


HBr 12.2 3839


CO 2.78 3143


NO 2.45 2758


O2 2.08 2289


Cl2 0.346 813


Br2 0.116 468


Na2 0.223 231


K2 0.081 134


Lee JF, Sears FW, Turcotte, DL. Statistical Thermodynamics. 2nd ed. Reading,
Massachusetts: AddisoneWesley Publishing Company, Inc.; 1973.
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Some typical values of Debye temperatures are given in Table 7.4.
This ends the excursion to solids. Unfortunately, liquids are a bit more complicated and


cannot easily be addressed here.


7.7 MEAN FREE PATH OF MOLECULES IN A GAS


So far, the collisions between gas molecules have been neglected, which is the equivalent of
treating the molecules as point masses. Collisions actually do not affect the velocities of the
molecules if the gas is in an equilibrium state. When two molecules collide their energies
change, but because the gas is in equilibrium, for every molecule whose energy increases an-
other’s energy must decrease. Now consider some properties that can apply to nonequilib-
rium states. In order to do this, collisions and the size of the molecules must be taken into
account.


The first thing that must be considered is how far molecules travel between collisions.
Begin by assuming that one molecule of interest is moving and all of the other molecules
are frozen in place. The moving molecule moves from place to place colliding with the other
molecules as it travels with a track like that described in Fig. 7.4.


Treating the molecules as hard spheres, when the moving molecule approaches another
molecule, the closest its center can come to the other molecule’s center is twice their radii.
In many cases the two molecules will not meet with a collision velocity vector aligned
with their centers. Often there will be skimming collisions. Therefore, the area that a station-
ary molecule presents to the moving molecule looks like a circular target with a radius twice


TABLE 7.4 Debye Temperatures for Selected Materials


Substance Debye Temperature (K)


Lead 88


Mercury 97


Iodine 106


Sodium 172


Silver 215


Calcium 226


Zinc 235


Copper 315


Aluminum 398


Iron 453


Diamond 1860
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that of one of the molecules. The area presented to the moving molecule that will produce a
collision is called its cross-section and is symbolized by s. Thus,


s ¼ pð2rÞ2 ¼ 4pr2 (7.36)


Now if the molecule is moving with velocity v along this zigzag path, in time t, it will
sweep out a volume given by


V ¼ vts


The number of nonmoving molecules per unit volume can be represented by N, measured
in molecules per cm3.


N ¼ Na
r


M


r ¼ density in kg=m3


M ¼ molecular mass


Na ¼ Avogadro's Number


(7.37)


Then the number of collisions occurring in the volume swept out by the moving molecules’
path will be


C ¼ Nsvt
C
t
¼ Nsv


(7.38)


The collisions per unit time will depend on the number of atoms per unit volume, the colli-
sion cross-section, and the speed of the colliding molecule. The average distance between col-
lisions is the distance traveled divided by the number of collisions.


l ¼ vt
Nsvt


¼ 1
Ns


(7.39)


The average distance between collisions is called the mean free path and is usually
identified with the symbol l.


FIGURE 7.4 A track of a molecule in a gas.
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EXAMPLE 7.3
Calculate the scattering cross-section for CO2 and the mean free path at STP.


Solution
The effective molecular radius for CO2 is 0.226 nm so


s ¼ 4pr2 ¼ 4 � 3:1415926 � �0:226 � 10�9
�2 ¼ 6:41 � 10�19m2


Then the mean free path is


l ¼ 1
2:687 � 1025 � 6:41 � 10�19


¼ 5:8 � 10�8m ¼ 58 nm


Therefore, a CO2 molecule will normally average traveling about 128 diameters before having a
collision at STP.


When the assumption that only one molecule is moving and all of the others are stationary is
relaxed, the equation for the mean free path must be modified slightly. If all of the molecules are
assumed to have the same speed, the equation for the mean free path is given by


l ¼ 0:75
Ns


(7.40)


If the molecules have a distribution of speeds typical of a gas at temperature (MaxwelleBoltzmann
distribution) the mean free path is modified to


l ¼ 0:707
Ns


(7.41)


7.8 DISTRIBUTION OF MEAN FREE PATHS


Not all collisions occur after a molecule travels one mean free path. Some travel farther and
some travel less than a mean free path. Consider starting with a group of molecules n0. In
traveling a distance dx, some of them dn will collide with atoms in the gas. There will be
n0-dn left. In the next distance dx, some more will collide, but the number that collide will
be proportional to the number that are traveling, so a balance equation can be written as


dn ¼ �pcndx (7.42)


where pc is simply the probability of a collision. The number of collisions per unit distance is
simply the number of collisions per unit time divided by the velocity of the molecules. There-
fore, from Eq. (7.38) the collisions per unit distance are given by


C
vt


¼ Ns (7.43)


The inverse of collisions per unit distance is simply distance per collision, which is the
probability of a collision in a unit distance. Thus


pc ¼ Ns (7.44)
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Then separating variables and integrating Eq. (7.42) gives


dn
n


¼ �Nsdx


lnðnÞ ¼ �Nsxþ constant


n ¼ n0e�Nsx


(7.45)


Given this distribution of free paths, now calculate the average path, or mean free path:


l ¼
RN


0 xdn
n0


¼
RN


0 xpcn0e�pcxdx
n0


¼ 1
pc


Z N


0
ðpcxÞe�pcxdðpcxÞ ¼ 1


pc
¼ 1


Ns
(7.46)


as expected. So Eq. (7.45) can be written as


n ¼ n0e
�x=l (7.47)


7.9 COEFFICIENT OF VISCOSITY


Consider Fig. 7.5. It represents two plates that are moving relative to each other with a gas
in between. The lower plate is stationary and the upper plate is moving to the right. To keep
the upper plate moving a force is required to overcome the friction of the gas between the two
plates. The friction force is defined by


F ¼ mA
dv
dy


m ¼ coefficient of viscosity


(7.48)


The coefficient of viscosity establishes the relationship between the friction force and the
velocity gradient in the fluid. The gas must have zero velocity in the x direction at the bottom
plate and it must have the velocity of the upper plate at the point it meets the upper plate.


The dashed line represents a surface within the gas at an arbitrary distance from the bot-
tom plate. The macroscopic velocity of the gas, v, is much less than the rms velocity of the gas


Moving Platey


xStationary Plate ν


FIGURE 7.5 A gas between a moving and a stationary plate.
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molecules due to thermal excitation, so the results for an equilibrium gas can be used. The gas
molecules above the dashed line possess a greater momentum than the gas molecules below
the dashed line. As a result when the molecules cross the dashed line there is a net rate of
transport of momentum and by Newton’s second law there must be a force to sustain this
momentum transport.


A macroscopic analogy would be two pickup trucks passing each other on the road with
one going faster than the other. If a rider in the back of the faster pickup truck tosses a bale of
hay to the slower pickup truck at right angles to the trucks, the slower truck will feel a jump
in momentum because the bale of hay is traveling at a faster speed when it arrives. In the
reverse situation, if a rider in the back of the slower pickup truck tosses a bale of hay to
the faster truck, the faster truck will feel a loss of momentum because the hay is traveling
at a slower speed when it lands in the faster truck.


Now consider Fig. 7.6. Compute the average height above the dashed line plane that a
molecule has its last collision (or change in momentum) prior to crossing the plane.


In Fig. 7.6 dV is a small volume at a distance r from the differential dA in the crossing
plane. The vector r makes an angle with the normal to the plane of q and dA fills a solid angle
du with respect to dV. Now, if Cf is the collision frequency in dV, and the total number of
molecules in dV is NdV, the total number of collisions in dV in time dt will be


nc ¼ 1
2
CfNdVdt (7.49)


The factor 1/2 appears so as to avoid counting collisions twice. At each collision, two new
free paths originate and they start off uniformly in all directions. The number headed toward
dA is given by


dnfp ¼ du
4p


CfNdVdt du ¼ dA cos q


r2
(7.50)


The fraction that reach dA is given by Eq. (7.43) and writing dV in spherical coordinates as
dV ¼ r2 sin qdqdfdr gives


dnfp ¼ 1
4p


CfNdAdt sin q cos qe�
r
ldqdfdr (7.51)


dV


r


dA


dω


θ


FIGURE 7.6 Demonstration of small volume at distance r.
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Then


nfp ¼ 1
4p


CfN
Z p=2


0


Z 2p


0


Z N


0
dAdt sin q cos qe�


r
ldqdfdr ¼ 1


4
CfNldAdt (7.52)


and since


Cf ¼ v
l


nfp ¼ 1
4
NvdAdt v ¼ average molecule speed (7.53)


Now to get the average height of the last collision before crossing the plane, multiply by
the height r cosq and integrate over r, q, and f. This gives


ny ¼ 1
4p


Cf dAdt
Z p=2


0
sin q cos2 qdq


Z 2p


0
df


Z N


0
re�


r
ldr ¼ Cf


6
Nl2dAdt (7.54)


And dividing by the total collision rate in dV gives


yave ¼
1
6
CfNl2dAdt


1
4
CfNldAdt


¼ 2
3
l (7.55)


Now at a height above the plane the flow velocity is


v ¼ vplane þ 2
3
l
dv
dy


(7.56)


And the momentum carried by a single molecule is


p ¼ m


vþ 2


3
l
dv
dy


�
(7.57)


So the total net momentum carried across the plane by molecules crossing from above is
given by


Pupper ¼ 1
4
Nvm




vþ 2


3
l
dv
dy


�


And the total net momentum by those crossing from below is


Plower ¼ 1
4
Nvm




v� 2


3
l
dv
dy


�


The net rate then is the difference between these two quantities, or


Pnet ¼ 1
3
Nmvl


dv
dy


(7.58)
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From Newton’s second law this is equal to the viscous force per unit area. Therefore, the
coefficient of viscosity is given by


m ¼ 1
3
Nmvl or m ¼ 1


3
mv
s


(7.59)


Then, substituting for the mean velocity, v


m ¼ 2
3s




2mkT
p


�1 =


2


(7.60)


Once again, more advanced analysis taking into account the motion of all of the molecules
in the gas will give


m ¼ 5p


16
ffiffiffi
2


p
s




2mkT
p


�1 =


2


(7.61)


Note that these two equations only differ by 3%. An unexpected conclusion of this
equation is that the viscosity of the gas only depends on the temperature and is independent
of the pressure or density. Experiment bears this out, except at very low pressures where the
mean free path becomes of the order of the distance between the two plates. In addition, this
relation was can be used to determine the size of molecules. Consider


m ¼ 5p


16
ffiffiffi
2


p
s




2mkT
p


�1 =


2


¼ C
4pr2


and for the liquid state


V
m


¼ NaVmolecule


M
¼ Na4p


=3r3


M
¼ 1


r
¼ 4pNa


3M
r3 ¼ Br3


Combining


r3 ¼ 1
Br


r2 ¼ C
4pm


r ¼ 4pm
CBr


(7.62)


This was one of the earliest methods developed for determining the size of molecules.


7.10 THERMAL CONDUCTIVITY


The analysis for thermal conductivity proceeds in the same fashion as viscosity, where the
velocity gradient in Eq. (7.48) is replaced by the temperature gradient and both planes are
stationary. This gives


Q ¼ kTA
dT
dy


q ¼ Q
A


¼ kT
dT
dy


(7.63)
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The mean energy of a molecule at a temperature T is f
2kBT, where f is the number of degrees


of freedom that are active. The energy carried across the arbitrary plane per unit area per unit
time from a volume above the plane is


qupper ¼ 1
4
Nv


f
2
kB




T þ 2


3
l
dT
dy


�


and the energy carried across the plane from a volume below the plane is


qlower ¼ 1
4
Nv


f
2
kB




T � 2


3
l
dT
dy


�


Differencing these two gives


qnet ¼ 1
6
NvfkBl


dT
dy


(7.64)


Comparing Eq. (7.65) with Eq. (7.64) the thermal conductivity must be given by


kT ¼ 1
6
NvfkBl ¼ 1


6
vfkB
s


¼ 1
3
fkB
s




2kBT
pm


�1 =


2


(7.65)


Once again more exact theories give


kT ¼ 25p


64
ffiffiffi
2


p fkB
s




2kBT
pm


�1 =


2


(7.66)


Thus, the thermal conductivity should only depend on temperature. This is in good agree-
ment with experiments down to pressures where the mean free path becomes comparable to
the separation between the plates.


Now the ratio of the viscosity to the thermal conductivity from Eqs. (7.57) and (7.62) is


m


kT
¼ 4


5
m
fkB


But


cv ¼ f
2
<; kB ¼ <


Na
; m ¼ M


Na


This gives


mcv
Mkthermal


¼ 2
5


(7.67)
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Consider Table 7.5 for some common gases.
The ratio is fairly accurate for argon but the multiatom molecules overshoot due to internal


degrees of freedom for energy storage. The velocity does not carry all of the energy that is
transported.


Reference
1. Lee JF, Sears FW, Turcotte DL. Statistical thermodynamics. 2nd ed. Reading, MA: Addison-Wesley; 1973.


Further Reading
1. Rief F. Fundamentals of statistical and thermal physics. Long Grove, IL: Waveland Press, Inc.; 1965.
2. Brush SG. The kinetic theory of gases. London: Imperial College Press; 2003.
3. Loeb LB. The kinetic theory of gases. Mineola, NY: Dover Publications Inc.; 1961.


TABLE 7.5 Comparison of Reduced ViscosityeThermal
Conductivity Ratio for Several Gases


Gas (273K) mcv
Mkthermal


Argon 0.405


Hydrogen 0.504


Oxygen 0.511


Nitrogen 0.512


Carbon dioxide 0.590
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Reversible Work, Irreversibility,
and Exergy (Availability)


O U T L I N E


8.1 Reversible Work and Irreversibility 205


8.2 Exergy 208


Further Reading 212


From a thermodynamic point of view, work is considered a macroscopic event, such as
raising or lowering a weight or winding or unwinding of a spring. In this, chapter we talk
about which work can be reversible or irreversible, and what do we mean by either of these
processes.


8.1 REVERSIBLE WORK AND IRREVERSIBILITY


Second law efficiency is defined as the actual work divided by the reversible work.


hII ¼ Wactual


WReversible
(8.1)


This is easiest to explain in terms of a heat engine cycle. Let us consider two heat engines
that operate between hot- and cold-temperature reservoirs. The first engine operates
between 600 and 300K. The second operates between 1200 and 300K. Both have a thermal
efficiency of 30%.


hT ¼ 0:30 ¼ W
QH
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The Carnot efficiency for a reversible engine is given by


hC ¼ 1:0� TL


TH


or


hC ¼ 1:0� 300
600


¼ 50% for the first


and


hC ¼ 1:0� 300
1200


¼ 75% for the second.


Since they are both operating at a thermal efficiency of 30%, the first is operating at a
second law efficiency of


hII;1 ¼ 0:3
0:5


¼ 0:6 or 60%


and the second is operating at a second law efficiency of


hII;2 ¼ 0:3
0:75


¼ 0:4 or 40%


Therefore, the first is making better use of its heat source than the second is. This is the
fundamental concept of a second law efficiency. It should be possible to improve the thermal
efficiency of the second engine more than the first.


For individual processes, the concept becomes a little more difficult to define.
For a turbine or engine the second law efficiency is given by


hII;t ¼
WActual


WReversible
(8.2)


but for a compressor or pump the second law efficiency is given by


hII;c ¼ WReversible


WActual
(8.3)


For an open system control volume the first law can be written as


_Q� _WS ¼ _m2h2 � _m1h1 þ _Ucv (8.4)


The second law for a control volume is


_Scv þ _m2s2 � _m1s1 �
_Q
To


� _Sprod ¼ 0 (8.5)
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Eliminating _Q between the two equations gives


_WS ¼ � _Ucv þ To
_Scv � _m2ðh2 � Tos2Þ þ _m1ðh1 � Tos1Þ � To


_Sprod (8.6)


_Sprod represents the irreversibility. Therefore, setting it to zero gives the reversible shaft
work. Then integrating over time gives:


Ws;rev ¼ miðui � TosiÞ �mf ðuf � Tosf Þ þm1ðh1 � Tos1Þ �m2ðh2 � Tos2Þ (8.7)


The actual work can be measured or determined from a first law analysis


Ws;act ¼ miui �mfuf þm1h1 �m2h2 þQ (8.8)


The second law efficiency then is simply the ratio of the two. The irreversibility is given by


I ¼ Ws;rev �Ws;act ¼ Toðmf sf �misi þm2s2 �m1s1Þ �Q (8.9)


For a steady flow process
_Ws;rev ¼ _m½h1 � h2 þ Toðs2 � s1Þ� (8.10)


_Ws;act ¼ _mðh1 � h2Þ þQ (8.11)


_I ¼ _mToðs2 � s1Þ � _Q (8.12)


EXAMPLE 8.1
An ideal steam turbine is supplied with steam at 14 MPa and 1100K, and exhausts at 60 kPa. (1)


Determine the reversible work and irreversibility. (2) If the turbine has an adiabatic efficiency of
0.88, what is the reversible work, irreversibility, and second law efficiency?


Solution
1. From the steam tables at 14 MPa and 1100K, h1 ¼ 4170 kJ/kg and s1 ¼ 7.37,798 kJ/kg/K. From


the saturated pressure table at 60 kPa, sg ¼ 7.53,110 kJ/kg/K, which is greater than s1, so the
final steam is in the quality region.


sf ¼ 1:14524 kJ=kg=K: sfg ¼ 6:38586 kJ=kg=K
hf ¼ 359:8 kJ=kg hfg ¼ 2293:0 kJ=kg


x ¼ 7:37798� 1:14524
6:38586


¼ 0:976


h2 ¼ 359:8þ 0:976 � 2293:0 ¼ 2597:8 kJ=kg
Dh ¼ 4170� 2597:8 ¼ 1572:2 kJ=kg
wrev ¼ 1572:2 kJ=kg I ¼ 0


2. For an adiabatic efficiency of 0.88, wact ¼ 0.88*wrev ¼ 1383.5 kJ/kg


h2 ¼ h1 � 1383:5 ¼ 4170� 1383:5 ¼ 2786:5 kJ=kg
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Interpolating in the superheated steam tables at 60 kPa; T2 ¼ 426:8;


s2 ¼ 7:86890 kJ=kg=K


Assuming T0 ¼ 298K;


wrev ¼ h1 � h2 � T0ðs1 � s2Þ ¼ 1383:5� 298 � ð7:37798� 7:8689Þ ¼ 1529:8 kJ=kg
wact ¼ h1 � h2 ¼ 1383:5 kJ=kg hII ¼ 1383:5=1529:8 ¼ 0:904 I ¼ T0ðs2 � s1Þ ¼ 146:3 kJ=kg


EXAMPLE 8.2
Measurements are made on an adiabatic compressor with its supply air at 100 kPa and 300K. The


exhaust air is measured at 600 kPa and 525K. Can these measurements be correct?


Solution
At 300K, pr1 ¼ 1.39 so pr2 ¼ 1.39*600/100 ¼ 8.34. This gives T2,rev ¼ 498.2K so since the reversible


temperature is less than 525K, the process is possible. The adiabatic efficiency can be calculated as
h ¼ Dhrev/Dhact ¼ 5826.3/6627.0 ¼ 0.879.


8.2 EXERGY


It is often important to know the maximum work available from a heat source or thermal
body that must reject heat to the local atmosphere or environment. For energy production
systems like geothermal or ocean gradients, the peak reservoir temperatures are specified.
For combustion systems, the peak temperature of the working fluid is determined by the
heating value of the fuel and its complete combustion in air. For nuclear systems and solar
thermal systems, the peak temperature is essentially infinite. However, all systems are limited
by the material that must contain them, so the peak temperature for combustion systems
often does not reach that possible by complete combustion of all of the air available. Nuclear
and solar thermal systems are even more limited by material properties because they must
use a thermal gradient to transfer heat to the working fluid rather than heating it directly
as in combustion systems. Therefore, one of the concepts useful for comparing thermal
systems is a concept called exergy. This is defined as


X ¼ ðWReversibleÞMax (8.13)


The maximum reversible work can be obtained from an energy source that must reject heat
to the local environment. On the other hand, one can express that exergy (also called avail-
ability or work potential) is the maximum useful work that can be obtained from a system at
a given state in a given environment; in other words, the most work you can get out of a
system. It is also sometimes called availability and sometimes the symbols J or F are used.


The local environment is called the “dead state” and symbolize it with an o because an
energy source that is at the temperature and pressure of the local environment does not
have a heat sink to which it can reject heat. To estimate the exergy available both the temper-
ature and pressure of the local environment must be considered.
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The work that can be done in expanding from the initial pressure of the fixed mass to the
environmental pressure is


W ¼ pdV ¼ ðp� poÞdV þ podV ¼ dWuseful þ podV (8.14)


For a reversible process, the only way that heat can be transferred is through a Carnot
cycle. And since the energy will be removed from the mass with the excess energy above
the dead state, the heat transfer will be negative. The work available from the heat engine
is given by,


dWHE ¼
�
1� To


T


�
dQ ¼ dQ� To


T
dQ ¼ dQ� To


dQ
T


(8.15)


In this case the dQ
T ¼ dS is negative because heat is being transferred from the system, so


dWHE ¼ dQ� ð�TodSÞ ¼ dQþ TodS


dQ ¼ dWHE � TodS
(8.16)


The first law gives for a negative heat transfer


dU ¼ �dQ� dW ¼ �dWHE þ TodS� dWuseful � podV (8.17)


So,


dWTotal Useful ¼ dWHE þ dWUseful ¼ �dU � podV þ TodS (8.18)


Performing the integration from the initial state to the dead state gives


WTotal Useful ¼ X ¼ ðU �UoÞ þ poðV � VoÞ � ToðS� SoÞ (8.19)


which gives the exergy for a closed system.
Now for an open system or control volume the first law is


_Q� _WS ¼ h2 _m2 � h1 _m1 þ _UCV (8.20)


and for the second law,


_Sprod ¼ s2 _m2 � s1 _m1 þ _SCV �
_Q
To


(8.21)


Eliminating _Q between the first and second law equations gives


_Ws ¼ � _UCV þ To
_SCV � ðh2 � Tos2Þ _m2 þ ðh1 � Tos1Þ _m1 � To


_SProd (8.22)


Now integrating over time and noting that SProd is due to irreversibilities, we have


WRev ¼ ðui � TosiÞmi � ðuf � Tosf Þmf þ ðh1 � Tos1Þm1 � ðh2 � Tos2Þm2 (8.23)
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The actual work can be determined from a first law analysis as before:


WActual ¼ miui �mfuf þm1h1 �m2h2 þQ (8.24)


Then the irreversibility is given by:


I ¼ Toðsfmf � simi þ s2m2 � s1m1Þ �Q (8.25)


For steady flow,


_WRev ¼ ðh1 � h2Þ _mþ Toðs2 � s1Þ and _I ¼ _mToðs2 � s1Þ � _Q (8.26)


Note that the reversible work is not necessarily the same as the isentropic work. If the
entropy changes during the process, the reversible work does not equal the isentropic
work. Therefore a process must be both adiabatic and reversible to be isentropic.


In all of the above, the changes in kinetic or potential energy have been neglected. If the
changes in kinetic or potential energy are significant, they can be included by noting that
they will have zero values in the “dead state” so these energies are essentially completely
recoverable in a reversible process.


If we include the kinetic and potential energies, we can define a state variable exergy by


x ¼ hþ v2


2
þ gz� Tos (8.27)


However, it is important to remember that x has a zero value at the appropriate “dead
state” of interest for the particular process or engine.


The concept of second law efficiency can be generalized to that of second law effectiveness
given by


εII ¼ ðexergy producedÞ þ ðwork producedÞ þ ðadjusted heat producedÞ
ðexergy suppliedÞ þ ðwork usedÞ þ ðadjusted heat usedÞ (8.28)


Remember that the adjusted heat produced or used by a device is based on the heat reser-
voir that interacts with the device and it must do so through a Carnot cycle, or the process
would not be reversible.


Qadjusted ¼
�
1� To


Thr


�
Q (8.29)


EXAMPLE 8.3
Which system can do more useful work, 1.0 kg of H2O at 1000K and 500 kPa or 1.0 kg of air at


1000K and 500 kPa.
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Solution
Assume a dead state of 300K and 101.325 kPa.
Then the exergy for the H2O is given by


X ¼ m
�
h� ho � To


�
s01 � s02 � R ln


�
p
po


���


X ¼ 1
18


�
34790:1� 8853:5� 300


�
182:830� 226:5235� 8:31447 ln


�
500


101:325


���


X ¼ 2390:35 kJ


And the exergy for the air is given by


X ¼ m
�
h� ho � To


�
s01 � s02 � R ln


�
p
po


���


X ¼ 1
28:9669


�
29016:1� 7414:4� 300


�
55:7943� 92:4604� 8:31447 ln


�
500


101:325


���


X ¼ 1262:93 kJ


Therefore, for the same conditions, the kilogram of water has almost twice the exergy.


EXAMPLE 8.4
How much useful work is wasted in the condenser of a power plant that takes in steam with a


quality of 0.85 and 1 psi and delivers saturated liquid at the same pressure?


Solution
Choose the dead state as 537�R and 1 psi. Note the atmosphere is not the reference here.


The exergy at the inlet is x1 ¼ h1 � ho � Toðs1 � soÞ
The exergy at the outlet is x2 ¼ h2 � ho � Toðs2 � soÞ
The difference in exergy is the useful work wasted; so


Wwasted ¼ x1 � x2 ¼ h1 � h2 � Toðs1 � s2Þ
Wwasted ¼ 69:9þ 0:85 � 1037:9� 537ð0:13292þ 0:85 � 1:84897� 0:13292Þ
Wwasted ¼ 0:85 � 1037:9� 537 � 0:85 � 1:84897 ¼ 38:3 Btu=lbm


EXAMPLE 8.5
Calculate the exergy of steam at 1000�R and 500 psia. The surroundings are at 520�R and


atmospheric pressure.


Solution
x ¼ h� ho � Toðs� soÞ by definition ho ¼ so ¼ 0


x ¼ h� Tos ¼ 1263:2� 520 � 1:5253 ¼ 470:0 kJ=kg
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EXAMPLE 8.6
Determine the second law efficiency for an ideal isentropic nozzle. Hydrogen enters the nozzle at


3000K and 7.0 MPa with negligible kinetic energy and exits to a pressure of 0.1 MPa. Assume the
dead state is 300K and 0.1 MPa.


Solution
Since the process is isentropic, use the gas tables for hydrogen


s02 ¼ s01 � R ln
p1
p2


¼ 197:898� 8:31447 � ln 7
0:1


¼ 162:574 kJ=kmol


T2 ¼ 1045:4K h1 ¼ 96; 299:9 kJ=kmol h2 ¼ 29; 631:1 kJ=kmol


h1 ¼ h2 þMV2


2
V ¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � ðh1 � h2Þ


M


r
¼


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � ð96; 299:9� 29; 631:1Þ � 1000


2


r
¼ 8; 165:1 m=s


The exergies are


x1 ¼
�
h1 � ho � To


�
s01 � s0o � R ln


p1
po


���
M


¼
�
96; 299:9� 7; 628:8� 300


�
197:898� 125:873� 8:31447 � ln 7


0:1


���
2 ¼ 38; 830:4 kJ=kg


x2 ¼
�
h2 � h0 þ V2


2
� To


�
s02 � s0o � R ln


p2
po


���
M


¼
�
36; 259:5� 7; 628:8þ 2 � 8165:12


2 � 1000 � 300ð168:337� 125:873Þ
��


2 ¼ 38; 830:4 kJ=kg


And the second law effectiveness is


εII ¼ x2
x1


¼ 38; 830:4
38; 830:4


¼ 1:0


which is to be expected since it is an isentropic process.


Further Reading
1. Moran MJ, Shapiro HN. Fundamentals of engineering thermodynamics. 6th ed. Hoboken, NJ: John Wiley & Sons, Inc.;


2008.
2. Cengel YA, Boles MA. Thermodynamics, an engineering approach. 6th ed. Boston MA: McGraw-Hill; 2008.
3. Potter MC, Somerton CW. ‘Thermodynamics for engineers’, Schaum’s Outlines. 2nd ed. New York: McGraw-Hill


Companies, Inc.; 2006.
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This chapter will attempt to provide a physical understanding of the concept of entropy
based on the kinetic theory of gases. Entropy in classical thermodynamics is a mathematical
concept that is derived from a closed cycle on a reversible Carnot heat engine. For many stu-
dents it lacks physical meaning. Most students have a physical understanding of variables
like volume, temperature, and pressure. Internal energy and enthalpy are easy to understand,
if not intuitive. However, entropy is a bit more difficult. The discussion that follows is an
attempt to provide physical insight into the concept of entropy at the introductory level.
Prof. Leonard K. Nash, Dover Edition, 2006, bases this discussion on the excellent text,
“Elements of Statistical Thermodynamics.”1 For further information and education reader
should refer to Refs. 2e4.
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In basic mechanics, the student learns that all two-body problems are solvable analytically,
and some three-body problems are also solvable. However, beyond that, many-body prob-
lems are very complicated. However, they can theoretically be solved numerically for any
given set of conditions that specify the initial position and momentum for all of the bodies
involved, the problems become extraordinarily difficult for more than a handful of bodies.
If we consider only the simplest of interactions, the collisions of hard spheres, for the mole-
cules in a cubic millimeter of gas at standard temperature and pressure there is no hope of
producing deterministic solutions for the w1020 molecules that could have any engineering
meaning. However, we know that the behavior of a gas under these conditions is predictable
and we need only measure a few parameters with relatively crude instruments to describe its
condition. The analytic technique that allows us to explain how this is possible is statistical
mechanics. We can characterize the hard sphere interactions of many molecules in a statistical
manner and derive macroscopic properties, or relations between properties that allow us to
predict gas behavior.


9.1 SOME ELEMENTARY MICROSTATE
AND MACROSTATE MODELS


In order to develop this capability, let us start by analyzing some very simple experiments.
The simplest experiment is the flipping of a fair coin multiple times. Consider the outcomes of
flipping two coins. There are four possible outcomes. We have


First coin H H T T


Second coin H T H T


Now consider the total number of heads observed. One-fourth of the time, two heads will
be observed. One-half of the time one head will be observed. In addition, one-fourth of the
time no heads will be observed. Each tossing sequence is “independent and equally prob-
able,” but the “observation of one head” is most likely. Consider what happens when we
toss four coins.


First coin H H H H T T T T H H H H T T T T


Second coin H H H H T T T T T T T T H H H H


Third coin H T H T H T H T H T H T H T H T


Fourth coin H H T T H H T T H H T T H H T T


Number of heads 4 3 3 2 2 1 1 0 3 2 2 1 3 2 2 1


Note that the distribution is:


One observation with zero heads,
Four observations with one head,
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Six observations with two heads,
Four observations with three heads, and
One observation with four heads.


The number of observations W, with H heads, and T tails, out of N tosses, can be predicted
by the formula


W ¼ N!


H!T!
(9.1)


Zero Heads W ¼ 4!
0!4!


¼ 1


One Head W ¼ 4!
1!3!


¼ 4


Two Heads W ¼ 4!
2!2!


¼ 4 � 3
1 � 2 ¼ 6


Three Heads W ¼ 4!
3!1!


¼ 4


Four Heads W ¼ 4!
4!0!


¼ 1


Now consider what happens with eight coins. We have


Zero Heads W ¼ 8!
0!8!


¼ 1


One Head W ¼ 8!
1!7!


¼ 8


Two Heads W ¼ 8!
2!6!


¼ 28


Three Heads W ¼ 8!
3!5!


¼ 56


Four Heads W ¼ 8!
4!4!


¼ 70
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Five Heads W ¼ 8!
5!3!


¼ 56


Six Heads W ¼ 8!
6!2!


¼ 28


Seven Heads W ¼ 8!
7!1!


¼ 8


Eight Heads W ¼ 8!
8!0!


¼ 1


Note that the peak number of observations always occurs for the distribution that gives
half heads and half tails, exactly as we would expect.


Now it will be useful to identify each of the possible outcomes of flipping the coins a
“microstate” for our system. Each of these microstates is assumed to be equally likely.
With the two coins there are four such microstates. With the four coins, there are 16 such
microstates. When we go to eight coins, there are 256 such microstates. Now the observed
results of the coin flips will be called a “macrostate” for the system. For the two coins, there
are three macrostates (1, 2, or 3 heads) that can be distinguished. For the four coins, there are
five macrostates that can be distinguished. And for the eight coins there are nine macrostates
that can be distinguished. The probability of observing a macrostate will depend upon what
fraction of the microstates possible that will produce an outcome that is observed as that
macrostate.


In order to compare these distributions with distributions for larger numbers of coins it
is useful to normalize them by dividing the number of observations for each number of
heads by the number of observations for the most likely number of heads. When we do
this, we get the following normalized values for the observation of the number of heads
in each case.


Two Coins Four Coins Eight Coins


0 Heads 0.5000 0 Heads 0.1667 0 Heads 0.0143


1 Head 0.1143


1 Head 0.6667 2 Heads 0.4000


3 Heads 0.8000


1 Head 1.0000 2 Heads 1.0000 4 Heads 1.0000


5 Heads 0.8000


3 Heads 0.6667 6 Heads 0.4000


7 Heads 0.1143


2 Heads 0.5000 4 Heads 0.1667 8 Heads 0.0143
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A plot of the normalized data is presented in Fig. 9.1 along with the data for 16 and 32
coins.


Note that the curve for the frequency of the number of observed heads peaks at the 50%
point and the curve get narrower as the number of coins increases. So we can say that the
most likely observation is that half of the coins are heads, and as we increase the number
of coins, it is more and more likely that we get closer to the 50% heads observation. In
fact, by the time we have flipped 14,000 coins, a 1% deviation from the expected observation
of 7000 heads will occur less than 50% of the time. By the time we have flipped 46,000 coins a
1% deviation from the expected 23,000 heads will occur less than 10% of the time. By the time
we have flipped 92,000 coins, a 1% deviation from the expected 46,000 heads will occur less
than 1% of the time. As the number of coins increases, the probability of observing a macro-
state deviation from the expected 50% heads that is measurable continues to shrink until it is
“impossible.” Certainly if we flipped 1020 “fair” coins the probability of measuring a number
of heads that deviated from the 5 � 1019 heads estimate by more than a hundredth of a per
cent would be negligible.


Now consider an example closer to a system of interest in thermodynamics. In a solid, the
atoms vibrate about their equilibrium positions at all temperatures above absolute zero, or
the zero internal energy level. Quantum mechanics tells us that the frequency of vibration
is quantized and that only certain frequencies are allowed. This leads to the following
equation for the allowed energy levels for a vibrating atom.


εn ¼
�
nþ 1


2


�
hv (9.2)


where v is the fundamental vibration frequency and h is Planck’s constantdrequired for
converting a frequency to energy units. The ground state for the atom corresponds to
n ¼ 0 and each increasing integral value of n corresponds to the atom acquiring another
quantum of energy. This model establishes a uniform energy grid with units of energy being
passed from one atom to the next as a single phonon.
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Now let us consider three distinguishable atoms and distribute three quanta or units of
energy among them. This can be done in 10 possible ways.


Therefore, there are 10 microstates for this problem, but only three macrostates. We can
observe in the first macrostate that one atom of the three has all three units of energy. In
the second macrostate, one atom has two units of energy and another has one unit of energy.
Finally, each of the atoms could have a single unit of energy. Three microstates contribute to
the first macrostate, six microstates to the second, and one microstate to the third. If each
microstate is equally likely, then the macrostates should be observed in the ratio of 3:6:1.
Note that the seemingly best-ordered macrostate, one unit of energy in each atom, is the least
likely.


As we increase the number of microstates, it will become important to have a generic
formula to predict the number of microstates that contribute to a particular macrostate. Let
us start with the second macrostate. To achieve this macrostate there are three ways that
we can assign the first two quanta of energy. Once this has been done, there are two atoms
left that we can assign the remaining quanta. Then we can assign zero quanta to the last atom.
Therefore, there are 3 times 2 times 1 ways this macrostate can be achieved. So we will have
3 � 2 � 1 or 3! microstates. Now consider the first macrostate. There are three choices for
assigning all three quanta of energy. Once that is done we can assign zero quanta to either
of the remaining two atoms and then assign another zero quanta to the last atom. However,
these two choices are indistinguishable. So once again, we have 3! choices, but 2 or 2! of them
are indistinguishable. Finally consider the third macrostate. We can assign the first quanta to
any of the three atoms, the second quanta to either of the two remaining, and the last quanta
to the last atom. There are once again 3! ways of assigning the quanta, but 3! of them are
indistinguishable. Therefore, we have


Macrostate 1 : 3!=2! ¼ 3


Configuration Atom 1 Atom 2 Atom 3


1 3 0 0


2 0 3 0


3 0 0 3


4 2 1 0


5 0 2 1


6 1 0 2


7 2 0 1


8 1 2 0


9 0 1 2


10 1 1 1
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Macrostate 2 : 3!=1! ¼ 6


Macrostate 3 : 3!=3! ¼ 1


Now let’s extend this argument to N atoms. We can assign a specific number of quanta of
energy to the first atom in N ways, to the second in N � 1 ways, to the third in N � 2 ways,
etc. So the total number of ways we can assign quanta to N atoms is N!. However, if some of
the numbers of quanta are identical, the resulting macrostates will be indistinguishable. So
we must reduce the number of microstates used to form a macrostate by Na!, where Na is
the number of times a given number of quanta is repeated. Thus the number of microstates
contributing to a macrostate can be written as N!/Na!. If there are two groups of quanta that
contain the same number of quanta, the number of microstates contributing to this macro-
state will be given by N!/(Na!Nb!). The general formula will then become, letting W equal
the number of microstates contributing to a particular macrostate,


W ¼ N!Q
nq
Nnq!


(9.3)


Consider now two additional examples. First, consider the observable macrostates when
five quanta of energy are distributed among five atoms. The macrostates are (Fig. 9.2):


Macrostate 1: All five quanta to one atomd5!/(1!*4!) ¼ 5
Macrostate 2: Four quanta to one atom, and one to anotherd5!/(1!*1!*3!) ¼ 20
Macrostate 3: Three quanta to one atom, two to anotherd5!/(1!*1!*3!) ¼ 20
Macrostate 4: Three quanta to one atom, one to a second, and one to a thirdd5!/
(1!*2!*2!) ¼ 30
Macrostate 5: Two quanta to one atom, two quanta to a second, and one to a thirdd5!/
(2!*1!*2!) ¼ 30
Macrostate 6: Two quanta to one atom, and one quantum to each of three atomsd5!/(1!
*3!*1!) ¼ 20
Macrostate 7: One quantum to each atomd5!/(5!) ¼ 1


Therefore, there are a total of 126 microstates, but only seven observable macrostates.
Now consider the case where we add five more atoms but no more quanta. For 10 atoms


and five quanta, we have the same number of macrostates as above, but there are more
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FIGURE 9.2 Macrostate frequencies for five quanta in five atoms.
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indistinguishable microstates contributing to each because of the added atoms that do not
receive a quantum of energy (Fig. 9.3). The calculation is


Macrostate 1: 10!/(1!*9!) ¼ 10
Macrostate 2: 10!/(1!*1*8!) ¼ 10*9 ¼ 90
Macrostate 3: 10!/(1!*1!*8!) ¼ 10*9 ¼ 90
Macrostate 4: 10!/(1!*2!*7! ¼ 10*9*8/2 ¼ 360
Macrostate 5: 10!/(2!*1!*7!) ¼ 10*9*7/2 ¼ 360
Macrostate 6: 10!/(1!*3!*6!) ¼ 10*9*8*7/3/2 ¼ 840
Macrostate 7: 10!/(5!*5!) ¼ 10*9*8*7*6/5/4/3/2 ¼ 2002


Note that we only added five atoms or doubled the original number, but the total number
of microstates increased to 2002, or an increase of almost a factor of 16. Also, note that of the
2002 microstates possible, 840 or about 42% of them contributed to the most probable macro-
state. If we assign an equal probability to each microstate, Macrostate 6 is 2.33 times as likely
as its nearest competitors are.


9.2 STIRLING’S APPROXIMATION FOR LARGE VALUES OF N


Now since we will want to consider the number of atoms in a realistic macroscopic piece of
material, which for a gas is on the order of 1020 to 1027 atoms, we will need a better way to
compute factorials than simply multiplying them out. Also, since the magnitude of N! goes
up very rapidly as N increases, it will be useful to look at ln(N!) rather than simply N!.
Our formula for the natural logarithm of the number of microstates, ln(W), then becomes


lnðWÞ ¼ lnðN!ÞP
nq


ln
�
Nnq!


� (9.4)


And once we have calculated ln(W) it is straightforward to calculate W, but that can often
be too large a number to store on most calculators or computers. In most cases we will simply
work with ln(W). Of course we really haven’t helped ourselves very much as ln(N!) is as diffi-
cult to calculate as N!. However there exists a very accurate approximation to ln(N!) devel-
oped by Stirling that gives ln(N!) as


lnðN!ÞwN � lnðNÞ �N (9.5)
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A comparison of Stirling’s approximation and the actual lnðN!Þ is given in Fig. 9.4. Since it
is hard to tell the difference between the two curves in Fig. 9.4, the fractional error in Stirling’s
approximation is plotted in Fig. 9.5.


It can be seen that the approximation is accurate to less than a percent by the time N
reaches 100. For the cases we will be interested in when N approaches 1020 or greater,
Stirling’s approximation is very accurate.


9.3 THE BOLTZMANN DISTRIBUTION LAW


We saw from the coin flip problem and the five quanta distributed among 10 atoms that
the most probable macrostate tends to dominate as the number of microstates increases. If we
are going to deal with very large numbers of atoms, the most probable macrostate will tend
to dominate even more. So it would be useful to be able to find this macrostate very quickly.
When we do this we are asking, what the distribution of the Nnq that defines the most likely
configuration macrostate is. Now when we are dealing with very large numbers of micro-
states, we will also have very significant numbers of macrostates. These macrostates can
be packed so close together and ordered in such a way that W can be thought of as a function
of a configuration index for macrostates similar to the way it is presented in Fig. 9.3. We can
let this variable be called C. Then if we think of W as a continuous function of C, we can find
the most likely macrostate by differentiating W, or ln W, as a function of C.
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dW
dC


(9.6)


Our formula for W is then


W ¼ N!


Na!.Nl!Nm!Nn!.Nz!
(9.7)


where the levels l, m, and n are identified, and it is not implied that only z levels are avail-
able but only that there is some finite number of levels of interest. At the peak value of Wwe
will assume that the levels l, m, and n have the occupation numbers Nl, Nm, and Nn. For a
normal solid, the numbers Nl, Nm, and Nn are assumed to be quite large. To get the deriv-
ative with respect to the configuration index C, we will then perturb the numbers Nl, Nm,
and Nn to see what a small change in C will have on W. Basically, setting the derivative
to zero means that small changes in C will have a negligible effect on W. However we
must conserve energy in doing this, so let us transfer one atom from level l to level m
and one atom from level n to level l. If the levels are equally spaced in energy, this will
conserve energy. Now we have


N
0
l ¼ Nl � 1; N


0
m ¼ Nm þ 2; and N


0
n ¼ Nn � 1


where the primes indicate the new occupation numbers for the three levels. Our new config-
uration then will be


W ¼ N!


Na!.ðNl � 1Þ!ðNm þ 2Þ!ðNn � 1Þ!.Nz!
(9.8)


Since we assumed the original configuration was the maxW configuration, an infinitesimal
change like we have just made should not change the value of W as at the peak W, dW/
dC ¼ 0. Therefore, these two values of W should be equal. We have


N!


Na!.Nl!Nm!Nn!.Nz!
¼ N!


Na!.ðNl � 1Þ!ðNm þ 2Þ!ðNn � 1Þ!.Nz!


Canceling common terms this becomes
8>>>>>>>>>>>><
>>>>>>>>>>>>:


Nl! �Nm! �Nn! ¼ ðNl � 1Þ! � ðNm þ 2Þ! � ðNn � 1Þ!
Nl!


ðNl � 1Þ! �
Nn!


ðNn � 1Þ! ¼
ðNm þ 2Þ!


Nm!


Nl � ðNl � 1Þ!
ðNl � 1Þ! �NnðNn � 1Þ!


ðNn � 1Þ! ¼ ðNm þ 2Þ � ðNm þ 1ÞNm!


Nm!


Nl �Nn ¼ ðNm þ 2Þ � ðNm þ 1Þ


(9.9)


9. GAS KINETIC THEORY OF ENTROPY222







Now the 1 and 2 are negligible compared to Nm so this becomes


Nl �Nn ¼ N2
m (9.10)


or


Nl


Nm
¼ Nm


Nn
(9.11)


and


Nk


Nl
¼ Nl


Nm
¼ Nm


Nn
¼ Nn


No
¼ No


Np
¼ . (9.12)


Basically, we have a geometric series. Now consider a system of atoms where the spacing
between energy levels are not a constant. We will have


εn � εm


εm � εl
¼ p


q
(9.13)


where p and q are small integers. Now let us withdraw p þ q units of energy from level m and
transfer q of them to level n and p of them to level l. This change will maintain the total energy
constant as we can see by writing the previous equation as


ðεn � εmÞqþ pðεl � εmÞ ¼ 0 (9.14)


Now if the original configuration was the maximum W configuration, we will have


N!


Na!.Nl!Nm!Nn!.Nz!
¼ N!


Na!.ðNl þ pÞ!ðNm � p� qÞ!ðNn þ qÞ!.Nz!


ðNl þ pÞ!
Nl!


ðNn þ qÞ!
Nn!


¼ Nm!


ðNm � p� qÞ!


ðNl þ pÞ.ðNl þ 1ÞN!


Nl!
$
ðNn þ qÞ.ðNn þ 1ÞNm!


Nn!
¼ NmðNm � 1Þ.ðNm � p� qþ 1ÞðNm � p� qÞ!


ðNm � p� qÞ!


ðNl þ pÞ.ðNl þ 1ÞðNn þ qÞ.ðNn þ 1Þ ¼ NmðNm � 1Þ.ðNm � p� qþ 1Þ (9.15)


Now since we chose p and q as small integer they are negligible once again when
compared with Nl, Nm, and Nn. This then gives


Np
l N


q
n ¼ Npþq


m (9.16)
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Of course the equation we derived for uniform spacing can be represented by this equation
with p ¼ 1 and q ¼ 1. This equation can then be written as


p ln


�
Nl


Nm


�
¼ q ln


�
Nm


Nn


�


or


1
εm � εl


ln


�
Nl


Nm


�
¼ 1


εn � εm
ln


�
Nm


Nn


�
¼ b (9.17)


where b is just a constant because we could write the same relationship for any set of
adjoining levels. So we have


ln


�
Nn


Ni


�
¼ bðεi � εnÞ (9.18)


and level i and level n are now not necessarily adjoining levels. Therefore, if we define the
ground state level with the subscript o, we can write


ln


�
Nn


No


�
¼ �bεn


or


Nn


No
¼ e�bεn (9.19)


which is the celebrated Boltzmann distribution law for the most likely configuration energy
distribution.


9.4 ESTIMATING THE WIDTH OF THE MOST PROBABLE
MACROSTATE DISTRIBUTION


With the Boltzmann distribution law stated, we can now realistically estimate the width of
the peak configuration in configuration space. Let us choose a set of small parameters to
quantify the relative change in the population numbers for each level. We will define


an ¼ N
0
n �Nn


Nn
(9.20)


If the population of a level increases, an will be positive, and if the population of a level
decreases, an will be negative. Since we are only shifting the configuration slightly, we would
expect janj � 1. We can write


N
0
n �Nn ¼ anNn (9.21)
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Now since we have a fixed total number of atoms we must have


DN ¼
�
N


0
o �No


�
þ
�
N


0
1 �N1


�
þ. ¼


X
n


anNn ¼ 0 (9.22)


And since we are considering no change in energy, we have


DE ¼ εo


�
N


0
o �No


�
þ ε1


�
N


0
1 �N1


�
. ¼


X
n


εnanNn ¼ 0 (9.23)


Now we can write


N
0
n ¼ Nn þ anNn


and


W
W 0 ¼


N!


,Y
n


Nn!


N!


,Y
n


ðNn þ anNnÞ!
¼


Q
n
ðNn þ anNnÞ!Q


n
Nn!


(9.24)


Taking natural logarithms of both sides gives


ln


�
W
W 0


�
¼


X
n


ln½ðNn þ anNnÞ!� �
X
n


ln½Nn!� (9.25)


All of the term should be large enough to qualify for Stirling’s approximation, so


ln


�
W
W 0


�
¼


X
n


ðNn þ anNnÞlnðNn þ anNnÞ �
X
n


ðNn þ anNnÞ �
X
n


Nn ln Nn þ
X
n


Nn


This can be written as


ln


�
W
W 0


�
¼


X
n


Nnln Nn �
X
n


Nn þ
X
n


Nn lnð1þ anÞ þ
X
n


anNn ln Nn


þ
X
n


anNn lnð1þ anÞNn �
X
n


Nn ln Nn þ
X
n


Nn �
X
n


anNn


Cancelling terms


ln


�
W
W 0


�
¼


X
n


Nn lnð1þ anÞ þ
X
n


anNn ln Nn þ
X
n


anNn lnð1þ anÞ �
X
n


anNn
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and for janj � 1, lnð1þ anÞwan


ln


�
W
W 0


�
¼


X
n


anNn þ
X
n


anNn ln Nn þ
X
n


a2
nNn �


X
n


anNn ¼
X
n


anNn ln Nn þ
X
n


a2
nNn


Now remembering the Boltzmann distribution law,


ln Nn ¼ ln No � bεn


We have


ln


�
W
W 0


�
¼ ln No


X
n


anNn �
X
n


bεnanNn þ
X
n


a2
nNn (9.26)


By the requirements to conserve atoms and energy, the first two summations must be
identically zero. Therefore,


ln


�
W
W 0


�
¼


X
n


a2
nNn (9.27)


Note that all of the terms in this summation are positive because an is squared. So let us
define a Root Mean Square (RMS) value by


a ¼
0
@
P
n
a2
nNn


N


1
A


1 =


2


(9.28)


or


Na2 ¼
X
n


a2
nNn (9.29)


ln


�
W
W 0


�
¼ Na2


W 0


W
¼ e�Na


2


(9.30)


Now consider a small sample of material that only contains 6 � 1020 atoms, a mille-mole.
In addition, consider a shift from the most likely configuration that involves an RMS change
in occupation numbers that is 1 part in a billion (109). We have


a ¼ 1 � 10�9


a2 ¼ 10�18�
W 0


W


�
¼ e�ð6�1020$10�18Þ ¼ e�6�102 ¼ e�600 ¼ 10�260


(9.31)
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or a configuration whose occupation numbers differ from the maximum W configuration by
an RMS value of one part in a billion will be 9�260 times less likely to be observed than the
maximum W configuration. Basically, the only measurable configuration that can be
observed will look like the maximum W configuration.


9.5 ESTIMATING THE VARIATION OF W WITH
THE TOTAL ENERGY


Now let us consider how W changes with changes in the total energy available to a well-
defined number of atoms. We have


W ¼ N!Q
n
Nn!


ln W ¼ ln N!�
X
n


ln Nn!


(9.32)


Differentiating,


d ln W ¼ �
X
n


d ln Nn!


Applying Stirling’s approximation,


d ln Nn! ¼ dðNn ln Nn �NnÞ ¼ Nn
dNn


Nn
þ ln NndNn � dNn ¼ ln NndNn


d ln W ¼ �
X
n


ln NndNn (9.33)


Moreover, for the most likely configuration, we have


ln Nn ¼ ln No � bεn (9.34)


d ln W ¼ �ln No


X
n


dNn þ b
X
n


εndNn (9.35)


The first sum on the right-hand side is identically zero for the fixed number of atoms under
consideration. The second term on the right-hand side is simply


b
X
n


εndNn ¼ b
X
n


dðεnNnÞ ¼ bd
X
n


εnNn ¼ bdE


So we have


d ln W ¼ bdE (9.36)
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This can be integrated for a constant b to give


ln W2 � ln W1 ¼ bðE2 � E1Þ


ln


�
W2


W1


�
¼ bðE2 � E1Þ


W2 ¼ W1ebðE2�E1Þ


(9.37)


Thus W the number of microstates contributing to a macrostate increases exponentially
with increasing energy.


It is worth pointing out at this point that we have only demonstrated that this equation
holds for a system of distinguishable objects like our fixed-in-place atoms, though it does
in fact hold more generally. Several other restrictions or caveats still apply at this point.
The first is the assumption that by transferring energy or heat to our system, there is no shift
in the quantum levels of our oscillators. This is a reasonable assumption for oscillating atoms
in a solid. In a gas where it can be shown that the energy levels are a function of the volume
containing the atoms or molecules, our result only applies to constant volume increases in
energy. A second obvious restriction is that the addition of energy will cause no change in
the number of atoms present due to chemical or nuclear reactions. Finally, we have assumed
b is constant. If b changes, we have a different system.


9.6 ANALYZING AN APPROACH TO THERMAL EQUILIBRIUM


Now let us consider two solid bodies, X and Y, that will be brought together in thermal
contact. Before they are brought together, they will be in the macrostates characterized by
WX and WY microstates, respectively. So if there are WX microstates in body X and WY
microstates in body Y, when the two bodies are considered jointly, there are a total of
WX*WY microstates possible by combining each microstate in body X with each of the micro-
states in body Y. Now when the two bodies are brought into thermal contact and allowed to
redistribute their energy between them, the number of possible microstates for the most likely
configuration will change. If they were in equilibrium before thermal contact with different
values of W, what will their final values of W be?


For the approach to equilibrium and eventual equilibrium, the relevant expression is


dðWX �WYÞ � 0 (9.38)


During the approach to equilibrium, the product WX �WY must increase or remain
constant. When it remains constant, the two bodies have reached an equilibrium state. We
can rewrite this as


WYdWX þWXdWY � 0


dWX


WX
þ dWY


WY
� 0
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or


d ln WX þ d ln WY � 0 (9.39)


and substituting for d lnðWÞ from above gives


bXdEX þ bYdEY � 0 (9.40)


Now, if X and Y constitute an isolated system such that their combined energies can
neither increase nor decrease as they come into thermal equilibrium, we must have


EX þ EY ¼ constant


dEX þ dEY ¼ 0


dEX ¼ �dEY


Therefore, we have


bXdEX � bYdEX � 0 (9.41)


Now suppose that the approach to equilibrium starts with body Y at a higher temperature
than body X so that heat or energy flows from body Y to body X. Then dEX must be greater
than zero. Or,


ðbX � bYÞdEX � 0


bX � bY
(9.42)


So as long as bX is greater that bY, energy will flow from body Y to body X. When bX
equals bY, equilibrium will be obtained.


9.7 THE PHYSICAL MEANING OF b


b then appears to have the behavior of an inverse temperature. So we could write


b ¼ 1
T


(9.43)


but this would cause trouble dimensionally. Remember we had that


Nn


No
¼ e�bεn (9.44)


Therefore, b must have the dimensions of energy. This simply means that we must
multiply the temperature by a constant that converts temperature to energy. We have used
a constant like this before and we called it Boltzmann’s constant, k ¼ 1.381 � 9�23 J/K or
8.62 � 9�5 eV/K.
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If we use this constant to define b, we have b ¼ 1=kt and


Nn


No
¼ e�


εn
kT (9.45)


We have also required that at the lowest energy level for any macroscopic system, all of the
atoms must be in the ground state. We have chosen the energy of the ground state to be zero.
Therefore, our formulation of b as 1=kt is consistent in that at absolute zero temperature, only
the ground state will have a nonzero population.


9.8 THE CONCEPT OF ENTROPY


Now for any isolated thermodynamic system we have asked that any changes that take
place must have dW � 0. The direction of any spontaneous change will be that which causes
W to increase and equilibrium will be attained when W attains its maximum value. Now, as
we have shown, any value of W for a macroscopic system will be immense, so for conve-
nience sake we will find it easier to talk about ln(W) and perform our analysis with
ln(W). Note that d lnðWÞ � 0 whenever dW � 0 and the equilibrium arguments apply to
it as well.


Now consider once again when we combine two systems, X and Y. W for the combined
system will be WX �WY, but ln(W) will be ln(WX) þ ln(WY), so that ln(W) combines like
any extensive property for thermodynamic systems. So we could define an extensive
parameter for a macroscopic thermodynamic system as S ¼ ln(W). We could then write
that SXY ¼ SX þ SY. However we can do somewhat better by defining S ¼ kS ¼ kln(W).
This is Boltzmann’s famous equation developed even before we were certain that atoms
existed.


S ¼ k$lnðWÞ (9.46)


Of course, S will satisfy the requirements for an extensive system parameter. By incorpo-
rating the constant k, we will place our statistical definition of entropy on the same scale as
our classical thermodynamic entropy scale. We have


d ln W ¼ bdE


kd ln W ¼ kbdE


dðk ln WÞ ¼ k
1
kT


dE


dS ¼ dE
T


¼ dQ
T


¼ dU
T


(9.47)


Note also that


S/0 as T/0 (9.48)
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So this definition of entropy also satisfies the third law of thermodynamics, or the so-called
Nernst postulate.


9.9 PARTITION FUNCTIONS


Now let us return to the Boltzmann distribution law for distinguishable atoms in a solid.
We have


Nn


No
¼ e�bεn


Nn ¼ Noe�bεn


(9.49)


Then the total number of atoms or molecules is, given by


N ¼ No þN1 þN2 þN3 þ.


N ¼ Noe�bε0 þNoe�bε1 þNoe�bε2 þNoe�bε3.


N ¼ No
�
e�bε0 þ e�bε1 þ e�bε2 þ e�bε3.


�


N ¼ No


X
q


e�bεq


(9.50)


And we can write


No ¼ NP
q
e�bεq


Nn ¼ Ne�bεnP
q
e�bεq


Z ¼
X
q


e�bεq ¼ Partition Function


Nn ¼ N
Z
e�bεn


(9.51)


Note that if we choose ε0 to be equal to 0, Z will always be greater than 1.0 in magnitude
and the magnitude of the summation will depend on how widely spaced the energy levels
are in units of 1/b.


9.10 INDISTINGUISHABLE OBJECTS


Everything we have done so far applies to distinguishable objects. That is each atom in a
solid is located in one place in the crystal and it can be distinguished in space from all other
atoms.
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However, when we want to consider a dilute gas, all of the atoms or molecules are contin-
uously moving about and it is impossible to assign an observational uniqueness to each of
them. In addition, the energy of interest for each of the atoms or molecules is their kinetic
energy. Therefore, we have


ε ¼ 1
2
mv2 (9.52)


The energy for a classical particle is not quantized but rather is a continuous variable. More
important is the fact that the speed and energy of a particle can have a definite value, but it
can be traveling in an infinite number of directions. Thus there are many physically different
locations and directions of movement that these atoms and molecules can have that are char-
acterized by the same energy. When this happens, we say that the energy levels are
degenerate.


To start let us constrain the atoms to move only in the x, y, or z direction. Then we will
have for the occupation numbers the following,


Nxi ¼ N
Z
e
�b


�
1
2mv2xi


�
Nyi ¼ N


Z
e
�b


�
1
2mv2yi


�
Nzi ¼ N


Z
e
�b


�
1
2mv2zi


�
(9.53)


But vxi ¼ vyi ¼ vzi so we can write


Nxi ¼ Nyi ¼ Nzi


Ni ¼ N
Z
3e


�b


�
1
2mv2i


� (9.54)


where the 3 appears because the energy level is threefold degenerate. In general, we can write
this as


Ni ¼ N
Z
uie�bεi


Z ¼
X
i


uie�bεi
(9.55)


where ui is the number of the degeneracy of the ith energy level.
Now consider the following example. Let us take a cubic meter sphere of argon at 15�C


and 1 atm. The radius of the argon atom is approximately 0.181 nm. So it will occupy
2.5 � 9e29 cubic meters. Or in one cubic meter there will be room for 4.0 � 1028 cubicles
that could contain an argon atom. Now consider the directions that these atoms could
move. For an atom at the center of a sphere containing one cubic meter, we can compare
the solid angle formed by the projection of the atom’s cross-sectional area on the interior sur-
face of the sphere with the total surface area of the sphere. There are approximately
1.17 � 1019 locations that the atom, moving from the center of the sphere to its inner surface,
could hit without overlapping with another location. That is, there are 1.17 � 1019 different
directions that could be observed as distinct for this atom departing from the center of the
sphere towards the outer wall. Of course, not all of the atoms can be located at the center
of the sphere simultaneously. But, as an atom is placed away from the center of the sphere
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its projected area on the near wall will increase and its projected area on the far wall will
decrease, providing a somewhat compensating effect.


Therefore, there are approximately 4 � 1047 locations in space and direction, which an
atom of argon can have in this one cubic meter sphere. At 15�C and 1 atm pressure, there
are about 2.5 � 1024 atoms of argon. Thus for every atom of argon there are 1.6 � 1023 loca-
tions that it can occupy with a specific energy level. The degeneracy is overwhelming.


Now if we take n atoms with an energy εi and place them in some subset of the available
degenerate locations, most of the locations will be unoccupied and those that are occupied
will only contain one atom. The probability of two atoms being located in the same location
in space and direction is infinitesimally small. (Obviously two atoms cannot occupy the same
physical space, so let each of the physical locations be large enough to accommodate 10
atoms. Then instead of having 4 � 1047 possibilities, there will only be 4 � 1046 possibilities.
The probability is still infinitesimally small of finding two atoms in one of these locations.)


The question now becomes “How many distinguishable configurations can be formed by
placing n indistinguishable objects in u boxes?” The answer to this is straightforward and
looks a lot like something we have seen before. The number of distinguishable configurations
is given by


Wi ¼ ðni þ uiÞ!
ni!ui!


(9.56)


And since ni is considerably smaller than ui, we can express this in the following fashion


Wi ¼ ðni þ uiÞðni � 1þ uiÞðni � 2þ uiÞ.ð1þ uiÞðuiÞ!
ni!ui!


Wi ¼ ðni þ uiÞðni � 1þ uiÞðni � 2þ uiÞ.ð1þ uiÞ
ni!


(9.57)


ui is much larger than ni so in the numerator it is reasonable to approximate every term by
ui giving


Wi ¼ ðuiÞni
ni!


(9.58)


This equation applies to the ith energy level, which for the moment we will leave as
quantized. Then the overall number of states possible is the product of each of the number
of states for each energy level or


W ¼
Y


Wi ¼
QðuiÞniQ


ni!
(9.59)


The above equation applies to an assembly of N indistinguishable units like gas molecules
in free translation, whereas the previous equation


W ¼ N!Q
ni!


(9.60)


applies to an assembly of identical but distinguishable units, like atoms in a crystal.
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Now let us select three energy levels in an assembly and require that they are spaced such
that


εn � εm


εm � εl
¼ p


q
(9.61)


where p and q are small integers and as before try to determine the most likely configuration.
We will transfer q units of energy from level m to level n and p units of energy from level m


to level l.
Energy will be conserved as


qðεn � εmÞ þ pðεl � εmÞ ¼ 0 (9.62)


Then for the most likely configuration, we must have that the derivative of W with respect
to small changes in the numbers of atoms with specific energies is zero. Or,


una
a .u


nl
l u


nm
m unn


n .unz
z


na!.nl!nm!nn!.nz!
¼ una


a .u
nlþp
l unm�p�q


m unnþq
n .unz


z


na!.ðnl þ pÞ!ðnm � p� qÞ!ðnn þ qÞ!.nz!


1
nl!nm!nn!


¼ u
p
lu


�p�q
m uq


n


ðnl þ pÞ!ðnm � p� qÞ!ðnn þ qÞ!
1


nl!ðnm � 1Þðnm � 2Þ.ðnm � p� qÞ!nn!
¼ u


p
lu


�p�q
m uq


n


ðnl þ pÞðnl þ p� 1Þ.nl!ðnm � p� qÞ!ðnn þ qÞðnn þ q� 1Þ.nn!


1
ðnm � 1Þðnm � 2Þ.ðnm � p� qÞ! ¼


u
p
lu


�p�q
m uq


n


ðnl þ pÞðnl þ p� 1Þ.ðnm � p� qÞ!ðnn þ qÞðnn þ q� 1Þ.


1
npþq
m


¼ u
p
lu


�p�q
m uq


n


np
l n


q
n


Or


"
nl=ul


nm=um


#p


¼
"
nm=um


nn=un


#q


(9.63)


This looks like a geometric progression of the quantities in braces, thus, the Boltzmann
distribution law becomes


ni


ui
¼ n0


u0
e�bεi (9.64)


This says that the average occupation of an energy level follows an exponential distribu-
tion. This is a little different from the result that we obtained for distinguishable units with
localized atoms in a solid matrix. Now let us sum the number of atoms present.


N ¼ n0 þ n1 þ n2 þ n3. ¼ n0 þ n0


u0
u1e�bε1 þ n0


u0
u2e�bε2


N ¼ n0


u0


X
q


uqe�bεq ¼ n0


u0
Z


n0


u0
¼ N


Z
Or


ni


ui
¼ N


Z
e�bεi


(9.65)
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Now note that Z is only a function of the energy levels and the degeneracies of the energy
levels.


Z ¼
X
q


e�bεq ¼
X
i


uie�bεi (9.66)


Therefore, Z clearly represents the partition function per unit. Now if we have two units,
we will have ZT ¼ Z1*Z2; that is, the total partition function must be the product of the indi-
vidual partition functions per atom. If we have N atoms than the total partition, function
must be


Ztotal ¼ ZN
i (9.67)


However, since the units are not distinct we must take into account this fact and divide the
total partition function by N! for the number of ways they can be rearranged without an
observable difference. This gives


Ztrans ¼ ZN
i


N!
(9.68)


It should be pointed out that the N! factor only applies to the condition where the occupa-
tion of any given state is very much less than 1.0, so that there are far more states available
than there are atoms or molecules to occupy them, so that the highest occupancy for any state
is 1 unit. If this were not the case then we would have to replace the N! by N!=


Q
ni!. It should


be pointed out that this form of the partition function only applies to the translational states
of low-density gas molecules where the number of states available far exceeds the number of
atoms available to occupy them.


Now when we have multi-atom molecules it is possible for the molecules to store energy
internally in terms of rotations and vibrations. Quantum mechanics states that these internal
degrees of freedom are quantized and therefore the number of states that can be occupied
does not greatly exceed the number of atoms available. So, if we write our partition function
for a single unit, we will have


εi ¼ εi;trans þ εi;rot þ εi;vib


Z ¼
X
i


e�bεi ¼
X
i


e�bðεi;transþεi;rotþεi;vibÞ


Z ¼
X
i


e�bεi;trans
X
i


e�bεi;rot
X
i


e�bεi;vib ¼ Ztrans � Zrot � Zvib


(9.69)


Then when we consider the whole ensemble of units and take to products of the individual
partition functions this becomes


Ztotal ¼
�
ZN


trans


N!


	
� ZN


rot � ZN
vib (9.70)
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We do not apply the N! factor to the rotation and vibration partition functions because we
can distinguish which atom is vibrating or rotating. Having obtained the partition function
for an ideal gas, consider how thermodynamic parameters can be obtained from the partition
function. First, consider the internal energy. We can write for the case of distinguishable units


U ¼ E ¼ n0ε0 þ n1ε1 þ n2ε2 þ.


E ¼ ε0
N
Z
e�bε0 þ ε1


N
Z
e�bε1 þ ε2


N
Z
e�bε2 þ.


(9.71)


E ¼ N
Z


�
ε0e�bε0 þ ε1e�bε1 þ ε2e�bε2.


� ¼ N


P
q
εqe�bεq


P
q
e�bεq


Now treating the εq as constants, each of the terms in the numerator can be obtained by
differentiating the similar term in the denominator with respect to b.


� d
db


e�bεq ¼ εqe�bεq (9.72)


So we can write


E ¼ �N


d
db


X
q


e�bεq


P
q
e�bεq


¼ �N
1
Z


dZ
db


¼ �N
d ln Z
db


E ¼ �dðN ln ZÞ
db


¼ �d ln ZN


db


(9.73)


Thus, we have a very clean expression for the internal energy in terms of the partition
function. Consider now the partition function for translation for the ideal gas.


E ¼ �
d ln


�
ZN


N!


�


db
¼ � d


db
ln


�
1
N!


�
� d
db


ln ZN (9.74)


Nevertheless, N! is a constant so the first term is zero and we have


E ¼ �N
d
db


ln Z (9.75)


In addition, this can be taken back a step further to obtain the original summation for the
total internal energy. This works so long as the volume containing the gas is held constant. So
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for the translation partition function of an ideal gas, the constant volume restriction must be
added. We have


E ¼
�
�N


d
db


ln Z
	
V


(9.76)


Now noting that b ¼ 1
=kT


db ¼ � dT
kT2


dT
db


¼ �kT2


E ¼ �
�
d ln Z
dT


	
V


�
dT
db


	
V


E ¼ kT2


�
d ln Z
dT


	
V


¼ U


(9.77)


Now consider entropy. We have


S ¼ k ln W (9.78)


For distinguishable units we had


W ¼ N!Q
q
Nq!


(9.79)


ln W ¼ ln N!�
X
q


ln Nq! ¼ N ln N �N �
X
q


Nq ln Nq þ
X
q


Nq


ln W ¼ N ln N �
X
q


Nq ln Nq ¼ N ln N �
X
q


Nq ln
N
Z
e�bεq


ln W ¼ N ln N �
X
q


Nq ln
N
Z
�
X
q


Nqð�bεqÞ


ln W ¼ N ln N � ln
N
Z


X
q


Nq þ b
X
q


Nqεq


ln W ¼ N ln N �N ln
N
Z
þ bE ¼ N ln Zþ bE


ln W ¼ ln ZN þ bE ¼ ln Ztotal þ bE


S ¼ k ln ZN þ kbE ¼ Nk ln Zþ k
1
kT


E ¼ Nk ln Zþ E
T


(9.80)
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This gives an expression for the entropy in terms of the total energy and the partition
function.


For indistinguishable units we have


W ¼


Q
q
ðuqÞNq


Q
q
Nq!


(9.81)


Following a derivation similar to the above, we obtain


S ¼ k ln
�
ZN


N!


�
þ kbE


Or


S ¼ k ln Ztrans þ kbE ¼ k ln Ztrans þ E
T


(9.82)


Using our previous result for the internal energy gives


S ¼ k ln Ztrans þ kT
�
d ln Ztrans


dT


	
V


¼ d
dT


½kT ln Ztrans�V (9.83)


If we consider a gas composed of multi-atom molecules, then we must replace Ztrans with
Ztotal. Therefore, we have


S ¼ d
dT


½kT ln Ztotal� ¼ d
dt
½kT ln Ztrans � Zrot � Zvib�


S ¼ d
dt
½kT ln Ztrans þ kT ln Zrot þ kT ln Zvib�


S ¼ Strans þ Srot þ Svib


(9.84)


Therefore, the entropy is factorable and separable into terms that correspond to the
different mechanisms in the molecules.


9.11 EVALUATION OF PARTITION FUNCTIONS


Now let us evaluate the translational partition function for an ideal gas. The energy of an
individual atom or molecule is given by


ε ¼ 1
2
mv2 ¼ m


2


�
v2x þ v2y þ v2z


�
(9.85)
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Now quantum mechanics tells us that an atom moving in a box can only have certain
discrete energies. These energies are obtained by solving Schrödinger’s wave equation in
three dimensions. From a macroscopic standpoint, the discreteness of the energies is impos-
sible to determine because the separation is infinitesimally small compared to macroscopic
dimensions. But when the wave equation is solved in a rectangular box, the allowed energies
are given by the relation


ε ¼ h2


8m


"
n2
x


L2
x


þ n2
y


L2
y


þ n2
z


L2
z


#
(9.86)


where h is Plank’s constant and the L’s are the lengths of the sides of the box. Consider a
cubical box 10 cm on a side containing argon at room temperature. Then we have


ε ¼ h
8mL2


h
n2
x þ n2


y þ n2
z


i
(9.87)


The average energy of an atom is 0.025 eV and the mass is 40 amu. Plugging all of this in
gives


h
n2
x þ n2


y þ n2
z


i
z5 � 1019 (9.88)


Therefore, the level of degeneracy is very comparable to the classical description given
before for the sphere. However, now we see how the volume containing the gas comes
into the equation directly. The L2 term in the denominator is essentially the volume to the
two-thirds power. Much like the classical case, the energy can easily be separated into three
terms, each of which will be associated with one of the three axes. Thus, we can write our
partition function as a product of the partition functions for each of the three possible direc-
tions. For the x dimension we have


zx ¼
X
nx


e
�b


nxh2


8mL2x ¼
Z N


0
e
�b


nxh2


8mL2xdnx


zx ¼ Lx


h


ffiffiffiffiffiffiffiffiffiffi
2pm
b


s (9.89)


The y and z dimensions are identical, so


z ¼ zx � zy � zz ¼
�
2pm
b


	3 =


2LxLyLz


h3
¼


�
2pm
h2b


	3 =


2


V (9.90)
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Now applying the relation for internal energy as a function of the partition function gives


E ¼ U ¼ �
�
d ln Ztrans


db


	
¼ � d


db


�
ln


zNtrans
N!


	


E ¼ � d
db


�
ln


1
N!


�
2pm
h2


�3N


=


2


VN


	
� d
db


ln


�
1
b


�3N


=


2


V


(9.91)


For a constant volume all of the terms in the square brackets are constant, so we have


E ¼ U ¼ 3N
2


d
db


ln b ¼ 3N
2b


(9.92)


The classical definition of the constant volume specific heat is


CV ¼
�
dE
dT


	
V


¼ d
dT


�
3N
2b


	
V


¼ 3N
2


d
dT


�
1
b


	
(9.93)


The classical value for a monatomic gas constant volume specific heat is


CV ¼ 12:47 J=gm�mol=K ¼ 1:247 � 108 erg=gm�mol=K


Therefore


3N
2


d
dT


�
1
b


	
¼ 1:274 � 108 erg


gm�mol � K (9.94)


d
dT


�
1
b


	
¼ d


dT
½kT� ¼ k ¼ 2


3


1:247 � 108 erg
gm�mol � K


6:022 � 1023 atoms
gm�mol


¼ 1:38 � 10�16 erg
atom � K


Thus, the value of Boltzmann’s constant can be derived by considering the constant
volume specific heat of a monatomic gas, which is a well measured and defined quantity.


k ¼ 1:38 � 10�16 erg=K ¼ 1:38 � 10�23J=K (9.95)


Previously we had


E ¼ 3N
2b


(9.96)
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This now gives


E ¼ 3
2
NkT and CV ¼ 3


2
Nk (9.97)


Now let us introduce the thermodynamic potential most easily expressed in terms of the
partition function. Consider the Helmholtz free energy defined by F ¼ E�TS


F ¼ E� T
�
k ln Zþ E


T


�
¼ E� kT ln Z� E


F ¼ �kT ln Z


(9.98)


and we have for the monatomic ideal gas


F ¼ �kT ln


�
zN


N!


�
¼ �kT½ � ln N!þN ln z�


F ¼ �kT½ � ðN ln N �NÞ þN ln z�
F ¼ �NkT


h
1þ ln


�
z=N


�i
(9.99)


We can write the entropy as


S ¼ E� F
T


¼
3
2
NkT þNkT


h
1þ ln


�
z=N


�i
T


¼ Nk
�
5
2
þ ln


z
N


�
(9.100)


Substituting for z gives


S ¼ Nk
�
5
2
þ ln


��
2pkT
h2


	3 =


2V
N


��
Nk ¼ < Nm ¼ M


S ¼ <
�
5
2
þ ln


��
2pMkT
h2N


	3 =


2V
N


�� (9.101)


This can be rewritten as


S ¼ < ln V þ 3
2
< ln T þ 3


2
< ln Mþ


�
<
�
5
2
þ ln


�
2pk


h2N
5 =


3


	3 =


2��
(9.102)


This is a famous equation called the SackureTetrode equation.
Now consider changes in S. If only the volume changes we have


S2 � S1 ¼ < ln V2 � < ln V1 ¼ < ln


�
V2=V1


�
(9.103)
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the exact relation we get from classical thermodynamics. If only the temperature changes,
we get


S2 � S1 ¼ 3
2
< ln T2 � 3


2
< ln T1 ¼ 3


2
< ln


�
T2=T1


�
¼ CV ln


�
T2=T1


�
(9.104)


Once again, this is the expected behavior from classical thermodynamics. The last two
terms provide constants that allow us to calculate the entropy of a monatomic ideal gas
from first principles or fundamental constants. This table taken from Nash’s book and attrib-
uted to K. K. Kelley evidences the excellent agreement of this equation with the entropies
determined by calorimetric measurements for the noble gases at 298K and 1 atm.


9.12 MAXWELLeBOLTZMANN VELOCITY DISTRIBUTION


Our Maxwell energy distribution is of the following form:


Ni


ui
¼ N


Z
e�


mv2
i


2kT


Ni ¼ N
Z
uie�


mv2
i


2kT


(9.105)


For the classical continuous velocity distribution, we can write this as


dNðvÞ ¼ N
Z
e�


mv2
2kT duðvÞ (9.106)


In order to integrate this equation and determine the normalizations we need to determine
a degeneracy function as a function of the velocity. The simplest answer to this question is to
let the total number of degeneracies increase as the volume of velocity space. That simply
says that


uðvÞ ¼ 4
3
pv3 duðvÞ ¼ 4pv2dv


Entropies (cal/gm-mol/K)


Noble Gas Calorimetric Theoretical


Neon 35.01 	 0.1 34.95 	 0.01


Argon 36.95 	 0.2 36.99 	 0.01


Krypton 39.17 	 0.1 39.20 	 0.01


Xenon 40.7 	 0.3 40.54 	 0.01
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Then


dNðvÞ ¼ N
Z
e�


mv2
2kT4pv2dv


N ¼
Z N


0


N
Z
4pv2e�


mv2
2kT dv


1 ¼ 4p
Z


Z N


0
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mv2
2kT dv ¼ 4p


Z


�
2kT
m


�3 =


2 Z N


0
y2e�y2dy


Z ¼ 4p
�
2kT
m


�3 =


2 Z N


0
y2e�y2dy ¼ 4p


�
2kT
m


�3 =


21
4


ffiffiffi
p


p


Z ¼
�
2pkT
m


�3 =


2
(9.107)


Then taking dN(v) ¼ N(v)dv, we have


NðvÞ ¼ N
� m
2pkT


�3 =


2


4pv2e�
mv2
2kT (9.108)


This is the MaxwelleBoltzmann velocity distribution.
The average velocity is given by


v ¼
ffiffiffiffiffiffiffiffi
8kT
pm


r
(9.109)


The RMS velocity is given by


vrms ¼
ffiffiffiffiffiffiffiffi
3kT
m


r
(9.110)


The most probable velocity is given by


vmode ¼
ffiffiffiffiffiffiffiffi
2kT
m


r
(9.111)


References
1. Nash LK. Elements of statistical thermodynamics. 2nd ed. Mineola, NY: Dover Publications Inc.; 2006.
2. Lee JF, Sears FW, Turcotte DL. Statistical thermodynamics. Reading, MA: Addison-Wesley Publishing Company,


Inc.; 1973.
3. Reif F. Fundamentals of statistical and thermal physics. Long Grove IL: Waveland Press, Inc.; 2009.
4. Loeb LB. The kinetic theory of gases. Dover Phoenix Edition. Mineola, NY: Dover Publications; 1961.


REFERENCES 243







10


Thermodynamic Relations


O U T L I N E


10.1 Thermodynamic Potentials 245


10.2 Maxwell Relations 247


10.3 Clapeyron Equation 252


10.4 Specific Heat Relations Using the
Maxwell Relations 253


10.5 The Difference Between the
Specific Heats for a Real Gas 254


10.6 JouleeThomson Coefficient 256


Reference 257


Further Reading 257


In this chapter, we discuss the mathematical relationship of thermodynamics in exact for-
mulations using differential formation of these relations.


10.1 THERMODYNAMIC POTENTIALS


Classical thermodynamics has a very rich mathematical background. In a course aimed at
engineering thermodynamics, it is not terribly useful to go into this analysis too deeply, but
touching on some of the methods is worthwhile. Start by summarizing without proof some
properties of the four common thermodynamic potentials. The first of these potentials is the
internal energy, which is identified with the symbol U. The internal energy U has been used
for a good portion of this study to date. Though in the past it was considered to be a function
of many variables, its natural variables are S and V. Normally it is written as:


U ¼ UðS;VÞ (10.1)


If we differentiate U with respect to S and V, holding the other variable constant we get


dU ¼ dU
dS


����
V


dSþ dU
dV


����
S


dV (10.2)
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Also, the combined first and second laws can be written as:


dU ¼ TdS� pdV (10.3)


Then T can be identified with dU
dS


���
V
and ep with dU


dV


���
S
.


The enthalpy was defined as:


H ¼ UðS;VÞ þ pV ¼ HðS; pÞ (10.4)


So


dH ¼ dU þ pdV þ Vdp ¼ TdS� pdV þ pdV þ Vdp ¼ TdSþ Vdp (10.5)


and


dH ¼ dH
dS


����
p


dSþ dH
dp


����
S


dp (10.6)


Once again, T can be identified as dH
dS


���
p
and V can be identified as dH


dp


���
S
. Remember that the


reason for choosing enthalpy as the thermodynamic potential of interest is that our system
will be in contact with a pressure reservoir during the process of interest.


In addition to internal energy and enthalpy, two other thermodynamic potentials are
sometimes of interest. The first is the Helmholtz potential or Helmholtz free energy. (The
term free energy is a poor choice of words and only causes problems.) The Helmholtz poten-
tial is useful when our system of interest is in contact with a thermal reservoir that holds the
temperature constant during the process of interest. The Helmholtz potential is defined as:


F ¼ U � TS


dF ¼ dU � TdS� SdT ¼ TdS� pdV � TdS� SdT ¼ �pdV � SdT


dF ¼ dF
dV


����
T


dV þ dF
dT


����
V


dT


�S ¼ dF
dT


����
V


�p ¼ dF
dV


����
T


(10.7)


Clearly, the natural variables for the Helmholtz potential are V and T.
The second new potential is the Gibbs potential or Gibbs free energy (again a bad choice of


words). This potential is useful when systems are in contact with the atmosphere and the
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pressure and temperature are held constant by using the atmosphere as a sink. The Gibbs po-
tential is defined by:


G ¼ H � TS


dG ¼ dH � TdS� SdT ¼ TdSþ Vdp� TdS� SdT ¼ Vdp� SdT


dG ¼ dG
dp


����
T


dpþ dG
dT


����
p


dT


�S ¼ dG
dT


����
p


V ¼ dG
dp


����
T


(10.8)


It may now appear to be a little confusing why certain variables are chosen as the differ-
ential variables in the above equations. The simple answer is that only two variables are
required to define the state of a simple system, and the two that are chosen should be those
that make a particular process most transparent or provide the simplest solution.


The internal energy may be looked upon as the available work (or heat) from a constant
volume system. The enthalpy may be looked upon as the available work from a system in
contact with a pressure reservoir. The Helmholtz potential is the available work from a sys-
tem in contact with a temperature reservoir. In addition, the Gibbs potential is the available
work from a system in contact with a pressure and temperature reservoir.


The relationship for the internal energy as a function of the entropy can be inverted to give
the entropy as a function of the internal energy and volume. The same can be done for the
enthalpy. When either of these are accomplished, the resulting entropy function can be
used to identify the direction of approach to equilibrium and the actual equilibrium state.
The entropy function so defined will be maximized at equilibrium. Thus,


S ¼ SðU;VÞ


dS ¼ dS
dU


����
V


dU þ dS
dV


����
U


dV


S ¼ SðH; pÞ


dS ¼ dS
dH


����
p


dH þ dS
dp


����
H


dp


(10.9)


Both of these expressions are useful in some of the algebraic manipulations of classical
thermodynamics.


10.2 MAXWELL RELATIONS


At this point classical thermodynamics drifts off into a mathematical maze that is well
defined but becomes more obscure equation by equation.1 Now having defined the four
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classic potentials, it is possible to apply the results of the calculus of several variables to them
to obtain differential relations between the various thermodynamic properties. Perhaps the
most useful application of this calculus is to be able to express the derivatives, or rates of
change of entropy, in terms of the rate of changes of more measurable variables, such as pres-
sure, temperature, and volume.


From the calculus of several variables, remember that the order of differentiation doesn’t
matter when the differentiation is performed with respect to two independent variables pro-
vided the function and its derivatives are continuous. The state functions of thermodynamics
satisfy these restrictions. Therefore for any w ¼ wðx; yÞ,


v2w
vxvy


¼ v2w
vyvx


(10.10)


Also, consider the situation where there are four state variables, for example, w, x, y, and z,
any two of which can be chosen as the independent variables for a simple compressible sys-
tem. Start with x as a function of y and w.


dx ¼ dx
dy


����
w


dyþ dx
dw


����
y


dw (10.11)


Then choose y to be a function of z and w.


dy ¼ dy
dz


����
w


dzþ dy
dw


����
z


dw (10.12)


Now substitute Eq. (10.12) into Eq. (10.11) to get


dx ¼ dx
dy


����
w


�
dy
dz


����
w


dzþ dy
dw


����
z


dw
�
þ dx
dw


����
y


dw ¼ dx
dy


����
w


dy
dz


����
w


dzþ
�
dx
dw


����
y


þ dx
dy


����
w


dy
dw


����
z


�
dw (10.13)


But


dx ¼ dx
dz


����
w


dzþ dx
dw


����
z


dw (10.14)


So the following two relations must hold.


dx
dw


����
z


¼ dx
dw


����
y


þ dx
dy


����
w


dy
dw


����
z


(10.15)


dx
dz


����
w


¼ dx
dy


����
w


dy
dz


����
w


(10.16)
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Eq. (10.16) can be put in a more symmetrical form to yield:


dx
dy


����
w


dy
dz


����
w


dz
dx


����
w


¼ 1 (10.17)


Sometimes it is simply called the chain rule and can be extended to any number of
variables.


Now consider a simple example for a real gas where its equation of state can be written as
v ¼ vðT; pÞ or p ¼ pðT; vÞ, before addressing the thermodynamic potentials. Differentials for
these two equations can be written as:


dv ¼ vv
vp


����
T


dpþ vv
vT


����
p


dT


dp ¼ vp
vv


����
T


dvþ vp
vT


����
v


dT


(10.18)


Eliminating dp between these two equations and collecting the coefficients of dv and dT
gives


�
1� vv


vp


����
T


vp
vv


����
T


�
dv ¼


�
vv
vp


����
T


vp
vT


����
v


þ vv
vT


����
p


�
dT (10.19)


Now, since changes in dv and dT are independent, both coefficients must be equal to zero.
Therefore,


�
1� vv


vp


����
T


vp
vv


����
T


�
¼ 0/


vv
vp


����
T


¼ 1
vp
vv


����
T


vv
vp


����
T


vp
vT


����
v


þ vv
vT


����
p


¼ 0/
vp
vT


����
v


¼ �


vv
vT


����
p


vv
vp


����
T


¼ a


k


a ¼ 1
V
vv
vT


����
p


Coefficient of Thermal Expansion


k ¼ �1
V
vv
vp


����
T


Isothermal Compressibility


(10.20)


Thus, the requirements for continuity of derivatives of state variables allow relationships
between the derivatives themselves to be defined.
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EXAMPLE 10.1
Calculate the (1) coefficient of thermal expansion and (2) the isothermal compressibility for (a) an


ideal gas and a real gas based on (b) a virial expansion and (c) the PengeRobinson equation of state.


Solution
1.


a. Ideal gas a ¼ 1
v


v
vT


RT
p


����
p
¼ 1


v
R
p ¼ 1


T


b. Virial expansion


v2 ¼ RT
p


ðvþ BÞ


2v
vv
vT


¼ RT
p


vv
vT


þ R
p
ðvþ BÞ


�
2v� RT


p


�
vv
vT


¼ R
p
ðvþ BÞ


1
v
vv
vT


¼ R
vp


ðvþ BÞ�
2v� RT


p


� ¼ R
vp


1þ B=v
1


¼ 1
T


�
1þ B=v


�


c. PengeRobinson equation


p ¼ RT
v� b


� aa
v2 þ 2bv� b2


v3 þ bv2 � 3b2vþ b3 ¼ RT
p


�
v2 þ 2bv� b2


�� aaðv� bÞ


�
3v2 þ 2bv� 3b2


� vv
vT


¼ R
p


�
v2 þ 2bv� b2


�þ RT
p


ð2vþ 2bÞ vv
vT


� aa
vv
vT


� aðv� bÞ va
vT


�
3v2 þ 2bv� 3b2 � 2v2 � 2bvþ aa


� vv
vT


¼ R
p


�
v2 þ 2bv� b2


�� aðv� bÞ va
vT


1
v
vv
vT


¼ 1
v


R
p


�
v2 þ 2bv� b2


�� aðv� bÞ va
vT


ð1� 3b2 þ aaÞ ¼ 1
T
ðv2 þ 2bv� b2


�
ð1� 3b2 þ aaÞ �


a
�
1� b=v


�


ð1� 3b2 þ aaÞ
va


vT


2.
a. Ideal gas k ¼ � 1


v
vv
vp


���
T
¼ �1


v


�
RT
�p2


�
¼ 1


p
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b. Virial expansion


v2 ¼ RT
p


ðvþ BÞ


2v
vv
vp


¼ �RT
p2


ðvþ BÞ þ RT
p


vv
vp


�
2� RT


vp


�
vv
vp


¼ �RT
vp2


ðvþ BÞ ¼ vv
vp


¼ �1
p
ðvþ BÞ � 1


v
vv
vp


¼ 1
p


�
1þ B=v


�


c. PengeRobinson equation


v3 þ v2b� 3b2vþ b3 ¼ RT
p


�
v2 þ 2bv� b2


�� aaðv� bÞ


�
3v2 þ 2bv� 3b2


� vv
vp


¼ �RT
p2
�
v2 þ 2bv� b2


�� aa
vv
vp


þ RT
p


ð2vþ 2bÞ vv
vp


�
3v2 � 2v2 þ 2bv� 2bv� 3b2 � aa


� vv
vp


¼ �RT
p2
�
v2 þ 2bv� b2


�� 1
v
vv
vp


¼ 1
p
ðv2 þ 2bv� b2


�
ð1� 3b2 � aaÞ


Now consider the two derivative definitions that were obtained for the Helmholtz
potential.


�S ¼ dF
dT


����
V


�dS
dV


����
T


¼ d2F
dTdV


�p ¼ dF
dV


����
T


�dp
dT


����
V


¼ d2F
dVdT


dp
dT


����
V


¼ dS
dV


����
T


(10.21)


This is known as the third Maxwell relation and allows estimation of the change in en-
tropy versus pressure at constant temperature by measuring the change in pressure versus
temperature at constant volume. The rest of the Maxwell relations are derived in a similar
manner, and are given as:


vT
vV


����
S


¼ �vp
vS


����
V


First Maxwell Relation


vT
vp


����
S


¼ vV
vS


����
p


Second Maxwell Relation


vS
vp


����
T


¼ �vV
vT


����
p


Fourth Maxwell Relation


.
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10.3 CLAPEYRON EQUATION


The Third Maxwell relation above can be applied to obtain hfg at a point on the vapor
dome identified by po and To. Start with


ds
dv


����
To


¼ sg � sf
vg � vf


¼ sfg
vfg


¼ dp
dT


����
vo


(10.22)


dh ¼ Tds� vdp


dp ¼ 0Z
dh ¼ hfg ¼


Z
Tods ¼ ToDs ¼ Tosfg


(10.23)


Then


dp
dT


����
vo


¼ hfg
Tovfg


hfg ¼ Tovfg
dp
dT


����
vo


(10.24)


Now the derivative can be evaluated from the saturated state tables using a central differ-
ence approximation.


dp
dT


����
vo


¼ hfg
Tovfg


hfg ¼ Tovfg
dp
dT


����
vo


(10.25)


dp
dT


����
vo


¼ p2 � p1
T2 � T1


(10.26)


At low pressures, this becomes the ClausiuseClapeyron equation by ignoring the value of
vf and approximating vg by RT/p (ideal gas).


dp
dT


����
vo


¼ phfg
RT2


(10.27)


This will allow extrapolating to pressures below those tabulated by rewriting this
equation as:


dp
p


¼ hfgdT
RT2


ln


�
p2
p1


�
y


hfg
R


�
1
T1


� 1
T2


� (10.28)
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10.4 SPECIFIC HEAT RELATIONS USING THE MAXWELL
RELATIONS


The internal energy differential can be written as:


du ¼ du
dT


����
v


dT þ du
dv


����
T


dv ¼ CvdT þ du
dv


����
T


dv (10.29)


and considering


s ¼ sðT; vÞ


ds ¼ ds
dT


����
v


dT þ ds
dv


����
T


dv


then


du ¼ Tds� pdv


du ¼ T
�
ds
dT


����
v


dT þ ds
dv


����
T


dv
�
� pdv ¼ T


ds
dT


����
v


dT þ
�
ds
dv


����
T


� p
�
dv


(10.30)


Therefore


Cv ¼ T
ds
dT


����
v


du
dv


����
T


¼ T
ds
dv


����
T


� p ¼ T
dp
dT


����
v


� p ð3rd Maxwell RelationÞ


du ¼ CvdT þ
�
T
dp
dT


����
v


� p
�
dv


(10.31)


This allows calculation of du, given an equation of state that relates p, v, and T.
Approaching enthalpy the same way and writing:


s ¼ sðT; pÞ


ds ¼ ds
dT


����
p


dT þ ds
dp


����
T


dp


dh ¼ Tdsþ vdp ¼ T
�
ds
dT


����
p


dT þ ds
dp


����
T


dp
�
þ vdp
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Cp ¼ T
ds
dT


����
p


dh ¼ CpdT þ
�
v� T


dv
dT


����
p


�
dp ð4th Maxwell RelationÞ


(10.32)


This can be integrated to get dh given an equation of state for p, v, and T.


EXAMPLE 10.2
Demonstrate that the dp correction term in the dh equation for (1) an ideal gas is zero and (2) is


nonzero for the PengeRobinson equation.


Solution
The dp term in the dh equation is given by


h
v� T dv


dT


����
p


i
dp


1. Ideal as v� T vv
vT


����
p
¼ v� T v


vT
RT
p ¼ v� T R


p ¼ v� v ¼ 0


2. PengeRobinsondFrom Example 2.1


1
v
vv
vT


¼ 1
T
ðv2 þ 2bv� b2


�
ð1� 3b2 þ aaÞ �


a
�
1� b=v


�


ð1� 3b2 þ aaÞ
va


vT


v� T
vv
vT


¼ v� vðv2 þ 2bv� b2
�


ð1� 3b2 þ aaÞ �
a
�
1� b=v


�
Tv


ð1� 3b2 þ aaÞ
va


vT


Now revisiting the two differential entropy equations above,


ds ¼ ds
dT


����
v


dT þ ds
dv


����
T


dv ¼ Cv


T
dT þ dp


dT


����
v


dv


and


ds ¼ ds
dT


����
p


dT þ ds
dp


����
T


dp ¼ Cp


T
dT � dv


dT


����
p


dp


(10.33)


These two equations will allow calculation of changes in entropy for real gases requiring
only the specific heats as a function of temperature and a real gas equation of state.


10.5 THE DIFFERENCE BETWEEN THE SPECIFIC HEATS
FOR A REAL GAS


Now consider the difference between the specific heats for a real gas. From the above


Cp � Cv ¼ T
ds
dT


����
p


� T
ds
dT


����
v
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Using Eq. (10.15)


ds
dT


����
p


¼ ds
dT


����
v


þ ds
dv


����
T


dv
dT


����
p


So


Cp � Cv ¼ T
ds
dv


����
T


dv
dT


����
p


and applying the third Maxwell relation again gives


Cp � Cv ¼ T
dp
dT


����
v


dv
dT


����
p


(10.34)


For an ideal gas


dp
dT


����
v


¼ R
v


dv
dT


����
p


¼ R
p


T
dp
dT


����
v


dv
dT


����
p


¼ T
R
v
R
p


¼ RT
pv


R ¼ R


For an ideal gas this is as expected, however this is not the case for a real gas.


EXAMPLE 10.3
Based on Eq. (10.33) derive an expression for the difference in specific heats for a real gas using


the PengeRobinson equation.


Solution
Eq. (10.33) is


Cp � Cv ¼ T
dp
dT


����
v


dv
dT


����
p


Evaluating the two derivatives


p ¼ RT
v� b


� aa
v2 þ 2bv� b2


vp
vT


����
v


¼ R
v� b


� a
v2 þ 2bv� b2


va


vT


va


vT
¼ v


vT


"
1þ k


 
1�


ffiffiffiffiffiffiffiffiffiffi
T=TC


q !#2
¼ 2a


�k


2


�
T=Tc


��1


=


2 1
Tc


¼ �ak


�
1


TTc


�1 =


2


vp
vT


����
v


¼ R
v� b


þ aak
v2 þ 2bv� b2


�
1


TTc


�1 =


2
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vv
vT


����
p


¼ R
p
ðv2 þ 2bv� b2


�
ð1� 3b2 þ aaÞ � aðv� bÞ


ð1� 3b2 þ aaÞ


 
� ak


�
1


TTc


�1 =


2
!


Cp � Cv ¼ R


"
1


v� b
þ aak
Rðv2 þ 2bv� b2


�
�


1
TTc


�1 =


2
#264R


p
ðv2 þ 2bv� b2


�
ð1� 3b2 þ aaÞ þ


aakðv� bÞ
�


1
TTc


�1 =


2


ð1� 3b2 þ aaÞ


3
75


10.6 JOULEeTHOMSON COEFFICIENT


When a fluid passes through a throttling device, the enthalpy remains constant. Normally
the temperature of the fluid will drop. However, for real gases, the temperature may remain
the same or it may increase. What happens depends on the value of what is called the Joulee
Thomson coefficient, CJT.


CJT ¼ dT
dp


����
h


(10.35)


If CJT is positive, a temperature decrease follows a pressure decrease. If it is negative, a
temperature increases results. Consider,


dh ¼ CpdT þ
�
v� T


dv
dT


����
p


�
dp


0 ¼ CpdT þ
�
v� T


dv
dT


����
p


�
dp


dT
dp


����
h


¼ 1
Cp


�
T
dv
dT


����
p


� v
�


(10.36)


With a throttling valve it is relatively easy to measure a temperature increase or decrease,
so this is one way of measuring Cp. Note also that for an ideal gas, the JouleeThompson co-
efficient is always zero.


EXAMPLE 10.4
Derive an expression for the JouleeThompson coefficient for a gas obeying the real gas equation


represented by a virial expansion.
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Solution
The JouleeThompson coefficient is


CJT ¼ dT
dp


����
h


¼ 1
Cp


�
T
dv
dT


����
p


� v
�


CJT ¼ 1
Cp


�
T
v
T


�
1þ B=v


�
� v
�


CJT ¼ v
Cp


�
1þ B=v


�
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Thermodynamics deals with the transfer of heat to and from a working fluid and the per-
formance of work by that fluid. Because the transfer of heat to a working fluid is central to
thermodynamics, a short excursion into the technology of heat transfer is useful to tie ther-
modynamics to real world devices. Heat transfer processes are never ideal, and a study of
the technology of heat transfer will develop an understanding of the tradeoffs in the design
of the devices that actually accomplish the heat transfer. Heat transfer technology provides
the basis on which heat exchangers are designed to accomplish the actual transfer of thermal
energy.
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11.1 FUNDAMENTAL MODES OF HEAT TRANSFER


There are three fundamental modes of heat transfer.


1. Conduction
2. Convection
3. Radiation


The temperature distribution in any system or medium is controlled by the combined
effects of these three modes of heat transfer. In most situations, one mode dominates and tem-
perature distributions and heat fluxes can be obtained very accurately by considering only
that mode. In general, heat transfer can be a multidimensional time-dependent phenomenon.
However, for heat engines, transient heat transfer effects are not usually as important as
steady-state heat transfer phenomena and they will be neglected in discussion that follows.


11.2 CONDUCTION


Conduction occurs in stationary materials as a result of the vibrations of atoms or
molecules in the materials. It is governed by Fourier’s law of heat conduction, which in
one dimension is written as,


Qx ¼ �kA
vT
vx


Btu=h or W (11.1a)


or


qx ¼ Qx


A
¼ �k


vT
vx


Btu=h
�
ft2 or W


�
m2 (11.1b)


Simply stated, the heat flow per unit area is proportional to the negative of the tempera-
ture gradient. The proportionality constant is called the thermal conductivity, and it has units
of W/m/K or Btus/ft/�R. The thermal conductivities of typical materials vary widely by
material and also depends on the temperature of the materials. Some typical values are given
in the Appendix for solids, liquids, and gases.


11.3 CONVECTION


Heat transfer by convection occurs as the result of a moving fluid coming in contact with a
fixed surface. The moving fluid carries the heat and deposits it on the surface or draws it out
of the surface. There are two types of convection. In forced convection, the fluid is being driven
or forced along by some mechanism other than thermal gradients at the surface. In free
convection, the fluid is moved along by thermal gradients or temperature differences at the
surface. Convection obeys Newton’s law of cooling given by,


Q ¼ hAðTf � TwÞ (11.2a)


q ¼ hðTf � TwÞ (11.2b)
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In this case, q is the heat flux per unit area at the wall. The symbol h is identified as the film
heat transfer coefficient. It has units of W/m2/K or Btu/hr/ft2/R. Here, k in Eq. (11.1b), the
thermal conductivity, is a function of only the material and its temperature, h, the film heat
transfer coefficient, depends on the properties of the fluid, the temperature of the fluid, and
the flow characteristics. Multiple correlations have been determined for calculating an appro-
priate h for most materials and flow situations.


11.4 RADIATION


Radiation heat transfer takes place by means of electromagnetic waves transmitted from
one body to another. It does not require a medium and so can transfer heat across a vacuum.
It is governed by the StefaneBoltzmann radiation heat transfer equation,


Q ¼ εsA1�2
�
T4
1 � T4


2


�
(11.3a)


q ¼ εs
�
T4
1 � T4


2


�
(11.3b)


The heat transferred in this case depends on the difference in the fourth power of the tem-
perature of the two bodies. It also depends on a universal constant, s, call the Stefane
Boltzmann constant equal to 5.6697 � 10�8 W/m2 K4. The variable ε depends on the surface
material of the two bodies and can depend on their temperatures as well. It is called the emis-
sivity and varies between 0.0 and 1.0. The area factor A1-2 is the area viewed by body 2 of body
1, and it can become fairly difficult to calculate. Note that because the temperatures are raised
to the fourth power and then differenced, radiation heat transfer must always be calculated
based on absolute temperatures (K or �R). Both conduction and convection depend only on
the linear differences of temperature, and any consistent temperature scale will work.


Radiation heat transfer is important at very high temperatures and in a vacuum. However,
for most designs involving terrestrial power plants, the heat transfer is dominated by conduc-
tion and convection, so radiation will not be treated extensively in this text. In addition, to get
good quantitative results in analyzing radiation heat transfer problems, accurate calculation
of the view factors, or A1-2, is required. The effort involved is well beyond the level of this text
and readers are referred to Siegel and Howell.4


Before going into more-detailed analysis of the modes of heat transfer, it will be useful to
provide the definitions of a number of terms of importance. These are provided in Table 11.1.


TABLE 11.1 Definitions for Terms of Importance for Heat Transfer


Blackbody A body with a surface emissivity of 1. Such a body will emit all of the thermal
radiation it can (as described by theory) and will absorb 100% of the thermal
radiation striking it. Most physical objects have surface emissivities less than 1 and
hence do not have blackbody surface properties.


Density, r The amount of mass per unit volume. In heat transfer problems, the density works
with the specific heat to determine how much energy a body can store per unit
increase in temperature. Its units are kg/m3.


Emissive power The heat per unit time (and per unit area) emitted by an object. For a blackbody,
this is given by the StefaneBoltzmann relation sT4


(Continued)
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EXAMPLE 11.1
A constant temperature difference of 300�F (166.7�C) is maintained across the surfaces of a slab of


0.1-ft (0.0306-m) thickness. Determine the rate of heat transfer per unit area across the slab for each
of the following cases. The slab material is copper (k ¼ 220 Btu/h ft�F or 380.7 W/m�C), aluminum
(k ¼ 130 Btu/h ft�F or 225.7 W/m�C), carbon steel (k ¼ 10 Btu/h ft�F or 17.3 W/m�C), brick
(k ¼ 0.5 Btu/h ft�F or 0.865 W/m�C), and asbestos (k ¼ 0.1 Btu/h ft�F or 0.173 W/m�C)


Solution
The Fourier law for one-dimensional heat conduction is given by Eq. (11.1b):


q ¼ �k
dT
dx


Graybody A body that emits only a fraction of the thermal energy emitted by an equivalent
blackbody. By definition, a graybody has a surface emissivity less than 1 and a
surface reflectivity greater than 0.


Heat flux, q The rate of heat flowing past a reference datum. Its units are W/m2.


Internal energy, e A measure of the internal energy stored within a material per unit volume. For most
heat transfer problems, this energy consists just of thermal energy. The amount of
thermal energy stored in a body is manifested by its temperature.


Radiation view factor,
F12


The fraction of thermal energy leaving the surface of object 1 and reaching the
surface of object 2, determined entirely from geometrical considerations. Stated in
other words, F12 is the fraction of object 2 visible from the surface of object 1, and
ranges from 0 to 1. This quantity is also known as the radiation shape factor. Its
units are dimensionless.


Rate of heat generation,
qgen


A function of position that describes the rate of heat generation within a body.
Typically, this new heat must be conducted to the body boundaries and removed
via convection and/or radiation heat transfer. Its units are W/m3.


Specific heat, c A material property that indicates the amount of energy a body stores for each
degree increase in temperature, on a per unit mass basis. Its units are J/kg-K.


StefaneBoltzmann
constant, s


Constant of proportionality used in radiation heat transfer, whose value is
5.669 � 10�8 W/m2-K4. For a blackbody, the heat flux emitted is given by the
product of s and the absolute temperature to the fourth power.


Surface emissivity, ε The relative emissive power of a body compared to that of an ideal blackbody. In
other words, the fraction of thermal radiation emitted compared to the amount
emitted if the body were a blackbody. By definition, a blackbody has a surface
emissivity of 1. The emissivity is also equal to the absorption coefficient, or the
fraction of any thermal energy incident on a body that is absorbed.


Thermal conductivity, k A material property that describes the rate at which heat flows within a body for a
given temperature difference. Its units are W/m-k.


Thermal diffusivity, a A material property that describes the rate at which heat diffuses through a body. It
is a function of the body’s thermal conductivity and its specific heat. A high thermal
conductivity will increase the body’s thermal diffusivity, as heat will be able to
conduct across the body quickly. Conversely, a high specific heat will lower the
body’s thermal diffusivity, because heat is preferentially stored as internal energy
within the body instead of being conducted through it. Its units are m2/s
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For the problem considered here, q should be constant everywhere in the medium because there
are no heat sources or heat sinks in the slab. The integration of this equation across the slab for
constant q and k gives


qxjL0 ¼ �kTjT2T1
or


q ¼ k
T1 � T2


L
Btu=h ft2


�
or W=m2�


In the present problem T1 � T2 ¼ 300�F, L ¼ 0:1 ft, and k is specified for each material
considered. Then, the heat fluxes, for copper, aluminum, carbon steel, brick, and asbestos, respec-
tively, are given as 6.6 � 105, 3.9 � 104, 3.9 � 105, 3 � 103 Btu/h ft2, 1.5 � 103, and 3 � 102 Btu/h ft2


(or 20.8 � 105, 12.3 � 105, 9.5 � 104, 4.7 � 103, and 9.5 � 102 W/m2). Note that the heat transfer rate
is higher with a larger thermal conductivity.


EXAMPLE 11.2
A fluid at 500�F (260�C) flows over a flat plate, which is kept at a uniform temperature of 100�F


(82.2�C). If the heat transfer coefficient h for convection is 20 Btu/h ft2�F (113.5 W/m2�C), determine
the heat transfer rate per unit area of the plate from the fluid into the plate.


Solution
Heat transfer by convection between a fluid and a solid surface is given by Eq. (11.2b)


q ¼ hðTf � TwÞ Btu=h ft2
�
or W=m2�


Taking h ¼ 20 Btu/h ft2�F (or 113.5 W/m2�C) and T1 � T2 ¼ 500� 100 ¼ 400 �F (or 222.2�C),
the heat flux at the wall becomes


q ¼ 20� 400 ¼ 8� 103 Btu=h ft2
�
or 25:2 kW=m2�


EXAMPLE 11.3
Two identical bodies radiate heat to each other. One body is at 30�C and the other at 250�C. The


emissivity of both is 0.7. Calculate the net heat transfer per square meter.


Solution
Using Eq. (11.3a), we can write the following analysis


Q ¼ εsA
�
T4
1 � T4


2


�
¼ 0:7� 56:7� 10�9 � 1� �5234 � 3034


�
¼ 2635 W
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11.5 HEAT CONDUCTION IN A SLAB


The most general form of the steady state heat conduction equation occurs when the
material through which the heat is transported also has an internal source of heat. So consider
the slab geometry defined by Fig. 11.1.


The heat balance equation for a volume given by Adx will be


Heat conducted out of Adx�Heat conducted into Adx ¼ Heat generated within Adx


Now assuming the overall heat flow is from left to right, the heat conducted into Adx will
be given by


qin ¼ �kA
dT
dx


����
x


The heat conducted out will be


qout ¼ �kA
dT
dx


����
xþdx


¼ �A
�
k
dT
dx


����
x


þ d
dx


k
dT
dx


����
x


dxþ 1
2


d2


dx2
k
dT
dx


����
x


dx2/
�


qoutz� A
�
k
dT
dx


����
x


þ d
dx


k
dT
dx


����
x


dx
�


Then, identifying the heat generation rate per unit volume as Q(x), the balance equation
becomes


qout � qin ¼ QðxÞAdx ¼ �A
�
k
dT
dx


����
x


þ d
dx


k
dT
dx


����
x


dx
�
þ kA


dT
dx


����
x


QðxÞdx ¼ � d
dx


k
dT
dx


����
x


dx


T0 TLq(x) q(x+dx)


x+dxxx=0 x=L


FIGURE 11.1 Slab with internal heat source.
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If k is not a function of position or temperature, then


QðxÞ
k


¼ �d2T
dx2


¼ �V2TðxÞ (11.4)


This is a form of the classic Poisson equation. The V2operator is indicated because when
the equation is generalized to two or three dimensions, the two- or three-dimensional version
of this operator gives the correct form of the equation. Of course, if the heat source is not
present then the equation reduces to the Laplace equation.


V2T ¼ 0 (11.5)


11.6 HEAT CONDUCTION IN CURVILINEAR GEOMETRIES


Solving the two- or three-dimensional heat transfer equation is a difficult problem in the
general case. However, for most heat transfer situations of interest to nuclear engineering,
one-dimensional solutions are usually all that is required. However, many times those solu-
tions require the equation to be written in curvilinear geometry, either cylindrical or spherical
coordinates. Poisson’s equation in cylindrical coordinates is


QðrÞ
k


¼ �
�
1
r
d
dr


r
dT
dr


	
¼ �


�
1
r
dT
dr


þ d2T
dr2


	
(11.6)


And in spherical coordinates


QðrÞ
k


¼ �
�
1
r2


d
dr


r2
dT
dr


	
¼ �


�
2
r


dT
dr


þ d2T
dr2


	
(11.7)


Now integrating Poisson’s equation for a constant Q in cylindrical coordinates gives
Z r


r1


Qrdr ¼ �k
Z r


r1


1
r
d
dr


r
dT
dr


rdr ¼ �k
�
r
dT
dr


� r1
dT
dr


����
r1


�


Q
�
r2


2
� r21


2


	
¼ kr1


dT
dr


����
r1


� kr
dT
dr


Note that the first term on the right side is simply the heat being transferred into or out of
the surface at r1. Separating terms and integrating again gives


Qr2


2
�Qr21


2
� kr1


dT
dr


����
r1


¼ �kr
dT
dr


����
Qr
2
dr�


�
Qr21
2


þ kr1
dT
dr


����
r1


	
dr
r


¼ �kdT


Q
�
r2


4
� r21


4


	
�
�
Qr21
2


� kr1
dT
dr


����
r1


	
ln


�
r
r1


	
¼ kðT1 � TÞ


(11.8)
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There are two unknown constants of integration in this case, namely the heat flux on the
surface at r ¼ r1 and the temperature T1 on that surface. Because the outer surface has not
been specified yet and there will be boundary conditions on it, both of the inner boundary
constants cannot be specified independent of the outer surface boundary conditions. In the
fuel pin case where r1 is taken as 0, the derivative term at r1 must be 0 and the equation sim-
plifies to


Qr22
4


¼ kðT1 � T2Þ
or


Qpr22 ¼ 4pkðT1 � T2Þ


(11.9)


The term on the left side is simply the linear heat rate and T1 is a function of T2 and this
heat rate. A boundary condition at r2 is required to specify T2. Normally the boundary
condition at r2 is given in terms of some kind of a heat flux or a derivative boundary
condition. It would be unrealistic to set T2 to a specified value because that would assume
that the heat flux could be adjusted to hold it at this value. A second simplification of
Eq. (11.8) occurs for the case of no heat production in the region of interest. In that case,
Eq. (11.9) simplifies to


�
 
k
dT
dr


����
r1


!
r1 ln


�
r
r1


	
¼ kðT1 � TÞ


T2 � T1 ¼ dT
dr


����
r1


r1 ln
�
r2
r1


	
¼ �q1


k
r1 ln


�
r2
r1


	
(11.10)


EXAMPLE 11.4
Consider a fuel pin with a linear heat rate of 300 W/cm and a radius of 0.41 cm and a thermal


conductivity of 2.0 W/m/K. Neglect the clad for the present. It is cooled by water flowing by with a
bulk temperature of 585K and a film heat transfer coefficient 20,000 W/m2/K. Estimate the surface
temperature of the fuel pin and its centerline temperature.


Solution
First obtain the volumetric heat rate


Q ¼ 300 W=cm


pð0:41Þ2 ¼ 568 W
�
cm3


Then, the heat flux into the fluid is given by


300 W=cm � 100 ¼ p2r � hðTs � TbÞ ¼ p � 2 � 0:0041 � 20; 000 � ðTs � 585Þ


Ts ¼ 585þ 30; 000
2 � p � 0:0041 � 20; 000 ¼ 643:2K
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Then, applying Eq. (11.9) gives


Qpr2 ¼ 4pkðT1 � TsÞ ¼ 300 ¼ 4p � 2:0
100


ðT1 � 643:2Þ


T1 ¼ 643:2þ 300
4p � 0:02 ¼ 1836:6K


EXAMPLE 11.5
Hot water is flowing through a thick tube and is being cooled by water flowing on the outside of


the tube. The temperature of the hot water is 600K. The temperature of the cold water is 400K. The
film heat transfer coefficient for the hot water is 20,000 W/m2/K and the film heat transfer coef-
ficient for the cold water is 100,000 W/m2/K. The tube is 3 mm thick with an inner diameter of
1.5 cm and has a thermal conductivity of 16.7 W/m/K. Calculate the surface temperatures of the
tube.


Solution
The key is realizing that the same amount of heat is flowing through all three materials. We have


q ¼ hcoldðTouter surface � Tcold waterÞ


q ¼ k


r1 ln
r2
r1


ðTinner surface � Touter surfaceÞ


q ¼ hhotðThot water � Tinner surfaceÞ


20; 000ð600� Tinner surfaceÞ ¼ 16:7
0:00273


ðTinner surface � Touter surfaceÞ


100; 000ðTouter surface � 400Þ ¼ 16:7
0:00273


ðTinner surface � Touter surfaceÞ
3:269ð600� TisÞ ¼ Tis � Tos 1961:4 ¼ 4:269Tis � Tos Tos ¼ 4:269Tis � 1961:4


16:347ðTos � 400Þ ¼ Tis � Tos 6538:8 ¼ 17:347Tos � Tis 6538:8 ¼ 17:347ð4:269Tis � 1961:4Þ � Tis


6538:8þ 17:347 � 1961:4 ¼ ð17:347 � 4:269� 1ÞTis Tis ¼ 555:24K Tos ¼ 4:269 � 555:24� 1961:4 ¼ 408:9K


Now consider the integral of the Poisson equation in spherical geometry.
Z r


r1


Qr2dr ¼ �k
Z r


r1


1
r2


d
dr
r2
dT
dr


r2dr


Q
�
r3


3
� r31


3


	
¼ �k


�
r2
dT
dr


� r21
dT
dr


����
r1


	


Qr
3
dr�


�
Qr31
3


þ kr21
dT
dr


����
r1


	
dr
r2


¼ �kdT


Q
�
r2


6
� r21


6


	
þ
�
Qr31
3


þ kr21
dT
dr


����
r1


	�
1
r
� 1
r1


	
¼ kðT1 � TÞ
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Then, for the case where r1 ¼ 0, this reduces to


Qr22
6


¼ kðT1 � T2Þ (11.11)


Note that a heat rate per sphere could be defined as


Qsphere ¼ 4
3
pr3Q


In addition, Eq. (11.11) can be written as


Qsphere ¼ 8pr2kðT1 � T2Þ
And for the case of no heat generation within the shell


k
dT
dr


����
r1


r21


�
1
r2
� 1
r1


	
¼ kðT1 � T2Þ (11.12)


EXAMPLE 11.6
Estimate the maximum amount of heat that can be generated per spherical particle with a radius


of 0.5 mm contained in a shell of pyrolytic carbon 0.1 mm thick. The outer surface of the particle will
be maintained at 700K by a very efficient heat removal system. The peak temperature allowed for
the uranium dioxide in the fuel particle is 1800K. The average thermal conductivity for uranium
dioxide is 3.0 W/m/K. The average thermal conductivity for pyrolytic carbon is 2.0 W/m/K.


Solution
For the sphere


Qsphere;max ¼ 8pr2kðT1 � T2Þ ¼ 8p � 0:0005 � 3:0 � ð1800� TsÞ ¼ 0:0377ð1800� TsÞ
For the shell


k
dT
dr


����
r1


r21


�
1
r2
� 1
r1


	
¼ kðT1 � T2Þ


4pr21k
dT
dr


����
r1


¼ 4pr21
k


r21


�
1
r2
� 1
r1


	 ðTs � 700Þ Qsphere;max ¼ �4p
2:0�


1
0:0006


� 1
0:0005


	 ðTs � 700Þ


Qsphere;max ¼ 0:0754ðTs � 700Þ
Then


Ts ¼ 700þQsphere;max


0:0754


Qsphere;max ¼ 0:0377
�
1800� 700�Qsphere;max


0:0754


	


1:5Qsphere;max ¼ 41:47


Qsphere;max ¼ 27:6 W
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11.7 CONVECTION


Convection is more complicated than conduction and depends much more on the config-
uration of the heat transfer media than does conduction. However, it has been analyzed in
detail for many different configurations and as a result, efficient prediction of convection re-
sults depends on finding the correct analysis for the problem under consideration.


There are several ways of categorizing convection results. The most basic is dividing con-
vection into forced convection and free convection. In forced convection, a pressure drop
drives the heat transport media or fluid and the velocity of the fluid does not depend on
the heat transfer or thermal gradients. In free convection, there is no pressure drop driving
the fluid and its velocity develops because of the buoyancy of the fluid and thermal gradients.
Forced convection is by far the most common in heat exchangers and nuclear reactors.


The second way of dividing convection is into internal flows and external flows. Internal
flows are typically flows with in a pipe or pipe-like structure. The flow is confined and there
is no free surface. External flows deal with flows on a surface and are generally bounded on
only one side. However, pipes or other confining media can be so large that what happens on
one surface is not influenced by other confining surfaces and therefore the flow can be treated
as an external flow.


11.8 BOUNDARY LAYER CONCEPT


In most convection situations, the transition from the bulk temperature of the fluid to the
temperature of the confining surface occurs over a very short distance very close to the
surface. The velocity of the fluid and its temperature must match the velocity of the wall,
usually 0, and the temperature of the wall. The transition from the bulk fluid velocity and
the bulk fluid temperature occurs over a very thin region in the fluid called the boundary
layer. A physical description of the boundary layer is provided in Fig. 11.2.


Fig. 11.2 describes the development of the velocity and thermal boundary layers over a flat
plate. The outer boundaries of each are defined by where the velocity reaches 99% of its free
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FIGURE 11.2 Velocity and thermal boundary layers for laminar flow over a flat plane.1
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stream value and the temperature difference between the fluid and the wall reaches 99% of its
ultimate value. There is no reason that the two boundary layers should be the same thickness,
but sometimes they are taken to be so to simplify the analysis. In the case of the external flow
over a flat plate, both boundary layers start at zero thickness at the start of the plate and grow
continuously along the plate. In order to predict the heat transfer on the plate, it is important
to track the growth of the velocity boundary layer as well as the thermal boundary layer.


At the start of the flat plate, the velocity profile varies in a very smooth manner almost
parabolic in the distance from the plate. The fluid flows in smooth layers over the plate
with each layer moving in a stable manner. This is called laminar flow. The heat transfer is
basically by a conduction mechanism between layers. As the fluid travels down the plate,
eventually the layers become unstable and packets of fluid move transverse to the plate in
random motions. The flow becomes turbulent. In this case, the packets of fluid transport
heat as they move within the boundary layer. The transition from laminar flow to turbulent
flow is controlled by the ratio of the inertia forces in the boundary layer to the viscous forces
in the boundary layer. This ratio is given by


Re ¼ Inertia Force
Viscous Force


¼ rV2=L
mV=L2


¼ rVL
m


¼ VL
v


(11.13)


Moreover, it is called the Reynolds number after Osborne Reynolds, who first recognized
its importance in characterizing the flow through pipes. Note that it is dimensionless and is
simply a number. Typically around Re ¼ 2300 flow over a smooth plate will transition from
laminar to turbulent flow. Of course, this can vary depending on the roughness of the plate
and the smoothness of the flow upstream of the plate. A better description of the phenome-
non in a transitioning boundary layer is presented in Fig. 11.3.


Because heat transfer in the turbulent boundary layer is greater, it is often desirable to
“trip” the boundary layer near the front of the plate by adding roughness or irregularities
to cause an immediate transition to turbulent flow. However, turbulent flow does cause a
greater drag on the flat plate and will cause a greater friction force attempting to slow the
flow over the plate. The trade between increased heat transfer and increased drag will be
important to the design of heat exchangers. The drop in pressure required to obtain the
desired heat transfer represents the mechanical cost of the heat transfer.


FIGURE 11.3 Boundary layer concept for flow along a flat plate.1
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The flow over a curved surface complicates the boundary layer flow even more. Consider
Fig. 11.4. The fluid approaches the curved body from the left. As the fluid approaches, the
pressure builds up in the fluid as the body slows it down. Then, as the fluid flows over
the body, the pressure decreases due to flow speeding up. The boundary layer on the front
surface is compressed because of the higher pressure but expands as the pressure decreases.
Eventually as the flow turns the corner and moves down the backside of the body, the flow
separates due to a loss of energy in the boundary layer. This produces a low pressure on the
backside of the curved body, increasing the drag that the fluid sees significantly.


A quantitative description of the flows across a cylinder as a function of the Reynolds
number is given by Fig. 11.5. Note that in this case that the Reynolds number used to
categorize the flows is based on the diameter of the cylinder.


Re ¼ rVD
m


(11.14)


Flow over a flat plate, or over a curved surface (circular cylinder), provides the basis for
most film heat transfer correlations for forced convection in external flows. Free convection
produces significantly different boundary layer phenomena, and additional variables come
into play. The free convection scenario of most interest is on a vertical flat plate or tube
and gravitational forces, and the buoyancy of the fluid become important. Two typical
scenarios are described in Fig. 11.6.


The flow is significantly more complicated than that in forced convection.
Moving on to internal flow heat transfer, the development of the flow pattern for laminar


flow is described in Fig. 11.7.
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FIGURE 11.4 Boundary layer separation for flow over a curved body.1


FIGURE 11.5 Flow around a circular cylinder as Reynolds number varies.1
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At the entrance to the tube, the flow is uniform across the tube surface area. However, the
boundary layer builds up on all internal surfaces until there is no flow outside of the bound-
ary layer. When this occurs, the velocity profile within the tube takes on a parabolic shape
and maintains that shape for the rest of the tube length. Typically, the region near the
entrance while the flow is developing varies from 10 diameters to 60 diameters for very
smooth tubes. If the flow is turbulent, the velocity profile is much flatter. Once again, the tran-
sition from laminar to turbulent flow occurs at a Reynolds number of approximately 2300.
Because turbulent flows generally give the better heat transfer, roughness at the entrance
may be included to transition to turbulent flow at a significantly lower Reynolds number.


Heat transfer to or from the fluid flowing in the tube depends on the surface conditions of
the tube. Two surface conditions are usually used to characterize the heat transfer to the fluid.
The first condition is that of a uniform surface temperature for the tube. In this case, because
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FIGURE 11.6 The velocity boundary layer for free convection on a vertical plate.1
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the tube surface temperature does not change the difference between the fluid mean temper-
ature and the surface temperature decays exponentially from the difference at the inlet. The
second condition is that of a uniform heat flux into or out of the tube along its length. For this
case, the mean fluid temperature increases or decreases linearly from the inlet, and the sur-
face temperature of the tube moves to a constant difference from the mean fluid temperature
after entrance effects have died out. Typical results for both conditions are shown in
Fig. 11.8A and 11.8B.


As should be obvious, heat transfer by convection can be very different depending on the
geometry of the situation and the flow pattern. Fortunately, a great deal of work has been
competed in the past and heat transfer correlations are available for most problems of inter-
est. These correlations or solutions for various flow patterns and conditions are normally
expressed in terms of dimensionless groups of parameters relevant to the convection problem
of interest.


11.9 DIMENSIONLESS NUMBERS OR GROUPS


Much like the Reynolds number that represents the ratio of inertial forces to viscous forces,
there are a number of dimensionless groups that allow analysis of many convective heat
transfer problems based on general solutions. The second of these dimensionless numbers
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that is of interest is the Prandtl number. It is the ratio of the kinematic viscosity to the thermal
diffusivity or the ratio of the momentum and thermal diffusivities.


Pr ¼ v
a


¼
m=r


k=rCp


¼ mCp


k
(11.15)


For a Prandtl number of 1.0, the thermal boundary layer and velocity boundary layer are
the same thickness.


Typical values for some fluids are


Air w0.71
Water w0.8e2.0
Liquid metals w0.003e0.03
Oils w100e50,000


Flow patterns and heat transfers are generally so different for the three ranges of Prandtl
numbers that different heat transfer correlations will be required for each of the three ranges.
Corrections based on Prandtl numbers will be useful within the three different ranges.


Perhaps the most important dimensionless group for convection heat transfer is the Nus-
selt number. The Nusselt number represents the ratio of convection to pure conduction heat
transfer and is given by


Nu ¼ hL
k


(11.16)


Most heat transfer correlations would relate the Nusselt number to other dimensionless
numbers characterizing the flow pattern of interest. Then, the film heat transfer coefficient
h can be calculated knowing the thermal conductivity of the fluid and the appropriate length
of interest. Often, the length of interest will be the diameter of the tube through which the
flow is passing or an equivalent diameter for noncircular flow paths. This introduces a
term that allows conversion of noncircular flow paths to equivalent ones called the hydraulic
diameter. The hydraulic diameter is defined as 4 times the flow area divided by the wetted
perimeter of the flow channel.


Dh ¼ 4A
Pwetted


(11.17)


The Nusselt number is the direct connection to the calculation of the film heat transfer
coefficient.


A modified form of the Nusselt number that is often used instead is the Stanton number.
The Stanton number is defined as the Nusselt number divided by the Reynolds number and
the Prandtl number.


St ¼ Nu
Re � Pr Nu ¼ St � Re � Pr (11.18)


St ¼ h
rVCp


(11.19)
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The Stanton number is particularly useful for fluids that have Prandtl numbers close to 1.0.
An additional number that is often used to correlate heat transfer is the Peclet number. It is


simply the product of the Reynolds number and the Prandtl number.


Pe ¼ Re � Pr ¼ rVL=m � Cpm=k ¼ VL
Cp=rk


¼ VL
a


(11.20)


Because the pressure drop through a channel is the mechanical energy that must be paid in
order to accomplish heat transfer, it is essential to have correlations that predict the pressure
drops. This introduces another set of dimensionless numbers. The first of these is the friction
factor given by


f ¼ Dp�
L=D


	�
rV2 =2


	 (11.21)


Note that L/D is also a dimensionless number and in using any correlation, it is important
to know if this ratio was included when the friction factor correlation was developed.
Obviously the pressure drop will be greater the longer the flow channel.


The second parameter of interest for predicting pressure drops is the coefficient of friction.
It is defined by


Cf ¼ ss
rV2 =2


(11.22)


ss is the wall shear stress. The coefficient of friction is more fundamental than the friction
factor and can be applied to geometries other that internal flow in tubes.


These dimensionless parameters are sufficient to address most forced convection heat
transfer situations. Additional parameters will be required for high-speed flows or for free
convection. For details on these parameters and how they are used, refer to Incropera et al.2


EXAMPLE 11.7
Estimate the friction pressure drop in a pressurized water reactor flow channel if the flow rate of


the water is 1.25 m/s and the effective temperature is 600K. The hydraulic diameter for the channel
is 1.18 cm and its length is 363 cm. The friction factor is given by


f ¼ 0:184Re�1 =


5
D


Solution
Calculating the fluid properties


r ¼ 648:9 kg
�
m3


Cp ¼ 7000:0


m ¼ 8:10E� 5


k ¼ 0:497


Re ¼ 648:9 � 1:25 � 0:0118
8:10E� 5


¼ 118; 164
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f ¼ 0:184Re�0:2
D ¼ 0:184


118; 1630:2
¼ 0:0178


Dp ¼ L=D
rV2


2
f ¼ 363


1:18
648:9 � 1:252


2
0:0178 ¼ 5:55 kPa


11.10 CORRELATIONS FOR COMMON GEOMETRIES


Over a flat plate: The two correlations of interest for a flat plate will be those that give the
average coefficient of friction and the average Nusselt number for a plate of length L.1 For
laminar flow and an isothermal plate, they are


Cf ;L ¼ 1:328Re�1 =


2
L (11.23)


NuL ¼ 0:664Re
1 =


2
L Pr


1 =


3 (11.24)


These equations apply to gases and liquids with Prandtl numbers near 1.0. The properties
should be evaluated at the average temperature between that of the fluid and that of the
plate. For fluids with very small Prandtl numbers, a better Nusselt number correlation is


NuL ¼ 1:13Pe
1 =


2
L (11.25)


which is good for Prandtl numbers less than 0.05 and Peclet numbers greater than 100.
For turbulent flow over a flat isothermal plate, the friction factor is given by


Cf ;L ¼ 0:1184Re�1 =


5 (11.26)


The Nusselt number is given by


NuL ¼ 0:0592Re
4 =


5
L Pr


1 =


3 (11.27)


Of course, for smooth flow at the front of the flat plate, the first part of the heat transfer will
have to be calculated with the laminar equations up until the transition point (nominally
Re w 2300) and then the turbulent equations used thereafter. If the front edge of the flat plate
is rough, enough no laminar regions will exist and the turbulent equations can be used for the
whole length of the plate.


For the case of a flat plate with a constant heat flux, the equation for the Nusselt number in
laminar flow is


NuL ¼ 0:906Re
1 =


2
L Pr


1 =


3 (11.28)


And the equation for turbulent flow with a constant heat flux is


NuL ¼ 0:616Re
4 =


5
L Pr


1 =


3 (11.29)
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EXAMPLE 11.8
Many early reactors were built with flat plate aluminum fuel elements. Calculate the film heat


transfer coefficient and coefficient of friction for flow across a flat plate 0.5 m in length at a water
velocity of 1.5 m/s. The bulk water temperature is 350K and the fuel plate surface temperature is
365K. Assume a constant heat flux from the plate.


Solution
Evaluating the water properties at the mid film temperature 357.5K


r ¼ 973:7� 357:5� 350
400� 350


ð973:7� 937:2Þ ¼ 973:7� 0:15 � 36:5 ¼ 968:2 kg
�
m3


Cp ¼ 4195:0þ 0:15 � ð4256� 4195Þ ¼ 4204:2 J=kg=K


m ¼ 3:43E� 04� 0:15 � ð3:43� 2:17ÞE� 04 ¼ 3:24E� 04N � s=m2


k ¼ 0:668þ 0:15 � ð0:688� 0:668Þ ¼ 0:672 W=m=K


Re ¼ 968:2 � 1:5 � 0:5
3:24E� 4


¼ 2; 241; 204


Pr ¼ 3:24E� 4 � 4204:2
0:672


¼ 2:027


Clearly the flow is turbulent and for a constant heat flux


NuL ¼ 0:616Re
4 =


5
L Pr


1 =


3 ¼ 0:616 � 22412040:82:0270:3333 ¼ 93; 810:3


h ¼ 0:672
0:5


93; 810:3 ¼ 126; 081 W=m2�K
The coefficient of friction is


Cf ;L ¼ 0:1184Re�1 =


5 ¼ 0:1184
22412040:2


¼ 0:00636


Along circular tubes. The same two correlations are of interest for flow in and around
circular tubes, though the friction factor usually replaces the coefficient of friction. The friction
factor for fully developed laminar flow is given by1


f ¼ 64
ReD


(11.30)


For fully developed turbulent flow, there are two correlations.


f ¼ 0:316Re�1 =


4
D belowRe ¼ 20; 000 (11.31)


f ¼ 0:184Re�1 =


5
D aboveRe ¼ 20; 000
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For an isothermal boundary condition on the inside of the tube, the laminar flow correla-
tion for fully developed flow is


NuD ¼ 3:66 (11.32)


For a constant heat flux, the laminar flow correlation is


NuD ¼ 4:36 (11.33)


For turbulent flow with small to moderate temperature differences between the surface
and the fluid mean temperature, the Dittus-Boelter correlation is


NuD ¼ 0:023Re
4 =


5
D Prn (11.34)


where n ¼ 0.4 if the fluid is being heated and n ¼ 0.3 if the fluid is being cooled. This corre-
lation is satisfactory if 0.6 < Pr < 160, ReD > 10,000, and L/D > 10.


For large temperature differences, a slightly better correlation is given by


NuD ¼ 0:027Re
4 =


5
D Pr


1 =


3


�
m


ms


	
(11.35)


which is good for 0.7 < Pr < 16,700, ReD > 10,000, and L/D > 10. All properties except ms are
evaluated at the mean fluid temperature.


In this case, these two correlations may be applied to both a constant surface temperature
condition and a constant heat flux condition.


All of these correlations were developed for flow within tubes. For the flow along the
outside of tubes in an array, a simple trick is used to apply these correlations to this case.
Consider the array of four tubes in Fig. 11.9.


p


r


FIGURE 11.9 Flow channel between four tubes.
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The flow channel between the tubes can be treated as flow within a cylindrical tube if the
hydraulic diameter is adjusted properly. The hydraulic diameter is calculated as


Dh ¼ 4 � Area
Wetted Perimeter


¼ 4 � ðp2 � pr2Þ
2pr


(11.36)


Then, all of these correlations apply. Note that this model assumes no cross flow, that all of
the flow is exactly along the tubes.


EXAMPLE 11.9
At a point in a boiling water reactor (BWR), the water temperature is 270�C and the clad surface


temperature is 300�C. The diameter of the fuel rods is 1.25 cm, and they are spaced on a square
matrix with a pitch of 1.62 cm. The water is flowing at the rate of 2 m/s. Calculate the film heat
transfer coefficient using the correlation for a large temperature drop across the thermal boundary
layer.


Solution
For a large temperature drop, the properties are evaluated at the mean fluid temperature, in this


case, 285�C.


r ¼ 831:3� 558� 500
600� 500


ð831:3� 648:9Þ ¼ 831:3� 0:58 � 182:4 ¼ 725:5 kg
�
m3


Cp ¼ 4660:0þ 0:58 � ð7000� 4660Þ ¼ 6017:2 J=kg=K


m ¼ 1:18E� 04� 0:58 � ð1:18� 0:810ÞE� 4 ¼ 9:65E� 5 N � s�m2


k ¼ 0:642� 0:58 � ð0:642� 0:497Þ ¼ 0:558 W=m=K


Pr ¼ mCp


k
¼ 9:65E� 5 � 6017:2


0:558
¼ 1:0406


ms ¼ 1:18E� 04� 0:73 � ð1:18� 0:810ÞE� 4 ¼ 9:099E� 5 N � s�m2


The hydraulic diameter is calculated as


Dh ¼ 4 � ðp2 � pr2Þ
2pr


¼
4ð1:622 � p


�
1:25
2


	2


p1:25
¼ 1:423 cm


Re ¼ 725:5 � 2 � 0:01423
9:65E� 5


¼ 213; 966


NuD ¼ 0:027Re
4 =


5
D Pr


1 =


3


�
m


ms


	
¼ 0:027 � 213; 9660:81:04060:333 9:65


9:099
¼ 533:25


h ¼ k
Dh


NuD ¼ 0:558
0:01423


533:25 ¼ 20; 910 W
�
m2
�
K
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Across a circular tube. For flow across a circular tube, the concept of separately describing
laminar and turbulent coefficients does not make sense. The flow rapidly transitions and sep-
arates all but the lowest Reynolds numbers. The data for the drag coefficient are defined as


CD ¼ FD


Afr
V2


2


Af ¼ tube frontal area; FD ¼ drag force (11.37a)


A plot of the drag coefficient versus Reynolds number is given in Fig. 11.10.
An engineering correlation for the heat transfer for a single tube in cross flow is given by


NuD ¼ CRemDPr
1 =


3 (11.37b)


where C and m are given in the following Table 11.2 for ranges of Reynolds numbers.
This correlation is good for both a constant surface temperature and a constant heat flux.
Across tube bundles. In addition to flow through tubes and across one tube, a common


geometry is flow across banks of tubes. In this case, there are two common configurations
as described in Fig. 11.11. Either the tubes are lined up directly behind each other, or they
are staggered. The relevant parameters to describe the geometry are the tube’s diameter,
D, the spacing between the tubes in a plane perpendicular to the flow, ST, and the spacing
between rows, SL. The Nusselt number is given by


NuD ¼ 1:13C1Re
m
D;maxPr


1 =


3 (11.38)


The Reynolds number is based on the maximum fluid velocity computed from


Vmax ¼ ST


ST �D
VN (11.39)
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FIGURE 11.10 Drag coefficient for flow across a single circular.1
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for the inline configuration and for the staggered configuration if A1 is less than A2. It will
occur at A2 if


2ðSD �DÞ < ðST �DÞ SD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2
T þ S2


L


q


In which case


Vmax ¼ ST


2ðSD �DÞV (11.40)


The constants for Eq. (11.38) are given in Table 11.3. This equation and table were devel-
oped for banks of tubes with more than 10 rows. For less than 10 rows, the Nusselt number
must be corrected according to Eq. (11.41) and Table 11.4.


NuD;<10 ¼ C2NuD;�10 (11.41)


TABLE 11.2 Coefficients for Eq. (11.37b)


ReD C m


0.4e4 0.989 0.330


4e40 0.911 0.385


40e4000 0.683 0.466


4000-40,000 0.193 0.618


40,000e400,000 0.027 0.805


ST


ST


SL


SL


A1


A2


A1


D D


(A) (B)


FIGURE 11.11 Tube banks (A) inline (B) staggered.
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The table of values for C2 is given next.
The pressure drop across a bank of tubes is given by


Dp ¼ NLc


�
rV2


max


=2


	
f (11.42)


The friction factor for aligned tube banks is given in Fig. 11.12 and for staggered tube
banks in Fig. 11.13.


The parameter c is also given in the inserted subplots in Figs. 11.12 and 11.13.


TABLE 11.3 Constants for Eq. 11.38 1


ST/D
1.25 1.5 2.0 3.0


SL/D C1 m C1 m C1 m C1 m


ALIGNED


1.25 0.348 0.592 0.275 0.608 0.100 0.704 0.0633 0.752


1.50 0.367 0.586 0.250 0.620 0.101 0.702 0.0678 0.744


2.00 0.418 0.570 0.299 0.602 0.229 0.632 0.198 0.648


3.00 0.290 0.601 0.357 0.584 0.374 0.581 0.286 0.608


STAGGERED


0.600 e e e e e e 0.213 0.636


0.900 e e e e 0.446 0.571 0.401 0.581


1.000 e e 0.497 0.558 e e e e


1.125 e e e e 0.478 0.565 0.518 0.560


1.250 0.518 0.556 0.505 0.554 0.519 0.556 0.522 0.562


1.500 0.451 0.568 0.460 0.562 0.452 0.568 0.488 0.568


2.000 0.404 0.572 0.416 0.568 0.482 0.556 0.449 0.570


3.000 0.310 0.592 0.356 0.580 0.440 0.562 0.428 0.574


TABLE 11.4 Correction Factors for Eq. (11.41) for Fewer Than 10 Rows1


NL 1 2 3 4 5 6 7 8 9


Aligned 0.64 0.80 0.87 0.90 0.92 0.94 0.96 0.98 0.99


Staggered 0.68 0.75 0.83 0.89 0.92 0.95 0.97 0.98 0.99
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EXAMPLE 11.10
Calculate the effective film heat transfer coefficient and the friction factor for a tube bank of


staggered tubes with the following dimensions.


Tube diameter ¼ 3 cm
Spacing transverse to the flow ¼ 6 cm
Spacing parallel to the flow ¼ 6 cm
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FIGURE 11.12 Friction factor and c for aligned tube banks.2
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Entering flow velocity ¼ 50 m/s
Fluid is water (steam) at 500K and 15 kPa
Eight rows of tubes


Solution
Begin by calculating Vmax ¼ 6/(6�3) ¼ 2*Venter ¼ 100 m/s.


Then, Red;max ¼ 100 � 0:03
5:75965 � 1:70E� 5 ¼ 30; 639


ST/D ¼ 2.0 SL/D ¼ 2.0


For staggered tubes C1 ¼ 0.482 m ¼ 0.556.


Eq. (11.38) gives.


Nu ¼ 1:13C1Re
m
D;maxPr


1 =


3 ¼ 1:13 � 0:482 � 30; 6390:556 � 1
Nu ¼ 170


Correcting for 8 tubes gives Nu ¼ 0:98 � 170 ¼ 166:6


Then, h ¼ k
DNu ¼ 0:0339


0:03 166:6 ¼ 188:2 W
�
m2
�
K


The pressure drop is given by Eq. (11.42).


Dp ¼ NLc


�
rV2


max


=


2


	
f


From Fig. 11.13 at a Reynolds number of 30,639 f ¼ 0.21, and c ¼ 1.05


Dp ¼ 8 � 1:05 � 1002


5:75965 � 2 � 0:21 ¼ 1:531 kPa


11.11 ENHANCED HEAT TRANSFER


Newton’s law of cooling is given by


Q ¼ AhðTf � TwÞ


When no more improvements in the film heat transfer coefficient, h, can be made, the heat
transfer rate can still be increased by increasing the heat transfer area. This is usually accom-
plished by adding fins to the heat transfer surfaces. This is very common when one fluid is a
liquid and the other fluid is a gas. The automobile radiator is a common example. A typical
geometry for a fin attached to a vertical surface is shown in Fig. 11.14.


The cross-sectional area of the fin is given by Ac ¼ w*t, and the perimeter of the fin is given
by P ¼ 2w þ 2t. Detailed analysis of the heat transfer from the fin to the fluid is given in Incro-
pera et al. for many different boundary conditions, but a good approximation for many
finned situations is given by the solution


qf ¼ M tanh mLc (11.43)
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M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hPkAc


p
ðTf � TwÞ m ¼


ffiffiffiffiffiffiffiffi
hP
kAc


s


Lc ¼ Lþ t =2


It is also a reasonable approximation for fins around a tube that extend out an amount
equal to the radius of the tube.


The utility of adding fins to a surface has to be evaluated in terms of their heat transfer
effectiveness. The fin heat transfer effectiveness is defined by


εf ¼ Heat transferred through the fin
Heat transferred through the base area without the fin


εf ¼ qf
hAcðTf � TwÞ ¼


ffiffiffiffiffiffiffiffiffiffiffiffiffi
hPkAc


p ðTf � TwÞ
hAcðTf � TwÞ ¼


ffiffiffiffiffiffiffiffi
Pk
hAc


s (11.44)


Another measure of fin performance is given by the fin efficiency. In this case, the heat
transferred by the fin is compared with the heat that could be transferred if the entire fin
were at the wall temperature.


hf ¼ M tanh mL
hPLðTf � TwÞ ¼


ffiffiffiffiffiffiffiffiffiffiffiffiffi
hPkAc


p ðTf � TwÞtanh mL
hPLðTf � TwÞ ¼ tanh mL


mL
(11.45)
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FIGURE 11.14 Fin on a vertical surface.
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In the end, the important parameter of interest in transferring heat is the overall perfor-
mance of the heat transfer surface with the fins attached. Because adding one fin is usually
not the optimal solution, an array of fins will be added with the spacing between the fins
identified as S. Then, the overall surface efficiency is given by


ho ¼ qtotal
qmax


¼ qwall surface þ qfins
hðAwall surface þ AfinsÞðTf � TwÞ ¼ ½Nhf hAf þNhðS � wÞ�ðTf � TwÞ


NhAf þNhðS � wÞðTf � TwÞ


ho ¼ hf Af þ S � w
Af þ S � w ¼ N


N
hf Af þ S � w
Af þ S � w ¼ Nhf Af þ ðAt �NAf Þ


At
¼ 1�NAf


At
ð1� hf Þ


(11.46)


Note that At is the total surface area of the fins and the remaining wall surface that is
exposed to the fluid. Af is simply the surface are of one fin. Then, Newton’s law of cooling
can be written as


Q ¼ hohAtðTf � TwÞ (11.47)


and the increased heat transfer effectiveness is represented by the increased surface area and
the overall surface efficiency.


EXAMPLE 11.11
Estimate the overall surface effectiveness for heat transfer from a 1 m �y 1 m copper radiation


that has 3-cm fins extending into the airflow. The 3-cm fins are 1 mm thick and run the length of the
1-m dimension. They are spaced 9 mm apart. The wall temperature is 600K and the air temperature
is 350K. Assume turbulent flow at a Reynolds number of 5000.


Solution
The Nusselt number for turbulent airflow over a flat plate is


NuL ¼ 0:0592Re
4 =


5Pr
1 =


3 ¼ 0:0592 � 50004


=


50:7
1 =


3 ¼ 47:85


h ¼ k
L
Nu ¼ 0:03


1
47:85 ¼ 1:44 m ¼


ffiffiffiffiffiffiffiffi
hP
kAc


s


P ¼ 2 � 1 m ¼ 2 m Ac ¼ 1 m � 0:001 m ¼ 0:001 m2 k ¼ 379 W=m=K


m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:44 � 2


379 � 0:001


r
¼ 2:757 hf ¼ tanh mL


mL
¼ tanh 2:757 � 0:03


2:757 � 0:03 ¼ 0:9977


For a 1-m-high plate, there will be 100 fins spaced 9 mm apart with a thickness of 1 mm. The total
area will be


At ¼ 100 � ð0:009þ 2 � 0:03Þ1:0 ¼ 6:9 sqm


Then, the overall effectiveness is given by


ho ¼ 1:0� 100 � 2 � 0:03 � 1
6:9


ð1� 0:9977Þ ¼ 99:8
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11.12 POOL BOILING AND FORCED CONVECTION BOILING


A good starting point to analyze mechanism of heat transfer in a boiling system is given by
the subject of pool boiling. The most common situation and the simplest form of boiling is pool
boiling in which boiling occurs is where a solid surface in contact with a liquid is brought to a
temperature above the saturation temperature of the liquid and immersed below the free sur-
face of the liquid causes boiling. This process is also called saturated (or bulk) boiling because
liquid is maintained at saturation temperature. On the other hand, when the main body of the
liquid in the immediate vicinity of the heated surface is at slightly above, or below the satu-
ration temperature, then the situation is called subcooled (or local) boiling because the vapor
bubbles that are formed at the hot metal surface either collapse without leaving the surface
or collapse immediately upon leaving the surface.


When the liquid is significantly below saturation temperature and the heater temperature
is low, that is the only time that free convection occurs.


Although the heat transfer mechanism of pool boiling is reasonably understood by engi-
neers and investigators of this field and their findings were extensively discussed in the liter-
ature, it is still not an easy task to theoretically analyze and predict characteristics of an even
simple boiling system. For example, one of the pioneers of this subject, Nukiyama, experi-
mentally managed to establish the characteristics of pool boiling phenomena. He deduced
both the heat flux and the temperature from measurements of current and voltage of a sub-
mersed electrical element inside a body of saturated water and initiated boiling on the surface
of the wire. Since then, other scientists have done further investigation of this phenomenon,
and their findings for pool boiling of water at atmospheric pressure are illustrated in
Fig. 11.15. This figure demonstrate the variation of the heat transfer coefficient as a function
of the temperature difference between the wall surface Tw and the liquid saturation Ts


temperatures in the pool boiling of a liquid at saturation temperature.
Fig. 11.15 shows six different regions where the plot going through each division forms a


slope that is different from those in other regions. Events taking in each region are described.


1. In this region, no vapor bubbles are formed because the energy transfer from the heated
surface to the saturated liquid is via free convection from the free surface.


2. In this region, bubbles begin to form at the hot surface of the wire, but as soon as they
are separated from the surface, they will dissipate in the liquid.


3. In this region, bubbles are detached from the electrical wire surface and they rise to the
surface of the liquid, where they will dissipate.


4. In this region, the bubble formation is taking place rapidly; bubbles begin to coalesce
before they detached, and consequently a large fraction of the heating surface is blan-
keted by an unstable film of vapor, which causes an abrupt loss in the heat flux and in
the boiling heat transfer coefficient. This is an unstable region and it signifies transition
from nucleate boiling to film boiling (Fig. 11.17).


5. In this region, the heat flux decreases to a minimum level and the wire surface is
blanketed with a stable film of vapor called the stable film boiling region.


6. In this region, both heat flux and the heat transfer coefficient increase with Tw � Ts


because the wire surface temperature in this region is sufficiently high for thermal radia-
tion effects to augment heat transfer through the vapor film. It is significant to mention
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FIGURE 11.15 Principal boiling regimens in pool boiling of water at atmospheric pressure and saturation
temperature Ts from an electrically heated platinum wire.1 From Faber and Scorah.
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that in this region, the boiling also takes place as stable film boiling but radiation effects
are dominant.


If the heat flux q is also plotted as a function of the temperature difference Tw � Ts, the
general shape of the heat flux curve (Fig. 11.16) would be similar to that of the heat transfer
coefficient curve shown in Fig. 11.15.


Free convection is the process that the heat transfer from the heater (i.e., electrical element
or wire) surface to the saturated liquid takes place. In this region, the heater surface is only a
few degrees above the saturation temperature of the liquid, but the flow produced by free
convection in the liquid is sufficient to remove the heat from the surface. The heat transfer
correlation, then, is in the form of


Nu ¼ f ðGr;PrÞ (11.48)


And as soon as we can determine the heat transfer coefficient h, then the heat flux for the
free convection regimen can be obtained from the following relationship


q ¼ hðTw � TsatÞ (11.49)


Free convection, transition to boiling, and changes in the boiling mechanism can best be
seen in Fig. 11.16.


The figure shows a plot of heat flux versus the temperature difference ðTw � TsatÞ between
a horizontal cylindrical heater surface and the saturation temperature of the surrounding
liquid. This curve presents the results of a common pool boiling experiment of electrically
conduction wire that is submerged in a stationary pool of water at saturation temperature
and atmospheric pressure. As we can see in Fig. 11.16 for values of ðTw � TsatÞ less than 10�F
(point A to B on curve), the heat flux is the value that is predicated for free convection with no
phase change. Evaporation takes place at the pool free surface, and if we consider the water
as liquid, this event occurs at the surface of electric heater less than approximately 10�F above
the saturation temperature of water.


The heater surface in most cases exceeds the saturation temperature of the liquid (i.e.,
water) by some perceptible amount before noticeable boiling commences. Therefore it re-
quires an excessive temperature that is explained by Eq. (11.50), depending on the type of
fluid and the pressure.


R ¼ 2sTsat


rvhfgðTv � TsatÞ (11.50)


FIGURE 11.17 Nucleate pool boiling from a horizontal cylindrical heater at low heat flux.1
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where R¼ bubble radius, s¼ surface tension, Tsat¼ saturated temperature, Tv ¼ vapor
temperature, rv¼ vapor density, and hfg¼ specific enthalpy of vaporization.


Additionally, the type and condition of filament surface are significant because these
factors determine the number and the size of the small vapor and gas bubbles from which
bubble growth should begin.


Between points B and C, as it can be seen on Fig. 11.16 that where the temperature differ-
ence ðTw � TsatÞ is approximately equal to 10�F, the curve shows a sharp increase in the slope,
which is indication of a large increase in the heat transfer coefficient, which is due to the
inception of nucleate boiling at the heater surface. Fig. 11.17 shows such a nucleate boiling
regimen from a horizontal cylindrical heater where the liquid near the heater has gained
sufficient superheat to cause significant numbers of bubbles.


When a liquid changes phase and converts to vapor at the free surface of a liquid, the
process is referred to as evaporation. However, when the phase changes in a vigorous manner
within the bulk of a liquid, the process is called boiling.


A boiling process may take place in certain designated purposes, such as


1. The generation of large quantities of vapor, as in a steam power plant or in chemical
processing, or


2. The production of large heat fluxes with moderate temperature differences.


From what we know, these two objectives may not be related, because heat fluxes are
required to provide the latent heat of vaporization designated as hfg and necessary when
generating large quantities of vapor within instrument of reasonable size. When the phase
change in a liquid is taking place without significant rising of liquid temperature due to
energy being put into it, then the large heat fluxes in boiling are possible.


The second general situation under which boiling occurs called forced convection boiling. In
this case, there is the added complexity of the forced flow of liquid through the tube or past
the surface on which boiling occurs.


11.13 NUCLEATE BOILING REGIMEN


The process of originating a bubble is referred to as nucleation. The term nucleate boiling is
used because the vapor bubbles are formed at discrete nucleation sites; Fig. 11.17 shows this
process from a horizontal electric heater.


The nucleate boiling regimen can be separated into two distinct regions in which bubbles
are formed on the surface of the electrical heater. Using Fig. 11.15, where it shows a region
designated as II, bubbles start to form at the favored sites on the heater surface, but as soon
as the bubbles are detached from the surface, they dissipated in the liquid. In region III, the
nucleation sites are numerous and the bubbles are generated at a very high rate that causes
continuous vapor columns to appear. As result, very high heat fluxes can be obtained in
this region. In the nucleate boiling regimen, the heat flux increases rapidly with increasing
temperature difference ðTw � TsatÞ until the peak heat flux is reached and the burnout point
can be defined at that peak, which is a departure from nucleate boiling (DNB) or critical
heat flux (CHF). As soon as the peak heat flux is exceeded, an extremely large temperature
difference is needed to realize the resulting heat flux. Such an extreme temperature difference
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may cause the burning up or melting down of the conducting heating filament. If the number
of active nucleation sites increases, the interaction between the bubbles may become important
and will affect the heat transfer within the region where this process takes place. One should
consider other variables such as state of the fluid and properties of filament materials in a heat
transfer analysis, among other factors in the nucleate boiling regimen. One empirical equation
that is correlating the heat flux in the entire nucleate boiling regimen with various parameters
in relation to forced convection presented by Rohsenow is


cplDT
hgfPrnl


¼ Csf


"
q


mlhfg


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�


gðrl � rvÞ


s #0:33
(11.51)


where cpl ¼ specific heat of saturation liquid, J/(kg�C); Csf ¼ constant, to be determined from
experimental data that depends on heating surfaceefluid combination; hgf ¼ latent heat of
vaporization, J/kg; g ¼ gravitational acceleration, m/s2; Prl ¼ cplml=kl ¼ Prandtl number of
saturated liquid; q ¼ boiling heat flux, W/m2; DT ¼ Tw � tsat, temperature difference
between wall and saturation temperature, �C. ml ¼ viscosity of saturated liquid, kg/(ms);
rl, rv ¼ density of liquid and saturated vapor, respectively, kg/m3; and s� ¼ surface tension
of liquidevapor interface, N/m.


In Eq. (11.51), the exponent n and the coefficient Csf are the two provisions for adjusting
the correlation for the liquidesurface combination. Table 11.5 lists the experimentally deter-
mined values Csf for water boiling on a variety of surfaces. The value of n for water should be
taken as 1.


Table 11.6 gives the value of vaporeliquid surface tension for water at different saturation
temperatures.


TABLE 11.5 Values of the Coefficient Csf of Eq. (11.51) for Water Surface
Combination


LiquideSurface Combination Csf


Water e copper 0.0130


Water e scored copper 0.0068


Water e emery-polished copper 0.0128


Water e emery-polished, paraffin-treated copper 0.0147


Water e chemically etched stainless steel 0.0133


Water e mechanically polished stainless steel 0.0132


Water e ground and polished stainless steel 0.0080


Water e Teflon pitted stainless steel 0.0058


Water e platinum 0.0130


Water e brass 0.0060


Vahon RI, Nix GH, Tanger GE. Evaluation of Constants for the Rohsenow Pool-Boiling Correlation.
Journal of Heat Transfer 1968; 90: 239e47.
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EXAMPLE 11.12
During the boiling of saturated water at Ts ¼ 100�C with an electric heating element, a heat flux


of q ¼ 7 � 105 W/m2 is achieved with a temperature difference of DT ¼ Tw � Tsat ¼ 10.4�C. What is
the value of the constant Csf in Eq. (11.51)?


Solution
The physical properties of saturated water and vapor are taken as


cpl ¼ 4216; J=ðkg�CÞ hgf ¼ 2257� 103 J=kg:


rl ¼ 960:6 kg
�
m3 rv ¼ 0:6 kg


�
m3


Prl ¼ 1:74 ml ¼ 0:282� 10�3 kg=ðmsÞ
s� ¼ 58:8� 10�3 N=m g ¼ 9:81 m=s2


These numerical values are substitute into Eq. (11.51) with n ¼ 1, we get


cplDT
hgfPrnl


¼ Csf


"
q


mlhfg


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�


gðrl � rvÞ


s #0:33


ð4216Þð10:4Þ
ð2257� 103Þð1:74Þ ¼ Csf


"
ð7� 105Þ


ð0:282� 10�3Þð2257� 103Þ


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
58:8� 10�3


9:81ð960:6� 0:6Þ


s #0:33


Csf ¼ 0:008


TABLE 11.6 Values of LiquideVapor Surface Tension s� for
Water


Saturation Temperature �C Surface Tension s� 3 103 N/m


0.00 75.6


15.56 73.2


37.78 60.7


93.34 60.1


100.00 58.8


160.00 46.1


226.7 31.9


293.3 16.2


360.00 1.46


374.11 0.00
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EXAMPLE 11.13
A brass heating element of surface area A ¼ 0.04 m2, maintained at a uniform temperature


Tw ¼ 112�C, is immersed in a saturated water at atmospheric pressure at temperature Ts ¼ 100�C.
Calculate the rate of evaporation.


Solution
The physical properties of saturated water and vapor at 100�C were given in Example 11.11.


Introducing these properties into Eq. (11.51) with n ¼ 1 and DT ¼ Tw � Tsat ¼ 112e100 ¼ 12�C,
obtaining the coefficient Csf for water brass from Table 11.5 as Csf ¼ 0.006, the heat flux becomes


q ¼
�


cplDT
hgfPrnl Csf


	3


mlhfg


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðrl � rvÞ


s�


r


¼
� ð4216Þð12Þ
ð2257� 103Þ


�3�
0:282� 10�3


��
2257� 103


� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð9:81Þð060:6� 0:6Þ


ð58:8� 10�3Þ


s


¼ 2521:23 kW=m2


The total rate of heat transfer is


Q ¼ area� q


¼ ð0.04Þð2521:23Þ ¼ 100:85 kW


The rate of evaporation is


_m ¼ Q
hfg


¼ 100:85� 103


2257� 103
¼ 0:0447 kg=s ¼ 160.9 kg=h


11.14 PEAK HEAT FLUX


The correlation that is found in Eq. 11.51 is sufficient to provide information about the heat
flux in nucleate boiling, but it cannot predicate the peak heat flux. To be able to have the
knowledge of such information in a nucleate boiling regimen is of interest because of the
burnout consideration. As we described before, if the heat flux exceeds the peak heat flux,
the burnout situation takes place. This is when the transition from the nucleate to stable
film boiling regimen takes place, in which, depending on the kind of fluid, boiling may occur
at a temperature difference well above the melting point of the heating surface. The following
correlation by experts in the field for determination of the peak flux heat was proposed:


qmax ¼ FðL0Þ � 0:131r1=2v hfg½s�gðrl � rvÞ�1=4 (11.52)
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where hgf ¼ latent heat of vaporization, J/kg; g ¼ gravitational acceleration, m/s2;
qmax ¼ peak heat flux, W/m2; rl, rv ¼ density of liquid and saturated vapor, respectively,
kg/m3; s� ¼ surface tension of liquidevapor interface, N/m; and FðL0Þ is a correction factor
that depends on heat geometry and is provided in Table 11.7.


The dimensionless characteristic length of L0 of the heater is defined as


L0 ¼ L


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðrl � rvÞ


s�


r
(11.53)


where L is the characteristic dimension of the heater and other quantities are defined as
before. In Eq. (11.52), the physical properties of the vapor are evaluated at Tf ¼ 1/2(Tw þ Tsat).
The enthalpy of evaporation hfg and the liquid properties must be evaluated at the saturated
temperature of the liquid.


EXAMPLE 11.14
Water at saturation temperature and atmospheric pressure is boiled in the nucleate boiling


regimen with a large plate heating element facing up. Calculate the peak heat flux.


Solution
The physical properties of saturated water and vapor at 100�C were given in Example 11.11.


Introducing these properties into Eq. (11.52), with the correction factor F(L0) ¼ 1.14 obtained from
Table 11.7 for a large plate heating element facing up, the peak heat flux qmax is determined as;


qmax ¼ FðL'Þ � 0:131r1=2v hfg½s�gðrl � rvÞ�1=4


¼ ð1:14Þð0:131Þð0:6Þ1=2�2257� 103
�


���58:8� 10�3
�ð9:81Þð960:6� 0:6Þ�1=4


¼ 1:27� 106 W=m2 ¼ 1:27 MW=m2


TABLE 11.7 Correction Factor F(L0) for Use in Eq. (11.52)


Heater Geometry F(L0) Remarks


Infinite flat plate facing up 1.14 L0 � 2.7; L is the heat width or diameter


Horizontal cylinder
0:89þ 2:27e�3:44


ffiffiffi
L0


p L0 � 0.15; L is the cylinder radius


Large sphere 0.84 L0 � 4.26; L is the sphere radius


Small sphere 1.734/(L0)1/2 0.15 � L0 � 4.26: L is the sphere radius


Large finite body w0.90 L0 � 4; L ¼ (volume)/(surface area)


Based on Lienhard JH, Dhir VK, Riherd DM. Peak pool boiling heat flux measurements on finite horizontal flat plates.
Journal of Heat Transfer 1973;95C:152e58.


11. HEAT TRANSFER294







EXAMPLE 11.15
Water at atmospheric pressure and saturation temperature is boiled in a 25-cm diameter,


eclectically heated, mechanically polished, stainless-steel pan. The heated surface of the pan is
maintained at a uniform temperature Tw ¼ 116�C.


1. Calculate the surface heat flux.
2. Calculate the rate of evaporation from the pan.
3. Calculate the peak heat flux.


Solution
The physical properties of saturated water and vapor for DT ¼ Tw � Tv ¼ 16�C are taken as;


cpl ¼ 4216; J=ðkg�CÞ hgf ¼ 2257� 103 J=kg:


rl ¼ 960.6 kg
�
m3 rv ¼ 0.6 kg


�
m3


Prl ¼ 1:74 ml ¼ 0:282� 10�3 kg=ðmsÞ
s� ¼ 58:8� 10�3 N=m g ¼ 9:81 m=s2


1. Equating 11.51 is used to compute the surface heat flux for water n ¼ 1 and using Table 11.5,
we have Csf ¼ 0.0132 for water-mechanically polished stainless steel. Introducing all the nu-
merical values into Eq. (11.52), we obtain;


ð4216Þð16Þ
ð2257� 103Þð1:74Þ ¼ 0:0132


"
q


ð0:282� 10�3Þð2257� 103Þ


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
58:8� 10�3


ð9:81Þð960:6� 0:6Þ


s #0:33


Then, the surface heat flux becomes


q ¼ 5:61� 105 W=m2


2. The total rate of heat transfer becomes


Q ¼ Area� q ¼

p
4
� ð0:25Þ2


��
5:61� 105


�


¼ 0:275� 105 W or J=s


The rate of evaporation becomes


_m ¼ Q
hfg


¼ 0:275� 105


22:57� 103
� 3600 ¼ 43:9 kg=h
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3. To calculate the peak heat flux, we use Eq. (11.52) with the factor F(L0) taken from Table 11.7
for infinite flat plate facing up being equal to 1.14, which is valid for


L0 ¼ L


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðrl � rvÞ


s�


r
� 2:7


For L ¼ 0.25 m and other quantities as given above, we have L0 ¼ 100, which is larger than the
specified lower bound 2.7.


Hence, for qmax we have


qmax ¼ FðL0Þ � 0:131r1=2v hfg½s�gðrl � rvÞ�1=4


¼ ð1:14Þð0:13Þð0:6Þ1=2�2257� 103
�


���58:8� 10�3
�ð9:81Þð960:6� 0:6Þ�1=4


¼ 1:27� 106 W=m2 ¼ 1:27 MW=m2


Note that q ¼ 5:61� 105 W=m2 is well below the peak heat flux 1:27� 106 W=m2 or J/(m2s).


11.15 FILM BOILING REGIMEN


As soon as the nucleate boiling region ends, the unstable film boiling region begins after
the peak heat flux is reached. Using Fig. 11.15, no correlations are available for the prediction
of heat flux in this unstable region until the minimum point in the boiling curve is reached
and the stable film boiling region starts. In the regions V and VI where we are within the
stable film-boiling region, the heating surface is separated from the liquid by a vapor layer
across which heat must be transferred. Due to low thermal conductivity of vapor in this
region, large temperature differences are needed to have proper heat transfer; therefore,
heat transfer in this region is generally avoided when high temperatures are involved.
However, stable film boiling has numerous applications in the boiling of cryogenic fluids.


Bromley developed a theory to predict the heat transfer coefficient for stable film boiling
on the outside of a horizontal cylinder, and the basic analysis is very similar to Nusselt’s the-
ory for film-wise consideration on a horizontal tube. The result of his study for the average
heat transfer coefficient h0 for stable film boiling, in absence of radiation, is given by


h0 ¼ 0:62


"
k3vðrl � rvÞghfg


mvD0DT


�
1þ 0:4crvDT


hfg


	#1=4
(11.54)


where h0 ¼ average boiling heat transfer coefficient in absence of radiation, W/(m2�C);
hgf ¼ latent heat of vaporization, J/kg; g ¼ gravitational acceleration, m/s2; kv ¼ thermal
conductivity of saturated vapor, W/(m�C); rl, rv ¼ density of liquid and saturated vapor,
respectively, kg/m3; D0 ¼ outside diameter of tube m; crv ¼ specific heat of saturated vapor,
J/(kg�C); mv ¼ viscosity of saturated vapor, kg/(m.s); DT ¼ Tw � Tsat, temperature difference
between wall and saturation temperatures, �C; and the physical properties of vapor must be
evaluated at Tf ¼ 1/2(Tw þ Tsat). In addition, the enthalpy of evaporation hfg and the liquid
density rl should be evaluated at the saturation temperature Tsat of the liquid.
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EXAMPLE 11.16
Water at saturation temperature Ts ¼ 100�C and atmospheric pressure is boiled with an


electrically heated horizontal platinum wire of diameter D ¼ 0.2 cm. Boiling takes place with a
temperature difference of Tw e Ts ¼ 454�C in the stable film boiling range. Calculate the film boiling
heat transfer coefficient and the heat flux, in the absence of radiation.


Solution
The physical properties of vapor are evaluated at Tf ¼ 1/2(Tw þ Tsat) ¼ (554 þ 100)/2 ¼


327�C ¼ 600K


crv ¼ 2026 j=kg�C kv ¼ 0.0422 W=ðm�CÞ
mw ¼ 2067� 10�5 kg=ðmsÞ rv ¼ 0:365 kg


�
m3


and the liquid density and hgf are evaluated at the saturation temperature Ts ¼ 100�C as


rl ¼ 960:6 kg
�
m3 hgf ¼ 2257� 103 J=kg


The heat transfer coefficient h0 for stable film boiling without the radiation effects is computed
from Eq. (11.54) as


h0 ¼ 0:62


"
k3vðrl � rvÞghfg


mvD0DT


�
1þ 0:4crvDT


hfg


	#1=4


¼ 0:62


"
ð0:0422Þ3ð0:365Þð960:6� 0:365Þð98:1Þð2257� 103Þ


ð2:067� 10�5Þð0:002Þð454Þ


�
�
1þ ð0:4Þð2026Þð454Þ


2257� 103


	#1=4


¼ 270:3 W
��


m2 �C
�
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A heat exchanger is a heat transfer device that exchanges heat between two or more pro-
cess fluids. Heat exchangers have widespread industrial and domestic applications. Many
types of heat exchangers have been developed for use in steam power plants, chemical pro-
cessing plants, building heat and air conditioning systems, transportation power systems,
and refrigeration units. The actual design of heat exchangers is a complicated problem. It in-
volves more than heat-transfer analysis alone. The cost of fabrication and installation, weight,
and size play important roles in the selection of the final design from a total cost of ownership
point of view. In many cases, although cost is an important consideration, size and footprint
often tend to be the dominant factors in choosing a design.


12.1 HEAT EXCHANGER TYPES


Most heat exchangers may be classified as one of several basic types. The four most
common types, based on flow path configuration, are illustrated in Fig. 12.1.1


1. In concurrent, or parallel-flow, units the two fluid streams enter together at one end, flow
through in the same direction, and leave together at the other end;


2. In countercurrent, or counterflow, units the two streams move in opposite directions;
3. In single-pass crossflow units one fluid moves through the heat transfer matrix at right


angles to the flow path of other fluid.
4. In multipass crossflow units one fluid stream shuttles back and forth across the flow path


of the other fluid stream, usually giving a crossflow approximation to counterflow.


The most important difference between these four basic types lies in the relative amounts
of heat transfer surface area required to transfer the desired amount of heat between the two
fluids.


Fig. 12.2 shows the relative area required for each type as a function of the change in
temperature of the fluid with the largest temperature change requirement for a typical set
of conditions. In the region in which the fluid temperature change across the heat exchanger
is a small percentage of the difference in temperature between the two entering fluid streams,
all the units require roughly the same area. The parallel-flow heat exchanger is of interest
primarily for applications in this region. Crossflow units have a somewhat broader range
of application, and are peculiarly suited to some types of heat exchanger construction that
have special advantages. The counterflow heat exchanger requires the least area. Further-
more, it is the only type that can be employed in the region in which the temperature change
in one or both of the fluid streams closely approaches the temperature difference between the
entering fluids streams.


In addition, heat exchangers may be classified as direct contact or indirect contact. In the
direct-contact type, heat transfer takes place between two immiscible fluids, such as a gas and
a liquid, coming into direct contact. For example, cooling towers, jet condensers for water
vapor, and other vapors utilizing water spray are typical examples of direct-contact
exchangers.


Immiscible fluids are incapable of being mixed or blended together. Immiscible liquids that
are shaken together eventually separate into layers. Oil and water are typical immiscible fluids.


In the indirect-contact type of heat exchangers, such as automobile radiators, the hot and
cold fluids are separated by an impervious surface, and are referred to as surface heat
exchangers. There is no mixing of the two fluids.
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12.2 CLASSIFICATION OF HEAT EXCHANGER BY
CONSTRUCTION TYPE


Heat exchangers also can be classified according to their construction features. For
example, there are tubular, plate, plate-fin, tube-fin, and regenerative exchangers. An impor-
tant performance factor for all heat exchangers is the amount of heat transfer surface area
within the volume of the heat exchanger. This is called its compactness factor and is measured
in square meters per cubic meter.


12.2.1 Tubular Heat Exchangers


Tubular exchangers are widely used, and are manufactured in many sizes, flow arrange-
ments, and types. They can accommodate a wide range of operating pressures and
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FIGURE 12.1 Types of flow path configuration through a heat exchanger. (A) Parallel flow; (B) counterflow;
(C) single-pass crossflow; (D) multipass crossflow.







temperatures. The ease of manufacturing and their relatively low cost have been the principal
reasons for their widespread use in engineering applications. A commonly used design,
called the shell-and-tube exchanger, consists of round tubes mounted on a cylindrical shell
with their axes parallel to that of the shell.


Fig. 12.3 illustrates the main features of a shell-and-tube exchanger having one fluid flow-
ing inside the tubes and the other flowing outside the tubes. The principal components of this
type of heat exchanger are the tube bundle, shell, front and rear end headers, and baffles. The
baffles are used to support the tubes, to direct the fluid flow approximately normal to the
tubes, and to increase the turbulence of the shell fluid. There are various types of baffles,
and the choice of baffle type, spacing, and geometry depends on the flow rate allowable


Tube
outlet


Shell
inlet


Shell
outlet


Tube
inlet


Baffles


FIGURE 12.3 A shell-and-tube heat exchanger; one shell pass and one tube pass.2


FIGURE 12.2 The required relative heat transfer surface area as a function of the ratio of the temperature rise (or
drop) in the fluid stream having the greater change in temperature to the difference in temperature between the inlet
streams.
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shell-side pressure drop, tube support requirement, and the flow-induced vibrations. Many
variations of shell-and-tube exchanger are available; the differences lie in the arrangement
of flow configurations and in the details of construction.


Baffled heat exchangers with one shell pass and two tube passes and with two shell passes
and four tube passes are shown in Fig. 12.4A and B, respectively.3


The character of the fluids may be liquid-to-liquid, liquid-to-gas, or gas-to-gas. Liquid-to-
liquid exchangers have the most common applications. Both fluids are pumped through
the exchangers; hence, the heat transfer on both the tube side and the shell side is by forced
convection. Since the heat transfer coefficient is high with the liquid flow, generally there is
no need to use fins.2


The liquid-to-gas arrangement is also commonly used; in such cases, the fins usually are
added to the gas side of the tubes, where the heat transfer coefficient is low.


Gas-to-gas exchangers are used in the exhaust-gas and air preheating recuperators for gas-
turbine systems, cryogenic gas-liquefaction systems, and steel furnaces. Internal and external
fins generally are used in the tubes to enhance heat transfer.


12.2.2 Plate Heat Exchangers


As the name implies, plate heat exchangers usually are constructed of thin plates. The
plates may be smooth or may have some form of corrugation. Since the plate geometry
cannot accommodate as high pressure and/or temperature differentials as a circular tube,
it is generally designated for moderate temperature and/or pressure differentials. The
compactness factor for plate exchangers ranges from about 120 to 230 m2/m3.
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FIGURE 12.4 Shell-and-tube heat exchangers. (A) One shell pass and two tube passes. (B) Two shell passes and
four tube passes.3
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12.2.3 Plate Fin Heat Exchangers


The compactness factor can be significantly improved (i.e., up to about 6000 m2/m3) by
using the plate-fin type of heat exchanger. Fig. 12.5 illustrates typical plate-fin configurations.
Flat plates separate louvered or corrugated fins. Crossflow, counterflow, or parallel-flow
arrangements can be obtained readily by properly arranging the fins on each side of the plate.
Plate-fin exchangers are generally used for gas-to-gas applications, but they are used for
low-pressure applications not exceeding about 10 atm (that is, 1000 kPa). The maximum
operating temperatures are limited to about 800�C. Plate-fin heat exchangers have also
been used for cryogenic applications.


12.2.4 Tube Fin Heat Exchangers


When a high operating pressure or an extended surface is needed on one side, tube-fin
exchangers are used. Fig. 12.6 illustrates two typical configurations, one with round tubes
and the other with flat tubes. Tube-fin exchangers can be used for a wide range of tube fluid
operating pressures not exceeding about 30 atm and operating temperatures from low
cryogenic applications to about 870�C. The maximum compactness ratio is somewhat less
than that obtainable with plate-fin exchangers.


The tube-fin heat exchangers are used in gas turbine, nuclear, fuel cell, automobile,
airplane, heat pump, refrigeration, electronics, cryogenics, air conditioning, and many other
applications.


FIGURE 12.5 Plate-fin heat exchangers. (A) Round tube and fin; (B) flat tube and fin. Courtesy of Harrison Radiator
Division of General Motors Corporation.


12. HEAT EXCHANGERS304







12.2.5 Regenerative Heat Exchangers


Regenerative heat exchangers use a heat transfer matrix that is heated by one fluid and
then cooled by the second fluid. The flow over the matrix is switched as a function of time
with both fluids flowing over the same surfaces of the matrix. They have seen little use in
fixed station power plants and will not be emphasized here.


12.3 CONDENSERS


Condensers are used for such varied applications as steam power plants, chemical process-
ing plants, and nuclear electric plants for space vehicles. The major types include the surface
condensers, jet condensers, and evaporative condensers. The most common type is the surface
condenser, which has the feed-water system.4 Fig. 12.7 shows a section through a typical
two-pass surface condenser for a large steam turbine in a power plant. Since the steam pres-
sure at the turbine exit is only 1.0e2.0 in Hg absolute, the steam density is very low and the
volume rate of flow is extremely large. To minimize the pressure loss in transferring steam
from the turbine to the condenser, the condenser is normally mounted beneath and attached
to the turbine. Cooling water flows horizontally inside the tubes, while the steam flows verti-
cally downward from the large opening at the top and passes transversely over the tubes.
Note that provision is made to aspirate cool air from the regions just above the center of
the hot well. This is important because the presence of noncondensable gas in the steam
reduces the heat transfer coefficient for condensation.


FIGURE 12.6 Tube fin heat exchangers. Courtesy of Harrison Radiator Division of General Motors Corporation.
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12.4 BOILERS


Steam boilers are one of the earliest applications of heat exchangers. The term steam gener-
ator is often applied to a boiler in which the heat source is a hot fluid stream rather than the
products of combustion.


An enormous variety of boiler types exist, ranging from small units for house heating
applications to huge, complex, expensive units for modern power stations.


12.5 CLASSIFICATION ACCORDING TO COMPACTNESS


The ratio of the heat transfer surface area on one side of the heat exchanger to the volume
can be used as a measure of the compactness of heat exchangers. A heat exchanger having a
surface area density on any one side greater than about 700 m2/m3 quite arbitrarily is
referred to as a compact heat exchanger regardless of its structural design. For example, auto-
mobile radiators having an area density approximately 1100 m2/m3 and the glass ceramic
heat exchangers for some vehicular gas-turbine engines having an area density approxi-
mately 6600 m2/m3 are compact heat exchangers. The human lungs, with an area density
of about 20,000 m2/m3, are the most compact heat-and-mass exchanger. The very fine matrix
regenerator for the Stirling engine has an area density approaching that of the human lung.


On the other extreme of the compactness scale, plane tubular and shell-and-tube type ex-
changers, having an area density in the range of 70e500 m2/m3, are not considered compact.2


FIGURE 12.7 Section through a typical two-pass surface condenser for a large plant. Courtesy of Allis-Chalmers
Manufacturing Company.
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The incentive for using compact heat exchangers lies in the fact that a high value of
compactness reduces the volume for a specified heat exchanger performance.


When heat exchangers are to be employed for automobiles, marine uses, aircraft, aero-
space vehicles, cryogenic systems, and refrigeration and air conditioning, the weight and
sizedhence the compactnessdbecome important. To increase the effectiveness or the
compactness of heat exchangers, fins are used. In a gas-to-liquid heat exchanger, for example,
the heat transfer coefficient on the gas side is an order of magnitude lower than that for the
liquid side. Therefore, fins are used on the gas side to obtain a balanced design; the heat
transfer surface on the gas side becomes much more compact.


12.6 TYPES OF APPLICATIONS


Heat exchangers are often classified based on the application for which they are intended,
and special terms are employed for major types. These terms include boiler, steam generator,
condenser, radiator, evaporator, cooling tower, regenerator, recuperator, heater, and cooler. The
specialized requirements of the various applications have led to the development of many
types of construction, some of which are unique to particular applications.5


12.7 COOLING TOWERS


In locations where the supply of water is limited, heat may be rejected to the atmosphere
very effectively by means of cooling towers, such as that in Fig. 12.8. A fraction of the water
sprayed into these towers evaporates, thus cooling the balance. Because of the high heat of
vaporization of water, the water consumption is only about 1% as much as would be the
case if water were taken from a lake or a stream and heated 10 or 20�F.


Cooling towers may be designed so that the air moves through them by thermal convec-
tion, or fans may be employed to provide forced air circulation. To avoid contamination of
the process water, shell-and-tube heat exchangers are sometimes employed to transmit
heat from the process water to the water recirculated through the cooling tower.


12.8 REGENERATORS AND RECUPERATORS


The thermal efficiency of both gas-turbine power plants can be greatly increased if heat can
be extracted from the hot gases that are leaving the gas turbine and added to the air being
supplied to the combustion chamber. For a major gain in thermal efficiency, it is necessary
to employ a very large amount of heat transfer surface area. This is particularly noticeable
in gas-turbine plants, where even with counterflow the size of the heat exchanger required
for good performance is inclined to be large compared to the size of the turbine and
compressor. This characteristic can be observed even in the small, portable gas turbine (about
3 ft in diameter) shown in Fig. 12.9. Note that in this device the hot combination gases leave
the radial in-flow turbine wheel at the right end of the shaft and enter a set of heat exchanger
cores arranged in parallel around the central axis.
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FIGURE 12.8 (A) Vertical induced draft-cooling tower. (B) Schematic of cooling tower. (C) Forced convection
cooling tower with draft induced by a Fan.1 (A) Courtesy of Foster Wheeler Corp.1


FIGURE 12.8 cont'd
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Fig. 12.10 shows a close-up view of one of these cores. In each core, the hot gases from the
turbine flow roughly radially outward through one set of gas passages. Air from the centrif-
ugal compressor wheel at the center of the shaft flows to the right through the space just in-
side of the outer casing and axially into the other set of gas passages through the core. The air
being heated makes two passes, flowing first to the right in the outer portion of the core and
then back to the left through the inner portion, thus giving a two-pass crossflow approxima-
tion to counterflow. (The flow passages through the combustion chamber are not shown in
this view.)


As can be seen in Fig. 12.10, the heat exchanger core is constructed of alternate layers of flat
and corrugated sheets. The flat sheets separate the hot and cold fluid streams, while the
corrugated sheets act as fins that roughly triple the heat transfer surface area per unit of


FIGURE 12.9 A small gas-turbine power plant fitted with a recuperator to improve the fuel economy. Courtesy of
AiResearch Manufacturing Co.5


FIGURE 12.8 cont'd
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volume. Note also that the axis of the corrugations is at right angles in alternate layers to pro-
vide a crossflow pattern for the two fluid streams.


One of several recuperator units to be mounted in parallel in a much larger gas turbine
plants is shown in Fig. 12.11. The hot exhaust gas from the turbine enters vertically at the bot-
tom, flows upward through the heat transfer matrix, and discharges vertically from the top.
The air from the compressor enters a large circular port at the top at the right end, flows verti-
cally downward in pure counterflow, and leaves a second circular port at the bottom to flow
to the combustion chamber. The hot exhaust gas passages are formed by corrugated sheets
sandwiched between flat plates that extend all the way from the bottom to the top of the


FIGURE 12.10 A brazed plate-fin recuperator core for the gas turbine on Fig. 12.9. Courtesy of AiResearch
Manufacturing.5


FIGURE 12.11 A welded steel recuperator for a large gas-turbine power plant. Courtesy of Harrison Radiator
Division, General Motors Corp.5
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unit. The air to be heated flows horizontally from the long plenum at the top into the spaces
between the walls of the exhaust gas passages. Curved space strips guide the air through a
90-degree bend and then downward between the heated walls. A similar header arrangement
is used at the bottom. Note that both the flow passage area and the heat transfer surface area
for the hot exhaust gas are about three times as great as the corresponding values for the air
being heated. This comes about because the two fluid streams differ in density by a factor of
about four.


The air preheaters in steam power plants are usually quite different from the units just
described for gas turbines. Rotary regenerators are often used. These consist of a cylindrical
drum filled with a heat transfer matrix made of alternately flat and corrugated sheets. The
drum is mounted so that the hot gas heats a portion of the matrix as it passes from the furnace
to the stack. The balance of the matrix gives up its stored heat to the fresh air in route from the
forced draft fans to the furnace. The ducts are arranged so that the two gas streams move
through the drum in counterflow fashion while it is rotated, so that the temperature of
any given element of the metal matrix fluctuates relatively little as it is cycled from the hot
to the cold gas streams.


In the steam- and gas-turbine power plant fields, a distinction is sometimes made between
air preheaters that involve a conventional heat transfer matrix with continuous flow on both
sides of a stationary heat transfer surface. However, those through which the fluids flow peri-
odically, the hot fluid heating one section of the matrix while the cold fluid is removing heat
from another section. Where this distinction is made, the term regenerator is applied to the
periodic-flow type of heat exchanger, as this term has long been applied to units of this
type employed for blast furnaces and steel furnaces, whereas the term recuperator is applied
to units through which the flow is continuous.


Recuperators are used for gas turbines, but the gas turbines installed until the mid-1970s
suffered from low efficiency and poor reliability. In the past, large coal and nuclear power
plants dominated the base-load electric power generation (point 1 in Fig. 12.12). Base load
units are on line at full capacity or near full capacity almost all of the time. They are not easily
nor quickly adjusted for varying large amounts of load because of their characteristics of
operation.6 However, there has been a historic shift toward natural gas-fired turbines because
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FIGURE 12.12 A gas-turbine engine witha recuperator.
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of their higher efficiencies, lower capital costs, shorter installation times, better emission char-
acteristics, the abundance of natural gas supplies, and shorter start-up times (point 1 in
Fig. 12.12). Electric utilities are now using gas turbines for base-load power production as
well as for peaking, making capacity at maximum load periods and in emergency situations
because they are easily brought on line or off line (point 2 in Fig. 12.12). The construction
costs for gas-turbine power plants are roughly half those of comparable conventional fossil
fuel steam power plants, which were the primary base-load power plants until the early
1980s, but peaking units are much higher in energy output costs. A recent gas turbine man-
ufactured by General Electric uses a turbine inlet temperature of 1425�C (2600�F) and pro-
duces up to 282 MW while achieving a thermal efficiency of 39.5% in the simple-cycle
mode. Over half of all power plants to be installed in the near future are forecast to be gas
turbine or combined gasesteam turbine types (Fig. 12.12).


In gas turbine engines with a Brayton cycle that includes a recuperator, the temperature of
the exhaust gas leaving the turbine is often considerably higher than the temperature of the
air leaving the compressor. Therefore, the high-pressure air leaving the compressor can be
heated by transferring heat to it from the hot exhaust gases in a counterflow heat exchanger,
which is also known as a regenerator or recuperator (see point 1 in Fig. 12.13). Gas turbine
regenerators are usually constructed as shell-and-tube type heat exchangers using very
small-diameter tubes, with the high-pressure air inside the tubes and low-pressure exhaust
gas in multiple passes outside the tubes.7 The thermal efficiency of the Brayton cycle increases
as a result of regeneration since the portion of energy of the exhaust gases that is normally
rejected to the surroundings is now used to preheat the air entering the combustion chamber.
This, in turn, decreases the heat input (thus fuel) requirements for the same net work output.
Note, however, the use of a regenerator is recommended only when the turbine exhaust tem-
perature is higher than the compressor exit temperature. Otherwise, heat will flow in the
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FIGURE 12.13 Tes diagram of a Brayton cycle with regeneration.
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reverse direction (to the exhaust gases), decreasing the efficiency. This situation is encoun-
tered in gas turbines operating at very high-pressure ratios (point 1 in Fig. 12.13).


The highest temperature occurring within the regenerator is the temperature of the exhaust
gases leaving the turbine and entering the regenerator (point 1 in Fig. 12.13). The gas turbine
recuperator receives air from the turbine compressor at pressures ranging from 73.5 to
117 psia and temperatures from 350 to 450�F (point 3 in Fig. 12.13). Under no conditions
can the air be preheated in the regenerator to a temperature above this value. In the limiting
(ideal) case, the air will exit the regenerator at the inlet temperature of the exhaust gases. Air
normally leaves the regenerator at a lower temperature (point 1 in Fig. 12.13). Gas turbine
exhaust gas passes over the other side of the recuperator at exhaust temperatures ranging
from 750 to 1000�F. Compressor air temperatures are now raised to higher temperatures of
up to about 750e900�F as it enters the combustor. Turbine exhaust gases are then reduced
to between 500 and 650�F from the original 750e1000�F. This heat recovery contributes
appreciably to the turbine fuel rate reduction and increase in efficiency (point 3 in
Fig. 12.13). The regenerator is well insulated and any changes in kinetic and potential
energies are neglected.


A regenerator with a higher effectiveness will save a greater amount of fuel since it will
preheat the air to a higher temperature prior to combustion (point 1 in Fig. 12.4). However,
achieving a higher effectiveness requires the use of a larger regenerator, which carries a
higher price tag and causes a larger pressure drop because shaft horsepower is reduced. Pres-
sure drop through the regenerator or recuperator is important and should be kept as low as
practical on both sides. Generally, the air pressure drop on the high-pressure side should be
held below 2% of the compressor total discharge pressure. The gas pressure drop on the
exhaust side (hot side) should be held below 4 inches of water. Therefore, the use of a regen-
erator with a very high effectiveness cannot be justified economically unless the savings from
the fuel costs exceed the additional expenses involved. The effectiveness of most regenerators
used in practice is below 0.85. The thermal efficiency of an ideal Brayton cycle with regener-
ation depends on the ratio of the minimum to maximum temperatures as well as the pressure
ratio. Regeneration is most effective at lower pressure ratios and low minimum-to-maximum
temperature ratios.


Gas-to-air recuperators (or regenerators) are also used on marine type industrial and utility
open-cycle gas turbine applications. In this application, the recuperator receives air from the
turbine compressor at pressure and temperature ranging as above, where gas turbine exhaust
gas passes over the other side of the recuperator at the exhaust temperature, depending on the
turbine. The air side (high-pressure side) of the recuperator is in the system between the
compressor and the combustor and compressor air is raised to a higher temperature up to
what is mentioned above as it enters the combustor. Obviously, pressure drop through the
regenerator or recuperator is important and should be kept as low as practical on both sides.


12.9 HEAT EXCHANGER ANALYSIS: USE OF THE LOG MEAN
TEMPERATURE DIFFERENCE


Utilizing the log mean temperature difference (LMTD) method is one way to design or to
predict the performance of a heat exchanger. Thus, it is essential to relate the total heat
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transfer rate to measurable quantities, such as the inlet and outlet fluid temperatures, the
overall heat transfer coefficient, and the total surface area for heat transfer. Two such relations
may readily be obtained by applying overall energy balances to the hot and cold fluids, as
shown in Fig. 12.14. In particular, if q is the total rate of heat transfer between the hot and
cold fluids and there is negligible heat transfer between the exchanger and its surroundings,
as well as negligible potential and kinetic energy changes, application of the steady flow
energy equation, gives


qtotal ¼ _mhðhh;i � hh;oÞ (12.1a)


and


qtotal ¼ _mcðhc;o � hc;iÞ (12.1b)


where h is the fluid enthalpy. The subscripts h and c refer to the hot and cold fluids, whereas
the subscripts i and o designate the fluid inlet and outlet conditions. If the fluids are not un-
dergoing a phase change and constant specific heats are assumed, these expressions reduce to


qtotal ¼ _mhcp;hðTh;i � Th;oÞ (12.2a)


and


qtotal ¼ _mccp;cðTc;o � Tc;iÞ (12.2b)


where the temperatures appearing in the expressions refer to the mean fluid temperatures at
the designated locations. Note that Eqs. (12.1) and (12.2) are independent of the flow arrange-
ment and heat exchanger type.


Now consider the heat transfer at a particular point, x, on the heat transfer surface. At x
there will be a bulk hot fluid temperature given by Tf,h(x), a wall surface temperature on
the hot fluid side given by Ts,h(x), a wall surface temperature on the cold fluid side given
by Ts,c(x), and a cold fluid bulk temperature given by Tf,c(x). The total temperature drop
from the hot fluid at x to the cold fluid at x is given by


DT ¼ Tf ;hðxÞ � Tf ;cðxÞ ¼ Tf ;hðxÞ � Ts;hðxÞ þ Ts;hðxÞ � Ts;cðxÞ þ Ts;cðxÞ � Tf ;cðxÞ
¼ DTf ;h þ DTs þ DTf ;c
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Tf,h(x)
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dq(x)


FIGURE 12.14 Heat transfer between two moving fluids separated by a solid boundary.
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Then the heat flux leaving the hot fluid is given by


dqðxÞ
dx


¼ hf ;hAf ;hðTf ;hðxÞ � Ts;hðxÞÞ ¼ hf ;hdAf ;hDTf ;hðxÞ DTf ;hðxÞ ¼
dqðxÞ
dx


hf ;hdAf ;h


The heat flux crossing the wall between the two fluids is given by


dqðxÞ
dx


¼ ks
ds
dAsðTs;hðxÞ � Ts;cðxÞÞ ¼ ks


ds
dAsDTsðxÞ DTsðxÞ ¼


dqðxÞ
dx


ks
ds
dAs


and the heat flux into the cold fluid is given by


dqðxÞ
dx


¼ hf ;cdAf ;cðTs;cðxÞ � Tf ;cðxÞÞ ¼ hf ;cdAf ;cDTf ;cðxÞ DTf ;cðxÞ ¼
dqðxÞ
dx


hf ;cdAf ;c


Then the difference in the bulk temperatures of the two fluids can be written as


Tf ;hðxÞ � Tf ;cðxÞ ¼
dqðxÞ
dx


hf ;hdAf ;h
þ


dqðxÞ
dx


ks
ds
dAs


þ
dqðxÞ
dx


hf ;cdAf ;c
¼ dqðxÞ


dx


�
1


hf ;hdAf ;h
þ ds


ksdAs
þ 1
hf ;cdAf ;c


�
(12.3)


Note that ds will depend on the geometry. For slab or plate geometry


ds ¼ Dt the wall thickness


For cylindrical geometry typical of tubes


ds ¼ rin ln
�
rout
rin


�
rout � rin ¼ the tube wall thickness


Also note that the differential areas do not all have to be equal. There will be a slight dif-
ference if the bounding surface is a tube, but the addition of fins to either the hot or the cold
side could change the effective area significantly and that is the area that must be used in
Eq. (12.3). Also note that the areas are areas per unit length. That is why they have been
written as dA.


Tf ;hðxÞ � Tf ;cðxÞ ¼ dqðxÞ
dx


 
1


U
dA
dx


!
1


U
dA
dx


¼ 1
hf ;hdAf ;h


þ ds


ksdAs
þ 1
hf ;cdAf ;c


dqðxÞ
dx


¼ U
dA
dx


ðTf ;h � Tf ;cÞ
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Then the heat lost by the hot fluid is given by


dqðxÞ
dx


¼ � _mf ;hCp;h
dTf ;hðxÞ


dx
(12.4)


and the heat gained by the cold fluid is given by


dqðxÞ
dx


¼ _mf ;cCp;c
dTf ;cðxÞ


dx
(12.5)


Combining these two equations gives


dTf ;hðxÞ
dx


� dTf ;cðxÞ
dx


¼ dqðxÞ
dx


¼
�


1
_mhCp;h


þ 1
_mcCp;c


�
¼ �U


dA
dx


ðTf ;h � Tf ;cÞ


DTðxÞ ¼ Tf ;hðxÞ � Tf ;cðxÞ
dDTðxÞ


dx
¼ �U


dA
dx


DT
�


1
_mhCp;h


þ 1
_mcCp;c


�


dDTðxÞ
DTðxÞ ¼ �U


�
1


_mhCp;h
þ 1


_mcCp;c


�
dA


dA
dx


dx ¼ dA


Integrating gives


ln


�
DT2


DT1


�
¼ �UA


�
1


_mhCp;h
þ 1


_mcCp;c


�
(12.6)


Now for the hot fluid flowing from left to right, Eq. (12.2a) becomes


qtotal ¼ _mhCp;hðTf ;h;1 � Tf ;h;2Þ 1
_mhCp;h


¼ ðTf ;h;1 � Tf ;h;2Þ
qtotal


In addition, for the cold fluid also flowing from left to right (parallel flow), Eq. (12.2b)
becomes


qtotal ¼ _mcCp;cðTf ;c;2 � Tf ;c;1Þ 1
_mcCp;c


¼ ðTf ;c;2 � Tf ;c;1Þ
qtotal


Plugging these into Eq. (12.3) gives


ln


�
DT2


DT1


�
¼ �UA


�
Tf ;h;1 � Tf ;h;2


qtotal
þ Tf ;c;2 � Tf ;c;1


qtotal


�
¼ UA


qtotal
ðTf ;h;2 � Tf ;c;2 � Tf ;h;1 þ Tf ;c;1Þ


ln


�
DT2


DT1


�
¼ UA


qtotal
ðDT2 � DT1Þ qtotal ¼ UA


ðDT2 � DT1Þ
ln


�
DT2


DT1


�


12. HEAT EXCHANGERS316







qtotal ¼ UADTlm DTlm ¼ ðDT2 � DT1Þ
ln


�
DT2


DT1


� (12.7)


This looks a lot like Newton’s law of cooling with DTlm playing the role of the standard DT.
DTlm is called the log-mean temperature difference.


Now consider the counterflow arrangement. In this case, Eq. (12.5) becomes


dqðxÞ
dx


¼ � _mf ;cCp;c
dTf ;cðxÞ


dx


Moreover, Eq. (12.6) becomes


ln


�
DT2


DT1


�
¼ �UA


�
1


_mhCp;h
� 1


_mcCp;c


�


Then Eq. (12.2b) becomes


qtotal ¼ _mccp;cðTf ;c;1 � Tf ;c;2Þ


This gives


ln


�
DT2


DT1


�
¼ �UA


�
Tf ;h;1 � Tf ;h;2


qtotal
� Tf ;c;1 � Tf ;c;2


qtotal


�
¼ UA


qtotal
ðTf ;h;2 � Tf ;c;2 � Tf ;h;1 þ Tf ;c;1Þ


ln


�
DT2


DT1


�
¼ UA


qtotal
ðDT2 � DT1Þ qtotal ¼ UA


ðDT2 � DT1Þ
ln


�
DT2


DT1


�


which is the identical equation for the parallel flow heat exchanger. It is important to
remember how the DT’s are defined.


Parallel flow: DT1 ¼ Tf,h,in � Tf,c,in DT2 ¼ Tf,h,out � Tf,c,out
Counterflow: DT1 ¼ Tf,h,in � Tf,c,out DT2 ¼ Tf,h,out � Tf,c,in


EXAMPLE 12.1
A counterflow, concentric tube heat exchanger is used to cool the lubricating oil for a large


industrial gas turbine engine. The flow rate of cooling water through the inner tube (Di ¼ 25 mm) is
0.2 kg/s, while the flow rate of oil through the outer annulus (D0 ¼ 45 mm) is 0.1 kg/s. The oil and
water enter at temperatures of 100 and 30�C, respectively. How long must the tube be made if the
outlet temperature of the oil is to be 60�C? (The steel tube that separates the two flows is so thin that
the temperature drop across it may be neglected.) See Fig. 12.15 d.


12.9 HEAT EXCHANGER ANALYSIS: USE OF THE LOG MEAN TEMPERATURE DIFFERENCE 317







Solution
Known


Fluid flow rates and inlet temperature for a counterflow, concentric tube heat exchanger of
prescribed inner and outer diameter.


Find
Tube length to achieve a desired hot fluid outlet temperature.


Assumptions
1.0 Negligible heat loss to the surroundings
2.0 Negligible kinetic and potential energy changes
3.0 Constant properties
4.0 Negligible tube wall thermal resistance and fouling factors
5.0 Fully developed conditions for the water and oil (U independent of x)


Properties
Table A.5, unused engine oil (Th ¼ 80�C ¼ 353K):


cp ¼ 2131 J=kg K; m ¼ 3:25� 10�2N s
�
m2; k ¼ 0:138 W=m K.


Table A.6, water
�
Tcz35�C ¼ 308K


�
:


cp ¼ 4178 J=kg K; m ¼ 725� 10�6 N s
�
m2; k ¼ 0:625 W=m K; Pr ¼ 4:85:


Analysis:
The required heat transfer rate may be obtained from the overall energy balance for the hot fluid,


Eq. (12.1a)


q ¼ _mhcp;hðTh;i � Th;oÞ
q ¼ 0:1 kg=s� 2131 J=kg Kð100� 60Þ�C ¼ 8524 W


Applying Eq. (12.2b), the water outlet temperature is


Tc;o ¼ q
_mccp;c


þ Tc;i


Tc;o ¼ 8524 W
0:2 kg=s� 2131 J=kg K


þ 30�C ¼ 40:2�C


FIGURE 12.15 Schematic of Example 12.1.5
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Accordingly, use of Tc ¼ 35�C to evaluate the water properties was a good choice. The required
heat exchanger length may now be obtained from Eq. (12.7),


q ¼ UADTlm


where A ¼ pDiL


DTlm ¼ ðTh;i � Tc;oÞ � ðTh;o � Tc;iÞ
ln½ðTh;i � Tc;oÞ


�ðTh;o � Tc;iÞ�
¼ 59:8� 30


lnð59:8=30Þ ¼ 43:2�C


The overall heat transfer coefficient is


U ¼ 1
ð1=hiÞ þ ð1=hoÞ


For water flow through the tube,


_m ¼ rAV
_m
A


¼ rV ReD
_mcDi


Am
¼ 4 _m


pDim
¼ 4� 0:2 kg=s


pð0:025 mÞ725� 10�6 N s=m2
¼ 14; 050


Accordingly, the flow is turbulent and the convection coefficient may be computed from
Eq. (12.34).


NuD ¼ 0:023Re4=5D Pr0:4


NuD ¼ 0:023ð14; 050Þ4=5ð4:85Þ0:4 ¼ 90


Hence


hi ¼ NuD
k
Di


¼ 90� 0:625 W=m K
0:025 m


¼ 2250 W
�
m2 K


For the flow of oil through the annulus, the hydraulic diameter is


Dh ¼ 4A
P


¼ 4
�
pr2o � pr2i


�
2pðro � riÞ ¼ 2ðro � riÞ ¼ Do �Di


and the Reynolds number is


ReD ¼ rumDh


m
¼ _mðDo �DiÞ


Am
¼ _mðDo �DiÞ


mp
�
D2


o �D2
i


��
4


ReD ¼ 4 _m
pðDo þDiÞm ¼ 4ð0:1 kg=sÞ


pð0:045þ 0:025Þ3:25� 10�2 kg=s m
¼ 56:0


The annular flow is therefore laminar. For a constant heat flux, the laminar correlation is
Eq. (12.33)


Nui ¼ hoDh


k
¼ 4:36


and


ho ¼ 4:36
0:138 W=m K


0:020 m
¼ 30:1 W


�
m2 K
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The overall convection coefficient is then


U ¼ 1
ð1=2250 W=m2 KÞ þ ð1=30:1 W=m2 KÞ ¼ 29:7 W


�
m2 K


and from the rate equation it follows that


L ¼ q
UpDiDTlm


¼ 8524 W
29:7 W=m2 Kpð0:025 mÞð43:2�CÞ ¼ 84:6 m


Comments:
1. The hot side convection coefficient controls the rate of heat transfer between the two fluids,


and the low value of ho is responsible for the large value of L.
2. Because hi[ho, the tube wall temperature will follow closely that of the coolant water.


Many heat exchangers have been designed based on a log-mean temperature difference. How-
ever, there are some problems with proceeding based on the log-mean temperature difference
equation. First, it says nothing about crossflow heat exchangers, which are very common due to the
ease of construction of this type of exchanger. Secondly, it often requires iterative calculations for a
design if all of the inlet and exit temperatures are not known a priori. In the example above, had the
outlet temperature of the oil not been specified, an iterative solution would have been required.
Iterative solutions can certainly be accurate, but they often require more work. Thirdly, the log-
mean temperature difference method does not provide a feel for the maximum heat transfer
possible given the entering conditions of the fluids. Sometimes this is an important parameter to
understand, if the design is to be optimized.


12.10 EFFECTIVENESS-NTU METHOD FOR HEAT
EXCHANGER DESIGN


A better method has been developed for heat exchanger design that uses some of the pre-
ceding analysis. This method is called the effectiveness-NTU (number of transfer unit)
method.4 It starts by considering the fluid heat transfer capacity rates defined as


Cold Fluid Capacity Rate Cc ¼ _mcCp;c W=K
Hot Fluid Capacity Rate Ch ¼ _mhCp;h W=K (12.8)


Then the maximum amount of heat that can be transferred between the two fluids is the
minimum fluid capacity rate times the difference in temperature of the hot fluid entering the
exchanger and the cold fluid entering the exchanger, or


Cmin ¼ minðCc;ChÞ
qmax ¼ CminðTh;in � Tc;inÞ


(12.9)


Then the heat exchanger effectiveness is defined as


ε ¼ qact
qmax


¼ ChðTh;in � Th;outÞ
CminðTh;in � Tc;inÞ ¼ CcðTc;in � Tc;outÞ


CminðTh;in � Tc;inÞ (12.10)
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The number of heat exchanger transfer units is then defined as


NTU ¼ UA
Cmin


(12.11)


where U and A are defined as above. The heat capacity-rate ratio is defined as


Cr ¼ Cmin


Cmax
(12.12)


Then, in general, it is possible to express the effectiveness as


ε ¼ εðNTU;Cr; Flow ArrangementÞ


Different functions for ε have been developed for many flow arrangements.4 The three
main flow arrangements of interest are parallel flow, counterflow, and crossflow.


12.10.1 Parallel Flow


For parallel flow the expression is


ε ¼ 1� e�NTUð1þCrÞ


1þ Cr
(12.13)


There are two interesting limits:


Cr/0 ε ¼ 1� e�NTU


Cr/1 ε ¼ 1
2


(12.14)


The Cr ¼ 0 limit corresponds to one fluid vaporizing or condensing and the heat capacity
rate for this fluid becomes immense. The other limit Cr ¼ 1.0 corresponds to both fluids hav-
ing the same heat capacity rate.


12.10.2 Counterflow


ε ¼ 1� e�NTUð1�CrÞ


1� Cre�NTUð1�CrÞ (12.15)


Addressing the same two limits


Cr/0 ε ¼ 1� e�NTU


Cr/1 ε ¼ NTU
1þNTU


(12.16)
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The Cr ¼ 0 limit is the same but the Cr ¼ 1 limit is twice as effective for large values of
NTU. This essentially is the known performance advantage of counterflow heat exchangers.


12.10.3 Crossflow


Crossflow has to be broken down into three different types. The performance is different
depending on whether or not the fluids are allowed to mix with themselves as they move
through the exchanger. A typical tube-and-shell exchanger would have the fluid moving
through the tubes described as unmixed and the fluid moving through the shell would be
mixed.


12.10.3.1 CrossflowdBoth Fluids Unmixed


This case requires a series numerical solution and the curves for values of various Cr values
are given in Kays and London. For the case of Cr ¼ 0, the solution is the same as for counter-
flow and parallel flow.


Cr ¼ 0 ε ¼ 1� e�NTU


However, all of the curves for any value of Cr asymptotically approach 1.0 like the counter-
flow exchanger. For all Cr > 0 the effectiveness is less than for a counterflow exchanger with
the same Cr.


12.10.3.2 CrossflowdOne Fluid Mixed


For the case of


Cmax ¼ Cunmixed Cmin ¼ Cmixed


ε ¼ 1� e
�G=Cr G ¼ 1� e�NTUCr


(12.17)


And for the case of


Cmax ¼ Cmixed Cmin ¼ Cunmixed


ε ¼ 1� e�G0Cr


Cr
G0 ¼ 1� e�NTU


(12.18)


Once again for Cr ¼ 0, this gives the same behavior as the counterflow heat exchanger. For
Cr ¼ 1.0, it gets complicated but it is important to note that if a choice is possible it is better
to have the fluid with the smaller heat capacity rate to be the mixed fluid (Eq. 12.17).


12.10.3.3 CrossflowdBoth Fluids Mixed


The closed form solution is


ε ¼ NTU
NTU


ð1� e�NTUÞ þ
CrNTU


1� e�NTUCr
� 1


(12.19)
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As always, for the case of Cr ¼ 0, the results are the same as for the counterflow exchanger.
For Cr ¼ 1.0 as NTU becomes large, the effectiveness goes to 1/2. However, this is the only


case that a better effectiveness can be obtained at a lower NTU. The effectiveness actually
decreases after an NTU of about 3e5.


There are many other configurations reported by Kays and London, but these three are the
most important. The availability of solutions for the common crossflow case of one fluid
mixed makes this technique very useful.


EXAMPLE 12.2
Consider a gas-to-gas recuperator of the shell-and-tube design.
The tubes are 2-cm diameter tubes spaced on 4-cm centers with a 2-mm thickness, made of


aluminum. The flow cross-section is a 2 m by 2 m. The pressure ratio for the compressor is 20. Both
fluids are air and the cold fluid is in the tubes. The hot fluid enters at 783K and exits at 670K and is
at atmospheric pressure. The cold fluid enters at 655K and exits at 768K and is at 20 atm. The flow
rate is 2.5E þ 5 kg/h, for a 10-MW power plant.


Solution
Start with the hot fluiddCalculate the Reynolds number (Re).


N tubes ¼ 2401; Aflow ¼ 22 � 2401 � pð0:012Þ2 ¼ 2:9138 m2


_m ¼ rAV rV ¼ _m
A


¼ 69:44 kg=s
2:9138


¼ 23:8 kg=s
�
m2


m ¼ 3:65E� 5 D ¼ 4ð0:042 � p0:0122
�


2p0:012
¼ 0:0609 m


Re ¼ 23:8 � 0:0609
3:7E� 05


¼ 39; 789:2


This is clearly in the turbulent range.
Using the same equations, the cold fluid Re ¼ 56,731.1


Prhot ¼ Cpm/k ¼ 1078.8*3.65E-5/0.0564 ¼ 0.697


Prcold ¼ Cpm/k ¼ 1076.7*3.25E-5/0.050 ¼ 0.700


Nuhot ¼ 0.023*39,789.20.8*0.6970.3 ¼ 98.7


hhot ¼ 98.7*0.0564/0.0609 ¼ 91.5 W/m2/K


Nucold ¼ 0.023*56,731.10.8*0.7000.4 ¼ 127.0


hcold ¼ 127.0*0.0500/0.02 ¼ 316.0 W/m2/K


This allows us to calculate UA as a function of L


Ahot ¼ 2p(0.012)*2401*L ¼ 724.8*L m2


Acold ¼ 2p(0.01)*2401*L ¼ 603.4*L m2


Atube ¼ 2p(0.011)*2401*L ¼ 663.74*Lm2
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1
UA


¼
�


1
hhotA


þ t
kA


þ 1
hcoldA


�


¼ 1
91:5ð724:8ÞLþ 0:002


218ð663:74ÞLþ 1
316ð603:4ÞL


¼ ð1:508E� 5þ 1:38E� 8þ 5:25E� 6Þ=L ¼ 2:03E� 5
L


W=K


_Q ¼ 8:46Eþ 6 W DTin ¼ 15K DTout ¼ 15K


DTlmn ¼ 15K _Q ¼
�
UA
L


�
LDTlmn L ¼


_Q
ðUA=LÞDTlmn


L ¼ 8:46Eþ 6
4:92Eþ 4 � 15 ¼ 11:5 m


Now try the NTU-effectiveness method:


Chot ¼ 2.5E þ 5/3600*1078.8 ¼ 7.49E þ 04


Ccold ¼ 2.5E þ 5/3600*1076.7 ¼ 7.48E þ 04 ¼ Cmin


Cr ¼ 0.998e1.0 ε ¼ NTU/(NTU þ 1) NTU ¼ ε/(1 � ε)


ε ¼ ChotðTh;in � Th;outÞ
CminðTh;in � Tc;inÞ ¼ 7:49Eþ 4 � ð783� 670Þ


7:48Eþ 4 � ð783� 655Þ ¼ 0:8846


NTU ¼ 7:67
NTU
L


¼ UA=L
Cmin


¼ 0:6576 L ¼ 7:67
0:6576


¼ 11:66 m


Note that the largest resistance to heat transfer was in the hot side convection and the resistance
of the tube wall was negligible.


So add fins to the hot side channel by putting a 2-mm thick web between the tubes (see
Fig. 12.16).


First, recalculate the hydraulic diameter for the hot side.
Treating the webs as wetted perimeter gives a new Dh ¼ 0.0329 m.


Web


FIGURE 12.16 Web channel.
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This gives a new


Re ¼ 21,521.3
Nu ¼ 60.4
h ¼ 104.0.


Dividing the web in half for a fin for each tube


w ¼ 0:01; t ¼ 0:002; P ¼ 0:02; A ¼ 0:00002; m ¼ 21:79 L ¼ 0:008


mL ¼ 0:1743 hfin ¼ 0:9899 ho ¼ 0:9915 Atot ¼ 0:1394


ho � Atot ¼ 0:1382 Ahot=Acold ¼ 2:1997 Ahot=L ¼ 1; 327:3


The cold side and tube resistances don’t change, so


1
UA


¼ 1
1:25E� 5 � L L ¼


_Q
UA=LDTlmn


¼ 8:47Eþ 6
7:98Eþ 4 � 15 ¼ 7:1 m


Now to get the pressure drops


Cf ;hot ¼ 0:046Re�0:2 ¼ 0:046 � 21521:3�0:2 ¼ 6:25E� 3


Cf ;cold ¼ 0:046Re�0:2 ¼ 0:046 � 56731:1�0:2 ¼ 5:15E� 3


This gives


shot ¼ 6:25E� 3 � 1
2
rV2 ¼ 3:13E� 3


rhot


�
_m
A


�2


hot


scold ¼ 5:15E� 3 � 1
2
rV2 ¼ 2:58E� 3


rcold


�
_m
A


�2


cold


rhot ¼ 101325 � 28:9669
8314:4 � 783 ¼ 0:451 kg


�
m3 rcold ¼ 20 � 101325 � 28:9669


768 � 8314:4 ¼ 9:193 kg
�
m3


shot ¼ 3:13E� 3
0:451


ð23:83Þ2hot ¼ 3:941 Pa


scold ¼ 2:58E� 3
9:193


ð92:1Þ2cold ¼ 2:38 Pa


Clearly, these pressure drops are negligible compared to atmospheric pressure. This indicates
that the heat exchanger could be made a lot more compact by adding more surface area per unit
volumedm2/m3.


12.11 SPECIAL OPERATING CONDITIONS


It is useful to note certain special conditions under which heat exchangers may be oper-
ated. Fig. 12.14A shows temperature distributions for a heat exchanger in which the hot fluid
has a heat capacity rate, Chh _mhCp;h, which is much larger than that of the cold fluid,
Cch _mcCp;c.


For this case the temperature of the hot fluid remains approximately constant throughout
the heat exchanger, while the temperature of the cold fluid increases. The same condition is
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achieved if the hot fluid is a condensing vapor. Condensation occurs at constant temperature,
and, for all practical purposes, Ch/N. Conversely, in an evaporator or a boiler (Fig. 12.14B),
it is the cold fluid that experiences a change in phase and remains at a nearly uniform tem-
perature ðCc/NÞ. The same effect is achieved without phase change if Ch � Cc. Note that,
with condensation or evaporation, the heat rate is given by Eqs. (12.1a) or (12.1b), respec-
tively. Conditions illustrated in Fig. 12.17A and B also characterize an internal tube flow
(or single stream heat exchanger) exchanging heat with a surface at constant temperature or
an external fluid at constant temperature.


The third special case (Fig. 12.17C) involves a counterflow heat exchanger for which the
heat capacity rates are equal (Ch ¼ Cc). The temperature difference DT must then be constant
throughout the exchanger in which case DT1 ¼ DT2 ¼ DTlm.


12.12 COMPACT HEAT EXCHANGERS


A heat exchanger is quite arbitrarily referred to as a compact heat exchanger, providing that
it has a surface area density greater than about 700 m2/m3.


A special and important class of heat exchangers is used to achieve a very large (�400 m2/m3


for liquids and �700 m2/m3 for gases) heat transfer surface area per unit volume. Termed
compact heat exchangers, these devices have dense arrays of finned tubes or plates and are
typically used when at least one of the fluids is a gas, and hence is characterized by a small
convection coefficient. The tubes may be flat or circular, as in Fig. 12.18AeC, respectively, and
the fins may be plate or circular, as in Fig. 12.15AeC, respectively. Parallel-plate heat
exchangers may be finned or corrugated and may be used in single-pass (Fig. 12.15D) or
multipass (Fig. 12.15E) modes of operation. Flow passages associated with compact heat
exchangers are typically small (Dh 	 5 mm), Dh is the magnitude of the hydraulic diameter and
the flow is often laminar. Many of the geometries are far too complicated to apply deterministic
methods to predict their performance. Therefore, many for these compact heat exchangers have
had their performance determined experimentally.


FIGURE 12.17 Special heat exchanger conditions. (A) Ch[Cc or a condensing vapor. (B) An evaporating liquid
or Ch � Cc. (C) A counterflow heat exchanger with equivalent fluid heat capacities Ch ¼ Cc.5
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Kays and London7 have studied a wide variety of configurations for heat transfer matrices,
and catalogued their heat transfer and pressure drop characteristics. Fig. 12.19 shows typical
heat transfer materials for compact heat exchangers.5 Fig. 12.19A shows a circular finned-tube
array with fins on individual tubes; Fig. 12.19B shows a plain plate-fin matrix formed by corru-
gation; and Fig. 12.19C shows a finned flat-tube matrix.5


FIGURE 12.19 Typical heat transfer matrices for compact heat exchangers. (A) Circular finned-tube matrix;
(B) plain plate-fin matrix; (C) finned flat-tube matrix.5


FIGURE 12.18 Compact heat exchanger cores. (A) Finetube (flat tubes, continuous plate fins). (B) Finetube
(circular tubes, continuous plate fins). (C) Finetube (circular tubes, circular fins). (D) Plateefin (single pass).
(E) Plateefin (multipass).5
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The heat transfer and pressure drop characteristics of such configurations for use as compact
heat exchangers have been determined experimentally as explained above. Figs. 12.20e12.22
show typical heat transfer and friction factor data for three different configurations.


Note that the principal dimensionless groups governing these correlations are the Stanton,
Prandtl, and Reynolds numbers.5


St ¼ h
Gcp


Pr ¼ cpm
k


Re ¼ GDh


m
(12.20)


Here G is the mass velocity defined as


G ¼ m
Amin


kg
��


m2 s
�


(12.21)


where m ¼ total mass flow rate of fluid (kg/s) and Amin ¼minimum free-flow cross-sectional
area (m2) regardless of where this minimum occurs.


The magnitude of the hydraulic diameter Dh for each configuration is specified in
Figs. 12.17e12.19. The hydraulic Dh is defined as


Dh ¼ 4
LAmin


A
(12.22)
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f
(h


/G
c p


) P
r2/


3
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Re x 10–3


1.00 in
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0.866 in
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δ = 0.013 in


Tube OD = 1.02 cm
Fin pitch = 3.15/cm
Fin thickness = 0.033 cm
Fin area/total area = 0.839
Hydraulic diameter Dh = 0.3633 cm
Minimum free-flow area/frontal area, σ = 0.534
Heat transfer area/total volume = 587 m2/m3


FIGURE 12.20 Heat transfer and friction factor for flow across a plate-finned circular tube matrix. Courtesy of
Kays and London.
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FIGURE 12.21 Heat transfer and friction factor forflow across a finned flat-tubematrix. Courtesy of Kays and London.
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FIGURE 12.22 Heat transfer and friction factor for flow across a circular finned-tube matrix. Courtesy of Kays and
London.







where A is the total heat transfer area and the quantity LAmin can be regarded as the mini-
mum free-flow passage volume, since L is the flow length of the heat exchanger matrix.


Thus, once the heat transfer and the friction factor charts, such as those shown in Fig. 12.20,
are available for a specified matrix and the Reynolds number for the flow is given, the heat
transfer coefficient h and the friction f for flow across the matrix can be evaluated. Then the
rating and sizing problem associated with the heat exchanger matrix can be performed by
utilizing either the LMTD or the effectiveness-NTU method of analysis.
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An important application of thermodynamics is the analysis of power cycles through
which the energy absorbed as heat can be continuously converted into mechanical work.
A thermodynamic analysis of the heat engine cycles provides valuable information regarding
the design of new cycles or for improving the existing cycles. In this chapter, various gas po-
wer cycles are analyzed under some simplifying assumptions.
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13.1 INTRODUCTION


Two most important areas for the application of thermodynamics are power generation
and refrigeration and both are usually accomplished by a system that operates on a thermo-
dynamic cycle.


Thermodynamically, the word “cycle” is used in a procedure or arrangement in which
some material goes through a cyclic process and one form of energy, such as heat at an
elevated temperature from combustion of a fuel, which is in part converted to another
form. This includes, for example, the mechanical energy of a shaft, the remainder being
rejected to a lower-temperature sink that is also known as a heat cycle.


A thermodynamic cycle is defined as a process in which a working fluid undergoes a series
of state changes and finally returns to its initial state. A cycle plotted on any diagram of
properties forms a closed curve (Fig. 13.1).


Note that a reversible cycle consists only of reversible processes. The area enclosed by the
curve plotted for a reversible cycle on a PeV diagram represents the net work of the cycle as
we explained in preceding chapters as follow:


• The work is done on the system, if the state changes happen in an anticlockwise manner.
• The work is done by the system, if the state changes happen in a clockwise manner.


The purpose of a thermodynamic cycle is either to produce power or to produce refriger-
ation/pumping of heat. Therefore, the cycles are broadly classified as follows:


1. Heat engine or power cycles;
2. Refrigeration/heat pump cycles.


A thermodynamic cycle requires, in addition to the supply of incoming energy:


1. A working substance, usually a gas or vapor;
2. A mechanism in which the processes or phases can be carried through sequentially; and
3. A thermodynamic sink to which the residual heat can be rejected.


The cycle itself is a repetitive series of operations.
Any thermodynamic cycle is essentially a closed cycle, in which the working substance


undergoes a series of processes and is always brought back to the initial state.


P


V


4


3


1


2


FIGURE 13.1 Schematic of a closed cycle.
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However, some of the power cycles operate on an open cycle. This means that the working
substance is taken into the unit from the atmosphere at one end and is discharged into the
atmosphere after undergoing a series of processes at the other end. The following are illustra-
tions of heat engines operating on an open cycle:


• Petrol and diesel engines in which the air and fuel are taken into the engine from a fuel
tank and products of combustion are exhausted into the atmosphere.


• Steam locomotives in which the water is taken in the boiler from a tank and steam is
exhausted into the atmosphere.


The basic processes of the cycle, either open or closed, are heat addition, heat rejection,
expansion, and compression. These processes are always present in a cycle even though there
may be differences in working substance, the individual processes, pressure ranges, temper-
ature ranges, mechanisms, and heat transfer arrangements.


Many cyclic arrangements, using various combinations of phases but all seeking to convert
heat into work, were proposed by many investigators whose names are attached to their pro-
posals. For example, the Diesel, Otto, Rankine, Brayton, Stirling, Ericsson, and Atkinson cycles.
Not all proposals are equally efficient in the conversion of heat into work. However, they may
offer other advantages, which have led to their practical development for various applica-
tions (see also the Brayton cycle; Carnot cycle; Diesel cycle; Otto cycle; Stirling engine; and
thermodynamic processes).


Essentially, such devices do not form a cycle. However, they can be analyzed by adding
imaginary processes to bring the state of the working substance, thus completing a cyclic.
Note that the terms closed and open cycles that are used here do not mean closed system cycle
and open system cycle. In fact, the processes both in closed and open cycles could either be
closed or open system processes.


There is a basic pattern of processes common to power-producing cycles. There is a
compression process wherein the working substance undergoes an increase in pressure
and therefore density. There is an addition of thermal energy from a source such as a fossil
fuel, a fissile fuel (a fissile material is one that is capable of sustaining a chain reaction of nuclear
fission), or solar radiation. Work is done by the system on the surroundings during an expan-
sion process. There is a rejection process where thermal energy is transferred to the surround-
ings. The algebraic sum of the energy additions and abstractions is such that some of the
thermal energy is converted into mechanical work.


Different types of working fluids are employed in the power plants. The nature of the
working fluids can be classified into two groups:


1. Vapors;
2. Gases.


The power cycles are accordingly classified into two groups as:


1. Vapor power cycles in which the working fluid undergoes a phase change during the
cyclic process;


2. Gas power cycles in which the working fluid does not undergo any phase change.


In the thermodynamic analysis of power cycles, our main interest lies in estimating the
energy conversion efficiency or the thermal efficiency. The thermal efficiency of a heat engine
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is defined as the ratio of the network output W delivered to the energy absorbed as heat Q
and mathematically is presented by symbol h and can be written as:


h ¼ W
Q


(13.1)


and is illustrated in Fig. 13.2.
In this depiction, we identify the following:


LTER ¼ Low-temperature energy reservoir;
HTER ¼ High-temperature energy reservoir.


Using these definitions and referring to Fig. 13.2, Eq. (13.1) can be written more precisely
as follows:


h ¼ W
Q1


(13.2)


where Q1 is the heat supplied at high temperature.
A procedure or arrangement in which one form of energy, such as heat at an elevated


temperature from the combustion of a fuel, is in part converted to another form, such as
mechanical energy on a shaft, and the remainder is rejected to a lower-temperature sink as
low-grade heat.


Heat engines, depending on how the heat is supplied to the working fluid, are categorized
in two types as:


1. External combustion;
2. Internal combustion.


In external combustion engines, such as steam power plants, heat is supplied to the work-
ing fluid from an external source such as a furnace, a geothermal well, a nuclear reactor, or
even the sun.2


Q1


Q2


Heat
Engine


W


HTER


LTER


FIGURE 13.2 Graphic illustration of thermal efficiency.
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In internal combustion engines, such as automobile engines, this is done by burning the
fuel within the system boundaries.2


Our study of gas power cycles will involve the study of those heat engines in which the
working fluid remains in the gaseous state throughout the cycle. We often study the ideal
cycle in which internal irreversibilities and complexities (the actual intake of air and fuel,
the actual combustion process, and the exhaust of products of combustion among others)
are removed. We will be concerned with how the major parameters of the cycle affect the per-
formance of heat engines. The performance is often measured in terms of the cycle efficiency
of hth as a ratio of net work Wnet and energy as heat of Qin. See Fig. 13.3, where one can
observe an actual cycle versus an ideal cycle in a PeV diagram and using Eq. (13.1), and
referring to Fig. 13.4, mathematically we can show that


hth ¼ Wnet


Qin
(13.3)


Several cycles utilize a gas as the working substance, the most common being the Otto
cycle and the Diesel cycle used in internal combustion engines. We touch upon some of these
cycles in this chapter, such as Otto, and others such as Brayton, Carnot, etc. and we will also
expand on them among other cycles for further evaluation.


FIGURE 13.3 Illustration of an actual versus an ideal cycle in a PeV diagram.


FIGURE 13.4 Basic thermodynamic cycle.
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13.1.1 Open Cycle


When an internal combustion engine operation is examined, it is seen to differ in the
process of heat supply for a typical heat engine cycle because there is a permanent change
in the working fluid during combustion. Therefore, the fluid does not pass through a cycle
so the internal combustion engine is often referred to as an “open cycle” device, not a cyclic
thermodynamic heat engine.


The term“opencycle,”whilemeaningless froma thermodynamicperspective, refers to the fact
that energy is supplied to the engine from outside in the form of petroleum fuel and the uncon-
verted portion of energy remaining in the spent combustionmixture is exhausted to the environ-
ment. “Closing the cycle,” i.e., returning the rejectedproducts to the startingpointwhere they can
be reused, is left for nature to accomplishdhence the term “open cycle” comes into play.


An internal combustion engine is therefore a device for releasing mechanical energy from
petroleum fuel using air as the working medium rather than a heat engine for processing air
in a thermodynamic cycle. Heat, as such, is not supplied to the internal combustion engine, so
it cannot be a heat engine in the sense described in most thermodynamic references.


A simulated heat engine cycle can be constructed to correspond approximately to the oper-
ation of an internal combustion engine by substitution of analogous heat transfer processes
for some of the actual engine processes. The specific mechanism of such heat transfer is
neglected because the simulation is only a theoretical model of the engine, not an actual
device. Such cycles, called air standard cycles, which are the subject of study in Section 13.3,
are useful in the elementary study of internal combustion engines.


13.1.2 Closed Cycle


Thermodynamic cycles can be categorized in yet another way, as closed and open cyclesd
open cycles were described in Section 13.1.1. In closed cycles, the working fluid is returning to
the initial state at the end of the cycle and is recirculated. By the same token, in open cycles,
the working fluid is renewed at the end of each cycle instead of being recirculated. For
example, in automobile engines, the combustion gases are exhausted and replaced by fresh
airefuel mixture at the end of each cycle. The engine operates on a mechanical cycle, but
the working fluid does not go through a complete thermodynamic cycle.2


As we said before, any thermodynamic cycle is essentially a closed cycle in which, the work-
ing substance undergoes a series of processes and is always brought back to the initial state
(Fig. 13.5).


13.2 GAS COMPRESSORS AND THE BRAYTON CYCLE


The work in a gas compressor is calculated by


_Wcomp ¼ _mðhe � hiÞ (13.4)


If we assume that the gas in the compressor is calorically perfect, then we have


_Wcomp ¼ _mCpðTe � TiÞ (13.5)
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In many cases, this is a reasonable approximation. For noble gases, it is very accurate
because they are calorically perfect. For air and similar working fluids, it is reasonable
because the temperature rise is not that great and an average value of Cp is usually adequate.
However the average value of Cp should be chosen based on a temperature between Te and T,
not one at 300K.


If then we assume that a compressor operates isentropically (adiabatic and reversible), the
exit temperature can be related to the pressure rise in the compressor as shown in Eq. (13.6);


Te ¼ Ti


�
pe
pi


�g�1
g


_W ¼ _mCp½Te � Ti� ¼ _mCpTi


�
Te


Ti
� 1
�
¼ _m


gR
g� 1


Ti


"�
pe
pi


�g�1
g


� 1


# (13.6)


There are basically three types of compressors: reciprocating, centrifugal flow, and axial
flow. In a reciprocating or positive displacement compressor, a piston slides in a cylinder
and valves open and close to admit low-pressure fluid and exhaust high-pressure fluid. In
centrifugal flow and axial flow compressors, the fluid enters at one end and is compressed
by rotating blades and exits at the opposite end of the compressor. In the centrifugal flow
compressor, the flow is in a radially outward direction and the compression is achieved by
forcing the flow against the outer annulus of the compressor. In an axial flow compressor,
a set of rotating blades move the flow through the compressor, acting as airfoils. They force
the flow through an increasingly narrower channel, thus increasing the density and pressure.
Gasoline and diesel engines are examples of reciprocating compressors, as are positive
displacement pumps. Water pumps are examples of centrifugal flow compressors, similar
to the rotor in a washing machine. Jet engine compressors are typically axial flow


Initial State
Final State


FIGURE 13.5 Illustration of a thermodynamic closed cycle.
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compressors. Reciprocating compressors require no priming and can reach very high pres-
sures, but only moderate flow rates. Centrifugal flow and axial flow compressors usually
require priming and can reach very high flow rates, but moderate pressures.


In this section we discuss the Brayton thermodynamic cycle which is used in all gas tur-
bine engines. Fig. 13.6 shows a T-s diagram of the Brayton cycle. Using the turbine engine
station numbering system, we begin with free stream conditions at station 0. In cruising
flight, the inlet slows the air stream as it is brought to the compressor face at station 2. As
the flow slows, some of the energy associated with the aircraft velocity increases the static
pressure of the air and the flow is compressed. Ideally, the compression is isentropic and
the static temperature is also increased as shown on the plot. The compressor does work
on the gas and increases the pressure and temperature isentropically to station 3, the
compressor exit. Since the compression is ideally isentropic, a vertical line on the T-s diagram
describes the process. In reality, the compression is not isentropic and the compression process line
leans to the right because of the increase in entropy of the flow. The combustion process in the
burner occurs at constant pressure from station 3 to station 4. The temperature increase
depends on the type of fuel used and the fueleair ratio. The hot exhaust is then passed
through the power turbine in which work is done by the flow from station 4 to station 5.
Because the turbine and compressor are on the same shaft, the work done on the turbine
is exactly equal to the work done by the compressor and, ideally, the temperature change
is the same. The nozzle then brings the flow isentropically (adiabatic and reversible) back
to free stream pressure from station 5 to station 8. Externally, the flow conditions return
to free stream conditions, which complete the cycle. The area under the T-s diagram is
proportional to the useful work and thrust generated by the engine. The T-s diagram for
the ideal Brayton cycle is shown in Fig. 13.7.


T = Temperature


P = pressure
s = entropy
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FIGURE 13.6 Illustration of a Brayton cycle. Courtesy of NASA.
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The Brayton cycle analysis is used to predict the thermodynamic performance of gas
turbine engines.


As we know, the gas turbine is another mechanical system that produces power and it
may operate on a cycle when used as an automobile or truck engine, or on a closed cycle
when used in a nuclear power plant.1


Use of the Brayton process in a simple gas turbine cycle can be described first in an open
cycle operation where air enters the compressor, and passes through a constant-pressure
combustion chamber, then goes through a turbine, and then exits as the product of combus-
tion to the atmosphere, as shown in Fig. 13.7A. A similar situation can be studied when the
combustion chamber heat exchanger is added on to the loop of Fig. 13.7A, in order to orga-
nize a closed cycle as can be seen in Fig. 13.7B. Energy from some external source enters the
cycle and an additional heat exchanger that has been added on to the loop transfers heat from
the cycle so that the air can be returned to its initial state, as clearly can be seen in Fig. 13.7B.


The Brayton cycle is a theoretical cycle for a simple gas turbine. This cycle consists of two
isentropic and two constant-pressure processes. Fig. 13.8 shows the Brayton cycle on PeV and


FIGURE 13.7 Illustration of Brayton components for (A) open and (B) closed cycles.


FIGURE 13.8 Illustration of the Brayton cycle on (A) PeV and (B) T-s Diagram.
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T-s coordinates. The cycle is similar to the Diesel cycle in compression and heat addition. The
isentropic expansion of the Diesel cycle is further extended followed by constant pressure heat
rejection.


The following notation gives the thermal efficiency in mathematical format for an ideal
cycle used to model a gas turbine, which utilizes isentropic compression and expansion in
the Brayton process as:


hth ¼ Heat added�Heat rejected
Heat added


¼
_Qout


_Qin


(13.7a)


hth ¼ mCpðT3 � T1Þ �mCpðT4 � T1Þ
mCpðT3 � T2Þ


¼ 1� T4 � T1


T3 � T2


¼ 1� T1


T2


ðT4=T1Þ � 1
ðT3=T2Þ � 1


(13.7b)


Using the following isentropic process and relations that we have


T2


T1
¼
�
P2


P1


�g�1
g


and
T3


T4
¼
�
P3


P4


�g�1
g


(13.7c)


For ideal gas and observation of the PeV diagram of Fig. 13.8A obviously shows that we
can state P2 ¼ P3 and P1 ¼ P4 as a result, using Eq. (13.7c), will induced the following:


T2


T1
¼ T3


T4
or


T4


T1
¼ T3


T2
(13.7d)


Then the thermal efficiency hth from Eq. (13.7a) can be reduced to the following form:


hth ¼ 1� T4


T3
¼ 1� T1


T2
(13.7e)


Now if we introduce a term of the pressure ration rp ¼ P2=P1 the thermal efficiency from
Eq. (13.7e) will take the following form:


T4


T3
¼ T4


T3
¼ V2


V1
¼ 1


rg�1
p


(13.7f)


1
rg�1
p


¼
�
V2


V1


�g�1��P1


P2


��ðg�1Þ
¼ ðrpÞ


g�1
g (13.7g)
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hth ¼ 1� T1


T2
¼ 1�


�
P1


P2


�ðg�1Þ=g
(13.7h)


or


hth ¼ 1� rð1�gÞ=g
p (13.7i)


Note that the above final expression for thermal efficiency hth in both Eqs. (13.7h) and
(13.7i) were obtained based on the assumption of using constant specific heats. For more
accurate calculations the gas tables should be utilized.


In an actual gas turbine the compressor and the turbine are not isentropic and some losses
are taking place. These losses, usually in the neighborhood of 85%, significantly reduce the
efficiency of the gas turbine engine.3


Considering all the abovewecan see that thebackwork ratio is defined for aBrayton systemas
Wcomp=Wturb. This an important feature of the gas turbine that limits thermal efficiency, which is
required for the compressor tohavehighworkand ismeasuredby this ration. This canactuallybe
fairly large, approaching 1.0. If the compressor is too inefficient, the Brayton cycle will not work.
Only when efficient air compressors were developed was the jet engine feasible.


EXAMPLE 13.1
Air enters the compressor of a gas turbine at 100 kPa and 25�C. For a pressure ratio of 5 and a


maximum temperature of 850�C determine the back work ratio and the thermal efficiency using the
Brayton cycle.


Solution
To find the back work ration we can see that


Wcomp


Wturb
¼ CpðT2 � T1Þ


CpðT3 � T4Þ ¼ T2 � T1


T3 � T4


The temperatures are T1 ¼ 273 þ 25 ¼ 298K, T2 ¼ 273 þ 850 ¼ 1123K, and


T2 ¼ T1


�
P2


P1


�ðg�1Þ=g
¼ ð298Þð5Þ0:2857 ¼ 472:0K


and


T4 ¼ T3


�
P4


P5


�ðg�1Þ=g
¼ ð1123Þ


�
1
5


�0:2857


¼ 709:1K


The back work ratio is then given by


Wcomp


Wturb
¼ 472:0� 298


1123� 709
¼ 0:420 or 42.0%


The thermal efficiency is


hth ¼ 1� rð1�gÞ=g ¼ 1� ð5Þ�0:2857 ¼ 0:369 or 36.9%
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EXAMPLE 13.2
In an air-standard Brayton cycle with a pressure ratio of 8, the pressure and temperature at the


start of the compression are 100 kPa and 300K. The maximum allowed temperature in the cycle is
1200K. Determine the energy added per kg air, the work done per kg air, and the thermal efficiency
of the cycle (use Fig. 13.9).


Solution
The air-standard Brayton cycle is shown on a PeV diagram in Fig. 13.9. The pressure ratio rp of


the Brayton cycle is given by


rp ¼ P2


P1
¼ 8


In addition to pressure ratio, the other data given are P1 ¼ 100 kPa, T1 ¼ 300K, T3 ¼ 1200K.
The temperature T2 of air after the isentropic compression process 1/ 2 is given by


T2 ¼ T1


�
P2


P1


�g�1
g


¼ 300ð8Þ0:41:4 ¼ 543:4K


The energy is


q1 ¼ CpðT3 � T2Þ ¼ 1:0047ð1200� 543:4Þ ¼ 659:69 kJ=kg


The thermal efficiency hth of the Brayton cycle is given by


hth ¼ 1�
�
1
rp


�ð1�gÞ=g
¼ 1�


�
1
8


�0:4
1:4


¼ 0:448


The net work done Wnet per kg air is given by


Wnet ¼ q1hth ¼ ð6:59:59Þ � ð0:448Þ ¼ 295:54 kJ=kg
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FIGURE 13.9 Sketch of Example 13.2.
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13.3 THE NONIDEAL BRAYTON CYCLE


The ideal air standard Brayton cycle assumes isentropic compression and expansion
processes. So far this has not been achieved in any real device. The isentropic efficiency for
these processes is defined as


Isentropic efficiencyðcompressionÞ ¼ Dhisentropic
Dhactual


Isentropic efficiencyðexpansionÞ ¼ Dhactual
Dhisentropic


Unfortunately, the isentropic efficiency of a compressor or turbine will depend on the pres-
sure ratio for the device. In doing parametric or design studies it is more useful to define an
efficiency that does not depend on the pressure ratio, but only on the manufacturing toler-
ances and efficiencies of individual stages. This small stage, or infinitesimal stage, efficiency
is called the polytropic efficiency.


Consider the combined first and second laws for an infinitesimal process:


dh ¼ vdpþ Tds (13.8)


The term Tds represents a heat flow for the process. During a compression, the inefficiency
of the process represents a heat flow into the system. For an expansion the inefficiency
represents a heat flow out of the system. So, on an infinitesimal basis we can write,


dh ¼ vdpþ ðTdsÞ ¼ vdp=ec;poly for a compressor


dh ¼ vdpþ ð�TdsÞ ¼ ei;poly � vdp for a turbine
(13.9)


then these two equations can be integrated similarly to the way the isentropic relation was
integrated. For an isentropic expansion of a calorically perfect ideal gas we have


vdp ¼ RT
p


dp


dh ¼ cpdT ¼ RT
p


dp


dT
T


¼ R
Cp


dp
p


¼ g� 1
g


dp
p


�
T2


T1


�
¼
�
p2
p1


�g�1
g
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For a polytropic compression we have


vdp ¼ RT
ec;polyp


dp


dh ¼ cpdT ¼ RT
ec;polyp


dp


dT
T


¼ R
Cp


dp
p


¼ g� 1
ec;polyg


dp
p


�
T2


T1


�
¼
�
p2
p1


� g�1
ec;polyg


And for a polytropic expansion we have


vdp ¼ et;polyRT
p


dp


dh ¼ cpdT ¼ et;polyRT
p


dp


dT
T


¼ R
Cp


dp
p


¼ et;polyðg� 1Þ
g


dp
p


�
T2


T1


�
¼
�
p2
p1


�et;polyðg�1Þ
g


Now for a calorically perfect gas, the isentropic efficiency of a compressor is given by


hc;isen ¼ CpðTout;isen � TinÞ
CpðTout;actual � TinÞ ¼


Tout;isen


Tin
� 1


Tout;actual


Tin
� 1


¼


�
pout
pin


�g�1
g


� 1


�
pout
pin


� g�1
gec;poly


And the isentropic efficiency of a turbine is given by


ht;isen ¼ CpðTout;actual � TinÞ
CpðTout;isen � TinÞ ¼


Tout;actual


Tin
� 1


Tout;isen


Tin
� 1


¼


�
pout
pin


�et;polyðg�1Þ
g


� 1


�
pout
pin


� g�1
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EXAMPLE 13.3
A gas turbine operates in ambient conditions of 14.677 psi, 17�C, and the maximum cycle


temperature is limited to 1000K. The compressor, which has a polytropic efficiency of 88%, is driven
by the gas generator turbine, and a separate power turbine is geared to the power output on a
separate shaft; both turbines have polytropic efficiencies of 90%. There is a pressure loss of 2.9 psi
bar between the compressor and the gas generator turbine inlet. Neglecting all other losses, and
assuming negligible kinetic energy changes, calculate:


1. The compressor pressure ratio which will give maximum specific power output;
2. The isentropic efficiency of the power turbine.


For the gases in both turbines, take Cp ¼ 1.15 kJ/kg K and g ¼ 1.33.
For air take Cp ¼ 1.005 kJ/kg K and g ¼ 1.4.


Solution
1. The cycle is shown on a T-s diagram in Fig. 13.10.


Let p2
p1


¼ r. From Eq. (13.17), we can write


T2 ¼ T1rðg�1Þ=ghNc ¼ ð17þ 273Þ � r0:4=1:4�0:88 ¼ 290r0:325


Now


p3 ¼ p2 � 0:2 ¼ ðp1 � rÞ � 0:2 ¼ 1:012� r� 0:2


p5 ¼ p1 ¼ 14:677


or


p3
p5


¼ 14:677r� 2:9
14:677


¼ r� 0:198


2
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FIGURE 13.10 Gas turbine cycle on a T-s diagram for Example 13.3.


13.3 THE NONIDEAL BRAYTON CYCLE 345







Since the polytropic efficiency of both turbines is the same then, using Eq. (13.16), this
provides


T3


T5
¼ ðp3Þðg�1ÞhNe=g


ðp1Þ ¼ ðr� 0:198Þ0:9=4


T5 ¼ 1000


ðr� 0:198Þ0:225


Turbine specific power output ¼ cpðT3 � T5Þ


¼ 1:15


 
1000� 1000


ðr� 0:198Þ0:225
!


¼ 1150
h
1� ðr� 0:198Þ�0:225


i


Compressor specific power output ¼ cpðT2 � T1Þ
¼ 1:005


�
290r0:325 � 290


	
¼ 291:5


�
r0:325 � 1


	
Net specific power output is


_W ¼ 1150
h
1� ðr� 0:198Þ�0:225


i
� 291:5


�
r0:325 � 1


	


To find the maximum of the above relation, we set d _W


dr ¼ 0 so we get


0:225� 1150� ðr� 0:198Þ�1:225 ¼ 0:325� 291:5� r�0:675


Trial and error, or graphical, solution gives r ¼ 6.65.
The compressor pressure ratio for maximum specific power output ¼ 6.65.


2. T2 ¼ 290r0.325 ¼ 290(6.65)0.325 ¼ 536.8K
Now we can write the following


Gas turbine power output ¼ Compressor power input


Therefore


1:15ð1000� T4Þ ¼ 1:005ð536:8� 290Þ
i.e.,


T4 ¼ 784:3K


Then


p3
p4


¼ ðT3Þg=ðg�1ÞhNe


ðT4Þ ¼ ð1000Þ4=0:9
ð7843:3Þ ¼ 2:944


Also


p3 ¼ 6:65p1 � 0:290 ¼ ð6:65� 1:012Þ � 0:290 ¼ 4:73 bar
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Therefore


p4 ¼ 4:73
2:944


¼ 1:607 bar


Then


T4


T5
¼ ðp4Þðg�1Þ=hNe=g


ðp5Þ ¼ ð1:607Þ0:9=4
ð14:677Þ ¼ 1:110


T4


T5s
¼ ðp4Þðg�1Þ=g


ðp5Þ ¼ ð1:607Þ0:25
ð14:677Þ ¼ 1:123


Using the relationship for turbine isentropic efficiency, hT as:


Power turbine isentropic efficiency hPT ¼ cpðT4 � T5Þ
cpðT4 � T5sÞ ¼ ðT4 � T5Þ


ðT4 � T5sÞ
Then we can write


hPT ¼ ðT4 � T5Þ
ðT4 � T5sÞ ¼ 1� ðT5=T4Þ


1� ðT5s=T4Þ ¼ 1� ð1=1:11Þ
1� ð1=1:123Þ ¼ 0:905 or 90.5%


13.4 THE AIR STANDARD CYCLE


It is important to note that the air standard cycle applies to the performance of an internal
combustion engine because, once the fuel ignites, it releases its energy as heat. If the process
of combustion is ignored and the heat released is considered as heat applied during the
appropriate portion of an air standard cycle, the heat conversion process in the internal com-
bustion engine can be examined with standard thermodynamic methods.


It is equally important to remember, however, that the air standard cycle is not an internal
combustion engine, so one must be careful not to carry the analogy too far. Some individuals
attempt to apply limitations and requirements for closed cycles to processes that are not
closed. This can easily lead to an incorrect analysis of the open process because an open
process by definition can gain or lose heat in the system by means that a closed cycle cannot.


To further analyze an air cycle in studying internal combustion engine performance
characteristics through use of air standard cycles involves making a number of simplifying
assumptions. It involves simulating engine operation with the help of thermodynamics to
formulate mathematical expressions which can then be solved in order to obtain the relevant
information.


The method of solution will depend upon the complexity of the formulation of the math-
ematical expressions, which in turn will depend upon the assumptions that have been intro-
duced in order to analyze the processes in the engine. The more the assumptions, the simpler
will be the mathematical expressions and the easier the calculations, but the lesser will be the
accuracy of the final results.
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Any device that operates in a thermodynamic cycle, absorbs thermal energy from a source,
rejects a part of it to a sink, and presents the difference between the energy absorbed and
energy rejected as work to the surroundings is called a heat engine.


A heat engine is, thus, a device that produces work. In order to achieve this purpose, the
air cycle heat engine-working medium undergoes the following processes:


1. A compression process where the working medium absorbs energy as work;
2. A heat addition process where the working medium absorbs energy as heat from a


source;
3 An expansion process where the working medium transfers energy as work to the


surroundings;
4 A heat rejection process where the working medium rejects energy as heat to a sink.


If the working medium does not undergo any change of phase during its passage through
the cycle, the heat engine is said to operate in a nonphase change cycle. A phase change cycle
is one in which the working medium undergoes changes of phase. Air standard cycles, using
air as the working medium, are examples of nonphase change cycles while the steam and
vapor compression refrigeration cycles are examples of phase change cycles.


We will consider several engines that operate in a cycle using primarily air as a working
fluid. To do this we will make several approximations:


1. Air is the working fluid throughout the entire cycle. The mass of the small amount of
injected fuel is negligible;


2. There is no inlet or exhaust process;
3. Combustion is replaced by a heat transfer process;
4. Heat transfer to the surroundings replaces the exhaust process used to restore air to its


original state. Since we will start by considering open cycles, the return to initial condi-
tions relies on the atmosphere to complete this part of the cycle. When we analyze a
nuclear Brayton system, we will close the loop and completely contain the main loop
working fluid. We will use a heat exchanger to bring the working fluid back to the
compressor inlet conditions;


5. All processes will be assumed to be quasi equilibrium;
6. Air will be assumed to be a calorically perfect gas, so that we can use constant specific


heats. For nuclear systems that use helium or a combination of noble gases this is not
an approximation.


When we talk about reciprocating engines, one of the parameters that will be of most inter-
est is the compression ratio (CR). This is the ratio of the volume at the bottom dead center of the
piston movement divided by the volume at the top dead center of the piston movement:


r ¼ VBDC


VTDC


(13.10)


Another characteristic of reciprocating engines is the mean effective pressure. This is
defined in terms of the work output of a cycle and the difference in volumes for the piston:


Wcycle ¼ MEPðVBDC � VTDCÞ (13.11)
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Since the air standard analysis is the simplest and most ideal way of modeling an internal
combustion engine, such cycles are also called ideal cycles and engines running on such
cycles are called ideal engines.


In order that an analysis such as the above can be made as simple as possible, certain
assumptions have to be made, which are listed below. These assumptions result in an anal-
ysis that is far from correct for most actual combustion engine processes, but the analysis is of
considerable value for indicating the upper limit of performance. The analysis is also a simple
means for indicating the relative effects of principal variables of the cycle and the relative size
of the apparatus.


Assumptions


1. The working medium is a perfect gas with constant specific heats and molecular weight
corresponding to values at room temperature.


2. No chemical reactions occur during the cycle. The heat addition and heat rejection
processes are merely heat transfer processes.


3. The processes are reversible.
4. Losses by heat transfer from the apparatus to the atmosphere are assumed to be zero in


this analysis.
5. The working medium at the end of the process (cycle) is unchanged and is at the same


condition as at the beginning of the process (cycle).


When selecting an idealized process one is always faced with the fact that the simpler the
assumptions, the easier the analysis, but the further the result from reality. The air cycle has
the advantage of being based on a few simple assumptions and of lending itself to rapid and
easy mathematical handling without recourse to thermodynamic charts or tables or compli-
cated calculations. On the other hand, there is always the danger of losing sight of its limita-
tions and of trying to employ it beyond its real usefulness.


EXAMPLE 13.4
An engine operates with air on the cycle as in Fig. 13.11 with isentropic 1 / 2 and 3/ 4. If the


CR is 12, the minimum pressure is 200 kPa, and the maximum pressure is 10 MPa determine: (1) the
percent clearance and (2) the mean effective pressure (MEP).


Solution
1. The percent clearance is given by


c ¼ V2


V1 � V2
ð100Þ


But the CR is r ¼ V1=V2. Thus we have


c ¼ V2


12V2 � V2
ð100Þ ¼ 100


11
¼ 9:09%
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2. To determine the MEP we must calculate the area under the PeV diagram. This is equivalent
to calculating the work. The work from 3 / 4 is, using PVg ¼ C


W3/4 ¼
Z


PdV ¼ C
Z


dV
Vg


¼ C
1� g


�
V1�g


4 � V1�g
3


	 ¼ P4V4 � P3V3


1� g


where C ¼ P4V
g
4 ¼ P3V


g
3 . But we know that V4=V3 ¼ 12, so


W3/4 ¼ V3


1� g
ð12P4 � P3Þ


Likewise, the work from 1/ 2 is


W1/2 ¼ V2


1� g
ðP2 � 12P1Þ


Since no work occurs in the two constant-volume processes, we find, using V2 ¼ V3


Wcycle ¼ V2


1� g
ð12P4 � P3 þ P2 � 12P1Þ


The pressures P2 and P4 are found as follows


P2 ¼ P1


�
V1


V2


�g


¼ ð200Þð12Þ1:4 ¼ 1665 kPa


and


P4 ¼ P3


�
V3


V4


�g


¼ ð1000Þ
�
1
12


�1:4


¼ 308
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FIGURE 13.11 Sketch of Example 13.4.
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hence


Wcycle ¼ V2


�0:4
½ð12Þð308Þ � 1000þ 1665� ð12Þð200Þ� ¼ 20070V2


But Wcycle ¼ ðMEPÞðV1 � V2Þ ¼ ðMEPÞð12V2 � V2Þ; equating the two expressions yields


MEP ¼ 20070
11


¼ 1824 kPa


13.5 EQUIVALENT AIR CYCLE


A particular air cycle is usually taken to represent an approximation of some real set of
processes which the user has in mind. Generally speaking, the air cycle representing a given
real cycle is called an equivalent air cycle. The equivalent cycle has, in general, the following
characteristics in common with the real cycle, which it approximates:


1. A similar sequence of processes;
2. The same ratio of maximum to minimum volume for reciprocating engines or maximum


to minimum pressure for gas turbine engines;
3. The same pressure and temperature at a given reference point;
4. An appropriate value of heat addition per unit mass of air.


Note that under the above circumstances that both air standard cycles and equivalent air
cycles are mentioned and taken under consideration, we now can study and describe other
known gas power engine cycles, which are the subject of the next few sections.


13.6 CARNOT CYCLE


A Carnot gas cycle operating in a given temperature range is shown in the T-s diagram in
Fig. 13.12A. One way to carry out the processes of this cycle is through the use of steady-state,
steady-flow devices as shown in Fig. 13.12B. The isentropic expansion process 2e3 and the
isentropic compression process 4e1 can be simulated quite well by a well-designed turbine
and compressor, respectively, but the isothermal expansion process 1e2 and the isothermal
compression process 3e4 are most difficult to achieve. Because of these difficulties, a steady-
flow Carnot gas cycle is not practical (Fig. 13.13).


The Carnot gas cycle could also be achieved in a cylinder-piston apparatus (a reciprocating
engine) as shown in Fig. 13.14B. The Carnot cycle on the PeV diagram is as shown in
Fig. 13.14A, in which processes 1e2 and 3e4 are isothermal, while processes 2e3 and 4-1
are isentropic. We know that the Carnot cycle efficiency is given by the expression


hth ¼ 1� TL


TH
¼ 1� T4


T1
¼ 1� T3


T2
(13.12)
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FIGURE 13.12 Steady flow Carnot engine.


FIGURE 13.13 Reciprocating Carnot engine with step-by-step process.
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FIGURE 13.14 Carnot cycle on PeV and T-s diagrams.
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The cycle associated with the Carnot engine is shown in Fig. 13.13, using an ideal gas as
the working substance. It is composed of the following four reversible processes2:


Process 1 / 2: An Isothermal Expansion. Heat is transferred reversibly from the
high-temperature reservoir at the constant temperature, TH. The piston in the cylinder is
withdrawn and the volume increases.
Process 2 / 3: An Isentropic (Adiabatic Reversible Expansion). The cylinder is completely
insulated so that no heat transfer occurs during this reversible process. The piston
continues to be withdrawn, with the volume increasing.
Process 3 / 4: An isothermal compression. Heat is transferred reversibly to the
low-temperature reservoir at the constant temperature, TL. The piston compresses the
working substance, with the volume decreasing.
Process 4 / 1: An adiabatic reversible compression. The completely insulated cylinder
allows no heat transfer during this reversible process. The piston continues to compress
the working substance until the original volume, temperature, and pressures are
reached, thereby completing the cycle.


Applying the first law of thermodynamics to the Carnot cycle presented in Fig. 13.14, we
see that


Wnet ¼ QH �QL (13.13)


where QL is assumed to be a positive value for the heat transfer to the low-temperature reser-
voir. This allows us to write the thermal efficiency for the Carnot cycle as


hth ¼ QH �QL


QH
¼ 1� QL


QH
(13.14)


Under the above condition, Eq. (13.12) sometimes can be expressed as the following form


hCarnot ¼ 1� TL


TH
(13.15)


Also based on Potter and Somerton,1 the following examples will be used to prove the
following three postulates:


1. It is impossible to construct an engine, operating between two given temperature reser-
voirs, that is more efficient than the Carnot engine.


2. The efficiency of a Carnot engine is not dependent on the working substance used or
any particular design feature of the engine.


3. All reversible engines, operating between two given temperature reservoirs, have the
same efficiency as a Carnot engine operating between the same two temperature
reservoirs.


Since the working fluid is an ideal gas with constant specific heat, we have, for the
isentropic process the following relationship


T1


T4
¼
�
V4


V1


�g�1


and
T2


T3
¼
�
V3


V2


�g�1


(13.16)


13.6 CARNOT CYCLE 353







Now, T1 ¼ T2 and T4 ¼ T3, therefore we can conclude that


V4


V1
¼ V3


V2
¼ rv ¼ Compression or expansion volume ratio (13.17)


Then, Carnot cycle efficiency using the ratio above, may be written as


hth ¼ 1� 1
rg�1
v


(13.18)


From Eq. (13.18) in above, it can be observed that the Carnot cycle efficiency increases as r
increases. This implies that the high thermal efficiency of a Carnot cycle is obtained at the
expense of large piston displacement. In addition, for isentropic processes we have


T1


T4
¼
�
P1


P4


�g�1
g


and
T2


T3
¼
�
P2


P3


�g�1
g


(13.19)


Since, T1 ¼ T2 and T4 ¼ T3, we have


P1


P4
¼ P2


P3
¼ rp ¼ Pressure ratio (13.20)


Therefore, Carnot cycle efficiency may be written as


hth ¼ 1� 1


r
g�1
g


p


(13.21)


From Eq. (13.21), it can be observed that the Carnot cycle efficiency can be increased by
increasing the pressure ratio. This means that Carnot cycle should be operated at high
peak pressure to obtain large efficiency (see Fig. 13.15).


High-temperature
Source


Perfectly insulated walls


Piston


Low-temperature
Sink


Perfect insulator cum
Perfect conductor


T3 K


T1 K


O


FIGURE 13.15 Working of Carnot engine.
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EXAMPLE 13.5
A Carnot engine delivers 10 kW of power while absorbing energy as heat from a source at


1000�C. It rejects energy as heat to a sink at 27�C. Determine the energy absorbed and the energy
rejected per second by the engine.


Solution
We know that the thermal efficiency hth of a Carnot engine is given by


hth ¼ 1� T2


T1
¼


_W
_Q1


¼ 1� ð273þ 27ÞK
ð273þ 1000ÞK ¼ 0:7643


¼ 0:7643 ¼
_W
_Q1


¼ 10� 103


_Q1


_Q1 ¼ 13:084 kW


But _W ¼ _Q1 � _Q2 or _Q2 � _Q1 � _W ¼ 13; 084� 10 ¼ 3:084 kW.
Therefore the energy absorbed per second by the engine is equal to 13.084 kJ/s. The energy


rejected per second by the engine is equal to 3.084 kJ/s.


13.7 OTTO CYCLE


The air-standard Otto cycle is the idealized cycle for spark-ignition internal combustion
engines. This cycle is shown above on PeV and T-s diagrams. The spark-ignition engine is
modeled with this Otto cycle.


The Otto cycle 1/ 2 / 3 / 4 consists of following four processes:


Process 1 / 2: Reversible adiabatic compression of air;
Process 2 / 3: Heat addition at constant volume;
Process 3 / 4: Reversible adiabatic expansion of air;
Process 4 / 1: Heat rejection at constant volume.


Since processes 1 / 2 and 3 / 4 are adiabatic processes, the heat transfer during the cycle
takes place only during processes 2 / 3 and 4 / 1, respectively. Mathematically speaking,
the processes for the Otto cycle are described on the two charts that are shown in Fig. 13.16.
Therefore, thermal efficiency hth can be written as


hth ¼ Net Workdone
Net Heat Added


¼
_Wnet


_Qin


(13.22)


Note the two heat transfer processes taking place during the constant-volume processes for
which the work is zero and the result is that Eq. (13.22) takes the form of:


hth ¼ Heat Added�Heat Rejected
Heat Added


¼
_Qin � _Qout


_Qin


¼ 1�
_Qout


_Qin


(13.23)
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Consider “m” kg of working fluid, and assume each quantity in Eq. (13.23) to be a positive
process, then we have


(
Heat Added ¼ _Qin ¼ mCvðT3 � T2Þ
Heat Rejected ¼ _Qout ¼ mCvðT4 � T1Þ (13.24)


Substituting the set of Eq. (13.24) into Eq. (13.23), we can write


hth ¼ 1�
_Qout


_Qin


¼ 1�mCvðT3 � T2Þ
mCvðT4 � T1Þ ¼ 1� T3 � T2


T4 � T1
(13.25)


Eq. (13.25) can be rearranged and presented as follows:


hth ¼ 1� T1


T2


"
T4=T1


� 1


T3=T2
� 1


#
(13.26)


For isentropic (reversible adiabatic) processes 3 / 4 and 1 / 2, we can write the
following form for Eq. (13.26):


T2


T1
¼
�
V1


V2


�g�1


and
T3


T4
¼
�
V4


V3


�g�1


(13.27)


But using the fact that V1 ¼ V4 and V3 ¼ V2, we see that


T2


T1
¼ T3


T4
or


T1


T2
¼ T4


T3
(13.28)
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FIGURE 13.16 Otto cycle on PeV and T-s diagrams.
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Utilizing the relationships of Eq. (13.28) allows writing Eq. (13.26) to obtain the final form
of thermal efficiency hth as


hth ¼ 1� T1


T2
¼ 1�


�
V1


V2


�g�1


(13.29)


Defining the parameter r ¼ V1=V2, that is called the CR, then Eq. (13.28) can be simplified
to:


hth ¼ 1� 1
rg�1


¼ 1�
�
1
r


�g�1


(13.30)


From Eq. (13.15), it can be observed that the efficiency of the Otto cycle is mainly the func-
tion of CR for the given ratio of Cp and Cv. If we plot the variations of the thermal efficiency
with increase in CR for different gases, the curves are obtained as shown in Fig. 13.17. Beyond
certain values of CRs, the increase in the thermal efficiency is very small, because the curve
tends to be asymptotic. However, practically, the CR of petrol engines is restricted to a
maximum of 9 or 10 due to the phenomenon of knocking at high CRs. The same equation
also indicates that the higher the CR, the higher the thermal efficiency.


EXAMPLE 13.6
A spark-ignition engine is proposed to have a CR of 10 while operating with a low temperature


of 200�C and a low pressure of 200 kPa. If the work output is to be 1000 kJ/kg, calculate the
maximum possible thermal efficiency and compare with that of a Carnot cycle. Also calculate the
MEP (see Section 13.7.1 for MEP).


FIGURE 13.17 Effect of compression ratio and g on efficiency for Otto cycle.
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Solution
The Otto cycle provides the model for this engine. The maximum possible thermal efficiency for


the engine would be


hth ¼ 1�
�
1
r


�g�1


¼ 1�
�
1
10


�0:4


¼ 0:602 or 60.2%


Since process 1 / 2 is isentropic, we find that


T2 ¼ T1


�
V1


V2


�g�1


¼ ð473Þð8Þ0:4 ¼ 1188K


The net work for the cycle is given by


Wnet ¼ W1/2 þW0
2/3 þW3/4 þW0


4/1 ¼ CvðT1 � T2Þ þ CvðT1 � T2Þ
or


1000 ¼ ð0:717Þð473� 1188þ T3 � T4Þ
But, for the isentropic process 3/ 4


T3 ¼ T4


�
V4


V3


�g�1


¼ ðT4Þð10Þ0:4 ¼ 2:512T4


Solving the last two equations simultaneously (a practice left for the readers), we find T3 ¼ 3508K
and T4 ¼ 1397K, so that (applying Eq. 13.15)


hCarnot ¼ 1� TL


TH
¼ 1� 473


3508
¼ 0:865 or 86.5%


The Otto cycle efficiency is less than that of a Carnot cycle operating between the limiting
temperatures because the heat transfer processes in the Otto cycle are not isothermal:


Wnet ¼ ðMEPÞðV1 � V2Þ
We have


V1 ¼ RT1


P1
¼ ð0:287Þð473Þ


200
¼ 0:6788 m3




kg or V2 ¼ V1


10


Thus,


MEP ¼ Wnet


V1 � V2
¼ 1000


ð0:9Þð0:6788Þ ¼ 1640 kPa


13.7.1 Mean Effective Pressure (MEP; Otto Cycle)


Generally, MEP is defined as the ratio of the net work done to the displacement volume of
the piston.
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Let us consider “m” kg of working substance.


Net Work Done ¼ mCvfðT3 � T2Þ � ðT4 � T1Þg (13.31)


Displacement Volume ¼ ðV1 � V2Þ


¼ V1


�
1� 1


r


�
¼ mRT1


P1


�
r� 1
r


�


¼ mCvðg� 1ÞT1


P1


�
r� 1
r


�
(13.32)


Knowing that by now R is the universal ideal gas constant and g ¼ Cp=Cv is the specific
heat index, their relation between each other is defined as


R ¼ Cp � Cv ¼ Cvðg� 1Þ (13.33)


Substituting Eq. (13.33) into Eq. (13.32) will result in an equation and relation for mean
effective pressure (MEP) defined as


MEP ¼ mCv½ðT3 � T2Þ � ðT4 � T1Þ�
mCvðg� 1Þ


P1


��
r� 1
r


��


¼
�


1
g� 1


��
P1


T1


�� r
r� 1


�
fðT3 � T2Þ � ðT4 � T1Þg


(13.34)


Now,


T2 ¼ T1ðrÞg�1 (13.35)


Let,


rp ¼ P3


P2
¼ T3


T2
¼ Pressure Ratio (13.36)


or,


T3 ¼ P3


P2
T2 ¼ rpT2 ¼ rprg�1T1 for V ¼ C (13.37)


Therefore,


T4 ¼ T3


�
1
r


�g�1


¼ rprg�1T1


�
1
r


�g�1


¼ rpT1 (13.38)
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Then,


MEP ¼ P1r
ðr� 1Þðg� 1Þ



�
rprg�1 � rg�1


	� ðrp � 1Þ�


¼ P1r
��


rg�1ðrp � 1Þ � ðrp � 1Þ
ðg� 1Þðr� 1Þ


�� (13.39)


MEP ¼ P1r
�ðrg�1 � 1Þðrp � 1Þ


ðr� 1Þðg� 1Þ
�


(13.40)


EXAMPLE 13.7
Consider an air-standard Otto cycle with a CR of 8. At the beginning of the compression stroke,


the temperature is 300K and pressure is 100 kPa. Thermal energy q is supplied at 1840 kJ/kg. Given
that Cv for air is 0.7176 kJ/kg K, determine:


1. The temperature and pressure at the terminal points of all the processes;
2. The thermal efficiency;
3. The work done per kilogram air; and
4. The mean effective pressure.


Solution
It is given that T1 ¼ 300K; P1 ¼ 100 kPa and r0 ¼ V1


V2
¼ 8


1. Process 1/ 2 is isentropic. Therefore,


PVg ¼ constant


T2 ¼ T1


�
V1


V2


�g�1


¼ 300ð8Þ0:4 ¼ 689:2K


P2 ¼ P1


�
V1


V2


�g


¼ 100ð8Þ1:4 ¼ 1837:9 kPa


Process 2 / 3 is a constant volume process. Hence,


q ¼ u3 � u2 ¼ CvðT3 � T2Þ
Therefore,


1840 ¼ 0:7176ðT3 � 689:2Þ or T3 ¼ 3253:5K


For a constant volume process


P3


T3
¼ P2


T2


P3 ¼ T3P2


T2
¼ 3253:5� 1837:9


689:2
¼ 8676:1 kPa
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3 / 4 is an isentropic process. Hence,


T4 ¼ T3


�
V3


V4


�g�1


¼ 3253:5
�
1
8


�0:4


¼ 1416:2K


P4 ¼ P3


�
V3


V4


�g�1


¼ 8676:1
�
1
8


�1:4


¼ 472:1 kPa


2.
The thermal efficiency hth is given by Eq. (13.29), so we have


hth ¼ 1�
�
1
r


�g�1


¼ 1�
�
1
8


�0:4


¼ 0:565


3.
The work done per kilogram air is


Work done ¼ qhth ¼ 1840ð0:565Þ ¼ 1039:6


4.
The mean effective pressure can be calculated as follows:


V1 ¼ NRT1


P1
¼ 8:314� 103 � 300


28:97� 105
¼ 0:861 m3




kg


V2 ¼ V1=r ¼ 0:861=8 ¼ 0:1076 m3


kg


MEP ¼ 1039:6
=ð0:861� 0:1076Þ ¼ 1379:88 kPa


13.8 DIESEL CYCLE


The engines in use today, which are known as diesel engines, are far diverged from the
original design by Diesel in 1892 who worked on the idea of spontaneous ignition of powered
coal, which was blasted into the cylinder by compressed air. The air standard diesel cycle is
an idealized cycle for diesel engines and if air is compressed to a high enough pressure ratios,
typically above 14 or greater, no spark will be required to ignite the fuel. This process is as
shown on the PeV and T-s diagrams in Fig. 13.18.


The Diesel cycle 1 / 2 / 3 / 4 consists of the following four processes:


Process 1 / 2: Reversible adiabatic compression;
Process 2 / 3: Constant pressure heat addition;
Process 3 / 4: Reversible adiabatic compression;
Process 4 / 1: Constant volume heat rejection.
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Consider “m” kilograms of fluid as mass. Since the compression and expansion processes
are reversible adiabatic processes, we can write.


As before the, using Fig. 13.18, we can write, the thermal efficient hth in the following form:


hth ¼
_Wnet


_Qin


¼
_Qin � _Qout


_Qin


¼ 1þ
_Qout


_Qin


(13.41)


For constant-volume and the constant-pressure processes, we have


_Qout ¼ _mCvðT4 � T1Þ and _Qin ¼ _mCpðT3 � T2Þ (13.42)


Substituting for Eq. (13.41) the quantities that are define in Eq. (13.42), we have


hth ¼ 1� CvðT4 � T1Þ
CpðT3 � T2Þ ¼ 1� ðT4 � T1Þ


gðT3 � T2Þ ¼ 1� 1
l


�
T4 � T1


T3 � T2


�
(13.43)


Eq. (13.43) can be written as


hth ¼ 1� T1


gT2


"
T4=T1


� 1


T3=T2
� 1


#
¼ 1� 1


rg�1


r� 1
lðr� 1Þ (13.44)


From Eq. (13.44) we can conclude the following:


T2 ¼ T1rg�1 or r ¼ V1


V2
¼ V4


V2
(13.45)


Defining the cutoff ratio as


cutoff ratio ¼ rc ¼ T3


T2
¼ V3


V2
(13.46)
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FIGURE 13.18 Illustration of a Diesel cycle.
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Then we have


T3 ¼ rcT2 ¼ rcT1rg�1 (13.47)


T4 ¼ T3


�
V3


V4


�g�1


¼ T3


�
V4


V3


�g�1


¼ T3


�
V4


V2


V2


V3


�g�1


¼ T3


�
r
rc


�1�g


¼ rcT1rg�1


�
r
rc


�1�g


(13.48)


A simplified version of the above equation would be:


T4 ¼ rgc T1 (13.49)


Hence,


hth ¼ 1� 1
g


�
rgc T1 � T1


rcrg�1T1 � rg�1T1


�


¼ 1� r1�g


�
rgc � 1


gðrc � 1Þ
� (13.50)


From the above equation, it is observed that the thermal efficiency of the diesel engine can
be increased by increasing the CR, r, by decreasing the cut-off ratio, a2, or by using a gas with
large value of g. Since the quantity ðrg � 1Þ=gðrp � 1Þ in the above equation is always greater
than unity, the efficiency of a Diesel cycle is always lower than that of an Otto cycle having
the same CR. However, practical Diesel engines use higher CRs compared to petrol engines.


EXAMPLE 13.8
A diesel engine has an inlet temperature and pressure of 15�C and 1 bar, respectively. The CR is


12/1 and the maximum cycle temperature is 1100�C. Calculate the air standard thermal efficiency
based on the diesel cycle.


Solution
Referring to Fig. 13.19, T1 ¼ 15 þ 273 ¼ 288K and T3 ¼ 1100 þ 273 ¼ 1373K. From Eq. (13.48), we


can see that


T2


T1
¼
�
V1


V2


�g�1


¼ rg�1
c ¼ 120:4 ¼ 2:7


Then we have


T2 ¼ 2:7� 288 ¼ 778K
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At constant pressure from 2 to 3, since PV ¼ RT for a perfect gas, then


T3


T2
¼ V3


V2


i.e.,


V3


V2
¼ 1373


778
¼ 1:765


Therefore,


V4


V3
¼ V4V2


V2V4
¼ V1V2


V2V3
¼ 12� 1


1:765
¼ 6:8


Then using Eq. (13.47) again


T3


T4
¼
�
V4


V3


�g�1


¼ rg�1
c ¼ 6:80:4 ¼ 2:153


i.e.,


T4 ¼ 1373
2:153


¼ 638K


Then from Eq. (13.42), per kilogram of air, we can write


Q1 ¼ CpðT3 � T2Þ ¼ 1:005ð1373� 778Þ ¼ 598 kJ=kg


Also from same equation, per kilogram of air, the heat rejected is


Q2 ¼ CvðT4 � T1Þ ¼ 0:718ð638� 288Þ ¼ 251


Therefore from Eq. (13.42), we can write


hth ¼ 598� 251
598


¼ 0:58 or 58%


FIGURE 13.19 Illustration of Example 13.8.
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13.8.1 Mean Effective Pressure (Diesel Cycle)


We just show the steps without any description of each step since the process is straight-
forward


MEP ¼ Network done
Displacement volume


¼ mCpðT3 � T2Þ �mCvðT4 � T1Þ
V1 � V2


(13.51)


V1 � V2 ¼ V1


�
1� V2


V1


�
¼ V1


�
1� 1


r


�


¼ mRT1


�
r� 1
r


�


¼ mCvðg� 1Þ
P1


�
r� 1
r


�
(13.52)


MEP ¼ mCpðT3 � T2Þ �mCvðT4 � T1Þ
mCvT1


�
g� 1
P1


��
r� 1
r


�


¼
�


P1r
r� 1


��
1


g� 1


��
g


�
T3 � T2


T1


�
�
�
T4 � T1


T1


��


¼ P1r
�
grg�1ðrc � 1Þ � �rgc � 1


	
ðr� 1Þðg� 1Þ


�
(13.53)


EXAMPLE 13.9
A Diesel cycle operates with a CR of 16 and a cut-off ratio of 2. At the beginning of the


compression stoke, the air is at 1 bar and 300K. Determine:


1. The maximum temperature and pressure of the cycle;
2. The energy added per kg air; and
3. The mean effective pressure (MEP) of the cycle.


Solution
The given data for the air-standard Diesel cycle is


r0 ¼ 16 rc ¼ 2 P1 ¼ 1 T1 ¼ 300K
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1. The temperature of air after isentropic compression, using Eq. (13.45), is given by


T2 ¼ T1r
g�1
0 ¼ 300ð16Þ0:4 ¼ 909:43


We know that the cut-off ratio rc is given by Eq. (13.45) as rc ¼ V3
V2


¼ T3
T2
. Therefore,


T3 ¼ T2rc ¼ 909� 2 ¼ 1819:86K


That is, the maximum temperature T3 of the cycle is 1818.06K.
The pressure of air after isentropic compression is given by


P2 ¼ P1r
g
0 ¼ 1ð16Þ1:4 ¼ 48:5 bar.


The energy addition in the Diesel cycle takes place at constant pressure. Therefore, P3 ¼ P2.
Hence, the maximum pressure P3 of the cycle is 48.5 bar.


2. The heat energy added is given by


q1 ¼ CpðT3 � T2Þ ¼ 1:0047ð1818:86� 909:43Þ ¼ 913:7 kJ=kg air


3.
The mean MEP, Pm is given by Eq. (13.52):


Pm ¼ 1ð1:4Þð16Þ1:4ð2� 1Þ � 16ð21:4 � 1Þ
0.4� 15


¼ 6:947 bar


13.9 COMPARISON OF OTTO AND DIESEL CYCLES


The Otto and Diesel cycles can be compared on the basis of either the CR or the maximum
temperature and pressure of the cycle. Fig. 13.20 shows the Otto and Diesel cycles having the
same CR, both reject the same quantity of energy Q2 to the surroundings. We know that


Z
dQ ¼


Z
Tds (13.54)


That is, the area under the curve on a T-s diagram represents the heat interaction. In
Fig. 13.20, the Otto cycle is representing by 1234 and the Diesel cycle is shown by 12304.
Both cycles have the same CR V2=V1 and reject the same quantity of energy Q2 during the
constant volume process 4 / 1 (shown by the hatched area under the curve 4 / 1 on the
T-s diagram).4


Table 13.1 summarizes these comparisons.
The efficiency of the cycle then is given by


h ¼ 1�Q2


Q1
(13.55)


From this equation we see that, for the same value of Q2, the efficiency will be higher for
higher values of Q1. On the T-s diagram, the area under the curve 2 / 3 represents Q1 for the


13. GAS POWER AND AIR CYCLES366







Otto cycle and the area under the curve 2 / 30 represents Q1, for the Diesel cycle. Since Q1 for
the Otto cycle is greater than for Diesel cycle, we find that


hOtto > hDiesel (13.56)


The Otto and Diesel cycles for the same maximum temperature and pressure (state 3) and
for the same quantity of energy rejection Q2 are shown in Fig. 13.21. The Otto cycle is repre-
sented by 1234 and the Diesel cycle is illustrated as 12034. From the T-s diagram it can be
observed that Q1, the area under the curve 2ʹ / 3 for the Diesel cycle, is greater than Q1,
the area under the curve 2 / 3 for the Otto cycle when Q2 is the same for both the cycles.
Therefore,


hDiesel > hOtto (13.57)


FIGURE 13.20 (A) PeV diagram for Otto (1/ 2/ 3 / 4) and Diesel cycle (1 / 2/ 3ʹ / 4). (B) T-s diagram
for Otto cycle (1 / 2/ 3 / 4) and Diesel cycle (1/ 2/ 3ʹ / 4).


TABLE 13.1 Difference between the Actual Diesel and the Otto Engines


Otto Engine Diesel Engine


Homogeneous mixture of fuel and air formed in the
carburetor is supplied to engine cylinder


No carburetor is used. Air alone is supplied to the
engine cylinder. Fuel is injected directly into the
engine cylinder at the end of compression stroke by
means of a fuel injector. Fueleair mixture is
heterogeneous


Ignition is initiated by means of an electric spark plug No spark plug is used. Compression ratio is high and
the high temperature of air ignites fuel


Power output is controlled by varying the mass of fuel
eair mixture by means of a throttle valve in the
carburetor


No throttle value is used. Power output is controlled
only by means of the mass of fuel injected by the fuel
injector
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13.10 DUAL CYCLE


With increasing crude oil prices, concern about energy security, and calls for a reduction in
greenhouse gases, energy use in the future will be a large priority. One method for reducing
oil consumption is through increased efficiency of the internal combustion engine. A signif-
icant loss in this engine is the exhaust energy, which is approximately 20e40% of the fuel po-
tential. Research has indicated that there exists a capability to increase the brake thermal
efficiency of the engine system by using this exhaust in a separate thermodynamic cycle.
By simulating an engine and dual cycle system in a novel architecture, this project intends
to demonstrate a proof of concept that can reduce engine emissions while increasing thermal
efficiency.


Combustion in the Otto cycle is based on a constant-volume process; in the Diesel cycle, it
is based on a constant-pressure process. But combustion in an actual spark-ignition engine
requires a finite amount of time if the process is to be completed. For this reason, combustion
in the Otto cycle does not actually occur under the constant-volume condition. Similarly, in
compression-ignition engines, combustion in the Diesel cycle does not actually occur under
the constant-pressure condition, because of the rapid and uncontrolled combustion process.


The operation of the reciprocating internal combustion engine represents a compromise
between the Otto and the Diesel cycles, and can be described as a dual combustion cycle.
Heat transfer to the system may be considered to occur first at constant volume and then
at constant pressure. Such a cycle is called a dual cycle. Another name for a dual cycle is a
limited pressure cycle, as shown in Fig. 13.22 based on PeV and T-s diagrams. Here the heat
addition occurs partly at constant volume and partly at constant pressure. This cycle is a
closer approximation to the behavior of actual Otto and Diesel engines because, in the actual
engines, the combustion process does not occur exactly at constant volume or at constant
pressure but rather as in the dual cycle.


FIGURE 13.21 (A) PeV diagram for Otto cycle (1/ 2/ 3 / 4) and diesel cycle (1/ 2ʹ / 3/ 4), (B) T-s
diagram for Otto cycle (1 / 2/ 3/ 4) and Diesel cycle (1 / 2ʹ / 3/ 4).


13. GAS POWER AND AIR CYCLES368







The dual cycle is composed of the following five processes:


Process 1 / 2: Reversible adiabatic compression (isentropic compression);
Process 2 / 3: Constant volume heat addition;
Process 3 / 4: Constant pressure heat addition;
Process 4 / 5: Reversible adiabatic expansion (isentropic expansion);
Process 5 / 1: Constant volume heat rejection (removing).


Heat Energy Supplied ¼ mCvðT3 � T2Þ þmCpðT4 � T3Þ (13.58a)


Heat Energy Rejected ¼ mCvðT5 � T1Þ (13.58b)


Net Work Done ¼ mCvðT3 � T2Þ þmCpðT4 � T3Þ �mCvðT5 � T1Þ (13.59)


Then, thermal efficiency hth is given by


hth ¼ mCvðT3 � T2Þ þmCpðT4 � T3Þ �mCvðT5 � T1Þ
mCvðT3 � T2Þ þmCpðT4 � T3Þ (13.60a)


hth ¼ 1� ðT5 � T1Þ
ðT3 � T2Þ þ gðT4 � T3Þ (13.60b)


Let rp ¼ P3
P2
, rc ¼ V4


V3
and r ¼ V1


V2
, then we have


T2 ¼ T1rg�1 (13.61a)


FIGURE 13.22 Illustration of dual cycle on (A) PeV and (B) T-s diagrams.
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T3 ¼ T2rp ¼ T1rg�1rp (13.61b)


T4 ¼ T3rc ¼ T1rg�1rprc (13.61c)


T5


T4
¼
�
V4


V5


�g�1


¼
�
V4


V2
$
V2


V5


�g�1


¼
�rc
r


�g�1
(13.61d)


T5 ¼ T4


�rc
r


�g�1
(13.61e)


Form all the above analysis we can write the following steps to calculate the final form of
the thermal efficiency hth:


hth ¼ 1� ðT1rgrprc � T1Þ
fðT1rg�1rp � T1rg�1


	þ g
�
T1rg�1rprc � T1rg�1rp


	�


¼ 1� ðrgrprc � 1Þ
fðrg�1rp � rg�1


	
g
�
rg�1rprc � rg�1rp


	�


¼ 1� 1
rg�1


(
rgrprc � 1


ðrp � 1Þgrpðrc � 1Þ


)
(13.62)


From Eq. 13.62, it is observed that a value of rp > 1 results in an increased efficiency for a
given value of rc and g. Thus the efficiency of the dual cycle lies between that of the Otto cycle
and the Diesel cycle, having the same CR.


13.10.1 Mean Effective Pressure for a Dual Cycle


The analytical process for MEP is:


MEP ¼ Work Done
Displacement Volume


(13.63a)


MEP ¼ mCvðT3 � T2Þ þmCpðT4 � T3Þ �mCvðT5 � T1Þ
ðV1 � V2Þ (13.63b)


But


V1 � V2 ¼ mCvðg� 1ÞT1


P1


�
r� 1
r


�
(13.63c)
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Then we have


MEP ¼ P1r
ðr� 1Þðg� 1Þ


�ðT3 � T2Þ
T1


þ gðT4 � T3Þ
T1


� ðT2 � T1Þ
T1


�


¼ P1r
ðr� 1Þðg� 1Þ




rg�1ðrp � 1Þ þ grg�1rpðrc � 1Þ � �rprgc � 1


	�


¼ P1r
ðr� 1Þðg� 1Þ




rg�1ðrp � 1Þ þ grpðrc � 1Þ�� �rprgc � 1


	
(13.63d)


EXAMPLE 13.10
A dual cycle, which operates on air with a CR of 16, has a low pressure of 200 kPa and a low


temperature of 200�C. If the cutoff ratio is 2 and the pressure ratio is 1.3, calculate:


1. The thermal efficiency;
2. The heat input;
3. The work output; and
4. The MEP.


Solution1.
Using Eq. (13.60), we have


hth ¼ 1� 1


ð16Þ0:4 ¼ ð1:3Þð2Þ1:4 � 1
ð1:4Þð1:3Þð2� 1Þ þ 1:3� 1


¼ 0:622 or 62.2%


2. The heat input is found from Eq. (13.56a), where we also use Eqs. (13.59aee), then we
have


T2 ¼ T1


�
V1


V2


�g�1


¼ ð473Þð16Þ0:4 ¼ 1434K


T3 ¼ T2


�
P3


P2


�
¼ ð1434Þð1:3Þ ¼ 1864K


T4 ¼ T3


�
V4


V3


�
¼ ð1864Þð2Þ ¼ 3728K


Therefore,


qin ¼ ð0:717Þð1864� 1434Þ þ ð1:00Þð3728� 1864Þ ¼ 2172 kJ=kg


3.
The work output is found from Eq. (13.57) as


wout ¼ hthqin ¼ ð0:622Þð2172Þ ¼ 3278 kJ=kg
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4. Finally to find the MEP, we have


V1 ¼ RT1


P1
¼ ð0:287Þð473Þ


200
¼ 0:6788 m3




kg


Then,


MEP ¼ wout


V1ð1� V2=V1Þ ¼ 1350
ð0:6788Þð15=16Þ ¼ 2120 kPa


13.11 STIRLING CYCLE


The Stirling and Ericsson cycles, although not extensively used to model actual engines,
are presented here and in the next section, respectively, to illustrate the effective use of regen-
eration and that is why, they are sometime called the regenerative cycle, a heat exchanger which
utilizes waste heat.


The Stirling and Ericsson cycles are not used to model real engines as they are difficult to
achieve in practice. The advantage of both is that they can achieve efficiencies approaching
the true Carnot efficiency. They do this by extracting the heat produced in the compressor
and transferring it to the turbine. This is done through a device called a regenerator. But
the compressor and turbine are treated as isothermal, which is very difficult to achieve in
practice.


The Carnot cycle has a low mean effective pressure because of its very low work output.
Hence, one of the modified forms of the cycle to produce higher mean effective pressure
whilst theoretically achieving full Carnot cycle efficiency is the Stirling cycle. This consists
of two isothermal and two constant-volume processes. The heat rejection and addition take
place at constant temperature. The PeV and T-s diagrams for the Stirling cycle are shown
in Fig. 13.23.


FIGURE 13.23 Illustration of Stirling cycle processes on PeV and T-s diagrams.
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The Stirling cycle processes are described as follows:


1. The air is compressed isothermally from state 1 to 2 (TL to TH).
2. The air at state 2 is passed into the regenerator from the top at a temperature T1. The


air passing through the regenerator matrix is heated from TL to TH.
3. The air at state 3 expands isothermally in the cylinder until it reaches state 4.
4. The air coming out of the engine at temperature TH (condition 4) enters into the regener-


ator from the bottom and is cooled while passing through the regenerator matrix at
constant volume and comes out at a temperature TL at condition 1, and the cycle is
repeated.


5. It can be shown that the heat absorbed by the air from the regenerator matrix during
the process 2 / 3 is equal to the heat given by the air to the regenerator matrix during
the process 4 / 1, and then the exchange of heat with an external source will only be
during the isothermal processes.


Now we can write that the net work to be done is:


Wnet ¼ QS �QR (13.64)


where QS is the heat supplied during the isothermal process 3 / 4 and QR is the heat rejected
during the isothermal compression process 1 / 2.


QS ¼ P3V3 ln


�
V4


V3


�


¼ mRTH lnðrÞ
r ¼ V4


V3
¼ CR (13.65)


and


QR ¼ P1V1 ln


�
V1


V2


�


¼ mRTL lnðrÞ
r ¼ V1


V2
¼ CR (13.66)


Then by substituting Eqs. (13.65) and (13.66) into Eq. (13.64), we have


Wnet ¼ mR lnðrÞ½TH � TL� (13.67)


Now, the thermal efficiency hth is given by


hth ¼ Wnet


QS
¼ mR lnðrÞðTH � TLÞ


mR lnðrÞðTHÞ
ðTH � TLÞ


ðTHÞ (13.68a)


or


hth ¼ 1� TL


TH
(13.68b)
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It is interesting to note that the thermal efficiency of the Stirling cycle is the same as the
efficiency of a Carnot cycle when both are working with the same temperature limits. It is
not possible to obtain a 100% efficient regenerator and hence there will always be 10e20%
loss of heat in the regenerator, which decreases the cycle efficiency. Considering regenerator
efficiency, the efficiency of the cycle can be written as


hth ¼ R lnðrÞðTH � TLÞ
RTH lnðrÞ þ ð1� hRÞCvðTH � TLÞ (13.69)


where hR is the regenerator efficiency.


EXAMPLE 13.11
A Stirling cycle operates on air with a CR of 10. If the low pressure is 30 psia, the low tem-


perature is 200�F, and the high temperature is 1000�F, calculate the work done and the heat input.


Solution
For the Stirling cycle using the PeV diagram in Fig. 13.19 the work output is


Wout ¼ W3/4 þW1/2 ¼ RT3 ln
V4


V3
þ RT1 ln


V2


V1


¼ ð53:3Þ½1460 lnð10Þ þ 660 lnð0:1Þ�
For the isothermal process and using Eq. (13.66b) we get


hth ¼ 1� TL


TH
¼ 1� 660


1460
¼ 0:548


13.12 ERICSSON CYCLE


To overcome the difficulty associated with the constant volume regeneration, Ericsson
developed a constant-pressure regeneration cycle, which is named after him. The air-
standard schematic layout and Ericsson cycle are shown in Figs. 13.24 and 13.25, respectively.


The thermal efficiency of the Ericsson cycle can be calculated easily and the steps are listed
here.


The Ericsson cycle consists of two isothermal and two constant pressure processes.
The processes are:


Process 1 / 2: Reversible isothermal compression;
Process 2 / 3: Constant pressure heat addition;
Process 3 / 4: Reversible isothermal expansion;
Process 4 / 1: Constant pressure heat rejection.


The heat addition and rejection take place at constant pressure as well as isothermal pro-
cesses. Since the processes 2e3 and 3e4 are parallel to each other on the T-s diagram, the net
effect is that the heat needs to be added only at constant temperature T3 ¼ T4 and rejected at
the constant temperature T1 ¼ T2. The cycle is shown in the PeV and T-s diagrams in
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Fig. 13.21. The advantage of the Ericsson cycle over the Carnot and Stirling cycles is that it has
smaller pressure ratio for a given ratio of maximum to minimum specific volume with higher
mean effective pressure.


The thermal efficiency of the Ericsson cycle is given by (derivation is the same as that of
Stirling cycle):


hth ¼ TH � TL


TH
¼
�
1� TL


TH


�
(13.70)


The Ericsson cycle does not find practical application in piston engines but is approached
by a gas turbine employing a large number of stages with heat exchangers, insulators, and
reheaters.


FIGURE 13.24 Schematic diagram of air-standard Ericsson cycle.


FIGURE 13.25 Illustration of Ericsson (A) PeV diagram and (B) T-s diagram.
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EXAMPLE 13.12
An Ericsson cycle operates on air with a CR of 10. For a low pressure of 200 kPa, low temper-


atures of 100�C, and a high temperature of 600�C, calculate the work output and the heat input.


Solution
For the Ericsson cycle the work output is


Wout ¼ W1/2 þW2/3 þW3/4 þW4/1 ¼ RT1 ln
V2


V1
þ P2ðV3 � V2Þ þ RT3 ln


V4


V3
þ P1ðV1 � V4Þ


We must calculate P2, V1, V2, V3, and V4. Then we have


V1 ¼ RT1


P1
¼ ð0:287Þð373Þ


200
¼ 0:5353 m3




kg


For the constant pressure process 4 / 1,


T4


V4
¼ T1


V1
or


873
V4


¼ 3731
0:53531


0V4 ¼ 1:253 m3


kg


From the definition of the CR, V4=V2 ¼ 10, giving V2 ¼ 0.1253 m3/kg. Using the ideal gas law,
we have


P3 ¼ P2 ¼ RT2


V2
¼ ð0:25Þð373Þ


0:1253
¼ 854:4 kPa


The final necessary property is V3 ¼ RT3=P3 ¼ ð0:287Þð873Þ=854:4 ¼ 0:2932 m3


kg. The


expression for work output gives


Wout ¼ ð0:287Þð373Þln 0:1253
0:5353


þ ð854:4Þð0:2932� 0:1253Þ


þ 0:287� 873 ln
1:253
0:2932


þ ð200Þð0:5353� 1253Þ ¼ 208 kJ=kg


Finally,


hth ¼ 1� TL


TH
¼ 1� 378


873
¼ 0:573 and qin ¼ Wout


hth
¼ 208


0:573
364 kJ=kg


13.13 ATKINSON CYCLE


The Atkinson cycle is an ideal cycle for an Otto engine exhausting to a gas turbine. In this
cycle the isentropic expansion (3 / 4) of an Otto cycle (1 / 2 / 3 / 4) is further allowed to
proceed to the lowest cycle pressure to increase the work output. With this modification the
cycle is known as an Atkinson cycle. The cycle is shown on PeV and T-s diagrams in
Fig. 13.26.


The processes involved are:


Process 1 / 2: Reversible adiabatic compression (v1 to v2);
Process 2 / 3: Constant volume heat addition;
Process 3 / 4: Reversible adiabatic expansion (v3 to v4);
Process 4 / 1: Constant pressure heat rejection.
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The thermal efficiency is calculated as follows:


Heat supplied ¼ Cv ¼ ðT3 � T2Þ (13.71a)


Heat rejected ¼ CpðT4 � T1Þ (13.71b)


Net work done ¼ CvðT3 � T2Þ � CpðT4 � T1Þ (13.72)


hth ¼ CvðT3 � T2Þ � CpðT4 � T1Þ
CvðT3 � T2Þ (13.73a)


hth ¼ 1� gðT4 � T1Þ
ðT3 � T2Þ (13.73b)


Let,


r ¼ V1


V2
¼ CR;


then we can write


T2 ¼ T1rg�1 (13.74)


T3


T2
¼ P3


P2
¼ rp ¼ Pressure ration (13.75)


FIGURE 13.26 Atkinson cycle on (A) PeV and (B) T-s diagrams.
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T3 ¼ T2rp ¼ T1rg�1rp (13.76)


T3


T4
¼
�
P3


P4


�g�1
g


¼
�
P3


P1


�g�1
g


¼
�
P3


P2
$
P2


P1


�g�1
g


¼ r
g�1
g
p $rg�1 (13.77)


Since,


P2


P1
¼
�
V1


V2


�g


¼ rg (13.78)


T4 ¼ T3


r
g�1
g
p rg�1


¼ T1rprg�1


r
g�1
g
p rg�1


¼ T1r
1
g
p (13.79)


hth ¼ 1� l


"
r
1
g


p � 1
ðrp � 1Þrg�1


#
(13.80)


13.14 LENOIR CYCLE


The Lenoir cycle is an idealized thermodynamic cycle often utilized to model a pulse jet
engine. The Lenoir cycle is of interest because combustion (or heat addition) occurs without
compression of the charge. Fig. 13.27A and B show the PeV and T-s diagrams.


FIGURE 13.27 Lenoir cycle on (A) PeV and (B) T-s diagrams.
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The Lenoir cycle consists of the following processes:


Process 1 / 2: Constant volume heat addition;
Process 2 / 3: Reversible adiabatic expansion;
Process 3 / 4: Constant pressure heat rejection.
No compression process.


According to the cycle, the piston is at the top dead center, point 1, when the charge is
ignited (or heat is added). The process is at constant volume so the pressure rises to point
2. From points 2 to 3, expansion takes place and from points 3 to 1 heat is rejected at constant
pressure.


The thermal efficiency can be derived as follows:


Heat supplied ¼ Qs ¼ CvðT2 � T1Þ (13.81a)


Heat rejected ¼ Qr ¼ CpðT3 � T1Þ (13.81b)


Since


Net work done ¼ Wnet ¼ Qs �Qr ¼ CvðT2 � T1Þ � CpðT3 � T1Þ (13.82)


Thus


hth ¼ CvðT2 � T1Þ � CpðT3 � T1Þ
CvðT2 � T1Þ (13.83a)


hth ¼ 1� CpðT3 � T1Þ
CvðT2 � T1Þ (13.83b)


hth ¼ 1�
g


�
T3


T1
� 1
�


�
T2


T1
� 1
� (13.83c)


Since


T2


T1
¼ P2


P1
¼ rp;


T3


T1
¼ V3


V1
and P2V


g
2 ¼ P3V


g
3 (13.84)


So,


p2
p3


¼
�
V3


V2


�g


¼
�
V3


V1


�g


¼ p2
p1


¼ T2


T1
(13.85)
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Therefore,


hth ¼ 1�
g


�
V3


V1
� 1
�


��
V3


V1


�g


� 1
� (13.86a)


hth ¼ 1�
g
�
r
1
g
p � 1


�
ðrp � 1Þ (13.86b)


hth ¼ 1� gðre � 1Þ
ðrge � 1Þ (13.86c)


Here, re ¼ V3=V1 is the volumetric expansion ratio. Eq. (3.18) indicates that the thermal
efficiency of the Lenoir cycle depends primarily on the expansion ratio and the ratio of
specific heat.


The intermittent-flow engine which powered the German V-1 buzz-bomb in 1942 during
World War II operated on a modified Lenoir cycle. A few engines running on the Lenoir cycle
were built in the late 19th century until the early 20th century.


13.15 DEVIATION OF ACTUAL CYCLES FROM
AIR-STANDARD CYCLES


The actual Otto and Diesel engines show marked deviations from the air-standard cycles
described above. Fig. 13.27 shows a PeV diagram for a high-speed diesel engine that would
be very similar in appearance. The main differences between the actual and theoretical cycles
are as follows:


1. Compression and expansion are not friction-less adiabatic processes. A certain amount
of friction is always present and there is considerable heat transfer between the gases
and the cylinder wall.


2. Combustion does not occur either at constant volume or at constant pressure.
3. The thermodynamics properties of the gases after combustion are different than those of


the fueleair mixture before combustion.
4. The combustion may be incomplete.
5. The specific heats of the working fluid are not constant but increase with temperature.
6. The cylinder pressure during the exhaust process is higher than the atmosphere. As a


result, more work has to be done by the piston on the gases to expel them from the
cylinder than work done by the gases on the piston during the intake stroke. This
difference in work, called pumping work, is represented by the pumping loop shown
by a hatched area. Note that this work is negative and represents loss of work called
pumping loss.
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13.16 LINDEeHAMPSON CYCLE


The HampsoneLinde cycle is used in the liquefaction of gases, especially for air separa-
tion. William Hampson and Carl von Linde independently filed for patent of the cycle in
1895. See Fig. 13.28, which is a presentation of the Linde patent file in 1895, for air liquefaction
cycle.


The action of the Hampson or single-circuit type of liquefier involves the production of
cold by the continuous expansion of gas within the liquefier from a high to a low pressure.
In this scenario, the conservation of cold by the LindeeHampson regenerator, in which the
nonliquefied cold gas is passed back over the copper inlet worm, thus gives up its cold to
the high-pressure gas which is advancing toward the expansion valve, and being itself


FIGURE 13.28 Linde patent configuration for air liquefaction.
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warmed nearly to the temperature of the incoming gas. If the velocities of the feed and of the
exhaust escaping from the regenerator are so small that the kinetic energy is negligible, as is
usually the case in practice, the cold of expansion is due solely to the JouleeThomson or
porous plug effect.


The total cold available, per gram of gas fed in, is determined by the initial temperature T1
of the gas at the point where it enters the regenerator, its initial pressure P1, and the final pres-
sure P2, which, in the Hampson liquefier, is 1 atm. It can be computed if we know the specific
volume and the rate of thermal expansion at constant pressure as functions of the pressure
between P2 and P1 at the constant temperature T2. It is independent of the internal construc-
tion or arrangement of the liquefier, of the distribution of temperature in the regenerator coil,
and of all other circumstances whatever, provided, as stated above, that the kinetic energies
of the feed and the exhaust are negligible.


This total cold available is used in the following three ways:


1. To offset the heat that leaks into the liquefier from outside, either through the insulation
or along the copper worm;


2. To cool the whole quantity of gas from its initial temperature T1 to the slightly lower
temperature T3 at which the waste gas escapes from the regenerator;


3. To cool a fraction x of the gas from this exhaust temperature T3 to the normal boiling
point T2 and there condense it into liquid, the cooling and condensation taking place at
atmospheric pressure.


The thermal leakage depends on the particular construction of the liquefier and cannot be
computed a priori. The incompleteness of the regenerative process can be made negligible by
increasing the interchanging surface; or its effect can be computed and allowed for. These two
terms represent losses which reduce the fractional yield or efficiency of liquefaction (%). If we
know the latent and specific heats of the gas, together with the above-mentioned data for
computing the total cold available, we can compute the ideal value of x, which would be
attained if the thermal insulation were perfect.


It is easy to prove the correctness of these statements by elementary thermodynamics. This
can easily be done as a result of computation and agrees satisfactorily with the published re-
sults of experiments on the efficiency of the Hampson liquefier.


LindeeHampson systems introduced regenerative cooling, a positive-feedback cooling
system. The heat exchanger arrangement permits an absolute temperature difference (e.g.,
0.27�C/atm JouleeThomson cooling for air) to go beyond a single stage of cooling, and reach
the low temperatures required to liquefy “fixed” gases.


The LindeeHampson cycle differs from the Siemens cycle only in the expansion step.
Where the Siemens cycle has the gas do external work to reduce its temperature, the Lindee
Hampson cycle relies solely on the JouleeThomson effect. This has the advantage that the
cold side needs no moving parts. In 1895, when Hampson and Linde independently took
out patents on their design of air liquefier, the JouleeThompson effect was known, and
Siemens had put the principle of recuperative cooling by so-called self-intensification forward
as early as 1875. The step forward in both patents was to break away from the cascade system
of cooling and to rely entirely on JouleeThomson cooling together with efficient heat
exchanger designs.
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The cycle process is as follows:


1. Heateddby compressing the gasdadding external energy into the gas, to give it what
is needed for running through the cycle;


2. Cooleddby immersing the gas in a cooler environment, losing some of its heat (and
energy);


3. Cooled through heat exchanger with returning gas from next (and last) stage;
4. Cooled further by passing the gas through a JouleeThomson orifice, removing heat, but


conserving energy, which is now potential energy rather than kinetic energy. The gas
which is now at its coolest in the current cycle, is recycled and sent back to be heated;


5. Heateddwhen participating as the coolant for stage 3; and then
6. Sent back to stage one, to start the next cycle, and be slightly reheated by compression.


Fig. 13.29 is a sketch of this cycle process.
In each cycle, the net cooling is more than the heat added at the beginning of the cycle. As


the gas passes more cycles and becomes cooler, reaching lower temperatures at the expand-
ing cylinder becomes more difficult.


13.17 RECUPERATED CYCLE


A recuperated turbine is similar to a simple-cycle gas turbine, except for the inclusion of a
special heat exchangerdcalled a recuperatordthat captures exhaust thermal energy to pre-
heat compressed air before the burner. Capturing exhaust energy helps increase electrical
efficiency compared to a simple-cycle gas turbine. Fig. 13.30 is an illustration of a typical recu-
perated gas turbine.


Typical turbines can accommodate only a limited additional mass flowdfrom 5% to 15%,
depending on the design of the original gas turbine. Steam-injected gas turbines enable the
host to use the steam for industrial purposes, space heating, or for the generation of
additional power.


A group of cycles under consideration for development involves the use of adiabatic sat-
urators to provide steam at compressor discharge pressure to augment greatly the mass flow


FIGURE 13.29 HampsoneLinde cycle sketch.
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through the turbine, and consequently increase cycle power and efficiency. In the adiabatic
saturator, water flows in a countercurrent path to the compressor discharge air in a mass
transfer tower. Such equipment is often used in the chemical processing industries. The satu-
rated air is preheated in a turbine exhaust heat recuperator. This cycle is called the humid air
turbine, or HAT, cycle. The HAT cycle is particularly useful in using the low-temperature heat
generated in coal-gasification-fueled gas turbine power plants. As the mass flow through the
turbine is significantly augmented, engineers can no longer use the expansion turbine, which
was matched to the compressor in a conventional simple cycle gas turbine.


The critical cycle modification in an engine is the presence of heat exchanger modules in
the hot exhausts, with the purpose of bringing back thermal energy from the engine exit to
the combustion chamber. Given a fixed high-pressure turbine entry temperature (HPT TET),
this concept allows fuel savings, because the exhausts, which are discharged at a lower tem-
perature, provide part of the required burner temperature rise. In order for the heat exchange
process to be effective, there must be a sufficient temperature difference between compressor
exit and turbine exit temperature at all operating points. A low high-pressure compressor exit
temperature can be obtained with the use of intercooling, as can be clearly seen in
Fig. 13.25. A high turbine exit temperature at different operating points can be obtained
with a variable geometry turbine system. The combined effect of the two heat-exchange pro-
cesses maximizes the heat transfer in the recuperator, therefore improving the efficiency
benefit. Fig. 13.31 shows the thermodynamic cycle for a typical intercooled recuperated aro
engine cycle in the h-S plane for overall pressure ratio (OPR) ¼ 30 and T41 ¼ 1800K. The chart
illustrates that the amount of recuperated heat can be substantially increased by using the
intercooler: the dotted line shows the compression process without intercooling.


The effect of the different cycle innovations is shown in Fig. 13.32, where the core efficiency
is calculated for different but consistent cycles (consistent technology level and the same
simulation tool). A considerable improvement in the performance of the recuperated engine
can be achieved by adding the intercooling module, despite the detrimental effect of addi-
tional pressure losses.


Gear
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Intake


Exhaust


Recuperator


Compressor


Burner


Power
Turbine


FIGURE 13.30 Recuperated gas turbine.
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In examining low-temperature development over the past 150 years, we recognize that
there are three convenient 50-year time segments, where the developments in each time in-
terval have their unique characteristics. The first two 50-year segments at the beginning
were to understand how they contributed to the status of cryogenics at the first Cryogenic
Engineering Conference in 1954. When the first ice making and exporting took place in sec-
ond half of the 19th century, roughly from 1850 to the turn of the century, the second prin-
cipal export of the United States was ice on a global scale, while the first was cotton. In 1810, a
Maryland farmer, Thomas Moore, developed an icebox to carry butter to market and to keep
it hard until sold.


14.1 INTRODUCTION


As mentioned in Chapter 1, the term cryogenics was derived from the Greek word for icy
cold, “Kryos,” which combined with the suffix “genics,” means literally “suitable for produc-
tion by icy cold conditions.”


Overall, cryogenics, then, is the utilization of ultra low-temperature processes to produce
physical changes in liquids, gases via liquefaction, or solids. Generally speaking it is the
science of materials at extremely low temperatures. For example, in the case of changing
physical phase to a cryogenic state, it can be changed to a liquid state by removal of heat,
chilling to a very low temperature. Industry arbitrarily considers a gas to be in a cryogenic
state if it can be liquefied at �100�F or below. Those gases that are liquefied at higher
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temperatures, and maintain the liquefied stage under pressure at ambient temperatures
without refrigeration are noncryogenic. Chlorine is an example of a noncryogenic gas.


For liquefying gases, and producing and transferring fluids, apparatus like cryometers,
cryostats, cryopumps, and cryogenerators are used in the cryogenics field for measurement
of temperature.


In summary, “Cryogenics is an outgrowth of the science of refrigeration,” in order to achieve
such refrigeration, we need to have an understanding of the laws of thermodynamics or en-
gineering principles to develop an expansion engine. Although the first pioneers in this field
such as Dr. John Gorrie, a Florida physician, had no prior knowledge of any thermodynamics
laws, in 1840 he managed to carry out refrigeration.


Machines that are utilizing air as a refrigerant are called air compressors or cold air ma-
chines and they started to appear in the cryogenics market. They were designed based on
the reverse of the phenomenon of heating that took place when air was compressed, namely
that air cooled as it expanded against resistance. This natural behavior of air had been
observed as early as the middle of the 18th century.


Richard Trevithick, who lived until 1833 in Cornwall, England, constructed engines in
which expanding air was used to convert water to ice. However, around the 1850s, ice was
harvested and stored, and accumulated snow was first removed with a horse-drawn ice plane.


In the days before mechanical refrigeration, the ice on rivers and ponds was treated as a
crop. When January came and the ice was “ripe,” it was time to harvest. Ice harvested
from Midwestern rivers, lakes, and ponds served many purposes during the 19th and early
20th centuries. The growing meat-packing and brewing industries needed it. People needed
ice at home, too. Iceboxesdlarge wooden coolers using blocks of icedwere common well
into the 1930s and 1940s. This was the old-fashioned method of ice harvesting.


Most people today would have trouble harvesting their own ice. In fact, few would know
where to begin. Therefore, I will bring the 1990s art of business consulting to the 1890s art of
harvesting ice and tell you how to start your own ice business. The first step in harvesting is
to mark the ice with a specially designed, horse-drawn “ice marker,” which cuts lines several
inches deep into the ice. Pictures of the process show that many harvesters cut blocks about
two feet wide by six feet long. You can cut them any size you like, but for storage purposes, it
was a good idea to make sure they were the same size.


All the above procedures could only take place after first waiting for winter. This was
important since all of the best natural ice is found in northern states, such as Wisconsin
and Minnesota, where winters are long and cold (see Fig. 14.1).


Next, find a suitable ice field. This may have been a problem 100 years ago, because ice
dealers would already have specific fields they used year after year, but in 1994 those fields
should be readily available. You must keep in mind factors like water quality and aeration.
Ponds were often avoided because the water did not move enough to provide aeration and
formed what was called “pond ice”dmurky ice with holes in it that was of poor quality for
cooling purposes. Most people looked for shallow, slow-moving water, which would form
solid, clear ice.


The ice trade, also known as the frozen water trade, was a 19th-century industry, centering
on the east coast of the United States and Norway, involving the large-scale harvesting, trans-
port and sale of natural ice for domestic consumption and commercial purposes. Ice was cut
from the surface of ponds and streams, and then stored in icehouses, before being sent on by
ship, barge, or railroad to its final destinations all around the world. Networks of ice wagons
were typically used to distribute the product to the final domestic and smaller commercial
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customers. The ice trade revolutionized the U.S. meat, vegetable, and fruit industries, enabled
significant growth in the fishing industry, and encouraged the introduction of a range of new
drinks and foods (see Fig. 14.2).


Commercial ice delivery in the old-fashioned way was started in New York around 1884
(see Fig. 14.3).


The New England businessperson Frederic Tudor started the trade in 1806. Tudor shipped
ice to the Caribbean island of Martinique, hoping to sell it to wealthy members of the Euro-
pean elite there, using an icehouse he had built especially for the purpose. Over the coming
years the trade widened to Cuba and the southern United States, with other merchants
joining Tudor in harvesting and shipping ice from New England. During the 1830s and
1840s the ice trade expanded further, with shipments reaching England, India, South Amer-
ica, China, and Australia. Tudor made a fortune from the Indian trade, while brand names,
such as Wenham Ice, became famous in London.


FIGURE 14.2 Early ice sailing boat.


FIGURE 14.1 Harvesting ice in South Bay off Thousand Island Park, early 20th CenturydJoe Patterson (by
team), Tom Dano (on top), Peter LaMarr (far left), Charlie Patterson (left above), and Tom Stuart (third from left).
Courtesy of the Nellie Taylor Collection.
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In 1877, the supply and demand for the use of natural ice was an expanding trade, pene-
trating further south from the supply areas of Scandinavia and North America through a
changing pattern, in transport by rail and sea. In those days, the trade was a good commercial
business with demand always surpassing supply (see Fig. 14.4).


At its peak at the end of the 19th century, the U.S. ice trade employed an estimated 90,000
people in an industry capitalized at $28 million ($660 million in 2010 terms), using icehouses
capable of storing up to 250,000 tons (220 million kg) each. Norway exported a million tons
(910 million kg) of ice a year, drawing on a network of artificial lakes. Competition had
slowly been growing, however, in the form of artificially produced plant ice and mechani-
cally chilled facilities. Unreliable and expensive at first, plant ice began to successfully
compete with natural ice in Australia and India during the 1850s and 1870s, respectively,
until, by the outbreak of World War I in 1914, more plant ice was being produced in the
U.S. each year than naturally harvested ice. Despite a temporary increase in production in
the U.S. during the war, the interwar years saw a total collapse of the ice trade around the
world. Today, ice is occasionally harvested for ice carving and ice festivals, but little remains
of the 19th-century industrial network of icehouses and transport facilities.


FIGURE 14.3 Early ice neighborhood delivery.


FIGURE 14.4 Ice-carrying trade at sea.
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14.2 QUICK SUMMARY OF THERMODYNAMICS
APPLICATION IN SCIENCE OF CRYOGENICS


In previous chapters (i.e., Chapters 5, Chapter 6, etc.), we extensively talked about the
fundamentals of thermodynamics and its four laws. Here we summarize them for those
readers who are skipped those chapters and jumped to this chapter.


Thermodynamics is the study of the interrelation between heat, work, and the internal
energy of a system and their effects on the system. Thermodynamics is only concerned
with macroscopic (large-scale) changes and observations. Classical thermodynamics concerns
the relationships between bulk properties of matter. Nothing is examined at the atomic or
molecular level. However, on the other hand, statistical thermodynamics seeks to explain
those bulk properties in terms of constituent atoms. The statistical part treats the aggregation
of atoms, not the behavior of any individual atom (see Chapter 7).


According to the British scientist C. P. Snow, the three laws of thermodynamics can be
(humorously), summarized as:


1. You cannot win;
2. You cannot even break even;
3. You cannot get out of the game.


By defining each law of thermodynamics, we put each of the three humorous definitions
into a perspective for each law, which we are summarizing here.


In their simplest terms, the laws of thermodynamics dictate the specifics for the movement
of heat and work. Basically, the first law of thermodynamics is a statement of the conserva-
tion of energy; the second law is a statement about the direction of that conservation; and the
third law is a statement about reaching absolute zero (�273.15�C or �459.67�F). Note that this
is the lowest temperature that is theoretically possible.


However, since their conception, these laws have become some of the most important laws
in sciencedand they are often associated with concepts far beyond what is directly stated in
the wording. To give you a better understanding of how these laws came about and their
modern scope of coverage, you have to understand when and why these laws were gener-
ated, and at this point we leave readers to do their research as that is beyond the scope of
this book.


Our story begins back in the mid-seventeenth century. Society prior to the eighteenth cen-
tury favored developments in the life sciences (largely for medical research) and astronomy
(for navigation and a record of the passage of time, also a source for early mythology and
folklore). Science was viewed as purely a philosophic endeavor, where little research was
conducted beyond the most useful fields. Indeed, philosophy and science were inseparable
in several emerging disciplines (this is always true of new fields where no firm basis of study
has yet been conducted).


As has already been stated, the laws of thermodynamics define fundamental physical
quantities (temperature, energy, and entropy) that characterize thermodynamic systems,
and key points are:


• The first law of thermodynamics, also known as the law of conservation of energy,
states that energy cannot be created or destroyed in an isolated system.
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• The second law of thermodynamics states that the entropy of any isolated system
always increases.


• The third law of thermodynamics states that the entropy of a system approaches a
constant value as the temperature approaches absolute zero.


Note that entropy is a thermodynamic property, which is the measure of a system’s
thermal energy per unit of temperature that is unavailable for doing useful work.


System or Surroundings Definition


In order to avoid confusion, scientists
discuss thermodynamic values in reference to
a system and its surroundings. Everything
that is not a part of the system constitutes its
surroundings. The system and surroundings
are separated by a boundary. For example, if
the system is 1 mol of a gas in a container,
then the boundary is simply the inner wall of
the container itself. Everything outside of the
boundary is considered the surroundings,
which would include the container itself.


The boundary must be clearly defined, so
one can clearly say whether a given part of
the world is in the system or in the sur-
roundings. If matter is not able to pass
across the boundary, then the system is said
to be closed, otherwise it is open. A closed
system may still exchange energy with the
surroundings unless the system is an iso-
lated one, in which case neither matter nor
energy can pass across the boundary (see
Fig. 14.5).


14.2.1 The First Law of Thermodynamics (You Cannot Win)


The first law of thermodynamics, also known as the law of conservation of energy, states
that energy can neither be created nor destroyed; energy can only be transferred or changed
from one form to another. For example, turning on a light would seem to produce energy;
however, it is electrical energy, which is converted.


A way of expressing the first law of thermodynamics is that any change in the internal
energy (DU) of a system is given by the sum of the heat (Q) that flows across its boundaries
and the work (W) done on the system by the surroundings:


DU ¼ Q�W (14.1)


FIGURE 14.5 A diagram of a thermodynamic system.
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What Eq. (14.1) is describing is that:


• The first law of thermodynamics is an extension of the law of the conservation of
energy;


• The change in internal energy of a system is equal to the heat added to the system
minus the work done by the system.


This law says that there are two kinds of processes, heat and work, that can lead to a
change in the internal energy of a system. Since both heat and work can be measured and
quantified, this is the same as saying that any change in the energy of a system must result
in a corresponding change in the energy of the surroundings outside the system. In other
words, energy cannot be created or destroyed. If heat flows into a system or the surroundings
do work on it, the internal energy increases and the signs of q and w are positive. Conversely,
heat flow out of the system or work done by the system (on the surroundings) will be at the
expense of the internal energy, and q and w will therefore be negative.


Additionally, we define certain processes terminology that we have to keep in mind in or-
der to have a better understanding of first law as well, and they are:


• Adiabatic: no heat transferred
• An adiabatic process transfers no heat, therefore Q ¼ 0;
• DU ¼ Q�W. The minus sign can change to a plus sign, if the system does the work


to its surroundings;
• When a system expands adiabatically, W is positive (the system does work) so DU is


negative;
• When a system compresses adiabatically, W is negative (work is done on the system)


so DU is positive.
• Isothermal: constant temperature


• An isothermal process is a constant temperature process. Any heat flow into or out
of the system must be slow enough to maintain thermal equilibrium;


• For ideal gases, if DT is zero, DU ¼ 0;
• Therefore, Q ¼ W;


-Any energy entering the system (Q) must leave as work (W).
• Isobaric: constant pressure


• An isobaric process is a constant pressure process. DU, W, and Q are generally
nonzero, but calculating the work done by an ideal gas is straightforward;


W ¼ P$DV (14.2)


• Water boiling in a saucepan is an example of an isobaric process.
• Isochoric: constant volume
• An isochoric process is a constant volume process. When the volume of a system


doesn’t change, it will do no work on its surroundings. W ¼ 0;


DU ¼ 0 (14.3)
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• Heating gas in a closed container is an isochoric process.
In all the above processes, the heat capacity Q is expressed and the amount of heat


required to raise a certain mass of a material by a certain temperature and is defined as:


Q ¼ mcxDT (14.4)


The constant cx is called the specific heat of substance X, and in SI units is defined as J/kg-K.
The heat capacity of an ideal gas is given as follows:


• CV ¼ Heat capacity at constant volume CV ¼ 3=2R;
• CP ¼ Heat capacity at constant pressure CP ¼ 5=2R;
• For constant volume, then we can write the following notation:


Q ¼ nCVDT ¼ DU (14.5)


Note that, the universal gas constant R ¼ 8.314 J/mol-k.


14.2.2 The Second Law of Thermodynamics (You Cannot Even Break Even)


The second law of thermodynamics says that the entropy of any isolated system always
increases. Isolated systems spontaneously evolve towards thermal equilibriumdthe state
of maximum entropy of the system. More simply put: the entropy of the universe (the ulti-
mate isolated system) only increases and never decreases.


A simple way to think of the second law of thermodynamics is that a room, if not cleaned
and tidied, will invariably become more messy and disorderly with timedregardless of how
careful one is to keep it clean. When the room is cleaned, its entropy decreases, but the effort
to clean it has resulted in an increase in entropy outside the room that exceeds the entropy
lost. In summary we can state that:


• Think about what it means to not “break even.” Every effort you put forth, no matter
how efficient you are, will have a tiny bit of waste;


• The second law can also be stated as heat flows spontaneously from a hot object to a
cold object (spontaneously means without the assistance of external work).


Concerning the second law it is noted here that:


• The second law of thermodynamics introduces the notion of entropy (S), a measure of
system disorder (messiness);


• U is the quantity of a system’s energy, S is the quality of a system’s energy.


However, the implications of the second law are expressed here as well.


• Time marches on
• If you watch a movie, how do you know that you are seeing events in the order they


occurred?
• If we drop a raw egg on the floor, it becomes extremely “disordered” (greater


entropy) or playing the movie in reverse order would show pieces coming together
to form a whole egg (i.e., decreasing entropy)dhighly unlikely!
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As far as the direction of a process is concerned:


• The second law helps determine the preferred direction of a process;
• A reversible process is one which can change state and then return to the original state;
• This is an idealized conditiondall real processes are irreversible.


For better understanding, in the case of conversion of heat to work, we can consider a heat
engine. A heat engine is a device which transforms heat into work. This happens in a cyclic
process and requires a hot reservoir to supply energy QH and a cold reservoir to take in the
excess energy QC. Note that QH is defined as a positive quantity, while QC is a negative one.
We have fully explained the thermodynamics cycles in Chapter 13, but here would be a good
place to elaborate on a few of them such as:


• Otto cycle;
• Diesel cycle;
• Carnot cycle;
• LindeeHampson cycle (used in cryogenic processes along with JouleeThomson).


Hint: Avoid all irreversible processes while adhering to the second law (isothermal and
adiabatic only).


Each of these cycles is depicted in Fig. 14.6 as a whole and each process has been described
briefly.


14.2.2.1 Otto Cycle Explained


A summary of the Otto process cycle description, considering Fig. 14.6A for a PeV
diagram, is as follows:


• Process 0e1 a mass of air is drawn into a piston/cylinder arrangement at constant
pressure.


• Process 1e2 is an adiabatic (isentropic) compression of the air as the piston moves from
bottom dead center (BDC) to top dead center (TDC).


• Process 2e3 is a constant-volume heat transfer to the working gas from an external
source while the piston is at TDC. This process is intended to represent the ignition of
the fueleair mixture and the subsequent rapid burning.


• Process 3e4 is an adiabatic (isentropic) expansion (power stroke).
• Process 4e1 completes the cycle by a constant-volume process in which heat is rejected


from the air while the piston is at BDC.
• Process 1e0 the mass of air is released to the atmosphere in a constant pressure


process.


Note that an Otto cycle is an idealized thermodynamic cycle that describes the functioning
of a typical spark ignition piston engine. It is the thermodynamic cycle most commonly found
in automobile engines.


The Otto cycle consists of isentropic compression, heat addition at constant volume, isen-
tropic expansion, and rejection of heat at constant volume. In the case of a four-stroke Otto
cycle, technically there are two additional processes: one for the exhaust of waste heat and
combustion products at constant pressure (isobaric), and one for the intake of cool oxygen-
rich air also at constant pressure; however, these are often omitted in a simplified analysis.
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14.2.2.2 Diesel Cycle Explained


In this process, the cycle follows the numbers 1e4 in a clockwise direction, using Fig. 14.7A
for a peV diagram. The ideal Diesel cycle follows the following four distinct processes:


• Process 1e2 is isentropic compression of the fluid (blue).
• Process 2e3 is reversible constant pressure heating (red).
• Process 3e4 is isentropic expansion (yellow).
• Process 4e1 is reversible constant volume cooling (green).


Fig. 14.7B is a simple depiction of a Tes diagram for a Diesel cycle.
The Diesel engine is a heat engine: it converts heat into work.


14.2.2.3 Carnot Cycle Explained
• Curve A (1 / 2): Isothermal expression at TH


• Work done by the gas;
• Curve B (2 / 3): Adiabatic expansion


• Work done by the gas;
• Curve C (3 / 4): Isothermal compression at TC
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FIGURE 14.6 (A) The Otto cycle in a peV diagram. (B) The Otto cycle in a TeS diagram.
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• Work done on the gas;
• Curve D (4/ 1): Adiabatic compression


• Work done on the gas.


The entire cycle is depicted in Fig. 14.8A (PeV diagram) and Fig. 14.8B (Tes diagram).
The area under the PeV curve represents the quality of work done in a cycle and when the


curve goes right to left, the work is negative. The area enclosed by the four curves represents
the net work done by the engine in one cycle.


Under this cycle engine efficiency is summarized as:


1. The thermal efficiency of a heat engine e is


e ¼ 1þ QC


QH
(14.6)


2. The “engine” statement of the second law, indicates that:
• It is impossible for any system to have an efficiency of 100% (i.e., e ¼ 1) that is known


as Kelvin’s statement.


FIGURE 14.7 (A) The ideal Diesel cycle in PeV diagram. (B) The ideal Diesel cycle in a Pes diagram.
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3. Another statement of the second law is:
• It is impossible for any process to have as its sole result the transfer of heat from a


cooler object to a warmer object and that is known as Clausius’s statement.


Practical aspects of all these can be seen in automobile engines, refrigerators, and air con-
ditioners, and all work on the principles laid out in the second law of thermodynamics. In
order to think of the humorous statement that you cannot even break even, you may think
about the events in which if you ever wondered why you cannot cool your kitchen in a
hot summer by leaving the refrigerator door open? Feel the air coming off the back of the
refrigeratordyou heat the air outside to cool the air inside. As you see, you cannot break
even!


14.2.2.4 LindeeHampson Cycle Liquefying Gases Explained


As we have stated before, to liquefy a gas such as nitrogen, a cycle similar to the refriger-
ation cycle discussed in an earlier post is used, except that the gas to be liquefied is itself the
working fluid. A common technique for liquefying most gases (except those with very low
boiling points such as hydrogen and helium) is the HampsoneLinde cycle. A compressor in-
creases the pressure of the gas (initially at room temperature, for example), which is then


FIGURE 14.8 (A) The Carnot cycle in a PeV diagram. (B) The Carnot cycle in Pes diagram.
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throttled to a much lower pressure. The throttling decreases the temperature, but typically
does not liquefy the gas on the first pass. The cooled gas is then passed through a heat
exchanger where it absorbs some heat from the high-pressure gas before the latter is throttled.
This gives the high-pressure gas a lower temperature before it is throttled, which in turn
means that its temperature after throttling is lower than was achieved after throttling the
gas on the first pass. The cycle continues, achieving successively lower temperatures on
each pass until, after throttling, the temperature is lower enough that some of the gas liquefies.
At this point, some extra gas is introduced into the system to replace the gas that has liquefied.


We can work out how much the temperature drops in the throttling process in the same
way as for a refrigerator, if we have enthalpy tables for the gas concerned. Schroeder1 gives
some data for nitrogen in his Table 4.5 (Table 14.1 here), at pressures of 1 and 100 bars. At
1 bar, nitrogen’s boiling point is 77K, so the enthalpies for both the liquid and gas states are
given for this temperature and pressure; for other points, only the enthalpy of the gas is given.


It may seem curious that some of the enthalpies given are negative. I believe the reason for
this is that the enthalpies are given relative to some reference state (which is not specified).
However, in practice, only enthalpy differences matter, so this should not cause a problem.


Suppose we set up a system to liquefy nitrogen by operating between pressures of 100 bars
and 1 bar, and that we start with a temperature of 300K (roughly room temperature) at a
pressure of 100 bars. From Table 14.1, the enthalpy (per mole) is 8174 J. After throttling to
1 bar, we can find the final temperature by interpolating as usual. First, we observe that
the temperature lies between 200 and 300K (since the enthalpies at 1 bar for these two
temperatures bracket 8174 J). We get


8174 ¼ 5800xþ 8717ð1� xÞ (14.7)


x ¼ 0:186 (14.8)


The final temperature is therefore


T ¼ 200xþ 300ð1� xÞ ¼ 281:4K (14.9)


After a few more cycles, suppose the temperature is reduced to 200K. At this point, the
entropy at 100 bars is 4442 J, which is bracketed at 1 bar by the enthalpies at 100 and
200K. As above:


442 ¼ 285xþ 5800ð1� xÞ (14.10)


x ¼ 0:461 (14.11)


TABLE 14.1 More Enthalpy of Nitrogen in Joules at 1 and 100 Bars1


77 (Liquid) 77 Gas 100 200 300 400 500 600


1 bar �3407 2161 2856 5800 8717 11,635 14,573 17,554


100 bar �1946 4442 8174 11,392 14,492 17,575


Temperature (K).
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The final temperature is therefore


T ¼ 100xþ 200ð1� xÞ ¼ 153:9K (14.12)


Now suppose we start at a temperature of 100K at 100 bars. The enthalpy here is �1946 J,
which lies between the enthalpies for liquid and gaseous nitrogen at 77K and 1 bar, so, after
throttling, the temperature will be 77K and some of the nitrogen will liquefy. To find the
fraction {x} that is liquid, we interpolate as usual:


�1946 ¼ �304xþ 2161ð1� xÞ (14.13)


x ¼ 0:738 (14.14)


The highest temperature at which some liquefaction occurs is the temperature at 100 bars
that has an enthalpy equal to the enthalpy of the gas at 77K and 1 bar, which is 2161 J. On the
line in the table for 100 bars, this lies between the temperatures of 100 and 200K, so we have


2161 ¼ �1946xþ 4442ð1� xÞ (14.15)


x ¼ 0:357 (14.16)


Finally, at very high temperatures such as 600K, the enthalpy at 100 bars is actually larger
than the enthalpy at 1 bar. If we throttled nitrogen at 100 bars and 600K, this means that the
temperature after throttling would actually increase.


A real-life refrigerator follows a cycle that is essentially a backwards Rankine cycle. On a
PeV diagram it looks Fig. 14.9, and the cycle process can be describes as follows:


Path 1/ 2 is an adiabatic compression of the refrigerant fluid (a common fluid is the hydro-
fluorocarbon HFC-134a), which is a gas along this path. At point 1, it is in contact with the cold
reservoir (i.e., the inside of the fridge), and during compression (that is what the motor on your
fridge is doing), its temperature rises to above that of the hot reservoir (the room). Therefore, at
point 2, the refrigerant is a superheated gas (although “superheated” in this case means only
somewhat above the room temperature, not hundreds of degrees as in a steam engine). Along
the edge 2/ 3, the gas condenses to a liquid while giving off heatQh to the surrounding room.


Path 3 / 4 causes the fluid to reduce its temperature to a point lower than the inside of the
fridge. Along 4 / 3, the fluid absorbs heat Qc from the cold reservoir (the inside of the fridge)
and, in the process, turns from liquid into gas again.


Path 3/ 4 is the crucial step, and is, known as throttling. It is assumed that this is adiabatic,
so no heat is exchanged. The model used by Schroeder to explain throttling consists of a tube
containing a porous plug in the middle. The fluid starts to the left of the plug at pressure P3 in
initial volume V3 and is forced by a piston to pass through the plug into a chamber on the right,
where the pressure is P4 and the volume is V4 after all the gas has passed through. Thus, there
is another piston on the right, which moves outwards as the piston on the left moves inwards.


In terms of the phases of the fluid, point 1 is 100% saturated gas (that is, it’s a gas but at the
boiling point for that pressure), point 3 is 100% liquid (again, at the boiling point for that
pressure). Point 2 is “superheated” gas, and point 4 is part liquid, part gas.


The Tes diagram for LindeeHampson system is depicted in Fig. 14.10.
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Because it is an adiabatic process there is no heat exchanged, so the energy change of the
fluid as it passes through the plug is due entirely to the difference in work done by the pistons
on the two sides. On the left, the piston compresses the gas at constant pressure (that may
sound impossible, but remember the gas is being forced through the plug as it is compressed,
so really what we are doing is forcing a piston through a volume V3 at constant pressure P3),
so the total work done is P3V3. On the right, the gas expands to fill volume V4 against


FIGURE 14.9 Backward Rankine cycle.


FIGURE 14.10 LindeeHampson Tes diagram cycle.
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constant pressure P4 exerted by the piston on the right, so the work done on the gas is nega-
tive and is �P4V4. The change in energy is therefore


U4 �U3 ¼ P3V3 � P4V4 (14.17)


In terms of enthalpy, H ¼ U þ PV, so


H4 ¼ U4 þ P4V4 ¼ U3 þ P3V3 ¼ H3 (14.18)


That is, the enthalpy does not change in the throttling process.
The coefficient of performance (COP) of the refrigerator is the heat Qc extracted divided by


the work done, which is Qh � Qc. The heat transfer takes place entirely along the two edges
where the pressure is constant, so the heat transfer is equal to the enthalpy change along each
edge. That is


COP ¼ H1 �H2


H2 �H3 � ðH1 �H4Þ


¼ H1 �H4


H2 �H1


(14.19)


In summary, the term cryogenics is used to describe methods of refrigeration at very low
temperatures (typically below 125K), and distinguish them from ordinary refrigeration
cycles. Many of these methods relate to the liquefaction of gases known as permanent, like
air, natural gas, hydrogen, or helium.


Cryogenics is the field of engineering that focuses on systems operating at very low
temperature, which poses special problems, particularly in terms of fluids and materials.


Refrigeration and cryogenic liquefaction cycles involve combinations of para-isothermal
compressions, cooling, thermal regeneration, and isenthalpic or adiabatic expansion of fluids.


There are four major families of cryogenic thermodynamic processes:


• Isenthalpic expansion JouleeThomson processes;
• Isentropic expansion reverse Brayton cycles;
• Mixed processes involving isenthalpic and isentropic expansion (Claude cycle);
• Conventional or integrated cascades.


It is possible to model with Thermoptim some cryogenic cycles, but the exercise is often
difficult because the fluid properties are rarely defined for the entire temperature range consid-
ered. You will find in this thematic page some examples of liquefaction cycles for methane and
nitrogen, and a reverse Brayton helium refrigeration cycle at very low temperatures.


As with steam engines, the working fluid is not an ideal gas so we need to look up these
enthalpies in tables. Schroeder provides a couple of tables (his Tables 4.3 and 4.4)1 for
HFC-234a which we can use for examples. The calculation procedure is very similar to
that for steam engines. We rewrite these tables here as Tables 14.2 and 14.3.


Two different tables are generally used to look up the needed values of H. The first table is
Table 14.4, which is for “saturated” water and steam. The other table needed is Table 14.2,
which is for “superheated” steam. Complete versions of these tables are provided in
Appendix B of this book.
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TABLE 14.2 Properties of the Refrigerant HFC-13a Under Saturated Conditions (at Its
Boiling Point for Each Pressure)


P (bar) T (�C) Hliquid (kJ) Hgas (kJ) Sliquid (kJ/K) Sliquid (kJ/K)


1.0 �26.4 16 231 0.068 0.940


1.4 �18.8 26 236 0.106 0.932


2.0 �10.1 37 241 0.148 0.925


4.0 8.9 62 252 0.240 0.915


6.0 21.6 79 259 0.300 0.910


8.0 31.3 93 264 0.346 0.907


10.0 39.4 105 268 0.346 0.904


12.0 46.3 116 271 0.416 0.902


Note that in Table 14.2, all values are for 1 kg of fluid, and are measured relative to an arbitrarily chosen
reference state, the saturated liquid at �40�C.
Excerpted from Moran, Shapiro. Fundamentals of Engineering Thermodynamics. Wiley; 1995.


TABLE 14.3 Properties of Superheated (Gaseous) Refrigerant HFC-13a1


P (bar) 40 50 60


80 H (kJ) 274 284 295


S (kJ/K) 0.937 0.937 1.003


10.0 H (kJ) 269 280 291


S (kJ/K) 0.907 0.943 0.977


120 H (kJ) 276 287


S (kJ/K) 0.916 0.953


Note that in Table 14.3, all values are for 1 kg of fluid, and are measured relative to the same
reference state as in Table 14.3.
Excerpted from Moran, Shapiro. Fundamentals of Engineering Thermodynamics. Wiley; 1995.


TABLE 14.4 Properties of Saturated Water/Steam1


T (�C) P (bar) Hwater (kJ) Hsteam (kJ) Swater (kJ/K) Ssteam (kJ/K)


0 0.006 0 2501 0 9.156


10 0.012 42 2520 0.151 8.901


20 0.023 84 2538 0.297 8.667


30 0.042 126 2556 0.437 8.453


50 0.123 209 2592 0.704 8.076


100 1.013 419 2676 1.307 7.355


Pressures are given in bars, where 1 bar ¼ 105 Pa ¼ 1 atm. All values are for 1 kg of fluid, and
are measured relative to liquid water at the triple point (0.01�C and 0.006 bar).
Excerpted from Keenan JH. Thermodynamic Properties of Water Including Vapor, Liquid and Solid
Phases; 1978.
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EXAMPLE 14.1
A refrigerator using HFC-234a operates between a high pressure of P3 ¼ 12 bars and a low


pressure of P4 ¼ 1 bar. Use Tables 14.2 and 14.3, as well as Fig. 14.9.


Solution
From Table 14.2, this makes T3 ¼ 46.3�C and T4 ¼ �26.4�C. Along the throttling path 3/ 4


using Fig. 14.9, since the enthalpy is constant, we can use the tables to find the fraction of liquid at
point 4. We have H4 ¼ H3¼116 kJ (since at point 3, the fluid is 100% liquid). From the line for P1 bar
in Table 4.3, we have


116 ¼ �16xþ 231ð1� xÞ
x ¼ 0:535


Thus, at point 4, the fluid is 53.5% liquid and 46.5% gas.


EXAMPLE 14.2
A household fridge operates between P3 ¼ 10 bar and P4 ¼ 1 bar. Along the compression path


1/ 2, the fluid is 100% gas.


Solution
From Table 14.2, the entropy at point 1 is S1 ¼ 0.94 kJ/K. Assuming the compression is adiabatic,


the entropy does not change so, from Table 14.3, for P2 ¼ 10 bar we must have a temperature T2


somewhere between 40 and 50, since the entropies for those two temperatures lie on either side of
0.94. That is


S2 � S1 ¼ 0:94 ¼ 0:907xþ 0:943ð1� xÞ
x ¼ 0:0833


T2 ¼ 40xþ 50ð1� xÞ ¼ 49:17�C


To find enthalpies at all four points in the cycle, we can start by reading some of them from the
tables. At point 1, P1 ¼ 1 bar and the fluid is 100% saturated gas, from Table 14.4, we have


H1 ¼ 231 kJ


At point 3, we have 100% saturated liquid at P3 ¼ 10 bars so


H4 ¼ H3 ¼ 105 kJ


At point 2, we can take the same combination of enthalpies from Table 14.3 as we used to
calculate the temperature:


H2 ¼ 269xþ 280ð1� xÞ ¼ 279:08 kJ


The COP, from point from Eq. (14.19), will be


COP ¼ 231� 105
279:08� 231


¼ 2:62
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For a Carnot refrigerator, the maximum COP is


COPmax ¼ Tc


Th � Tc
(14.20)


The cold temperature Tc must be the warmest temperature on the edge 4 / 1, since heat must be
able to flow from the fridge into the fluid all along this path. Since the entire path 4/ 1 falls within
the region where the fluid is a saturated mixture of liquid and gas at the boiling point for pressure
P1 ¼ 1, the temperature here is constant at Tc ¼ �26.4�C.


To find Th, we apply the same logic to the path 2 / 3. Here, the fluid temperature must be above
that of the room for the entire path so that heat can flow out into the room. However, part of the
path lies in the superheated region, while part lies within the saturated liquidegas region. It has its
lowest temperature in this latter region. At point 3, the fluid is 100% liquid at P3 ¼ 10 bars, so its
temperature here is (from Table 14.2) 39.4�C, so this is Th. We have


COPmax ¼ 273� 26:4
39:4þ 26:4


¼ 3:75


A temperature of Th ¼ 39.4�C is reasonable; since it is unlikely that even in a hot kitchen the
temperature would exceed this value (this is higher than normal body temperature). However, in
very hot environments without air conditioning, it is certainly possible for the heat to reach this
level, so such a fridge would not work very well in those areas.


Finally, we can work out the liquidegas proportion at point 4, by equating enthalpies H3 ¼ H4


and interpolating as above:


H3 ¼ 105 ¼ 16xþ 231ð1� xÞ
x ¼ 0:586


Thus, at point 4, the fluid is 58.6% liquid and 41.4% gas.


14.2.3 The Third Law of Thermodynamics (You Cannot Get Out of the Game)


The third law of thermodynamics states that the entropy of a system approaches a constant
value as the temperature approaches absolute zero. The entropy of a system at absolute zero
is typically zero, and in all cases is determined only by the number of different ground states
it has. Specifically, the entropy of a pure crystalline substance (perfect order) at absolute zero
temperature is zero. This statement holds true if the perfect crystal has only one state with
minimum energy.


Basically, the third law of thermodynamics states that the entropy of a system approaches
a constant value as the temperature approaches absolute zero and the key points are:


• At zero temperature, the system must be in a state with the minimum thermal energy.
• Mathematically, the absolute entropy of any system at zero temperature is the natural


log of the number of ground states times Boltzmann’s constant (kB).
• For the entropy at absolute zero to be zero, the magnetic moments of a perfectly


ordered crystal must themselves be perfectly ordered.
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As far as the statement “You Cannot Get Out of The Game” is concerned, the following
applies:


• No system can reach absolute zero.
• This is one reason we use the Kelvin temperature scale. Not only is the internal energy


proportional to temperature, but you never had to worry about dividing by zero in an
equation!


• There is no formula associated with the third law of thermodynamics,


The implications of the third law are summarized as:


• Some MIT researchers achieved 450 pK in 2003 (less than 1/2 of one billionth)!
• Molecules near these temperatures have been called the fifth state of matter and we


know it as BoseeEinstein condensates and as a result we can state:
• Awesome things like superfluidity and superconductivity happen at these


temperatures;
• An exciting frontier of research is there.


14.2.4 The Zeroth Law of Thermodynamics


This is the last law of thermodynamics that we know of so far. The zeroth law of thermo-
dynamics states that if two bodies are each in thermal equilibrium with some third body, then
they are also in equilibrium with each other. Thermal equilibrium means that when two
bodies are brought into contact with each other and are separated by a barrier that is perme-
able to heat, there will therefore be no transfer of heat from one to the other (see Fig. 14.7).


This says in essence that the three bodies are all the same temperature. James Clerk
Maxwell put this perhaps more simply when he said, “All heat is of the same kind.” What
is most important is that the zeroth law establishes that temperature is a fundamental and
measurable property of matter.


From Fig. 14.11, we deduce that the zeroth law of thermodynamics states that if two bodies
are each in thermal equilibrium with some third body, then they are also in equilibrium with
each other. This basically explains that if objects A and B are each in thermal equilibrium with
object C, then A and B are in thermal equilibrium with each other. Further we can state that
the first and second laws were well entrenched when an additional law was recognized and
could not be renumbered the first and second laws, therefore it was called the zeroth law.


FIGURE 14.11 Three bodies in contact.
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This law is important for the mathematical formulation of thermodynamics, which needs
the assertion that the relation of thermal equilibrium is an equivalence relation. This informa-
tion is needed for a mathematical definition of temperature that will agree with the physical
existence of valid thermometers.


Historically, Ralph H. Fowler, a British physicist and astronomer, invented the title “the
zeroth law of thermodynamics”when he was discussing the 1935 text of Saha and Srivastava.


14.3 HEAT TRANSFER SUMMARY


For the purposes of this topic, namely heat transfer, we have to have some concept of heat
versus temperature and their concepts. To do so, we can state that heat is energy transfer,
while temperature is proportional to internal energy. Dimensionally, they can be denoted as:


• Fahrenheit;
• Celsius; and
• Kelvin temperature scales.


Heat flows across temperature differences. There are three modes of heat transfer: conduc-
tion, radiation, and convection. Conduction and radiation are fundamental physical mecha-
nisms, while convection is really conduction as affected by fluid flow.


Conduction: is an exchange of energy by direct interaction between molecules of a sub-
stance containing temperature differences. It occurs in gases, liquids, or solids and has a
strong basis in the molecular kinetic theory of physics.


Heat conduction equation can be established using Fourier’s Law and in a simple one-
dimensional form with help from Fig. 14.12 is written as:


_Qconduction ¼ �kA
dT
dx


ðWÞ (14.21)


slope


T(x)


Q > 0


< 0dT
dx
—


.


Heat flow


T


x


FIGURE 14.12 Presentation of heat conduction in one-dimensional cartesian coordinates.
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Now, if we assume n is the normal of the isothermal surface at point P, the rate of heat
conduction at that point can be expressed by Fourier’s law as:


_Qconduction


��
n
¼ _Qn ¼ �kA


dT
dx


ðWÞ (14.22)


The heat transfer vector is always normal to an isothermal surface and can be resolved into
its components like any other vector and three-dimensionally it can be written as in Eq.
(14.22), using Fig. 14.13:


_Q
!


n ¼ _Q
!


x
bi þ _Q


!
y
bj þ _Q


!
z
bk (14.23)


In Eq. (14.23), each component of heat conduction in the x, y, and z directions can be
written as:


_Qx ¼ �kAx
vT
vx


_Qy ¼ �kAy
vT
vy


_Qz ¼ �kAz
vT
vz


(14.24)
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FIGURE 14.13 Presentation of heat conduction in three-dimensional cartesian coordinates.
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14.3.1 Heat Generation


The rate of heat generation in a medium may vary with time as well as position within the
medium. When the variation of heat generation with position is known, the total rate of heat
generation in a medium of volume V can be determined from


_G ¼
Z
V
_gdV ðWÞ (14.25)


In Cartesian coordinates, using plane wall and assuming A is constant, the general 1-D
heat conduction equation for variable conductivity is:


1
A


v


vx


�
kA


vT
vx


�
þ _g ¼ rC


vT
vt


(14.26)


For constant conductivity, we can write:


v2T
vx2


þ _g
k
¼ 1


a


vT
vt


(14.27)


where the property k=rC is the thermal diffusivity and a ¼ rC=k.
In general, one-dimensional:


(14.28)


For steady, one-dimensional, Eq. (14.29) reduces to:


d2T
dx2


¼ 0 (14.29)


In three-dimensional, the general form is:


v2T
vx2


þ v2T
vy2


þ v2T
vz2


þ _g
k
¼ 1


a


vT
vt


(14.30)


However, the three different circumstances that we can express Eq. (14.30) with some
reduction form are:


1. Steady-state (called the Poisson equation):


v2T
vx2


þ v2T
vy2


þ v2T
vz2


þ _g
k
¼ 0 (14.31a)
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2. Transient, no heat generation (called the diffusion equation):


v2T
vx2


þ v2T
vy2


þ v2T
vz2


¼ 1
a


vT
vt


(14.31b)


3. Steady-state, no heat generation (called the Laplace equation):


v2T
vx2


þ v2T
vy2


þ v2T
vz2


¼ 0 (14.31c)


So far, we have expressed the heat conduction in Cartesian coordinates, and in other
coordinates such as cylindrical coordinates, we can write the result without any derivations
and readers can do their own investigation on that, thus we have:


1
A


v


vr


�
kA


vT
vr


�
þ _g ¼ rC


vT
vt


(14.32)


For variable conductivity:


1
r
v


vr


�
rk


vT
vr


�
þ _g ¼ rC


vT
vt


(14.33)


For constant conductivity:


1
r
v


vr


�
r
vT
vr


�
þ _g


k
¼ 1


a


vT
vt


(14.34)


For other different circumstances in cylindrical coordinates, we can write


1. Steady-state:


ðv=vt ¼ 0Þ 1
r
d
dr


�
r
dT
dr


�
þ _g


k
¼ 0 (14.35a)


2. Transient, no heat generation:


ð _g ¼ 0Þ 1
r
v


vr


�
r
vT
vr


�
¼ 1


a


vT
vt


(14.35b)


3. Transient, no heat generation:


ðv=vt ¼ 0 and _g ¼ 0Þ d
dr


�
r
dT
dr


�
¼ 0 (14.35c)
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For a general form of heat conduction equation in cylindrical coordinates, using Fig. 14.14,
we have:


Then, the equation of heat conduction in three-dimensional, is:


1
r
v


vr


�
kr
vT
vr


�
þ 1
r2


v


vf


�
kr
vT
vf


�
þ v


vz


�
k
vT
vz


�
þ _g ¼ rC


vT
vt


(14.36)


Similarly, in spherical coordinates, we can write the following relationship.
For variable conductivity:


1
r2


v


vr


�
r2k


vT
vr


�
þ _g ¼ rC


vT
vt


(14.37)


For constant conductivity:


1
r2


v


vr


�
r2
vT
vr


�
þ _g


k
¼ 1


a


vT
vt


(14.38)


A combined one-dimensional heat conduction equation, then, is written as:


1
rn


v


vr


�
rnk


vT
vr


�
þ _g ¼ rC


vT
vt


(14.39)
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FIGURE 14.14 Cylindrical coordinates.
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For a general form of heat conduction equation in spherical coordinates, using Fig. 14.15,
we have:


Then, the equation of heat conduction in three-dimensional, is:


1
r2


v


vr


�
kr2


vT
vr


�
þ 1
r2 sin2 q


v


vf


�
k
vT
vf


�
þ v


r2 sin q vq


�
k sin q


vT
vq


�
þ _g ¼ rC


vT
vt


(14.40)


Radiation is a transfer of thermal energy in the form of electromagnetic waves emitted by
atomic and subatomic agitation at the surface of a body. Like all electromagnetic waves (light,
X-rays, microwaves), thermal radiation travels at the speed of light, passing most easily
through a vacuum or nearly “transparent” gases, such as oxygen or nitrogen. Liquids,
“participating” gases such as carbon dioxide and water vapor, and glasses transmit only a
portion of incident radiation. Most other solids are essentially opaque to radiation. The anal-
ysis of thermal radiation has a strong theoretical basis in physics, beginning with the work of
Maxwell and Planck.


In the thermal radiation process, radiation energy will interact with a material’s surface
and its energy may be partly absorbed, transmitted, or reflected. These three phenomena,
for materials such as glass or plastic, can be written mathematically as:


aþ rþ s ¼ 1 (14.41)


In Eq. (14.41), a is the absorptivity, r is the reflectivity, and finally s is the transmissivity of the
materials. However, for an opaque material s ¼ 0 and Eq. (14.41) reduces to:


aþ r ¼ 1 (14.42)
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FIGURE 14.15 Spherical coordinates.
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For a blackbody, r ¼ 0 and Eq. (14.42), reduces to:


a ¼ 1 (14.43)


The emissive power E of a unit surface is the amount of heat radiated by the surface per
unit of time. Then, emissivity e of a surface is defined by:


e ¼ E
Eb


(14.44)


where Eb is the emissive power of a blackbody at the same temperature. The emissive power
blackbody is given by:


Eb ¼ sT4 (14.45)


where s is the StefaneBoltzmann constant. For a real surface, the relation is modified to:


E ¼ esT4 (14.46)


When two bodies are within the vicinity range of each other and are separated by a
medium that does not absorb radiation, an energy exchange occurs as a result of reciprocal
processes of emission and absorption. The net rate of heat transfer from one surface at T1
to another surface at T2 can be calculated from:


Q ¼ sA1FAFE
�
T4
1 � T4


2


�
(14.47)


where A1 is the surface area of one of the bodies, FA is a shape and orientation factor for the
two bodies relative to area A1, and FE is the emission and absorptance factor for the two
bodies. If the surface of one body is small or enclosed by the surface of the other body,
FA � 1; otherwise, FA must be evaluated. For a surface A1 radiating to a large area or space,
FE ¼ e1. For two large parallel plates with a small space between them,


FE ¼ 1
1
e1
þ 1
e2
� 1


(14.48)


For a sphere of radius r1 inside another sphere of radius r2, we can write:


FE ¼ 1


1
e1
þ
�
r1
r2


�2�1
e2
� 1


� (14.49)


For a long cylinder of radius r1 inside another cylinder of radius r2,


FE ¼ 1


1
e1
þ
�
r1
r2


�2�1
e2
� 1


� (14.50)
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For the case where FA ¼ 1 and FE ¼ e1, we can define a radiative heat transfer coefficient as:


hr ¼ s


T1


�
T4
1 � T4


2


T1 � T2


�
(14.51)


This can then be used to determine the heat transferred by radiation from the relation as:


Q ¼ hrA1ðT1 � T2Þ (14.52)


Convection may be described as conduction in a fluid as enhanced by the motion of the
fluid. It may not be a truly independent mode, but convection is the most heavily studied
problem in heat transfer: More than three-quarters of all published heat transfer papers
deal with convection. This is because convection is a difficult subject, and is strongly influ-
enced by geometry, turbulence, and fluid properties.


Convection heat transfer is the mode of energy transfer between a solid surface and the
adjacent liquid or gas that is in motion, and it involves the combined effects of conduction
and fluid motion (see Fig. 14.16).


The rate of heat transfer by convection Qconv, is determined from Newton’s law of cooling
and is expressed as:


Qconv ¼ hAðTs � Tf Þ (14.53)


where Qconv ¼ heat transfer rate (W); A ¼ heat transfer area (m2); h ¼ convective heat transfer
coefficient, (W/m2 K); Ts ¼ surface temperature (K); Tf ¼ bulk fluid temperature away from
the surface, (K).


The convective heat transfer coefficient is an experimentally determined parameter that
depends upon the surface geometry, the nature of the fluid motion, the properties of the fluid,
and the bulk fluid velocity. Ranges of the convective heat transfer coefficient are given in
Table 14.5.


A given problem may, of course, involve two or even all three modes.
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FIGURE 14.16 Convection heat transfer.
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14.4 MOMENTUM TRANSFER AND PROCESS


For cryogenic fluids handling and transfer, it is required to be at near the boiling point,
normally. This becomes a very complicated issue, since vaporization within fluid takes place,
which causes two-phase flow situations. The transition from liquid to vapor is influenced by
the heat influx and pressure changes that are encountered in the system.


In the case of single-phase flow, the most important point which needs to be considered is
the distinction between laminar and turbulent flow. The same law of physics that is applied
to a single flow at ambient temperature also applies to flow at low temperature.


In a cryogenic system, two-phase flow cannot be prevented, particularly during the cool-
ing down of transfer lines. If a cool-down situation is encountered frequently, complete sys-
tem performance reliability requires design for this condition. It takes only a slight localized
heat influx or pressure drop to cause the evaporation of part of the fluid. Vapor in such lines
can significantly reduce the liquid transfer capacity. Note that this transition from liquid to
vapor is usually an unequilibrated condition and presents an undefined problem for design
purposes.2


Also, to determine if flow is in laminar or turbulent status, we need to measure it against
the Reynolds number (Re). A flow is considered to be laminar if the Reynolds number is
less than 2100, which is a dimensionless number and when the number is greater 3000,
then the flow is at a turbulent stage. However, the range between 2100 and 3000 is nor-
mally considered the transition region between laminar and turbulent flow. Thus, the
empirical relationships that have been used successfully in calculating, for example, the
pressure drop in a pipe at ambient conditions are also valid for a system using cryogenic
fluids.


In addition, it is apparent that there is a great deal of symmetry in nature and natural pro-
cesses, which by observing one process may enable one to predict the outcome of another
similar process. For example, consider the three important processes of the transport of en-
ergy (i.e., heat), transport of momentum, and transport of mass. We know that in nature,
flow occurs spontaneously from a higher potential to a lower potential. An example of
such a condition can be observed when electricity flows from a higher voltage potential to
a lower voltage potential and when water flows from a higher datum level (i.e., pressure)


TABLE 14.5 Range of the Convection Heat Transfer
Coefficient


h (W/m2-K)


Free convection of gas 2e25


Free convection of liquid 50e100


Forced convection of gases 25e250


Forced convection of liquids 50e20,000


Convection in boiling and condensation 2500e100,000
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to a lower datum level. Similarly, for the aforementioned three transport processes, we can
observe the following:


1 Transport of heat energy: Occurs from a higher temperature level to a lower tempera-
ture level;


2 Transport of momentum: occurs from a higher velocity to a lower velocity level;
3 Transport of mass: ccurs from a higher concentration level to a lower concentration


level.


In other words, we may say that the temperature gradient is the driving potential for heat
transfer, driving potential for momentum transfer is the velocity, and the driving potential for
mass transfer is the concentration gradient. Therefore, we can see that the governing equa-
tions for these processes must have some similarities. In fact, it can be seen from the heat
transfer section above, about conduction, convection, and mass transfer, that such a similarity
does exist in the governing equations for these processes. Therefore, knowing the solutions
for one transport process, we will be able to predict the solutions for another transport
process by analogy.


The transfer of mass, momentum, and energy are often coupled. Thermohydraulic oscilla-
tions due to flashing and evaporation of a cryogenic aided by transient heat and momentum
transport may significant affect flow rates, especially for short duration burn if it is used for
propellant in the rocket industry. Consequently, modeling of transfer line transport processes
is essential.


Cryogenic storage and cryogenic transportation system features are as follows:


• The lowest guaranteed loss rates should be available;
• Enhanced suspension system for extended service life;
• User-friendly plumbing for operation and maintenance;
• Common vent stack for simple pipe-away connections;
• A mounting scheme that is quick and easy to use;
• Structural dimensions that fit easily into enclosed vans;
• Liquid level gauge that reads in liters and pounds;
• Piping components that can be replaced without solder joints;
• Designed and manufactured to industry specifications;
• Stainless steel front head for welding integrity and cosmetic improvement;
• Regulator on the pressure builder for liquid saving and unattended operation.


Additionally, another fluid problem encountered rather frequently is that of cavitation in
pumps. Cavitations begin at a pressure slightly below where vaporization just starts. The dif-
ference in pressure between cavitation and normal vaporization is equal to the net positive
suction head minus the drop in head pressure in the pump. Normally, this must be deter-
mined experimentally and is a characteristic of the pump and the fluid.


A critical flow can be achieved in the transfer of a cryogenic fluid. In such a situation, the
flow rate of the fluid cannot be altered by lowering the downstream pressure as long as the
supply pressure remains constant. Such a situation is due to increased downstream vaporiza-
tion, which reduces the cross-sectional area available for liquid transfer.2


Cool down of cryogenic systems involves a period of surging flow and pressure fluctua-
tions with accompanying sound effects.
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14.5 THE BEGINNING OF CRYOGENICS


The beginning of modern technological engineering for cryogenics goes back to the early
years of World War 2 (WW2) around 1939 then towards the end of it in 1945. During this
period, the Department of Chemical Technology of the Imperial College of London, under
the supervision of the late Sir Alfred Egerton, brought a team of engineers and scientists
together in order to investigate the potentials of liquid methane; in particular its use as a
substitute motor fuel, when th first rocket propulsion used liquid oxygen (LO), as part of
the burning fuel for launching.


For more than 70 years LO has been used as an oxidant in rocket propulsion. The first
rocket engine that used the LO is traced back to the famous German ballistic rocket known
as the V-2 or Vergeltungswaffen (i.e., Weapon 2) V-2, when it was first launched against al-
lied forces in England during WW2.


Research into the military use of long-range rockets began when the studies of graduate
student Wernher von Braun attracted the attention of the German army. A series of proto-
types culminated in the A-4, which went to war as the V-2. Beginning in September 1944,
over 3000 V-2s were launched by the German Wehrmacht against Allied targets during the
war, first London, and later Antwerp and Liège. According to a 2011 British Broadcasting
documentary, the attacks from V-2s resulted in the deaths of an estimated 9000 civilians
and military personnel, and a further 12,000 forced laborers and concentration camp pris-
oners died as result of their forced participation in the production of the weapons.
Fig. 14.17 is an illustration of the overall aspect of a V-2 ballistic missile, along with the layout
of its engine and usage of the LO tank.


Fig. 14.18 shows more details of the same rocket with its configuration and description of
each parts as shown in the illustration.


At launch, the A-4 propelled itself for up to 65 s on its own power, and a program motor
controlled the pitch to the specified angle at engine shutdown, after which the rocket
continued on a ballistic free-fall trajectory. The rocket reached a height of 80 km (50 miles)
after shutting off the engine.


The A-4 used a 74% ethanol/water mixture (B-Stoff) for fuel and LO (A-Stoff) for oxidizer.
The propellant for this rocket was a combination of 3810 kg (8400 lb) 75% ethanol/25% water
4910 kg (10,820 lb) LO.


The fuel and oxidizer pumps were driven by a steam turbine, and the steam was produced
by concentrated hydrogen peroxide with sodium permanganate catalyst. Both the alcohol
and oxygen tanks were an aluminumemagnesium alloy.


The combustion burner reached a temperature of 2500e2700�C (4530e4890�F). The
alcoholewater fuel was pumped along the double wall of the main combustion burner.
This regenerative cooling heated the fuel and cooled the combustion chamber. The fuel
was then pumped into the main burner chamber through 1224 nozzles, which assured the
correct mixture of alcohol and oxygen at all times. Small holes also permitted some alcohol
to escape directly into the combustion chamber, forming a cooled boundary layer that further
protected the wall of the chamber, especially at the throat where the chamber was narrowest.
The boundary layer alcohol ignited on contact with the atmosphere, accounting for the long,
diffuse exhaust plume. By contrast, later, post-V-2 engine designs did not employ this alcohol
boundary layer cooling showing a translucent plume with shock diamonds.
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In modern rocketry, we have seen heavy utilization of cryogenic liquid in the United Sates
history of the exploration of space, such as Saturn 5, which was designed under the supervi-
sion of Dr. Wernher von Braun, the same man who invented the V-2 and later the Space Shut-
tle. Fig. 14.19 is an illustration of the Shuttle Space, which shows the engine details and usage
of cryogenic liquid fuel in its lightweight external tank.


In the future other cryogenic liquids may prove useful as rocket fuels or oxidants, although
in today’s technology, we can see research around usage of cryogenic liquids as a source of
renewable energy for electricity due to demand in next-generation (GEN-IV) nuclear power
plants.3


The effort of Imperial College of London toward cryogenics for motor fuel using liquid
methane was influenced by the work of Dr. Martin Ruthemann, who played an important
part in the project, and at the same time, his pioneering book “The Separation of Gases”
was published by Oxford University Press. This book was inspiration for others to look
into additional research and consequently write more text around the subject of cryogenics.


FIGURE 14.17 First ballistic rocket V-2.
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FIGURE 14.19 Illustration of shuttle space with its lightweight external tank.


FIGURE 14.18 Illustration of V-2 rocket with more details.
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This was the starting point for the significant developments in the United States, where many
of them were brought together by Dr. Russell B. Scott, the director of N. B. S. Boulder
Laboratory, in his classic text “Cryogenic Engineering” that was written under the auspices
of the National Bureau of Standards (NBS).


The NBS cryogenics program started in 1904 when Congress appropriated funds to
purchase the 2-L-per-hour hydrogen liquefier exhibited at the St. Louis World’s Fair by the
British Oxygen Company.


This marked a new era in the growth of applied low temperature, with emphasis shifting
from industrial gas liquidation and separation to the lower temperature involved in the use of
liquid hydrogen for various applications. This included the large-scale nuclear applications,
such as a source in energy storage for renewable energy during on and off peak,4,5 rocketry, a
source of cost-effective motor fuel, and set the early stage for the exploration of superconduct-
ing devices as we now see it CERN, the European Organization for Nuclear Research.


During the 1960s there was a tendency for the two temperature regimes of cryogenics to
grow apart, and most of the new texts appearing in that period concentrated on temperatures
below about 20K. However, significant studies were being made at higher temperatures with
oxygen plants achieving sizes of up to 1000 tons/day, very large ethylene separation plants
were being installed in every major industrial country, and liquid natural gas was becoming a
significant world fuel.


However, in this book we are discussing the ultra low temperature, where the temperature
spectrum is below about �150�C (123.15K, �238.00�F) as its territory. The reason behind this
temperature lies in the fact that temperature is one of the most important variable parameters,
like pressure and magnetic field, which can be manipulated to change the phase of the ma-
terial and thus its mechanical, thermodynamical, chemical, electronic, and phonon properties.


At ambient temperatures lattice vibrations, which are quantized and are called phonons in
any material, are dominant and usually mask its fine properties. As the temperature is low-
ered, the amplitude of these vibrations is reduced and at ultra low temperature close to ab-
solute zero they die down completely. In other words, the dominant phonon contribution
almost disappears and one can observe the quantum behavior of matter. Normal laws valid
at ordinary temperatures may not hold any more. Some of the properties in fact violate all our
norms about how matter ought to behave. Superconductivity and superfluidity are perhaps
the most striking phenomena observed at low temperature, which display quantum behavior
at a macroscopic scale. An electric current can flow persistently in a superconductor (without
dissipation) without a voltage and similarly a superfluid can flow effortlessly (no viscosity)
through fine pores, impervious to normal liquid, without a pressure head. As mentioned
in Chapter 1, over the years the term cryogenics has generally been used to refer to temper-
atures below approximately �150�C (123.15K, �238.00�F). This can be seen in Fig. 14.20.


The cryogenic temperature range has been defined as from �150�C (�238�F) to absolute
zero (�273�C or �460�F), the temperature at which molecular motion comes as close as theo-
retically possible to ceasing completely. Cryogenic temperatures are usually described in the
absolute or Kelvin scale, in which absolute zero is written as 0K, without a degree sign. Con-
version from the Celsius to the Kelvin scale can be done by adding 273 to the Celsius scale.


Note that cryogenic temperatures are considerably lower than those encountered in ordi-
nary physical processes.
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Keep in mind that at absolute temperature a thermodynamic system has the lowest
energy. It corresponds to �273.15�C on the Celsius temperature scale and to �459.67�F on
the Fahrenheit temperature.


The notion that there is an ultimately lowest temperature was suggested by the behavior of
gases at low pressures; it was noted that gases seem to contract indefinitely as temperature
decreases. It appeared that an “ideal gas” at constant pressure would reach zero volume at
what is now called the absolute zero of temperature.


14.6 ULTRA LOW-TEMPERATURE REFRIGERATION,
CRYOGENIC STATE


Before we jump into ultra low-temperature refrigeration, namely the cryogenic state; we
need briefly to talk about one aspect of the thermal environment, which is the refrigeration
state. The refrigeration state takes place and is driven by withdrawal of heat in order to
produce a substance or within a space or system a temperature lower than that of the natural
surroundings.


Thus, any methods available to us for lowering temperature, in the range from ambient
temperature to absolute zero (not in cryogenic region), involving the refrigerating process
would be a good method.


FIGURE 14.20 The cryogenic temperature range.
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There areseveral methods of refrigeration that are known in today’s industry to produce
such substances and products and these include:


1. Thermoelectric means;
2. Vapor compression system;
3. Gas compression systems involving expansion of the compressed gas to produce work;


and
4. Gas compression systems involving throttling or unrestrained expansion of the com-


pressed gas.


Threlkeld discusses all the above four methods in more details in his book, and the reader
should refer to his book.6


Out of these four methods, method (2) is used in the majority of refrigeration systems, with
compression accomplished mechanically or through absorption methods. Method (3) has
commercial application in air refrigeration systems used for cooling aircraft spaces and
passenger cabinets. Methods (3) and (4) have both found in systems using applications in
the liquefaction of various gases. However, mechanical compression systems using vapor re-
frigerants are predominant among refrigerating methods. In this process, cooling is taking
place by evaporation of a liquid refrigerant under reduced pressure and temperature. The
saturation temperature of the vapor is then elevated by mechanical compression, allowing
the vapor to be condensed by heat rejection to ordinary cooling water or atmospheric air.
The relatively high-pressure liquid is then expanded to the heat exchanger, where evapora-
tion occurs. The expansion process is usually accomplished by throttling through a valve.
Thermodynamically, the mechanical refrigeration system is a closed cycle.


In contrast to low-temperature refrigeration, there exists ultra low-temperature refrigera-
tion, that we know of as a cryogenic state. Table 14.6 shows that a cascade system using
Refrigerant 14 (R14) as the low side refrigerant should be capable of reaching a minimum
temperature of about �250�F and also to sustain it.


Note that chemical refrigerants are assigned an R number, which is determined systemat-
ically according to molecular structure. DuPont Corporation frequently refers to the most
common ones as Freon, which is registered and trademarked to them. R4 or R-14 has appli-
cations in military, aircraft, and aerospace industries, while R10 (R-10) to R12 (R-12) are used
in the automobile industry for car air conditioning.


However, there remains an approximate range of 210�F between this temperature and
absolute zero. In order to reach this range of temperatures, we are required to use liquefied
gases to achieve refrigeration. This is the reason the term cryogenics was used to describe such
substances and their applications. Table 14.7 shows the boiling point temperature for several
cryogenic fluids.


TABLE 14.6 Basic Information for the R-14 Properties for Tetrafluoromethane


Chemical Name
Molecular
Weight


Boiling
Point Vapor Pressure


Vapor Density
(Air[ 1)


Gas Density
(Kg/m3 at 20�C)


Critical
Temperature


Tetrafluoromethane 88.00 �127.9�C Above Critical
Temperature


3.04 3.65 �45.7�C
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In Fig. 14.21 the general thermodynamic properties for dry air are reproduced.
As we know from our basic chemistry, oxygen, nitrogen, argon, xenon, and krypton are


constituents of air. Each element may be obtained by liquefaction and separation of atmo-
spheric air. However, pure hydrogen can be obtained by separation from coke-oven gas or
other sources as well, while pure helium as a common approach is produced by separation
from helium-bearing natural gas.


The recent subject of cryogenics, and in particular its application in CERN and their Large
Hadron Collider (LHC), has increasingly becoming more and more important, as well as in
other aspects of industry.


The LHC is the largest cryogenic system in the world and one of the coldest places on
Earth. All of the magnets on the LHC are electromagnetsdmagnets in which the magnetic
field is produced by the flow of electric current. The LHC’s main magnets operate at a tem-
perature of 1.9K (�271.3�C), colder than the 2.7K (�270.5�C) of outer space. The LHC’s cryo-
genic system requires 40,000 leak-tight pipe seals, 40 MW of electricity (10 times more than is
needed to power a locomotive), and 120 tons of helium to keep the magnets at 1.9K.


From the physics of electromagnetics, we know that magnets produce a magnetic field of
8.33 T to keep particle beams on course, around the LHC’s 27-km ring. A current of 11,850 A
in the magnet coils is required to reach magnetic fields of this amplitude. The use of super-
conducting materialsdthose that conduct electricity with no resistancedhas proven to be the
best way of avoiding overheating in the coils and of keeping them as small as possible. That is
why we need such extreme cold at the state of cryogenic temperature for exceptional perfor-
mance in facilities such as CERN.


TABLE 14.7 Pressure and Temperature Data for Various Cryogenic Fluids


Substances
Boiling Point Temperature
(14.697 psia) (�F)


Freezing Point
Temperature (�F)


Critical Point
Temperature (�F)


Critical
Pressure (psia)


Xenon �162.4 �169.6 61.9 852


Krypton �243.8 �251.0 �82.8 798


Oxygen �297.4 �361.8 �181.8 737


Argon �302.6 �308.9 �188.3 705


Air �312.7a �351.2c 546


�318.1b �357.2d �221.3


Nitrogen �320.4 �346.0 �232.8 492


Neon �411.0 �415.5 �379.7 395


Hydrogen �423.0 �434.6 �399.8 188


Helium �452.1 e �450.3 33


aCondoning temperature of saturated vapor.
bBoiling temperature of saturated liquid.
cFreezing temperature of liquid.
dMelting temperature of solid.
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FIGURE 14.21 Thermodynamic properties for dry air.
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Superconductivity could not happen without the use of cryogenic systems. The coils’
niobiumetitanium (NbTi) wires must be kept at low temperatures to reach a superconduct-
ing state. The LHC’s superconducting magnets are therefore maintained at 1.9K (�271.3�C)
by a closed liquid-helium circuit.


Cryogenic techniques essentially serve to cool the superconducting magnets. In particle
detectors they are also used to keep heavy gases such as argon or krypton in a liquid state,
for detecting particles in calorimeters, for example.


1. Three steps to cooling
The layout of the LHC magnet cooling system is based on five “cryogenic islands,”


which distribute the cooling fluid and convey kilowatts of cooling power over several
kilometers. The entire cooling process takes weeks to complete. It consists of three
different stages. During the first stage, helium is cooled to 80K and then to 4.5K. It is
injected into the cold masses of the magnets in a second stage, before being cooled to a
temperature of 1.9K in the third and final stage.


2. Tonnes of helium for the big chill
Helium was a natural choice of coolant as its properties allow components to be kept


cool over long distances. At atmospheric pressure gaseous helium becomes liquid at
around 4.2K (�269.0�C). However, if cooled below 2.17K (�271.0�C), it passes from the
fluid to the superfluid state. Superfluid helium has remarkable properties, including
very high thermal conductivity; it is an efficient heat conductor. These qualities make
helium an excellent refrigerant for cooling and stabilizing the LHC’s large-scale super-
conducting systems. Note that, helium circulates in a closed circuit while the machine is
in operation.


Fig. 14.22 is an illustration of some parts of the cryogenic stage in operation at CERN.
The LHC is the world’s largest and most powerful particle accelerator. It first started up on


September 10, 2008, and remains the latest addition to CERN’s accelerator complex. The LHC
consists of a 27-km ring of superconducting magnets with a number of accelerating structures
to boost the energy of the particles along the way.


FIGURE 14.22 Part of the cryogenic stage in operation at CERN.
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Inside the accelerator, two high-energy particle beams travel at close to the speed of light
before they are made to collide. The beams travel in opposite directions in separate beam
pipesdtwo tubes kept at ultrahigh vacuum. They are guided around the accelerator ring
by a strong magnetic field maintained by superconducting electromagnets. The electromag-
nets are built from coils of special electric cable that operates in a superconducting state,
efficiently conducting electricity without resistance or loss of energy. This requires chilling
the magnets to �271.3�Cda temperature colder than outer space. For this reason, much of the
accelerator is connected to a distribution system of liquid helium, which cools the magnets,
as well as to other supply services.


Fig. 14.23 is a demonstration of the LHC at CERN.
Thousands of magnets of different varieties and sizes are used to direct the beams around


the accelerator. These include 1232 dipole magnets 15 m in length, which bend the beams,
and 392 quadruple magnets, each 5e7 m long, which focus the beams. Just prior to collision,
another type of magnet is used to “squeeze” the particles closer together to increase the chan-
ces of collisions. The particles are so tiny that the task of making them collide is akin to firing
two needles 10 km apart with such precision that they meet halfway.


The LHC is the largest machine in the world. It took thousands of scientists, engineers, and
technicians decades to plan and build, and it continues to operate at the very boundaries of
scientific knowledge.


Beside CERN, many laboratories are now equipped with ultra low-temperature (i.e., cryo-
genic) systems, which allow realization of temperatures within a fraction of a degree of
absolute zero. The most important commercial application is the separation of oxygen and
nitrogen from the atmosphere. Additionally, pure oxygen has many industrial applications,
and one of most important one can be observed in the steel industry, for the oxidation pro-
cess. LO is also used as an oxidant in hte rocket industry as a propulsion for boosting rockets
as was explained previously. Liquid hydrogen (LH) also has some usage as part of the fueling
need in some rocket engines.


FIGURE 14.23 The large Hadron collider is the world’s largest and most powerful particle accelerator.
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The importance of cryogenics is obvious and has broad industrial applications, and the
field of study is becoming much broader than could have been imagined, where the liquefac-
tion of gases is an important aspect. In this manner, adiabatic demagnetization is used to
realize temperatures close to absolute zero, therefore elaborating insulation techniques are
necessary, and special problems arise in thermometry.


14.7 PROCESS OF COOL DOWN TO CRYOGENIC STATE


Cryogenics is the branch of physics that deals with the production and effects of very low
temperatures.


The successful liquefaction of oxygen was announced at the meeting of the Académie de
Sciences in Paris on December 24, 1877, independently by the physicist Louis Paul Cailletet
from Paris and Professor Raoul Pictet from Geneva.


There are essentially only four physical processes that are used to produce cryogenic tem-
peratures and cryogenic environments: heat conduction, evaporative cooling, cooling by
rapid expansion (the JouleeThomson effect), and adiabatic demagnetization. The first two
are well known in terms of everyday experience. The third is less well known but is
commonly used in ordinary refrigeration and air-conditioning units, as well as cryogenic
applications. The fourth process is primarily used in cryogenic applications and provides a
means of approaching absolute zero.


Heat conduction is familiar to everyone. When two bodies are in contact, heat flows from
the higher-temperature body to a lower-temperature body. Conduction can occur between
any and all forms of matter, whether gas, liquid, or solid, and is essential in the production
of cryogenic temperatures and environments. For example, samples may be cooled to cryo-
genic temperatures by immersing them directly in a cryogenic liquid, or by placing them in
an atmosphere cooled by cryogenic refrigeration. In either case, the sample cools by conduc-
tion of heat to its colder surroundings.


The second physical process with cryogenic applications is evaporative cooling, which oc-
curs because atoms or molecules have less energy when they are in the liquid state than when
they are in the vapor, or gaseous, state. When a liquid evaporates, atoms or molecules at the
surface acquire enough energy from the surrounding liquid to enter the gaseous state. The
remaining liquid has relatively less energy, so its temperature drops. Thus, the temperature
of a liquid can be lowered by encouraging the process of evaporation. The process is used in
cryogenics to reduce the temperature of liquids by continuously pumping away the atoms or
molecules as they leave the liquid, allowing the evaporation process to cool the remaining
liquid to the desired temperature. Once the desired temperature is reached, pumping con-
tinues at a reduced level in order to maintain the lower temperature. This method can be
used to reduce the temperature of any liquid. For example, it can be used to reduce the tem-
perature of liquid nitrogen to its freezing point, or to lower the temperature of liquid helium
to approximately 1K (�458�F [�272�C]).


The third process makes use of the JouleeThomson effect, and provides a method for cool-
ing gases. The JouleeThomson effect involves cooling a pressurized gas by rapidly expand-
ing its volume, or, equivalently, creating a sudden drop in pressure. The effect was
discovered in 1852 by James P. Joule and William Thomson, and was crucial to the successful
liquefaction of hydrogen and helium.
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A valve with a small orifice (called a JouleeThomson valve) is often used to produce the
effect. High-pressure gas on one side of the valve drops very suddenly to a much lower pres-
sure and temperature as it passes through the orifice. In practice, the JouleeThomson effect is
used in conjunction with the process of heat conduction. For example, when Kamerlingh
Onnes first liquefied helium, he did so by cooling the gas through conduction to successively
lower temperatures, bringing it into contact with three successively colder liquids: oxygen,
nitrogen, and hydrogen. Finally, he used a JouleeThomson valve to expand the cold gas,
and produce a mixture of gas and liquid droplets.


Today, the two effects together comprise the common refrigeration process. First, a gas is
pressurized and cooled to an intermediate temperature by contact with a colder gas or liquid.
Then, the gas is expanded, and its temperature drops still further. Ordinary household refrig-
erators and air conditioners work on this principle, using Freon, which has a relatively high
boiling point. Cryogenic refrigerators work on the same principle but use cryogenic gases
such as helium, and repeat the process in stages, each stage having a successively colder
gas until the desired temperature is reached.


The fourth process, adiabatic demagnetization, involves the use of paramagnetic salts to
absorb heat. This phenomenon has been used to reduce the temperature of liquid helium
to less than a thousandth of a degree above absolute zero in the following way. A paramag-
netic salt is much like an enormous collection of very tiny magnets called magnetic moments.
Normally, these tiny magnets are randomly aligned so the collection as a whole is not mag-
netic. However, when the salt is placed in a magnetic field by turning on a nearby electro-
magnet, the north poles of each magnetic moment are repelled by the north pole of the
applied magnetic field, so many of the moments align the same way, that is, opposite to
the applied field. This process decreases the entropy of the system.


Entropy is a measure of randomness in a collection; high entropy is associated with
randomness, zero entropy is associated with perfect alignment. In this case, randomness in
the alignment of magnetic moments has been reduced, resulting in a decrease in entropy.
In the branch of physics called thermodynamics, it is shown that every collection will natu-
rally tend to increase in entropy if left alone. Thus, when the electromagnet is switched off,
the magnetic moments of the salt will tend to return to more orientations that are random.
This requires energy though, which the salt absorbs from the surrounding liquid, leaving
the liquid at a lower temperature. Scientists know that it is not possible to achieve a temper-
ature of absolute zero, however, in their attempts to get ever closer, a similar process called
nuclear demagnetization has been used to reach temperatures just one millionth of a degree
above absolute zero.


Read more: CryogenicsdMethods of Producing Cryogenic TemperaturesdLiquid,
Process, Gas, and ThomsondJ Rank Articles.7


In summary, many low-temperature processes leverage nitrogen’s cooling and freezing
capabilities. Find out what methods are used in what applications and why.


The chemical process industries employ nitrogendas a gas or liquiddin a wide range of
applications.8,9 Gaseous nitrogen (GAN) can inert vessels and purge lines to eliminate explo-
sion hazards and prevent undesired oxidation reactions that can reduce product quality.
Liquid nitrogen (LIN) is used in innovative cooling and freezing technologies.


Liquefying a gas to the cryogenic state thermodynamically requires minimum work to be
done on the system containing the gas, by withdrawing heat from the gas and rejecting it to
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an environment surrounding the system at higher temperature. Such a process requires an
expenditure of work. Therefore, it is of thermodynamic importance to know the theoretical
approach in order to achieve the minimum required work.


The minimum required work input takes place when the process involved in this matter is
a reversible one from the classical thermodynamic point of view and schematically illustrated
in Fig. 14.21 along with the Tes diagram for the simple hardware system configuration.


Using this figure for analysis, we can see that pure gas at state (1) is isothermally com-
pressed to state (2). Then, an isentropic expansion allows liquefaction such that at state (3)
pure liquefaction does exist. Additionally, for the system in Fig. 14.24, we can write the
following mathematical notation using the second law of thermodynamics as:


W1/2 ¼ ðh2 � h1Þ þ Tðs1 � s3Þ
W2/3 ¼ ðh2 � h3Þ


(14.54)


Thus, we have


Wnet ¼ W1/2 �W2/3 ¼ T1ðs1 � s3Þ � ðh1 � h3Þ (14.55)


Eq. (14.55) could be, generalized in the form of:


Wzjmin ¼ Toðso � sf Þ � ðho � hf Þ (14.56)


where Wzjmin is the minimum required work per pound of liquid that is produced. The
subscript o refers to the gas state, while subscript f refers to the liquid state. In the practical
world the work required for gas liquefaction is many times more than that given by ideal
Eq. (14.56).


14.7.1 Cooling and Liquefaction of a Gas by Expansion


In order to liquefy a gas, heat must be taken away from it, and a combination of two ther-
modynamic processes, namely an isothermal compression followed by an adiabatic expansion,
will drive this event. Bear in your mind that ordinary refrigeration methods, as they were


FIGURE 14.24 A reversible arrangement along with a Tes diagram for liquefying a gas.
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described previously, are not adequate, although they may be useful steps toward precooling
of the gas. These two steps are depicted in Fig. 14.25 as a principal of gas liquefaction.


In the first step, a gas is compressed at high pressure at constant temperature. This takes
place by removing the heat of compression by a suitable cooling mechanism. In the second
stage, the compressed gas is allowed to expand under adiabatic conditions wherein heat is
allowed to neither enter nor escape from the system. As can be observed from Fig. 14.25,
the temperature drops, while the process sustains until the gas liquefies. However, the expan-
sion in this process may either be isenthalpic or isentropic. For these two rocess types refer to
thermodynamics chapters of this book.


However, before we continue with this section further, we need to cover some historical
information. Historically, oxygen was first liquefied by Louis Cailletet in France and Raoul
Pictet in Switzerland independently within days of each other in 1877. Fig. 14.26 is a
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FIGURE 14.25 Principle of gas liquefaction illustration isothermally and adiabatically. Courtesy of Springer
Publishing Company.10


Thermodynamic
fundamentals


Improved liquefaction
technology


Application
development


1850 1900 1950 2000Year


1954, 100 t/d LOX
1952, 320 L/hr LH2: NBS


1946, 1 L/hr He liquefier: Collins


1934, 2 L/hr LHe, expander: Kapitza
1911, Superconductivity: Onnes


1908, Helium liquefied: Onnes
1898, Hydrogen liquefied: Dewar


1941, 85 t/d LNG


1910, 2 t/d LOX: Linde


1895, 3 L/hr LOX: Linde
1877-1883, Oxygen liquefied


1852, Joule-Thomson effect discovered
1852, Absolute temperature scale: Kelvin (Thomson) 1954, 1st CEC


1861 Stirling refrigeration cycle: Kirk
1857, Recuperative heat exchanger: Siemens


1850, 2nd law of thermodynamics: Clausius
1845, 1st law of thermodynamics: Mayer, Joule


FIGURE 14.26 Cryogenic development history from 1850 to 1950. Courtesy of Springer Publisher.10
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schematic of the beginning of the dawn of today’s vapor-compression refrigerators, starting
with the fundamentals of thermodynamics and then progressing toward cryogenics technol-
ogy and production by employing different processes that were mentioned previously.11


In examining low-temperature developments over the past 150 years, we note that there is
a convenient and interesting division into three 50-year time segments, where the develop-
ments in each time segment have their unique characteristics.


Fig. 14.26 summarizes the important developments in each time segment. Although the
papers in this monograph focus mostly on the last 50 years, it is instructive to examine briefly
the developments in refrigeration and cryogenics that occurred in the two previous 50-year
segments. This would help us to understand how they contributed to the status of cryogenics
at the time of the first Cryogenic Engineering Conference in 1954. In addition, by comparing
developments in each 50-year segment, we may have a better idea of how quickly future
developments might progress in the first half of the 21st century.11


Fig. 14.26 also shows that the development of thermodynamic fundamentals was the pri-
mary contributor to advances in cryogenics between about 1850 and 1900.


Oxygen was first liquefied in the form of a mist in 1877 by using the older techniques of
Faraday and Perkins, but with a cascade of precooling baths. Cailletet in Paris used a hand-
operated screw jack with mercury to pressurize oxygen hydraulically (155K critical temper-
ature Tcr) to 20 MPa in a thick-walled glass tube cooled to 169K by a surrounding bath of
liquid ethylene. The liquid ethylene (Tcr ¼ 282K) had been produced earlier using the Faraday
technique with an ice bath for precooling.


Later, in Geneva, Pictet produced a continuous mist of LO from a JouleeThomson (J-T)
valve by using a cascade of vapor-compression systems for precooling the oxygen. The
cascade of precooling baths was, operated continuously using piston compressors. The
cascade of precooling baths was operated continuously using piston compressors. Further-
more, the flowing high-pressure oxygen was cooled successively by the two baths before
expanding through the J-T valve to the atmosphere. A jet of LO mist at 90K sprayed out
from the J-T valve.12,13


Other researchers used the same cascade method as Cailletet, but the final stage was a
pumped liquid ethylene bath at a temperature of 137K.14 Because the temperature of that
bath was less than the 155K critical temperature of oxygen, liquid formed inside the glass
tube under a pressure of about 2.5 MPa. Upon reducing the pressure to 1 atm, a small quan-
tity of liquid boiling at 90K remained in the tube for a short period of time. Fig. 14.27 shows
the path in a temperature entropy (Tes) diagram followed by the various methods for
liquefying oxygen.


Though Siemens had invented the recuperative heat exchanger in 1857, little use was made
of it until 1895,15 when Hampson replaced the cascade baths used previously for precooling
oxygen with the recuperative heat exchanger. A JouleeThomson valve at the cold end of the
heat exchanger provided the cooling during expansion. Fig. 14.28 is a schematic of the cycle
used by Hampson to liquefy air,16 which is usually referred to today as simply the
JouleeThomson (J-T) cycle.


Fig. 14.29 is a drawing of Hampson’s air liquefier showing the closely packed copper
tubing heat exchanger in the annular space between tubes D and F. The J-T valve C is
controlled by the handle E. Glass wool surrounds the evaporator G and the heat exchanger.
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FIGURE 14.27 Cryogenic approaches taken to liquefy oxygen and shown on a Tes diagram.11


FIGURE 14.28 Schematic of the JouleeThomson cycle used by Hampson to liquefy air. Courtesy of Springer
Publishing Company.11
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In summary, there are four major families of cryogenic thermodynamic processes:


1. Isenthalpic expansion JouleeThomson processes;
2. Isentropic expansion reverse Brayton cycles;
3. Mixed processes involving isenthalpic and isentropic expansion (Claude cycle);
4. Conventional or integrated cascades.


It is possible to model with Thermoptim some cryogenic cycles, but the exercise is often diffi-
cult because the fluid properties are rarely defined for the entire temperature range considered.
You will find in this thematic page some examples of liquefaction cycles for methane and
nitrogen, and a reverse Brayton helium refrigeration cycle at very low temperatures.


Furthermore, for liquefying a gas driven by expansion, two methods of expansion may be
used for reducing the gas temperature as follows:


1. A restrained expansion where work is performed by the gas; and
2. An unrestrained expansion or throttling of the gas.


Observation of Fig. 14.24 indicates that an isentropic expansion was theoretically in use.
The system presented in Fig. 14.24 would not be practical, since the temperature at state
(2) would be prohibitively great. However, due to ultra low temperature, irreversibilities
in the expander would be large, so that in practice the gas could not be liquefied by a
restrained expansion by itself.


The definition of the isentropic process is that the energy is extracted as external work, and
always produces cold in contrast to an isenthalpic process, which thermodynamically it is


FIGURE 14.29 Drawing of Hampson’s air liquefier. Courtesy of Springer Publishing Company.10
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known as the external work method. Gas expands in an expander, which can be of a
reciprocating engine type or a turbine. The process is in that case a reversible one, and
thus, thermodynamically, is more efficient.


In addition, with the same initial temperature of the gas the isentropic process always
leads to lower temperature than is obtainable with an isenthalpic process. However, an oper-
ational problem arises that is associated with the expansion of the two-phase mixture of
liquid and gas in an expander making it compulsory to utilize a JouleeThomson (see Chapter
13 for J-T) expander as the last stage of the cooling cycle. As the reminder of thermodynamic
knowledge, JouleeThomson comes to play a part in isenthalpic expansion, where one uses an
expansion valve or a J-T valve, in which high-pressure gas is throttled and gets cooled.
However, in this expansion process, there is no change in the enthalpy (i.e., zero heat transfer
and zero work transfer) from a thermodynamic point of view.


This process is sometimes referred to as the internal work method as well, since it does not
remove the energy from the gas due to its nature of expansion. This process is an irreversible
one and therefore is in contrast to the isentropic process which is not an efficient thermody-
namical cycle.


Furthermore, the isenthalpic expansion does not always lower the temperature and if the
temperature of the gas is above the maximum inversion temperature (see Table 14.8), it will
heat up the gas. Thus, this is an indication in which the temperature of the compressed gas
before expansion should therefore be below its inversion temperature and is symbolically
defined as m, which was defined previously.


It is for this reason that gases like helium (45K), hydrogen (205K), and neon (250K) cannot
be liquefied using a JouleeThomson valve expansion, their inversion temperatures being
below the ambient temperature (w300K). These gases have to be, precooled to below their
inversion temperature before they suffer J-T expansion.


Table 14.8 shows the maximum inversion temperature of elements associated with air at
pressure equal to zero, and they are constituents of air, as we said before, and need to be pre-
cooled to below their respective inversion temperature before entering the J-T valve, which is
part of the integrated system for gas expansion and liquefaction. The valve always helps to
form the last stage of cooling since the liquid formation in the expander cannot be sustained.


TABLE 14.8 Maximum Inversion Temperature of Some Gases


Gas Name Maximum Inversion Temperature (K)


Helium 45


Hydrogen 205


Neon 250


Air 603


Nitrogen 621


Oxygen 761


Argon 794


Carbon dioxide 1500
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Furthermore, expansion using a turbine or piston device is an efficient means of gas
cooling; such expansion devices are often employed in gas liquefaction apparatuses. Cooling
of a gas by throttling is of major importance, and therefore we will consider this process in
some detail. The JouleeThomson coefficient is then:


m ¼
�
vT
vP


�
h


(14.57)


This equation has particular significance. If m ¼ 0, the temperature of the gas remains con-
stant with throttling. If m > 0, the temperature of the gas decreases with throttling. If m < 0,
the temperature of the gas increases with throttling. Thus, in cooling for a gas by throttling
we require that the gas show a large positive value for m.6


However, the JouleeThomson coefficient is not a constant, and is a function of both pres-
sure and temperature. We are now in a position to derive a functional relationship for the
coefficient so we can start with the general thermodynamic property relation, using the
second law as:


Tds ¼ dh� ydP
J


ds ¼ 1
T
dh� y
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(14.58)


Since ds is an exact differential equation, we must have:
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Since


1
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¼
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vT
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�
P


(14.62)
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Then, we have


m ¼ 1
Jcp


�
T
�
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vT


�
P


� y


�
(14.63)


Eq. (14.63) is general and is valid for liquids as well as gases. In order to calculate the Joulee
Thomson coefficient, we must know the equation of state for the substance. For a perfect gas
(Py ¼ RT), we can write �


vy


vT


�
P


¼ R
P


¼ y


T
(14.64)


and the JouleeThomson coefficient is always equal to zero.
The magnitude of the JouleeThomson coefficient is a measure of the imperfection of a gas


of its deviation from a perfect gas behavior. However, for real gas, mmay have either positive
or negative values depending upon the thermodynamic state. The temperature at which m


equals zero is called the inversion temperature for a given pressure, as used above.6


The inversion temperature of a gas may be easily determined from a diagram of properties
such as Fig. 14.21 and some are given in Table 14.8 for some constituents of air. An inversion
temperature line may be drawn by connecting the peaks of the constant enthalpy lines.
Fig. 14.21 shows that the inversion temperature for air decreases with increasing pressure.
In contrast, other gases behave similarly in this respect as well. Fig. 14.30 shows schematically
an illustration of an inversion temperature line on Tes coordinates.


FIGURE 14.30 Schematic and illustration of an inversion temperature line.6
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14.7.2 LindeeHampson Air Liquefaction Cycle


As was stated above, Louis Cailletet in France and Raoul Pictet in Switzerland first lique-
fied oxygen independently within days of each other in 1877. Pictet used a cascade process
wherein a precooling stage is cooled by another precooling stage. He used liquid SO2 and
then dry ice (�80�C, solid CO2) for precooling. Cailletet used liquid SO2 for precooling oxy-
gen before it throttles through a J-T valve.10


A good historical account of the liquefaction processes can be found in “Cryogenic Engi-
neering.”11 Carl von Linde17 and Hampson16 perfected the oxygen liquefaction technology by
using a more reliable ammonia cycle for precooling compressed oxygen and the countercur-
rent heat exchangers before the gas expands through a J-T valve. Linde founded Linde Eis-
maschinen AG in 1879 and later obtained a German patent in 1895. The basic principle in
this process is that air/oxygen is alternately compressed, precooled, and expanded in a J-T
valve. This results each time in reducing the temperature till the gas gets liquefied. The pres-
sure used in the Linde process is rather high. For example, for air at 300K the optimized pres-
sure is about 40 MPa (w5880 psi) but the actual machines use a pressure of about 20 MPa. A
typical LindeeHampson cycle is shown in Fig. 14.31.


Air is liquefied by the LindeeHampson process, in which air is alternately compressed,
cooled, and expanded, each expansion results in a considerable reduction in temperature.
With the lower temperature, the molecules move more slowly and occupy less space, so
the air changes phase to become liquid. However, air liquefaction is important in the recovery
of oxygen, nitrogen, and other gases as constituents of air from the atmosphere.10


The most elementary air liquefaction method is the simple Linde cycle. Fig. 14.32 is an
illustration of such a simple method.


As can be seen in Fig. 14.32, the combinations of equipments that are used are consist of:


1. A compressor;
2. A heat exchanger; and
3. A separator.


However, the heat exchanger and separator must be extremely well insulated. The cycle
sometime is called the LindeeHampson cycle as both of these researchers independent
came up with this simple cycle, and performed it producing similar results.


Compressor


Warm end


After
cooler


Heat
Exchanger


J-T valve


Evaporator


FIGURE 14.31 LindeeHampson liquefaction cycle consisting of a compressor, a counter current heat exchanger,
and a J-T valve at the final stage. Courtesy of Springer Publisher.10
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Fig. 14.32 also shows a Tes diagram for operation after the system has adjusted itself to
steady-state conditions. In the configuration as illustrated in Fig. 14.32, the compressor
discharges air at a relatively high pressure at about 50e200 atm. Furthermore, it is necessary
to cool the air to the greatest extent possible while compression is taking place. However, in
the heat exchanger the high-pressure air is cooled sufficiently so that liquid air can result from
a throttling process. This will help the system to pull itself down to operating conditions after
start-up from a warm condition if the temperature of the air leaving the compressor is less
than the inversion temperature.


There are two particular performance quantities of interest in this process for gas liquefac-
tion systems. These are listed as:


1. The yield designated by the symbol Z in pounds of liquid produced per pound of gas
compressed; and


2. The specific work requirements presented by Wz in Btu per pound of liquid produced.


Knowing these two definitions, we can now derive for both quantities Z and Wz for the
simple LindeeHampson cycle depicted in Fig. 14.32.


For a combination of a separator and heat exchanger, for steady-state flow conditions, we
can write the following relationship as:


�
m2h2 ¼ m5h5 þm7h7
m2 ¼ m5 þm7


(14.65)


Eliminating m7 in Eq. (14.65), we yield:


ZL ¼ m5


m2
¼ h7 � h2


h7 � h5
(14.66)


FIGURE 14.32 Simple Linde cycle for liquefying air.6
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Assuming an isothermal compression will take place, we can write for each pound of air
passing through the compressor:


W1/2 ¼ T1ðs1 � s2Þ � ðh1 � h2Þ (14.67)


The specific work requirement is


Wz;L ¼ m2ðW1/2Þ
ZL


¼ ½T1ðs1 � s2Þ � ðh1 � h2Þ� ðh7 � h5Þ
ðh7 � h2Þ (14.68)


It is fruitful to examine Eq. (14.66) closely. This equation shows that the yield for the simple
LindeeHampson cycle is dependent upon states (2), (5), and (7) only. Since in Eq. (14.68), the
denominator (h7 � h5) is very large compared to the numerator (h7 � h2), we see that the yield
ZL will be small. Furthermore, the numerator (h7 � h2) is decisive, since a small change in
either h7 or h2 may greatly change the yield ZL. It is obvious that h7 should be as large as
possible and h2 as small as possible. To achieve a high value of h7, an extremely effective
heat exchanger is necessary. In order that h2 may be relatively low, the gas discharged by
the compressor must be cooled as much as is practicable.


Further examination of Fig. 14.21 reveals that for an isothermal compression h2 starts to
decrease with increasing of pressure P2 until the inversion pressure has been reached. Beyond
this pressure boundary, h2 will increase. Thus, there is a limiting pressure beyond which the
yield ZL decreases.


However, the simple LindeeHampson cycle is an inefficient method for liquefying air for
essentially the same basic reasons that the single-stage vapor-compression cycle is inefficient
at low evaporating temperatures. Fig. 14.33 shows a modified LindeeHampson cycle to a
dual-pressure type system, which requires a smaller specific work Wz,L requirement than
the simple cycle.6


FIGURE 14.33 Dual-pressure LindeeHampson air liquefaction system.6
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In this modified system with its dual-pressure element in place, air is liquefied at an inter-
mediate pressure and the flash vapor formed in the first throttling process from point 5 to 6 is
compressed in the high-pressure compressor only as in Fig. 14.33, where both the system and
the Tes diagram are plotted. Such an arrangement considerably reduces the throttling loss of
the simple LindeeHampson cycle.


Furthermore, both systems of the simple LindeeHampson and the dual-pressure Lindee
Hampson cycle may be improved upon if the compressed air is precooled by a mechanical
vapor-compression system as depicted in Fig. 14.34.


Fig. 14.34 shows a simple LindeeHampson system equippedwith a vapor-compression sys-
tem evaporator for precooling. Since the vapor-compression cycle using conventional refriger-
ants, such as ammonia or Refrigerant 12 (R-12), is thermodynamically superior to the
LindeeHampson itself, the specific work Wz,L requirement may be considerably reduced.
The best performance is obtainedwhen the compressed air is precooled to a relatively low tem-
perature. Thus, a multistage or cascade vapor-compression system may be advantageous.6


14.7.3 The Theory of the Hampson Liquefier


The action of the Hampson or single-circuit type of liquefier involves the production of
cold by the continuous expansion of gas within the liquefier from a high to a low pressure.


FIGURE 14.34 Simple LindeeHampson air liquefaction system with precooling by a mechanical-compression
refrigeration system.6
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Thus, the conservation of cold by the LindeeHampson regenerator, in which the nonlique-
fied cold gas is passed back over the copper inlet worm, therefore, giving up its cold to
the high-pressure gas, which is advancing toward the expansion valve, and being itself
warmed nearly to the temperature of the incoming gas. If the velocities of the feed and of
the exhaust escaping from the regenerator are so small that the kinetic energy is negligible,
as is usually the case in practice, the cold of expansion is due solely to the JouleeThomson
or porous plug effect.


The total cold available, per gram of gas fed in, is determined by the initial temperature T1
of the gas at the point where it enters the regenerator, its initial pressure P1, and the final pres-
sure P2, which, in the Hampson liquefier, is 1 atm. It can be computed if we know the specific
volume and the rate of thermal expansion at constant pressure as functions of the pressure
between P2 and P1 at the constant temperature T1. It is independent of the internal construc-
tion or arrangement of the liquefier, of the distribution of temperature in the regenerator coil,
and of all other circumstances whatever, provided, as stated above, that the kinetic energies
of the feed and the exhaust are negligible.


The total cold available is used in the following three ways:


1. To offset the heat that leaks into the liquefier from outside, either through the insulation
or along the copper worm;


2. To cool the whole quantity of gas from its initial temperature T1 to the slightly lower
temperature T3 at which the waste gas escapes from the regenerator;


3. To cool a fraction x of the gas from this exhaust temperature T3 to the normal boiling
point T2 and there condense it into liquid, the cooling and condensation taking place at
atmospheric pressure.


The thermal leakage depends on the particular construction of the liquefier and can not be
computed a priori. The incompleteness of the regenerative process can be made negligible by
increasing the interchanging surface; or its effect can be computed and allowed for. These two
terms represent losses which reduce the fractional yield or efficiency of liquefaction, x. If we
know the latent and specific heats of the gas, together with the above-mentioned data for
computing the total cold available, we can compute the ideal value of x which would be
attained if the thermal insulation were perfect.


It is easy to prove the correctness of these statements by elementary thermodynamics.
Using Fig. 14.35, which is a PeV diagram of a system, the total cooling effect available in a


completely irreversible expansion, by supposing the system has been working so long that a
steady state, has been established.


Let the resistance offered to the nonliquefied gas in escaping through the regenerator be so
small that the pressure on the low-pressure side of the valve is sensibly the same as the
outside atmospheric pressure. Let the kinetic energy of the eddy currents formed at the valve
all be dissipated into heat inside the liquefierdif the valve is replaced by a fine-grained
porous plug, this kinetic energy is small and is dissipated within a short distance of the
plug.18


In Fig. 14.34, point A at coordinate (P1,T1) represents the initial state of 1-g gas as it enters
the regenerator coil on a PeV diagram. Similarly, let B, at (P2,T2), represent the state of the
same gas just after it has issued from the expansion valve, the kinetic energy of eddy currents
being assumed to be already dissipated. This assumption simplifies the reasoning, but is not
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essential. The eddy currents may be dissipated anywhere before the waste gas escapes at the
exhaust without affecting the final result, except in so far as slight changes in the distribution
of temperature inside the liquefier may influence the thermal leakage from outside.18


As a reminder, an eddy current is a swirling current set up. If any liquefaction at all is tak-
ing place, T2 is the normal boiling temperature at atmospheric pressure P2, and at point B, the
substance is a mixture of liquid and saturated vapor.


Let C, at (P2,T1), represent the state the gram of gas would have been in if, during the same
fall of pressure through a porous plug or throttling valve, heat had been supplied so as to
keep the temperature from changing, and let Q1 be this quantity of heat. Similarly, we let
Q2 be the heat needed to convert the mixture of liquid and vapor at B into gas at C, while
the pressure remained constant at P2 or 1 atm. Let e present the internal energy of 1-g of
the substance as well.18


The work done by the compressor on the gram of gas as it enters the liquefier is (PV)A; that
done by the gas as it issues from the valve against the outside pressure P2 is (PV)B at the tem-
perature T2, or (PV)C, at temperature T1. We therefore have for the increase of internal energy
during the isothermal process AC.


eC � eA ¼ PVð ÞA � PVð ÞC þQ1 (14.69)


For the adiabatic process AB, since no heat is supplied, we can write the following as:


eB � eA ¼ PVð ÞA � PVð ÞB (14.70)


Whence by substitution and rearrangement we have


Q1 ¼ eC � eBð Þ þ P2 VC � VBð Þ (14.71)


FIGURE 14.35 Illustration of a PeV diagram for the Hampson system.
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The pressure P2 is the same at point B as it is at point C (i.e., the adiabatic and the isothermal
expansion have taken place between the same limits of pressure, so that:


PVð ÞC � PVð ÞB ¼ P2 VC � VBð Þ (14.72)


Consider now the heat Q2 needed to heat the mixture from B to C. This is equal to the in-
crease of the internal energy or (eC � eB) plus the external work done by the substance during
this boiling off and warming up. The pressure being constant, this work is merely the pres-
sure multiplied by the increase of volume, or P2(VC � VB). Hence, we have


Q2 ¼ eC � eBð Þ þ P2 VC � VBð Þ (14.73)


Since by the first law of thermodynamics the difference in the internal energy of a system
in any two states is dependent solely on the states themselves and not on how they are
reached, (eC � eB) is the same however computed, so that Eqs. (14.71) and (14.73) are equiv-
alent to the following result:


Q1 ¼ Q2 (14.74)


We may interpret this result in words as follows: If we let the expansion through the valve
take place isothermally at the initial temperature and then subsequently abstract from the
expanded gas at this final pressure, then the same amount of heat that we had to put in dur-
ing the isothermal expansion. Thus, the final state reached after this double process is the
same as if we had let the expansion go on without supplying or withdrawing any heat at
all, as is the casedexcept for the imperfect thermal insulationdin the operation of the Hamp-
son liquefier.18


The magnitude of this quantity of heat Q1, or the total cooling effect available per gram of
gas, obviously depends only on the limits of pressure and on the initial temperature at which
the expansion AC is supposed to occur and not on the details of anything that may happen
inside the liquefier.


If we let the ratio of heat absorbed by 1-g of gas at T1 be r at its fall of pressure in expand-
ing by an infinitesimal amount through a throttling valve or porous plug, with the kinetic
energy of eddy currents all dissipated, then we can write:


dQ1 ¼ �rdP (14.75)


and integration over the entire pressure domain, induce the following result as:


Q1 ¼
Z P1


P2


rdP/ðT ¼ T1Þ (14.76)


We also know that the quantity r, or the JouleeThomson effect, satisfies the familiar equation


r ¼ T
�
vy


vT


�
P


� y (14.77)
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where T is the absolute thermodynamic temperature. If we let V0 be the specific volume at
0�C, and a ¼ V0ðvV=vTÞP then using Eq. (14.75), we get the following result:


Q1 ¼
Z P1


P2


ðT1aV0 � yÞdP/ðT � T1Þ (14.78)


Hence, the total cold available per gram of gas fed into the liquefier may be found if we
know the values of the coefficient of expansion a and the specific volumes y0 and y at 0�C
and at T as functions of the pressure. It is, of course, not necessary to express these func-
tions by equations; it suffices to plot the values of (T1ay0 � y) as ordinates against P as ab-
scissa, drawing a smooth curve through the points, and finding the integral between any
two pressures by taking the area under the curve and between the two pressures in
question.


It is worth at this point describing both the JouleeThomson coefficient m Eq. (4.53) and the
JouleeThomson effect r Eq. (14.77), so you are aware of them and the differences between
them.


14.7.3.1 JouleeThomson Coefficient m


It is difficult to think physically about what the JouleeThomson coefficient, m, represents.
Also, modern determinations of m do not use the original method used by Joule and Thom-
son, but instead measure a different, closely related quantity.


For most purposes the definition of the JouleeThomson effect is given in Eq. (14.77); but
if we prefer to define it by reference to an adiabatic expansion and let m be the fall of tem-
perature per unit fall of pressure, the reasoning applied to an infinitesimal fall of pressure
give us


mCP ¼ r (14.79)


14.7.3.2 JouleeThomson Effect r


As we have defined before r is a presentation of the ratio of the heat absorbed by 1 g of gas
at T1 to its fall of pressure in expanding by an infinitesimal amount through a throttling valve
or porous plug, with the kinetic energy of the eddy current that is dissipated.


Without numerical data on the quantities involved in Eq. (14.77), it is not obvious what the
sign of r or m will be, to say nothing of the magnitude. However, there is another expansion
for r, which may easily be shown to be equivalent to Eq. (14.77) and that is


r ¼ � v


vP
ðPyÞT �


�
ve
vP


�
T


(14.80)


This equation, while useless for computation, is quite clear physically. Of the terms on the
right side, the first is the external work done by the fluid, and the second is the increase in its
internal energy, both per unit fall of pressure at constant temperature and measured for unit
mass.
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The second term may also, though rather loosely, be called the internal work, and it in-
cludes the work done against the cohesive forces, self-attraction, or internal pressure during
the expansion of the fluid with falling pressure. Eq. (14.80) is therefore in the simple form:18


ðHeat put inÞ[ ðWork given outÞDðIncrease of internal energyÞ


We could not tell from equations Eqs. (14.77) or (14.80) just the numerical value of r or m
without data on the properties of air down to its boiling point, and these are lacking.


Proof of Eq. (14.80) to equivalent to Eq. (14.77), as was easily established by Buckingham in
his paper published in 1909.18


However, we rewrite his solution here, to refresh the history of this old paper. Bucking-
ham, proof of Eq. (14.80), which is a clearest mathematical expression of the Joule-
Thomson effect r and to show that, is equivalent to Eq. (14.77), we may proceed with
following manner.


We start with symbolW as the representation of work done on any system, Q heat given to
it, and e representing its internal energy, then the first law of thermodynamics claims that in any
infinitesimal change of state, we can write:


de ¼ dQþ dW (14.81)


The second law of thermodynamics states that if the change is reversible, then we can write:


dQ
T


¼ dh (14.82)


where h is the entropy and is determined solely by the instantaneous state of the system and
not by its past history, and where T is the temperature in Kelvin’s absolute thermodynamic
scale.


Since in a reversible expansion the work done on the fluid is �Pdy, Eqs. (14.81) and (14.82)
give, as the combined expression of the two laws of thermodynamics when applied to revers-
ible infinitesimal changes of state of a mass of fluid subject to no outside forces except a uni-
form pressure P. Then, we have Eq. (14.83), upon which may be founded the whole of the
thermodynamic study of fluids in equilibrium.


de ¼ Tdh� Pdy (14.83)


For an isothermal change in which the increase in pressure is dP, Eq. (14.83) becomes:
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vh
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� P
�
vy


vP


�
T


(14.84)


By subtracting d(Th � Py) from both sides of Eq. (14.83), we obtain the following result:


dðe� Thþ PyÞ ¼ �hdT þ ydP (14.85)
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and since e, h, and y are all completely determined by T and P, then, we observe that, the first
member of Eq. (14.85) is a perfect differential and the equation is in the form


dz ¼
�
vz


vT


�
P


dT þ
�
vz


vP


�
T


dP (14.86)


where
8>>>>>>><
>>>>>>>:


z ¼ e� Thþ Py�
vz


vT


�
P


¼ �h


�
vz


vP


�
T


¼ y


(14.87)


However, since the order of differentiation with regard to two independent variables is
immaterial, it follows that:
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or
�
vh
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(14.89)


Substituting from Eq. (14.89) into Eq. (14.84), we have
�
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(14.90)


and substituting from Eq. (14.90) into Eq. (14.80), we have


r ¼ � v


vP
ðPyÞT þ T
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vy
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þ P
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vy
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(14.91)


or since


v


vP
ðPyÞT ¼ P


�
vy


vP


�
T


þ y (14.92)


Thus, we finally arrive at the following conclusion as has been seen in Eq. (14.77) and that is:


r ¼ T
�
vy


vT


�
P


� y (14.93)
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Eq. (14.77) has thus been obtained by a simple series of operations from the one in Eq.
(14.80). It expresses the value of the JouleeThomson effect in terms of directly measurable
quantitiesdthe specific volume, temperature, and rate of thermal expansion at constant
pressuredand is therefore convenient for computing purposes. Eq. (14.80), on the other
hand, has the advantage that its correctness is obvious to anyone familiar with the law of con-
servation of energy, as soon as the nature of the process to which it refers, namely, expansion
through a fine-grained porous plug, is understood. For qualitative reasoning, Eq. (14.80) is
therefore frequently preferable to Eq. (14.77).


Considering that, as we stated, air liquefaction is important in the recovery of oxygen,
nitrogen, and other gases from the atmosphere, and oxygen, nitrogen, argon, neon, xenon,
and krypton are constituents of air, Fig. 14.36 is a JouleeThomson cycle plot for various gases
at atmospheric pressure.


Edgar Buckingham finds further information, in respect to the theory of the Lindee
Hampson liquefier, in his published paper.18


However, the efficiency of the LindeeHampson process can be improved by using a sepa-
rate refrigeration system to lower the initial temperature of the air admitted to the heat
exchanger in the system that is depicted in Fig. 14.37.


14.7.4 The Brayton Cycle Process


The Brayton cycle is the second basic cryogenic cycle. It looks like the JouleeThomson
cycle, but it uses a turbine instead of the JouleeThomson valve for gas expansion, as shown
in Fig. 14.38.


The Brayton cycle does not need very high pressures, because the expansion in the turbine
is much more efficient (in comparison to the JouleeThomson system). It is possible to work
with pressures of 10e12 bars at the compressor outlet and achieve high efficiency. This is its
big advantage.


FIGURE 14.36 Illustration of the JouleeThomson coefficient for various gases at atmospheric pressure.
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FIGURE 14.37 Schematic diagram of a LindeeHampson air liquefier.6


FIGURE 14.38 The Brayton process depiction.
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Because this process uses the expansion of gas in a turbine and this kind of expansion is
combined with temperature reduction that is always independent of the cryogen used in
the cycle, it is possible to use real low-temperature refrigerants such as helium, neon, and
hydrogen and achieve temperatures below the liquid nitrogen level.


However, this system also suffers from some disadvantages and they include but are not
limited to the following.


The first disadvantage is that the turbine usually cannot work in a two-phase region. If a
partial liquefaction takes place and some of the liquid particles in the turbine fly with a ve-
locity close to the sonic velocity (200e300 m/s), they can damage the turbine wheel. There-
fore, the normal Brayton process design is such that any liquid at the turbine outlet is
avoided. The consequence is that the classic Brayton cycle cannot produce any liquid: the
cold surface of the refrigerator is cooled by cold gas only. Therefore, it is difficult to keep
the temperature stable.


The second problem is that a turbine, even the smallest with a wheel diameter of 2e3 cm,
requires relatively large gas flows, and therefore the lower limit for the cooling capacity of a
classic Brayton system amounts to w500 W. It isvery difficult to build a turbine with a
smaller cooling capacity.


A Tes diagram for nitrogen, one of the constituents of air, is plotted in Fig. 14.39.


FIGURE 14.39 Nitrogen Brayton process in a Tes diagram.19
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14.7.5 The Dual-Pressure LindeeHampson Process


In order to improve the LindeeHampson process for better performance and to achieve a
higher fraction of liquefaction after the final step of the JouleeThomson (J-T) cycle, it is neces-
sary to increase the nonideality of the feed gas. This can be achieved by either increasing the
pressure in a simple configuration of the Linde-Hampson process, or lowering the inlet temper-
ature of the high-pressure gas to the main heat exchanger, or facilitating both steps simulta-
neously as in the precooled LindeeHampson process. Yet, there is another method in which,
not only do we lower the temperature, but also lower the work of liquefaction, by dual-
pressure compression. This goal can be achieved by using one lower-pressure and another
high-pressure compressor. This configuration allows the compressed gas from the high-
pressure compressor to partially expand to an intermediate pressure via the JouleeThomson
expansion as schematically illustrated in Fig. 14.40 while, thermodynamic a Tes diagram is
illustrated in Fig. 14.41.20
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FIGURE 14.40 Schematic representation of the dual-pressure LindeeHampson process.20
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According to both Figs. 14.40 and 14.41, the steam at the intermediate pressure after the
first J-T expansion valve is separated into vapor and liquid fractions in the first stage sepa-
rator. The saturated vapor stream is then returned to the high-pressure compressor after it
is used as a coolant, to lower the temperature of the incoming high-pressure gas in a
three-channel heat exchanger. Through the described process, the external refrigerant for pre-
cooling will be replaced by the saturated vapor then, this way, the high nonideality due to
high pressure may be utilized in the first stage J-T expansion. Meanwhile, the saturated vapor
from the first stage separator at its bubble point may be directly throttled to atmospheric
pressure, or as an alternate option, it may be cooled further via exchanging cold with the
saturated vapor from the second stage separator prior to the second stage J-T expansion.
The saturated vapor from the second stage separator is then passed through the three-
channel main heat exchanger for precooling the incoming high-pressure gas. In other words,
the incoming high-pressure gas is cooled by exchanging cold with the stream of saturated va-
por from the first stage separator at the intermediate pressure and from the second stage
separator at atmospheric pressure in the succession scenario. Under these circumstances,
the work of compression is reduced due to a reduced mass flow rate in the first compressor.
The return gas at atmospheric pressure and near-ambient temperature is recycled with the
make-up gas.20


Detailed descriptions of all these steps for dual pressure using Fig. 14.41 are provided by M.
Mukhopadhyay20 in his book on Fundamentals of Cryogenic Engineering, and readers should
refer to it.
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FIGURE 14.41 Tes diagram of the dual-pressure LindeeHampson process.20
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14.7.6 The Claude Air Liquefaction Cycle


As you have observed so far, we can see that the JouleeThomson expansion is good for the
production of liquids, but it is not really efficient. Expansion in a turbine is very efficient in
the gaseous area, but is problematic with regard to the production of liquids. The next cycled
the so-called “Claude cycle”dis a combination of both the JouleeThomson and the Brayton
processes, and is shown in Fig. 14.42.


The upper part (1a/ 2a / 3a / 4a / 5a) is similar to the Brayton cycle. Both cycles are
driven by the same single compressor. The Brayton cycle used here is a kind of precooling
cycle: it is required to reduce the temperature at the inlet into the JouleeThomson stage.
The compressor pressure is usually a little lower than in a classic JouleeThomson cycle,
but higher than in the classic Brayton cycle.


The Claude process combines the advantages of the JouleeThomson and Brayton cycles. It
can produce liquid because of the JouleeThomson stage and it is very efficient because of
super-efficient pre-ooling based on expansion in a turbine.


Fig. 14.43 is an illustration of a Claude process in a Tes diagram.19


Air can also be liquefied by Claude’s process in which the gas is allowed to expand isentro-
pically twice in two chambers. While expanding, the gas has to do work as it is led through an
expansion turbine. The gas is not yet liquid, since it would destroy the turbine. Final lique-
faction takes place by isenthalpic expansion in a JouleeThomson valve.


FIGURE 14.42 The Claude process including the Brayton cycle.
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The Claude process21 is an isentropic process, which is adiabatic, thermodynamically revers-
ible, and therefore more efficient than the isenthalpic process to produce cold. Another added
advantage is the lower operating pressure needed for this cycle at w1.7 Mpa (w250 psi).


In this process, the gas does external work in an expansion engine. The engine can be either
of a reciprocating piston type or a rotating type. As shown in Fig. 14.44 the gas is compressed
to the required pressure and passes through the first heat exchanger. A portion of the gas
(60e80%) is then sent to an expander and the rest continues to move along the mainstream
path. The expanded low-pressure cold gas is fed back to the returning gas just after the sec-
ond heat exchange.


The return gas cools down the high-pressure incoming gas via the two heat exchangers.
Thus the cold high-pressure gas proceeds via the third heat exchanger, expands in a J-T
expander, and is liquefied. The cold vapors from the liquid reservoir return to the compressor
via the heat exchangers giving out cold to the incoming high-pressure gas. A JouleeThomson
expansion valve is still necessary because liquid formation in the cylinder of the expansion
engine is not desirable. The stresses caused by the low compressibility of the liquid can dam-
age the cylinder. A rotary turbine expander can, however, tolerate almost 15 wt% liquid
without causing damage to the turbine.10


As you may have noticed by now, the elementary Claude air liquefaction system differs
from the simple LindeeHampson cycle by the addition of an expansion engine and a second
heat exchanger within the loop of the system, as illustrated in Fig. 14.45.


This figure shows a simple Claude cycle, however, because of friction and heat condition
losses, the expansion process (3e8) in the illustration, deviates greatly from the theoretical


FIGURE 14.43 The Claude process in a Tes diagram.19
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isentropic case (3-A). For the combination of two heat exchangers and a separator, we may
write the following mathematical notations as:


m2h2 þm8h8 ¼ m8h3 þm6h6 þm11h11
m2 ¼ m6 þm11


(14.94)


Expander


Compressor
After cooler


Heat
Exchanger 1


Heat
Exchanger 2


Heat
Exchanger 3


Evaporator


J-T valve


FIGURE 14.44 The Claude cycle consisting of a compressor, a series of heat exchangers, an expansion engine,
and JouleeThomson valve in the final stage. Courtesy of Springer Publisher.10


FIGURE 14.45 Illustration of a Claude air liquefaction system.6.
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Eliminating m11, between two equations in Eq. (14.94), we obtain the following new form for
yielding in pounds of liquid produced per pound of gas compressed as:


ZC ¼ m6


m2
¼ h11 � h2


h11 � h6
þ m8ðh3 � h8Þ
m2ðh11 � h6Þ (14.95)


The quantity ðh11 � h2Þ=ðh11 � h6Þ represents the yield of the simple LindeeHampson cycle
Eq. (14.95) and may be written as:


ZC ¼ ZL þ m8ðh3 � h8Þ
m2ðh11 � h6Þ (14.96)


Thus, the yield of the Claude cycle is greater than that of the simple LindeeHampson
cycle.


Assuming isothermal compression, we have


W1/2 ¼ T1ðs1 � s2Þ � ðh1 � h2Þ (14.97)


The specific work requirement is


WZ;C ¼ m2ðW1/2Þ �m8ðW3/8Þ
m6


¼ W1/3


ZC
�m8


m6
ðW3/8Þ (14.98)


Thus,


WZ;C ¼ T1ðs1 � s2Þ � ðh1 � h2Þ
ZC


�m8


m6
ðW3/8Þ (14.99)


The quantity ½T1ðs1 � s2Þ � ðh1 � h2Þ� may also be equal to the work WL of the simple Lindee
Hampson cycle. Thus, we obtain:


WZ;C ¼ WL


ZL þ m8ðh3 � h8Þ
m2ðh11 � h6Þ


�m8


m6
ðW3/8Þ (14.100)


Thus, the specific work requirement for the Claude cycle is less than that for the simple
LindeeHampson cycle.


The main advantage of the expander in the Claude cycle is for cooling of the compressed
air rather than for work recovery. The expander work output is often wasted.


Table 14.9 shows a comparison of the specific work requirement in various liquefaction
cycles.


14.7.7 The Dual-Pressure Claude Process


As we have learned above, for any simple process one can make an improved setup and
system to increase the performance of the process and cycle. Similarly, the performance of the
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simple Claude process can be improved by incorporating a dual-pressure compression system.
This is in principle very similar to the dual-pressure LindeeHampson process (see Section
14.7.5) for liquefaction as it was described previously.


Fig. 14.46 is an illustration of such a process, where two compressors and three heat ex-
changers are used. In this configuration, the cryogen from the first compressor at the interme-
diate pressure is divided into two streams, one of which, at around 25%, is compressed in the
second or higher-pressure compressor. Both streams at the intermediate pressure and at the
high pressure separately pass through a three-channel heat exchanger for precooling.


The high-pressure gas, after passing through the remaining heat exchangers, is ultimately
throttled through a JouleeThomson expansion valve to the ambient pressure and then to the
separator. The incoming steam at intermediate pressure passes through an expansion engine
for lowering of temperature by expansion to the ambient pressure. This stream provides
additional cooling and generates some useful work, thereby reducing the work of liquefac-
tion. This stream is returned to the first compressor after passing through the second and
the first heat exchangers in succession. However, the saturated vapor from the separator pro-
vides cooling in the third heat exchanger and returns to the other low-temperature stream at
the same pressure at the exit of the expander. The return gas at atmospheric pressure and
near-ambient temperature is recycled with the make-up gas.


Mukhopadhyay provides more details of the described dual-pressure Claude liquefaction
process in his book, and readers should refer to it.20


14.8 TECHNICAL CHALLENGES OF CRYOGENIC FLUIDS
TRANSFER AND TRANSPORTATION


Engineers working to understand and reduce cryogenic boil-off must solve a variety of
transport problems. An important class of nonlinear problems involves the thermal and me-
chanical design of cryogenic struts.


A cryogenic liquid is defined as a liquid with a normal boiling point below �130�F
(�90�C). The most commonly used industrial gases that are transported, handled, and stored
in the liquid state at cryogenic temperatures are argon, helium, hydrogen, nitrogen, and
oxygen.


TABLE 14.9 Specific Work Requirement for Various Air Liquefaction Cycles


System Work Required Btu/lb Liquid Air


Reversible process (calculated) 324


Simple Linde (observed) 4440


Simple Linde with precooling to �49�F (observed) 2390


Dual-pressure Linde (observed) 2370


Dual-pressure Linde with precooling to �49�F (observed) 1370


Claude (observed) 1370
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Liquefied gases with a normal boiling temperature of below 120K are classified as
cryogenic fluids. Local heat supply and pressure pulses in storage and transport systems
of cryogenic fluids can cause considerable superheating of fluids. The establishment of
such high local degrees of superheating is facilitated by good wettability of most of the solids
with cryogenic fluids and a small amount of dissolved gases contained in them.3


A superheated fluid represents a particular case of a system in a metastable state and a
very convenient object of study. Low viscosity of superheated fluids ensures quick relaxation
of the structure. This is not always the case in super-cooled fluids. Unlike the liquidecrystal
phase transformation, where the interfacial energy is unknown in most cases of interest, the
surface tension in the liquidevapor system can be measured directly. If the condensation of a
supersaturated vapor is studied, it is much more difficult to remove the initiating effect of
walls, which represent ready and/or easily activated centers of condensation, than active
centers during boiling.3
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FIGURE 14.46 Schematic representation of a dual-pressure Claude process.20.
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From a thermodynamics point of view, and properties of matter, the systems under
consideration are usually investigated in thermodynamic equilibrium states. However, in a
variety of cases configurations are realized which do not correspond to global but local
maxima of the entropy or minima of the internal energy or other relevant thermodynamic
functions. These states are metastable and have a finite lifetime. Metastability is a common
property of first-order phase transformations and manifests itself in systems of quite different
nature, such as nuclear matter and quarkegluon plasmas, electronehole fluids, biological
systems near the self-organization threshold, as well as in more evaporation that is conven-
tional, condensation, segregation, crystallization, and melting processes.3


The study of phase metastability includes a wide range of tasks and readers should refer to
the book by Baidakob.3


Cryogenic liquids are usually stored and transported at pressures close to atmospheric in
the two-phase state. An equilibrium vapor content is maintained owing to the action of a
large number of completed boiling centers on the container walls. On account of good an
equilibrium vapor content is maintained owing to the action of a large wettability of solid
materials with cryogenic liquids, many of the boiling centers decrease their activity in time
or stop their action altogether.


In this case, local heat inflows and pressure pulsations may lead to local superheatings of a
liquid, to its explosive boiling-up with the development of considerable shock loads in
cryogenic systems, which disturb the normal functioning of cryogenic systems, and in a num-
ber of cases lead to their destruction.


Passive and active thermal control serves to limit the heat leak into the cryogenic storage
system and eliminate cryogen boil-off, but not limited by mass or reliability typically associ-
ated with space exploration flight systems (LH2, LN2). Significant advances have been made
in recent years in the quality and range of thermophysical data for cryogenic propellants,
pressurants, and inertants. A review of recently completed and current data compilation pro-
jects for helium, hydrogen, argon, nitrogen, oxygen, fluorine, and methane is given together
with recommended references for thermodynamic and transport property data tables for
these fluids (see Appendix B). Modern techniques in the plotting of thermodynamic charts
from tabular data (or from functions such as the equation of state) have greatly improved
their precision and value.


Special precautions must be taken to prevent a spill while transporting cryogens, in addi-
tion to minimizing exposures from liquids and vapors. The high liquid to vapor expansion
ratio could rapidly displace all oxygen in a room and result in asphyxiation. Implement
the following procedures to minimize exposures:


1. Transport within the laboratory or lab building
a. Wear all required personal protective equipment (PPE), such as gloves, eyeglasses,


etc.
b. Use no fewer than two personnel to transport cryogenic liquids and use handcarts


equipped with brakes for large Dewars and cylinders.
c. Never transport an open container of cryogenic liquid, no matter how small.
d. Plan the route of transport. The BEST PRACTICE IS TO AVOID USING AN


ELEVATOR. In the event of an elevator failure or spillage, the space may quickly un-
dergo oxygen displacement. If this is not avoidable, send your buddy to the receiving
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floor. Then load the Dewar. Remain on the sending floor while you send the Dewar
to the receiving floor unmanned. After your buddy unloads the Dewar, join him/her
for the rest of the transport. If the transport by elevator takes place over multiple
floors, clearly label the Dewar with a warning to anyone who may want to use the
elevator between the sending and receiving floors to wait until the transport process
is complete.


e. Always use care when handling equipment. Damage to Dewars could result in the
loss of vacuum and increased evaporation. Transport of helium Dewars requires
extra care because they are fragile.


f. When at all possible, do not hand-carry cryogenic liquids. For larger Dewars use a
stable wheeled base designed for Dewar transport. Check to ensure stability before
commencing transport.


g. When carrying a Dewar, make sure it is the only item you are carrying. Hold the
Dewar as far away from the face as possible. Be on the lookout for other people who
may run into you or bump you.


h. Large mobile Dewars used for transport should be equipped with a braking mecha-
nism. Do not use the feet to brake. Steel-toed boots are recommended.


i. Take care to avoid crushing hands or fingers between the vessel or cart and walls or
door frames.


j. If there is any risk of tipping, a cart should be used. Wheeled trolleys may not be
used if the vessel must pass over elevator thresholds or other slots/crevasses wider
than 25% of the wheel width.


2. Transport between buildings
a. Follow the guidelines set up in your facility and organization dealing with cryogenic


fluids.
b. In addition, avoid grates, large cracks in sidewalks/pavements, or other hazards that


could cause tripping.
c. For transport of large nitrogen Dewars outsidedover pavement, sidewalks, wheel-


chair curb cutsda four-wheeled tipcart should be used. If the casters arewelded to
the tank, and/or the casters on the trellis are in common use, they are not meant for
transport over pavements and concrete.


d. While en route exercise great care to stay completely clear of sewer grates, large
cracks, and/or uneven portions of the pavement, and any other hazards which could
catch a cart wheel and cause tipping.


3. Vehicular transport
a. NEVER take liquid nitrogen or other cryogenic fluids in a car or a van where the


driver’s compartment is not segregated and sealed from the load. The load compart-
ment of the van must be ventilated. Where a specimen needs to be transported
frozen, consider whether dry ice would be suitable since it reduces the risks.


b. Before transporting cryogens, ensure that the following have been addressed:
• A risk assessment has been conducted.
• The container of the cryogenic material is labeled with the IUPAC name of its


contents and a danger hazard warning sign.
• The driver has been fully informed as to what is being carried and its associated


hazards.
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• The appropriate PPE has been provided.
• An information sheet is carried within the vehicle to provide emergency response


services with specific data about the material in the event of an accident.
• The quantity to be transported is consistent with DOT regulations.


Note: Transportation of cryogenic substances is covered by the U.S. Department of
Transportation (DOT), 49 CFR 173. These regulations cover specific volumes/masses of
dangerous goods that may be transported, duties of responsibility, correct packaging,
and labeling of goods, vehicle usage, and driver training. Atmospheric gases and helium,
cryogenic liquids, in Dewar flasks, insulated cylinders, insulated portable tanks, insulated
cargo tanks, and insulated tank cars, designed and constructed so that the pressure in
such packaging will not exceed 25.3 psig under ambient temperature conditions during
transportation.


14.9 CONTAINERS


Cryogenic liquids are stored, shipped, and handled in several types of containers, depend-
ing on the quantity required by the user. The types of containers in use are the Dewar, cryo-
genic liquid cylinder, and cryogenic storage tank. Storage quantities vary from a few liters to
many thousands of gallons.


Since heat leak is always present, vaporization takes place continuously. Rates of vapor-
ization vary, depending on design of the container, ambient conditions, and the volume of
stored product.


Containers are designed and manufactured according to the applicable codes and specifi-
cations for the temperatures and pressures involved.


14.9.1 Dewars


Fig. 14.47 illustrates a typical vacuum-jacketed Dewar. A loose-fitting dust cap over the
outlet of the neck tubes prevents atmospheric moisture from plugging the neck and allows
gas produced from vaporized liquid to escape. This type of container is nonpressurized.


FIGURE 14.47 A typical Dewar.
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The most common unit of measurement for the capacity of a Dewar is the liter. Five-to
200-L Dewars are available. Product may be removed from small Dewars by pouring, while
larger sizes will require a transfer tube. Cryogenic liquid cylinders, which are pressurized
vessels, are sometimes incorrectly referred to as Dewars.


14.9.2 Cryogenic Liquid Cylinder


Fig. 14.48 shows a typical cryogenic liquid cylinder. Cryogenic liquid cylinders are insu-
lated, vacuum-jacketed, pressure vessels. They come equipped with safety relief valves
and rupture disks to protect the cylinders from excessive pressure buildup. These containers
operate at pressures up to 350 psig and have capacities between 80 and 450 L of liquid.


Product may be withdrawn as a gas by passing liquid through an internal vaporizer or as a
liquid under its own vapor pressure. For more details on the construction and operation of
cryogenic liquid cylinders, consult Air Products’ Safetygram #27, “Cryogenic Liquid
Containers.”


14.10 HAZARDS ASSOCIATED WITH CRYOGENIC MATERIALS


Cryogenic liquids are liquids that exist between �66�C and �266�C. The most common
cryogens used in the laboratory are liquid nitrogen, liquid helium, and solid carbon dioxide
(dry ice), although there are others including LO, liquid hydrogen, and liquid argon.
Table 14.10 lists the physical properties of common cryogens.


FIGURE 14.48 A typical cryogenic liquid cylinder top and sideview.
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Cryogenics can present on or more of the following hazards/situations and they are listed
as follows to the best of our knowledge:


1. Physiological Hazards: Severe “burns” or frostbite may be inflicted if the human body
comes into contact with cryogenic fields, boiled-off vapor, or surfaces cooled by cryo-
genic fluids. The evolution of large volumes of gases associated with the evaporation of
cryogenic liquid spills can result in asphyxiation. For instance, nitrogen expands approx-
imately 700 times in volume, going from liquid to gas at ambient temperature. Asphyxi-
ation and chemical toxicity are hazards encountered when entering a cryogenic vessel
that has been used to store cryogenic liquids if proper ventilation/purging techniques
are not employed.


2. Material and Construction Hazards: The selection of materials calls for consideration of
the effects of low temperatures on the properties of those materials. Some materials
become brittle at low temperatures. Brittle fracture can occur very rapidly, resulting in
almost instantaneous failure. Low-temperature equipment can also fail due to thermal
stresses caused by differential thermal contraction of the materials. Overpressurization
of cryogenic equipment can occur due to the phase change from liquid to gas if not
vented properly. All cryogenic fluids produce large volumes of gas when they vaporize.


3. Flammability and Explosion Hazards: Fire or explosion may result from the escaping
of flammable gases such as hydrogen, carbon monoxide, or methane. Escaping LO,
while it is not itself a flammable gas, can combine with combustible materials and cause
spontaneous combustion. Oxygen clings to clothing and cloth items and presents an
acute fire hazard for approximately half an hour after exposure.


4. High-Pressure Gas Hazards: Potential hazards exist in highly compressed gases because
of stored energy. In cryogenic systems, high pressures are obtained by gas compression
during refrigeration, by pumping of liquids to high pressures followed by rapid evapo-
ration, and by confinement of cryogenic fluids with subsequent evaporation. If this
confined fluid is suddenly released through a rupture or break in a line, a significant
thrust may be experienced.


TABLE 14.10 Physical Properties of Common Cryogen


Boiling
Point (K)


Liquid to Gas
Expansion Ratio


Gas Specific
Density


Critical
Temperature
(K)


Critical
Pressure (atm)


Liquid
Density (g/L)


Air e e 1.00 e e e


Argon 87.3 860 1.39 150.9 48.3 1402


Carbon dioxide 194.7 790 1.70 304.2 72.8 1560


Helium 4.2 780 0.14 5.2 2.2 125


Hydrogen 20.3 865 0.07 33.0 12.8 71


Nitrogen 77.3 710 0.97 126.3 33.5 808


Oxygen 90.2 875 1.11 154.8 50.1 1410


R-12 Refrigerant 243.4 294 4.35 385 40.6 1487
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14.11 RISK ASSESSMENT


An initial risk assessment must be performed in which the potential depletion in oxygen
concentration from the largest foreseeable spillage must be calculated for all facilities where
cryogenic materials are stored or handled. Where this could result in an oxygen concentration
below 18%, corrective actions must be implemented to mitigate this potential. Possible ac-
tions include limiting the maximum quantity of cryogenic fluid handled so that oxygen
depletion cannot arise, moving the operation to a larger room, providing mechanical venti-
lation with indicators that it is operating, and installing oxygen alarms. Where the risk assess-
ment shows that mechanical ventilation and oxygen alarms are needed, Facilities
Management and Health, Safety and Environment (EH&S) must be consulted before any ac-
tion is taken.


Risk assessments, written operating procedures and training are needed to cover the full
range of hazards associated with the storage and use of cryogenic materials. The facility su-
pervisor is responsible for the development of workplace-specific safety information related
to the use and storage of cryogenic liquids.


14.11.1 Oxygen Deficiency and Asphyxiation


Themost significant riskof cryogenic liquids isdeathbyasphyxiation,where a spill or leakage
depletes the atmospheric oxygen. If the oxygen concentration falls below18%adverse effectswill
occur, resulting in loss of mental alertness and performance combined with distortion of judg-
ment. In atmospheres containing less than 10% oxygen, death by asphyxiation is rapid: just
two breaths of oxygen-free air kills. For example, oxygen depletion resulting from a spill of
50 L of liquid nitrogen in a room 10 m � 8 m � 3 m can be determined using the equation


100� V0


VR
(14.101)


In this equation the variables are define as follows:


V0 ¼ 0.209 (VR � VG) for cryogens other than oxygen;
VR is the volume of the room;
VG is the maximum gas release upon the expansion of the cryogenic liquid;
VR ¼ 10 � 8 � 3 ¼ 240 m3;
VG ¼ 710 � 0.05 m3 ¼ 35.5 m3 (1 m3 ¼ 1000 L);
V0 ¼ 0.209 (VR � VG) ¼ 0.209 (240 e 35.5) ¼ 42.7 m3;
Oxygen content ¼ (100 � 42)/240 ¼ 17.8%.


To calculate the oxygen concentration when oxygen is the spilled cryogenic liquid, then
V0 ¼ 0.209 (VR � VG) þ VG.


If someone is seen unconscious in a cryogenic handling or storage area, it is likely that they
are already dead and there is a serious risk to rescuers of being asphyxiated unless they are
wearing self-contained or air-line supplied breathing apparatus and are trained in entry proced-
ures for confined spaces. In such circumstances, the first actions should be to raise the alarm and
evacuate the immediate area, opening doors and windows if safe to do so on the way out.
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14.11.2 Cold Burns, Frostbite, and Hypothermia


1. Contact of the skin with cryogenic liquids (or even cold gas) can cause severe cryogenic
burns; the tissue damage that results is similar to that caused by frostbite or thermal
burns. While the cold itself can reduce the feeling of pain, the subsequent thawing of
tissue can cause intense pain.


2. Exposure to these cold gases, which is too brief to affect the skin of the face or hands,
may affect delicate tissues, such as the eyes. Stand clear of boiling and splashing liquid
and the cold vapors that are released. Boiling and splashing always occur when
charging a warm container or when inserting objects into the liquid.


3. Contact with noninsulated parts or equipment or vessels containing cryogenic liquids
can produce similar damage. Unprotected parts of the skin may stick to low-
temperature surfaces and flesh may be torn upon removal.


4. Always perform these operations slowly to minimize the splashing and boiling.
5. Never allow any unprotected part of your body to touch uninsulated pipes or vessels


containing cryogenic liquids. The extremely cold material may stick fast to skin and tear
the flesh when you attempt to withdraw it. Even nonmetallic materials are dangerous
to touch at these low temperatures.


6. Inhalation of cold vapor can cause damage to the lungs and may trigger an asthma
attack in susceptible individuals.


7. Hypothermia is a risk due to the low temperatures arising from the proximity of cryo-
genic liquids. Risk is dependent upon the length of exposure, the atmospheric tempera-
ture, and the individual; those exposed for prolonged periods should be warmly
clothed.


8. Use tongs to immerse and remove objects from cryogenic liquids. In addition to the
hazards of frostbite or flesh sticking to cold materials, objects that are soft and pliable at
room temperature, such as rubber or plastics, are easily broken because they turn brittle
at low temperatures and may break when stressed.


14.11.3 Oxygen Enrichment


Although not flammable, oxygen when present in higher concentrations can signifi-
cantly increase the chance of fire or an explosion. The boiling point of oxygen is above
those of nitrogen and helium. In closed systems (such as cold traps cooled with liquid ni-
trogen), these liquids can cause oxygen to condense on their surface (resulting in a bluish
liquid on the surface). This can lead to the ignition of normally noncombustible materials
and the flammability limits of flammable gases and vapors are widened. Oil and grease
may spontaneously ignite and as such should not be used where oxygen enrichment
may occur.


14.11.4 Pressurization and Explosion


Cryogenic liquids vaporize with a volume change ratio of 700e900 and can cause violent
changes in pressure, particularly if this occurs in a confined space. This in turn can result in an
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explosion. Vent systems must be in place to allow gas to escape from confined spaces.
Pressurization can occur due to the following:


1. Ice forming on the venting tube, plugging it and preventing gas release;
2. Damaged equipment resulting in cryogenic fluids leaking into small areas, upon vapor-


ization the cryogenic liquid vaporizes and causes pressure build up;
3. Loss of vacuum inside a cryostat or Dewar;
4. If a liquid, helium-cooled superconducting magnet “quenches” (changes spontaneously


from a superconducting state to a normal state);
5. Liquid nitrogen having permeated through sealed cryotubes containing samples which


then return to room temperature;
6. Direct contact of the cryogenic liquid with water in a tube results in rapid vaporization


of the cryogenic liquid and can cause the tube to explode.


14.11.5 Damage to Equipment


The very cold temperatures of cryogenic liquids can damage equipment and materials,
which can result in danger. Examples of damage include the following:


1. Spilled liquid nitrogen can crack tiles and damage flooring such as vinyl.
2. Rubber tubing may become brittle and crack during use.
3. Condensation of water around electrical cables may result in an electrical shock hazard.


14.11.6 Flammable GasdHydrogen


Hydrogen is extremely flammable and should be treated with extreme caution. Areas of
use should be restricted, clearly marked, and well ventilated. No naked flames, electrical igni-
tion sources, sources of static electricity, or potentially combustible materials should be
allowed within the restricted area as any of these could result in an explosion if gas has
escaped. Liquid hydrogen can condense and solidify air resulting in an explosion hazard.
For this reason closed hydrogen systems should be used to prevent backflow of air.


14.12 GENERAL SAFETY PRACTICES


As part of general safety to handle cryogenic materials, the following list applies.


14.12.1 Safety Practices


1. Cryogenic fluids must be handled and stored only in containers and systems specifically
designed for these products and in accordance with applicable standards, procedures,
or proven safe practices.


2. Transfer operations involving open cryogenic containers, such as Dewars, must be con-
ducted slowly to minimize boiling and splashing of the cryogenic fluid. Transfer of
cryogenic fluids from open containers must occur below the chest level of the person
pouring the liquid.
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3. Such operations shall be conducted only in well-ventilated areas to prevent the possible
gas or vapor accumulation, which may produce an oxygen-deficient atmosphere and
lead to asphyxiation. The volumetric expansion ratio between liquid and atmospheric
nitrogen is approximately 700 to 1.


4. Equipment and systems designed for the storage, transfer, and dispensing of cryogenic
fluids shall be constructed of materials compatible with the products being handled and
the temperatures encountered. There is no single source of information that will provide
exact specifications and standards for cryogenic equipment. ASME Codes B31.1 through
B31.7 apply, ASME Code B31.3 contains the majority of the relevant information. The
American Society of Testing Materials handbook provides information concerning the
tensile strength of metals at various temperatures and other relevant information. The
Code of Federal Regulations, 49 CFR, provides some useful guidelines, although it only
references cryogenic vessels used in rail transportation. In each case, the design specifi-
cations are left to the discretion of the designing engineer.


5. All cryogenic systems, including piping, must be equipped with pressure-relief devices
to prevent excessive pressure build-up. Pressure-reliefs must be directed to a safe loca-
tion. It should be noted that two closed valves in a line form a closed system. The vac-
uum insulation jacket should also be protected by an overpressure device if the service
is below 77�K. In the event a pressure-relief device fails, do not attempt to remove the
blockage; instead call EH&S immediately.


6. If liquid nitrogen or helium traps are used to remove condensable gas impurities from a
vacuum system that may be closed off by valves, the condensed gases will be released
when the trap warms up. Adequate means for relieving the resultant build-up of pres-
sure must be provided.


14.13 SPECIFIC PROCEDURES


For the specific procedures of handling cryogenic liquids and materials, the following may
be utilized.


14.13.1 Refilling Dewars in Laboratories


1. Never refill Dewars or transfer cryogenic liquids alone.
2. Make sure that there is good ventilation. Open a door if you are in a small room or


space.
3. Remove watches, rings, and other metal jewelry from hands and wrists.
4. Wear required PPE identified in the PPE hazard assessment (29 CFR 1910.133). In


general the following PPE is the minimum acceptable (see Fig. 14.49):
a. Cryogenic gloves;
b. Lab coat with sleeves pulled over cuffs of cryogenic gloves;
c. Full-length cuffless pants that extend over shoe tops
d. Closed-toed shoes that are impervious to liquids, such as leather, or covered with


liquid-proof shoe covers/spats;
e. Safety glasses or chemical splash goggles and a full-face shield.
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5. Use Dewars rated for the cryogen is being transferred.
a. Never use a Dewar that does not have a pressure-relief valve or pressure-venting


lid/stopper.
b. Use pressure-venting lids/stoppers supplied by the Dewar manufacturer.
c. Never use Dewars with makeshift or homemade lids/stoppers.
d. Glass Dewars must be taped solidly around the outside. The plastic mesh which


comes with some small thermos bottles primarily provides some protection for the
Dewar, but does not necessarily protect against glass shards resulting from
implosion.


6. Dewars larger than 20 L will be lifted and poured by two people.
7. Never use a funnel as during overfill cryogenic liquid may be propelled upward.
8. Ensure the receiving vessel is dry.
9. The receiving vessel must be raised so the delivery tube is immediately above the


mouth of the vessel (i.e., the cryogenic liquid should never be allowed to fall through
air to reach the receiving vessel). Use a table, cart, or other mechanical means to posi-
tion the vessel in the proper location. Never hold the vessel with unprotected hands
while filling.


10. To reduce thermal shock, first cool the receiving vessel by dispensing a small amount
of cryogenic fluid then continue the dispensing process. Delivery should be conduct-
ed slowly to minimize splashing, spilling, and thermal shock to the receiving vessel.


11. Do not move or bend the fill tube during filling.
12. Stay out of the vapor pathway during dispensing.
13. Do not leave a filling operation unattended.
14. Only use approved materials with cryogens. Unapproved materials (such as plastic,


rubber, wrought iron, hollow tubes, and carbon steel) will become brittle and shatter,
or in the case of hollow tubes become overpressurized.


15. Periodically inspect equipment and remove ice and frost blockages from openings to
prevent overpressurization.


FIGURE 14.49 Illustration of personal protective equipment.
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16. . Do not tamper with pressure-relief valves. Report any leaks or improperly set relief
valves to the manufacturer.


17. Equipment should be kept clean without the use of corrosive cleaning materials that
could damage the metal jacket.


18. When manually pouring liquid into a smaller Dewar, assure that the secondary
container is secured, pour slowly to prevent excess splashing, do not overfill, and use
a phase separator, if available, to control the vapor path while pouring.


14.14 STORAGE OF CRYOGENIC LIQUIDS


A cryogenic liquid storage unit left open to the atmosphere, or catastrophic failure of a
storage unit, could create an oxygen-deficient atmosphere. Follow these procedures to reduce
the likelihood of this occurrence.


1. Glass Dewars must have an exterior coating/cover to minimize projectiles in the event
of an explosion. Newer Dewars may have a plastic mesh over the exterior for this pur-
pose. Older Dewars must be thoroughly taped, or replaced.


2. Only store Dewars in well-ventilated rooms with a minimum of six air changes per
hour.


3. If the ventilation rate is unknown, contact EH&S and Facilities Management (FACMAN)
to evaluate the storage area.


4. EH&S and/or FACMAN may recommend the installation of oxygen detection systems
and alarms for cryogenic liquid storage areas depending on location, ventilation, and
quantity of material stored.


5. Do not store cryogenic liquids with corrosive or flammable chemicals.
6. Storage units should be placed so that vents and openings are oriented away from


personnel and lab equipment.
7. Bulk cryogenic liquid-dispensing areas within buildings must be well-ventilated. EH&S


recommends continuous oxygen monitoring equipment in all these areas. All new instal-
lations should be designed with an oxygen monitoring system and alarm.


8. Storage of cryogenic liquid Dewars in hallways, unventilated closets, environmental
rooms, and stairwells is prohibited.


9. No more than one backup Dewar is allowed per piece of equipment using cryogenic liq-
uids in research labs. Additional Dewars must be stored in areas designed for such stor-
age. Contact EH&S in your organization to evaluate potential storage locations.


14.15 CRYOGENIC STORAGE TANKS


A typical customer installation (See Fig. 14.50) includes a tank, vaporizer, and pressure
control manifold. Tanks may be spherical or cylindrical in shape. They are mounted in fixed
locations as stationary vessels or on railroad car or truck chassis for easy transportation. Sizes
range from 500 gallons to 420,000 gallons. All tanks are powder- and vacuum-insulated in the
annular space. Tanks are equipped with various circuits to control product fill, pressure
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buildup, pressure relief, product withdrawal, and tank vacuum. Tanks are designed to Amer-
ican Society of Mechanical Engineers (ASME) specifications for the pressures and tempera-
tures involved.


14.16 EMERGENCY PROCEDURES AND FIRST AID


Liquid nitrogen (LN2) is the most commonly used cryogenic liquid. Oxygen depletion
resulting from nitrogen gas may occur rapidly with no warning properties. A person entering
an oxygen-deficient environment may become disoriented and unable to respond properly.
Nitrogen gas is odorless, colorless, tasteless, and inert. The failure of a large Dewar could spill
180 L of LN2, which in gas form will completely displace all oxygen in a 21 � 21 � 10 ft room.
A much smaller spill in the same room could still create a safety hazard. Simply reducing the
oxygen content in a room below 19.5% is considered an oxygen-deficient environment.
Implement the following procedures to minimize the risk of asphyxiation:


1. If ventilation in the room is less than six air changes per hour, contact EH&S for advice
about installing an oxygen level detection alarm.


2. If a spill occurs, immediately exit the area. With adequate ventilation, it may be appro-
priate to return to the area after 30 min. For large spills, contact EH&S immediately as
the area may need to be monitored for oxygen levels and to determine when it is safe
to reenter.


3. If experiencing symptoms such as lightheadedness, dizziness, or confusion, immediately
seek fresh air and receive medical attention.
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FIGURE 14.50 A typical customer station with a cryogenic storage tank.
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4. If an employee becomes unconscious in a cryogenic liquid storage area, they should
only be retrieved by personnel using proper PPE (such as a self-contained breathing
apparatus). ASU does not have the proper equipment to mount an extraction in a
confined or oxygen-deficient space; therefore the fire department should be immediately
notified (911). Over 50% of deaths associated with asphyxiation in confined spaces occur
to would-be rescuers.


5. Once personnel have been removed to fresh air, provide rescue breathing or CPR until
paramedics arrive. In the event that skin or the eyes come into contact with cryogenic
gases or liquid, follow first aid procedures, then immediately seek medical attention.


6. Immediately remove any clothing that has been contaminated. In the event of clothing
contamination with oxygen, hydrogen, or carbon monoxide, it is important to remove
clothing, evacuate personnel from the facility, and keep away from ignition sources.


7. Flush or soak the area with warm water (no warmer than 105�F).
8. Do not apply dry heat or rub damaged flesh or eyes.
9. Employees should notify their supervisor of injuries and complete the organization


EH&S Accident/Near Miss/Quality Improvement Report.


14.17 SPILLS AND DISPOSAL OF CRYOGENICS


In order to deal with spills and disposal of cryogenic liquids, the following steps are
required:


1. Spills
a. Minor spill less than 1 L


i. Allow liquid to evaporate, ensuring adequate ventilation.
ii. Following return to room temperature, inspect area where spillage has occurred.
iii. If there is any damage to the floors, benches or walls, report it to Facilities


Management.
iv. If any equipment has been damaged following the spillage, inform your supervi-


sor immediately
b. Major release larger than 1 L


i. Shut off all sources of ignition.
ii. Evacuate area of all personnel.
iii. Inform EH&S and supervisor.
iv. DO NOT return to the area until it has been declared safe by EH&S.


2. Disposal


Care needs to be taken when disposing of cryogenic liquids.


DO NOT Pour cryogenic liquids down the sinkdthey will crack waste pipes causing potentially dangerous leaks


DO NOT Store cryogenic substances or allow them to vaporize in enclosed areas, including: fridges, cold rooms,
sealed rooms, and basements


DO Ensure that the area in which the cryogenic liquid is left to vaporize is well ventilated
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14.18 TRAINING


Training should be given in all aspects of the use and handling of cryogenic materials. A
combination of on-the-job skills, instructions, and information covering the following areas
provides a minimum standard to which all users must be trained:


1. Understanding of the Material Safety Data Sheet, the risks involved and where to obtain
information;


2. Understanding the risks and effects of oxygen-depleted atmospheres;
3. Conducting a risk assessment;
4. Use of PPE;
5. Handling cryogenic materials;
6. Moving containers of cryogenic materials (1 L);
7. Emergency procedures;
8. Spillage procedures.


And if necessary:


9. Manual handling of larger storage vessels;
10. Dispensing bulk quantities (>1 L);
11. Vehicular transportation and delivery of cryogenic materials.


Much of the training will be carried out as on-the-job training and should be done by a
competent person within the lab group. Individual training records shall be kept for each
person handling cryogenic substances by the supervisor who shall maintain this information
within the posted Laboratory Training Records, as required by facility, where these cryogenic
liquids are used.
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A cryogenic liquid is defined as a liquid with a normal boiling point below �130�F
(�90�C). The most commonly used industrial gases that are transported, handled, and stored
in the liquid state at cryogenic temperatures are argon, helium, hydrogen, nitrogen, and ox-
ygen. There are a number of general precautions and safe practices that must be observed
because of the extremely low temperatures and high rates of conversion into gas for all cryo-
genic liquids. There are also specific precautions that must be followed where a particular
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liquid may react with contaminants or may present other hazards associated with that partic-
ular product, such as asphyxiation or flammability.


15.1 INTRODUCTION


Distribution of refrigeration power and limitation of heat leaks at every temperature stage,
required by thermodynamic effectiveness, involve a careful analysis of heat transfer in a cryo-
genic environment. We reviewed, in Chapters 2 through 11, the fundamental laws of the
three modes of heat transfer, along with laws of thermodynamics focusing onto cryogenic
operation conditions, and gave useful data and examples of practical applications for cryostat
designs.


The first and second laws of thermodynamics introduce us to the concepts of heat Q (Joule)
and temperature T (Kelvin). Heat transfer is the energy interaction between two systems
driven by their respective temperature difference. The objective of the study of heat transfer
in Chapter 11 of this book is to describe precisely how the temperature difference governs the
rate of energy transfer, but it is again thermodynamics that identifies two classes of objectives
in cryogenic engineering practice. Consider the efficiency of a thermodynamic engine, or the
quantity of work W required to extract a quantity of heat Q produced at temperature T and
rejected at a temperature Ta:


W � Q
�
T � Ta


T


�
(15.1)


with the equality sign applying to the Carnot cycle. As a consequence of Eq. (15.1), both the
capital and the operational cost of a cold installation will be determined by the heat loads on
the system, with an increasingly high thermodynamic “value” for decreasing heat sink tem-
perature. In other words, the lower the temperature, the smaller are the heat loads on a cold
system that have to be maintained. One objective of thermal design will then be to work out
the most effective thermal insulation, to reduce the heat transfer rate _Q between two temper-
ature extremes TA and TB, which generally are fixed.1


Chapter 11 of this book is describing detailed analysis for three basic mechanisms for
transferring heat mainly:


1. Conduction
2. Convection
3. Radiation


In the introduction of this chapter here, we summarize these three mechanisms as they are
stated here to have a better grasp of transport properties of solids at the cryogenic state,
which is the main consideration of this chapter going forward.


In conduction, heat is transported inside solids or fluids at rest by atomic scale processes. In
convection, macroscopic movement of a fluid produces the heat transfer. Finally, in radiation
heat transfer mode, energy is transported by electromagnetic radiation, emitted by any sur-
face at T > 0K, without need of matter’s support. The basic laws of these three mechanisms of
heat transfer infrastructure, for the flow of heat _Q through an area A or onto a surface A in
three modes mathematically, are provided as following sets of equations
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Fourier’s Law for Conduction


_Q ¼ �kAVT (15.2)


General Convection Law, under free and forced


_Q ¼ hAðTW � TFÞ (15.3)


StefaneBoltzmann’s Law for Radiation


_Q ¼ sεA
�
T4
H � T4


C


�
(15.4)


The definitions of parameters used in these equations are described as follows:


k ¼ thermal conductivity of the medium
h ¼ heat exchange coefficient
TW ¼wall temperature
TF ¼ fluid temperature
s ¼ StefaneBoltzmann’s constant, which is equal to ¼ 5.67 � 10�8 W/(m2 K4)
ε ¼ effective emissivity
TH ¼warm surface temperature
TC ¼ cold surface temperature


For a small DT, linearization of, the three laws permit development of the analogy with an
electrical circuit, which is the equivalent of the electrical potential difference and _Q the equiv-
alent of the electrical current. The thermal impedance Rth defined by this analogy,
Rth ¼ DT


�
_Q , allows one to describe complex systems for numerization or to simplify


them for qualitative evaluation.
Fig. 15.1 shows the temperature dependence of the three mechanisms (conduction and


convection only for fluids and gases) below ambient temperature and radiation. This figure
is illustrative of typical heat transfer rate per unit surface and temperature interval at temper-
ature T, exchanged by radiation, by conduction through helium between two walls separated
by 1 cm, or by convection in helium around a horizontal stick of 1-cm diameter.


At this stage, the reader should refer to Chapter 11 or to Vandoni1 for more descriptions
and details analysis of conduction, convection, and radiation, becausee it is beyond the scope
of this section.


As far as conduction in gases and fluids for heat transmission between two surfaces are con-
cerned, these two surfaces are separated by gas and obey two different regimes according to
the ratio between the mean free path of gas molecules l and the distance L between two sur-
faces. For condition, where l � L, the viscous regimen, heat transmission is described in terms
of thermal conduction k, which is independent of pressure. The heat flux is therefore inversely
proportional to wall distance. Decreasing the residual gas pressure, the molecular regimen is
reached as l � L. The molecules travel undisturbed from the warm to the cold surface and
heat transfer becomes proportional to residual gas pressure and independent of wall distance.


Kinetic gas theorypredicts themean freepath l (cm) at temperatureT inKelvin (K), pressureP
in Pascal (Pa), and viscosity m in (Pa s) for a gas of molar massM in (g/mol) as being equal to:


l ¼ 115$
m


P


ffiffiffiffiffi
T
M


r
(15.5)
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The mean free path l (cm) for different gases at 300K is provided in Table 15.1.
In the viscous regimen, the thermal conductivity k (W/cm K) coefficient, given in Table 15.2


for different gases under atmospheric pressure, is


k ¼ 1
3
r


�
8RT
pM


�1=2


lCV (15.6)
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FIGURE 15.1 Typical heat transfer per unit surface and temperature.


TABLE 15.1 Mean Free Path l at 300K for Different Gases in (cm)1


(Pa) 13 10L6 13 10L4 13 10L2 1 100


Ar 6300 63 0.63 6.3 � 10�3 6.3 � 10�5


Air 6100 61 0.61 6.1 � 10�3 6.1 � 105


N2 6000 60 0.60 6.0 � 10�3 6.0 � 10�5


He 1.77 � 104 177 1.77 1.77 � 10�2 1.77 � 10�4
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In the molecular regimen, Kennard’s law permits describing the heat transfer between two
surfaces at temperature T1 and T2:


_Q ¼ A1a


�
gþ 1
g� 1


��
R
8p


�1=2 Pffiffiffiffiffiffiffiffi
MT


p ðT2 � T1Þ (15.7)


with g ¼ CP=CV , R the ideal gas constant, A1 the surface receiving the heat flow, and a an
accommodation coefficient. The latter parameter, ranging between 0 and 1, defines the degree
of thermal equilibrium between the gas molecules and the walls, and for simple geometries it
takes a form analogous to the effective emissivity of radiation heat transfer:


a ¼ a1a2


a2 þ a1ð1� a2ÞA1


A2


(15.8)


Close to condensation temperature, a ¼ 1, a value that can be used for practical purposes
for most common gases. Light gases, however, may have much lower a values, as shown in
Table 15.3. In particular, the low accommodation coefficient of helium is responsible for the
smaller heat transfer for helium with respect to hydrogen, despite its higher intrinsic thermal
conductivity.


In general, liquids are bad thermal conductors, with the important exception of superfluid
helium. Conductivities of some liquids are listed in Table 15.4.


Another parameter that requires attention is known as thermal boundary resistance RH per
unit area and is defined as:


RH ¼ DT
_Q
�
AC


(15.9)


TABLE 15.2 Thermal Conductivity k as a Function of Temperature Under
Atmospheric Pressure for Several Gases1


T (K) 4He H2 O2 N2 Ar


300 1.56 � 10�3 1.92 � 10�3 2.63 � 10�4 2.60 � 10�4 1.80 � 10�4


80 0.63 � 10�3 0.60 � 10�3 0.60 � 10�4 0.56 � 10�4 (90K)


20 0.26 � 10�3 0.16 � 10�3


5 0.10 � 10�3


TABLE 15.3 Accommodation Coefficient for Some Gases1


T (K) Helium Hydrogen Air


300 0.3 0.3 0.8e0.9


76 0.4 0.5 1


20 0.6 1 e
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There are two reasons why a contact resistance appears.


1. Due to microscopic roughness, the two surfaces touch only at a limited number of spot-
like points.


2. Phonon scattering occurs at the interface due to acoustic mismatch between dissimilar
materials.


Obviously, the contact resistance depends strongly on surface preparation and can be
decreased by applying appropriate filler, for instance, indium, vacuum grease, solder, or sim-
ply a thin plate of copper, between the two surfaces.


Some general trends are observable in contact heat resistance:


1. Contact resistance is inversely proportional to applied force and not to local pressure. The con-
tact conductance is actually almost independent of the apparent contact area, because
the average contact spot size is approximately constant. Thus, increasing the load
changes only the number of contact spots. In a first-order approximation, the slope of
the contact conductance versus applied force is linear; saturation is reached at about
30 N at 300K for Cu, Al, brass, and stainless steel. However, cycling loading experi-
ments always result in hysteresis due to plastic deformation of the local contact spots.


2. For contacts made in electrically conducting materials, the thermal conductance can be
inferred from the electrical resistance.


3. Contact conductance is approximately proportional to Tn (n ¼ 3 for insulators, 1 < n < 2
for metals) at liquid helium temperature. With increasing temperature, KH(T) becomes
rather linear with T and above 200K tends to a temperature-independent value.


4. The thermal contact resistance is in a crude approximation, proportional to the ratio of
thermal conductivity to the micro hardness.


Complete reviews of contact resistance measurements are given in Salerno and Kittle2 and
in Gmelin et al.3


15.2 THERMAL PROPERTIES


Thermal properties are generally properties that fall into the following categories:


• Heat capacity
• Atomic vibration, phonons
• Temperature dependence
• Contribution of electrons


TABLE 15.4 Thermal Conductivity for
Some Common Cooling
Fluids (mW/cm K)1


Water at 300K 6


Oil at 300K 1.3


Nitrogen at 77K 1.38


Helium at 4.2K 0.27
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• Thermal expansion
• Connection to anharmonicity of interatomic potential
• Linear and volume coefficients of thermal expansion


• Thermal conductivity
• Heat transport by phonons and electrons


• Thermal stress


Thermal properties here refer to properties of materials at low temperature of most interest
to the process engineer: specific heat, thermal conductivity, and thermal expansivity. Each
one of them is described in the following subsections.


15.2.1 Specific Heat


The term “specific heat” also refers to a material property, and the term “heat capacity”
refers to atomic scale contributions to specific heat. Nearly all the physical properties of a
solid, such as specific heat and thermal expansion, depend on the vibration or motion of
atoms in the solid. Furthermore, one can measure specific heat at low temperatures for a spe-
cific design in mind. These measurements at low temperature are important and they present
different property values due to variation of specific heat with associated low temperature,
showing how energy is distributed among the various energy-absorbing modes of the solid.
The measurement of specific heat provides important information about the structure of the
solid both thermodynamically and solid-state crystallization point of view and helps to pre-
dict other thermal properties. Thermodynamically, the specific heat of any materials is
defined from the following equation as:


CV ¼
�
vU
vT


�
V


(15.10)


whereU is the internal energy, T is the absolute temperature, and V is the volume. Note that the
specific heatCV at constant volume is the property that is more useful to the theory of thermody-
namic than specific heat CP at constant pressure, because it directly relates to internal energyU,
and hence the microscopic structure of the solid, to temperature. However, it must be remem-
bered thatmost solids expandwhen theyare heated at constant pressure.Consequently, the solid
does work against both internal and external forces; thus, the specific heat measured at constant
pressure includes some extra heat to provide this work. Thus, CVmust be calculated from CP by
using the thermodynamic relationship between them via adiabatic index g in gas as:


g ¼ CP


CV
(15.11)


The difference between CP and CV is given by several thermodynamic expression, one of
which is


CP � CV ¼ a2


�
VT
bT


�
(15.12)
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In Eq. (15.12), V is the molar volume, a is ð1=VÞðdV=dTÞP, which is equal to 3 times the
coefficient of linear expansion, and bT is ð1=VÞðdV=dPÞT. However, these coefficients are
not always, known. Since the difference between the two specific heats is small, 1%e10%
of CP, it can often be neglected or calculated approximately from the expression


CP � CV ¼ ACV2T (15.13)


in which A ¼ a2V
�
bTCV is regarded as constant and is obtained from data at normal


temperatures.
If we go one step further, the data are not available for calculating A at any temperature


from the cited formula. A can be obtained to a less satisfactory degree of accuracy from a for-
mula by Nernst and Lindemann for specific heat in cal/(mol K) and in TmK as:


A ¼ 0:0214
Tm


(15.14)


Furthermore, if CV has to be estimated by an indirect method, the accuracy of the resulting
heat capacities will probably not be such as to justify taking CP � CV into account at all. Often
the property actually desired as in heat balance is the enthalpy difference over a large tem-
perature interval, and this difference is fortunately much less sensitive to estimation errors
than is the specific heat.4


For more details, refer to the chapter on the second law of thermodynamic in this book.
More details about specific heat at constant volume also can be found in Cryogenic Engineering
by Thomas Flynn.4


In addition, for solids and liquids, the difference between CV and CP is less than 5%. The
temperature dependency of specific heat CV at constant volume at the low temperature
behavior can be explained by quantum theory, and plots in Fig. 15.2 present some of the
materials.


FIGURE 15.2 Temperature dependence of heat capacity.
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Einstein proposed the first explanation in 1906. He considered a solid as an ensemble of
independent quantum harmonic oscillators vibrating at a frequency v. Debye advanced the
theory by treating the quantum oscillators as collective modes in the solid (phonons) and
showed that for CVwAT3 at T/ 0K


DE � kT Classical Behavior (15.15a)


DE � kT Quantum Behavior (15.15b)


In these equations, notation of k is the Plank constant, and Fig. 15.3 is an illustration of
quantized energy level.


In addition to atomic vibrations (phonons), thermal excitation of electrons can also
contribute to heat capacity. To contribute to bulk specific heat, the valence electrons would
have to receive energy from the thermal energy, wkT. Thus, only a small fraction of electrons,
which are within kT of the Fermi level, contribute to the heat capacity. This contribution is
very small and insignificant at room temperature.


The electron contribution to CV is proportional to temperature, CVfgT and becomes sig-
nificant (for metals only) at very low temperatures (remember that contribution of phonons
CVwAT3 at T/ 0K; thus, the final form of electron contribution to CV is written as:


CV ¼ gT þ AT3 (15.16)


Plots in Fig. 15.4, show two different conditions for silicon and copper specific heat.
Heat capacity of gas, solid, or liquid tends to increase with temperature, due to the


increasing number of excited degrees of freedom, requiring more energy to cause the same
temperature rise.


The theoretical approaches to heat capacities are based on rather rough approximations
(anharmonicity is neglected; phonon spectrum is approximated by v2 in Debye model,
etc.). In practice, CP(T) in normally measured experimentally, and the results are described
analytically, e.g., CP ¼ Aþ BT þ CT�2 for a certain range of temperatures.


Table 15.5 provides the value of heat capacity CP at constant volume for some selective
materials and substances.


FIGURE 15.3 Illustration of quantized energy level.
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FIGURE 15.4 Law of Dulong and Petit for both silicon and Petit specific heat.


TABLE 15.5 Heat Capacity CP of Various Materials at (RT)


Material CP (J/kg K)


Aluminum 900


Copper 386


Gold 128


Iron 48


Nickel 443


Silver 235


Tungsten 138


1025 Steel 486


316 Stainless Steel 502


Brass (70Cue30Zn) 375


Kovar (54Fe–29Ni–17Co) 460


Invar (64Fe–36Ni) 500


Super Invar (63Fe–32Ni–5Co) 500


Alumina (Al2O3) 775


Magnesia (MgO) 940


Spinel (MgAl2O4) 790


Fused Silica (SiO2) 740
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15.2.2 Thermal Conductivity


In physics, thermal conductivity, often denoted k, is the property of a material to conduct
heat. It is evaluated primarily in terms of Fourier’s law for heat conduction (refer to Chapter
11 of this book for further information). However, the thermal conductivity k of any material
is defined such that the heat transferred per unit time dQ=dt is given by a simple one-
dimensional form as:


dQ
dt


¼ kA
dT
dx


(15.17)


where A is the cross-sectional area, and dT=dx is the thermal gradient.
In some textbooks, including this one (Chapter 11), Eq. (15.17) differs:


q ¼ �k
dT
dx


(15.18)


where q ¼ dQ=dt is the heat flux (i.e., amount of thermal energy flowing through a unit area
per unit time [W/m2]), and k [W/(m K)] is the coefficient of thermal conductivity, often called
simply thermal conductivity.


However, the difference between Eq. (15.17) and the differential form of Eq. (15.18) is due
to integration for a homogeneous material of one-dimensional geometry between two end
points at constant temperature, where we obtain the heat flow rate.


Note that similar to Fick’s first law for atomic diffusion (Chapter 11), the diffusion flux is
proportional to the concentration gradient:


J ¼ �D
dC
dx


(15.19)


TABLE 15.5 Heat Capacity CP of Various Materials at
(RT)dcont'd


Material CP (J/kg K)


Soda-Lime Glass 840


Borosilicate (Pyrex) Glass 850


Polyethylene (High Density) 1850


Polypropylene 1925


Polystyrene 1170


Polyterafluoroethylene (Teflon) 1050


Phenol-Formaldehyde, Phenolic 1590e1760


Nylon 6.6 1670
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Nonesteady state heat flow and atomic diffusion are described by the same equation as:


vC
vt


¼ D
v2C
vx2


vT
vt


¼ k
CPr


v2T
vx2


(15.20)


To have a better understanding of thermal conductivity, especially at cryogenic tempera-
ture, it is imperative to understand the fundamental mechanisms for energy transport
through materials.


There are three basic aspects of energy transport, and hence heat conduction, through a solid4:


1. The first aspect is via lattice vibrational energy transport, also called phonon conduction,
which occurs in all solidsddielectrics and metals. In nonmetallic crystals and some
intermetallic compounds, the principal mechanism of heat conduction is via this lattice
vibration mode on the mechanical interaction between molecules. For single crystals at
ultralow temperature, this mode of heat conduction can be very effective. This may be
equal or exceed the condition by pure metal.4


2. The second aspect is via electron motion as in metals, where metals, of course, also have a
lattice structure and, hence, a lattice contribution to their thermal conductivity as well. How-
ever, thermal conductivity in pure metals in particular at low temperature is due principally
to the “free” conduction electrons, those that are so loosely bound to the atoms that they
wander readily throughout the crystal lattice and thus transfer thermal energy.4


3. The third aspect is via molecular motion, such as in organic solids and gases. This char-
acteristic disorder and the lattice imperfections of these materials introduce resistance to
heat flow. Accordingly, the disordered dielectrics such as glass and polymeric plastics
are the poorest solid conductors of heat.


For the present situation, we may encounter structural materials and be limited to dielec-
tric (i.e., insulators) and metals. However, because dielectrics have only one heat transport
mechanism, namely phonons, and metals have two phonons plus electrons, we can continue
this study on the foundation of heat transport in dielectrics. Flynn’s Cryogenic Engineering
provides more details that are beyond scope of this book.4


In summary, specific heat deals with the ability of the material to regulate the (state) tem-
perature within the materials, whereas the thermal conductivity of the material deals with the
ability of heat transmitted through the materials.


The “thermal conductivity” of a material is defined as the rate of heat transfer through a unit
thickness of thematerial per unit areaper temperature difference. The thermal conductivity is the
ability of thematerial to conduct theheat.Ahighervalue of thermal conductivity indicates a good
heat conductor, and a lower value of thermal conductivity indicates a poor heat conductor.


Heat transfer occurs at a lower rate across materials of low thermal conductivity than
across materials of high thermal conductivity. Correspondingly, materials of high thermal
conductivity are widely used in heat sink applications, and materials of low thermal conduc-
tivity are used as thermal insulation. The thermal conductivity of a material may depend on
temperature. Note that the reciprocal of thermal conductivity is called “thermal resistivity.”
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In summary, the mechanisms of heat conduction can be described as follows.
Heat is transferred by phonons via lattice vibration waves and electrons. The thermal con-


ductivity of a material is defined by combined contribution of these two mechanisms:


k ¼ kl þ ke (15.21)


where kl and ke are the lattice and electronic thermal conductivities, respectively.


• Lattice conductivity: Transfer of thermal energy phonons
• Electron conductivity: Free (conduction band) electrons equilibrate with lattice vibra-


tions in hot regions, migrate to colder regions, and transfer a part of their thermal en-
ergy back to the lattice by scattering on phonons


The electron contribution is dominant in metals and absent in insulators.
Because free electrons are responsible for both electrical and thermal conduction in metals,


the two conductivities are related to each other by the Wiedemann-Franz law:


L ¼ k
sT


(15.22)


where s is the electrical conductivity and L is a constant. Table 15.6 shows constant values of
the Wiedemann-Franz law for some metals of interest, while Fig. 15.5 is plot of effect of alloy-
ing on heat conduction in metals. Note that the same factors that affect the electrical


TABLE 15.6 Wiedemann-Franz Law Value for Metals


Material L [UW/(K)2 3 10L8]


Aluminum 2.20


Cooper 2.25


Gold 2.50


Iron 2.71


Silver 2.08


Nickel 2.13


Tungsten 3.20


1025 Steel e


316 Stainless Steel e


Brass (70Cu30Zn) e


Kovar (54Fee29Nie17Co) 2.80


Invar (64Fee36Ni) 2.75


Super Invar (63Fee32Nie5Co) 2.68
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conductivity also affect thermal conductivity in metals. Furthermore, adding impurities intro-
duces scattering centers for conduction band electrons and reduces the value k.


15.2.3 Thermal Expansivity


Thermal expansion is the tendency of matter to change in shape, area, and volume in
response to a change in temperature. Temperature is a monotonic function of the average mo-
lecular kinetic energy of a substance. When a substance is heated, then the kinetic energy of
its molecules increases. Thus, the molecules begin vibrating/moving more and usually main-
tain a greater average separation.


Materials that contract with increasing temperature are unusual; this effect is limited in
size and only occurs within limited temperature ranges. Thermal expansion of long contin-
uous sections of rail tracks is the driving force for rail buckling. This phenomenon resulted
in 190 train derailments during 1998e2002 in the United States alone (see Fig. 15.6). The de-
gree of expansion is divided by the change in temperature is called the material’s coefficient
of thermal expansion and generally varies with temperature.


Railway tracks are built from steel rails laid with a gap between the ends. Materials
expand when heated and contract when they are cooled. This expansion and contraction
can be mathematically described per the following relationships:


lf � l0
l0


¼ Dl
l0


¼ alDT (15.23)


where l0 is the initial length at T0, lf is the final length at Tf, and finally al is the linear coef-
ficient of thermal expansion.
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FIGURE 15.5 Effect of alloying on heat conduction in metals.
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Similarly, the volume change with T can be described as:


Vf � V0


V0
¼ DV


V0
¼ aVðTf � T0Þ ¼ aVDT (15.24)


where aV is the volume coefficient of thermal expansion.
For isotopic materials and small expansions, aVz3al, thus we can write


Vf ¼ l3f ¼ ðl0 þ DlÞ3 ¼ l30 þ 3l20Dlþ 3l0Dl2 þ Dl3 ¼ V0 þ 3V0
D


l0
(15.25)


and


VfzV0 þ 3V0
Dl
l0


0
Vf � V0


V0
¼ DV


V0
z3


Dl
l0


0aVDTz3alDT (15.26)


We can show the restrained thermal expansion in the following example.


EXAMPLE 15.1
A brass rod is restrained but stress free at room temperature (20�C). Young’s modulus of brass is


100 GPa, al ¼ 20 � 10�6 (1/�C). At what temperature does the stress reach �172 MPa?


FIGURE 15.6 Railroad buckling.
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Solution
We can solve the problem as follows:


Dl=lRT ¼ εth ¼ alðTf � T0Þ
If thermal expansion is unconstrained, using the following depiction, we can show that:


εcompress ¼ �εth ¼ �Dl
lRT


If expansion is constrained, then we can write:


s ¼ Eεcompress ¼ �EalðTf � T0Þ ¼ EalðT0 � Tf Þ


Tf ¼ T0 � s


Eal
¼ 20� �172� 106 Pa


100� 109 Pa� 20� 10�6 �C�1


Rising temperature results in an increase in the average amplitude of atomic vibrations. For an
anharmonic potential, this corresponds to the increase in the average value of interatomic separa-
tion (i.e., thermal expansion). Fig. 15.7 shows the physical origin of thermal expansion.


Thermal expansion is related to the asymmetric (anharmonic) shape of interatomic potential. If
the interatomic potential is symmetric (harmonic), the average value of interatomic separation does
not change (i.e., no thermal expansion). Fig. 15.8 shows physical origin of thermal expansion.


To wrap up our discussion on thermal expansivity as part of the thermal properties section so
far, the assumption was that the atoms of a solid vibrate symmetrically about some equilibrium
position in the solid. If this is the case, then there is no thermal expansion effect or impact. Thus, the
intermolecular potential energy curve, where we are plotting forces of attraction and repulsion, is
not symmetric either.


Fig. 15.9 is an asymmetric depiction of the general shape of the intermolecular potential, which is
resulted from a repulsive force that increases very rapidly as the two atoms approach each other
closely. In this illustration, the assumption is that one atom is considered at rest at the origin, plus an
attractive force that is not such a strong function of distance.


Their algebraic sum provides a curve having a minimum at r0, the classical equilibrium sepa-
ration of the atom at 0K. When we are increasing the temperature from 0K in the system, then the
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corresponding energy rises slightly in that system, and, thus the thermal vibrations take place
between tow higher values of r. However, due to asymmetry of the potential well, the average
distance no longer is corresponding to r0 either. It is slightly greater and results in the observed
thermal expansion of materials. The mean spacing of the atoms increases with temperature as the
energy, in the form of temperature of the material, increases. Thus, the coefficient of thermal
expansion increases as temperature is increased.


The coefficient of thermal expansion and the specific heat arise from the intermolecular potential,
and accordingly these two properties are related. The relation between these quantities is largely
due to the equation of state for solids based on the lattice dynamics of Debye, developed by
Gruneisen (1926).


His equation is dimensionless and is presented by the symbol g; it is a universal constant:


g ¼ aV
bTCV


(15.27)


FIGURE 15.7 Physical origin of thermal expansion for typical interatomic interaction potential.


FIGURE 15.8 Physical origin of thermal expansion.
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or


g ¼ aV
bSCV


(15.28)


where


a ¼ 1
V


�
vV
vT


�
P
Volume coefficient of thermal expansion


bT ¼ �1
V


�
vV
vP


�
T
Isothermal compressibility


bS ¼ �1
V


�
vV
vT


�
S
Adiabatic compressibility


Here the volumetric coefficient of thermal expansion a is defined as the fractional change in
volume per unit change in temperature as the pressure on the material remains constant.


With this information in hand, we can now define the linear coefficient of thermal expansion as
the fractional change in length or any linear dimension per unit change in temperature while the
stress on the material remains constant. However, for isotropic materials, the thermal expansion has
a different form as a ¼ 3lt. Thus, the Gruneisen relation can also be expressed in terms of the more
commonly measured mechanical properties as:


a ¼ gCVr


B
(15.29)


where r is the density of the material, and B is the bulk modulus in the form of
B ¼ DP=ðDV=VÞ, while g is the Gruneisen constant and CV is the specific heat. For an isotropic
material, the thermal expansion coefficient is expressed as:


a ¼
�
1
3


�
lt (15.30)


FIGURE 15.9 Intermolecular potential curve.
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where lt, linear coefficient of thermal expansion.
Note that bulk modulus for elasticity, based on volume v and pressure P, using Fig. 15.10, can be


defined as properties of a material determine how much it will compress under a given amount of
external pressure. The ratio of the change in pressure to the fractional volume compression is called
the bulk modulus of the material.


A representative value for the bulk modulus for steel is BSteel ¼ 160 � 109 N/m2, and that for
water is BWater ¼ 2.2 � 109 N/m2.


The reciprocal of the bulk modulus is called the compressibility of the substance. The amount of
compression of solids and liquids is seen to be very small.


The bulk modulus of a solid influences the speed of sound and other mechanical waves in the
material. It also is a factor in the, amount of energy stored in solid material in the Earth’s crust. This
buildup of elastic energy can be released violently in an earthquake, so knowing bulk moduli for the
Earth’s crust materials is an important part of the study of earthquakes. The bulk modulus is a factor
in the speed of seismic waves from earthquakes.


A common statement is that water is an incompressible fluid. This is not strictly true, as indicated
by its finite bulk modulus, but the amount of compression is very small. At the bottom of the Pacific
Ocean at a depth of about 4000 m, the pressure is about 4 � 107 N/m2. Even under this enormous
pressure, the fractional volume compression is only about 1.8% and that for steel would be only
about 0.025%. Therefore, it is fair to say that water is nearly incompressible.


Returning to our main discussion on thermal expansion, because both CV and a depend on the
intermolecular potential of the lattice, they are related to a first approximation by Debye temper-
ature qD as:


g ¼ V
qD


dqD
dV


(15.31)


where V is material volume.
Some values of the Gruneisen constant computed from room temperature property data are


provided in Table 15.7. In general, the Gruneisen constant has a value close to 1.5 for the body-
centered cubic structured metal and about 2.3 for face-centered cubic structure metal, and in all
cases, it tends to increase with increasing atomic number.


For the materials, volume and compressibility are both approximately temperature independent,
and because both vary in the same direction with temperature, their ratio is even more constant.


FIGURE 15.10 Illustration bulk modulus compression.
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TABLE 15.7 Values of the Gruneisen Con-
stant of Selected Cryogenic Ma-
terials Computed From Room
Temperature Properties


Material g


Li 1.17


Na 1.25


K 1.34


Mg 1.51


Al 2.17


Sn 2.14


Pb 2.73


Sb 0.92


Bi 1.14


Cu 1.96


Au 3.03


Zn 2.01


Cd 2.19


Mo 1.57


W 1.62


Fr 1.60


Ni 1.88


Co 1.87


Pd 2.23


Pt 2.54


NaCl 1.63


KCl 1.60


KBr 1.68


FeS2 1.47


PbS 1.94


Ta 1.75
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Hence, if g were temperature independent, one could hold that a should vary in proportion to the
specific heat and therefore have a temperature variation like the CV (Debye) curve shown earlier.
This is indeed the case and provides a useful correlation of thermal expansion data. In fact, at low
temperature (T < TD < 12), the coefficient of thermal expansion is proportional to T3, in accordance
with the Debye expression. Here we provide an example suggested by Flynn.4


EXAMPLE 15.2
Determine the Gruneisen constant for beryllium copper at 22.2K if copper has a density of


8304 kg/m3 and a Poisson ratio of 0.335. Assume that the Debye expression is valid at this
temperature.


TD ¼ 309 MW ¼ 63:54


T
TD


¼ 22
309


¼ 0:0712 <
1
12


CV ¼ 233:8R
�
T
TD


�3


CV ¼ ð233:8Þ
�
1:987
63:54


�
ð0:0712Þ3


¼ 0:00264 cal=ðg KÞ
For an isotropic materials, b ¼ 3lt, thus we have


lt ¼ 0:1� 10�6
��R ¼ 1:8� 10�7


�
K


b ¼ 5:4� 10�7
�
K


B ¼ E
3ð1� 2mÞ E ¼ 1:31� 1011 N


�
m2 m ¼ 0:335


As result we can get


B ¼ 1:31� 1011 N=m2


3½1� 2ð0:335Þ� ¼ 1:32� 1011 N
�
m2


g ¼ bB
CVr


¼ ð5:4� 10�7 K�1Þð1:32� 1011 N=m2Þ
½11:04 J=ðkg KÞ�ð8304 kg=m3Þ ¼ 0:78


Figs. 15.11 and 15.12 illustrate the expansivity of several metals as a function of temperature and
indicate that the behavior predicted by Eq. (15.29) is actually observed experimentally. The thermal
expansion coefficient b shows the same temperature dependence as that of the heat capacity CV.
Two sources such as Corruccini and Gniewek5 and White6 may be used for further detailed in-
formation as well as tabulations of the mean linear thermal expansion of other selected construction
materials.


In general, organic polymers have expansivities that are considerably larger than those of metals.
Expansivities of such materials may be reduced considerably by the addition of filler material of low
expansivity such as glass fiber, silica, alumina, and asbestos.
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As in the case of heat capacity, anomalies can also occur in the thermal expansivity of materials.
In the solid state, various transformations that take place can alter the interatomic forces of materials
and lead to changes in its overall dimensions. For instance, the ferromagnetic Curie point of
dysprosium at low temperatures leads to an irregularity in its expansivity.
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FIGURE 15.11 Coefficient of linear expansion for several metals as a function of temperature.
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KH2PO4 with ferroelectric Curie point at 122K and the “glass” transitions of soft rubbers are
other examples.


In fact, the measurement of thermal expansion is a useful method by which solid-state transitions
can be investigated.


15.3 GENERAL LAWS OF RADIATION


Although we extensively have discussed this subject in Chapter 11 of this book, we will
summarize this subject, as suggested by Vandoni in CERN, the European Organization for
Nuclear Research, Geneva, Switzerland.1 Any surface at finite temperature absorbs and emits
energy in the form of electromagnetic radiation, depending on wavelength and direction. For
an incident light flux P, a fraction A is absorbed, a fraction transmissivity T traverses the
body, and a fraction reflectivity R is reflected back. Energy conservation requires the sum
A þ R þ T ¼ 1 to be equal to 1, and in some textbook these notions are presented by symbols
a for absorptivity, r for reflectivity, and s for transmissivity, while in case of emissivity, the
symbol is given by the Greek letter ε.


A body is called black when its surface absorbs all of the incident flux (i.e., no energy),
crosses the body, or is reflected back. Per definition, the absorptivity a is then equal to 1.
The best real-life approximation of a blackbody is a hole on the surface of a hollow cavity:
radiation reaching the hole is trapped in the cavity and eventually absorbed after successive
reflections on its walls.


The electromagnetic energy flux [W/cm3] emitted per unit wavelength and surface by
a blackbody in the hemisphere as a function of wavelength is described by Planck’s law:


Eb;l ¼ C1l
�5


eðC2=lTÞ�1
(15.32)


The energy flux spectrum features a maximum for a wavelength, which depends on tem-
perature according to Wien’s law:


lmax ¼ 2898
T


½mm=K� (15.33)


At T ¼ 300K, the maximum energy flux is emitted at a wavelength of 10 mm, situating the
radiation spectrum relevant for cryogenics in the far-infrared domain. For comparison, the
sun emitting in the visible light range has a surface “blackbody” temperature of above 5500K.


Integrating Planck’s law over all wavelengths, we obtain the StefaneBoltzmann law,
describing the total hemispherical emissive power, emitted in all directions by a blackbody
at temperature T:


Eb ¼ sT4 (15.34)


with s ¼ 5.67 � 10�8 W/m2 K4.
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The net heat transfer rate between two black surfaces is obtained by computing the radi-
ation emitted by the first surface and intercepted by the second one, and subtracting the ra-
diation emitted by the second surface and intercepted by the first. We get:


_Q ¼ sA1F12
�
T4
2 � T4


1


�
(15.35)


where F12, the geometric view factor, is the ratio between the radiation leaving A1 and being
intercepted by A2 and the radiation leaving A1 in all directions. By definition, F12 is equal to
the integral of the solid angle under which surface 1 views surface 2. Values for several ge-
ometries are available in literature.7


The intensity of radiation emitted at temperature T by a real surface is only a fraction of the
corresponding intensity for a blackbody. For example, relative to the energy flux Eb;lðl;TÞ
emitted by a blackbody, a real surface emits directional, monochromatic radiation
Elðl;T;f; qÞ ¼ εðl;T; qÞEb;lðl;TÞ where εðl;T; qÞ ¼ 1 is termed monochromatic directional
emissivity. The total hemispherical emissivity ε of a real surface is defined by:


_q ¼ sεT4 (15.36)


The complicated function of direction and wavelength, which usually is εðl;T; qÞ, can be
approximated by considering it as being independent of wavelength (graybody) and from di-
rection (diffuse body). For a diffuse-graybody, Kirchhoff’s law applies, stating that the absorp-
tivity aðTÞ and the emissivity εðTÞ are equal. In practice, this law is used to estimate a from ε,
provided that the incident radiation and the absorbing surface have the same temperature.


Within the diffuse-graybody approximation, we have now all the ingredients to write the
expression for the radiative heat exchanged between two real enclosed surfaces A1 and A2 at
temperature T1 and T2 and emissivity ε1 and ε2, facing each other with a geometrical view
factor F12:


_q ¼ s
�
T4
2 � T4


1


�
1� ε1


A1ε1
þ 1
A1F12


þ 1� ε2


A2ε2


(15.37)


We can interpret this expression considering the blackbody emissive power difference
s
�
T4
2 � T4


1


�
to act as a potential difference and the heat flux as a net current. The total resis-


tance in the denominator is constituted by three resistances in series, the first and last being
surface resistances to blackbody radiation emission, and the intermediate being the purely
geometrical resistance between two blackbodies. Eq. (15.37) may be rewritten as


_q ¼ sε12
�
T4
2 � T4


1


�
(15.38)


with ε12 an effective emissivity accounting for the emissivities of the two surfaces and their
mutual view factor. Table 15.8 displays the value of ε for some common geometry.


“Floating” (i.e., solely radiation cooled) reflective screens, interposed between a warm and
a cold surface, effectively reduce radiative heat flow between the two surfaces. Assuming the
same emissivity ε for the two juxtaposed surfaces and the n screens, it is easy to demonstrate
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that the heat flux is reduced by a factor n þ 1. A larger reduction is obtained with one single
screen cooled at sufficiently low temperature, for instance by the vapor escaping from a cold
bath. The concept of floating radiative screens is implemented in multi-layer insulation (MLI),
an assembly of reflective films (usually aluminum or aluminized polyester film) separated by
insulating spacers (polyester, glass-fiber nets, or paper), operated under a vacuum. Heat
transmission through MLI can be seen as the parallel acting of solid conduction and radia-
tion, resulting in an apparent conductivity:


keff ¼ k1T þ k2T3 (15.39)


The actual performance of real MLI depends on layer density, with a minimum at
10e20 cm�1.


Fig. 15.13 shows the heat flux as a function of number of layers for a layer density of
15 cm�1. Residual gas pressure affects the performance, as shown in Fig. 15.14. In practice,
with some caution heat fluxes as low as 0.5e1 W/m2 are achieved in vacuum for boundary
temperatures 300K and 80K and 25e100 mW/m2 for boundary temperatures 80K and 4K.8
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FIGURE 15.13 Heat flux versus number of layers for different warm boundary temperatures, cold boundary
4.2K, packing density 15 cm�1.


TABLE 15.8 Effective Emissivity for Particular Two-Surface Enclosures


Parallel plate (A1 ¼ A2 ¼ A) ε1ε2
ε2þð1�ε2Þε1


Annular space between long cylinders or spheres ε1ε2


ε2þ
A1


A2
ð1� ε2Þε1


Cylinders, and Spheres may not be Concentric
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Actual performance depends on field installation, where care has to be exerted to
ensure low packing and avoid holes and bad joints, which strongly compromise the efficiency
of MLI.


15.4 EMISSIVITY, ABSORPTIVITY, AND REFLECTIVITY
AT CRYOGENIC STATE


Analysis and computation for radiant heat transfer across an insulating vacuum seek data
for properties such as emissivity, absorptivity, and reflectivity in the case of bounding
surfaces.


The most common definitions of these terms are provided here:


• Total normal emissivity εn
This is the rate of radiant energy emission normal to the surface, divided by the cor-


responding rate from a blackbody.
• Total hemispherical emissivity εh


This is the radiant energy emission into a hemisphere that is centered on the normal
to the emitting surface, divided by the corresponding rate from a blackbody.


• Total absorptivity a
This is fraction of energy incident upon a surface that is absorbed, and quantities


such as an and ah have a similar analogy as εn and εh.
• Total reflectivity r


This is fraction of incident energy, which is reflected and is equal to r ¼ 1 � a at a
normal angle. The value of reflectivity also depends on the angle of incidence.
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FIGURE 15.14 Gas conduction versus chamber pressure for various interstitial gases and cold boundaries, hot
boundary 300K, 37 layers, 15 cm�1.
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One more parameter that is worth mentioning again is the StefaneBoltzmann blackbody
radiation constant, which is the rate of energy emission from a “blackbody” at the tempera-
ture T; it is designated with Greek letter s and has different values in different units as:


s ¼ 5.670367(13) � 10�8 W/m2 K4 in SI units
s ¼ 5.6704 � 10�5 erg/cm2 s K4 in CGI units
s ¼ 1.714 � 10�9 BTU/h ft2 �R4 in British units


However, in thermochemistry, the StefaneBoltzmann constant is often given in cal/
cm2 day K4 as its unit is equal to s ¼ 11.7 � 10�8 cal/cm2 day K4.


This constant can best be seen in the following equation form as:


Q ¼ sT4 (15.40)


where Q is the rate of energy emission, T temperature is Kelvin, and s is the Stefane
Boltzmann constant.


Keep in mind that emissivities are increased by roughening of the surface, and in the case
of metals, emissivities are increased by work hardening, impurities, and contaminating sur-
faces films such as oxides or films of oil or gases.


For real materials, emissivity depends on wavelength and direction, two facts neglected in
the diffuse-graybody approximation. As an example, the emissivity of metals increases
sharply above 60-degree angle of incidence. However, many real surfaces satisfy reasonably
well the diffuse-gray approximation and hence Kirchhoff’s law. The hemispherical emissivi-
ties of some structural materials are given in Table 15.9. We observe that clean, well-polished
metallic surfaces have small emissivities, whereas nonmetallic surfaces have high emissivi-
ties. In general, the best reflectors are also good electrical conductors. Actually, the emissivity
and the electrical resistance of an ideal metal are related by Drude’s law as:


εðl;TÞ ¼ 0:365


ffiffiffiffiffiffiffiffiffiffi
rðTÞ
l


r
(15.41)


The emissivity varies also with temperature: for metals, it decreases with decreasing tem-
perature and is almost proportional to T at cryogenic temperature. For non-metals, the emis-
sivity may decrease or increase with temperature, and in particular it increases with
decreasing temperature for organic materials.


The emissivity of a coating is related to its surface resistance and not to the bulk resistance
and it is worth noticing that the latter is strongly, determined by the thickness of the film. Actu-
ally, the electron mean-free path is then largely determined by the distance between two
boundary surfaces, sort of macroscopic defects of the system. Reflectivity close to 1 is attained
at cryogenic temperatures only for a film thickness above 40 nm. Anodized aluminum has an
emissivity close to 0.8. The emissivity of a superconductor is close to the one it has in its normal
state. Finally, let us observe that the brilliant aspect a surface might display for visible radiation
is not necessarily indicative of a low emissivity in the far-infrared region.


Again, keep in your mind that the emissivity or absorptivity of metals decreases with
decreasing temperature, however at a fixed temperature the emissivity must be equal to
the absorptivity.
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If they differ, there could be a net transfer of heat between two surfaces at the same tem-
perature, which is totally a violation of the second law of thermodynamics.


The rate of radiant heat transfer between two surfaces at different temperatures, where the
geometry permits multiple reflections, depends in a complicated way upon the emissivities of
both surfaces and their absorptivities of the radiant energy emitted by the opposite surface as
well as upon the geometric configuration. Likely, in the region of the electromagnetic spec-
trum of importance in cryogenic insulation, metals are approximately “gray bodies”; that
is their emissivities and absorptivities are almost independent of the wave length of the


TABLE 15.9 Emissivity of Various Materials as a Function of Temperature


Temperature [K] 4 20 80 300


Copper mechanically polished 0.02 0.06 0.1


Copper black oxidized 0.8


Gold 0.02


Silver 0.005 0.01 0.02


Aluminum electro-polished 0.04 0.01 0.15


Aluminum mechanically polished 0.06 0.08 0.2


Aluminum with 7ìm oxide 0.1 0.75


Magnesium 0.07


Chromium 0.08 0.08


Nickel 0.022 0.04


Rhodium 0.08


Lead 0.012 0.036 0.05


Tin 0.012 0.013 0.05


Zinc 0.026 0.05


Brass, polished 0.018 0.029 0.035


St. steel 18-8 0.2 0.12 0.2


Glass 0.94


Ice 0.96


Oil paints any color 0.92e0.96


Silver plate on copper 0.013 0.017


Aluminum film 400A on Mylar 0.009 0.025


Aluminum film 200A on Mylar 0.015 0.035


Nickel coating on copper 0.027 0.033
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radiation, so their emissivities for one distribution of wave lengths are very nearly equal to
their absorptivities for another distribution.


15.5 ELECTRICAL PROPERTIES OF MATERIALS AT CRYOGENIC
STATE


One most astonishing and important physical property of metals that is used to discrim-
inate the metals among each other is the electrical conductivity. The importance factor behind
such a striking property arises from the fact that, when an electrical field is applied to a metal
it produces a drift of the free electrons with crystal structure of metal from physics of solid-
state point of view.


The resistance that the flow of free electrons encounters is because of the scattering of elec-
trons by obstacles in their path, which this resistance is produced by the following two rea-
sons as:


1. The thermal vibrations of the crystal lattice, i.e., the phonons, and
2. Due to imperfections of lattice, which we will consider in this order


Near room temperature, the electrical resistivity of most pure metals decreases monoton-
ically with temperature following an approximately linear relationship. In other words, the
effect of temperature on resistance can be deduced by considering the effect of temperature
on the two resistance mechanisms, that is the collision of electrons with phonons and with
imperfections in the crystal lattice. The dynamic scattering mechanism is the first of two,
while the static is the second one. As in the case of thermal conductivity is concerned, these
scattering mechanisms can be considered independent to a very good approximation, thus
we can the following equation for metal electrical resistivity, r as:


r ¼ ri þ rr (15.42)


where ri is the phonon scattering resistivity or we considered as the resistivity of an ideal
crystal, in Eq. (15.42). In the same equation, the parameter rr is considered as the imperfection
scattering of the “residual” resistivity of a real crystal at 0K as part of low temperature prop-
erty of materials, when phonon scattering is inoperative. This is called Matthiessen’s rule, that
is observed empirically on metals of different purity.


There are two principles we need to consider in respect to Eq. (5.42).


1. Since the lattice vibrations (i.e., phonons) are temperature dependent, ri will have a tem-
perature dependency as well.


2. Since the numbers of defects and impurities are not functions of temperature, as result
rr will have no temperature dependency.


So far we have learned that a low-temperature condition plays important role in variation
trend of thermal resistivity of materials, thus it is fare to say that r in general is implicit func-
tion of temperature T, and can be defined as rr ¼ rðTÞ. This confirms the statement that we
made in above by saying that, the electrical resistivity of most pure metals decreases mono-
tonically with near room temperature, following an approximation as a linear relationship.
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This trend is the result of electronephonon scattering and is the dominant temperature-
dependent contribution to the resistivity rrðTÞ. At low temperatures, the resistivity trends
to a constant value, which is approached when the metal is near liquid helium temperature.
The constant value of low temperature is referred to as the residual resistivity ri and is
strongly dependent on the purity, amount, and distribution of lattice imperfections in the
metal. Generally, these two effects are additive, obeying what is known as Matthiessen’s
rule that the total resistivity is the sum of two contributions,


r ¼ ri þ rrðTÞ (15.43)


Eq. (15.43) is analogous to Eq. (15.42) and as it was, stated before, and as we know it is called
Matthiessen’s rule.


As an example of the behavior of electrical resistivity consider Fig. 15.15, which is a plot of
rðTÞ for various purities of copper, defined in terms of the Residual Resistivity Ratio (RRR)
½RRR ¼ rð273KÞ=rð4:2KÞ�. The more pure and defect free the metal, the higher its RRR value.
It should also be noted that the temperature at which essentially constant resistivity is ob-
tained decreases with increasing purity.


The other point of interest in the figure is that the high-temperature (Tz 300K) resistivity
is essentially independent of RRR, consistent with the dominance of electronephonon scat-
tering. This universal form for the resistivity of pure metals makes them very useful as tem-
perature sensors. For example, platinum resistance thermometers are often preferred for
accurate measurements in the intermediate temperature regimen (30e300K) where their
sensitivity, dR=dT, is roughly constant.


FIGURE 15.15 Electrical resistivity versus temperature of differing purities of copper, rð273KÞ ¼ 15:45nUm.9
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The electrical resistivity is one of the easiest properties to measure and as a result rðTÞ is
known and tabulated for many elements and alloys of interest.9e14


For further analysis we can refer back to thermal conductivity kt can be expressed in terms
of the Debye temperature qD and the thermal conductivity at Debye temperature k0 and write
down the following equation as:


kt ¼ k0


�
qD


T


�
(15.44)


Eq. (15.44) holds when temperature T is equal to or greater than qD (i.e., T � qD) and gives a
1=T dependency on temperature. However, when T is considerably less than qD or T � qD,
below qD=10, then we can write the following expression;


kt ¼ k0


�
T
qD


�3


exp


�
qD


bT


�
(15.45)


which is an exponential temperature dependence, and the thermal conductivity should there-
fore rise more rapidly than 1=T as the temperature is reduced in this region. In Eq. (15.45), the
coefficient of b is some constant. Fig. 15.16 shows plots of thermal conductivity of several
materials.
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FIGURE 15.16 Thermal conductivity of several materials.4
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Now, let us to use thermal conductivity as an index of the phonon effect as it is derived in
form of Eq. (15.44), and this equation holds well at the higher temperatures in approximately
T > qD and give a 1=T dependency for thermal conductivity similar to what was stated in
above. However, since thermal conductivity and electrical conductivity in metals are due
to the same electron carriers, it follows that electrical conductivity will also, have a 1=T de-
pendency as well. Since resistivity, rðTÞ, is the reciprocal of electrical conductivity, thus it fol-
lows that ri will have a linear dependence on T, or rifT.


At low temperature condition, where T < qD, it can be shown that phonon scattering be-
comes less and less important as the lattice vibrations quiet down.4 However, in this low-
temperature region, imperfection scattering becomes more important. Since the number of
imperfection is not temperature dependent, then the total resistance levels off at a constant
value, rr.


The resulting curve from these two combined effects has a steep slope at higher tempera-
ture, however it levels off rapidly around temperature of 40e80K, and then it becomes con-
stant at lower temperatures, thus the constant or residual value depending on the degree of
perfection of the lattice as illustrated in Fig. 15.17.


Bloch and Gruneisen, theoretically analyzed, and show the following expression for elec-
trical resistivity due to evolved phonon scattering as:


ri ¼ K
T5


qR6


Z qD=T


0


x5exdx
ðex � 1Þ ¼ K


T5


qR6
J5


�
qR


T


�
(15.46)
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FIGURE 15.17 Electrical resistivity ratio for several materials as a function of temperature.4
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In this equation K is constant for a given metal, qR is a characteristic temperature for elec-
trical resistivity that compares conceptually with Debye temperature qD for thermal pro-
cesses, while J5 is Bessel’s Function of First Kind as part of Bessel’s Integration.


Similar to the analysis of the Debye expression, we can come to conclusion that for
T=qR > 0:5, Eq. (15.46), reduces near to the following for residual resistivity ri as:


ri ¼
AT
qR


(15.47)


which is the required linear relationship to temperature at high temperature. Similarly for sit-
uation where, T=qR < 0:1, Eq. (15.46), take a different form and approximately, reduces to the
new form as:


ri ¼
BT5


qR6
(15.48)


where newly formed equation predicts that the resistivity will have a dependency of T5 at
ultra low temperatures.4


Observation of these relationships, are indication of the fact that they hold best for mono-
valent metals such as Sodium, Lithium, Potassium, Copper, Silver, and last but not least
metal like Gold. Curve fitting of data properly, qR must be considered as a function of tem-
perature rather than a constant. This status, is similar to the procedure enforced for qD,
when considering thermal processes on the basis of the Debye model. Other metals illus-
trate a less satisfactory agreement with Bloch and Gruneisen theory, and in fact some of
the simpler metals in slightly impure from even show a resistivity minimum at low
temperature.4


Furthermore, the theoretical interpretation of electrical conductivity of metals associates
the loss mechanism with scattering processes between the electrons and the lattice. Consid-
ering a low-frequency transport of electrical current in a metal, we can relate the conductivity
to the mean scattering time, szl=vF, where l is the mean free path between electron scattering
events and vF ¼ ð2Ef =meÞ1=2 is the Fermi velocity, where Ef is the Fermi Energy level.
Elementary theory of electrical conductivity gives s as,


s ¼ me2s
me


(15.49)


In Eq. (15.49), n ¼ Ne=V is the number of conduction electrons per unit volume and me is
the electron mass.15


As stated in above, there are two principal circumstances of scattering for electron lattice
that derive the magnitude of electrical conductivity and they are described and summarized
as below:15


1. For Fairly High-Temperatures, Tz qD
Under this constraint, the dominant mechanism is due to electron scattering by quan-


tized lattice vibrations, phonons. A simple way to see the temperature dependence of
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this effect is to relate the magnitude of the phonon scattering with the mean square
displacement of the molecules in the lattice, < x2 >. In a simple harmonic solid, this
quantity is proportional to kBT, the thermal energy of the lattice. Assuming that the elec-
trical resistivity is proportional to the magnitude of phonon scattering, near room tem-
perature the resistivity of metals should also be proportional to T, a fact borne out at
least approximately by the data, and kB is description of Boltzmann’s constant as before.


2. For Low-Temperature, T � qD
For this situation, the phonon scattering decreases with T giving way to scattering


dominated by lattice imperfections. In this domain, the resistivity approaches a
temperature-independent value determined primarily by the amount of impurities and
imperfections in the lattice. For metallic elements, a few parts per million of impurities
can have a profound effect on electron transport as can the amount of cold work gener-
ated imperfections. At the lowest temperatures with the purest samples, the mean free
path of the electrons can become very large approaching the sample size, such that scat-
tering off the surface of the sample can contribute to a size effect dependence to the
resistivity.


However, for third condition to be considered and that is where we may have an interme-
diate temperature that Tzq=3, then, the resistivity various smoothly between the two
regions.


Many metals have a roughly T5 dependence in this regimen, which can be attributed to the
phonon population being proportional to T3 and the probability of scattering through large
angle having a T2 dependence. The resistivity is therefore proportional to the product of these
two factors.4,15


Further information can be found in Refs. 4 and 18 at the end of this chapter.
As final note for this section, we need to remind the reader about Thermoelectric (TE) phe-


nomenon in materials and quest for a good TE in these materials, where we may be looking
for conversion of thermal to electrical energy.


An applied temperature difference DT causes charge carriers in the material (electrons or
holes) to diffuse from the hot side to the cold side, resulting in current flow through the circuit
and producing an electrostatic potential DV.


Fig. 15.18 here is merit of TE material, also can be presented by the following equation as
well.


ZT ¼
�
a2s


k


�
T (15.50)


where, s, k, and a are the electrical conductivity, thermal conductivity, and Seebeck Coeffi-
cient defined as a ¼ DV=DT.


A good TE materials are identified by their high s which means low Joule heating, large
Seebeck coefficient, which means large DV and low k, which means large DT as their neces-
sary conditions.


ZTz3 is needed for TE energy converters to compete with mechanical power generation
and active refrigeration.
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15.6 REFRIGERATION AND LIQUEFACTION


As we have indicated previously, refrigeration could take place in a thermodynamic pro-
cess, when the process fluid absorbs heat at temperature below that of surrounding environ-
ment. The process of producing refrigeration at cryogenic temperature initially involves
ambient compression of the process fluid and rejection of the heat compression, where the
process for the ambient temperature compression is an isothermal one. The enthalpy and en-
tropy of the process fluid will decrease, and the temperature of the compressed process fluid
will reduce accordingly. This takes place through heat exchanger with a cold fluid stream fol-
lowed by an expansion.16


The two terms of liquefier and refrigerator are often, used for the same type of cryogenic
machinery. The two processes of liquefaction and refrigeration are in fact different. A “pure”
refrigerator delivers only isothermal cooling capacity, at the liquid temperature of the work-
ing fluid. A liquefier uses its cooling capacity to cool a part of the working fluid from ambient
to its boiling point and supply this in liquid form as the final product of the process. The two
process variants are sketched and illustrated in Fig. 15.19.


FIGURE 15.18 Thermoelectric (TE) materials process. Courtesy of Li et al. NPG Asia Materials 2010;152.
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Remembering the knowledge from the basic thermodynamic, we may identify that the
reversibly exchanged heat for a given mass flow is considerably higher for a liquefier than
for a refrigerator.


Refrigeration and liquefaction of gases are historically at the root of cryogenics, as they
constitute the enabling technology, which gave access to the low-temperature domain.
They have developed over the years along several lines, to become a specialized subject,
which would deserve a thorough presentation. In the following, we shall briefly describe
the summary of Refrigeration and Liquefaction, while in Chapter 1 of this book, the basic ther-
modynamics, the cooling processes at work and the corresponding equipment in the case of
helium refrigerators/liquefiers based on the Claude cycle. For a more complete review, see
reference by Wagner.2


The basic cryogenic refrigeration cycles in use today, are briefly, describe here, and the list
of them are provided.


All cycles listed below are “ideal” cycles, meaning they do follow ideal transformations
that in reality can only be approximated. Some of these cycles are easier to realize with exist-
ing technology than, others as it is possible to achieve nearly isobaric heat exchange, whereas
it is very difficult to achieve any isentropic change of state. Of the multitude of possible ther-
modynamic cycles only those with frequent application in cryogenics are listed. Please note
that some of these cycles may as well appear under a different name in literature; the


FIGURE 15.19 Comparison of cryogenic refrigeration (left) and liquefaction (right).
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identification used in this work corresponds to the most spread in the cryogenic community
as far as experienced by the author.


1. The Carnot Cycle: As the ideal cycle represents the reference, to which any other pro-
cess is measured. The process follows a sequence of isothermal expansion, isentropic
compression, isothermal compression, and isentropic expansion.


2. The Stirling Cycle: Follows a sequence of isothermal expansion, isochoric compression,
isothermal compression, and isochoric expansion.


3. The Ericsson Cycle: Follows a sequence of isothermal expansion, isobaric heating,
isothermal compression and isobaric cooling.


Fig. 15.20 here shows these three cycles in a logarithmic thermodynamic T-s Diagram for
an ideal gas. The work input for all three cycles would in this case (i.e., Ideal gas) would be
equal. In other words, all first three cycles (i.e., 1e3) would have the some efficiency involved
in the process.


4. The Brayton Cycle: follows a sequence of isentropic expansion, isobaric heating, isen-
tropic compression and isobaric cooling


Fig. 15.21 shows the Brayton cycle in comparison to the Ericsson cycle. In this comparison,
the cooling capacity of the Brayton cycle is inferior to that of the Ericsson cycle though it is
available at a lower temperature; the work input into the Brayton cycle is higher. These two
aspects immediately qualify the Brayton cycle as less efficient. Though by definition less effi-
cient then the three cycles shown in Fig. 15.20, this cycle combines thermodynamic transfor-
mations that are easier to approximate in real systems, which made the Brayton cycle one of
the references for cryogenic refrigeration.


FIGURE 15.20 Carnot cycle (1, 2, 3, 4), Stirling cycle (1, 2, 30, 40), and Ericsson cycle (1, 2, 300, 400).


15.6 REFRIGERATION AND LIQUEFACTION 511







As we know from our thermodynamics knowledge, A real gas is characterized by the fact
that PvsRT. In this case isenthalpic expansion, e.g., in a valve can produce cooling. This ef-
fect is called the Joule-Thomson effect, and it happens in a property region limited by the
Joule-Thomson inversion curve that is dependent on temperature and pressure (See Chapters
4e6 of this book on thermodynamics). The two cycles listed below make use of this effect.


In summary whenever, we talk about refrigeration, the substance of a liquid is involved,
and we look at liquefaction, the substance element is gas nature.


15.6.1 Liquefaction of Helium


In this sub-section, we will discuss a little history behind the need for liquefaction of He-
lium. Historically, in the country Netherland, an engineer and researcher named Heike
Kamerlingh, who was working at Leiden institution, had a great fascination and passion
to study Van der Waals equation of corresponding states down to lowest ever temperatures.


Nernest heat theorem and Planck’s zero point energy theory further added to his curiosity
to achieve lowest possible temperature. His passion to liquefy Helium became all the stron-
ger. He made use of the Linde technique, which is pre-cooling compressed helium to the
freezing point of hydrogen (14K) and subjecting it to Joule-Thompson (J-T) expansion. He
succeeded in liquefying helium on July 10, 1908. This turned out to be a turning point for
the entire condensed matter physics community.


FIGURE 15.21 Ericsson cycle (1, 2, 3, 4) and Brayton cycle (1, 20, 3, 40).
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Illustration in Fig. 15.22 is the schematic of the apparatus used by Kamerlingh, for Helium
liquefaction, and as it indicates compressed Helium gas. Helium flows through the liquid air
cooled charcoal Dewar to get rid of moisture, is cooled through a spiral immersed in pumped
hydrogen (15K) and expands in the inner most Dewar through a J-T expansion valve to be
liquefied.


Fig. 15.23, is real picture of Kamerlingh Onnes with his original liquefier. The boiling tem-
perature of helium is 4.2K at atmospheric pressure.


For the next 20 years the Leiden Laboratory remained a most sought after place for
research by the condensed matter physics community from Europe and USA and Kamerlingh
Onnes enjoyed complete monopoly.
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FIGURE 15.22 A schematic of the apparatus used by Kamerlingh Onnes for the first liquefaction of helium.
Courtesy Peter Kes, Kamerlingh Onnes Laboratory, Leiden University.
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John Cunningham Mclinnan built the second helium liquefier at the Toronto University in
1923. The design of this machine was, retrofit from Kamerlingh Onnes, but in more way that
was, sophisticated, than the one designed by Onnes originally. The history of research in this
area opened more chapters by other engineers and researchers as well and for the readers
who are interested in more details of history of Helium liquefaction, there a lot of resources
are available out there.


Now that we have some history of Helium liquefaction, we turn our attention related tech-
nical issues involved with this process and argue which process cycle in fact works for this
process.


You might think that there is hardly any difference between liquefaction of Hydrogen and
that of Helium and probably it is quite similar at the surface but there are a few inherent dif-
ferences, which differentiate them.


Helium is the only substance which means fluid at temperatures below �259�C and its
inversion point is much lower than that of Hydrogen namely around �233�C. The boiling
point of Helium is just around �267�C, which is quite close to absolute zero on the Kelvin
scale. Just for historic reference, Helium was, discovered more than a century later after dis-
covery of Hydrogen, 129 years to be precise.


Gases are too difficult to liquefy since their boiling points are quite low and Helium has a
very low boiling of just over 4�K. As if that was not enough, it has weak interatomic forces
and a low atomic weight. All this adds up to make it harder to liquefy gas but not impossible
(Fig. 15.24).


The reason for more difficulty in liquefaction of Helium is that it is a noble gas which in
turn means that the inter-atomic forces are quite weak and it has a low atomic mass, thereby


FIGURE 15.23 Kamerlingh Onnes in his low temperature laboratory. Courtesy Peter Kes, Kamerlingh Onnes
Laboratory, Leiden University.
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bringing it closer to the properties of an ideal gas vis-à-vis other gases. In addition, we know
that Joule’s Thomson effect is less pronounced on gases, which are close to being ideal
(though no gas is fully, ideal).


Given below is the process diagram for production of liquid Helium. The set up may seem
bit similar to the arrangement of producing liquid Hydrogen studied earlier but you will note
the substantial difference in the temperature and pressure readings along various points of
the process.


FIGURE 15.24 Joule-Thompson helium liquefier.
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• Initially Helium is compressed to a pressure of 20 atm, which raises its temperature to
the region of 300�K. This compressed high temperature Helium is then, split into two
paths.


• The first is cooled in the heat exchanger labeled HE1 with the help of Helium vapors
while the other part passes through the heat exchanger HE2 to be cooled with Hydrogen
vapor


• Both these streams combine to be passed through the liquid Hydrogen heat exchanger
HE3 before finally again being, cooled in HE4 by Helium vapors.


• Finally, the throttle valve is used to initiate the Joule Thomson effect and Helium is
collected in the liquid state in the Helium separator.


A process based on a pure Joule-Thomson cycle and starting from ambient temperature
can only be used to liquefy a gas that has a Joule-Thomson inversion temperature above
ambient. This is the case for Nitrogen, Oxygen, and Air. Helium, Hydrogen and Neon cannot
be liquefied in a Joule-Thomson process as sketched in Fig. 15.25, showing the T-s plots.


In a Claude cycle any gas can be liquefied, it is today the prevailing process arrangement
for the liquefaction of helium. Though thermodynamically less efficient then the cycles listed
in Section 2.3, it is best adapted for technical realization.


Usually, the liquid helium is distributed by relatively small, compact transport Dewar ves-
sels. This method is used for cooling purposes in numerous experiment set-ups, and conse-
quently liquid helium evaporates during usage. The gas (contaminated by air and
humidity) is usually, collected in low-pressure helium balloons (which look very similar to
conventional air balloons e attempts are made to use rubberized materials to prevent diffu-
sion of the helium through the balloon wall). This gas is compressed to 150e200 bars with the
aid of a small high-pressure compressor (recovery compressor) and transported back to the
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FIGURE 15.25 T-s plots of Joule-Thomson cycle (left) and Claude cycle (right) for a real gas.
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liquefier station. The amount of helium recovered can reach relatively high values, up to 90%,
depending on the experience and carefulness of the helium users.


Though the process described in the above section is generic in nature, in actual practice
there are two main isotopes of Helium used for liquefaction namely H4 and H3 and there
is a slight difference between the properties of the two in terms of their boiling point, critical
temperature and so forth. The properties talked about earlier are those of H4 while the boiling
point of H3 is even 1� lower.


Liquid Helium is used extensively for usage in superconducting magnets, which need to
be cooled to extremely low temperatures during their use, that in turn are used in several
fields such as say for Magnetic Resonance Imaging (MRI) and Nuclear Magnetic Resonance.


15.6.2 Cool Down With Liquid Nitrogen


Many low-temperature processes leverage nitrogen’s cooling and freezing capabilities and
this section, we will explore all the possibilities and what methods are used in what applica-
tions and why.


Nitrogen in for of gas or liquid has many applications and it has been, employed in variety
and wide range of applications.9e15,17


Gaseous Nitrogen (GAN) can, inert vessels and purge lines to eliminate explosion hazard
and prevent undesired oxidation reactions that can reduce product quality. Liquid Nitrogen
(LIN) is used in innovative cooling and freezing technologies.


LIN is an effective and convenient refrigerant due to its availability, low cost, and inert
properties. It is also a practical cryogen for most low-temperature applications because of
its extremely low boiling temperature at around �195.8�C as well as it high refrigeration ca-
pacity under atmospheric pressure.


Even at elevated pressures, the thermal properties of LIN as it is illustrated in Table 15.10 is
an indication of an effective substance for medium refrigeration to rapidly cool processes to
low temperatures.


In this section, we describe methods for employing liquid and Gaseous Nitrogen’s cooling
and freezing capabilities, as well as some specific applications in the chemical pharmaceutical
industries.


TABLE 15.10 The Thermal Properties of Liquid Nitrogen at Various Pressures


Pressure,
atm


Boiling
Temperature
(Tsat) �C


Heat of
Vaporization,
kJ/kg


Liquid Thermal
Conductivity, J/m s �C


Heat Capacity at
Tsat, kJ/kg �C


Vapor Thermal
Conductivity, J/m s �C


1 �195.8 5592.8 0.137 1.08 0.007


3 �185.1 5157.5 0.118 1.15 0.009


6 �176.6 4720.3 0.102 1.16 0.011


9 �170.8 4351.5 0.091 1.38 0.012


12 �166.3 4005.4 0.083 1.53 0.013
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For purpose of Liquid Nitrogen (LIN) refrigeration methods, we can start saying there are
several cooling techniques take advantage of LIN’s refrigeration capabilities in batch or
continuous processes and they are listed below with some brief description of each one.


• Direct surface (Semi-indirect) cooling: LIN as presented in Fig. 15.26A provides cooling via a
single conductive wall, the cold surface of which freezes or cools liquid, or gas stream.


• Secondary circuit (Indirect) cooling: Fig. 15.26B illustrates the boiling temperature of LIN
is buffered with an Intermediate Heat Transfer Fluid (HTF) to enhance temperature con-
trol. The HTF temperature can be tuned to the desired process temperature, as low as
the boiling point of LIN. The HTF then provides refrigeration through a conductive
wall to freeze materials or cool fluids.


• Cold GAN cooling: Fig. 15.26C is demonstrating, the LIN vaporizes, and the sensible heat
capacity of the cold GAN is used for refrigeration. Additional LIN is injected to control
the temperature. Cooling occurs via a conductive surface, or by blowing the cold GAN
directly onto the materials to be cooled.


• Direct LIN injection/spray cooling: Fig. 15.15D presents, the LIN that is injected or,
sprayed directly onto materials or into processes. Materials and processes are cooled by
the latent heat of vaporization of LIN; depending on the design of the cooling system,
the sensible heat capacity of the cold GAN may also contribute to the cooling. This is
an efficient use of LIN’s refrigeration value.


• Immersion cooling: Fig. 15.26E is showing direct immersion in LIN cools or freezes a
material. The rate of cooling depends almost entirely on the latent heat of vaporization
of LIN. The overall heat-transfer rate is generally lower than that of direct LIN injec-
tion/spray cooling, because the GAN has a blanketing effect–the bubbles generated by
the turbulent boiling of the LIN create a vapor boundary layer around the immersed
material, thereby lowering the overall heat-transfer coefficient.


FIGURE 15.26 Details of each figure is within the text of figure.
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The suitability of a particular cooling method depends on the application and the nature of
the materials or processes to be cooled. Cold GAN cooling, for example, is an attractive option
for cooling delicate materials, where direct LIN injection/spray or immersion cooling may
damage the structure of the material. Additionally, cold GAN and secondary-circuit cooling
can be employed when it is critical to operate above the freezing point of materials or fluids
to avoid freezing that could damage the materials or plug the process. Applications where flash
freezing is desired often use direct LIN injection/spray cooling or immersion cooling.


The LIN freezing and cooling methods are deployed in a variety of applications. The
remainder of this article provides an overview of some LIN cooling/freezing applications
in the chemical and pharmaceutical industries. More details can be found in the article writ-
ten by Oscar Beteta and Svetlana Ivanova in their article published by www.aiche.org/cep in
September 2015.


15.7 OVERALL COOLING METHODS


For an experimentalist having e.g., a small sample to cool to low temperatures for his
work, the choices for supplying the cooling can be expressed in the following cases.


1. Buying liquid helium; use it to cool the sample and let it evaporate to atmosphere.
2. Buying liquid helium; recover the evaporated gas and return this in compressed form to


the vendor.
3. Buying gaseous helium and a refrigerator, producing cooling capacity in closed cycle.


These three simple cases change the necessary infrastructure for cryogenics considerably.
In the first case, one may install one large central Dewar to store the helium from which one
fills smaller, transportable Dewars that supply the experiment cryostat. In the second case,
this equipment is increased by a recovery system, usually using balloons, a purification
unit, and a compression system, with high-pressure gas tanks. In the last case, one may
find a whole range of systems from compact cryocoolers supplying cooling to a small exper-
iment over an installation with central liquefier, storage Dewar, transport Dewars, and recov-
ery and purification system, to a dedicated refrigerator for any large experiment including a
cryogenic distribution system with liquid helium transfer lines, recovery systems, purification
systems, and gas storage.


Cryogenic installations may become specialized systems of their own, requiring consider-
able investment and operating cost. For anyone approaching this problem for the first time, it
is, therefore, recommended to ask for advice at institutions where such an infrastructure
already exists.


15.8 CRYOCOOLERS


Cryocooler is the common name for refrigerators with small capacity (�10 W at 4.5K).
These refrigerators are very compact and avoid the need of extensive systems. A typical
example for commercial use is the magnetic resonance imaging systems where a cryocooler
covers the heat losses of the liquid helium cryostat. A wide range of cryocoolers have been
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developed. The most common on the market are still Gifford-McMahonetype refrigerators.
In recent years, the development of pulse tube cryocooler made impressive progress, and
this equipment will become more and more frequently used.


For accelerator machines, cryocoolers are in general not applicable as they lack the neces-
sary capacity, especially concerning a liquefaction load. The selection given here is, therefore,
mainly intended to demonstrate the application of different cycles and to remind that this
equipment may have an advantage for the small-capacity range. Some of cryocoolers are
named and briefly described as well.


15.8.1 Stirling Cryocoolers


Although these machines are not widely used as cryocoolers, the realized performance
ranges from less than 1 W to some 10s of kilowatts at a temperature range of 20e80K.


The Stirling cycle is realized following the simplified process in Fig. 15.27. The numbering
of the different process stages is done following that for the Stirling cycle as in Fig. 15.20.


FIGURE 15.27 Schematic sketch of a Stirling cycle refrigerator.
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Between stages (1) and (2), the displacer piston and the compressor piston move down,
cooling the gas volume above the displacer piston and allowing heat to be absorbed and
the cold heat exchanger. From stage (2) to stage (3), the displacer piston moves up, pushing
cold gas through the regenerator and warming the gas up while cooling the regenerator ma-
terial. From stage (3) to stage (4), the displacer piston and the compressor piston move up,
heating the gas volume between the two pistons and allowing the heat rejection at the
warm heat exchanger. Finally, from stage (4) to stage (1), the displacer piston moves
down, pushing the warm gas between the pistons back through the regenerator and cooling
the gas while heating the regenerator material.


One may notice that the movement of the two pistons can be achieved by a phase angle of
90 degrees. This can be realized either by the geometry of the crankshaft or by separating the
cylinder in two volumes arranged with orthogonal axes.


15.8.2 Gifford-McMahon Cryocoolers


Gifford-McMahon cryocoolers are designed as two-stage Ericsson refrigerators. Their
useful operation temperature is at about 10K for the second stage and 50K for the first
stage. The different steps of the process can be followed according to Fig. 15.28. The
numbering of the different process stages is done following that for the Ericsson cycle as
in Fig. 15.21.


Between stages (1) and (2), the regenerator is at the upper position and the gas pressure is
lowered from high pressure to low pressure by opening the low-pressure valve. Heat can be
absorbed on the two temperature level heat exchangers. From stage (2) to stage (300), the
regenerator is lowered, displacing and heating the gas from bottom to top and cooling the
regenerator material. From stage (300) to stage (400), the whole volume is pressurized by open-
ing the high-pressure valve. Finally, between stage (400) and stage (1), the regenerator is
moved up, displacing the gas down and cooling it, while heating the regenerator material.
The heat rejection is done at ambient temperature at the compressor exhaust.


15.9 PULSE-TUBE REFRIGERATORS


Pulse-tube refrigerators have seen an impressive development during the past 10 years
with temperature records reached in this kind of refrigerators going down to 2.2K. It is
possible to buy compact pulse-tube systems that are able of delivering about 1 W at 4.5K
and about 20 W at 50K.1


The process can be compared to a Stirling cycle according to Fig. 15.20. The function of the
displacer is replaced by the oscillating gas volume in the pulse tube by correctly calibrating
the orifices that connect the pulse tube to the reservoir volume and the oscillating source; a
phase angle of 90 degrees between the pressure wave of the oscillator and in the pulse tube
can be reached. See Fig. 15.29.


Pulse-tube refrigerators have a distinctive advantage, as they need no moving parts in the
cold area. For small-capacity applications down to 4.5K, these devices will certainly be
increasingly used in the near future.1
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FIGURE 15.28 Schematic sketch of a Gifford-McMahon refrigerator.
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15.10 SUPERCONDUCTIVITY AT A CRYOGENIC STATE


From the history of cryogenics, we have learned the phenomenon of zero electrical resis-
tance was discovered around 1911 by Kamerlingh Onnes and his team at Leiden. For the next
50 years, very little progress was made in applying superconductivity.


Furthermore, there was a growing realization that a mixed state of alternate laminate of
superconducting and normal phase has a higher critical field, which depended on the metal-
lurgical history of the sample was being studied. In addition, an impasse had arisen by the
late 1950s, and little progress was being achieved on the application of superconductivity.
Among the countries around the world that had great progress at the time were the United
Kingdom and the former Union of Soviet Socialist Republics, as well as the United States, in
the theory of superconductivity. From our fundamental knowledge of physics and chemistry,
we know that the isotope effect, indicating that lattice vibration must play a major role in the
interaction leading to superconductivity and the accumulation of our knowledge on study
superconductive materials, deduced that there exists an energy gap in the spectrum of energy
states available to the conduction electrons in a superconductor.


Bell Laboratories announced the first breakthrough under the technical leadership of
Matthias and Helm around 1961. They published their findings on the brittle compound


FIGURE 15.29 Pulse-tube refrigerator compared to Stirling refrigerator.1
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Nb3Sn, made by the high-temperature treatment of tin powder contained in a niobium
capillary tube. This substance retained its superconductivity in a field of 80 KG (80 T),
the highest field available to them at the time, while carrying a current equivalent to a den-
sity of 100,000 A/cm2.


However, the critical field at 4.2K, the boiling point of helium, was much greater than 8 T
and was therefore at least 100 times higher than that of any previous superconductor. This
these progress opened the door to the race for manufacturing of long lengths of wire or
tape and the development of superconducting magnets for commercial application; the
largest such application today is the supercolliding superconductor at CERN.


For superconductors, the thermal conductivity in the normal state is essentially electronic,
and hence varies linearly with temperature. Below the transition temperature, however, the
thermal conductivity is determined entirely by phonons, varying with T3. A ratio of
knormal=ksupra ¼ 45


�
T2 is obtained for lead (Pb) and of 1=T for indium (In).


Fig. 15.30 illustrates the diffusivity for some structural materials. Since the specific heat
usually decreases faster than the thermal conductivity, at a low temperature the time to reach
thermal equilibrium decreases markedly. The diffusivity of copper, equal to
D ¼ 1.12 � 10�4 m2/s at ambient temperature, increases to 2.2 m2/s at low temperature
and that of stainless steel increases from 4 � 10�6 m2/s at an ambient temperature to
1.4 � 10e5 m2/s at a low temperature.


The specific heat, needed for the calculation of the thermal diffusivity, can often be approx-
imated by the Debye function, which describes the heat capacity per kg mol CV in terms of
Debye temperature qD.


CV ¼ 9R
�
T
qD


�3 Z qD


0


x4ex


ðex � 1Þ2 dx (15.51)


Values of the Debye temperature for several materials are given in Table 15.11.


FIGURE 15.30 Thermal diffusivity of selected materials.
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15.10.1 Superconductivity Discovery and a Fallout of Helium Liquefaction


The liquefaction of helium gas has a long history that started around 1908 and was dis-
cussed previously that included a well-designed program of Kamerlingh Onnes of studying
properties of materials at lower and lower temperatures, which was achieved by the succes-
sive liquefaction of permanent gases, such as oxygen, air, hydrogen, and eventually helium.
Up to this time, there were only conjectures that the electrical resistance of metals will drop to
zero as the temperature approached absolute zero or will show a minimum and rise again
and so on.


Kamerlingh Onnes carried out electrical resistivity measurements on pure platinum and
gold and found that the resistivity attains a temperature-independent constant value below
about 10K. The purer the material, the smaller is the value of this residual resistivity. He
then took up pure mercury for his studies, as it was possible to obtain mercury in an ultra-
pure form through multiple distillations. His finding was quite astonishing and unexpected,
and it was revealed to him that the resistance in mercury close to temperature of 4.2K imme-
diately dropped to zero, which was a one thousand-millionth part of the normal temperature
value with no potential differences. Thus, he proclaimed that mercury below this temperature
has gone through a phase change that he called it “Suprageleider”d, or, English speakers, “su-
perconductivity.” His original resistance-versus-temperature plot for mercury is illustrated in
Fig. 15.31 Lead and tin were next metals from the periodic table to have shown superconduc-
tive transition at 7.2K and 3.7K, respectively.18


Kamerlingh Onnes also realized soon that this zero potential difference lasts only up to a
threshold current in the sample, beyond which it rises sharply, while he also observed that
superconductivity stays in lead up to a threshold magnetic field of 600 Gauss without a
sign of magnetoresistance. Beyond this field, the resistance appears and rises fast with mag-
netic field. Notwithstanding these limitations, Kamerlingh Onnes did realize that


TABLE 15.11 Debye Temperature for Several Materials


Material Name qD (K)


Aluminum 385


Carbon (graphite) 760


Copper 310


Gold 180


Indium 105


Iron 460


Nickel 440


Niobium 265


Titanium 355


Quartz 255
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superconducting coils could be used to produce fields in excess of 10,000 Gauss without Joule
heating. Kamerlingh Onnes’ dream did come true, and it is for us to see the great revolution
these materials have brought about. How this phenomenon unfolded and was understood
and the different classes of superconductors discovered and put to use in producing high
magnetic fields, in accelerators, in fusion reactors, and such other applications was discussed
in previous chapters.18


15.11 THERMAL INSULATION


Many cryogenic processes require a complete, rigorous, and perfect thermal insulation,
which is somewhat different in any other field. This could be better understood and appre-
ciated when energy is expressed in more easily visualized terms, as it is expressed in heat
transfer chapter of this book. In terms of insulation, some large containers for the storage
and transportation of cryogenic liquid, such as liquid oxygen and liquid nitrogen, are having
evaporation losses of less than 1% per day.


Even in relatively large-scale equipment, the heat flow must be kept at minimum rate in
order to conserve precious refrigeration or to preserve liquids having small heats of vapor-
ization. For example, for a commercial storage vessel holding 50 L of liquid helium, there ex-
ists an evaporation loss of only 0.25 L per day. Translating this into terms of energy flow, this
is less than 0.01 W.


FIGURE 15.31 First observation of superconductivity in pure mercury by Kamerlingh Onnes. Courtesy Peter Kes,
Kamerlingh Onnes Laboratorium, Leiden University.
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In gas separation plants, which deliver cryogenic products in the gaseous state, practically
all the refrigeration supplied for the process is lost either through imperfect heat exchange or
by heat flow through the insulation. Thus, an improved insulation prevents any energy losses
via conduction, radiation, or heat transfers of some combinations. Such improvement pays off
directly in reducing the amount of refrigeration needed and, accordingly, the energy power
required.


The thermal insulation task is accomplished through a quite complex and sophisticated
combination of low thermal conductivity low-radiofrequency losses materials, counterflow
refrigeration of the coupling loop or antenna, and choice of intermediate temperature inter-
cept point.


Choice of insulation for a particular application is usually a compromise in which such fac-
tors as economy, convenience, weight, ruggedness, volume, and other properties are consid-
ered along with the effectiveness of the insulation.


Russell Scott provides more details in Cryogenic Engineering.2


15.12 TERMS USED IN THE CRYOGENIC FIELD


Some terms and their use in cryogenic are listed here:
Cryogenics: Branches of physics and engineering that involve the study of very, or ultra-


low temperatures, how to produce them and, how materials behave at these temperatures.
Cryobiology: Branch of biology involving the study of the effects of low temperatures on


organisms (most often for the purpose of achieving cryopreservation).
Cryosurgery: Branch of surgery applying very low temperatures down to �196�C to


destroy malignant tissue, such as cancer cells. Cryogenics, theology, emergency medicine,
etc. “Cryogenics” is sometimes erroneously used to mean “cryonics” in popular culture
and the press.


Cryoelectronics: Field of research regarding superconductivity at low temperatures.
Cryotronics: Practical application of cryoelectronics.
Cryoethics: Study of the ethical implications surrounding cryonics. Focuses on the


reasoning behind, which one would want to preserve their body at below freezing tempera-
tures due to life-threatening conditions that may be cured or prevented in the future.
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Cryogenics is one of field in which the materials play a very important role in its advance-
ment. Cryogenics-based technologies have applications in a wide variety of areas, such as
metallurgy, chemistry, power industry, medicine, rocket propulsion and space simulation,
food processing by refrigeration, as well as many others. The state of the art and future de-
velopments in cryogenic materials areas looking toward the next century involves several as-
pects. We briefly look at the history of the development of cryogenics materials. Then, we
evaluate where we are today in this science and look at research and development trends,
which can give some clues to future developments. It is easy to write a history of and
even to evaluate the present state of cryogenic materials, but it is very difficult to predict
the future. To the extent possible, this chapter will deal with the past, the present, and the
future of cryogenics materials for the twenty-first century.


16.1 INTRODUCTION


From an historical point of view, the first concern for cryogenics was the liquefaction of
gases; today, there is the same concerndwhere gas liquefaction is used in nearly all processes
requiring ultralow temperature.


The infrastructure for gas liquefaction is set on a refrigerative process capable of removing
heat from the gas until the liquefaction temperature is reached. In the quest for better lique-
faction processes, the principal goals are:


1. The development of a refrigerator with the highest possible efficiency and,
2. The design of equipment that will not waste the refrigeration that has been produced.


These goals are common to all cryogenic processes. The production of low and ultralow
temperatures requires highly specialized pieces of equipment, including compressors,
expanders, heat exchangers, pump, transfer lines, and storage tanks (see Fig. 16.1); as a gen-
eral rule, the design of such equipment follows methods applicable to ambient temperature
design.1


FIGURE 16.1 Typical cryogenic process flow diagram.1
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However, pervading every aspect of this design must be a thorough understanding of the
temperature effect on the properties of the fluids being handled and the materials of construc-
tion being selected.


Similar considerations must be given to materials of construction since these usually
contract as the temperature decreases and can result in unwanted stresses on expanders,
pump, piping, etc. Some materials suffer a great loss of impact resistance and fatigue strength
below a characteristic temperature. Any operation below such temperatures requires the
choice of other, and perhaps more exotic, materials of construction. In addition, combinations
of materials may be hazardous, especially at interfaces and interoperability conditions such
as flanges, where reduction in the low working temperature may relieve the gasket pressure
and cause leaks. Welds of dissimilar interfaces are another source of stress and also can result
in potential hazards. See Table 16.1 for a list of some of these parts.


The following subsections of this chapter briefly discusses some of these equipments and
readers should go to Flynn book for more details.1


16.2 COMPRESSION AND COMPRESSORS


We can observe compression power, which accounts in more than 80% of the total
cryogenic requirements, in the production of industrial gases such as oxygen, nitrogen,
and helium or natural gas liquefaction. Thus, the careful selection of the right compressor


TABLE 16.1 Cryogenic Equipment


Process Equipment for Air Separation
and Liquefaction Plants


Storage Systems for Higher
Performance Applications


Compressors Dewar systems


Expanders Supports


Joule-Thompson valve Penetrations


Heat exchangers Structural elements


Storage systems Insulation/vapor-cooled shields


Transient system Safety devices


Transportation Vacuum technology


Transfer systems for cryogenic
systems


Flow control devices


Piping/flex lines


Vaporizers


Filters/miscellaneous
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and its associated devices to drive such liquefaction is essential if cost and maintenance of the
cryogenic facility are to be minimized. Most important as part of this essential approach and
evaluation process, we should consider the following parameters:


1. Cost of equipment and installation
2. Energy or fuel costs, and
3. Cost of maintenance


Finally, the effect of plant site, available fuel source, and its reliability, existing facilities,
and electrical power structure will ultimately determine the final selection system. The
compression processes are often performed in several stages rather than a single operation
for three reasons:


1. Compression processes take place so rapidly that they approach adiabatic behavior for
maximum work, rather than isothermal behavior, which is an indication of minimum
work. This allows the compression to take place in several independent stages and for
the fluid to be cooled between these stages. This also allows a closer approach to
isothermal operation and thus results in substantial savings in compressor work
requirements.1


2. For high compression ratios, the outlet gas temperature will be unacceptably high. For
example, the adiabatic compression of an ideal diatomic gas (the isentropic exponent is
equal to the “heat capacity ratio,” k ¼ g ¼ CP=CV ; that is, the ratio of the heat capacity
at constant pressure, CP, to the heat capacity at constant volume, CV) at 80�F results in
an outlet temperature of 595�F for a pressure ratio of 10:1. The mechanical design limit
for the outlet temperature is usually 350e400�F. Thus, high-pressure ratios demand
staging with intercooling.1


3. The mechanical considerations make it difficult to design a cylinder large enough to
take in substantial volumes of the lower-pressure gas yet strong enough to withstand
the high outlet pressure resulting from a large compression ratio.1


Note that because He, Ar, and Ne are monatomic gases, the isentropic exponent
k ¼ g ¼ CP=CV ¼ 1:67, and H2 and N2 are diatomic gases with k ¼ g ¼ CP=CV ¼ 1:4.


Furthermore, it is not possible to give an exact rule for determining the number of stages
for a compression process, but some general guidelines are available. However, a common
guide states that the maximum pressure ratio per stage for a reciprocating compressor is usu-
ally 3:1 to 4:1. In addition, valve design in the reciprocating machine may limit the pressure
rise per stage to 1000 psi or less. In large multistage machines, the pressure ratio per stage will
usually be between 3:1 and 5:1, with somewhat higher ratios for single-stage machines.1


A general classification of compressors is well described by Flynn, and we encourage the
reader to refer to his book.1


The approximate ranges of application for the various types are provided in Table 16.2.1


Taking the compression of helium gas as part of liquefaction of helium using the Claude
cycle process, first in a single-stage oil-lubricated compressor to 10e14 bars and then cooled
in an after cooler, can easily be calculated.
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The compression of helium gas is a very interesting process, because of some of the special
properties of this gas:


• Helium is a very light substance with a molecular weight of 4 and very low density.
• It is a single-atom molecule, which leads to a relatively high isentropic exponent of


k ¼ 1.7.


The following equations describe an ideal isentropic compression process. The outlet
temperature Tout depends on the inlet temperature Tin, the pressure ratio ðPout=PinÞ, and
the isentropic exponent k as:


Tout ¼ Tin


�
Pout


Pin


� k
k�1


(16.1)


Power ¼ _M$R$Tin$


�
k


k� 1


�"�
Pout


Pin


� k
k�1


� 1


#
(16.2)


The impact of the isentropic exponent is illustrated in Table 16.3. An ideal isentropic
single-stage compression from ambient pressure (1.013 bar) to 10 bar is calculated here for
a gas flow of _M ¼ 100 mol=s: the inlet temperature is given by Tin ¼ 300K. The calculation
is done for two different substances e air and helium; that is, for two fluids with differing
values of the isentropic exponent (k ¼ 1.4 for air).


TABLE 16.2 Compressor Maximum Capabilities1


Speed Range, rpm
Maximum
Capacity, cfm


Minimum
Pressure, psig Minimum bhp


Reciprocating 100e1800 10,000 60,000 26,000


Rotary 600e2200 600 400 860


Helical lobe (screw) 1,800e12,000 20,000 250 6,000


Straight lobe 600e1,800 30,000 25 2,000


Liquid piston 570e3,500 13,000 90 400


CENTRIFUGALS


Sectionalized 1,000e20,000 20,000 10 600


Horizontally split 1,000e20,000 650,000 1,000 35,000


Vertically split 1,000e10,000 250,000 5,000 20,000


Axial 1,000e10,000 1,000,000 500 100,000
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Note that the isentropic exponent k describes the relation between the pressure and tem-
perature of a gas during an isentropic process. A relatively high value of 1.7 means that a
small pressure change (pressure ratio) leads to a large temperature change. For an ideal
gas, the isentropic exponent is equal to the “heat capacity ratio,” k ¼ g ¼ CP=CV ; that is,
the ratio of the heat capacity at constant pressure, CP, to the heat capacity at constant volume,
CV.


This difference means that the outlet temperature of 497�C is extremely high in the case of
helium e approximately 200�C higher compared with the case for air (Tout ¼ 304�C). The
required power of w950 kW for helium is approximately 20% higher than the compression
power for the air (w800 kW). This very simple calculation indicates very high compression
temperatures and makes it obvious that an efficient cooling procedure is required during
compression of the helium.


The low density of helium is the main reason and explanation for the fact that highly
efficient turbocompressors are not applied for helium compression, although this kind of
equipment is always used in chemical engineering for the compression of gaseous fluids.


A turbocompressor consists of several compressor stages, and every compressor stage in-
cludes three elements: a guide vane, an impeller (wheel), and a diffuser (volute chamber).
The gas is accelerated first in the guide vane but mainly in the impeller (here, the mechanical
energy of the gas is transformed into kinetic energy, with an end velocity close to 300 m/s),
and after the acceleration the gas is decelerated in the diffuser (a flow channel with a
widened cross-section). The kinetic energy of the gas is transferred into potential energy
(pressure). The simplified Bernoulli equation, Eq. (16.3), describes this process, where P1,
P2, r1, r2, y1, and y2 are pressures, densities, and velocities at the inlet and outlet of diffuser,
respectively.


TABLE 16.3 Ideal Isentropic Compression of Helium in
Comparison to the Compression of Air


Air Helium Dimension


_M 100 100 Mol/s


R 8.31 8.31 J/mol/s


Tin 300 300 K


Tin 27 27 �C


k 1.4 1.7


Pin 1.013 1.013 bar


Pout 10 10 bar


Tin 577 770 K


Tout 304 497 �C


Power 806 949 kW
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P1 þ 1
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1 ¼ P2 þ 1
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2
2 (16.3)


The pressure difference achieved in a single compression stage therefore depends on the
velocity of the impeller as well as on the gas density. This means that a relatively high-
pressure difference (and therefore pressure ratio) can be achieved by compressing a heavy
gas such as argon, krypton, or xenon. However, the pressure ratio for light gases such as
helium is limited to 1.05e1.2. This means that several compression stages are necessary
instead of a single stage as for heavy gases. Taking into account a corresponding number
of intermediate coolers (necessary after every stage because of the high compression temper-
ature) along with pressure losses and so on, a turbomachine for helium would become very
complex and expensive.


As a result, only piston and screw compressors are used for helium compression. Fig. 16.2
shows the limitations for three types of compressors.


16.3 EXPANSION PROCESS AND ENGINES


For the gases to expand and perform work, thus effecting a very large reduction in the
temperature of the gas, which does the work, we are in need of devices such as expansion
engines or turbines of some kind. Ideally, from a thermodynamic perspective, we need
such expansion to take place at constant entropy for an isentropic expansion; therefore, it pro-
vides the greatest cooling for a given pressure ratio of expansion. Process expansion of gases
by performing work is a very effective way of refrigeration.


As part of the refrigeration process, the expansion of compressed air approach was consid-
ered and developed as well during the nineteenth century. This innovative approach of the


FIGURE 16.2 Application range for different compressors.
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time was an answer to the demand for the need for ice at stores and homes, as well as to
deliver fresh food and frozen meat to the market (see Chapter 14).


Improvements in the vapor compression refrigerant systems, using ammonia, carbon
dioxide, or other fluids, soon relegated air refrigeration to the technical scrap yard. Today,
one of the few applications of air refrigeration is the cooling of aircraft cabins.1


As the air expansion engine, invention was opening the door to vapor compression refrig-
erants for the frozen meat industry; it was employed by Claude to provide refrigeration for
the liquefaction of air. This accomplishment first took place in 1902; since that time, all large
and many small air separation plants have used expansion engines or turbines. The recipro-
cating and rotary expansion machines are discussed by Flynn in more detail.1


For the design of any equipment that is used for the production of cryogenic fluids, a
decision must be made regarding the relative significance of driving factors such as efficiency,
cost, useful life cycle, flexibility, appearance, case of operation and maintenance, size, and
weight. For example, the design of a household vacuum cleaner might emphasize cost,
appearance, and ease of operation.


The cryogenic gas circulator (CGC) is used for the production of centrifugal hermetic
CGCs. These CGCs are used to process hydrogen, nitrogen, natural gas, helium, and more
at temperatures below 5K (�450�F). Hermetic designs are extremely desirable for cryogenic
applications, because they eliminate the need for mechanical shaft seals and, as a result, they
completely eliminate cryogen leakage. Additionally, hermetic compressors eliminate air infil-
tration and are inherently explosion proof. Companies like Barber-Nichols Incorporated
(BNI) are pioneer in manufacturing these types of CGCs, in particular in hermetic designs.


Some characteristics of these devices are:


• High-speed designs and the use of variable frequency drives result in efficient operation
across a wide variety of head/flow conditions.


• Single-shaft, direct-drive designs are highly reliable due to their simplicity and are
extremely stable throughout their entire operating range.


• Low vapor pressure, rolling element, and grease-packed or proprietary dry lubricated
bearings provide long-term, reliable service without contaminating the process fluid.


• Gas (foil) bearings use the cryogen to rotate on a gas film and allow very high-speed
operation to maximize efficiency and greatly increase life.


• Friction-free magnetic bearings eliminate wear items and allow machines to operate at
extremely high speeds for many years without maintenance.


• User-friendly designs allow the compressor to be serviced without breaking the cold
box vacuum.


• Circulation of hot and cold nitrogen gas in space simulation chambers
• Circulation of cryogenic helium for the cooling of superconducting magnets
• Compression of boil-off-gas at maritime LNG receiving terminals


As part of the expansion process, a supercritical hydrogen circulator was designed at the
Oak Ridge National Laboratory’s high-flux isotope reactor (HFIR) (Fig. 16.3). The supercrit-
ical hydrogen circulator is helping to investigate how materials are assembled at the atomic
level. The circulator starts operating at room temperature and cools the hydrogen loop down
to 20K.
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Fig. 16.4 also shows the Model BNHeP-11-000 Cryogenic Helium Circular in Brookhaven
National Laboratory’s relativistic heavy ion collider.


To avoid the vapor-to-liquid phase change, the system operates at a supercritical pressure
of 15 bar (14.8 atm, 217.6 psia). This wide temperature and corresponding density range
requires wide speed variations to maintain the correct moderator cooling flow, where the
supercritical hydrogen circulator is at work. Therefore, the circulator was, designed to oper-
ate continuously between 60,000 and 15,000 rpm. Magnetic bearings were selected to make
the wide speed range and high-speed operation practical and reliable. The ultimate design
provides a high-temperature (288K) flow rate of 4.15 L/min approximately 1 gpm with a


FIGURE 16.4 Model BNHeP-11-000 cryogenic helium circular. Brookhaven National Laboratory’s relativistic heavy
ion collider.


FIGURE 16.3 Supercritical hydrogen circulator. Courtesy of Oak Ridge National Laboratory.
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0.27 bar equivalent to 4 psi pressure rise and a low temperature 20K flow rate of 1.02 L/min
(0.27 gpm) with a 1.0 bar or 14.5 psia pressure rise.


BNI designed and produced a supercritical cryogenic hydrogen circulator for the Oak
Ridge National Laboratory’s (ORNL) Spallation Neutron Source (SNS). The SNS produces
a high intensity, cold neutron beam used to investigate how materials are, assembled at
the subatomic level.


The SNS uses a hydrogen loop system to cool the neutrons; it begins operation at room
temperature and then cools down to 17K (�429�F). A variable frequency drive was used
because the circulator’s speed adjusts inversely proportional to the fluid density. It begins
operation at 60,000 rpm and gradually slows down to 15,000 rpm when the SNS reaches
its operating temperature. When the compressor begins operation at room temperature, it cir-
culates 6 m3/h (13.4 ft3/min) and maintains system pressure at 0.27 bar (3.92 psi). When the
system reaches its 17K operating temperature, the hydrogen is supercritical and the
compressor is processing 1.02 lpm (0.27 gpm) and is maintaining system pressure at
1.00 bar (14.50 psi). Because high reliability and a long life were paramount on ORNL’s list
of requirements, BNI decided to use friction-free magnetic bearings rather than ball bearings.


At NASA, propellant densification case study and large engines use liquid oxygen (LOX)
and liquid hydrogen (LH2) as engine propellants. Engineers at Rockwell Space Systems
discovered three revolutionary benefits that can be realized when propellants are subcooled,
thereby increasing their densities.


First, when propellant densities are increased, their volumes decrease by 7%e15%. As a
result, smaller propellant tanks can be used. Second, propellant tank walls can be thinner
and lighter because subcooled propellants have an extremely low pressure. Finally, sub-
cooled propellants allow launch vehicle designers to use smaller, lighter turbopumps. Sub-
cooled propellants have a higher available net positive suction head (NPSH); therefore,
turbopumps can operate at a higher speed without cavitating. Because it costs about
$10,000 USD per pound to place a launch vehicle into low earth orbit, propellant densification
results in substantial cost savings and the ability to launch greater payloads. BNI designed
and built the intricate series of pumps and CGCs required for a prototype system. System
tests at NASA’s Lewis Plumbrook Field Station yielded positive results. BNI then designed
and built full-size systems for both LOX and LH2. The full-size systems were tested at
NASA’s Glenn Research Center. (See Fig. 16.5.)


More details can be found in Ref. 1 at the end of this chapter.


16.4 EXPANSION MACHINE


The first expansion machines or piston expanders used for helium refrigeration were
reciprocating piston expanders that are still used today in some applications. The isentropic
efficiency that can be reached by these expanders typically ranges from 75% to 82%. Fig. 16.6
shows a principle scheme of such expanders. Their use is limited by the maximum volume
flow they can treat. The sealing packing of piston expanders requires regular replacement
in order to limit the leak rate losses. The energy extracted from the gas is recovered in an
electric generator working as a brake.


16. CRYOGENIC EQUIPMENT, SYSTEMS, AND APPLICATIONS538







16.4.1 Turbine Expander


In turbine expanders, the recovery of the work from the expansion of gas is done via a gas
compressor mounted on the same shaft as the turbine wheel. The characteristic figure for the


FIGURE 16.6 Schematic view of a piston expander.


FIGURE 16.5 NASA facility at Glenn Research Center.
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hydrodynamic reaction process is the blade:jet speed ratio, comparing the speed of the
turbine blades at the gas inlet with the theoretical maximum speed to which the gas can
be accelerated by isentropic expansion. An example of a turbine expander is shown in
Fig. 16.7.


The turbines have a maximum efficiency for a blade:jet speed ratio of 0.55e0.7 depending
on the wheel geometry.


The blade speed u in term of rotation diameter D of blade and rotation frequency f is
defined by the following equation as:


u ¼ Dpf (16.4)


The jet speed c in terms initial height of jet h0 versus final height of jet rise h0 is shown by:


c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðh0 � h0Þ


p
(16.5)


FIGURE 16.7 Dynamic gas bearing turbine. Courtesy of Linde Kryotechnik AG.
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For a “typical” turbine having a wheel diameter of 50 mm and running with inlet temper-
ature at 80K, inlet pressure 1.6 MPa, and outlet pressure of 0.4 MPa, the optimal rotation
speed would be 2300 Hz. Theses speed ranges cannot be covered by conventional bearings.
The expansion turbines therefore use gas or oil bearings. As oil bearings have the inherent
risk to contaminate the cold process parts, only turbine expanders with helium gas bearings
are used nowadays.


The obtainable isentropic efficiency of these expanders depends on its size (i.e., the volume
flow treated) and typically ranges from 65% for small expanders to 80% for larger units.


16.5 PUMPS AND VALVES


Pumps in general are very similar to compressors with one noticeable difference: compres-
sors move gas, while pumps move liquids by nature of their designs. Gases are technically
one-phase substances, and they stay that way, unless they reach plasma-level temperature,
when they become ionized. Liquids, on the other hand, are subject to change in phase via
vaporization, where liquid changes to vapor with an accompanying density change of
w600:1. This is the problem for the pump, to be able to handle such conditions, and that
is the reason they differs from compressors.


The main task of the first stage of a pump (i.e., inlet impeller) is to suck the liquid into the
inlet by causing a partial vacuum at that point. However, we know that if the pressure on a
liquid at its boiling point is reduced, the liquid boils, or cavities, forming a two-phase
mixture.6,7


Thus, the greater the suction, the more the fluid cavities; hence, the fluid is not drawn into
the first stage as it is expected but merely forms two phases, and the pump fails by losing its
suction process, and the flow rate drops to zero.


The second dilemma occurs when cavitation does not take place at the inlet of the pump
but farther along. Whenever the pressure in a liquid drops below the vapor pressure corre-
sponding to its temperature, the liquid will vaporize, as described earlier. When this event
happens in an operating pump, the vapor bubbles may be carried along to a point of higher
pressure, when they suddenly collapse. This phenomenon is also known as cavitation. Cavi-
tation in an operating pump should be avoided at all cost, as it is accompanied by metal
removal such as blade inside the pump, vibration, reduced flow, reduction of efficiency,
and noise. When the absolute suction pressure is low, cavitation may occur at the inlet, as
mentioned earlier, and mechanical failure and damage may take place in the pump suction
and on the impeller vans and inlet gas. One solution to this problem to maintain a net positive
suction head (NPSH). The NPSH is defined as the equivalent total head of liquid at the pump
less the vapor pressure. NPSH is a measure of how far away the liquid is from its saturated
condition at the operating temperature. If the operating conditions at the pump inlet are those
of the vapor pressure curve, then the curve and then the NPSH is 0. Either the pump will lose
prime (all above at the inlet) or cavitation will occur, and the collapsing bubbles may cause
material damage to the pump. Thus, pump manufacturers publish required NPSH character-
istics and specifications for these pumps and their model.1
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The cryogenic valve products should be designed in a way to be able to handle harsh con-
ditions associated with cryogenics, which is the ultralow temperature stage and possibly in
transport mode, loading, and platform delivery applications. State-of-the-art design coupled
with years of cryogenic measurement experience by any manufacturer in this space makes
these products the most accurate and reliable measurement systems for cryogenic liquids.


We can also mention some desirable characteristics of a satisfactory valve for cryogenic
service and application here:


1. Low heat leak
2. Reliable operation at the required temperature
3. Small heat capacity
4. Small resistance to flow
5. Simplicity and economy of construction
6. Adaptability for insertion into ordinary vacuum-insulated lines


For complete liquid and gas cryogenic flow control devices as well as flow measurement,
increased accuracy, efficiency, and service life are needed. This provides a complete line of
high-quality precision turbine flowmeters to meet virtually all flow measurement applica-
tions. There are manufacturers that are responding to factors such as viscosity, corrosive me-
dia, extreme temperature, and hazardous materials. Flow control devices are available in
stainless steel, corrosive series and feature a hydraulically balanced turbine for rugged,
compact construction that allows for the most accurate and reliable measurement available.


Fig. 16.8 is a presentation of a typical valves used in field of cryogenics.
Table 16.4 shows the list of flow control devices, generally components that initiate, stop,


alter, or regulate the flow of cryogenic fluids and gases.
In these valves, the actuating stem system and the valve that is most convenient for


controlling the transfer of liquid hydrogen is the helium-operated valve.


FIGURE 16.8 Image of valves for cryogenic liquid and gas applications.
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16.6 OIL BEARING SYSTEM


The oil bearing is the option developed in the early 1960s: the oil film guarantees the load-
bearing capacity for both axial and radial loads. The oil is pumped to a high pressure by a
separate oil pump and is injected into the bearing gap. Later, it flows down to the bottom of
the bearing chamber and farther to a small vessel placed below. This vessel is required for
separation of the helium gas and oil. It works simultaneously as a feed vessel for the oil
pump. The helium gas in the bearing space appears from the main process helium stream
through the gap between the impeller space and the bearing chamber. This gas is then pro-
vided to the suction line of the main helium compressor. It is a kind a parasitic bypass
stream, which affects the efficiency of the whole cycle. See Fig. 16.9 for typical oil bearing
systems.


16.7 GAS BEARING SYSTEM


Later, another solution was found by smart design engineers based on the use of a gas film
instead of the oil film in the bearing. First, the “static gas bearing”was introduced to the mar-
ket: here, the compressed helium gas from an external source (usually the main helium
compressor) is injected into the tiny gap between the shaft and the support. The problem
of potential contamination of helium by oil was elegantly solved in this way.


Subsequently, the “dynamic bearing” was invented. Here, the external high-pressure gas
source and corresponding bypass stream are completely eliminated on the basis of an appro-
priate design of the bearing, which allows the required pressure inside the bearing chamber
to build up internally. The efficiency of gas expansion turbines with dynamic bearings is
therefore a little higher in comparison to turbines with oil bearings and static gas bearings.


TABLE 16.4 Cryogenic Flow Control Devices


FLOW-CONTROLLED DEVICES


Valves


Check valves


Regulators


CHARACTERISTICS TO EVALUATE IN COMPONENT SELECTION INCLUDE


Low heat leak


Reliability at low temperature


Small heat capacity


Small resistance to flow


Simplicity of construction and maintenance


Cost
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Fig. 16.10 shows a modern turbine expander with dynamic gas bearings.


• The high-pressure feed gas enters the unit bottom-up (via two nozzles, on the left and
the right); it expands in the impeller and exits the unit axially downwards (via the
nozzle in the middle).


• The impeller of a small turbocompressor is mounted on the turbine shaft above the
yellow part in Fig. 16.11. Therefore, the turbine impeller drives this turbocompressor,
which is part of a secondary closed cycle, the “braking cycle.” The gas compressed here
becomes warm (as a result of the compression), the heat is transferred to the cooling


FIGURE 16.10 An expansion turbine with dynamic bearings. Courtesy of Linde Corporation.
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FIGURE 16.9 Typical oil bearing system.
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water in a compact heat exchanger (the water cooler), and the cooled gas is then throt-
tled in a valve and flows again to the compressor inlet. In this way, the mechanical
power produced by the turbine is dissipated into the ambient cooling water.


16.8 CRYOGENIC HEAT EXCHANGERS


During the 1950s, demand for production of a stream of high-purity nitrogen increased, so
the air separation plants were coming into production, primarily for use as an inert atmo-
sphere. Design parameters for imbedded coil regenerators made the provision for obtaining
more pure products than the oxygen contained in the feed air somewhat difficult. There was
not enough space in the regenerators to accommodate the amount of imbedded coil needed to
manage the additional pure products.2


Fortunately, about the mid-1950s the large brazed aluminum plate and fin heat exchangers
were, introduced commercially in a form suitable for air separation production plant appli-
cations.3,4 This type of heat exchanger innovative approach and concept provided the econ-
omy, the compactness for better efficiency due to better pinch point, and performance as well
as flexibility to meet the demands of the air separation industry. United Statesebased man-
ufacturers Trane and Stewart Warner pioneered the building this type of heat exchanger, and
it soon became the heat exchanger of choice for most air separation plant productions.


The greatest impact application of such an apparatus was the reversing heat exchanger,
which before long replaced the regenerator for air-to-product heat exchange. The alternate
passage formed by the sandwiching of the parting sheets permitted the designer to structure
the passages to a wide variety of arrangements to achieve optimal performance and to pro-
vide for multiple product streams. This advantage became more important as demand for
high-purity nitrogen increased;, before long, an ever-increasing fraction of the feed air was
produced as high-purity product.2


FIGURE 16.11 A typical turbine cartridge.
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For more details, see Flynn.1


A plate fin heat exchanger (PFHE) is a type of heat exchanger design that uses plates and
finned chambers to transfer heat between fluids. It is often categorized as a compact heat
exchanger to emphasize its relatively high heat transfer surface areaetoevolume ratio. The
PFHE is widely used in many industries, including the aerospace industry, for its compact
size and lightweight properties, as well as in cryogenics, because of its ability to facilitate
heat transfer with small temperature differences.


Aluminum alloy PFHEs, often referred to as brazed aluminum heat exchangers, have been
used in the aircraft industry for more than 60 years and adopted into the cryogenic air
separation industry around the time of the Second World War and shortly afterward into
cryogenic processes in chemical plants such as natural gas processing. They are also used
in railway engines and motor cars. Stainless steel plate fins have been used in aircraft for
30 years and are now becoming established in chemical plants.


An illustration of a typical cryogenic PFHE for liquid natural gas (LNG) plants in different
series of cross sections as well as ready-to-go block is depicted in Fig. 16.12.


A PFEH, originally conceived by an Italian mechanic, Paolo Fruncillo, is made of layers of
corrugated sheets separated by flat metal plates, typically aluminum, to create a series
of finned chambers. Separate hot and cold fluid streams flow through alternating layers of
the heat exchanger and are enclosed at the edges by sidebars.


Heat is transferred from one stream through the fin interface to the separator plate and
through the next set of fins into the adjacent fluid. The fins also serve to increase the structural
integrity of the heat exchanger and allow it to withstand high pressures while providing an
extended surface area for heat transfer.


A high degree of flexibility is present in the PFHE design as they can operate with any
combination of gas, liquid, and two-phase fluids. Heat transfer between multiple process
streams is also accommodated with a variety of fin heights and types as different entry
and exit points available for each stream.


FIGURE 16.12 A typical cryogenic plate fin heat exchanger (PFPH) for liquid natural gas (LNG).
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Specific software is available from various vendors, including the ProSec software for
PFHEs, which was developed by ProSim in France to simulate and design PFHEs. Multiphy-
sics COMSOL in the United States is another sophisticated software that is capable of
performing a detailed analysis and help to design PFHEs for a proposed application.


The main four types of fins are plain, which refer to simple straight-finned triangular or
rectangular designs; herringbone, where the fins are placed sideways to provide a zigzag
path; and serrated and perforated, which refer to cuts and perforations in the fins to augment
flow distribution and improve heat transfer.


Aluminum PFHEs are key components in many process plants. Their compact footprint
helps save space and costs in a wide range of facilities, including air separation plants, petro-
chemical and gas treatment plants, ans natural gas and helium liquefaction plants.


PFHEs are brazed in vacuum furnaces without using flux. This means that all cores are
delivered completely free from corrosive residue and postbrazing cleaning steps are not
required.


Linde PFHEs falls into this manufacturing category and offers the following highlights:


• Tailor-made design
• Proven vacuum brazing technology
• High thermal efficiency through variable fin configurations
• Aluminum alloys for optimum heat exchange between clean gases and liquids at low


temperatures
• Simultaneous heat exchange between multiple streams
• Suitable for single-phase and mixed-phase fluids
• Arrangement of streams in counterflow, cross-flow, or flow combinations
• Wide range of fin types with different surface areas for optimized equipment design
• Superior computer software for thermal and hydraulic design


In this configuration, heat is transferred from one stream through the fin interface to the
separator plate and through the next set of fins into the adjacent fluid. The fins also serve
to increase the structural integrity of the heat exchanger and allow it to withstand high
pressures while providing an extended surface area for heat transfer. Fig. 16.13 shows the
principal component of a PFHE.


A disadvantage of PFHEs is that they are prone to fouling due to their small flow channels.
They also cannot be mechanically cleaned and require other cleaning procedures and proper
filtration for operation with potentially fouling streams.


Flow arrangement in a PFHE can be facilitated by rearranging the fins during the
manufacturing of the heat exchanger. This allows the two fluids (i.e., hot and cold leg) to
result in cross-flow, counterflow, and cross-counterflow or parallel flow. If the fins are
designed well, the PFHE can work in perfect countercurrent arrangement. See illustration
in Fig. 16.14.


The cost of PFHEs is generally higher than conventional heat exchangers due to a higher
level of detail required during manufacture. However, these costs can often be outweighed
by the cost saving produced by the added heat transfer.


PFHEs are generally applied in industries where the fluids have little chances of fouling.
The delicate design as well as the thin channels in the PFHE makes cleaning difficult or
impossible.
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Applications of PFHEs include:


• Natural gas liquefaction plants
• Gas treatment plants
• Helium liquefaction plants
• Cryogenic air separation
• Ammonia production


FIGURE 16.13 Principal component of a PFPH.


FIGURE 16.14 Different fin structures for PFPHs.
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• Offshore processing
• Nuclear engineering
• Syngas production
• Aircraft cooling of bleed air and cabin air
• Petrochemical plants


In summary, the heat exchangers in the cryogenic section are almost exclusively of the
aluminum plate fin type. Figs. 16.13 and 16.14 show the structure of a plate fin heat exchanger
module: the process streams are led through passages. Up to 200 of these passages are stapled
one on top of the other. The large number of passages makes it possible to bring several
streams into thermal contact within one unit. The outlet frame is formed by 10- to 25-mm
sidebars, which are only interrupted for passages inlets and outlets. A fluid enters the
passage via nozzles and headers. Beginning from here, the flow is distributed with special
fins over the entire cross section of the passage and passed to the main section with heat
transfer fins. The arrangement of the passages as well as fin types can be selected by the
process design engineer according to the process requirements.5


The aluminum alloys used in the fabrication of brazed PFHEs provide the best possible
heat transfer performance, thus enabling low temperature differences down to 1K. This
drastically reduces equipment weight and the size of the exchanger.


Both the overall design and the choice of fins are always engineered to meet each
customer’s specific needs. We also run feasibility studies in collaboration with our customers
to simulate both technical and performance constraints and ensure the best, most economical
design for individual process needs.


The brazing advantages of PFHEs are that they are brazed in vacuum furnaces without
using flux. This means that all cores are delivered completely free from corrosive residue
and postbrazing cleaning steps are not required. This brazing process is highly complex
and tightly controlled to ensure that each fin and plate bonds correctly. Millions of joints
are brazed in each PFHE.


After vacuum brazing, the PFHEs are completed by welding all the attachments to the
core. These include half-pipe headers, nozzles, support brackets, and lifting trunnions.


PFHEs are key components in many process plants. They offer space and cost advantages
over other types of heat exchangers such as shell and tube heat exchangers. An exchanger
consists of alternating layers of fins separated by parting sheets. With the exception of the
fluid inlets and outlets, the edges of each layer are sealed with side bars, which give the
unit mechanical strength and prevent fluids from leaking to the atmosphere. The layers
are, brazed together in the sequence defined at the design stage.


Process streams flow along the passages created by the fins between the parting sheets to
exchange heat. The primary heat transfer surface within the PFHE consists of the parting
sheet and the fin section, which is directly brazed to the parting sheet. However, the second-
ary heat transfer surface is provided by the fins.


PFHEs can treat many process streams in a single unit thanks to the flexibility of layer
stacking. They can be used to vaporize and condense both single- and mixed-component
liquid and gaseous streams, supporting counterflow and cross-flow arrangements.
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Each process stream occupies a certain number of passages within the stack. These are
merged with half-pipe headers and nozzles to create single-point connections on both the
inlet and outlet side. This multistream capability combined with single-point connections
optimizes process efficiency and avoids expensive interconnecting piping between different
units. Structure of the PFHE is presented in Fig. 16.15.


Different fin types for PFHEs mean we can optimize the thermal and hydraulic perfor-
mance to customer needs. We cover the full spectrum from plain through perforated to
serrated fins and from stand-alone PFHEs through manifold assemblies to block-in-shells
and cold boxes.


This ensures that we can provide the perfect fit for each customer’s application challenges,
performance needs, and budgetary constraints. Customers can also rely on our experts for
process consulting support to optimize overall system design and help reduce operating costs
further down the line.


FIGURE 16.15 Structure of PFPH.
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Different varieties of fin corrugation with a variety of fins and varying heights and den-
sities to match hydraulic and thermal performance characteristics with individual needs
mean better performance and better life cycles for PFHEs. The geometry of these fins has
been gradually optimized, drawing on the experience gained in the field over the past
35 years. Different fin types can also be combined in a single stream.


Fig. 16.16 shows different configurations that goes into PFHEs, from a multistep fabrica-
tion process point of view.


The advantages of PFHEs are:


• High flexibility concerning the number of process streams: several of them can be
passed through the single block, which allows more sophisticated process design


• A high specific heat exchange surface, which helps to realize a very efficient process
because of the small temperature difference and pressure losses


• Low pressure losses
• Low specific costs


Table 16.5, shows typical parameters of aluminum PFHEs.


FIGURE 16.16 PFPH multi-step fabrication process.
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TABLE 16.5 Typical Parameters of Aluminum Plate-Fin Heat Exchangers


Parameter Value(s)


Size Up to 1.8 m � 1.5 � 8.0 m


Specific Surface 500e1800 m2/m3


Fin


Perforated fin


Serrated fin


Plain fin


Temperature �269 to þ65�C


Pressure <115 bar


Materials ASTM 3003 (DIN AI, Mn, Cu)
ASTM 5083, 6061 (DIN, AlMg4.5 Mn)
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16.9 THE RIGHT MATERIALS IN HEAT EXCHANGERS (PFHES)


In a cryogenic PFHE, we can use a variety of aluminum alloys to ensure optimal perfor-
mance. These include type 3003 for cores and 5083 for headers and nozzles. Customers can
also request ASTM 5454/EN AW 5454. These materials are also suitable for higher temper-
atures (up to þ93�C). Depending on the design code applicable to pressure vessels (i.e.,
the ASME code or EN code), we choose the materials and combinations best suited to indi-
vidual performance needs.


The choice and implementation of the right materials into the design and fabrication of
these PFHEs, based on long-standing, hands-on experience among the manufacturers such
as Linde Corporation, allow incorporating a range of mercury-tolerant features into our
PFHE designs to provide the highest possible levels of mercury resistance. We generally
recommend operating PFHEs within the range stated in ALPEMA. Above this range,
depending on the actual design conditions, they often advise building in guard beds to mini-
mize the risk of material corrosion because of mercury.


16.10 CRYOGENIC PFHE PACKAGING OPTIONS


The PFEH exchangers are also available from manufacturers such as Linde Corporation in
a variety of delivery modes to suit individual needs. Customers can choose between single
exchangers and fully integrated assemblies and cold boxes. We name a few of these pack-
aging options with their assembled figures. We also show other types of packaging that
are used in today’s LNG plants.


16.10.1 Single Units


Linde PFHEs can be, supplied as single units with stub pipes, material transitions, and
aluminum or stainless steel flanges for connection to the plant piping. (See Fig. 16.17.)


FIGURE 16.17 Diagram of single-unit assemblies. Courtesy of Linde Corporation.
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16.10.2 Manifold Assemblies


If the required heat transfer performance cannot be achieved with a single PFHE, we offer
manifold assemblies. These PFHE assemblies are batteries of two or more PFHEs. This com-
plete heat exchanger system can be transported in a steel frame or in a combined transporta-
tion and operation frame for later use. Fig. 16.18 shows different views of the manifold (i.e.,
piped battery) PFHE manufactured by Linde.


16.10.3 Cold Boxes


One or more PFHEs are installed in a steel casing (normally carbon steel), which may
include interconnect piping, phase separator vessels, rectification columns, appropriate
valves and instruments, as well as insulation material (perlite). The cold boxes are provided
with flanges at the wall outlets for easy connection to on-site piping. Depending on the appli-
cation, the cold box footprint can be rectangular or circular.


Cold box advantages include:


• These units are ready to operate, with only perlite to be filled in.
• No additional support structures are required.
• The equipment integrated in the box is protected.
• Insulation material can be replaced quickly and easily.


Packaged units e also known as cold boxes e are used in a wide range of applications for
the treatment of cryogenic fluids and gases, including air separation plants, gas separation
and liquefaction plants, and chemical and petrochemical plants (see Fig. 16.19).


These units deliver a range of cold boxes in sizes of up to 5 m � 7 m and up to 40 m long.
Boxes that are too large for preassembly and road transport are assembled and tested directly
on-site or at Linde engineering workshops that are located near harbors. The cold boxes are
insulated by packing perlite in the empty spaces around the cryogenic equipment.


The self-supporting steel compartment comprises a number of components, including:


• Columns
• PFHEs
• Pressure vessels
• Separators
• Interconnecting piping
• Instrument lines for temperature and pressure measurements
• Pressure difference and level indicators
• Wall penetrations
• Valves


All of our components are factory assembled and welded, which speeds up construction
and setup times on-site, saving delivery time and reducing cost.
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FIGURE 16.18 (A) and (B) Diagram of manifold (piped battery) assemblies. (C) Diagram of manifold
(piped battery) assemblies ready to transport. Courtesy of Linde Corporation.
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16.10.4 Block-in-Shell Units


Linde Corporation block-in-shell units consist of one or more PFHEs installed in a steel
shell. While matching the service of shell and tubular heat exchangers, these units offer a
number of advantages:


• Reduced temperature approach (less than 1K), which results in energy savings
• Up to 10 times greater heat transfer area per unit
• Smaller size weight and footprint
• Lower installation costs


Fig. 16.20 is a cross-sectional illustration of a block-in-shell unit by Linde Corporation.


FIGURE 16.19 (A) Diagram of cold box assemblies in production. (B) Cold box assembly with special transport
delivery. Courtesy of Linde Corporation.
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16.11 OTHER TYPES OF HEAT EXCHANGERE FOR
CRYOGENIC LIQUID NATURAL GASES (LNG)


There are several other heat exchangers that can be used in producing LNG or liquid
nitrogen (LN2) as cryogenic fluids and they are listed here. These types of heat exchangers
are used in petrochemical, air separation, and gas liquefaction units and they all have one
thing in common. These processes need heat exchangers to process gases and liquids. Coil-
wound heat exchangers (CWHEs) in particular are used across a broad spectrum of cryogenic
applications.


16.11.1 Coil-Wound Heat Exchangers


CWHEs have been used in the industry since the early days, when Carl von Linde lique-
fied air on an industrial scale for the first time in May 1895. More than 1000 CWHEs have
been manufactured in Linde’s fabrication facilities.


CWHEs are required for a wide range of applications involving fluid treatment. They must
support broad temperature and pressure ranges as well as single- and two-phase streams. See
Fig. 16.21 for an illustration of a CWHE in the process of being built at Linde Corporation.


Block-in-shell unit


Condensing fluid Boiling fluid


Level
Drain


Liquid out


PFHE


Shell


Gas in


Gas out


2-phase inlet
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A


A


B


B


B
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FIGURE 16.20 Linde block-in-shell unit cross section. Courtesy of Linde Corporation.
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CWDEs are compact and reliable with a broad temperature and pressure range and suit-
able for single-phase as well as two-phase streams. Multiple streams can be accommodated in
one exchanger.


CWHEs can be custom-designed and built for the widest application spectrum, always
meeting individual thermal and hydraulic performance needs. To support individual temper-
ature range and corrosion resistance requirements, we use an almost unrestricted range of
materials including austenitic steels, aluminum alloys, carbon steel, nickel, and chrome/
moly alloys. CWHEs are extremely robust, in particular during startup, shutdown, and acci-
dental interruption. They are typically used as coolers, heaters, liquefiers, vaporizers, and
isothermal reactors. Linde is one of the world leading builders of such heat exchangers
and the company has successfully delivered more than 1000 CWHEs. These exchangers often
weigh as much as 260 metric tons, are up to 7.5 m in diameter, and offer heating surfaces of
over 20,000 m2. Pressures of up to 200 bar are possible. On request, we can also build larger,
heavier units and deliver tube-in-tube exchangers for special applications. Some of the high-
lights for CWHEs are:


• Broad temperature and pressure ranges
• Multiple fluids treated in a single exchanger
• Compact footprint with high specific transfer area
• High-pressure service
• Robust design capable of absorbing start-ups, shutdowns, and thermo shocks


Table 16.5 (Perforated Fin; Serrated Fin; Plain Fin) and Fig. 16.22 show the CWHE fabrica-
tion process.


As part of the fabrication and special features of CWHE, generally a CWHE consists of
multiple layers of tubes wound around a central pipe (mandrel) (see Fig. 16.23).


FIGURE 16.21 Side view of coil-wound heat exchanger (CWHE) configuration. Courtesy of Linde Corporation.
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After assembly with the prefabricated pressure vessel (shell), the coil-wound tube bundle
is suspended on top only. This proprietary suspension system allows the Linde CWHE to
easily cope with large temperature differences and changes during operation while effec-
tively avoiding any kind of bundle sagging.


Figs. 16.24e16.26 are giving a perspective and magnitude involved with transportation of
such load to its final destination for a CWHE.


Manufacturers such as Linde Corporation can also realize even larger, heavier models on
request. The company is committed to continually evolving the underlying technologies. For
example, to optimize operations and extend lifetime at an LNG plant in Stavanger, Norway,
Linde engineered over 4000 temperature-measuring points in the CWHE bundle. This


FIGURE 16.23 Manufacturing process of CWHE on assembly floor. Courtesy of Linde Corporation.


FIGURE 16.22 Manufacturing process of CWHE. Courtesy of Linde Corporation.
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FIGURE 16.24 Final assembled CWHE unit heading for far east of Russia. Courtesy of Linde Corporation.


FIGURE 16.25 Final assembled CWHE unit. Courtesy of Linde Corporation.


FIGURE 16.26 Final assembled CWHE unit during transportation. Courtesy of Linde Corporation.
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high-precision three-dimensional temperature monitoring capability gives operators an exact
overview of the process flow.


The application of these heat exchangers includes:


• Cooler/heater
• Liquefier
• Vaporizer
• Isothermal reactor


Some of the world class LNG plants are equipped with this type of heat exchanger, such
as:


• Snøhvit LNG
• Brunei LNG
• North West Shelf Venture
• Sakhalin Energy
• Pluto LNG


As part of the characteristics of this heat exchanger, each CWHE is designed to meet the
project requirements for the thermal and hydraulic performance as well as for the mechanical
design and material selection.


The special features of the geometry and the possibility to use various materials allow a
wide range of applications. CWHEs are manufactured in stainless steel, aluminum alloy, car-
bon steel, and special alloys. The CWHE is known for its robustness, in particular during
startup and shutdown or plant trip conditions.


16.12 CRYOGENIC COLUMNS


Cryogenic columns are pressure vessels made of aluminum alloy. They are used as recti-
fiers, purifiers, and stabilizers at low temperatures of between �269 and þ65�C (4 to 338K).
The columns are key components in the treatment of cryogenic fluids and gases and are
typically used in air separation plants, gas separation and liquefaction plants, and chemical
and petrochemical plants.


Fig. 16.27 is an illustration of cryogenic columns on the manufacturing floor of Linde
Corporation, ready for delivery to customer site. The key elements of design included in
this equipment are:


• Sieve trays
• Bubble cap trays
• Structured packing
• Plate-fin or tubular condensers


A single column can measure up to 7 m in diameter, be up to 45 m long, and weigh up to
170 tons. The walls can be up to 70 mm thick. Components that exceed these dimensions are,
welded at Linde workshops near harbors or directly on-site.
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Leading manufacturing companies are building these columns in line with international
standards and deploy special welding technology and sophisticated equipment to achieve
optimal quality.


Naturally, these companies and their experienced staff and specialists should be able to
collaborate with international forwarding agents and shipping lines to ensure that compo-
nents are transported with the utmost care by road or by sea.


16.13 CRYOGENIC LIQUID GAS TRANSFER


Recent growth in worldwide consumption of natural gas highlights its immense impor-
tance as a source of primary energy. LNG is the most, economic way to transport natural
gas over long distances. Main cryogenic heat exchanger (MCHE) is very critical equipment
in an energy-intensive LNG plant. To that end, modeling an MCHE is the inevitable first
step in the optimization of LNG plant operation.


Cryogenic liquids are typically odorless and colorless when vaporized to the gaseous state.
Most of them have no color as a liquid, although LOX is light blue. However, the extremely
cold liquid and vapor have a built-in warning property as the cold boiled-off gases condense
moisture in the air, creating a highly visible fog. Therefore, as part of a safety measure, it is
required that the following safe handling procedures should take place to prepare and trans-
port any cryogenic substances:


16.13.1 Preparation


1. Always be familiar with the hazards of the liquid in use.
2. Work in an open, well-ventilated location.
3. Ensure that safety glasses and, if necessary, face shields are worn.
4. Have potholders or appropriate gloves on hand.
5. Examine containers and pressure relief valves for signs of defect. Never use a container


that has defects.
6. Any exposed glass areas of Dewar flasks should be taped to prevent the generation of


broken glass projectiles in the event the container implodes.
7. Ensure that all equipment and containers are free of oil, grease, dirt, or other materials,


which may create a hazardous condition on contact with the cryogenic liquid.


FIGURE 16.27 Assembled view of cryogenic columns. Courtesy of Linde Corporation.
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Researchers should wash their hands and arms with soap and water, rinsing and drying
thoroughly prior to handling the liquid. Clothing should be relatively clean.


8. Select working materials carefully. Cryogenic temperatures may alter the physical
characteristics of many materials.


16.13.2 Transfer and Use


1. Use only fitted transfer tubes designed for use with the Dewar container. Damaged
transfer tubes should be replaced. Do not handle transfer tubes with bare hands, as the
fitting is not, insulated.


2. When transferring into a secondary container, do not fill the secondary container to
more than 80% of capacity (60% if the temperature is likely to be above 30�C).


3. Do not lower experiments into storage Dewars unless provisions have been made to
vent the Dewar and prevent freezing in the narrow neck.


4. Immediately recap any container to prevent atmospheric moisture from entering and
forming an ice plug.


5. Provide proper venting for the Dewars used in experiments.
6. Use care in transporting fragile cryogenic containers. Use a hand truck for transport.


Always transport cryogenic liquids in service elevators when available.


16.14 CRYOGENIC STORAGE STAGE AND TANKS


Liquefied gases are used in a wide range of applications, including metal processing, med-
ical technology, electronics, water treatment, energy generation, and the food industry.
Today, more and more of these industrial gases are being delivered to customers in liquid
form at cryogenic temperatures, enabling them to be stored on¼site for later use. The use
of cryogenic tanks are for the following liquefied gases:


• Liquid nitrogen (LIN)
• Liquid argon (LAR)
• Liquid oxygen (LOX)
• Liquid carbon dioxide (LCO2)
• Liquid hydrogen (LH2)
• Liquid natural gas (LNG)
• Liquid nitrous oxide (LN2O)


These tanks can be used for a wide range of applications. They are standardized to ensure
smooth distribution logistics and cost-efficient series production and also comply with the
European Pressure Equipment Directive (PED) or ASME VIII, Div. 1. LITS tanks (Leading In-
ternational Tank Standard).


The tanks range in capacity from 3000 to greater than 450,000 L and come with standard-
ized working pressures of 18, 22, or 36 bar.


Each tank is vacuum insulated and can be delivered as a vertical or horizontal installation.
The inner vessels and piping are made of stainless steel to ensure high-grade cleanliness e
particularly important for the food and electronics industry. The outside shell is specially
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coated, and a vacuum-perlite system with a molecular sieve adsorbent is applied to ensure
outstanding insulation. Helium storage tanks need to be designed and have to have strict
specifications and built to very high quality standards due to the physical characteristics of
helium.


Liquid nitrogen could be used to shield the helium in our tanks. This is less expensive than
using part of the stored helium and ensures a much better holding time than conventional
cryogenic storage tanks.


A proven record of accomplishment of excellence in this field includes reference projects
such four 128-m3 helium storage tanks delivered to the Large Hadron Collider at CERN in
Switzerland by Linde Corporation.


As part of a safety measurement for the storage of cryogenic substances, we should
consider the following points as well:


1. Store in a well-ventilated area to prevent buildup of flammable gases or air
displacement.


2. Use only approved storage vessels having pressure relief valves.
3. Avoid contact of moisture with storage containers to prevent ice plugging of relief


devices.
4. Periodically check container necks for ice plugging; core out plugs if present.
5. Keep all sources of ignition away from cryogenic liquids.
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Appendix A
Table and Graph Compilations


The following tables provide samples of engineering data for materials of interest in
thermodynamics. For any detailed design work, more extensive handbooks should be con-
sulted. The thermophysical property data for water, carbon dioxide, and sodium have been
generated for this book. They represent the best fit to the latest physical measurements.
Tables that are more extensive are available from the National Institute of Standards and
Technology (NIST).


A.1 PHYSICAL CONSTANTS


Acceleration of gravity g ¼ 9.80665 m/s2 or 32.174 ft/s2


Sea level atmospheric pressure pSL ¼ 101.325 kPa
¼ 1.01325 bar
¼ 14.696 psia
¼ 760 mm Hg (0�C)
¼ 29.9213 in Hg (32�F)
¼ 10.3323 m H2O (4�C)


Boltzman’s constant k ¼ 1.3806503 � 10�23 J/K


Avogadro’s number Na ¼ 6.02214199 � 1023 1/g mol


Electronic charge qe ¼ 1.60217646 � 10�19 C


Electron volt ε ¼ 1.60217646 � 10�19 J


Atomic mass unit amu ¼ 1.6605402 � 10�27 kg
¼ 931.49432 MeV/c2


Planck’s constant h ¼ 6.62606876 � 10�34 J-s


- ¼ h=2p ¼ 1:054571596� 10�34 J-s


Stefan Boltzmann’s constant s ¼ 0.17123 � 10�8 Btu/(h-ft2-�R4)


s ¼ 5.670400 � 10�8 w/(m2-K4)


Speed of light in vacuum c ¼ 2.99792458 � 108 m/s


(Continued)
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Solar constant qsolar ¼ 429 Btu/(h-ft2)


qsolar ¼ 1353 W/m2


Universal gas constant R ¼ 8.31447 kJ/(kgmol-K)


¼ 8.31447 kPa-m3/(kgmol-K)


¼ 0.0831447 bar-m3/(kgmol-K)


¼ 82.05 L-atm/(kgmol-K)


¼ 1.98583 Btu/(lbmol-�R)


¼ 1545.37 ft-lbf/(lbmol-�R)


¼ 10.73 psia-ft3/(lbmol-�R)


A.2 CONVERSION FACTORS


To Convert To Multiply by


DISTANCE


millimeters meters 10e3


centimeters meters 10e2


kilometers meters 103


inches feet 1/12


feet yards 1/3


feet miles 1/5,280


yards miles 1/1,760


inches centimeters 2.54


feet meters 0.3048


AREA


millimeters2 meters2 10e6


centimeters2 meters2 10e4


kilometers2 meters2 106


inches2 feet2 1/144


inches2 centimeters2 6.4516


centimeters2 inches2 0.1550


feet2 meters2 0.092903


meters2 feet2 10.7639
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To Convert To Multiply by


VOLUME


millimeters3 meters3 10e9


centimeters3 meters3 10e6


liters meters3 10e3


kilometers3 meters3 109


inches3 centimeters3 16.3871


centimeters3 inches3 0.061024


feet3 meters3 0.0283168


meters3 feet3 35.3147


FORCE


kg-m/s2 newtons 1.0


pound-mass-ft/s2 pounds-force 1/32.1745


newtons pounds-force 4.4482


pounds-force newtons 0.2248


MASS AND DENSITY


grams kilograms 10e3


metric tonnes kilograms 103


ounces pounds-mass 1/16


tons pounds-mass 2000


grams ounces 1/28.35


ounces grams 28.35


pounds-mass kilograms 0.4536


kilograms pounds-mass 2.2046


tons metric tonnes 0.9072


metric tonnes tons 1.1023


grams/cc lbm/ft3 62.427


grams/cc kg/m3 103


lb/ft3 kg/m3 16.0187


PRESSURE


psi in Hg 2.036


psi in H2O 27.7
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To Convert To Multiply by


atm in Hg 29.92


atm ft H2O 33.93


atm Pa 101,320


atm bar 1.0133


atm psi 14.69


kPa psi 0.145


psi kPa 6.895


ENERGY


joules ergs 107


lbf-ft joules 1.356


Btu joules 1055


Btu ft-lbf 778


Cal Btu 0.003968


Cal ft-lbf 3.088


Btu W-h 0.2930


kW-h Btu 3412


Cal joules 4.1868


kJ/kg Btu/lbm 0.4992


Btu/lbm kJ/kg 2.3260


Cal/g Btu/lbm 1.8000


POWER


hp ft-lbf/s 550


hp Btu/h 2545


hp kW 0.7455


W Btu/h 3.412


kW hp 1.341


ton Btu/h 12,000


ton kW 3.517


HEAT TRANSFER


W/m/K Btu/h/ft/R 0.57779


kcal/h/m/K W/m/K 1.1630
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To Convert To Multiply by


kcal/h/m/K Btu/h/ft/R 0.67197


Btu/h/ft/R W/m/K 1.7307


W/m2/K Btu/h/ft2/R 0.17611


Btu/h/ft2/R W/m2/K 5.6783


FLUID FLOW


m3/s ft3/s 35.3147


g/cm/s (poise) lbf-s/ft2 0.002088


lbf-s/ft2 g/cm/s 478.96


lbf-s/ft2 kg/m/h 172,400


lbm/ft/s g/cm/s 14.882


m2/s ft2/s 10.7639


cm2/s ft2/h 3.875


ft2/s m2/h 334.45


A.3 STANDARD ATMOSPHERE


A.3.1 SI UNITS


Altitude (km) P/PSL T/TSL r/rSL


0 1 1 1


1 0.887 0.9774 0.9075


2 0.7846 0.9549 0.8217


3 0.692 0.9324 0.7423


4 0.6085 0.9098 0.6689


5 0.5334 0.8873 0.6012


6 0.466 0.8648 0.5389


7 0.4057 0.8423 0.4817


8 0.3519 0.8198 0.4292


9 0.304 0.7973 0.3813


10 0.2615 0.7748 0.3376
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Altitude (km) P/PSL T/TSL r/rSL


11 0.224 0.7523 0.2978


12 0.1915 0.7519 0.2546


13 0.1636 0.7519 0.2176


14 0.1399 0.7519 0.186


15 0.1195 0.7519 0.159


16 0.1022 0.7519 0.1359


pSL ¼ 101,325 Pa s; TSL ¼ 288.2 K; rSL ¼ 1.225 kg/m3.


A.3.2 IMPERIAL UNITS


Altitude (kft) P/PSL T/TSL r/rSL


0 1.0 1.0 1.0


2 0.9298 0.9863 0.9428


4 0.8637 0.9725 0.8881


6 0.8014 0.9588 0.8359


8 0.7429 0.945 0.7861


10 0.6878 0.9313 0.7386


12 0.6362 0.9175 0.6933


14 0.5877 0.9038 0.6502


16 0.5422 0.8901 0.6092


18 0.4997 0.8763 0.5702


20 0.4599 0.8626 0.5332


22 0.4227 0.8489 0.498


24 0.388 0.8352 0.4646


26 0.3557 0.8215 0.433


28 0.3256 0.8077 0.4031


30 0.2975 0.794 0.3747


32 0.2715 0.7803 0.348


34 0.2474 0.7666 0.3227


36 0.225 0.7529 0.2988
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Altitude (kft) P/PSL T/TSL r/rSL


38 0.2044 0.7519 0.2719


40 0.1858 0.7519 0.2471


42 0.1688 0.7519 0.2245


44 0.1534 0.7519 0.204


46 0.1394 0.7519 0.1854


48 0.1267 0.7519 0.1685


50 0.1151 0.7519 0.1531


p
SL


¼ 2116 lbf/ft3; TSL ¼ 518.7�R; r
SL


¼ 0.07647 lbm/ft3.


A.4 CRITICAL STATE PROPERTIES OF GASES


Molar
Pcrit Tcrit Pcrit Tcrit vcrit Zcrit


Mass MPa K atm R cm3/g-mol


Air 28.996 3.77 133.0 37.21 239.0 88.3 0.300


Ammonia NH3 17.031 11.28 405.5 111.32 729.8 72.5 0.243


Argon Ar 39.950 4.86 151.0 47.96 272.0 75.2 0.291


Carbon dioxide CO2 44.010 7.39 304.2 72.93 547.5 94.0 0.293


Carbon monoxide CO 28.010 3.50 133.0 34.54 240.0 93.1 0.294


Chlorine Cl2 70.906 7.99 416.9 78.87 750.4 124.0 0.276


Helium He 4.003 0.23 5.3 2.27 9.5 57.5 0.303


Hydrogen H2 2.016 1.30 33.3 12.83 59.9 65.0 0.304


Iodine I2 253.809 11.70 819.0 115.47 1474.2 167.0 0.287


Krypton Kr 83.800 5.50 209.4 54.28 376.9 92.2 0.291


Lithium Li 6.941 67.00 3223.0 661.24 5801.4 120.0 0.300


Mercury Hg 200.590 150.97 1763.2 1490.0 3173.7 29.1 0.300


Methane CH4 16.043 4.64 191.1 45.79 343.9 99.0 0.290


Neon Ne 20.180 2.73 44.5 26.94 227.1 41.7 0.307


Nitrogen N2 28.013 3.39 126.2 33.46 227.1 90.1 0.291


Oxygen O2 31.999 5.08 154.8 50.14 278.6 73.4 0.288


Potassium K 39.098 16.42 2105.9 162.02 3790.7 320.0 0.300
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Molar
Pcrit Tcrit Pcrit Tcrit vcrit Zcrit


Mass MPa K atm R cm3/g-mol


Propane C3H8 44.097 4.26 370.0 42.04 665.9 200.0 0.277


Sodium Na 22.990 25.60 2503.9 252.65 4507.0 244.0 0.300


Water H2O 18.015 22.10 647.4 218.11 1165.3 56.0 0.230


Water (heavy) D2O 20.023 21.72 644.7 214.36 1160.4 54.9 0.222


Xenon Xe 131.290 5.84 289.8 57.65 521.6 118.8 0.290


A.5 CONSTANTS FOR THE VAN DER WAALS EQUATION OF STATE


Substance


Molar a b a b


Mass kPa-m6/kmol2 m3/kmol atm-ft6/lbmol2 ft3/lbmol


Air 28.996 136.83 0.03666 345.21 0.58621


Ammonia NH3 17.031 425.09 0.03736 1075.80 0.59826


Argon Ar 39.95 136.81 0.03229 346.85 0.51752


Carbon dioxide CO2 44.0098 365.16 0.04278 924.18 0.68507


Carbon monoxide CO 28.0104 147.38 0.03949 374.96 0.63407


Chlorine Cl2 70.906 634.26 0.05422 1605.62 0.86835


Helium He 4.0026 3.56 0.02395 8.94 0.38193


Hydrogen H2 2.0158 24.87 0.02662 62.88 0.42607


Iodine I2 253.809 1671.81 0.07275 4232.15 1.16510


Krypton Kr 83.8 232.51 0.03957 588.59 0.63372


Lithium Li 6.941 4521.16 0.04999 11,445.24 0.80067


Mercury Hg 200.59 600.48 0.01214 1520.11 0.19439


Methane CH4 16.043 229.51 0.04280 580.74 0.68534


Neon Ne 20.1797 21.15 0.01694 430.43 0.76922


Nitrogen N2 28.0134 137.00 0.03869 346.63 0.61946


Oxygen O2 31.9988 137.56 0.03167 348.12 0.50712


Potassium K 39.0983 7877.53 0.13331 19,942.70 2.13513


Propane C3H8 44.097 937.13 0.09026 2371.61 1.44542
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Substance


Molar a b a b


Mass kPa-m6/kmol2 m3/kmol atm-ft6/lbmol2 ft3/lbmol


Sodium Na 22.9898 7141.57 0.10165 18,078.79 1.62795


Water H2O 18.0152 553.04 0.03044 1399.97 0.48757


Water (heavy) D2O 20.023 557.95 0.03084 1412.43 0.49400


Xenon Xe 131.29 419.20 0.05156 1061.20 0.82572


R[ 8314 J/kmol/K[ 1545 ft-lbf/lbmol/R[ 0.73023 atm-ft3/lbmol/R


A.6 CONSTANTS FOR THE REDLICHeKWONG EQUATION OF STATE


Substance


Molar a b a b


Mass kPa-m6-K1/2/kmol2 m3/kmol atm-ft6-R1/2/lbmol2 ft3/lbmol


Air 28.996 1,598.9 0.02541 5,407.8 0.40631


Ammonia NH3 17.031 8,673.7 0.02589 29,448.7 0.41466


Argon Ar 39.95 1,703.5 0.02238 5,796.3 0.35870


Carbon dioxide CO2 44.0098 6,453.4 0.02965 21,912.0 0.47483


Carbon monoxide CO 28.0104 1,722.3 0.02737 5,886.1 0.43949


Chlorine Cl2 70.906 13,122.4 0.03758 44,568.3 0.60187


Helium He 4.0026 8.3 0.01660 27.9 0.26473


Hydrogen H2 2.0158 145.4 0.01845 493.2 0.29531


Iodine I2 253.809 48,479.7 0.05042 164,653.6 0.80756


Krypton Kr 83.8 3,409.3 0.02743 11,579.2 0.43925


Lithium Li 6.941 260,082.9 0.03465 883,330.7 0.55496


Mercury Hg 200.59 25,549.3 0.00841 86,774.1 0.13473


Methane CH4 16.043 3,214.9 0.02967 10,912.6 0.47502


Neon Ne 20.1797 143.0 0.01174 6,572.7 0.53316


Nitrogen N2 28.0134 1,559.5 0.02682 5,293.1 0.42936


Oxygen O2 31.9988 1,734.2 0.02195 5,887.8 0.35150


Potassium K 39.0983 366,303.6 0.09240 1,244,158.2 1.47990


Propane C3H8 44.097 18,265.5 0.06256 62,012.5 1.00185


Sodium Na 22.9898 362,104.2 0.07045 1,229,829.9 1.12836


Water H2O 18.0152 14,258.5 0.02110 48,424.8 0.33795


Water (heavy) D2O 20.023 14,354.4 0.02138 48,752.6 0.34240


Xenon Xe 131.29 7,230.7 0.03574 24,558.0 0.57232


R[ 8314 J/kmol/K[ 1545 ft-lbf/lbmol/R[ 0.73023 atm-ft3/lbmol/R


APPENDIX A 573







A.7 CONSTANTS FOR THE PENGeROBINSON EQUATION OF STATE


Substance


Molar a b a b u


Mass kPa-m6/kmol2 m3/kmol atm-ft6/lbmol2 ft3/lbmol


Air 28.996 148.29 0.02282 374.15 0.36484 0.032


Ammonia NH3 17.031 460.72 0.02325 1165.97 0.37234 0.252


Argon Ar 39.95 148.28 0.02010 375.92 0.32209 �0.004


Carbon dioxide CO2 44.0098 395.76 0.02662 1001.65 0.42636 0.225


Carbon monoxide CO 28.0104 159.73 0.02458 406.39 0.39462 0.049


Chlorine Cl2 70.906 687.42 0.03374 1740.20 0.54044 0.073


Helium He 4.0026 3.86 0.01490 9.69 0.23770 0


Hydrogen H2 2.0158 26.96 0.01657 68.16 0.26517 �0.215


Iodine I2 253.809 1811.93 0.04528 4586.88 0.72512 0.07


Krypton Kr 83.8 252.00 0.02463 637.92 0.39441 0.001


Lithium Li 6.941 4900.11 0.03111 12,404.55 0.49831 �0.153


Mercury Hg 200.59 650.81 0.00755 1647.52 0.12098 �0.139


Methane CH4 16.043 248.75 0.02664 629.41 0.42654 0.008


Neon Ne 20.1797 22.93 0.01054 466.51 0.47874 �0.041


Nitrogen N2 28.0134 148.48 0.02408 375.69 0.38553 0.04


Oxygen O2 31.9988 149.09 0.01971 377.30 0.31562 0.021


Potassium K 39.0983 8537.81 0.08297 21,614.24 1.32884 �0.031


Propane C3H8 44.097 1015.67 0.05618 2570.39 0.89958 0.152


Sodium Na 22.9898 7740.16 0.06326 19,594.10 1.01318 �0.076


Water H2O 18.0152 599.40 0.01895 1517.31 0.30345 0.344


Water (heavy) D2O 20.023 604.71 0.01920 1530.82 0.30745 0.361


Xenon Xe 131.29 454.34 0.03209 1150.15 0.51390 0.012


R[ 8314 J/kmol/K[ 1545 ft-lbf/lbmol/R [ 0.73023 atm-ft3/lbmol/R


APPENDIX A574







A.8 THERMOPHYSICAL PROPERTIES OF SOLIDS


Melting (Cp in J/kg/K) (k in W/m/K)


Point Density
Material (K) T (K) 200 300 400 600 800 1000 1200 1500


Aluminum (pure) 933 2,702 k 237 237 240 231 218


Cp 798 903 949 1033 1146


Aluminum (2024-T6) 775 2,770 k 163 177 186 186


Cp 787 875 925 1042


Beryllium 1550 1,850 k 301 200 161 126 106 90.8 78.7


Cp 1114 1825 2191 2604 2823 3018 3227 3519


Bismuth 545 9,780 k 9.69 7.86 7.04


Cp 120 122 127


Boron 2573 2,500 k 55.5 27 16.8 10.6 9.6 9.85


Cp 600 1107 1463 1892 2160 2338


Cadmium 594 8,650 k 99.3 96.8 94.7


Cp 222 231 242


Chromium 2118 7,160 k 111 93.7 90.9 80.7 71.3 65.4 61.9 57.2


Cp 384 449 484 542 581 616 682 779


Copper (pure) 1358 8,933 k 413 401 393 379 366 352 339


Cp 356 385 397 417 433 451 480


Iron (pure) 1810 7,870 k 94 80.2 69.5 54.7 43.3 32.8 28.3 32.1


Cp 384 447 490 574 680 975 609 654


Carbon steel 7,854 k 60.5 56.7 48 39.2 31.3


Cp 434 487 559 685 1169


302 Stainless 8,055 k 15.1 17.3 20 22.8 25.4


Cp 480 512 559 585 606


304 Stainless 1670 7,900 k 12.6 14.9 16.6 19.8 22.6 25.4 28 31.7


Cp 402 477 515 557 582 611 640 682


316 Stainless 8,238 k 13.4 15.2 18.3 21.3 24.2


Cp 468 504 550 576 602


347 Stainless 7,978 k 14.2 15.8 18.9 21.9 24.7


Cp 480 513 559 585 606
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Melting (Cp in J/kg/K) (k in W/m/K)


Point Density
Material (K) T (K) 200 300 400 600 800 1000 1200 1500


Lead 601 11,340 k 36.7 35.3 34 31.4


Cp 125 129 132 142


Lithium 454 534 k 84.8


Cp 3580


Magnesium 923 1,740 k 159 156 153 149 146


Cp 934 1024 1074 1170 1267


Molybdenum 2894 10,240 k 143 138 134 126 118 112 105 98


Cp 224 251 261 275 285 295 308 330


Nickel (pure) 1728 8,900 k 107 90.7 80.2 65.6 67.6 71.8 76.2 82.6


Cp 383 444 485 592 530 562 594 616


Inconel X-750 1665 8,510 k 10.3 11.7 13.5 17 20.5 24 27.6 33


Cp 372 439 473 510 546 626


Niobium 2741 8,570 k 52.6 53.7 55.2 58.2 61.3 64.4 67.5 72.1


Cp 249 265 274 283 292 301 310 324


Palladium 1827 12,020 k 71.6 71.8 73.6 79.7 86.9 94.2 102 110


Cp 227 244 251 261 271 281 291 307


Platinum (pure) 2045 21,450 k 72.6 71.6 71.8 73.2 75.6 78.7 82.6 89.5


Cp 125 133 136 141 146 152 157 165


60%Pte40%Rh 1800 16,630 k 47 52 59 65 69 73 76


Cp 162


Plutonium 913 19,860 k 25.1


Cp 104.4


Potassium 337 862 k 102.5


Cp 757.1


Rhenium 3453 21,100 k 51 47.9 46.1 44.2 44.1 44.6 45.7 47.8


Cp 127 136 139 145 151 156 162 171


Rhodium 2236 12,450 k 154 150 146 136 127 121 116 110


Cp 220 243 253 274 293 311 327 349
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Melting (Cp in J/kg/K) (k in W/m/K)


Point Density
Material (K) T (K) 200 300 400 600 800 1000 1200 1500


Silver 1235 10,500 k 430 429 425 412 396 379 361


Cp 225 235 239 250 2623 277 292


Sodium 371 986 k 142


Cp 1084


Tantalum 3269 16,600 k 57.5 57.5 57.8 58.6 59.4 60.2 61 62.2


Cp 133 140 144 146 149 152 155 160


Thorium 2023 11,700 k 54.6 54 54.5 55.8 56.9 56.9 58.7


Cp 112 118 124 134 145 156 167


Tin 505 7,310 k 73.3 66.6 62.2


Cp 215 227 243


Titanium 1953 4,500 k 24.5 21.9 20.4 19.4 19.7 20.7 22 24.5


Cp 465 522 551 591 633 675 620 686


Tungsten 3660 19,300 k 186 174 159 137 125 118 113 107


Cp 122 132 137 142 145 148 152 157


Uranium 1406 19,070 k 25.1 27.6 29.6 34 38.8 43.9 49


Cp 108 116 125 146 176 180 161


Vanadium 2192 6,100 k 31.3 30.7 31.3 33.3 35.7 38.2 40.8 44.6


Cp 430 489 515 540 563 597 645 714


Zinc 693 7,140 k 118 116 111 103


Cp 367 389 402 436


Zirconium 2125 6,570 k 25.2 22.7 21.6 20.7 21.6 23.7 26 28.8


Cp 264 278 300 322 342 362 344 344


Beryllium oxide 2725 3,000 k 272 196 111 70 47 33 21.5


Cp 1030 1350 1690 1865 1975 2055 2145


Carbon 1500 1,950 k 1.18 1.6 1.89 2.19 2.37 2.53 2.84 3.48


Amorphous Cp 509


Graphite 2273 2,210 k 5.7 16.8 9.23 4.09 2.68 2.01 1.6


Pyrolytic Cp 411 709 992 1406 1650 1793 1890 1974


Silicon carbide 3100 3,160 k 490 87 58 30


Cp 675 880 1050 1135 1195 1243 1310
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Melting (Cp in J/kg/K) (k in W/m/K)


Point Density
Material (K) T (K) 200 300 400 600 800 1000 1200 1500


Silicon dioxide 1883 2,220 k 1.14 1.38 1,51 1.75 2.17 2.87 4


Cp 745 905 1040 1105 1155 1195


Silicon nitride 2173 2,400 k 16 13.9 11.3 9.88 8.76 8 7.16


Cp 578 691 778 937 1063 1155 1226 1306


Thorium dioxide 3573 9,110 k 13 10.2 6.6 4.7 3.68 3.12 2.73


Cp 235 255 274 285 295 303 315


Uranium dioxide 3138 10,980 k 13.1 10.05 8.17 5.95 4.67 3.849 3.27 2.67


Cp 278 277.4 277.3 277 277 277.2 277 277


Plutonium dioxide 2673 11,460 k 16.3 11.17 8.489 5.73 4.33 3.477 2.91 2.33


Cp 276.1


Concrete 2,300 k 1.4


Cp 880


Glass 2,500 k 1.4


Cp 750


Ice 273 920 k 2.03 1.88


Cp 1945 2040


Paraffin 900 k 0.24


Cp 2890


Paper 930 k 0.18


Cp 1340


Sand 1515 k 0.27


Cp 800


Soil 2050 k 0.52


Cp 1840
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A.9 THERMOPHYSICAL PROPERTIES OF LIQUIDS


Temp 273 280 300 320 340 360 400


Engine Oil r (kg/m3) 899.1 895.3 884.1 871.8 859.9 847.8 825.1


Cp (J/kg/K) 1796 1827 1909 1993 2076 2161 2337


m (N-s/m2) 3.85 2.17 0.486 0.141 0.00531 0.00252 0.00087


k (W/m/K) 0.147 0.144 0.145 0.143 0.139 0.138 0.134


Temp 273 300 350 400 450 500 600


Water (liquid) r (kg/m3) 1000.0 997.0 973.7 937.2 890.5 831.3 648.9


Tm ¼ 273K Cp (J/kg/K) 4217.0 4179.0 4195.0 4256.0 4400.0 4660.0 7000.0


Tb ¼ 373K m (N-s/m2) 1.75E-03 8.55E-04 3.43E-04 2.17E-04 1.52E-04 1.18E-04 8.10E-05


k (W/m/K) 0.569 0.613 0.668 0.688 0.678 0.642 0.497


Temp 273 300 350 400 450 500 600


Water (vapor) r (kg/m3) 0.0048 0.0256 0.2600 1.3680 4.8077 13.05 72.99


Tm ¼ 273K Cp (J/kg/K) 1854 1872 1954 2158 2560 3270 8750


Tb ¼ 373K m (N-s/m2) 8.02E-06 9.09E-06 1.11E-05 1.31E-05 1.49E-05 1.66E-05 2.27E-05


k (W/m/K) 0.0182 0.0196 0.023 0.0272 0.0331 0.0423 0.103


Heavy Temp 273 353


Water (liquid) r (kg/m3) 1105.4 1078.2


Tm ¼ 277K Cp (J/kg/K) 4207.7 4178.4


Tb ¼ 376K m (N-s/m2)


k (W/m/K) 0.5931 0.632


Heavy Temp 313.2 300 350 400 450 500 600


Water (vapor) r (kg/m3) 0.0058 0.0250 0.2717 1.4771 5.2966 14.75 83.96


Tm ¼ 277K Cp (J/kg/K) 1694.8 1712 1743.4 1779.4 1817.1 1856.4 1938.9


Tb ¼ 376K m (N-s/m2)


k (W/m/K) 0.0187 0.0202 0.0237 0.02884 0.0309 0.0371 0.0482
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Temp 473 673 873 1073 1273


Lithium r (kg/m3) 508.9 491.2 475.1 457.5 441.4


Tm ¼ 452K Cp (kJ/kg/K) 5861.5 4563.6 3810 3056.4 2302.7


Tb ¼ 1590K m (N-s/m2) 5.65E-04 4.56E-04 4.56E-04 4.56E-04 4.56E-04


k (W/m/K) 46.33 39.49 25.93 11.12 10.38


Temp 477.8 588.9 700.0 811.1 922.2 1033.3 1154.8


Sodium r (kg/m3) 904.4 878.1 851.6 824.9 798.1 771.1 741.6


Tm ¼ 371K Cp (J/kg/K) 1.338 1.300 1.274 1.259 1.255 1.263 1.284


Tb ¼ 1156K m (N-s/m2) 4.52E-04 3.33E-04 2.66E-04 2.26E-04 1.97E-04 1.74E-04 1.57E-04


k (W/m/K) 81.52 75.81 70.27 65.08 60.23 55.56 50.88


Temp 600 800 1000 1200 1392.6 1400 1800


588.9 700.0 811.1 922.2 1029.2 1033.3 1255.6


Potassium r (kg/m3) 771.9 745.8 719.1 692.0 665.4 664.2 607.7


Tm ¼ 337K Cp (J/kg/K) 0.783 0.791 0.804 0.825 0.854 0.854 0.934


Tb ¼ 1033K m (N-s/m2) 2.54E-04 2.06E-04 1.71E-04 1.47E-04 1.31E-04 1.31E-04 1.09E-04


k (W/m/K) 43.61 39.98 36.69 33.75 30.81 30.81 25.10


Temp 366 644 977


NaK (45/50) r (kg/m3) 887.4 821.7 740.1


Tm ¼ 292K Cp (J/kg/K) 1130 1055 1043


Tb ¼ 1098K m (N-s/m2) 5.79E-04 2.36E-04 1.61E-04


k (W/m/K) 25.6 27.5 28.9


Temp 366 672 1033


NaK (22/78) r (kg/m3) 849 775.3 690.4


Tm ¼ 262K Cp (J/kg/K) 946 879 883


Tb ¼ 1057K m (N-s/m2) 4.92E-04 2.07E-04 1.46E-04


k (W/m/K) 24.4 26.7 29.4
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Temp 644 755 977


Lead r (kg/m3) 10,540 10,412 10,140


Tm ¼ 600K Cp (J/kg/K) 159 155 151


Tb ¼ 2010K m (N-s/m2) 2.39E-03 1.93E-03 1.37E-03


k (W/m/K) 16.1 15.6 14.9


Temp 273 300 350 400 450 500 600


Mercury r (kg/m3) 13,595 13,529 13,407 13,287 13,167 13,048 12,809


Tm ¼ 234K Cp (J/kg/K) 140.4 139.3 137.7 136.5 135.7 135.3 135.5


Tb ¼ 630K m (N-s/m2) 1.69E-03 1.52E-03 1.31E-03 1.17E-03 1.08E-03 1.01E-03 9.11E-04


k (W/m/K) 8.18 8.54 9.18 9.8 10.4 10.95 11.95


Temp 589 811 1033


Bismuth r (kg/m3) 10,011 9739 9467


Tm ¼ 544K Cp (J/kg/K) 144.4 154.5 164.5


Tb ¼ 1750K m (N-s/m2) 1.62E-03 1.10E-03 7.90E-04


k (W/m/K) 16.4 15.6 15.6


Temp 422 644 922


PbBi (44.5/55.5) r (kg/m3) 10,524 10,236 9835


Tm ¼ 398K Cp (J/kg/K) 147 147 147


Tb ¼ 1943K m (N-s/m2) 1.85E-03 1.53E-03 1.15E-03


k (W/m/K) 9.05 11.86 15.3788


APPENDIX A 581







A.10 THERMOPHYSICAL PROPERTIES OF GASES


Temp (K) 250 350 500 650 800 1000 1200 1400 1600 1800


Air m (N-s/m2) 1.60E-05 2.08E-05 2.70E-05 3.23E-05 3.70E-05 4.24E-05 4.73E-05 5.30E-05 5.84E-05 6.37E-05


k (W/m/K) 0.0223 0.0300 0.0407 0.0497 0.0573 0.0667 0.0763 0.0910 0.1060 0.1200


Temp (K) 280 300 350 400 450 500 550 600 650 700


Carbon dioxide m (N-s/m2) 1.40E-05 1.49E-05 1.69E-05 1.90E-03 2.10E-05 2.31E-05 2.51E-05 2.70E-05 2.88E-05 3.05E-05


k (W/m/K) 0.0152 0.0166 0.0205 0.0243 0.0283 0.0325 0.0366 0.0407 0.0445 0.0481


Temp (K) 250 300 350 400 450 500 550 600 650 700


Carbon monoxide m (N-s/m2) 1.52E-05 1.75E-05 1.98E-05 2.18E-05 2.37E-05 2.54E-05 2.71E-05 2.86E-05 3.01E-05 3.15E-05


k (W/m/K) 0.0214 0.0250 0.0285 0.0318 0.0350 0.0381 0.0411 0.0440 0.0470 0.0500


Temp (K) 250 300 350 400 450 500 600 700 800 900


Helium m (N-s/m2) 1.70E-05 1.99E-05 2.21E-05 2.43E-05 2.63E-05 2.83E-05 3.20E-05 3.50E-05 3.82E-05 4.14E-05


k (W/m/K) 0.1335 0.1520 0.1700 0.1870 0.2040 0.2200 0.2520 0.2780 0.3040 0.3300


Temp (K) 250 300 350 400 500 600 800 1000 1200 1400


Hydrogen m (N-s/m2) 7.89E-06 8.96E-06 9.88E-06 1.08E-05 1.26E-05 1.42E-05 1.72E-05 2.01E-05 2.26E-05 2.51E-05


k (W/m/K) 0.1570 0.1830 0.2040 0.2260 0.2660 0.3050 0.3780 0.4480 0.5280 0.6100


Temp (K) 250 300 350 400 500 600 700 800 900 1100


Nitrogen m (N-s/m2) 1.55E-05 1.78E-05 2.00E-05 2.22E-05 2.58E-05 2.91E-05 3.21E-05 3.49E-05 3.75E-05 4.23E-05


k (W/m/K) 0.0222 0.0259 0.0293 0.0327 0.0389 0.0446 0.4990 0.0548 0.0597 0.0700


Temp (K) 250 300 350 400 500 600 700 800 900 1100


Oxygen m (N-s/m2) 1.79E-05 2.07E-05 2.34E-05 2.58E-05 3.03E-05 3.44E-05 3.81E-05 4.15E-05 4.47E-05 5.06E-05


k (W/m/K) 0.0226 0.0268 0.0296 0.0330 0.0412 0.0473 0.0528 0.0589 0.0649 0.0758


Temp (K) 380 400 450 500 550 600 650 700 750 800


Water m (N-s/m2) 1.27E-05 1.34E-05 1.53E-05 1.70E-05 1.88E-05 2.07E-05 2.25E-05 2.43E-05 2.60E-05 2.79E-05


k (W/m/K) 0.0246 0.0261 0.0299 0.0339 0.0379 0.0422 0.0464 0.0505 0.0549 0.0592


APPENDIX A582







A.11 IDEAL GAS HEAT CAPACITIES FOR SELECTED GASES


s C�
0 C1 C2 C3 C4 Range (�R) Range (K)


Max
Error (%)


Air 0.0140 9.0761 �3.4743 1.7804 �0.3134 0.0188 100e6200 56e3444 0.77


100% Air þ CP(CH1) 0.0400 9.5147 �3.9901 2.1908 �0.3898 0.0229 300e4000 167e2222 0.32


100% Air þ CP(CH2) 0.0400 9.7159 �4.0842 2.1394 �0.3635 0.0202 300e4000 167e2222 0.35


100% Air þ CP(CH3) 0.0400 9.8608 �4.1581 2.1088 �0.3464 0.0184 300e4000 167e2222 0.37


Carbon dioxide 1.0000 �5.8291 12.0893 �2.7155 0.2747 �0.0102 300e5800 167e3222 0.18


Carbon monoxide 0.0750 12.1297 �7.2191 3.4222 �0.6162 0.0387 300e5800 167e3222 0.36


Hydrogen 0.5000 12.2786 �4.7650 1.4175 �0.1407 0.0037 300e5800 167e3222 0.48


Nitrogen 0.1000 12.2568 �7.0276 3.1766 �0.5465 0.0328 300e6400 167e3556 0.38


Oxygen 0.0005 8.5200 �3.1865 1.9424 �0.3855 0.0261 300e6400 167e3556 0.98


Water 0.1500 15.8257 �10.0486 4.3395 �0.6669 0.0355 300e6400 167e3556 0.28


Hydroxyl ion 0.0025 11.4039 �4.7972 1.7247 �0.2252 0.0099 540e6300 300e3500 0.62


Nitrous oxide 7.5500 �21.2671 28.5044 �9.0836 1.2789 �0.0676 540e6300 300e3500 0.71


Nitrogen dioxide 1.5000 �16.0807 21.1941 �5.8523 0.7382 �0.0356 540e6300 300e3500 0.81


Methane 2.8500 �21.3124 17.0304 �1.4849 �0.0505 0.0043 540e6300 300e3500 0.20


The ideal gas constant pressure specific heat is given by:


q ¼
�
TðKÞ
100


�
¼


�
Tð�RÞ
100


�
Cp ¼


Xi¼ 4


i¼ 0


CiðqÞi=2 ¼ kcal
kgmole� K


¼ Btu
lbm�� R


C0 ¼ C�
0


�
q2


q2 þ s


�


A.12 ENTHALPY OF FORMATION AND ENTHALPY OF
VAPORIZATION


25�C (77�F), 1 atm


hf gf so hf gf so


kJ/kmol kJ/kmol kJ/kmol/K Btu/lbmol Btu/lbmol Btu/lbmol/R


Carbon C (s) 0 0 5.74 0 0 1.371


Hydrogen H2 (g) 0 0 130.68 0 0 31.215


Nitrogen N2 (g) 0 0 191.61 0 0 45.768


Oxygen O2 (g) 0 0 205.04 0 0 48.976


(Continued)
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25�C (77�F), 1 atm


hf gf so hf gf so


kJ/kmol kJ/kmol kJ/kmol/K Btu/lbmol Btu/lbmol Btu/lbmol/R


Carbon Monoxide CO (g) �110,530 �137,150 197.65 �47,523 �58,968 47.211


Carbon Dioxide CO2 (g) �393,520 �394,360 213.8 �169,195 �169,556 51.069


Steam H2O (g) �241,820 �228,590 188.83 �103,971 �98,283 45.104


Water H2O (l) �285,830 �237,180 69.92 �122,893 �101,976 16.701


Ammonia NH3 (g) �46,190 �16,590 192.33 �19,860 �7,133 45.940


Methane CH4 (g) �74,850 �50,790 186.16 �32,182 �21,837 44.467


Propane C3H8 (g) �103,850 �23,490 269.91 �44,651 �10,100 64.471


n-Octane C8H18 (g) �208,450 16,530 466.73 �89,624 7,107 111.484


n-Octane C8H18 (l) �249,950 6610 360.79 �107,467 2,842 86.179


Methyl alcohol CH3OH (g) �200,670 �162,000 239.7 �86,279 �69,652 57.255


Methyl alcohol CH3OH (l) �277,690 �166,360 126.8 �119,394 �71,527 30.288


Monatomic oxygen O (g) 249,190 231,770 161.06 107,140 99,650 38.471


Monatomic hydrogen H (g) 218,000 203,290 114.72 93,730 87,405 27.402


Monatomic nitrogen N (g) 472,650 455,510 153.3 203,217 195,848 36.618


Hydroxyl ion OH (g) 39,460 34,280 183.7 16,966 14,739 43.879


hfg Cp hfg Cp


kJ/kmol kJ/kmol/K Btu/lbmol Btu/lbmol/R


Water 44,010 35.3 18,922 8.43


Propane 15,060 122.2 6,475 29.18


n-Octane 41,460 254.7 17,826 60.84


Methyl alcohol 37,900 83.5 16,295 19.95


Sodium 100,819 29.9 43,347 7.14


Potassium 83,934 30.6 36,088 7.31


Mercury 61,303 27.9 26,358 6.66
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A.13 GAS PROPERTY TABLES FOR SELECTED GASES


A.13.1 AIR PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kg/kgmol kJ/kgmol kJ/kgmol/K


100 �173.1 1,604.8 1,142.6 0.03 6018.5 23.8878 1.400


125 �148.1 2,331.0 1,663.3 0.07 1916.6 30.3695 1.401


150 �123.1 3,056.4 2,182.4 0.12 1217.2 35.6598 1.402


175 �98.1 3,781.8 2,701.0 0.21 829.17 40.1327 1.401


200 �73.1 4,507.5 3,219.7 0.34 594.50 44.0087 1.401


225 �48.1 5,233.5 3,738.5 0.51 443.22 47.4293 1.401


250 �23.1 5,959.9 4,257.7 0.73 340.76 50.4908 1.401


275 1.9 6,686.9 4,777.2 1.02 268.59 53.2620 1.400


300 26.9 7,414.4 5,297.2 1.39 216.07 55.7943 1.400


325 51.9 8,142.9 5,818.2 1.84 176.81 58.1266 1.399


350 76.9 8,872.6 6,340.2 2.38 146.79 60.2895 1.398


375 101.9 9,603.7 6,863.8 3.04 123.39 62.3073 1.396


400 126.9 10,336.8 7,389.2 3.82 104.82 64.1997 1.395


425 151.9 11,072.0 7,916.7 4.73 89.874 65.9826 1.393


450 176.9 11,809.8 8,446.8 5.79 77.685 67.6695 1.391


475 201.9 12,550.5 8,979.8 7.02 67.631 69.2711 1.389


500 226.9 13,294.2 9,515.8 8.44 59.253 70.7971 1.387


525 251.9 14,041.4 10,055.3 10.06 52.205 72.2555 1.384


550 276.9 14,792.3 10,598.4 11.90 46.231 73.6525 1.381


575 301.9 15,547.0 11,145.4 13.98 41.128 74.9945 1.379


600 326.9 16,305.7 11,696.3 16.33 36.742 76.2859 1.376


625 351.9 17,068.5 12,251.4 18.97 32.948 77.5314 1.373


650 376.9 17,835.5 12,810.7 21.92 29.648 78.7349 1.370


675 401.9 18,606.9 13,374.1 25.22 26.765 79.8992 1.367


700 426.9 19,382.6 13,942.1 28.89 24.233 81.0276 1.365


725 451.9 20,162.6 14,514.4 32.95 22.002 82.1225 1.362


(Continued)
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Temperature h u Pr Vr so Gamma


K C kg/kgmol kJ/kgmol kJ/kgmol/K


750 476.9 20,946.8 15,090.8 37.45 20.027 83.1861 1.359


775 501.9 21,735.5 15,671.7 42.41 18.274 84.2203 1.357


800 526.8 22,528.4 16,256.8 47.87 16.711 85.2274 1.354


825 551.8 23,325.6 16,846.1 53.87 15.315 86.2087 1.351


850 576.8 24,126.8 17,439.7 60.44 14.064 87.1653 1.349


875 601.8 24,932.1 18,037.2 67.62 12.940 88.0990 1.347


900 626.8 25,741.4 18,638.5 75.46 11.926 89.0111 1.344


925 651.8 26,554.5 19,243.9 84.00 11.012 89.9020 1.342


950 676.8 27,371.3 19,852.8 93.28 10.184 90.7733 1.340


975 701.8 28,191.9 20,465.7 103.36 9.433 91.6261 1.338


1000 726.8 29,016.1 21,082.2 114.27 8.751 92.4606 1.336


1025 751.8 29,843.6 21,701.8 126.08 8.130 93.2783 1.334


1050 776.8 30,674.4 22,324.6 138.83 7.563 94.0789 1.333


1075 801.8 31,508.7 22,951.0 152.57 7.046 94.8638 1.331


1100 826.8 32,346.0 23,580.6 167.37 6.572 95.6337 1.329


1125 851.8 33,186.2 24,212.8 183.29 6.138 96.3890 1.328


1150 876.8 34,029.3 24,848.2 200.39 5.739 97.1304 1.326


1175 901.8 34,875.2 25,486.4 218.70 5.373 97.8575 1.325


1200 926.8 35,723.9 26,127.4 238.35 5.035 98.5727 1.324


1225 951.8 36,574.9 26,770.7 259.35 4.723 99.2747 1.322


1250 976.8 37,428.9 27,416.6 281.80 4.436 99.9647 1.321


1275 1001.8 38,285.6 28,065.2 305.76 4.170 100.6433 1.320


1300 1026.8 39,143.5 28,715.8 331.30 3.924 101.3101 1.319


1325 1051.8 40,004.7 29,369.0 358.49 3.696 101.9659 1.318


1350 1076.8 40,868.0 30,024.6 387.42 3.485 102.6112 1.317


1375 1101.8 41,733.0 30,681.8 418.17 3.288 103.2462 1.316


1400 1126.8 42,600.6 31,341.7 450.85 3.105 103.8718 1.315


1425 1151.8 43,470.4 32,003.0 485.52 2.935 104.4876 1.314


1450 1176.8 44,340.9 32,665.9 522.22 2.777 105.0935 1.313


1475 1201.8 45,214.2 33,331.4 561.10 2.629 105.6904 1.312
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Temperature h u Pr Vr so Gamma


K C kg/kgmol kJ/kgmol kJ/kgmol/K


1500 1226.8 46,089.4 33,999.0 602.25 2.491 106.2789 1.311


1525 1251.8 46,966.6 34,668.5 645.68 2.362 106.8578 1.310


1550 1276.8 47,845.5 35,339.7 691.69 2.241 107.4300 1.309


1575 1301.8 48,726.2 36,011.9 740.16 2.128 107.9931 1.309


1600 1326.8 49,607.8 36,685.8 791.40 2.022 108.5495 1.308


1625 1351.8 50,491.7 37,362.0 845.22 1.923 109.0966 1.307


1650 1376.8 51,376.2 38,038.9 902.11 1.829 109.6381 1.306


1675 1401.8 52,262.5 38,717.5 961.77 1.742 110.1705 1.306


1700 1426.8 53,152.0 39,397.5 1,024.76 1.659 110.6979 1.305


1725 1451.8 54,042.3 40,080.2 1,090.79 1.581 111.2171 1.304


1750 1476.8 54,932.8 40,763.0 1,160.12 1.508 111.7294 1.304


1775 1501.8 55,825.3 41,449.4 1,233.09 1.439 112.2365 1.303


1800 1526.8 56,720.1 42,134.9 1,309.56 1.375 112.7367 1.303


1825 1551.8 57,613.3 42,820.4 1,389.69 1.313 113.2305 1.302


1850 1576.8 58,509.4 43,508.9 1,473.67 1.255 113.7182 1.302


1875 1601.8 59,409.7 44,201.5 1,561.58 1.201 114.2000 1.301


1900 1626.8 60,306.9 44,891.0 1,653.65 1.149 114.6762 1.300


1925 1651.8 61,207.5 45,582.2 1,749.90 1.100 115.1466 1.300


1950 1676.8 62,110.5 46,279.2 1,850.59 1.054 115.6117 1.299


1975 1701.8 63,012.8 46,972.2 1,955.91 1.010 116.0718 1.299


2000 1726.8 63,915.9 47,669.2 2,066.18 0.968 116.5278 1.298


2025 1751.8 64,819.8 48,365.4 2,181.02 0.928 116.9775 1.298


2050 1776.8 65,726.4 49,062.8 2,300.86 0.891 117.4222 1.298


2075 1801.8 66,632.6 49,762.9 2,425.62 0.855 117.8612 1.297


2100 1826.8 67,543.5 50,464.5 2,555.79 0.822 118.2958 1.297


2125 1851.8 68,450.4 51,165.3 2,691.76 0.789 118.7267 1.296


2150 1876.8 69,360.0 51,865.6 2,833.21 0.759 119.1525 1.296


2175 1901.8 70,272.1 52,568.3 2,979.99 0.730 119.5725 1.295


2200 1926.8 71,182.2 53,272.4 3,133.78 0.702 119.9908 1.295


2225 1951.8 72,097.2 53,978.1 3,293.20 0.676 120.4033 1.295
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Temperature h u Pr Vr so Gamma


K C kg/kgmol kJ/kgmol kJ/kgmol/K


2250 1976.8 73,011.9 54,686.7 3,458.58 0.651 120.8107 1.294


2275 2001.8 73,923.4 55,388.9 3,630.89 0.627 121.2149 1.294


2300 2026.8 74,842.5 56,098.7 3,809.81 0.604 121.6148 1.294


2325 2051.9 75,754.3 56,804.4 3,995.67 0.582 122.0108 1.293


2350 2076.9 76,674.1 57,518.2 4,189.73 0.561 122.4051 1.293


2375 2101.9 77,592.9 58,227.6 4,389.97 0.541 122.7932 1.293


2400 2126.9 78,507.2 58,935.8 4,597.72 0.522 123.1776 1.292


2425 2151.9 79,426.7 59,646.1 4,813.26 0.504 123.5585 1.292


2450 2176.9 80,349.7 60,363.0 5,037.23 0.486 123.9366 1.292


2475 2201.9 81,273.4 61,077.4 5,270.24 0.470 124.3125 1.291


2500 2226.9 82,192.5 61,790.4 5,509.22 0.454 124.6812 1.291


2525 2251.9 83,114.8 62,506.7 5,757.86 0.439 125.0482 1.291


2550 2276.9 84,041.1 63,223.6 6,015.53 0.424 125.4122 1.290


2575 2301.9 84,969.4 63,942.5 6,280.78 0.410 125.7709 1.290


2600 2326.9 85,886.2 64,650.1 6,557.81 0.396 126.1298 1.290


2625 2351.9 86,807.6 65,368.9 6,844.26 0.384 126.4852 1.289


2650 2376.9 87,741.2 66,093.0 7,139.73 0.371 126.8366 1.289


2675 2401.9 88,664.3 66,806.7 7,447.82 0.359 127.1878 1.289


2700 2426.9 89,596.2 67,529.3 7,761.68 0.348 127.5310 1.289


2725 2451.9 90,518.9 68,249.2 8,089.94 0.337 127.8753 1.288


2750 2476.9 91,450.9 68,965.3 8,423.94 0.326 128.2117 1.288


2775 2501.9 92,381.9 69,687.0 8,769.42 0.316 128.5458 1.288


2800 2526.9 93,311.9 70,414.3 9,131.02 0.307 128.8818 1.288


2825 2551.9 94,248.4 71,141.4 9,502.36 0.297 129.2132 1.287


2850 2576.9 95,182.0 71,865.7 9,888.05 0.288 129.5439 1.287


2875 2601.9 96,115.2 72,589.6 10,282.3 0.280 129.8690 1.287


2900 2626.9 97,050.2 73,321.8 10,686.3 0.271 130.1894 1.286


2925 2651.9 97,967.6 74,029.8 11,103.6 0.263 130.5078 1.286


2950 2676.9 98,908.9 74,761.9 11,543.9 0.256 130.8311 1.286


2975 2701.9 99,845.8 75,489.4 11,986.1 0.248 131.1437 1.286
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Temperature h u Pr Vr so Gamma


K C kg/kgmol kJ/kgmol kJ/kgmol/K


3000 2726.9 100,781.8 76,216.1 12,444.3 0.241 131.4555 1.285


3025 2751.9 101,706.6 76,944.6 12,933.0 0.234 131.7758 1.285


3050 2776.9 102,662.5 77,678.1 13,408.5 0.227 132.0760 1.285


3075 2801.9 103,596.5 78,402.8 13,907.1 0.221 132.3795 1.285


3100 2826.9 104,539.8 79,149.9 14,431.7 0.215 132.6873 1.284


3125 2851.9 105,465.8 79,866.5 14,965.8 0.209 132.9895 1.284


3150 2876.9 106,407.4 80,611.9 15,519.7 0.203 133.2916 1.284


3175 2901.9 107,353.1 81,348.2 16,072.2 0.198 133.5824 1.284


3200 2926.9 108,280.3 82,053.1 16,655.2 0.192 133.8786 1.284


3225 2951.9 109,232.0 82,808.5 17,257.4 0.187 134.1739 1.283


3250 2976.9 110,178.3 83,545.5 17,879.8 0.182 134.4685 1.283


3275 3001.9 111,123.2 84,267.9 18,497.0 0.177 134.7506 1.283


3300 3026.9 112,069.4 85,004.8 19,152.7 0.172 135.0402 1.283


3325 3051.9 113,008.3 85,747.5 19,806.8 0.168 135.3194 1.283


3350 3076.9 113,938.4 86,468.3 20,500.1 0.163 135.6055 1.283


3375 3101.9 114,883.0 87,203.5 21,213.6 0.159 135.8899 1.282


3400 3126.9 115,838.3 87,949.5 21,938.6 0.155 136.1693 1.283


A.13.2 AIR PROPERTIES (IMPERIAL UNITS)


Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


100 �359.7 690.0 491.3 0.004 26,215.8 5.7059 1.402


140 �319.7 968.4 692.7 0.012 11,288.7 8.0473 1.399


180 �279.7 1,246.6 892.9 0.030 6,018.51 9.7953 1.400


220 �239.7 1,524.1 1,091.9 0.060 3,648.55 11.1878 1.401


260 �199.7 1,801.4 1,290.4 0.108 2,406.77 12.3457 1.402


300 �159.7 2,078.6 1,488.6 0.178 1,685.34 13.3375 1.402
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


340 �119.7 2,355.9 1,686.8 0.276 1,233.92 14.2051 1.401


380 �79.7 2,633.3 1,885.1 0.406 935.173 14.9765 1.401


420 �39.7 2,910.8 2,083.4 0.576 728.608 15.6709 1.401


460 0.3 3,188.5 2,281.8 0.792 580.625 16.3024 1.401


500 40.3 3,466.4 2,480.4 1.061 471.455 16.8816 1.400


540 80.3 3,744.5 2,679.2 1.388 388.917 17.4166 1.400


580 120.3 4,022.8 2,878.2 1.784 325.178 17.9140 1.399


620 160.3 4,301.6 3,077.7 2.254 275.068 18.3788 1.398


660 200.3 4,580.9 3,277.6 2.808 235.036 18.8153 1.397


700 240.3 4,860.7 3,478.1 3.455 202.608 19.2269 1.396


740 280.3 5,141.3 3,679.3 4.204 176.016 19.6167 1.394


780 320.3 5,422.6 3,881.3 5.066 153.972 19.9869 1.393


820 360.3 5,704.9 4,084.2 6.051 135.513 20.3398 1.391


860 400.3 5,988.1 4,288.0 7.171 119.925 20.6771 1.389


900 440.3 6,272.5 4,493.0 8.438 106.655 21.0003 1.387


940 480.3 6,558.0 4,699.1 9.866 95.277 21.3106 1.384


980 520.3 6,844.7 4,906.4 11.468 85.459 21.6094 1.382


1020 560.3 7,132.7 5,115.0 13.257 76.939 21.8974 1.380


1060 600.3 7,422.1 5,325.0 15.252 69.500 22.1757 1.377


1100 640.3 7,712.8 5,536.3 17.466 62.978 22.4449 1.375


1140 680.3 8,004.9 5,749.1 19.918 57.234 22.7058 1.372


1180 720.3 8,298.6 5,963.3 22.626 52.152 22.9589 1.370


1220 760.3 8,593.7 6,178.9 25.609 47.640 23.2048 1.367


1260 800.3 8,890.2 6,396.0 28.886 43.620 23.4439 1.365


1300 840.3 9,188.2 6,614.7 32.479 40.025 23.6768 1.362


1340 880.3 9,487.6 6,834.7 36.411 36.802 23.9037 1.360


1380 920.3 9,788.6 7,056.3 40.703 33.904 24.1250 1.357


1420 960.3 10,091.0 7,279.2 45.382 31.290 24.3410 1.355


1460 1000.3 10,394.8 7,503.7 50.467 28.930 24.5520 1.353


1500 1040.3 10,700.1 7,729.5 55.993 26.789 24.7583 1.351
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1540 1080.3 11,006.8 7,956.8 61.980 24.847 24.9600 1.349


1580 1120.3 11,314.8 8,185.4 68.460 23.079 25.1575 1.346


1620 1160.3 11,624.2 8,415.3 75.463 21.468 25.3509 1.344


1660 1200.3 11,934.8 8,646.5 83.016 19.996 25.5403 1.343


1700 1240.3 12,246.8 8,879.1 91.154 18.650 25.7260 1.341


1740 1280.3 12,560.0 9,112.8 99.909 17.416 25.9082 1.339


1780 1320.3 12,874.3 9,347.9 109.313 16.283 26.0868 1.337


1820 1360.3 13,190.1 9,584.1 119.404 15.242 26.2621 1.336


1860 1400.3 13,506.8 9,821.5 130.218 14.284 26.4343 1.334


1900 1440.3 13,824.8 10,059.9 141.791 13.400 26.6034 1.332


1940 1480.3 14,143.7 10,299.3 154.172 12.583 26.7696 1.331


1980 1520.3 14,463.8 10,540.2 167.374 11.830 26.9328 1.329


2020 1560.3 14,784.7 10,781.6 181.464 11.132 27.0933 1.328


2060 1600.3 15,106.9 11,024.3 196.483 10.484 27.2512 1.327


2100 1640.3 15,429.8 11,267.8 212.465 9.884 27.4065 1.325


2140 1680.3 15,753.9 11,512.5 229.464 9.326 27.5594 1.324


2180 1720.3 16,078.8 11,757.9 247.495 8.808 27.7096 1.323


2220 1760.3 16,404.3 12,004.1 266.670 8.325 27.8578 1.322


2260 1800.3 16,731.0 12,251.4 286.998 7.875 28.0036 1.321


2300 1840.3 17,058.3 12,499.3 308.512 7.455 28.1472 1.320


2340 1880.3 17,386.4 12,748.0 331.296 7.063 28.2887 1.319


2380 1920.3 17,715.5 12,997.7 355.367 6.697 28.4280 1.318


2420 1960.3 18,045.4 13,247.9 380.859 6.354 28.5655 1.317


2460 2000.3 18,375.8 13,498.9 407.717 6.034 28.7009 1.316


2500 2040.3 18,706.8 13,750.4 436.076 5.733 28.8344 1.315


2540 2080.3 19,038.8 14,003.3 465.990 5.451 28.9661 1.314


2580 2120.3 19,371.5 14,256.2 497.469 5.186 29.0960 1.313


2620 2160.3 19,704.9 14,510.2 530.594 4.938 29.2240 1.313


2660 2200.3 20,038.5 14,764.7 565.557 4.703 29.3507 1.312


2700 2240.3 20,372.8 15,019.5 602.250 4.483 29.4755 1.311
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2740 2280.3 20,708.4 15,275.7 640.811 4.276 29.5988 1.310


2780 2320.3 21,044.0 15,531.8 681.229 4.081 29.7202 1.310


2820 2360.3 21,380.2 15,788.6 723.753 3.896 29.8405 1.309


2860 2400.3 21,716.9 16,045.9 768.283 3.723 29.9591 1.308


2900 2440.3 22,054.3 16,303.8 814.954 3.558 30.0762 1.308


2940 2480.3 22,392.2 16,562.5 863.846 3.403 30.1919 1.307


2980 2520.3 22,730.5 16,821.4 915.164 3.256 30.3065 1.306


3020 2560.3 23,069.5 17,080.2 968.642 3.118 30.4192 1.306


3060 2600.3 23,409.4 17,340.7 1,024.76 2.986 30.5311 1.305


3100 2640.3 23,749.1 17,601.7 1,083.25 2.862 30.6413 1.305


3140 2680.3 24,090.0 17,863.1 1,144.37 2.744 30.7503 1.304


3180 2720.3 24,430.2 18,123.9 1,208.42 2.632 30.8585 1.303


3220 2760.3 24,772.7 18,386.8 1,275.04 2.525 30.9650 1.303


3260 2800.3 25,113.9 18,647.9 1,344.65 2.424 31.0706 1.302


3300 2840.3 25,456.2 18,911.5 1,417.230 2.328 31.1750 1.302


3340 2880.3 25,799.0 19,174.8 1,492.974 2.237 31.2784 1.301


3380 2920.3 26,141.9 19,438.3 1,571.546 2.151 31.3802 1.301


3420 2960.3 26,485.7 19,702.6 1,653.649 2.068 31.4814 1.300


3460 3000.3 26,829.7 19,967.2 1,739.133 1.989 31.5814 1.300


3500 3040.3 27,175.2 20,233.2 1,828.024 1.915 31.6804 1.300


3540 3080.3 27,519.7 20,498.2 1,920.853 1.843 31.7788 1.299


3580 3120.3 27,863.3 20,762.4 2,016.791 1.775 31.8756 1.299


3620 3160.3 28,210.6 21,030.3 2,116.627 1.710 31.9715 1.298


3660 3200.3 28,555.4 21,295.6 2,220.483 1.648 32.0667 1.298


3700 3240.3 28,902.8 21,563.5 2,327.995 1.589 32.1606 1.297


3740 3280.3 29,248.9 21,830.9 2,439.306 1.533 32.2533 1.297


3780 3320.3 29,597.1 22,098.9 2,555.792 1.479 32.3459 1.297


3820 3360.3 29,943.8 22,366.9 2,675.917 1.428 32.4371 1.296


3860 3400.3 30,290.4 22,633.4 2,801.559 1.378 32.5283 1.296


3900 3440.3 30,640.2 22,904.4 2,930.566 1.331 32.6177 1.295
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


3940 3480.3 30,986.3 23,170.4 3,064.678 1.286 32.7065 1.295


3980 3520.3 31,337.5 23,442.8 3,203.413 1.242 32.7944 1.295


4020 3560.3 31,685.2 23,710.3 3,347.464 1.201 32.8818 1.295


4060 3600.3 32,034.6 23,981.0 3,496.259 1.161 32.9682 1.294


4100 3640.3 32,384.9 24,251.2 3,650.195 1.123 33.0537 1.294


4140 3680.3 32,735.3 24,521.4 3,809.811 1.087 33.1387 1.294


4180 3720.3 33,082.6 24,791.3 3,975.642 1.051 33.2233 1.293


4220 3760.3 33,434.7 25,063.3 4,144.901 1.018 33.3061 1.293


4260 3800.3 33,783.8 25,333.7 4,322.743 0.985 33.3895 1.293


4300 3840.3 34,136.5 25,606.2 4,503.871 0.955 33.4711 1.292


4340 3880.3 34,488.3 25,877.8 4,692.876 0.925 33.5527 1.292


4380 3920.3 34,839.6 26,150.3 4,886.152 0.896 33.6328 1.292


4420 3960.3 35,191.0 26,421.6 5,089.733 0.868 33.7139 1.291


4460 4000.3 35,543.2 26,695.1 5,296.056 0.842 33.7928 1.291


4500 4040.3 35,895.4 26,968.5 5,509.218 0.817 33.8712 1.291


4540 4080.3 36,248.5 27,241.5 5,729.551 0.792 33.9491 1.291


4580 4120.3 36,602.1 27,513.4 5,957.094 0.769 34.0264 1.290


4620 4160.3 36,952.2 27,787.6 6,193.744 0.746 34.1038 1.290


4660 4200.3 37,307.9 28,061.8 6,433.935 0.724 34.1793 1.290


4700 4240.3 37,662.5 28,337.6 6,686.213 0.703 34.2557 1.290


4740 4280.3 38,016.2 28,612.6 6,939.447 0.683 34.3295 1.289


4780 4320.3 38,370.7 28,885.5 7,206.479 0.663 34.4045 1.289


4820 4360.3 38,721.3 29,157.4 7,476.027 0.645 34.4774 1.289


4860 4400.3 39,078.7 29,436.0 7,761.679 0.626 34.5519 1.289


4900 4440.3 39,433.7 29,712.2 8,050.20 0.609 34.6244 1.288


4940 4480.3 39,787.4 29,987.2 8,348.87 0.592 34.6967 1.288


4980 4520.3 40,143.3 30,264.4 8,651.44 0.576 34.7674 1.288


5020 4560.3 40,499.7 30,539.2 8,967.89 0.560 34.8387 1.288


5060 4600.3 40,853.1 30,813.9 9,294.72 0.544 34.9098 1.287


5100 4640.3 41,209.2 31,091.2 9,628.23 0.530 34.9798 1.287


(Continued)


APPENDIX A 593







Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


5140 4680.3 41,569.5 31,369.9 9,975.90 0.515 35.0503 1.287


5180 4720.3 41,920.0 31,641.7 10,326.3 0.502 35.1188 1.287


5220 4760.3 42,283.6 31,926.5 10,686.3 0.488 35.1869 1.286


5260 4800.3 42,634.6 32,198.8 11,058.6 0.476 35.2549 1.286


5300 4840.3 42,998.2 32,480.8 11,436.7 0.463 35.3216 1.286


5340 4880.3 43,352.6 32,753.6 11,837.8 0.451 35.3901 1.286


5380 4920.3 43,707.3 33,029.6 12,237.7 0.440 35.4561 1.285


5420 4960.3 44,063.5 33,307.1 12,652.2 0.428 35.5222 1.285


5460 5000.3 44,425.7 33,590.6 13,080.4 0.417 35.5883 1.285


5500 5040.3 44,778.9 33,864.9 13,523.8 0.407 35.6545 1.285


5540 5080.3 45,140.7 34,148.0 13,970.3 0.397 35.7190 1.285


5580 5120.3 45,503.7 34,432.3 14,431.7 0.387 35.7835 1.284


5620 5160.3 45,860.1 34,704.3 14,902.8 0.377 35.8473 1.284


5660 5200.3 46,219.4 34,984.8 15,386.9 0.368 35.9108 1.284


5700 5240.3 46,574.9 35,261.6 15,895.4 0.359 35.9754 1.284


5740 5280.3 46,937.0 35,550.6 16,402.2 0.350 36.0377 1.284


5780 5320.3 47,297.3 35,826.5 16,926.3 0.341 36.1002 1.283


5820 5360.3 47,652.4 36,102.9 17,458.6 0.333 36.1617 1.283


5860 5400.3 48,016.0 36,387.7 18,015.0 0.325 36.2240 1.283


5900 5440.3 48,376.2 36,669.2 18,567.9 0.318 36.2840 1.283


5940 5480.3 48,741.1 36,949.6 19,152.7 0.310 36.3456 1.283


5980 5520.3 49,098.1 37,233.5 19,748.3 0.303 36.4064 1.283


6020 5560.3 49,454.6 37,511.3 20,352.3 0.296 36.4662 1.282


6060 5600.3 49,816.3 37,794.3 20,969.2 0.289 36.5255 1.283


6100 5640.3 50,180.0 38,073.6 21,615.6 0.282 36.5858 1.282


6140 5680.3 50,540.0 38,354.8 22,238.5 0.276 36.6422 1.282


6180 5720.3 50,901.3 38,637.4 22,929.3 0.270 36.7030 1.282
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A.13.3 H2O PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


200 �73.1 5,510.1 4,124.4 0.290 1259.160 169.2769 1.332


225 �48.1 6,344.3 4,757.4 0.460 490.529 173.2069 1.332


250 �23.1 7,179.1 5,389.8 0.700 356.982 176.7249 1.331


275 1.9 8,015.2 6,022.5 1.030 267.626 179.9124 1.330


300 26.9 8,853.5 6,656.6 1.460 205.544 182.8300 1.329


325 51.9 9,694.8 7,293.2 2.020 161.051 185.5235 1.327


350 76.9 10,539.8 7,933.1 2.730 128.322 188.0283 1.325


375 101.9 11,389.1 8,576.9 3.620 103.711 190.3722 1.323


400 126.9 12,243.3 9,225.3 4.710 84.853 192.5772 1.320


425 151.9 13,102.8 9,878.8 6.060 70.166 194.6613 1.318


450 176.9 13,967.9 10,537.7 7.680 58.563 196.6392 1.315


475 201.9 14,838.9 11,202.3 9.640 49.284 198.5230 1.312


500 226.9 15,716.2 11,873.1 11.970 41.779 200.3229 1.309


525 251.9 16,600.0 12,550.2 14.730 35.649 202.0476 1.306


550 276.9 17,490.4 13,233.8 17.970 30.599 203.7044 1.303


575 301.9 18,387.7 13,924.2 21.780 26.404 205.2997 1.300


600 326.9 19,291.9 14,621.5 26.210 22.895 206.8390 1.297


625 351.9 20,203.2 15,325.8 31.340 19.941 208.3270 1.294


650 376.9 21,121.8 16,037.4 37.280 17.438 209.7682 1.291


675 401.9 22,047.9 16,756.2 44.100 15.306 211.1660 1.288


700 426.9 22,981.3 17,482.5 51.930 13.481 212.5239 1.285


725 451.9 23,922.3 18,216.3 60.870 11.911 213.8447 1.282


750 476.9 24,870.9 18,957.7 71.050 10.556 215.1311 1.279


775 501.9 25,827.4 19,706.8 82.620 9.380 216.3855 1.276


800 526.8 26,791.6 20,463.6 95.730 8.357 217.6099 1.273


825 551.8 27,763.5 21,228.2 110.550 7.463 218.8063 1.271


850 576.8 28,743.5 22,000.8 127.260 6.679 219.9765 1.268


875 601.8 29,731.3 22,781.2 146.060 5.991 221.1218 1.265


900 626.8 30,727.1 23,569.5 167.160 5.384 222.2440 1.262


925 651.8 31,731.0 24,365.9 190.810 4.848 223.3439 1.260
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


950 676.8 32,742.7 25,170.1 217.260 4.373 224.4232 1.257


975 701.8 33,762.4 25,982.4 246.790 3.951 225.4828 1.255


1000 726.8 34,790.1 26,802.5 279.710 3.575 226.5235 1.252


1025 751.8 35,825.8 27,630.7 316.320 3.240 227.5464 1.250


1050 776.8 36,869.4 28,466.6 357.010 2.941 228.5522 1.248


1075 801.8 37,920.9 29,310.7 402.140 2.673 229.5419 1.245


1100 826.8 38,980.1 30,162.4 452.140 2.433 230.5162 1.243


1125 851.8 40,047.3 31,022.0 507.430 2.217 231.4753 1.241


1150 876.8 41,122.3 31,889.3 568.520 2.023 232.4204 1.239


1175 901.8 42,204.8 32,764.1 635.900 1.848 233.3515 1.237


1200 926.8 43,294.8 33,646.7 710.130 1.690 234.2695 1.235


1225 951.8 44,392.7 34,536.8 791.850 1.547 235.1750 1.233


1250 976.8 45,497.7 35,434.4 881.630 1.418 236.0679 1.231


1275 1002 46,610.2 36,338.9 980.230 1.301 236.9493 1.229


1300 1027 47,729.9 37,251.2 1,088.310 1.195 237.8188 1.227


1325 1052 48,856.9 38,170.4 1,206.690 1.098 238.6773 1.225


1350 1077 49,991.0 39,096.9 1,336.320 1.010 239.5256 1.224


1375 1102 51,131.9 40,030.1 1,477.870 0.930 240.3626 1.222


1400 1127 52,279.6 40,969.9 1,632.520 0.858 241.1900 1.220


1425 1152 53,434.1 41,916.8 1,801.100 0.791 242.0070 1.219


1450 1177 54,595.2 42,870.1 1,984.990 0.730 242.8153 1.217


1475 1202 55,762.9 43,830.1 2,185.000 0.675 243.6134 1.216


1500 1227 56,936.6 44,796.6 2,402.600 0.624 244.4027 1.214


1525 1252 58,116.8 45,768.6 2,638.960 0.578 245.1828 1.213


1550 1277 59,302.9 46,747.5 2,895.720 0.535 245.9547 1.212


1575 1302 60,495.3 47,732.2 3,174.180 0.496 246.7180 1.210


1600 1327 61,693.9 48,722.7 3,475.590 0.460 247.4722 1.209


1625 1352 62,898.1 49,719.2 3,802.260 0.427 248.2190 1.208


1650 1377 64,107.6 50,721.0 4,155.830 0.397 248.9582 1.207


1675 1402 65,323.3 51,729.0 4,537.600 0.369 249.6889 1.206


1700 1427 66,543.8 52,741.4 4,950.400 0.343 250.4128 1.205
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1725 1452 67,769.7 53,760.0 5,395.200 0.320 251.1281 1.204


1750 1477 69,000.6 54,783.2 5,875.270 0.298 251.8368 1.203


1775 1502 70,237.3 55,811.5 6,392.490 0.278 252.5382 1.202


1800 1527 71,478.6 56,845.0 6,949.430 0.259 253.2327 1.201


1825 1552 72,724.0 57,883.6 7,548.220 0.242 253.9198 1.200


1850 1577 73,975.0 58,926.9 8,192.660 0.226 254.6010 1.199


1875 1602 75,230.7 59,974.9 8,884.150 0.211 255.2746 1.198


1900 1627 76,490.6 61,026.3 9,627.270 0.197 255.9425 1.197


1925 1652 77,754.6 62,083.5 10,424.460 0.185 256.6039 1.196


1950 1677 79,024.1 63,144.5 11,278.480 0.173 257.2585 1.195


1975 1702 80,296.8 64,209.4 12,194.130 0.162 257.9074 1.195


2000 1727 81,574.7 65,279.6 13,173.870 0.152 258.5499 1.194


2025 1752 82,855.8 66,353.0 14,222.670 0.142 259.1868 1.193


2050 1777 84,140.9 67,430.4 15,346.000 0.134 259.8188 1.193


2075 1802 85,430.3 68,512.2 16,540.930 0.125 260.4421 1.192


2100 1827 86,723.8 69,598.0 17,823.400 0.118 261.0630 1.191


2125 1852 88,019.4 70,685.9 19,185.650 0.111 261.6753 1.191


2150 1877 89,320.2 71,778.9 20,643.450 0.104 262.2841 1.190


2175 1902 90,626.4 72,875.9 22,198.160 0.098 262.8878 1.189


2200 1927 91,933.1 73,976.5 23,853.41 0.092 263.4857 1.189


2225 1952 93,244.3 75,078.4 25,619.01 0.087 264.0793 1.188


2250 1977 94,559.1 76,185.5 27,490.67 0.082 264.6656 1.188


2275 2002 95,876.4 77,295.1 29,486.28 0.077 265.2482 1.187


2300 2027 97,196.6 78,407.7 31,609.24 0.073 265.8262 1.186


2325 2052 98,522.0 79,526.9 33,860.18 0.069 266.3981 1.186


2350 2077 99,849.5 80,646.8 36,256.23 0.065 266.9665 1.185


2375 2102 101,181.8 81,769.7 38,795.49 0.061 267.5293 1.185


2400 2127 102,514.1 82,894.4 41,493.24 0.058 268.0882 1.184


2425 2152 103,850.5 84,023.1 44,350.89 0.055 268.6419 1.184


2450 2177 105,189.8 85,154.6 47,387.27 0.052 269.1924 1.183


2475 2202 106,531.3 86,288.5 50,591.75 0.049 269.7364 1.183
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


2500 2227 107,878.4 87,427.9 53,995.10 0.046 270.2777 1.183


2525 2252 109,226.4 88,568.2 57,590.81 0.044 270.8137 1.182


2550 2277 110,576.9 89,711.0 61,398.02 0.042 271.3459 1.182


2575 2302 111,929.5 90,855.9 65,430.73 0.039 271.8747 1.181


2600 2327 113,285.2 92,005.5 69,692.74 0.037 272.3994 1.181


2625 2352 114,646.5 93,157.5 74,183.61 0.035 272.9185 1.180


2650 2377 116,004.6 94,309.6 78,938.94 0.034 273.4351 1.180


2675 2402 117,370.5 95,466.2 83,955.33 0.032 273.9473 1.180


2700 2427 118,734.1 96,623.8 89,240.35 0.030 274.4548 1.179


2725 2452 120,104.6 97,784.9 94,835.10 0.029 274.9603 1.179


2750 2477 121,475.6 98,946.5 100,725.1 0.027 275.4613 1.178


2775 2502 122,851.6 100,113.2 106,929.9 0.026 275.9583 1.178


2800 2527 124,226.5 101,282.1 113,469.0 0.025 276.4517 1.178


2825 2552 125,603.7 102,449.9 120,392.1 0.023 276.9441 1.177


2850 2577 126,984.2 103,624.4 127,621.4 0.022 277.4289 1.177


2875 2602 128,364.0 104,798.1 135,249.5 0.021 277.9115 1.177


2900 2627 129,749.0 105,973.8 143,271.5 0.020 278.3906 1.176


2925 2652 131,137.9 107,153.4 151,752.6 0.019 278.8687 1.176


2950 2677 132,529.4 108,338.8 160,597.6 0.018 279.3397 1.176


2975 2702 133,916.9 109,520.3 169,925.2 0.018 279.8090 1.176


3000 2727 135,309.9 110,704.0 179,739.8 0.017 280.2758 1.175


3025 2752 136,707.7 111,892.5 190,023.6 0.016 280.7384 1.175


3050 2777 138,101.4 113,080.1 200,807.2 0.015 281.1973 1.175


3075 2802 139,504.2 114,270.3 212,141.3 0.014 281.6538 1.174


3100 2827 140,902.4 115,465.7 224,116.0 0.014 282.1103 1.174


3125 2852 142,306.1 116,666.6 236,620.6 0.013 282.5617 1.174


3150 2877 143,714.6 117,859.2 249,705.6 0.013 283.0092 1.173


3175 2902 145,122.6 119,057.9 263,395.2 0.012 283.4529 1.173


3200 2927 146,534.1 120,260.1 277,801.660 0.012 283.8956 1.173


APPENDIX A598







A.13.4 H2O PROPERTIES (IMPERIAL UNITS)


Temperature H u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


300 �159.7 2,369.1 1,773.3 0.138 2180.3 40.4340 1.332


340 �119.7 2,687.7 2,016.1 0.227 1495.8 41.4308 1.332


380 �79.7 3,006.4 2,258.2 0.355 1069.9 42.3172 1.332


420 �39.7 3,325.3 2,500.0 0.531 791.26 43.1150 1.332


460 0.3 3,644.4 2,741.7 0.765 601.31 43.8408 1.331


500 40.3 3,964.1 2,983.5 1.070 467.29 44.5071 1.330


540 80.3 4,284.5 3,226.0 1.460 369.98 45.1236 1.329


580 120.3 4,606.0 3,469.2 1.949 297.60 45.6979 1.327


620 160.3 4,928.7 3,713.5 2.555 242.62 46.2359 1.326


660 200.3 5,252.8 3,959.1 3.298 200.12 46.7425 1.324


700 240.3 5,578.5 4,206.2 4.198 166.75 47.2216 1.321


740 280.3 5,905.9 4,455.0 5.279 140.19 47.6765 1.319


780 320.3 6,235.2 4,705.5 6.566 118.80 48.1098 1.317


820 360.3 6,566.5 4,957.9 8.088 101.38 48.5240 1.314


860 400.3 6,899.8 5,212.3 9.877 87.07 48.9208 1.312


900 440.3 7,235.2 5,468.8 11.968 75.20 49.3020 1.309


940 480.3 7,572.8 5,727.4 14.397 65.29 49.6690 1.306


980 520.3 7,912.7 5,988.3 17.207 56.95 50.0231 1.304


1020 560.3 8,254.8 6,251.4 20.444 49.89 50.3653 1.301


1060 600.3 8,599.4 6,516.8 24.155 43.88 50.6966 1.298


1100 640.3 8,946.3 6,784.7 28.397 38.74 51.0179 1.296


1140 680.3 9,295.7 7,054.9 33.228 34.31 51.3299 1.293


1180 720.3 9,647.5 7,327.6 38.712 30.48 51.6332 1.290


1220 760.3 10,001.9 7,602.8 44.919 27.16 51.9285 1.288


1260 800.3 10,358.8 7,880.6 51.925 24.27 52.2164 1.285


1300 840.3 10,718.3 8,160.8 59.814 21.73 52.4972 1.282


1340 880.3 11,080.3 8,443.7 68.674 19.51 52.7716 1.280


1380 920.3 11,445.0 8,729.1 78.604 17.56 53.0397 1.277
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Temperature H u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1420 960.3 11,812.3 9,017.2 89.707 15.83 53.3021 1.275


1460 1000.3 12,182.4 9,308.0 102.10 14.30 53.5591 1.272


1500 1040.3 12,555.0 9,601.4 115.90 12.94 53.8109 1.270


1540 1080.3 12,930.4 9,897.5 131.25 11.73 54.0578 1.267


1580 1120.3 13,308.4 10,196.2 148.29 10.66 54.3002 1.265


1620 1160.3 13,689.1 10,497.7 167.16 9.69 54.5382 1.262


1660 1200.3 14,072.6 10,801.9 188.05 8.83 54.7719 1.260


1700 1240.3 14,458.7 11,108.7 211.13 8.05 55.0019 1.258


1740 1280.3 14,847.6 11,418.3 236.59 7.35 55.2280 1.256


1780 1320.3 15,239.2 11,730.6 264.64 6.73 55.4504 1.253


1820 1360.3 15,633.5 12,045.6 295.50 6.16 55.6695 1.251


1860 1400.3 16,030.5 12,363.2 329.42 5.65 55.8852 1.249


1900 1440.3 16,430.2 12,683.6 366.64 5.182 56.0979 1.247


1940 1480.3 16,832.6 13,006.6 407.45 4.761 56.3074 1.245


1980 1520.3 17,237.5 13,332.3 452.14 4.379 56.5141 1.243


2020 1560.3 17,645.2 13,660.6 501.01 4.032 56.7179 1.241


2060 1600.3 18,055.5 13,991.6 554.41 3.716 56.9190 1.239


2100 1640.3 18,468.5 14,325.1 612.69 3.428 57.1175 1.237


2140 1680.3 18,883.9 14,661.4 676.25 3.165 57.3135 1.235


2180 1720.3 19,302.0 15,000.1 745.49 2.924 57.5071 1.234


2220 1760.3 19,722.6 15,341.4 820.84 2.705 57.6983 1.232


2260 1800.3 20,145.8 15,685.2 902.78 2.503 57.8873 1.230


2300 1840.3 20,571.4 16,031.4 991.74 2.319 58.0739 1.229


2340 1880.3 20,999.5 16,380.1 1,088.31 2.150 58.2584 1.227


2380 1920.3 21,430.1 16,731.3 1,193.04 1.995 58.4409 1.225


2420 1960.3 21,863.0 17,084.8 1,306.48 1.852 58.6213 1.224


2460 2000.3 22,298.3 17,440.8 1,429.28 1.721 58.7997 1.222


2500 2040.3 22,735.9 17,799.0 1,562.15 1.600 58.9762 1.221


2540 2080.3 23,175.9 18,159.7 1,705.67 1.489 59.1507 1.220


2580 2120.3 23,618.1 18,522.4 1,860.70 1.387 59.3235 1.218
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Temperature H u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2620 2160.3 24,062.5 18,887.5 2,027.89 1.292 59.4944 1.217


2660 2200.3 24,509.1 19,254.7 2,208.25 1.205 59.6636 1.216


2700 2240.3 24,958.0 19,624.3 2,402.60 1.124 59.8311 1.214


2740 2280.3 25,408.8 19,995.7 2,611.83 1.049 59.9969 1.213


2780 2320.3 25,861.9 20,369.3 2,836.81 0.980 60.1610 1.212


2820 2360.3 26,316.9 20,745.1 3,078.89 0.916 60.3236 1.211


2860 2400.3 26,774.0 21,122.7 3,338.68 0.857 60.4844 1.210


2900 2440.3 27,233.1 21,502.4 3,617.71 0.802 60.6438 1.209


2940 2480.3 27,694.1 21,884.1 3,917.13 0.751 60.8017 1.208


2980 2520.3 28,157.1 22,267.6 4,238.07 0.703 60.9581 1.207


3020 2560.3 28,621.8 22,652.9 4,581.75 0.659 61.1130 1.206


3060 2600.3 29,088.6 23,040.2 4,950.40 0.618 61.2666 1.205


3100 2640.3 29,556.9 23,429.2 5,344.50 0.580 61.4188 1.204


3140 2680.3 30,027.3 23,820.2 5,765.36 0.545 61.5693 1.203


3180 2720.3 30,498.9 24,212.7 6,216.06 0.512 61.7188 1.202


3220 2760.3 30,972.8 24,607.1 6,696.83 0.481 61.8667 1.201


3260 2800.3 31,447.9 25,002.8 7,210.55 0.452 62.0135 1.200


3300 2840.3 31,925.1 25,400.5 7,758.22 0.425 62.1589 1.199


3340 2880.3 32,403.6 25,799.5 8,342.94 0.400 62.3031 1.199


3380 2920.3 32,883.8 26,200.3 8,964.83 0.377 62.4459 1.198


3420 2960.3 33,365.2 26,602.3 9,627.27 0.355 62.5875 1.197


3460 3000.3 33,848.5 27,006.1 10,332.8 0.335 62.7279 1.196


3500 3040.3 34,333.3 27,411.5 11,083.4 0.316 62.8672 1.196


3540 3080.3 34,819.3 27,818.0 11,881.8 0.298 63.0053 1.195


3580 3120.3 35,307.1 28,226.7 12,730.8 0.281 63.1424 1.194


3620 3160.3 35,795.5 28,635.7 13,632.1 0.266 63.2782 1.194


3660 3200.3 36,286.0 29,046.7 14,587.9 0.251 63.4128 1.193


3700 3240.3 36,777.7 29,459.3 15,603.8 0.237 63.5465 1.192


3740 3280.3 37,270.8 29,872.9 16,681.3 0.224 63.6791 1.192


3780 3320.3 37,765.0 30,287.7 17,823.4 0.212 63.8106 1.191
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Temperature H u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


3820 3360.3 38,260.4 30,703.7 19,031.2 0.201 63.9408 1.191


3860 3400.3 38,757.5 31,121.3 20,314.7 0.190 64.0704 1.190


3900 3440.3 39,256.3 31,540.6 21,672.0 0.180 64.1988 1.189


3940 3480.3 39,754.2 31,959.8 23,104.2 0.171 64.3259 1.189


3980 3520.3 40,254.5 32,380.6 24,626.0 0.162 64.4526 1.188


4020 3560.3 40,756.8 32,802.8 26,228.5 0.153 64.5778 1.188


4060 3600.3 41,259.2 33,225.7 27,925.1 0.145 64.7022 1.187


4100 3640.3 41,763.0 33,650.8 29,712.9 0.138 64.8255 1.187


4140 3680.3 42,267.9 34,075.5 31,609.3 0.131 64.9483 1.186


4180 3720.3 42,774.2 34,502.4 33,603.3 0.124 65.0698 1.186


4220 3760.3 43,281.6 34,930.3 35,710.0 0.118 65.1906 1.185


4260 3800.3 43,789.6 35,358.9 37,931.6 0.112 65.3104 1.185


4300 3840.3 44,299.2 35,789.0 40,277.3 0.107 65.4296 1.185


4340 3880.3 44,809.7 36,220.1 42,746.5 0.102 65.5477 1.184


4380 3920.3 45,320.6 36,652.2 45,340.8 0.097 65.6647 1.184


4420 3960.3 45,832.4 37,084.5 48,086.0 0.092 65.7815 1.183


4460 4000.3 46,346.1 37,518.8 50,963.2 0.088 65.8969 1.183


4500 4040.3 46,860.5 37,953.7 53,994.9 0.083 66.0116 1.183


4540 4080.3 47,375.0 38,388.8 57,190.8 0.079 66.1258 1.182


4580 4120.3 47,891.9 38,826.2 60,542.9 0.076 66.2389 1.182


4620 4160.3 48,409.0 39,263.8 64,063.8 0.072 66.3512 1.181


4660 4200.3 48,927.8 39,702.5 67,771.4 0.069 66.4629 1.181


4700 4240.3 49,445.7 40,141.6 71,653.6 0.066 66.5735 1.181


4740 4280.3 49,964.5 40,581.7 75,740.5 0.063 66.6837 1.180


4780 4320.3 50,485.9 41,023.0 80,033.8 0.060 66.7932 1.180


4820 4360.3 51,006.9 41,465.2 84,536.6 0.057 66.9019 1.180


4860 4400.3 51,527.9 41,907.5 89,240.3 0.054 67.0094 1.179


4900 4440.3 52,051.3 42,350.8 94,201.3 0.052 67.1168 1.179


4940 4480.3 52,575.6 42,794.9 99,387.8 0.050 67.2233 1.179


4980 4520.3 53,100.7 43,241.2 104,828 0.048 67.3291 1.178
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Temperature H u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


5020 4560.3 53,625.6 43,687.4 110,520 0.045 67.4341 1.178


5060 4600.3 54,151.9 44,133.5 116,483 0.043 67.5385 1.178


5100 4640.3 54,679.0 44,581.9 122,741 0.042 67.6424 1.177


5140 4680.3 55,207.7 45,030.4 129,266 0.040 67.7452 1.177


5180 4720.3 55,735.8 45,478.4 136,123 0.038 67.8479 1.177


5220 4760.3 56,263.8 45,927.6 143,271 0.036 67.9495 1.176


5260 4800.3 56,795.0 46,378.6 150,767 0.035 68.0508 1.176


5300 4840.3 57,325.7 46,830.5 158,623 0.033 68.1516 1.176


5340 4880.3 57,857.0 47,281.7 166,780 0.032 68.2512 1.176


5380 4920.3 58,388.1 47,734.1 175,311 0.031 68.3503 1.175


5420 4960.3 58,921.9 48,189.1 184,290 0.029 68.4495 1.175


5460 5000.3 59,454.2 48,641.3 193,579 0.028 68.5471 1.175


5500 5040.3 59,989.7 49,098.0 203,309 0.027 68.6445 1.175


5540 5080.3 60,523.7 49,551.9 213,526 0.026 68.7419 1.174


5580 5120.3 61,059.2 50,008.6 224,116 0.025 68.8380 1.174


5620 5160.3 61,597.8 50,465.0 235,132 0.024 68.9333 1.174


5660 5200.3 62,135.0 50,924.1 246,738 0.023 69.0290 1.173


5700 5240.3 62,670.5 51,380.8 258,763 0.022 69.1235 1.173


5740 5280.3 63,210.0 51,838.8 271,347 0.021 69.2178 1.173


5780 5320.3 63,746.5 52,299.4 284,416 0.020 69.3112 1.173


A.13.5 CO2 PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


200 �73.1 4,898.9 3,513.4 0.28 1292.15 194.0903 1.345


225 �48.1 5,723.6 4,168.1 0.44 506.17 197.9744 1.329


250 �23.1 6,579.3 4,847.3 0.69 364.53 201.5795 1.313
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


275 1.9 7,465.7 5,552.2 1.03 267.07 204.9580 1.300


300 26.9 8,382.0 6,283.1 1.51 198.55 208.1462 1.288


325 51.9 9,326.8 7,039.4 2.17 149.50 211.1705 1.277


350 76.9 10,298.7 7,820.2 3.07 113.86 214.0510 1.267


375 101.9 11,296.2 8,624.6 4.28 87.607 216.8035 1.259


400 126.9 12,318.0 9,451.5 5.88 68.045 219.4409 1.252


425 151.9 13,362.7 10,299.9 7.97 53.308 221.9741 1.245


450 176.9 14,429.0 11,168.8 10.69 42.099 224.4118 1.239


475 201.9 15,516.0 12,057.2 14.18 33.493 226.7625 1.234


500 226.9 16,622.5 12,964.2 18.63 26.832 229.0325 1.229


525 251.9 17,747.4 13,889.0 24.27 21.635 231.2279 1.224


550 276.9 18,890.0 14,830.6 31.34 17.551 233.3538 1.220


575 301.9 20,049.4 15,788.5 40.15 14.320 235.4150 1.217


600 326.9 21,224.9 16,762.0 51.08 11.746 237.4160 1.213


625 351.9 22,415.5 17,750.2 64.54 9.684 239.3600 1.210


650 376.9 23,620.8 18,752.7 81.02 8.023 241.2508 1.207


675 401.9 24,840.1 19,768.7 101.10 6.677 243.0914 1.204


700 426.9 26,072.5 20,797.6 125.43 5.581 244.8847 1.202


725 451.9 27,317.8 21,839.1 154.78 4.684 246.6325 1.199


750 476.9 28,575.4 22,892.7 190.02 3.947 248.3377 1.197


775 501.9 29,844.5 23,957.4 232.14 3.339 250.0022 1.195


800 526.8 31,124.9 25,033.3 282.27 2.834 251.6279 1.193


825 551.8 32,415.8 26,119.5 341.74 2.414 253.2172 1.191


850 576.8 33,717.0 27,215.8 411.95 2.063 254.7706 1.189


875 601.8 35,027.9 28,321.6 494.59 1.769 256.2906 1.188


900 626.8 36,348.2 29,436.6 591.50 1.522 257.7783 1.186


925 651.8 37,677.6 30,560.6 704.80 1.312 259.2352 1.185


950 676.8 39,015.2 31,692.8 836.76 1.135 260.6620 1.183


975 701.8 40,361.3 32,833.2 990.10 0.985 262.0610 1.182


1000 726.8 41,715.3 33,981.6 1,167.6 0.856 263.4322 1.181
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1025 751.8 43,076.4 35,137.1 1,372.6 0.747 264.7767 1.180


1050 776.8 44,445.2 36,299.4 1,608.6 0.653 266.0959 1.179


1075 801.8 45,820.7 37,468.8 1,879.7 0.572 267.3905 1.178


1100 826.8 47,202.7 38,644.7 2,190.0 0.502 268.6610 1.177


1125 851.8 48,591.4 39,827.4 2,544.8 0.442 269.9092 1.176


1150 876.8 49,985.1 41,015.0 2,949.0 0.390 271.1346 1.175


1175 901.8 51,385.5 42,209.0 3,408.9 0.345 272.3395 1.174


1200 926.8 52,791.4 43,408.4 3,930.4 0.305 273.5230 1.173


1225 951.8 54,201.5 44,612.9 4,521.0 0.271 274.6868 1.172


1250 976.8 55,618.1 45,822.6 5,188.2 0.241 275.8313 1.172


1275 1001.8 57,039.4 47,037.0 5,940.2 0.215 276.9566 1.171


1300 1026.8 58,464.9 48,255.7 6,786.6 0.192 278.0639 1.170


1325 1051.8 59,895.8 49,479.7 7,737.8 0.171 279.1545 1.170


1350 1076.8 61,329.7 50,707.6 8,803.1 0.153 280.2268 1.169


1375 1101.8 62,768.5 51,939.5 9,994.9 0.138 281.2824 1.169


1400 1126.8 64,211.8 53,175.9 11,326.2 0.124 282.3220 1.168


1425 1151.8 65,658.4 54,415.7 12,812.8 0.111 283.3473 1.168


1450 1176.8 67,108.3 55,658.6 14,466.2 0.100 284.3563 1.167


1475 1201.8 68,563.2 56,906.7 16,304.6 0.090 285.3509 1.167


1500 1226.8 70,020.9 58,157.6 18,344.6 0.082 286.3310 1.166


1525 1251.8 71,481.7 59,410.6 20,600.9 0.074 287.2954 1.166


1550 1276.8 72,945.4 60,668.3 23,101.9 0.067 288.2480 1.165


1575 1301.8 74,412.2 61,927.4 25,868.1 0.061 289.1882 1.165


1600 1326.8 75,883.0 63,192.1 28,916.1 0.055 290.1142 1.164


1625 1351.8 77,355.4 64,456.8 32,270.5 0.050 291.0267 1.164


1650 1376.8 78,831.3 65,726.7 35,969.4 0.046 291.9289 1.164


1675 1401.8 80,312.5 67,000.2 40,024.4 0.042 292.8169 1.163


1700 1426.8 81,791.3 68,272.9 44,496.2 0.038 293.6975 1.163


1725 1451.8 83,278.7 69,551.0 49,369.3 0.035 294.5615 1.163


1750 1476.8 84,762.2 70,828.5 54,730.5 0.032 295.4185 1.162


(Continued)


APPENDIX A 605







Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1775 1501.8 86,252.2 72,110.8 60,579.4 0.029 296.2627 1.162


1800 1526.8 87,742.6 73,395.1 66,965.8 0.027 297.0959 1.162


1825 1551.8 89,235.2 74,680.0 73,954.8 0.025 297.9212 1.162


1850 1576.8 90,731.9 75,972.3 81,574.9 0.023 298.7365 1.161


1875 1601.8 92,231.5 77,262.6 89,849.9 0.021 299.5398 1.161


1900 1626.8 93,730.0 78,555.0 98,864.0 0.019 300.3346 1.161


1925 1651.8 95,230.1 79,845.8 108,640.8 0.018 301.1186 1.160


1950 1676.8 96,736.7 81,146.4 119,300.4 0.016 301.8968 1.160


1975 1701.8 98,244.5 82,444.8 130,839.1 0.015 302.6643 1.160


2000 1726.8 99,751.9 83,746.2 143,305.3 0.014 303.4209 1.160


2025 1751.8 101,259.1 85,044.1 156,882.2 0.013 304.1735 1.160


2050 1776.8 102,767.9 86,346.8 171,483.8 0.012 304.9133 1.159


2075 1801.8 104,283.4 87,653.0 187,278.1 0.011 305.6458 1.159


2100 1826.8 105,797.3 88,960.8 204,390.5 0.010 306.3727 1.159


2125 1851.8 107,314.4 90,271.8 222,790.0 0.010 307.0894 1.159


2150 1876.8 108,833.1 91,581.2 242,630.1 0.009 307.7986 1.159


2175 1901.8 110,353.8 92,895.8 264,062.5 0.008 308.5023 1.158


2200 1926.8 111,871.4 94,204.1 287,095.1 0.008 309.1976 1.158


2225 1951.8 113,391.6 95,521.6 311,872.0 0.007 309.8858 1.158


2250 1976.8 114,915.7 96,836.3 338,455.4 0.007 310.5658 1.158


2275 2001.8 116,442.1 98,153.4 367,187.4 0.006 311.2432 1.158


2300 2026.8 117,966.3 99,471.5 397,703.9 0.006 311.9070 1.158


2325 2051.9 119,491.0 100,793.5 430,530.6 0.005 312.5663 1.157


2350 2076.9 121,023.1 102,109.7 465,834.2 0.005 313.2215 1.157


2375 2101.9 122,555.9 103,439.7 503,490.9 0.005 313.8678 1.157


2400 2126.9 124,083.5 104,758.0 544,061.8 0.004 314.5121 1.157


2425 2151.9 125,613.1 106,078.3 587,250.6 0.004 315.1472 1.157


2450 2176.9 127,156.1 107,418.5 633,421.1 0.004 315.7764 1.157


2475 2201.9 128,681.3 108,734.4 682,687.7 0.004 316.3991 1.157


2500 2226.9 130,225.1 110,068.8 735,216.5 0.003 317.0154 1.156
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


2525 2251.9 131,764.7 111,399.1 791,136.3 0.003 317.6248 1.156


2550 2276.9 133,298.1 112,723.1 851,306.1 0.003 318.2342 1.156


2575 2301.9 134,830.4 114,052.7 914,842.4 0.003 318.8326 1.156


2600 2326.9 136,372.1 115,385.0 982,925.9 0.003 319.4294 1.156


2625 2351.9 137,910.9 116,721.1 1,054,793.8 0.002 320.0161 1.156


2650 2376.9 139,455.6 118,056.4 1,132,149.1 0.002 320.6044 1.156


2675 2401.9 140,996.3 119,387.8 1,213,719.6 0.002 321.1828 1.156


2700 2426.9 142,542.7 120,731.5 1,299,797.3 0.002 321.7525 1.155


2725 2451.9 144,091.2 122,070.6 1,393,380.3 0.002 322.3305 1.155


2750 2476.9 145,633.1 123,403.2 1,491,186.5 0.002 322.8945 1.155


2775 2501.9 147,180.6 124,741.3 1,594,517.1 0.002 323.4515 1.155


2800 2526.9 148,735.4 126,086.8 1,705,346.0 0.002 324.0101 1.155


2825 2551.9 150,272.8 127,428.0 1,821,001.6 0.002 324.5557 1.155


2850 2576.9 151,831.0 128,776.9 1,945,136.3 0.001 325.1039 1.155


2875 2601.9 153,381.2 130,104.7 2,077,527.0 0.001 325.6513 1.155


2900 2626.9 154,935.0 131,462.2 2,215,282.5 0.001 326.1851 1.155


2925 2651.9 156,479.4 132,797.3 2,363,265.3 0.001 326.7227 1.155


2950 2676.9 158,032.4 134,141.0 2,516,307.0 0.001 327.2444 1.154


2975 2701.9 159,594.8 135,494.0 2,681,335.5 0.001 327.7725 1.154


3000 2726.9 161,139.8 136,842.8 2,854,293.8 0.001 328.2921 1.154


3025 2751.9 162,703.6 138,197.3 3,035,087.0 0.001 328.8027 1.154


3050 2776.9 164,262.6 139,533.9 3,231,907.8 0.001 329.3251 1.154


3075 2801.9 165,809.9 140,884.9 3,433,278.0 0.001 329.8276 1.154


3100 2826.9 167,368.2 142,233.9 3,647,235.0 0.001 330.3302 1.154


3125 2851.9 168,937.7 143,594.1 3,874,568.3 0.001 330.8329 1.154


3150 2876.9 170,504.6 144,951.7 4,115,300.8 0.001 331.3340 1.154


3175 2901.9 172,053.7 146,304.5 4,366,548.0 0.001 331.8267 1.154


3200 2926.9 173,619.6 147,648.0 4,633,662.0 0.001 332.3203 1.154


APPENDIX A 607







A.13.6 CO2 PROPERTIES (IMPERIAL UNITS)


Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


300 �159.7 2,106.3 1,510.6 0.139 2152.4 46.3610 1.369


340 �119.7 2,405.9 1,749.9 0.223 1521.8 47.2980 1.353


380 �79.7 2,715.2 1,995.7 0.345 1103.0 48.1580 1.338


420 �39.7 3,035.0 2,249.4 0.515 814.94 48.9579 1.323


460 0.3 3,365.3 2,511.7 0.752 611.48 49.7090 1.310


500 40.3 3,706.0 2,782.8 1.076 464.84 50.4190 1.298


540 80.3 4,056.8 3,062.7 1.511 357.39 51.0939 1.288


580 120.3 4,417.3 3,351.2 2.090 277.56 51.7378 1.278


620 160.3 4,787.1 3,648.1 2.850 217.53 52.3541 1.269


660 200.3 5,165.6 3,953.0 3.839 171.90 52.9458 1.262


700 240.3 5,552.6 4,265.8 5.114 136.89 53.5150 1.255


740 280.3 5,947.6 4,586.0 6.741 109.78 54.0636 1.249


780 320.3 6,350.1 4,913.3 8.802 88.62 54.5933 1.243


820 360.3 6,759.9 5,247.5 11.392 71.98 55.1057 1.238


860 400.3 7,176.6 5,588.2 14.626 58.80 55.6018 1.233


900 440.3 7,599.8 5,935.3 18.635 48.30 56.0828 1.229


940 480.3 8,029.4 6,288.3 23.574 39.87 56.5498 1.225


980 520.3 8,465.0 6,647.1 29.626 33.08 57.0036 1.221


1020 560.3 8,906.3 7,011.6 37.001 27.57 57.4450 1.218


1060 600.3 9,353.2 7,381.3 45.939 23.07 57.8746 1.215


1100 640.3 9,805.3 7,756.2 56.722 19.39 58.2933 1.212


1140 680.3 10,262.6 8,136.0 69.673 16.36 58.7017 1.209


1180 720.3 10,724.8 8,520.6 85.149 13.86 59.1001 1.206


1220 760.3 11,191.6 8,909.7 103.578 11.78 59.4891 1.204


1260 800.3 11,662.9 9,303.3 125.433 10.05 59.8693 1.202
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1300 840.3 12,138.6 9,701.1 151.242 8.596 60.2409 1.199


1340 880.3 12,618.4 10,102.9 181.629 7.378 60.6045 1.197


1380 920.3 13,102.2 10,508.7 217.266 6.352 60.9602 1.195


1420 960.3 13,589.9 10,918.2 258.923 5.484 61.3086 1.194


1460 1000.3 14,081.3 11,331.3 307.466 4.748 61.6498 1.192


1500 1040.3 14,576.3 11,748.0 363.861 4.122 61.9842 1.190


1540 1080.3 15,074.6 12,168.0 429.178 3.588 62.3121 1.189


1580 1120.3 15,576.2 12,591.3 504.618 3.131 62.6336 1.187


1620 1160.3 16,080.9 13,017.6 591.502 2.739 62.9491 1.186


1660 1200.3 16,588.8 13,447.0 691.365 2.401 63.2589 1.185


1700 1240.3 17,099.6 13,879.2 805.734 2.110 63.5629 1.184


1740 1280.3 17,613.1 14,314.1 936.428 1.858 63.8614 1.182


1780 1320.3 18,129.4 14,751.8 1,085.49 1.640 64.1548 1.181


1820 1360.3 18,648.2 15,192.0 1,255.08 1.450 64.4430 1.180


1860 1400.3 19,169.6 15,634.8 1,447.55 1.285 64.7264 1.179


1900 1440.3 19,693.5 16,079.8 1,665.6 1.141 65.0049 1.178


1940 1480.3 20,219.4 16,527.1 1,912.1 1.015 65.2791 1.177


1980 1520.3 20,747.9 16,976.7 2,190.0 0.904 65.5486 1.177


2020 1560.3 21,278.2 17,428.2 2,503.0 0.807 65.8138 1.176


2060 1600.3 21,810.7 17,882.0 2,854.7 0.722 66.0749 1.175


2100 1640.3 22,345.2 18,337.8 3,248.9 0.646 66.3318 1.174


2140 1680.3 22,881.5 18,795.1 3,690.6 0.58 66.5849 1.173


2180 1720.3 23,420.2 19,254.7 4,183.8 0.521 66.8340 1.173


2220 1760.3 23,959.9 19,715.7 4,734.5 0.469 67.0796 1.172


2260 1800.3 24,501.8 20,178.5 5,347.8 0.423 67.3215 1.172


2300 1840.3 25,045.1 20,643.0 6,029.7 0.381 67.5598 1.171


2340 1880.3 25,590.1 21,108.9 6,786.6 0.345 67.7946 1.170


2380 1920.3 26,136.7 21,576.7 7,626.4 0.312 68.0263 1.170
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2420 1960.3 26,684.6 22,045.6 8,555.0 0.283 68.2545 1.169


2460 2000.3 27,234.1 22,515.9 9,583.4 0.257 68.4799 1.169


2500 2040.3 27,785.2 22,988.0 10,716.0 0.233 68.7017 1.168


2540 2080.3 28,337.1 23,461.1 11,966.3 0.212 68.9209 1.168


2580 2120.3 28,890.4 23,935.0 13,342.3 0.193 69.1370 1.167


2620 2160.3 29,445.2 24,411.0 14,855.7 0.176 69.3504 1.167


2660 2200.3 30,001.2 24,887.9 16,518.6 0.161 69.5611 1.166


2700 2240.3 30,558.6 25,366.2 18,344.6 0.147 69.7693 1.166


2740 2280.3 31,116.4 25,845.2 20,339.8 0.135 69.9743 1.166


2780 2320.3 31,676.4 26,325.8 22,525.3 0.123 70.1770 1.165


2820 2360.3 32,236.2 26,806.9 24,913.5 0.113 70.3771 1.165


2860 2400.3 32,797.9 27,289.1 27,520.3 0.104 70.5747 1.165


2900 2440.3 33,360.1 27,772.5 30,363.9 0.096 70.7700 1.164


2940 2480.3 33,923.7 28,256.7 33,463.0 0.088 70.9630 1.164


2980 2520.3 34,488.2 28,742.4 36,840.5 0.081 71.1540 1.164


3020 2560.3 35,053.5 29,228.3 40,502.2 0.075 71.3421 1.163


3060 2600.3 35,619.3 29,715.4 44,496.3 0.069 71.5289 1.163


3100 2640.3 36,186.2 30,202.8 48,807.2 0.064 71.7125 1.163


3140 2680.3 36,754.6 30,691.8 53,499.3 0.059 71.8948 1.162


3180 2720.3 37,323.8 31,182.2 58,565.9 0.054 72.0745 1.162


3220 2760.3 37,894.3 31,673.2 64,062.9 0.05 72.2526 1.162


3260 2800.3 38,464.2 32,163.7 70,006.4 0.047 72.4288 1.162


3300 2840.3 39,035.2 32,655.3 76,418.2 0.043 72.6029 1.161


3340 2880.3 39,606.3 33,147.6 83,339.1 0.04 72.7750 1.161


3380 2920.3 40,180.1 33,642.6 90,818.4 0.037 72.9457 1.161


3420 2960.3 40,752.4 34,136.2 98,864.0 0.035 73.1143 1.161


3460 3000.3 41,326.5 34,630.1 107,520.6 0.032 73.2809 1.161
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


3500 3040.3 41,900.9 35,125.8 116,863.0 0.030 73.4464 1.160


3540 3080.3 42,476.5 35,622.6 126,858.2 0.028 73.6094 1.160


3580 3120.3 43,051.5 36,117.4 137,653.7 0.026 73.7716 1.160


3620 3160.3 43,629.7 36,616.9 149,204.5 0.024 73.9316 1.160


3660 3200.3 44,205.8 37,112.8 161,585.4 0.023 74.0899 1.160


3700 3240.3 44,783.2 37,611.5 174,927.8 0.021 74.2474 1.159


3740 3280.3 45,361.9 38,111.4 189,169.0 0.020 74.4029 1.159


3780 3320.3 45,940.8 38,610.2 204,391.3 0.018 74.5565 1.159


3820 3360.3 46,519.2 39,109.8 220,690.0 0.017 74.7089 1.159


3860 3400.3 47,100.7 39,611.2 238,098.2 0.016 74.8597 1.159


3900 3440.3 47,680.2 40,112.0 256,730.5 0.015 75.0093 1.158


3940 3480.3 48,261.0 40,614.0 276,623.2 0.014 75.1575 1.158


3980 3520.3 48,843.2 41,117.5 297,891.2 0.013 75.3046 1.158


4020 3560.3 49,423.9 41,617.9 320,487.7 0.013 75.4498 1.158


4060 3600.3 50,007.8 42,123.1 344,603.6 0.012 75.5939 1.158


4100 3640.3 50,588.8 42,624.0 370,381.8 0.011 75.7371 1.158


4140 3680.3 51,172.8 43,129.3 397,704.7 0.010 75.8785 1.158


4180 3720.3 51,756.2 43,633.9 426,811.9 0.010 76.0187 1.157


4220 3760.3 52,341.1 44,140.0 457,729.2 0.009 76.1576 1.157


4260 3800.3 52,925.3 44,642.7 490,688.2 0.009 76.2957 1.157


4300 3840.3 53,509.1 45,150.5 525,804.1 0.008 76.4329 1.157


4340 3880.3 54,095.4 45,655.2 562,836.0 0.008 76.5681 1.157


4380 3920.3 54,680.1 46,161.2 602,004.0 0.007 76.7017 1.157


4420 3960.3 55,268.8 46,668.4 644,330.8 0.007 76.8366 1.157


4460 4000.3 55,853.4 47,174.2 688,207.0 0.006 76.9675 1.157


4500 4040.3 56,443.5 47,685.6 735,215.0 0.006 77.0987 1.156


4540 4080.3 57,030.7 48,194.0 785,035.6 0.006 77.2289 1.156
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


4580 4120.3 57,616.4 48,700.9 837,485.5 0.005 77.3573 1.156


4620 4160.3 58,205.2 49,208.2 893,302.4 0.005 77.4854 1.156


4660 4200.3 58,793.7 49,717.9 952,144.0 0.005 77.6121 1.156


4700 4240.3 59,383.1 50,228.6 1,014,058.7 0.005 77.7372 1.156


4740 4280.3 59,971.4 50,738.1 1,080,090.8 0.004 77.8625 1.156


4780 4320.3 60,560.5 51,248.5 1,149,724.5 0.004 77.9866 1.156


4820 4360.3 61,147.8 51,757.1 1,223,372.8 0.004 78.1099 1.156


4860 4400.3 61,739.5 52,270.0 1,299,799.6 0.004 78.2302 1.155


4900 4440.3 62,331.9 52,783.6 1,382,923.1 0.004 78.3533 1.155


4940 4480.3 62,921.9 53,292.1 1,468,143.8 0.003 78.4720 1.155


4980 4520.3 63,513.1 53,807.4 1,559,496.6 0.003 78.5919 1.155


5020 4560.3 64,102.9 54,312.8 1,655,452.1 0.003 78.7105 1.155


5060 4600.3 64,698.0 54,829.1 1,755,773.1 0.003 78.8273 1.155


5100 4640.3 65,286.3 55,338.7 1,862,446 0.003 78.9445 1.155


5140 4680.3 65,878.2 55,851.9 1,973,642 0.003 79.0596 1.155


5180 4720.3 66,474.8 56,369.7 2,091,677 0.002 79.1750 1.155


5220 4760.3 67,067.6 56,883.7 2,215,282 0.002 79.2890 1.155


5260 4800.3 67,664.1 57,401.5 2,345,174 0.002 79.4021 1.154


5300 4840.3 68,253.5 57,912.1 2,480,459 0.002 79.5135 1.154


5340 4880.3 68,847.6 58,427.5 2,625,082 0.002 79.6260 1.154


5380 4920.3 69,441.6 58,937.1 2,776,344 0.002 79.7373 1.154


5420 4960.3 70,032.3 59,449.0 2,934,292 0.002 79.8472 1.154


5460 5000.3 70,626.9 59,964.9 3,101,107 0.002 79.9570 1.154


5500 5040.3 71,225.6 60,490.4 3,274,133 0.002 80.0648 1.154


5540 5080.3 71,821.0 61,001.5 3,457,955 0.002 80.1733 1.154


5580 5120.3 72,413.3 61,515.0 3,647,232 0.002 80.2791 1.154


5620 5160.3 73,007.7 62,030.7 3,851,144 0.001 80.3871 1.154


5660 5200.3 73,615.6 62,554.3 4,063,894 0.001 80.4939 1.154


5700 5240.3 74,205.5 63,071.0 4,279,592 0.001 80.5966 1.154


5740 5280.3 74,808.4 63,589.5 4,513,548 0.001 80.7023 1.154


5780 5320.3 75,401.4 64,103.8 4,753,843 0.001 80.8053 1.153
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A.13.7 NITROGEN PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


200 �73.1 4,842.2 3,456.7 0.34 1072.9 174.5226 1.399


225 �48.1 5,570.4 3,981.6 0.51 443.82 177.9535 1.399


250 �23.1 6,298.6 4,505.5 0.73 340.92 181.0223 1.400


275 1.9 7,026.5 5,028.6 1.02 268.58 183.7977 1.400


300 26.9 7,754.4 5,551.2 1.39 216.03 186.3310 1.400


325 51.9 8,482.4 6,073.4 1.84 176.82 188.6617 1.400


350 76.9 9,210.7 6,595.7 2.38 146.87 190.8208 1.399


375 101.9 9,939.8 7,118.5 3.04 123.53 192.8329 1.398


400 126.9 10,670.1 7,642.3 3.81 105.04 194.7179 1.397


425 151.9 11,401.8 8,167.4 4.71 90.150 196.4925 1.396


450 176.9 12,135.5 8,694.3 5.77 78.014 198.1698 1.394


475 201.9 12,871.4 9,223.4 6.99 68.000 199.7613 1.393


500 226.9 13,609.9 9,754.9 8.38 59.654 201.2764 1.391


525 251.9 14,351.2 10,289.2 9.97 52.632 202.7233 1.388


550 276.9 15,095.7 10,826.5 11.78 46.675 204.1086 1.386


575 301.9 15,843.5 11,367.2 13.83 41.584 205.4382 1.384


600 326.9 16,594.9 11,911.4 16.13 37.204 206.7174 1.381


625 351.9 17,350.1 12,459.2 18.71 33.413 207.9503 1.378


650 376.9 18,109.0 13,010.8 21.59 30.112 209.1411 1.376


675 401.9 18,872.0 13,566.4 24.79 27.225 210.2928 1.373


700 426.9 19,639.0 14,126.0 28.35 24.688 211.4086 1.370


725 451.9 20,410.0 14,689.6 32.30 22.448 212.4909 1.368


750 476.9 21,185.3 15,257.4 36.65 20.464 213.5421 1.365


775 501.9 21,964.7 15,829.3 41.44 18.700 214.5643 1.362


800 526.8 22,748.2 16,405.3 46.71 17.125 215.5594 1.360


825 551.8 23,535.9 16,985.5 52.49 15.717 216.5289 1.357


850 576.8 24,327.7 17,569.7 58.81 14.452 217.4743 1.355


875 601.8 25,123.5 18,158.0 65.72 13.314 218.3971 1.352
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


900 626.8 25,923.4 18,750.3 73.24 12.288 219.2984 1.350


925 651.8 26,727.3 19,346.6 81.43 11.359 220.1794 1.348


950 676.8 27,534.9 19,946.6 90.32 10.518 221.0410 1.345


975 701.8 28,346.4 20,550.5 99.96 9.754 221.8840 1.343


1000 726.8 29,161.6 21,158.1 110.40 9.058 222.7097 1.341


1025 751.8 29,980.4 21,769.3 121.68 8.424 223.5184 1.339


1050 776.8 30,802.9 22,384.0 133.85 7.844 224.3111 1.337


1075 801.8 31,628.7 23,002.2 146.97 7.314 225.0885 1.335


1100 826.8 32,458.0 23,623.8 161.09 6.828 225.8510 1.334


1125 851.8 33,290.4 24,248.6 176.26 6.383 226.5993 1.332


1150 876.8 34,126.0 24,876.5 192.54 5.973 227.3338 1.330


1175 901.8 34,964.7 25,507.5 210.00 5.595 228.0554 1.329


1200 926.8 35,806.4 26,141.4 228.69 5.247 228.7641 1.327


1225 951.8 36,650.9 26,778.3 248.67 4.926 229.4606 1.326


1250 976.8 37,498.2 27,417.9 270.02 4.629 230.1453 1.324


1275 1002 38,348.2 28,060.2 292.80 4.355 230.8186 1.323


1300 1027 39,200.7 28,704.9 317.08 4.100 231.4809 1.322


1325 1052 40,055.8 29,352.3 342.93 3.864 232.1324 1.321


1350 1077 40,913.3 30,002.1 370.42 3.645 232.7735 1.319


1375 1102 41,773.1 30,654.2 399.63 3.441 233.4045 1.318


1400 1127 42,635.2 31,308.5 430.64 3.251 234.0258 1.317


1425 1152 43,499.3 31,964.9 463.53 3.074 234.6377 1.316


1450 1177 44,365.7 32,623.6 498.38 2.909 235.2404 1.315


1475 1202 45,234.0 33,284.2 535.27 2.756 235.8341 1.314


1500 1227 46,104.4 33,946.7 574.30 2.612 236.4192 1.313


1525 1252 46,976.4 34,611.0 615.54 2.477 236.9958 1.312


1550 1277 47,850.4 35,277.3 659.11 2.352 237.5643 1.312


1575 1302 48,726.0 35,945.2 705.07 2.234 238.1247 1.311


1600 1327 49,603.5 36,614.8 753.54 2.123 238.6775 1.310


1625 1352 50,482.5 37,285.9 804.59 2.020 239.2224 1.309
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1650 1377 51,363.2 37,958.9 858.34 1.922 239.7601 1.309


1675 1402 52,245.1 38,633.2 914.92 1.831 240.2907 1.308


1700 1427 53,128.6 39,308.8 974.39 1.745 240.8144 1.307


1725 1452 54,013.4 39,985.9 1,036.90 1.664 241.3313 1.307


1750 1477 54,899.8 40,664.5 1,102.50 1.587 241.8413 1.306


1775 1502 55,787.6 41,344.7 1,171.36 1.515 242.3450 1.305


1800 1527 56,676.6 42,025.8 1,243.57 1.447 242.8423 1.305


1825 1552 57,566.8 42,708.1 1,319.26 1.383 243.3335 1.304


1850 1577 58,458.1 43,391.7 1,398.50 1.323 243.8184 1.304


1875 1602 59,350.7 44,076.7 1,481.52 1.266 244.2979 1.303


1900 1627 60,244.3 44,762.3 1,568.34 1.211 244.7713 1.303


1925 1652 61,139.2 45,449.6 1,659.15 1.160 245.2393 1.302


1950 1677 62,035.0 46,137.7 1,754.00 1.112 245.7015 1.302


1975 1702 62,932.4 46,827.0 1,853.15 1.066 246.1586 1.301


2000 1727 63,830.5 47,517.4 1,956.68 1.022 246.6106 1.301


2025 1752 64,729.4 48,208.6 2,064.67 0.981 247.0572 1.300


2050 1777 65,629.4 48,900.8 2,177.38 0.942 247.4991 1.300


2075 1802 66,530.4 49,593.8 2,294.82 0.904 247.9358 1.300


2100 1827 67,432.2 50,287.9 2,417.25 0.869 248.3679 1.299


2125 1852 68,335.2 50,983.2 2,544.70 0.835 248.7951 1.299


2150 1877 69,238.7 51,679.0 2,677.57 0.803 249.2182 1.298


2175 1902 70,143.8 52,376.0 2,815.68 0.772 249.6364 1.298


2200 1927 71,049.1 53,073.7 2,959.36 0.743 250.0501 1.298


2225 1952 71,955.4 53,772.2 3,108.89 0.716 250.4599 1.297


2250 1977 72,862.1 54,471.2 3,264.18 0.689 250.8652 1.297


2275 2002 73,770.2 55,171.6 3,425.64 0.664 251.2666 1.297


2300 2027 74,679.0 55,872.4 3,593.33 0.640 251.6639 1.296


2325 2052 75,588.3 56,574.0 3,767.45 0.617 252.0573 1.296


2350 2077 76,498.6 57,276.6 3,948.23 0.595 252.4469 1.296


2375 2102 77,409.8 57,979.6 4,135.53 0.574 252.8322 1.295
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


2400 2127 78,321.5 58,683.6 4,329.93 0.554 253.2141 1.295


2425 2152 79,233.6 59,388.1 4,531.69 0.535 253.5928 1.295


2450 2177 80,147.2 60,093.6 4,740.30 0.517 253.9669 1.295


2475 2202 81,061.3 60,799.6 4,956.64 0.499 254.3380 1.294


2500 2227 81,974.9 61,506.3 5,180.90 0.483 254.7058 1.294


2525 2252 82,889.7 62,213.5 5,412.57 0.467 255.0695 1.294


2550 2277 83,806.5 62,921.7 5,653.13 0.451 255.4310 1.293


2575 2302 84,722.2 63,629.7 5,901.50 0.436 255.7885 1.293


2600 2327 85,639.7 64,339.5 6,158.56 0.422 256.1430 1.293


2625 2352 86,557.4 65,048.8 6,424.15 0.409 256.4940 1.293


2650 2377 87,474.6 65,759.0 6,698.76 0.396 256.8420 1.292


2675 2402 88,394.1 66,470.0 6,982.77 0.383 257.1872 1.292


2700 2427 89,313.6 67,181.9 7,276.13 0.371 257.5293 1.292


2725 2452 90,232.9 67,893.5 7,579.28 0.360 257.8687 1.292


2750 2477 91,153.4 68,606.3 7,891.81 0.348 258.2046 1.292


2775 2502 92,074.3 69,318.7 8,214.82 0.338 258.5381 1.291


2800 2527 92,995.6 70,033.0 8,547.82 0.328 258.8685 1.291


2825 2552 93,917.5 70,746.5 8,891.44 0.318 259.1961 1.291


2850 2577 94,840.0 71,461.3 9,246.23 0.308 259.5214 1.291


2875 2602 95,762.3 72,176.7 9,612.03 0.299 259.8440 1.291


2900 2627 96,685.2 72,891.1 9,988.31 0.290 260.1632 1.290


2925 2652 97,609.5 73,607.7 10,376.35 0.282 260.4801 1.290


2950 2677 98,533.2 74,323.8 10,777.49 0.274 260.7954 1.290


2975 2702 99,457.2 75,039.2 11,188.71 0.266 261.1068 1.290


3000 2727 100,382.7 75,757.0 11,613.83 0.258 261.4168 1.290


3025 2752 101,307.1 76,473.7 12,049.96 0.251 261.7233 1.290


3050 2777 102,233.1 77,192.0 12,500.42 0.244 262.0284 1.290


3075 2802 103,158.5 77,909.7 12,963.57 0.237 262.3308 1.289


3100 2827 104,084.9 78,628.4 13,439.74 0.231 262.6307 1.289


3125 2852 105,011.0 79,346.8 13,930.07 0.224 262.9286 1.289
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


3150 2877 105,937.8 80,065.2 14,434.00 0.218 263.2241 1.289


3175 2902 106,865.5 80,786.8 14,951.77 0.212 263.5171 1.289


3200 2927 107,793.2 81,505.2 15,484.30 0.207 263.8080 1.289


3225 2952 108,720.8 82,225.1 16,030.68 0.201 264.0963 1.289


3250 2977 109,649.0 82,945.6 16,593.23 0.196 264.3831 1.289


3275 3002 110,577.2 83,666.1 17,171.93 0.191 264.6681 1.288


3300 3027 111,504.7 84,386.0 17,764.55 0.186 264.9502 1.288


3325 3052 112,434.6 85,108.1 18,374.79 0.181 265.2310 1.288


3350 3077 113,363.7 85,829.6 18,999.02 0.176 265.5087 1.288


3375 3102 114,292.6 86,550.8 19,643.30 0.172 265.7859 1.288


3400 3127 115,224.0 87,272.8 20,301.83 0.167 266.0601 1.288


3425 3152 116,154.8 87,995.9 20,979.58 0.163 266.3331 1.288


3450 3177 117,084.1 88,719.2 21,673.51 0.159 266.6036 1.287


3475 3202 118,014.7 89,442.1 22,386.46 0.155 266.8727 1.287


3500 3227 118,947.9 90,166.0 23,118.61 0.151 267.1403 1.287


3525 3252 119,880.8 90,891.2 23,867.95 0.148 267.4055 1.287


3550 3277 120,813.0 91,615.7 24,637.25 0.144 267.6692 1.287


A.13.8 NITROGEN PROPERTIES (IMPERIAL UNITS)


Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


300 �159.7 2,081.9 1,486.2 0.177 1692.8 41.6870 1.400


340 �119.7 2,360.0 1,687.3 0.275 1237.9 42.5571 1.400


380 �79.7 2,638.2 1,888.1 0.406 937.06 43.3308 1.399


420 �39.7 2,916.5 2,088.5 0.576 729.35 44.0272 1.399


460 0.3 3,194.8 2,288.7 0.792 580.81 44.6601 1.400


500 40.3 3,473.0 2,488.5 1.061 471.43 45.2400 1.400


(Continued)


APPENDIX A 617







Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


540 80.3 3,751.2 2,688.2 1.389 388.86 45.7752 1.400


580 120.3 4,029.4 2,887.8 1.784 325.19 46.2722 1.400


620 160.3 4,307.7 3,087.4 2.253 275.18 46.7363 1.399


660 200.3 4,586.3 3,287.2 2.805 235.26 47.1717 1.399


700 240.3 4,865.2 3,487.2 3.449 202.95 47.5819 1.398


740 280.3 5,144.5 3,687.6 4.194 176.46 47.9700 1.397


780 320.3 5,424.5 3,888.5 5.048 154.50 48.3384 1.396


820 360.3 5,705.1 4,090.1 6.024 136.12 48.6893 1.394


860 400.3 5,986.5 4,292.4 7.131 120.60 49.0243 1.392


900 440.3 6,268.8 4,495.6 8.382 107.38 49.3451 1.391


940 480.3 6,552.0 4,699.8 9.788 96.040 49.6531 1.389


980 520.3 6,836.4 4,904.9 11.362 86.252 49.9493 1.387


1020 560.3 7,121.8 5,111.2 13.119 77.752 50.2348 1.384


1060 600.3 7,408.4 5,318.6 15.072 70.330 50.5104 1.382


1100 640.3 7,696.3 5,527.3 17.237 63.815 50.7770 1.380


1140 680.3 7,985.5 5,737.2 19.631 58.073 51.0352 1.378


1180 720.3 8,275.9 5,948.5 22.269 52.988 51.2856 1.375


1220 760.3 8,567.8 6,161.0 25.171 48.469 51.5288 1.373


1260 800.3 8,861.0 6,375.0 28.354 44.438 51.7653 1.370


1300 840.3 9,155.6 6,590.3 31.839 40.831 51.9955 1.368


1340 880.3 9,451.6 6,807.1 35.645 37.593 52.2198 1.366


1380 920.3 9,749.0 7,025.2 39.795 34.677 52.4385 1.363


1420 960.3 10,047.9 7,244.7 44.312 32.046 52.6520 1.361


1460 1000.3 10,348.1 7,465.6 49.217 29.664 52.8605 1.359


1500 1040.3 10,649.8 7,688.0 54.537 27.504 53.0643 1.356


1540 1080.3 10,952.8 7,911.7 60.297 25.540 53.2637 1.354


1580 1120.3 11,257.2 8,136.8 66.523 23.751 53.4588 1.352


1620 1160.3 11,563.0 8,363.2 73.244 22.118 53.6499 1.350


1660 1200.3 11,870.1 8,591.0 80.487 20.624 53.8372 1.348


1700 1240.3 12,178.6 8,820.1 88.285 19.256 54.0208 1.346
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1740 1280.3 12,488.3 9,050.5 96.664 18.001 54.2009 1.344


1780 1320.3 12,799.3 9,282.2 105.660 16.846 54.3776 1.342


1820 1360.3 13,111.6 9,515.1 115.308 15.784 54.5511 1.340


1860 1400.3 13,425.1 9,749.2 125.636 14.805 54.7215 1.339


1900 1440.3 13,739.7 9,984.5 136.685 13.901 54.8889 1.337


1940 1480.3 14,055.5 10,221.0 148.490 13.065 55.0534 1.335


1980 1520.3 14,372.5 10,458.6 161.090 12.291 55.2151 1.334


2020 1560.3 14,690.6 10,697.3 174.521 11.575 55.3741 1.332


2060 1600.3 15,009.8 10,937.1 188.827 10.909 55.5306 1.331


2100 1640.3 15,330.0 11,177.9 204.048 10.292 55.6845 1.329


2140 1680.3 15,651.2 11,419.8 220.229 9.717 55.8361 1.328


2180 1720.3 15,973.4 11,662.6 237.408 9.183 55.9852 1.327


2220 1760.3 16,296.6 11,906.4 255.635 8.684 56.1321 1.325


2260 1800.3 16,620.7 12,151.2 274.959 8.219 56.2768 1.324


2300 1840.3 16,945.7 12,396.7 295.426 7.785 56.4194 1.323


2340 1880.3 17,271.6 12,643.3 317.078 7.380 56.5599 1.322


2380 1920.3 17,598.4 12,890.6 339.970 7.001 56.6983 1.321


2420 1960.3 17,925.9 13,138.8 364.158 6.645 56.8348 1.320


2460 2000.3 18,254.3 13,387.8 389.695 6.313 56.9694 1.319


2500 2040.3 18,583.4 13,637.5 416.625 6.001 57.1021 1.318


2540 2080.3 18,913.3 13,888.0 445.019 5.708 57.2330 1.317


2580 2120.3 19,243.9 14,139.2 474.922 5.432 57.3622 1.316


2620 2160.3 19,575.2 14,391.1 506.397 5.174 57.4896 1.315


2660 2200.3 19,907.2 14,643.7 539.497 4.931 57.6153 1.314


2700 2240.3 20,239.9 14,897.0 574.296 4.701 57.7395 1.313


2740 2280.3 20,573.1 15,150.8 610.851 4.486 57.8620 1.313


2780 2320.3 20,907.0 15,405.4 649.229 4.282 57.9830 1.312


2820 2360.3 21,241.5 15,660.4 689.473 4.090 58.1024 1.311


2860 2400.3 21,576.5 15,916.1 731.685 3.909 58.2204 1.310


2900 2440.3 21,912.2 16,172.2 775.912 3.738 58.3370 1.310
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2940 2480.3 22,248.3 16,429.0 822.200 3.576 58.4520 1.309


2980 2520.3 22,585.0 16,686.3 870.690 3.423 58.5658 1.308


3020 2560.3 22,922.3 16,944.2 921.370 3.278 58.6782 1.308


3060 2600.3 23,260.0 17,202.4 974.393 3.140 58.7893 1.307


3100 2640.3 23,598.0 17,461.2 1,029.80 3.010 58.8991 1.307


3140 2680.3 23,936.7 17,720.4 1,087.65 2.887 59.0077 1.306


3180 2720.3 24,275.9 17,980.2 1,148.04 2.770 59.1150 1.306


3220 2760.3 24,615.5 18,240.3 1,211.08 2.659 59.2211 1.305


3260 2800.3 24,955.4 18,500.9 1,276.77 2.553 59.3260 1.305


3300 2840.3 25,295.9 18,761.9 1,345.29 2.453 59.4298 1.304


3340 2880.3 25,636.7 19,023.3 1,416.60 2.358 59.5324 1.304


3380 2920.3 25,977.8 19,285.1 1,490.97 2.267 59.6340 1.303


3420 2960.3 26,319.4 19,547.2 1,568.34 2.181 59.7345 1.303


3460 3000.3 26,661.4 19,809.7 1,648.83 2.098 59.8339 1.302


3500 3040.3 27,003.8 20,072.7 1,732.57 2.020 59.9322 1.302


3540 3080.3 27,346.5 20,336.0 1,819.63 1.945 60.0296 1.302


3580 3120.3 27,689.5 20,599.7 1,910.11 1.874 60.1260 1.301


3620 3160.3 28,032.8 20,863.5 2,004.12 1.806 60.2214 1.301


3660 3200.3 28,376.6 21,127.9 2,101.77 1.741 60.3158 1.300


3700 3240.3 28,720.7 21,392.7 2,203.02 1.680 60.4093 1.300


3740 3280.3 29,065.2 21,657.7 2,308.13 1.620 60.5018 1.300


3780 3320.3 29,409.8 21,922.9 2,417.25 1.564 60.5936 1.299


3820 3360.3 29,754.8 22,188.4 2,530.38 1.510 60.6844 1.299


3860 3400.3 30,100.3 22,454.5 2,647.55 1.458 60.7743 1.299


3900 3440.3 30,445.8 22,720.7 2,769.04 1.408 60.8634 1.298


3940 3480.3 30,791.8 22,987.2 2,894.83 1.361 60.9516 1.298


3980 3520.3 31,137.9 23,253.9 3,025.20 1.316 61.0391 1.298


4020 3560.3 31,484.6 23,521.1 3,159.98 1.272 61.1256 1.297
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


4060 3600.3 31,831.1 23,788.4 3,299.54 1.230 61.2115 1.297


4100 3640.3 32,178.1 24,055.9 3,443.92 1.191 61.2965 1.297


4140 3680.3 32,525.6 24,324.0 3,593.33 1.152 61.3808 1.296


4180 3720.3 32,873.0 24,591.9 3,747.78 1.115 61.4644 1.296


4220 3760.3 33,220.9 24,860.3 3,907.33 1.080 61.5472 1.296


4260 3800.3 33,569.1 25,129.1 4,072.25 1.046 61.6293 1.296


4300 3840.3 33,917.3 25,398.0 4,242.58 1.014 61.7107 1.295


4340 3880.3 34,266.0 25,667.3 4,418.55 0.982 61.7914 1.295


4380 3920.3 34,614.7 25,936.5 4,600.30 0.952 61.8714 1.295


4420 3960.3 34,963.6 26,206.0 4,787.81 0.923 61.9508 1.294


4460 4000.3 35,313.2 26,476.1 4,981.34 0.895 62.0295 1.294


4500 4040.3 35,662.5 26,746.3 5,180.90 0.869 62.1075 1.294


4540 4080.3 36,012.3 27,016.7 5,386.68 0.843 62.1848 1.294


4580 4120.3 36,362.4 27,287.3 5,598.82 0.818 62.2615 1.294


4620 4160.3 36,712.3 27,557.7 5,817.90 0.794 62.3377 1.293


4660 4200.3 37,062.9 27,828.8 6,043.10 0.771 62.4132 1.293


4700 4240.3 37,413.4 28,099.9 6,275.62 0.749 62.4881 1.293


4740 4280.3 37,764.0 28,371.1 6,514.80 0.728 62.5624 1.293


4780 4320.3 38,115.1 28,642.7 6,761.13 0.707 62.6361 1.292


4820 4360.3 38,466.5 28,914.7 7,015.17 0.687 62.7094 1.292


4860 4400.3 38,817.8 29,186.5 7,276.14 0.668 62.7819 1.292


4900 4440.3 39,169.1 29,458.4 7,544.44 0.649 62.8538 1.292


4940 4480.3 39,520.6 29,730.4 7,821.43 0.632 62.9254 1.292


4980 4520.3 39,873.0 30,003.4 8,105.91 0.614 62.9963 1.291


5020 4560.3 40,224.8 30,275.7 8,398.19 0.598 63.0667 1.291


5060 4600.3 40,577.1 30,548.5 8,699.26 0.582 63.1366 1.291


5100 4640.3 40,929.5 30,821.5 9,008.12 0.566 63.2059 1.291


5140 4680.3 41,281.6 31,094.5 9,326.59 0.551 63.2749 1.291
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


5180 4720.3 41,634.7 31,368.2 9,653.38 0.537 63.3433 1.291


5220 4760.3 41,987.2 31,641.2 9,988.32 0.523 63.4110 1.290


5260 4800.3 42,340.2 31,914.7 10,333.02 0.509 63.4784 1.290


5300 4840.3 42,693.8 32,188.9 10,686.94 0.496 63.5453 1.290


5340 4880.3 43,046.5 32,462.5 11,050.74 0.483 63.6118 1.290


5380 4920.3 43,399.9 32,736.1 11,423.45 0.471 63.6776 1.290


5420 4960.3 43,753.4 33,010.2 11,806.61 0.459 63.7432 1.290


5460 5000.3 44,107.0 33,284.6 12,198.95 0.448 63.8081 1.290


5500 5040.3 44,460.7 33,558.8 12,602.40 0.436 63.8727 1.290


5540 5080.3 44,814.5 33,832.9 13,015.39 0.426 63.9367 1.289


5580 5120.3 45,168.7 34,108.0 13,439.72 0.415 64.0004 1.289


5620 5160.3 45,522.8 34,382.3 13,874.76 0.405 64.0637 1.289


5660 5200.3 45,876.8 34,657.2 14,319.60 0.395 64.1264 1.289


5700 5240.3 46,231.2 34,931.8 14,777.22 0.386 64.1888 1.289


5740 5280.3 46,586.3 35,207.4 15,245.71 0.376 64.2508 1.289


5780 5320.3 46,940.0 35,482.3 15,725.32 0.368 64.3123 1.289


5820 5360.3 47,294.6 35,757.5 16,217.27 0.359 64.3735 1.289


5860 5400.3 47,648.8 36,032.3 16,721.14 0.350 64.4342 1.288


5900 5440.3 48,004.0 36,308.0 17,236.29 0.342 64.4945 1.288


5940 5480.3 48,358.9 36,583.4 17,764.58 0.334 64.5545 1.288


5980 5520.3 48,714.6 36,859.7 18,306.96 0.327 64.6142 1.288


6020 5560.3 49,069.8 37,135.4 18,859.23 0.319 64.6732 1.288


6060 5600.3 49,424.7 37,410.9 19,427.11 0.312 64.7321 1.288


6100 5640.3 49,780.2 37,687.0 20,007.33 0.305 64.7906 1.288


6140 5680.3 50,135.4 37,962.7 20,600.29 0.298 64.8486 1.288


6180 5720.3 50,491.1 38,238.9 21,209.51 0.291 64.9064 1.288


6220 5760.3 50,847.7 38,516.1 21,830.38 0.285 64.9637 1.287


6260 5800.3 51,202.9 38,791.8 22,466.66 0.279 65.0208 1.287


6300 5840.3 51,559.1 39,068.6 23,118.64 0.273 65.0776 1.287


6340 5880.3 51,915.2 39,345.2 23,782.05 0.267 65.1338 1.287


6380 5920.3 52,271.8 39,622.4 24,462.81 0.261 65.1898 1.287
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A.13.9 OXYGEN PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


200 �73.1 4,844.7 3,459.2 0.330 1074.6 188.0074 1.399


225 �48.1 5,573.2 3,979.9 0.510 444.49 191.4393 1.399


250 �23.1 6,302.3 4,501.1 0.730 341.27 194.5121 1.398


275 1.9 7,032.8 5,023.8 1.020 268.54 197.2970 1.397


300 26.9 7,765.6 5,548.8 1.390 215.56 199.8474 1.395


325 51.9 8,501.6 6,077.0 1.850 175.89 202.2038 1.392


350 76.9 9,241.6 6,609.2 2.410 145.49 204.3974 1.389


375 101.9 9,986.3 7,146.0 3.080 121.74 206.4524 1.385


400 126.9 10,736.2 7,688.1 3.890 102.89 208.3882 1.381


425 151.9 11,491.8 8,235.9 4.850 87.693 210.2205 1.377


450 176.9 12,253.4 8,789.6 5.980 75.307 211.9616 1.373


475 201.9 13,021.2 9,349.5 7.300 65.100 213.6220 1.369


500 226.9 13,795.1 9,915.7 8.830 56.611 215.2100 1.365


525 251.9 14,575.5 10,488.2 10.610 49.493 216.7328 1.361


550 276.9 15,362.2 11,067.0 12.650 43.479 218.1965 1.357


575 301.9 16,155.0 11,652.1 14.990 38.366 219.6063 1.353


600 326.9 16,954.0 12,243.2 17.650 33.992 220.9665 1.350


625 351.9 17,759.0 12,840.3 20.670 30.230 222.2808 1.346


650 376.9 18,569.7 13,443.2 24.090 26.980 223.5526 1.343


675 401.9 19,386.0 14,051.6 27.940 24.158 224.7849 1.340


700 426.9 20,207.7 14,665.5 32.260 21.697 225.9803 1.337


725 451.9 21,034.5 15,284.5 37.100 19.544 227.1409 1.334


750 476.9 21,866.4 15,908.5 42.490 17.653 228.2688 1.332


775 501.9 22,702.9 16,537.2 48.480 15.986 229.3661 1.329


800 526.8 23,544.0 17,170.5 55.130 14.512 230.4342 1.327


825 551.8 24,389.3 17,807.9 62.470 13.206 231.4744 1.325


850 576.8 25,238.9 18,449.7 70.580 12.043 232.4888 1.323


875 601.8 26,092.4 19,095.3 79.500 11.006 233.4786 1.321
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


900 626.8 26,949.3 19,744.4 89.300 10.079 234.4443 1.319


925 651.8 27,810.0 20,397.4 100.030 9.248 235.3876 1.318


950 676.8 28,674.0 21,053.5 111.750 8.501 236.3092 1.316


975 701.8 29,541.2 21,712.9 124.550 7.828 237.2105 1.314


1000 726.8 30,411.7 22,375.4 138.470 7.222 238.0915 1.313


1025 751.8 31,284.8 23,040.8 153.610 6.673 238.9542 1.312


1050 776.8 32,160.9 23,708.9 170.030 6.175 239.7984 1.310


1075 801.8 33,039.5 24,379.7 187.820 5.723 240.6257 1.309


1100 826.8 33,921.0 25,053.3 207.050 5.313 241.4361 1.308


1125 851.8 34,804.5 25,729.1 227.810 4.938 242.2303 1.307


1150 876.8 35,690.4 26,407.2 250.190 4.597 243.0094 1.306


1175 901.8 36,578.8 27,087.6 274.280 4.284 243.7737 1.305


1200 926.8 37,469.3 27,770.3 300.160 3.998 244.5233 1.304


1225 951.8 38,362.2 28,455.3 327.960 3.735 245.2596 1.303


1250 976.8 39,256.8 29,142.2 357.750 3.494 245.9826 1.302


1275 1002 40,153.4 29,830.7 389.660 3.272 246.6929 1.301


1300 1027 41,051.8 30,521.4 423.800 3.068 247.3910 1.300


1325 1052 41,952.2 31,214.1 460.240 2.879 248.0768 1.300


1350 1077 42,854.5 31,908.4 499.160 2.705 248.7517 1.299


1375 1102 43,758.2 32,604.3 540.600 2.543 249.4148 1.298


1400 1127 44,664.2 33,302.6 584.770 2.394 250.0678 1.297


1425 1152 45,572.1 34,002.5 631.780 2.256 250.7106 1.297


1450 1177 46,480.9 34,703.6 681.690 2.127 251.3426 1.296


1475 1202 47,391.8 35,406.7 734.760 2.007 251.9659 1.295


1500 1227 48,304.3 36,111.1 791.040 1.896 252.5795 1.295


1525 1252 49,218.7 36,817.5 850.640 1.793 253.1835 1.294


1550 1277 50,133.9 37,525.4 913.810 1.696 253.7789 1.293


1575 1302 51,051.3 38,234.7 980.670 1.606 254.3660 1.293


1600 1327 51,970.3 38,946.0 1,051.430 1.522 254.9453 1.292


1625 1352 52,890.2 39,657.4 1,126.040 1.443 255.5152 1.291
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1650 1377 53,811.9 40,372.2 1,205.050 1.369 256.0790 1.291


1675 1402 54,735.2 41,087.9 1,288.250 1.300 256.6340 1.290


1700 1427 55,660.0 41,804.1 1,375.960 1.236 257.1816 1.290


1725 1452 56,586.7 42,523.1 1,468.570 1.175 257.7232 1.289


1750 1477 57,513.6 43,242.3 1,565.810 1.118 258.2562 1.288


1775 1502 58,444.0 43,964.2 1,668.390 1.064 258.7838 1.288


1800 1527 59,374.3 44,687.6 1,776.380 1.013 259.3051 1.287


1825 1552 60,306.7 45,412.4 1,889.640 0.966 259.8190 1.287


1850 1577 61,239.9 46,137.1 2,008.650 0.921 260.3268 1.286


1875 1602 62,175.3 46,864.8 2,133.750 0.879 260.8291 1.286


1900 1627 63,111.9 47,593.7 2,264.990 0.839 261.3253 1.285


1925 1652 64,050.0 48,323.3 2,402.790 0.801 261.8163 1.284


1950 1677 64,989.3 49,054.8 2,547.020 0.766 262.3010 1.284


1975 1702 65,929.9 49,786.9 2,697.750 0.732 262.7790 1.283


2000 1727 66,870.6 50,521.6 2,856.260 0.700 263.2536 1.283


2025 1752 67,815.3 51,258.6 3,021.750 0.670 263.7219 1.282


2050 1777 68,759.6 51,993.6 3,195.660 0.641 264.1871 1.282


2075 1802 69,706.0 52,732.3 3,376.570 0.615 264.6449 1.281


2100 1827 70,653.6 53,472.2 3,565.950 0.589 265.0986 1.281


2125 1852 71,602.0 54,212.9 3,763.990 0.565 265.5479 1.280


2150 1877 72,552.5 54,955.7 3,970.630 0.541 265.9922 1.280


2175 1902 73,505.1 55,699.0 4,186.520 0.520 266.4324 1.279


2200 1927 74,456.5 56,444.3 4,412.320 0.499 266.8691 1.279


2225 1952 75,410.8 57,190.9 4,646.560 0.479 267.2992 1.278


2250 1977 76,366.4 57,938.9 4,892.130 0.460 267.7273 1.278


2275 2002 77,324.9 58,688.0 5,147.180 0.442 268.1498 1.277


2300 2027 78,282.5 59,439.6 5,413.640 0.425 268.5695 1.277


2325 2052 79,242.9 60,190.7 5,690.300 0.409 268.9838 1.276


2350 2077 80,202.2 60,942.3 5,978.470 0.393 269.3945 1.276


2375 2102 81,165.1 61,697.5 6,278.510 0.378 269.8016 1.275
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


2400 2127 82,128.8 62,451.9 6,591.310 0.364 270.2058 1.275


2425 2152 83,092.6 63,209.4 6,915.330 0.351 270.6048 1.274


2450 2177 84,060.2 63,967.9 7,253.860 0.338 271.0021 1.274


2475 2202 85,028.5 64,726.9 7,605.280 0.325 271.3954 1.273


2500 2227 85,997.5 65,489.8 7,969.600 0.314 271.7845 1.273


2525 2252 86,964.4 66,250.6 8,348.850 0.302 272.1710 1.273


2550 2277 87,935.4 67,015.6 8,740.540 0.292 272.5521 1.272


2575 2302 88,909.4 67,780.3 9,149.560 0.281 272.9323 1.272


2600 2327 89,883.7 68,545.3 9,573.050 0.272 273.3085 1.271


2625 2352 90,857.1 69,312.6 10,011.66 0.262 273.6809 1.271


2650 2377 91,831.8 70,077.9 10,468.70 0.253 274.0521 1.270


2675 2402 92,811.6 70,851.8 10,942.12 0.244 274.4198 1.270


2700 2427 93,788.0 71,618.8 11,430.69 0.236 274.7829 1.269


2725 2452 94,769.9 72,391.4 11,939.27 0.228 275.1448 1.269


2750 2477 95,754.4 73,166.6 12,466.23 0.221 275.5039 1.269


2775 2502 96,733.4 73,939.4 13,008.47 0.213 275.8579 1.268


2800 2527 97,720.0 74,716.8 13,570.96 0.206 276.2098 1.268


2825 2552 98,698.0 75,492.0 14,159.12 0.200 276.5625 1.267


2850 2577 99,688.5 76,269.9 14,760.84 0.193 276.9085 1.267


2875 2602 100,674.1 77,052.6 15,385.88 0.187 277.2533 1.267


2900 2627 101,660.0 77,829.3 16,033.14 0.181 277.5959 1.266


2925 2652 102,649.4 78,609.3 16,702.24 0.175 277.9358 1.266


2950 2677 103,642.2 79,392.9 17,392.24 0.170 278.2724 1.265


2975 2702 104,632.1 80,176.6 18,109.35 0.164 278.6083 1.265


3000 2727 105,629.1 80,964.3 18,842.33 0.159 278.9381 1.265


3025 2752 106,618.5 81,747.7 19,605.69 0.154 279.2683 1.264


3050 2777 107,617.3 82,537.1 20,394.44 0.150 279.5962 1.264


3075 2802 108,613.8 83,324.3 21,208.77 0.145 279.9217 1.264


3100 2827 109,604.7 84,112.4 22,050.11 0.141 280.2451 1.263


3125 2852 110,603.4 84,901.8 22,912.96 0.136 280.5643 1.263
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


3150 2877 111,600.9 85,690.0 23,813.95 0.132 280.8849 1.263


3175 2902 112,598.4 86,484.7 24,740.19 0.128 281.2021 1.262


3200 2927 113,599.7 87,276.7 25,688.12 0.125 281.5147 1.262


3225 2952 114,600.5 88,068.1 26,669.83 0.121 281.8265 1.262


3250 2977 115,604.2 88,862.5 27,674.83 0.117 282.1341 1.261


3275 3002 116,609.5 89,658.5 28,729.51 0.114 282.4450 1.261


3300 3027 117,612.1 90,458.3 29,793.74 0.111 282.7474 1.261


3325 3052 118,627.2 91,257.6 30,908.52 0.108 283.0528 1.260


3350 3077 119,629.9 92,057.5 32,048.53 0.105 283.3539 1.260


3375 3102 120,639.1 92,857.4 33,222.66 0.102 283.6530 1.260


3400 3127 121,644.6 93,653.5 34,440.44 0.099 283.9523 1.259


3425 3152 122,653.0 94,459.1 35,676.52 0.096 284.2455 1.259


3450 3177 123,666.0 95,262.8 36,961.71 0.093 284.5397 1.259


3475 3202 124,674.9 96,062.4 38,297.42 0.091 284.8348 1.259


3500 3227 125,690.8 96,869.0 39,663.05 0.088 285.1261 1.258


3525 3252 126,703.0 97,671.8 41,036.38 0.086 285.4091 1.258


3550 3277 127,718.6 98,484.7 42,482.84 0.084 285.6971 1.258


A.13.10 OXYGEN PROPERTIES (IMPERIAL UNITS)


Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


300 �159.7 2,083.0 1,487.3 0.177 1696.0 44.9080 1.400


340 �119.7 2,361.2 1,686.1 0.274 1240.0 45.7784 1.399


380 �79.7 2,639.5 1,885.0 0.405 938.55 46.5524 1.399


420 �39.7 2,918.0 2,084.0 0.575 730.37 47.2491 1.399


460 0.3 3,196.7 2,283.4 0.791 581.31 47.8831 1.398


500 40.3 3,476.1 2,483.2 1.061 471.30 48.4653 1.397
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


540 80.3 3,756.2 2,683.9 1.392 388.01 49.0043 1.395


580 120.3 4,037.4 2,885.7 1.792 323.61 49.5066 1.392


620 160.3 4,319.9 3,088.8 2.272 272.87 49.9777 1.390


660 200.3 4,604.0 3,293.5 2.841 232.28 50.4217 1.387


700 240.3 4,889.8 3,499.8 3.511 199.35 50.8421 1.383


740 280.3 5,177.5 3,708.1 4.294 172.33 51.2418 1.380


780 320.3 5,467.1 3,918.3 5.203 149.92 51.6229 1.376


820 360.3 5,758.8 4,130.6 6.252 131.17 51.9876 1.372


860 400.3 6,052.6 4,344.9 7.456 115.34 52.3375 1.369


900 440.3 6,348.6 4,561.5 8.832 101.90 52.6738 1.365


940 480.3 6,646.7 4,780.1 10.398 90.403 52.9979 1.361


980 520.3 6,946.9 5,001.0 12.171 80.517 53.3106 1.358


1020 560.3 7,249.3 5,223.9 14.174 71.965 53.6131 1.355


1060 600.3 7,553.8 5,448.9 16.425 64.536 53.9058 1.351


1100 640.3 7,860.3 5,676.0 18.949 58.052 54.1897 1.348


1140 680.3 8,168.8 5,905.1 21.768 52.371 54.4651 1.345


1180 720.3 8,479.2 6,136.0 24.909 47.372 54.7328 1.342


1220 760.3 8,791.5 6,368.9 28.397 42.962 54.9931 1.340


1260 800.3 9,105.7 6,603.7 32.262 39.055 55.2465 1.337


1300 840.3 9,421.6 6,840.1 36.531 35.586 55.4932 1.335


1340 880.3 9,739.2 7,078.3 41.237 32.495 55.7339 1.332


1380 920.3 10,058.4 7,318.1 46.411 29.734 55.9686 1.330


1420 960.3 10,379.2 7,559.4 52.088 27.262 56.1977 1.328


1460 1000.3 10,701.4 7,802.3 58.302 25.042 56.4216 1.326


1500 1040.3 11,025.2 8,046.6 65.092 23.044 56.6403 1.324


1540 1080.3 11,350.2 8,292.2 72.494 21.243 56.8542 1.322


1580 1120.3 11,676.6 8,539.1 80.549 19.615 57.0634 1.321


1620 1160.3 12,004.2 8,787.4 89.298 18.142 57.2682 1.319


1660 1200.3 12,333.1 9,036.8 98.787 16.804 57.4687 1.318


1700 1240.3 12,663.1 9,287.3 109.057 15.588 57.6651 1.316
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1740 1280.3 12,994.2 9,539.1 120.159 14.481 57.8577 1.315


1780 1320.3 13,326.4 9,791.8 132.140 13.471 58.0464 1.314


1820 1360.3 13,659.6 10,045.5 145.054 12.547 58.2316 1.312


1860 1400.3 13,993.7 10,300.2 158.939 11.703 58.4131 1.311


1900 1440.3 14,328.8 10,555.9 173.867 10.928 58.5914 1.310


1940 1480.3 14,664.9 10,812.5 189.878 10.217 58.7663 1.309


1980 1520.3 15,001.7 11,069.9 207.053 9.563 58.9383 1.308


2020 1560.3 15,339.4 11,328.1 225.424 8.961 59.1071 1.307


2060 1600.3 15,677.9 11,587.3 245.068 8.406 59.2730 1.306


2100 1640.3 16,017.1 11,847.0 266.042 7.893 59.4361 1.305


2140 1680.3 16,357.1 12,107.6 288.437 7.419 59.5966 1.304


2180 1720.3 16,697.9 12,368.9 312.265 6.981 59.7542 1.304


2220 1760.3 17,039.2 12,630.9 337.650 6.575 59.9094 1.303


2260 1800.3 17,381.4 12,893.6 364.668 6.197 60.0623 1.302


2300 1840.3 17,724.2 13,157.0 393.349 5.847 60.2126 1.301


2340 1880.3 18,067.6 13,420.9 423.798 5.522 60.3607 1.300


2380 1920.3 18,411.9 13,685.7 456.060 5.219 60.5064 1.300


2420 1960.3 18,756.6 13,951.0 490.289 4.936 60.6501 1.299


2460 2000.3 19,101.8 14,216.9 526.500 4.672 60.7916 1.298


2500 2040.3 19,447.6 14,483.3 564.786 4.426 60.9310 1.298


2540 2080.3 19,794.1 14,750.4 605.319 4.196 61.0686 1.297


2580 2120.3 20,141.4 15,017.9 648.093 3.981 61.2042 1.296


2620 2160.3 20,489.0 15,286.3 693.189 3.780 61.3378 1.296


2660 2200.3 20,837.0 15,554.9 740.793 3.591 61.4697 1.295


2700 2240.3 21,185.9 15,824.3 791.037 3.413 61.6000 1.295


2740 2280.3 21,535.4 16,094.4 843.836 3.247 61.7283 1.294


2780 2320.3 21,885.1 16,364.7 899.451 3.091 61.8551 1.293


2820 2360.3 22,235.5 16,635.4 957.983 2.944 61.9803 1.293


2860 2400.3 22,586.5 16,907.2 1,019.44 2.805 62.1038 1.292


2900 2440.3 22,938.1 17,179.4 1,084.06 2.675 62.2258 1.292
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2940 2480.3 23,290.0 17,451.8 1,151.88 2.552 62.3463 1.291


2980 2520.3 23,642.0 17,724.4 1,223.12 2.436 62.4655 1.291


3020 2560.3 23,994.9 17,997.9 1,297.84 2.327 62.5832 1.290


3060 2600.3 24,348.5 18,272.0 1,375.96 2.224 62.6993 1.290


3100 2640.3 24,702.3 18,546.3 1,458.02 2.126 62.8143 1.289


3140 2680.3 25,057.2 18,821.8 1,543.78 2.034 62.9278 1.289


3180 2720.3 25,412.4 19,097.5 1,633.68 1.947 63.0402 1.288


3220 2760.3 25,767.9 19,373.6 1,727.83 1.864 63.1515 1.287


3260 2800.3 26,123.7 19,649.9 1,826.07 1.785 63.2613 1.287


3300 2840.3 26,480.3 19,927.1 1,928.68 1.711 63.3699 1.286


3340 2880.3 26,836.9 20,204.6 2,036.13 1.640 63.4776 1.286


3380 2920.3 27,194.4 20,482.6 2,147.96 1.574 63.5837 1.285


3420 2960.3 27,552.4 20,761.2 2,264.99 1.510 63.6891 1.285


3460 3000.3 27,910.7 21,039.7 2,387.13 1.449 63.7934 1.285


3500 3040.3 28,269.7 21,319.2 2,514.14 1.392 63.8963 1.284


3540 3080.3 28,629.2 21,599.6 2,646.86 1.337 63.9985 1.284


3580 3120.3 28,988.8 21,879.8 2,785.34 1.285 64.0997 1.283


3620 3160.3 29,348.9 22,160.4 2,929.13 1.236 64.1997 1.283


3660 3200.3 29,710.1 22,442.2 3,078.65 1.189 64.2986 1.282


3700 3240.3 30,071.2 22,723.8 3,235.02 1.144 64.3970 1.282


3740 3280.3 30,433.1 23,006.3 3,397.46 1.101 64.4942 1.281


3780 3320.3 30,795.0 23,288.7 3,565.94 1.060 64.5904 1.281


3820 3360.3 31,157.5 23,571.8 3,741.25 1.021 64.6857 1.280


3860 3400.3 31,520.6 23,855.4 3,924.16 0.984 64.7805 1.280


3900 3440.3 31,884.3 24,139.6 4,114.02 0.948 64.8743 1.279


3940 3480.3 32,247.9 24,424.7 4,310.84 0.914 64.9671 1.279


3980 3520.3 32,612.7 24,709.1 4,515.11 0.881 65.0590 1.278


4020 3560.3 32,978.3 24,995.2 4,727.45 0.850 65.1503 1.278
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


4060 3600.3 33,343.0 25,280.5 4,947.04 0.821 65.2404 1.278


4100 3640.3 33,708.5 25,566.6 5,175.92 0.792 65.3303 1.277


4140 3680.3 34,075.1 25,854.4 5,413.64 0.765 65.4194 1.277


4180 3720.3 34,441.8 26,141.0 5,659.10 0.739 65.5075 1.276


4220 3760.3 34,809.4 26,429.1 5,914.01 0.714 65.5950 1.276


4260 3800.3 35,176.7 26,717.0 6,177.31 0.690 65.6815 1.275


4300 3840.3 35,545.1 27,005.9 6,450.56 0.667 65.7674 1.275


4340 3880.3 35,913.5 27,294.8 6,734.85 0.644 65.8531 1.275


4380 3920.3 36,282.0 27,584.6 7,026.65 0.623 65.9373 1.274


4420 3960.3 36,650.8 27,874.7 7,330.08 0.603 66.0213 1.274


4460 4000.3 37,021.3 28,163.6 7,644.56 0.583 66.1047 1.273


4500 4040.3 37,392.1 28,455.7 7,969.59 0.565 66.1874 1.273


4540 4080.3 37,762.7 28,746.1 8,305.63 0.547 66.2694 1.273


4580 4120.3 38,133.7 29,038.3 8,653.25 0.529 66.3508 1.272


4620 4160.3 38,504.2 29,330.1 9,013.26 0.513 66.4318 1.272


4660 4200.3 38,876.5 29,623.7 9,383.72 0.497 66.5117 1.271


4700 4240.3 39,249.3 29,916.3 9,767.59 0.481 66.5914 1.271


4740 4280.3 39,622.2 30,210.4 10,162.9 0.466 66.6702 1.271


4780 4320.3 39,995.4 30,503.5 10,573.0 0.452 66.7487 1.270


4820 4360.3 40,369.8 30,797.7 10,995.9 0.438 66.8266 1.270


4860 4400.3 40,741.7 31,090.9 11,430.7 0.425 66.9036 1.269


4900 4440.3 41,117.8 31,386.8 11,879.5 0.412 66.9801 1.269


4940 4480.3 41,492.4 31,682.7 12,343.5 0.400 67.0562 1.269


4980 4520.3 41,867.4 31,977.5 12,823.6 0.388 67.1319 1.268


5020 4560.3 42,244.0 32,275.3 13,321.3 0.377 67.2076 1.268


5060 4600.3 42,619.0 32,570.2 13,831.8 0.366 67.2822 1.268


5100 4640.3 42,995.1 32,867.5 14,356.2 0.355 67.3561 1.267


5140 4680.3 43,373.6 33,165.5 14,897.9 0.345 67.4297 1.267
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


5180 4720.3 43,750.6 33,464.1 15,455.8 0.335 67.5027 1.267


5220 4760.3 44,126.3 33,761.1 16,033.1 0.326 67.5755 1.266


5260 4800.3 44,505.8 34,060.4 16,624.9 0.316 67.6475 1.266


5300 4840.3 44,883.6 34,359.5 17,240.2 0.307 67.7197 1.265


5340 4880.3 45,262.6 34,658.3 17,867.5 0.299 67.7906 1.265


5380 4920.3 45,641.6 34,958.6 18,513.8 0.291 67.8612 1.265


5420 4960.3 46,019.8 35,258.0 19,178.5 0.283 67.9312 1.265


5460 5000.3 46,400.1 35,556.8 19,868.9 0.275 68.0015 1.264


5500 5040.3 46,779.6 35,860.3 20,578.2 0.267 68.0711 1.264


5540 5080.3 47,162.7 36,159.1 21,300.1 0.260 68.1396 1.264


5580 5120.3 47,542.1 36,462.5 22,050.1 0.253 68.2083 1.263


5620 5160.3 47,924.1 36,762.9 22,821.5 0.246 68.2766 1.263


5660 5200.3 48,306.8 37,066.9 23,609.7 0.240 68.3440 1.263


5700 5240.3 48,689.4 37,370.7 24,424.0 0.233 68.4114 1.262


5740 5280.3 49,071.1 37,670.9 25,258.6 0.227 68.4781 1.262


5780 5320.3 49,452.4 37,973.4 26,122.2 0.221 68.5449 1.262


5820 5360.3 49,836.4 38,278.6 27,005.5 0.216 68.6109 1.262


5860 5400.3 50,219.4 38,583.0 27,911.8 0.210 68.6765 1.261


5900 5440.3 50,604.0 38,886.0 28,843.0 0.205 68.7416 1.261


5940 5480.3 50,984.9 39,190.9 29,793.6 0.199 68.8060 1.261


5980 5520.3 51,369.0 39,496.3 30,780.5 0.194 68.8707 1.260


6020 5560.3 51,755.9 39,801.7 31,791.3 0.189 68.9349 1.260


6060 5600.3 52,142.4 40,106.5 32,828.2 0.185 68.9986 1.260


6100 5640.3 52,526.9 40,412.4 33,889.5 0.180 69.0618 1.260


6140 5680.3 52,910.4 40,717.1 34,992.4 0.175 69.1254 1.259


6180 5720.3 53,295.7 41,023.6 36,107.9 0.171 69.1877 1.259


6220 5760.3 53,684.3 41,333.4 37,269.0 0.167 69.2506 1.259


6260 5800.3 54,071.3 41,638.9 38,424.6 0.163 69.3112 1.259


6300 5840.3 54,458.4 41,947.2 39,662.9 0.159 69.3742 1.258


6340 5880.3 54,843.1 42,253.2 40,889.6 0.155 69.4347 1.258


6380 5920.3 55,229.9 42,561.3 42,160.0 0.151 69.4955 1.258
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A.13.11 HYDROGEN PROPERTIES (SI UNITS)


Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


200 �73.1 4,805.7 3,420.1 0.350 1029.2 114.446 1.438


225 �48.1 5,495.8 3,924.5 0.520 435.08 117.697 1.425


250 �23.1 6,198.6 4,437.6 0.740 338.55 120.659 1.416


275 1.9 6,910.5 4,956.6 1.020 268.69 123.373 1.409


300 26.9 7,628.8 5,479.7 1.380 216.99 125.873 1.405


325 51.9 8,351.6 6,005.5 1.830 177.96 128.187 1.402


350 76.9 9,077.5 6,532.9 2.370 147.95 130.338 1.400


375 101.9 9,805.5 7,061.1 3.010 124.49 132.347 1.399


400 126.9 10,534.8 7,589.8 3.780 105.88 134.230 1.398


425 151.9 11,265.0 8,118.5 4.670 90.912 136.001 1.398


450 176.9 11,995.8 8,647.1 5.720 78.734 137.672 1.397


475 201.9 12,727.0 9,175.5 6.910 68.713 139.253 1.397


500 226.9 13,458.4 9,703.7 8.280 60.384 140.754 1.397


525 251.9 14,190.1 10,231.7 9.830 53.397 142.182 1.397


550 276.9 14,922.0 10,759.6 11.580 47.487 143.544 1.396


575 301.9 15,654.3 11,287.4 13.550 42.449 144.846 1.396


600 326.9 16,386.9 11,815.4 15.740 38.124 146.093 1.396


625 351.9 17,120.1 12,343.6 18.180 34.387 147.290 1.395


650 376.9 17,853.8 12,872.2 20.870 31.138 148.441 1.395


675 401.9 18,588.3 13,401.3 23.850 28.299 149.550 1.394


700 426.9 19,323.5 13,931.1 27.130 25.804 150.619 1.394


725 451.9 20,059.8 14,461.6 30.720 23.601 151.653 1.393


750 476.9 20,797.1 14,993.2 34.640 21.649 152.653 1.392


775 501.9 21,535.7 15,525.8 38.930 19.910 153.621 1.391


800 526.8 22,275.6 16,059.6 43.580 18.356 154.561 1.390


825 551.8 23,016.8 16,594.8 48.640 16.962 155.473 1.389


850 576.8 23,759.7 17,131.3 54.120 15.707 156.360 1.388


875 601.8 24,504.3 17,669.5 60.040 14.575 157.224 1.387
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


900 626.8 25,250.5 18,209.4 66.430 13.549 158.065 1.385


925 651.8 25,998.7 18,751.0 73.310 12.617 158.884 1.384


950 676.8 26,748.8 19,294.5 80.720 11.769 159.685 1.383


975 701.8 27,500.9 19,840.0 88.670 10.995 160.466 1.381


1000 726.8 28,255.2 20,387.5 97.210 10.287 161.230 1.380


1025 751.8 29,011.6 20,937.1 106.340 9.638 161.977 1.378


1050 776.8 29,770.2 21,489.0 116.120 9.042 162.708 1.377


1075 801.8 30,531.1 22,043.0 126.570 8.493 163.425 1.375


1100 826.8 31,294.6 22,599.6 137.720 7.987 164.126 1.373


1125 851.8 32,060.3 23,158.3 149.620 7.519 164.815 1.372


1150 876.8 32,828.6 23,719.8 162.280 7.087 165.490 1.370


1175 901.8 33,599.4 24,283.3 175.750 6.686 166.153 1.368


1200 926.8 34,372.8 24,849.8 190.080 6.313 166.8049 1.367


1225 951.8 35,148.7 25,418.6 205.290 5.967 167.4448 1.365


1250 976.8 35,927.5 25,990.4 221.430 5.645 168.0741 1.363


1275 1001.8 36,708.8 26,564.4 238.530 5.345 168.6927 1.362


1300 1026.8 37,493.0 27,141.3 256.670 5.065 169.3019 1.360


1325 1051.8 38,279.6 27,720.8 275.850 4.803 169.9012 1.358


1350 1076.8 39,068.9 28,303.0 296.150 4.559 170.4915 1.357


1375 1101.8 39,861.4 28,888.0 317.590 4.329 171.0727 1.355


1400 1126.8 40,656.2 29,475.7 340.260 4.115 171.6458 1.353


1425 1151.8 41,453.9 30,066.2 364.180 3.913 172.2106 1.352


1450 1176.8 42,254.3 30,659.3 389.400 3.724 172.7673 1.350


1475 1201.8 43,057.5 31,254.8 415.990 3.546 173.3165 1.348


1500 1226.8 43,863.2 31,853.6 444.010 3.378 173.8584 1.347


1525 1251.8 44,671.7 32,454.5 473.490 3.221 174.3928 1.345


1550 1276.8 45,483.5 33,058.9 504.510 3.072 174.9204 1.344


1575 1301.8 46,297.5 33,665.3 537.150 2.932 175.4416 1.342


1600 1326.8 47,113.8 34,274.7 571.450 2.800 175.9562 1.341


1625 1351.8 47,933.5 34,886.7 607.450 2.675 176.4641 1.339
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


1650 1376.8 48,755.8 35,501.8 645.290 2.557 176.9665 1.338


1675 1401.8 49,580.5 36,118.8 684.920 2.446 177.4620 1.336


1700 1426.8 50,407.3 36,738.3 726.580 2.340 177.9529 1.335


1725 1451.8 51,237.3 37,361.0 770.150 2.240 178.4370 1.333


1750 1476.8 52,069.7 37,985.7 815.840 2.145 178.9162 1.332


1775 1501.8 52,903.8 38,612.9 863.700 2.055 179.3901 1.331


1800 1526.8 53,740.8 39,241.4 913.720 1.970 179.8581 1.330


1825 1551.8 54,581.4 39,875.1 966.120 1.889 180.3218 1.328


1850 1576.8 55,424.0 40,510.0 1,020.85 1.812 180.7799 1.327


1875 1601.8 56,267.7 41,146.0 1,078.02 1.739 181.2329 1.326


1900 1626.8 57,114.5 41,785.2 1,137.85 1.670 181.6819 1.325


1925 1651.8 57,963.9 42,427.7 1,200.31 1.604 182.1262 1.324


1950 1676.8 58,816.2 43,072.4 1,265.35 1.541 182.5649 1.322


1975 1701.8 59,669.1 43,717.5 1,333.32 1.481 183.0000 1.321


2000 1726.8 60,524.9 44,365.6 1,404.24 1.424 183.4308 1.320


2025 1751.8 61,382.1 45,016.0 1,478.15 1.370 183.8572 1.319


2050 1776.8 62,242.3 45,667.7 1,555.15 1.318 184.2794 1.318


2075 1801.8 63,105.5 46,323.1 1,635.33 1.269 184.6973 1.317


2100 1826.8 63,969.2 46,979.2 1,718.79 1.222 185.1112 1.316


2125 1851.8 64,836.1 47,638.4 1,805.64 1.177 185.5210 1.315


2150 1876.8 65,704.2 48,300.4 1,896.32 1.134 185.9284 1.314


2175 1901.8 66,575.0 48,963.5 1,990.34 1.093 186.3307 1.313


2200 1926.8 67,446.9 49,627.8 2,088.08 1.054 186.729 1.312


2225 1951.8 68,324.0 50,295.5 2,189.74 1.016 187.124 1.311


2250 1976.8 69,197.7 50,963.2 2,295.26 0.980 187.516 1.310


2275 2001.8 70,077.9 51,634.0 2,405.30 0.946 187.905 1.310


2300 2026.8 70,956.1 52,304.6 2,519.14 0.913 188.290 1.309


2325 2051.9 71,839.3 52,980.1 2,637.34 0.882 188.671 1.308


2350 2076.9 72,722.6 53,657.3 2,759.89 0.851 189.048 1.307


2375 2101.9 73,608.8 54,335.9 2,887.56 0.822 189.424 1.306
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


2400 2126.9 74,496.5 55,015.8 3,019.41 0.795 189.795 1.305


2425 2151.9 75,383.7 55,697.0 3,156.42 0.768 190.164 1.305


2450 2176.9 76,275.0 56,378.9 3,298.22 0.743 190.530 1.304


2475 2201.9 77,168.5 57,063.2 3,444.71 0.718 190.891 1.303


2500 2226.9 78,065.4 57,754.0 3,597.46 0.695 191.252 1.302


2525 2251.9 78,958.7 58,441.2 3,755.16 0.672 191.608 1.302


2550 2276.9 79,858.3 59,131.5 3,918.30 0.651 191.962 1.301


2575 2301.9 80,757.3 59,824.4 4,087.42 0.630 192.313 1.300


2600 2326.9 81,660.9 60,518.7 4,262.98 0.610 192.663 1.299


2625 2351.9 82,562.7 61,211.2 4,443.41 0.591 193.008 1.299


2650 2376.9 83,468.5 61,911.0 4,630.75 0.572 193.351 1.298


2675 2401.9 84,374.3 62,607.4 4,824.38 0.554 193.691 1.297


2700 2426.9 85,280.6 63,307.7 5,023.60 0.537 194.028 1.297


2725 2451.9 86,190.2 64,007.9 5,230.92 0.521 194.364 1.296


2750 2476.9 87,100.1 64,711.8 5,444.85 0.505 194.697 1.295


2775 2501.9 88,012.9 65,418.5 5,666.24 0.490 195.029 1.295


2800 2526.9 88,928.4 66,124.7 5,893.76 0.475 195.356 1.294


2825 2551.9 89,842.6 66,829.6 6,130.21 0.461 195.683 1.293


2850 2576.9 90,761.3 67,545.5 6,370.52 0.447 196.003 1.293


2875 2601.9 91,678.1 68,252.9 6,621.13 0.434 196.323 1.292


2900 2626.9 92,599.3 68,964.8 6,879.94 0.422 196.642 1.291


2925 2651.9 93,523.4 69,679.6 7,146.94 0.409 196.959 1.291


2950 2676.9 94,447.0 70,393.8 7,424.87 0.397 197.276 1.290


2975 2701.9 95,365.3 71,109.4 7,707.28 0.386 197.586 1.290


3000 2726.9 96,299.9 71,828.1 8,001.78 0.375 197.898 1.289


3025 2751.9 97,225.9 72,551.3 8,304.25 0.364 198.206 1.289


3050 2776.9 98,155.4 73,271.5 8,614.29 0.354 198.511 1.288


3075 2801.9 99,082.3 73,989.1 8,934.31 0.344 198.814 1.287


3100 2826.9 100,015.5 74,712.9 9,264.16 0.335 199.116 1.287


3125 2851.9 100,948.4 75,443.1 9,604.56 0.325 199.416 1.286
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Temperature h u Pr Vr so Gamma


K C kJ/kgmol kJ/kgmol kJ/kgmol/K


3150 2876.9 101,874.6 76,160.0 9,951.58 0.317 199.711 1.286


3175 2901.9 102,824.7 76,900.7 10,313.1 0.308 200.008 1.285


3200 2926.9 103,754.9 77,628.2 10,687.4 0.299 200.3040 1.284


A.13.12 HYDROGEN PROPERTIES (IMPERIAL UNITS)


Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


300 �159.7 2,066.2 1,470.5 0.195 1541.3 27.3370 1.467


340 �119.7 2,319.9 1,656.3 0.290 1171.3 28.1307 1.446


380 �79.7 2,580.6 1,847.0 0.418 908.85 28.8554 1.432


420 �39.7 2,846.5 2,041.2 0.584 718.63 29.5205 1.421


460 0.3 3,116.2 2,238.0 0.796 577.94 30.1338 1.414


500 40.3 3,388.7 2,436.7 1.060 471.90 30.7019 1.409


540 80.3 3,663.4 2,636.7 1.383 390.58 31.2303 1.405


580 120.3 3,939.5 2,837.6 1.772 327.23 31.7236 1.403


620 160.3 4,216.8 3,039.0 2.237 277.16 32.1859 1.401


660 200.3 4,494.8 3,240.8 2.784 237.05 32.6204 1.399


700 240.3 4,773.4 3,442.8 3.422 204.54 33.0302 1.398


740 280.3 5,052.3 3,644.9 4.160 177.90 33.4177 1.398


780 320.3 5,331.5 3,847.0 5.005 155.84 33.7851 1.397


820 360.3 5,610.8 4,049.0 5.968 137.41 34.1344 1.397


860 400.3 5,890.3 4,250.9 7.056 121.88 34.4671 1.397


900 440.3 6,169.8 4,452.8 8.280 108.69 34.7848 1.397


940 480.3 6,449.4 4,654.5 9.650 97.410 35.0888 1.397


980 520.3 6,729.1 4,856.3 11.175 87.693 35.3802 1.397


1020 560.3 7,009.0 5,058.0 12.867 79.276 35.6601 1.396


1060 600.3 7,288.9 5,259.8 14.734 71.940 35.9293 1.396
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


1100 640.3 7,569.0 5,461.6 16.790 65.514 36.1887 1.396


1140 680.3 7,849.2 5,663.5 19.045 59.857 36.4389 1.395


1180 720.3 8,129.7 5,865.6 21.512 54.854 36.6807 1.395


1220 760.3 8,410.5 6,067.8 24.202 50.410 36.9147 1.394


1260 800.3 8,691.5 6,270.3 27.128 46.447 37.1414 1.394


1300 840.3 8,972.9 6,473.1 30.303 42.899 37.3612 1.393


1340 880.3 9,254.6 6,676.1 33.742 39.713 37.5747 1.392


1380 920.3 9,536.7 6,879.6 37.457 36.842 37.7821 1.391


1420 960.3 9,819.3 7,083.4 41.465 34.246 37.9839 1.391


1460 1000.3 10,102.3 7,287.7 45.779 31.892 38.1805 1.390


1500 1040.3 10,385.8 7,492.4 50.417 29.752 38.3721 1.389


1540 1080.3 10,669.9 7,697.6 55.392 27.802 38.5590 1.388


1580 1120.3 10,954.6 7,903.4 60.724 26.019 38.7415 1.387


1620 1160.3 11,239.8 8,109.8 66.427 24.388 38.9198 1.385


1660 1200.3 11,525.7 8,316.7 72.521 22.890 39.0941 1.384


1700 1240.3 11,812.3 8,524.3 79.026 21.512 39.2647 1.383


1740 1280.3 12,099.5 8,732.6 85.961 20.242 39.4317 1.382


1780 1320.3 12,387.4 8,941.5 93.341 19.070 39.5953 1.380


1820 1360.3 12,676.1 9,151.2 101.193 17.985 39.7557 1.379


1860 1400.3 12,965.5 9,361.5 109.533 16.981 39.9129 1.378


1900 1440.3 13,255.7 9,572.7 118.388 16.049 40.0673 1.376


1940 1480.3 13,546.7 9,784.6 127.776 15.183 40.2189 1.375


1980 1520.3 13,838.5 9,997.4 137.723 14.377 40.3677 1.373


2020 1560.3 14,131.1 10,210.8 148.254 13.625 40.5141 1.372


2060 1600.3 14,424.6 10,425.3 159.396 12.924 40.6580 1.370


2100 1640.3 14,718.8 10,640.4 171.165 12.269 40.7994 1.369


2140 1680.3 15,014.1 10,856.5 183.598 11.656 40.9387 1.367


2180 1720.3 15,310.2 11,073.4 196.724 11.082 41.0758 1.366


2220 1760.3 15,607.1 11,291.2 210.553 10.544 41.2107 1.364


2260 1800.3 15,905.1 11,510.0 225.140 10.038 41.3437 1.363
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


2300 1840.3 16,203.8 11,729.5 240.496 9.564 41.4747 1.361


2340 1880.3 16,503.5 11,950.1 256.667 9.117 41.6040 1.360


2380 1920.3 16,804.0 12,171.5 273.665 8.697 41.7313 1.358


2420 1960.3 17,105.6 12,393.8 291.537 8.301 41.8569 1.357


2460 2000.3 17,408.0 12,617.1 310.317 7.927 41.9809 1.355


2500 2040.3 17,711.4 12,841.2 330.038 7.575 42.1033 1.354


2540 2080.3 18,015.7 13,066.4 350.727 7.242 42.2240 1.352


2580 2120.3 18,321.1 13,292.4 372.431 6.927 42.3433 1.351


2620 2160.3 18,627.3 13,519.5 395.188 6.630 42.4610 1.350


2660 2200.3 18,934.6 13,747.4 419.029 6.348 42.5774 1.348


2700 2240.3 19,242.4 13,976.2 444.012 6.081 42.6924 1.347


2740 2280.3 19,551.5 14,206.0 470.143 5.828 42.8059 1.345


2780 2320.3 19,861.4 14,436.7 497.506 5.588 42.9183 1.344


2820 2360.3 20,172.2 14,668.2 526.107 5.360 43.0293 1.343


2860 2400.3 20,483.9 14,900.6 555.982 5.144 43.1389 1.341


2900 2440.3 20,796.5 15,133.9 587.240 4.938 43.2476 1.340


2940 2480.3 21,110.2 15,368.3 619.862 4.743 43.3549 1.339


2980 2520.3 21,424.6 15,603.4 653.922 4.557 43.4611 1.337


3020 2560.3 21,739.9 15,839.4 689.489 4.380 43.5663 1.336


3060 2600.3 22,056.0 16,076.3 726.583 4.211 43.6704 1.335


3100 2640.3 22,373.2 16,314.2 765.241 4.051 43.7733 1.334


3140 2680.3 22,690.9 16,552.8 805.452 3.898 43.8750 1.332


3180 2720.3 23,009.8 16,792.3 847.464 3.752 43.9760 1.331


3220 2760.3 23,329.4 17,032.4 891.139 3.613 44.0758 1.330


3260 2800.3 23,650.2 17,273.7 936.736 3.480 44.1749 1.329


3300 2840.3 23,971.1 17,515.6 983.986 3.354 44.2726 1.328


3340 2880.3 24,293.4 17,758.7 1,033.37 3.232 44.3698 1.327


3380 2920.3 24,616.2 18,002.0 1,084.55 3.116 44.4658 1.326


3420 2960.3 24,939.8 18,246.3 1,137.85 3.006 44.5611 1.325


3460 3000.3 25,264.2 18,491.2 1,193.24 2.900 44.6555 1.324


(Continued)
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


3500 3040.3 25,589.6 18,737.5 1,250.77 2.798 44.7490 1.323


3540 3080.3 25,916.0 18,984.8 1,310.49 2.701 44.8416 1.322


3580 3120.3 26,242.3 19,231.6 1,372.46 2.608 44.9334 1.321


3620 3160.3 26,570.1 19,479.9 1,436.67 2.520 45.0242 1.320


3660 3200.3 26,898.3 19,729.1 1,503.57 2.434 45.1146 1.319


3700 3240.3 27,227.4 19,978.7 1,572.68 2.353 45.2038 1.318


3740 3280.3 27,557.4 20,229.3 1,644.49 2.274 45.2925 1.317


3780 3320.3 27,887.0 20,479.4 1,718.79 2.199 45.3802 1.316


3820 3360.3 28,218.9 20,731.8 1,795.98 2.127 45.4675 1.315


3860 3400.3 28,550.0 20,983.5 1,875.66 2.058 45.5537 1.314


3900 3440.3 28,882.4 21,237.2 1,958.71 1.991 45.6397 1.314


3940 3480.3 29,215.3 21,490.6 2,044.45 1.927 45.7248 1.313


3980 3520.3 29,549.5 21,745.3 2,132.74 1.866 45.8087 1.312


4020 3560.3 29,883.8 22,000.2 2,224.60 1.807 45.8925 1.311


4060 3600.3 30,219.1 22,256.8 2,319.38 1.750 45.9753 1.310


4100 3640.3 30,555.0 22,513.2 2,417.69 1.696 46.0578 1.310


4140 3680.3 30,891.1 22,769.1 2,519.14 1.643 46.1394 1.309


4180 3720.3 31,227.8 23,027.1 2,623.96 1.593 46.2204 1.308


4220 3760.3 31,566.3 23,286.1 2,731.96 1.545 46.3005 1.307


4260 3800.3 31,904.5 23,544.9 2,844.50 1.498 46.3806 1.307


4300 3840.3 32,243.1 23,804.0 2,959.95 1.453 46.4596 1.306


4340 3880.3 32,582.4 24,064.6 3,079.53 1.409 46.5383 1.305


4380 3920.3 32,922.2 24,325.6 3,203.30 1.367 46.6165 1.304


4420 3960.3 33,263.4 24,586.7 3,330.60 1.327 46.6939 1.304


4460 4000.3 33,604.6 24,849.2 3,461.81 1.288 46.7706 1.303


4500 4040.3 33,947.7 25,112.1 3,597.46 1.251 46.8470 1.302


4540 4080.3 34,288.8 25,374.5 3,737.92 1.215 46.9230 1.302


4580 4120.3 34,632.8 25,638.3 3,882.32 1.180 46.9983 1.301
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Temperature h u Pr Vr so Gamma


R F Btu/lbmol Btu/lbmol Btu/lbmol/R


4620 4160.3 34,976.3 25,901.6 4,030.11 1.146 47.0725 1.300


4660 4200.3 35,318.8 26,166.8 4,183.69 1.114 47.1468 1.300


4700 4240.3 35,664.8 26,432.6 4,342.71 1.082 47.2208 1.299


4740 4280.3 36,010.7 26,698.3 4,504.54 1.052 47.2935 1.298


4780 4320.3 36,354.3 26,963.2 4,672.92 1.023 47.3664 1.298


4820 4360.3 36,702.3 27,231.0 4,846.26 0.995 47.4387 1.297


4860 4400.3 37,049.9 27,499.9 5,023.59 0.967 47.5101 1.297


4900 4440.3 37,397.7 27,767.5 5,207.93 0.941 47.5816 1.296


4940 4480.3 37,745.1 28,036.2 5,396.59 0.915 47.6523 1.295


4980 4520.3 38,094.5 28,305.4 5,591.04 0.891 47.7226 1.295


5020 4560.3 38,442.8 28,575.0 5,790.58 0.867 47.7922 1.294


5060 4600.3 38,793.1 28,846.5 5,998.17 0.844 47.8622 1.294


5100 4640.3 39,141.9 29,116.6 6,207.91 0.822 47.9304 1.293


5140 4680.3 39,495.4 29,388.5 6,425.75 0.800 47.9989 1.293


5180 4720.3 39,846.4 29,660.7 6,649.98 0.779 48.0670 1.292


5220 4760.3 40,196.6 29,932.2 6,879.93 0.759 48.1345 1.291


5260 4800.3 40,549.5 30,203.6 7,117.84 0.739 48.2021 1.291


5300 4840.3 40,902.4 30,477.7 7,361.83 0.720 48.2690 1.290


5340 4880.3 41,256.2 30,752.8 7,610.55 0.702 48.3350 1.290


5380 4920.3 41,610.1 31,027.9 7,868.25 0.684 48.4011 1.289


5420 4960.3 41,960.6 31,299.7 8,132.56 0.666 48.4667 1.289


5460 5000.3 42,316.4 31,576.7 8,406.08 0.650 48.5324 1.288


5500 5040.3 42,674.0 31,852.7 8,681.65 0.634 48.5965 1.288


5540 5080.3 43,026.8 32,129.6 8,971.08 0.618 48.6616 1.287


5580 5120.3 43,385.2 32,403.6 9,264.15 0.602 48.7254 1.287


5620 5160.3 43,743.0 32,685.5 9,566.16 0.587 48.7891 1.286


5660 5200.3 44,099.9 32,960.9 9,875.62 0.573 48.8523 1.286


5700 5240.3 44,455.9 33,238.0 10,197.0 0.559 48.9160 1.285


5740 5280.3 44,814.2 33,517.6 10,519.0 0.546 48.9777 1.285


5780 5320.3 45,171.6 33,796.3 10,854.5 0.532 49.0400 1.284
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A.14 THERMODYNAMIC PROPERTIES FOR WATER


A.14.1 SATURATION TEMPERATURE VERSUS PRESSURE (SI UNITS)


Press   Temp   Specific Volume       Internal Energy           Enthalpy
Entropy


(kPa)    (K)       (m**3/kg)            (kJ/kg)                 (kJ/kg)
(kJ/kg/K)


vf      vg        uf    ufg    ug     hf    hfg     hg
sf     sfg      sg


0.61 273.2  0.001000 205.9975     0.00 2374.9 2374.9     0.00 2500.9 2500.9
0.00000 9.15549 9.15549


0.80 276.9  0.001000 159.6461    15.81 2364.3 2380.1    15.81 2492.0 2507.8
0.05748 8.99925 9.05672


1.00 280.1  0.001000 129.1833    29.30 2355.2 2384.5    29.30 2484.4 2513.7
0.10591 8.86902 8.97493


1.20 282.8  0.001000 108.6740    40.57 2347.6 2388.2    40.57 2478.0 2518.6
0.14595 8.76236 8.90831


1.40 285.1  0.001001  93.9033    50.28 2341.1 2391.4    50.28 2472.5 2522.8
0.18016 8.67199 8.85214


1.60 287.2  0.001001  82.7463    58.83 2335.3 2394.2    58.84 2467.7 2526.6
0.21005 8.59355 8.80360


1.80 289.0  0.001001  74.0143    66.49 2330.2 2396.7    66.49 2463.4 2529.9
0.23663 8.52424 8.76087


2.00 290.6  0.001001  66.9896    73.43 2325.5 2398.9    73.43 2459.5 2532.9
0.26058 8.46214 8.72272


2.50 294.2  0.001002  54.2421    88.43 2315.4 2403.8    88.43 2451.0 2539.4
0.31186 8.33030 8.64215


3.00 297.2  0.001003 45.6550   100.99 2306.9 2407.9   100.99 2443.9 2544.9
0.35433 8.22223 8.57656


3.50 299.8  0.001003  39.4678   111.83 2299.6 2411.4   111.84 2437.7 2549.6
0.39066 8.13060 8.52126


4.00 302.1  0.001004  34.7925   121.40 2293.1 2414.5   121.40 2432.3 2553.7
0.42245 8.05104 8.47349


5.00 306.0  0.001005  28.1863   137.76 2282.1 2419.8   137.76 2423.0 2560.8
0.47625 7.91766 8.39391


6.00 309.3  0.001006  23.7342   151.49 2272.8 2424.3   151.49 2415.2 2566.7
0.52087 7.80827 8.32915


7.00 312.2  0.001007  20.5252   163.36 2264.7 2428.1   163.37 2408.4 2571.8
0.55908 7.71549 8.27456


8.00 314.7  0.001008  18.0994   173.84 2257.6 2431.4   173.85 2402.4 2576.2
0.59253 7.63488 8.22741


9.00 316.9  0.001009  16.1997   183.25 2251.2 2434.5   183.26 2397.0 2580.3
0.62233 7.56359 8.18592


10.00 319.0  0.001010  14.6706   191.80 2245.4 2437.2   191.81 2392.1 2583.9
0.64922 7.49968 8.14889


15.00 327.1  0.001014  10.0204   225.92 2222.1 2448.0   225.94 2372.4 2598.3
0.75484 7.25228 8.00712


20.00 333.2  0.001017   7.6482   251.38 2204.6 2456.0   251.40 2357.5 2608.9
0.83195 7.07528 7.90724


25.00 338.1  0.001020   6.2034   271.90 2190.5 2462.4   271.93 2345.5 2617.4
0.89309 6.93708 7.83016


30.00 342.2  0.001022 5.2286   289.20 2178.5 2467.7   289.23 2335.3 2624.6
0.94394 6.82351 7.76745


40.00 349.0  0.001026   3.9931   317.53 2158.8 2476.3   317.57 2318.5 2636.1
1.02590 6.64307 7.66897


50.00 354.5  0.001030   3.2401   340.42 2142.8 2483.2   340.48 2304.7 2645.2
1.09101 6.50196 7.59296


60.00 359.1  0.001033   2.7318   359.77 2129.2 2488.9   359.84 2293.0 2652.9
1.14524 6.38586 7.53110
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3000.00 507.0  0.001217   0.0667  1004.72 1598.6 2603.3  1008.37 1794.9 2803.3
2.64562 3.54017 6.18579


4000.00 523.5  0.001253   0.0498  1082.42 1519.4 2601.8  1087.43 1713.5 2800.9
2.79665 3.27306 6.06971


70.00 363.1  0.001036   2.3649   376.61 2117.3 2493.9   376.68 2282.7 2659.4
1.19186 6.28709 7.47895


80.00 366.6  0.001038   2.0872   391.56 2106.6 2498.2   391.64 2273.5 2665.2
1.23283 6.20106 7.43389


90.00 369.8  0.001041   1.8695   405.03 2097.0 2502.1   405.13 2265.2 2670.3
1.26944 6.12479 7.39423


101.33 373.1  0.001043   1.6733   418.88 2087.1 2506.0   418.99 2256.5 2675.5
1.30672 6.04766 7.35439


120.00 377.9  0.001047   1.4284   439.17 2072.5 2511.6   439.30 2243.8 2683.1
1.36075 5.93688 7.29763


140.00 382.4  0.001051   1.2366   458.22 2058.6 2516.9   458.37 2231.6 2690.0
1.41085 5.83517 7.24602


160.00 386.4  0.001054   1.0914   475.17 2046.2 2521.4   475.34 2220.7 2696.0
1.45494 5.74643 7.20137


180.00 390.1  0.001058   0.9775   490.48 2035.0 2525.5   490.67 2210.7 2701.4
1.49437 5.66765 7.16203


200.00 393.4  0.001061   0.8857 504.47 2024.6 2529.1   504.68 2201.6 2706.2
1.53010 5.59676 7.12686


300.00 406.7  0.001073   0.6058   561.13 1982.0 2543.2   561.46 2163.4 2724.9
1.67176 5.31980 6.99157


400.00 416.8  0.001084   0.4624   604.29 1948.8 2553.1   604.72 2133.3 2738.1
1.77660 5.11882 6.89542


500.00 425.0  0.001093   0.3748   639.64 1921.1 2560.7   640.19 2107.9 2748.1
1.86060 4.95998 6.82058


600.00 432.0  0.001101   0.3156   669.84 1897.0 2566.8   670.50 2085.6 2756.1
1.93110 4.82807 6.75917


700.00 438.1  0.001108   0.2728   696.37 1875.4 2571.8   697.14 2065.6 2762.7
1.99208 4.71490 6.70698


800.00 443.6  0.001115   0.2403   720.13 1855.9 2576.0   721.02 2047.3 2768.3
2.04599 4.61555 6.66154


900.00 448.5  0.001121   0.2149   741.72 1837.9 2579.7   742.72 2030.3 2773.0
2.09440 4.52683 6.62124


1000.00 453.0  0.001127   0.1943   761.56 1821.2 2582.8   762.68 2014.4 2777.1
2.13843 4.44655 6.58498


1200.00 461.1  0.001139   0.1632   797.13 1790.7 2587.9   798.50 1985.3 2783.8
2.21630 4.30539 6.52169


1400.00 468.2  0.001149   0.1408   828.52 1763.3 2591.8   830.13 1958.8 2788.9
2.28388 4.18364 6.46752


1600.00 474.5  0.001159   0.1237   856.76 1738.2 2594.9   858.61 1934.3 2792.9
2.34381 4.07621 6.42002


1800.00 480.3  0.001168   0.1104   882.51 1714.8 2597.3   884.61 1911.4 2796.0
2.39779 3.97980 6.37760


2000.00 485.5  0.001177   0.0996   906.27 1693.0 2599.2   908.62 1889.8 2798.4
2.44702 3.89214 6.33916


2500.00 497.1  0.001197 0.0799   958.99 1643.2 2602.2   961.98 1840.1 2802.0
2.55443 3.70155 6.25597


5000.00 537.1  0.001286   0.0394  1148.07 1448.9 2597.0  1154.50 1639.7 2794.2
2.92075 3.05296 5.97370


6000.00 548.7  0.001319   0.0324  1205.82 1384.1 2589.9  1213.73 1570.8 2784.6
3.02744 2.86263 5.89007


7000.00 559.0  0.001352   0.0274  1257.97 1322.9 2580.9  1267.44 1505.1 2772.6
3.12199 2.69264 5.81463
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8000.00 568.2  0.001385   0.0235  1306.00 1264.4 2570.4  1317.08 1441.5 2758.6
3.20765 2.53720 5.74485


9000.00 576.5  0.001418   0.0205  1350.89 1207.6 2558.4  1363.65 1379.2 2742.9
3.28657 2.39244 5.67901
10000.00 584.1  0.001453   0.0180  1393.34 1151.8 2545.1  1407.87 1317.6 2725.5


3.36029 2.25560 5.61589
11000.00 591.2  0.001489   0.0160  1433.90 1096.6 2530.5  1450.28 1256.1 2706.4


3.42995 2.12458 5.55453
12000.00 597.8  0.001526   0.0143  1473.01 1041.3 2514.4  1491.33 1194.3 2685.6


3.49646 1.99766 5.49412
13000.00 604.0  0.001566   0.0128  1511.04  985.6 2496.7  1531.40 1131.5 2662.9


3.56058 1.87331 5.43388
14000.00 609.8  0.001610   0.0115 1548.34  928.9 2477.3  1570.88 1067.2 2638.1


3.62300 1.75005 5.37305
15000.00 615.3  0.001657   0.0103  1585.30  870.5 2455.8  1610.15 1000.7 2610.9


3.68445 1.62636 5.31080
16000.00 620.5  0.001710   0.0093  1622.32  809.6 2431.9  1649.67  931.1 2580.8


3.74568 1.50059 5.24627
17000.00 625.4  0.001769   0.0084  1659.98  745.2 2405.1  1690.05  857.4 2547.4


3.80770 1.37081 5.17850
18000.00 630.1  0.001840   0.0075  1698.93  675.6 2374.6  1732.04  777.5 2509.5


3.87170 1.23384 5.10554
19000.00 634.6 0.001925   0.0036  1740.32  279.6 2019.9  1776.91  310.7 2087.6


3.93967 0.48827 4.42795
20000.00 638.9  0.002039   0.0034  1786.35  235.7 2022.1  1827.12  263.1 2090.2


4.01541 0.41112 4.42653
21000.00 643.0  0.002212   0.0033  1842.97  180.8 2023.8  1889.43  203.0 2092.4


4.10930 0.31555 4.42485
22064.00 647.1  0.003209   0.0032  2034.47    0.0 2034.5  2105.27    0.0 2105.3


4.43941 0.00000 4.43941
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A.14.2 SATURATION PRESSURE VERSUS TEMPERATURE (SI UNITS)


390.0   179.64  0.001058   0.9794   490.21 2035.2 2525.4   490.40 2210.9 2701.3
1.49369 5.66901 7.16270


Temp    Press  Specific Volume      Internal Energy            Enthalpy
Entropy


(K)    (kPa)      (m**3/kg)             (kJ/kg)                 (kJ/kg)
(kJ/kg/K)


vf     vg         uf     ufg    ug      hf   hfg     hg
sf      sfg     sg
273.1     0.61  0.001000 206.1397     0.00 2374.9 2374.9     0.00 2500.9 2500.9


0.00000 9.15591 9.15591
275.0     0.70  0.001000 181.6044     7.76 2369.7 2377.4     7.76 2496.5 2504.3


0.02831 9.07831 9.10662
280.0     0.99  0.001000 130.1941    28.79 2355.5 2384.3    28.80 2484.7 2513.5


0.10412 8.87382 8.97794
285.0     1.39  0.001001  94.6073    49.78 2341.4 2391.2    49.78 2472.8 2522.6


0.17840 8.67661 8.85501
290.0     1.92  0.001001  69.6305    70.73 2327.3 2398.1    70.73 2461.0 2531.7


0.25128 8.48623 8.73751
295.0     2.62  0.001002  51.8694    91.66 2313.2 2404.9    91.66 2449.2 2540.8


0.32283 8.30229 8.62511
300.0     3.54  0.001003  39.0821   112.57 2299.1 2411.7   112.57 2437.3 2549.9


0.39312 8.12441 8.51754
305.0     4.72  0.001005  29.7669   133.47 2285.0 2418.4   133.48 2425.4 2558.9


0.46222 7.95228 8.41451
310.0     6.23  0.001007  22.9051   154.37 2270.8 2425.2   154.38 2413.5 2567.9


0.53018 7.78559 8.31577
315.0     8.14  0.001009  17.7969   175.26 2256.6 2431.9   175.27 2401.6 2576.8


0.59704 7.62405 8.22110
320.0    10.55  0.001011  13.9557   196.16 2242.4 2438.6   196.17 2389.6 2585.7


0.66285 7.46741 8.13026
325.0    13.53  0.001013  11.0396   217.06 2228.1 2445.2   217.07 2377.5 2594.6


0.72765 7.31540 8.04305
330.0    17.21  0.001015   8.8056   237.96 2213.8 2451.8   237.98 2365.4 2603.3


0.79148 7.16779 7.95928
335.0    21.72  0.001018   7.0792   258.87 2199.4 2458.3   258.89 2353.2 2612.1


0.85438 7.02436 7.87875
340.0    27.19  0.001021   5.7341   279.80 2185.0 2464.8   279.82 2340.9 2620.7


0.91638 6.88491 7.80128
345.0    33.78  0.001024   4.6778   300.73 2170.5 2471.2   300.77 2328.5 2629.3


0.97751 6.74921 7.72673
350.0    41.68  0.001027   3.8420   321.69 2155.9 2477.6   321.73 2316.0 2637.7


1.03781 6.61710 7.65492
355.0    51.08  0.001030   3.1760   342.66 2141.2 2483.9   342.71 2303.4 2646.1


1.09731 6.48839 7.58570
360.0    62.19  0.001034   2.6415   363.66 2126.4 2490.1   363.72 2290.7 2654.4


1.15604 6.36289 7.51894
365.0    75.26  0.001037   2.2099   384.68 2111.5 2496.2   384.75 2277.8 2662.5


1.21403 6.24046 7.45449
370.0    90.54  0.001041   1.8591   405.72 2096.5 2502.3   405.81 2264.8 2670.6


1.27129 6.12094 7.39223
375.0   108.30  0.001045   1.5723   426.79 2081.4 2508.2   426.91 2251.6 2678.5


1.32787 6.00417 7.33204
380.0   128.85  0.001049   1.3365   447.90 2066.1 2514.0   448.03 2238.2 2686.3


1.38378 5.89001 7.27379
385.0   152.52  0.001053   1.1415   469.04 2050.7 2519.8   469.20 2224.7 2693.9


1.43904 5.77834 7.21738
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395.0   210.59  0.001062   0.8440   511.43 2019.5 2530.9   511.65 2197.0 2708.6
1.54775 5.56190 7.10964
400.0   245.75  0.001067   0.7303   532.68 2003.5 2536.2   532.95 2182.8 2715.7


1.60122 5.45690 7.05812
405.0   285.55  0.001072   0.6345   553.99 1987.5 2541.4   554.29 2168.3 2722.6


1.65415 5.35389 7.00804
410.0   330.42  0.001077 0.5533   575.33 1971.2 2546.5   575.69 2153.6 2729.3


1.70654 5.25277 6.95931
415.0   380.82  0.001082   0.4842   596.73 1954.7 2551.4   597.15 2138.7 2735.8


1.75843 5.15343 6.91186
420.0   437.24  0.001087   0.4253   618.19 1938.0 2556.1   618.66 2123.4 2742.1


1.80982 5.05578 6.86560
425.0   500.18  0.001093   0.3747   639.70 1921.0 2560.7   640.24 2107.9 2748.1


1.86074 4.95972 6.82046
430.0   570.18  0.001098   0.3311   661.27 1903.8 2565.1   661.90 2092.0 2753.9


1.91121 4.86516 6.77637
435.0  647.77  0.001104   0.2935   682.91 1886.4 2569.3   683.62 2075.8 2759.4


1.96124 4.77202 6.73327
440.0   733.55  0.001110   0.2609   704.61 1868.7 2573.3   705.43 2059.3 2764.7


2.01086 4.68022 6.69108
445.0   828.10  0.001117   0.2326   726.39 1850.7 2577.1   727.32 2042.4 2769.7


2.06009 4.58966 6.64975
455.0  1046.02  0.001130   0.1862   770.18 1813.9 2584.1   771.37 2007.4 2778.8


2.15744 4.41199 6.56943
460.0  1170.68  0.001137   0.1672   792.21 1795.0 2587.2   793.54 1989.4 2782.9


2.20560 4.32472 6.53032
465.0  1306.72  0.001144   0.1504   814.33 1775.8 2590.1   815.82 1970.8 2786.7


2.25345 4.23839 6.49183
470.0  1454.84  0.001152   0.1356   836.55 1756.2 2592.7   838.22 1951.9 2790.1


2.30099 4.15292 6.45392
475.0  1615.75  0.001159   0.1226   858.87 1736.3 2595.1   860.74 1932.4 2793.2


2.34826 4.06826 6.41652
480.0  1790.19  0.001167   0.1110   881.30 1715.9 2597.2   883.39 1912.5 2795.9


2.39527 3.98431 6.37958
485.0  1978.94  0.001176   0.1006  903.85 1695.2 2599.0   906.18 1892.0 2798.2


2.44204 3.90101 6.34305
490.0  2182.77  0.001185   0.0914   926.53 1674.0 2600.6   929.11 1871.0 2800.1


2.48859 3.81829 6.30688
495.0  2402.48  0.001194   0.0832   949.34 1652.4 2601.8   952.20 1849.3 2801.5


2.53495 3.73606 6.27101
500.0  2638.90  0.001203   0.0758   972.29 1630.3 2602.6   975.46 1827.1 2802.6


2.58113 3.65426 6.23539
505.0  2892.85  0.001213   0.0691   995.40 1607.8 2603.2   998.90 1804.3 2803.2


2.62717 3.57281 6.19997
510.0  3165.22  0.001223   0.0632  1018.66 1584.7 2603.3  1022.53 1780.7 2803.3


2.67307 3.49163 6.16470
515.0  3456.86  0.001233   0.0578  1042.10 1561.0 2603.1  1046.37 1756.5 2802.8


2.71888 3.41064 6.12952
520.0  3768.70  0.001245   0.0529  1065.73 1536.8 2602.5  1070.42 1731.5 2801.9


2.76461 3.32977 6.09437
525.0  4101.65  0.001256   0.0485  1089.55 1511.9 2601.4  1094.70 1705.7 2800.4


2.81029 3.24892 6.05921
530.0  4456.65  0.001268   0.0445  1113.58 1486.4 2599.9  1119.23 1679.1 2798.3


2.85595 3.16802 6.02396
535.0  4834.69  0.001281   0.0409  1137.84 1460.1 2598.0  1144.04 1651.5 2795.6


2.90162 3.08696 5.98857
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540.0  5236.75  0.001294   0.0376  1162.35 1433.1 2595.5  1169.13 1623.1 2792.2
2.94734 3.00564 5.95298
545.0  5663.85  0.001308 0.0345  1187.12 1405.4 2592.5  1194.53 1593.6 2788.1


2.99314 2.92397 5.91711
550.0  6117.05  0.001323   0.0318  1212.18 1376.7 2588.9  1220.27 1563.0 2783.3


3.03906 2.84182 5.88087
555.0  6597.43  0.001339   0.0292  1237.54 1347.2 2584.7  1246.37 1531.3 2777.6


3.08515 2.75905 5.84420
560.0  7106.12  0.001355   0.0269  1263.25 1316.6 2579.9  1272.88 1498.3 2771.2


3.13146 2.67553 5.80700
565.0  7644.26  0.001373   0.0248  1289.32 1285.0 2574.3  1299.82 1464.0 2763.8


3.17805 2.59110 5.76915
570.0  8213.06  0.001392   0.0228  1315.80 1252.2 2568.0  1327.23 1428.2 2755.4


3.22497 2.50557 5.73054
575.0  8813.76  0.001412   0.0210  1342.73 1218.0 2560.8  1355.17 1390.8 2745.9


3.27231 2.41873 5.69103
580.0  9447.69  0.001433   0.0193  1370.16 1182.5 2552.7  1383.70 1351.6 2735.3


3.32014 2.33033 5.65048
585.0 10116.21  0.001457   0.0178  1398.14 1145.4 2543.5  1412.88 1310.5 2723.3


3.36858 2.24011 5.60869
590.0 10820.77  0.001482   0.0163  1426.75 1106.4 2533.2  1442.79 1267.1 2709.9


3.41772 2.14771 5.56544
595.0 11562.92  0.001510   0.0150  1456.07 1065.5 2521.6  1473.53 1221.4 2694.9


3.46773 2.05273 5.52046
600.0 12344.30  0.001540   0.0137  1486.21 1022.2 2508.5  1505.22 1172.8 2678.0


3.51877 1.95463 5.47340
605.0 13166.69  0.001573   0.0126 1517.30  976.3 2493.6  1538.01 1120.9 2658.9


3.57108 1.85272 5.42380
610.0 14032.02  0.001611   0.0114  1549.53  927.1 2476.6  1572.14 1065.1 2637.3


3.62498 1.74610 5.37108
615.0 14942.40  0.001654   0.0104  1583.17  873.9 2457.1  1607.89 1004.6 2612.5


3.68092 1.63352 5.31444
620.0 15900.20  0.001704   0.0094  1618.61  815.8 2434.4  1645.70  938.2 2583.9


3.73955 1.51329 5.25284
630.0 17969.08  0.001837   0.0075  1697.70  677.9 2375.6  1730.71  780.1 2510.8


3.86968 1.23822 5.10789
640.0 20265.91 0.002076   0.0034  1799.92  222.7 2022.7  1842.00  248.9 2090.9


4.03783 0.38844 4.42627
647.1 22063.97  0.003209   0.0032  2034.52    0.0 2034.5  2105.33    0.0 2105.3


4.43950 0.00000 4.43950
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A.14.3 SUPERHEATED STEAM TABLE (SI UNITS)


Press =  0.010 MPa  Tsat=  319.0 K
T(K) =       325.    350.    400.    450.    500.    550.    600.    650.    700.


800.    900.   1000.
v-m3/kg     14.9541 16.1208 18.4417 20.7557 23.0669 25.3768 27.6860 29.9947 32.3032
36.9196 41.5356 46.1514


u-kj/kg      2446.0  2482.1  2554.3  2627.2  2701.3  2776.8  2853.8  2932.4  3012.6
3177.9  3350.3  3529.6
h-kj/kg      2595.6  2643.3  2738.7  2834.7  2932.0  3030.6  3130.7  3232.3  3335.6


3547.1  3765.6  3991.2
s-kj/kg/K   8.18513 8.32676 8.58137 8.80763 9.01251 9.20046 9.37463 9.53734 9.69038


9.9727710.2300210.46758


Press =  0.015 MPa  Tsat=  327.1 K
T(K) =       350.    400.    450.    500.    550.    600.    650.    700.    800.


900.   1000.   1100.
v-m3/kg     10.7362 12.2880 13.8328 15.3748 16.9155 18.4555 19.9950 21.5343 24.6123


27.6899 30.7672 33.8444
u-kj/kg      2481.4  2553.9  2627.0  2701.2  2776.7  2853.7  2932.3  3012.5  3177.9


3350.2  3529.6  3716.1
h-kj/kg      2642.5  2738.2  2834.5  2931.8  3030.4  3130.6  3232.2  3335.5  3547.1


3765.6  3991.1  4223.8
s-kj/kg/K  8.13764  8.39336 8.62004 8.82509 9.01314 9.18737 9.35011 9.50318


9.7855910.0428610.2804310.50212


Press =  0.025 MPa  Tsat=  338.1 K
T(K) =       350.    400.    450.    500.    550.    600.    650.    700.    800.


900.   1000.   1100.
v-m3/kg      6.4284  7.3650  8.2944  9.2211 10.1464 11.0710 11.9952 12.9191 14.7664


16.6132 18.4599 20.3063
u-kj/kg      2480.0  2553.2  2626.6  2700.9  2776.5  2853.6  2932.2  3012.4  3177.8


3350.2  3529.6  3716.1
h-kj/kg      2640.7  2737.3  2833.9  2931.4  3030.2  3130.4  3232.1  3335.4  3547.0


3765.5  3991.1  4223.7
s-kj/kg/K   7.89785 8.15585 8.38335 8.58878 8.77701 8.95134 9.11416 9.26727 9.54974


9.8070410.0446310.26633


Press =  0.040 MPa  Tsat=  349.0 K
T(K) =       350.    400.    450.    500.    550.    600.    650.    700.    800.


900.   1000.   1100.
v-m3/kg      4.0050  4.5957  5.1791  5.7596  6.3388  6.9173  7.4953  8.0731  9.2281


10.3826 11.5370 12.6912
u-kj/kg      2477.8  2552.1  2625.9  2700.5  2776.2  2853.3  2932.0  3012.3  3177.7


3350.1  3529.5  3716.0
h-kj/kg      2638.0  2736.0  2833.1  2930.8  3029.8  3130.0  3231.8  3335.2  3546.9


3765.4  3991.0  4223.7
s-kj/kg/K   7.67465 7.93627 8.16504 8.37102 8.55954 8.73403 8.89695 9.05013 9.33269


9.59003 9.8276410.04936


Press =  0.060 MPa  Tsat=  359.1 K
T(K) =       400.    450.    500.    550.    600.    650.    700.    800.    900.


1000.   1100.   1200.
v-m3/kg     3.05719 3.44835 3.83661 4.22350 4.60967 4.99541 5.38086 6.15124 6.92120


7.69092 8.46050 9.22998
u-kj/kg      2550.7  2625.1  2699.9  2775.8  2853.0  2931.8  3012.0  3177.6  3350.0


3529.4  3716.0  3909.4
h-kj/kg      2734.1  2832.0  2930.1 3029.2  3129.6  3231.5  3334.9  3546.7  3765.3


3990.9  4223.6  4463.2
s-kj/kg/K   7.74553 7.97603 8.18276 8.37166 8.54637 8.70943 8.86270 9.14537 9.40277


9.64043 9.8621710.07059
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Press =  0.101 MPa  Tsat=  373.1 K
T(K) =       400.    450.    500. 550.    600.    650.    700.    800.    900.


1000.   1100.   1200.
v-m3/kg     1.80206 2.03654 2.26798 2.49803 2.72735 2.95623 3.18482 3.64148 4.09772


4.55372 5.00959 5.46535
u-kj/kg      2547.7  2623.3  2698.7  2774.9  2852.4  2931.2  3011.6  3177.3  3349.8


3529.3  3715.8  3909.3


h-kj/kg      2730.3  2829.7  2928.5  3028.1  3128.7  3230.8  3334.3  3546.3  3765.0
3990.7  4223.4  4463.0
s-kj/kg/K   7.49608 7.73027 7.93859 8.12828 8.30345 8.46679 8.62025 8.90315 9.16068
9.39842 9.62020 9.82866


Press =  0.200 MPa  Tsat=  393.4 K
T(K) =       400.    450.    500.    550.    600.    650.    700.    800.    900.


1000.   1100.   1200.
v-m3/kg     0.90251 1.02507 1.14427 1.26200 1.37897 1.49549 1.61172 1.84366 2.07517
2.30645 2.53758 2.76862
u-kj/kg      2540.0  2619.0  2695.9  2772.9  2850.8  2930.0  3010.6  3176.6  3349.2
3528.8  3715.5  3909.0
h-kj/kg      2720.5  2824.0  2924.8  3025.3  3126.6  3229.1  3332.9  3545.3  3764.3
3990.1  4223.0  4462.7
s-kj/kg/K   7.16292 7.40676 7.61907 7.81074 7.98701 8.15104 8.30496 8.58842 8.84625
9.08417 9.30606 9.51459


Press =  0.300 MPa  Tsat=  406.7 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.67872 0.75960 0.83891 0.91743 0.99550 1.07327 1.22829 1.38288 1.53724
1.69145 1.84557 1.99962
u-kj/kg      2614.4  2693.0  2770.8  2849.2  2928.7  3009.6  3175.8  3348.7  3528.4
3715.1  3908.7  4108.8
h-kj/kg      2818.1  2920.8  3022.5  3124.5  3227.4  3331.5  3544.3  3763.5 3989.6
4222.6  4462.4  4708.7
s-kj/kg/K   7.20939 7.42604 7.61979 7.79722 7.96195 8.11634 8.40036 8.65851 8.89661
9.11862 9.32722 9.52438


Press =  0.400 MPa  Tsat=  416.8 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.50545 0.56722 0.62735 0.68666 0.74550 0.80405 0.92061 1.03674 1.15263
1.26838 1.38404 1.49963
u-kj/kg      2609.7  2690.0  2768.7  2847.6  2927.4  3008.5  3175.1  3348.1  3528.0
3714.8  3908.4  4108.6
h-kj/kg      2811.9  2916.9  3019.6  3122.3  3225.6  3330.1  3543.3  3762.8  3989.0
4222.2  4462.0  4708.5
s-kj/kg/K   7.06594 7.28723 7.48316 7.66177 7.82722 7.98208 8.26667 8.52513 8.76341
8.98553 9.19421 9.39142


Press =  0.500 MPa  Tsat=  425.0 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.40140 0.45177 0.50040 0.54819 0.59550 0.64251 0.73599 0.82905 0.92187
1.01455 1.10712 1.19964
u-kj/kg      2604.8  2686.9  2766.6  2846.0  2926.2  3007.5  3174.3  3347.6  3527.6
3714.5  3908.1  4108.4
h-kj/kg      2805.5  2912.8  3016.8  3120.1  3223.9  3328.7  3542.3  3762.1  3988.5
4221.7  4461.7  4708.2
s-kj/kg/K   6.95182 7.17807 7.37626 7.55608 7.72226 7.87760 8.16276 8.42153 8.66000
8.88223 9.09098 9.28825
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Press =  0.600 MPa  Tsat=  432.0 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.33195 0.37477 0.41576 0.45587 0.49549 0.53482 0.61292 0.69059 0.76803
0.84532 0.92251 0.99965
u-kj/kg      2599.7  2683.8  2764.4  2844.4  2924.9  3006.4  3173.6  3347.0  3527.1
3714.1  3907.8  4108.1
h-kj/kg      2798.8  2908.7  3013.9  3117.9  3222.2  3327.3  3541.4  3761.4  3988.0
4221.3  4461.3  4707.9
s-kj/kg/K   6.85603 7.08760 7.28815 7.46921 7.63613 7.79195 8.07769 8.33677 8.57542


8.79777 9.00659 9.20392


Press =  0.700 MPa  Tsat=  438.1 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.28228 0.31976 0.35529 0.38992 0.42406 0.45789 0.52501 0.59170 0.65814
0.72444 0.79065 0.85679
u-kj/kg      2594.3  2680.6  2762.2  2842.7  2923.6  3005.4  3172.9  3346.5  3526.7
3713.8  3907.5  4107.9
h-kj/kg      2791.9  2904.4  3010.9  3115.7  3220.4  3325.9  3540.4  3760.7  3987.4
4220.9  4461.0  4707.6
s-kj/kg/K   6.77268 7.00998 7.21299 7.39533 7.56300 7.71931 8.00562 8.26502 8.50385
8.72631 8.93521 9.13258


Press =  0.800 MPa  Tsat=  443.6 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.24496 0.27847 0.30993 0.34046 0.37049 0.40020 0.45908 0.51752 0.57572
0.63379 0.69175 0.74965
u-kj/kg      2588.7  2677.4  2760.0  2841.1  2922.3  3004.3  3172.1  3345.9  3526.3
3713.4  3907.3  4107.6
h-kj/kg      2784.7  2900.1  3007.9  3113.5  3218.7  3324.5  3539.4  3759.9  3986.9
4220.4  4460.7  4707.4
s-kj/kg/K   6.69816 6.94173 7.14729 7.33094 7.49938 7.65617 7.94306 8.20278 8.44180
8.66437 8.87334 9.07077


Press =  0.900 MPa  Tsat=  448.5 K
T(K) =       450.    500.    550.    600.    650.    700.    800.    900.   1000.


1100.   1200.   1300.
v-m3/kg     0.21586 0.24634 0.27465 0.30199 0.32881 0.35533 0.40779 0.45983 0.51162
0.56327 0.61483 0.66632
u-kj/kg      2582.7  2674.0  2757.8  2839.4  2921.0  3003.3  3171.4  3345.4  3525.9
3713.1  3907.0  4107.4
h-kj/kg      2777.0  2895.7  3004.9  3111.2  3216.9  3323.1  3538.4  3759.2  3986.3
4220.0  4460.3  4707.1
s-kj/kg/K   6.63002 6.88060 7.08881 7.27380 7.44301 7.60031 7.88778 8.14781 8.38701
8.60970 8.81874 9.01622


Press =  1.000 MPa  Tsat=  453.0 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.22063 0.24641 0.27121 0.29547 0.31943 0.36677 0.41368 0.46034 0.50687
0.55329 0.59966 0.64598
u-kj/kg      2670.6  2755.5  2837.8  2919.7  3002.2  3170.6  3344.8  3525.4  3712.7
3906.7  4107.1  4313.9
h-kj/kg      2891.3  3001.9  3109.0  3215.2  3321.6  3537.4  3758.5  3985.8  4219.6
4460.0  4706.8  4959.9
s-kj/kg/K   6.82505 7.03601 7.22237 7.39237 7.55017 7.83822 8.09857 8.33796 8.56076
8.76988 8.96741 9.15493
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Press =  1.200 MPa  Tsat=  461.1 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.18201 0.20405 0.22503 0.24546 0.26557 0.30523 0.34445 0.38342 0.42225
0.46099 0.49966 0.53829
u-kj/kg      2663.7  2750.9  2834.4  2917.1  3000.1  3169.2  3343.7  3524.6  3712.0
3906.1  4106.7  4313.5
h-kj/kg      2882.1  2995.7  3104.4  3211.6  3318.8  3535.4  3757.1  3984.7  4218.7
4459.3  4706.2  4959.4
s-kj/kg/K   6.72659 6.94336 7.13256 7.30417 7.46298 7.75221 8.01319 8.25296 8.47598
8.68525 8.88289 9.07048


Press =  1.400 MPa  Tsat=  468.2 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.15437 0.17376 0.19203 0.20974 0.22711 0.26127 0.29500 0.32848 0.36181
0.39506 0.42823 0.46137
u-kj/kg      2656.4  2746.2  2831.0  2914.4  2998.0  3167.7  3342.6  3523.7  3711.3
3905.5  4106.2  4313.1
h-kj/kg      2872.5  2989.4  3099.8 3208.1  3315.9  3533.4  3755.6  3983.6  4217.9
4458.6  4705.7  4959.0
s-kj/kg/K   6.64047 6.86348 7.05567 7.22894 7.38878 7.67920 7.94082 8.18096 8.40421
8.61362 8.81137 8.99904


Press =  1.600 MPa  Tsat=  474.5 K
T(K) =       500.    550.    600. 650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.13360 0.15103 0.16728 0.18294 0.19825 0.22830 0.25791 0.28727 0.31649
0.34561 0.37466 0.40368
u-kj/kg      2648.8  2741.3  2827.5  2911.8  2995.8  3166.2  3341.5  3522.9  3710.7
3905.0  4105.7  4312.6
h-kj/kg      2862.6  2983.0  3095.2  3204.5  3313.0  3531.5  3754.2  3982.5  4217.0
4457.9  4705.1  4958.5
s-kj/kg/K   6.56317 6.79289 6.98820 7.16319 7.32408 7.61571 7.87796 8.11847 8.34195
8.55151 8.74936 8.93711


Press =  1.800 MPa  Tsat=  480.3 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.11740 0.13334 0.14802 0.16209 0.17581 0.20266 0.22906 0.25522 0.28123
0.30715 0.33300 0.35881
u-kj/kg      2640.9  2736.4  2824.0  2909.1  2993.7  3164.7  3340.4  3522.0  3710.0
3904.4  4105.2  4312.2
h-kj/kg      2852.2  2976.4  3090.5  3200.9  3310.1  3529.5  3752.7  3981.4  4216.2
4457.2  4704.6  4958.1
s-kj/kg/K   6.49238 6.72934 6.92792 7.10466 7.26663 7.55947 7.82237 8.06326 8.28696
8.49667 8.69463 8.88246


Press =  2.000 MPa  Tsat=  485.5 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.10439 0.11917 0.13261 0.14541 0.15786 0.18215 0.20599 0.22958 0.25303
0.27638 0.29967 0.32291
u-kj/kg      2632.6  2731.3  2820.5  2906.4  2991.5  3163.2  3339.3  3521.2  3709.3
3903.8  4104.7  4311.8
h-kj/kg      2841.4  2969.7  3085.7  3197.2  3307.2  3527.5  3751.3  3980.3  4215.3
4456.6  4704.0  4957.6
s-kj/kg/K   6.42645 6.67128 6.87328 7.05184 7.21490 7.50897 7.77251 8.01377 8.23771
8.44757 8.64563 8.83353
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Press =  2.500 MPa  Tsat=  497.1 K
T(K) =       500.    550.    600.    650.    700.    800.    900.   1000.   1100.


1200.   1300.   1400.
v-m3/kg     0.08080 0.09361 0.10484 0.11538 0.12553 0.14522 0.16445 0.18342 0.20226
0.22099 0.23967 0.25830
u-kj/kg      2609.7  2718.1  2811.4 2899.5  2986.1  3159.4  3336.5  3519.0  3707.5
3902.4  4103.5  4310.8
h-kj/kg      2811.7  2952.2  3073.5  3188.0  3299.9  3522.5  3747.6  3977.6  4213.2
4454.8  4702.7  4956.5
s-kj/kg/K   6.27535 6.54361 6.75484 6.93818 7.10407 7.40126 7.66643 7.90864 8.13314
8.34338 8.54170 8.72980


Press =  3.000 MPa  Tsat=  507.0 K
T(K) =       550.    600.    650.    700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.07650 0.08631 0.09534 0.10397 0.12060 0.13675 0.15265 0.16841 0.18407
0.19967 0.21522 0.23074
u-kj/kg      2704.1  2801.9  2892.5  2980.5  3155.6  3333.7  3516.8  3705.8  3900.9
4102.3  4309.7  4523.0
h-kj/kg      2933.7  3060.9  3178.5  3292.5  3517.4  3744.0  3974.8  4211.0  4453.1
4701.3  4955.4  5215.2
s-kj/kg/K   6.43310 6.65462 6.84310 7.01196 7.31236 7.57918 7.82233 8.04742 8.25802
8.45662 8.64491 8.82414


Press =  3.500 MPa  Tsat=  515.7 K
T(K) =       550.    600.    650.    700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.06422 0.07304 0.08102 0.08857 0.10301 0.11697 0.13068 0.14424 0.15770
0.17110 0.18445 0.19777
u-kj/kg      2689.3  2792.2  2885.4  2974.9  3151.8  3330.9  3514.7  3704.1  3899.5
4101.0  4308.7  4522.1
h-kj/kg      2914.0  3047.8  3168.9  3284.9  3512.4  3740.3  3972.1  4208.9  4451.4
4699.9  4954.3  5214.3
s-kj/kg/K   6.33371 6.56677 6.76077 6.93274 7.23644 7.50492 7.74903 7.97469 8.18567
8.38453 8.57302 8.75240


Press =  4.000 MPa  Tsat=  523.5 K
T(K) =       550.    600.    650.   700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.05494 0.06306 0.07027 0.07701 0.08982 0.10213 0.11419 0.12610 0.13792
0.14967 0.16138 0.17305
u-kj/kg      2673.4  2782.0  2878.1  2969.3  3148.0  3328.1  3512.5  3702.3 3898.0
4099.8  4307.6  4521.2
h-kj/kg      2893.1  3034.3  3159.1  3277.3  3507.3  3736.7  3969.3  4206.7  4449.7
4698.5  4953.1  5213.4
s-kj/kg/K   6.24171 6.48774 6.68767 6.86291 7.17000 7.44017 7.68524 7.91147 8.12284
8.32196 8.51064 8.69017


Press =  4.500 MPa  Tsat=  530.6 K
T(K) =       550.    600.    650.    700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.04765 0.05528 0.06189 0.06802 0.07955 0.09059 0.10137 0.11200 0.12254
0.13300 0.14343 0.15382
u-kj/kg      2656.3  2771.5  2870.6  2963.5  3144.1  3325.3  3510.4  3700.6  3896.6
4098.6  4306.6  4520.3
h-kj/kg      2870.7  3020.3  3149.1  3269.6  3502.1  3733.0  3966.5  4204.6  4448.0
4697.1  4952.0  5212.5
s-kj/kg/K   6.15444 6.41525 6.62155 6.80022 7.11079 7.38267 7.62871 7.85553 8.06727
8.26666 8.45554 8.63521
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Press =  5.000 MPa  Tsat=  537.1 K
T(K) =       550.    600.    650.    700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.04175 0.04904 0.05519 0.06082 0.07134 0.08136 0.09112 0.10072 0.11023
0.11967 0.12907 0.13843
u-kj/kg      2637.7  2760.6  2862.9  2957.7  3140.3  3322.5  3508.2  3698.8  3895.1
4097.4  4305.5  4519.4
h-kj/kg      2846.5  3005.8  3138.9  3261.8  3497.0  3729.3  3963.8  4202.4  4446.2
4695.7  4950.9  5211.6
s-kj/kg/K   6.06984 6.34772 6.56087 6.74313 7.05728 7.33089 7.57790 7.80531 8.01743
8.21709 8.40617 8.58598


Press =  6.000 MPa  Tsat=  548.7 K
T(K) =       550.    600.    650.    700.    800.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-m3/kg     0.03267 0.03961 0.04510 0.05001 0.05902 0.06751 0.07573 0.08380 0.09177
0.09967 0.10753 0.11536
u-kj/kg      2594.6  2737.5  2847.1  2945.8  3132.5  3316.8  3503.8  3695.3  3892.2
4094.9  4303.5  4517.6
h-kj/kg      2790.6  2975.2  3117.7  3245.9  3486.6  3721.9  3958.2  4198.1  4442.8
4693.0  4948.7  5209.7
s-kj/kg/K   5.90115 6.22319 6.45166 6.64164 6.96328 7.24041 7.48939 7.71798 7.93087
8.13107 8.32053 8.50064


Press =  7.000 MPa  Tsat=  559.0 K
T(K) =       600.    650.    700.    800.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-m3/kg     0.03280 0.03787 0.04227 0.05022 0.05762 0.06474 0.07171 0.07858 0.08539


0.09215 0.09888 0.10558
u-kj/kg      2712.3  2830.5  2933.5  3124.5  3311.1  3499.4  3691.8  3889.3  4092.5
4301.4  4515.8  4735.4
h-kj/kg      2941.9  3095.6  3229.5  3476.1  3714.4  3952.6  4193.8  4439.4  4690.2
4946.4  5207.9  5474.5
s-kj/kg/K   6.10772 6.35409 6.55258 6.88213 7.16288 7.41385 7.64363 7.85730 8.05804
8.24789 8.42829 8.60030


Press =  8.000 MPa  Tsat=  568.2 K
T(K) =       600.    650.    700.    800.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-m3/kg     0.02761 0.03241 0.03646 0.04361 0.05020 0.05650 0.06264 0.06869 0.07468
0.08061 0.08652 0.09239
u-kj/kg      2684.6  2813.1  2920.9  3116.5  3305.3  3495.0  3688.3  3886.4  4090.0
4299.3  4514.0  4733.8
h-kj/kg      2905.5  3072.4  3212.6  3465.4  3706.9  3947.0  4189.4  4435.9  4687.4
4944.2  5206.1  5473.0
s-kj/kg/K   5.99692 6.26455 6.47242 6.81035 7.09482 7.34781 7.57880 7.79324 7.99453
8.18477 8.36547 8.53770


Press =  9.000 MPa  Tsat=  576.5 K
T(K) =       600.    650.    700.    800.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-m3/kg     0.02349 0.02815 0.03193 0.03847 0.04442 0.05009 0.05559 0.06100 0.06634
0.07164 0.07690 0.08214
u-kj/kg      2653.8  2794.8  2907.9  3108.4  3299.5  3490.6  3684.7  3883.4  4087.5
4297.2  4512.2  4732.3
h-kj/kg      2865.2  3048.1  3195.2  3454.6  3699.3  3941.4  4185.1  4432.5  4684.6
4941.9  5204.3  5471.5
s-kj/kg/K   5.88729 6.18066 6.39887 6.74568 7.03398 7.28902 7.52122 7.73645 7.93828
8.12892 8.30991 8.48236
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Press = 10.000 MPa  Tsat=  584.1 K
T(K) =       600.    650.    700.    800.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-m3/kg     0.02009 0.02471 0.02829 0.03436 0.03980 0.04496 0.04995 0.05485 0.05968
0.06446 0.06921 0.07393
u-kj/kg      2618.9  2775.4  2894.4 3100.1  3293.7  3486.2  3681.2  3880.5  4085.1
4295.1  4510.4  4730.7
h-kj/kg      2819.8  3022.5  3177.3  3443.7  3691.7  3935.8  4180.7  4429.0  4681.9
4939.7  5202.5  5470.0
s-kj/kg/K   5.77538 6.10069 6.33038 6.68660 6.97883 7.23595 7.46938 7.68539 7.88777
8.07881 8.26009 8.43276


Press = 12.000 MPa  Tsat=  597.8 K
T(K) =       600.    650.    700.    750.    800.    850.    900.    950.   1000.


1050.
v-m3/kg     0.01459 0.01947 0.02280 0.02562 0.02818 0.03058 0.03287 0.03510 0.03727
0.03940
u-kj/kg      2528.8  2733.1  2866.2  2979.0  3083.3  3183.5  3281.9  3379.6  3477.2
3575.3
h-kj/kg      2703.9  2966.8  3139.8  3286.5  3421.4  3550.4  3676.4  3800.7  3924.4
4048.1
s-kj/kg/K   5.52472 5.94753 6.20430 6.40683 6.58105 6.73752 6.88148 7.01595 7.14285
7.26349


Press = 14.000 MPa  Tsat=  609.8 K
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.01563 0.01885 0.02145 0.02376 0.02589 0.02792 0.02987 0.03177 0.03363
u-kj/kg      2684.9  2835.9  2957.0  3066.0  3169.3  3269.9  3369.2  3468.2  3567.3
h-kj/kg      2903.7  3099.8  3257.3  3398.6  3531.8  3660.8  3787.5  3913.0  4038.1
s-kj/kg/K   5.79671 6.08799 6.30540 6.48786 6.64947 6.79693 6.93391 7.06267 7.18475


Press = 16.000 MPa  Tsat=  620.5 K
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.01263 0.01586 0.01831 0.02044 0.02238 0.02421 0.02596 0.02765 0.02930
u-kj/kg      2628.3  2803.4  2933.9  3048.2  3154.8  3257.8  3358.8  3459.1  3559.3
h-kj/kg      2830.4  3057.1  3226.9  3375.1  3512.9  3645.1  3774.1  3901.5  4028.1
s-kj/kg/K   5.64059 5.97752 6.21205 6.40350 6.57059 6.72171 6.86128 6.99195 7.11548


Press = 18.000 MPa  Tsat=  630.1 K
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.01014 0.01350 0.01586 0.01785 0.01964 0.02132 0.02291 0.02445 0.02594
u-kj/kg      2559.0  2768.3  2909.9  3029.8  3140.1  3245.4  3348.3  3449.9  3551.2
h-kj/kg      2741.5  3011.2  3195.3  3351.1  3493.7  3629.2  3760.7  3890.0  4018.1
s-kj/kg/K   5.46893 5.87012 6.12446 6.32572 6.49863 6.65356 6.79580 6.92843 7.05344


Press = 20.000 MPa  Tsat=  638.9 K
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00790 0.01158 0.01388 0.01577 0.01745 0.01901 0.02047 0.02188 0.02325
u-kj/kg      2466.8  2730.1  2884.7  3011.0  3125.0  3232.9  3337.6  3440.7  3543.0
h-kj/kg      2624.9  2961.6  3162.4  3326.5  3474.1  3613.1  3747.1  3878.4  4008.0
s-kj/kg/K   5.26183 5.76355 6.04101 6.25298 6.43206 6.59096 6.73595 6.87059 6.99709


Press = 22.000 MPa  Tsat=  646.9 K
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00147 0.00997 0.01226 0.01407 0.01566 0.01711 0.01848 0.01979 0.02105
u-kj/kg      1596.4  2688.3  2858.4  2991.6 3109.7  3220.3  3326.9  3431.4  3534.9
h-kj/kg      1698.6  2907.8  3128.1  3301.2  3454.2  3596.8  3733.5  3866.7  3997.9
s-kj/kg/K   3.69088 5.65591 5.96051 6.18419 6.36978 6.53282 6.68065 6.81732 6.94536
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Press = 24.000 MPa
T(K) =       650.   700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00146 0.00861 0.01090 0.01265 0.01416 0.01554 0.01682 0.01804 0.01921
u-kj/kg      1590.2  2642.3  2830.8  2971.7  3094.1  3207.5  3316.1  3422.0  3526.6
h-kj/kg      1695.8  2848.9  3092.4  3275.4  3434.0  3580.4  3719.7  3855.0  3987.8
s-kj/kg/K   3.68017 5.54534 5.88208 6.11853 6.31101 6.47834 6.62908 6.76784 6.89743


Press = 26.000 MPa
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00145 0.00742 0.00974 0.01145 0.01290 0.01420 0.01542 0.01656 0.01766
u-kj/kg      1584.4  2591.2  2801.9  2951.2  3078.2  3194.5  3305.1  3412.6  3518.4
h-kj/kg      1693.3  2784.1  3055.2  3248.9  3413.6  3563.8  3705.9  3843.2  3977.7
s-kj/kg/K   3.67008 5.42987 5.80500 6.05541 6.25513 6.42692 6.58065 6.72153 6.85270


Press = 28.000 MPa
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00144 0.00637 0.00874 0.01042 0.01182 0.01306 0.01421 0.01530 0.01634
u-kj/kg      1578.9  2533.7  2771.6  2930.2  3062.0  3181.4  3294.1  3403.1  3510.1
h-kj/kg      1691.1  2712.0  3016.4  3221.9  3392.8  3547.1  3692.0  3831.5  3967.5
s-kj/kg/K   3.66050 5.30724 5.72875 5.99434 6.20169 6.37808 6.53487 6.67792 6.81068


Press = 30.000 MPa
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00143 0.00543 0.00787 0.00952 0.01088 0.01207 0.01317 0.01420 0.01519
u-kj/kg      1573.7  2468.6  2739.9  2908.7  3045.6  3168.1  3283.0  3393.6  3501.8
h-kj/kg      1689.1  2631.5  2976.2  3194.4  3371.8  3530.2  3678.1  3819.7  3957.4
s-kj/kg/K   3.65138 5.17540 5.65290 5.93499 6.15032 6.33146 6.49139 6.63664 6.77102


Press = 35.000 MPa
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00141 0.00141 0.00613 0.00773 0.00900 0.01010 0.01109 0.01201 0.01289
u-kj/kg      1561.7  1701.7  2654.4  2852.5  3003.4  3134.3  3254.9  3369.6  3480.9
h-kj/kg      1685.0  1899.7  2868.9  3123.2  3318.4  3487.6  3643.0  3790.1  3932.0
s-kj/kg/K   3.63027 3.83785 5.46347 5.79237 6.02927 6.22286 6.39089 6.54179 6.68027


Press = 40.000 MPa
T(K) =       650.    700.    750.    800.    850.    900.    950.   1000.   1050.


v-m3/kg     0.00139 0.00139 0.00483 0.00640 0.00760 0.00862 0.00953 0.01038 0.01117
u-kj/kg      1550.8  1691.1  2560.8  2793.3  2959.9  3099.8  3226.4  3345.4  3459.9
h-kj/kg      1681.8  1897.7  2754.1  3049.3  3263.9  3444.6  3607.7  3760.4  3906.6
s-kj/kg/K   3.61114 3.81901 5.27412 5.65605 5.91650 6.12322 6.29967 6.45636 6.59905
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A.14.4 H2O COMPRESSED LIQUID TABLE (SI UNITS)


TEMPERATURE ¼ 273.1K; PSAT ¼ 0.001 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.001 0.001 0.001 0.001 0.001 0.00099 0.00099 0.00099 0.00099 0.00098


u-kJ/kg 0 0 0 0.1 0.1 0.2 0.2 0.3 0.3 0.3


h-kJ/kg 1 2 5 8.1 10.1 15.1 20 25 29.9 49.1


s-kJ/kg/K 0 0 0.00014 0.00027 0.00034 0.00045 0.00047 0.00041 0.00028 0


TEMPERATURE ¼ 280.0K; PSAT ¼ 0.001 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.001 0.001 0.001 0.001 0.001 0.00099 0.00099 0.00099 0.00099 0.00098


u-kJ/kg 28.8 28.8 28.7 28.7 28.7 28.6 28.5 28.4 28.3 27.9


h-kJ/kg 29.8 30.8 33.7 36.7 38.6 43.5 48.3 53.1 57.9 76.7


s-kJ/kg/K 0.10407 0.10402 0.10386 0.10368 0.10354 0.10315 0.1027 0.10219 0.10162 0.09879


TEMPERATURE ¼ 300.0K; PSAT ¼ 0.004 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.001 0.001 0.001 0.001 0.001 0.001 0.00099 0.00099 0.00099 0.00098


u-kJ/kg 112.5 112.4 112.2 111.9 111.8 111.4 111 110.6 110.2 108.6


h-kJ/kg 113.5 114.4 117.2 119.9 121.7 126.3 130.8 135.4 139.9 157.8


s-kJ/kg/K 0.39285 0.39257 0.39174 0.39089 0.39033 0.3889 0.38744 0.38597 0.38448 0.37831


TEMPERATURE ¼ 320.0K; PSAT ¼ 0.011 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00101 0.00101 0.00101 0.00101 0.00101 0.001 0.001 0.001 0.001 0.00099


u-kJ/kg 196 195.9 195.5 195 194.8 194.1 193.4 192.8 192.1 189.7


h-kJ/kg 197 197.9 200.5 203.1 204.8 209.2 213.5 217.8 222.1 239.2


s-kJ/kg/K 0.66242 0.66198 0.66066 0.65934 0.65847 0.65628 0.65409 0.65191 0.64973 0.64104


TEMPERATURE ¼ 340.0K; PSAT ¼ 0.027 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00102 0.00102 0.00102 0.00102 0.00102 0.00101 0.00101 0.00101 0.00101 0.001


u-kJ/kg 279.6 279.4 278.8 278.3 277.9 276.9 276 275.1 274.2 270.9


h-kJ/kg 280.6 281.5 283.9 286.4 288 292.2 296.3 300.4 304.5 320.9


s-kJ/kg/K 0.91582 0.91524 0.91352 0.91181 0.91067 0.90785 0.90504 0.90226 0.89949 0.88862
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TEMPERATURE ¼ 360.0K; PSAT ¼ 0.062 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00103 0.00103 0.00103 0.00103 0.00103 0.00103 0.00102 0.00102 0.00102 0.00101


u-kJ/kg 363.4 363.2 362.4 361.7 361.2 360 358.8 357.7 356.5 352.2


h-kJ/kg 364.5 365.2 367.6 369.9 371.5 375.4 379.3 383.2 387.1 402.8


s-kJ/kg/K 1.15538 1.15468 1.15259 1.15052 1.14914 1.14573 1.14236 1.13902 1.13572 1.12283


TEMPERATURE ¼ 380.0K; PSAT ¼ 0.129 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00105 0.00105 0.00105 0.00104 0.00104 0.00104 0.00104 0.00104 0.00103 0.00102


u-kJ/kg 447.6 447.3 446.4 445.5 444.9 443.4 441.9 440.5 439.1 433.8


h-kJ/kg 448.7 449.4 451.6 453.8 455.3 459 462.7 466.4 470.1 485.1


s-kJ/kg/K 1.38306 1.38224 1.37978 1.37735 1.37574 1.37175 1.36782 1.36394 1.36011 1.34526


TEMPERATURE ¼ 400.0K; PSAT ¼ 0.246 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00107 0.00107 0.00106 0.00106 0.00106 0.00106 0.00106 0.00105 0.00105 0.00104


u-kJ/kg 532.4 532 530.9 529.8 529 527.3 525.5 523.8 522.1 515.8


h-kJ/kg 533.5 534.1 536.2 538.3 539.7 543.1 546.6 550.1 553.6 567.8


s-kJ/kg/K 1.60051 1.59955 1.59672 1.59392 1.59207 1.58749 1.58298 1.57854 1.57417 1.5573


TEMPERATURE ¼ 420.0K; PSAT ¼ 0.437 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00109 0.00109 0.00108 0.00108 0.00108 0.00108 0.00107 0.00107 0.00107 0.00106


u-kJ/kg 617.9 617.5 616.1 614.8 613.9 611.7 609.6 607.6 605.6 598.1


h-kJ/kg 619 619.6 621.5 623.4 624.7 627.9 631.1 634.4 637.7 650.9


s-kJ/kg/K 1.8092 1.80811 1.80487 1.80166 1.79954 1.79432 1.78919 1.78415 1.7792 1.76019


TEMPERATURE ¼ 440.0K; PSAT ¼ 0.734 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00111 0.00111 0.00111 0.0011 0.0011 0.0011 0.0011 0.00109 0.00109 0.00108


u-kJ/kg 704.5 703.9 702.3 700.7 699.6 697.1 694.6 692.1 689.8 680.9


h-kJ/kg 705.6 706.1 707.8 709.5 710.7 713.6 716.5 719.5 722.4 734.7


s-kJ/kg/K 2.01053 2.00928 2.00556 2.00189 1.99947 1.99352 1.9877 1.98199 1.9764 1.95505


(Continued)
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TEMPERATURE ¼ 460.0K; PSAT ¼ 1.171 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.19849 0.00114 0.00113 0.00113 0.00113 0.00113 0.00112 0.00112 0.00111 0.0011


u-kJ/kg 2597 791.7 789.7 787.8 786.5 783.4 780.5 777.6 774.8 764.3


h-kJ/kg 2795.5 793.9 795.4 796.8 797.8 800.3 802.9 805.5 808.2 819.2


s-kJ/kg/K 6.62522 2.20441 2.20012 2.19591 2.19314 2.18633 2.1797 2.17322 2.16689 2.1429


TEMPERATURE ¼ 480.0K; PSAT ¼ 1.790 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.20981 0.00117 0.00116 0.00116 0.00116 0.00115 0.00115 0.00114 0.00114 0.00112


u-kJ/kg 2634.9 881.1 878.7 876.4 874.9 871.2 867.6 864.2 860.9 848.5


h-kJ/kg 2844.7 883.5 884.6 885.7 886.5 888.5 890.6 892.8 895.1 904.7


s-kJ/kg/K 6.73004 2.39491 2.38993 2.38504 2.38184 2.374 2.36639 2.35899 2.35179 2.32474


TEMPERATURE ¼ 500.0K; PSAT ¼ 2.639 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.22063 0.10439 0.0012 0.0012 0.00119 0.00119 0.00118 0.00118 0.00117 0.00115


u-kJ/kg 2670.6 2632.6 970 967.1 965.3 960.8 956.5 952.3 948.4 933.8


h-kJ/kg 2891.3 2841.4 976 976.7 977.2 978.6 980.1 981.7 983.5 991.3


s-kJ/kg/K 6.82505 6.42645 2.57651 2.57075 2.56699 2.55784 2.54901 2.54049 2.53223 2.50153


TEMPERATURE ¼ 520.0K; PSAT ¼ 3.769 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.23111 0.11055 0.00124 0.00124 0.00123 0.00123 0.00122 0.00121 0.00121 0.00118


u-kJ/kg 2705.1 2674 1064.2 1060.7 1058.3 1052.8 1047.5 1042.5 1037.7 1020.3


h-kJ/kg 2936.2 2895.1 1070.4 1070.6 1070.7 1071.2 1071.9 1072.8 1073.8 1079.4


s-kJ/kg/K 6.91324 6.53188 2.7617 2.75477 2.75027 2.73938 2.72897 2.719 2.70941 2.67426


TEMPERATURE ¼ 540.0K; PSAT ¼ 5.237 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00129 0.00128 0.00127 0.00126 0.00125 0.00125 0.00122


u-kJ/kg 1158.1 1155.1 1148.1 1141.5 1135.2 1129.3 1108.5


h-kJ/kg 1168.4 1168 1167.2 1166.7 1166.6 1166.7 1169.3


s-kJ/kg/K 2.93939 2.93382 2.9205 2.90793 2.89602 2.88469 2.84393
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TEMPERATURE ¼ 560.0K; PSAT ¼ 7.106 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00135 0.00135 0.00133 0.00132 0.00131 0.00129 0.00126


u-kJ/kg 1261.4 1257.4 1248 1239.4 1231.5 1224.1 1198.7


h-kJ/kg 1272.2 1270.8 1268 1265.8 1264.2 1263 1261.6


s-kJ/kg/K 3.12812 3.12086 3.1038 3.08808 3.07344 3.0597 3.01163


TEMPERATURE ¼ 580.0K; PSAT ¼ 9.45 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00143 0.00141 0.00139 0.00137 0.00135 0.00131


u-kJ/kg 1368.5 1355.1 1343.3 1332.8 1323.2 1291.5


h-kJ/kg 1382.9 1376.2 1371.1 1367 1363.8 1356.7


s-kJ/kg/K 3.31731 3.29363 3.27272 3.25386 3.23661 3.17855


TEMPERATURE ¼ 600.0K; PSAT ¼ 12.34 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00152 0.00148 0.00145 0.00143 0.00136


u-kJ/kg 1474.8 1456.6 1441.5 1428.3 1387.5


h-kJ/kg 1497.5 1486.3 1477.8 1471.2 1455.6


s-kJ/kg/K 3.49917 3.46794 3.44163 3.41862 3.34608


TEMPERATURE ¼ 620.0K; PSAT ¼ 15.9 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.00163 0.00157 0.00153 0.00143


u-kJ/kg 1588.6 1562.9 1542.9 1487.6


h-kJ/kg 1621.2 1602.3 1588.9 1559.1


s-kJ/kg/K 3.68902 3.64556 3.6115 3.5159


TEMPERATURE ¼ 640.0K; PSAT ¼ 20.27 MPA


Press (MPa) 1 2 5 8 10 15 20 25 30 50


v-m3/kg 0.01322 0.01322 0.01322


u-kJ/kg 2616.4 2616.4 2616.4


h-kJ/kg 2815.1 2815.1 2815.1


s-kJ/kg/K 5.63646 5.63646 5.63646
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A.14.5 THE SATURATION TEMPERATURE VERSUS PRESSURE
(IMPERIAL UNITS)


Press  Temp  Specific Volume       Internal Energy           Enthalpy
Entropy


(psi)   (R)     (ft**3/lbm)           (Btu/lbm)             (Btu/lbm)
(Btu/lbm/R)


vf     vg         uf      ufg    ug       hf    hfg    hg
sf      sfg      sg


0.1  494.7  0.0161 2951.1577     3.01 1021.2 1024.2 3.02 1075.8 1078.8
0.00611 2.17479 2.18090


0.2  512.8  0.0161 1529.1317    21.25 1008.9 1030.2    21.25 1065.5 1086.8
0.04231 2.07785 2.12017


0.3  524.1  0.0161 1041.6294    32.60 1001.3 1033.9    32.60 1059.1 1091.7
0.06421 2.02075 2.08496


0.4  532.5  0.0161  793.5160    41.00  995.6 1036.6    41.00 1054.4 1095.4
0.08010 1.98002 2.06013


0.6  544.8  0.0161  541.0339    53.35  987.3 1040.6    53.36 1047.4 1100.7
0.10305 1.92229 2.02534


0.8  554.0  0.0161  412.4360    62.52  981.1 1043.6    62.52 1042.1 1104.7
0.11973 1.88108 2.00081


1.0  561.4  0.0162  334.2068    69.88  976.1 1046.0    69.88 1037.9 1107.8
0.13292 1.84897 1.98188


1.5  575.3  0.0162  228.1557    83.83  966.6 1050.4    83.83 1029.9 1113.8
0.15746 1.79023 1.94769


2.5  594.1  0.0163  141.1594   102.58  953.8 1056.4   102.59 1019.1 1121.7
0.18954 1.71547 1.90501


3.0  601.1  0.0163  118.9527   109.62  949.0 1058.6   109.63 1015.0 1124.6
0.20132 1.68857 1.88989


3.5  607.2  0.0164  102.9342   115.73  944.7 1060.5   115.74 1011.4 1127.1
0.21143 1.66571 1.87715


4.0  612.6  0.0164   90.8181   121.13  941.0 1062.1   121.15 1008.2 1129.4
0.22030 1.64584 1.86614


5.0  621.9  0.0164   73.6775   130.43  934.6 1065.0   130.44 1002.7 1133.2
0.23536 1.61246 1.84781


6.0  629.7  0.0165   62.1094   138.27  929.1 1067.4   138.29  998.0 1136.3
0.24789 1.58501 1.83290


7.0  636.5  0.0165   53.7612   145.08  924.3 1069.4   145.11  994.0 1139.1
0.25865 1.56168 1.82033


8.0  642.5  0.0166   47.4442   151.13  920.1 1071.2   151.15  990.3 1141.5
0.26811 1.54137 1.80947


10.0  652.8  0.0166   38.5033   161.54  912.7 1074.3   161.57  984.0 1145.5
0.28418 1.50721 1.79139


12.5  663.6  0.0167   31.2495 172.36  905.0 1077.4   172.40  977.3 1149.7
0.30062 1.47276 1.77337


14.7  671.6  0.0167   26.8597   180.48  899.2 1079.7   180.52  972.2 1152.8
0.31278 1.44757 1.76035


20.0  687.6  0.0169   20.1340   196.61  887.6 1084.2   196.67  962.0 1158.7
0.33651 1.39911 1.73562


25.0  699.7  0.0170   16.3406   208.88  878.6 1087.5   208.96  954.1 1163.1
0.35421 1.36356 1.71777


30.0  710.0  0.0170   13.7771   219.30  870.9 1090.2   219.40  947.3 1166.6
0.36900 1.33420 1.70320


35.0  718.9  0.0171  11.9251   228.41  864.1 1092.5   228.52  941.2 1169.7
0.38175 1.30914 1.69089


40.0  726.9  0.0172   10.5224   236.53  857.9 1094.5   236.66  935.7 1172.4
0.39298 1.28724 1.68022


APPENDIX A660







45.0  734.1  0.0172    9.4220   243.88  852.3 1096.2   244.02  930.7 1174.7
0.40304 1.26777 1.67081


50.0  740.7  0.0173    8.5350   250.61  847.2 1097.8   250.77  926.0 1176.8
0.41217 1.25022 1.66239


55.0  746.7  0.0174    7.8041   256.82  842.4 1099.2   257.00  921.6 1178.6
0.42052 1.23424 1.65476


60.0  752.4  0.0174    7.1912   262.61  837.9 1100.5   262.80  917.5 1180.3
0.42824 1.21955 1.64779


65.0  757.6  0.0175    6.6696   268.02  833.7 1101.7   268.24  913.7 1181.9
0.43542 1.20595 1.64137


70.0  762.6  0.0175    6.2201   273.13  829.6 1102.8   273.35 910.0 1183.3
0.44213 1.19329 1.63542


75.0  767.3  0.0176    5.8286   277.95  825.8 1103.8   278.19  906.5 1184.7
0.44844 1.18143 1.62987


80.0  771.7  0.0176    5.4844   282.53  822.2 1104.7   282.79  903.1 1185.9
0.45439 1.17028 1.62467


85.0  775.9  0.0176    5.1794   286.89  818.7 1105.6   287.17  899.9 1187.0
0.46003 1.15975 1.61977


90.0  779.9  0.0177    4.9071   291.06  815.3 1106.4   291.36  896.8 1188.1
0.46539 1.14977 1.61515


95.0  783.8  0.0177    4.6626   295.05  812.1 1107.1   295.37  893.7 1189.1
0.47049 1.14028 1.61078


100.0  787.5  0.0178    4.4417   298.89  809.0 1107.9   299.22  890.8 1190.1
0.47538 1.13124 1.60661


110.0  794.5  0.0178    4.0581   306.14  803.0 1109.2 306.50  885.3 1191.8
0.48454 1.11432 1.59886


120.0  800.9  0.0179    3.7365   312.90  797.4 1110.3   313.29  880.0 1193.3
0.49302 1.09874 1.59176


130.0  807.0  0.0180    3.4626   319.24  792.1 1111.4   319.67  875.0 1194.7
0.50091 1.08429 1.58520


140.0  812.7  0.0181    3.2267   325.22  787.1 1112.3   325.69  870.2 1195.9
0.50830 1.07080 1.57910


150.0  818.1  0.0181    3.0211   330.89  782.3 1113.2   331.40  865.7 1197.1
0.51525 1.05814 1.57340


160.0  823.2  0.0182    2.8404   336.28  777.7 1114.0   336.82  861.3 1198.1
0.52183 1.04622 1.56805


170.0  828.1  0.0183    2.6802   341.43  773.3 1114.7   342.00  857.0 1199.0
0.52806 1.03494 1.56300


180.0  832.8  0.0183    2.5373   346.35  769.0 1115.4   346.96  852.9 1199.9
0.53399 1.02423 1.55822


190.0  837.2  0.0184    2.4088   351.07  764.9 1116.0   351.72  849.0 1200.7
0.53965 1.01403 1.55367


200.0  841.5  0.0184    2.2928   355.62  760.9 1116.5   356.30  845.1 1201.4
0.54506 1.00429 1.54935


250.0  860.7  0.0187    1.8478   376.11  742.6 1118.7   376.97  827.2 1204.2
0.56915 0.96114 1.53029


300.0  877.0  0.0189    1.5467   393.80  726.3 1120.1   394.85  811.1 1206.0
0.58953 0.92485 1.51438


350.0  891.4  0.0192    1.3290   409.48  711.5 1121.0   410.72  796.3 1207.1
0.60728 0.89335 1.50063


400.0  904.3  0.0194    1.1640   423.66  697.8 1121.5   425.09  782.6 1207.6
0.62308 0.86537 1.48845


450.0  916.0  0.0196    1.0345   436.64  685.0 1121.6   438.27  769.5 1207.8
0.63737 0.84010 1.47747
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500.0  926.7  0.0198    0.9301   448.67  672.9 1121.6   450.50  757.1 1207.6
0.65045 0.81698 1.46743


600.0  945.9  0.0202    0.7718   470.48  650.3 1120.8   472.72  733.7 1206.5
0.67378 0.77569 1.44947


700.0  962.8  0.0206    0.6572   490.01  629.3 1119.4   492.68  711.8 1204.5
0.69430 0.73931 1.43361


800.0  977.9  0.0209    0.5704   507.83  609.6 1117.4   510.93  691.0 1201.9
0.71271 0.70654 1.41925


900.0  991.7  0.0213    0.5021   524.31  590.8 1115.1   527.86  670.9 1198.7
0.72950 0.67650 1.40600
1000.0 1004.3  0.0216 0.4470   539.73  572.7 1112.4   543.73  651.4 1195.1


0.74501 0.64861 1.39362
1100.0 1016.0  0.0220    0.4015   554.27  555.1 1109.4   558.75  632.4 1191.1


0.75948 0.62242 1.38190
1200.0 1026.9  0.0224    0.3632   568.10  538.0 1106.1   573.07  613.7 1186.8


0.77310 0.59760 1.37069
1300.0 1037.2  0.0227    0.3306   581.34  521.2 1102.5   586.81  595.2 1182.0


0.78600 0.57389 1.35990
1400.0 1046.8  0.0231    0.3023   594.07  504.6 1098.6   600.06  576.9 1177.0


0.79831 0.55110 1.34941
1500.0 1055.9  0.0235    0.2776   606.38  488.1 1094.5   612.91  558.6 1171.5


0.81012 0.52904 1.33916
1600.0 1064.6  0.0239    0.2558   618.34  471.7 1090.0   625.42  540.4 1165.8


0.82151 0.50757 1.32907
1800.0 1080.7  0.0248    0.2189   641.42  438.9 1080.3   649.67  503.5 1153.2


0.84327 0.46589 1.30916
2000.0 1095.5  0.0257    0.1886   663.74  405.4 1069.2   673.25  465.7 1139.0


0.86408 0.42510 1.28918
2250.0 1112.4  0.0270    0.1573   691.19  361.7 1052.9   702.44  416.0 1118.4


0.88942 0.37393 1.26335
2500.0 1127.8  0.0287    0.1309   719.11  314.2 1033.3   732.37  361.5 1093.9


0.91498 0.32054 1.23552
2750.0 1142.0  0.0308    0.0573   749.09  121.2  870.3   764.78  134.6  899.4


0.94233 0.11756 1.05990
3000.0 1155.1  0.0345    0.0531   785.51   86.3  871.8   804.64   96.7  901.3


0.97571 0.08362 1.05933
3200.0 1164.8  0.0517    0.0517   877.11    0.0  877.1   907.70    0.0  907.7


1.06317 0.00000 1.06317
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A.14.6 SATURATION PRESSURE VERSUS TEMPERATURE
(IMPERIAL UNITS)


Temp   Press   Specific Volume        Internal Energy           Enthalpy
Entropy


(R)    (psi)       (ft**3/lbm)          (Btu/lbm)              (Btu/lbm)
(Btu/lbm/R)


vf     vg         uf     ufg    ug       hf     hfg    hg
sf      sfg     sg


491.7    0.09  0.0161 3308.9548     0.00 1023.2 1023.2     0.00 1077.5 1077.5
0.00000 2.19152 2.19152


500.0    0.12  0.0161 2418.8743     8.38 1017.6 1026.0     8.38 1072.8 1081.2
0.01690 2.14557 2.16247


510.0    0.18  0.0161 1686.7268    18.44 1010.8 1029.3    18.44 1067.1 1085.6
0.03681 2.09238 2.12920


520.0    0.26  0.0161 1195.2240    28.47 1004.1 1032.5    28.47 1061.5 1089.9
0.05630 2.04126 2.09755


530.0   0.37  0.0161  859.8069    38.49  997.3 1035.8    38.49 1055.8 1094.3
0.07538 1.99205 2.06744


540.0    0.51  0.0161  627.3451    48.50  990.6 1039.1    48.50 1050.1 1098.6
0.09410 1.94466 2.03876


550.0    0.71  0.0161  463.8765    58.51  983.8 1042.3 58.51 1044.4 1102.9
0.11246 1.89896 2.01142


560.0    0.96  0.0162  347.3375    68.51  977.0 1045.5    68.51 1038.7 1107.2
0.13048 1.85486 1.98535


570.0    1.29  0.0162  263.1730    78.51  970.2 1048.7    78.52 1033.0 1111.5
0.14819 1.81227 1.96045


580.0    1.71  0.0162  201.6415    88.52  963.4 1051.9    88.52 1027.2 1115.8
0.16558 1.77109 1.93668


590.0    2.25  0.0163  156.1334    98.52  956.6 1055.1    98.53 1021.4 1120.0
0.18269 1.73126 1.91395


600.0    2.92  0.0163  122.1055   108.53  949.7 1058.2   108.54 1015.6 1124.2
0.19951 1.69269 1.89220


610.0    3.75  0.0164   96.3962   118.55  942.8 1061.3   118.56 1009.7 1128.3
0.21606 1.65531 1.87137


620.0    4.78  0.0164   76.7798   128.57  935.9 1064.4   128.58 1003.8 1132.4
0.23236 1.61906 1.85142


630.0    6.05  0.0165   61.6720   138.60  928.9 1067.5   138.62  997.8 1136.5
0.24841 1.58387 1.83228


640.0    7.57  0.0165   49.9327 148.64  921.8 1070.5   148.66  991.8 1140.5
0.26422 1.54969 1.81391


650.0    9.42  0.0166   40.7337   158.69  914.8 1073.4   158.72  985.7 1144.4
0.27981 1.51645 1.79626


660.0   11.62  0.0167   33.4671   168.76  907.6 1076.4   168.79  979.5 1148.3
0.29518 1.48411 1.77928


670.0   14.23  0.0167   27.6832   178.84  900.4 1079.2   178.88  973.3 1152.1
0.31034 1.45261 1.76294


680.0   17.31  0.0168   23.0457   188.93  893.1 1082.1   188.99  966.9 1155.9
0.32529 1.42190 1.74720


690.0   20.92  0.0169   19.3017   199.05  885.8 1084.8   199.11  960.5 1159.6
0.34006 1.39195 1.73201


700.0   25.13  0.0170   16.2589   209.18  878.4 1087.5   209.26  953.9 1163.2
0.35464 1.36270 1.71734


710.0   30.02  0.0170   13.7705   219.33  870.8 1090.2   219.43 947.2 1166.7
0.36904 1.33412 1.70316


720.0   35.64  0.0171   11.7232   229.51  863.2 1092.7   229.62  940.4 1170.1
0.38327 1.30616 1.68943


730.0   42.10  0.0172   10.0291   239.71  855.5 1095.2   239.84  933.5 1173.4
0.39734 1.27880 1.67613
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740.0 49.48  0.0173    8.6197   249.93  847.7 1097.6   250.09  926.5 1176.6
0.41125 1.25198 1.66323


750.0   57.86  0.0174    7.4409   260.18  839.8 1100.0   260.37  919.3 1179.6
0.42501 1.22569 1.65070


760.0   67.35  0.0175    6.4501   270.46  831.7 1102.2   270.68  911.9 1182.6
0.43863 1.19989 1.63852


770.0   78.05  0.0176    5.6133   280.77  823.6 1104.3   281.03  904.4 1185.4
0.45211 1.17454 1.62665


780.0   90.07  0.0177    4.9034   291.12  815.3 1106.4   291.41  896.7 1188.1
0.46546 1.14963 1.61509


790.0  103.52  0.0178    4.2985   301.50  806.8 1108.3   301.84  888.8 1190.7
0.47869 1.12511 1.60380


800.0  118.52  0.0179    3.7809   311.92  798.2 1110.2   312.31  880.8 1193.1
0.49180 1.10098 1.59277


810.0  135.18  0.0180    3.3362   322.38  789.5 1111.9   322.83  872.5 1195.4
0.50480 1.07719 1.58198


820.0  153.64  0.0181    2.9527   332.89  780.6 1113.5   333.40  864.1 1197.5
0.51769 1.05372 1.57141


830.0  174.03  0.0183    2.6207   343.44  771.5 1115.0   344.03  855.4 1199.4
0.53048 1.03055 1.56104


840.0  196.49  0.0184    2.3323   354.04  762.3 1116.3   354.71  846.4 1201.1
0.54319 1.00766 1.55085


850.0  221.14  0.0185    2.0809   364.69  752.9 1117.6   365.45  837.3 1202.7
0.55580 0.98501 1.54082


860.0  248.15  0.0187    1.8611   375.41  743.2 1118.6   376.26  827.8 1204.1
0.56834 0.96259 1.53093


870.0  277.66  0.0188    1.6683   386.18  733.4 1119.6   387.15  818.1 1205.3
0.58080 0.94038 1.52118


880.0  309.82  0.0190    1.4986   397.02  723.3 1120.3   398.11  808.1 1206.2
0.59320 0.91833 1.51153


890.0  344.79  0.0191    1.3488   407.93  713.0 1120.9   409.15  797.8 1207.0
0.60553 0.89644 1.50198


900.0  382.74  0.0193    1.2163   418.91  702.4 1121.3   420.28  787.2 1207.5
0.61782 0.87468 1.49250


910.0  423.83  0.0195    1.0986   429.98  691.6 1121.6   431.50  776.3 1207.8
0.63006 0.85302 1.48309


920.0  468.23  0.0197    0.9940   441.13  680.5 1121.6   442.83  764.9 1207.8
0.64227 0.83144 1.47371


930.0  516.12  0.0199    0.9006   452.37  669.1 1121.5   454.27  753.2 1207.5
0.65444 0.80992 1.46436


940.0  567.68  0.0201    0.8171   463.72  657.4 1121.1   465.83  741.1 1206.9
0.66660 0.78841 1.45501


950.0  623.10  0.0203  0.7422   475.17  645.3 1120.5   477.51  728.6 1206.1
0.67874 0.76691 1.44565


960.0  682.56  0.0205    0.6749   486.74  632.9 1119.6   489.33  715.6 1204.9
0.69089 0.74537 1.43625


970.0  746.26  0.0207    0.6143   498.44  620.1 1118.5   501.30  702.1 1203.4
0.70304 0.72376 1.42680


980.0  814.41  0.0210    0.5595   510.28  606.9 1117.1   513.44  688.0 1201.5
0.71522 0.70206 1.41728


990.0  887.21  0.0212    0.5100   522.27  593.2 1115.4   525.75  673.4 1199.2
0.72743 0.68022 1.40765
1000.0  964.87  0.0215    0.4651   534.42  579.0 1113.4   538.26  658.2 1196.5


0.73969 0.65819 1.39789
1010.0 1047.63  0.0218    0.4243   546.75  564.3 1111.0   550.98  642.3 1193.3


0.75202 0.63595 1.38796
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1020.0 1135.71  0.0221    0.3871   559.29  549.0 1108.3  563.94  625.7 1189.6
0.76443 0.61341 1.37784
1030.0 1229.35  0.0225    0.3531   572.04  533.0 1105.1   577.16  608.3 1185.4


0.77695 0.59054 1.36749
1040.0 1328.81  0.0229    0.3220   585.05  516.4 1101.4   590.67  589.9 1180.6


0.78960 0.56724 1.35685
1050.0 1434.35  0.0233    0.2935   598.34  498.9 1097.2   604.52  570.6 1175.1


0.80242 0.54344 1.34587
1060.0 1546.25  0.0237    0.2672   611.95  480.5 1092.5   618.73  550.2 1168.9


0.81544 0.51904 1.33448
1070.0 1664.83  0.0242    0.2429   625.93  461.1 1087.0   633.38  528.5 1161.9


0.82869 0.49390 1.32260
1080.0 1790.40  0.0247    0.2205   640.33  440.4 1080.8   648.52  505.3 1153.8


0.84225 0.46786 1.31011
1090.0 1923.31  0.0253    0.1995   655.24  418.3 1073.6   664.26  480.4 1144.6


0.85619 0.44069 1.29688
1100.0 2063.95  0.0260    0.1800   670.78  394.5 1065.3   680.71  453.3 1134.0


0.87060 0.41209 1.28270
1110.0 2212.74  0.0268    0.1616   687.10  368.4 1055.5   698.08  423.6 1121.7


0.88566 0.38163 1.26730
1120.0 2370.19  0.0278    0.1441   704.47  339.5 1044.0   716.64  390.6 1107.2


0.90160 0.34870 1.25030
1130.0 2536.83  0.0289    0.1274   723.34  306.7 1030.0   736.92  352.9 1089.8


0.91885 0.31230 1.23114
1140.0 2713.33  0.0305    0.0580   744.45  125.6  870.1   759.76  139.4  899.2


0.93811 0.12195 1.06006
1150.0 2900.52  0.0327    0.0547   769.61  101.6  871.2   787.17  113.4  900.5


0.96110 0.09844 1.05953
1160.0 3099.69  0.0371    0.0517   805.97   65.9  871.9   827.28   74.2  901.5


0.99470 0.06398 1.05868
1164.8 3200.12  0.0515    0.0515   876.57    0.0  876.6   907.08    0.0  907.1


1.06264 0.00000 1.06264
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A.14.7 SUPERHEATED STEAM TABLE (IMPERIAL UNITS)


Press =    1.0 psi, Tsat =  561.4 R
T(R) =       600.    650.    700.    750.    800.    850.    900.   1000.   1100.


1200.   1300.   1400.
v-ft3/lbm   357.745 387.798 417.779 447.720 477.638 507.541 537.435 597.207 656.965


716.715 776.461 836.203
u-Btu/lbm    1059.3  1076.5  1093.7  1111.0  1128.5  1146.1  1163.9  1200.1  1237.0


1274.9  1313.6  1353.1
h-Btu/lbm    1125.5  1148.2  1170.9  1193.8  1216.8  1240.0  1263.3  1310.5  1358.6


1407.4  1457.2  1507.8
s-Btu/lbm/R 2.01229 2.04866 2.08238 2.11392 2.14360 2.17168 2.19835 2.24811 2.29388


2.33640 2.37620 2.41372


Press =    2.5 psi, Tsat =  594.1 R
T(R) =       600.    650.    700.    750.    800.    850.    900.   1000.   1100.


1200.   1300.   1400.
v-ft3/lbm   142.701 154.841 166.904 178.926 190.924 202.909 214.883 238.816 262.735


286.646 310.553 334.456
u-Btu/lbm    1058.5  1076.0  1093.3  1110.7  1128.3  1145.9  1163.8  1200.0  1237.0


1274.8  1313.5  1353.1
h-Btu/lbm    1124.5  1147.5  1170.5  1193.5  1216.5  1239.8  1263.1  1310.4  1358.5


1407.4  1457.1  1507.7
s-Btu/lbm/R 1.90967 1.94663 1.98065 2.01236 2.04214 2.07028 2.09699 2.14680 2.19260


2.23513 2.27495 2.31247


Press =    5.0 psi, Tsat =  621.9 R
T(R) =       650.    700.    750.    800.    850.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-ft3/lbm    77.185  83.277  89.327  95.353 101.364 107.366 119.352 131.325 143.290


155.250 167.206 179.161
u-Btu/lbm    1075.1  1092.7  1110.3  1127.9  1145.7  1163.6  1199.8  1236.9  1274.7


1313.4  1353.0  1393.6
h-Btu/lbm    1146.4  1169.7  1192.9  1216.1  1239.4  1262.8  1310.2  1358.3  1407.2


1457.0  1507.7  1559.2
s-Btu/lbm/R 1.86870 1.90322 1.93521 1.96516 1.99340 2.02019 2.07008 2.11592 2.15848


2.19832 2.23586 2.27143


Press =    7.5 psi, Tsat =  639.6 R
T(R) =       650.    700.    750. 800.    850.    900.   1000.   1100.   1200.


1300.   1400.   1500.
v-ft3/lbm    51.297  55.400  59.460  63.495  67.516  71.527  79.531  87.521  95.504


103.482 111.457 119.429
u-Btu/lbm    1074.2  1092.1  1109.9  1127.6  1145.4  1163.4  1199.7  1236.8  1274.6


1313.4  1353.0  1393.5
h-Btu/lbm    1145.3  1169.0  1192.4  1215.7  1239.1  1262.6  1310.0  1358.2  1407.1


1456.9  1507.6  1559.2
s-Btu/lbm/R 1.82250 1.85755 1.88983 1.91995 1.94831 1.97516 2.02514 2.07103 2.11362


2.15347 2.19103 2.22661


Press =   10.0 psi, Tsat =  652.8 R
T(R) =       700.    750.    800.    850.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-ft3/lbm   41.4602 44.5258 47.5662 50.5914 53.6069 59.6202 65.6198 71.6115 77.5984


83.5819 89.5631 95.5426
u-Btu/lbm    1091.5  1109.4  1127.3  1145.2  1163.1  1199.5  1236.7  1274.6  1313.3


1352.9  1393.5  1434.9
h-Btu/lbm    1168.2  1191.8  1215.3  1238.7  1262.3  1309.8  1358.0  1407.0  1456.8


1507.5  1559.1  1611.6
s-Btu/lbm/R 1.82489 1.85746 1.88776 1.91622 1.94315 1.99321 2.03915 2.08177 2.12164


2.15920 2.19480 2.22869
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Press =   12.5 psi, Tsat =  663.6 R
T(R) =       700.    750.    800.    850.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-ft3/lbm   33.0955 35.5648 38.0085 40.4367 42.8550 47.6737 52.4787 57.2759 62.0681
66.8570 71.6435 76.4284
u-Btu/lbm    1090.9  1109.0  1126.9  1144.9  1162.9  1199.4  1236.5  1274.5  1313.2
1352.9  1393.4  1434.9
h-Btu/lbm    1167.4  1191.2  1214.8  1238.4  1262.0  1309.6  1357.9  1406.9  1456.7
1507.4  1559.0  1611.6
s-Btu/lbm/R 1.79933 1.83221 1.86269 1.89126 1.91827 1.96841 2.01440 2.05704 2.09693
2.13451 2.17011 2.20401


Press =   14.7 psi, Tsat =  671.6 R
T(R) =       700.    750.    800.    850.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-ft3/lbm   28.0952 30.2085 32.2956 34.3669 36.4283 40.5332 44.6241 48.7072 52.7854
56.8603 60.9328 65.0036
u-Btu/lbm    1090.3  1108.6  1126.7  1144.7  1162.7  1199.3  1236.4  1274.4  1313.2
1352.8  1393.4  1434.8
h-Btu/lbm    1166.7  1190.7  1214.4  1238.1  1261.8  1309.4  1357.7  1406.8  1456.6
1507.4  1559.0  1611.5
s-Btu/lbm/R 1.78065 1.81380 1.84444 1.87311 1.90018 1.95040 1.99643 2.03910 2.07901
2.11659 2.15220 2.18611


Press =   20.0 psi, Tsat =  687.6 R
T(R) =       700.    750.    800.    850.    900.   1000.   1100.   1200.   1300.


1400.   1500.   1600.
v-ft3/lbm   20.5449 22.1217 23.6710 25.2040 26.7268 29.7540 32.7671 35.7724 38.7726
41.7696 44.7642 47.7572
u-Btu/lbm    1088.9  1107.6  1125.9 1144.1  1162.3  1198.9  1236.2  1274.2  1313.0
1352.7  1393.3  1434.8
h-Btu/lbm    1164.9  1189.4  1213.5  1237.3  1261.2  1309.0  1357.4  1406.5  1456.4
1507.2  1558.8  1611.4
s-Btu/lbm/R 1.74461 1.77846 1.80949 1.83841 1.86564 1.91605 1.96217 2.00490 2.04485
2.08246 2.11809 2.15201


Press =   40.0 psi, Tsat =  726.9 R
T(R) =       750.    800.    850.    900.   1000.   1100.   1200.   1300.   1400.


1500.   1600.   1700.
v-ft3/lbm   10.9125 11.7197 12.5083 13.2855 14.8204 16.3406 17.8527 19.3597 20.8634
22.3648 23.8644 25.3628
u-Btu/lbm    1103.8  1123.1  1142.0  1160.6  1197.8  1235.3  1273.5  1312.4  1352.2
1392.9  1434.4  1476.9
h-Btu/lbm    1184.5  1209.8  1234.5  1258.9  1307.4  1356.2  1405.6  1455.7  1506.6
1558.3  1611.0  1664.5
s-Btu/lbm/R 1.69668 1.72936 1.75928 1.78714 1.83827 1.88478 1.92774 1.96784 2.00555
2.04126 2.07523 2.10768


Press =   60.0 psi, Tsat =  752.4 R
T(R) =       800.    850.    900.   1000.   1100.   1200.   1300.   1400.   1500.


1600.   1700.   1800.
v-ft3/lbm    7.7325  8.2745  8.8041  9.8422 10.8650 11.8794 12.8887 13.8947 14.8983
15.9002 16.9008 17.9005
u-Btu/lbm    1120.1  1139.7  1158.8  1196.5  1234.4  1272.8  1311.9  1351.8  1392.5
1434.1  1476.6  1520.0
h-Btu/lbm    1205.9  1231.5  1256.5 1305.8  1355.0  1404.6  1454.9  1505.9  1557.8
1610.5  1664.1  1718.6
s-Btu/lbm/R 1.68079 1.71180 1.74036 1.79226 1.83917 1.88236 1.92261 1.96043 1.99620
2.03022 2.06272 2.09388
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Press =   80.0 psi, Tsat =  771.7 R
T(R) =       800.    850.    900.   1000.   1100.   1200.   1300.   1400.   1500.


1600.   1700.   1800.
v-ft3/lbm    5.7361  6.1561  6.5625  7.3528  8.1271  8.8927  9.6532 10.4103 11.1650
11.9180 12.6698 13.4206
u-Btu/lbm    1117.0  1137.4  1157.0  1195.3  1233.5  1272.1  1311.3  1351.3  1392.1
1433.7  1476.3  1519.8
h-Btu/lbm    1201.8  1228.4  1254.1  1304.1  1353.7  1403.7  1454.1  1505.3  1557.3
1610.1  1663.8  1718.3
s-Btu/lbm/R 1.64497 1.67722 1.70652 1.75924 1.80656 1.84999 1.89039 1.92831 1.96416
1.99823 2.03077 2.06196


Press =  100.0 psi, Tsat =  787.5 R
T(R) =       800.    850.    900.   1000.   1100.   1200.   1300.   1400.   1500.


1600.   1700.   1800.
v-ft3/lbm    4.5358  4.8839  5.2169 5.8589  6.4842  7.1007  7.7119  8.3196  8.9250
9.5287 10.1312 10.7327
u-Btu/lbm    1113.6  1134.9  1155.1  1194.1  1232.6  1271.4  1310.7  1350.8  1391.7
1433.4  1476.0  1519.5
h-Btu/lbm    1197.5  1225.2  1251.6  1302.4  1352.5  1402.7  1453.4  1504.7  1556.7
1609.6  1663.4  1718.0
s-Btu/lbm/R 1.61596 1.64965 1.67975 1.73333 1.78107 1.82474 1.86529 1.90332 1.93924
1.97337 2.00595 2.03717


Press =  120.0 psi, Tsat =  800.9 R
T(R) =       850.    900.   1000.   1100.   1200.   1300.   1400. 1500.   1600.


1700.   1800.   1900.
v-ft3/lbm    4.0347  4.3192  4.8628  5.3889  5.9059  6.4176  6.9259  7.4317  7.9359
8.4388  8.9407  9.4420
u-Btu/lbm    1132.4  1153.2  1192.8  1231.7  1270.7  1310.2  1350.3  1391.3  1433.1
1475.7  1519.2  1563.7
h-Btu/lbm    1221.9  1249.0  1300.7  1351.3  1401.7  1452.6  1504.0  1556.2  1609.2
1663.0  1717.7  1773.2
s-Btu/lbm/R 1.62645 1.65742 1.71191 1.76009 1.80401 1.84471 1.88284 1.91884 1.95302
1.98564 2.01689 2.04692


Press =  140.0 psi, Tsat =  812.7 R
T(R) =       850.    900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.


1700.   1800.   1900.
v-ft3/lbm    3.4272  3.6775  4.1511  4.6064  5.0525  5.4931  5.9303  6.3651  6.7981
7.2299  7.6608  8.0909
u-Btu/lbm    1129.7  1151.2  1191.5  1230.7  1269.9  1309.6  1349.9  1390.9  1432.7
1475.4  1519.0  1563.5
h-Btu/lbm    1218.5  1246.4  1299.0  1350.0  1400.8  1451.8  1503.4  1555.7  1608.8
1662.6  1717.4  1772.9
s-Btu/lbm/R 1.60622 1.63813 1.69358 1.74221 1.78638 1.82724 1.86547 1.90154 1.93578
1.96844 1.99972 2.02977


Press =  160.0 psi, Tsat =  823.2 R
T(R) =       850.    900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.


1700.   1800.   1900.
v-ft3/lbm    2.9707  3.1958  3.6172  4.0195  4.4124  4.7998  5.1836  5.5651  5.9448
6.3233  6.7008  7.0776
u-Btu/lbm    1127.0  1149.1  1190.2  1229.8  1269.2  1309.0  1349.4  1390.5  1432.4
1475.1  1518.7  1563.2
h-Btu/lbm    1214.9  1243.7  1297.2  1348.7  1399.8  1451.0  1502.8  1555.2  1608.3
1662.2  1717.0  1772.7
s-Btu/lbm/R 1.58812 1.62105 1.67750 1.72659 1.77102 1.81204 1.85038 1.88653 1.92082
1.95351 1.98482 2.01490
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Press =  180.0 psi, Tsat =  832.8 R
T(R) =       850.    900.   1000. 1100.   1200.   1300.   1400.   1500.   1600.


1700.   1800.   1900.
v-ft3/lbm    2.6148  2.8207  3.2017  3.5630  3.9145  4.2605  4.6029  4.9428  5.2811
5.6181  5.9541  6.2895
u-Btu/lbm    1124.1  1147.0  1188.9  1228.8  1268.5  1308.4  1348.9  1390.1  1432.1
1474.8  1518.5  1563.0
h-Btu/lbm    1211.1  1240.9  1295.4  1347.5  1398.8  1450.3  1502.1  1554.6  1607.9
1661.9  1716.7  1772.4
s-Btu/lbm/R 1.57158 1.60564 1.66314 1.71272 1.75740 1.79858 1.83703 1.87325 1.90759
1.94033 1.97167 2.00177


Press =  200.0 psi, Tsat =  841.5 R
T(R) =       850.    900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.


1700.   1800.   1900.
v-ft3/lbm    2.3291  2.5202  2.8693  3.1977  3.5162  3.8290  4.1382  4.4451  4.7501
5.0540  5.3568  5.6590
u-Btu/lbm    1121.0  1144.8  1187.5  1227.9  1267.8  1307.8  1348.4  1389.7  1431.7
1474.6  1518.2  1562.8
h-Btu/lbm    1207.2  1238.1  1293.6  1346.2  1397.8  1449.5  1501.5  1554.1  1607.4
1661.5  1716.4  1772.1
s-Btu/lbm/R 1.55619 1.59152 1.65013 1.70020 1.74515 1.78649 1.82505 1.86134 1.89574
1.92852 1.95989 1.99002


Press =  250.0 psi, Tsat =  860.7 R
T(R) =       900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.


1800.   1900.   2000.
v-ft3/lbm    1.9779  2.2703  2.5400 2.7991  3.0523  3.3019  3.5490  3.7944  4.0385
4.2816  4.5241  4.7660
u-Btu/lbm    1139.1  1184.1  1225.5  1265.9  1306.4  1347.2  1388.7  1430.9  1473.8
1517.6  1562.2  1607.7
h-Btu/lbm    1230.6  1289.0  1342.9  1395.4  1447.5  1499.9  1552.8  1606.3  1660.5
1715.6  1771.4  1828.1
s-Btu/lbm/R 1.56033 1.62195 1.67333 1.71896 1.76072 1.79954 1.83603 1.87056 1.90344
1.93489 1.96507 1.99414


Press =  300.0 psi, Tsat =  877.0 R
T(R) =       900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.


1800.   1900.   2000.
v-ft3/lbm    1.6144  1.8704  2.1013  2.3209  2.5345  2.7443  2.9517  3.1572  3.3615
3.5649  3.7675  3.9696
u-Btu/lbm    1133.0  1180.5  1223.0  1264.1  1304.9  1346.0  1387.7  1430.0  1473.1
1517.0  1561.7  1607.2
h-Btu/lbm    1222.6  1284.2  1339.6  1392.9  1445.5  1498.3  1551.5  1605.2  1659.6
1714.8  1770.7  1827.5
s-Btu/lbm/R 1.53305 1.59813 1.65091 1.69726 1.73944 1.77854 1.81522 1.84989 1.88287
1.91439 1.94463 1.97375


Press =  350.0 psi, Tsat =  891.4 R
T(R) =       900.   1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.


1800.   1900.   2000.
v-ft3/lbm    1.3527  1.5842  1.7877  1.9793  2.1646  2.3460  2.5250  2.7021  2.8780
3.0529  3.2270  3.4007
u-Btu/lbm    1126.2  1176.7  1220.5  1262.2  1303.4  1344.8  1386.7  1429.2  1472.4
1516.3  1561.1  1606.7
h-Btu/lbm    1213.8  1279.3  1336.2  1390.3  1443.6  1496.7  1550.1  1604.1  1658.7
1713.9  1770.0  1826.8
s-Btu/lbm/R 1.50812 1.57726 1.63155 1.67865 1.72127 1.76065 1.79752 1.83233 1.86541
1.89701 1.92731 1.95647
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Press =  400.0 psi, Tsat =  904.3 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    1.3691  1.5523  1.7230  1.8871  2.0473  2.2049  2.3608  2.5153  2.6689
2.8217  2.9741  3.1259
u-Btu/lbm    1172.8  1217.9  1260.3  1302.0  1343.6  1385.7  1428.3  1471.6  1515.7
1560.5  1606.2  1652.7
h-Btu/lbm    1274.1  1332.7  1387.8  1441.6  1495.1  1548.8  1603.0  1657.7  1713.1
1769.3  1826.2  1884.0
s-Btu/lbm/R 1.55851 1.61441 1.66230 1.70536 1.74503 1.78209 1.81704 1.85022 1.88190
1.91226 1.94146 1.96963


Press =  450.0 psi, Tsat =  916.0 R
T(R) =      1000.   1100.   1200. 1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    1.2012  1.3691  1.5236  1.6712  1.8149  1.9560  2.0953  2.2332  2.3702
2.5065  2.6422  2.7775
u-Btu/lbm    1168.8  1215.3  1258.4  1300.5  1342.4  1384.7  1427.5  1470.9  1515.0
1560.0  1605.7  1652.3
h-Btu/lbm    1268.8  1329.2  1385.2  1439.5  1493.5  1547.5  1601.8  1656.8  1712.3
1768.6  1825.6  1883.4
s-Btu/lbm/R 1.54131 1.59895 1.64767 1.69119 1.73115 1.76840 1.80349 1.83678 1.86853
1.89895 1.92820 1.95640


Press =  500.0 psi, Tsat =  926.7 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    1.0665  1.2223  1.3640  1.4985  1.6290  1.7568  1.8828  2.0075  2.1313
2.2543  2.3767  2.4987
u-Btu/lbm    1164.6  1212.6  1256.4  1298.9  1341.2  1383.7  1426.6  1470.2  1514.4
1559.4  1605.2  1651.8
h-Btu/lbm    1263.2  1325.6  1382.6  1437.5  1491.8  1546.1  1600.7  1655.8  1711.5
1767.9  1825.0  1882.9
s-Btu/lbm/R 1.52530 1.58481 1.63438 1.67838 1.71863 1.75608 1.79132 1.82471 1.85654
1.88702 1.91631 1.94454


Press =  550.0 psi, Tsat =  936.7 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    0.9559  1.1021  1.2333  1.3572  1.4769  1.5939  1.7091  1.8229  1.9358
2.0479  2.1595  2.2707
u-Btu/lbm    1160.2  1209.8  1254.5  1297.4  1340.0  1382.6  1425.7  1469.4  1513.8
1558.8  1604.7  1651.3
h-Btu/lbm    1257.5  1321.9  1379.9  1435.5  1490.2  1544.8  1599.6  1654.8  1710.7
1767.2  1824.4  1882.3
s-Btu/lbm/R 1.51020 1.57171 1.62218 1.66666 1.70722 1.74487 1.78025 1.81374 1.84565
1.87619 1.90552 1.93380


Press =  600.0 psi, Tsat =  945.9 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600. 1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    0.8632  1.0017  1.1243  1.2394  1.3501  1.4581  1.5642  1.6690  1.7729
1.8760  1.9785  2.0806
u-Btu/lbm    1155.7  1207.0  1252.5  1295.9  1338.7  1381.6  1424.9  1468.7  1513.1
1558.3  1604.2  1650.9
h-Btu/lbm    1251.5  1318.2  1377.2  1433.4  1488.5  1543.4  1598.5  1653.9  1709.8
1766.4  1823.7  1881.8
s-Btu/lbm/R 1.49578 1.55946 1.61087 1.65586 1.69672 1.73458 1.77010 1.80369 1.83568
1.86628 1.89566 1.92397
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Press =  700.0 psi, Tsat =  962.8 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    0.7162  0.8437  0.9530  1.0541  1.1508  1.2447  1.3366  1.4272  1.5169
1.6057  1.6941  1.7820
u-Btu/lbm    1145.9  1201.2  1248.4  1292.8  1336.2  1379.6  1423.2  1467.2  1511.8
1557.1  1603.2  1650.0
h-Btu/lbm    1238.6  1310.4  1371.8  1429.3  1485.2  1540.7  1596.2  1652.0  1708.2
1765.0  1822.5  1880.7
s-Btu/lbm/R 1.46837 1.53696 1.59037 1.63641 1.67790 1.71617 1.75198 1.78579 1.81793
1.84865 1.87812 1.90650


Press =  800.0 psi, Tsat =  977.9 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    0.6041  0.7246  0.8243  0.9151  1.0013  1.0846  1.1659  1.2459  1.3249
1.4031  1.4807  1.5580
u-Btu/lbm    1134.9  1195.1  1244.2  1289.6  1333.7  1377.5  1421.4  1465.7  1510.5
1556.0  1602.1  1649.0
h-Btu/lbm    1224.3  1302.3  1366.2 1425.0  1481.9  1538.0  1593.9  1650.0  1706.6
1763.6  1821.2  1879.6
s-Btu/lbm/R 1.44194 1.51644 1.57205 1.61919 1.66134 1.70004 1.73614 1.77016 1.80246
1.83330 1.86286 1.89131


Press =  900.0 psi, Tsat =  991.7 R
T(R) =      1000.   1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.


1900.   2000.   2100.
v-ft3/lbm    0.5148  0.6315  0.7239  0.8069  0.8850  0.9600  1.0331  1.1048  1.1755
1.2454  1.3148  1.3838
u-Btu/lbm    1122.5  1188.7  1239.9  1286.4  1331.2  1375.4  1419.7  1464.2  1509.2
1554.9  1601.1  1648.1
h-Btu/lbm    1208.2  1293.8  1360.4  1420.7  1478.5  1535.2  1591.6  1648.1  1704.9
1762.2  1820.0  1878.5
s-Btu/lbm/R 1.41552 1.49735 1.55536 1.60367 1.64649 1.68563 1.72203 1.75627 1.78873
1.81969 1.84934 1.87787


Press = 1000.0 psi, Tsat = 1004.3 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


2000.   2100.   2200.
v-ft3/lbm    0.5565  0.6435  0.7203  0.7919  0.8604  0.9269  0.9920  1.0560  1.1193
1.1821  1.2444  1.3063
u-Btu/lbm    1181.9  1235.5  1283.2  1328.6  1373.3  1417.9  1462.7  1507.9  1553.7
1600.1  1647.2  1695.1
h-Btu/lbm    1284.9  1354.5  1416.4  1475.1  1532.5  1589.3  1646.2  1703.2  1760.7
1818.7  1877.4  1936.7
s-Btu/lbm/R 1.47927 1.53992 1.58948 1.63300 1.67258 1.70929 1.74374 1.77636 1.80744
1.83719 1.86579 1.89338


Press = 1100.0 psi, Tsat = 1016.0 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


2000.   2100.   2200.
v-ft3/lbm    0.4947  0.5776  0.6493  0.7157  0.7788  0.8399  0.8996  0.9583  1.0162
1.0735  1.1304  1.1869
u-Btu/lbm    1174.8  1230.9  1279.8  1326.1  1371.2  1416.1  1461.2  1506.6  1552.6
1599.1  1646.3  1694.2
h-Btu/lbm    1275.5  1348.4  1411.9  1471.6  1529.7  1587.0  1644.2  1701.6  1759.3
1817.5  1876.2  1935.7
s-Btu/lbm/R 1.46191 1.52547 1.57634 1.62060 1.66064 1.69765 1.73233 1.76511 1.79631
1.82615 1.85482 1.88247
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Press = 1200.0 psi, Tsat = 1026.9 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


2000.   2100.   2200.


v-ft3/lbm    0.4428  0.5224  0.5901  0.6521  0.7109  0.7675  0.8227  0.8768  0.9302
0.9830  1.0353  1.0873
u-Btu/lbm    1167.3  1226.2  1276.5  1323.4  1369.1  1414.4  1459.7  1505.3  1551.4
1598.1  1645.4  1693.4
h-Btu/lbm    1265.6  1342.2  1407.4  1468.2  1526.9  1584.7  1642.3  1699.9  1757.9
1816.2  1875.1  1934.7
s-Btu/lbm/R 1.44502 1.51180 1.56408 1.60909 1.64959 1.68692 1.72182 1.75477 1.78609
1.81602 1.84477 1.87248


Press = 1300.0 psi, Tsat = 1037.2 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


2000.   2100.   2200.
v-ft3/lbm    0.3983  0.4756  0.5400  0.5983  0.6533  0.7062  0.7576  0.8079  0.8575
0.9064  0.9549  1.0031
u-Btu/lbm    1159.3  1221.4  1273.0  1320.8  1367.0  1412.6  1458.2  1504.0  1550.3
1597.0  1644.4  1692.6
h-Btu/lbm    1255.0  1335.8  1402.9  1464.6  1524.0  1582.4  1640.3  1698.2  1756.4
1815.0  1874.0  1933.7
s-Btu/lbm/R 1.42838 1.49877 1.55252 1.59832 1.63931 1.67696 1.71208 1.74519 1.77664
1.80667 1.83549 1.86326


Press = 1400.0 psi, Tsat = 1046.8 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


2000.   2100.   2200.
v-ft3/lbm    0.3596  0.4354  0.4969  0.5522  0.6040  0.6536  0.7017  0.7488  0.7951
0.8408  0.8860  0.9309
u-Btu/lbm    1150.7  1216.4  1269.5  1318.1  1364.8  1410.8  1456.6  1502.7  1549.1
1596.0  1643.5  1691.7
h-Btu/lbm    1243.8  1329.2  1398.2  1461.1  1521.2  1580.0  1638.3  1696.6  1755.0
1813.7  1872.9  1932.8
s-Btu/lbm/R 1.41181 1.48626 1.54158 1.58819 1.62967 1.66764 1.70300 1.73627 1.76785
1.79796 1.82686 1.85470


Press = 1500.0 psi, Tsat = 1055.9 R
T(R) =      1100.   1200.   1300. 1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.3255  0.4003  0.4596  0.5122  0.5613  0.6081  0.6534  0.6976  0.7411
u-Btu/lbm    1141.5  1211.3  1266.0  1315.4  1362.6  1409.0  1455.1  1501.4  1547.9
h-Btu/lbm    1231.7  1322.4  1393.5  1457.5  1518.3  1577.7  1636.4  1694.9  1753.5
s-Btu/lbm/R 1.39510 1.47415 1.53114 1.57860 1.62058 1.65889 1.69447 1.72792 1.75962


Press = 1600.0 psi, Tsat = 1064.6 R
T(R) =      1100.   1200.   1300.   1400.  1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.2950  0.3695  0.4268  0.4772  0.5238  0.5682  0.6110  0.6528  0.6938
u-Btu/lbm    1131.4  1206.0  1262.4  1312.7  1360.4  1407.2  1453.6  1500.0  1546.8
h-Btu/lbm    1218.7  1315.3  1388.7  1453.9  1515.5  1575.3  1634.4  1693.2  1752.1
s-Btu/lbm/R 1.37804 1.46238 1.52113 1.56948 1.61198 1.65062 1.68643 1.72005 1.75187


Press = 1700.0 psi, Tsat = 1072.9 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.2673  0.3422  0.3979  0.4462  0.4908  0.5330  0.5737  0.6133  0.6521
u-Btu/lbm    1120.4  1200.5  1258.7  1309.9  1358.2  1405.4  1452.0  1498.7  1545.6
h-Btu/lbm    1204.5  1308.1  1383.8  1450.2  1512.6  1572.9  1632.4  1691.5  1750.6
s-Btu/lbm/R 1.36037 1.45087 1.51150 1.56076 1.60379 1.64277 1.67883 1.71261 1.74456
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Press = 1800.0 psi, Tsat = 1080.7 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.2418  0.3178  0.3721  0.4187  0.4614 0.5017  0.5405  0.5781  0.6150
u-Btu/lbm    1108.2  1194.8  1254.9  1307.1  1356.0  1403.5  1450.5  1497.4  1544.4
h-Btu/lbm    1188.7  1300.6  1378.8  1446.5  1509.6  1570.6  1630.4  1689.8  1749.2
s-Btu/lbm/R 1.34174 1.43955 1.50219 1.55240 1.59598 1.63531 1.67160 1.70555 1.73764


Press = 1900.0 psi, Tsat = 1088.3 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.2179  0.2958  0.3490  0.3941  0.4351  0.4738  0.5108  0.5467  0.5818
u-Btu/lbm    1094.2  1189.0  1251.1  1304.3  1353.8  1401.7  1448.9  1496.0  1543.3
h-Btu/lbm    1170.8  1292.9  1373.7  1442.7  1506.7  1568.2  1628.4  1688.1  1747.7
s-Btu/lbm/R 1.32165 1.42838 1.49317 1.54436 1.58849 1.62817 1.66471 1.69884 1.73105


Press = 2000.0 psi, Tsat = 1095.5 R
T(R) =      1100.   1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.1949  0.2758  0.3281  0.3719  0.4115  0.4486  0.4840  0.5184  0.5519
u-Btu/lbm    1077.8  1182.8  1247.2  1301.4  1351.5  1399.8  1447.4  1494.7  1542.1
h-Btu/lbm    1149.9  1284.9  1368.5  1439.0  1503.7  1565.8  1626.4  1686.4  1746.2
s-Btu/lbm/R 1.29918 1.41730 1.48438 1.53660 1.58130 1.62134 1.65812 1.69242 1.72476


Press = 2500.0 psi, Tsat = 1127.8 R
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.1980  0.2483  0.2873  0.3214  0.3528  0.3824  0.4109  0.4385
u-Btu/lbm    1148.2  1226.4  1286.5  1340.0  1390.4  1439.5  1487.9  1536.2
h-Btu/lbm    1239.7  1341.3  1419.4  1488.6  1553.6  1616.3  1677.9  1738.9
s-Btu/lbm/R 1.36160 1.44310 1.50107 1.54884 1.59077 1.62881 1.66401 1.69701


Press = 3000.0 psi, Tsat = 1155.1 R
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.1421  0.1943  0.2307  0.2613  0.2889  0.3147  0.3392  0.3629
u-Btu/lbm    1103.1  1203.5  1270.8  1328.0  1380.8  1431.5  1481.1  1530.2
h-Btu/lbm    1181.9  1311.3  1398.8  1473.0  1541.1  1606.1  1669.3  1731.6
s-Btu/lbm/R 1.30046 1.40439 1.46935 1.52058 1.56455 1.60393 1.64007 1.67375


Press = 3500.0 psi
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.0244  0.1550  0.1900  0.2183  0.2433  0.2663  0.2881  0.3089
u-Btu/lbm     720.0  1177.7  1254.1  1315.6  1370.9  1423.3  1474.1  1524.2
h-Btu/lbm     768.0  1278.1  1377.1  1456.9  1528.4  1595.7  1660.6  1724.2
s-Btu/lbm/R 0.91193 1.36649 1.44004 1.49513 1.54131 1.58210 1.61920 1.65358


Press = 4000.0 psi
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.0240  0.1249  0.1594  0.1860  0.2091  0.2301  0.2497  0.2685
u-Btu/lbm     714.7  1148.8  1236.4  1302.7  1360.8  1415.0  1467.1  1518.2
h-Btu/lbm     765.3  1241.1  1354.3  1440.3  1515.5  1585.2  1651.9  1716.8
s-Btu/lbm/R 0.90685 1.32818 1.41226 1.47167 1.52020 1.56247 1.60058 1.63567


Press = 4500.0 psi
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.0237  0.1009  0.1355  0.1609  0.1825  0.2019  0.2200  0.2370
u-Btu/lbm     709.9  1116.0  1217.7  1289.4  1350.5  1406.6  1460.0  1512.1
h-Btu/lbm     763.2  1200.0  1330.4  1423.4  1502.4  1574.6  1643.1  1709.3
s-Btu/lbm/R 0.90232 1.28852 1.38550 1.44969 1.50072 1.54453 1.58367 1.61949


Press = 5000.0 psi
T(R) =      1200.   1300.   1400.   1500.   1600.   1700.   1800.   1900.


v-ft3/lbm    0.0234  0.0815  0.1163  0.1409  0.1613  0.1794  0.1962  0.2119
u-Btu/lbm     705.6  1079.1  1198.0  1275.8  1340.0 1398.1  1452.9  1505.9
h-Btu/lbm     761.3  1154.4  1305.5  1406.0  1489.1  1564.0  1634.3  1701.9
s-Btu/lbm/R 0.89820 1.24703 1.35941 1.42885 1.48252 1.52792 1.56811 1.60468
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A.14.8 H2O COMPRESSED LIQUID TABLES (IMPERIAL UNITS)


TEMPERATURE ¼ 500.0 R; PSAT ¼ 0.1 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.016 0.016 0.016 0.016 0.016 0.0159 0.0159 0.0159 0.0159 0.0158


u-Btu/lbm 8.4 8.4 8.4 8.4 8.3 8.3 8.3 8.3 8.3 8.3


h-Btu/lbm 9.1 9.9 11.3 12.8 14.3 15.7 17.1 18.6 20 22.9


s-Btu/lbm/R 0.0169 0.01689 0.01687 0.01684 0.0168 0.01675 0.0167 0.01664 0.01657 0.01641


TEMPERATURE ¼ 550.0 R; PSAT ¼ 0.7 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0161 0.0161 0.0161 0.0161 0.016 0.016 0.016 0.016 0.016 0.0159


u-Btu/lbm 58.4 58.4 58.2 58.1 57.9 57.8 57.6 57.5 57.4 57.1


h-Btu/lbm 59.2 59.9 61.2 62.5 63.9 65.2 66.5 67.8 69.2 71.8


s-Btu/lbm/R 0.11232 0.11219 0.11192 0.11165 0.11137 0.1111 0.11082 0.11054 0.11026 0.1097


TEMPERATURE ¼ 600.0 R; PSAT ¼ 2.9 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0163 0.0163 0.0163 0.0163 0.0162 0.0162 0.0162 0.0162 0.0161 0.0161


u-Btu/lbm 108.4 108.3 108 107.8 107.5 107.3 107 106.8 106.5 106.1


h-Btu/lbm 109.2 109.8 111 112.3 113.5 114.8 116 117.2 118.5 120.9


s-Btu/lbm/R 0.19929 0.19907 0.19864 0.1982 0.19777 0.19734 0.19691 0.19648 0.19606 0.19521


TEMPERATURE ¼ 650.0 R; PSAT ¼ 9.4 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0166 0.0166 0.0166 0.0165 0.0165 0.0165 0.0165 0.0164 0.0164 0.0164


u-Btu/lbm 158.5 158.3 158 157.6 157.2 156.9 156.5 156.2 155.8 155.2


h-Btu/lbm 159.3 159.9 161 162.2 163.3 164.5 165.6 166.8 168 170.3


s-Btu/lbm/R 0.27953 0.27924 0.27866 0.27809 0.27752 0.27695 0.27639 0.27584 0.27529 0.27419


TEMPERATURE ¼ 700.0 R; PSAT ¼ 25.1 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.017 0.0169 0.0169 0.0169 0.0169 0.0168 0.0168 0.0168 0.0167 0.0167


u-Btu/lbm 209 208.7 208.2 207.7 207.2 206.8 206.3 205.8 205.4 204.5


h-Btu/lbm 209.7 210.3 211.3 212.4 213.5 214.5 215.6 216.7 217.8 219.9


s-Btu/lbm/R 0.35431 0.35395 0.35323 0.35252 0.35182 0.35113 0.35044 0.34976 0.34908 0.34775
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TEMPERATURE ¼ 750.0 R; PSAT ¼ 57.9 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0174 0.0174 0.0173 0.0173 0.0173 0.0172 0.0172 0.0172 0.0171 0.0171


u-Btu/lbm 259.9 259.6 259 258.3 257.7 257.1 256.5 255.9 255.3 254.2


h-Btu/lbm 260.7 261.2 262.2 263.1 264.1 265.1 266 267 268 270


s-Btu/lbm/R 0.42467 0.42423 0.42337 0.42251 0.42167 0.42083 0.42001 0.41919 0.41839 0.41681


TEMPERATURE ¼ 800.0 R; PSAT ¼ 118.5 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0179 0.0179 0.0178 0.0178 0.0178 0.0177 0.0177 0.0176 0.0176 0.0175


u-Btu/lbm 311.7 311.3 310.4 309.6 308.8 308.1 307.3 306.5 305.8 304.4


h-Btu/lbm 312.5 312.9 313.7 314.6 315.4 316.2 317.1 318 318.8 320.6


s-Btu/lbm/R 0.49152 0.49099 0.48994 0.48891 0.4879 0.4869 0.48592 0.48495 0.484 0.48212


TEMPERATURE ¼ 850.0 R; PSAT ¼ 221.1 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0185 0.0185 0.0185 0.0184 0.0184 0.0183 0.0183 0.0182 0.0182 0.0181


u-Btu/lbm 364.6 364.1 363 362 360.9 359.9 358.9 358 357.1 355.2


h-Btu/lbm 365.5 365.8 366.4 367.1 367.7 368.4 369.1 369.8 370.5 372


s-Btu/lbm/R 0.55573 0.55508 0.5538 0.55255 0.55132 0.55012 0.54894 0.54778 0.54664 0.54442


TEMPERATURE ¼ 900.0 R; PSAT ¼ 382.7 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0193 0.0192 0.0192 0.0191 0.019 0.019 0.0189 0.0188 0.0187


u-Btu/lbm 418.6 417.1 415.8 414.4 413.1 411.8 410.6 409.4 407.1


h-Btu/lbm 420.4 420.7 421.1 421.5 421.9 422.4 422.9 423.4 424.4


s-Btu/lbm/R 0.61744 0.61584 0.61428 0.61277 0.61129 0.60985 0.60844 0.60706 0.6044


TEMPERATURE ¼ 950.0 R; PSAT ¼ 623.1 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0202 0.0201 0.02 0.0199 0.0198 0.0197 0.0197 0.0195


u-Btu/lbm 473.7 471.8 470 468.2 466.6 464.9 463.4 460.4


h-Btu/lbm 477.4 477.4 477.4 477.4 477.6 477.7 477.9 478.4


s-Btu/lbm/R 0.67717 0.67515 0.67321 0.67133 0.66951 0.66775 0.66604 0.66277


(Continued)
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TEMPERATURE ¼ 1000.0 R; PSAT ¼ 964.9 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0215 0.0214 0.0212 0.0211 0.0209 0.0208 0.0207 0.0205


u-Btu/lbm 534.2 531.4 528.8 526.3 524 521.8 519.6 515.7


h-Btu/lbm 538.2 537.4 536.7 536.1 535.6 535.2 534.9 534.6


s-Btu/lbm/R 0.73949 0.73666 0.73399 0.73146 0.72905 0.72675 0.72454 0.72038


TEMPERATURE ¼ 1050.0 R; PSAT ¼ 1434.3 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0232 0.0229 0.0227 0.0224 0.0222 0.0221 0.0217


u-Btu/lbm 597.7 593.4 589.5 585.9 582.6 579.5 573.9


h-Btu/lbm 604.2 601.9 599.9 598.3 597 595.8 594


s-Btu/lbm/R 0.80183 0.7976 0.79376 0.79024 0.78696 0.7839 0.7783


TEMPERATURE ¼ 1100.0 R; PSAT ¼ 2063.9 PSI


Press (psi) 250 500 1000 1500 2000 2500 3000 3500 4000 5000


v-ft3/lbm 0.0254 0.0249 0.0244 0.024 0.0234


u-Btu/lbm 663.3 656.4 650.6 645.4 636.7


h-Btu/lbm 675.1 670.2 666.4 663.2 658.4


s-Btu/lbm/R 0.86361 0.85706 0.85149 0.8466 0.83821
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A.15 THERMODYNAMIC PROPERTY TABLES FOR CARBON DIOXIDE


A.15.1 CO2 SATURATION TEMPERATURE TABLE (SI UNITS)


T(K)  P(MPa)      Volume (m**3/kg)              Energy (kJ/kg)         Enthalpy (kJ/kg)
Entropy (kJ/kg/K)


vf        vfg       vg       uf     ufg      ug      hf     hfg      hg 
sf       sfg      sg
216.5 0.5173  0.000847  0.071931  0.072778    0.00  314.66  314.22    0.00  351.87  351.87
0.00000  1.62497  1.62497
220.0 0.6000  0.000857  0.062281  0.063137    6.49  308.75  315.24    7.00  346.12  353.12
0.03175  1.57326  1.60501
225.0 0.7365  0.000871  0.050940  0.051811   16.88  299.69  316.57   17.52  337.21  354.73
0.07848  1.49872  1.57720
230.0 0.8949  0.000885  0.041984  0.042869   27.28  290.46  317.73   28.07  328.03  356.09
0.12425  1.42620  1.55046
235.0 1.0769  0.000901  0.034828  0.035729 37.55  281.17  318.72   38.52  318.68  357.19
0.16850  1.35607  1.52457
240.0 1.2849  0.000918  0.029049  0.029967   47.72  271.77  319.49   48.90  309.10  358.00
0.21142  1.28791  1.49934
245.0 1.5211  0.000936  0.024333  0.025269   57.89  262.15  320.04   59.32  299.16  358.48
0.25348  1.22106  1.47454
250.0 1.7875  0.000956  0.020449  0.021405   68.15  252.18  320.33   69.85  288.74  358.59
0.29503  1.15495  1.44998
255.0 2.0866  0.000977  0.017222  0.018199   78.52  241.80  320.32   80.56  277.73  358.30
0.33630  1.08914  1.42545
260.0 2.4208  0.001001  0.014516  0.015516   89.06  230.91  319.97   91.49  266.05  357.53
0.37744  1.02326  1.40070
265.0 2.7924  0.001027  0.012227  0.013254   99.79  219.43  319.22  102.66  253.57  356.23
0.41856  0.95688  1.37544
270.0 3.2043  0.001056  0.010272  0.011328  110.77  207.22  317.99  114.16  240.13  354.29
0.45995  0.88937  1.34933
275.0 3.6592  0.001090  0.008586  0.009676  122.13  194.04  316.17  126.12  225.46  351.57
0.50204  0.81985  1.32188
280.0 4.1602  0.001129  0.007113  0.008242  134.02  179.57  313.59  138.72  209.16  347.88
0.54545  0.74701  1.29246
285.0 4.7106  0.001177  0.005805  0.006982  146.67  163.35  310.01  152.21  190.69  342.90
0.59096  0.66910  1.26006
290.0 5.3143 0.001239  0.004616  0.005854  160.36  144.62  304.98  166.94  169.15  336.09
0.63966  0.58327  1.22294
295.0 5.9765  0.001324  0.003484  0.004808  175.75  121.81  297.55  183.66  142.62  326.29
0.69391  0.48347  1.17739
300.0 6.7058  0.001471  0.002278  0.003749  195.40   39.57  234.56  205.06  104.89  309.95
0.76240  0.34960  1.11200
304.2 7.3834  0.002155  0.000000  0.002155  241.37    0.0   241.37  257.31    0.00  257.31
0.93116  0.00000  0.93116
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A.15.2 CO2 SATURATION PRESSURE TABLE (SI UNITS)


P(MPa)  T(K)      Volume (m**3/kg)              Energy (kJ/kg)         Enthalpy (kJ/kg)
Entropy (kJ/kg/K)


vf        vfg       vg       uf     ufg      ug      hf     hfg      hg
sf       sfg      sg
0.5173 216.5  0.000847  0.071926  0.072774    0.00  314.66  314.23    0.00  351.87  351.87
0.00001  1.62495  1.62496
0.6000 220.0  0.000857  0.062281  0.063137    6.49  308.75  315.24    7.00  346.12  353.12
0.03175  1.57326  1.60501
0.7000 223.7  0.000867  0.053559  0.054425   14.23  302.01  316.24   14.84  339.50  354.34
0.06669  1.51745  1.58413
0.8000 227.1  0.000877  0.046942  0.047819   21.24  295.84  317.08   21.94  333.39  355.33
0.09780  1.46810  1.56590
0.9000 230.2  0.000886  0.041744  0.042630   27.59  290.18  317.77   28.38  327.75  356.13
0.12561  1.42406  1.54967
1.0000 233.0  0.000895  0.037547  0.038442   33.39  284.95  318.34   34.29  322.50  356.78
0.15071  1.38428  1.53499
1.5000 244.6  0.000935  0.024695  0.025630   57.04  262.97  320.00   58.44  300.01  358.45
0.24998  1.22664  1.47662
2.0000 253.6  0.000971  0.018062  0.019033   75.62  244.73  320.36   77.56 280.86  358.42
0.32484  1.10744  1.43229
2.5000 261.1  0.001006  0.013974  0.014981   91.43  228.41  319.84   93.94  263.35  357.29
0.38657  1.00857  1.39514
3.0000 267.6  0.001041  0.011180  0.012221  105.43  213.22  318.65  108.55  246.76  355.32
0.43989  0.92220  1.36208
3.5000 273.3  0.001078  0.009131  0.010209  118.23  198.63  316.86  122.00  230.59  352.59
0.48766  0.84371  1.33137
4.0000 278.5  0.001116  0.007549  0.008665  130.27  184.22  314.48  134.73  214.41  349.15
0.53182  0.77001  1.30183
4.5000 283.1  0.001158  0.006275  0.007433  141.86  169.62  311.48  147.07  197.86  344.93
0.57374  0.69880  1.27254
5.0000 287.5  0.001205  0.005210  0.006415  153.23  154.53  307.77  159.26  180.58  339.84
0.61437  0.62821  1.24258
5.5000 291.5  0.001260  0.004285  0.005545  164.60  138.54  303.14  171.53  162.11  333.64
0.65465  0.55620  1.21085
6.0000 295.2  0.001328  0.003445  0.004773  176.32  120.92  297.23  184.28  141.59  325.87
0.69592  0.47968  1.17560
6.5000 298.6  0.001420  0.002199  0.003619  189.34   77.22  266.56  198.56   90.42  288.95
0.74169  0.30631  1.04800
7.0000 301.9  0.001571  0.000955  0.002526  205.65   14.70  220.35  216.64   39.24  255.88
0.79940  0.13294  0.93234
7.3834 304.2  0.002155  0.000000  0.002155  241.37    0.00  241.37  257.31    0.00  257.31
0.93116  0.00000  0.93116


APPENDIX A678







A.15.3 SUPERHEATED CO2 TABLE (SI UNITS)


P= 0.5173 MPa T(K) 216.5      220.     250.     300.     350.     400.     500.     600.
700.     800.     900.    1000.


v,m**3/kg    0.07277    0.07429  0.08691  0.10672  0.12586  0.14469  0.18190  0.21881
0.25559  0.29229  0.32895  0.36557


u,kJ/kg       314.23     316.52   336.19   369.47   404.41   441.28 520.67   606.76
698.42   794.67   894.67   997.77


h,kJ/kg       351.87     354.95   381.15   424.68   469.52   516.13   614.77   719.95
830.64   945.88  1064.84  1186.88


s,kJ/kg/K    1.62496    1.63907  1.75074  1.90943  2.04760  2.17203  2.39184  2.58344
2.75397  2.90778  3.04786  3.17642


P= 0.6000 MPa T(K) 220.0      220.     250.     300.     350.     400.     500.     600.
700.     800.     900.    1000.


v,m**3/kg    0.06314    0.00000  0.07429  0.09161  0.10824  0.12456  0.15673  0.18861
0.22036  0.25202  0.28365  0.31524


u,kJ/kg       315.24       0.00   335.31   368.92   404.01   440.97   520.47   606.60
698.30   794.57   894.58   997.69


h,kJ/kg       353.12       0.00   379.89   423.89   468.96   515.71   614.50  719.77
830.51   945.78  1064.77  1186.83


s,kJ/kg/K    1.60501    0.00000  1.71914  1.87954  2.01844  2.14324  2.36341  2.55516
2.72578  2.87964  3.01975  3.14832


P= 0.7000 MPa T(K) 223.7      250.     300.     350.     400.     500.     600.     700.
800.     900.    1000.    1200.


v,m**3/kg    0.05443    0.06301  0.07811  0.09250  0.10656  0.13424  0.16162  0.18887
0.21604  0.24316  0.27026  0.32439


u,kJ/kg       316.24     334.23   368.24   403.52   440.60   520.21   606.41   698.15
794.44   894.48   997.60  1211.21


h,kJ/kg       354.34     378.34   422.91   468.27   515.19   614.18   719.55   830.36
945.67  1064.69  1186.78  1438.28


s,kJ/kg/K    1.58413    1.68559  1.84813  1.98793  2.11318  2.33378  2.52573  2.69644
2.85036  2.99051  3.11911  3.34826


P= 0.8000 MPa T(K) 227.1      250.     300.     350.     400.     500.     600.     700.
800.     900.    1000.    1200.


v,m**3/kg    0.04782    0.05454  0.06798  0.08069  0.09307  0.11737  0.14138  0.16526
0.18905  0.21280  0.23652  0.28390


u,kJ/kg       317.08     333.12   367.55   403.04   440.22   519.96   606.23   698.00
794.32   894.37   997.50  1211.13


h,kJ/kg       355.33     376.75   421.94   467.59   514.68   613.86   719.33   830.21
945.56  1064.61  1186.72  1438.26


s,kJ/kg/K    1.56590    1.65582  1.82060  1.96130  2.08702  2.30805  2.50019  2.67100
2.82498  2.96516  3.09379  3.32297


P= 0.9000 MPa T(K) 230.2      250.     300.     350.     400.     500.     600.     700.
800.     900.    1000.    1200.


v,m**3/kg    0.04263    0.04794  0.06010  0.07150  0.08258  0.10425  0.12564  0.14689
0.16806  0.18919  0.21028  0.25242


u,kJ/kg   317.77     331.99   366.86   402.55   439.85   519.71   606.04   697.85
794.20   894.27   997.41  1211.06


h,kJ/kg       356.13     375.13   420.95   466.90   514.17   613.54   719.11   830.05
945.45  1064.54  1186.67  1438.23


s,kJ/kg/K    1.54967    1.62888  1.79601  1.93764  2.06383  2.28530  2.47762  2.64854
2.80257  2.94280  3.07145  3.30066


P= 1.0000 MPa T(K) 233.0      250.     300.     350.     400.     500.     600.     700.
800.     900.    1000.    1200.


v,m**3/kg    0.03844    0.04265  0.05379  0.06416  0.07418  0.09376  0.11305  0.13220
0.15127  0.17030  0.18929  0.22723


u,kJ/kg       318.34     330.83   366.16   402.05   439.47   519.46   605.85   697.70
794.07   894.16   997.32  1210.99


h,kJ/kg       356.78 373.47   419.95   466.21   513.65   613.22   718.90   829.90
945.34  1064.46  1186.61  1438.21


s,kJ/kg/K    1.53499    1.60415  1.77374  1.91632  2.04298  2.26489  2.45741  2.62842
2.78251  2.92277  3.05145  3.28069
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P= 1.5000 MPa T(K) 244.6   250.     300.     350.     400.     500.     600.     700.
800.     900.    1000.    1200.


v,m**3/kg    0.02563    0.02665  0.03485  0.04211  0.04899  0.06228  0.07527  0.08812
0.10090  0.11362  0.12632  0.15166


u,kJ/kg       320.00     324.48   362.54   399.55   437.58   518.19   604.91   696.95
793.45   893.63   996.86  1210.62


h,kJ/kg       358.45     364.46   414.82   462.71   511.06   611.61   717.81   829.13
944.80  1064.07  1186.34  1438.11


s,kJ/kg/K    1.47662    1.50091  1.68488  1.83254  1.96164  2.18577  2.37925  2.55076
2.70515  2.84559  2.97439  3.20379


P= 2.0000 MPa T(K) 253.6      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.01903    0.02535  0.03107  0.03640  0.04654  0.05638  0.06608  0.07571
0.08529  0.09484  0.11388  0.13287


u,kJ/kg       320.36     358.72   396.99   435.65   516.92   603.97   696.21   792.83
893.10   996.40  1210.25  1431.83


h,kJ/kg       358.42     409.41   459.13   508.45   610.01   716.73   828.37   944.25
1063.68  1186.07  1438.01  1697.57


s,kJ/kg/K    1.43229    1.61745  1.77081  1.90250  2.12891  2.32335  2.49535  2.65003
2.79066  2.91959  3.14914  3.34913


P= 2.5000 MPa T(K) 261.1      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.01498    0.01962  0.02445  0.02884  0.03710  0.04505  0.05286  0.06060
0.06829  0.07595  0.09121  0.10642


u,kJ/kg       319.84     354.65   394.35   433.71   515.65   603.03   695.46   792.22
892.58   995.94  1209.89  1431.53


h,kJ/kg       357.29     403.69   455.48   505.81   608.40   715.66   827.62   943.71
1063.30  1185.81  1437.91  1697.58


s,kJ/kg/K    1.39514    1.56125  1.72105  1.85548  2.08423  2.27964  2.45215  2.60711
2.74793  2.87698  3.10668  3.30675


P= 3.0000 MPa T(K) 267.6      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg 0.01222    0.01577  0.02003  0.02381  0.03081  0.03750  0.04405  0.05050
0.05695  0.06335  0.07609  0.08879


u,kJ/kg       318.65     350.28   391.64   431.73   514.38   602.09   694.72   791.60
892.06   995.49  1209.53  1431.22


h,kJ/kg      355.32     397.58   451.73   503.15   606.80   714.59   826.87   943.18
1062.92  1185.55  1437.81  1697.60


s,kJ/kg/K    1.36208    1.51160  1.67877  1.81611  2.04727  2.24365  2.41666  2.57182
2.71291  2.84208  3.07193  3.27210


P= 3.5000 MPa T(K) 273.3      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.01021    0.01299  0.01687  0.02021  0.02632  0.03211  0.03776  0.04333
0.04886  0.05436  0.06530  0.07620


u,kJ/kg       316.86 345.55   388.85   429.73   513.10   601.15   693.98   790.99
891.53   995.03  1209.17  1430.92


h,kJ/kg       352.59     391.01   447.90   500.47   605.21   713.52   826.13   942.65
1062.55  1185.29  1437.72  1697.61


s,kJ/kg/K    1.33137    1.46584  1.64157  1.78201  2.01563  2.21299  2.38650  2.54204
2.68321  2.81251  3.04251  3.24276


P= 4.0000 MPa T(K) 278.5      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00867    0.01087  0.01450  0.01751  0.02295  0.02806  0.03304  0.03794
0.04279  0.04761  0.05720  0.06675


u,kJ/kg       314.48     340.37   385.98   427.71   511.82   600.21   693.24   790.38
891.02   994.58  1208.81  1430.62


h,kJ/kg       349.15     383.86 443.96   497.76   603.61   712.47   825.39   942.13
1062.18  1185.03  1437.62  1697.63


s,kJ/kg/K    1.30183    1.42218  1.60799  1.75173  1.98788  2.18624  2.36023  2.51606
2.65742  2.78684  3.01699  3.21732
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P= 4.5000 MPa T(K) 283.1      300.   350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00743    0.00919  0.01265  0.01541  0.02033  0.02492  0.02937  0.03374
0.03807  0.04237  0.05091  0.05940


u,kJ/kg       311.48     334.61   383.01   425.66   510.53   599.27   692.50   789.77
890.50   994.13  1208.45  1430.33


h,kJ/kg       344.93     375.94   439.92   495.02   602.02   711.41   824.66   941.61
1061.81  1184.78  1437.53  1697.65


s,kJ/kg/K    1.27254    1.37913  1.57711  1.72436  1.96311  2.16246  2.33695  2.49307
2.63460  2.76414  2.99444  3.19486


P= 5.0000 MPa T(K) 287.5      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00641    0.00779  0.01116  0.01374  0.01824  0.02241  0.02643  0.03039
0.03429  0.03817  0.04587  0.05353


u,kJ/kg       307.77     328.03   379.95   423.57   509.24   598.34   691.77   789.17
889.98   993.68  1208.09  1430.03


h,kJ/kg 339.84     366.98   435.76   492.26   600.43   710.37   823.93   941.10
1061.45  1184.53  1437.45  1697.67


s,kJ/kg/K    1.24258    1.33514  1.54826  1.69927  1.94068  2.14103  2.31602  2.47242
2.61414  2.74380  2.97424  3.17474


P= 5.5000 MPa T(K) 291.5      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00554    0.00659  0.00995  0.01236  0.01653  0.02035  0.02403  0.02764
0.03120  0.03474  0.04175  0.04872


u,kJ/kg       303.14     320.24   376.78   421.47   507.95   597.40   691.03   788.56
889.47   993.23  1207.73  1429.73


h,kJ/kg       333.64     356.46   431.48   489.47   598.84   709.33   823.21   940.59
1061.09  1184.29  1437.36  1697.69


s,kJ/kg/K    1.21085    1.28813  1.52098  1.67602  1.92015  2.12151  2.29699  2.45368
2.59557  2.72535  2.95594  3.15653


P= 6.0000 MPa T(K) 295.2      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00477    0.00548  0.00893  0.01122  0.01510  0.01864  0.02203  0.02535
0.02863  0.03188  0.03832  0.04471


u,kJ/kg       297.23     310.38   373.50   419.33   506.66   596.47   690.30   787.96
888.95   992.78  1207.38  1429.44


h,kJ/kg 325.87     343.29   427.06   486.66   597.26   708.29   822.50   940.08
1060.73  1184.04  1437.28  1697.71


s,kJ/kg/K    1.17560    1.23416  1.49490  1.65426  1.90119  2.10356  2.27954  2.43650
2.57858  2.70848  2.93921  3.13988


P= 6.5000 MPa T(K) 298.6      300.     350.     400.     500.     600.     700.     800.
900.    1000.    1200.    1400.


v,m**3/kg    0.00142    0.00435  0.00806  0.01025  0.01389  0.01719  0.02034  0.02342
0.02645  0.02946  0.03541  0.04132


u,kJ/kg       189.33     295.63   370.09   417.16   505.36   595.54   689.57   787.36
888.44   992.34  1207.02  1429.14


h,kJ/kg       198.55     323.90   422.50   483.81   595.68   707.26   821.79   939.58
1060.38  1183.80  1437.19  1697.73


s,kJ/kg/K    0.74165    1.16131  1.46975  1.63375  1.88354  2.08694  2.26341  2.42065
2.56290  2.69292  2.92380  3.12455


P= 7.0000 MPa T(K) 301.9      350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00157    0.00732  0.00943  0.01286  0.01595  0.01889  0.02176  0.02459
0.02738  0.03292  0.03842  0.04389


u,kJ/kg       205.74     366.55   414.96   504.06   594.61   688.84   786.76   887.93
991.90  1206.67  1428.85  1657.11


h,kJ/kg       216.75     417.79   480.95   594.10   706.24   821.08   939.09  1060.03
1183.57  1437.11  1697.76  1964.31


s,kJ/kg/K    0.79975    1.44529  1.61429  1.86703  2.07144  2.24840  2.40593  2.54835
2.67849  2.90951  3.11034  3.28826
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P= 7.3834 MPa T(K) 304.2      350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00221    0.00682  0.00887  0.01217  0.01511  0.01791  0.02064  0.02333
0.02598  0.03124  0.03645  0.04164


u,kJ/kg 243.72     363.73   413.26   503.07   593.89   688.29   786.30   887.55
991.56  1206.40  1428.62  1656.92


h,kJ/kg       260.02     414.06   478.73   592.89   705.46   820.55   938.71  1059.77
1183.39  1437.05  1697.78  1964.39


s,kJ/kg/K  0.94013    1.42690  1.59999  1.85503  2.06022  2.23756  2.39530  2.53786
2.66808  2.89922  3.10011  3.27807


P=  7.500 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00166    0.00667  0.00871  0.01197  0.01487  0.01764  0.02032  0.02297
0.02558  0.03076  0.03590  0.04101


u,kJ/kg       214.30     362.86   412.74   502.76   593.68   688.12   786.16   887.43
991.46  1206.32  1428.56  1656.86


h,kJ/kg       226.75     412.90   478.05   592.53   705.23   820.38   938.59  1059.69
1183.33  1437.03  1697.79  1964.41


s,kJ/kg/K    0.83007    1.42135  1.59573  1.85148  2.05691  2.23437  2.39217  2.53477
2.66502  2.89619  3.09710  3.27507


P=  8.000 MPa           350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00148    0.00610  0.00808  0.01119  0.01393  0.01654  0.01907  0.02155
0.02401  0.02887  0.03369  0.03849


u,kJ/kg       200.44     359.01   410.48   501.46   592.75   687.39   785.57   886.92
991.02  1205.97  1428.27  1656.61


h,kJ/kg       212.29     407.83   475.13   590.96   704.22   819.69   938.11  1059.35
1183.10  1436.96  1697.81  1964.51


s,kJ/kg/K    0.78001    1.39775  1.57794  1.83678  2.04324  2.22118  2.37926  2.52203
2.65240  2.88371  3.08470  3.26273


P=  9.000 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00137    0.00515  0.00704  0.00989  0.01237  0.01471  0.01697  0.01920
0.02139  0.02573  0.03002  0.03429


u,kJ/kg       189.73     350.78   405.88   498.85   590.90   685.95   784.39   885.92
990.14  1205.27  1427.69  1656.11


h,kJ/kg       202.07     397.10   469.21   587.83   702.21   818.32   937.15  1058.68
1182.65  1436.81  1697.87  1964.72


s,kJ/kg/K    0.74177    1.35107  1.54429  1.80950  2.01803  2.19696  2.35559  2.49870
2.62930  2.86089  3.06204  3.24016


P= 10.000 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00132    0.00437  0.00620  0.00885  0.01112  0.01325  0.01530  0.01731
0.01929  0.02321  0.02708  0.03093


u,kJ/kg 183.35     341.76   401.15   496.24   589.05   684.52   783.21   884.92
989.27  1204.58  1427.11  1655.62


h,kJ/kg       196.51     385.51   463.19   584.73   700.24   816.97   936.20  1058.02
1182.21  1436.67  1697.94  1964.93


s,kJ/kg/K  0.71907    1.30438  1.51273  1.78460  1.99520  2.17510  2.33428  2.47773
2.60855  2.84042  3.04173  3.21995


P= 12.500 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00124    0.00300  0.00472  0.00699  0.00888  0.01062  0.01229  0.01392
0.01552  0.01868  0.02180  0.02489


u,kJ/kg       173.03     315.85   388.84   489.68   584.47   680.97   780.30   882.45
987.12  1202.87  1425.69  1654.40


h,kJ/kg       188.49     353.29   447.78   577.07   695.41   813.69   933.93  1056.45
1181.16  1436.36  1698.12  1965.48


s,kJ/kg/K    0.68224    1.18642  1.44045  1.73002  1.94585  2.12816  2.28867  2.43295
2.56433  2.79688  2.99857  3.17705
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P= 15.000 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00119    0.00222  0.00374  0.00576  0.00739  0.00887  0.01029  0.01166
0.01301  0.01566  0.01827  0.02086


u,kJ/kg       165.95     289.68   376.00   483.13   579.93   677.47   777.44   880.02
985.01  1201.19  1424.28  1653.19


h,kJ/kg       183.79     322.92   432.17   569.58   690.74   810.55   931.75  1054.96
1180.18  1436.10  1698.34  1966.05


s,kJ/kg/K 0.65685    1.08136  1.37520  1.68334  1.90438  2.08905  2.25087  2.39596
2.52788  2.76108  2.96315  3.14185


P= 20.000 MPa                 350.     400.     500.     600.     700.     800.     900.
1000.    1200.    1400.    1600.


v,m**3/kg    0.00113    0.00163  0.00262  0.00426  0.00554  0.00670  0.00779  0.00885
0.00988  0.01189  0.01387  0.01582


u,kJ/kg       155.78     255.86   350.57   470.16   571.04   670.64   771.86   875.29
980.90  1197.91  1421.54  1650.83


h,kJ/kg       178.36     288.43   403.03   555.30   681.94   804.67   927.73  1052.23
1178.42  1435.70  1698.87  1967.26


s,kJ/kg/K    0.61997    0.95621  1.26338  1.60545  1.83658  2.02578  2.19009  2.33671
2.46965  2.70411  2.90689  3.08604
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A.16 THERMODYNAMIC PROPERTY TABLES FOR SODIUM


A.16.1 SODIUM TEMPERATURE SATURATION TABLE (SI UNITS)


T(K)   P(MPa)        Volume (m**3/kg)             Energy (kJ/kg)         Enthalpy (kJ.kg)
Entropy (kJ/kg)


vf        vfg       vg   uf     ufg      ug      hf     hfg      hg
sf        sfg       sg
800.0  0.001  0.001211  298.0341  298.0353     0.0  4034.4  4034.3     0.0  4315.6  4315.5


0.0000    5.3945    5.3944
850.0  0.002  0.001229  127.4088  127.4100    66.4  3970.8  4037.2    66.4  4267.0  4333.4


0.0804    5.0200    5.1004
900.0  0.005  0.001247   60.0689   60.0702   132.7  3904.9  4037.6   132.7  4215.5  4348.2


0.1563    4.6839    4.8401
950.0  0.011  0.001266   30.7359   30.7372   200.2  3836.0  4036.2   200.2  4160.4  4360.6


0.2292    4.3793    4.6085
1000.0  0.020  0.001286   16.8575   16.8587   268.5  3765.2  4033.7   268.5  4102.8  4371.3
0.2991    4.1028    4.4019
1050.0  0.036  0.001306 9.8135    9.8148   336.6  3694.3  4030.9   336.7  4044.6  4381.2
0.3653    3.8520    4.2172
1100.0  0.060  0.001327    6.0137    6.0150   405.1  3623.4  4028.5   405.2  3986.0  4391.2
0.4285    3.6236    4.0521
1154.6  0.101  0.001351    3.7069   3.7083   479.9  3547.6  4027.5   480.0  3923.2  4403.2
0.4939    3.3979    3.8917
1200.0  0.150  0.001372    2.5685    2.5699   542.4  3486.0  4028.4   542.6  3872.2  4414.9
0.5457    3.2269    3.7725
1250.0  0.224  0.001395    1.7722    1.7736   611.0  3421.1  4032.2   611.3  3818.8  4430.1
0.5996    3.0550    3.6547
1300.0  0.325  0.001419    1.2599    1.2613   682.9  3356.1  4039.0   683.3  3765.0  4448.4
0.6528    2.8962    3.5490
1400.0  0.625  0.001469    0.6885    0.6899   831.8  3232.2 4064.0   832.7  3662.8  4495.5
0.7528    2.6163    3.3691
1500.0  1.101  0.001523    0.4091    0.4106   998.1  3107.4  4105.5   999.7  3557.9  4557.7
0.8494    2.3719    3.2213
1600.0  1.802  0.001581    0.2590    0.2606  1194.0  2970.8  4164.8  1196.8  3437.4  4634.2
0.9463    2.1484    3.0947
1700.0  2.776  0.001642    0.1713    0.1729  1440.8  2804.2  4245.0  1445.4  3279.7  4725.1
1.0487    1.9292    2.9780
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A.16.2 SODIUM PRESSURE SATURATION TABLE (SI UNITS)


0.101 1154.6  0.001351    3.7070    3.7084   480.0  3547.5  4027.5   480.1  3923.1
4403.2    0.4939    3.3978    3.8917


0.200 1235.2  0.001388    1.9714    1.9728   591.3  3439.4  4030.7   591.5  3833.7
4425.3    0.5844    3.1038    3.6882


0.300 1289.0  0.001413    1.3548    1.3562   667.1  3370.0  4037.2   667.6  3776.5
4444.0    0.6414    2.9298    3.5712


0.400 1330.2  0.001434    1.0390    1.0404   726.6  3318.3  4044.9   727.2  3733.9
4461.1    0.6836    2.8070    3.4905


0.500 1364.1  0.001451    0.8459    0.8474   777.0  3276.3  4053.2   777.7  3699.2
4476.9    0.7175    2.7118    3.4293


0.750 1430.6  0.001485    0.5826    0.5841   880.3  3194.6  4074.9   881.4  3631.6
4513.0    0.7825    2.5385    3.3210


1.000 1481.9  0.001513    0.4471    0.4486   966.2  3130.5 4096.8   967.7  3577.6
4545.3    0.8320    2.4142    3.2461


2.000 1623.0  0.001594    0.2348    0.2364  1245.1  2936.1  4181.1  1248.3  3405.6
4653.8    0.9691    2.0983    3.0675


3.000 1719.4  0.001655    0.1586    0.1603  1497.8  2766.0  4263.7  1502.7  3241.9
4744.6    1.0698    1.8855    2.9553


P(MPa)   T(K)      Volume (m**3/kg)             Energy (kJ/kg)         Enthalpy (kJ.kg)
Entropy (kJ/kg)


vf        vfg       vg       uf     ufg      ug      hf     hfg
hg     sf        sfg       sg


0.009  941.1  0.001263   34.4471   34.4483   188.2  3848.4  4036.6   188.2  4170.3
4358.5    0.2165    4.4313    4.6479


0.020  999.9  0.001286   16.8773   16.8786   268.2  3765.5  4033.7   268.2  4103.1
4371.3    0.2988    4.1035    4.4023


0.040 1060.5  0.001311    8.8223    8.8236   351.0  3679.4  4030.3   351.0  4032.3
4383.3    0.3788    3.8024    4.1811


0.060 1099.5  0.001327    6.0411    6.0425   404.3  3624.2  4028.6   404.4  3986.7
4391.1    0.4278    3.6258    4.0536


0.080 1129.1  0.001340    4.6196    4.6209   444.9  3582.8  4027.7   445.0  3952.4
4397.4    0.4637    3.5006    3.9643


0.100 1153.1  0.001351    3.7528    3.7541   477.9  3549.6  4027.5   478.0  3924.9
4402.9    0.4921    3.4036    3.8958
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A.16.3 SUPERHEATED SODIUM TABLE (SI UNITS)
P= 0.0093 MPa T(K) 941.1      950.    1000.    1050.    1100.    1150.    1200.    1250.
1300.    1350.    1400.    1450.


v,m**3/kg   34.44834    34.9420  37.4751  39.7787  41.9451  44.0527  46.0856  48.0955
50.0854  52.0603  54.0195  55.9839


u,kJ/kg      4036.59    4053.95  4131.43  4187.49  4231.91  4269.71  4303.53  4334.91
4364.73  4393.52  4421.62  4449.24


h,kJ/kg      4358.54    4380.48  4481.67  4559.26  4623.98  4681.33  4734.23  4784.41
4832.83  4880.08  4926.55  4972.47


s,kJ/kg/K    4.64786     4.6711   4.7751   4.8509   4.9111   4.9622   5.0072   5.0481
5.0861   5.1218   5.1555   5.1878


P= 0.0500 MPa T(K)1081.6     1100.    1150.    1200.    1250.    1300.    1350.    1400.
1450.    1500.    1550.    1600.


v,m**3/kg    7.16339     7.3656   7.8738   8.3370   8.7728   9.1880   9.5898   9.9813
10.3661  10.7461  11.1220  11.4955


u,kJ/kg      4029.30    4067.50  4152.25  4217.57  4270.57  4315.56  4355.23  4391.29
4424.85  4456.64  4487.15  4516.73


h,kJ/kg      4387.47    4435.77  4545.94  4634.47  4709.21  4774.96  4834.71  4890.36
4943.17  4993.95  5043.27  5091.51


s,kJ/kg/K    4.11076     4.1553   4.2536   4.3291   4.3902   4.4418   4.4870   4.5275
4.5645   4.5990   4.6313   4.6619


P= 0.1000 MPa T(K)1153.1     1200.    1250.    1300.    1350.    1400.    1450.    1500.
1550.    1600.    1700.    1800.


v,m**3/kg    3.75411     4.0095   4.2583   4.4909   4.7099   4.9198   5.1238   5.3224
5.5175   5.7113   6.0886   6.4619


u,kJ/kg      4027.47    4118.13  4194.78  4257.01  4309.31  4354.73  4395.35  4432.52
4467.19  4500.04  4561.93  4620.60


h,kJ/kg 4402.87    4519.07  4620.66  4706.08  4780.30  4846.74  4907.72  4964.76
5018.94  5071.02  5170.79  5266.81


s,kJ/kg/K    3.89575     3.9956   4.0790   4.1462   4.2023   4.2507   4.2936   4.3322
4.3678   4.4009   4.4614   4.5162


P= 0.1013 MPa T(K)1154.6     1200.    1250.    1300.    1350.    1400.    1450.    1500.
1550.    1600.    1700.    1800.


v,m**3/kg    3.70836     3.9531   4.2086   4.4293   4.6460   4.8546   5.0551   5.2515
5.4449   5.6342   6.0083   6.3769


u,kJ/kg      4027.46    4115.61  4193.14  4255.49  4308.11  4353.79  4394.57  4431.88
4466.67  4499.59  4561.62  4620.37


h,kJ/kg      4403.21    4516.16  4618.74  4704.29  4778.88  4845.62  4906.79  4963.99
5018.31  5070.48  5170.40  5266.51


s,kJ/kg/K    3.89173     3.9887   4.0736   4.1403   4.1967   4.2453   4.2883   4.3271
4.3627   4.3958   4.4564   4.5114


P= 0.2000 MPa T(K)1235.2     1250.    1300.    1350.    1400.    1450.    1500.    1550.
1600.    1700.    1800.


v,m**3/kg    1.97278     2.0149   2.1492   2.2746   2.3923   2.5043   2.6118   2.7161
2.8176   3.0153   3.2077


u,kJ/kg      4030.70    4060.32  4148.92  4222.58  4284.70  4338.27  4385.53  4428.13
4467.23  4538.19  4602.85


h,kJ/kg      4425.26    4463.26  4578.76  4677.48  4763.15  4839.12  4907.90  4971.33
5030.76  5141.23  5244.38


s,kJ/kg/K    3.68816     3.7197   3.8120   3.8874   3.9501   4.0036   4.0503   4.0920
4.1297   4.1968   4.2557


P= 0.3000 MPa T(K)1289.0     1300.    1350.    1400.    1450.    1500.    1550.    1600.
1700.    1800.


v,m**3/kg    1.35620     1.3768   1.4673   1.5524   1.6330   1.7094   1.7830   1.8541
1.9910   2.1230


u,kJ/kg      4037.18    4057.97  4145.04  4219.93  4284.39  4340.57  4390.39  4435.34
4514.89  4585.34


h,kJ/kg      4444.04    4471.01  4585.23  4685.67  4774.27  4853.41  4925.30  4991.58
5112.20  5222.25


s,kJ/kg/K    3.57121     3.5931   3.6823   3.7568   3.8197   3.8736   3.9210   3.9632
4.0364   4.0994
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P= 0.4000 MPa T(K)1330.2     1350.    1400.    1450.    1500.    1550.    1600.    1700.
1800.


v,m**3/kg    1.04040     1.0678   1.1349   1.1987   1.2593   1.3172   1.3729   1.4792
1.5807


u,kJ/kg      4044.92    4079.76  4161.92  4234.45  4298.05  4354.22  4404.49  4492.10
4568.10


h,kJ/kg      4461.08    4506.88  4615.92  4713.95  4801.77  4881.10  4953.64  5083.78
5200.44


s,kJ/kg/K    3.49055     3.5271   3.6100   3.6806   3.7410   3.7935   3.8398   3.9190
3.9858


P= 0.5000 MPa T(K)1364.1     1400.    1450.    1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.84736     0.8867   0.9396   0.9901   1.0382   1.0845   1.1723   1.2557
u,kJ/kg      4053.23    4112.29  4189.33  4258.40  4319.85  4374.83  4469.86  4551.15
h,kJ/kg      4476.92    4555.62  4659.12  4753.43  4838.98  4917.08  5056.02  5178.99
s,kJ/kg/K    3.42932     3.4912   3.5674   3.6332   3.6903   3.7404   3.8252   3.8957


P= 0.6000 MPa T(K)1393.2     1400.    1450.    1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.71675     0.7229   0.7679   0.8113   0.8529   0.8926   0.9679   1.0390
u,kJ/kg      4061.83    4072.44  4149.78  4222.09  4287.59  4346.48  4448.24  4534.51
h,kJ/kg      4491.87    4506.21  4610.55  4708.87  4799.27  4882.03  5028.97  5157.89
s,kJ/kg/K    3.38018     3.3918   3.4718   3.5419   3.6030   3.6564   3.7464   3.8205


P= 0.7000 MPa T(K)1418.8     1450.    1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.62230     0.6464   0.6843   0.7208  0.7558   0.8220   0.8842
u,kJ/kg      4070.56    4116.64  4189.55  4257.59  4319.61  4427.27  4518.19
h,kJ/kg      4506.11    4569.10  4668.54  4762.13  4848.67  5002.68  5137.18
s,kJ/kg/K    3.33927     3.3893   3.4624   3.5268   3.5833   3.6782   3.7556


P= 0.8000 MPa T(K)1441.8     1450.    1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.55049     0.5561   0.5895   0.6221   0.6535   0.7128   0.7683
u,kJ/kg      4079.29    4090.60  4161.22  4230.19  4294.39  4407.05  4502.25
h,kJ/kg      4519.68    4535.45  4632.88  4727.89  4817.18  4977.26  5116.91
s,kJ/kg/K    3.30409     3.3172   3.3922   3.4592   3.5184   3.6178   3.6984


P= 0.9000 MPa T(K)1462.7     1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.49413     0.5164   0.5458   0.5741   0.6280   0.6782
u,kJ/kg      4088.04    4137.55  4205.62  4270.94  4387.58  4486.67
h,kJ/kg      4532.75    4602.32  4696.79  4787.66  4952.69  5097.06
s,kJ/kg/K    3.27341     3.3295   3.3985   3.4599   3.5633   3.6470


P= 1.0000 MPa T(K)1481.9     1500.    1550.    1600.    1700.    1800.
v,m**3/kg    0.44859     0.4583   0.4849   0.5109   0.5601   0.6062
u,kJ/kg      4096.75    4118.89  4184.13  4249.42  4368.93  4471.50
h,kJ/kg      4545.34   4577.20  4669.06  4760.28  4929.03  5077.67
s,kJ/kg/K    3.24613     3.2730   3.3433   3.4066   3.5136   3.6002


P= 2.0000 MPa T(K)1623.0     1700.    1800.
v,m**3/kg    0.23636     0.2574   0.2834
u,kJ/kg      4181.14    4241.43  4347.27
h,kJ/kg      4653.85    4756.31  4914.13
s,kJ/kg/K    3.06745     3.1640   3.2716
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A.16.4 SODIUM TEMPERATURE SATURATION
TABLE (IMPERIAL UNITS)


T(R)  P(psi)      Volume (ft**3/lbm)            Energy (Btu/lbm)       Enthalpy (Btu/lbm)
Entropy (Btu/lbm)


vf        vfg       vg       uf     ufg      ug      hf     hfg
hg        sf       sfg      sg
1440.0    0.1   0.01944 4784.0732 4784.0928    -0.1  8412.9  8412.8    -0.1  8999.3  


8999.2  2.77752  3.47195  6.24947
1500.0    0.3   0.01963 2683.4402 2683.4597    91.3  8326.1  8417.4    91.3  8933.5  


9024.8  2.70908  3.30871  6.01779
1600.0    0.6  0.01996 1131.0094 1131.0293   245.7  8174.2  8419.9   245.7  8815.3  


9061.0  2.61041  3.06085  5.67126
1700.0    1.4   0.02029  527.3803  527.4006   436.5  7979.5  8416.0   436.6  8652.6  


9089.1  2.53727  2.82764  5.36491
1800.0    2.9   0.02065  270.5976  270.6182   559.9  7851.7  8411.6   559.9  8555.6  


9115.5  2.45895  2.64062  5.09957
1900.0    5.5   0.02101  148.8262  148.8472   717.8  7687.2  8405.0   717.9  8420.5  


9138.5  2.40120  2.46215  4.86335
2000.0    9.8   0.02139   87.1279   87.1493   876.3  7523.6  8400.0   876.5  8285.3  


9161.8  2.35325  2.30148  4.65473
2100.0   16.4   0.02178   53.8157   53.8375  1035.4  7363.3  8398.6  1035.7  8152.4  


9188.1  2.31376  2.15673  4.47049
2200.0   26.2   0.02218   34.8169   34.8391  1195.4  7207.8  8403.2  1195.9  8023.8  


9219.7  2.28164  2.02621  4.30784
2300.0   40.1   0.02260   23.4509   23.4735  1357.7  7057.5  8415.3  1358.6  7899.8  


9258.4  2.25603  1.90818  4.16421
2400.0   59.2   0.02304   16.3607   16.3838  1523.8  6912.6  8436.4  1525.0  7780.7  


9305.7  2.23610  1.80108  4.03717
2500.0   84.7   0.02349   11.7652   11.7887  1698.8  6768.5  8467.3  1700.6  7661.5  


9362.1  2.22161  1.70256  3.92417
2600.0  117.8   0.02396    8.6896    8.7136  1882.8  6626.0  8508.8  1885.3  7543.0  


9428.3  2.21143  1.61176  3.82319
2800.0  211.7   0.02495    5.0603    5.0853  2298.4  6326.7  8625.1  2303.1  7286.1  


9589.2  2.20253  1.44566  3.64818
3000.0  350.7   0.02602    3.1440    3.1700  2819.0  5971.7  8790.7  2827.1  6959.5  


9786.6  2.20581  1.28880  3.49461
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A.16.5 SODIUM PRESSURE SATURATION TABLE (IMPERIAL UNITS)


P(psi)  T(R)      Volume (ft**3/lbm)            Energy (Btu/lbm)       Enthalpy (Btu/lbm)
Entropy (Btu/lbm)


vf        vfg       vg        uf     ufg      ug      hf  hfg 
hg        sf       sfg      sg


1.4 1694.0   0.02027  552.9115  552.9318   392.7  8024.8  8417.5   392.7  8696.2  
9088.9  0.25091  5.13362  5.38454


2.5 1778.1   0.02057  311.3963  311.4169   525.6  7887.4  8412.9   525.6  8584.7  
9110.3  0.32730  4.82810  5.15540


5.0 1884.3   0.02095  162.7399  162.7609   693.0  7713.0  8406.0   693.0  8441.9  
9134.9  0.41842  4.48007  4.89849


7.5 1952.7   0.02121  111.4133  111.4345   801.4  7600.7  8402.0   801.4  8349.2  
9150.6  0.47446  4.27565 4.75011


10.0 2004.5   0.02140   85.1776   85.1990   883.8  7516.0  8399.8   883.8  8279.1  
9162.9  0.51564  4.13034  4.64598


12.5 2046.6   0.02157   69.1843   69.2059   950.6  7448.2  8398.7   950.6  8223.0  
9173.6  0.54812  4.01794  4.56606


14.7 2078.3   0.02169   59.5053   59.5270  1001.2  7397.3  8398.5  1001.2  8180.9  
9182.1  0.57219  3.93639  4.50858


15.0 2082.4   0.02171   58.3823   58.4040  1007.5  7391.0  8398.5  1007.5  8175.6  
9183.2  0.57520  3.92615  4.50135


17.5 2113.6   0.02183   50.5836   50.6055  1057.4  7341.4  8398.9  1057.4  8134.7  
9192.1  0.59845  3.84866  4.44711


20.0 2141.5   0.02194   44.6815   44.7034  1101.8  7297.9  8399.7  1101.8  8098.7  
9200.5  0.61875  3.78177  4.40052


25.0 2189.8  0.02214   36.3213   36.3435  1179.6  7222.8  8402.4  1179.6  8036.6  
9216.2  0.65350  3.66995  4.32345


30.0 2231.0   0.02231   30.6741   30.6964  1246.1  7160.0  8406.0  1246.1  7984.8  
9230.9  0.68238  3.57897  4.26135


45.0 2328.6   0.02272   21.0823   21.1050  1405.9  7014.4  8420.3  1405.9  7865.1  
9271.0  0.74868  3.37755  4.12623


60.0 2403.4   0.02305   16.1681   16.1911  1531.9  6905.3  8437.2  1531.9  7775.5  
9307.4  0.79783  3.23519  4.03302


75.0 2464.9   0.02333   13.1648   13.1881  1638.8  6816.4  8455.2  1638.8  7702.3  
9341.2  0.83749  3.12481  3.96230


100.0 2549.2   0.02372   10.1038   10.1275  1790.1  6696.3  8486.4  1790.1  7603.4  
9393.5  0.89046  2.98265  3.87311


200.0 2779.2  0.02485    5.3337    5.3586  2256.0  6354.9  8610.9  2256.0  7314.8  
9570.8  1.03310  2.63194  3.66503


300.0 2935.0   0.02567    3.6502    3.6758  2640.2  6090.6  8730.7  2640.2  7078.3  
9718.5  1.13168  2.41166  3.54334
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A.16.6 SUPERHEATED SODIUM TABLE (IMPERIAL UNITS)
P=   1.4 psi   T(R)1694.0      1700.    1800.    1900.    2000.    2100.    2200.    2300.


2400.    2500.    2600.    2700.
v,ft**3/lbm   552.9318   555.9260 601.5211 642.4615 680.8981 717.9449 754.1944 789.7718


825.1837 860.1784 895.1399 929.9736
u,Btu/lbm       8417.5     8431.5   8615.3   8743.4   8843.3   8927.9   9003.8   9074.5


9142.0   9207.5   9271.7   9334.9
h,Btu/lbm       9088.9     9106.5   9345.6   9523.5   9670.0   9799.6   9919.4  10033.4


10143.8  10252.0  10358.5  10464.1
s,Btu/lbm/R     5.3845     5.3949   5.5319   5.6282   5.7034   5.7667   5.8224   5.8731


5.9201   5.9642   6.0060   6.0459


P=   2.5 psi   T(R)1778.1      1800.    1900.    2000.    2100.    2200.    2300.    2400.
2500.    2600. 2700.    2800.


v,ft**3/lbm   311.4169   317.4174 342.4559 365.0533 386.2528 406.6337 426.4664 446.0121
465.3169 484.4529 503.5057 522.4739


u,Btu/lbm       8412.9     8464.1   8647.7   8780.0   8884.3   8972.8   9051.9   9125.1
9194.5   9261.5 9326.9   9391.0


h,Btu/lbm       9110.3     9174.9   9414.5   9597.4   9749.3   9883.4  10006.9  10123.8
10236.5  10346.3  10454.3  10561.0


s,Btu/lbm/R     5.1554     5.1916   5.3214   5.4153   5.4895   5.5519   5.6068   5.6566
5.7026   5.7457 5.7864   5.8252


P=   5.0 psi   T(R)1884.3      1900.    2000.    2100.    2200.    2300.    2400.    2500.
2600.    2700.    2800.    2900.


v,ft**3/lbm   162.7609   164.9819 178.0859 189.8740 200.8626 211.3520 221.5073 231.4522
241.2410 250.9281 260.5435 270.0991


u,Btu/lbm       8406.0     8444.5   8644.1   8790.5   8905.9   9002.9   9088.3   9166.3
9239.4   9309.2   9376.8   9442.7


h,Btu/lbm       9134.9     9183.3   9441.7   9640.8   9805.5   9949.4  10080.3  10202.8
10319.8  10433.0  10543.6  10652.3


s,Btu/lbm/R     4.8985     4.9242   5.0571   5.1545   5.2312   5.2952   5.3509   5.4009
5.4468   5.4895   5.5298   5.5679


P=   7.5 psi   T(R)1952.7      2000.    2100.    2200.    2300.    2400.    2500.    2600.
2700.    2800.    2900.    3000.


v,ft**3/lbm   111.4345   115.8719 124.4683 132.3047 139.6526 146.6837 153.5009 160.1333
166.7368 173.2347 179.6686 186.0625


u,Btu/lbm       8402.0     8513.1   8698.8   8840.1   8954.4   9051.8   9138.2   9217.4
9291.7   9362.6   9431.1   9497.8


h,Btu/lbm       9150.6     9291.4   9534.9   9728.9   9892.6  10037.2  10169.4  10293.4
10411.8  10526.3  10638.1  10747.8


s,Btu/lbm/R     4.7501     4.8217   4.9410   5.0314   5.1043   5.1658   5.2198   5.2684
5.3132   5.3548   5.3940   5.4312


P=  10.0 psi   T(R)2004.5      2100.    2200.    2300.    2400.    2500.    2600.    2700.
2800.    2900.    3000.


v,ft**3/lbm    85.1990    91.8104  98.0478 103.8186 109.2796 114.5324 119.6472 124.6441
129.5703 134.5207 139.2899


u,Btu/lbm       8399.8     8609.7   8775.6   8906.7   9015.7   9110.4   9195.6   9274.3
9348.5   9419.5   9488.2


h,Btu/lbm       9162.9     9432.0   9653.8   9836.6   9994.5  10136.3  10267.2  10390.7
10509.1  10623.8  10735.8


s,Btu/lbm/R     4.6460     4.7781   4.8816   4.9630   5.0303   5.0882   5.1396   5.1862
5.2293   5.2697   5.3075


P=  12.5 psi   T(R)2046.6      2100.    2200.    2300.    2400.    2500.    2600.    2700.
2800.    2900.    3000.


v,ft**3/lbm    69.2059    72.2589  77.5131  82.3293  86.8434  91.1549  95.3236  99.3923
103.3869 107.3276 111.2298


u,Btu/lbm       8398.7     8523.8   8712.5   8859.6   8980.0   9082.8   9173.9   9257.0
9334.5   9408.0   9478.6


h,Btu/lbm       9173.6     9332.9   9580.3   9781.4   9952.3  10103.4  10241.2  10369.8
10492.0  10609.6  10723.9


s,Btu/lbm/R   4.5661     4.6436   4.7594   4.8491   4.9220   4.9837   5.0378   5.0863
5.1308   5.1721   5.2108
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P=  14.7 psi   T(R)2078.3      2100.    2200.    2300.    2400.    2500.    2600.    2700.
2800.    2900.    3000.


v,ft**3/lbm    59.5270    60.6072  65.2546  69.4941  73.4376  77.1835  80.7923  84.2977
87.7346  91.1159  94.4552


u,Btu/lbm       8398.5     8451.6   8658.4   8819.0   8949.0   9058.8   9155.0   9241.8
9322.2   9397.9   9470.2


h,Btu/lbm       9182.1     9249.3   9517.4   9733.7   9915.7  10074.8  10218.4  10351.5
10477.0  10597.2  10713.5


s,Btu/lbm/R     4.5086     4.5412   4.6670   4.7637   4.8413   4.9063   4.9627   5.0129
5.0586   5.1008   5.1402


P=  15.0 psi   T(R)2082.4      2100.    2200.    2300.    2400.    2500.    2600.    2700.
2800.    2900.    3000.


v,ft**3/lbm    58.4040    59.2735  63.8431  68.0124  71.8927  75.5716  79.1147  82.5565
85.9165  89.2437  92.5195


u,Btu/lbm       8398.5     8441.9   8651.0   8813.4   8944.8   9055.5   9152.4   9239.7
9320.5   9396.5   9469.0


h,Btu/lbm       9183.2     9238.1   9508.8   9727.2   9910.7  10070.9  10215.3  10348.9
10474.9  10595.5  10712.1


s,Btu/lbm/R     4.5013     4.5280   4.6551   4.7526   4.8309   4.8964   4.9531   5.0036
5.0494   5.0917   5.1312


P=  20.0 psi   T(R)2141.5      2200.    2300.    2400.    2500.    2600.    2700.    2800.
2900.    3000.


v,ft**3/lbm    44.7034    46.8068  50.1409  53.2172  56.1055  58.8591  61.5165  64.1042
66.6435  69.1359


u,Btu/lbm      8399.7     8534.1   8723.8   8875.8   9001.7   9109.8   9205.6   9292.7
9373.6   9450.0


h,Btu/lbm       9200.5     9372.6   9622.1   9829.1  10006.7  10164.2  10307.6  10441.0
10567.4  10688.5


s,Btu/lbm/R     4.4005     4.4811   4.5931   4.6817 4.7544   4.8162   4.8704   4.9190
4.9633   5.0044


P=  25.0 psi   T(R)2189.8      2200.    2300.    2400.    2500.    2600.    2700.    2800.
2900.    3000.


v,ft**3/lbm    36.3435    36.6427  39.4482  42.0280  44.4280  46.7121  48.8968  51.0140
53.0731  55.1066


u,Btu/lbm       8402.4     8426.7   8638.6   8808.9   8949.0   9067.9   9171.9   9265.2
9350.9   9431.1


h,Btu/lbm       9216.2     9247.2   9521.9   9750.0   9944.0  10113.9  10266.8  10407.5
10539.5  10665.0


s,Btu/lbm/R 4.3235     4.3379   4.4623   4.5603   4.6398   4.7067   4.7645   4.8157
4.8620   4.9046


P=  30.0 psi   T(R)2231.0      2300.    2400.    2500.    2600.    2700.    2800.    2900.
3000.


v,ft**3/lbm    30.6964    32.3466  34.5823  36.6599  38.6280  40.4872  42.2885  44.0402
45.7548


u,Btu/lbm       8406.0     8558.4   8744.6   8897.8   9026.9   9138.6   9238.0   9328.4
9412.3


h,Btu/lbm       9230.9     9427.6   9673.9   9882.9  10064.6  10226.5  10374.3  10511.8
10641.7


s,Btu/lbm/R     4.2614     4.3505   4.4569   4.5429   4.6146   4.6758   4.7296   4.7779
4.8220


P=  45.0 psi   T(R)2328.6      2400.    2500.    2600.    2700.    2800.    2900.    3000.
v,ft**3/lbm    21.1050    22.2378  23.7421  25.1384  26.4846  27.7569  28.9821  30.1735
u,Btu/lbm       8420.3     8570.1   8753.6   8908.8   9042.1   9158.4   9262.3   9356.8
h,Btu/lbm       9271.0     9466.5   9710.6   9922.5  10109.5  10277.2  10430.4  10572.9
s,Btu/lbm/R     4.1262     4.2126   4.3147   4.3988   4.4701   4.5313   4.5852   4.6336


P=  60.0 psi   T(R)2403.4      2500.    2600.    2700.    2800.    2900.    3000.
v,ft**3/lbm    16.1911    17.3290  18.4446  19.4989  20.5009  21.4601  22.3860
u,Btu/lbm       8437.2     8627.0   8800.6   8951.1   9082.2   9198.3   9302.7
h,Btu/lbm       9307.4     9558.3   9791.9   9999.0  10184.0  10351.6  10505.8
s,Btu/lbm/R     4.0330     4.1415   4.2360   4.3155   4.3834   4.4426   4.4951
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P= 75.0 psi   T(R)2464.9      2500.    2600.    2700.    2800.    2900.    3000.
v,ft**3/lbm    13.1881    13.4599  14.4440  15.3240  16.1567  16.9534  17.7190
u,Btu/lbm       8455.2     8520.2   8703.9   8866.7   9009.9   9136.7   9250.3
h,Btu/lbm       9341.2     9428.0   9674.2   9896.0  10095.3  10275.6  10440.6
s,Btu/lbm/R     3.9623     3.9992   4.1034   4.1899   4.2637   4.3277   4.3840


P= 100.0 psi   T(R)2549.2      2600.    2700.    2800.    2900.    3000.
v,ft**3/lbm    10.1275    10.4854  11.1702  11.8280  12.4567  13.0588
u,Btu/lbm       8486.4     8573.8   8743.2   8899.6   9040.4   9166.8
h,Btu/lbm       9393.5     9512.9   9743.8   9959.1  10156.1  10336.5
s,Btu/lbm/R     3.8731     3.9260   4.0204   4.1022   4.1732   4.2353


P= 200.0 psi   T(R)2779.2      2800.    2900.    3000.
v,ft**3/lbm     5.3586     5.4301   5.7768   6.1134
u,Btu/lbm       8610.9     8633.3   8760.4   8898.8
h,Btu/lbm 9570.8     9606.2   9795.2   9994.0
s,Btu/lbm/R     3.6650     3.6835   3.7690   3.8462


P= 300.0 psi   T(R)2935.0      3000.
v,ft**3/lbm     3.6758     3.8323
u,Btu/lbm       8730.7     8776.9
h,Btu/lbm       9718.5     9806.6
s,Btu/lbm/R     3.5433     3.5974
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A.16.7 THERMAL CONDUCTIVITY VERSUS TEMPERATURE PLOT
FOR SOME MATERIALS
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Appendix B
Cryogenic Material Properties


Database


The National Institute of Standards and Technology (NIST) has published at least two
references compiling cryogenic material properties. These include the Handbook on Materials
for Superconducting Machinery and the LNG Materials & Fluids. Neither has been updated
since 1977 and they are currently out of print. While there is a great deal of published data on
cryogenic material properties, it is often difficult to find and not in a form that is convenient
to use. We have begun a new program to collect, compile, and correlate property information
for materials used in cryogenics. The initial phase of this program has focused on picking
simple models to use for thermal conductivity, thermal expansion, and specific heat. We have
broken down the temperature scale into four ranges: (1) less than 4K, (2) 4e77K, (3) 77e300K,
and (4) 300K to the melting point. Initial materials that we have compiled include oxygen free
copper, 6061-T6 aluminum, G-10 fiberglass epoxy, 718 Inconel, Kevlar, niobium titanium
(NbTi), beryllium copper, polyamide (nylon), polyimide, 304 stainless steel, Teflon, and
Tie6Ale4V titanium alloy. Correlations are given for each material and property over some
of the temperature range. We will continue to add new materials and increase the temper-
ature range. We hope to offer these material properties as subroutines that can be called from
your own code or from within commercial software packages. We will also identify where
new measurements need to be made to give complete property prediction from 50 mK to the
melting point. Note that Appendix B is a reproduction of the following information written
by E. D. Marquardt, J. P. Le, and Ray Radebaugh of NTIS in Boulder, Colorado, USA 80,303.


B.1 INTRODUCTION


The explosive growth of cryogenics in the early 1950s led to much interest in material
properties at low temperatures. Important fundamental theory and measurements of low-
temperature material properties were performed in the 1950s, 1960s, and 1970s. The results
of this large amount of work have become fragmented and dispersed in many different
publications, most of which are out of print and difficult to find. Old-time engineers often
have a file filled with old graphs; young engineers often don’t know how to find this in-
formation. Since most of the work was performed before the desktop computer became
available, when data can be found, it is published in simple tables or graphically, making the
information difficult to accurately determine and use.


NIST has begun a program to gather cryogenic material property data and make it
available in a form that is useful to engineers. Initially we tried to use models based upon
fundamental physics but it soon became apparent that the models could not accurately
predict properties over a large temperature range and over different materials. Our current
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approach is to choose a few simple types of equations such as polynomial or logarithmic
polynomials and determine the coefficients of different materials and properties. This will
allow engineers to use the equations to predict material properties in a variety of ways
including commercial software packages or their own code. Integrated and average values
can easily be determined from the equations. These equations are not meant to provide any
physical insight into the property or to provide “standard” values but are for working en-
gineers that require accurate values.


B.2 MATERIALS


Initial materials that we have compiled include oxygen free copper, 6061-T6 aluminum, G-
10CR fiberglass epoxy, 718 Inconel, Kevlar 49, niobium titanium (NbTi), beryllium copper,
polyamide (nylon), polyimide, 304 stainless steel, Teflon, and Tie6Ale4V titanium alloy.
These were chosen as some of the most common materials used in cryogenic systems in a
variety of fields.


B.3 MATERIAL PROPERTIES


The material electrical properties such as thermal conductivity, specific heat, thermal
expansion, along with their data and plots applicable to cryogenic region are described
briefly, in the following subsections.


B.3.1 THERMAL CONDUCTIVITY


Widely divergent values of thermal conductivity for the same material are often reported
in the literature. For comparatively pure materials (like copper), the differences are due
mainly to slight material differences that have large effects on transport properties, such as
thermal conductivity, at cryogenic temperatures. At 10K, the thermal conductivity of com-
mercial oxygen free copper for two samples can be different by more than a factor of 20, while
the same samples at room temperature would be within 4%. It is also not uncommon for
some experimental results to have uncertainties as high as 50%. Part of our program is to
critically evaluate the literature to determine the best property values. Data references used to
generate predictive equations will be reported.


The general form of the equation for thermal conductivity, k, is


logðkÞ ¼ aþ b log T þ cðlog TÞ2 þ dðlog TÞ3 þ eðlog TÞ4
f ðlog TÞ5 þ gðlog TÞ6 þ hðlog TÞ7 þ iðlog TÞ8


(B.1)


where a, b, c, d, e, f, g, h, and i are the fitted coefficients, and T is the temperature. These are
common logarithms. While this may seem like an excessive number of terms to use, it was
determined that in order to fit the data over the large temperature range, we required a large
number of terms. It should also be noted that all the digits provided for the coefficients
should be used, any truncation can lead to significant errors. Tables B.1 and B.2 show the
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coefficients for a variety of metals and nonmetals. Eq. (B.2) is the thermal conductivity for an
average sample of oxygen free copper. It should be noted that thermal conductivity for oxy-
gen free copper can vary widely depending upon the residual resistivity ratio, RRR, and this
equation should be used with caution. The thermal conductivities are displayed graphically
in Fig. B.1.


TABLE B.1 Coefficient for Thermal Conductivity for Metals


Coeff.
6061 -T6
Aluminum 304 SS


718
Inconel


Beryllium
Copper Tie6A1e4V


a 0.07918 �1.4087 �8.28921 �0.50015 �5,107.8774


b 1.09570 1.3982 39.4470 1.93190 19,240.422


c �0.07277 0.2543 �83.4353 �1.69540 �30,789.064


d 0.08084 �0.6260 98.1690 0.71218 27,134.756


e 0.02803 0.2334 �67.2088 1.27880 �14,226.379


f �0.09464 0.4256 26.7082 �1.61450 4,438.2154


g 0.04179 �0.4658 �5.72050 0.68722 �763.07767


h �0.00571 0.1650 0.51115 �0.10501 55.796592


i 0 �0.0199 0 0 0


Data range 4e300K 4e300K 4e300K 4e300K 20e300K


TABLE B.2 Coefficient for Thermal Conductivity for Nonmetals


Coeff. Teflon
Polyamide
(Nylon)


Polyimide
(Kapton)


G10 CR
(Norm)


G10 CR
(Warp)


a 2.7380 �2.6135 5.73101 �4.1236 �2.64827


b �30.677 2.3239 �39.5199 13.788 8.80228


c 89.430 �4.7586 79.9313 �26.068 �24.8998


d �136.99 7.1602 �83.8572 26.272 41.1625


e 124.69 �4.9155 50.9157 �14.663 �39.8754


f �69.556 1.6324 �17.9835 4.4954 23.1778


g 23.320 �0.2507 3.42413 �0.6905 �7.95635


h �4.3135 0.0131 �0.27133 0.0397 1.48806


i 0.33829 0 0 0 �0.11701


Data range 4e300K 4e300K 4e300K 10e300K 12e300K
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logðkÞ ¼ 2:2154� 0:88068T0:5 þ 0:29505T � 0:048310T1:5 þ 0:00320T2


1� 0:47461T0:5 þ 0:13871T � 0:020430T1:5 þ 0:001281T2
(B.2)


B.3.2 SPECIFIC HEAT


The specific heat is the amount of heat energy per unit mass required to cause a unit increase
in the temperature of a material, the ratio of the change in energy to the change in temperature.
Specific heats are strong functions of temperature, especially below 200K. Models for specific
heat began in 1871 with Boltzmann, and were further refined by Einstein and Debye in the
early part of the 20th century. While there are many variations of these first models, they
generally only provide accurate results for materials with perfect crystal lattice structures. The
specific heat of many of the engineering materials of interest here is not described well by these
simple models. The general form of the equation is the same as Eq. (B.1). Table B.3 shows the
coefficients for specific heat. Fig. B.2 graphically shows the specific heats.


B.3.3 THERMAL EXPANSION


From an atomic perspective, thermal expansion is caused by an increase in the average
distance between the atoms. This results from the asymmetric curvature of the potential


FIGURE B.1 Thermal conductivity of various materials.
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energy versus interatomic distance. The anisotropy results from the differences in the
coulomb attraction and the interatomic repulsive forces.


Different metals and alloys with different heat treatments, grain sizes, or rolling directions
introduce only small differences in thermal expansion. Thus, a generalization can be made


TABLE B.3 Coefficient for Specific Heat


Coeff. OFCH Copper 6061 -T6 Aluminum 304 SS G-10 Teflon


a �1.91844 46.6467 22.0061 �2.4083 31.8825


b �0.15973 �314.292 �127.5528 7.6006 �166.519


c 8.61013 866.662 303.6470 �8.2982 352.019


d �18.99640 �1298.30 �381.0098 7.3301 259.981


e 21.96610 1162.27 274.0328 �4.2386 �104.614


f �12.73280 �637.795 �112.9212 1.4294 24.9927


g 3.54322 210.351 24.7593 �0.24396 �3.20792


h �0.37970 �38.3094 �2.239153 0.015236 0.165032


i 0 2.96344 0 0 0


Data range 3e300K 3e300K 3e300K 3e300K 3e300K
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FIGURE B.2 Specific heat of various materials.
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that literature values for thermal expansion are probably good for a like material to within
5%. This is because the thermal expansion depends explicitly on the nature of the atomic
bond, and only those changes that alter a large number of the bonds can affect its value. In
general, large changes in composition (10%e20%) are necessary to produce significant
changes in the thermal expansion (w5%), and different heat treatments or conditions do not
produce significant changes unless phase changes are involved.1


Most of the literature reports the integrated linear thermal expansion as a percent change
in length from some original length generally measured at 293K,


ðLT � L293Þ
L293


(B.3)


where LT is the length at some temperature T and L293 is the length at 293K. While this is a
practical way of measuring thermal expansion, the more fundamental property is the coeffi-
cient of linear thermal expansion, a(T),


aðTÞ ¼ 1
L
dLðTÞ
dT


(B.4)


The coefficient of linear thermal expansion is much less reported in the literature. In prin-
ciple, we can simply take the derivative of the integrated linear thermal expansion that results
in the coefficient of linear thermal expansion. While we have had success with this method over
limited temperature ranges, we have not yet determined an equation form for the integrated
expansion value that results in a good approximation of coefficient of linear thermal expansion.
For the time being, we will report the integrated linear thermal expansion as a change in length
and provide the coefficient of linear thermal expansion when it is directly reported in the
literature. The general form of the equation for integrated linear thermal expansion is


ðLT � L293Þ
L293


¼ �
aþ bT þ cT2 þ dT3 þ eT4


�� 10�5 (B.5)


Tables B.4 and B.5 provide the coefficients for the various materials, while Fig. B.3 plots the
integrated linear thermal expansions.


TABLE B.4 Integrated Linear Thermal Expansion Coefficients for Metals


Coeff.
6061 -T6
Aluminum 304 SS 718 Inconel


Beryllium
Copper Ti-6A1-4V NbTi


a �4.1272Eþ02 �2.9546Eþ02 �2.366Eþ02 �3.132Eþ02 �1.711Eþ02 �1.862Eþ02


b �3.0640E-01 �4.0518E-01 �2.218E-01 �4.647E-01 �2.171E-01 �2.568E-01


c 8.7960E-03 9.4014E-03 5.601E-03 1.083E-02 4.841E-03 8.334E-03


d �1.0055E-05 �2.1098E-05 �7.164E-06 �2.893E-05 �7.202E-06 �2.951E-05


e 0 1.8780E-08 0 3.351E-08 0 3.908E-08


Data range 4e300K 4e300K 4e300K 4e300K 4e300K 4e300K
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B.4 NATIONAL INSTITUTE OF STANDARDS AND TECHNOLOGY
(NIST) FUTURE PLANS


NIST plans to continually add new materials and properties, and to expand the useful
temperature range of the predictive equations for engineering use. We will report results in
the literature but will also update our website on a continual basis. The initial phase of the
program was a learning experience on how to handle the information in the literature as well


TABLE B.5 Integrated Linear Thermal Expansion Coefficients for
Nonmetals


Coeff. Teflon Polyamide
G10 CR
(Norm)


G10 CR
(Warp)


a �2.165Eþ03 �1.389Eþ03 �7.180Eþ02 �2.469Eþ02


b 3.278Eþ00 �1.561E-01 3.741E-01 2.064E-01


c �8.218E-03 2.988E-02 8.183E-03 3.072E-03


d 7.244E-05 �7.948E-05 �3.948E-06 �3.226E-06


e 0 1.181E-07 0 0


Data range 4e300K 4e300K 4e300K 4e300K
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FIGURE B.3 Integrated linear thermal expansion of various materials.
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as for the development of a standard set of basic equation types used to fit experimental data.
By using just a few types of equations, we hope to make the information easier to use. We
shall now focus on developing large numbers of equations for a variety of materials and
properties. Please check our website at http://www.boulder.nist.gov/div838/cryogenics.
html for updated information.
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Preface
THIS text has evolved from a need for a single volume that embraces a



very wide range of topics in fluid mechanics. The material consists of two



parts— four chapters on macroscopic or relatively large-scale phenomena,



followed by ten chapters on microscopic or relatively small-scale



phenomena. Throughout, I have tried to keep in mind topics of industrial



importance to the chemical engineer. The scheme is summarized in the



following list of chapters.



Part I—Macroscopic Fluid Mechanics



1. Introduction to Fluid Mechanics



2. Mass, Energy, and Momentum Balances



3. Fluid Friction in Pipes



4. Flow in chemical Engineering Equipment



Part II—Microscopic Fluid Mechanics



5. Differential Equations of Fluid Mechanics



6. Solution of Viscous-Flow Problems



7. Laplace’s Equation, Irrotational and Porous-Media Flows



8. Boundary-Layer and Other Nearly Unidirectional Flows



9. Turbulent Flow



10. Bubble Motion, Two-Phase Flow, and Fluidization



11. Non-Newtonian Fluids



12. Microfluidics and Electrokinetic Flow Effects



13. An Introduction to Computational Fluid Dynamics and Fluent



14. COMSOL Multiphysics for Solving Fluid Mechanics Problems



In our experience, an undergraduate fluid mechanics course can be based



on Part I plus selected parts of Part II, and a graduate course can be based



on much of Part II, supplemented perhaps by additional material on



topics such as approximate methods and stability.



Third edition. I have attempted to bring the book up to date by the



major addition of Chapters 12, 13, and 14—one on microfluidics and two



on CFD (computational fluid dynamics). The choice of software for the



CFD presented a difficulty; for various reasons, I selected ANSYS Fluent



and COMSOL Multiphysics, but there was no intention of “promoting”



these in favor of other excellent CFD programs. The use of CFD examples



in the classroom really makes the subject come “alive,” because the



previous restrictive necessities of “nice” geometries and constant physical



properties, etc., can now be lifted. Chapter 9, on turbulence, has also been



extensively rewritten; here again, CFD allows us to venture beyond the



usual flow in a pipe or between parallel plates and to investigate further



practical situations such as turbulent mixing and recirculating flows.



Example problems. There is an average of about six completely worked



examples in each chapter, including several involving COMSOL



(dispersed throughout Part II) and Fluent (all in Chapter 13). The end of



each example is marked by a small square: . All the COMSOL



examples have been run with Version 5.2a, both on a Mac Book Pro



computer and on Linux and Windows platforms; those using other



releases of COMSOL may encounter slightly different windows than those



reproduced here. The format for each COMSOL example is: (a) problem



statement, (b) details of COMSOL implementation, (c) results, and (d)



discussion.



The numerous end-of-chapter problems have been classified roughly as



easy (E), moderate (M), or difficult/lengthy (D). The University of



Cambridge has given permission—kindly endorsed by Professor J.F.



Davidson, F.R.S.—for several of their chemical engineering examination



problems to be reproduced in original or modified form, and these have



been given the additional designation of “(C)”.
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of my former Michigan colleague Stacy Birmingham (non-Newtonian



fluids), Brian Kirby of Cornell University (microfluidics), and Chi-Yang



cheng of ANSYS, Inc. (CFD). My former doctoral student and good friend



Kevin Ellwood has been enormously helpful with this third edition.



Although I wrote most of the original examples and Chapter 14 (in



COMSOL 3.2), Kevin has supplied all the necessary expertise to rewrite



them in the longer and more comprehensive COMSOL 5.2a.



I have had much help from many people at COMSOL Inc. and COMSOL



AB. On their part, it has been a great cooperative effort all the way,



involving the COMSOL Development, Licensing, and Applications teams,
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Part I: Macroscopic Fluid Mechanics











Chapter 1. Introduction To Fluid Mechanics



1.1 FLUID MECHANICS IN CHEMICAL ENGINEERING



Aknowledge of fluid mechanics is essential for the chemical engineer



because the majority of chemical-processing operations are conducted



either partly or totally in the fluid phase. Examples of such operations



abound in the biochemical, chemical, energy, fermentation, materials,



mining, petroleum, pharmaceuticals, polymer, and waste-processing



industries.



There are two principal reasons for placing such an emphasis on fluids.



First, at typical operating conditions, an enormous number of materials



normally exist as gases or liquids, or can be transformed into such phases.



Second, it is usually more efficient and cost-effective to work with fluids in



contrast to solids. Even some operations with solids can be conducted in a



quasi-fluidlike manner; examples are the fluidized-bed catalytic refining



of hydrocarbons, and the long-distance pipelining of coal particles using



water as the agitating and transporting medium.



Although there is inevitably a significant amount of theoretical



development, almost all the material in this book has some application to



chemical processing and other important practical situations.



Throughout, we shall endeavor to present an understanding of the



physical behavior involved; only then is it really possible to comprehend



the accompanying theory and equations.



1.2 GENERAL CONCEPTS OF A FLUID



We must begin by responding to the question, “What is a fluid?” Broadly



speaking, a fluid is a substance that will deform continuously when it is



subjected to a tangential or shear force, much as a similar type of force is



exerted when a water-skier skims over the surface of a lake or butter is



spread on a slice of bread. The rate at which the fluid deforms



continuously depends not only on the magnitude of the applied force but



also on a property of the fluid called its viscosity or resistance to



deformation and flow. Solids will also deform when sheared, but a



position of equilibrium is soon reached in which elastic forces induced by



the deformation of the solid exactly counterbalance the applied shear



force, and further deformation ceases.



A simple apparatus for shearing a fluid is shown in Fig. 1.1. The fluid is



contained between two concentric cylinders; the outer cylinder is



stationary, and the inner one (of radius R) is rotated steadily with an



angular velocity ω. This shearing motion of a fluid can continue



indefinitely, provided that a source of energy—supplied by means of a



torque here—is available for rotating the inner cylinder. The diagram also



shows the resulting velocity profile; note that the velocity in the direction



of rotation varies from the peripheral velocity Rω of the inner cylinder



down to zero at the outer stationary cylinder, these representing typical



no-slip conditions at both locations. However, if the intervening space is



filled with a solid—even one with obvious elasticity, such as rubber—only



a limited rotation will be possible before a position of equilibrium is



reached, unless, of course, the torque is so high that slip occurs between



the rubber and the cylinder.



Fig. 1.1. Shearing of a fluid.



There are various classes of fluids. Those that behave according to nice



and obvious simple laws, such as water, oil, and air, are generally called



Newtonian fluids. These fluids exhibit constant viscosity but, under



typical processing conditions, virtually no elasticity. Fortunately, a very



large number of fluids of interest to the chemical engineer exhibit



Newtonian behavior, which will be assumed throughout the book, except



in Chapter 11, which is devoted to the study of non-Newtonian fluids.



A fluid whose viscosity is not constant (but depends, for example, on the



intensity to which it is being sheared), or which exhibits significant



elasticity, is termed non-Newtonian. For example, several polymeric



materials subject to deformation can “remember” their recent molecular



configurations, and in attempting to recover their recent states, they will



exhibit elasticity in addition to viscosity. Other fluids, such as drilling



mud and toothpaste, behave essentially as solids and will not flow when



subject to small shear forces, but will flow readily under the influence of



high shear forces.
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Fluids can also be broadly classified into two main categories—liquids and



gases. Liquids are characterized by relatively high densities and



viscosities, with molecules close together; their volumes tend to remain



constant, roughly independent of pressure, temperature, or the size of the



vessels containing them. Gases, on the other hand, have relatively low



densities and viscosities, with molecules far apart; generally, they will



rapidly tend to fill the container in which they are placed. However, these



two states—liquid and gaseous—represent but the two extreme ends of a



continuous spectrum of possibilities.



The situation is readily illustrated by considering a fluid that is initially a



gas at point G on the pressure/temperature diagram shown in Fig. 1.2. By



increasing the pressure, and perhaps lowering the temperature, the



vapor-pressure curve is soon reached and crossed, and the fluid



condenses and apparently becomes a liquid at point L. By continuously



adjusting the pressure and temperature so that the clockwise path is



followed, and circumnavigating the critical point C in the process, the



fluid is returned to G, where it is presumably once more a gas. But where



does the transition from liquid at L to gas at G occur? The answer is at no



single point, but rather that the change is a continuous and gradual one,



through a whole spectrum of intermediate states.



Fig. 1.2. When does a liquid become a gas?



1.3 STRESSES, PRESSURE, VELOCITY, AND THE
BASIC LAWS



Stresses



The concept of a force should be readily apparent. In fluid mechanics, a



force per unit area, called a stress, is usually found to be a more



convenient and versatile quantity than the force itself. Further, when



considering a specific surface, there are two types of stresses that are



particularly important.



1. The first type of stress, shown in Fig. 1.3(a), acts perpendicularly to the



surface and is therefore called a normal stress; it will be tensile or



compressive, depending on whether it tends to stretch or to compress the



fluid on which it acts. The normal stress equals F/A, where F is the



normal force and A is the area of the surface on which it acts. The dotted



outlines show the volume changes caused by deformation. In fluid



mechanics, pressure is usually the most important type of compressive



stress, and will shortly be discussed in more detail.



Fig. 1.3. (a) Tensile and compressive normal stresses F/A,
acting on a cylinder, causing elongation and shrinkage,
respectively.



2. The second type of stress, shown in Fig. 1.3(b), acts tangentially to the



surface; it is called a shear stress τ , and equals F/A, where F is the



tangential force and A is the area on which it acts. Shear stress is



transmitted through a fluid by interaction of the molecules with one



another. A knowledge of the shear stress is very important when studying



the flow of viscous Newtonian fluids. For a given rate of deformation,



measured by the time derivative dγ/dt of the small angle of deformation γ,



the shear stress τ is directly proportional to the viscosity of the fluid (see



Fig. 1.3(b)).



Fig. 1.3. (b) Shear stress τ = F/A, acting on a rectangular
parallelepiped, shown in cross section, causing a
deformation measured by the angle γ (whose magnitude is
exaggerated here).



Pressure



In virtually all hydrostatic situations—those involving fluids at rest—the



fluid molecules are in a state of compression. For example, for the



swimming pool whose cross section is depicted in Fig. 1.4, this



compression at a typical point P is caused by the downwards gravitational



weight of the water above point P. The degree of compression is measured



by a scalar, p—the pressure.



Fig. 1.4. (a) Balloon submerged in a swimming pool; (b)
enlarged view of the compressed balloon, with pressure
forces acting on it.











A small inflated spherical balloon pulled down from the surface and



tethered at the bottom by a weight will still retain its spherical shape



(apart from a small distortion at the point of the tether), but will be



diminished in size, as in Fig. 1.4(a). It is apparent that there must be



forces acting normally inward on the surface of the balloon, and that



these must essentially be uniform for the shape to remain spherical, as in



Fig. 1.4(b).



Although the pressure p is a scalar, it typically appears in tandem with an



area A (assumed small enough so that the pressure is uniform over it). By



definition of pressure, the surface experiences a normal compressive force



F = pA. Thus, pressure has units of a force per unit area—the same as a



stress.



The value of the pressure at a point is independent of the orientation of



any area associated with it, as can be deduced with reference to a



differentially small wedge-shaped element of the fluid, shown in Fig. 1.5.



Fig. 1.5. Equilibrium of a wedge of fluid.



Due to the pressure there are three forces, p dA, p dB, and p dC, that act



on the three rectangular faces of areas dA, dB, and dC. Since the wedge is



not moving, equate the two forces acting on it in the horizontal or x



direction, noting that p dA must be resolved through an angle (π/2 − θ)



by multiplying it by cos(π/2 − θ) = sin θ:



The vertical force p dB acting on the bottom surface is omitted from Eqn.



(1.1) because it has no component in the x direction. The horizontal



pressure forces acting in the y direction on the two triangular faces of the



wedge are also omitted, since again these forces have no effect in the x



direction. From geometrical considerations, areas dA and dC are related



by:



These last two equations yield:



verifying that the pressure is independent of the orientation of the surface



being considered. A force balance in the z direction leads to a similar



result, p  = p .



For moving fluids, the normal stresses include both a pressure and extra



stresses caused by the motion of the fluid, as discussed in detail in Section



5.6.



The amount by which a certain pressure exceeds that of the atmosphere is



termed the gauge pressure, the reason being that many common pressure



gauges are really differential instruments, reading the difference between



a required pressure and that of the surrounding atmosphere. Absolute



pressure equals the gauge pressure plus the atmospheric pressure.



Velocity



Many problems in fluid mechanics deal with the velocity of the fluid at a



point, equal to the rate of change of the position of a fluid particle with



time, thus having both a magnitude and a direction. In some situations,



particularly those treated from the macroscopic viewpoint, as in Chapters



2, 3 , and 4 , it sometimes suffices to ignore variations of the velocity



with position. In other cases—particularly those treated from the



microscopic viewpoint, as in Chapter 6 and later—it is invariably essential



to consider variations of velocity with position.



Velocity is not only important in its own right, but leads immediately to



three fluxes or flow rates. Specifically, if u denotes a uniform velocity (not



varying with position):



1. If the fluid passes through a plane of area A normal to the direction of



the velocity, as shown in Fig. 1.6, the corresponding volumetric flow rate



of fluid through the plane is Q = uA.



Fig. 1.6. Fluid passing through an area A: (a) Uniform
velocity, (b) varying velocity.
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 Actually, a force balance in the z direction demands that the



gravitational weight of the wedge be considered, which is proportional to



the volume of the wedge. However, the pressure forces are proportional to



the areas of the faces. It can readily be shown that the volume-to-area



effect becomes vanishingly small as the wedge becomes infinitesimally



small, so that the gravitational weight is inconsequential.
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2. The corresponding mass flow rate is m = ρQ = ρuA, where ρ is the



(constant) fluid density. The alternative notation with an overdot, , is



also used.



3. When velocity is multiplied by mass it gives momentum, a quantity of



prime importance in fluid mechanics. The corresponding momentum flow



rate passing through the area A is  = mu = ρu A.



If u and/or ρ should vary with position, as in Fig. 1.6(b), the



corresponding expressions will be seen later to involve integrals over the



area A: Q = A u dA, m = A ρu dA,  = A ρu  dA.



Basic laws



In principle, the laws of fluid mechanics can be stated simply, and—in the



absence of relativistic effects—amount to conservation of mass, energy,



and momentum. When applying these laws, the procedure is first to



identify a system, its boundary, and its surroundings; and second, to



identify how the system interacts with its surroundings. Refer to Fig. 1.7



and let the quantity X represent either mass, energy, or momentum. Also



recognize that X may be added from the surroundings and transported



into the system by an amount X  across the boundary, and may likewise



be removed or transported out of the system to the surroundings by an



amount X .



Fig. 1.7. A system and transports to and from it.



The general conservation law gives the increase ΔX  in the X-content



of the system as:



Although this basic law may appear intuitively obvious, it applies only to a



very restricted selection of properties X. For example, it is not generally



true if X is another extensive property such as volume, and is quite



meaningless if X is an intensive property such as pressure or temperature.



In certain cases, where X  is the mass of a definite chemical species i,we



may also have an amount of creation X  or destruction X  due



to chemical reaction, in which case the general law becomes:



The conservation law will be discussed further in Section 2.1, and is of



such fundamental importance that in various guises it will find numerous



applications throughout all of this text.



To solve a physical problem, the following information concerning the



fluid is also usually needed:



1. The physical properties of the fluid involved, as discussed in Section



1.4.



2. For situations involving fluid flow,a constitutive equation for the fluid,



which relates the various stresses to the flow pattern.



1.4 PHYSICAL PROPERTIES —DENSITY, VISCOSITY,
AND SURFACE TENSION



There are three physical properties of fluids that are particularly



important: density, viscosity, and surface tension. Each of these will be



defined and viewed briefly in terms of molecular concepts, and their



dimensions will be examined in terms of mass, length, and time (M, L,



and T). The physical properties depend primarily on the particular fluid.



For liquids, viscosity also depends strongly on the temperature; for gases,



viscosity is approximately proportional to the square root of the absolute



temperature. The density of gases depends almost directly on the absolute



pressure; for most other cases, the effect of pressure on physical



properties can be disregarded.



Typical processes often run almost isothermally, and in these cases the



effect of temperature can be ignored. Except in certain special cases, such



as the flow of a compressible gas (in which the density is not constant) or



a liquid under a very high shear rate (in which viscous dissipation can



cause significant internal heating), or situations involving exothermic or



endothermic reactions, we shall ignore any variation of physical



properties with pressure and temperature.



Densities of liquids



Density depends on the mass of an individual molecule and the number of



such molecules that occupy a unit of volume. For liquids, density depends



primarily on the particular liquid and, to a much smaller extent, on its



temperature. Representative densities of liquids are given in Table 1.1.



(See Eqns. (1.9)–(1.11) for an explanation of the specific gravity and



coefficient of thermal expansion columns.) The accuracy of the values



given in Tables 1.1–1.6 is adequate for the calculations needed in this text.



However, if highly accurate values are needed, particularly at extreme



conditions, then specialized information should be sought elsewhere.



Table 1.1. Specific Gravities, Densities, and Thermal
Expansion Coefficients of Liquids at 20 C



in



out



system



created destroyed



 The values given in Tables 1.1, 1.3, 1.4, 1.5, and 1.6 are based on



information given in J.H. Perry, ed., chemical Engineers’ Handbook, 3rd



ed., McGraw-Hill, New York, 1950.
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Density



The density ρ of a fluid is defined as its mass per unit volume, and



indicates its inertia or resistance to an accelerating force. Thus:



in which the notation “[=]” is consistently used to indicate the dimensions



of a quantity.  It is usually understood in Eqn. (1.5) that the volume is



chosen so that it is neither so small that it has no chance of containing a



representative selection of molecules nor so large that (in the case of



gases) changes of pressure cause significant changes of density



throughout the volume. A medium characterized by a density is called a



continuum, and follows the classical laws of mechanics— including



Newton’s law of motion, as described in this book.



Degrees A.P.I. (American Petroleum Institute) are related to specific



gravity s by the formula:



Note that for water, A.P.I. = 10, with correspondingly higher values for



liquids that are less dense. Thus, for the crude oil listed in Table 1.1, Eqn.



(1.6) indeed gives 141.5/0.851 − 131.5 . =35 A.P.I.



Densities of gases



For ideal gases, pV = nRT , where p is the absolute pressure, V is the



volume of the gas, n is the number of moles (abbreviated as “mol” when



used as a unit), R is the gas constant, and T is the absolute temperature. If



M  is the molecular weight of the gas, it follows that:



Thus, the density of an ideal gas depends on the molecular weight,



absolute pressure, and absolute temperature. Values of the gas constant R



are given in Table 1.2 for various systems of units. Note that degrees



Kelvin, formerly represented by “ K,” is now more simply denoted as “K.”



Table 1.2. Values of the Gas Constant, R



For a nonideal gas, the compressibility factor Z (a function of p and T) is



introduced into the denominator of Eqn. (1.7), giving:



Thus, the extent to which Z deviates from unity gives a measure of the



nonideality of the gas.



The isothermal compressibility of a gas is defined as:



and equals—at constant temperature—the fractional decrease in volume



caused by a unit increase in the pressure. For an ideal gas, β =1/p, the



reciprocal of the absolute pressure.



The coefficient of thermal expansion α of a material is its isobaric



(constant pressure) fractional increase in volume per unit rise in



temperature:



Since, for a given mass, density is inversely proportional to volume, it



follows that for moderate temperature ranges (over which α is essentially



constant) the density of most liquids is approximately a linear function of



temperature:



where ρ  is the density at a reference temperature T . For an ideal gas, α



=1/T , the reciprocal of the absolute temperature.



The specific gravity s of a fluid is the ratio of the density ρ to the density



ρ  of a reference fluid at some standard condition:



 An early appearance of the notation “[=]” is in R.B. Bird, W.E. Stewart,



and E.N. Lightfoot, Transport Phenomena, Wiley, New York, 1960.
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For liquids, ρ  is usually the density of water at 4 C, which equals 1.000



g/ml or 1,000 kg/m . For gases, ρ  is sometimes taken as the density of



air at 60 F and 14.7 psia, which is approximately 0.0759 lb /ft , and



sometimes at 0 C and one atmosphere absolute; since there is no single



standard for gases, care must obviously be taken when interpreting



published values. For natural gas, consisting primarily of methane and



other hydrocarbons, the gas gravity is defined as the ratio of the



molecular weight of the gas to that of air (28.8 lb /lb-mol).



Values of the molecular weight M  are listed in Table 1.3 for several



commonly occurring gases, together with their densities at standard



conditions of atmospheric pressure and 0 C.



Table 1.3. Gas Molecular Weights and Densities (the Latter
at Atmospheric Pressure and 0 C)



Viscosity



The viscosity of a fluid measures its resistance to flow under an applied



shear stress, as shown in Fig. 1.8(a). There, the fluid is ideally supposed to



be confined in a relatively small gap of thickness h between one plate that



is stationary and another plate that is moving steadily at a velocity V



relative to the first plate.



Fig. 1.8. (a) Fluid in shear between parallel plates; (b) the
ensuing linear velocity profile.



In practice, the situation would essentially be realized by a fluid occupying



the space between two concentric cylinders of large radii rotating relative



to each other, as in Fig. 1.1. A steady force F to the right is applied to the



upper plate (and, to preserve equilibrium, to the left on the lower plate) in



order to maintain a constant motion and to overcome the viscous friction



caused by layers of molecules sliding over one another.



Under these circumstances, the velocity u of the fluid to the right is found



experimentally to vary linearly from zero at the lower plate (y = 0) to V



itself at the upper plate, as in Fig. 1.8(b), corresponding to no-slip



conditions at each plate. At any intermediate distance y from the lower



plate, the velocity is simply:



Recall that the shear stress τ is the tangential applied force F per unit



area:



in which A is the area of each plate. Experimentally, for a large class of



materials, called Newtonian fluids, the shear stress is directly



proportional to the velocity gradient:



The proportionality constant μ is called the viscosity of the fluid; its



dimensions can be found by substituting those for F (ML/T ), A (L ), and



du/dy (T 1), giving:



Representative units for viscosity are g/cm s (also known as poise,



designated by P), kg/m s, and lb /ft hr. The centipoise (cP), one



hundredth of a poise, is also a convenient unit, since the viscosity of water



at room temperature is approximately 0.01 P or 1.0 cP. Table 1.11 gives



viscosity conversion factors.



The viscosity of a fluid may be determined by observing the pressure drop



when it flows at a known rate in a tube, as analyzed in Section 3.2. More



sophisticated methods for determining the rheological or flow properties



of fluids—including viscosity—are also discussed in Chapter 11; such



methods often involve containing the fluid in a small gap between two



surfaces, moving one of the surfaces, and measuring the force needed to



maintain the other surface stationary.



The kinematic viscosity ν is the ratio of the viscosity to the density:



and is important in cases in which significant viscous and gravitational



forces coexist. The reader can check that the dimensions of ν are L /T,



which are identical to those for the diffusion coefficient D in mass transfer



and for the thermal diffusivity α = k/ρc  in heat transfer. There is a



definite analogy among the three quantities—indeed, as seen later, the



value of the kinematic viscosity governs the rate of “diffusion” of



momentum in the laminar and turbulent flow of fluids.



Viscosities of liquids
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The viscosities μ of liquids generally vary approximately with absolute



temperature T according to:



and—to a good approximation—are independent of pressure. Assuming



that μ is measured in centipoise and that T is either in degrees Kelvin or



Rankine, appropriate parameters a and b are given in Table 1.4 for several



representative liquids. The resulting values for viscosity are approximate,



suitable for a first design only.



Table 1.4. Viscosity Parameters for Liquids



Viscosities of gases



The viscosity μ of many gases is approximated by the formula:



in which T is the absolute temperature (Kelvin or Rankine), μ  is the



viscosity at an absolute reference temperature T , and n is an empirical



exponent that best fits the experimental data. The values of the



parameters μ  and n for atmospheric pressure are given in Table 1.5;



recall that to a first approximation, the viscosity of a gas is independent of



pressure. The values μ  are given in centipoise and correspond to a



reference temperature of T  . = 273 K . = 492 R.



Table 1.5. Viscosity Parameters for Gases



Surface tension



Surface tension is the tendency of the surface of a liquid to behave like a



stretched elastic membrane. There is a natural tendency for liquids to



minimize their surface area. The obvious case is that of a liquid droplet on



a horizontal surface that is not wetted by the liquid—mercury on glass, or



water on a surface that also has a thin oil film on it. For small droplets,



such as those on the left of Fig. 1.9, the droplet adopts a shape that is



almost perfectly spherical, because in this configuration there is the least



surface area for a given volume.



Fig. 1.9. The larger droplets are flatter because gravity is
becoming more important than surface tension.



For larger droplets, the shape becomes somewhat flatter because of the



increasingly important gravitational effect, which is roughly proportional



to a , where a is the approximate droplet radius, whereas the surface area



is proportional only to a . Thus, the ratio of gravitational to surface



tension effects depends roughly on the value of a /a  = a, and is therefore



increasingly important for the larger droplets, as shown to the right in Fig.



1.9. Overall, the situation is very similar to that of a water-filled balloon,



in which the water accounts for the gravitational effect and the balloon



acts like the surface tension.



A fundamental property is the surface energy, which is defined with



reference to Fig. 1.10(a). A molecule I, situated in the interior of the



liquid, is attracted equally in all directions by its neighbors. However, a



molecule S, situated in the surface, experiences a net attractive force into



the bulk of the liquid. (The vapor above the surface, being comparatively



rarefied, exerts a negligible force on molecule S.) Therefore, work has to



be done against such a force in bringing an interior molecule to the



surface. Hence, an energy σ, called the surface energy, can be attributed



to a unit area of the surface.



Fig. 1.10. (a) Molecules in the interior and surface of a
liquid; (b) newly created surface caused by moving the
tension T through a distance L.



An equivalent viewpoint is to consider the surface tension T existing per



unit distance of a line drawn in the surface, as shown in Fig. 1.10(b).



Suppose that such a tension has moved a distance L, thereby creating an
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 We recommend that this subsection be omitted at a first reading,



because the concept of surface tension is somewhat involved and is



relevant only to a small part of this book.
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area WL of fresh surface. The work done is the product of the force, TW ,



and the distance L through which it moves, namely TWL, and this must



equal the newly acquired surface energy σW L. Therefore, T = σ; both



quantities have units of force per unit distance, such as N/m, which is



equivalent to energy per unit area, such as J/m .



We next find the amount p −p  by which the pressure p  inside a liquid



droplet of radius r, shown in Fig. 1.11(a), exceeds the pressure p  of the



surrounding vapor. Fig. 1.11(b) illustrates the equilibrium of the upper



hemisphere of the droplet, which is also surrounded by an imaginary



cylindrical “control surface” ABCD, on which forces in the vertical



direction will soon be equated. Observe that the internal pressure p  is



trying to blow apart the two hemispheres (the lower one is not shown),



whereas the surface tension σ is trying to pull them together.



Fig. 1.11. Pressure change across a curved surface.



In more detail, there are two different types of forces to be considered:



1. That due to the pressure difference between the pressure inside the



droplet and the vapor outside, each acting on an area πr  (that of the



circles CD and AB):



2. That due to surface tension, which acts on the circumference of length



2πr:



At equilibrium, these two forces are equated, giving:



That is, there is a higher pressure on the concave or droplet side of the



interface. What would the pressure change be for a bubble instead of a



droplet? Why?



More generally, if an interface has principal radii of curvature r  and r ,



the increase in pressure can be shown to be:



For a sphere of radius r, as in Fig. 1.11, both radii are equal, so that r  = r



= r, and p  − p  =2σ/r. Problem 1.31 involves a situation in which r  = r .



The radii r  and r  will have the same sign if the corresponding centers of



curvature are on the same side of the interface; if not, they will be of



opposite sign. Appendix A contains further information about the



curvature of a surface.



A brief description of simple experiments for measuring the surface



tension σ of a liquid, shown in Fig. 1.12, now follows:



Fig. 1.12. Methods for measuring surface tension.



(a) In the capillary-rise method, a narrow tube of internal radius a is



dipped vertically into a pool of liquid, which then rises to a height h inside



the tube; if the contact angle (the angle between the free surface and the



wall) is θ, the meniscus will be approximated by part of the surface of a



sphere; from the geometry shown in the enlargement on the right-hand



side of Fig. 1.12(a) the radius of the sphere is seen to be r = a/ cos θ. Since



the surface is now concave on the air side, the reverse of Eqn. (1.21)



occurs, and p  = p  − 2σ/r, so that p  is below atmospheric pressure p .



Now follow the path 1–2–3–4, and observe that p  = p  because points 3



and 4 are at the same elevation in the same liquid. Thus, the pressure at



point 4 is:
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However, p  = p  since both of these are at atmospheric pressure. Hence,



the surface tension is given by the relation:



In many cases—for complete wetting of the surface—θ is essentially zero



and cos θ = 1. However, for liquids such as mercury in glass, there may be



a complete non-wetting of the surface, in which case θ = π, so that cos θ =



−1; the result is that the liquid level in the capillary is then depressed



below that in the surrounding pool.



(b) In the drop-weight method, a liquid droplet is allowed to form very



slowly at the tip of a capillary tube of outer diameter D. The droplet will



eventually grow to a size where its weight just overcomes the surface-



tension force πDσ holding it up. At this stage, it will detach from the tube,



and its weight w = Mg can be determined by catching it in a small pan



and weighing it. By equating the two forces, the surface tension is then



calculated from:



(c) In the ring tensiometer, a thin wire ring, suspended from the arm of a



sensitive balance, is dipped into the liquid and gently raised, so that it



brings a thin liquid film up with it. The force F needed to support the film



is measured by the balance. The downward force exerted on a unit length



of the ring by one side of the film is the surface tension; since there are



two sides to the film, the total force is 2Pσ, where P is the circumference



of the ring. The surface tension is therefore determined as:



In common with most experimental techniques, all three methods



described above require slight modifications to the results expressed in



Eqns. (1.23)–(1.25) because of imperfections in the simple theories.



Surface tension generally appears only in situations involving either free



surfaces (liquid/gas or liquid/solid boundaries) or interfaces



(liquid/liquid boundaries); in the latter case, it is usually called the



interfacial tension.



Representative values for the surface tensions of liquids at 20 C, in



contact either with air or their vapor (there is usually little difference



between the two), are given in Table 1.6.



Table 1.6. Surface Tensions



1.5 UNITS AND SYSTEMS OF UNITS



Mass, weight, and force



The mass M of an object is a measure of the amount of matter it contains



and will be constant, since it depends on the number of constituent



molecules and their masses. On the other hand, the weight w of the object



is the gravitational force on it, and is equal to Mg, where g is the local



gravitational acceleration. Mostly, we shall be discussing phenomena



occurring at the surface of the earth, where g is approximately 32.174 ft/s



= 9.807 m/s  = 980.7 cm/s . For much of this book, these values are



simply taken as 32.2, 9.81, and 981, respectively.



Newton’s second law of motion states that a force F applied to a mass M



will give it an acceleration a:



from which is apparent that force has dimensions ML/T . Table 1.7 gives



the corresponding units of force in the SI (meter/kilogram/second), CGS



(centimeter/gram/second), and FPS (foot/pound/second) systems.



Table 1.7. Representative Units of Force



The poundal is now an archaic unit, hardly ever used. Instead, the pound



force, lb , is much more common in the English system; it is defined as



the gravitational force on 1 lb , which, if left to fall freely, will do so with



an acceleration of 32.2 ft/s . Hence:



4 1



 The values for surface tension have been obtained from the CRC



Handbook of chemistry and Physics, 48th ed., The chemical Rubber Co.,



Cleveland, OH, 1967.
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When using lb  in the ft, lb , s (FPS) system, the following conversion



factor, commonly called “g ,” will almost invariably be needed:



Some writers incorporate g  into their equations, but this approach may



be confusing since it virtually implies that one particular set of units is



being used, and hence tends to rob the equations of their generality. Why



not, for example, also incorporate the conversion factor of 144 in /ft  into



equations where pressure is expressed in lb /in ? We prefer to omit all



conversion factors in equations, and introduce them only as needed in



evaluating expressions numerically. If the reader is in any doubt, units



should always be checked when performing calculations.



SI Units



The most systematically developed and universally accepted set of units



occurs in the SI units or Système International d’Unités ; the subset we



mainly need is shown in Table 1.8.



Table 1.8. SI Units



The basic units are again the meter, kilogram, and second (m, kg, and s);



from these, certain derived units can also be obtained. Force (kg m/s )



has already been discussed; energy is the product of force and length;



power amounts to energy per unit time; surface tension is energy per unit



area or force per unit length, and so on. Some of the units have names,



and these, together with their abbreviations, are also given in Table 1.8.



Table 1.9. Auxiliary Units Allowed in Conjunction with SI
Units



Tradition dies hard, and certain other “metric” units are so well



established that they may be used as auxiliary units; these are shown in



Table 1.9. The gram is the classic example. Note that the basic SI unit of



mass (kg) is even represented in terms of the gram, and has not yet been



given a name of its own!



Table 1.10. Prefixes for Fractions and Multiples



Table 1.10 shows some of the acceptable prefixes that can be used for



accommodating both small and large quantities. For example, to avoid an



excessive number of decimal places, 0.000001 s is normally better



expressed as 1 μs (one microsecond). Note also, for example, that 1 μkg



should be written as 1 mg—one prefix being better than two.



Some of the more frequently used conversion factors are given in Table



1.11.



Table 1.11. Commonly Used Conversion Factors
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 For an excellent discussion, on which Tables 1.8 and 1.9 are based, see



Metrication in Scientific Journals, published by The Royal Society,



London, 1968.
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Example 1.1—Units Conversion



Part 1. Express 65 mph in (a) ft/s, and (b) m/s.



Solution



The solution is obtained by employing conversion factors
taken from Table 1.11:



Part 2. The density of 35 °API crude oil is 53.1 lb /ft  at 68 F
and its viscosity is 32.8 lb /ft hr. What are its density,
viscosity, and kinematic viscosity in SI units?



Solution



Or, converting to SI units, noting that P is the symbol for
poise, and evaluating ν:



Example 1.2—Mass of Air in a Room



Estimate the mass of air in your classroom, which is 80 ft
wide, 40 ft deep, and 12 ft high. The gas constant is R =
10.73 psia ft /lb-mol R.



Solution



The volume of the classroom, shown in Fig. E1.2, is:



V =80 × 40 × 12 = 3.84 × 10  ft .



Fig. E1.2. Assumed dimensions of classroom.



If the air is approximately 20% oxygen and 80% nitrogen, its
mean molecular weight is M  =0.8 × 28 + 0.2 × 32 =
28.8lb /lb-mol. From the gas law, assuming an absolute
pressure of p = 14.7 psia and a temperature of 70 F = 530
R, the density is:



Hence, the mass of air is:



M = ρV =0.0744 (lb /ft ) × 3.84 × 10  (ft )=2,860 lb .



For the rest of the book, manipulation of units will often be less detailed;



the reader should always check if there is any doubt.



1.6 HYDROSTATICS



Variation of pressure with elevation



Here, we investigate how the pressure in a stationary fluid varies with



elevation z. The result is useful because it can answer questions such as



“What is the pressure at the summit of Mt. Annapurna?” or “What forces



are exerted on the walls of an oil storage tank?” Consider a hypothetical



differential cylindrical element of fluid of cross-sectional area A, height



dz, and volume Adz, which is also surrounded by the same fluid, as shown



in Fig. 1.13. Its weight, being the downwards gravitational force on its



mass, is dW = ρA dz g. Two completely equivalent approaches will be



presented:



Fig. 1.13. Forces acting on a cylinder of fluid.
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Method 1. Let p denote the pressure at the base of the cylinder; since p



changes at a rate dp/dz with elevation, the pressure is found either from



Taylor’s expansion or the definition of a derivative to be p +(dp/dz)dz at



the top of the cylinder.  (Note that we do not anticipate a reduction of



pressure with elevation here; hence, the plus sign is used. If, indeed—as



proves to be the case—pressure falls with increasing elevation, then the



subsequent development will tell us that dp/dz is negative.) Hence, the



fluid exerts an upward force of pA on the base of the cylinder, and a



downward force of [p +(dp/dz)dz]A on the top of the cylinder.



Next, apply Newton’s second law of motion by equating the net upward



force to the mass times the acceleration—which is zero, since the cylinder



is stationary:



Cancellation of pA and division by Adz leads to the following differential



equation, which governs the rate of change of pressure with elevation:



Method 2. Let p  and p  denote the pressures at the base and top of the



cylinder, where the elevations are z and z+dz, respectively. Hence, the



fluid exerts an upward force of p A on the base of the cylinder, and a



downward force of p A on the top of the cylinder. Application of



Newton’s second law of motion gives:



Isolation of the two pressure terms on the left-hand side and division by



Adz gives:



As dz tends to zero, the left-hand side of Eqn. (1.32) becomes the



derivative dp/dz, leading to the same result as previously:



The same conclusion can also be obtained by considering a cylinder of



finite height Δz and then letting Δz approach zero.



Note that Eqn. (1.30) predicts a pressure decrease in the vertically



upward direction at a rate that is proportional to the local density. Such



pressure variations can readily be detected by the ear when traveling



quickly in an elevator in a tall building, or when taking off in an airplane.



The reader must thoroughly understand both the above approaches. For



most of this book, we shall use Method 1, because it eliminates the steps



of taking the limit of dz → 0 and invoking the definition of the derivative.



Pressure in a liquid with a free surface



In Fig. 1.14, the pressure is p  at the free surface, and we wish to find the



pressure p at a depth H below the free surface—of water in a swimming



pool, for example.



Fig. 1.14. Pressure at a depth H.



Separation of variables in Eqn. (1.30) and integration between the free



surface (z = H) and a depth H (z = 0) gives:



Assuming—quite reasonably—that ρ and g are constants in the liquid,



these quantities may be taken outside the integral, yielding:



which predicts a linear increase of pressure with distance downward from



the free surface. For large depths, such as those encountered by deep-sea



divers, very substantial pressures will result.



 Further details of this fundamental statement can be found in Appendix



A and must be fully understood, because similar assertions appear



repeatedly throughout the book.
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Example 1.3—Pressure in an Oil Storage Tank



What is the absolute pressure at the bottom of the cylindrical
tank of Fig. E1.3, filled to a depth of H with crude oil, with its
free surface exposed to the atmosphere? The specific gravity
of the crude oil is 0.846. Give the answers for (a) H = 15.0 ft
(pressure in lb /in ), and (b) H = 5.0 m (pressure in Pa and
bar). What is the purpose of the surrounding dike?



Fig. E1.3. Crude oil storage tank.



Solution



(a) The pressure is that of the atmosphere, p , plus the
increase due to a column of depth H = 15.0 ft. Thus, setting
p  = p , Eqn. (1.34) gives:



The reader should check the units, noting that the 32.2 in the
numerator is g [=] ft/s , and that the 32.2 in the denominator
is g  [=] lb  ft/lb  s .



(b) For SI units, no conversion factors are needed. Noting
that the density of water is 1,000 kg/m , and that p  . =1.01 ×
10  Pa absolute:



p = 1.01 × 10  + 0.846 × 1,000 × 9.81 × 5.0 = 1.42 × 10  Pa
= 1.42 bar.



In the event of a tank rupture, the dike contains the leaking oil
and facilitates prevention of spreading fire and contamination
of the environment.



Epilogue



When he arrived at work in an oil refinery one morning, the
author saw firsthand the consequences of an inadequately
vented oil-storage tank. Rain during the night had caused
partial condensation of vapor inside the tank, whose pressure
had become sufficiently lowered so that the external
atmospheric pressure had crumpled the steel tank just as if it
were a flimsy tin can. The refinery manager was not pleased.



Example 1.4—Multiple Fluid Hydrostatics



The U-tube shown in Fig. E1.4 contains oil and water
columns, between which there is a long trapped air bubble.
For the indicated heights of the columns, find the specific
gravity of the oil.



Fig. E1.4. Oil/air/water system.



Solution



The pressure p  at point 2 may be deduced by starting with
the pressure p  at point 1 and adding or subtracting, as
appropriate, the hydrostatic pressure changes due to the
various columns of fluid. Note that the width of the U-tube
(2.0 ft) is irrelevant, since there is no change in pressure in
the horizontal leg. We obtain:



in which ρ , ρ , and ρ  denote the densities of oil, air, and
water, respectively. Since the density of the air is very small
compared to that of oil or water, the term containing ρ  can
be neglected. Also, p  = p , because both are equal to
atmospheric pressure. Equation (E1.4.1) can then be solved
for the specific gravity s  of the oil:



Pressure variations in a gas



For a gas, the density is no longer constant, but is a function of pressure



(and of temperature—although temperature variations are usually less



significant than those of pressure), and there are two approaches:



1. For small changes in elevation, the assumption of constant density can



still be made, and equations similar to Eqn. (1.34) are still approximately



valid.



2. For moderate or large changes in elevation, the density in Eqn. (1.30) is



given by Eqn. (1.7) or (1.8), ρ = M p/RT or ρ = M p/ZRT, depending on



whether the gas is ideal or nonideal. It is understood that absolute



pressure and temperature must always be used whenever the gas law is



involved. A separation of variables can still be made, followed by



integration, but the result will now be more complicated because the term



dp/p occurs, leading—at the simplest (for an isothermal situation)—to a



decreasing exponential variation of pressure with elevation.



Example 1.5—Pressure Variations in a Gas
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For a gas of molecular weight M  (such as the earth’s
atmosphere), investigate how the pressure p varies with
elevation z if p = p  at z = 0. Assume that the temperature T
is constant. What approximation may be made for small
elevation increases? Explain how you would proceed for the
nonisothermal case, in which T = T (z) is a known function of
elevation.



Solution



Assuming ideal gas behavior, Eqns. (1.30) and (1.7) give:



Separation of variables and integration between appropriate
limits yields:



since M g/RT is constant. Hence, there is an exponential
decrease of pressure with elevation, as shown in Fig. E1.5:



Since a Taylor’s expansion gives e x = 1 − x + x /2 − ..., the
pressure is approximated by:



For small values of M gz/RT, the last term is an insignificant
second-order effect (compressibility effects are unimportant),
and we obtain:



in which ρ  is the density at elevation z = 0; this
approximation—essentially one of constant density—is
shown as the dashed line in Fig. E1.5 and is clearly
applicable only for a small change of elevation. Problem 1.19
investigates the upper limit on z for which this linear
approximation is realistic. If there are significant elevation
changes—as in Problems 1.16 and 1.30—the approximation
of Eqn. (E1.5.5) cannot be used with any accuracy. Observe
with caution that the Taylor’s expansion is only a vehicle for
demonstrating what happens for small values of M gz/RT .
Actual calculations for larger values of M gz/RT should be
made using Eqn. (E1.5.3), not Eqn. (E1.5.4).



Fig. E1.5. Variation of gas pressure with
elevation.



For the case in which the temperature is not constant, but is
a known function T (z) of elevation (as might be deduced
from observations made by a meteorological balloon), it must
be included inside the integral:



Since T (z) is unlikely to be a simple function of z, a
numerical method—such as Simpson’s rule in Appendix A—
will probably have to be used to approximate the second
integral of Eqn. (E1.5.6).



Total force on a dam or lock gate



Fig. 1.15 shows the side and end elevations of a dam or lock gate of depth



D and width W. An expression is needed for the total horizontal force F



exerted by the liquid on the dam, so that the latter can be made of



appropriate strength. Similar results would apply for liquids in storage



tanks. Gauge pressures are used for simplicity, with p = 0 at the free



surface and in the air outside the dam. Absolute pressures could also be



employed, but would merely add a constant atmospheric pressure



everywhere, and would eventually be canceled out. If the coordinate z is



measured from the bottom of the liquid upward, the corresponding depth



of a point below the free surface is D − z. Hence, from Eqn. (1.34), the



differential horizontal force dF on an infinitesimally small rectangular



strip of area dA = Wdz is:



Fig. 1.15. Horizontal thrust on a dam: (a) side elevation, (b)
end elevation.



Integration from the bottom (z = 0) to the top (z = D) of the dam gives the



total horizontal force:



Horizontal pressure force on an arbitrary plane vertical surface



The preceding analysis was for a regular shape. A more general case is



illustrated in Fig. 1.16, which shows a plane vertical surface of arbitrary



shape. Note that it is now slightly easier to work in terms of a downward



coordinate h.



Fig. 1.16. Side view of a pool of liquid with a submerged
vertical surface.
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Again taking gauge pressures for simplicity (the gas law is not involved),



with p = 0 at the free surface, the total horizontal force is:



But the depth h  of the centroid of the surface is defined as:



Thus, from Eqns. (1.37) and (1.38), the total force is:



in which p  is the pressure at the centroid.



The advantage of this approach is that the location of the centroid is



already known for several geometries. For example, for a rectangle of



depth D and width W :



in agreement with the earlier result of Eqn. (1.36). Similarly, for a vertical



circle that is just submerged, the depth of the centroid equals its radius.



And, for a vertical triangle with one edge coincident with the surface of



the liquid, the depth of the centroid equals one-third of its altitude.



Horizontal pressure force on a curved surface



Fig. 1.17(a) shows the cross section of a submerged surface that is no



longer plane. However, the shape is uniform normal to the plane of the



diagram.



Fig. 1.17. Thrust on surface of uniform cross-sectional
shape.



In general, as shown in Fig. 1.17(b), the local pressure force pdA on an



element of surface area dA does not act horizontally; therefore, its



horizontal component must be obtained by projection through an angle of



(π/2 − θ), by multiplying by cos(π/2 − θ) = sin θ. The total horizontal



force F is then:



in which dA* = dA sin θ is an element of the projection of A onto the



hypothetical vertical plane A*. The integral of Eqn. (1.41) can be obtained



readily, as illustrated in the following example.



Example 1.6—Hydrostatic Force on a Curved Surface



A submarine, whose hull has a circular cross section of
diameter D, is just submerged in water of density ρ, as shown
in Fig. E1.6. Derive an equation that gives the total horizontal
force F  on the left half of the hull, for a distance W normal to
the plane of the diagram. If D = 8 m, the circular cross
section continues essentially for the total length W = 50 m of
the submarine, and the density of sea water is ρ = 1,026
kg/m , determine the total horizontal force on the left-hand
half of the hull.



Solution



The force is obtained by evaluating the integral of Eqn.
(1.41), which is identical to that for the rectangle in Fig. 1.15:



Insertion of the numerical values gives:



Fig. E1.6. Submarine just submerged in
seawater.



Thus, the total force is considerable—about 3.62 × 10  lb .



Archimedes, ca. 287–212 B.C. Archimedes was a Greek
mathematician and inventor. He was born in Syracuse, Italy,
where he spent much of his life, apart from a period of study
in Alexandria. He was much more interested in mathematical
research than any of the ingenious inventions that made him
famous. One invention was a “burning mirror,” which focused
the sun’s rays to cause intense heat. Another was the
rotating Archimedean screw, for raising a continuous stream
of water. Presented with a crown supposedly of pure gold,
Archimedes tested the possibility that it might be “diluted” by
silver by separately immersing the crown and an equal



c



c



x



f



3



6











weight of pure gold into his bath, and observed the difference
in the overflow. Legend has it that he was so excited by the
result that he ran home without his clothes, shouting “
∊ύρηκα, ∊ύρηκα”, “I have found it, I have found it.” To
dramatize the effect of a lever, he said, “Give me a place to
stand, and I will move the earth.” He considered his most
important intellectual contribution to be the determination of
the ratio of the volume of a sphere to the volume of the
cylinder that circumscribes it. [Now that calculus has been
invented, the reader might like to derive this ratio!] Sadly,
Archimedes was killed during the capture of Syracuse by the
Romans.



Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911).



Buoyancy forces



If an object is submerged in a fluid, it will experience a net upward or



buoyant force exerted by the fluid. To find this force, first examine the



buoyant force on a submerged circular cylinder of height H and cross-



sectional area A, shown in Fig. 1.18.



Fig. 1.18. Pressure forces on a submerged cylinder.



The forces on the curved vertical surface act horizontally and may



therefore be ignored. Hence, the net upward force due to the difference



between the opposing pressures on the bottom and top faces is:



which is exactly the weight of the displaced liquid, thus verifying



Archimedes’ law, (the buoyant force equals the weight of the fluid



displaced) for the cylinder. The same result would clearly be obtained for



a cylinder of any uniform cross section.



Fig. 1.19 shows a more general situation, with a body of arbitrary shape.



However, Archimedes’ law still holds since the body can be decomposed



into an infinitely large number of vertical rectangular parallelepipeds or



“boxes” of infinitesimally small cross-sectional area dA. The effect for one



box is then summed or “integrated” over all the boxes, and again gives the



net upward buoyant force as the weight of the liquid displaced.



Fig. 1.19. Buoyancy force for an arbitrary shape.



Example 1.7—Application of Archimedes’ Law



Consider the situation in Fig. E1.7(a), in which a barrel rests
on a raft that floats in a swimming pool. The barrel is then
pushed off the raft, and may either float or sink, depending on
its contents and hence its mass. The cross-hatching shows
the volumes of water that are displaced. For each of the
cases shown in Fig. E1.7 (b) and (c), determine whether the
water level in the pool will rise, fall, or remain constant,
relative to the initial level in (a).



Fig. E1.7. Raft and barrel in swimming pool: (a)
initial positions, (b) light barrel rolls off and
floats, (c) heavy barrel rolls off and sinks. The
cross-hatching shows volumes below the
surface of the water.



Solution



Initial state. Let the masses of the raft and barrel be M  and
M , respectively. If the volume of displaced water is initially V
in (a), Archimedes’ law requires that the total weight of the
raft and barrel equals the weight of the displaced water,
whose density is ρ:



Barrel floats. If the barrel floats, as in (b), with submerged
volumes of V  and V  for the raft and barrel, respectively,
Archimedes’ law may be applied to the raft and barrel
separately:
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Addition of the two equations (E1.7.2) and comparison with
Eqn. (E1.7.1) shows that:



Therefore, since the volume of the water is constant, and the
total displaced volume does not change, the level of the
surface also remains unchanged.



Barrel sinks. Archimedes’ law may still be applied to the raft,
but the weight of the water displaced by the barrel no longer
suffices to support the weight of the barrel, so that:



Addition of the two relations in (E1.7.4) and comparison with
Eqn. (E1.7.1) shows that:



Therefore, since the volume of the water in the pool is
constant, and the total displaced volume is reduced, the level
of the surface falls. This result is perhaps contrary to intuition:
since the whole volume of the barrel is submerged in (c), it
might be thought that the water level will rise above that in
(b). However, because the barrel must be heavy in order to
sink, the load on the raft and hence V  are substantially
reduced, so that the total displaced volume is also reduced.



This problem illustrates the need for a complete analysis
rather than jumping to a possibly erroneous conclusion.



1.7 PRESSURE CHANGE CAUSED BY ROTATION



Finally, consider the shape of the free surface for the situation shown in



Fig. 1.20(a), in which a cylindrical container, partly filled with liquid, is



rotated with an angular velocity ω—that is, at N = ω/2π revolutions per



unit time. The analysis has applications in fuel tanks of spinning rockets,



centrifugal filters, and liquid mirrors.



Fig. 1.20. Pressure changes for rotating cylinder: (a)
elevation, (b) plan.



Point O denotes the origin, where r = 0 and z = 0. After a sufficiently long



time, the rotation of the container will be transmitted by viscous action to



the liquid, whose rotation is called a forced vortex. In fact, the liquid spins



as if it were a solid body, rotating with a uniform angular velocity ω, so



that the velocity in the direction of rotation at a radial location r is given



by v  = rω. It is therefore appropriate to treat the situation similar to the



hydrostatic investigations already made.



Suppose that the liquid element P is essentially a rectangular box with



cross-sectional area dA and radial extent dr. (In reality, the element has



slightly tapering sides, but a more elaborate treatment taking this into



account will yield identical results to those derived here.) The pressure on



the inner face is p, whereas that on the outer face is p + (∂p/∂r)dr. Also,



for uniform rotation in a circular path of radius r, the acceleration toward



the center O of the circle is rω . Newton’s second law of motion is then



used for equating the net pressure force toward O to the mass of the



element times its acceleration:



Note that the use of a partial derivative is essential, since the pressure



now varies in both the horizontal (radial) and vertical directions.



Simplification yields the variation of pressure in the radial direction:



so that pressure increases in the radially outward direction.



Observe that the gauge pressure at all points on the interface is zero; in



particular, p  = p  = 0. Integrating from points O to P (at constant z):



However, the pressure at P can also be obtained by considering the usual



hydrostatic increase in traversing the path QP:



Elimination of the intermediate pressure p  between Eqns. (1.45) and



(1.46) relates the elevation of the free surface to the radial location:



Thus, the free surface is parabolic in shape; observe also that the density



is not a factor, having been canceled from the equations.



There is another type of vortex—the free vortex—that is also important, in



cyclone dust collectors and tornadoes, for example, as discussed in



Chapters 4 and 7 . There, the velocity in the angular direction is given



by v  = c/r, where c is a constant, so that v  is inversely proportional to



the radial position.



Example 1.8—Overflow from a Spinning Container
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A cylindrical container of height H and radius a is initially half-
filled with a liquid. The cylinder is then spun steadily around
its vertical axis Z-Z, as shown in Fig. E1.8. At what value of
the angular velocity ω will the liquid just start to spill over the
top of the container? If H = 1 ft and a = 0.25 ft, how many
rpm (revolutions per minute) would be needed?



Fig. E1.8. Geometry of a spinning container: (a)
at rest, (b) on the point of overflowing.



Solution



From Eqn. (1.47), the shape of the free surface is a parabola.
Therefore, the air inside the rotating cylinder forms a
paraboloid of revolution, whose volume is known from
calculus to be exactly one-half of the volume of the
“circumscribing cylinder,” namely, the container.  Hence, the
liquid at the center reaches the bottom of the cylinder just as
the liquid at the curved wall reaches the top of the cylinder. In
Eqn. (1.47), therefore, set z = H and r = a, giving the required
angular velocity:



For the stated values:



PROBLEMS FOR CHAPTER 1



1. Units conversion—E. How many cubic feet are there in an acre-foot?



How many gallons? How many cubic meters? How many tonnes of water?



2. Units conversion—E. The viscosity μ of an oil is 10 cP and its specific



gravity s is 0.8. Reexpress both of these (the latter as density ρ) in both



the lb , ft, s system and in SI units.



3. Units conversion—E. Use conversion factors to express: (a) the



gravitational acceleration of 32.174 ft/s  in SI units, and (b) a pressure of



14.7 lb /in  (one atmosphere) in both pascals and bars.



4. Meteorite density—E. The Barringer Crater in Arizona was formed



30,000 years ago by a spherical meteorite of diameter 60 m and mass 10



t (tonnes), traveling at 15 km/s when it hit the ground.  (Clearly, all



figures are estimates.) What was the mean density of the meteorite? What



was the predominant material in the meteorite? Why? If one tonne of the



explosive TNT is equivalent to five billion joules, how many tonnes of TNT



would have had the same impact as the meteorite?



5. Reynolds number—E . What is the mean velocity u  (ft/s) and the



Reynolds number Re = ρu D/μ for 35 gpm (gallons per minute) of water



flowing in a 1.05-in. I.D. pipe if its density is ρ = 62.3 lb /ft  and its



viscosity is μ = 1.2 cP? What are the units of the Reynolds number?



6. Pressure in bubble—E . Consider a soap-film bubble of diameter d. If



the external air pressure is p , and the surface tension of the soap film is



σ, derive an expression for the pressure p  inside the bubble. Hint: Note



that there are two air/liquid interfaces.



Fig. P1.7. Waterflooding of an oil reservoir.



7. Reservoir waterflooding—E . Fig. P1.7(a) shows how water is pumped



down one well, of depth H, into an oil-bearing stratum, so that the



displaced oil then flows up through another well. Fig. P1.7(b) shows an



enlargement of an idealized pore, of diameter d, at the water/oil interface.



If the water and oil are just starting to move, what water inlet pressure p



is needed if the oil exit pressure is to be p ? Assume that the oil



completely wets the pore (not always the case), that the water/oil



interfacial tension is σ, and that the densities of the water and oil are ρ



and ρ , respectively.



 Proof can be accomplished as follows. First, note for the
parabolic surface in Fig. E1.8(b), r = a when z = H, so, from
Eqn. (1.47), ω /2g = H/a . Thus, Eqn. (1.47) can be rewritten
as:



The volume of the paraboloid of air within the cylinder is
therefore:



which is exactly one-half of the volume of the cylinder, πa H.
Since the container was initially just half filled, the liquid
volume still accounts for the remaining half.
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 Richard A.F. Grieve, “Impact cratering on the earth,” Scientific



American, Vol. 262, No. 4, p. 68 (1990).



m



m



m



a



b



w



o



w



o



 D.L. Katz et al., Handbook of Natural Gas Engineering, McGraw-Hill,



New York, 1959, p. 57, indicates a wide range of wettability by water,



varying greatly with the particular rock formation.
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8. Barometer reading—M . In your house (elevation 950 ft above sea



level) you have a barometer that registers inches of mercury. On an



average day in January, you telephone the weather station (elevation 700



ft) and are told that the exact pressure there is 0.966 bar. What is the



correct reading for your barometer, and to how many psia does this



correspond? The specific gravity of mercury is 13.57.



Fig. P1.9. Cylinder immersed in water and liquid A.



9. Two-layer buoyancy—E . As shown in Fig. P1.9, a layer of an unknown



liquid A (immiscible with water) floats on top of a layer of water W in a



beaker. A completely submerged cylinder of specific gravity 0.9 adjusts



itself so that its axis is vertical and two-thirds of its height projects above



the A/W interface and one-third remains below. What is the specific



gravity of A? Solve the problem two ways—first using Archimedes’ law,



and then using a momentum or force balance.



Fig. P1.10. U-tube with immiscible liquids.



10. Differential manometer—E . The U-tube shown in Fig. P1.10 has legs



of unequal internal diameters d  and d , which are partly filled with



immiscible liquids of densities ρ  and ρ , respectively, and are open to the



atmosphere at the top. If an additional small volume v  of the second



liquid is added to the right-hand leg, derive an expression—in terms of ρ ,



ρ , v , d , and d —for δ, the amount by which the level at B will fall. If ρ  is



known, but ρ  is unknown, could the apparatus be used for determining



the density of the second liquid?



Hints: The lengths h , h , and h  have been included just to get started;



they must not appear in the final result. After adding the second liquid,



consider h  to have increased by a length Δ—a quantity that must also



eventually be eliminated.



Fig. P1.11. Bubble rising in a closed cylinder.



11. Ascending bubble—E . As shown in Fig. P1.11, a hollow vertical



cylinder with rigid walls and of height H is closed at both ends, and is



filled with an incompressible oil of density ρ. A gauge registers the



pressure at the top of the cylinder. When a small bubble of volume v



initially adheres to point A at the bottom of the cylinder, the gauge



registers a pressure p . The gas in the bubble is ideal, and has a molecular



weight of M . The bubble is liberated by tapping on the cylinder and rises



to point B at the top. The temperature T is constant throughout. Derive an



expression in terms of any or all of the specified variables for the new



pressure-gauge reading p  at the top of the cylinder.



12. Ship passing through locks—M . A ship of mass M travels uphill



through a series of identical rectangular locks, each of equal superficial



(bird’s-eye view) area A and elevation change h. The steps involved in



moving from one lock to the next (1 to 2, for example) are shown as A–B–



C in Fig. P1.12. The lock at the top of the hill is supplied by a source of



water. The initial depth in lock 1 is H, and the density of the water is ρ.



(a) Derive an expression for the increase in mass of water in lock 1 for the



sequence shown in terms of some or all of the variables M, H, h, A, ρ, and



g.



(b) If, after reaching the top of the hill, the ship descends through a



similar series of locks to its original elevation, again derive an expression



for the mass of water gained by a lock from the lock immediately above it.



(c) Does the mass of water to be supplied depend on the mass of the ship



if: (i) it travels only uphill, (ii) it travels uphill, then downhill? Explain



your answer.



Fig. P1.12. Ship and locks.
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13. Furnace stack—E . Air (ρ  = 0.08 lb /ft ) flows through a furnace



where it is burned with fuel to produce a hot gas (ρ  = 0.05 lb /ft ) that



flows up the stack, as in Fig. P1.13. The pressures in the gas and the



immediately surrounding air at the top of the stack at point A are equal.



Fig. P1.13. Furnace stack.



What is the difference Δh (in.) in levels of the water in the manometer



connected between the base B of the stack and the outside air at point C?



Which side rises? Except for the pressure drop across the furnace (which



you need not worry about), treat the problem as one in hydrostatics. That



is, ignore any frictional effects and kinetic energy changes in the stack.



Also, neglect compressibility effects.



Fig. P1.14. Hydrometer in water and test liquid L.



14. Hydrometer—E . When a hydrometer floats in water, its cylindrical



stem is submerged so that a certain point X on the stem is level with the



free surface of the water, as shown in Fig. P1.14. When the hydrometer is



placed in another liquid L of specific gravity s, the stem rises so that point



X is now a height z above the free surface of L.



Derive an equation giving s in terms of z. If needed, the cross-sectional



area of the stem is A, and when in water a total volume V (stem plus bulb)



is submerged.



Fig. P1.15. Oil/mercury/water system.



15. Three-liquid manometer—E . In the hydrostatic case shown in Fig.



P1.15, a = 6 ft and c = 4 ft. The specific gravities of oil, mercury, and water



are s  = 0.8, s  = 13.6, and s  = 1.0. Pressure variations in the air are



negligible. What is the difference b in inches between the mercury levels,



and which leg of the manometer has the higher mercury level? Note: In



this latter respect, the diagram may or may not be correct.



16. Pressure on Mt. Erebus—M . On page 223 of the biography



Shackleton (by Roland Huntford, Atheneum, New York, 1986), the



Antarctic explorer’s colleague, Edward Marshall, is reported as having “. .



. fixed the altitude [of Mt. Erebus] by hypsometer. This was simply a small



cylinder in which distilled water was boiled and the temperature



measured. It was then the most accurate known method of measuring



altitude. The summit of Erebus turned out to be 13,500 feet above sea



level.”



Assuming a uniform (mean) air temperature of −5 F (the summer



summit temperature is −30 F), and a sea-level pressure of 13.9 psia, at
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 A more recent value is thought to be 12,450 feet.
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what temperature did the water boil in the hypsometer? At temperatures



T = 160, 170, 180, 190, 200, and 210 F, the respective vapor pressures of



water are p  = 4.741, 5.992, 7.510, 9.339, 11.526, and 14.123 psia.



17. Oil and gas well pressures—M . A pressure gauge at the top of an oil



well 18,000 ft deep registers 2,000 psig. The bottom 4,000-ft portion of



the well is filled with oil (s = 0.70). The remainder of the well is filled with



natural gas (T = 60 F, compressibility factor Z = 0.80, and s = 0.65,



meaning that the molecular weight is 0.65 times that of air).



Calculate the pressure (psig) at (a) the oil/gas interface, and (b) the



bottom of the well.



18. Thrust on a dam—E . Concerning the thrust on a rectangular dam,



check that Eqn. (1.36) is still obtained if, instead of employing an upward



coordinate z, use is made of a downward coordinate h (with h = 0 at the



free surface).



19. Pressure variations in air—M . Refer to Example 1.5 concerning the



pressure variations in a gas, and assume that you are dealing with air at



40 F. Suppose further that you are using just the linear part of the



expansion (up to the term in z) to calculate the absolute pressure at an



elevation z above ground level. How large can z be, in miles, with the



knowledge that the error amounts to no more than 1% of the exact value?



20. Grand Coulee dam—E . The Grand Coulee dam, which first operated



in 1941, is 550 ft high and 3,000 ft wide. What is the pressure at the base



of the dam, and what is the total horizontal force F lb  exerted on it by the



water upstream?



21. Force on V-shaped dam—M . A vertical dam has the shape of a V that



is 3 m high and 2 m wide at the top, which is just level with the surface of



the water upstream of the dam. Use two different methods to determine



the total force (N) exerted by the water on the dam.



22. Rotating mercury mirror—M . Physicist Ermanno Borra, of Laval



University in Quebec, has made a 40-in. diameter telescopic mirror from



a pool of mercury that rotates at one revolution every six seconds.  (Air



bearings eliminate vibration, and a thin layer of oil prevents surface



ripples.)



By what value Δz would the surface at the center be depressed relative to



the perimeter, and what is the focal length (m) of the mirror? The mirror



cost Borra $7,500. He estimated that a similar 30-meter mirror could be



built for $7.5 million. If the focal length were unchanged, what would be



the new value of Δz for the larger mirror? Hint: the equation for a



parabola of focal length f is r  =4fz.



23. Oil and water in rotating container—E . A cylindrical container



partly filled with immiscible layers of water and oil is placed on a rotating



turntable. Develop the necessary equations and prove that the shapes of



the oil/air and water/oil interfaces are identical.



24. Energy to place satellite in orbit—M . “NASA launched a $195 million



astronomy satellite at the weekend to probe the enigmatic workings of



neutron stars, black holes, and the hearts of galaxies at the edge of the



universe . . . The long-awaited mission began at 8:48 a.m. last Saturday



when the satellite’s Delta–2 rocket blasted off from the Cape Canaveral



Air Station.”



This “X-ray Timing Explorer satellite” was reported as having a mass of



6,700 lb  and being placed 78 minutes after lift-off into a 360-mile-high



circular orbit (measured above the earth’s surface).



How much energy (J) went directly to the satellite to place it in orbit?



What was the corresponding average power (kW)? The force of attraction



between a mass m and the mass M  of the earth is GmM /r , where r is



the distance of the mass from the center of the earth and G is the



universal gravitational constant. The value of G is not needed in order to



solve the problem, as long as you remember that the radius of the earth is



6.37 × 10  m, and that g =9.81 m/s  at its surface.



25. Central-heating loop—M . Fig. P1.25 shows a piping “loop” that



circulates hot water through the system ABCD in order to heat two floors



of a house by means of baseboard fins attached to the horizontal runs of



pipe (BC and DA). The horizontal and vertical portions of the pipes have



lengths L and H, respectively.



The water, which has a mean density of ρ and a volume coefficient of



expansion α, circulates by the action of natural convection due to a small



heater, whose inlet and outlet water temperatures are T  and T ,



respectively. The pressure drop due to friction per unit length of piping is



cu /D, where c is a known constant, u is the mean water velocity, and D is



the internal diameter of the pipe. You may assume that the vertical legs



AB and CD are insulated, and that equal amounts of heat are dissipated



on each floor.



Derive an expression that gives the volumetric circulation rate of water,



Q,in terms of c, D, ρ, α, g, L, H, T , and T .



Fig. P1.25. Central-heating loop.



26. Pressure at the center of the earth—M . Prove that the pressure at the



center of the earth is given by p  = 3Mg /8πR , in which g  is the



gravitational acceleration at the surface, M is the mass of the earth, and R
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 Scientific American, February 1994, pp. 76–81. There is also earlier



mention of his work in Time, December 15, 1986.



 Manchester Guardian Weekly, January 7, 1996.
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is its radius. Hints: Consider a small mass m inside the earth, at a radius r



from the center. The force of attraction mg  (where g  is the local



gravitational acceleration) between m and the mass M  enclosed within



the radius r is GmM /r , where G is the universal gravitational constant.



Repeat for the mass at the surface, and hence show that g /g  = r/R. Then



invoke hydrostatics.



If the radius of the earth is R =6.37 × 10  m, and its mean density is



approximately 5,500 kg/m , estimate p  in Pa and psi.



Fig. P1.27. Soap film on two rings.



27. Soap film on wire rings—M . As shown in Fig. P1.27, a soap film is



stretched between two wire rings, each of diameter D and separated by a



distance H. Prove that the radius R of the film at its narrowest point is:



You may assume that a section of the soap film is a circular arc, and that



D ≥ . What might happen if D is less than ?



Clearly stating your assumptions, derive an expression for the radius, in



terms of D and H. Is your expression exact or approximate? Explain.



Fig. P1.28. Person on a treadmill.



28. Treadmill stress test—M . What power P is needed to resist a force F



at a steady velocity V ? In a treadmill stress test (Fig. P1.28), you have to



keep walking to keep up with a moving belt whose velocity V and angle of



inclination θ are steadily increased. Initially, the belt is moving at 1.7 mph



and has a grade (defined as tan θ) of 10%. The test is concluded after 13.3



min, at which stage the belt is moving at 5.0 mph and has a grade of 18%.



If your mass is 163 lb : (a) how many HP are you exerting at the start of



the test, (b) how many HP are you exerting at the end of the test, and (c)



how many joules have you expended overall?



29. Bubble rising in compressible liquid—D. A liquid of volume V and



isothermal compressibility β has its pressure increased by an amount Δp.



Explain why the corresponding increase ΔV in volume is given



approximately by:



Repeat Problem P1.11, now allowing the oil—whose density and volume



are initially ρ  and V —to have a finite compressibility β. Prove that the



ratio of the final bubble volume v  to its initial volume v  is:



If needed, assume that: (a) the bubble volume is much smaller than the oil



volume, and (b) βp V ℓ v . If ρ  = 800 kg/m , β =5.5 × 10 10 m /N, H =1



m, p  =10  N/m  (initial absolute pressure at the top of the cylinder), v



=10 8 m , and V  =0.1m , evaluate v /v  and check that assumption (b)



above is reasonable.



Fig. P1.30. Well containing oil and methane.
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30. Pressures in oil and gas well—M . Fig. P1.30 shows a well that is



12,000 ft deep. The bottom H = 2, 000-ft portion is filled with an



incompressible oil of specific gravity s =0.75, above which there is an h



=10, 000-ft layer of methane (CH ; C = 12, H = 1) at 100 F, which



behaves as an ideal isothermal gas whose density is not constant. The gas



and oil are static. The density of water is 62.3 lb /ft .



(a) If the pressure gauge at the top of the well registers p  =1, 000 psig,



compute the absolute pressure p  (psia) at the oil/methane interface.



Work in terms of symbols before substituting numbers.



(b) Also compute (p  − p ), the additional pressure (psi) in going from the



interface B to the bottom of the well C.



Fig. P1.31. Soap film between two disks.



31. Soap film between disks—E (C). A circular disk of weight W and



radius a is hung from a similar disk by a soap film with surface tension σ,



as shown in Fig. P1.31. The gauge pressure inside the film is P .



First, derive an expression for the angle θ in terms of a, P , W , and σ.



Then obtain an equation that relates the radius of the neck r to a, P , W ,



and σ. Assume that: (a) the excess pressure inside a soap film with radii of



curvature r  and r  is 2σ(1/r  +1/r ), and (b) the cross section of the film



forms a circular arc.



32. Newspaper statements about the erg—E . In the New York Times for



January 18, 1994, the following statement appeared: “An erg is the metric



unit scientists use to measure energy. One erg is the amount of energy it



takes to move a mass of one gram one centimeter in one second.” (This



statement related to the earthquake of the previous day, measuring 6.6 on



the Richter scale, in the Northridge area of the San Fernando Valley, 20



miles north of downtown Los Angeles.)



Also in the same newspaper, there was a letter of rebuttal on January 30



that stated in part: “ . . . This is not correct. The energy required to move a



mass through a distance does not depend on how long it takes to



accomplish the movement. Thus the definition should not include a unit



of time.”



A later letter from another reader, on February 10, made appropriate



comments about the original article and the first letter. What do you think



was said in the second letter?



33. Centroid of triangle—E . A triangular plate held vertically in a liquid



has one edge (of length B) coincident with the surface of the liquid; the



altitude of the plate is H. Derive an expression for the depth of the



centroid. What is the horizontal force exerted by the liquid, whose density



is ρ, on one side of the plate?



34. Blake-Kozeny equation—E. The Blake-Kozeny equation for the



pressure drop (p  − p ) in laminar flow of a fluid of viscosity μ through a



packed bed of length L, particle diameter D  and void fraction ε is



(Section 4.4):



(a) Giving your reasons, suggest appropriate units for ε.



(b) If p  − p  =75 lb /in , D  =0.1 in., L =6.0 ft, μ =0.22 P, and u  =0.1



ft/s, compute the value of ε.



35. Shear stresses for air and water—E. Consider the situation in Fig.



1.8, with h =0.1 cm and V =1.0 cm/s. The pressure is atmospheric



throughout.



(a) If the fluid is air at 20 C, evaluate the shear stress τ  (dynes/cm ).



Does τ vary across the gap? Explain.



(b) Evaluate τ  if the fluid is water at 20 C. What is the ratio τ /τ ?
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(c) If the temperature is raised to 80 C, does τ  increase or decrease?



What about τ ?



36. True/false. check true or false, as appropriate:



(a) When a fluid is subjected to a steady shear stress, it will reach a state



of equilibrium in which no further motion occurs.



T  F 



(b) Pressure and shear stress are two examples of a force per unit area.



T  F 



(c) In fluid mechanics, the basic conservation laws are those of volume,



energy, and momentum.



T  F 



(d) Absolute pressures and temperatures must be employed when using



the ideal gas law.



T  F 



(e) The density of an ideal gas depends only on its absolute temperature



and its molecular weight.



T  F 



(f) Closely, the density of water is 1,000 kg/m , and the gravitational



acceleration is 9.81 m/s .



T  F 



(h) To convert from psia to psig, add 14.7, approximately. T F



T  F 



(i) The absolute atmospheric pressure in the classroom is roughly one bar.



T  F 



(j) If ρ is density in g/cm  and μ is viscosity in g/cm s, then the kinematic



viscosity ν = μ/ρ is in stokes.



T  F 



(k) For a given liquid, surface tension and surface energy per unit area



have identical numerical values and identical units.



T  F 



(l) A force is equivalent to a rate of transfer of momentum.



T  F 



(m) Work is equivalent to a rate of dissipation of power per unit time.



T  F 



(n) It is possible to have gauge pressures that are as low as −20.0 psig.



T  F 



(o) The density of air in the classroom is roughly 0.08 kg/m .



T  F 



(p) Pressure in a static fluid varies in the vertically upward direction z



according to dp/dz = −ρg .



T  F 



(g) To convert pressure from gauge to absolute, add approximately 1.01



Pa.



T  F 



(q) At any point, the rate of change of pressure with elevation is dp/dz =



−ρg, for both incompressible and compressible fluids.



T  F 



(r) A vertical pipe full of water, 34 ft high and open at the top, will



generate a pressure of about one atmosphere (gauge) at its base.



T  F 



(s) The horizontal force on one side of a vertical circular disc of radius R



immersed in a liquid of density ρ, with its center a distance R below the



free surface, is πR ρg.



T  F 



(t) For a vertical rectangle or dam of width W and depth D, with its top



edge submerged in a liquid of density ρ, as in Fig. 1.15, the total horizontal



thrust of the liquid can also be expressed as  ρghW dh, where h is



the coordinate measured downwards from the free surface.



T  F 



(u) The horizontal pressure force on a rectangular dam with its top edge



in the free surface is F . If the dam were made twice as deep, but still with



the same width, the total force would be 2F .



T  F 



(v) A solid object completely immersed in oil will experience the same



upward buoyant force as when it is immersed in water.



T  F 
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 Solutions to all the true/false assertions are given in Appendix B.
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(w) Archimedes’ law will not be true if the object immersed is hollow



(such as an empty box with a tight lid, for example).



T  F 



(x) The rate of pressure change due to centrifugal action is given by ∂p/∂r



= ρr ω, in which ω is the angular velocity of rotation.



T  F 



(y) To convert radians per second into rpm, divide by 120π.



T  F 



(z) The shape of the free surface of a liquid in a rotating container is a



hyperbola. (A) The hydrostatic force exerted on one face of a square plate



of side L that is held vertically in a liquid with one edge in the free surface



is F . If the plate is lowered vertically by a distance L, the force on one face



will be 3F .



T  F 
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Chapter 2. Mass, Energy, And Momentum
Balances



2.1 GENERAL CONSERVATION LAWS



THE study of fluid mechanics is based, to a large extent, on the



conservation laws of three extensive quantities:



1. Mass—usually total, but sometimes of one or more individual chemical



species.



2. Total energy—the sum of internal, kinetic, potential, and pressure



energy.



3. Momentum, both linear and angular.



For a system viewed as a whole, conservation means that there is no net



gain nor loss of any of these three quantities, even though there may be



some redistribution of them within a system. A general conservation law



can be phrased relative to the general system shown in Fig. 2.1, in which



can be identified:



Fig. 2.1. (a) System and its surroundings; (b) transfers to
and from a system. For a chemical reaction, creation and
destruction terms would also be included inside the system.



1. The system V.



2. The surroundings S.



3. The boundary B, also known as the control surface, across which the



system interacts in some manner with its surroundings.



The interaction between system and surroundings is typically by one or



more of the following mechanisms:



1. A flowing stream, either entering or leaving the system.



2. A “contact” force on the boundary, usually normal or tangential to it,



and commonly called a stress.



3. A “body” force, due to an external field that acts throughout the system,



of which gravity is the prime example.



4. Useful work, such as electrical energy entering a motor or shaft work



leaving a turbine.



Let X denote mass, energy, or momentum. Over a finite time period, the



general conservation law for X is:



Nonreacting system



For a mass balance on species i in a reacting system



The symbols are defined in Table 2.1. The understanding is that the



creation and destruction terms, together with the superscript i, are



needed only for mass balances on species i in chemical reactions, which



will not be pursued further in this text.



Table 2.1. Meanings of Symbols in Equation (2.1)



It is very important to note that Eqn. (2.1a) cannot be applied



indiscriminately, and is only observed in general for the three properties



of mass, energy, and momentum. For example, it is not generally true if X



is another extensive property such as volume, and is quite meaningless if



X is an intensive property such as pressure or temperature.



In the majority of examples in this book, it is true that if X denotes mass



and the density is constant, then Eqn. (2.1a) simplifies to the conservation



of volume, but this is not the fundamental law. For example, if a gas



cylinder is filled up by having nitrogen gas pumped into it, we would very











much hope that the volume of the system (consisting of the cylinder and



the gas it contains) does not increase by the volume of the (compressible)



nitrogen pumped into it!



Equation (2.1a) can also be considered on a basis of unit time, in which



case all quantities become rates; for example, ΔX  becomes the rate,



dXsystem/dt, at which the X-content of the system is increasing, x  (note



the lower-case “x”) would be the rate of transfer of X into the system, and



so on, as in Eqn. (2.2):



2.2 MASS BALANCES



The general conservation law is typically most useful when rates are



considered. In that case, if X denotes mass M and x denotes a mass “rate”



m (the symbol  can also be used) the transient mass balance (for a



nonreacting system) is:



in which the symbols have the meanings given in Table 2.2.



Table 2.2. Meanings of Symbols in Equation (2.3)



The majority of the problems in this text will deal with steady-state



situations, in which the system has the same appearance at all instants of



time, as in the following examples:



1. A river, with a flow rate that is constant with time.



2. A tank that is draining through its base, but is also supplied with an



identical flow rate of liquid through an inlet pipe, so that the liquid level



in the tank remains constant with time.



Steady-state problems are generally easier to solve, because a time



derivative, such as dM /dt, is zero, leading to an algebraic equation.



A few problems—such as that in Example 2.1—will deal with unsteady-



state or transient situations, in which the appearance of the system



changes with time, as in the following examples:



1. A river, whose level is being raised by a suddenly elevated dam gate



downstream.



2. A tank that is draining through its base, but is not being supplied by an



inlet stream, so that the liquid level in the tank falls with time.



Transient problems are generally harder to solve, because a time



derivative, such as dMsystem/dt, is retained, leading to a differential



equation.



Example 2.1—Mass Balance for Tank Evacuation



The tank shown in Fig. E2.1(a) has a volume V =1m  and
contains air that is maintained at a constant temperature by
being in thermal equilibrium with its surroundings.



Fig. E2.1. (a) Tank evacuation.



If the initial absolute pressure is p  = 1 bar, how long will it
take for the pressure to fall to a final pressure of 0.0001 bar if
the air is evacuated at a constant rate of Q = 0.001 m /s, at
the pressure prevailing inside the tank at any time?



Solution



First, and fairly obviously, choose the tank as the system,
shown by the dashed rectangle. Note that there is no inlet to
the system, and just one outlet from it. A mass balance on
the air in the system (noting that a rate of loss is negative)
gives:



Note that since the tank volume V is constant, dV/dt = 0. For
an ideal gas:



so that:



Cancellation of M/RT gives the following ordinary differential
equation, which governs the variation of pressure p with time
t:



Separation of variables and integration between t = 0 (when
the pressure is p ) and a later time t (when the pressure is p)
gives:



Fig. E2.1. (b) Exponential decay of tank
pressure.
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The resulting solution shows an exponential decay of the
tank pressure with time, also illustrated in Fig. E2.1(b):



Thus, the time t  taken to evacuate the tank from its initial
pressure of 1 bar to a final pressure of p  =0.0001 bar is:



Problem 2.1 contains a variation of the above, in which air is
leaking slowly into the tank from the surrounding atmosphere.



Steady-state mass balance for fluid flow



A particularly useful and simple mass balance—also known as the



continuity equation—can be derived for the situation shown in Fig. 2.2,



where the system resembles a wind sock at an airport. At station 1, fluid



flows steadily with density ρ  and a uniform velocity u  normally across



that part of the surface of the system represented by the area A . In steady



flow, each fluid particle traces a path called a streamline. By considering a



large number of particles crossing the closed curve C, we have an equally



large number of streamlines that then form a surface known as a stream



tube, across which there is clearly no flow. The fluid then leaves the



system with uniform velocity u  and density ρ  at station 2, where the



area normal to the direction of flow is A .



Fig. 2.2. Flow through a stream tube.



Referring to Eqn. (2.3), there is no accumulation of mass because the



system is at steady state. Therefore, the only nonzero terms are m  (the



rate of addition of mass) and m  (the rate of removal of mass), which are



equal to ρ A u  and ρ A u , respectively, so that Eqn. (2.3) becomes:



which can be rewritten as:



where m (= m  = m ) is the mass flow rate entering and leaving the



system.



For the special but common case of an incompressible fluid, ρ  = ρ , so



that the steady-state mass balance becomes:



in which Q is the volumetric flow rate.



Equations (2.4a/b) would also apply for nonuniform inlet and exit



velocities, if the appropriate mean velocities u  and u  were substituted



for u  and u . However, we shall postpone the concept of nonuniform



velocity distributions to a more appropriate time, particularly to those



chapters that deal with microscopic fluid mechanics.



2.3 ENERGY BALANCES



Equation (2.1) is next applied to the general system shown in Fig. 2.3, it



being understood that property X is now energy. Observe that there is



both flow into and from the system. Also note the quantities defined in



Table 2.3.



Fig. 2.3. Energy balance on a system with flow in and out.



Table 2.3. Definitions of Symbols for Energy Balance
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A differential energy balance results by applying Eqn. (2.1) over a short



time period. Observe that there are two transfers into the system



(incoming mass and heat) and two transfers out of the system (outgoing



mass and work). Since the mass transfers also carry energy with them,



there results:



in which each term has units of energy or work. In the above, the system



is assumed for simplicity to be homogeneous, so that all parts of it have



the same internal, potential, and kinetic energy per unit mass; if such



were not the case, integration would be needed throughout the system.



Also, multiple inlets and exits could be accommodated by means of



additional terms.



Since the density ρ is the reciprocal of v, the volume per unit mass, e + p/



ρ = e + pv, which is recognized as the enthalpy per unit mass. The flow



energy term p/ρ in Eqn. (2.6), also known as injection work or flow work,



is readily explained by examining Fig. 2.4. Consider unit mass of fluid



entering the stream tube under a pressure p . The volume of the unit mass



is:



which is the product of the area A  and the distance 1/ρ A  through which



the mass moves. (Here, the “1” has units of mass.) Hence, the work done



on the system by p  in pushing the unit mass into the stream tube is the



force p A  exerted by the pressure multiplied by the distance through



which it travels:



Likewise, the work done by the system on the surroundings at the exit is:



Fig. 2.4. Flow of unit mass to and from stream tube.



Steady-state energy balance



In the following, all quantities are per unit mass flowing. Referring to the



general system shown in Fig. 2.5, the energy entering with the inlet



stream plus the heat supplied to the system must equal the energy leaving



with the exit stream plus the work done by the system on its



surroundings. Therefore, the right-hand side of Eqn. (2.6) is zero under



steady-state conditions, and division by dM  = dM  gives:



in which each term represents an energy per unit mass flowing.



Fig. 2.5. Steady-state energy balance.



For an infinitesimally small system in which differential changes are



occurring, Eqn. (2.10) may be rewritten as:



in which, for example, de is now a differential change, and v =1/ρ is the



volume per unit mass.



Now examine the increase in internal energy de, which arises from



frictional work dF dissipated into heat, heat addition dq from the



surroundings, less work pdv done by the fluid. That is: de = dF + dq −



pdv. Thus, eliminate the change de in the internal energy from Eqn.



(2.11), and expand the term d(pv),



which simplifies to the differential form of the mechanical energy



balance, in which heat terms are absent:



For a finite system, for flow from point 1 to point 2, Eqn. (2.13) integrates



to:



in which a finite change is consistently the final minus the initial value, for



example:
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An energy balance for an incompressible fluid of constant density permits



the integral to be evaluated easily, giving:



In the majority of cases, g will be virtually constant, in which case there is



a further simplification to:



which is a generalized Bernoulli equation, augmented by two extra terms



—the frictional dissipation, F, and the work w done by the system. Note



that F can never be negative—it is impossible to convert heat entirely into



useful work. The work term w will be positive if the fluid flows through a



turbine and performs work on the environment; conversely, it will be



negative if the fluid flows through a pump and has work done on it.



Power



The rate of expending energy in order to perform work is known as



power, with dimensions of ML /T , typical units being W (J/s) and ft



lb /s. The relations in Table 2.4 are available, depending on the particular



context.



Table 2.4. Expressions for Power in Different Systems



Example 2.2—Pumping n-Pentane



Fig. E2.2. Pumping n-pentane.



Fig. E2.2 shows an arrangement for pumping n-pentane (ρ =
39.3 lb /ft )at 25 C from one tank to another, through a
vertical distance of 40 ft. All piping is 3-in. I.D. Assume that
the overall frictional losses in the pipes are given (by
methods to be described in Chapter 3) by:



For simplicity, however, you may ignore friction in the short
length of pipe leading to the pump inlet. Also, the pump and
its motor have a combined efficiency of 75%. If the mean
velocity u  is 25 ft/s, determine the following:



(a) The power required to drive the pump.



(b) The pressure at the inlet of the pump, and compare it with
10.3 psia, which is the vapor pressure of n-pentane at 25 C.



(c) The pressure at the pump exit.



Solution



The cross-sectional area of the pipe and the mass flow rate
are:



Since the supply tank is fairly large, the liquid/vapor interface
in it is descending only very slowly, so that u  . = 0. An
energy balance between points 1 and 4 (where both
pressures are atmospheric, so that Δp = 0) gives:



Hence, the work per unit mass flowing is:



in which the minus sign indicates that work is done on the
liquid. The power required to drive the pump motor is:



The pressure at the inlet to the pump is obtained by applying
Bernoulli’s equation between points 1 and 2:



Since the pipe has the same diameter throughout (3 in.), the
velocity u  entering the pump is the same as that in the
vertical section of pipe, 25 ft/s. Solving for the pressure at the
pump inlet,



(For better accuracy, friction in the short length of pipe
between the tank and the pump inlet should be included,
particularly in the context of Chapter 3; however, it will be
fairly small and we are justified in ignoring it here.) Note that
p  is above the vapor pressure of n-pentane, which therefore
remains as a liquid as it enters the pump. If p  were less than
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10.3 psia, the n-pentane would tend to vaporize and the
pump would not work because of cavitation.



The pressure at the pump exit is most readily found by
applying an energy balance across the pump. Since there is
no change in velocity (the inlet and outlet lines have the
same diameter), and no frictional pipeline dissipation:



But p  = −1.42 psig, w = −3,163 ft /s , and Δz =0.5 ft, so that:



The same result could have been obtained by applying the
energy balance between points 3 and 4.



2.4 BERNOULLI’S EQUATION



Situations frequently occur in which the following simplifying



assumptions can reasonably be made:



1. The flow is steady.



2. There are no work effects; that is, the fluid neither performs work (as in



a turbine) nor has work performed on it (as in a pump). Thus, w = 0 in



Eqn. (2.17).



3. The flow is frictionless, so that F = 0 in Eqn. (2.17). Clearly, this



assumption would not hold for long runs of pipe.



4. The fluid is incompressible; that is, the density is constant. This



approximation is excellent for the majority of liquids, and may also be



reasonable for some cases of gas flows provided that the pressure



variations are moderately small.



Under these circumstances, the general energy balance reduces to: Δ



which is the famous Bernoulli’s equation, one of the most important



relations in fluid mechanics.



For flow between points 1 and 2 on the same streamline, or for any two



points in a fluid under static equilibrium (in which case the velocities are



zero), Eqn. (2.18) becomes:



which states that although the kinetic, potential, and pressure energies



may vary individually, their sum remains constant. Each term in (2.19)



must have the same dimensions as the first one, namely, velocity squared



or L /T . Further manipulations in the two principal systems of units



yield the following:



1. SI Units



which is readily seen to be energy per unit mass.



Bernoulli, Daniel, born 1700 in Groningen, Holland; died
1782 in Basel, Switzerland. He was the middle of three sons
born to Jean Bernoulli, himself chair of mathematics, first at
Groningen and later at Basel. The meanness and jealousy of
his father discouraged Daniel from continuing his career in
medicine, and he became professor of mathematics at St.
Petersburg in 1725. In poor health in 1733, he rejoined his
family in Basel, where he was appointed professor of
anatomy and botany. In 1738 he published his treatise
Hydrodynamica, which dealt with the interaction between
velocities and pressures, and also included the concept of a
jet-propelled boat. He received or shared in many prizes from
the Academy of Sciences in Paris, including ones related to
the measurement of time at sea (important for determining
longitude), the inclination of planetary orbits, and tides. He
enjoyed a friendly rivalry with the Swiss mathematician
Leonhard Euler (1707–1783). Afflicted with asthma in his
later life, he devoted much time to the study of probability
applied to practical subjects. He recalled with pleasure that
when in his youth he introduced himself to a traveling
companion by saying “I am Daniel Bernoulli,” the reply was
“And I am Isaac Newton.”



Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911).



2. English Units



which is again energy per unit mass. However, since the poundal is an



archaic unit of force, each term in Bernoulli’s equation may be divided by



the conversion factor g  ft lb /lb  s  if the more practical lb  is required in



numerical calculations. For example, the kinetic energy term then



becomes:



As previously indicated, we prefer not to include g —or any other



conversion factors—directly in these equations.



Head of fluid



A quantity closely related to energy per unit mass may be obtained by



dividing (2.19) through by the gravitational acceleration g:
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Each term in (2.23) has dimensions of length, and indeed the terms such



as u /2g, z , p /ρg, and H are called the velocity head, static head,



pressure head, and total head, respectively.



A physical interpretation of fluid head is readily available by considering



the steady flow of a liquid from a tank through the idealized frictionless



pipe shown in Fig. 2.6(a). At point 1 (the free surface), the velocity u  is



virtually zero for a tank of reasonable size, and the pressure p  there is



also zero (gauge) because the free surface is exposed to the atmosphere.



Thus, the velocity and pressure heads are both zero at point 1, so that the



total head (H for example) is identical with the static head z , namely, the



elevation of the free surface relative to some datum level. Hence, Eqn.



(2.23) can be rewritten as:



Looking now at point 2, the static head is simply the elevation z  of that



point above the datum level; the pressure head is the height above point 2



to which the liquid rises in the manometer—an amount that is just



sufficient to balance the pressure p ; and, by difference, the elevation



difference between the top of the liquid in the tube and point 1 must be



the velocity head u /2g.



Fig. 2.6. (a) Physical interpretation of velocity, static, and
pressure heads for pipe flow, and (b) pressure head
increase across a pump.



Since the pipe diameter is constant, continuity also requires the velocity



and hence the velocity head u /2g to be constant. Referring to Fig.



2.6(a), since the static head continuously decreases along the pipe, and



the total head is constant, the pressure head must constantly increase.



But since the pressure at the exit— or very shortly after it—is atmospheric,



the pressure head must again be zero! The reader will doubtless ask: “Is



there an anomaly?”, and may wish to ponder whether or not the diagram



is completely accurate as drawn.



Fig. 2.6(b) shows that the pressure increase Δp across a pump is also



equivalent to a head increase Δh =Δp/ρg, being the increase in liquid



levels in piezometric tubes placed at the pump inlet and exit.



Note carefully that the above analysis is for an ideal liquid—one that



exhibits no friction. In practice, there would be some loss in total head



along the pipe.



2.5 APPLICATIONS OF BERNOULLI’S EQUATION



We now apply Eqn. (2.18) to several commonly occurring situations, in



which useful relations involving pressures, velocities, and elevations may



be obtained. The usual assumptions of steady flow, no external work, no



friction, and constant density may reasonably be made in each case.



Tank draining



First, consider Fig. 2.7, in which a tank is draining through an orifice of



cross-sectional area A in its base. If the orifice is rounded, the streamlines



will be parallel with one another at the exit and the pressure will be



uniformly atmospheric there. The elevation of the free surface at point 1 is



h above the orifice, where z  is taken to be zero. There are no work effects



between 1 and 2, and the fluid is incompressible. Also, because the liquid



is descending quite slowly, there is essentially no frictional dissipation



(unless the liquid is very viscous) and the flow is virtually steady. Hence,



Eqn. (2.19) can be applied between 1 and 2, giving:



Fig. 2.7. Tank draining through a rounded orifice.



But u  = 0 if the cross-sectional area of the tank is appreciably larger than



that of the orifice; also, p  = p , since both are atmospheric pressure.



Equation (2.25) then reduces to:



so the exit velocity of the liquid is exactly commensurate with a free fall



under gravity through a vertical distance h. The corresponding volumetric



flow rate is:



However, if the orifice is sharp-edged with area A, as shown in Fig. 2.8,



the cross-sectional area of the jet continues to contract after it leaves the



orifice because of its inertia to a value a at a location, known as the vena
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contracta,  where the streamlines are parallel to one another. In this case,



if C  is the coefficient of contraction, the following relations give the area



of the vena contracta and the total flow rate:



in which the coefficient of contraction is found in most instances to have



the value:



Fig. 2.8. Contraction of the jet through a sharp-edged
orifice.



Orifice-plate “meter.”



The Bernoulli principle—of a decrease in pressure in an accelerated



stream—can be employed for the measurement of fluid flow rates in the



device shown in Fig. 2.9. There, an orifice plate consisting of a circular



disc with a central hole of area A  is bolted between the flanges on two



sections of pipe of cross-sectional area A .



Fig. 2.9. Flow through an orifice plate.



Bernoulli’s equation applies to the fluid as it flows from left to right



through the orifice of a reduced area because it is found experimentally



that a contracting stream is relatively stable, so that frictional dissipation



can be ignored, especially over such a short distance. Hence, as the



velocity increases, the pressure decreases. The following theory



demonstrates that by measuring the pressure drop p  − p , it is possible to



determine the upstream velocity u . Let u  be the velocity of the jet at the



vena contracta.



Bernoulli’s equation applied between points 1 and 2, which have the same



elevation (z  = z ), gives:



Conservation of mass between points 1 and 2 gives the continuity



equation:



Elimination of u  between Eqns. (2.31) and (2.32) gives:



Solution for u  yields:



so that the volumetric flow rate Q is:



In Eqn. (2.35), the coefficient of contraction C  is approximately 0.63 in



most cases. However, the following version, which is somewhat less



logical than Eqn. (2.35) and uses a dimensionless discharge coefficient



C , is used in practice instead:



Fig. 2.10 shows how C  varies with two additional dimensionless groups,



namely, the ratio of the orifice diameter to the pipe diameter, and the



Reynolds number through the orifice:



It is easy to show that the Reynolds number at the orifice is given in terms



of the upstream Reynolds number Re  (which is usually more readily



available) by the relation:



Downstream of the vena contracta, the jet is found experimentally to



become unstable as it expands back again to the full cross-sectional area
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of the pipe; the subsequent turbulence and loss of useful work means that



Bernoulli’s equation cannot be used in the downstream section.



Fig. 2.10. Discharge coefficient for orifice plates. Based on
values from G.G. Brown et al., Unit Operations, John Wiley
& Sons, New York, 1950.



This type of result—the expression of one dimensionless group in terms of



one or more additional dimensionless groups—will occur many times



throughout the text, and will be treated more generally in Section 4.5 on



dimensional analysis. For the moment, however, the reader should note



that these dimensionless groups typically represent the ratio of one



quantity to a similarly related quantity. The orifice-to-pipe diameter ratio



has an obvious geometrical interpretation, stating how large the orifice is



in relation to the pipe. The significance of the Reynolds number is not so



obvious, but represents the ratio of an inertial effect (given by ρu , for



example), to a viscous effect (already given in Eqn. (1.14) by the product of



viscosity and a velocity gradient—μu/D, for example); thus, the ratio of



these two quantities is (ρu )/(μu/D)= ρuD/μ, the Reynolds number.



Chapters 3 and 4  emphasize that turbulence is more likely to occur at



higher Reynolds numbers.



Pitot tube



The device shown in Fig. 2.11 is also based on the Bernoulli principle, and



is used for finding the velocity of a moving craft such as a boat or an



airplane. Here, the Pitot tube is attached to a boat, for example, which is



moving steadily with an unknown velocity u  through otherwise stagnant



water of density ρ. The submerged tip of the tube faces the direction of



motion; the pressure at the tip can be found from the height h to which



the water rises in the tube or—more practically—by a pressure transducer



(see Section 2.7).



Fig. 2.11. Pitot tube.



For simplicity, consider the motion relative to an observer on the boat, in



which case the Pitot tube is effectively stationary, with water approaching



it with an upstream velocity u . Opposite the Pitot tube, the oncoming



water decelerates and comes to rest at the stagnation point at the tip of



the tube.



Application of Bernoulli’s equation between points 1 and 2 gives:



in which the first zero recognizes the datum level z  = 0 at point 1, and the



second zero indicates that the water is stagnant with u  = 0 at point 2. But



from hydrostatics, the pressure at point 1 is:



Subtraction of Eqn. (2.40) from Eqn. (2.39) gives:



so that the velocity u  of the boat is readily determined from the height of



the water in the tube. In practice, a pressure transducer would probably



be used for monitoring the excess pressure (corresponding to ρgh)



instead of measuring the water level, but we have retained the latter



because it is conceptually simpler.



A very similar device, called the Pitot-static tube, is shown in Fig. 2.12,



and is employed for measuring the velocity at different radial locations in



a pipe. Here, two tubes are involved. The left-hand tube simply measures



the pressure and the movable right-hand one is essentially a Pitot tube as



before. The velocity u  at the particular transverse location where the Pitot



tube is placed is given by:



Fig. 2.12. Pitot-static tube.
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Example 2.3—Tank Filling



Fig. E2.3. Tank filling from river: (a) before pipe
is submerged; (b) after pipe is submerged.



Fig. E2.3 shows a concrete tank that is to be filled with water
from an adjacent river in order to provide a supply of water
for the sprinklers on a golf course. The level of the river is H
= 10 ft above the base of the tank, and the short connecting
pipe, which offers negligible resistance, discharges water at a
height D = 4 ft above the base of the tank. The inside cross-
sectional area of the pipe is a = 0.1 ft , and that of the tank is
A = 1,000 ft . Derive an algebraic expression for the time t
taken to fill the tank, and then evaluate it for the stated
conditions.



Solution



The solution is in two parts—before and after the pipe is
submerged under the water in the tank, corresponding to (a)
and (b) in Fig. E2.3. In both cases, the (gauge) atmospheric
pressure is zero.



Part 1. Here, the flow rate is constant, since the water level in
the tank is below the pipe outlet and hence offers no
resistance to the flow. Bernoulli’s equation, applied between
the surface of the water in the river and the pipe discharge to
the atmosphere, gives:



so that:



The volumetric flow rate is constant at ua, and the time for
the water to reach the level of the pipe is the gain in volume
divided by the flow rate:



Part 2. For the submerged pipe, as in Fig. E2.3(b), the flow
rate is now variable, because it is influenced by the level in
the tank. The discharge pressure equals the hydrostatic
pressure ρg(h − D) due to the water in the tank above the
discharge point. Bernoulli’s equation, again applied between
the surface of the water in the river and the pipe discharge,
yields:



or



A volumetric balance (the density is constant) equates the
flow rate into the tank to the rate of increase of volume of
water in the tank:



Separation of variables and integration (see Appendix A for a
wide variety of standard forms) gives:



The filling time for Part 2 is therefore:



The total filling time is obtained by adding Eqns. (E2.3.3) and
(E2.3.7):



2.6 MOMENTUM BALANCES



Momentum



The general conservation law also applies to momentum M, which for a



mass M moving with a velocity u, as in Fig. 2.13(a), is defined by:



Strangely, there is no universally accepted symbol for momentum. In this



text and elsewhere, the symbols M and m (or ) frequently denote



mass and mass flow rate, respectively. Therefore, we arbitrarily denote



momentum and the rate of transfer of momentum due to flow by the



symbols M (“script” M) and , respectively. Momentum is a vector



quantity, and for the simple case shown has the direction of the velocity u.



More generally, there may be velocity components u , u , and ux y z
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(sometimes also written as v , v , and v , or as u, v, and w) in each of the



three coordinate directions, illustrated for Cartesian coordinates in Fig.



2.13(b). In this case, the momentum of the mass M has components Mu ,



Mu , and Mu  in the x, y, and z directions.



Fig. 2.13. (a) Momentum as a product of mass and velocity;
(b) velocity components in the three coordinate directions.



For problems in more than one dimension, conservation of momentum or



a momentum balance applies in each of the coordinate directions. For



example, for the basketball shown in Fig. 2.14, momentum Mu  in the x



direction remains almost constant (drag due to the air would reduce it



slightly), whereas the upward momentum Mu  is constantly diminished—



and eventually reversed in sign—by the downward gravitational force.



Fig. 2.14. Momentum varies with time in the x and y
directions.



If a system, such as a river, consists of several parts each moving with



different velocities u (boldface denotes a vector quantity), the total



momentum of the system is obtained by integrating over all of its mass:



Law of momentum conservation



Following the usual law, Eqn. (2.2), the net rate of transfer of momentum



into a system equals the rate of increase of the momentum of the system.



The question immediately arises: “How can momentum be transferred?”



The answer is that there are two principal modes, by a force and by



convection, as follows in more detail.



1. Momentum Transfer by a Force



A force is readily seen to be equivalent to a rate of transfer of momentum



by examining its dimensions:



In fluid mechanics, the most frequently occurring forces are those due to



pressure (which acts normal to a surface), shear stress (which acts



tangentially to a surface), and gravity (which acts vertically downwards).



Pressure and stress are examples of contact forces, since they occur over



some region of contact with the surroundings of the system. Gravity is



also known as a body force, since it acts throughout a system.



A momentum balance can be applied to a mass M falling with



instantaneous velocity u under gravity in air that offers negligible



resistance. Considering momentum as positive downwards, the rate of



transfer of momentum to the system (the mass M) is the gravitational



force Mg, and is equated to the rate of increase of downwards momentum



of the mass, giving:



Note that M can be taken outside the derivative only if the mass is



constant. The acceleration is therefore:



and, although this is a familiar result, it nevertheless follows directly from



the principle of conservation of momentum.



Another example is provided by the steady flow of a fluid in a pipe of



length L and diameter D, shown in Fig. 2.15. The upstream pressure p



exceeds the downstream pressure p  and thereby provides a driving force



for flow from left to right. However, the shear stress τ  exerted by the wall



on the fluid tends to retard the motion.



Fig. 2.15. Forces acting on fluid flowing in a pipe.



A steady-state momentum balance to the right (note that a direction must



be specified) is next performed. As the system, choose for simplicity a



cylinder that is moving with the fluid, since it avoids the necessity of



considering flows entering and leaving the system. The result is:
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Here, the first term is the rate of addition of momentum to the system



resulting from the net pressure difference p −p , which acts on the



circular area πD /4. The second term is the rate of subtraction of



momentum from the system by the wall shear stress, which acts to the left



on the cylindrical area πDL. Since the flow is steady, there is no change of



momentum of the system with time, and dM/dt =0. Simplification gives:



which is an important equation from which the wall shear stress can be



obtained from the pressure drop (which is easy to determine



experimentally) independently of any constitutive equation relating the



stress to a velocity gradient.



2. Momentum Transfer by Convection or Flow



The convective transfer of momentum by flow is more subtle, but can be



appreciated with reference to Fig. 2.16, in which water from a hose of



cross-sectional area A impinges with velocity u on the far side of a trolley



of mass M with (for simplicity) frictionless wheels. The dotted box



delineates a stationary system within which the momentum Mv is



increasing to the right, because the trolley clearly tends to accelerate in



that direction. The reason is that momentum is being transferred across



the surface BC into the system by the convective action of the jet. The rate



of transfer is the mass flow rate m = ρuA times the velocity u, namely:



which is again momentum per unit time.



Fig. 2.16. Convection of momentum.



The acceleration of the trolley will now be found by applying momentum



balances in two different ways, depending on whether the control volume



is stationary or moving. In each case, the water leaves the nozzle of cross-



sectional area A with velocity u and the trolley has a velocity v. Both



velocities are relative to the nozzle. The reader should make a determined



effort to understand both approaches, since momentum balances are



conceptually more difficult than mass and energy balances. It is also



essential to perform the momentum balance in an inertial frame of



reference—one that is either stationary or moving with a uniform velocity,



but not accelerating.



1. Control surface moving with trolley. As shown in Fig. 2.17, the control



surface delineating the system is moving to the right at the same velocity v



as the trolley. The observer perceives water entering the system across BC



not with velocity u but with a relative velocity (u − v), so that the rate m of



convection of mass into the control volume is:



Fig. 2.17. Stationary observer—moving system.



A momentum balance (positive direction to the right) gives:



Note that to obtain the momentum flux, m is multiplied by the absolute



velocity u [not the relative velocity (u − v), which has already been



accounted for in the mass flux m]. Also, the mass of the system is not



constant, but is increasing at a rate given by:



It follows from the last three equations that the acceleration a = dv/dt of



the trolley to the right is:



2. Control volume fixed. In Fig. 2.18, the control surface is now fixed in



space, so that the trolley is moving within it. Also—and not quite so



obviously, that part of the jet of length L inside the control surface is



lengthening at a rate dL/dt = v and increasing its momentum ρALu, and



this must of course be taken into account. A mass balance first gives:



Rate of addition of mass = Rate of increase of mass,



Likewise, a momentum balance gives:



Rate of addition = Rate of increase.



Fig. 2.18. Stationary observer—fixed system.
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By eliminating dM/dt between Eqns. (2.56) and (2.57) and rearranging,



the acceleration becomes identical with that in (2.55), thus verifying the



equivalence of the two approaches:



Example 2.4—Impinging Jet of Water



Fig. E2.4 shows a plan of a jet of water impinging against a
shield that is held stationary by a force F opposing the jet,
which divides into several radially outward streams, each
leaving at right angles to the jet. If the total water flow rate is
Q = 1 ft /s and its velocity is u = 100 ft/s, find F (lb ).



Fig. E2.4. Jet impinging against shield.



Solution



Perform a momentum balance to the right on the system
bounded by the dotted control surface. If the mass flow rate
is m, the rate of transfer of momentum into the system by
convection is mu. The exiting streams have no momentum to
the right. Also, the opposing force amounts to a rate of
addition of momentum F to the left. Hence, at steady state:



so that:



Example 2.5—Velocity of Wave on Water



As shown in Fig. E2.5(a), a small disturbance in the form of a
wave of slightly increased depth D + dD travels with velocity
u along the surface of a layer of otherwise stagnant water of
depth D. Note that no part of the water itself moves with
velocity u—just the dividing line between the stagnant and
disturbed regions; in fact, the water velocity just upstream of
the front is a small quantity du, and downstream it is zero. If
the viscosity is negligible, find the wave velocity in terms of
the depth.



Fig. E2.5. (a) Moving wave front; (b) stationary
wave front as seen by observer traveling with
wave.



Estimate the warning times available to evacuate
communities that are threatened by the following
“avalanches” of water:



(a) A tidal wave (closely related to a tsunami ), generated by
an earthquake 1,000 miles away, traveling across an ocean
of average depth 2,000 ft.



(b) An onrush, caused by a failed dam 50 miles away,
traveling down a river of depth 12 ft that is also flowing
towards the community at 4 mph.



Solution



As shown in Fig. E2.5(a), the problem is a transient one,
since the picture changes with time as the wave front moves
to the right. The solution is facilitated by superimposing a
velocity u to the left, as in Fig. E2.5(b)—that is, by taking the
viewpoint of an observer traveling with the wave, who now
“sees” water coming from the right with velocity u and leaving
to the left with velocity u − du.



All forces, flow rates, and momentum fluxes will be based on
unit width normal to the plane of the figure. Because the
disturbance is small, second-order differentials such as (dD)
and du dD can be neglected. Referring to Fig. E2.5(b), the
total downstream and upstream pressure forces are obtained
by integration:



f



 According to The New York Times of December 27, 2004, a
tsunami is a series of waves generated by underwater
seismic disturbances. In the disaster of the previous day, the
Indian tectonic plate slipped under (and raised) the Burma
plate off the coast of Sumatra. The article reported that the
ocean floor could rise dozens of feet over a distance of
hundreds of miles, displacing unbelievably enormous
quantities of water. The waves reached Indonesia, Thailand,
Sri Lanka, and elsewhere, causing immense destruction and
the eventual loss of more than 225,000 lives.
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A mass balance on the indicated control volume relates the
downstream and upstream velocities and their depths
(remember that calculations are based on unit width, so D ×
1= D is really an area):



Since the viscosity is negligible, there is no shear stress
exerted by the floor on the water above. Therefore, a steady-
state momentum balance to the left on the control volume
yields: 1 2



which simplifies to:



Substitution for dD from the mass balance yields the velocity
u of the wave:



Note that the wave velocity increases in proportion to the
square root of the depth of the water. Another viewpoint is
that the Froude number, Fr = u /gD, being the ratio of inertial
(ρu ) to hydrostatic (ρgD) effects, is unity.



The calculations for the water “avalanches” now follow:



(a) Ocean wave:



so that the warning time is:



(a) River wave:



Since the river is itself flowing at 4 mph, the total wave
velocity is 13.4+4 = 17.4 mph. Thus, the warning time is:



The velocity of a sinusoidally varying wave traveling on deep
water is discussed in Section 7.10.



Further momentum balances for an orifice plate and sudden
expansion



This section concludes with two examples in which pressure changes in



turbulent zones, where Bernoulli’s equation cannot be applied, are



determined from momentum balances.



Fig. 2.19 shows the flow through an orifice plate. Mass balances yield the



following (note that A  = A ):



Fig. 2.19. Overall pressure drop across an orifice plate.



or:



In the upstream section, where the streamlines are converging and the



flow is relatively frictionless, Bernoulli’s equation has already been used



to relate changes in pressure to changes in velocity:



Elimination of u  between (2.60) and (2.61) gives the pressure drop in the



upstream section:



In the downstream section, it is characteristic of a jet of expanding cross-



sectional area that it generates excessive turbulence, so that the frictional



dissipation term F is no longer negligible and Bernoulli’s equation cannot



be applied. However, the length of pipe between 2 and 3 is sufficiently



small so that the wall shear stress imposed by it can be ignored. A



momentum balance (positive to the right) on the dotted control volume



between locations 2 and 3 gives:



Here, the first two terms correspond to convection of momentum into and



from the control volume; the second two terms reflect the pressure forces



on the two ends, both of area A . Although there will be some fluctuations



of momentum within the system because of the turbulence, these



variations will essentially cancel out over a sufficiently long time period;



this quasi steady-state viewpoint says that the flow is steady in the mean.



The eddies surrounding the jet at the vena contracta keep recirculating



and the net momentum transfer from them across the control surface is



zero.



The pressure drop in the downstream section is obtained by eliminating



u  between Eqns. (2.60) and (2.63):



The overall pressure drop is found by adding Eqns. (2.62) and (2.64):
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Observe that the last term in Eqn. (2.65), being the product of two



squares, must always be positive. Hence, p  is always less than p , and



there is overall a



loss of useful work. Indeed, the corresponding frictional dissipation term



F can be found by employing the overall energy balance, Eqn. (2.17),



between points 1 and 3:



Here, the first, second, and fourth terms are zero because overall there is



no change in velocity, no elevation change, and zero work performed. The



frictional dissipation per unit mass flowing is therefore:



which value can then be used for an inclined or even vertical pipe, the



effect of elevation being accounted for by the gΔz term.



The following questions also deserve reflection:



1. Is p  less than, equal to, or greater than p ? Why?



2. What is involved in performing a momentum balance between points 1



and 2?



A CFD (computational fluid dynamics) simulation of highly turbulent



flow through an orifice plate is presented in Example 9.4 in Chapter 9. To



show the power of CFD, the lower half of a small part of that simulation is



shown in Fig. 2.20. Note the remarkable similarity to the earlier



qualitative sketch of Fig. 2.19.



Fig. 2.20. Streamlines computed by COMSOL Multiphysics
for flow from left to right through an orifice plate—see
Example 9.4.



A sudden expansion in a pipeline shown in Fig. 2.21 occurs when two



pipes of different diameters are joined together. The corresponding F



term is obtained by a momentum balance similar to that in the



downstream section of the orifice plate, and is left as an exercise (see



Problem P2.22).



Fig. 2.21. Sudden expansion in a pipe.



Example 2.6—Flow Measurement by a Rotameter



Fig. E2.6(a) shows a flow-measuring instrument called a
rotameter, consisting typically of a solid “float” (made of an
inert material such as stainless steel, glass, or tantalum)
inside a gradually tapered glass tube. As the fluid flows
upward, the float reaches a position of equilibrium, from
which the flow rate can be read from the adjacent scale,
which is often etched on the glass tube.



Fig. E2.6. (a) Section of rotameter, and (b)
control volume.



The float is often stabilized by helical grooves incised into it,
which induce rotation—hence the name. Other shapes of
floats—including spheres in the smaller instruments—may be
employed. The problem is to analyze the flow and the
equilibrium position of the float. Assume that viscous effects
are unimportant, which is true for the majority of industrially
important fluids as they pass around the float.



Solution



Some flow-measuring devices, such as the orifice plate and
Venturi meter, incorporate a fixed reduction of area, which
produces a pressure drop that depends on the flow rate. In
contrast, the rotameter depends on the change of an annular
area a between the float and the tube, which is a function of
the vertical location of the float, to yield an essentially fixed
pressure drop at all flow rates. In other words, the annular
area functions as an orifice of variable area.



Referring to Fig. E2.6(b), mass, energy, and upward
momentum balances yield:



in which ρ and ρ  are the densities of the fluid and the float,
respectively. In the momentum balance, the three types of
terms are indicated by underbraces, and the bracketed
expression is the volume of fluid in the control volume.
Starting with Eqn. (E2.6.3), terms involving the pressures and
elevations can be eliminated by using Eqn. (E2.6.2) and
terms involving m and u  can be eliminated by using Eqn.
(E2.6.1), leading after some algebra to:
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The flow rate is then:



in which the approximate form holds for aℓ A and ρℓ ρ  . Since
a = a(z) and A = A(z) depend on the location z of the float,
Eqn. (E2.6.5) demonstrates that the flow rate can be
determined from the equilibrium position of the float. In
practice, since a is not known precisely (there may be a vena
contracta effect), Eqn. (E2.6.5) can be used for a preliminary
design, the rotameter being subsequently calibrated before
accurate use.



Angular momentum



So far, we have been concerned with the conservation of momentum in a



specified linear direction. However, it is also possible to consider angular



momentum, which is introduced by examining Fig. 2.22(a), in which a



differential mass dM is rotating with angular velocity ω rad/s in an arc



having a radius of curvature r. The angular momentum dA of the mass is



defined as:



Fig. 2.22. (a) Mass moving in arc of radius r; (b) integration
to find the total angular momentum.



For a finite distributed mass, the total angular momentum is obtained by



integration over the entire mass:



in which the moment of inertia I is defined as:



For example, for the flywheel of width W , radius R, and mass M, whose



cross section is shown in Fig. 2.21(b):



Also, torque, being the product of a force times a radius, is given in



differential and integrated form by:



and is analogous to force in linear momentum problems and will result in



a transfer of angular momentum. In the same way that the application of



a force F to a constant mass M moving with velocity v leads to the law F =



Mdv/dt, one form of an angular momentum balance is:



Here, T is the torque applied to the axle of the flywheel whose moment of



inertia is I, resulting in an angular acceleration dω/dt.



As a final example, consider the impeller of a centrifugal pump, whose



cross section is shown in Fig. 2.23. (For practical reasons, the vanes are



usually curved, not straight, as discussed further in Section 4.2.)



Fig. 2.23. Cross section of pump impeller.



The impeller rotates with angular velocity ω, and its rotation causes the



fluid to be thrown radially outwards between the vanes by centrifugal



action (again, see Section 4.2). The fluid enters at a radial position r  and



leaves at a radial position r ; the corresponding tangential velocities u



and u  denote the inlet and exit liquid velocities relative to a stationary



observer. The arrows A, B, C, and D illustrate the liquid velocity relative to



the rotating impeller.



An angular momentum balance on the impeller gives:



For steady operation, the derivative is zero, and the torque required to



rotate the impeller is:
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Here, m is the mass flow rate through the pump, subscripts 1 and 2



denote inlet and exit conditions, and u = rω denotes the corresponding



tangential velocities. The corresponding power needed to drive the pump



is the product of the angular velocity and the torque (see also Table 2.4):



2.7 PRESSURE, VELOCITY, AND FLOW RATE
MEASUREMENT



Previous sections have alluded to various ways of measuring the most



important quantities associated with static and flowing fluids. This



section reviews and amplifies such methods. Excellent and



comprehensive surveys are available in a book and on a CD.



Pressure



A piezometer is the generic name given to a pressure-measuring device.



Three basic types are recognized here; in each case, learning from the



principle of the Pitot tube, it is important that the opening to the device be



tangential to any fluid motion, otherwise an erroneous reading will result.



New York, 1996; and Material Balances & Visual Equipment



Encyclopedia of chemical Engineering Equipment, CD produced by the



Multimedia Education Laboratory, Department of chemical Engineering,



University of Michigan, Susan Montgomery (Director), 2002.



1. Transparent tubes can be connected to the point(s) where the pressure



is needed, two examples being given in Fig. 2.24:



(a) In the piezometric tube, the height to which the liquid rises is



observed, and the required gauge pressure at point 1 in the pipe or vessel



is p  = ρgh. Fairly obviously, this arrangement can only be used if the fluid



is a liquid and not a gas.



(b) For measuring a pressure difference, such as occurs across an orifice



plate, a differential “U” manometer can be employed, using a liquid that is



immiscible with the one whose pressure is desired (and which may now



be either a liquid or a gas). The arrangement shown is for ρ  >ρ , and the



required pressure difference is p  − p  =(ρ  − ρ )gΔh. For ρ  <ρ , the



manometer tube would be an inverted “U” and would be placed above the



pipe. The manometer can also be employed in situation (a) if the right-



hand leg is vented to the atmosphere, in which case the fluid whose



pressure is needed can then be a gas.



Fig. 2.24. (a) piezometric tube, and (b) manometer.



2. The Bourdon gauge, of which the essentials are illustrated in Fig. 2.25



(the linkage to the needle is actually more intricate), employs a curved,



flattened metal tube, open at one end and closed at the other. Pressure



applied to the open end tends to cause the tube to straighten out, and this



motion is transmitted to a needle that rotates and points to the



appropriate reading on a circular scale.



Fig. 2.25. Elements of Bourdon tube pressure gauge.



3. The pressure transducer employs a small thin diaphragm, usually



contained in a hollow metallic cylinder that is “plugged” into the location



where the pressure is needed. Variations of pressure cause the diaphragm



to bend, and the extent of such distortion can be determined by different



methods. For example, piezoresistive and piezoelectric material



properties of either the diaphragm or another sensing element bonded to



it will cause variations in the strain to be translated into variations in the



electrical resistance or electric polarization, either of which can be



converted into an electrical signal for subsequent processing. Advances in



semiconductor fabrication have allowed a wide variety of pressure



transducers to become readily available, and these are clearly the



preferred instruments if the pressure is to be recorded or transmitted to a



process-control computer.



Velocity



Fluid velocities can be determined by several methods, some of the more



important being:



1. Tracking of small particles or bubbles moving with the fluid. By



photographing over a known short time period, the velocity can be



deduced from the distance traveled by a particle. For flow inside a



transparent pipe, the distance of the particle from the wall can be



determined either by focusing closely on a known location or, better, by



using stereoscopic photography with two cameras and comparing the



apparent particle locations on the resulting two negatives. Laser-Doppler



 See R.J. Goldstein, ed., Fluid Mechanics Measurements, 2nd ed.,



Hemisphere Publishing Corporation,
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velocimetry (LDV) determines the velocity by measuring the Doppler shift



of a laser beam caused by the moving microscopic particle. Infrared lasers



are used for assessing upper-atmosphere turbulence.



2. Pitot tube measurements, as already discussed.



3. Hot-wire anemometry, in which a very small and thin electrically



heated wire suspended between two supports is introduced into the



moving stream. Measurements are made of the resistance of the wire,



which depends on its temperature, which is governed by the local heat-



transfer coefficient, which in turn depends on the local velocity.



Flow rate



The following is a representative selection of the wide variety of methods



and instruments for measuring flow rates of fluids.



1. Discharge of the flowing stream into a receptacle so that the volume or



mass of fluid flowing during a known period of time can be measured



directly.



2. Devices based on the Bernoulli principle, in which the pressure



decreases because of an increased velocity through a restriction. Examples



are the orifice plate and rotameter already discussed, and the Venturi (see



Problem 2.12).



3. Flow of a liquid over a weir or notch, in which the depth of the liquid



depends on the flow rate.



4. Turbine meter, consisting of a small in-line turbine placed inside a



section of pipe; the rotational speed, which can be transmitted electrically



to a recorder, depends on the flow rate.



5. Thermal flow meter, in which a small heater is located between two



temperature detectors—one (A) upstream and the other (B) downstream



of the heater. For a given power input, the temperature difference (T



−T ) is measured and will vary inversely with the flow rate, which can



then be determined.



6. Target meter, typically consisting of a disk mounted on a flexible arm



and placed normal to the flow in a pipe. The displacement of the disk, and



hence the flow rate, is determined from the output of a strain gauge



attached to the arm.



7. Coriolis flow meter. Here—see Fig. 2.26(a)—the fluid is forced to flow



through a slightly flexible U-tube BCDE (with suitably rounded corners)



that is vibrated up and down by a magnetic driver. Fig. 2.26(b) examines



what happens when the U-tube is in the “upswing” position. Suppose that



the orientation is such that the fluid enters horizontally. Because the fluid



is forced to conform to the path BC* it acquires some vertically upward



momentum and therefore exerts an opposite or downward force on the



leg BC*. And because it must lose this vertical momentum before it leaves



the U-tube at E, the fluid exerts an upward force on the leg D*E. The net



result (Fig. 2.26(c)) is that—seen from the CD end—the U-tube twists



clockwise while in the upswing mode. And when it is in the downswing



mode, exactly the opposite rotation occurs. Electromagnetic sensors near



the two long arms of the U-tube detect the magnitude of the twisting



motion, which depends on the mass flow rate of the fluid. The instrument



is therefore useful for measuring mass flow rates even though the fluid



may be non-Newtonian and possibly contain some gas bubbles. It is called



a Coriolis meter because it can also be analyzed by considering the forces



on a moving fluid in a rotating or oscillating system of coordinates.



Fig. 2.26. Principles of a Coriolis mass-flow meter.



8. Vortex-shedding meter. An obstacle is placed in the flowing stream,



and vortices are shed on alternate sides of the wake. The frequency of



shedding, and hence the flow rate, is determined by various methods, one



of which measures the oscillations of a flexible strip placed in the wake.



PROBLEMS FOR CHAPTER 2



1. Evacuation of leaking tank—M . This problem concerns the tank



shown in Fig. P2.1 and is the same as Example 2.1, except that there is



now a small leak into the tank from the outside air, whose pressure is 1



bar. The mass flow rate of the leak equals c(ρ  − ρ), where c = 10 5 m /s



is a constant, ρ  is the density of the ambient air, and ρ is the density of



the air inside the tank. The initial density of air inside the tank is also ρ .



What is the lowest attainable pressure p  inside the tank? How long will it



take the pressure to fall halfway from its initial value to p ?



Fig. P2.1. Evacuation of tank with a leak.



2. Slowed traffic—E . A two-lane highway carries cars traveling at an



average speed of 60 mph. In a construction zone, where the cars have



merged into one lane, the average speed is 20 mph and the average



distance between front bumpers of successive cars is 25 ft. What is the



average distance between front bumpers in each lane of the two-lane
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section? Why? How many cars per hour are passing through the



construction zone?



3. “Density” of cars—E . While driving down the expressway at 65 mph,



you count an average of 18 cars going in the other direction for each mile



you travel. At any instant, how many cars are there per mile traveling in



the opposite direction to you?



4. Ethylene pipeline—E . Twenty lb /s of ethylene gas (assumed to



behave ideally) flow steadily at 60 F in a pipeline whose internal



diameter is 8 in. The pressure at upstream location 1 is p  = 60 psia, and



has fallen to p  = 25 psia at downstream location 2. Why does the



pressure fall, and what are the velocities of the ethylene at the two



locations?



5. Transient behavior of a stirred tank—E . The well-stirred tank of



volume V = 2 m  shown in Fig. P2.5 is initially filled with brine, in which



the initial concentration of sodium chloride at t = 0 is c  = 1 kg/m .



Subsequently, a flow rate of Q = 0.01 m /s of pure water is fed steadily to



the tank, and the same flow rate of brine leaves the tank through a drain.



Derive an expression for the subsequent concentration of sodium chloride



c in terms of c , t, Q, and V . Make a sketch of c versus t and label the



main features. How long (minutes and seconds) will it take for the



concentration of sodium chloride to fall to a final value of c  =0.0001



kg/m ?



Fig. P2.5. Stirred tank with continuous flow.



6. Stirred tank with crystal dissolution—M . A well-stirred tank of



volume V =2m  is filled with brine, in which the initial concentration of



sodium chloride at t =0 is c  = 1 kg/m . Subsequently, a flow rate of Q =



0.01 m /s of pure water is fed steadily to the tank, and the same flow rate



of brine leaves the tank through a drain. Additionally, there is an ample



supply of sodium chloride crystals in the bottom of the tank, which



dissolve at a uniform rate of m = 0.02 kg/s.



Why is it reasonable to suppose that the volume of brine in the tank



remains constant? Derive an expression for the subsequent concentration



c of sodium chloride in terms of c , m, t, Q, and V . Make a sketch of c



versus t and label the main features. Assuming an inexhaustible supply of



crystals, what will the concentration c of sodium chloride in the tank be at



t = 0, 10, 100, and ∞ s? Carefully define the system on which you perform



a transient mass balance.



7. Soaker garden hose—D. A “soaker” garden hose with porous canvas



walls is shown in Fig. P2.7. Water is supplied at a pressure p  at x = 0, and



the far end at x = L is blocked off with a cap. At any intermediate location



x, water leaks out through the wall at a volumetric rate q = β(p − p ) per



unit length, where p is the local pressure inside the hose and the constant



β and the external air pressure p  are both known.



Fig. P2.7. A garden hose with porous walls.



You may assume that the volumetric flow rate of water inside the hose is



proportional to the negative of the pressure gradient:



where the constant α is also known. (Strictly speaking, Eqn. (P2.7.1) holds



only for laminar flow, which may or may not be the case—see Chapter 3



for further details.) By means of a mass balance on a differential length dx



of the hose, prove that the variations of pressure obey the differential



equation:



where P =(p − p ) and γ  = β/α. Show that:



satisfies Eqn. (P2.7.2), and determine the constants A and B from the



boundary conditions. Hence, prove that the variations of pressure are



given by: p − p  p  − p



Then show that the total rate of loss of water from the hose is given by:



Finally, sketch (p − p )/(p  − p ) versus x for low, intermediate, and high



values of γ. Point out the main features of your sketch.



8. Performance of a siphon—E . As shown in Fig. P2.8, a pipe of cross-



sectional area A =0.01 m  and total length 5.5 m is used for siphoning



water from a tank. The discharge from the siphon is 1.0 m below the level



of the water in the tank. At its highest point, the pipe rises 1.5 m above the
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level in the tank. What is the water velocity v (m/s) in the pipe? What is



the lowest pressure in bar (gauge), and where does it occur? Neglect pipe



friction. Are your answers reasonable?



Fig. P2.8. Siphon for draining tank.



If the siphon reaches virtually all the way to the bottom of the tank (but is



not blocked off), is the time taken to drain the tank equal to t = V/vA,



where V is the initial volume of water in the tank, and v is still the velocity



as computed above when the tank is full? Explain your answer.



9. Pitot tube—E . The speed of a boat is measured by a Pitot tube. When



traveling in seawater (ρ =64lb /ft ), the tube measures a pressure of 2.5



lb /in  due to the motion. What is the speed (mph) of the boat? What



would be the speed in fresh water (ρ = 62.4 lb /ft ), also for a pressure of



2.5 lb /in ?



10. Leaking carbon dioxide—M . A long vertical tube is open at the top



and contains a small orifice in its base, which is otherwise closed. The



lower 10-m section of the tube is filled with carbon dioxide (MW = 44).



Otherwise, there is air (MW = 28.8) above the carbon dioxide in the tube



and also outside the tube. Calculate the velocity (m/s) of carbon dioxide



that issues from the orifice. In which direction does it flow?



11. Two pressure gauges—E . Fig. P2.11 shows two pressure gauges that



are mounted on a vertical water pipe 40 ft apart, yet they read exactly the



same pressure, 100 psig.



(a) Is the water flowing? Why?



(b) If so, in which direction is it flowing? Why? Hint: You may wish to use



an overall energy balance in the pipe between the two gauges to check



your answer.



Fig. P2.11. Two pressure gauges.



12. Venturi “meter”—M . A volumetric flow rate Q of liquid of density ρ



flows through a pipe of cross-sectional area A, and then passes through



the Venturi “meter” shown in Fig. P2.12, whose “throat” cross-sectional



area is a. A manometer containing mercury (ρ ) is connected between an



upstream point (station 1) and the throat (station 2), and registers a



difference in mercury levels of Δh. Derive an expression giving Q in terms



of A, a, g, Δh, ρ, ρ , and C .



Fig. P2.12. Venturi “meter.”



If the diameters of the pipe and the throat of the Venturi are 6 in. and 3



in. respectively, what flow rate (gpm) of iso-pentane (ρ = 38.75 lb /ft )



would register a Δh of 20 in. on a mercury (s = 13.57) manometer? What



is the corresponding pressure drop in psi? Assume a discharge coefficient



of C  = 0.98. Note: Those parts of the manometer not occupied by the



mercury are filled with iso-pentane, since there is free communication



with the pipe via the pressure tappings.



13. Orifice plate—M . A horizontal 2-in. I.D. pipe carries kerosene at 100



F, with density 50.5 lb /ft  and viscosity 3.18 lb /ft hr. In order to



measure the flow rate, the line is to be fitted with a sharp-edged orifice



plate, with pressure tappings that are connected to a mercury manometer



that reads up to a 15-in. difference in the mercury levels. If the largest flow



rate of kerosene is expected to be 560 lb /min, specify the diameter of the



orifice plate that would then just register the full 15-in. difference between



the mercury levels.



14. Tank draining—M . A cylindrical tank of diameter 1 m has a well-



rounded orifice of diameter 2 cm in its base. How long will it take an



initial depth of acetone equal to 2 m to drain completely from the tank?



How long would it take if the orifice were sharp-edged? If needed, the



density of acetone is 49.4 lb /ft .



Fig. P2.15. Draining tank with oil and water.
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15. Draining immiscible liquids from a tank—M . Fig. P2.15 shows a tank



of cross-sectional area A that initially (t = 0) contains two layers, each of



depth H: oil (density ρ ), and water (ρ ). A sharp-edged orifice of cross-



sectional area a and coefficient of contraction 0.62 in the base of the tank



is then opened. Derive an expression for the time t taken for the water to



drain from the tank, in terms of H, g, A, a, ρ , and ρ . Neglect friction and



assume that Aℓ a. You should need one of the integrals given in Appendix



A.



Fig. P2.16. Cylindrical liquid-storage tank.



16. Draining a horizontal cylindrical tank—D. A cylindrical tank of



radius r and length L, vented at the top to the atmosphere, is shown in



side and end elevations in Fig. P2.16. Initially (t = 0), it is full of a low-



viscosity liquid, which is then allowed to drain through an exit pipe of



length H and cross-sectional area A.



Prove that the time taken to drain just the tank (excluding the exit pipe)



is:



If L =5 m, r =1 m, H = 1 m, what value of A will enable the tank to drain in



one hour? If necessary, use Simpson’s rule to approximate the integral.



17. Lifting silicon wafers—M . Your supervisor has suggested the device



shown in Fig. P2.17 for picking up delicate circular silicon wafers without



touching them. A mass flow rate m of air of constant density ρ at a



pressure p  is blown down a central tube of radius r , which is connected



to a flange of external radius r . The device is positioned at a distance H



above the silicon wafer, also of radius r , that is supposedly to be picked



up. The air flows radially outwards with radial velocity u (r) in the gap



and is eventually discharged to the atmosphere at a pressure p , which is



somewhat lower than p .



Fig. P2.17. Picking up a silicon wafer.



If the flow is frictionless and gravitational effects may be neglected:



(a) Obtain an expression for u  in terms of the radial position r and any or



all of the given parameters. Sketch a graph that shows how u  varies with



r between radial locations r  and r .



(b) What equation relates the velocity and pressure in the air stream to



each other? Sketch another graph that shows how the pressure p(r) in the



gap between the flange and wafer varies with radial position between r



and r . Hint: it may be best to work backwards, starting with a pressure p



at radius r . Clearly indicate the value p  on your graph.



(c) Comment on the likely merits of the device for picking up the wafer.



18. Rocket performance—M . Fig. P2.18 shows a rocket whose mass is M



lb  and whose vertical velocity at any instant is v ft/s. A propellant is



being ejected downwards through the exhaust nozzle with a mass flow



rate m lb /s and a velocity u ft/s relative to the rocket. The gravitational



acceleration is g ft/s  and the rocket experiences a drag force F = kv



lb ft/s , where k is a known constant.



Fig. P2.18. Rocket traveling upward.
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(a) What is the absolute downward velocity of the propellant leaving the



exhaust nozzle?



(b) What is the flux of momentum downward through the nozzle?



(c) Is the mass of the rocket constant?



(d) Perform a momentum balance on the moving rocket as the system.



Make it quite clear whether your viewpoint is that of an observer on the



ground or one traveling with the rocket. Hence, derive a formula for the



rocket acceleration dv/dt, in terms of M, m, v, u, and k.



19. Jet airplane—E . A small jet airplane of mass 10,000 kg is in steady



level flight at a velocity of u = 250 m/s through otherwise stationary air



(ρ  = 1.0 kg/m ). The outside air enters the engines, where it is burned



with a negligible amount of fuel to produce a gas of density ρ  = 0.40



kg/m , which is discharged at atmospheric pressure with velocity v = 600



m/s relative to the airplane through exhaust ports with a total cross-



sectional area of 1 m . Calculate:



(a) The mass flow rate (kg/s) of gas.



(b) The frictional drag force (N) due to air resistance on the external



surfaces of the airplane.



(c) The power (W) of the engine.



20. Jet-propelled boat—M . As shown in Fig. P2.20, a boat of mass M



=1,000 lb  is propelled on a lake by a pump that takes in water and ejects



it, at a constant velocity of v = 30 ft/s relative to the boat, through a pipe



of cross-sectional area A = 0.2 ft . The resisting force F of the water is



proportional to the square of the boat velocity u, which has a maximum



value of 20 ft/s.



What is the acceleration of the boat when its velocity is u = 10 ft/s? For a



stationary observer on the lakeshore, use two approaches for a



momentum balance and check that they give the same result. (Take a



control volume large enough so that the water ahead of the boat is



undisturbed.)



(a) A control surface moving with the boat.



(b) A control surface fixed in space, within which the boat is moving. The



power for propelling the boat is known to be:



where m is the mass flow rate of water through the pump. Explain this



result as simply as possible from the viewpoint of an observer traveling



with the boat. Give a reason why the power P decreases as the velocity u



of the boat increases!



Fig. P2.20. Jet-propelled boat.



21. Branch pipe—M . The system shown in Fig. P2.21 carries crude oil of



specific gravity 0.8. The total volumetric flow rate at point 1 is 10 ft /s.



Branches 1, 2, and 3 are 5, 4, and 3 inches in diameter, respectively. All



three branches are in a horizontal plane, and friction is negligible. The



pressure gauges at points 1 and 3 read p  = 25 psig and p  = 20 psig,



respectively. What is the pressure at point 2? (Hint: Note that Bernoulli’s



equation can only be applied to one streamline at a time!)



Fig. P2.21. Branch pipe.



22. Sudden expansion in a pipe—M . Fig. P2.22 shows a sudden



expansion in a pipe. Why can’t Bernoulli’s equation be applied between



points 1 and 2, even though the flow pattern is fully established at both



locations?
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Prove that there is an overall increase of pressure equal to:



Where does the energy come from to provide this pressure increase? Also



prove that the frictional dissipation term is:



Fig. P2.22. Sudden expansion in a pipe.



23. Force on a return elbow—M . Fig. P2.23 shows an idealized view of a



return elbow or “U-bend,” which is connected to two pipes by flexible



hoses that transmit no forces. Water flows at a velocity 10 m/s through



the pipe, which has an internal diameter of 0.1 m. The gauge pressures at



points 1 and 2 are 3.0 and 2.5 bar, respectively. What horizontal force F



(N, to the left) is needed to keep the return elbow in position?



Fig. P2.23. Flow around a return elbow.



24. Hydraulic jump—M . Fig. P2.24 shows a hydraulic jump, which



sometimes occurs in open channel or river flow. Under the proper



conditions, a rapidly flowing stream of liquid suddenly changes to a slowly



flowing or tranquil stream with an attendant rise in the elevation of the



liquid surface.



Fig. P2.24. Hydraulic jump.



By using mass and momentum balances on control volumes that extend



unit distance normal to the plane of the figure, neglecting friction at the



bottom of the channel, and assuming the velocity profiles to be flat, prove



that the downstream depth d  is given by:



If u  = 5 m/s and d  = 0.2 m, what are the corresponding downstream



values? (An overall energy balance—not required here—will show that the



viscous or frictional loss F per unit mass flowing is positive only for the



direction of the jump as shown; hence, a deep stream cannot



spontaneously change to a shallow stream.)



Fig. P2.25. Reducing elbow.



25. Reducing elbow—M . Fig. P2.25 shows a reducing elbow located in a



horizontal plane (gravitational effects are unimportant), through which a



liquid of constant density is flowing. The flexible connections, which do



not exert any forces on the elbow, serve only to delineate the system that



is to be considered; they would not be used in practice, because the



retaining forces F  and F  would be provided by the walls of the pipe.



Neglecting frictional losses, derive expressions for the following, in terms



of any or all of the known inlet gauge pressure p , inlet velocity u , inlet



and exit diameters D  and D  (and hence the corresponding cross-



sectional areas A  and A ), and liquid density ρ:



(a) The exit velocity u  and pressure p .



(b) The retaining forces F  and F  needed to hold the elbow in position.



Calculate the two forces F  and F  if D  = 0.20 m, D  = 0.15 m, p  = 1.5 bar



(gauge), u  = 5.0 m/s, and ρ =1,000 kg/m  (the liquid is water).
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26. Jet-ejector pump—M . Water from a supply having a total head of 100



ft is used in the jet of an ejector, shown in Fig. P2.26, in order to lift 10



ft /s of water from another source (at a lower level) that has a total head



of −5 ft.



Fig. P2.26. Ejector “pump.”



The nozzle area of the jet pipe is 0.05 ft  and the annular area of the



suction line at section 1 is 0.5 ft . Determine the volumetric flow rate from



the 100-ft head supply and the total delivery head for the ejector at



section 2.



27. Speed of a sound wave—M . As shown in Fig. P2.27(a), a sound wave



is a very small disturbance that propagates through a medium; its wave



front, which moves with velocity c, separates the disturbed and



undisturbed portions of the medium. (No part of the fluid itself actually



moves with a velocity c.) In the undisturbed medium, the velocity is u = 0,



the pressure is p, and the density is ρ. Just behind the wave front, in the



disturbed medium, these values have been changed by infinitesimally



small amounts, so that the corresponding values are du, p + dp, and ρ +



dρ. The system is best analyzed from the viewpoint of an observer



traveling with the wave front, as shown in Fig. P2.27(b), which is obtained



by superimposing a velocity c to the left, so the wave front is now



stationary, and the flow is steady, from right to left.



Fig. P2.27. Propagation of sound wave; (a) relative to a
stationary observer; (b) relative to an observer traveling
with the wave front.



By appropriate steady-state mass and momentum balances on a control



volume, which you should clearly indicate, prove that the velocity of



sound is:



(Although not needed here, it may further be shown that the above



derivative should be evaluated at constant entropy.)



28. Car retarding force—M . Experimentally, how would you most easily



determine the total retarding force (wind, road, etc.) on a car at various



speeds?



Fig. P2.29. Plan of garden sprinkler.



29. Garden sprinkler, arms rotating—E . Fig. P2.29 shows an idealized



plan of a garden sprinkler. The central bearing is well lubricated, so the



arms are quite free to rotate about the central pivot. Each of the two



nozzles has a cross-sectional area of 5 sq mm, and each arm is 20 cm long.



Why is there rotation in the indicated direction? If the water supply rate



to the sprinkler is 0.0001 m /s, determine:



(a) The velocity u (m/s) of the water jets relative to the nozzles.



(b) The angular velocity of rotation, ω, of the arms, in both rad/s and rps.



30. Garden sprinkler, arms fixed—E . Consider again the sprinkler of



Problem 2.29. For the same water flow rate, what applied torque is



needed to prevent the arms from rotating?



31. Oil/water separation—M . Design a piece of equipment, as simple as



possible, that will separate, by settling, a stream of an oil/water mixture



into two individual streams of oil and water, as sketched in Fig. P2.31



(where the relative levels are not necessarily correct).



Fig. P2.31. Unit for separating oil and water.



Adhere to the following specifications:



(a) The exit streams are at atmospheric pressure.



(b) Anticipate that the inlet stream will fluctuate with time in both its oil



and water content, with upper flow rate limits of 10 and 40 gpm,



respectively.



(c) To insure proper separation, the residence time in the equipment of



both the oil and water should be, on average, at least 20 minutes. For each
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phase, the residence time is defined as t = V/Q, the volume V occupied by



the phase divided by its volumetric flow rate Q.



(d) A small relative water flow rate should not cause oil to leave through



the water outlet, nor should a small relative oil flow rate cause water to



leave through the oil outlet.



Your answer should specify the following details, at least:



(a) The volume and shape of the equipment.



(b) The locations of the inlet and exit pipes.



(c) The internal configuration.



32. Slowing down of the earth—D. If a and b are the semi-major and



semi-minor axes, respectively, consider the ellipse whose equation is:



Consider the ellipsoid, shown in Fig. P2.32, formed by rotating the ellipse



about its minor axis. Write down expressions for the mass dM and



moment of inertia dI (about the semi-minor axis) for the disk of radius x



and thickness dy shown in the figure. Hence, prove that the mass and



moment of inertia of the ellipsoid are:



Fig. P2.32. Rotating ellipsoid.



At midnight on December 31, 1995, an extra second was added to all



cesium-133 atomic clocks to align them more closely with time as



measured by the earth’s rotational speed, which had been declining.



Twenty such “leap” seconds were added in the twenty-four years from



1972 to 1995. One theory for the slowing down is that the earth is



gradually bulging at the equator and flattening at the poles.  Assuming



that the earth was a perfect sphere in 1972, and was in 1995 an ellipsoid,



by what fraction of its original radius had it changed at the equator and at



the poles? If the earth’s radius is 6.37 × 10  m, what are the corresponding



distances?



33. Head for a real liquid—M . Fig. 2.6 gave an interpretation of fluid



heads for an ideal, frictionless liquid. For a real liquid, in which pipe



friction is significant, redraw the diagram and explain all of its features.



Incorporate four equally spaced manometer locations, starting at the



entrance to the pipe and finishing at its exit.



34. Acceleration of a jet airplane—M . Fig. P2.34 shows an airplane of



mass M that is flying horizontally with velocity u through otherwise



stationary air. The airplane is propelled by a jet engine that ejects hot gas



of density ρ  at atmospheric pressure with velocity v relative to the



engine, through exhaust ports of total cross-sectional area A. The drag



force F is cu , where c is a known constant.



Fig. P2.34. Airplane in horizontal flight.



Answer the following, using any or all of the symbols u, v, ρ , A, M, and c,



as already defined:



(a) Write down an expression for m, the mass flow rate of hot gas leaving



the engines.



(b) As “seen” by a stationary observer on the ground, what is the velocity



and direction of the exhaust gases?



(c) Perform a momentum balance on a control surface moving with the



airplane, and derive an expression for its acceleration a. Assume that the



mass of fuel consumed is negligibly small in comparison with that of the



air passing through the engine.



(d) Compute a (m/s ) if u = 100 m/s, v = 300 m/s, ρ  =0.4 kg/m , A =2



m , M =10  kg, and c =0.60 kg/m.



35. Performance of a “V-notch”—M . Fig. P2.35(a) shows a “V-notch,”



which is a triangular opening of half-angle θ cut in the end wall of a tank



or channel carrying a liquid. We wish to deduce the volumetric flow rate Q



of liquid spilling over the notch from the height H of the free surface



above the bottom of the notch.



Fig. P2.35. Discharge over a V-notch.



 Curt Suplee, “Setting Earth’s clock,” Washington Post, December 31,



1990. See also Dava Sobel, “The 61-second minute,” New York Times,



December 31, 1995.
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The side elevation, Fig. P2.35(b), shows a representative streamline,



flowing horizontally at a constant depth h below the free surface, between



an upstream point 1 (where the pressure is hydrostatic and the velocity



negligibly small) to a downstream point 2 at the notch exit, where the



pressure is atmospheric (all the way across the section A–A). What is the



reason for supposing that the velocity of the liquid as it spills over the



notch is: 



By integrating over the total depth of the notch, determine Q in terms of



H, g, and θ. Hint: First determine the width w of the notch at a depth h in



terms of H, h, and θ. (In practice, there is a significant further contraction



of the stream after it leaves the notch, and the theoretical value obtained



for Q has to be multiplied by a coefficient of discharge, whose value is



typically C  . =0.62.)



36. Tank-draining with a siphon—M . Fig. P2.36 shows a tank of



horizontal cross-sectional area A that is supplied with a steady volumetric



flow rate Q of liquid, and that is simultaneously being drained through a



siphon of cross-sectional area a, whose discharge is at the same level as



the base of the tank. Frictional dissipation in the siphon may be neglected.



Fig. P2.36. Siphon for draining tank.



(a) Assuming that pipe friction is negligible, prove that the steady-state



level in the tank is given by:



(b) If the incoming flow rate of liquid is now suddenly increased to 2Q,



prove that the time taken for the depth of liquid to rise to 2h* (shown by



the uppermost dashed line) is given by the following expression, in which



you are expected to compute the value of the coefficient α:



Hints: You should need one of the integrals given in Appendix A. Start by



performing a transient mass balance on the tank when the depth of liquid



is h, between h  and 2h . Comment on the fact that the higher the flow



rate, the longer the time it will take!



37. Fluid “jetser”—M . The October 1993 Journal of Engineering



Education gives an account of a competition in the Civil Engineering



department at Oregon State University. There, “Students design and build



a fluid jetser powered solely by water from a reservoir connected to a



nozzle and mounted on a wheeled platform.” A possible configuration for



such a “fluid jetser” is shown in Fig. P2.37.



Fig. P2.37. A fluid jetser.



Neglecting fluid friction, use Bernoulli’s equation to derive an expression



for v (the exit velocity of the water, relative to the nozzle) in terms of the



current value of the height differential h. If the cross-sectional area of the



nozzle is A, and the density of water is ρ, give an expression for the mass



flow rate m that is leaving the nozzle.



Then perform a momentum balance on the moving jetser, as seen by a



stationary observer. Hence, derive an expression for the acceleration



du/dt in terms of any or all of h, A, F (the drag force), u, M (the current



mass of the vehicle), ρ, and any physical constant(s) that you think are



necessary.
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38. Force to hold orifice pipe in river—D (C). A thin-walled pipe, of



diameter 4 in., is held stationary in a river flowing at 6 ft/s parallel to its



axis. The pipe contains a sharp-edged orifice, of diameter 3 in., with a



contraction coefficient of 0.60 based on the area. Neglecting entry losses



and shear forces on the pipe, and assuming that the orifice is distant from



either end of the pipe, calculate the flow rate through the pipe and the



force required to hold it in the stream.



39. Froth on sieve tray—D (C). Fig. P2.39 shows the flow pattern on a



sieve tray operating at a high liquid flow rate and with a gas that is



negligibly absorbed in the liquid. The liquid flows from left to right across



the tray; AB is a region of clear liquid where the velocity is u  and the



density ρ ; the perforations begin at B, and BC is a froth zone, the mean



density of the froth being ρ  . Show by a momentum balance that the fluid



depths in the two regions are related by the equation:



Fig. P2.39. Formation of a froth on a sieve tray.



Calculate h  when h  = 0.2 ft, u  = 0.5 ft/s, ρ  /ρ  = 0.5. Calculate the



ratio p /p  of the pressure increases in the liquid and froth layers.



40. Multiple orifice plates—M (C). What is meant by the pressure



recovery behind an orifice plate? Show that the overall pressure drop



across an orifice plate, allowing for partial pressure recovery downstream,



is kQm, where Q is the volumetric flow rate, m is the mass flow rate, and k



is a function of the geometry of the system. Assume that k is constant, but



comment on this assumption.



Fig. P2.40. Four orifice plates in a Wheatstone-bridge
arrangement.



Four identical orifice plates are connected together in an arrangement



analogous to a Wheatstone bridge, as shown in Fig. P2.40. The pump



delivers a constant mass flow rate m  of an incompressible liquid from D



to B. Show that, provided m  is large, the pressure drop between A and C



is directly proportional to the liquid mass flow rate m  in the pipe XY.



What is the critical value of m , below which this expression for the



pressure drop ceases to hold?



41. Pressure recovery in sudden expansion—M (C). Show that at a



sudden enlargement in a pipe, the pressure rise is a maximum when the



diameter of the larger pipe is  times the fixed diameter of the



smaller pipe, and that the rate of energy dissipation is then ρau /8, in



which u is the velocity in the smaller pipe of cross-sectional area a.



42. Manifold in reactor base—D (C). Fig. P2.42 shows a manifold MMM



for injecting liquid into the base of a reactor. The manifold is formed from



a pipe of cross-sectional area A. Liquid enters with velocity v through a



pipe P of cross-sectional area a, and leaves uniformly around the



circumference of the manifold via a large number of small holes. The rate



of recirculation is indicated by the velocity V at section BB just upstream



of the injection point. By assuming no loss of energy between sections B



and A, but assuming that momentum is conserved from section A to



section B, show that, when wall friction is negligible:



Fig. P2.42. Manifold for injecting liquid into the base of a
reactor.



43. Leaking ventilation duct—M (C). A ventilation duct of square cross



section operating just above atmospheric pressure has a damaged joint,



the longitudinal section being shown in Fig. P2.43. The cross-sectional



area open to the atmosphere is 10% of the total cross-sectional area



(measured normal to the flow direction).



Fig. P2.43. Ventilation duct with damaged joint.
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If the velocity upstream of the damaged section is 3 m/s, obtain an



expression for the inward leakage rate as a function of the pressure drop



along the duct. Neglect pressure drop due to friction. If friction were



taken into account, what additional information would be required to



solve the problem?



44. Packed-column flooding—M (C). Fig. P2.44 shows an apparatus for



investigating the mechanism of flooding in packed columns. A is a vertical



cylinder covered by a liquid film that runs down steadily and continuously



under gravity. The nozzle B, shown in section, is symmetrical about the



centerline of A, and at a typical section X–X the area between the wall of



the nozzle and the liquid surface is A = a + bx .



Fig. P2.44. Apparatus for investigating “flooding.”



Show that if the liquid surface remains cylindrical, and the gas velocity is



uniform across any section X–X, the pressure gradient dp/dx in the gas



stream will be a maximum at  and will arrest



the downward flow of liquid at a gas flow rate Q given by:



in which ρ  and ρ  are the gas and liquid densities, respectively.



45. Interpretation of pressure head—M. Analyze the situation in Fig.



2.6(a), and comment critically as to whether the liquid level in the



manometer is reasonable as drawn.



46. Velocities and pressures—M. Water flows from point A in the



reservoir through a circular channel of varying diameter to its final



discharge at point B. Sketch clearly the general trends in the velocity and



gauge pressure along the streamline from A to B.



Fig. P2.46. Water flow through varying channel.



47. True/false. check true or false, as appropriate:



(a) Heat terms are present in the mechanical energy balance, and are



absent in Bernoulli’s equation.



T  F 



(b) If pure water flows into a tank of brine of constant volume, the



concentration of salt in the exit stream decreases exponentially with time.



T  F 



(c) Streamlines can cross one another if the fluid has a sufficiently high



velocity.



T  F 



(d) As gasoline flows steadily upward in a pipe of uniform diameter, its



velocity decreases because of the negative influence of gravity.



T  F 



(e) In the energy balance or Bernoulli’s equation, the term Δp/ρ has the



same units as the square of a velocity.



T  F 



(f) If Bernoulli’s equation is divided through by g , then each term



becomes a fluid head, and has the units of length, such as feet or meters.



T  F 



(g) Consider an initial (t = 0) liquid level of h = h  in Fig. 2.7 (tank



draining), with a corresponding initial exit flow rate of 



 The time taken to drain the tank will



be the initial volume of liquid in the tank divided by Q .



T  F 



(h) A Pitot tube works on the principle of converting kinetic energy into



potential energy.



T  F 



(i) As fluid flows through an orifice plate to the location of the vena



contracta, its pressure will rise, because it is going faster there.



T  F 
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(j) If a value for the frictional dissipation term F is known for an orifice



plate in a horizontal pipe, it can also be applied to situations that are not



necessarily horizontal.



T  F 



(k) If a mercury manometer connected across an orifice plate with



kerosene flowing of density ρ  through it registers a difference of Δh in



levels, the corresponding pressure drop is p  − p  = ρ gΔh.



T  F 



(l) A stream of mass flow rate m and velocity u convects momentum at a



rate mu .



T  F 



(m) At any instant, the rate of increase of momentum of a liquid-fueled



rocket is Mdv/dt, where M is the current mass of the rocket and v is its



velocity.



T  F 



(n) The thrust of a jet engine is m(v − u), where m is the mass flow rate



through the engine, v is the velocity of the exhaust relative to the engine,



and u is the velocity of the craft on which the engine is mounted.



T  F 



(o) There is always a pressure decrease across a sudden expansion in a



pipeline.



T  F 



(p) A hydraulic jump is irreversible, and can occur only when a relatively



deep stream of liquid suddenly becomes a relatively shallow stream.



T  F 



(q) The momentum of a baseball decreases between the mound and plate



because of gravitational forces.



T  F 



(r) A boat, traveling forwards at a velocity u on a lake, has a pump on



board that takes water from the lake and ejects it to the rear at a velocity v



relative to the boat. The velocity of the water as seen by an observer on the



shore is v − u in the forwards direction.



T  F 



(s) After the fluid downstream of an orifice plate has reestablished its flow



pattern, it will return to the same pressure that it had upstream of the



orifice plate.



T  F 



(t) Bernoulli’s equation (with w = F = 0) holds across a sudden expansion



in a pipe.



T  F 



(u) A momentum balance can be used to determine the frictional



dissipation term, F, for a sudden expansion in a pipeline.



T  F 



(v) A pirouetting (spinning) ice skater, with her arms outstretched, rotates



faster when she brings her hands together above her head mainly because



of the reduced air drag.



T  F 
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Chapter 3. Fluid Friction In Pipes



3.1 INTRODUCTION



IN chemical engineering process operations, fluids are typically conveyed



through pipelines, in which viscous action—with or without



accompanying turbulence— leads to “friction” and a dissipation of useful



work into heat. Such friction is normally overcome either by means of the



pressure generated by a pump or by the fluid falling under gravity from a



higher to a lower elevation. In both instances, it is usually necessary to



know what flow rate and velocity can be expected for a given driving force.



This topic will now be discussed.



Fig. 3.1 shows a pipe fitted with pressure gauges that record the pressures



p  and p  at the beginning and end of a test section of length L. A



horizontal pipe is intentionally chosen because the observations are not



then complicated by the effect of gravity. In addition, for good results, it is



desirable that a substantial length of straight pipe should precede the first



pressure gauge, in order that the flow pattern is fully developed (no



longer varying with distance along the pipe) at that location.



Fig. 3.1. Pressure drop in a horizontal pipe.



Reynolds, Osborne, born 1842 in Belfast, Ireland; died 1912
in Somerset, England. Born into an Anglican clerical family,
Reynolds entered an apprenticeship in 1861 with Edward
Hayes, a mechanical engineer, before obtaining a degree in
mathematics at Cambridge in 1867. After brief employment
as a civil engineer, he competed successfully the next year
for a newly created professorship at Owens College,
Manchester, holding this position for the next 37 years. He
worked on a wide range of topics in engineering and physics.
He demonstrated the significance of the dimensionless group
that now bears his name in his paper, “An experimental
investigation of the circumstances which determine whether
the motion of water in parallel channels shall be direct or
sinuous and of the law of resistance in parallel channels,”
Philosophical Transactions of the Royal Society, Vol. 174, pp.
935–982 (1883). His analogy between heat and momentum
transport (see Chapter 9) was published in his paper “On the
extent and action of the heating of steam boilers,”
Proceedings of the Manchester Literary and Philosophical
Society, Vol. 14, p. 8 (1874–1875). In 1885, he attributed the
name dilatancy to the ability of closely packed granules to
increase the volume of their interstices (the void fraction)
when disturbed. He was elected a Fellow of the Royal
Society in 1877.



Source: Dictionary of Scientific Biography, Charles Scribner’s
Sons, New York, 1975.



For a given flow rate, repetition of the experiment for different lengths



demonstrates that the pressure drop (p  − p ) is directly proportional to L.



Hence, it is appropriate to plot the pressure drop per unit length (p  −



p )/L (the negative of the pressure gradient dp/dz, where z denotes



distance along the pipe) against the volumetric flow rate Q. There are



three distinct flow regimes in the resulting graph:



1. For flow rates that are low (in a sense to be defined shortly), the



pressure gradient is directly proportional to the flow rate.



2. For intermediate flow rates, the results are irreproducible, and



alternate seemingly randomly between extensions of regimes 1 and 3.



3. For high flow rates, the pressure gradient is closely proportional to the



square of the flow rate.



These regimes are known as the laminar, transition, and turbulent zones,



respectively. The situation is further illuminated by the famous 1883



experiment of Sir Osborne Reynolds (see box above), similar to that



illustrated in Fig. 3.2, where a liquid flows in a transparent tube. A fine



steady filament of a dye is introduced by a hypodermic needle into the
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center of the flowing liquid stream, care being taken to ensure that there



is no instability due to an imbalance of velocities. (For gases, the flow can



be visualized by injecting a filament of smoke, such as kerosene vapor.)



Again, three distinct flow regimes are found, which correspond exactly to



those already encountered above:



Fig. 3.2. The Reynolds experiment.



1. For low flow rates, Fig. 3.2(a), the injected dye jet maintains its



integrity as a long filament that travels along with the liquid. (The jet



actually broadens gradually, due to diffusion.)



2. For intermediate flow rates, the results are irreproducible, and seem to



alternate between extensions of regimes 1 and 3.



3. For high flow rates, Fig. 3.2(b), the jet of dye mixes very rapidly with



the surrounding liquid and becomes highly diluted, so that it soon



becomes invisible. The reason is that the liquid flow in the pipe is



unstable, consisting of random turbulent motions superimposed on the



bulk flow to the right.



Further experiments show that the three regimes do not depend solely on



the flow rate, but on a dimensionless combination of the mean fluid



velocity u , its density ρ and viscosity μ, and the diameter D of the pipe.



The combination or dimensionless group is defined by:



and is called the Reynolds number, and indicates the relative importance



of inertial effects (as measured by ρu —see Eqn. (3.26), for example) to



viscous effects (μu /D). Table 3.1 shows which regime can be expected for



a given Reynolds number. The exponent on Q is 1.8 or 2, depending on



whether the pipe is hydraulically smooth or rough, respectively, in a sense



to be defined later. In Sections 3.2 and 3.3 we shall study flow in the



laminar and turbulent regimes more closely.



Table 3.1. Dependence of Pipe Flow Regime on the
Reynolds Number



3.2 LAMINAR FLOW



In order to avoid the additional complication of gravity (which will be



included later), consider flow in the horizontal cylindrical pipe of radius a



shown in Fig. 3.3.



Fig. 3.3. Forces acting on a cylindrical fluid element.



Consider further a moving cylinder of fluid of radius r and length L. In



this case, there is zero convective transport of momentum across the two



circular ends of the cylinder, and the analysis is simplified.  Because of the



retarding action of the pipe wall, there will be a shear stress τ exerted to



the left on the curved surface of the cylinder by the fluid between it and



the pipe wall.  The net pressure force acting on the circular area πr  of the



two ends is exactly counterbalanced by the shear stress acting on the



curved surface, of area 2πrL.



Thus, a steady-state momentum balance to the right gives:



Simplifying,



Since the pressure gradient is readily determined experimentally (Section



3.1), Eqn. (3.3) may be used for finding the shear stress at any radial



location. Observe that since dp/dz is negative, τ is indeed positive in the



direction shown in Fig. 3.3. Equation (3.3) predicts a linear variation of τ



with r, shown in the left part of Fig. 3.4. The shear stress is zero at the



centerline, rising to a maximum value of τ  at the pipe wall.



Fig. 3.4. Shear stress and velocity distributions for laminar
flow.
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 If a cylinder fixed in space is considered instead, there will be a



convective transfer of z momentum in through the left-hand end, and out



through the right-hand end. However, because the velocity profile is fully



developed, these rates of transport are equal in magnitude and—since one



is positive (an addition to the system) and the other negative (a loss from



the system), they cancel each other and the same result is obtained.



 A more sophisticated definition of the shear stress, involving a sign



convention and two subscripts, is intentionally being postponed, to



Section 5.6.
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The analysis so far holds equally well for laminar or turbulent flow.



However, specializing now to the case of laminar flowofa Newtonian



fluid, the shear stress is directly proportional to the velocity gradient:



in which μ is the viscosity of the fluid. A justification for Eqn. (3.4) will be



given in Section 3.3, on the basis of momentum transport on a molecular



scale. Referring to Fig. 3.3, note that τ is positive as drawn and that du/dr



is negative (since the velocity decreases to zero as the wall is approached).



Elimination of τ between Eqns. (3.3) and (3.4) gives:



which integrates to:



in which the boundary condition of u =0 at r = a reflects a condition of no



slip at the pipe wall.



The final expression for the velocity u at any radial location r is:



Observe that the pressure gradient can be expressed in terms of the total



pressure drop −Δp over a finite length L, as follows:



Hence, the velocity profile can also be rewritten as:



As shown in the right part of Fig. 3.4, note that the velocity profile is



parabolic in shape, and that the velocity is directly proportional to the



pressure gradient and inversely proportional to the viscosity.



The total volumetric flow rate Q is obtained by integration over the cross



section of the pipe. Consider the differential annulus of internal radius r



and width dr shown in Fig. 3.5. Its area may be obtained in either of two



ways: (a) as the difference in areas between two circles of radii r + dr and



r, neglecting a term in (dr) ; or (b) by “unwinding” the annulus and



regarding it as a rectangular strip of length 2πr and width dr. The area dA



and the corresponding flow rate dQ through it are:



Fig. 3.5. Flow through a differential annulus.



The total flow rate is therefore:



a relation for pipe flow known as the Hagen-Poiseuille law.



The above analysis can also be extended to the case of an inclined pipe,



again by performing a momentum balance, but now including a



gravitational force. The pressure gradient would be supplemented by the



term ±ρg sin θ, and the result for the velocity profile, for example, would



be:



where θ is the (positive) angle of inclination to the horizontal. The plus



sign in Eqn. (3.13) holds for downhill flow, and the minus sign for uphill



flow. The velocity profile will still be parabolic, regardless of the



orientation of the pipe.



Frictional dissipation term F.



An alternative and generally more useful approach is first to establish the



frictional dissipation term for a horizontal pipe, shown in Fig. 3.6.



Fig. 3.6. Flow in a horizontal pipe.



The Hagen-Poiseuille law can be rephrased as:
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where Δp = p  − p  (as always, “Δ” denotes the final minus the initial



value). But an overall energy balance, Eqn. (2.17), gives:



in which the factor α is unimportant at present but will be explained



shortly. The first, second, and fourth terms are zero because there is no



change in velocity, no change in elevation, and no work performed.



Solution for F and elimination of Δp using Eqn. (3.14) gives:



This expression for F is “universal” in the sense that it does not depend on



the inclination of the pipe; it may therefore be used in the energy balance



for flow in horizontal, inclined, or vertical pipes. The reason is that the



frictional dissipation depends on the magnitude and shape of the velocity



profile, which is parabolic in all instances, and does not depend on the



pipe orientation.



The following relations are also available:



Maximum velocity



The fluid velocity is greatest at the centerline, and substitution of r = 0



into Eqn. (3.7) gives:



Mean velocity



The mean velocity of the fluid is obtained by dividing the total flow rate



from Eqn. (3.12) by the cross-sectional area, and equals half the



maximum velocity:



Kinetic energy per unit mass



For purposes of overall energy balances, we need to find the kinetic



energy associated with a unit mass of fluid as it traverses a particular axial



location z. It will be seen that this is not simply half the square of the



mean velocity, u /2.



For any general property ψ per unit mass (ψ = u /2 in the case of kinetic



energy), define an average value ψ per unit mass flowing as:



Substitution of ψ = u /2 into Eqn. (3.19) and recognizing that the



denominator is simply ρQ gives the kinetic energy per unit mass flowing:



Thus, the kinetic energy per unit mass in laminar pipe flow is:



in which α =2.



For turbulent velocity profiles, the integration of (3.19) is still performed



with ψ = u /2, but now with a velocity profile that is appropriate for



turbulent flow (see Section 3.5). Compared to their laminar counterparts,



turbulent velocity profiles are much flatter near the centerline and steeper



near the wall, and the result is α . =1.07. Further, since the kinetic energy



term is frequently small when compared with other terms in the energy



balance, α can usually safely be taken as unity for turbulent flow, and will



therefore often be omitted.



Example 3.1—Polymer Flow in a Pipeline



A polymer flows steadily in the horizontal pipe of Fig. E3.1(a)
under the following conditions: ρ = 900 kg/m , μ = 0.01 Pa s
(kg/m s), D = 0.02 m, and u  = 0.5 m/s. Evaluate the
following, clearly indicating the units:



(a) The Reynolds number.



(b) The frictional dissipation per meter per kg flowing.



(c) The pressure drop per meter.



(d) The elevation decrease for every meter of length if the
polymer were to flow steadily at the same rate without any
pumping needed. In this case, gravity provides the necessary
energy for flow (i.e., Δp = 0), as in Fig. E3.1(b).



Fig. E3.1. Polymer flow in pipeline: (a)
horizontal, (b) inclined.



Solution



(a) A check on the (dimensionless) Reynolds number gives:



(b) Since the Reynolds number is below the critical value of
2,000, the flow is laminar, and the frictional dissipation term
per unit length (L = 1 m) can be computed from Eqn. (3.16):



(c) An energy balance between any two points in the pipeline
gives:
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However, the first, second, and fourth terms are zero
(constant velocity, no elevation change for a horizontal pipe,
and no work done), so the pressure drop per meter is:



(d) To find the elevation decrease for no pumping, again
apply the overall energy balance with zero kinetic energy
change and no work done. Additionally, there is no change in
the pressure, since the loss in potential energy is completely
balanced by pipe friction, so that:



That is, the elevation must drop by 0.0453 m for every meter
of pipe length.



3.3 MODELS FOR SHEAR STRESS



Newton’s law of viscosity relating the shear stress to the velocity gradient



has a ready interpretation based on momentum transport resulting from



molecular diffusion. As an introduction, consider first the situation in Fig.



3.7, which shows a plan of two trolleys on frictionless tracks.



Fig. 3.7. Lateral transport of momentum between two
trolleys on frictionless tracks.



A person of mass M jumps from trolley A, which is moving to the right



with velocity u, onto trolley B, which is hitherto stationary. The person



clearly transports an amount of momentum M = Mu from A to B, with the



result that B accelerates; note that the momentum is in the x direction,



but that it is transported in the transverse or y direction. If the transfer



were continuous, with several people jumping successively—assuming



that the trolley is large enough to accommodate them—the net effect



would be a steady force in the x direction exerted by A on B, analogous to



a shear force.



Momentum transport in laminar flow



A similar phenomenon occurs for laminar flow, except that the lateral



transport is now due to random molecular movement, known as



Brownian motion.



Fig. 3.8 shows part of the velocity profile for flow in the axial or z



direction of a pipe. Consider a plane C–C at any radial location. Because



of Brownian motion, molecules such as those at A and B will constantly be



crossing C–C from below and above, at a mass rate m per unit area per



unit time. A molecule such as B, whose z component of velocity is u , will



bring down with it a slightly larger amount of z momentum than that



taken upward by a molecule such as A, whose z component of velocity is



only u . For a velocity profile as shown, there is a net positive rate of



transfer of z momentum downward across C–C, and this is manifest as a



shear stress given by:



Fig. 3.8. Molecular diffusion model for shear stress in
laminar flow.



On the average, the molecules will travel a small distance δ, known as



their mean free path, before they collide with other molecules and



surrender their momentum. The velocity discrepancy u  − u  is therefore



the product of δ and the local velocity gradient, yielding Newton’s law of



viscosity:



where μ = mδ is the viscosity of the fluid. Since both m and δ are



independent of the flow rate in the z direction, the viscosity is constant,



independent of the bulk motion. Note that we now have a physical basis



for the similar result of (3.4), in which the minus sign merely reflects an



alternative viewpoint for the direction of the shear stress.



 G. Stix, Scientific American, Vol. 291, No. 3, September 2004, p. 46,



says: “[In 1905] Albert Einstein published a paper in Annalen, ‘On the



motion of small particles suspended in liquids at rest required by the



molecular-kinetic theory of heat,’ that supplied a prediction of the number



and mass of molecules in a given volume of liquid—and how these



molecules would flit around. The erratic movements were known as



Brownian motion, after the observation by botanist Robert Brown in 1827



of the irregular zigs and zags of particles inside pollen grains in water.



Einstein suggested that the movements of the water molecules would be



so great that they would jostle suspended particles, a dance that could be



witnessed under a microscope.”
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Newton, Sir Isaac, born 1642 in Lincolnshire, England; died
1727 in Kensington, buried in Westminster Abbey, London.
He was an unsurpassed scientific genius. After a brief
interruption of his education to help with the family farm, he
entered Trinity College Cambridge as a student in 1661,
obtained his B.A. degree in mathematics in 1665, and was
elected a fellow of his college in 1667. Newton’s research in
optics embraced reflection, refraction, and polarization of
light, and he invented a reflecting telescope. About 1666, he
deduced from Kepler’s laws of planetary motion that the
gravitational attraction between the sun and a planet must
vary inversely as the square of the distance between them.
Newton was appointed Lucasian professor of mathematics in
1669, and elected a fellow of the Royal Society in 1671. His
magnum opus was Philosophiæ Naturalis Principia
Mathematica; published in three volumes in 1687, “Principia”
included the laws of mechanics, celestial motions,
hydrodynamics, wave motion, and tides. At this stage,
despite all of his accomplishments, Newton had neither been
rewarded monetarily nor with a position of national
prominence. However, matters improved when he was
appointed Master of the Royal Mint in London in 1699, a
position he held with distinction until his death.



Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911).



For gases, the mean free path can be predicted from kinetic theory,



leading to the following theoretical expression for the viscosity, which is



found to agree well in most cases with experiment, provided the pressure



is less than approximately 10 atm:



Here, r is the effective radius of a gas molecule and m is its mass; k is



Boltzmann’s constant (1.380 × 10 16 ergs/molecule K) and T is the



absolute temperature. Note the predictions that: (a) μ is independent of



pressure, and (b) μ rises with increasing temperature.



For liquids, there is no simple corresponding expression for their



viscosities. In general, however—and in contrast to gases—the viscosity of



liquids falls with increasing temperature. Note also the empirical



correlations of Eqns. (1.17) and (1.18) for the viscosities of liquids and



gases, which are based on experimental observations.



Momentum transport in turbulent flow



An analogous situation holds for turbulent flow. However, the random



molecular motion is now substantially augmented by a turbulent eddy



motion, which is on a much larger scale. Turbulent flow can be described



by the concept of the eddy kinematic viscosity, ν  , giving:



it being noted—from experiment—that ν  ≫ v. The eddy kinematic



viscosity ν  is not constant, but is found experimentally to be



approximately directly proportional to u D, where D is the pipe diameter;



this result is also plausible on qualitative grounds—an increase in u



causes more turbulence and a larger D permits eddies to travel further.



The momentum transport is also proportional to the fluid density. Since



du/dr is also roughly proportional to u  (a doubling of u  also



approximately doubles the velocity gradient at any position), and



inversely proportional to D, it follows that:



in which c is a constant, as yet unknown, and which depends on the



particular radial location we are examining. A more detailed discussion of



the eddy viscosity is given in Chapter 9.



Introduction to dimensional analysis



By focusing on the shear stress τ  at the wall, Eqn. (3.26) can be



rephrased by asserting that in turbulent flow, the dimensionless wall



shear stress or friction factor:



is a constant. The friction factor is another dimensionless group, being



the ratio of the wall shear stress to the inertial force per unit area that



would result from the impingement of a stream of density ρ and velocity



u  normally against a wall, as in Example 2.4. However, because the



assumptions made above are not entirely correct, the friction factor is not



quite constant in practice, and will be seen to depend on two more



dimensionless groups—the Reynolds number and the relative roughness



of the pipe wall.



Other versions in more common use are the Fanning friction factor:



and the Moody friction factor:



In this text, we shall mainly use f ; most of the time we shall drop the



appellation “Fanning” and simply call it the friction factor.



3.4 PIPING AND PUMPING PROBLEMS



Upward flow in an inclined pipe is depicted in Fig. 3.9. A steady-state



momentum balance in the direction of flow on the fluid in the pipe gives:



Fig. 3.9. Pressure drop in an inclined pipe.
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Here, the three terms are the net pressure force that drives the flow, the



retarding shear force exerted by the pipe wall, and the retarding



gravitational weight of the fluid. Equation (3.30) can be rewritten as:



But, from the definition of the Fanning friction factor, Eqn. (3.28):



Elimination of the wall shear stress between Eqns. (3.31) and (3.32) gives:



Here, the second form is in terms of the volumetric flow rate Q instead of



the mean velocity. Thus, the pressure drop is clearly seen to depend on



two factors—pipe friction and gravity. Although the preceding analysis



was based on upward flow, the reader should double-check that Eqn.



(3.33) also holds for downward flow.



An alternative and somewhat more generally useful form of Eqn. (3.33) is



obtained by investigating the frictional dissipation per unit mass.



Rearrangement of Eqn. (3.33) gives:



But the overall (incompressible) energy balance, (2.17), is:



Note that there is zero change in kinetic energy for pipe flow because the



velocity is constant, and also that there is no work in the absence of a



pump or turbine. A comparison of Eqns. (3.34) and (3.35) immediately



gives the frictional dissipation per unit mass:



a result that is valid for laminar or turbulent flow.



However, for the special case of laminar flow, we know from Eqn. (3.16)



that:



Since a = D/2, the friction factor for laminar flow is therefore:



Experimentally, the friction factor f  depends on the Reynolds number Re



and—if the flow is turbulent—on the pipe roughness ratio ε/D. The salient



features are shown in the friction-factor plot of Fig. 3.10.



Fig. 3.10. Fanning friction factor for flow in pipes. The
turbulent region is based on the Colebrook and White
equation.



Note the following:



1. For laminar flow (Re ≤ 2,000 approximately), Eqn. (3.38) is obeyed.



2. In the transition region (2,000 < Re ≤ 4,000 approximately), there is



no definite correlation, and f  cannot be given a value. Because of this



uncertainty, pipe designs in this region should be avoided.



3. In turbulent flow (Re > 4,000), there is a family of curves, with f



increasing as the relative roughness ε/D increases. Except for smooth



pipes (see below), f  becomes independent of Re at high Reynolds



numbers.



Pipe roughness



The question immediately arises as to how a roughness length scale ε can



be assigned to the surface of a particular wall material. Initially,



Nikuradse conducted pressure-drop measurements on pipes that he had



artificially roughened by coating their inside walls with glue and



sprinkling on a single layer of sand grains of known diameter.  The
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situation is idealized in Fig. 3.11, where ε is the diameter of the sand



grains.



Fig. 3.11. Artificially roughened wall.



Nikuradse then deduced the friction factor for a large number of cases



and was able to build up a friction-factor plot for artificially roughened



pipes that was very similar to those shown in Fig. 3.10 for “real” surfaces.



By comparing the two plots, it is then simple to assign an effective value of



ε/D and, hence, ε for a “real” surface. Representative values are given in



Table 3.2 for a variety of surfaces.



Table 3.2. Effective Surface Roughnesses



Friction-factor formulas



The following formula, known as the Colebrook and White equation, gives



a good representation of the experimentally determined friction factor in



the turbulent region, and is the basis for that part of Fig. 3.10:



in which the logarithm to base e is intended in the second version. Also,



for the special case of a hydraulically smooth surface, the following



relation, known as the Blasius equation, correlates experimental



observations for turbulent flow at Reynolds numbers below 100,000:



Hydraulically smooth means that the surface irregularities do not



protrude beyond the laminar boundary layer immediately adjacent to the



wall (see the last part of Section 3.5). For this reason, the roughness is



unimportant—not the case if the irregularities are large enough to extend



into the turbulent core, in which case they would enhance the degree of



turbulence and therefore influence the friction factor.



Unfortunately, Eqn. (3.39) is not explicit in the friction factor; that is, for



a given Reynolds number, f  cannot be computed directly because it



appears on both sides of the equation. However, an evaluation of the



right-hand side that incorporates a first estimate for f  will give 



 from which a second estimate can be obtained. This second



estimate can be “recycled” back into the right-hand side and the process



repeated. This iterative process—known as successive substitution—



converges very quickly to the desired value for the friction factor.



In an article that discusses easy-to-use formulas for the friction factor,



Olujić notes that Shacham has pointed out that, starting with a first



estimate of f  = 0.0075, the procedure converges with an average accuracy



of less than one percent within just one iteration, for a very wide range of



Reynolds numbers and roughness ratios.  Therefore, it is reasonable to



incorporate this starting estimate directly into Eqn. (3.39), which then



gives the following explicit form for the friction factor:



In order to obtain the friction factor for rough pipes, we recommend:



1. For hand calculations, use Fig. 3.10.



2. For computer programs and spreadsheet calculations, use Eqn. (3.41)



for the turbulent region (Re > 4,000) and f  = 16/Re for the laminar



region (Re ≤ 2,000). Avoid designs in the uncertain transition region



(2,000 < Re ≤ 4,000).



Commercial steel pipe is manufactured in standard sizes, a selection of



which is shown in Table 3.3. Note in Table 3.3 that the nominal size is



roughly the same as the inside diameter, and that the wall thickness



depends on the schedule number n, defined as:



Table 3.3. Representative Pipe Sizes



 J. Nikuradse, “Strōmungsgesetze in rauhen Rohren,” VDI-



Forschungsarbeiten, No. 362 (1933).



 See for example, G.G. Brown et al., Unit Operations, Wiley & Sons, New



York, 1950, p. 140.
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in which p  is the maximum allowable pressure in the pipe and S  is the



allowable tensile stress in the pipe wall.



An interpretation of Eqn. (3.42) is readily apparent by studying Fig. 3.12,



in which the hoop stress S in a pipe of diameter D subject to a pressure p



is found by imagining the pipe to be split into two halves. The pressure



force per unit length tending to blow away the right (or left) half is pD.



Also, if t is the wall thickness, there is a total restoring force 2St within the



pipe wall. Equating the two forces when p and S have reached their



respective limits p  and S :



or,



Fig. 3.12. Hoop stress in a pipe wall.



Thus, the schedule number of (3.42) is 2,000 times the ratio of the



necessary wall thickness to the pipe diameter. (The above treatment is



most accurate for thin-walled pipes.)



Solution of “simple” piping problems



Consider the transport of a fluid in a pipe from point 1 to point 2, as



shown in Fig. 3.13, in which the following are assumed to be known—as



will usually be the case in practice:



1. The elevation increase, Δz = z  − z , which may be positive, zero, or



negative.



2. The length L of the pipe.



3. The material of construction of the pipe, and hence the pipe wall



roughness ε.



4. The density ρ and viscosity μ of the fluid.



Fig. 3.13. Variables involved in pipe-flow problems.



The following additional variables are of prime importance:



1. The volumetric flow rate, Q.



2. The internal pipe diameter, D.



3. The pressure drop, −Δp = p  − p .



The specification of any two of Q, D, and −Δp (there are three cases) then



enables the remaining one of them to be determined. The following



algorithms are equally applicable to solutions by hand calculator or by a



computer application such as a spreadsheet.



The calculations are not equally straightforward in each of the three cases



just identified, and we distinguish between the following possibilities and



approaches, the second and third of which require iterative types of



solution:



 See, for example, J.H. Perry, ed., chemical Engineers’ Handbook, 3rd



ed., McGraw-Hill, New York, 1950, pp. 415, 416.
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1. Known flow rate and diameter. The combination of specified Q



and D represents the easiest situation, in which the following direct



(noniterative) steps are needed to determine the required pressure drop—



which would then typically enable the size of an accompanying pump to



be found:



(a) Compute the mean velocity u  = 4Q/πD , the Reynolds number Re =



ρu D/μ, and the roughness ratio ε/D.



(b) Based on the values of Re and ε/D, determine the friction factor f



from either the friction factor chart or from the equations that represent



it.



(c) Compute the pressure drop from Eqn. (3.33):



2. Known diameter and pressure drop. Given D and −Δp, the



problem is now to find the flow rate Q. There is an immediate difficulty



because—in the absence of the flow rate—the Reynolds number cannot be



determined directly, so the friction factor is also unknown, even though



the roughness ratio is known. The following steps are typically needed:



(a) Compute the roughness ratio ε/D.



(b) Assume or make a reasonable guess as to the first estimate for the



Reynolds number Re. Since the majority of pipe-flow problems are in



turbulent flow, a value such as Re = 10,000 or 100,000 should be



considered. If the flow is of a viscous polymer, then the flow is probably



laminar, in which case a value such as Re = 1,000 could be appropriate.



(c) Based on the values of ε/D and Re, compute the friction factor f  from



either the friction factor chart or from the equations that represent it.



(d) Compute the mean velocity u  from:



which can be rearranged to give u  explicitly:



(e) Compute the Reynolds number from Re = ρu D/μ. If this is



acceptably close to the value used in Step (c), then the problem is



essentially solved, in which case proceed with Step (f). If not, return to



Step (c).



(f) Compute the flow rate from Q = u πD /4.



3. Known flow rate and pressure drop. Given Q and −Δp, the



problem is to find the diameter D. The immediate difficulty is that—in the



absence of the diameter—neither the Reynolds number nor the roughness



ratio is known, so the friction factor is also unknown. The following steps



are typically needed (other approaches are possible, but the formula given



in Step (e) for the diameter is likely to lead to the quickest convergence):



(a) Estimate or guess the pipe diameter D. Hence, compute the



corresponding mean velocity, u  =4Q/πD .



(b) Compute the Reynolds number, Re = ρu D/μ.



(c) Compute the roughness ratio ε/D.



(d) Based on the available values of ε/D and Re, compute the friction



factor f  from either the friction factor chart or from the equations that



represent it.



(e) Compute the diameter from:



(Note that this equation results by eliminating the mean velocity between



Eqn. (3.33) and Q = u πD /4.)



(f) Compute the mean velocity, u  =4Q/πD .



(g) Compute the Reynolds number, Re = ρu D/μ. If this is acceptably



close to the value used in Step (d), then the problem is essentially solved.



If not, return to Step (c).



The above three situations will be fully explored in Examples 3.2, 3.3, and



3.4, which address Cases 1, 2, and 3, respectively. Additionally, Example



3.5 will solve a few loose ends not covered in Examples 3.2–3.4. We have



intentionally opted to involve the same physical situation throughout, so



the reader can concentrate on the different solution procedures.



Example 3.2—Unloading Oil from a Tanker Specified
Flow Rate and Diameter



General. The following statements apply equally to Examples
3.2, 3.3, 3.4, and 3.5. Fig. E3.2 shows a pump that transfers
a steady stream of 35 API crude oil from an oil tanker to a
refinery storage tank, both free surfaces being open to the
atmosphere. The effective length—including fittings—of the
commercial steel pipe is 6,000 ft. The discharge at point 4 is
200 ft above the pump exit, which is level with the free
surface of oil in the tanker. However, because of an
intervening hill, point 3 is at a higher altitude than point 4.
Losses between points 1 and 2 may be ignored.



The crude oil has the following properties: ρ =53lb /ft ; μ =
13.2 cP; vapor pressure p  = 4.0 psia.



Specific to Example 3.2 . Implement the algorithm for a Case
1–type problem. If the pipeline is Schedule 40 with a nominal
diameter of 6 in., and the required flow rate is 506 gpm, what
pressure p  is needed at the pump exit? Solve the problem
first by hand calculations, and then by a spreadsheet.



Fig. E3.2. Unloading tanker with intervening hill
(vertical scale exaggerated).
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Solution



(a) The main body of calculations is performed consistently in
the ft, lb , s, system. The flow rate of 506 gpm is first
converted into cubic feet per second (the reader should by
now be readily able to identify all of the conversion factors
used):



From Table 3.3, for nominal 6-in. Schedule 40 pipe, the
actual internal diameter is D =6.065 in. = 0.5054 ft. The mean
velocity is obtained by dividing the flow rate by the cross-
sectional area:



from which the Reynolds number can be obtained:



Table E3.2. Spreadsheet Solution of a Case 1–
Type Problem



From Table 3.2, the roughness of commercial steel is ε =
0.00015 ft, so the pipe roughness ratio is:



(b) Based on the above roughness ratio and Reynolds
number (which clearly shows that the flow is turbulent), the
Fanning friction factor is found from Fig. 3.10 to be
approximately f = 0.0070, or somewhat more accurately from
the Shacham equation as:



(c) Now apply the overall energy balance between points 2
and 4. There is no change in kinetic energy and no work
term, so:



The same sequence of calculations can also be performed by
an Excel or other type of spreadsheet, as shown in Table
E3.2. Note the organization of the spreadsheet, in which all
values are clearly identified by algebraic symbols and their
corresponding units. Observe also that all necessary
constants and conversion factors are clearly displayed, rather
than being “buried” in the various formulas in which they are
used. The trifling difference between the computed friction
factor in Eqn. (E3.2.5) and that in the spreadsheet, which
used the logarithm to base 10 version, is because of
truncation error.



If a single problem of this type is to be solved, the author
finds that the hand-calculation method is quicker than setting
up a new spreadsheet for its implementation. However, there
should be no question of the superiority of the spreadsheet
approach if the same type of calculation is to be repeated
with different data.



Example 3.3—Unloading Oil from a Tanker Specified
Diameter and Pressure Drop



Still consider the situation described at the beginning of
Example 3.2, but now implement the algorithm for problems
of type Case 2. If the pipeline is now specified to be of
Schedule 40 with a nominal diameter of 6 in., and the
available pressure at the pump exit is p  = 132.7 psig, what
flow rate Q (gpm) can be expected?



Solution



(a) As in Example E3.2, the pipe diameter is D =0.5054 ft and
the roughness ratio is ε/D =0.000297.



(b) Assume a first estimate of the Reynolds number, Re =
100,000, for example (a value that is intentionally quite high,
in order to demonstrate the rapid convergence of the
method).



(c) Based on the above roughness ratio and assumed
Reynolds number (which corresponds to turbulent flow), the
Fanning friction factor is found from Fig. 3.10 to be
approximately f = 0.005, or somewhat more accurately from
the Shacham equation as:



(d) The corresponding first estimate of the mean velocity is:
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(e) Reevaluate the Reynolds number:



Since this is different from the value of 100,000 assumed in
(c), repeat steps (c), (d), and (e) until there is no further
significant change. The successive computed values are
summarized in Table E3.3.1.



Table E3.3.1. Values as the Solution Converges



(f) Finally, the required flow rate is computed:



The spreadsheet solution is given in Table E3.3.2. In the
“Iterated Values” section, the cells containing the values of
the Reynolds number, mean velocity, and friction factor
constitute a “circular reference,” because the formula for Re
involves u , the formula for f  involves Re, and the formula
for u  involves f . However, the “iterate” feature of the Excel
spreadsheet very quickly brings these values into
consistency with one another, the final converged values
being shown. The exact sequence of values computed by
Excel is unknown.



Table E3.3.2. Spreadsheet Solution of a Case 2–
Type Problem



Table E3.4. Spreadsheet Solution of a Case 3–
Type Problem



Example 3.4—Unloading Oil from a Tanker Specified
Flow Rate and Pressure Drop



Consider again the situation described at the beginning of
Example 3.2, but now implement the algorithm for problems
of type Case 3. If the flow rate is specified as Q = 506 gpm,
and the available pressure at the pump exit is p  = 132.7
psig, what pipe diameter D (in.) is needed?



A hand calculation will not be presented here, for two
reasons:



1. The reader should have understood the general idea from
Cases 1 and 2, as exemplified by the detailed hand
calculations in Examples 3.2 and 3.3.



2. More quantities are involved in the iterative calculations for
Case 3, and there is much to be said for using spreadsheet
calculations exclusively.



Therefore, the final spreadsheet solution is given in Table
E3.4. Observe that there are now five mutually dependent
quantities: D, u , Re, ε/D, and f . The Excel “iterate” feature
is again used in order to converge rapidly on the final
indicated values.



Example 3.5—Unloading Oil from a Tanker Miscellaneous
Additional Calculations



Fig. E3.5. (E3.2) Unloading tanker with
intervening hill.



As shown in Fig. E3.5, still consider the situation studied in
Examples 3.2, 3.3, and 3.4, for which D =0.5054 ft, p  =
132.7 psig, and Q = 506 gpm. Answer the following additional
questions:



(a) If the combination of pump and motor is 80% efficient,
how much electrical power (kW) is needed to drive the
pump?



(b) If, in order to avoid vapor lock, the pressure in the pipeline
must always be above the vapor pressure of the crude oil,
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what is the maximum permissible elevation of point 3 relative
to point 4?



(c) If the flow in the pipeline were at the upper limit of being
laminar, what pump exit pressure would then be needed?
(Answer this part without using the friction factor plot.)



Solution



(a) To obtain the necessary pumping power, first apply the
energy balance across the pump, between points 1 and 2
(with virtually no change in kinetic energy  or elevation, and
no explicit representation of friction):



The work performed on the crude oil, per unit mass, is:



The mass flow rate of the oil is:



Bearing in mind the efficiency of 80%, the required electrical
power to be delivered to the pump is:



(b) Note that vapor lock is most likely to occur at the highest
elevation— namely, at point 3. Therefore, to find the
maximum elevation of point 3 without causing vapor lock,
apply the energy equation between points 3 and 4, again with
zero kinetic-energy change and no work term:



Solving for the elevation difference:



That is, the highest point in the pipeline is limited to 55.9 ft
elevation above the final discharge at point 4. If it were any
higher, the pressure would fall to the vapor pressure of the oil
(4.0 psia) and the oil would start to vaporize; the extent of
vaporization would be limited by the amount of heat available
to supply the necessary latent heat of vaporization.



(c) If the flow were at the upper limit of the laminar range, the
Reynolds number would be Re = ρu D/μ =2,000,
corresponding to a mean velocity of:



The corresponding frictional dissipation per unit mass is:



Application of the energy balance between points 2 and 4,
with p  = 0 and Δz = 200 ft, gives:



so that the required pump exit pressure is:



Alternative treatment as simultaneous nonlinear equations



A different but equivalent approach to simple piping problems of the



nature just discussed in Examples 3.2, 3.3, and 3.4 is to recognize that the



situation—whether Case 1, 2, or 3 is involved—is governed by the



following system of simultaneous nonlinear equations:



Pressure drop:



Flow rate:



Reynolds number:



Equations representing the friction-factor plot (avoid 2,000 < Re ≤



4,000):



Depending on the particular case for which the solution is required, there



will be different sets of known quantities and unknown quantities.



However, with the ready availability of spreadsheets such as Excel (with



its “Solver” feature) and equation solvers such as Polymath, the above



equations can be solved fairly easily.



3.5 FLOW IN NONCIRCULAR DUCTS



The cross section of a pipe is most frequently circular, but other shapes



may be encountered. For example, the rectangular cross section of many



domestic hotair heating ducts should be apparent to most people living in



the United States. The situation for a horizontal duct is illustrated in Fig.



3.14; the cross-sectional shape is quite arbitrary—it doesn’t have to be



rectangular as shown—as long as it is uniform at all locations. There, A is



the cross-sectional area and P is the wetted perimeter—defined as the



length of wall that is actually in contact with the fluid. For the flow of a



gas, P will always be the length of the complete periphery of the duct; for



liquids, however, it will be somewhat less than the periphery if the liquid



has a free surface and incompletely fills the total cross section.



 The kinetic energy term Δ(u )/2=0.490 ft lb  /lb is small
compared to Δp/ρ = 363.3 ft lb  /lb .



f m



f m



m



4



8



8 2



⬆











Fig. 3.14. Flow in a duct of noncircular cross section.



If τ  is the wall shear stress and there is a pressure drop −Δp over a length



L, a momentum balance in the direction of flow yields:



The pressure drop is therefore:



Thus, the equation for the pressure drop is identical with that of Eqn.



(3.33) for a circular pipe provided that D is replaced by the hydraulic



mean diameter D , defined by:



The reader may wish to check that D  = D for a circular duct. Following



similar lines as those used previously, the frictional dissipation per unit



mass can be deduced as:



and this expression can then be employed for inclined ducts of



noncircular cross section.



Steady flow in open channels



A similar treatment follows for a liquid flowing steadily down a channel



inclined at an angle θ to the horizontal, such as a river or irrigation ditch,



shown in Fig. 3.15. Again, as long as the cross section is uniform along the



channel, it can be quite arbitrary in shape, not necessarily rectangular.



The driving force is now gravity, there being no variation of pressure



because the free surface is uniformly exposed to the atmosphere.



Fig. 3.15. Flow in an open channel.



If the wetted perimeter is again P and the cross-sectional area occupied by



the liquid is A, a steady-state momentum balance in the direction of flow



gives:



Noting that:



division of Eqn. (3.56) by −ρA gives:



in which the second term can be rearranged as:



Comparison with the overall energy balance:



gives the frictional dissipation per unit mass as:



which has exactly the same form as Eqns. (3.54) and (3.55).



Example 3.6—Flow in an Irrigation Ditch



The irrigation ditch shown in Fig. E3.6 has a cross section
that is 6 ft wide × 6 ft deep. It conveys water from location 1
to location 2, between which there is a certain drop in
elevation.



Fig. E3.6. Cross section of irrigation ditch.



With a flow rate of Q = 72 ft /s of water, the ditch is filled to a
depth of 4 ft. If the same ditch, transporting water between
the same two locations, were completely filled to a depth of 6
ft, by what percentage would the flow rate increase? Start by
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applying the overall energy balance between points 1 and 2,
and assume that the friction factor remains constant.



Solution



Apply the energy equation between two points separated by
a distance L: Δ



or,



Whether the ditch is filled to 4 ft or 6 ft, all quantities in Eqn.
(E3.6.1) remain the same except u  and D , so that:



in which c is a factor that incorporates everything that
remains constant.



Case 1. When the ditch is filled to a depth of only 4 ft, the
hydraulic mean diameter is:



But the mean velocity is:



so that the value of the constant in Eqn. (E3.6.2) is:



Case 2. When the ditch is filled to a depth of 6 ft, the
hydraulic mean diameter is:



From Eqns. (E3.6.2) and (E3.6.5), the mean velocity is:



so that the flow rate is now:



The percentage increase in flow rate is therefore:



Thus, the increase in flow rate is somewhat more than the
50% increase in the depth of water. The reason is that the
increased area for flow is accompanied by a somewhat lower
increase in the length of the wetted perimeter.



Pressure drop across pipe fittings



A variety of auxiliary hardware such as valves and elbows is associated



with most piping installations. These fittings invariably cause the flow to



deviate from its normal straight course and hence induce additional



turbulence and frictional dissipation. Indeed, the resulting additional



pressure drop is sometimes comparable to that in the pipeline itself.



The basic procedure is to recognize that the fitting causes an additional



pressure drop that would be produced by a certain length of pipe into



which the fitting is introduced. Therefore, we substitute for the fitting an



extra contribution to the length of the pipe, based on the equivalent



length (L/D)  of the fitting. For example, referring to Table 3.4, three



standard 90  elbows in a 6–in.-diameter line cause a pressure drop that is



equivalent to an extra 45 ft of pipe.



Table 3.4. Equivalent Lengths of Pipe Fittings ,



The gate valve uses a retractable circular plate that normally has one of



two extreme positions: (a) complete obstruction of the flow, or (b)



essentially no obstruction. The gate valve cannot be used for fine control



of the flow rate, for which the globe or needle valve, with an adjustable



plug or needle partly obstructing a smaller orifice, is more effective.



Laminar and turbulent velocity profiles
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 See for example, G.G. Brown et al., Unit Operations, Wiley & Sons, New



York, 1950, p. 140.



 For sudden expansions and contractions, the diameter ratio is given in



Table 3.4; also, the equivalent length in these cases is based on the



smaller diameter.
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The parabolic velocity profile already encountered in laminar flow in a



pipe is again illustrated on the left of Fig. 3.16. On the right, we see for the



first time the general shape of the velocity profile for turbulent flow.



Chapter 9 shows that although in turbulent flow the velocities exhibit



random fluctuations, it is still possible to work in terms of a time-



averaged axial velocity. For simplicity at this stage, we shall still use u to



denote such a quantity, although in Chapter 9 it will be replaced with a



symbol such as .



Fig. 3.16. Laminar and turbulent velocity profiles.



In addition to the generally higher velocities, note that the overall



turbulent velocity profile consists of two profoundly different zones:



1. A very thin region, known as the laminar sublayer, in which turbulent



effects are essentially absent, the shear stress is virtually constant, and



there is an extremely steep velocity gradient. The following equation is



derived in Section 9.7 for the thickness δ of the laminar sublayer relative



to the pipe diameter D as a function of the Reynolds number in the pipe:



Observe that the laminar sublayer becomes thinner as the Reynolds



number increases, because the greater intensity of turbulence extends



closer to the wall.



2. A turbulent core, which extends over nearly the whole cross section of



the pipe. Here, the velocity profile is relatively flat because rapid turbulent



radial momentum transfer tends to “iron out” any differences in velocity.



A representative equation for the ratio of the velocity u at a distance y



from the wall to the centerline velocity u  is:



in which n in the exponent varies somewhat with the Reynolds number, as



in Table 3.5. For n =1/7, Eqn. (3.63) is plotted in Fig. 9.11.



Table 3.5. Exponent n for Equation (3.63)



3.6 COMPRESSIBLE GAS FLOW IN PIPELINES



A complete treatment of compressible gas flow is beyond the scope of this



text, and two important examples—one here and one in the next section—



must suffice.



Most of the discussion so far has involved incompressible fluids—



primarily liquids, although gases may be included in approximate



treatments if the changes in pressure, and hence in the density, are mild.



However, there are situations involving gases in which the density



variations caused by changes in pressure (and possibly temperature) must



be taken into account if completely erroneous results are to be avoided.



An example of this type of flow is closely approximated by the interstate



underground pipeline transport of natural gas, in which the surrounding



ground maintains essentially isothermal conditions.



Therefore, consider the steady flow of an ideal gas of molecular weight M



in a long-distance horizontal pipeline of length L and diameter D, as



shown in Fig. 3.17. The inlet and exit pressures and densities are p , ρ



and p , ρ , respectively. The pipeline is assumed to be sufficiently long in



relation to its diameter that it comes into thermal equilibrium with its



surroundings; thus, the flow is isothermal, at an absolute temperature T .



Fig. 3.17. Isothermal flow of gas in a pipeline.



If the mean velocity is u and the pressure is p, a differential energy



balance over a length dx gives:



Note that the change in kinetic energy cannot necessarily be ignored,



since fluctuations in density will cause the gas either to accelerate or



decelerate. Expansion of the differential, substitution of an alternative



expression for dF, and division by u  produces:



Because of continuity, the mass velocity G = ρu is constant:
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 H. Schlichting, Boundary-Layer Theory, McGraw-Hill, New York, 1955,



p. 403.
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or, since the density is proportional to the absolute pressure:



Also note that:



From Eqns. (3.65), (3.67), and (3.68), there results:



Note that since G is constant, and the viscosity of a gas is virtually



independent of pressure, the Reynolds number, Re = ρuD/μ = GD/μ, is



essentially constant. Hence, the friction factor f , which depends only on



the Reynolds number and the roughness ratio, is justifiably taken outside



the integral in Eqn. (3.69).



Performing the integration:



The mass velocity in the pipeline is therefore:



The last term in the denominator, being derived from the kinetic-energy



term of Eqn. (3.64), is typically relatively small; if indeed it can be ignored



(such an assumption should be checked with numerical values), the



Weymouth equation results:



However, if the ratio of the absolute pressures p2/p1 is significantly less



than unity, the last term in the denominator of Eqn. (3.71) cannot be



ignored. Consider the situation in which the exit pressure p  is



progressively reduced below the inlet pressure, as shown in Fig. 3.18. As



expected, equation (3.71) predicts an initial increase in the mass velocity



G as p  is reduced below p . However, a maximum value of G is eventually



reached when p  has fallen to a critical value  a further reduction in



the exit pressure then apparently leads to a reduction in G.



Fig. 3.18. Mass velocity as a function of the exit pressure.



The critical exit pressure is obtained by noting that at the maximum,



which, when applied to Eqn. (3.71), gives, after some algebra:



which can be solved for . The corresponding maximum mass



velocity G  can be shown to obey the equation :



which can be solved for G  by successive substitution or Newton’s



method.



The curve in Fig. 3.18 in the region 0 <p  <  is actually an illusion



because it would involve a decrease of entropy, and a further reduction of



p  below  does not decrease the flow rate. Instead, the exit pressure



remains at  and there is a sudden irreversible expansion or shock



wave at the pipe exit from  down to the pressure p  (< ) just



outside the exit. The shock occurs over an extremely narrow region of a



few molecules in thickness, in which there are abrupt changes in pressure,



temperature, density, and velocity.



It may also be shown that:



where an asterisk denotes conditions under the maximum mass flow rate.



Also, the corresponding exit velocity:
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 The derivation of Eqn. (3.75) is somewhat tricky. First eliminate ln 



 between Eqns. (3.71) and (3.74), giving:



Then substitute for  from Eqn. (A) in both the numerator and



denominator of Eqn. (3.71). Rearrangement then yields Eqn. (3.75).
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can be interpreted as the velocity of a hypothetical isothermal sound wave



at the exit conditions, since we have the following relations for the velocity



of sound and an ideal gas:



Thus, the velocity of a hypothetical isothermal sound wave is given by:



In practice, however, sound waves travel nearly isentropically, and the



sonic velocity is then:



in which γ = c /c  is the ratio of the specific heat at constant pressure to



that at constant volume.



3.7 COMPRESSIBLE FLOW IN NOZZLES



Another case involving compressible flow occurs with the discharge of a



gas from a high-pressure reservoir through a nozzle consisting of a



converging section that narrows to a “throat,” possibly followed by a



diverging section or “diffuser.” Representative applications occur in the



flow of combustion gases from rockets, steam-jet ejectors (used for



creating partial vacuums by entrainment), the emergency escape of gas



through a rupture disk in a high-pressure reactor, and the generation of



supersonic flows.



As shown in Fig. 3.19, the gas in the reservoir has an absolute pressure p



and a density ρ ; the final discharge is typically to the atmosphere, at an



absolute pressure p . The transfer of gas is rapid and there is little chance



of heat transfer to the wall of the nozzle, so the flow is adiabatic.



Furthermore, since only short lengths are involved, friction may be



neglected, so the expansion is isentropic, being governed by the equation:



Fig. 3.19. Flow through a converging/diverging nozzle.



in which c is a constant and γ = c /c , the ratio of specific heats. An ideal



gas and constant specific heat are assumed.



For horizontal flow between the reservoir and some downstream position



where the velocity is u and the pressure is p, Bernoulli’s equation gives:



in which the integral is:



Because the velocity u  in the reservoir is essentially zero, the last two



equations yield a relation between the velocity and pressure at any point



in the flowing gas:
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 Proof of Eqn. (3.81) is not immediately obvious, so here is one version.



A differential change in the internal energy u (per mole) is:



But for an ideal gas the internal energy depends only on the temperature,



so that:



From Eqns. (1) and (2) we obtain:



Also, for an ideal gas:



But for frictionless adiabatic flow, there is no change in the entropy. Thus,



from Eqns. (3) and (4), assuming constant c :v



so that:



Using Eqn. (4), the temperature ratio may be reexpressed, giving:



or:



But since c  − c  = R for an ideal gas, the exponent in Eqn. (8) simplifies



to:
p v



in which γ = c /c . Thus, the final relation is:p v
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Since m = ρuA at any location, where m is the mass flow rate and A is the



cross-sectional area of the nozzle, Eqn. (3.84) may be rewritten as:



The mass velocity m/A is clearly a maximum at the throat, where it has



the value m/A . However, the pressure at the throat is still a variable, and



a maximum of m/A  occurs with respect to p when:



After some algebra, these last two equations give the critical pressure ratio



at the throat, corresponding to the maximum possible mass flow rate:



After several lines of algebra involving Eqns. (3.81), (3.84), and (3.87), the



corresponding velocity u  at the throat is found to be:



in which the subscript c denotes critical conditions. That is, the gas



velocity at the throat equals the local sonic velocity, as in Eqn. (3.80).



Under these conditions, known as choking at the throat, the critical mass



flow rate m  is:



Now consider what happens for various exit pressures p , decreasing



progressively from the reservoir pressure p :



(A) If the exit pressure is slightly below the reservoir pressure, there will



be a small flow rate, which can be computed from Eqn. (3.85) by



substituting A = A  (the exit area) and p = p . Equation (3.85) then gives



the variation of pressure in the nozzle. The flow is always subsonic.



(B) The same as A, except the mass flow rate is higher.



(C) If the exit pressure is reduced sufficiently, the velocity at the throat



increases to the critical value given by Eqn. (3.88). In the diverging



section, the pressure increases and the flow is subsonic.



(D) For an exit pressure lying between C and E, no continuous solution is



possible. The flow, which is critical, is supersonic for a certain distance



beyond the throat, but there is then a very sudden increase of pressure,



known as a shock, and the flow is thereafter subsonic. The shock is an



irreversible phenomenon, resulting in abrupt changes in velocity,



pressure, and temperature over an extremely short distance of a few



molecules in thickness.



(E) For the same critical mass flow rate as in C, Eqn. (3.85) has a second



root, corresponding to an exit pressure at E in Fig. 3.20. In this case,



however, there is a continuous decrease of pressure in the diffuser, where



the flow is now supersonic.



Fig. 3.20. Effect of varying exit pressure on nozzle flow.



(F) For an exit pressure lower than E, a further irreversible expansion



occurs just outside the nozzle.



If the diffuser section is absent, then the flow is essentially that through



an orifice in a high-pressure reservoir. The flow will be subsonic if the exit



pressure exceeds p . If the exit pressure equals p , then critical flow



occurs with the sonic velocity through the orifice. And if it falls below this



value, critical flow will still occur, but with a further irreversible



expansion just outside the orifice.



3.8 COMPLEX PIPING SYSTEMS



The chemical engineer should be prepared to cope with pumping and



piping systems that are far more complicated than the examples discussed



thus far in this chapter. The only such type of a more complex system to



be considered here is the simplest, which involves steady, incompressible



flow. A modest complication of the systems already studied can be seen by



glancing at the scheme in Fig. E3.7, in which water is pumped from a low-



lying reservoir into a pipe that subsequently divides into two branches in



order to feed two elevated tanks.



Although the details of solution of these problems depends on the



particular situation, the general approach is first to subdivide the system



into a number of discrete elements or units such as tanks, pipes, and



pumps. Each such element typically lies between two junction points or



nodes, at each of which it is connected to one or more other adjoining



elements. A system of simultaneous equations based on the following



principles is then developed:
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(a) Continuity of mass (or volume, for an incompressible fluid): at any



node, the sum of the incoming flow rates must equal the sum of the



outgoing flow rates. For example, if pipe A leads into a node, and pipes B



and C leave from it:



(b) An energy balance for every segment of pipe that connects two nodes.



It is customary to replace the mean velocity with the volumetric flow rate:



so that a representative energy balance is:



(c) An equation for each pump, such as:



in which a and b are coefficients that depend on the particular pump. The



second version in Eqn. (3.93) would only be used if any two of the



following variables were specified: (a) the pump inlet pressure, (b) the



pump discharge pressure, and (c) the work performed per unit mass



flowing.



The system of simultaneous equations will be nonlinear, because of the Q



terms appearing in the pipe and pump equations, and can be solved for



the unknown pressures and flow rates by methods that are largely



governed by the complexity of the system:



(a) For systems with a modest number of nodes—say no more than 20—



standard software such as Excel or Polymath can be employed. Each such



solution, similar to that explained in Example 3.7 below, will be specific to



the particular problem at hand, and cannot be generalized to other



situations.



(b) For larger systems, especially when many piping and pumping



problems are to be investigated, a general-purpose computer program can



be written, which will accomplish the following steps:



(i) Read information about the various elements, their characteristic



parameters (such as the length of a pipe), and how they are connected to



one another.



(ii) Read information about the required system performance. For



example, the pressure at the free surface of water in a tower would



normally be set to zero gauge, and a delivery rate of 1,000 gpm might be



needed from a certain fire hydrant.



(iii) Apply the continuity principle to each node at which the pressure is



not specified, leading to a system of simultaneous nonlinear equations in



the unknown nodal pressures.



(iv) Call on a standard general-purpose nonlinear simultaneous equation



solving routine, typically involving the Newton-Raphson method, to



calculate the unknown nodal pressures.



(v) When all the pressures have been calculated, solve for all the unknown



flow rates.



(vi) Present the results in a useful format.



These steps are illustrated for a simple system in Example 3.7.



Example 3.7—Solution of a Piping/Pumping Problem



Consider the installation shown in Fig. E3.7, in which friction
for the short run of pipe between the supply tank and pump
can be ignored, and in which nodes 1 and 2 are essentially at
the same elevation. The equation for the pressure increase
(psi) across the centrifugal pump is (see Eqn. (4.4)):



in which a = 72 psi and b = 0.0042 psi/(gpm) . The friction
factors in the three pipes are f  =0.00523, f  =0.00584, and
f  =0.00556, and the density of the water being pumped is ρ
=62.4 lb /ft .



Other parameters are given in Tables E3.7.1 and E3.7.2.
Assume that the pipe lengths have already included the
equivalent lengths of all fittings and valves.



Table E3.7.1. Nodal Elevations



Table E3.7.2. Pipeline Parameters



Fig. E3.7. Pumping and piping installation.



FA FB



FC



m



2



2



3



⬆











Solution



By dividing Eqn. (3.92) by g, inserting the value for π, and
substituting appropriate conversion factors, the energy
balance for a pipe element becomes:



in which the variables have the following units: z, ft; p, psi; ρ,
lb /ft ; Q, gpm; L, ft; g, ft/s ; and D, in. The energy balance is
now applied three times:



Between points 2 and 3 f  = z  − z  + 4.636 × 10



Between points 3 and 4



Between points 3 and 5



Considerations of continuity at the branch point 3 and the
performance of the pump give:



Continuity at point 3



Table E3.7.3. Results from the Spreadsheet



These last relationships represent five simultaneous
nonlinear equations. The values of the five unknowns p , p ,
Q , Q , and Q  are found by using the Excel Solver, for
which the results are shown in Table E3.7.3. The strategy is
governed by noting that although each of the f ,i =1,..., 5
should equal zero at convergence, the Solver can only
minimize a single cell. Therefore, the cell identified as “Sum”



is the sum of the absolute values, 



and if this is brought close to zero, then all the individual f
values must also be essentially zero.



The same final values for the two unknown pressures and the
three flow rates are obtained for different starting estimates of
these five variables. Observe that each of the f  values is
essentially zero, and that continuity is observed: Q  = Q +
Q . Solutions for the same basic configuration of tanks,
pump, and pipes, but with, for example, different elevations
and pump characteristics, could easily be obtained by
changing the appropriate input cells and repeating the
solution. However, if a different system were to be
investigated, the structure of the spreadsheet would have to
be changed.



For simplicity in this example, constant yet realistic values
were specified for the friction factors in the pipes A, B, and C.
A simple extension would be to incorporate extra cells to
allow for variability with the Reynolds number and roughness
ratio, as in Eqn. (3.50).



PROBLEMS FOR CHAPTER 3



Unless otherwise stated, all piping is Schedule 40 commercial steel; for



water: ρ = 62.3 lb /ft  = 1,000 kg/m , μ = 1.0 cP.



1. Momentum flux in laminar flow—M . For laminar flow in a pipe, derive



an expression for the total momentum flux per unit mass flowing in terms



of the mean velocity u .



2. Switching oil colors—M (C). For the laminar velocity profile u =



α(a −r ), prove that the fraction f of the total volumetric flow rate that



occurs between the wall and a radial location r = R is given by:



Oil colored with fluorescein is in laminar flow with mean velocity u  in a



long pipe of length L, when the stream at the inlet is suddenly switched to



colorless oil. Draw a diagram showing a representative location of the



interface between the colorless and colored oil, after the colorless oil has



started appearing at the pipe exit. How long a time t will it take, as a



multiple of L/u , for the flow at the exit to consist of 99% colorless oil?



3. Laminar tank draining—M . The tank and pipe shown in Fig. P3.3 are



initially filled with a liquid of viscosity μ and density ρ. Assuming laminar



flow, taking pipe friction to be the only resistance, and ignoring exit



kinetic-energy effects, prove that the time taken to drain just the tank is:



m



1 3 2



2 3



A B C



i



i



i



A B



C



m



m



m



m



3 2



3



3 3



2 2



⬆











Fig. P3.3. Tank draining in laminar flow.



4. Friction factor plot—E . On your friction factor plot, check the



following concerning the Fanning friction factor:



(a) That f  = 16/Re for the laminar-flow regime.



(b) That the label F/[(4Δx/D)(V /2)], which appears in some other



published friction factor plots, is the same as f  = τ /( ρu ).



(c) The accuracy of the Blasius equation in the region 5,000 < Re <



100,000.



Fig. P3.5. Horizontal ring main.



5. Flow in a ring main—M . Fig. P3.5 shows a horizontal ring main,



which consists of a continuous loop of pipe, such as might be used for



supplying water to various points on one floor of a building. Water enters



the main at A at 50 psig, and is discharged at B and C at rates of 20 gpm



and 60 gpm, respectively. Tests on the particular pipe forming the main



show that the frictional pressure drop (psi) is given by −Δp =0.0002 Q L,



where L is the length of pipe in feet and Q is the flow rate in gpm.



Estimate the flow rate in the section AC and the pressure at B. Was the



flow during the tests laminar or turbulent?



6. Pipeline corrosion—E . A horizontal pipeline is designed for a given ε,



L, Q, ρ, μ, and Δp, where all symbols have their usual meanings, and the



resulting diameter is calculated to be a certain value D. It is then found



that scaling or corrosion is likely to occur, and that ε may rise tenfold,



giving f  about twice as large as originally thought.



In order to maintain the same values for Q and Δp, by what ratio should



the design diameter be increased over its original value to allow for



scaling and corrosion?



7. Two Reynolds numbers—E . A liquid flows turbulently through a



smooth horizontal glass tube with Re = 10,000. A value of f  = 0.0080 is



indicated by the friction-factor diagram. If the flow rate through the same



tubing is increased tenfold, with Re = 100,000, the friction factor falls to



0.0045. At the higher flow rate, would you expect the frictional pressure



drop per unit length to increase or decrease? By what factor?



8. Erroneous friction factor—E . Water is flowing turbulently at a mean



velocity of u  = 10 ft/s in a 1.0-in. I.D. horizontal pipe, and the Fanning



friction factor is f = 0.0060. What error in the pressure drop would ensue



if (erroneously) the assumption were made that the flow was laminar,



abandoning the previous value of the friction factor?



Fig. P3.9. “Pumping” kerosene.



9. Pumping kerosene—M . Fig. P3.9 shows how nitrogen gas under a



pressure p  = 15.0 psig can be used for “pumping” kerosene at 75 F (ρ =



51.0 lb /ft , μ = 4.38 lb /ft hr) through an elevation increase of 20 ft. If



there is an effective length (including fittings) of 150 ft of nominal 2-in.



pipe between the two tanks, what is the flow rate of kerosene in gpm?



Neglect exit kinetic-energy effects.
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10. Lodge water supply—M . A mountain water reservoir in a national



park is to provide water at a flow rate of Q = 200 gpm and a minimum



pressure of 40 psig to the lodge in the valley 200 ft below the reservoir. If



the effective length of pipe is 2,000 ft, what is the minimum standard pipe



size that is needed? Neglect exit kinetic-energy effects.



Fig. P3.11. Hydroelectric installation.



11. Hydroelectric installation—M . Fig. P3.11 shows a small hydroelectric



installation. Water from the large mountain reservoir flows steadily



through a steel pipe of 12 in. nominal diameter and effective length 1,500



ft into a turbine. The water is ultimately discharged through a short length



of 12-in. pipe to the atmosphere, where the elevation is 600 ft below the



surface of the reservoir.



If the water flow rate is 12.5 ft /s, and the turbine/generator produces 425



kW of useful electrical power, estimate the following:



(a) The efficiency of the turbine/generator combination.



(b) The pressure (psig) at the inlet to the turbine.



(c) The power (kW) dissipated by pipe friction.



(d) The velocity gradient (s 1) at the pipe wall.



Also, what would probably happen if during an emergency a large gate



valve at the turbine inlet were suddenly closed during a period of a few



seconds?



Data:     Internal diameter of pipe = 11.939 in.



              Effective roughness = 0.00015 ft.



              Viscosity of water = 1.475 cP.



12. Drilling mud circulation—M . Prove that the equivalent or hydraulic



mean diameter for flow in the annular space between two concentric



cylinders of diameters d  and d  is given by D  = d  − d .



Fig. P3.12. Drilling mud circulation system.



Fig. P3.12 illustrates the mud-circulation system on an oil-well drilling



rig. Drilling mud from a mixing tank T flows to the inlet of the pump P,



which discharges through BD to the inside of the drill pipe DE. During



drilling, the mud flow is to be steady at Q = 100 gpm. The mud is a



Newtonian liquid with μ =5.0 cP at the average flowing temperature of 70



F, and its density, due to weighing agents and other additives, is ρ =67



lb /ft .



The drill pipe DE, of depth 10,000 ft, is surrounded by the casing C. At



the bottom, the mud jets out through the drill bit and recirculates back



through the annular space to F, where it is piped back to the tank T. The



surface piping has a total equivalent length (including all valves, elbows,



etc.) of 1,000 ft. The mild steel piping has a roughness ε = 0.00015 ft.



Other properties of the piping are given in Table P3.12.



Table P3.12. Data for pipes (all Schedule 80)



Calculate:



(a) The flow rate Q in ft /s throughout the system.



(b) The mean velocities (ft/s) in the surface piping, the drill pipe, and the



annular space between the casing and the tubing.



Then, assuming for the moment that all friction factors are the same,



show that the frictional dissipation F for the annular space is likely to



contribute only on the order of 1% to F for the surface and drill pipe, and



may therefore be reasonably neglected.



Finally, if the pump is running at 79% overall efficiency, compute the



required pumping horsepower, within 2%.



13. Pumping and piping—M . Fig. P3.13 shows a centrifugal pump that is



used for pumping water from one tank to another through a 1,000 ft



(including fittings) nominal 4-in. I.D. pipeline.



Prove that the pressure drop (psi) in the pipeline between points 2 and 3



is given closely in terms of the flow rate Q (ft /s) by:
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in which f  is the Fanning friction factor.



Fig. P3.13. Pumping installation.



The performance curve for the pump has been determined, and relates



the pressure increase Δp (psi) across the pump to the flow rate Q (ft /s)



through it:



If the viscosity of the water is 1 cP, determine:



(a) The flow rate Q (ft /s).



(b) The pressure increase across the pump, Δp (psi).



(c) The Reynolds number Re in the pipeline.



(d) The Fanning friction factor, f .



14. Ring main for fire hydrants—D. Prove for flow of water in an inclined



pipe that:



Here, the symbols have their usual meanings, but the following units have



been used: Δz (ft), Δp (psi), Q (gpm), L (ft), and D (in.).



Fig. P3.14. Ring main for feeding fire hydrants.



Fig. P3.14 shows a pump that takes its suction from a pond and discharges



water into a ring main that services the fire hydrants for a chemical plant.



All pipe is nominal 6-in. I.D. At the pump exit, the pipe immediately



divides into two branches. Points 1 and 2 are essentially at the same



elevation, and losses before the pump may be neglected.



If the pump exit pressure—which is also the pressure p  at the dividing



point 2—is 85 psig, determine the total flow rate coming from both



branches through a fire hydrant at point 3, whose elevation is 100 ft above



the pump exit, if the delivery pressure is p  = 20 psig. The effective



distances (including all fittings) between points 2 and 3 are 1,000 ft and



2,000 ft for the shorter and longer paths, respectively. Take only a single



estimate of the Fanning friction factor—don’t spend time refining it by



iteration. Also, if the pump and its motor have a combined efficiency of



75%, what power (HP) is needed to drive the pump?



15. Optimum pipe diameter—D. A pump delivers a power P kW to



transfer Q m3/s of crude oil of density ρ kg/m  through a long-distance



horizontal pipeline of length L m, with a friction factor f . The installed



cost of the pipeline is $c D L (where m =1.4) and that of the pumping



station is $(c  + c P ); both these costs are amortized over n years.



Electricity costs $c  per kWh and the pump has an efficiency η. The values



of c , c , c , and c  are known. The pump inlet and pipeline exit pressure



are the same. If there are N hours in a year, prove that the optimum pipe



diameter giving the lowest total annual cost is:



If c  =2,280, c  =95,000, c  = 175, c  =0.11, ρ = 850, L =50,000, η =0.75,



and f = 0.0065, all in units consistent with the above, evaluate D  for all



six combinations of Q = 0.05, 0.2, and 0.5 m /s, with n = 10 and 20 years.



16. Replacement of ventilation duct—M . An existing horizontal



ventilation duct of length L has a square cross section of side d. It is to be



replaced with a new duct of rectangular cross section, d × 2d. Due to



complications of installing the larger duct, its length will be 2L. If the



overall pressure drop is unchanged, what percentage improvement in



volumetric flow rate may be expected with the new duct? Neglect all losses



except wall friction, and assume for simplicity that the dimensionless wall



shear stress f  = τ / ρu  has the same value in both cases.



17. Flow in a concrete aqueduct—M . An open concrete aqueduct of



surface roughness ε = 0.01 ft has a rectangular cross section. The



aqueduct is 10 ft wide, and falls 10.5 ft in elevation for each mile of length.



It is to carry 150,000 gpm of water at 60 F. If f  = 0.0049, what is the



minimum depth needed if the aqueduct is not to overflow?



18. Natural gas pipeline—M . Natural gas (methane, assumed ideal)



flows steadily at 55 F in a nominal 12-in. diameter horizontal pipeline
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that is 20 miles long, with f  = 0.0035. If the inlet pressure is 100 psia,



what exit pressure would correspond to the maximum flow rate through



the pipeline? If the actual exit pressure is 10 psia, what is the mass flow



rate of the gas (lb /hr)?



19. Pumping ethylene—D. Ethylene gas is to be pumped along a 6-in. I.D.



pipe for a distance of 5 miles at a mass flow rate of 2.0 lb /s. The delivery



pressure at the end of the pipe is to be 2.0 atm absolute, and the flow may



be considered isothermal, at 60 F. If f = 0.0030, calculate the required



inlet pressure. Assume ideal gas behavior, and justify any further



assumptions.



20. Fluctuations in a surge tank—D. The installation shown in Fig. P3.20



delivers water from a reservoir of constant elevation H to a turbine. The



surge tank of diameter D is intended to prevent excessive pressure rises in



the pipe whenever the valve is closed quickly during an emergency.



Assuming constant density, neglecting (because of the relatively large



diameter of the surge tank) the effects of acceleration and friction of water



in the surge tank, and allowing for possible negative values of u, prove



that a momentum balance on the water in the pipe leads to:



Here, h = height of water in the surge tank (h  under steady conditions),



f  = Fanning friction factor, u = mean velocity in the pipe, g =



gravitational acceleration, and t = time.



Fig. P3.20. Surge tank for turbine installation.



Also, prove that:



The flow rate Q  through the valve in the period 0 ≤ t ≤ t , during which it



is being closed, is approximated by:



where the constant k depends on the particular valve and the downstream



head h  depends on the particular emergency at the turbine.



What is the physical interpretation of h ? During and after an emergency



shutdown of the valve, compute the variations with time of the velocity in



the pipe and the level in the surge tank. Euler’s method for solving



ordinary differential equations is suggested, either embodied in a



computer program or in a spreadsheet. Plot u and h against time for 0 ≤ t



≤ t , and give a physical explanation of the results.



Test Data



g = 32.2 ft/s , H = 100 ft, h  = 88 ft, f  = 0.0060, L = 2,000 ft, d = 2 ft, t



= 6 s, k = 21.4 ft .5/s, t  = 500 s, and D = 4 ft. Take two extreme values



for h : (a) its original steady value, h  − Q /k , where Q  is the original



steady flow rate, and (b) zero.



21. Laminar sublayer in turbulent flow—E . Fig. P3.21 shows a highly



idealized view of the velocity profile for turbulent pipe flow of a fluid.



Assume that a central turbulent core of uniform velocity u  occupies



virtually all of the cross section, and that there is a very thin laminar



sublayer of thickness δ between it and the wall.



Fig. P3.21. Turbulent velocity profile with laminar sublayer.



If the viscosity of the fluid is μ, write down a formula for the wall shear



stress τ  in terms of μ, u , and δ . If the Fanning friction factor is given by



the Blasius equation, derive a formula for the dimensionless ratio δ/D



(where D is the pipe diameter) in terms of the Reynolds number, Re.



Evaluate this ratio for Re = 10 , 10 , and 10 , and comment on the results.



22. Reservoir and ring main—M . (a) For fluid flow in a pipeline, starting



from Eqn. (3.36), prove that the frictional dissipation per unit mass is



given by:



Here, Q is the volumetric flow rate, and all other symbols have their usual



meanings.



Fig. P3.22. Water distribution system.



Fig. P3.22 shows a horizontal ring main that is supplied with water from a



reservoir of elevation H, via a pipeline of diameter D and length L.



Between nodes 2 and 3, the ring main has two equal legs, each of diameter



D and length 2L. Kinetic-energy changes may be ignored.



(b) Derive an expression for the flow rate Q from a hydrant at node 3,



where the required gauge delivery pressure is p . Your answer should give



Q in terms of L, H, c, g, p , and ρ. Hint: use an energy balance in two
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stages, first between nodes 1 and 2, and then between nodes 2 and 3,



along just one of the two identical legs.



(c) If the pipeline is Schedule 40 commercial steel with a nominal



diameter of 12 in., and if the Reynolds number is very high, what is a good



estimate for f  ? For H = 250 ft, p  = 20 psig, and L =2,500 ft, determine



Q in ft /s. Use just one value for f —do not iterate.



23. Another ring main—M (C). Cooling water is supplied to a factory by a



horizontal ring main ABCDEA of 1-ft-diameter pipe. Water at 100 psig is



fed into the main at point A. Table P3.23 shows (a) where the water is



subsequently withdrawn, and (b) the distances along each leg of the main.



Table P3.23. Withdrawal Points and Leg Lengths



At which point does the flow reverse in the main? Calculate the least



pressure in the system. Assume f  =0.0040 throughout.



24. Leaking flange—D (C). Prove that for unidirectional viscous flow



between parallel plates separated by a distance h, the pressure gradient is



−12μu /h , in which μ is the fluid viscosity and u  is the mean velocity.



Fig. P3.24. Liquid leakage in a flange.



Viscous liquid is contained, at gauge pressure P , within a pipe of diameter



D =2R having flanges of outer diameter 2mR, as indicated in Fig. P3.24. A



leak develops, so that the fluid flows radially outward through the gap h



between the flanges. Neglecting inertial effects, show that the flow rate Q



due to leakage and the axial thrust F on one flange are:



25. Comparison of friction factor formulas—M . The Shacham explicit



formula for the Fanning friction factor, f , was presented in Eqn. (3.41) as



an accurate alternative to the implicit Colebrook and White formula of



Eqn. (3.39). Use a spreadsheet to compare the values given by both



formulas for all 36 combinations of ε/D = 0.05, 0.01, 0.001, 10 4, 10 5,



and 10 6, and Re = 4,000, 10 , 10 , 10 , 10 , and 10 . What are (a) the



average, and (b) the maximum percentage deviations of the values given



by the Shacham formula as compared to those from the Colebrook and



White formula?



26. General purpose spreadsheet for simple piping problems—D. Write a



general purpose single spreadsheet that will accommodate the solution



for as wide a variety as possible of simple piping problems. Make sure that



it can handle Case 1–, 2–, and 3–type problems, for which the



spreadsheet should be printed. Give some accompanying text, describing



your method.



27. Rise of liquid in a capillary tube—M . A long vertical tube of very



narrow internal diameter d is dipped just below the surface of a liquid of



density ρ, viscosity μ, and surface tension σ. Assuming that the liquid wets



the tube with zero contact angle, derive an expression for the time t taken



for the liquid to rise to a height H in the tube. Assume laminar flow and



neglect kinetic-energy effects.



Hint: First consider the situation where the liquid has risen to an



intermediate height h; at this moment, derive an expression for the mean



upward velocity u  in terms of ρ, g, σ, μ, h, and d.



Fig. P3.28. Two pumps feeding to an upper tank.



28. Complex piping system—D. Consider the piping system shown in Fig.



P3.28. The pressures p  and p  are both essentially atmospheric (0 psig);



there is an increase in elevation between points 4 and 5, but pipes C and D



are horizontal. The head-discharge curves for the centrifugal pumps can



be represented by:



in which Δp is the pressure increase in psig across the pump, Q is the flow



rate in gpm, and a and b are constants depending on the particular pump.
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Use a spreadsheet that will accept values for a , b , a , b , z  − z , D , L ,



D , L , D , L , and the Fanning friction factor (assumed constant



throughout). Then solve for the unknowns Q , Q , Q , p , p , and p .



Take z  − z  = 70 ft, f = 0.00698, with other parameters given in Tables



P3.28.1 and P3.28.2.



Table P3.28.1. Pump Parameters



Table P3.28.2. Pipe Parameters



Assume that the above pipe lengths have already included the equivalent



lengths of all fittings and valves.



29. Liquid oscillations in U-tube—M . Your supervisor has proposed that



the density of a liquid may be determined by placing it in a glass U-tube



and observing the period of oscillations when one side is momentarily



subjected to an excess pressure that is then released. She suggests that the



longer periods will correspond to the denser liquids. Conduct a thorough



analysis to determine the validity of the proposed method. For simplicity,



neglect friction.



30. Energy from a warm mountain?—D. Consider a tunnel or shaft



entering the base of a mountain and leaving at its summit. If the desert



sun maintains the mountain at a warm temperature, but the outside air



cools significantly at night, evaluate the prospects of generating power at



night by installing a turbine in the tunnel.



31. Laminar flow in a vertical pipe—E. Repeat the analysis in Section 3.2,



but now for upward flow in a vertical pipe. Prove that the velocity is:



32. Aspects of laminar pipe flow—M. A polymer of density ρ = 0.80



g/cm  and viscosity μ = 230 cP flows at a rate Q =1,560 cm /s in a



horizontal pipe of diameter 10 cm. Evaluate the following, all in CGS



units: (a) the mean velocity, u ; (b) the Reynolds number Re, hence



verifying that the flow is laminar; (c) the maximum velocity, u ; (d) the



pressure drop per unit length, −dp/dz; (e) the wall shear stress, τ ; (f) the



Fanning friction factor, f ; and (g) the frictional dissipation F for 100 cm



of pipe.



33. Viscous flow in a plunger—M. A tube of diameter D =2.0 cm and



length L = 100 cm is initially filled with a liquid of density ρ =1.0 g/cm



and viscosity μ = 100 P. It is then drained by the application of a constant



force F =10  dynes to a plunger, as shown in Fig. P3.33.



Fig. P3.33. Draining a tube with a plunger.



Assuming laminar flow, compute the time to expel one-half of the liquid.



Then check the laminar flow assumption.



34. True/false. check true or false, as appropriate:



(a) The Reynolds number is a measure of the ratio of inertial forces to



viscous forces.



T  F 



(b) The distribution of shear stress for laminar flow in a pipe varies



parabolically with the radius.



T  F 



(c) For laminar flow in a pipe, the shear stress τ varies linearly with



distance from the centerline, whereas for turbulent flow it varies as the



square of the distance from the centerline.



T  F 



(d) The Hagen-Poiseuille law predicts how the shear stress varies with



radial location in laminar pipe flow.



T  F 



(e) For laminar flow in a horizontal pipeline under a constant pressure



gradient, a doubling of the diameter results in a doubling of the flow rate.



T  F 



(f) For laminar flow in a pipe with mean velocity u , the kinetic energy



per unit mass is one-half the square of the mean velocity, namely, u /2.



T  F 



(g) The kinetic energy per unit mass flowing is approximately u /2 for



turbulent flow in a pipe.



T  F 
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(h) Referring to Fig. 3.7, when the person jumps to trolley B, trolley A will



decelerate because it is losing momentum.



T  F 



(i) Newton’s law relating shear stress and viscosity can be related to the



transfer of momentum on a molecular scale.



T  F 



(j) A friction factor is a dimensionless wall shear stress.



T  F 



(k) The viscosity of an ideal gas increases as the pressure increases,



because the molecules are closer together and offer more resistance.



T  F 



(l) In turbulent flow, the eddy viscosity ε is usually of comparable



magnitude to the molecular viscosity μ.



T  F 



(m) A simple eddy transport model for the turbulent shear stress predicts



a constant friction factor.



T  F 



(n) When a frictional dissipation term F has been obtained for horizontal



flow, it may then be used for flow in an inclined pipe for the same flow



rate.



T  F 



(o) The Shacham equation is explicit in the friction factor.



T  F 



(p) The frictional dissipation term for pipe flow is given by 2f ρu L/D



(energy/unit mass).



T  F 



(q) For a rough pipe, the Fanning friction factor keeps on decreasing as



the Reynolds number increases.



T  F 



(r) If in a piping problem the diameter of the pipe, its roughness, the flow



rate, and the properties of the fluid are given, a few iterations will



generally be needed in order to converge on the proper value of the



friction factor and hence the pressure drop.



T  F 



(s) If the friction factor and pressure gradient in a horizontal pipeline



remain constant, a doubling of the diameter will cause a 16-fold increase



in the flow rate.



T  F 



(t) For a given volumetric flow rate Q, the pressure drop for turbulent flow



in a pipe is approximately proportional to 1/D , where D is the pipe



diameter.



T  F 



(u) For incompressible pipe flow from points 1 to 2, F is never negative in



the relation E  − E  + F = 0, where E is the sum of the kinetic, potential,



and pressure energy. (Assume w = 0.)



T  F 



(v) For pipe flow, the friction factor varies gradually as the Reynolds



number increases from laminar flow to turbulent flow.



T  F 



(w) The Colebrook and White equation is explicit in the friction factor.



T  F 



(x) A hydraulically smooth pipe is one in which the wall surface



irregularities do not protrude beyond the laminar boundary layer next to



the wall.



T  F 



(y) The hydraulic mean diameter for an open rectangular ditch of depth D



and width 3D is 1.5D. (Assume that the ditch is full of water.)



T  F 



(z) The hydraulic mean diameter for a ventilation duct of depth D and



breadth 3D is 2D.



T  F 



(A) For a slightly inclined pipe of internal diameter D that is running half



full of liquid, the equivalent diameter is also D.



T  F 



(B) The effective length of a close return bend in a 6-in. nominal diameter



pipe is about 37.5 ft.



T  F 



(C) The effective length of an open globe valve in a 12-in. nominal



diameter pipe is about 100 ft.
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(D) For turbulent flow, the thickness of the laminar sublayer increases as



the Reynolds number increases.



T  F 



(E) At a Reynolds number of 100,000, the thickness of the laminar



sublayer for pipe flow is roughly one-tenth the diameter of the pipe.



T  F 



(F) In turbulent flow, the laminar sublayer is an extremely thin region



next to the wall, across which there is a significant change in the velocity.



T  F 



(G) For steady flow of a compressible gas in a pipeline, the mass flow rate



is the same at any location.



T  F 



(H) For steady isothermal flow of a compressible gas in a pipeline, the



Weymouth equation is valid if the pipe friction is neglected.



T  F 



(I) For steady isothermal flow of a compressible gas in a pipeline, the



mass flow rate is proportional to the pressure drop.



T  F 



(J) For isothermal flow of a compressible gas in a horizontal pipeline,



some pressure energy is consumed in overcoming friction and in



changing the kinetic energy of the gas.



T  F 











Chapter 4. Flow In chemical Engineering
Equipment



4.1 INTRODUCTION



THIS chapter concludes the presentation of macroscopic topics, by



discussing important applications of fluid mechanics to several chemical



engineering processing operations. Since the variety of such operations is



fairly large, it will be impossible to cover everything; therefore, the focus



will be on a representative set of topics in which the application of fluid



mechanics plays a fundamental role in chemical processing. In fact, the



general theme is the basic theory that underlies a selection of the so-called



“unit operations.” Certain other applications—including those involved in



polymer processing, two-phase flow, and bubbles in fluidized beds—



depend more on microscopic fluid mechanics for their interpretation, and



will be postponed until Chapters 6–11.



In most cases the theory is necessarily simplified, sometimes leading to



approximate predictions. However, the reader should thereby gain a



knowledge of some of the important issues, which will then enable him or



her to make a critical examination of articles in equipment handbooks,



process design software, etc., which will generally be needed if serious



designs of chemical plants are to be made.



The design and use of process equipment lies at the heart of chemical



engineering. Students are encouraged to take every opportunity to see the



wide variety of such equipment firsthand, by visiting chemical



engineering laboratories, chemical plants, oil refineries, sugar mills, paper



mills, glass bottle plants, polymer processing operations, pharmaceutical



production facilities, breweries, and waste-treatment plants, etc. Until



such visits can be made, an excellent substitute is available on a compact



disk produced by Dr. Susan Montgomery and her coworkers.  The CD can



be used on either a PC or a Macintosh computer and consists of many



photographs with accompanying descriptions of equipment, arranged



under the following headings: materials transport, heat transfer,



separations, process vessels, mixing, chemical reactors, process



parameters, and process control. The visual encyclopedia is very easy to



navigate, and four representative windows are reproduced, with



permission, in Figs. 4.1–4.4.



Fig. 4.1. Title window of the visual equipment encyclopedia.



Fig. 4.2. Main menu of the visual equipment encyclopedia.



Fig. 4.3. A typical introductory overview of an item of
equipment—cyclones and hydrocyclones in this instance.



 Material Balances & Visual Equipment Encyclopedia of chemical



Engineering Equipment, CD produced by the Multimedia Education



Laboratory, Department of chemical Engineering, University of Michigan,



Susan Montgomery (Director), 2002.
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Fig. 4.4. A typical window showing further equipment
details.



4.2 PUMPS AND COMPRESSORS



A fluid may be transferred from one location to another in either of two



basic ways:



1. If it is a liquid and there is a drop in elevation, allowing it to fall under



gravity.



2. Passing it through a machine such as a pump or compressor that



imparts energy to it, typically increasing its pressure (sometimes its



velocity), which then enables it to overcome the resistance of the pipe



through which it subsequently flows.



Devices that increase the pressure of a flowing fluid usually fall into one of



the following two main categories, the first of which is subdivided into two



sub-categories:



1. Positive displacement pumps, whose nature is either reciprocating or



rotary.



2. Centrifugal pumps, fans, and blowers.



Reciprocating positive displacement pumps



Fig. 4.5 shows how a piston moving to and fro in a cylinder is used for



pumping a fluid. The pump is double-acting—the four valves allow fluid to



be pumped continuously, whether the piston is moving to the right or the



left. The particular instant shown is when the piston is moving to the



right. Valve D is closed and fluid is being pumped from the right-hand



side of the cylinder through the open valve C to the outlet;



simultaneously, valve B is open and fluid is being sucked from the inlet



into the left-hand side of the cylinder. In the return stroke, only valves A



and D would be open, pumping fluid from the left-hand side to the outlet



while filling up the right-hand side from the inlet.



Fig. 4.5. Idealized reciprocating positive displacement
pump.



Reciprocating pumps may be used for both liquids and gases, and are



excellent for generating high pressures. In the case of gases—for which the



pump is called a compressor—there is a significant temperature rise, and



intercoolers will be needed if several pumps are used in series in order to



produce very high pressures. A variation that avoids friction between the



piston and cylinder in order to make a tight seal is to have a pulsating



flexible diaphragm. To avoid damage to reciprocating pumps, a provision



must be made for automatic opening of a relief valve or recycle line if a



valve on the outlet side is inadvertently closed.



Rotary positive displacement pumps



Fig. 4.6 shows how two counter-rotating double lobes inside a casing can



be used for boosting the pressure of a fluid between inlet and outlet. A



variety of other configurations is possible, such as two triple lobes or two



intermeshed gears. The rotary pump is good for handling viscous liquids,



but because of the close tolerances needed, it cannot be manufactured



large enough to compete with centrifugal pumps for coping with very high



flow rates.



Fig. 4.6. Idealized rotary positive displacement pump.
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Centrifugal pumps



As shown in Fig. 4.7, the centrifugal pump typically resembles a hair drier



without the heating element. The impeller usually consists of two flat



disks, separated by a distance d by a number of curved vanes, that rotate



inside the stationary housing. Fluid enters the impeller through a hole



(location “1”) or “eye” at its center, and is flung outward by centrifugal



force into the periphery of the housing (“2”) and from there to the volute



chamber and pump exit (“3”). Centrifugal pumps are particularly suitable



for handling large flow rates, and also for liquids containing suspended



solids. The following is only an approximate analysis, the key to which



lies in understanding the various velocities at the impeller exit, as follows:



1. The impeller, which has an outer radius r  and rotates with an angular



velocity ω, has a linear velocity u  = ωr  at its periphery.



2. Because the fluid is guided by the vanes, which make an angle β with



the periphery of the impeller, the relative velocity of the fluid to the



impeller, v , must also be in this direction.



3. The actual fluid exit velocity, as would be seen by a stationary observer,



is c , the resultant of u  and v .



4. This fluid velocity, c , has a radially outward component f , related to



the flow rate through the pump by Q =2πr df .



5. Further, the actual velocity c  has a component w  tangential to the



impeller, and this is known as the “swirl” velocity.



Fig. 4.7. Details of a centrifugal pump.



There is a similar set of velocities at the impeller inlet, but they are



significantly smaller and may be disregarded in an introductory analysis.



From Eqn. (2.75), the torque needed to drive the impeller and hence the



power transmitted to the fluid are:



where m is the mass flow rate through the pump; note the use of the swirl



velocity. The additional head Δh imparted to the fluid is the energy it



gains per unit mass, divided by the acceleration of gravity:



Within the impeller, this increased head is reflected largely by an increase



in the fluid velocity from its entrance value to c . However, in the volute



chamber, there is subsequently a decrease in the velocity, so that the



kinetic energy just gained is converted to pressure energy. Thus, the



overall pressure increase is:



in which the last approximation—assuming w  . = u —will be seen from



Fig 4.3(d) to be realistic at low flow rates, for which f  is small. Note that



Eqn. (4.2) predicts that Δh should decline linearly with increasing flow



rate, which is proportional to f . This declining head/discharge



characteristic is a direct result of the “swept-back” vanes (β < 90 ), and is



a desirable feature in preserving stability in some pumping and piping



schemes; swept-forward vanes are generally undesirable.



In practice, because of increased turbulence and other losses, Δh is found



not to decline linearly with increasing flow rate Q, but in the manner



shown in Fig. 4.8. In many cases, the curve is satisfactorily represented by
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the following relation, where a, b, and n are constants, with n often



approximately equal to two:



Fig. 4.8. Head/discharge curve for centrifugal pump.



In addition, the above simplified analysis suggests two dimensionless



groups that can be used for all pumps of a given design that are



geometrically similar— that is, apart from size, they look alike. If N



denotes the rotational speed of the impeller:



The pressure increase at low flow rates is then approximately:



so that the dimensionless group Δp/(ρD N ) should be roughly constant



at low flow rates.



The volumetric flow rate is obtained by multiplying the area πDc D



between the disks of the impeller (the gap width c D increases linearly



with D for a given pump design) by the radially outward velocity c u



(this simple theory proposes that the flow rate is roughly proportional to



the tangential velocity of the impeller), where c  and c  are constants, so



that:



Substitution of u  from (4.5) gives:



Thus, the dimensionless group Q/(ND ) should be roughly constant at low



flow rates. In practice, the assumptions made above fail progressively as



the flow rate increases. Nevertheless, the two dimensionless groups



derived above—for the pressure increase and flow rate—are usually



adequate to characterize all pumps of a given design, no matter what the



flow rate. Thus, all such pumps can be characterized by the single curve



shown in Fig. 4.9; it is the values of the two groups that count, not the



individual values of Δp, ρ, D, Q, and N.



Fig. 4.9. General characteristic curve for centrifugal pump.



Example 4.1—Pumps in Series and Parallel



For a certain type of centrifugal pump, the head increase Δh
(ft) is closely related to the flow rate Q (gpm) by the equation:



where a and b are constants that have been determined by
tests on the pump. Two identical such pumps are now
connected together, as shown in Fig. E4.1(a), either in series
or in parallel.



Fig. E4.1. (a) Centrifugal pump arrangements: (i)
a single pump, (ii) two in series, (iii) two in
parallel.



Derive expressions for the head increases Δh  and Δh  for
these two arrangements in terms of the total flow rate Q
through them. Also, display the results graphically for the
values a = 25 ft and b = 0.0025 ft/(gpm) .



Solution



When the pumps are in series, the head increases are
additive, and the total increase is double that for the single
pump:



For the parallel configuration, the flow through each pump is
only Q/2. The overall head increase is the same as that for
either pump singly:



For the given values of the constants, the results are shown
in Fig. E4.1(b). Observe that the series and parallel
configurations are useful for allowing operation with
increased head and flow rate, respectively.
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Fig. E4.1. (b) Performance curves for three
different pump arrangements.



4.3 DRAG FORCE ON SOLID PARTICLES IN FLUIDS



Fig. 4.10(a) shows a stationary smooth sphere of diameter D situated in a



fluid stream, whose velocity far away from the sphere is u  to the right.



Except at very low velocities, when the flow is entirely laminar, the wake



immediately downstream from the sphere is unstable, and either laminar



or turbulent vortices will constantly be shed from various locations



around the sphere. Because of the turbulence, the pressure on the



downstream side of the sphere will never fully recover to that on the



upstream side, and there will be a net form drag to the right on the



sphere. (For purely stable laminar flow, the pressure recovery is complete,



and the form drag is zero.) In addition, because of the velocity gradients



that exist near the sphere, there will also be a net viscous drag to the



right. The sum of these two effects is known as the (total) drag force, F . A



similar drag occurs for spheres and other objects moving through an



otherwise stationary fluid.it is the relative velocity that counts. And if



both the fluid and the solid object are moving with respective velocities V



and V , the drag force is in the direction of the relative velocity V  . V .



Fig. 4.10. (a) Flow past a sphere.



Fig. 4.10. (b) Instantaneous velocity contour plots for flow
past a cylinder, produced by the Fluent computational fluid
dynamics program at Re = 100. After being shed from the
cylinder, the vortices move alternately clockwise (top row)
and counterclockwise (bottom row). Courtesy Chi-Yang
cheng, Fluent, Inc.



In Part II of this book we shall include several examples in which flow



patterns can be simulated on the computer—a field known as



computational fluid dynamics or CFD. One of these examples appears at



the end of Chapter 13, but since it involves flow past a cylinder (somewhat



similar to a sphere) it is appropriate to reproduce part of it here, in Fig.



4.10(b). For the case here (Re = 100) the flow is laminar but unsteady,



and the diagram shows contours of equal velocities at one instant. As time



progresses, the pattern oscillates as the vortices are shed from alternate



sides of the cylinder.



The analysis is facilitated by recalling that there is a correlation for flow in



smooth pipes between two dimensionless groups—the friction factor (or



dimensionless wall shear stress) and the Reynolds number:



In the same manner, the experimental results for the drag on a smooth



sphere may be correlated in terms of two dimensionless groups—the drag



coefficient C  and the Reynolds number:



in which A  = πD /4 is the projected area of the sphere in the direction of



motion, and ρ and μ are the properties of the fluid.



The resulting correlation for the “standard drag curve” (SDC) is shown in



Fig. 4.11 for the curve marked ψ = 1 (the other curves will be explained



later), in a graph that has certain resemblances to the friction factor



diagram of Fig. 3.10. There are at least three distinct regions, as shown in



Table 4.1.



Fig. 4.11. Drag coefficients for objects with different values
of the sphericity ψ; the curve for ψ =1 corresponds to a
sphere.
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Table 4.1. Drag Force on a Sphere



Also, D.G. Karamanev has recalled  that the entire curve up to the



“critical” Reynolds number of about 200,000 can be represented quite



accurately by the single equation of Turton and Levenspiel :



Karamanev has also developed an ingenious alternative approach for



determining the velocity at which a particle settles in a fluid—presented



near the end of this section, together with an important observation on



the rise velocities of spheres whose density is significantly less than that



of the surrounding liquid.



In connection with Fig. 4.11, note:



1. The transition from laminar to turbulent flow is much more gradual



than that for pipe flow. Because of the confined nature of pipe flow, it is



possible for virtually the entire flow field to become turbulent; however,



for a sphere in an essentially infinite “sea” of fluid, it would require an



impossibly large amount of energy to render the fluid turbulent



everywhere, so the transition to turbulence proceeds only by degrees.



2. The upper limit for purely laminar flow is about Re = 1, in contrast to



Re = 2,000 for pipe flow. A prime reason for this is the highly unstable



nature of flow in a sudden expansion, which is essentially occurring in the



wake of the sphere.



3. There is a fairly sudden downward “blip” in the drag coefficient at



about Re = 200,000, because the boundary layer on the sphere suddenly



changes from laminar to turbulent. Dimples on a golf ball encourage this



type of transition to occur at even lower Reynolds numbers. (Also see



Section 8.7 for a more complete explanation.)



For the laminar flow region, the law C  = 24/Re easily rearranges to:



which is known as Stokes’ law,  which can also be proved theoretically



(but not easily!), starting from the microscopic equations of motion (the



Navier-Stokes equations).



Stokes, Sir George Gabriel, born 1819 in County Sligo,
Ireland; died 1903 in Cambridge, England. He entered
Pembroke College, Cambridge, graduated with the highest
honors in mathematics in 1841, and was elected a fellow of
his college the same year. Stokes was appointed Lucasian
professor of mathematics in 1849, and was president of the
Royal Society from 1885 to 1890. He excelled in both
theoretical and experimental mathematical physics. His early
papers, published from 1842 to 1850, dealt mainly with
hydrodynamics, the motion of fluids with friction, waves, and
the drag on ships. Later work centered on a wide variety of
topics, including the propagation of sound waves, diffraction
and polarization of light, fluorescence of certain materials
subject to ultraviolet light, optical properties of glass and
improvements in telescopes, Röntgen rays, and differential
equations relating to the stresses and strains in railway
bridges.



Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911).



Nonspherical particles



For particles that are not spheres, two quantities must first be defined:



1. The sphericity ψ of the particle:



It is easy to show that ψ = 1 corresponds to a sphere. Further, sphericities



of all other particles must be less than one, because for a given volume a



sphere has the minimum possible surface area.



2. The equivalent particle diameter, D , defined as the diameter of a



sphere having the same volume as the particle.



The corresponding drag coefficient, again defined by Eqn. (4.10), can then



be obtained from Fig. 4.11, in which D  is involved in the Reynolds



 Based on values published in G.G. Brown et al., Unit Operations, Wiley



& Sons, New York, 1950, p. 76.



 Private communication, March 18, 2002.



 R. Turton and O. Levenspiel, “A short note on the drag correlation for



spheres,” Powder Technology,Vol. 47, p. 83 (1986).



D



 G.G. Stokes, “On the effect of the internal friction of fluids on the motion



of pendulums,” Cambridge Philosophical Transactions, Part II, Vol. IX,



p. 8 (1850).
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number, and ψ is the parameter on a family of curves. The value of A  is



nominally the projected area normal to the direction of flow, but this



definition lacks precision in the case of a moving particle, which could



rotate and lack a constant orientation.



Settling under gravity



Consider the spherical particle of diameter D and density ρ  shown in Fig.



4.12, which is settling under gravity in a fluid of density ρ  and viscosity μ



. A downward momentum balance equates the downward weight of the



sphere minus the upward buoyant force, minus the upward drag force, to



the downward rate of increase of momentum of the sphere:



Fig. 4.12. Settling of a sphere under gravity.



The simplification of constant mass holds in many situations—but not, for



example, for a liquid sphere that is evaporating. Integration of (4.14)



enables the velocity u to be obtained as a function of time.



Terminal velocity



An important case of Eqn. (4.14) occurs when the sphere is traveling at its



steady terminal velocity u . In this case, the net weight of the sphere is



exactly counterbalanced by the drag force and there is no acceleration, so



that du/dt = 0 and:



The corresponding drag coefficient is:



A typical problem will specify the value of u  and ask what is the



corresponding value of D,or vice versa. Equation (4.16) is not particularly



useful, since both the left- and right-hand sides contain unknowns.



Alternative forms, whose validity the reader should check, are:



Clearly, the right-hand side of Eqn. (4.17) is independent of u , and this



equation will be useful if u  is sought. In such an event, the product C Re



is known and the drag coefficient and Reynolds number (and hence u )



can then be computed with reference to Fig. 4.11. Likewise, the right-hand



side of Eqn. (4.18) is independent of D, and this equation will be useful if



D is sought. Appropriate values for C  can be obtained from Table 4.1,



Fig. 4.11, or Eqn. (4.11).



Karamanev method for rapid calculation of falling and rising
terminal velocities



Additionally, D.G. Karamanev has developed a method based on the



Archimedes number :



in which the absolute value |(ρ  − ρ  )| allows for the sphere to be either



heavier (downwards terminal velocity) or lighter (upwards terminal



velocity) than the surrounding fluid. Karamanev shows that the entire



curve up to the “critical” Reynolds number of about 200,000 can be



represented quite accurately by the single equation:



Thus, if the particle diameter and density and fluid properties are known,



the Archimedes number and hence the drag coefficient can be calculated



explicitly and quickly, in a form ideally suited for spreadsheet application.



Downward terminal velocity



After Ar and C  have been computed, the terminal velocity for downward



settling—that is, when ρ  >ρ  , is given by:



Upward terminal velocity



For the case in which the solid density is significantly less than that of the



surrounding liquid, that is, ρ ℓ ρ  , Karamanev summarizes the results of
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extensive experiments that show:



1. For Re < 135 (corresponding to Ar < 13,000), the SDC (standard drag



curve) still applies, and the upward terminal velocity can still be



computed from Eqns. (4.20) and (4.21).



2. For Re > 135 (corresponding to Ar > 13,000), the SDC no longer



applies. Instead, the drag coefficient shows a sudden upward “jump” to a



constant value of C  =0.95, and this value is then used in Eqn. (4.21) to



obtain the upward terminal velocity. At this higher value for C , the



spheres followed a perfect spiral trajectory; the angle between the spiral



tangent and the horizontal plane was always very close to 60 . A similar



result holds for bubbles rising in liquids.



Applications



Four representative applications of the above theory of particle



mechanics are sketched in Fig. 4.13, and are explained as follows:



(a) Separation between particles of different size and density may be



achieved by introducing the particles into a stream of liquid that flows



down a slightly inclined channel. Depending on the relative rates of



settling, different types of particles may be collected in compartments A,



B, etc. Clearly, the interaction between particles complicates the issue, but



the simple theory presented above should be adequate to make a



preliminary design.



(b) Electrostatic precipitators cause fine dust particles or liquid droplets



(positively charged, for example) in a fast-moving stream of stack gas to



be attracted to a negatively charged electrode. Whether or not the



particles actually reach the electrode, from which they can be collected,



depends on the drag exerted on them by the surrounding gas.



(c) Spray driers are used for making dried milk, detergent powders,



fertilizers, some instant coffees, and many other granular materials. In



each case, a solution of the solid is introduced as a spray into the top of a



column. Hot air is blown up through the column in order to evaporate the



water from the droplets, so that the pure solid can be recovered at the



bottom of the column. In this case, the diameter of the particles is



constantly changing, and considerations of mass and heat transfer are



also needed for a full analysis.



Fig. 4.13. Applications of drag theory: (a) particle
separation, (b) electrostatic precipitator, (c) spray drier,
and (d) falling-sphere viscometer.



(d) Falling-sphere viscometers can be used for determining the viscosity



of a polymeric liquid. By timing the fall of a sphere, chosen to be



sufficiently small so that the Stokes’ law regime is observed, the viscosity



can be deduced from Eqn. (4.12).



Example 4.2—Manufacture of Lead Shot



Lead shot of diameter d and density ρ is manufactured by
spraying molten lead from the top of a “shot tower,” in which
the hot lead spheres are cooled by the surrounding air as
they fall through a height H, solidifying by the time they reach
the cushioning pool of water at the base of the tower. To
assist your colleague, who is an expert in heat transfer,
derive an expression for the time of fall t of the shot, as a
function of its diameter. High accuracy is not needed—make
any plausible simplifying assumptions.



Fig. E4.2. Shot tower.



Solution



Start with Eqn. (4.14) divided through by πD ρ /6, and
neglect ρ  in comparison with ρ :



But, from Eqn. (4.10), since A  = πD /4:
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so that Eqn. (E4.2.1) becomes:



in which c =3ρ  C /4ρ D.



Assume that after a short initial period the drag coefficient is
uniform, so that c is approximately constant. Separation of
variables and integration between the spray nozzle and the
bottom of the tower gives:



or, using Appendix A to determine the integral:



Solution of (E4.2.4) for the velocity gives:



in which:



Integration of Eqn. (E4.2.5) yields:



After substituting x = H, Eqn. (E4.2.7) gives the time t taken
for the spheres to fall through a vertical distance H. By using
standard expansions for e  and ln(1+x), several lines of
algebra show that in the limit as c and/or t become small,
Eqn. (E4.2.7) gives:



in which the first term corresponds to a free fall in the
absence of any drag, and the second term accounts for the
drag.



4.4 FLOW THROUGH PACKED BEDS



Flow through packed beds occurs in several areas of chemical



engineering. Examples are the flow of gas through a tubular reactor



containing catalyst particles, and the flow of water through cylinders



packed with ion-exchange resin in order to produce deionized water. The



flow of oil through porous rock formations is a closely related



phenomenon; in this case, the individual particles are essentially fused



together. In all cases, it is usually necessary for a certain flow rate to be



able to predict the corresponding pressure drop, which may be



substantial, especially if the particles are small.



The analysis is performed for the case of a horizontal packed bed, shown



in Fig. 4.14, in order to avoid the complicating effect of gravity. Table 4.2



lists the relevant notation.



Fig. 4.14. Flow through a packed bed.



Table 4.2. Notation for Flow Through Packed Beds



The reader should check that D , as defined in Table 4.2, reproduces the



actual diameter for the special case of a spherical particle.



The situation may be analyzed to a certain extent by referring to Fig.



4.15(a), which shows the tortuous path taken by the fluid as it negotiates



its way through the interstices or pores between the particles. Fig. 4.15(b)



shows unit length of an idealized pore, with cross-sectional area A and



wetted perimeter P . For a given total volume V , the corresponding



hydraulic mean diameter is:



Fig. 4.15. Flow through pores: (a) the tortuous path
between particles; (b) an idealized pore (the cross section
can be any shape—not necessarily rectangular).



f D s



 I thank my colleague Robert Ziff for using Mathematica to
check Eqn. (E4.2.8).
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For a horizontal pore, the pressure drop is therefore:



Rearrangement of (4.24) yields:



Thus, theory indicates for turbulent flow, in which f  is essentially



constant, that the somewhat unusual dimensionless group on the left-



hand side of Eqn. (4.25) should be constant. This prediction is completely



substantiated by experiment, and the value of the constant is 1.75.



More generally, however, allowance should be made for a laminar



contribution, which will prevail at low Reynolds numbers. The resulting



Ergun equation, which is one of the most successful correlations in



chemical engineering, is:



in which the Reynolds number is:



The Ergun equation is shown in Fig. 4.16; the limiting cases for low and



high Reynolds numbers are called the Blake-Kozeny and Burke-Plummer



equations, respectively. Observe that these two forms (one proportional to



the reciprocal of the Reynolds number, and the other a constant) are



analogous to our previous experience for the friction factor in pipes, first



in laminar and then in highly turbulent flow.



Fig. 4.16. The Ergun equation.



Frictional dissipation term for packed beds



So far, we have been concerned only with horizontal beds, for which the



overall energy balance is:



Thus, from Eqn. (4.22), the frictional dissipation term per unit mass



flowing is:



Although F from Eqn. (4.29) has been derived for the horizontal bed (in



order to isolate the purely frictional effect), this relation can then be



substituted into the appropriate energy balance for an inclined or vertical



packed bed.



Darcy’s law



The above theory can be applied to a consolidated or porous medium, in



which the particles are fused together, such as would occur in a sandstone



rock formation through which oil is flowing. Since the flow rate is likely to



be small, and again considering horizontal flow (that is, ignoring changes



in pressure caused by hydrostatic effects), the turbulent term in Eqn.



(4.26) can be neglected as a good approximation, giving:



Rearranging, the superficial velocity is given by Darcy’s law:



Note that since the concept of an individual particle diameter no longer



exists, the fraction κ shown in Eqn. (4.31) with an underbrace is



collectively considered to be another physical property of the porous



medium, known as its permeability. If u  is measured in cm/s, Δp in atm,



μ in cP, and L in cm, the unit of permeability is known as the darcy, which



is equivalent to:



The differential form of Darcy’s law in one dimension is:



which is a classical type of relation, in which a flux (here a volumetric flow



rate per unit area) is proportional to a conductivity (κ/μ) times a negative
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gradient of a potential driving force (dp/dx). A more general, vector form



of Darcy’s law, v = −(κ/μ)∇p, is given in Eqn. (7.76).



Example 4.3—Pressure Drop in a Packed-Bed Reactor



A liquid reactant is pumped through the catalytic reactor
shown in Fig. E4.3, which consists of a horizontal cylinder
packed with catalyst spheres of diameter d  = 2.0 mm. Tests
summarized in Table E4.3 show the pressure drops −Δp
across the reactor at two different volumetric flow rates Q.



Fig. E4.3. Packed-bed reactor.



Table E4.3. Packed-Bed Pressure Drop



If the maximum pressure drop is limited by the pump to 50
psi, what is the upper limit on the flow rate? After the existing
catalyst is spent, a similar batch is unfortunately unavailable,
and the reactor has to be packed with a second batch whose
diameter is now d  = 1.0 mm. What is the new maximum
allowable flow rate if the pump is still limited to 50 psi?



Solution



From Eqn. (4.29), for constant μ, L, ε, and ρ, noting that u  is
proportional to Q and that all conversion factors can be
absorbed into the constants a and b:



Inserting values from Table E4.3:



Solution of these two simultaneous equations gives a =2.38
and b =0.0340, so the maximum flow rate Q  is given by
the quadratic equation:



from which Q  =39.5 ft /hr.



For the new catalyst, D  is now only 1.0, so the new
maximum flow rate obeys the equation:



yielding Q  =16.9 ft /hr. Note that the flow rate declines
appreciably for the finer size of packing.



4.5 FILTRATION



Introduction and plate-and-frame filters



A filter is a device for removing solid particles from a fluid stream (often



from a liquid). Examples are:



1. In the paper industry, to separate paper-pulp from a water/pulp



suspension.



2. In sugar refining, either to clarify sugar solutions or to remove wanted



saccha-rates from a slurry.



3. In the recovery of magnesium from seawater, to separate out the



insoluble magnesium hydroxide.



4. In metallurgical extraction, to remove the unwanted mineral residues



from which silver and gold have been extracted by a cyanide solution.



5. In automobiles, to clean oil and air.



6. In municipal domestic water plants, to purify water.



The basic elements of a filter are shown in Fig. 4.17.



Fig. 4.17. Flow through filter cake and medium.



A slurry, containing liquid and suspended particles at an inlet pressure



p , flows through the filter medium, such as a cloth, gauze, or layer of very



fine particles. The clear liquid or filtrate passes at a volumetric rate Q



through the medium into a region where the pressure is p , whereas the



suspended particles form a porous semisolid cake of ever-increasing



thickness L.



A plate-and-frame filter consists of several such devices operating in



parallel. The cloth is supported on a porous metal plate, and successive



plates are separated by a frame, which also incorporates various channels
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to supply the slurry and remove the filtrate. When the cake has built up to



occupy the entire space between successive plates, the filter must be



dismantled in order to remove the cake, wash the filter, and restart the



operation. Detailed views are given in Fig. 4.18.



Fig. 4.18. The elements of a plate-and-frame filter.



In many cases, the resistance of the filter medium can be neglected. If A is



the area of the filter, and if V denotes the total volume of filtrate passed



since starting with L = 0 at t = 0, Darcy’s law gives:



But the thickness of the cake increases linearly with the volume of filtrate,



so that:



in which α is the volume of cake deposited by unit volume of filtrate.



Hence,



Depending largely on the characteristics of the pump supplying the slurry



under pressure, two principal modes of operation are now recognized.



1. Constant-pressure operation occurs approximately if a centrifugal



pump, not operating near its maximum flow rate, is employed. With the



pressure drop (p  −p ) thereby held constant, integration of Eqn. (4.36)



up to a time t yields:



That is, the volume of filtrate varies with the square root of elapsed time



according to:



2. Constant flow-rate operation occurs when a positive displacement



pump is used, in which case the inlet pressure simply adjusts to whatever



is needed to maintain the flow rate Q at a steady value. Since V = Qt,



differentiation yields:



Substitution for dV/dt from Eqn. (4.36) then gives the relation between



the pressure drop and the flow rate:



Rotary vacuum filters



A disadvantage of the plate-and-frame filter is its intermittent operation—



it must be dismantled and cleaned when the cake has built up to occupy



the entire space between the plates. Generally, chemical engineers prefer



continuous processing operations, which in the case of filtration can be



achieved by the rotary vacuum filter shown in Fig. 4.19.



Fig. 4.19. Cross section of a rotary vacuum filter.



The slurry to be filtered is supplied continuously to a large bath, in which



a partly submerged perforated drum is rotating slowly at an angular



velocity ω. The drum is divided internally into several separate
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longitudinal segments, and by a complex set of valves (not shown here)



each segment can be maintained either below or above atmospheric



pressure. Thus, a partial vacuum applied to the submerged segments



causes filtration to occur, the cake building up on the surface of the drum,



and the filtrate passing inside the drum, where it is removed at one end by



piping (also not shown). The partial vacuum also causes the wash water to



pass through the cake, and it too is collected by additional piping at one



end of the drum. The washed cake is finally detached by a scraper or



“doctor knife,” assisted by a small positive pressure inside the segment



just approaching the scraper.



The analysis of the rotary vacuum filter is similar to that of the plate-and-



frame filter, in which the time of operation is the period for one complete



rotation (2π/ω) multiplied by the fraction of segments under vacuum that



are in contact with the slurry. The operation is essentially constant



pressure, because of the steady vacuum inside the drum relative to the



atmosphere.



Centrifugal filters



One type of centrifugal filter is shown in Fig. 4.20. It consists of a



cylindrical basket with a perforated vertical surface (as in a washing



machine), covered with filter cloth, that is rotated at a high speed. Slurry



sprayed on the inside is flung outwards by centrifugal action and soon



starts to deposit a lining of cake on the inside of the wall. The filtrate



discharges through the perforations and is collected in an outer casing.



After a suitable amount of cake has been deposited, the slurry feed is



stopped and the basket is slowed down, during which period the cake is



washed and scraped off the wall. The cake is then deposited into a



receptacle through openable doors in the base.



Fig. 4.20. Idealized cross section of a centrifugal filter.



The analysis of the centrifugal filter follows standard lines. In the slurry,



the pressure increases because of centrifugal action, from atmospheric



pressure at r = r  to a maximum at r = a. In the cake, centrifugal action



again tends to increase the pressure, but friction dissipates this effect, so



that the discharge at r = r  has reverted to atmospheric pressure. The



liquid will “back up” to the appropriate radius r  that suffices to provide



the necessary driving force to overcome friction in the cake.



The basic equations governing pressure in the slurry and in the cake are:



Here, κ is the cake permeability, and the superficial velocity for Darcy’s



law has been recognized as u  = Q/(2πrH), where Q is the filtrate flow



rate. Unless otherwise stated, the resistance of the filter medium is usually



neglected, and the slurry and filtrate densities ρ  and ρ  have essentially



the same value, ρ. The slurry equation can be integrated forward, from r ,



where p = 0, to give the pressure in the slurry. The cake equation can be



integrated backward, from r , where p =0, to give the pressure in the



cake. The two expressions for the pressure must match, of course, at the



slurry/cake interface, r = a.



Considerations of the rate of cake deposition show that the inner radius a



of the cake gradually decreases as solids are deposited, according to:



in which α is the volume of cake per unit volume of filtrate.



4.6 FLUIDIZATION



Fig. 4.21(a) illustrates upwards flow of a fluid through a bed of initial



height h  that is packed with particles of diameter D . Fig. 4.21(b) shows



the relation between the actual bed height h and the superficial velocity u.



Fig. 4.21. Fluidization: (a) upward flow through a packed
bed, and (b) variation of bed height with superficial
velocity.



For low u, h is almost unchanged from its initial value. However, as u is



increased, the pressure drop p  − p  also increases, and will eventually



build up to a value that suffices to counterbalance the downward weight of



the particles. At this point, when u has reached the incipient fluidizing



velocity u , the particles are essentially weightless and will start



circulating virtually as though they were a liquid. Further increases in u



will cause the bed to expand (still in a fluidized state), whereas the



pressure drop now increases only slightly.



Fluidized beds are excellent for providing good contact and mixing



between fluid and solid, as is required in some catalytic reactors. (See also



Section 10.6 for further details of fluidized beds—particularly relating to
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particulate and aggregative modes of operation.) The value of the



incipient fluidizing velocity may be obtained by the following treatment.



An energy balance applied between the bed inlet and exit gives:



The pressure drop can now be extracted and equated to the downward



weight of particles and fluid per unit area:



where ε  is the void fraction when the bed is on the verge of fluidization.



Isolation of the frictional dissipation term gives:



But F is given by the right-hand side of Eqn. (4.29):



Thus, from Eqns. (4.45) and (4.46), after canceling (1 − ε )h , the



incipient fluidizing velocity u  is given in terms of all other known



quantities by:



A much more complete discussion of fluidized beds is given in the latter



part of Chapter 10.



4.7 DYNAMICS OF A BUBBLE-CAP DISTILLATION
COLUMN



The basic principles learned so far can be employed to insure the



satisfactory operation of a distillation column, a cross section of which is



shown in Fig. 4.22(a). Such a column is used to separate or fractionate a



mixture, based on the different boiling points or volatilities of the



components in a feed stream, which could typically consist of ethanol and



water, or a mixture of “light” (low boiling point) and “heavy” (high boiling



point) hydrocarbons. The most volatile components become concentrated



toward the top of the column, and the least volatile toward the bottom.



The essential parts of the column are:



1. A reboiler, typically steam-heated, that boils the liquid from the bottom



of the column, part of which is withdrawn as the bottoms product, rich in



the heavy components. The rest of the liquid is vaporized and returned to



the column.



2. A series of trays on which the liquid mixture is boiling. Vapor



somewhat enriched in the lighter components rises to the tray above, and



liquid somewhat enriched in the heavier components falls to the tray



below.



3. A condenser, typically cooled by water, liquefies the vapor from the top



tray. Part of the liquid is returned to the top tray as reflux , and the rest is



withdrawn as the overhead product, rich in the light components.



Fig. 4.22. Distillation column: (a) overview; (b) detail of
liquid on three successive trays; (c) plan of one tray.



As seen from Fig. 4.22(b), boiling liquid is continuously spilling over a



weir at one side of every tray, from there flowing via a downcomer and



through a constriction to the tray below. Vapor, boiling from the liquid on



each tray, is simultaneously flowing upward through bubble caps (which



act as liquid seals, and only a few of which are shown in the diagram) into



the boiling liquid on the tray immediately above. We wish to insure that



the arrangement is stable.



Adopt the notation shown in Table 4.3. The pressure of the vapor leaving



a tray must be high enough to overcome the hydrostatic pressure of the



liquid on the tray above, and hence to enable the vapor to flow through



the bubble caps. The excess pressure required is approximately:



Table 4.3. Notation for Distillation Column



which corresponds to a liquid head of (d+D). A further refinement, not



made here, would be to include a small extra pressure loss as the vapor
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follows the tortuous path through the bubble cap.



Next consider the flow of the liquid over the weir, where the pressure is



everywhere uniform (equal to p, for example). Liquid at a depth y below



the upper surface will have come from an upstream location where the



pressure is p + ρ gy and, on account of the greater depth, the velocity is



smaller and may be neglected. Thus, applying Bernoulli’s equation, the



velocity at the weir location is approximately:



Integration gives the liquid flow rate:



Here, a coefficient of discharge C , typically about 0.62, has been



introduced to allow for deviations from the theory, mainly because of a



further contraction of the liquid stream as it spills over the weir.



The available driving head h has to overcome two resistances:



1. The head (d + D) needed to cause the gas to flow.



2. The loss of kinetic energy as the liquid jet at the bottom of the



downcomer is dissipated as it enters the tray.



Thus, equating these two effects:



For sufficiently high liquid flow rates, the level in any downcomer can



only back up to the level of the tray above before it starts interfering with



the flow from the weir above. In such event, the tray spacing is the sum of



the three individual heights shown in Fig. 4.22(b):



Under these conditions, also using Eqn. (4.51):



Note from Eqn. (4.50) that:



and eliminate the unknown d from Eqns. (4.53) and (4.54), finally giving:



Hence, the maximum liquid flow rate L  under which the column can



operate successfully is given by Eqn. (4.55). Any attempt to increase the



liquid flow rate beyond L  will cause liquid to occupy the entire column,



a phenomenon known as “flooding.” Under these circumstances, there is



no space left for the vapor, and normal operation as an effective



distillation column ceases.



4.8 CYCLONE SEPARATORS



Solid particles—even dust—may be separated from a fluid stream—usually



a gas—by means of a cyclone separator, the elements of which are shown



in Fig. 4.23. The notation for the analysis appears in Table 4.4.



Fig. 4.23. Cyclone separator.



Table 4.4. Notation for Cyclone Separator



A volumetric flow rate Q of particle-containing gas enters tangentially



through an inlet port, of cross-sectional area A, into the top of a virtually



empty cylinder, of radius r . The swirling motion tends to cause the



particles to be flung out to the wall of the cyclone, from which they



subsequently fall by gravity into the lower conical portion for collection.



The particle-free gas discharges upward through a large pipe of radius r .



The effectiveness of the cyclone may be approximated by a simple



analysis, by considering both the centrifugal force and fluid drag acting on



the particles. The velocity of the gas in the cylindrical portion has three



components:



1. An inward radial velocity, v , as the gas travels from the inlet to the exit.



For a cylinder height H, continuity gives as a first approximation:



2. A tangential velocity, v , which—again to a first approximation—is



inversely proportional to the radius, as in a free vortex (see Section 7.2).



Since the inlet



Equation (4.57) also follows from the principle of conservation of angular



momentum (see Section 2.6), in which ωr  is constant, where ω = v /r is



the angular velocity.



3. A vertical component, v , first descending from the inlet (even into the



conical portion) and eventually changing direction and rising into the gas



exit. In the present simplified analysis, v  will be ignored, but it could be



accommodated by treating the situation as a potential flow problem



according to the methods given in Chapter 7, in which case a relatively



complex computer-assisted numerical solution would be needed to obtain



a proper description of the entire flow pattern.



Consider the forces acting on a representative particle of density ρ , which



is assumed to be so small that Stokes’ law applies. (For larger particles, an



appropriate drag coefficient would have to be incorporated into the



analysis.) A particle will remain at a radial location r when the radially



outward centrifugal force is counterbalanced by an inward drag, giving:



Substitute for the two velocity components from Eqns. (4.56) and (4.57),



and note the particle mass is m = ρ πD /6. The inward drag and outward



centrifugal force will then be in balance at a radius r for a particle of



diameter:



L



D



max



max



2



1



r



θ



θ



z



z



p



p



2



3



⬆











Taking the most pessimistic view, the diameter D* of the largest particle



that we are sure will not be attracted toward the gas exit is obtained by



setting r = r :



A particle whose diameter equals or exceeds D* will be trapped at the



outer wall and will fall by gravity so that it is separated from the gas.



However, a particle with D < D* will tend to be dragged toward the exit



tube and may not be separated from the gas. Observe that small values of



A and large values of Q will serve to reduce D* and hence enable smaller



particles to be collected.



If we set r = r  in Eqn. (4.59), we obtain a diameter D  below which all



particles will tend to reach the exit tube:



We emphasize that motion in the vertical direction has been neglected



and that the above results are only approximate.



4.9 SEDIMENTATION



Section 4.3 dealt with the relative motion of a single particle in a fluid. In



particular, a method was discussed for obtaining the terminal velocity u



of a single particle settling under gravity in a fluid. Some chemical



engineering operations involve many such particles that are sufficiently



close together so that the previous theory no longer applies.



Fortunately, the Richardson/Zaki  correlation is available to give the



settling velocity u of a group of particles as a function of the void fraction



ε (the fraction of the total volume that is occupied by the fluid):



Here, the value of exponent n is primarily a function of the Reynolds



number Re = ρ  uD/μ, as shown in Table 4.5. (Richardson and Zaki also



found that n depends to a much smaller extent on the ratio of the particle



diameter to that of the containing vessel—a fact that can reasonably be



ignored here.) Note that Eqn. (4.62) correctly reduces to u = u  (the



terminal velocity of a single particle) when the void fraction is ε =1.



Table 4.5. Values of the Richardson-Zaki Exponent



Now examine the sedimentation in a liquid of a large cluster of particles in



a container, as shown in Fig. 4.24. Initially, the particles are uniformly



distributed throughout the liquid, as in (a). At some later time, as in (b),



they will tend to congregate toward the bottom of the container. That is,



the void fraction will vary from a relatively high value at the top of the



container to a relatively low value at the bottom. We wish to derive the



differential equation that governs the variation of the void fraction ε with



both height z and time t.



Fig. 4.24. Particle sedimentation.



Consider a differential element of cross-sectional area A and height dz, as



in Fig. 4.24(d). Since the fraction of volume occupied by the particles is (1



− ε), the rate at which particle volume leaves the element through its



lower surface is u(1−ε) per unit area. The rate at which particle volume



enters the element through its upper surface is differentially greater, as



shown in the diagram. Next, equate the net rate of particle volume



entering the element to the rate of increase of particle volume inside the



element, giving:



Substitution of the particle velocity from Eqn. (4.62) yields the following



differential equation:



Unfortunately, there is no ready analytical solution of Eqn. (4.64), but—



starting at t = 0 with a known initial distribution of ε—numerical methods



could be employed to determine how the void fraction ε varies with



elevation z and time t.



4.10 DIMENSIONAL ANALYSIS



Dimensional analysis is important because it enables us to express



relations between variables—whether analytical solutions or experimental



correlations—very concisely. Instead of attempting to establish a relation



that may involve several variables independently, a much simpler relation



is typically established between a relatively small number of groups of



variables. With proper planning, the technique also often reduces the



number of experiments that are needed in certain investigations. There



are two main approaches in determining the appropriate dimensionless



groups, depending whether or not an analytical solution or similar model



is already available.



1. Four examples of the first approach, which rearranges an existing



solution into dimensionless groups, are available from material already



studied:



(a) Consider Eqn. (4.38), for the constant-pressure operation of a batch



filter:



Rearrangement in terms of a dimensionless group Π, gives:



which states that no matter what the individual values of V , μ, etc., the



performance of all filters can be expressed by the equation:



2



1 min



t



 J.F. Richardson and W.N. Zaki, “Sedimentation and fluidisation,”



Transactions of the Institution of chemical Engineers, Vol. 32, p. 35



(1954).
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(b) The shape of the free surface of a rotating liquid is:



Observe that both the group of variables on the left-hand side, and the



fraction on the right-hand side, are dimensionless.



(c) For the evacuation of the tank in Example 2.1, the dimensionless



pressure ratio p/p  is a function of the dimensionless time vt/V .



(d) Finally, consider Eqn. (3.40), the semi-empirical Blasius relation that



expresses the dimensionless wall shear stress for turbulent flow in a



smooth pipe in terms of the (dimensionless) Reynolds number:



which can be written out fully as:



Again note that the correlation in terms of the dimensionless groups is



much more concise than that with the individual variables.



2. The second approach, in which appropriate dimensionless groups have



to be found, is useful when there is no existing model or solution. First,



four fundamental dimensions are identified, as shown in Table 4.6;



temperature is given for completeness, but is generally unnecessary for



most fluid mechanics work.



Table 4.6. Fundamental Dimensions



Now express the dimensions of other variables, known as derived



quantities,in terms of the fundamental dimensions, as shown in Table 4.7.



There, “deg” denotes Kelvins, degrees Fahrenheit, etc., as appropriate.



Table 4.7. Dimensions of Derived Quantities



Wall shear stress for pipe flow



The general approach is illustrated for a specific case. Assume, based on



experience, that the wall shear stress τ  in pipe flow is likely to depend



only on the distance x from the inlet, D, u , ρ, μ, and the wall roughness ε.



That is,



where ψ denotes a functional dependency—as yet unknown. Hence, there



exists some relation between all the seven variables, written as:



Observe that the functions ψ are different in (4.68) and (4.69); since both



are unknown, it is pointless to use a different symbol each time, so ψ is



really a “generic” functional dependency. The dimensions of the various



quantities are given in Table 4.8.



Table 4.8. Dimensions of Quantities for Pipe Flow



Next, choose as many primary quantities as there are fundamental



dimensions (three in this case), as long as they contain all the relevant



fundamental dimensions explicitly among them. For example, we can



choose D, ρ, and u  (L, M/L , and L/T) as primary quantities because the



dimensions L, M, and T are available in D, ρD , and D/u . However, x, D,



and μ (L, L, M/LT) would be an improper choice because there is no



combination of these variables that generates M and T individually (the



ratio M/T persists). Having chosen D, ρ, and u , form dimensionless



ratios, given the general symbol Π, for the remaining quantities τ , μ, x,



and ε, as follows:



For τ , the first group is formulated as:



Next, choose the exponents a, b, and c so that Π  is dimensionless:



Considering each of the fundamental dimensions M, L, and T in turn,



three simultaneous equations result: M:



for which the solution is a =0, b = 1, and c = 2. The first dimensionless



group is therefore:



A similar procedure for μ, x, and ε gives the following dimensionless



groups:



It is then a fundamental postulate, known as the Buckingham Pi



Theorem, that there exists some relation among the dimensionless groups



thus formed:



Note that the original problem of developing a correlation among seven



variables has now been simplified enormously to that of finding a



correlation among just four dimensionless groups.



Substituting for the Π groups in (4.75):



Since the wall shear stress is the quantity of greatest interest, an obvious



rearrangement of (4.76) is:



That is, given experimental values of τ ,x,D,u ,ρ,μ, and ε, dimensional



analysis indicates that all pipe flow data can be correlated by a series of
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plots, each for a known value of x/D, of τ /ρu  versus ρu D/μ, with ε/D



as a parameter. This conclusion is completely verified and quantified by



experiment. In practice, except near the pipe entrance in laminar flow,



x/D is found to be of secondary importance only and is often ignored, in
which case the friction factor plot of Fig. 3.10 is obtained.



Table 4.9 gives the dimensionless groups (including those involved in heat



transfer) of greatest interest to the chemical engineer. In almost all cases,



each group corresponds to the ratio of two competing effects, N



(numerator) divided by D (denominator). For example, the Reynolds



number is the ratio of an inertial effect, ρu , to a viscous effect, μu /D.



Table 4.9. Important Dimensionless Numbers, Being the
Ratio of Two Physical Effects, N /D



The following terms are often used in dimensional analysis:



1. Dynamical similarity, which indicates equality of the appropriate



dimensionless groups in two cases that are being compared. Translated in



terms of a Reynolds number, for example, this means that the balance



between inertial and viscous forces is the same in the two situations.



2. Geometrical similarity, which means that except for size, the



geometrical appearance is the same. For example, if the performance of a



full-size oceangoing oil tanker were to be predicted by performing tests on



a scale model, then— fairly obviously—the model should be that of an oil



tanker and not a rowing boat!



Example 4.4—Thickness of the Laminar Sublayer



Fig. E4.4 shows an idealized version of the velocity profile for
turbulent flow in a pipe of diameter D. The central turbulent
core, which occupies almost all of the cross section, has a
uniform (time-averaged) velocity u. Additionally, there is a
thin laminar sublayer of thickness δ, adjacent to the wall, in
which the velocity builds up linearly from zero at the wall to u
at the junction with the turbulent core.



From experiment, the dimensionless shear stress (friction
factor) is found to be constant at high Reynolds numbers,
independent of the flow rate:



Determine, in dimensionless terms, how the thickness δ of
the laminar sublayer varies with the velocity u.



Fig. E4.4. Idealized turbulent velocity profile.



Solution



The wall shear stress is the product of the viscosity and the
velocity gradient in the laminar sublayer:



Elimination of τ  between Eqns. (E4.4.1) and (E4.4.2) gives:
1 2



By solving for δ and dividing by D, Eqn. (E4.4.3) yields the
desired result, as a relation between two dimensionless
groups:



in which Re is the Reynolds number, ρuD/μ. Thus, the
thickness of the laminar sublayer is inversely proportional to
the Reynolds number. That is, as Re increases, the flow in
the central portion becomes more turbulent, confining the
laminar sublayer to a thinner region next to the wall. Eqn.
(E4.4.4) enables δ/D to be estimated: for example, taking c =
f  =0.00325 and Re = 50,000 as representative values, we
find that δ/D = 0.0123.



Finally, note that the present result compares favorably with
Eqn. (3.62), which holds if a more sophisticated model (the
one-seventh power law) is taken for the velocity profile in the
turbulent core:



PROBLEMS FOR CHAPTER 4



Unless otherwise stated, all piping is Schedule 40 commercial steel, and



the properties of water are: ρ = 62.3 lb /ft , μ = 1.0 cP.



1. Pumping air and oil—E . Ideally, what pressure increases (psi) could



be expected across centrifugal pumps of 6-in. and 12-in. impeller



diameters when pumping air (ρ = 0.075 lb /ft ) and oil (ρ = 50 lb /ft )?



Four answers are expected. The impellers run at 1,200 rpm.



2. Pump and pipeline—M . The head/discharge curve of a centrifugal



pump is shown in Fig. P4.2. The exit of the pump is connected to 1,000 ft



of nominal 2-in. diameter horizontal pipe (D = 2.067 in.). What flow rate



(ft /s) of water can be expected? Assume atmospheric pressure at the



pump inlet and pipe exit, and take f  = 0.00475.



3. Pump scale model—E . A centrifugal pump operating at 1,800 rpm is to



be designed to handle a liquid hydrocarbon of specific gravity 0.95. To



check its performance, a half-scale model is to be tested, operating at



1,200 rpm, pumping water. The scale model is found to deliver 200 gpm



with a head increase of 22.6 ft. Assuming dynamical similarity (equality of



the appropriate dimensionless groups), what will be the corresponding



flow rate (gpm) and head increase (ft) for the full-size pump?



Fig. P4.2. Pump head/discharge characteristic curve.



4. Dimensional analysis of pumps—M . Across a centrifugal pump, the



increase in energy per unit mass of liquid is gΔh, where g is the



gravitational acceleration and Δh is the increase in head. This quantity



gΔh (treat the combination as a single entity) may be a function of the



impeller diameter D, the rotational speed N, and liquid density ρ (but not



w m m



m m



w



F



m



m m



F



2



2



3



3 3



3



⬆











the viscosity), and the flow rate Q. Perform a dimensional analysis from



first principles, in which gΔh and Q are embodied in two separate



dimensionless groups.



A centrifugal pump operating at 1,450 rpm is to be designed to handle a



liquid hydrocarbon of s.g. (specific gravity) 0.95. To predict its



performance, a half-scale model is to be tested, operating at 725 rpm,



pumping a light oil of s.g. 0.90. The scale model is found to deliver 200



gpm with a head increase of 20 ft. Assuming dynamical similarity, what



will be the corresponding flow rate and head increase for the full-size



pump?



5. Pumps in series and parallel—M . Two different series/parallel



arrangements of three identical centrifugal pumps are shown in Fig. P4.5.



The head increase Δh across a single such pump varies with the flow rate



Q through it according to:



Derive expressions for the head increases Δh  and Δh , in terms of a



and b and the total flow rate Q, for these two configurations. Sketch your



results on a graph, also including the performance curve for the single



pump. Note: In case (b), it might be possible for the two pumps in series



in the one branch to overpower the third pump and cause a reversal of



flow through it. Such a possibility is prevented by the check valve, which



permits only forward flow.



Fig. P4.5. Series/parallel pump arrangements.



6. Solar-car performance—E . A solar car has a frontal area of 12.5 ft



and a drag coefficient of 0.106.  If the electric motor is delivering 1.2 kW



of useful power to the driving wheels, estimate the corresponding



maximum speed near Alice Springs in the Australian “outback.”



7. Terminal velocity of hailstones—M . Occasionally, 1.0-in. diameter



hailstones fall in Ann Arbor. What is their terminal velocity in ft/s? Take



C  = 0.40 as a first approximation and assume anything else that is



reasonable. Data: densities (lb /ft ): ice, 57.2; air, 0.0765; viscosity of



air: 0.0435 lb /ft hr.



8. Hot-air balloon emergency—E . Uninflated, the total mass of a hot-air



balloon, including all accessories and the balloonist, is 500 lb . Inflated,



it behaves virtually as a perfect sphere of diameter 80 ft, and rises in air at



50 F, whose density is 0.0774 lb /ft . Unfortunately, the burner fails, the



air in the balloon cools, the balloon loses virtually all of its buoyancy, and



soon reaches a steady downward terminal velocity, fortunately still



retaining its spherical shape.



The balloonist is yourself. Having taken a fluid mechanics course, you are



accustomed to making quick calculations, and are prepared to endure a 10



ft/s crash, but will use a parachute otherwise. You know that for very high



Reynolds numbers the drag coefficient is constant at about 0.44. Based on



the above, would you use the parachute? Why?



9. Viscosity determination—M . This problem relates to finding the



viscosity of a liquid by observing the time taken for a small ball bearing to



fall steadily through a known vertical distance in the liquid.



A stainless steel sphere of diameter d = 1 mm and density ρ  = 7,870



kg/m  falls steadily under gravity through a polymeric fluid of density ρ  =



1,052 kg/m  and viscosity μ = 0.1 kg/m s (Pa s). What is the downward



terminal velocity (cm/s) of the sphere?



10. Ascending hot-air balloon—M . A spherical hot-air balloon of



diameter 40 ft and deflated mass 500 lb  is released from rest in still air



at 50 F. The gas inside the balloon is effectively air at 200 F. Assuming a



constant drag coefficient of C  = 0.60, estimate:



(a) The steady upward terminal velocity of the balloon.



(b) The time in seconds it takes to attain 99% of this velocity.



The density of air (lb /ft ) is 0.0774 at 50 F and 0.0598 at 200 F. The



table of integrals in Appendix A should be helpful.



11. Baseball travel—M . The diameter of a baseball is 2.9 in, and its mass



is 0.32 lb . If the drag coefficient is C  = 0.50, obtain an expression in



terms of u  for the drag force of the air (ρ = 0.075 lb /ft ) on the baseball.



If it leaves the pitcher on the mound at 100 mph, estimate its velocity by



the time it crosses the plate, 60 ft away. Hint: Eventually use the relation



u = dx/dt to change the standard momentum balance into a differential



equation in which the variables are u and x (not u and t), before



integrating.



12. Packed bed flow—M . Outline briefly the justification for supposing



that the energy-equation frictional dissipation term for flow with



superficial velocity u  through a packed bed of length L is of the form:



in which a and b are constants that depend on the nature of the packing



and the properties of the fluid flowing through the bed.



As shown in Fig. P4.12, a bed of ion-exchange resin particles of depth L =



2 cm is supported by a metal screen that offers negligible resistance to



flow at the bottom of a cylindrical container. Liquid (which is essentially



water with μ = 1 cP and ρ = 1 g/cm ) flows steadily down through the bed.



The pressures at both the free surface of the water and at the exit from the



bed are both atmospheric.



(a) (b)



 This problem was inspired by the success of the Sunrunner solar-



powered car designed and built in 12 months by University of Michigan



engineering students. In General Motors Sunrayce USA in July 1990



against 31 other university teams, Sunrunner placed first in an 11-day race



from Epcot Center, Florida, to the General Motors Technical Center in



Warren, Michigan. In October 1990, Sunrunner was again first among



university teams (and third overall among 36 contestants, including



professional teams) in the World Solar Challenge race from Darwin to



Adelaide. Sunrunner’s motor was rated at 3 HP, so it could actually



deliver more than 1.2 kW if it drew additional electricity from the storage



battery.
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The following results are obtained for the liquid height H as a function of



superficial velocity u :



First, obtain the values of the constants a and b for the packed bed. (Hint:



Perform overall energy balances between the liquid entrance and the



packing exit, ignoring any exit kinetic energy effects.) Second, what is the



Darcy’s law permeability (cm ) for the packed bed at very low flow rates?



Fig. P4.12. Flow through a packed bed.



Third, a prototype apparatus is to be constructed in which the same type



of ion-exchange particles are contained between two metal screens in the



form of a hollow cylinder of outer radius 5 cm and inner radius 0.5 cm.



What pressure difference (bar) is needed to effect a steady flow rate of 10



cm /s of water per cm length of the hollow cylinder? (If needed, assume



the flow is from the outside to the inside.) Hint: Start from Equation



(P4.12.1) and obtain a differential equation that gives dp/dr.



Fig. P4.13. Horizontal cross section of a well.



13. Performance of a water well—M . Fig. P4.13 shows the horizontal



cross section of a well of radius r  in a bed of fine sand that produces



water at a volumetric flow rate Q per unit depth and at a pressure p . The



water flows radially inwards from the outlying region, with symmetry



about the axis of the well. A pressure transducer enables the pressure p



to be monitored at a radial distance r .



Prove that the superficial velocity u  radially inwards of the water varies



with radial position r according to:



The following data were obtained for r  = 3 in. and r  = 300 in.:



Calculate p  − p  for Q = 300 gpm/ft. Also, for Q = 100 gpm/ft and p  = 0



psi, what would the pressure be at r = 6 in?



Start from the Ergun equation, which has the following appropriate form:



14. Pressure drop in an ion-exchange bed—E . A horizontal water



purification unit consists of a hollow cylinder that is packed with ion-



exchange resin particles. Tests with water flowing through the unit gave



the following results:



If the available pump limits the pressure drop over the unit to a maximum



of 54 psi, what is the maximum flow rate of water that can be pumped



through it?



15. Plate-and-frame filter—M . The following data were obtained for a



plate-and-frame filter of total area A = 500 cm  operating under a



constant pressure drop of Δp = 0.1 atm:



The filtrate is essentially water. The volume of the cake is one-tenth the



volume of the filtrate passed. The resistance of the filter medium may be



neglected.



(a) Make an appropriate plot and estimate the permeability κ (darcies) of



the cake.



(b) At a certain time t after start-up, the filter is shut down. There follows



a cleaning time t , in which the accumulated cake is removed, the cloth is



cleaned, and the filter is reassembled. This cyclical pattern of productive



operation, followed by cleaning, etc., is continued indefinitely. If t  = 30



min, what value of t will maximize the average volume of filtrate produced



per unit time?



(c) What is the value (liter/min) of this maximum average volumetric flow



rate of filtrate?



16. Dimensional analysis for ship model—M . The total force F resisting



the motion of a ship or its scale model depends on the density ρ of the



liquid, its viscosity μ, the gravitational acceleration g, the length L of the



ship, and its velocity u. In what phenomenon that accompanies ship



motion is g involved? If tests are to be performed to determine F for



several models (each with a different L) of a ship of given design, using



several different liquids, show that F/ρu L  is one of the appropriate



groups for correlating the results. What are the other groups?



In practice, what liquid is likely to be used for the tests? Is it feasible to



maintain the values of all the dimensionless groups constant between the



models and the full-size ship? What would you recommend if the effect of



viscosity were of secondary importance? Explain your answers.



17. Dimensional analysis for pump power—E . The power P needed to



drive a particular type of centrifugal pump depends to a first



approximation only on the rotational speed N, the volumetric flow rate Q,



the impeller diameter D, and the density ρ of the fluid being pumped, but



not its viscosity. What dimensionless groups could be used for correlating



P in terms of Q?



18. Dimensional analysis for disk torque—E . The torque T required to



rotate a disc submerged in a large volume of liquid depends on the liquid



density ρ, its viscosity μ, the angular velocity ω, and the disc diameter D.



Use dimensional analysis to find dimensionless groups that will serve to



correlate experimental data for the torque as a function of viscosity.



Choose D, ρ, and ω as primary variables. Which, if any, of the groups is



equivalent to a Reynolds number?



19. Power of automobile—E . On the I-68 highway just west of



Cumberland, MD, there are two inclines, one uphill and the other



downhill, both with a 5.5% grade.  Your car, which has a mass of 1,800



lb , achieves a steady speed of 63 mph when freewheeling downhill, and
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(under power) can ascend the incline at a steady speed of 57 mph. What is



the effective HP of your car?



20. Drainage ditch capacity—M . A drainage ditch alongside a highway



with a 3% grade has a rectangular cross section of depth 4 ft and width 8



ft, and—to prevent soil erosion—is fully packed with rock fragments of



effective diameter 5 in., sphericity 0.8, and porosity 0.42. During a



rainstorm, what is the maximum capacity of the ditch (gpm) if the water



just reaches the top of the ditch?



21. Dimensional analysis of centrifugal pumps—M . For centrifugal



pumps of a given design (that is, those that are geometrically similar),



there exists a functional relationship of the form:



where P is the power required to drive the pump (with dimensions



ML /T ), Q is the volumetric flow rate (L /T), ρ is the density of the fluid



being pumped (M/L ), N is the rotational speed of the impeller (T 1), and



D is the impeller diameter (L).



By choosing ρ, N, and D as the primary quantities, we wish to establish



two groups, one for Q, and the other for P , that can be used for



representing data on all pumps of the given design. Verify that the group



for Q is Π  = Q/ND , and determine the group Π  involving P .



A one-third scale model pump (D  = 0.5 ft) is to be tested when pumping



Q  = 100 gpm of water (ρ  =62.4lb /ft ) in order to predict the



performance of a proposed full-size pump (D  =1.5 ft.) that is intended to



operate at N  = 750 rpm with a flow rate of Q  =1, 000 gpm when



pumping an oil of density ρ  =50 lb /ft .



If dynamical similarity is to be preserved (equality of dimensionless



groups):



(a) At what rotational speed N  rpm should the scale model be driven?



(b) If under these conditions the scale model needs P  =1.20 HP to drive



it, what power P  will be needed for the full-size pump?



22. Burning fuel droplet—D. A droplet of liquid fuel has an initial



diameter of D . As it burns in air, it loses mass at a rate proportional to its



current surface area. If the droplet takes a time t  to burn completely,



prove that its diameter D varies with time according to:



If the droplet falls in laminar flow under gravity, prove that the distance x



it has descended is governed by the differential equation:



where ρ is the droplet density (much greater than that of air) and μ is the



viscosity of the air. (Since D depends on t, this differential equation is



fairly complicated, and its solution would most readily be obtained by a



numerical method.)



If the droplet is always essentially at its terminal velocity, prove that the



distance L it will fall before complete combustion is given by:



23. Particle ejection from fluidized bed—M (C). Fig. P4.23 shows a



particle of mass M that is ejected vertically upward from the surface of a



fluidized bed with an initial velocity v . The velocity of the fluidizing gas



above the bed is v , and the resulting drag force on the particle is D = c(v



− v), where c is a constant and v is the current velocity of the particle.



Fig. P4.23. Departure of particle from the top of a fluidized
bed.



Prove that the maximum height h to which the particle can be entrained



above the bed is given by:



in which v  is the steady upward velocity of the particle when the drag and



gravitational forces are balanced. Hint: You can take either of two



approaches to develop the necessary differential equation in v and z:



(a) Perform a conventional momentum balance and then involve the



identity v = dz/dt.



(b) Realize that a differential decrease in the kinetic energy of the particle



equals the work done by the downward forces on the particle as it travels



through a differential distance dz.



24. Plate-and-frame and rotary vacuum filters—D (C). Filtrate



production from a compressible sludge is maintained by using both a



plate-and-frame filter and a continuously operating rotary vacuum filter.



The plate-and-frame filter produces 50 gpm of filtrate averaged over a



day, using a slurry pump with a capacity of 100 gpm fitted with a relief



valve to insure that the pressure does not exceed 60 psig. The time needed



to clean the filter is 25 min.



The rotary vacuum filter has a diameter of 5 ft and a width of 5 ft, and the



internal segments are arranged so that 20% of the total filtering surface is



effective at any time. The filter drum rotates at half a revolution each



minute, and the filtrate is produced at 25 gpm when the pressure inside



the drum equals 8.2 psia, and at 30 gpm when the drum pressure is



reduced to 3.2 psia. The slurry trough is at atmospheric pressure.



What is the minimum surface area required for the plate-and-frame



filter? Assume that the rate of filtration is given by:



where V is the amount of filtrate produced per unit area of filter in time t,



Δp is the pressure difference across the filter, and c and n are constants.



25. Pressure in a centrifugal filter—D. Consider the filter shown in Fig.



4.20, with the notation and equations given there. By starting from Eqns.
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(4.41), prove that the pressure in the cake and slurry are given in



dimensionless form by:



Here, P =2p/(ρω r ), R = r/r , and subscripts 1 and a correspond to radii



of r  and a, respectively.



For a filter operating at R  = 0.8, plot P versus R on a single graph for R



=0.7, 0.75, 0.78, and 0.8. Comment on your findings.



26. Transient effects in a centrifugal filter—D. Consider the centrifugal



filter shown in Fig. 4.20, with the notation and equations given there.



If the flow rate of filtrate is steady and there is initially no cake, prove that



after a time t the inner radius of the slurry is given by:



Hint: Start by using the relations for dp/dr in Eqn. (4.41) to obtain two



expressions for the pressure p  at the slurry/cake interface; then



eliminate p  and obtain an expression for r .



A centrifugal filter operates with the following values: r  =0.5 m, ρ =1,000



kg/m , ω =40π rad/s, κ =3.2 × 10 13 m , H =0.5 m, Q =0.005 m /s, ε



=0.1, and μ =0.001 kg/m s. After five minutes, what are the values of r



and a?



Fig. P4.27. Apparatus for studying flow in a porous
medium.



27. Porous medium flow—D (C). Fig. P4.27 shows an apparatus for



studying flow in a porous medium. Fluid of high viscosity μ flows between



two parallel plates PP under the influence of a uniform pressure gradient



dp/dx. Midway between the plates is a slab S of porous material of void



fraction ε and permeability κ. The diagram shows the velocity profile in



the fluid, the velocity within the slab being the interstitial velocity:



Explain why the velocity profile is of the form indicated, with particular



attention to the boundary conditions at the slab surfaces. Show that the



total flow rate Q per unit width is:



28. Plate-and-frame filtration—M (C). Derive the general filtration



equation for a constant-rate period followed by a constant-pressure



period: t − t  V − V



where t is the total filtration time, t  is the time of filtration at constant



rate, V is the total filtrate volume, V  is the filtrate volume collected in the



constant-rate period, A is the total cross-sectional area of the filtration



path, r is the specific resistance of the filter cake, c is the resistance



coefficient of the filter cloth, V  is the volume of filter cake formed per unit



volume of filtrate collected, and Δp is the pressure drop across the filter.



A plate-and-frame filter is to be designed to filter 300 m  of slurry in each



cycle of operation. A test on a small filter of area 0.1 m  at a pressure drop



of 1 bar gave the following results:



Assuming negligible filter-cloth resistance, estimate the filtration area



required in the full-scale filter when the cycle of operation consists of half



an hour at a constant rate of 2 × 10 3 m /s m , followed by one hour at



the pressure attained at the end of the constant-rate period. Also evaluate



this pressure.



29. Centrifugal pump efficiency—M (C). A single-stage centrifugal pump



has swept-back vanes, which at the outlet make an angle β with the



tangent to the outer diameter, whose value is D. The axial width at the



outer periphery is b, and the rotational speed is N revolutions per unit



time. There is no recovery of kinetic energy in the volute chamber, and the



actual whirl velocity is the ideal value. Assuming the flow to be radial at



the entry, show that the output head is:



in which u = πDN and f is the radial velocity of flow at the exit. Derive an



expression for the power input, and show that the maximum efficiency is



1/(1 + sin β).



30. Distillation column flooding—E . Following the notation of Section



4.7, a bubble-cap distillation column has values H = 1 ft, C  =0.62, D =0.1



ft, W =2 ft, and δ = 0.1 ft. If flooding is just to be avoided, what is the



maximum liquid flow rate L (ft /s) that can be accommodated? What are



then the liquid velocity through the opening at the bottom of a



downcomer and the height of the liquid above the weir?



31. Cyclone separator performance—E . Following the notation of



Section 4.8, a cyclone separator has values A = 0.2 ft , H = 2 ft, Q = 5



ft /s, μ = 0.034 lb /ft hr, and ρ  = 120 lb /ft . What is the diameter of



the smallest spherical particle that can be separated by the cyclone?



Express your answer in both feet and microns (μm).



32. How fast did that dinosaur go?—M. chemical engineers are often



expected to be versatile, as in this problem, suggested by an article in the



April 1991 issue of Scientific American, “How Dinosaurs Ran,” by R.



McNeill Alexander. Assume that the speed u of a walking, running, or



galloping animal depends on its leg lengthℓ , its stride length s, and g (this



because such locomotion involves some up-and-down motion). Perform



standard dimensional analysis to show that the ratio s/ should be a



function of the Froude number u /g .



Based on observations of different quadrupeds from cats to rhinoceroses,



and two species of bipeds (humans and kangaroos), the article showed



that with some experimental scatter, ln(s/ ) . = 0.618 + 0.308 ln(Fr) +



0.035 [ln(Fr)] .  For most animals, the leg length is approximately four



times the foot length or diameter.
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Fossilized dinosaur tracks in a Texan gully showed footprints with an



approximate diameter of 0.95 m and a stride length of 4.5 m. What was



the speed of the dinosaur on that day?



Fig. P4.33. Flow through a spherical reactor.



33. Pressure drop in spherical reactor—M. Fig. P4.33 shows a spherical



reactor of internal diameter D that is packed to a height H (symmetrically



disposed about the “equator”) with spherical catalyst particles of diameter



d and void fraction ε. A volumetric flow rate Q of a liquid of density ρ and



viscosity μ flows through the packing.



How would you determine the resulting pressure drop? Give sufficient



detail so that somebody else could perform all necessary calculations



based on your plan.



34. Pumping into a filter—E. Fig. P4.34 shows a centrifugal pump with



pressure increase p  − p  = a − bQ  atm, where a and b are known



constants, pumping a slurry into a plate-and-frame filter. The filter has a



cross-sectional area A cm , cake permeability κ darcies [(cm/s)



cP/(atm/cm)], filtrate viscosity μ cP, and cake-to-filtrate volumetric ratio



ε. A total volume V cm  of filtrate has been passed. The pump inlet and



filter exit pressures are equal.



Fig. P4.34. Pump feeding into a filter.



If a = 0.2, b = 10 5, A = 100, κ = 100, μ = 1, ε = 0.1, and V = 10 , all in



units consistent with the above definitions, calculate the current



volumetric flow rate Q cm /s. Ignore the slight difference between slurry



and filtrate volumes.



35. Equipment encyclopedia—M. Examine the Material Balances &



Visual Equipment Encyclopedia of chemical Engineering Equipment CD,



discussed in Section 4.1, to answer the following ten questions:



(a) In the animation of the plate distillation column, how many trays are



there?



(b) Above what value of the diameter is the plate distillation column the



most cost efficient?



(c) What is the fluid medium in a hydrocyclone?



(d) In a cyclone, does the overflow contain the smaller or the larger



particles?



(e) In a filter, what is the maximum ratio of volume of wash liquid to



filtrate volume?



(f) In a rotary vacuum filter, approximately what fraction of the drum is



submersed in the slurry?



(g) How many shapes of collectors can be used in electrostatic



precipitators?



(h) In a packed-bed reactor, what is the two-word phrase for the variation



of product concentration in the reactor?



(i) In the centrifugal pump section, how many head/flow rate curves are



shown on a single graph?



(j) In a fluidized-bed reactor, what is the typical range in size of the



catalyst particles?



36. Approximation for falling sphere—M. Referring to Example 4.2,



prove for small times that Eqn. (E4.2.7) can be approximated by Eqn.



(E4.2.8).



37. True/false. check true or false, as appropriate:



(a) In a centrifugal pump, the major portion of the pressure increase



occurs as the fluid passes through the vanes of the impeller.



T  F 



(b) For most designs of centrifugal pumps, the head increases as the flow



rate increases because of the greater kinetic energy.



T  F 



(c) Data for centrifugal pumps of a given design may be correlated by



plotting Δp/(ρD N ) against Q/(ND ).



T  F 



(d) If two centrifugal pumps are placed in parallel, the overall pressure



increase for a given total flow rate Q will be twice what it is for a single



pump with the same flow rate Q.



T  F 



(e) Rotational speed N is related to the angular velocity of rotation ω by



the equation N =2πω.



T  F 



(f) The drag coefficient is a dimensionless force per unit area.



T  F 



(g) Flow around a sphere is laminar for a Reynolds number of 1,000.



T  F 



(h) Stokes’ law for the drag force on a sphere is F = 3πμu D.



T  F 



(i) For flow around a sphere, there is a transition region from laminar to



turbulent flow in which the value of the drag coefficient is quite uncertain.



T  F 
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(j) Consider a sphere settling at its terminal velocity in a fluid. If the



following dimensionless group is known to have the value of 10,000:



then the corresponding value of the drag coefficient is approximately 2.5.



T  F 



(k) When a descending sphere has reached its terminal velocity, Stokes’



law is always satisfied.



T  F 



(l) Analysis of the performance of a spray-drying column involves a



knowledge of the drag on particles.



T  F 



(m) The sphericity of a cube is greater than that of a sphere of the same



volume because the cube has more surface area.



T  F 



(n) Turbulent flow through a packed bed can be modeled as flow through



a noncircular duct.



T  F 



(o) The Ergun equation applies for both laminar and turbulent flow.



T  F 



(p) The Burke-Plummer and Blake-Kozeny equations are limiting forms



of the Ergun equation, for low and high values of the Reynolds number,



respectively.



T  F 



(q) A tubular reactor is packed with catalyst particles, each of which is a



cylinder of diameter 1 cm and length 2 cm. The effective particle diameter



is 0.5 cm.



T  F 



(r) A high permeability means that a porous medium offers a high



resistance to flow through it.



T  F 



(s) For flow through a porous material, the pressure drop is usually



proportional to the square of the flow rate.



T  F 



(t) After a frictional dissipation term F has been established for flow in a



packed bed, it may be used in an energy balance for flow in either



horizontal, vertical, or inclined directions, provided the flow rate is not



changed.



T  F 



(u) To convert from darcies to cm , multiply by 1.06 ×10 11



approximately.



T  F 



(v) In constant-pressure operation of a filter, the amount of filtrate passed



is directly proportional to the elapsed time.



T  F 



(w) If a plate-and-frame filter is operated at a constant flow rate, the



pressure drop across it is proportional to the square root of the elapsed



time.



T  F 



(x) Fluidized particles behave essentially as though they were a liquid.



T  F 



(y) A person who can swim in water could probably also swim in a



fluidized bed of sand particles, assuming the bed were large enough.



T  F 



(z) Dynamical similarity means that a scale model looks exactly like a full-



size object (pump, ship, etc.), except only for differences in size.



T  F 



(A) Geometrical similarity means that a scale model (of a pump, ship,



etc.) has exactly the same values of the dimensionless groups (Reynolds



number, for example) as the corresponding full-size object.



T  F 



(B) A friction factor is essentially a ratio of shear forces to viscous forces.



T  F 



(C) The Stokes number is essentially a ratio of gravitational forces to



inertial forces.



T  F 



(D) The Grashof, Nusselt, Peclet, and Prandtl numbers are related to heat



transfer.



T  F 



(E) The Froude number is a measure of the ratio of inertial forces to



gravitational forces.



T  F 
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(F) The Froude number is important in determining the drag on ships



because it represents the ratio of viscous forces to gravitational forces.



T  F 



(G) A plate-and-frame filter has the disadvantage that it is subject to



intermittent operation.



T  F 



(H) For constant-pressure operation of a plate-and-frame filter, the



volume of filtrate is proportional to the elapsed time.



T  F 



(I) Progressing radially outward in a centrifugal filter, the pressure



typically increases in the slurry and decreases in the cake.



T  F 



(J) There is a definite upper limit on the liquid throughput that a bubble-



cap distillation column can handle.



T  F 



(K) Between the gas inlet and exit in a cyclone, a forced vortex exists, in



which the tangential velocity v  is proportional to the radial distance from



the center-line.



T  F 



(L) A cyclone can separate particles from a gas more easily at low flow



rates.



T  F 
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Part II: Microscopic Fluid Mechanics











Chapter 5. Di�erential Equations of Fluid
Mechanics



5.1 INTRODUCTION TO VECTOR ANALYSIS



THE various quantities used in fluid mechanics may be subdivided into



the categories of scalars, vectors, and tensors. At any point in space and



time, a scalar needs only a single number to represent it, examples being



temperature, volume, and density. A vector, however, needs for its



description both a magnitude and a direction, examples being force,



velocity, and momentum; for example, the gravitational force on one



kilogram is g newtons, vertically downward. A tensor is more



complicated, and its discussion will be postponed until the shear-stress



tensor is introduced in Section 5.7. Appendix C gives details of a few



important vector and tensor operations not covered in the present



chapter.



Vectors



A vector, such as v shown in Fig. 5.1, is determined by both its magnitude



or length, and by its direction. Also shown are the unit vectors e , e , and



e , which are of length unity and point in each of the respective coordinate



directions.



Fig. 5.1. A vector v, and the three unit vectors e , e , and e
in the rectangular Cartesian coordinate system.



Vectors are usually designated in bold-faced type. In handwriting,



however, it is more practical to use lightface forms such as , , or 



instead.



It is also essential in most fluid mechanics problems to consider a



coordinate system, of which the simplest is the RCCS or rectangular



Cartesian coordinate system, employing three distance coordinates, x, y,



and z. In it, a vector such as v can be expressed as a linear combination of



the unit vectors e , e , and e :



where v , v , and v  are the components of the vector in the x, y, and z



directions, respectively, as shown in Fig. 5.1.



5.2 VECTOR OPERATIONS



Vector addition and subtraction



If a vector u is added to another vector v, the result is a vector w whose



components equal the sums of the corresponding components of u and v:



A similar result holds for subtraction of one vector from another.



Vector products



Multiplication of a vector v by a scalar s gives a vector sv whose



components are the same as those of v, except that each is multiplied by s.



Two types of vector multiplication are particularly important.



1. The dot product u · v of two vectors u and v is a scalar, defined as the



product of their individual magnitudes |u| and |v| and the cosine of the



angle θ between the vectors (Fig. 5.2(a)):



Fig. 5.2. Geometrical representations of vector
multiplication: (a) dot product; (b) cross product.



x y



z



x y z



x y z



x y z



⬆











which is the area of the rectangle with sides |u| and |v| cos θ. The dot



product of two unit vectors e  and e  may also be expressed concisely as:



in which the Kronecker delta symbol δ  = 0 for i ≠ j and δ  = 1 for i = j.



For example,



With this information, dot products of vectors may be reexpressed in



forms involving the individual components, such as:



2. The cross product u×v of two vectors u and v is a vector, whose



magnitude is the area of the parallelogram with adjacent sides u and v,



namely, the product of the individual magnitudes and the sine of the



angle θ between them. The direction of u × v is along the unit vector n,



normal to the plane of u and v, such that u, v, and n form a right-handed



set, as shown in Fig. 5.2(b):



Representative nonzero cross products of the unit vectors are:



where 0 is the null vector. The cross product may conveniently be



reformulated in terms of the individual vector components and also as a



determinant:



The more complicated double-dot and dyadic products are discussed in



Sections 11.3 and 11.4.



Vector di�erentiation



The subsequent development is greatly facilitated by the introduction of



the vector differential operator ∇ (nabla or del), defined in the RCCS as:



in which the unit vectors are weighted according to the corresponding



derivatives.



Gradient



Fig. 5.3 shows that in the RCCS, if a scalar s = s(x, y, z) is a function of



position, then a constant value of s, such as s = s , defines a surface. The



gradient of a scalar s at a point P, designated grad s (to be shown shortly



to be equal to ∇s), is a directional derivative. It is defined as a vector in



the direction in which s increases most rapidly with distance, and whose



magnitude equals that rate of increase.



Fig. 5.3. The direction in which s increases most rapidly
with distance is n, a unit vector normal to the surface of
constant s at point P, and pointing in the direction of
increasing s.



An expression for the gradient is obtained by first considering a unit



vector r in any direction:



(whose magnitude can readily be shown to be unity from geometrical



considerations), together with the vector ∇s:



The component of ∇s in the direction of r is the dot product:



Also note that a differential change in s, and hence its rate of change in



the r direction, are given by:



Hence, from Eqns. (5.13) and (5.14):



When r coincides with n, the rate of change of s with distance, ds/dr, is



greatest, equaling ds/dn = ∇s · n. But this greatest value can only occur if



∇s is collinear with n (when cos θ in the dot product equals unity and ∇s ·



n = |∇s|). Therefore, ∇s as defined in Eqn. (5.12) equals grad s, the



gradient of s.



Example 5.1—The Gradient of a Scalar



A scalar c varies with position according to:



i j



ij ii
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 For Examples 5.1–5.4, two-dimensional situations have
been chosen because: (a) they are easily visualized, and (b)
this text is largely confined to no more than two-dimensional
problems.
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That is, surfaces of constant values of c are ellipses, two of
which (for c = 4 and c = 16) are shown in Fig. E5.1. Evaluate
the gradient of c at four representative points, A, B, C, and D
on the ellipse for which c = 16. The coordinates of these



points are (−4, 0), (4, 0), (2, ), and (0, 2).



Fig. E5.1. Gradients of c at four representative
points.



Solution



The derivatives of c with respect to the two coordinate
directions, and the corresponding gradient are:



Table E5.1. Gradients ∇c and Magnitudes |∇c| at
Four Points



The individual gradients and their magnitudes at the four
points are given in Table E5.1. Observe that each gradient is
pointing normally outwards from the ellipse, in the direction of
increasing c, and that the magnitude of ∇c is greatest at point
D on the y-axis, where the ellipses are spaced most closely.



Flux



The flux v of an extensive quantity, X for example, is a vector that denotes



the direction and the rate at which X is being transported (by flow,



diffusion, conduction, etc.), typically per unit area. Examples are fluxes of



mass, momentum, energy, and volume. The last of these is given a special



and well-known name, velocity, for which typical units are (m /s)/m



(volume transported per unit time per unit area) or m/s. Although we



shall eventually focus on v as the velocity, the development holds for any



other vector flux. If the total flux is intended—as opposed to that per unit



area—it will be so designated in this text.



Fig. 5.4(a) shows the relation between the vector flux v and the element of



a surface that it is crossing. Note that the magnitude of the total flux of X



across the surface dS, with outward normal n,is v · n dS, which reduces to



zero if v is in the plane of dS, and to |v| dS if v is normal to dS.



Fig. 5.4. (a) Flux across a small area dS; (b) dS as part of the
boundary surface S of the volume V.



Divergence



The divergence of a vector v at a point P, designated div v (later to be



shown equal to ∇· v), is now introduced. As shown in Fig. 5.4(b), consider



a small volume V enveloping P, and designate the corresponding



boundary surface as S. The divergence of v is then defined as:



If dS is an element of the surface, v · n dS can be recognized as the



magnitude of the outward flux of X across dS. The divergence is therefore



the net rate of outflow of X per unit volume, as the volume becomes



vanishingly small at P.



An expression for div v can be derived in the RCCS, for example, by



referring to the differential rectangular parallelepiped element, of volume



dx dy dz, shown in Fig. 5.5.



Fig. 5.5. Fluxes across the four faces normal to the x and y
axes; those across the other two faces are omitted for
clarity.



Consider the rate of transport into the element across the face ABCD.



Since this face is normal to the x axis, the rate is v  (the x component of



the vector flux) times dy dz (the area of the face):
x
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Likewise, the rate of transport out of the element across face EFGH is:



because the rate v  is now augmented by the rate ∂v /∂x at which it



changes in the x direction, times the small increment dx. The net rate of



outflow across these two faces is obtained by subtracting Eqn. (5.17) from



Eqn. (5.18):



Similar arguments hold for the fluxes across the other four faces, so that



the total outflow rate for all six faces is:



Dividing by the element volume dx dy dz, and using the definition of Eqn.



(5.16):



The alternative notation ∇· v (which will be used hereafter) is now easy to



comprehend:



An example of a vector flux is q, the rate (and direction) at which heat is



conducted in a medium because of gradients of the temperature T . In this



case, experiments show that, at the simplest, Fourier’s law is obeyed:



in which k is the thermal conductivity of the medium. The minus sign



indicates that the heat is flowing in the direction of decreasing



temperature.



We turn now to the most commonly occurring case in fluid mechanics, in



which v is indeed the velocity—that is, the flux of volume. For an



incompressible fluid, the density is constant; hence, there cannot be any



net outflow (or inflow) of volume from an infinitesimally small fluid



element. If ∇·v = 0, which is true for an incompressible fluid, there is no



depletion or accumulation of volume, and the flow is called solenoidal.



However, positive (or negative) values of the divergence imply such a



depletion (or accumulation). For example, a positive value of ∇· v could



occur for a compressible gas whose density is decreasing, caused by an



outflow of volume from an infinitesimally small element, with a



corresponding diminution of pressure in that element.



The following identity holds for any scalar c and any vector v, and will



occasionally be useful:



For the particular case in which c = ρ (the fluid density), a physical



interpretation of Eqn. (5.24) is given in Example 5.6.



Example 5.2—The Divergence of a Vector



Evaluate the divergence of the vector v = v  e  + v  e , which
represents the velocity of a traveling wave (see Section
7.10), and whose components are:



Solution



The divergence is obtained by summing the appropriate
derivatives:



In common with most problems studied in this book, the flow
is incompressible and ∇· v = 0. Note that although time t was
one of the three independent variables (x, y, and t), it did not
enter the determination of the divergence.



Example 5.3—An Alternative to the Differential Element



When performing operations similar to the above, some
people prefer first to consider a finite volume, such as one of
dimensions Δx × Δy × Δz, and then let this shrink to one of
differential size. Investigate this alternative.



Solution



The net rate of outflow across the faces normal to the x axis
is now given by the difference of the velocities at locations x
and x +Δx, multiplied by the area ΔyΔz across which the
transports occur:



By following similar arguments for the outflow across the
other four faces, the total outflow rate for all six faces is:



Division by the volume ΔxΔyΔz then gives the rate of outflow
per unit volume:



Each dimension is now allowed to shrink to a differential
value. By definition of the derivative:



Likewise, the second and third terms in Eqn. (E5.3.3) yield
∂v /∂y and ∂v /∂z, so that the total rate of outflow per unit
volume, which by definition is the divergence of the velocity,
becomes identical to that obtained previously:
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The preference of whether to start with a differential element,
or with a finite element that is allowed to shrink to a
differential one and then invoke the definition of a derivative,
is a personal one. We have opted for the former (and have
therefore generally followed this approach throughout), but
recognize that the alternative may be preferred by others.
The alternative approach may be adopted when performing
both mass balances and momentum balances, the latter of
which is discussed in Section 5.6.



Angular velocity



Fig. 5.6 shows a fluid (or solid) particle P that rotates in a circular path



with angular velocity ω about the axis OQ. Note that the angular velocity



(radians per unit time) is a vector whose direction is the same as the axis



of rotation. Let r be the vector OP that locates P relative to an origin O



anywhere on the axis of rotation.



Fig. 5.6. Rotation of P about the axis OQ.



If ω and r denote the magnitudes of ω and r, respectively, then the



magnitude of the velocity of P is ω times r sin θ (the distance of P from



the axis). The direction of the velocity is such that ω, r, and v form a



right-handed set. Based on this information, the reader may wish to check



that the linear velocity of P is the vector ω × r, which can also be



expressed as a determinant:



This result is independent of the location of the origin O, as long as it lies



on the axis of rotation.



Curl



Refer first to the area A in Fig. 5.7(a), which has a positive normal



direction n and boundary curve C. The circulation C in the direction n of



a vector v at a point P is defined as:



Fig. 5.7. (a) Notation for the definition of the circulation of
a vector v; (b) a small element dx dy for investigating the z
component of curl v; (c) the same, magnified, showing
velocity components for integration around the boundary
C.



whose value will, in general, depend on the orientation of A and hence on



the direction of its normal n. Observe that the path taken is clockwise as



seen by an observer facing in the direction of positive n, and that this is



also the direction of a vector element ds of the boundary C. The



circulation is important because if it is zero for all orientations—



approximately the case for low-viscosity flows—then the flow pattern may



be amenable to the simpler treatment discussed in Chapter 7.



The curl of a vector v at a point P, designated curl v (later to be shown



equal to ∇× v), is a vector, whose three components are equal to the



circulation for each of the x, y, and z directions. When curl v is resolved in



any arbitrary direction n, the resulting component (curl v) · n gives the



circulation in that direction.



First, investigate the z component of curl v, defined as:



Here, A is an area in the x/y plane that includes point P, as in Fig. 5.7 (b)



and (c), and C is its boundary; ds denotes a (vector) element of C,



considered clockwise when looking at the plane in the z direction (from



below). The definition actually holds for any shape of area that shrinks to



zero, but which—for our purposes—is most conveniently taken as a



rectangle of area dxdy, as in Fig. 5.7.



By performing the integration around C, and noting that the appropriate



four magnitudes of ds are dy, −dx, −dy, and dx, Eqn. (5.27) gives:



After obtaining the x and y components similarly, curl v is then:
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Having proved its validity, we shall henceforth use the ∇ × v notation for



curl v. Also note that the expressions for ∇ ×v in the CCS and SCS are



more complicated, being given in Table 5.4.



For the special—and most commonly occurring case—in which v is the



velocity vector, we can now deduce the physical meaning of ∇ × v, which



is also known as the vorticity. The reader should discover (see Problem



5.2) by using Eqns. (5.25) and (5.29) that, for a constant angular velocity,



as in rigid-body rotation:



That is, ∇ × v is twice the angular velocity of the fluid at a point.



Irrotationality



Consider the special situation in which the fluid velocity v (the volumetric



flux per unit area) is given by the gradient of a scalar ϕ:



in much the same way that the conductive heat flux q per unit area is



given by Fourier’s law, q = −k∇T , where k is the thermal conductivity and



T is the temperature. It is fairly easy to show (see Problem 5.3) that,



provided v = ∇ϕ, the curl of the velocity is everywhere zero:



so from Eqn. (5.30) there is no angular velocity. In such event, the flow is



termed irrotational or potential, and the scalar function ϕ is called the



velocity potential. Such flows arise approximately at relatively high



Reynolds numbers, when the effects of viscosity are small.



In the limiting case of zero viscosity, there would be no shear stresses, so



an element of flowing fluid initially possessing zero angular velocity could



never start rotating. An approximate physical example is given by a cup of



coffee, containing cream, so that its surface can be visualized. If the cup is



rotated—through half a revolution, for example—there is almost no



corresponding rotation of the coffee, because it has a relatively small



viscosity. However, if the cup is continuously rotated, the effect of



viscosity will eventually cause all the liquid to rotate with the same



angular velocity as the cup.



In irrotational flow, a fluid element can still deform, but cannot rotate. In



two dimensions, for example, a small square element could deform into a



rhombus, but the diagonals of the latter, even though one would be



elongated and the other shortened, would still maintain the same



directions as those of the square element. Such a situation is shown in



Fig. 5.8.



Fig. 5.8. A fluid element that moves and deforms, but does
not rotate.



Further, for the usual case of an incompressible fluid:



Substitution of v from Eqn. (5.31) immediately leads to:



which is the famous equation of Laplace, governing the velocity potential



in the RCCS; ∇  is called the Laplacian operator. As seen in Chapter 7,



Laplace’s equation is very important in the study of irrotational flow.



Example 5.4—The Curl of a Vector



Evaluate the curl of the velocity vector v = v  e  + v  e  for the
following two cases (v  = 0 in both instances):



Solution



In both cases, v  = 0 and the remaining components v  and
v  do not depend on the coordinate z; therefore, the x and y
components of ∇ × v (which would multiply the unit vectors e
and e ) are—from Eqn. (5.29)—both zero. Thus, we are
concerned only with the z components, which multiply the
unit vector e .



Case (a)



Thus, the flow represented by the velocity has a vorticity
2ωe  and an angular velocity ωe . It corresponds to a forced
vortex , discussed further in Section 7.2.



Case (b)
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Thus, the flow represented by the velocity has zero vorticity
and zero angular velocity. It corresponds to a free vortex , to
be discussed further in Section 7.2.



As can be discovered from Problem 5.12, the above two
cases may be examined somewhat more easily in cylindrical
coordinates, which is one of the topics of the next section.



Example 5.5—The Laplacian of a Scalar



Evaluate the Laplacian of the following scalar:



Solution



The necessary derivatives for forming the Laplacian, ∇ ϕ,
are:



The Laplacian of ϕ is therefore:



The scalar ϕ is closely related to the potential function for an
irrotational wave traveling on the surface of deep water, to be
discussed further in Section 7.11. Note that although time t is
one of the three independent variables, it is not involved in
the formation of the Laplacian.



5.3 OTHER COORDINATE SYSTEMS



The coordinate systems most frequently used in fluid mechanics



problems, which should already be somewhat familiar, are:



1. The rectangular Cartesian coordinate system (RCCS), already



discussed.



2. The cylindrical coordinate system (CCS).



3. The spherical coordinate system (SCS).



The cylindrical and spherical systems are shown in Fig. 5.9. Note that the



RCCS is superimposed in both cases, since we sometimes need to convert



from one system to another. As far as possible, the system chosen should



be most suited to the geometry of the problem at hand. As an obvious



illustration, the CCS is employed when studying flow in a pipe, because



the pipe wall is described by a constant value of the radial coordinate (r =



a, for example).



Fig. 5.9. (a) Cylindrical and (b) spherical coordinate
systems (note that in some texts, θ and ϕ are interchanged
from those shown above).



Cylindrical coordinate system. To locate the point P, the CCS employs



two distance coordinates, r and z, and one angle, θ (restricted in range



from 0 to 2π). In the CCS, a vector such as v can be expressed in terms of



the unit vectors e , e , and e , by:



where v , v , and v  are the components of the vector in the r, θ, and z



coordinate directions, respectively. The relations between the RCCS and



CCS are:



Spherical coordinate system. To locate the point P, the SCS employs one



distance coordinate, r, and two angles, θ (ranging from 0 to π) and ϕ (0 to



2π). In the SCS, a vector such as v can be expressed in terms of the unit



vectors e , e , and e :



where v , v , and v  are the components of the vector in the r, θ, and ϕ
coordinate directions, respectively. The relations between the RCCS and



SCS are:



The form of the del operator in the CCS and SCS depends on the context



in which it is being used, and “del” is therefore not a particularly useful



concept in cylindrical and spherical coordinates. However, note that ∇s, ∇·



v, ∇ × v, and ∇ s still remain as convenient notations for the gradient,



divergence, curl, and Laplacian in all coordinate systems.



Expressions for the gradient, divergence, curl, and Laplacian in the CCS



and SCS can be derived from the corresponding expressions in the RCCS.



The derivations, which involve coordinate transformations, are laborious



and beyond the main theme of this section. One of the difficulties that



arises is with the unit vectors; whereas those for the RCCS are invariant,



the directions of some of these unit vectors in the CCS and SCS are
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functions of the coordinates themselves, necessitating considerable care



in differentiation. The reader will need some of the results, however,



which are given (with those for the RCCS) in Tables 5.1–5.5.



Table 5.1. Expressions for the Del Operator



Table 5.2. Expressions for the Gradient of a Scalar



Table 5.3. Expressions for the Divergence of a Vector



Table 5.4. Expressions for the Curl of a Vector



Table 5.5. Expressions for the Laplacian of a Scalar



5.4 THE CONVECTIVE DERIVATIVE



The development and understanding of the differential equations of fluid



mechanics are facilitated by the introduction of a new type of derivative



that follows the Lagrangian viewpoint, and is symbolized for a property



or variable X by the notation:



This derivative is defined as the rate of change of X with respect to time,



following the path taken by the fluid, and is known as the convective or



substantial derivative.



To illustrate, focus on something that will be of immediate use in Section



5.5— the convective derivative of the density, Dρ/Dt. In general, density



will depend on both time and position; that is, ρ = ρ(t, x, y, z). Its total



differential is therefore:



Over the time increment dt, take the space increments dx, dy, and dz to



correspond to the distances traveled by a fluid particle, as shown in Fig.



5.10. That is:



Fig. 5.10. Differential motion of a fluid element.



By dividing Eqn. (5.42) by dt and introducing dx, dy, and dz from Eqn.



(5.43), the following relation is obtained for the time variation of density



for an observer moving with the fluid:



The physical significance of the last term in Eqn. (5.44), v ·∇ρ, will be



explained shortly, in Example 5.6.



From Eqn. (5.44), the convective derivative consists of two parts:



1. The rate of change ∂ρ/∂t of the density with time at a fixed point,



corresponding to the Eulerian viewpoint.



2. An additional contribution, emphasized by the underbrace in Eqn.



(5.44), due to the fluid motion.
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The convective differential operator is therefore defined as:



5.5 DIFFERENTIAL MASS BALANCE



A differential mass balance, also known as the continuity equation, is



readily derived by accounting for the change of mass inside the fixed,



constant-volume element dV , shown in Fig. 5.11.



Fig. 5.11. Control volume for differential mass balance.



Assuming that dV is sufficiently small so that at any instant the density ρ



is uniform within it, its mass is ρdV . Due to fluid flow, there will be



transfers of mass into and from the element, the local mass flux being ρv.



Recalling the definition of the divergence just after Eqn. (5.16), the net



rate of outflow of mass per unit volume is ∇· ρv. Equating the net rate of



inflow of mass (the negative of the outflow) to the rate of accumulation in



the element:



Cancellation of the constant volume dV and rearrangement gives:



Complete forms for the three principal coordinate systems are given in



Table 5.6. Each of these states that the density and velocity components



cannot change arbitrarily, but are always constrained in their variations



so that mass is conserved.



Table 5.6. Differential Mass Balances



Example 5.6—Physical Interpretation of the Net Rate of Mass Outflow
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Example 5.6—Physical Interpretation of the Net Rate of
Mass Outflow



Following Eqn. (5.24), the divergence term in Eqn. (5.47) can
be expanded to yield:



Give the physical significance of each of the three numbered
terms in Eqn. (E5.6.1).



Solution



Each term corresponds to a rate per unit volume, with the
following physical significance.



1. As explained above, the first term is the overall or net rate
of loss of mass.



2. Note first, from the definition of the divergence, that ∇·v is
the rate of outflow of volume (per unit volume). This situation
could occur if the fluid—probably a gas—were expanding due
to a decrease in pressure, in which case there would be an
outflow of volume across the boundaries of a fixed unit
volume. Multiplication by the density then gives the second
term as the rate of loss of mass due to expansion.



3. To illustrate, first imagine the case of a rectangular fluid
element, as in Fig. 5.5, but with the only nonzero velocity
component being v  uniformly in the x direction. Suppose
further that the density increases in the x direction, so that ∂ρ/
∂x is positive and hence ∇ρ = 0. The flow into the left-hand
face will bring less mass into the element than the flow out of
the right-hand face takes from the element, so there will be a
net loss of mass due to the flow. The accommodation of
similar losses due to flow in the other two coordinate
directions then leads to the third term in Eqn. (E5.6.1).



Of course, the continuity equation simplifies enormously if the density is



constant, which is approximately true for the majority of liquids. In this



event, the term ∂ρ/∂t is zero, and ρ can be canceled from all the



remaining terms, giving:



The corresponding simplified forms in the three coordinate systems can



be obtained either from Table 5.6, or by equating to zero the forms of the



divergence given in Table 5.3. Of these, the most familiar form is that in



the RCCS, namely:



Example 5.7—Alternative Derivation of the Continuity
Equation



There are other, equivalent ways of deriving the continuity
equation. To illustrate, derive the continuity equation in vector
form by following the motion of a fluid element of constant
mass, whose volume may be changing, as shown in Fig.
E5.7, along the path A–B–C.



x
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Fig. E5.7. Motion of a fluid element along the
path A–B–C.



Solution



Focus attention when the element is at location B, where its
volume is dV . By definition of the divergence of the velocity
vector as the net rate of outflow of volume per unit volume,
the fractional rate at which the element is increasing in
volume is ∇· v. (A positive value of the divergence means
that the constant mass is now occupying a larger volume,
because this consists of the original volume plus the outflow
or expansion.) But since the mass of the element is constant,
its density must be decreasing at the same fractional rate.
Since we are following the path taken by the fluid, the latter is
given by (Dρ/Dt)/ρ. The relationship between the two
quantities is therefore: 1



or



The reader can show (see Problem 5.6) that Eqns. (5.47) and
(E5.7.2) are equivalent. As a further example, Problem 5.7
illustrates yet another way of deriving the continuity equation.



5.6 DIFFERENTIAL MOMENTUM BALANCES



Section 5.5 derived the differential mass balance, or continuity equation,



using both vector notation and the three usual coordinate systems. Now



proceed to the differential momentum balances, of which there will be



three, one for each coordinate direction. The following derivation is fairly



involved, and requires concentration. Nevertheless, these momentum



balances are essential in order to comprehend the basic equations of fluid



mechanics. Similar equations can also be derived for energy and mass



transfer. Thus, the concepts presented here will also be important in other



areas of chemical engineering.



Sign convention for stresses



We start by establishing the notation and sign convention for tangential



and normal stresses due to viscous action, for which representative



components appear as τ  and τ  in Fig. 5.12. Concentrate first on the



stresses represented by the full arrows. Note that each is denoted by the



symbol “τ ,” with two subscripts.



Fig. 5.12. Tangential and normal stresses τ  and τ  acting
on surfaces of constant y and x, respectively.



The first subscript denotes the surface on which the stress acts. For



example, the stress τ  acts on a surface of constant y (shown as Y–Y in



the figure), whereas τ  acts on a surface of constant x (X–X).



The second subscript denotes the direction of the stress, considered to be



positive when exerted by the fluid in the region of greater “first subscript”



on the fluid of lesser “first subscript.” For example, τ  acts in the x



direction (corresponding to its second subscript) for the fluid of greater



first subscript, y, (above the line Y–Y) acting on the region of lesser y



(below the line Y–Y). Likewise, τ  also acts in the x direction



(corresponding to its second subscript) for the fluid of greater first



subscript, x (to the right of the line X–X), acting on the region of lesser x



(to the left of the line X–X).



Observe that stresses are always perfectly balanced across surfaces such



as those represented by X–X and Y–Y. Thus, the stress τ  below the



surface Y–Y (shown by the dashed arrow) is exactly the same as that



above Y–Y, but in the opposite direction. The same can be said for τ . If



the stresses were unequal, there would be a finite force acting on the



surface, which has zero mass, resulting in an infinite acceleration. Such is



not the case!



Di�erential momentum balance



Consider now the tangential and normal stresses acting on the differential



rectangular parallelepiped of fluid, of dimensions dx × dy × dz, shown in



Fig. 5.13. There are six normal stresses (one for each face) and twelve



tangential or shear stresses (two for each face), for a total of eighteen



stresses. However, to avoid encumbering the diagram with an excessive



number of symbols, the six stresses on the faces normal to the z axis are



omitted for clarity. Observe that the directions of all the stresses follow



the sign convention just described.



Fig. 5.13. Tangential and normal stresses acting on a
rectangular parallelepiped element. The stresses acting on
the faces of constant z are omitted for clarity.
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The usual symbol τ is used to denote the tangential or viscous shear



stresses. However, the normal stresses are denoted by a different symbol,



σ, because it will be seen later that a normal stress such as σ  can be



decomposed into two parts, σ  = −p + τ , namely:



1. The fluid pressure which, being compressive, acts in the opposite



direction to that of the convention, and is given a negative sign, as in −p.



2. An additional contribution, due to viscous action, such as τ .



As usual, stresses change by a differential amount from one face to the



opposite face. For example, τ , acting in the negative x direction on the



bottom face, is augmented to τ  +(∂τ /∂y)dy, acting in the positive x



direction, on the top face.



Also denote the body forces per unit mass acting in the three coordinate



directions as g , g , and g . The symbol “g” is used because gravity is the



obvious body force. The understanding is that it would be replaced or



augmented by additional body forces—such as those due to



electromagnetic action—whenever appropriate. In the usual case, with the



z axis pointing vertically upward, g  = g  = 0, and g  = −g, where g is the



gravitational acceleration.



Now perform three successive momentum balances, one for each



coordinate direction, on an element of fixed mass (ρdxdydz) that is



moving with the fluid. This viewpoint simplifies the derivation, in that we



do not have to consider convective transports of momentum across each



of the six faces. (Problem 5.10 checks that a momentum balance on an



element fixed in space—in which convective transports have to be



considered—leads to exactly the same result.)



A momentum balance in the x direction gives:



Observe that the convective derivative must be employed on the left-hand



side, because we have chosen to perform a momentum balance on an



element moving with the fluid.



Division of Eqn. (5.53) by the common volume dx dy dz, and repetition



for the other two coordinate directions gives:



Bear in mind that a “shorthand” notation appears on the left-hand side of



Eqn. (5.54); the convective derivatives can be written out more fully



according to the definition given in Eqn. (5.45). Although Eqn. (5.54),



with stress components on the right-hand sides, may be useful in certain



circumstances, particularly when special formulas for the stresses are



available for non-Newtonian fluids (see Chapter 11), it is usually



preferable to cast them in terms of velocities for the special but very



important case of Newtonian fluids, as will be done in the next section.



5.7 NEWTONIAN STRESS COMPONENTS IN
CARTESIAN COORDINATES



In general, there are nine stress components acting at any point in a fluid,



illustrated in Fig. 5.14(a).



Fig. 5.14. (a) The nine normal and shear stress
components; (b) shear stresses acting on an element in the
x/y plane.



The assembly of all nine components in the form of a matrix is called a



tensor. Thus, both the viscous-stress and the total-stress tensors are



expressed as:



(Actually, there is somewhat more to the definition of a tensor. There is a



rule by which its elements are transformed when proceeding to a different



frame of coordinates, but it is unnecessary to pursue this aspect here.) It



will now be shown that, of the six shear stress components, only three are
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independent. Consider a rectangular parallelepiped element of fluid



extending for any distance L in the z direction, and whose square cross



section dx × dx in the x/y plane is shown in Fig. 5.14(b). There are four



relevant shear stresses, indicated by the arrows, which, if not in balance,



may cause the element to rotate. Equating the net clockwise moment



about the origin O to the product of the moment of inertia I of the element



times its rate of increase of angular velocity dω/dt:



On the left-hand side, the second dx is the radius arm for multiplying the



net force in order to obtain the torque. For the element, I can be shown to



be proportional to (dx) . Cancellation of (dx)  leaves a factor of (dx)  on



the right-hand side. Since dω/dt remains finite as dx approaches zero,



this can only occur if:



Similarly, τ  = τ  and τ  = τ . That is, there are only three independent



shear-stress components.



Basic relation for a Newtonian fluid



Fig. 5.15(a–c) shows three basic ways in which a fluid may move. In each



case, the dashed outline indicates the initial shape of a fluid element in



the x/y plane. Shortly afterward, it will have assumed a new



configuration, denoted by the full outline. The following can occur:



(a) Translation—the element moves to a new location without changing



its shape.



(b) Rotation—the element turns, without moving its center of gravity.



(c) Shear—the element deforms into a parallelogram.



Fig. 5.15. Basic modes of fluid motion. The dashed outline
shows the initial location of an element. The full outline
shows its location after translation, rotation, shear, or a
combination of all three of these motions.



Fig. 5.15(d) illustrates a combination of all three motions, of which we



want to determine just the shear component, which can be discovered by



finding the rate of change of the angle α, which starts as a right angle, but



is slightly diminished after a small time interval dt has elapsed.



Consider first the bottom side AB of the element. The rate at which any



point on it moves in the y direction depends on the local value of v , and



should this vary with x, then the side will be tilted one way or the other



and will no longer be parallel to the x axis. Hence, during the time dt,



point B will have advanced by an amount (∂v /∂x) dx dt relative to point



A, and the side AB will therefore be tilted counterclockwise by an angle



(∂v /∂x) dt. By a similar argument, the left-hand side of the element will



be tilted clockwise by an angle (∂v /∂y) dt. Both of these actions (as



drawn) tend to diminish the angle α; summation of the effects and



division by dt gives: dα dt = − ∂v



For a Newtonian fluid, it is a fundamental assumption, borne out by



experiment, that the shear stress causing the deformation is proportional



to the rate at which α is decreasing (also known as the strain rate):



The constant of proportionality μ is the viscosity. Similar relations can be



deduced for the other shear stresses. The complete set of equations, which



collectively express Newton’s law of viscosity, is given for rectangular



coordinates in the first half of Table 5.7.



Table 5.7. Stress Components in Rectangular Coordinates



Although it follows along similar lines, the derivation of the relations for



the normal stress is considerably more involved and will not be given



here. Instead, the end result is given in the second half of Table 5.7. Thus,



as hinted previously, the normal stresses (which, by the sign convention,
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are considered positive when causing tension) consist of two parts: the



fluid pressure p (a compression—hence the negative sign) and



components caused by viscous action. The latter are given by:



There is a ready qualitative physical explanation of the first terms on the



right-hand sides of Eqn. (5.62). For example, if the fluid is being stretched



in the x direction, ∂v /∂x will be positive, resulting in a positive value of



τ —that is, a tension—in order to do so.



By similar arguments, the rate of rotation of the fluid element in Fig. 5.15



could also be expressed in terms of derivatives of the velocity



components, and this will be pursued in Section 7.2, when angular



velocity and vorticity are studied in more detail.



For completeness, the stress components in cylindrical and spherical



coordinates are given in Tables 5.8 and 5.9.



Table 5.8. Stress Components in Cylindrical Coordinates



The shear- and normal-stress relations, (5.60) and (5.61), may now be



substituted into the three momentum balances of Eqn. (5.54), as detailed



in Example



5.8 below. Clearly, the resulting relations will be quite complicated, and at



an introductory level it is often appropriate to make the simplification of



constant viscosity. The final result is:



Momentum balance for constant-viscosity Newtonian fluid



The three individual relationships in Eqn. (5.67) can be viewed as the x, y,



and z components of a single vector equation:



As shown in Appendix C, the term ∇ v has components in the x, y, and z



directions, each of which amounts to the Laplacian of the individual



velocity components v , v , and v ; also, g is a vector whose components



are g , g , and g ; and ∇(∇· v), having components ∂(∇· v)/∂x, ∂(∇· v)/∂y,



and ∂(∇· v)/∂z, is the gradient of the divergence of the velocity vector.



Table 5.9. Stress Components in Spherical Coordinates



Three important tensors



For an incompressible Newtonian fluid, the relation between the shear



stresses and the rates of strain may be expressed more concisely in terms



of tensors. The viscous-stress and total-stress tensors have already been



defined:



A rate-of-deformation, rate-of-strain, or simply strain-rate tensor can



also be defined:



in which the dyadic product ∇v and its transpose (∇v)  are defined in



Appendix C. Since ∇· v = 0 for an incompressible fluid, Eqns. (5.60)–



(5.62) can be reexpressed as:



where I is the unit tensor, having diagonal elements equal to unity and



off-diagonal elements equal to zero.



The viscous-stress and strain-rate tensors will find important applications



when non-Newtonian fluids are considered in Chapter 11.
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Example 5.8—Constant-Viscosity Momentum Balances
in Terms of Velocity Gradients



Verify the first of the three momentum balances of Eqn.
(5.67) by starting from the x momentum balance of Eqn.
(5.54) and substituting for the stresses σ , τ , and τ  from
Eqns. (5.60) and (5.61).



Solution



The indicated substitution leads to:



For the case of constant viscosity, collection of terms gives:



But, since the order of partial differentiation can be reversed,
the expression indicated by the underbrace is the x derivative
of ∇· v and can be combined with the subsequent term.
Expansion of the convective derivative on the left-hand side
then gives the desired result for the x momentum balance:



Here, the nature of the various terms is also indicated. The
derivations of the y and z equations follow on similar lines.



Frequently—as occurs for liquids in most circumstances—the fluid is



essentially incompressible, in which case the term ∇· v can be neglected.



In such event, the momentum balances are called the Navier-Stokes



equations.



This chapter concludes with a display of the momentum balances (in



terms of stresses) and the Navier-Stokes equations in the three main



coordinate systems (Tables 5.10–5.12), together with a short example for



the case of variable viscosity.



Table 5.10. Momentum Equations in Rectangular Cartesian
Coordinates



Navier, Claude-Louis-Marie-Henri, born 1785 in Dijon,
France, died 1836 in Paris. Navier became a protégé and
friend of Fourier, who was one of his professors at the Ecole
Polytechnique in Paris. Much of his early efforts from 1807 to
1813 went into editing and publishing the works of two
others: (a) the manuscripts of his great-uncle, Emiland
Gauthey, a notable civil engineer; and (b) a revised edition of
Bélidor’s Science des ingénieurs. The greater part of Navier’s
own engineering work centered on the mechanics of
structural materials—wood, stone, and iron—thereby
furnishing important analytical tools to civil engineers. He
designed and almost completed a suspension bridge
spanning the river Seine, but flooding caused by the
accidental breakage of a sewer resulted in the listing of the
bridge. Although repairs were probably quite feasible, political
forces led to the demolition of the bridge. Some of Navier’s
theoretical work studied the motion of solids and liquids,
leading to the famous equations identified with his name and
that of Stokes. After the French Revolution, Navier became
an important consultant to the state, recommending policies
for road construction and traffic, and for laying out a national
railway system.



Source: Dictionary of Scientific Biography, Charles Scribner’s
Sons, New York, 1975.



Table 5.11. Momentum Equations in Cylindrical
Coordinates



xx yx zx
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Table 5.12. Momentum Equations in Spherical Coordinates



Example 5.9—Vector Form of Variable-Viscosity
Momentum Balance



Occasionally, even though the density is essentially constant,
there may be significant viscosity variations—especially for
non-Newtonian and turbulent flows—in which case the
simplifications of the previous example cannot be made. We
start again from the first equation in Example 5.8:



For an incompressible fluid, which frequently occurs, ∇· v = 0
and we obtain, for the x-momentum balance:



In vector form this last equation, together with similar y and z
momentum balances (including a version in terms of the
stress tensor), can be summarized as:



Here, F includes the three individual gravitational terms.
Appendix C defines the dyadic product ∇v and its transpose,
together with ∇· τ, from which it follows that ∇·μ(∇v+(∇v)  )
expands into three sets of viscous terms, as in Eqn. (E5.9.2)
and its counterparts in the y and z directions.



The compact form of Eqn. (E5.9.3) will be used in Section
9.5, when the k/ε method for computing turbulent flows is
discussed.



PROBLEMS FOR CHAPTER 5



1. Linear velocity in terms of angular velocity—E. By focusing on the



meaning of ω × r, both regarding its magnitude and direction, show that



it equals v in Fig. 5.6. Also prove that v = ω × r can be expressed as the



determinant in Eqn. (5.25).



2. Angular velocity and the curl—E. Verify Eqn. (5.30), namely, that the



curl of the velocity equals twice the angular velocity, which is assumed to



be constant, as in rigid-body rotation. Hint: Note that the components of



any position vector r in the RCCS are r  = x, r  = y, and r  = z.



3. Curl of the gradient of a scalar—E. If a vector v is given by the gradient



of a scalar, as in v = ∇ϕ, prove that its curl is zero, as in Eqn. (5.32). What



is the significance of this result?



4. Cylindrical coordinates—E. In the CCS, what types of surfaces are



described by constant values of r, θ, and z?



5. Spherical coordinates—E. In the SCS, what types of surfaces are



described by constant values of r, θ, and ϕ?



x y z



T
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6. Alternative form of the continuity equation—E. By using the vector



identity ∇· ρv = v ·∇ρ + ρ∇· v, prove that the continuity equation:



can be reexpressed in the equivalent form,



Fig. P5.7. Mass fluxes across the four faces normal to the x
and y axes; those across the other two faces are omitted for
clarity.



7. Alternative derivation of continuity equation—M. By performing a



transient mass balance on the stationary control volume ABCDEFGH



shown in Fig. P5.7, check that you again obtain the continuity equation in



RCCS, Eqn. (5.48).



8. Pressure in terms of normal stresses—E. Prove from Eqns. (5.61) that



the pressure is the negative of the mean of the three normal stresses.



9. Transverse velocity in a boundary layer (I)—M. A highly simplified



viewpoint of incompressible fluid flow in a boundary layer on a flat plate



(see Section 8.2) gives the x velocity component v  and the boundary-



layer thickness δ in terms of the following dimensionless groups:



Here, v  is the x velocity well away from the plate, x and y are



coordinates along and normal to the plate, respectively, and ν is the



kinematic viscosity of the fluid.



If v  = 0 at y = 0 (the plate), derive two equations that relate the following



two dimensionless velocities (involving v  and v ) to the dimensionless



distance ζ:



Investigate the extent to which the dimensionless x and y velocities agree



with those in Fig. 8.5 (which is based on the accurate Blasius solution), for



ζ =0,1,2, and 3.



Fig. P5.10. Convective momentum fluxes across the four
faces normal to the x and y axes; those across the other two
faces are omitted for clarity.



10. Momentum balance on a fixed control volume—M. Repeat the



differential x momentum balance in Section 5.6, but now assume that the



parallelepiped-shaped control volume shown in Fig. 5.13 is fixed in space.



Observe that there are now six convective momentum fluxes to be



considered, four of which are shown in Fig. P5.10. All the terms on the



right-hand side of Eqn. (5.53) will be unchanged, but you will no longer be



using the convective derivative on the left-hand side. You will also need to



involve the continuity equation, (5.48).



11. Transverse velocity in a boundary layer (II)—M. A simplified



viewpoint of incompressible fluid flow in a boundary layer on a flat plate



(see Section 8.2) gives the x velocity component v  and the boundary-



layer thickness δ in terms of the following dimensionless groups:



Here, v  is the x velocity well away from the plate, x and y are



coordinates along and normal to the plate, respectively, and ν is the



kinematic viscosity of the fluid.



If v  = 0 at y = 0 (the plate), derive two equations that relate the following



two dimensionless velocities (involving v  and v ) to the dimensionless



distance ζ:



Explain the extent to which the dimensionless x and y velocities agree



with those in Fig. 8.5 (which is based on the accurate Blasius solution), for



ζ = 0, 1, 2, and 3.



12. Vortices and angular velocity—E. Two types of vortices—forced and



free— will be described in Chapter 7. In cylindrical coordinates, the



velocity components for a forced vortex [Fig. 7.1(a)] are:



x



x∞



y
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whereas those for a free vortex [Fig. 7.1(b)] are:



Determine the z component of the vorticity, and hence the angular



velocity, in each case.



13. Flow past a cylinder—M. In a certain incompressible flow, the vector



velocity v is the gradient of a scalar ϕ. That is, v = ∇ϕ, where, in cylindrical



coordinates, the flow is such that:



(The flow is that of a uniform stream past a cylinder, as shown in Fig. 7.8.)



(a) Prove that the two nonzero velocity components are:



(b) Verify that these velocities satisfy the continuity equation.



(c) Evaluate the z component of the vorticity, ∇ × v, and hence of the



angular velocity ω, as functions of position.



14. Flow past a sphere—E. For incompressible flow past a sphere (Fig.



7.17), the velocity components in spherical coordinates are here presumed



to be:



Unfortunately, the above expression for v  contains a sign error. Use the



continuity equation to locate the error and correct it. Then prove that the



angular velocity of the flow is zero everywhere.



15. Vorticity in pipe flow—E. For laminar viscous flow in a pipe of radius



a, the z velocity component at any radius r (≤ a) is: v  =



where μ is the viscosity and ∂p/∂z is the pressure gradient. The other two



velocity components, v  and v , are both zero. Evaluate the three



components of the vorticity ∇ × v as functions of position.



16. Propagation of a sound wave—D. As a one-dimensional sound wave



propagates through an otherwise stationary inviscid fluid that is



compressible, the density ρ and velocity v  deviate by small amounts ρ



and v  from their initial values of ρ  and 0, respectively:



From mass and momentum balances, simplified to one dimension, prove



that the deviations ρ obey:



where  is a property of the fluid (see



Problem 2.27), being about 1,000 and 4,000 ft/s for air and water,



respectively. Ignore any small second-order quantities.



Verify by substitution into the above differential equation that a possible



solution for the density fluctuations is:



in which A is a constant amplitude. Also answer the following:



(a) Prove that λ =2πc/ω is the wavelength by verifying that ρ (x)= ρ (x +



λ).



(b) What is the velocity of the wave? Hint: At what later value of time, t +



T , does ρ (t) = ρ (t + T )? Note that the wave has traveled a distance λ in



this additional time T .



(c) What is the corresponding function for v (x, t)?



17. Continuity equation for a sound wave—M. A one-dimensional sound



wave of wavelength λ travels with a velocity c. The velocity and density



can be shown to vary as:



For waves of small amplitude, (A ρ ), derive an expression for the



divergence of ρv , and verify that the continuity equation, (5.48), is



satisfied.



18. Sound waves in a conical organ pipe—M . Analyze the pressure



fluctuations in the conical organ pipe shown in Fig. P5.18, at the apex of



which (r =0) a vibrating reed provides an oscillating pressure, with the



other end open to the atmosphere (p = 0). Because of the conical shape,



spherical coordinates are appropriate, with v  = v  = 0. The density,



velocity, and pressure are of the form ρ = ρ  + ρ , v  =0+ v , and p = p  +



p , in which ρ , v , and p denote small fluctuations from the steady values



ρ , 0, and p . Viscosity and gravity are insignificant. The velocity of sound



is given by c  = dp/dρ.



Fig. P5.18. Conical organ pipe with oscillating pressure at r
=0.



(a) Simplify the continuity and r momentum equations in spherical



coordinates.



(b) By substituting for ρ, v , and p in terms of fluctuating components,



and ignoring all terms in which primed quantities appear twice, prove



θ



z



r θ



x



x 0



x



0
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that the pressure fluctuations obey:



(c) You may assume without proof that a solution to Eqn. (P5.18.1) is:



in which ω = kc and k is yet to be determined.



(i) Why is A zero?



(ii) In terms of the length L, what values of k are permissible?



19. Vector operations—M .If u =3y e  − xe  +5e , v = xe  +(y − z)e , and



a =5x  − y + yz, evaluate:



Based on your answers above, evaluate the following true/false assertions:



(a) The dot product of two vectors is a scalar.



(b) The cross product of two vectors is a scalar.



(c) The curl of a vector is a vector.



(d) The gradient of a scalar is a scalar.



(e) The Laplacian of a scalar is a vector.



(f) The divergence of a vector is a scalar.



20. True/false. check true or false, as appropriate:



(a) The dot product of a unit vector with itself is zero.



T  F 



(b) The magnitude of the cross product of two vectors is the area of a



parallelogram with adjacent sides equal to the two vectors.



T  F 



(c) If you wanted to walk to the summit of a hill in the fewest number of



(equal) steps, you should always follow the direction of the gradient of the



elevation at all stages of your path.



T  F 



(d) Velocity is another way of expressing a mass flux. T F



T  F 



(e) The divergence of the velocity vector is the net rate of outflow of



volume per unit volume.



T  F 



(f) If the density is constant, the microscopic mass balance reduces to ∇ ×



v =0.



T  F 



(g) Angular velocity is equal to twice the vorticity. T F



T  F 



(h) The Laplacian operator is equivalent to the divergence of the gradient



operator.



T  F 



(i) In spherical coordinates, the three unit vectors are e , e , and e .



T  F 



(j) The convective derivative gives the rate of change of a property,



following the path taken by a fluid.



T  F 



(k) Newton’s law of viscosity relates to the rate of change of an angle of a



deforming fluid element under the influence of applied shear stresses.



T  F 



(l) In the Navier-Stokes equations, there are just three principal types of



terms: inertial, viscous, and gravitational.



T  F 



(m) In cylindrical coordinates, the location of a point P is specified by one



distance and two angles.



T  F 



(n) The sign convention for a normal stress is that it is considered positive



if it is a compressive stress, such as pressure.



T  F 



(o) The basic modes of fluid motion are translation, rotation, and shear.



T  F 



(p) The unit vector e  in cylindrical coordinates always points in the same



direction, for all values of r, θ, and z.



T  F 



(q) The term ρ∇· v represents a rate of increase of mass, such as could



occur if the pressure of a small element of gas increases.



T  F 



(r) For steady flow, the continuity equation always reduces to ∇· v =0.



x y z x y
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T  F 



(s) The curl of the velocity vector equals the angular velocity.



T  F 



(t) Of the nine components of the total-stress tensor, σ , τ , τ , etc., only



six are independent.



T  F 



xx xy yx
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Chapter 6. Solution Of Viscous-Flow Problems



6.1 INTRODUCTION



THE previous chapter contained derivations of the relationships for the



conservation of mass and momentum—the equations of motion—in



rectangular, cylindrical, and spherical coordinates. All the experimental



evidence indicates that these are indeed the most fundamental equations



of fluid mechanics, and that in principle they govern any situation



involving the flow of a Newtonian fluid. Unfortunately, because of their



all-embracing quality, their solution in analytical terms is difficult or



impossible except for relatively simple situations. However, it is



important to be aware of these “Navier-Stokes equations,” for the



following reasons:



1. They lead to the analytical and exact solution of some simple, yet



important problems, as will be demonstrated by examples in this chapter.



2. They form the basis for further work in other areas of chemical



engineering.



3. If a few realistic simplifying assumptions are made, they can often lead



to approximate solutions that are eminently acceptable for many



engineering purposes. Representative examples occur in the study of



boundary layers, waves, lubrication, coating of substrates with films, and



inviscid (irrotational) flow.



4. With the aid of more sophisticated techniques, such as those involving



power series and asymptotic expansions, and particularly computer-



based numerical methods (as implemented by CFD or computational fluid



dynamics software such as Fluent and COMSOL), they can lead to the



solution of moderately or highly advanced problems, such as those



involving injection-molding of polymers and even the incredibly difficult



problem of weather prediction.



The following sections present exact solutions of the equations of motion



for several relatively simple problems in rectangular, cylindrical, and



spherical coordinates, augmented by a couple of CFD examples.



Throughout, unless otherwise stated, the flow is assumed to be steady,



laminar, and Newtonian, with constant density and viscosity. Although



these assumptions are necessary in order to obtain solutions, they are



nevertheless realistic in several instances.



The reader is cautioned that probably a majority of industrial processes



involve turbulent flow, which is more complicated, and for this reason



sometimes receives scant attention in university courses. The author has



seen instances in which erroneous assumptions of laminar flow have led



to answers that are wildly inaccurate.



All of the examples in this chapter are characterized by low Reynolds



numbers. That is, the viscous forces are much more important than the



inertial forces, and are usually counterbalanced by pressure or



gravitational effects. Typical applications occur in microfluidics (involving



tiny channels—see Chapter 12) and in the flow of high-viscosity polymers.



Situations in which viscous effects are relatively unimportant will be



discussed in Chapter 7.



Solution procedure



The general procedure for solving each problem involves the following



steps:



1. Make reasonable simplifying assumptions. Almost all of the cases



treated here will involve steady incompressible flow of a Newtonian fluid



in a single coordinate direction. Further, gravity may or may not be



important, and a certain amount of symmetry may be apparent.



2. Write down the equations of motion—both mass (continuity) and



momentum balances—and simplify them according to the assumptions



made previously, striking out terms that are zero. Typically, only a very



few terms—perhaps only one in some cases—will remain in each



differential equation. The simplified continuity equation usually yields



information that can subsequently be used to simplify the momentum



equations.



3. Integrate the simplified equations in order to obtain expressions for



the dependent variables such as velocities and pressure. These



expressions will usually contain some, as yet, arbitrary constants—



typically two for the velocities (since they appear in second-order



derivatives in the momentum equations) and one for the pressure (since it



appears only in a first-order derivative).



4. Invoke the boundary conditions in order to evaluate the constants



appearing in the previous step. For pressure, such a condition usually



amounts to a specified pressure at a certain location—at the inlet of a



pipe, or at a free surface exposed to the atmosphere, for example. For the



velocities, these conditions fall into either of the following classifications:
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(a) Continuity of the velocity, amounting to a no-slip condition. Thus, the



velocity of the fluid in contact with a solid surface typically equals the



velocity of that surface—zero if the surface is stationary.  And, for the few



cases in which one fluid (A, for example) is in contact with another



immiscible fluid (B), the velocity in fluid A equals the velocity in fluid B at



the common interface.



(b) Continuity of the shear stress, usually between two fluids A and B,



leading to the product of viscosity and a velocity gradient having the same



value at the common interface, whether in fluid A or B. If fluid A is a



liquid, and fluid B is a relatively stagnant gas, which—because of its low



viscosity— is incapable of sustaining any significant shear stress, then the



common shear stress is effectively zero.



5. At this stage, the problem is essentially solved for the pressure and



velocities. Finally, if desired, shear-stress distributions can be derived by



differentiating the velocities in order to obtain the velocity gradients;



numerical predictions of process variables can also be made.



Types of flow



Two broad classes of viscous flow will be illustrated in this chapter:



1. Poiseuille flow, in which an applied pressure difference causes fluid



motion between stationary surfaces.



2. Couette flow, in which a moving surface drags adjacent fluid along with



it and thereby imparts a motion to the rest of the fluid.



Occasionally, it is possible to have both types of motion occurring



simultaneously, as in the screw extruder analyzed in Example 6.5.



6.2 SOLUTION OF THE EQUATIONS OF MOTION IN
RECTANGULAR COORDINATES



The remainder of this chapter consists almost entirely of a series of



worked examples, illustrating the above steps for solving viscous-flow



problems.



Example 6.1—Flow Between Parallel Plates



Fig. E6.1.1. Geometry for flow through a
rectangular duct. The spacing between the
plates is exaggerated in relation to their length.



Fig. E6.1.1 shows a fluid of viscosity μ that flows in the x
direction between two rectangular plates, whose width is very
large in the z direction when compared to their separation in
the y direction. Such a situation could occur in a die when a
polymer is being extruded at the exit into a sheet, which is
subsequently cooled and solidified. Determine the
relationship between the flow rate and the pressure drop
between the inlet and exit, together with several other
quantities of interest.



Fig. E6.1.2. Geometry for flow through a
rectangular duct.



Simplifying assumptions



The situation is analyzed by referring to a cross section of the
duct, shown in Fig. E6.1.2, taken at any fixed value of z. Let
the depth be 2d (±d above and below the centerline or axis of
symmetry y = 0), and the length L. Note that the motion is of
the Poiseuille type, since it is caused by the applied pressure
difference (p  − p ). Make the following fairly realistic
assumptions about the flow:



1. As already stated, it is steady and Newtonian, with
constant density and viscosity. (These assumptions will often
be taken for granted, and not restated, in later problems.)



2. Entrance effects can be neglected, so that the flow is fully
developed, in which case there is only one nonzero velocity
component—that in the direction of flow, v . Thus, v  = v  =0.



3. Since, in comparison with their spacing, 2d, the plates
extend for a very long distance in the z direction, all locations
in this direction appear essentially identical to one another. In
particular, there is no variation of the velocity in the z
direction, so that ∂v /∂z =0.



4. Gravity acts vertically downward; hence, g  = −g and g  =
g  =0.



5. The velocity is zero in contact with the plates, so that v  =0
at y = ±d.



Continuity



Start by examining the general continuity equation, (5.48):



which, in view of the constant-density assumption, simplifies
to Eqn. (5.52):



But since v  = v  =0:



 In a few exceptional situations there may be lack of adhesion between



the fluid and surface, in which case slip can occur. Also see Example 12.4,



in which electroosmosis gives the illusion of slip.
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so v  is independent of the distance from the inlet, and the
velocity profile will appear the same for all values of x. Since
∂v /∂z = 0 (assumption 3), it follows that v  = v (y) is a
function of y only.



Momentum balances



With the stated assumptions of a Newtonian fluid with
constant density and viscosity, Eqn. (5.73) gives the x, y, and
z momentum balances:



With v  = v  = 0 (from assumption 2), ∂v /∂x = 0 [from the
simplified continuity equation, (E6.1.1)], g  = −g, g  = g  = 0
(assumption 4), and steady flow (assumption 1), these
momentum balances simplify enormously, to:



Pressure distribution



The last of the simplified momentum balances, Eqn. (E6.1.4),
indicates no variation of the pressure across the width of the
system (in the z direction), which is hardly a surprising result.
When integrated, the second simplified momentum balance,
Eqn. (E6.1.3), predicts that the pressure varies according to:



Observe carefully that since a partial differential equation is
being integrated, we obtain not a constant of integration, but
a function of integration, f(x).



Assume—to be verified later—that ∂p/∂x is constant, so that
the centerline pressure (at y = 0) is given by a linear function
of the form:



The constants a and b may be determined from the inlet and
exit centerline pressures:



leading to:



Thus, the centerline pressure falls linearly from p  at the inlet
to p  at the exit:



so that the complete pressure distribution is



That is, the pressure declines linearly, both from the bottom
plate to the top plate, and also from the inlet to the exit. In the
majority of applications, 2d ≪ L, and the relatively small
pressure variation in the y direction is usually ignored. Thus,
p  and p , although strictly the centerline values, are typically
referred to as the inlet and the exit pressures, respectively.



Velocity profile



Since, from Eqn. (E6.1.1), v  does not depend on x, ∂ v /∂y
appearing in Eqn. (E6.1.2) becomes a total derivative, so this
equation can be rewritten as:



which is a second-order ordinary differential equation, in
which the pressure gradient will be shown to be uniform
between the inlet and exit, being given by:



A minus sign is used on the left-hand side, since ∂p/∂x is
negative, thus rendering both sides of Eqn. (E6.1.13) as
positive quantities.



Equation (E6.1.12) can be integrated twice, in turn, to yield
an expression for the velocity. After multiplication through by
dy, a first integration gives:



A second integration, of Eqn. (E6.1.14), yields:



The two constants of integration, c  and c , are determined
by invoking the boundary conditions:



leading to:



Eqns. (E6.1.15) and (E6.1.18) then furnish the velocity
profile:



in which −∂p/∂x and (d  − y ) are both positive quantities. The
velocity profile is parabolic in shape, and is shown in Fig.
E6.1.2.
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Alternative integration procedure



Observe that we have used indefinite integrals in the above
solution, and have employed the boundary conditions to
determine the constants of integration. An alternative
approach would again be to integrate Eqn. (E6.1.12) twice,
but now to involve definite integrals by inserting the boundary
conditions as limits of integration.



Thus, by separating variables, integrating once, and noting
from symmetry about the centerline that dv /dy =0 at y = 0,
we obtain:



or:



A second integration, noting that v  = 0 at y = d (zero velocity
in contact with the upper plate—the no-slip condition) yields:



That is:



in which two minus signs have been introduced into the right-
hand side in order to make quantities in both pairs of
parentheses positive. This result is identical to the earlier
Eqn. (E6.1.19). The student is urged to become familiar with
both procedures, before deciding on the one that is
individually best suited.



Also, the reader who is troubled by the assumption of
symmetry of v  about the centerline (and by never using the
fact that v  = 0 at y = −d), should be reassured by an
alternative approach, starting from Eqn. (E6.1.15):



Application of the two boundary conditions, v  =0 at y = ±d,
gives



leading again to the velocity profile of Eqn. (E6.1.19) without
the assumption of symmetry.



Volumetric flow rate



Integration of the velocity profile yields an expression for the
volumetric flow rate Q per unit width of the system. Observe
first that the differential flow rate through an element of depth
dy is dQ = v dy, so that:



Since from an overall macroscopic balance Q is constant, it
follows that ∂p/∂x is also constant, independent of distance x;
the assumptions made in Eqns. (E6.1.6) and (E6.1.13) are
therefore verified. The mean velocity is the total flow rate per
unit depth:



and is therefore two-thirds of the maximum velocity, v ,
which occurs at the centerline, y =0.



Fig. E6.1.3. Pressure and shear-stress
distributions.



Shear-stress distribution



Finally, the shear-stress distribution is obtained by employing
Eqn. (5.60):



By substituting for v  from Eqn. (E6.1.15) and recognizing
that v  = 0, the shear stress is:



Referring back to the sign convention expressed in Fig. 5.12,
the first minus sign in Eqn. (E6.1.28) indicates for positive y
that the fluid in the region of greater y is acting on the region
of lesser y in the negative x direction, thus trying to retard the
fluid between it and the centerline, and acting against the
pressure gradient. Representative distributions of pressure
and shear stress, from Eqns. (E6.1.11) and (E6.1.28), are
sketched in Fig. E6.1.3. More precisely, the arrows at the left
and right show the external pressure forces acting on the
fluid contained between x =0 and x = L.



6.3 ALTERNATIVE SOLUTION USING A SHELL
BALANCE



Because the flow between parallel plates was the first problem to be



examined, the analysis in Example 6.1 was purposely very thorough,



extracting the last “ounce” of information. In many other applications, the



velocity profile and the flow rate may be the only quantities of prime



importance. On the average, therefore, subsequent examples in this



chapter will be shorter, concentrating on certain features and ignoring



others.



The problem of Example 6.1 was solved by starting with the completely



general equations of motion and then simplifying them. An alternative



approach involves a direct momentum balance on a differential element



of fluid—a “shell”—as illustrated in Example 6.2.
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Example 6.2—Shell Balance for Flow Between Parallel
Plates



Employ the shell-balance approach to solve the same
problem that was studied in Example 6.1.



Assumptions



The necessary “shell” is in reality a differential element of
fluid, as shown in Fig. E6.2. The element, which has
dimensions of dx and dy in the plane of the diagram, extends
for a depth of dz (any other length may be taken) normal to
the plane of the diagram.



Fig. E6.2. Momentum balance on a fluid
element.



If, for the present, the element is taken to be a system that is
fixed in space, there are three different types of rate of x
momentum transfer to it:



1. A convective transfer of  in through



the left-hand face, and an identical amount out through the
right-hand face. Note here that we have implicitly assumed
the consequences of the continuity equation, expressed in
Eqn. (E6.1.1), that v  is constant along the duct.



2. Pressure forces on the left- and right-hand faces. The
latter will be smaller, because ∂p/∂x is negative in reality.



3. Shear stresses on the lower and upper faces. Observe that
the directions of the arrows conform strictly to the sign
convention established in Section 5.6. A momentum balance
on the element, which is not accelerating, gives:



The usual cancellations can be made, resulting in:



in which the total derivative recognizes that the shear stress
depends only on y and not on x. Substitution for τ  from Eqn.
(5.60) with v  = 0 gives:



which is identical with Eqn. (E6.1.12) that was derived from
the simplified Navier-Stokes equations. The remainder of the
development then proceeds as in the previous example. Note
that the convective terms can be sidestepped entirely if the
momentum balance is performed on an element that is
chosen to be moving with the fluid, in which case there is no
flow either into or out of it.



The choice of approach—simplifying the full equations of motion, or



performing a shell balance—is very much a personal one, and we have



generally opted for the former. The application of the Navier-Stokes



equations, which are admittedly rather complicated, has the advantages of



not “reinventing the (momentum balance) wheel” for each problem, and



also of assuring us that no terms are omitted. Conversely, a shell balance



has the merits of relative simplicity, although it may be quite difficult to



perform convincingly for an element with curved sides, as would occur for



the problem in spherical coordinates discussed in Example 6.8.



This section concludes with another example problem, which illustrates



the application of two further boundary conditions for a liquid, one



involving it in contact with a moving surface, and the other at a gas/liquid



interface where there is a condition of zero shear.



Example 6.3—Film Flow on a Moving Substrate



Fig. E6.3.1 shows a coating experiment involving a flat
photographic film that is being pulled up from a processing
bath by rollers with a steady velocity U at an angle θ to the
horizontal. As the film leaves the bath, it entrains some liquid,
and in this particular experiment it has reached the stage
where: (a) the velocity of the liquid in contact with the film is
v  = U at y = 0, (b) the thickness of the liquid is constant at a
value δ, and (c) there is no net flow of liquid (as much is
being pulled up by the film as is falling back by gravity).
(Clearly, if the film were to retain a permanent coating, a net
upwards flow of liquid would be needed.)



Fig. E6.3.1. Liquid coating on a photographic
film.



Perform the following tasks:



1. Write down the differential mass balance and simplify it.



2. Write down the differential momentum balances in the x
and y directions. What are the values of g  and g  in terms of
g and θ? Simplify the momentum balances as much as
possible.
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3. From the simplified y momentum balance, derive an
expression for the pressure p as a function of y, ρ, δ, g, and
θ, and hence demonstrate that ∂p/∂x = 0. Assume that the
pressure in the surrounding air is zero everywhere.



4. From the simplified x momentum balance, assuming that
the air exerts a negligible shear stress τ  on the surface of
the liquid at y = δ, derive an expression for the liquid velocity
v  as a function of U, y, δ, and α, where α = ρg sin θ/μ.



5. Also derive an expression for the net liquid flow rate Q (per
unit width, normal to the plane of Fig. E6.3.1) in terms of U, δ,
and α. Noting that Q = 0, obtain an expression for the film
thickness δ in terms of U and α.



6. Sketch the velocity profile v , labeling all important
features.



Assumptions and continuity



The following assumptions are reasonable:



1. The flow is steady and Newtonian, with constant density ρ
and viscosity μ.



2. The z direction, normal to the plane of the diagram, may
be disregarded entirely. Thus, not only is v  zero, but all
derivatives with respect to z, such as ∂v /∂z, are also zero.



3. There is only one nonzero velocity component, namely,
that in the direction of motion of the photographic film, v .
Thus, v  = v  =0.



4. Gravity acts vertically downwards.



Because of the constant-density assumption, the continuity
equation, (5.48), simplifies, as before, to:



But since v  = v  = 0, it follows that



so v  is independent of distance x along the film. Further, v
does not depend on z (assumption 2); thus, the velocity
profile v  = v (y) depends only on y and will appear the same
for all values of x.



Momentum balances



With the stated assumptions of a Newtonian fluid with
constant density and viscosity, Eqn. (5.73) gives the x and y
momentum balances:



Noting that g  = −g sin θ and g  = −g cos θ, these momentum
balances simplify to:



Integration of Eqn. (E6.3.4), between the free surface at y = δ
(where the gauge pressure is zero) and an arbitrary location
y (where the pressure is p) gives:



so that:



Note that since a partial differential equation is being
integrated, a function of integration, f(x), is again introduced.
Another way of looking at it is to observe that if Eqn. (E6.3.6)
is differentiated with respect to y, we would recover the
original equation, (E6.3.4), because ∂f(x)/∂y =0.



However, since p =0 at y = δ (the air/liquid interface) for all
values of x, the function f(x) must be zero. Hence, the
pressure distribution:



shows that p is not a function of x.



In view of this last result, we may now substitute ∂p/∂x = 0
into the x-momentum balance, Eqn. (E6.3.3), which
becomes:



in which the constant α has been introduced to denote ρg sin
θ/μ. Observe that the second derivative of the velocity now
appears as a total derivative, since v  depends on y only.



A first integration of Eqn. (E6.3.8) with respect to y gives:



The boundary condition of zero shear stress at the free
surface is now invoked:



A second integration, of Eqn. (E6.3.9) with respect to y,
gives:



The second constant of integration, c , can be determined by
using the boundary condition that the liquid velocity at y = 0
equals that of the moving photographic film. That is, v  = U at
y = 0, yielding c  = U; thus, the final velocity profile is:



Observe that the velocity profile, which is parabolic, consists
of two parts:
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1. A constant and positive part, arising from the film velocity,
U.



2. A variable and negative part, caused by gravity, which
reduces v  at increasing distances y from the film and
eventually causes it to become negative.



Fig. E6.3.2. Velocity profile in thin liquid layer on
moving photographic film for the case of zero
net liquid flow rate.



Exactly how much of the liquid is flowing upwards, and how
much downwards, depends on the values of the variables U,
δ, and α. However, we are asked to investigate the situation
in which there is no net flow of liquid—that is, as much is
being pulled up by the film as is falling back by gravity. In this
case:



giving the thickness of the liquid film as:



The velocity profile for this case of Q = 0 is shown in Fig.
E6.3.2.



Example 6.4—Transient Viscous Diffusion of Momentum
(COMSOL)



This problem is one of the few instances in this book in which
we investigate transient or unsteady-state fluid flow. It
illustrates how momentum is transferred under the diffusive
influence of viscosity.



Fig. E6.4.1. Region of liquid being studied, with
the four COMSOL boundary conditions.



As shown in Fig. E6.4.1, consider a liquid of density ρ = 1
g/cm  and viscosity μ (whose values will be given later),
contained between two parallel plates AB and CD of length L
= 2 cm and separation H = 1 cm. The lower plate CD is
stationary, and the upper plate AB can undergo two types of
movement:



1. At time t = 0, it is suddenly set in motion with a constant x-
velocity v  = v . In our problem, v  = 1 cm/s and μ =0.5
g/cm s = 0.5 P.



2. At time t = 0, it is oscillated to the right and left in such a
way that its x-velocity varies with time according to v  = a sin
ωt. In our problem the amplitude a = 1 cm/s, the angular
velocity ω =2π s 1, and the viscosity may be either μ =0.1 or
0.5 P.



Very similar types of motion occur in concentric-cylinder
viscometers, as in Figs. 1.1 and 11.13(b), although with
smaller moving-surface separations.



Use COMSOL to investigate how v  varies between the
midpoints of the lower and upper plates at different times,
and interpret the results. If needed, further details of the
implementation of COMSOL are given in Chapter 14. All
mouse-clicks are left-clicks (the same as Select) unless
specifically denoted as right-click (R).



Note that COMSOL will employ the full Navier-Stokes and
continuity equations in its solution. However, because the
only nonzero velocity component is v , the following familiar
diffusion-type equation is effectively being solved:



Solution—Case 1 (Constant Upper-Plate Velocity)



Select the Physics



1. Open COMSOL and L-click Model Wizard, 2D, Fluid Flow
(the little rotating triangle is called a “glyph”), Single-Phase
Flow, Laminar Flow, Add. Note the symbols used by
COMSOL—u, v, w for velocity components and p for
pressure.



2. L-click Study, Time Dependent, Done.



Define the Parameters



3. R-click Global Definitions and select Parameters. In the
Settings window to the right of the Model Builder window
enter the parameter vx0 in the Name column and its value
and units, 1 [cm/s], in the Expression column. Similarly,
define L = 2 [cm], H = 1 [cm], rho1 = 1 [g/cm ], and mu1 = 0.5
[g/cm/s].



Establish the Geometry



4. R-click Geometry and select Rectangle. Note the default is
based on the lower left corner being at (0, 0). Enter the
values for Width and Height as L and H. L-click Build
Selected.



Define the Fluid Properties
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5. R-click the Materials node within Component 1 and select
Blank Material. Note that the new material will have the
required material parameters based on the physics of the
problem. Enter the parameters rho1 and mu1 as the values
for Density and Dynamic viscosity.



Define the Boundary Conditions



6. L-click Laminar Flow, Wall 1 and note the default No Slip
boundary conditions that are highlighted.



7. R-click the Laminar Flow node and select Inlet to define an
inlet boundary condition, and L-click the left boundary (#1) to
select it as the inlet. Note that clicking on a boundary will
change its color from red to blue. Within the Settings window
L-click the dropdown box in the Boundary Condition node to
select Pressure (equal to zero), deselect Suppress backflow,
and leave Normal flow checked. R-click the Laminar Flow
node and select Outlet, and L-click the right boundary (#4) to
select it as the outlet, with zero pressure, Normal flow
checked, and Suppress backflow unchecked. R-click the
Laminar Flow node and L-click Wall. Select the top boundary
(again changing from red to blue), and within the Settings
window change the Boundary Condition from No Slip to
Sliding wall. Enter vx0 as the value for the tangential velocity
Uw.



Create the Mesh and Solve the Problem



8. L-click the Mesh node and change the Element Size in the
Settings window to Fine. L-click Build All to construct the
mesh. R-click Mesh 1 and Statistics will show that the mesh
contains approximately 4,000 elements.



9. L-click the Study 1 little triangular glyph, and then select
the Step 1 Time Dependent node and define the output range
segments using the range function. For the requested output
times, enter the three ranges as: range(0.0, 0.01, 0.1)
range(0.2, 0.1, 0.5) range(1.0, 0.5, 2.0).



10. R-click the Study node and select Compute, which gives
(after about 15 seconds) a surface plot of the magnitudes of
the velocities—from low near the bottom (blue), medium at
the middle (turquoise), and high near the top (red).



11. Save your results occasionally—for example, in the file
Ex6.4-11.mph.



Display the Results (Case 1)



12. Create a data set at the midpoint in the y-direction. R-
click the Data Sets node within the Results tree and select
Cut Line 2D. In the Settings window enter the values (L/2, 0)
and (L/2, H) for Points 1 and 2. L-click Plot near the top of the
Settings window to display the cut line.



13. R-click Results and L-click 1D Plot Group. In the Settings
window, Left-click the dropdown dialog and change the data
set to Cut Line 2D 1, which was created above. Change the
Time selection to “From list” and select the desired individual
plot times by holding down the CTRL key (Command on a
Mac) and then L-clicking on the individual values 0.01, 0.02,
0.05, 0.1, 0.2, 0.5, and 2.0.



Fig. E6.4.2. Plot of v  (m/s) against distance y
(m) from the midpoint of the lower plate to the
midpoint of the upper plate, for the indicated
values of time (s).



14. R-click the 1D Plot Group 3 and select Line Graph. Within
the Settings window enter the variable for the x-component of
velocity, u, in the Expression field.



15. Expand the Coloring and Style section by L-clicking the
triangular glyph to the left. Change the Color option to Black
by L-clicking the dropdown dialog box.



16. L-click Plot in the Settings window to update the plot.
Save in Ex6.4-16.mph or similar.



Discussion of Case 1 (Constant Upper-Plate Velocity)



Fig. E6.4.2 shows how the velocity v  varies with distance y
from the lower plate at various times. The result is a classical
case of diffusion—in this instance, of x-momentum
(generated by the motion of the upper plate, which moves at
1 cm/s), into the liquid below it. For the smallest time plotted
(t =0.01 s), most of the liquid, from y = 0 to 0.7 cm, is
essentially undisturbed, followed by a rising v  between y =
0.7 and 1 cm. For early times (or for an infinitely deep liquid),
before the influence of the lower plate is felt, there is an
analytical solution:



in which z = H − y is the downwards distance from the upper
plate, ν = μ/ρ is the kinematic viscosity, and erfc denotes the
complementary error function.



As time increases, more and more of the liquid is set into
motion by the diffusion of x-momentum from the upper plate.
Eventually—theoretically at t = ∞ but effectively at a time of
about 2 s—a steady state is reached, in which the shear
stress exerted by the upper plate is counterbalanced by the
shear stress in the opposite direction from the stationary
lower plate. Since the velocity profile is linear, dv /dy is
constant; thus, these shear stresses are equal (and opposite)
because they are both given by τ  = μdv /dy.



Solution—Case 2 (Oscillating Upper-Plate Velocity)



17. Now solve the oscillatory surface time-dependent
problem by first saving the model under a new name, such as
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Ex6.4-17.mph (or a file name of your choice).



18. Follow Step 3 above (Parameters under Global
Definitions) to add the parameters for a and omega with
values 1.0 [cm/s] and 2*pi [1/s]. Also update the viscosity by
changing the value for mu1 to 0.1 [g/cm/s].



19. Update the top wall boundary condition, Wall 2. L-click
Laminar Flow, Wall 2 and enter the tangential velocity value
a*sin(omega*t).



20. Update the requested output times. L-click the Study 1,
Step 1 Time Dependent node and enter the ranges as:
range(0, 2, 18) range(19, 0.25, 20).



21. R-click the Study 1 node and select Compute. The
solution took about 100 seconds on the author’s computer.
The result is a surface plot showing velocity magnitudes, not
needed here.



Fig. E6.4.3. Plot of v  (m/s) against distance y
(m), for one complete cycle of the upper plate.
Viscosity μ =0.1 P.



Fig. E6.4.4. Plot of v  (m/s) against distance y
(m), for one complete cycle of the upper plate.
Viscosity μ =0.5 P.



22. Update the requested times by selecting 1D Plot Group 3.
In the Settings window, change the Time selections to t = 19,
19.25, 19.5, 19.75, and 20 s by L-clicking the first value 19
and concluding the selection with Shift + L-click on the value
20, giving five values altogether. L-click Plot.



23. Save the model, in Ex6.4-23.mph for example.



24. Use Step 3 to update the value of mu1 to 0.5 [g/cm/s].



25. R-click the Study node and select Compute.



26. L-click on the 1D Plot Group 3, observe the changes to
the solution, and make a final file save.



Discussion of Case 2 (Oscillating Upper-Plate Velocity)



The results for the two values of the viscosity are shown in
Figs. E6.4.3 and E6.4.4. Since ω = 2π, the period of the
oscillations is T = 1 s. Thus, velocity profiles separated by
0.25 s will occur over one complete cycle of times t = 0,
0.25T , 0.5T , 0.75T , and T . Note two main effects:



(a) Penetration depth. For the lower viscosity, μ =0.1 P, the
surface oscillations do not penetrate as far into the liquid as
those for the higher viscosity of μ = 0.5 P. In other words, the
lower viscosity does not permit as rapid a diffusion of x-
momentum as the higher viscosity.



(b) Phase change. Note that for t = T , when the upper plate
has a zero velocity, much of the liquid has a negative velocity,
largely due to the diffusional effects of the negative surface
velocity at an earlier time such as t =0.75T . Similar
observations can be made for other values of time.



Both effects have applications in the testing of non-
Newtonian fluids, for which the phase difference between
stress and strain is illustrated in terms of displacements in
Fig. 11.11. Since the velocity v  is the derivative of the
distance moved, the displacement D of the upper plate is:



For an infinitely deep liquid, there is again an exact solution:



in which z is the depth and:



The attenuation and phase change with depth z are very
apparent from Eqn. (E6.4.4).



6.4 POISEUILLE AND COUETTE FLOWS IN POLYMER
PROCESSING



The study of polymer processing falls into the realm of the chemical



engineer. First, the polymer, such as nylon, polystyrene, or polyethylene,



is produced by a chemical reaction—either as a liquid or solid. (In the



latter event, it would subsequently have to be melted in order to be



processed further.) Second, the polymer must be formed by suitable



equipment into the desired final shape, such as a film, fiber, bottle, or



other molded object. The procedures listed in Table 6.1 are typical of



those occurring in polymer processing.



Table 6.1. Typical Polymer-Processing Operations
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Since polymers are generally highly viscous, their flows can be obtained



by solving the equations of viscous motion. In this chapter, we cover the



rudiments of extrusion, die flow, and drawing or spinning. The analysis of



calendering and coating is considerably more complicated, but can be



rendered tractable if reasonable simplifications, known collectively as the



lubrication approximation, are made, as discussed in Chapter 8. The



treatments of injection molding and blow molding are beyond the scope



of this book.



Example 6.5—The Single-Screw Extruder



Because molten polymers are usually very viscous, they
often need very high pressures to push them through dies.
One such “pump” for achieving this is the screw extruder,
shown in Fig. E6.5.1. The polymer enters the feed hopper as
pellets, falls into the screw channels in the feed section, and
is pushed forward by the screw, which rotates at an angular
velocity ω, clockwise as seen by an observer looking along
the axis from the inlet to the exit (notice that the screw is left-
handed). The heated barrel, together with shear effects,
melts the pellets, which then become fluid prior to entering
the metering section.



Fig. E6.5.1. Screw extruder.



There are three zones in the extruder:



1. In the feed zone the granules are transported into the
barrel, where they melt just before entering the compression
zone. The large constant depth of the channel in the feed
zone means that there will be negligible pressure exerted on
the downstream melt in the metering zone.



2. In the compression or “transition” zone the channel depth
decreases from the feed zone to the metering zone.
Therefore, the melt will gradually increase in pressure as it
travels along the compression zone, reaching a maximum
pressure at the beginning of the metering zone.



3. In the metering zone, length L , the screw channel has a
constant shallow depth h (with h r) and the melt in the
channel should now be homogeneous or uniform. Thus, the
metering zone of the screw acts like a constant-delivery
pump since the screw is rotating at a constant speed. The
melt pressure uniformly increases as it passes along the
metering zone. Therefore, calculations of extruder output are
based on the metering zone of the screw. Extruder output
calculations are relatively simple due to the uniformity of
conditions existing in the metering zone of the screw.



The preliminary analysis given here neglects any heat-
transfer effects in the metering section, and also assumes
that the polymer has a constant Newtonian viscosity μ.



The investigation is facilitated by taking the viewpoint of a
hypothetical observer located on the screw, in which case the
screw surface and the flights appear to be stationary, with the
barrel moving with velocity V = rω at a helix angle θ to the
flight axis, as shown in Fig. E6.5.2. The alternative viewpoint
of an observer located on the inside surface of the barrel is
not very fruitful, because not only are the flights seen as
moving boundaries, but the observations would be
periodically blocked as the flights passed over the observer!
The width of the screw channel measured perpendicularly to
the vertical sides of the flight flanks is designated W .



Fig. E6.5.2. Diagonal motion of barrel relative to
flights.



Solution



Motion in two principal directions is considered:



1. Flow parallel to the flight axis, caused by a barrel velocity
of V  = V cos θ = rω cos θ relative to the (now effectively
stationary) flights and screw.



2. Flow normal to the flight axis, caused by a barrel velocity
of V  = −V sin θ = −rω sin θ relative to the (stationary) flights
and screw.



In each case, the flow is considered one-dimensional, with
“end-effects” caused by the presence of the flights being
unimportant. A glance at Fig. E6.5.3(b) will give the general
idea. Although the flow in the x-direction must reverse itself
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as it nears the flights, it is reasonable to assume for h W that
there is a substantial central region in which the flow is
essentially in the positive or negative x direction.



1. Motion parallel to the flight axis. The reader may wish to
investigate the additional simplifying assumptions that give
the y momentum balance as:



Integration twice yields the velocity profile as:



Here, the integration constants c  and c  have been
determined in the usual way by applying the boundary
conditions:



Note that the negative of the pressure gradient is given in
terms of the inlet pressure p , the exit pressure p , and the
total length L (= L / sin θ) measured along the screw flight
axis by:



and is a negative quantity since the screw action builds up
pressure and p  >p . Thus, Eqn. (E6.5.2) predicts a
Poiseuille-type backflow (caused by the adverse pressure
gradient) and a Couette-type forward flow (caused by the
relative motion of the barrel to the screw). The combination is
shown in Fig. E6.5.3(a).



Fig. E6.5.3. Fluid motion (a) along, and (b)
normal to the flight axis, as seen by an observer
on the screw.



The total flow rate Q  of polymer melt in the direction of the
flight axis is obtained by integrating the velocity between the
screw and barrel, and recognizing that the width between
flights is W :



The actual value of Q  will depend on the resistance of the
die located at the extruder exit. In a hypothetical case, in
which the die offers no resistance, there would be no
pressure increase in the extruder (p  = p ), leaving only the
Couette term in Eqn. (E6.5.5). For the practical situation in
which the die offers significant resistance, the Poiseuille term
would serve to diminish the flow rate given by the Couette
term.



2. Motion normal to the flight axis. By a development very
similar to that for flow parallel to the flight axis, we obtain:



Here, Q  is the flow rate in the x direction, per unit depth
along the flight axis, and must equal zero, because the flights
at either end of the path act as barriers. The negative of the
pressure gradient is therefore:



Note from Eqn. (E6.5.10) that v  is zero when either z = 0 (on
the screw surface) or z/h =2/3. The reader may wish to
sketch the general appearance of v (z).



Representative values



A COMSOL example follows shortly, and it is appropriate to consider



typical measurements and polymer properties for screw extruders :



1. The size of the screw varies from a laboratory diameter of 20 mm up to



large production machines having diameters of 150 mm (very common)



or much larger—up to 600 mm.



2. The helix angle is almost always θ = tan 1(1/π)=17.66 , corresponding



to a “square thread” screw profile in which the pitch P equals the outside



diameter D =2r of the screw.



3. For a 100-mm-diameter screw, a typical channel depth (metering



section) would be about h = 5 or 6 mm.



4. The screw rpm ranges from a slow speed of about 30 rpm to a high



speed of 150 rpm. The large extruders run at a slower rpm. A typical screw
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surface speed (the barrel velocity relative to the screw) for extruding



polyethylene is 0.5 m/s. For a 100-mm screw, a typical screw speed would



be 65 rpm.



5. The metering section length L  depends on the type of polymer being



used— amorphous, semicrystalline, etc. This length is usually expressed



as a multiple of the screw diameter, such as L  = 6.5D. Typical extruder



screws have an overall length of 25D.



6. Polymers generally “shear thin” with increasing shear rate, so the



viscosity will depend on the prevailing shear rate (related to rpm) of the



melt in the screw channel at the melt temperature being used. But for



extrusion processes we can assume a melt viscosity of anything between



200 and 1,000 N s/m  (i.e., Pa s) for extrusion grades of polyolefins



(LDPE, HDPE, and PP).



Example 6.6—Flow Patterns in a Screw Extruder
(COMSOL)



Fig. E6.6.1. Cross-section of the screw extruder
normal to the flight axis. The types of boundary
conditions are indicated. The pressure is
specified to be zero at the midpoint B of the
bottom wall. Eventually, a velocity cross-plot
will be made between midpoints A and B of the
top and bottom surfaces. The transverse
coordinate has been changed from z to y to
conform to the COMSOL convention.



Consider the screw extruder just discussed in Example 6.5.
Solve the equations of motion to determine as precisely as
possible the flow pattern given approximately in Fig.
E6.5.3(b), normal to the flight axis. Note that the pressure
cannot be allowed to “float”, but must be specified to some
arbitrary value at any one point in the cross section shown in
Fig. E6.6.1, such as the midpoint B.



Based on the comments at the end of Example 6.5, use the
following values, which relate to the extrusion of a polyolefin:



1. Polymer properties: ρ = 800 kg/m , μ = 500 Pa s (N s/m ).



2. Rotational speed N = 65 rpm, so that ω =2π × 65/60 = 6.8
rad/s.



3. Channel depth h = 5 mm = 0.005 m.



4. For a square pitch, the pitch P and screw diameter D are
identical, taken to be 100 mm = 0.1 m. The distance between
flights is W = P cos θ = 0.1 × cos 17.66  =0.0953 m. For
simplicity in our example, we shall round up slightly and take
W =0.1 m.



5. The relative velocity is V = ωr = ωD/2 = 6.8 × 0.1/2 = 0.340
m/s, with x component V  = −0.340 × sin θ = −0.340 × sin
17.66  = −0.103 . = −0.1 m/s.



6. After solving for the flow pattern, make the following plots:



(a) A picture that shows 10 streamlines, one with the true
aspect ratio and another with the y-axis “stretched” by a
factor of five.



(b) An arrow plot of the x-velocities.



(c) A contour plot of the pressure distribution.



(d) A cross-section plot of the x-velocity between the
midpoints A (0.05, 0.005) of the upper moving surface and B
(0.05, 0) of the lower stationary surface.



Solution



See Chapter 14 for more details about COMSOL
Multiphysics. All mouse-clicks are left-clicks (the same as
Select) unless specifically denoted as right-click (R).



Select the Physics



1. Select Model Wizard, 2D, Fluid Flow (the little rotating
triangle is called a “glyph”), Single-Phase Flow, Laminar
Flow. Add. Note COMSOL’s symbols for pressure and
velocity. Study, Stationary, Done.



Define the Parameters



2. R-Global Definitions, Parameters. Enter rho1 = 800
[kg/m ], mu1 = 500 [Pa*s], Vx = −0.1 [m/s] under the
Name/Expression columns. (The names rho and mu are
reserved by COMSOL for its own use, and so are unavailable
to us.)



Establish the Geometry



3. R-Geometry, Rectangle. Note Corner is at x = 0, y = 0.
Width = 0.1, Height = 0.005. Build Selected. R-Geometry,
Point (this is where we shall specify p = 0). Enter 0.05 and
0.00 for x and y. Build Selected.



Define the Fluid Properties



4. Under Component1, R-Materials, Blank Material. Enter
rho1 and mu1 as values. To see the equations being solved,
R-click Laminar Flow and select the Equations glyph in the
Settings window.



Define the Boundary Conditions



5. R-Laminar Flow, Wall, Wall 2. Hover over the top wall
(turns red), L-click to select. Boundary Condition, Sliding
Wall. Enter Vx for Uw. Set pressure constraint with R-
Laminar Flow, Points, Pressure Point Constraint. Hover over
bottom center point and select with L-click (note Pressure is
zero). Point 1 should appear in the Active Window.



Create the Mesh and Solve the Problem



6. Mesh 1, Element size, Coarse, Build All. R-Mesh 1,
Statistics and note 14,695 elements. To see some of the
elements, use the Zoom icon three items, then Zoom Extents
to revert.
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7. R-Study, Compute (takes about 4 seconds). Gives velocity
magnitude, not of interest here.



Display the Streamlines



8. R-Results, 2D Plot Group. R-2D Plot Group 3, Streamline.
Settings window, Positioning, Start point controlled, 20 points,
yields Fig. E6.6.2.



Fig. E6.6.2. Streamlines, in which the aspect
ratio is the same as in the problem statement.
The two arrows have been added to emphasize
the counter-clockwise direction of flow.



Fig. E6.6.3. Streamlines, in which the height,
from y = 0 to 0.005 m has been “stretched” to
show more detail. The two arrows have been
added to emphasize the counter-clockwise
direction of flow.



9. Stretch the y-axis to improve visibility by R-Definitions
(under Component 1), View. L-click the glyph at the left of
View 2 to expand its tree, Axis. Settings, View Scale, Manual,
y-scale factor = 5, Update, Zoom Extents. Streamline 1 then
gives Fig. E6.6.3.



Display the Arrow Velocity Plot



10. View 1. R-click Results, 2D Plot Group. R-click 2D Plot
Group 4, Arrow Surface 1. Plot. Scale Factor, move slider to
right to give Scale Factor 0.034, Color black.



11. In the Graphics window, zoom in and out by either: (a)
simultaneously holding the middle mouse button down and
moving the mouse forwards and backwards, or (b) clicking on
Zoom above the Graphics window and holding the R mouse
button down to move the graphics around, giving Fig. E6.6.4.



Fig. E6.6.4. Arrow plot, in which the arrow
length is proportional to the local velocity. To
improve legibility, only the left portion has been
reproduced and enlarged.



Display the Isobars



12. R-click Results and L-click 2D Plot Group.



13. L-click the dropbox (under Definitions for Component 1)
for View and select View 1.



14. R-click the new 2D Plot Group 5 and L-click Contour.



Fig. E6.6.5. Isobars, with the pressure p = 0 at
the midpoint, varying from p . = −5.9 × 10  Pa at
the midpoint of the right-hand end to p = 5.9 ×
10  Pa at the left-hand end. Note that except for
the two upper corners, where there is a conflict
in velocities between the moving and no-slip
boundaries, the pressure depends only on the
horizontal coordinate x.



15. In Settings, Expression field, enter pressure, p. Levels
field, change the Entry Method from Number of Levels to
Levels. In the Levels field, enter the pressure range as
range(−0.6e6, 0.1e6, 0.6e6), Plot; “range” is a function
whose first and last parameters denote the start and end; the
middle parameter is the increment.



16. By comparing the isobars with the color bar, or by
selecting Level Labels, note that the pressure varies from
approximately −5.9 × 10  Pa at the midpoint of the right end
to approximately 5.9 × 10  Pa at the midpoint of the left end,
and zero in the middle.



17. Change Coloring to Uniform and the Color to black to
generate Fig. E6.6.5.



Construct the Velocity Cross-Plot



18. Section the data set at the midpoint in the y-direction: R-
click Data Sets within the Results tree and select Cut Line
2D. In the Settings window enter (0.05, 0) and (0.05, 0.005)
for Points 1 and 2. L-click Plot to display the cut line.



19. R-click Results and L-click 1D Plot Group 6. In the
Settings window, L-click the dropdown dialog and change the
data set to Cut Line 2D 1.



20. R-click the 1D Plot Group 6 and select Line Graph 1.



21. Within Settings, Expression field, enter u, the x-velocity
component. Expand the Coloring and Style section by L-
clicking the triangular glyph at the left.



Fig. E6.6.6. A cross-plot that shows how the
horizontal velocity v  varies from the midpoint A
of the top surface, where it is strongly negative,
to the midpoint B of the bottom surface, where
it is zero.



22. Change the Color option to Black by L-clicking the
dropdown dialog box.



x



5



5



5



5



⬆











23. L-click Plot at the top of the Settings window to update
the plot. There is a Recovery option at the bottom of the
Settings window under the Quality section. Select Recover
Within Domains, which does polynomial smoothing, giving
Fig. E6.6.6.



Discussion of Results



The COMSOL results are shown in Figs. E6.6.2–E6.6.6. The
arrow plot of Fig. E6.6.4 clearly shows that the velocity profile
is virtually unchanged over the whole width of the cross-
section. Near the top surface the flow is induced by the
moving surface to be in the negative x-direction. Towards the
fixed bottom surface there is a flow reversal, so that at any



value of x the net flow rate  is zero.



Fig. E6.6.2, which contains 20 streamlines, now indicates
that the essential flow reversal occurs very close to each end
of the cross-section. To make the flow pattern more clear, the
streamlines are repeated in Fig. E6.6.3, in which a larger
scale is employed in the y-direction—that is, the x/y geometry
is no longer to scale.



The pressure distribution is shown in Fig. E6.6.5 as a series
of isobars. Note that the isobars are spaced very evenly, and
that the pressure increase from right to left (at the end mid-
points) is from −5.9 × 10  Pa to 5.9 × 10  Pa, or 1.18 × 10
Pa total.



Recall that the simplified theory gave the pressure gradient
as:



Thus, the theoretical increase in pressure from right to left
should be:



in complete agreement with the more accurate two-
dimensional solution of the Navier-Stokes equations shown in
Fig. E6.6.5.



Finally, Fig. E6.6.6 shows how v  varies from the midpoint A
of the top surface to the midpoint B of the bottom surface. As
explained in Eqn. E6.5.7, there are two contributions to this
velocity profile:



1. A Couette flow from right to left, driven by the leftward-
moving top surface.



2. A Poiseuille flow from left to right, driven by the excess
pressure at the left.



6.5 SOLUTION OF THE EQUATIONS OF MOTION IN
CYLINDRICAL COORDINATES



Several chemical engineering operations exhibit symmetry about an axis z



and involve one or more surfaces that can be described by having a



constant radius for a given value of z. Examples are flow in pipes,



extrusion of fibers, and viscometers that involve flow between concentric



cylinders, one of which is rotating. Such cases lend themselves naturally



to solution in cylindrical coordinates, and two examples will now be



given.



Example 6.7—Flow Through an Annular Die



Following the discussion of polymer processing in the
previous section, now consider flow through a die that could
be located at the exit of the screw extruder of Example 6.6.
Consider a die that forms a tube of polymer (other shapes
being sheets and filaments). In the die of length D shown in
Fig. E6.7, a pressure difference p  − p  causes a liquid of
viscosity μ to flow steadily from left to right in the annular
area between two fixed concentric cylinders. Note that p  is
chosen for the inlet pressure in order to correspond to the
extruder exit pressure from Example 6.5. The inner cylinder
is solid, whereas the outer one is hollow; their radii are r  and
r , respectively. The problem, which could occur in the
extrusion of plastic tubes, is to find the velocity profile in the
annular space and the total volumetric flow rate Q. Note that
cylindrical coordinates are now involved.



Fig. E6.7. Geometry for flow through an annular
die.



Assumptions and continuity equation



The following assumptions are realistic:



1. There is only one nonzero velocity component, namely that
in the direction of flow, v . Thus, v  = v  =0.



2. Gravity acts vertically downward, so that g  =0.



3. The axial velocity is independent of the angular location;
that is, ∂v /∂θ =0. To analyze the situation, again start from
the continuity equation, (5.49):



which, for constant density and v  = v  = 0, reduces to:



verifying that v  is independent of distance from the inlet, and
that the velocity profile v  = v (r) appears the same for all
values of z.



Momentum balances



There are again three momentum balances, one for each of
the r, θ, and z directions. If explored, the first two of these
would ultimately lead to the pressure variation with r and θ at
any cross section, which is of little interest in this problem.



x



2 3



2



1



2



z r θ



z



z



r θ



z



z z



5 5 6



⬆











Therefore, we extract from Eqn. (5.75) only the z momentum
balance:



With v  = v  = 0 (from assumption 1), ∂v /∂z = 0 [from Eqn.
(E6.7.1)], ∂v /∂θ = 0 (assumption 3), and g  = 0 (assumption
2), this momentum balance simplifies to:



in which total derivatives are used because v  depends only
on r.



Shortly, we shall prove that the pressure gradient is uniform
between the die inlet and exit, being given by:



in which both sides of the equation are positive quantities.
Two successive integrations of Eqn. (E6.7.3) may then be
performed, yielding:



The two constants may be evaluated by applying the
boundary conditions of zero velocity at the inner and outer
walls,



giving:



Substitution of these values for the constants of integration
into Eqn. (E6.7.5) yields the final expression for the velocity
profile:



which is sketched in Fig. E6.7. Note that the maximum
velocity occurs somewhat before the halfway point in
progressing from the inner cylinder to the outer cylinder.



Volumetric flow rate



The final quantity of interest is the volumetric flow rate Q.
Observing first that the flow rate through an annulus of
internal radius r and external radius r + dr is dQ = v 2πr dr,
integration yields:



Since r ln r is involved in the expression for v , the following
indefinite integral is needed:



giving the final result:



Since Q, μ, r , and r  are constant throughout the die, ∂p/∂z is
also constant, thus verifying the hypothesis previously made.
Observe that in the limiting case of r  → 0, Eqn. (E6.7.11)
simplifies to the Hagen-Poiseuille law, already stated in Eqn.
(3.12).



This problem may also be solved by performing a momentum
balance on a shell that consists of an annulus of internal
radius r, external radius r + dr, and length dz.



Example 6.8—Spinning a Polymeric Fiber



A Newtonian polymeric liquid of viscosity μ is being “spun”
(drawn into a fiber or filament of small diameter before
solidifying by pulling it through a chemical setting bath) in the
apparatus shown in Fig. E6.8.



The liquid volumetric flow rate is Q, and the filament
diameters at z = 0 and z = L are D  and D , respectively. To a
first approximation, neglect the effects of gravity, inertia, and
surface tension (this last effect is examined in detail in
Problem 6.26). Derive an expression for the tensile force F
needed to pull the filament downward. Assume that the axial
velocity profile is “flat” at any vertical location, so that v
depends only on z, which is here most conveniently taken as
positive in the downward direction. Also derive an expression
for the downward velocity v  as a function of z. The inset of
Fig. E6.8 shows further details of the notation concerning the
filament.



Fig. E6.8. “Spinning” a polymer filament, whose
diameter in relation to its length is exaggerated
in the diagram.



Solution



It is first necessary to determine the radial velocity and hence
the pressure inside the filament. From continuity: 1 r



Since v  depends only on z, its axial derivative is a function of
z only, or dv /dz = f(z), so that Eqn. (E6.8.1) may be
rearranged and integrated at constant z to give:



r θ z



z z



z



z



z



1 2



1



0 L



z



z



z



z



⬆











(E6.8.2) But to avoid an infinite value of v  at the centerline,
g(z) must be zero, giving:



To proceed with reasonable expediency, it is necessary to
make some simplification. After accounting for a primary
effect (the difference between the pressure in the filament
and the surrounding atmosphere), we assume that a
secondary effect (variation of pressure across the filament) is
negligible; that is, the pressure does not depend on the radial
location (see Problem 6.27 for a more accurate
investigation). Note that the external (gauge) pressure is zero
everywhere, and apply the first part of Eqn. (5.64) at the free
surface:



The axial stress is therefore:



It is interesting to note that the same result can be obtained
with an alternative assumption.  The axial tension in the fiber
equals the product of the cross-sectional area and the local
axial stress:



Since the effect of gravity is stated to be insignificant, F is a
constant, regardless of the vertical location.



At any location, the volumetric flow rate equals the product of
the cross-sectional area and the axial velocity:



A differential equation for the velocity is next obtained by
dividing one of the last two equations by the other, and
rearranging: 1 v



Integration, noting that the inlet velocity at z =0 is 



 gives:



so that the axial velocity increases exponentially with
distance:



The tension is obtained by applying Eqns. (E6.8.7) and
(E6.8.10) just before the filament is taken up by the rollers:



Rearrangement yields:



which predicts a force that increases with higher viscosities,
flow rates, and draw-down ratios (v /v ), and that
decreases with longer filaments.



Elimination of F from Eqns. (E6.8.10) and (E6.8.12) gives an
expression for the velocity that depends only on the variables
specified originally:



(E6.8.13)



a result that is independent of the viscosity.



6.6 SOLUTION OF THE EQUATIONS OF MOTION IN
SPHERICAL COORDINATES



Most of the introductory viscous-flow problems will lend themselves to



solution in either rectangular or cylindrical coordinates. Occasionally, as



in Example 6.7, a problem will arise in which spherical coordinates



should be used. It is a fairly advanced problem! Try first to appreciate the



broad steps involved, and then peruse the fine detail at a second reading.



Example 6.9—Analysis of a Cone-and-Plate Rheometer



The problem concerns the analysis of a cone-and-plate
rheometer, an instrument developed and perfected in the
1950s and 1960s by Prof. Karl Weissenberg, for measuring
the viscosity of liquids, and also known as the “Weissenberg
rheogoniometer.”  A cross section of the essential features is
shown in Fig. E6.9, in which the liquid sample is held by
surface tension in the narrow opening between a rotating
lower circular plate, of radius R, and an upper cone, making
an angle of β with the vertical axis. The plate is rotated
steadily in the ϕ direction with an angular velocity ω, causing
the liquid in the gap to move in concentric circles with a
velocity v . (In practice, the tip of the cone is slightly
truncated, to avoid friction with the plate.) Observe that the
flow is of the Couette type.



Fig. E6.9. Geometry for a Weissenberg
rheogoniometer. (The angle between the cone
and plate is exaggerated.)



r



 See S. Middleman’s Fundamentals of Polymer Processing,
McGraw-Hill, New York, 1977, p. 235. There, the author
assumes σ  = σ  = 0, followed by the identity: p = −(σ  + σ
+ σ )/3.
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 Professor Weissenberg (1893–1976) once related to the
author that he (Prof. Weissenberg) was attending an
instrument trade show in London. There, the rheogoniometer
was being demonstrated by a young salesman who was
unaware of Prof. Weissenberg’s identity. Upon inquiring how
the instrument worked, the salesman replied: “I’m sorry, sir,
but it’s quite complicated, and I don’t think you will be able to
understand it.”
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The top of the upper shaft—which acts like a torsion bar—is
clamped rigidly. However, viscous friction will twist the cone
and the lower portions of the upper shaft very slightly; the
amount of motion can be detected by a light arm at the
extremity of which is a transducer, consisting of a small piece
of steel, attached to the arm, and surrounded by a coil of
wire; by monitoring the inductance of the coil, the small angle
of twist can be obtained; a knowledge of the elastic
properties of the shaft then enables the restraining torque T
to be obtained. From the analysis given below, it is then
possible to deduce the viscosity of the sample. The
instrument is so sensitive that if no liquid is present, it is
capable of determining the viscosity of the air in the gap!



The problem is best solved using spherical coordinates,
because the surfaces of the cone and plate are then
described by constant values of the angle θ, namely β and
π/2, respectively.



Assumptions and the continuity equation



The following realistic assumptions are made:



1. There is only one nonzero velocity component, namely that
in the ϕ direction, v . Thus, v  = v  =0.



2. Gravity acts vertically downward, so that g  =0.



3. We do not need to know how the pressure varies in the
liquid. Therefore, the r and θ momentum balances, which
would supply this information, are not required.



The analysis starts once more from the continuity equation,
(5.50):



which, for constant density and v  = v  = 0 reduces to:



verifying that v  is independent of the angular location ϕ, so
we are correct in examining just one representative cross
section, as shown in Fig. E6.9.



Momentum balances



There are again three momentum balances, one for each of
the r, θ, and ϕ directions. From the third assumption above,
the first two such balances are of no significant interest,
leaving, from Eqn. (5.77), just that in the ϕ direction:



With v  = v  = 0 (assumption 1), ∂v /∂ϕ = 0 [from Eqn.
(E6.9.1)], and g  = 0 (assumption 2), the momentum balance
simplifies to:



Determination of the velocity profile



First, seek an expression for the velocity in the ϕ direction,
which is expected to be proportional to both the distance r
from the origin and the angular velocity ω of the lower plate.
However, its variation with the coordinate θ is something that
has to be discovered. Therefore, postulate a solution of the
form:



in which the function f(θ) is to be determined. Substitution of
v  from Eqn. (E6.9.4) into Eqn. (E6.9.3), and using f and f to
denote the first and second total derivatives of f with respect
to θ, gives:



The reader is encouraged, as always, to check the missing
algebraic and trigonometric steps, although they are rather
tricky here!



By multiplying Eqn. (E6.9.5) through by sin  θ, it follows after
integration that the quantity in brackets is a constant, here
represented as −2c , the reason for the “−2” being that it will
cancel with a similar factor later on:



Separation of variables and indefinite integration (without
specified limits) yields:



To proceed further, we need the following two standard
indefinite integrals and one trigonometric identity :
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 Although our approach is significantly different from that
given on page 98 et seq. of R.B. Bird, W.E. Stewart, and E.N.
Lightfoot, Transport Phenomena, Wiley & Sons, New York,
1960, we are indebted to these authors for the helpful hint
they gave in establishing the equivalency expressed in our
Eqn. (E6.9.5).
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Armed with these, Eqn. (E6.9.7) leads to the following
expression for f:



in which c  is a second constant of integration.



Implementation of the boundary conditions



The constants c  and c  are found by imposing the two
boundary conditions:



1. At the lower plate, where θ = π/2 and the expression in
parentheses in Eqn. (E6.9.11) is zero, so that f = c , the
velocity is simply the radius times the angular velocity:



2. At the surface of the cone, where θ = β, the velocity v  =
rωf is zero. Hence f = 0, and Eqn. (E6.9.11) leads to:



Substitution of these expressions for c  and c  into Eqn.
(E6.9.11), and noting that v  = rωf, gives the final (!)
expression for the velocity:



As a partial check on the result, note that Eqn. (E6.9.14)
reduces to v  = rω when θ = π/2 and to v  = 0 when θ = β.



Shear stress and torque



Recall that the primary goal of this investigation is to
determine the torque T needed to hold the cone stationary.
The relevant shear stress exerted by the liquid on the surface
of the cone is τ —that exerted on the under surface of the
cone (of constant first subscript, θ = β) in the positive ϕ
direction (refer again to Fig. 5.12 for the sign convention and
notation for stresses). Since this direction is the same as that
of the rotation of the lower plate, we expect that τ  will prove
to be positive, thus indicating that the liquid is trying to turn
the cone in the same direction in which the lower plate is
rotated.



From the second of Eqn. (5.65), the relation for this shear
stress is:



Since v  = 0, and recalling Eqns. (E6.9.4), (E6.9.6), and
(E6.9.13), the shear stress on the cone becomes:



One importance of this result is that it is independent of r,
giving a constant stress and strain throughout the liquid, a
significant simplification when deciphering the experimental
results for non-Newtonian fluids (see Chapter 11). In effect,
the increased velocity differences between the plate and
cone at the greater values of r are offset in exact proportion
by the larger distances separating them.



The torque exerted by the liquid on the cone (in the positive ϕ
direction) is obtained as follows. The surface area of the cone
between radii r and r + dr is 2πr sin βdr, and is located at a
lever arm of r sin β from the axis of symmetry. Multiplication
by the shear stress and integration gives:



Substitution of (τ )  from Eqn. (E6.9.16) and integration
gives the torque as:



Problem 6.15 reaches essentially the same conclusion much
more quickly for the case of a small angle between the cone
and the plate. The torque for holding the cone stationary has
the same value, but is, of course, in the negative ϕ direction.



Since R and g(β) can be determined from the radius and the
angle β of the cone in conjunction with Eqn. (E6.9.13), the
viscosity μ of the liquid can finally be determined.



PROBLEMS FOR CHAPTER 6



Unless otherwise stated, all flows are steady state, for a Newtonian fluid



with constant density and viscosity.



1. Stretching of a liquid film—M. In broad terms, explain the meanings of



the following two equations, paying attention to any sign convention:



Fig. P6.1. Stretching of liquid film between two bars.



Fig. P6.1 shows a film of a viscous liquid held between two bars spaced a



distance L apart. If the film thickness is uniform, and the total volume of



liquid is V , show that the force necessary to separate the bars with a



relative velocity dL/dt is:



 From pages 87 (integrals) and 72 (trigonometric identity) of
J.H. Perry, ed., chemical Engineers’ Handbook,
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Fig. P6.2. Coating of wire drawn through a die.



2. Wire coating—M. Fig. P6.2 shows a rodlike wire of radius r  that is



being pulled steadily with velocity V through a horizontal die of length L



and internal radius r . The wire and the die are coaxial, and the space



between them is filled with a liquid of viscosity μ. The pressure at both



ends of the die is atmospheric. The wire is coated with the liquid as it



leaves the die, and the thickness of the coating eventually settles down to



a uniform value, δ.



Neglecting end effects, use the equations of motion in cylindrical



coordinates to derive expressions for:



(a) The velocity profile within the annular space. Assume that there is



only one nonzero velocity component, v , and that this depends only on



radial position.



(b) The total volumetric flow rate Q through the annulus.



(c) The limiting value for Q if r  approaches zero.



(d) The final thickness, δ, of the coating on the wire. (Here, only an



equation is needed from which δ could be found.)



(e) The force F needed to pull the wire.



3. Off-center annular flow—D (C). A liquid flows under a pressure



gradient ∂p/∂z through the narrow annular space of a die, a cross section



of which is shown in Fig. P6.3(a). The coordinate z is in the axial



direction, normal to the plane of the diagram. The die consists of a solid



inner cylinder with center P and radius b inside a hollow outer cylinder



with center O and radius a. The points O and P were intended to coincide,



but due to an imperfection of assembly are separated by a small distance



δ.



Fig. P6.3. Off-center cylinder inside a die (gap width
exaggerated): (a) complete cross section; (b) effect of
incrementing θ.



By a simple geometrical argument based on the triangle OPQ, show that



the gap width Δ between the two cylinders is given approximately by:



Δ = a − b − δ cos θ,



where the angle θ is defined in the diagram.



Now consider the radius arm b swung through an angle dθ, so that it



traces an arc of length bdθ. The flow rate dQ through the shaded element



in Fig. P6.3(b) is approximately that between parallel plates of width bdθ



and separation Δ. Hence, prove that the flow rate through the die is given



approximately by:



Q = πbc(2α  +3αδ ),



in which:



Assume from Eqn. (E6.1.26) that the flow rate per unit width between two



flat plates separated by a distance h is:



What is the ratio of the flow rate if the two cylinders are touching at one



point to the flow rate if they are concentric?



4. Compression molding—M. Fig. P6.4 shows the (a) beginning, (b)



intermediate, and (c) final stages in the compression molding of a



material that behaves as a liquid of high viscosity μ, from an initial



cylinder of height H  and radius R  to a final disk of height H  and radius



R .



Fig. P6.4. Compression molding between two disks.



In the molding operation, the upper disk A is squeezed with a uniform



velocity V toward the stationary lower disk B.



(a) Derive expressions for H and R as functions of time t, H , and R .



(b) Consider the radially outward volumetric flow rate Q per unit



perimeter, crossing a cylinder of radius r, as in Fig. P6.4(b). Obtain a



relation for Q in terms of V and r.
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(c) Assume by analogy from Eqn. (E6.1.26) that per unit width of a



channel of depth H, the volumetric flow rate is:



(d) Ignoring small variations of pressure in the z direction, derive an



expression for the radial variation of pressure.



(e) Prove that the total compressive force F that must be exerted



downward on the upper disk is:



(f) Draw a sketch that shows how F varies with time.



5. Film draining—M. Fig. P6.5 shows an idealized view of a liquid film of



viscosity μ that is draining under gravity down the side of a flat vertical



wall. Such a situation would be approximated by the film left on the wall



of a tank that was suddenly drained through a large hole in its base.



Fig. P6.5. Liquid draining from a vertical wall.



What are the justifications for assuming that the velocity profile at any



distance x below the top of the wall is given by:



where h = h(x) is the local film thickness? Derive an expression for the



corresponding downward mass flow rate m per unit wall width (normal to



the plane of the diagram).



Perform a transient mass balance on a differential element of the film and



prove that h varies with time and position according to:



Now substitute your expression for m, to obtain a partial differential



equation for h. Try a solution of the form:



h = ct x ,



and determine the unknowns c, p, and q. Discuss the limitations of your



solution.



Note that a similar situation occurs when a substrate is suddenly lifted



from a bath of coating fluid.



6. Sheet “spinning”—M. A Newtonian polymeric liquid of viscosity μ is



being “spun” (drawn into a sheet of small thickness before solidifying by



pulling it through a chemical setting bath) in the apparatus shown in Fig.



P6.6.



Fig. P6.6. “Spinning” a polymer sheet.



p q



⬆











The liquid volumetric flow rate is Q, and the sheet thicknesses at z = 0 and



z = L are Δ and δ, respectively. The effects of gravity, inertia, and surface



tension are negligible. Derive an expression for the tensile force needed to



pull the filament downward. Hint: Start by assuming that the vertically



downward velocity v  depends only on z and that the lateral velocity v  is



zero. Also derive an expression for the downward velocity v  as a function



of z.



7. Details of pipe flow—M. A fluid of density ρ and viscosity μ flows from



left to right through the horizontal pipe of radius a and length L shown in



Fig. P6.7. The pressures at the centers of the inlet and exit are p  and p ,



respectively. You may assume that the only nonzero velocity component is



v , and that this is not a function of the angular coordinate, θ.



Stating any further necessary assumptions, derive expressions for the



following, in terms of any or all of a, L, p , p , ρ, μ, and the coordinates r,



z, and θ:



(a) The velocity profile, v  = v (r).



(b) The total volumetric flow rate Q through the pipe.



(c) The pressure p at any point (r, θ, z).



(d) The shear stress, τ .



Fig. P6.7. Flow of a liquid in a horizontal pipe.



8. Natural convection—M. Fig. P6.8 shows two infinite parallel vertical



walls that are separated by a distance 2d. A fluid of viscosity μ and volume



coefficient of expansion β fills the intervening space. The two walls are



maintained at uniform temperatures T  (cold) and T  (hot), and you may



assume (to be proved in a heat-transfer course) that there is a linear



variation of temperature in the x direction. That is:



Fig. P6.8. Natural convection between vertical walls.



The density is not constant, but varies according to:



where  is the density at the mean temperature  , which occurs at x



=0.



If the resulting natural-convection flow is steady, use the equations of



motion to derive an expression for the velocity profile v  = v (x) between



the plates. Your expression for v  should be in terms of any or all of x, d,



T , T , , μ, β, and g.



Hints: In the y momentum balance, you should find yourself facing the



following combination:



in which g  = −g. These two terms are almost in balance, but not quite,



leading to a small—but important—buoyancy effect that “drives” the



natural convection. The variation of pressure in the y direction may be



taken as the normal hydrostatic variation:



We then have:



and this will be found to be a vital contribution to the y momentum



balance.



9. Square duct velocity profile—M. A certain flow in rectangular



Cartesian coordinates has only one nonzero velocity component, v , and



this does not vary with z. If there is no body force, write down the Navier-



Stokes equation for the z momentum balance.



Fig. P6.9. Square cross section of a duct.
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One-dimensional, fully developed steady flow occurs under a pressure



gradient ∂p/∂z in the z direction, parallel to the axis of a square duct of



side 2a, whose cross section is shown in Fig. P6.9. The following equation



has been proposed for the velocity profile:



Without attempting to integrate the momentum balance, investigate the



possible merits of this proposed solution for v . Explain whether or not it



is correct.



Fig. P6.10. Square cross section of a duct.



10. Poisson’s equation for a square duct—E. A polymeric fluid of uniform



viscosity μ is to be extruded after pumping it through a long duct whose



cross section is a square of side 2a, shown in Fig. P6.10. The flow is



parallel everywhere to the axis of the duct, which is in the z direction,



normal to the plane of the diagram.



If ∂p/∂z, μ, and a are specified, show that the problem of obtaining the



axial velocity distribution v  = v (x, y), amounts to solving Poisson’s



equation—of the form ∇ ϕ = f(x, y), where f is specified and ϕ is the



unknown. Also note that Poisson’s equation can be solved numerically by



the COMSOL computational fluid dynamics program introduced in



Chapter 14 (see also Example 7.4)



Fig. P6.11. Proposed velocity profiles for immiscible liquids.



11. Permissible velocity profiles—E. Consider the shear stress τ ; why



must it be continuous—in the y direction, for example—and not undergo a



sudden step-change in its value? Two immiscible Newtonian liquids A and



B are in steady laminar flow between two parallel plates. Which—if any—



of the velocity profiles shown in Fig. P6.11 are impossible? Profile A meets



the interface normally in (b), but at an angle in (c). Any apparent location



of the interface at the centerline is coincidental and should be ignored.



Explain your answers carefully.



Fig. P6.12. Viscous flow past a sphere.



12. “Creeping” flow past a sphere—D. Figure P6.12 shows the steady,



“creeping” (very slow) flow of a fluid of viscosity μ past a sphere of radius



a. Far away from the sphere, the pressure is p  and the undisturbed fluid



velocity is U in the positive z direction. The following velocity components



and pressure have been proposed in spherical coordinates:
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Assuming the velocities are sufficiently small so that terms such as v (∂v /



∂r) can be neglected, and that gravity is unimportant, prove that these



equations do indeed satisfy the following conditions, and therefore are the



solution to the problem:



(a) The continuity equation.



(b) The r and θ momentum balances.



(c) A pressure of p  and a z velocity of U far away from the sphere.



(d) Zero velocity components on the surface of the sphere.



Also derive an expression for the net force exerted in the z direction by the



fluid on the sphere, and compare it with that given by Stokes’ law in Eqn.



(4.11).



Note that the problem is one in spherical coordinates, in which the z axis



has no formal place, except to serve as a reference direction from which



the angle θ is measured. There is also symmetry about this axis, such that



any derivatives in the ϕ direction are zero. Note: The actual derivation of



these velocities, starting from the equations of motion, is fairly difficult!



Fig. P6.13. Section of a Couette viscometer.



13. Torque in a Couette viscometer—M. Fig. P6.13 shows the horizontal



cross section of a concentric cylinder or “Couette” viscometer, which is an



apparatus for determining the viscosity μ of the fluid that is placed



between the two vertical cylinders. The inner and outer cylinders have



radii of r  and r , respectively. If the inner cylinder is rotated with a steady



angular velocity ω, and the outer cylinder is stationary, derive an



expression for v  (the θ velocity component) as a function of radial



location r.



If, further, the torque required to rotate the inner cylinder is found to be T



per unit length of the cylinder, derive an expression whereby the



unknown viscosity μ can be determined, in terms of T , ω, r , and r . Hint:



You will need to consider one of the shear stresses given in Table 5.8.



14. Wetted-wall column—M. Fig. P6.14 shows a “wetted-wall” column, in



which a thin film of a reacting liquid of viscosity μ flows steadily down a



plane wall, possibly for a gas-absorption study. The volumetric flow rate



of liquid is specified as Q per unit width of the wall (normal to the plane of



the diagram).



Assume that there is only one nonzero velocity component, v , and that



this does not vary in the x direction, and that the gas exerts negligible



shear stress on the liquid film. Starting from the equations of motion,



derive an expression for the “profile” of the velocity v  (as a function of ρ,



μ, g, y, and δ), and also for the film thickness, δ (as a function of ρ, μ, g,



and Q).



Fig. P6.14. Wetted-wall column.
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15. Simplified view of a Weissenberg rheogoniometer—M. Consider the



Weissenberg rheogoniometer with a very shallow cone; thus, referring to



Fig. E6.9, β = π/2 − α, where α is a small angle.



(a) Without going through the complicated analysis presented in Example



6.9, outline your reasons for supposing that the shear stress at any



location on the cone is:



(b) Hence, prove that the torque required to hold the cone stationary (or



to rotate the lower plate) is:



(c) By substituting β = π/2 − α into Eqn. (E6.9.13) and expanding the



various functions in power series (only a very few terms are needed),



prove that g(β)= 1/(2α), and that Eqn. (E6.9.18) again leads to the



expression just obtained for the torque in part (b) above.



16. Parallel-disk rheometer—M. Fig. P6.16 shows the diametral cross



section of a viscometer, which consists of two opposed circular horizontal



disks, each of radius R, spaced by a vertical distance H; the intervening



gap is filled by a liquid of constant viscosity μ and constant density. The



upper disk is stationary, and the lower disk is rotated at a steady angular



velocity ω in the θ direction.



Fig. P6.16. Cross section of parallel-disk rheometer.



There is only one nonzero velocity component, v , so the liquid



everywhere moves in circles. Simplify the general continuity equation in



cylindrical coordinates, and hence deduce those coordinates (r?, θ?, z?)



on which v  may depend.



Now consider the θ-momentum equation, and simplify it by eliminating



all zero terms. Explain briefly: (a) why you would expect ∂p/∂θ to be zero,



and (b) why you cannot neglect the term ∂ v /∂z .



Also explain briefly the logic of supposing that the velocity in the θ



direction is of the form v  = rωf(z), where the function f(z) is yet to be



determined. Now substitute this into the simplified θ-momentum balance



and determine f(z), using the boundary conditions that v  is zero on the



upper disk and rω on the lower disk.



Why would you designate the shear stress exerted by the liquid on the



lower disk as τ ? Evaluate this stress as a function of radius.



17. Screw extruder optimum angle—M. Note that the flow rate through



the die of Example 6.7, given in Eqn. (E6.7.11), can be expressed as:



in which c is a factor that accounts for the geometry.



Suppose that this die is now connected to the exit of the extruder studied



in Example 6.5, and that p  = p  = 0, both pressures being atmospheric.



Derive an expression for the optimum flight angle θ  that will maximize
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the flow rate Q  through the extruder and die. Give your answer in terms



of any or all of c, D, h, L , r, W , μ, and ω.



For what value of c would the pressure at the exit of the extruder



approach its largest possible value p ? Derive an expression for p .



18. Annular flow in a die—E. Referring to Example 6.7, concerning



annular flow in a die, answer the following questions, giving your



explanation in both cases:



(a) What form does the velocity profile, v  = v (r), assume as the radius r



of the inner cylinder becomes vanishingly small?



(b) Does the maximum velocity occur halfway between the inner and



outer cylinders, or at some other location?



19. Rotating rod in a fluid—M. Fig. P6.19(a) shows a horizontal cross



section of a long vertical cylinder of radius a that is rotated steadily



counter-clockwise with an angular velocity ω in a very large volume of



liquid of viscosity μ. The liquid extends effectively to infinity, where it may



be considered at rest. The axis of the cylinder coincides with the z axis.



Fig. P6.19. Rotating cylinder in (a) a single liquid, and (b)
two immiscible liquids.



(a) What type of flow is involved? What coordinate system is appropriate?



(b) Write down the differential equation of mass and that one of the three



general momentum balances that is most applicable to the determination



of the velocity v .



(c) Clearly stating your assumptions, simplify the situation so that you



obtain an ordinary differential equation with v  as the dependent variable



and r as the independent variable.



(d) Integrate this differential equation, and introduce any boundary



condition(s), and prove that v  = ωa /r.



(e) Derive an expression for the shear stress τ  at the surface of the



cylinder. Carefully explain the plus or minus sign in this expression.



(f) Derive an expression that gives the torque T needed to rotate the



cylinder, per unit length of the cylinder.



(g) Derive an expression for the vorticity component (∇ × v) . Comment



on your result.



(h) Fig. P6.19(b) shows the initial condition of a mixing experiment in



which the cylinder is in the middle of two immiscible liquids, A and B, of



identical densities and viscosities. After the cylinder has made one



complete rotation, draw a diagram that shows a representative location of



the interface between A and B.



Fig. P6.20. Two-phase flow between parallel plates.



20. Two-phase immiscible flow—M. Fig. P6.20 shows an apparatus for



measuring the pressure drop of two immiscible liquids as they flow



horizontally between two parallel plates that extend indefinitely normal to



the plane of the diagram. The liquids, A and B, have viscosities μ  and μ ,



densities ρ  and ρ , and volumetric flow rates Q  and Q  (per unit depth



normal to the plane of the figure), respectively. Gravity may be considered



unimportant, so that the pressure is essentially only a function of the



horizontal distance, x.



(a) What type of flow is involved?



(b) Considering layer A, start from the differential equations of mass and



momentum, and, clearly stating your assumptions, simplify the situation



so that you obtain a differential equation that relates the horizontal



velocity v  to the vertical distance y.



(c) Integrate this differential equation so that you obtain v  in terms of y



and any or all of d, dp/dx, μ , ρ , and (assuming the pressure gradient is



uniform) two arbitrary constants of integration, say, c  and c . Assume



that a similar relationship holds for v .



(d) Clearly state the four boundary and interfacial conditions, and hence



derive expressions for the four constants, thus giving the velocity profiles



in the two layers.



(e) Sketch the velocity profiles and the shear-stress distribution for τ



between the upper and lower plates.



(f) Until now, we have assumed that the interface level y = d is known. In



reality, however, it will depend on the relative flow rates Q  and Q . Show



clearly how this dependency could be obtained, but do not actually carry



the analysis through to completion.



Fig. P6.21. Rotating-impeller humidifier.
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21. Room humidifier—M. Fig. P6.21 shows a room humidifier, in which a



circular impeller rotates about its axis with angular velocity ω. A conical



extension dips into a water-bath, sucking up the liquid (of density ρ and



viscosity μ), which then spreads out over the impeller as a thin laminar



film that rotates everywhere with an angular velocity ω, eventually



breaking into drops after leaving the periphery.



(a) Assuming incompressible steady flow, with symmetry about the



vertical (z) axis, and a relatively small value of v , what can you say from



the continuity equation about the term:



(b) If the pressure in the film is everywhere atmospheric, the only



significant inertial term is , and information from (a) can be



used to neglect one particular term, to what two terms does the r



momentum balance simplify?



(c) Hence prove that the velocity v  in the radial direction is a half-



parabola in the z direction.



(d) Derive an expression for the total volumetric flow rate Q, and hence



prove that the film thickness at any radial location is given by:



where ν is the kinematic viscosity.



Fig. P6.22. Transport of inner cylinder.



22. Transport of inner cylinder—M (C). As shown in Fig. P6.22, a long



solid cylinder of radius r  and length L is being transported by a viscous



liquid of the same density down a pipe of radius a, which is much smaller



than L. The annular gap, of extent a − r , is much smaller than a. Assume:



(a) the cylinder remains concentric within the pipe, (b) the flow in the



annular gap is laminar, (c) the shear stress is essentially constant across



the gap, and (d) entry and exit effects can be neglected. Prove that the



velocity of the cylinder is given fairly accurately by:



where Q is the volumetric flow rate of the liquid upstream and



downstream of the cylinder. Hint: Concentrate first on understanding the



physical situation. Don’t rush headlong into a lengthy analysis with the



Navier-Stokes equations!



Fig. P6.23. Flow between inclined planes.



23. Flow between inclined planes—M (C). A viscous liquid flows between



two infinite planes inclined at an angle 2α to each other. Prove that the



liquid velocity, which is everywhere parallel to the line of intersection of



the planes, is given by:



where z, r, θ are cylindrical coordinates. The z axis is the line of



intersection of the planes and the r axis at θ = 0 bisects the angle between



the planes. Assume laminar flow, with:



and start by proposing a solution of the form v  = r g(θ)(−∂p/∂z)/μ,



where the exponent n and function g(θ) are to be determined.



Fig. P6.24. Flow of two immiscible liquids in a pipe. The
thickness Δ of the film next to the wall is exaggerated.
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24. Immiscible flow inside a tube—D (C). A film of liquid of viscosity μ



flows down the inside wall of a circular tube of radius (λ + Δ). The central



core is occupied by a second immiscible liquid of viscosity μ , in which



there is no net vertical flow. End effects may be neglected, and steady-



state circulation in the core liquid has been reached. If the flow in both



liquids is laminar, so that the velocity profiles are parabolic as shown in



Fig. P6.24, prove that:



where Δ is the thickness of the liquid film, and α is the distance from the



wall to the point of maximum velocity in the film. Fig. P6.24 suggests



notation for solving the problem. To save time, assume parabolic velocity



profiles without proof: u = a + bx + cx  and v = d + ey + fy .



Discuss what happens when λ/Δ → ∞; and also when μ /μ  → 0; and



when μ /μ  → 0.



25. Blowing a polyethylene bubble—D. For an incompressible fluid in



cylindrical coordinates, write down:



(a) The continuity equation, and simplify it.



(b) Expressions for the viscous normal stresses σ  and σ , in terms of



pressure, viscosity, and strain rates.



Fig. P6.25. Cross section of half of a cylindrical bubble.



A polyethylene sheet is made by inflating a cylindrical bubble of molten



polymer effectively at constant length, a half cross section of which is



shown in Fig. P6.25. The excess pressure inside the bubble is small



compared with the external pressure P , so that Δp ≪ P and σ  . = −P .



By means of a suitable force balance on the indicated control volume,



prove that the circumferential stress is given by σ  = −P + aΔp/t. Assume



pseudo-steady state—that is, the circumferential stress just balances the



excess pressure, neglecting any acceleration effects.



Hence, prove that the expansion velocity v  of the bubble (at r = a) is



given by:



and evaluate it for a bubble of radius 1.0 m and film thickness 1 mm when



subjected to an internal gauge pressure of Δp = 40 N/m . The viscosity of



polyethylene at the appropriate temperature is 10  N s/m .



26. Surface-tension effect in spinning—M. Example 6.8 ignored surface-



tension effects, which would increase the pressure in a filament of radius



R approximately by an amount σ/R, where σ is the surface tension.



Compare this quantity with the reduction of pressure, μdv /dz, caused by



viscous effects, for a polymer with μ =10  P, σ =0.030 kg/s , L =1 m, R



(exit radius) = 0.0002 m, v  =0.02 m/s, and v  = 2 m/s. Consider



conditions both at the beginning and end of the filament. Comment



briefly on your findings.



27. Radial pressure variations in spinning—M. Example 6.8 assumed



that the variation of pressure across the filament was negligible.



Investigate the validity of this assumption by starting with the suitably



simplified momentum balance:



If v  is the local axial velocity, prove that the corresponding increase of



pressure from just inside the free surface (p ) to the centerline (p ) is:



where β = v /v . Obtain an expression for the ratio ξ =(p  −



p )/(μdv /dz), in which the denominator is the pressure decrease due to



viscosity when crossing the interface from the air into the filament, and



which was accounted for in Example 6.6.
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Estimate ξ at the beginning of the filament for the situation in which μ



=10  P, L = 1 m, R  (exit radius) = 0.0002 m, v  = 0.02 m/s, and v  = 2



m/s. Comment briefly on your findings.



28. Condenser with varying viscosity—M. In a condenser, a viscous



liquid flows steadily under gravity as a uniform laminar film down a



vertical cooled flat plate. Due to conduction, the liquid temperature T



varies linearly across the film, from T  at the cooled plate to T  at the



hotter liquid/vapor interface, according to T = T  + y(T  − T )/h. The



viscosity of the liquid is given approximately by μ = μ*(1 − αT ), where μ*



and α are constants.



Prove that the viscosity at any location can be reexpressed as:



where μ  and μ  are the viscosities at temperatures T  and T ,



respectively.



What is the expression for the shear stress τ  for a liquid for steady flow



in the x direction? Derive an expression for the velocity v  as a function of



y. Make sure that you do not base your answer on any equations that



assume constant viscosity.



Sketch the velocity profile for both a small and a large value of α.



29. Rotating sphere—M. A sphere of radius R, immersed in a liquid of



viscosity μ of infinite extent, rotates about its z axis (see Fig. 5.9(b)) with a



steady angular velocity ω in the ϕ direction. You may assume that the only



nonzero liquid velocity component is that in the ϕ direction, and is of the



form v  = c sin θ/r .



(a) Verify that the proposed form for v  satisfies the appropriate



momentum balance, and determine c in terms of R and ω.



(b) Prove that the shear stress at any radial location in the liquid is τ  =



−3μc sin θ/r , and carefully explain the minus sign.



(c) Obtain an expression for the torque T needed to rotate the sphere, as a



function of R, ω, and μ. You should need the indefinite integral:



30. Moving plate—M. Similar to the first part of Example 6.4, consider a



viscous fluid of infinite extent and kinematic viscosity ν with a long flat



plate in its surface. At t = 0, the plate suddenly starts moving with a



steady velocity v  in the x direction. Prove, by checking ∂v /∂t = ν∂ v /



∂z  and the boundary conditions, that the fluid velocity at a depth z is



subsequently given by:



You may assume that:



31. Oscillating plate—M. Similar to the second part of Example 6.4,



consider a viscous fluid of infinite extent and kinematic viscosity ν with a



long flat plate in its surface. The plate oscillates backwards and forwards



in the x direction with velocity v  = a sin ωt. After any initial transients



have died out, prove, by checking ∂v /∂t = ν∂ v /∂z  and the boundary



conditions, that the fluid velocity at a depth z is subsequently given by:



in which



32. True/false. check true or false, as appropriate:



(a) For horizontal flow of a liquid in a rectangular duct between parallel



plates, the pressure varies linearly both in the direction of flow and in the



direction normal to the plates.



T  F 



(b) For horizontal flow of a liquid in a rectangular duct between parallel



plates, the boundary conditions can be taken as zero velocity at one of the



plates and either zero velocity at the other plate or zero velocity gradient



at the centerline.



T  F 



(c) For horizontal flow of a liquid in a rectangular duct between parallel



plates, the shear stress varies from zero at the plates to a maximum at the



centerline.



T  F 



(d) For horizontal flow of a liquid in a rectangular duct between parallel



plates, a measurement of the pressure gradient enables the shear-stress



distribution to be found.



T  F 



(e) In fluid mechanics, when integrating a partial differential equation,



you get one or more constants of integration, whose values can be



determined from the boundary condition(s).



T  F 



(f) For flows occurring between r = 0 and r = a in cylindrical coordinates,



the term ln r may appear in the final expression for one of the velocity



components.



T  F 



(g) For flows in ducts and pipes, the volumetric flow rate can be obtained



by differentiating the velocity profile.
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T  F 



(h) Natural convection is a situation whose analysis depends on not taking



the density as constant everywhere.



T  F 



(i) A key feature of the Weissenberg rheogoniometer is the fact that a



conical upper surface results in a uniform velocity gradient between the



cone and the plate, for all values of radial distance.



T  F 



(j) If, in three dimensions, the pressure obeys the equation ∂p/∂y = −ρg,



and both ∂p/∂x and ∂p/∂z are nonzero, then integration of this equation



gives the pressure as p = −ρgy + c, where c is a constant.



T  F 



(k) If two immiscible liquids A and B are flowing in the x direction



between two parallel plates, both the velocity v  and the shear stress τ



are continuous at the interface between A and B, where the coordinate y is



normal to the plates.



T  F 



(l) In compression molding of a disk between two plates, the force



required to squeeze the plates together decreases as time increases.



T  F 



(m) For flow in a wetted-wall column, the pressure increases from



atmospheric pressure at the gas/liquid interface to a maximum at the



wall.



T  F 



(n) For one-dimensional flow in a pipe—either laminar or turbulent—the



shear stress τ  varies linearly from zero at the wall to a maximum at the



centerline.



T  F 



(o) In Example 6.1, for flow between two parallel plates, the shear stress



τ  is negative in the upper half (where y > 0), meaning that physically it



acts in the opposite direction to that indicated by the convention.



T  F 
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Chapter 7. Laplace’s Equation, Irrotational and
Porous-Media Flows



7.1 INTRODUCTION



THE previous chapter dealt with fluid motions in which the viscosity



always played a key role. However, away from a solid boundary, the effect



of viscosity is frequently small and may be neglected. The example was



given at the end of Section 5.2 of the rotation of a cup containing coffee, in



which there was little perceptible rotation of the liquid itself. For a cup of



molasses, the situation would obviously be different.



There are several practical situations, in which the fluid can be treated as



essentially inviscid, occurring for example in the flow of air relative to an



airplane, flow of water in lakes and harbors, surface waves on water, air



motion in tornadoes, etc., and these will be discussed in this chapter. It is



understood that we are not inquiring about the motion in either of the



following two cases:



1. Very close to a solid boundary, where the action of viscosity is



important, and which will be discussed in Chapter 8.



2. In the wake of a solid obstacle, where laminar instabilities or



turbulence can occur at high Reynolds numbers—for illustrations see the



applications of computational fluid dynamics using COMSOL and Fluent



in Examples 9.4 (flow through an orifice plate) and 13.4 (flow in the wake



of a cylinder).



Section 7.3 will demonstrate that these inviscid flows are governed by



Laplace’s equation. Somewhat paradoxically, Section 7.9 will show that



Laplace’s equation also applies to a phenomenon that is apparently at the



other end of the spectrum— to the flow of viscous fluids in porous media,



which is of considerable practical significance in the production of oil, the



underground storage of natural gas, and the flow of groundwater. And, as



will be seen in Chapter 10, Laplace’s equation plays an important role in



the rise velocity of large bubbles in liquids and fluidized beds, and also



governs the pressure distribution in the particulate phase of fluidized



beds. Finally, Example 12.3 shows that potential-flow theory can be



applied to electroosmotic flow around a particle in a microchannel.



Motion of an inviscid fluid



We start by rederiving Bernoulli’s equation for inviscid fluids, but this



time in any number of space dimensions. In such cases, with μ = 0, Eqn.



(5.68) yields for the usual case of an incompressible fluid the so-called



Euler equation:



in which the body force vector F is typically the gradient of a scalar Φ



(known as the body-force potential):



where gravity is assumed to be the body force and z is oriented vertically



upwards. Since ρ is constant, Eqns. (7.1) and (7.2) yield:



The following vector identity is quoted without proof:



in which v  = v · v, and Eqn. (5.30) has already shown the vorticity ζ to



equal:



where ω is the angular velocity of the fluid at a point.



Hence, from Eqns. (7.3) and (7.4),



which, for steady flow, reduces to



That is, the vector v × ζ is normal to the surfaces p ρ +



where c is a constant for a particular surface, which must therefore



contain v (that is, streamlines) and ζ (vortex lines). The tangent to a



streamline has the direction of the velocity; that to a vortex line has the
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direction of vorticity. For irrotational flows, which have zero vorticity (ζ =



0), the constant c is the same throughout the fluid, giving Bernoulli’s



equation, of considerable importance for the motion of ideal frictionless



fluids.



Another special case of Eqn. (7.5) occurs for transient irrotational flows:



which finds application in the study of surface waves in Section 7.11.



7.2 ROTATIONAL AND IRROTATIONAL FLOWS



Fig. 7.1 shows examples of both irrotational and rotational flows, in each



of which the streamlines, viewed here from above the free surface of the



liquid in a container, are concentric circles. To visualize the flows, a cork



is floating in the liquid, and is here designated as a square with (for easy



visualization) diagonals and a protruding arrow. Although both flows



consist of a vortex , in which fluid particles are following circular paths,



the two cases are quite different:



Fig. 7.1. (a) Forced vortex (rotational) and (b) free vortex
(irrotational) flows.



(a) The first case corresponds to a forced vortex in which (mainly due to a



rotating container and the action of viscosity) the liquid is turning with a



constant angular velocity ω, just as if it were a solid body. Thus, the sole



velocity component is given by v  = rω, which increases with radius. As



the path 1–2–3–4–5 is followed, the cork clearly rotates counter-



clockwise, thus indicating a counter-clockwise angular velocity



throughout. The flow is therefore rotational.



(b) The second case corresponds to a free vortex , which can occur in



essentially inviscid liquids, the sole velocity component now being



inversely proportional to the radius; that is, v  = c/r. As the path 1–2–3–



4–5 is followed, the cork maintains its orientation, indicating that the



vorticity is zero. The flow is therefore irrotational.



The cyclone separator, discussed in Section 4.8, presents an example of a



free vortex in the central core of the equipment; however, in a small



region near the entrance of the separator, the flow approximates a forced



vortex, because of the driving effect of the inlet gas. The draining of a



bathtub or sink offers another example of a free vortex, since the velocity



in the angular direction speeds up as the drain hole is approached. The



question of the direction of rotation into the drain has been nicely



answered by Cope.



Vorticity and angular velocity



We have already seen that the angular velocity at a point is one-half of the



vorticity, giving (in two dimensions):



which will now be interpreted and verified for two-dimensional flow.



Consider the situation in Fig. 7.2(a), in which, over a small time step dt,



an initially square fluid element PQRS moves to a new location P' Q' R' S' .



Observe that the element translates (moves), deforms, and possibly



rotates, as discussed earlier following Fig. 5.15. Fig. 7.2(b) shows both



elements enlarged and superimposed to have a common lower left-hand



corner, with P and P' coincident. The angular velocity of the element is



determined by finding out how much the diagonal PR has rotated when it



assumes its new position P' R' . Observe that PQ has rotated counter-



clockwise to its new position P' Q' . The y velocity v  of Q exceeds that of P



by an amount (∂v /∂x) dx; thus, in a time dt, the distance QQ' will be



(∂v /∂x) dx dt. The angle Q' PQ is therefore (∂v /∂x) dt, so that the



(counter-clockwise) angular velocity of PQ is ∂v /∂x. By a similar



argument, the clockwise angular velocity of PS is ∂v /∂y.



Fig. 7.2. (a) Fluid element translates and rotates; (b)
determination of angular velocity.
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 Yes, it is true that—if the water is perfectly still before the drain plug is



pulled—the direction of rotation of the bathtub vortex does depend on



whether it is in the northern or southern hemisphere. However, any quite



small initial rotation of the water would dominate this natural effect



caused by the earth’s rotation. In a letter to the editor of the American



Scientist, Vol. 71 (Nov/Dec 1983), Winston Cope stated: “I spent most of



1974 with the U.S. Navy at the South Pole, where one of my projects was



to demonstrate the Coriolis effect. At the poles the Coriolis effect is



greatest, and we used a smaller tank than described by Dr. Sibulkin: half



of a 50-gallon drum. Because the temperature of the room was below



freezing for water, a solution of ethylene glycol was used. It took 3–5 days



for the rotation effects due to filling to subside, but a small, consistently



clockwise vortex resulted as the fluid drained. The motion was easily



detected by means of talc particles on the surface. The rotation of the



vortex was the same whether the fluid drained through a nozzle toward



the floor, or from a nozzle through a siphon from above.”
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The counter-clockwise angular velocity of the diagonal PR is the mean of



the angular velocities of PQ and PS:



A comparison with the z component of vorticity given in Eqn. (5.29):



reveals again that the angular velocity is one-half of the vorticity.



An additional example of irrotational flow, viewed from above a free



surface, is given in Fig. 7.3, for liquid motion past a blunt-nosed solid.



Again, the floating cork maintains a constant orientation. Observe in our



idealization that the fluid in contact with the solid object violates the “no-



slip” boundary condition, and is allowed to have a finite velocity, because



there are no viscous stresses to retard it. In practice, of course, the



velocity at the boundary would be zero, but would quickly build up to the



value in the “mainstream” across a very thin boundary layer. Thus, apart



from this boundary layer, the irrotational flow solution can still give a



fairly accurate picture of the overall flow.



Fig. 7.3. Irrotational flow past a blunt-nosed object.



Example 7.1—Forced and Free Vortices



The flow pattern in a liquid stirred in a large closed cylindrical
tank can be approximated by a forced vortex of radius a and
angular velocity ω (corresponding to the location of the
stirrer), surrounded by a free vortex that extends indefinitely
radially outward, as shown in Fig. E7.1.1.



Fig. E7.1.1. Forced- and free-vortex regions: (a)
elevation; (b) plan.



If the pressure is p  for large values of r, derive and plot
expressions for the tangential velocity v  and pressure p as
functions of radial location r. If the top of the tank is removed,
so that the liquid is allowed to have a free surface, comment
on its shape. Also, discuss how the free vortex is generated
in this example.



Solution



First, consider the tangential velocity v  in the two regions:



At the junction between the two regions, where r = a, the
velocities must be identical, so that (v )  = aω = c/a; thus,
the constant is c = ωa  and the velocities in the two regions
are:



representative profiles being shown in Fig. E7.1.2.



Second, since there is zero vorticity in the free vortex,
Bernoulli’s equation applies, it being noted that the velocity
declines to zero for large r:



so that the pressure at the junction between the two vortices
is:



Fig. E7.1.2. Forced- and free-vortex velocity
distributions.



For the forced vortex, the radial variation of pressure is
already given in Eqn. (1.44):



a result that can also be obtained from the full r momentum
balance in cylindrical coordinates, Eqn. (5.75), by making
appropriate simplifications and substituting v  = rω.
Integration of Eqn. (E7.1.5), noting that p = p  at r = a, gives:
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Fig. E7.1.3. Forced- and free-vortex pressure
distributions.



A representative complete pressure distribution is given in
Fig. E7.1.3. Note that the overall pressure changes in the two
vortices are identical (ρω a /2). If the liquid has a free
surface, the pressure toward the bottom of its container must
be balanced hydrostatically by a column of liquid that extends
to the free surface. Thus, the free surface must have a shape
that resembles the curve in Fig. E7.1.3, and this is
substantiated by experiment.



Regarding the generation of the free vortex, consider the
liquid in the region r > a to be initially at rest when the stirrer
is turned on. With appropriate simplifications, the θ
momentum balance becomes:



and will govern how v  builds up to its final value as shown in
Fig. E7.1.2, at which stage the right-hand side of Eqn.
(E7.1.7) is zero. Somewhat paradoxically in this example,
viscosity is important in determining the final velocity profile,
even though the resulting free vortex region has zero
vorticity.



7.3 STEADY TWO-DIMENSIONAL IRROTATIONAL
FLOW



Rectangular Cartesian coordinates



Most of the development in this section will be in terms of x/y



coordinates, after which the important relationships will be restated for



two-dimensional cylindrical coordinates.



For inviscid fluids, Bernoulli’s equation, (7.7), is already available for



relating changes in pressure, velocity, and elevation. Here, we use the



continuity equation,



and the irrotationality condition to show that the flow can be represented



by a velocity potential ϕ that obeys Laplace’s equation.



Note first that the angular velocity of a fluid element is caused by shear



stresses, which act tangentially to the surface of the element, and may



have a net resulting moment about its center of gravity, thus causing it to



rotate. (Pressure forces act normal to the surface of an element, and have



no resulting moment, so cannot induce rotation of the element.) In the



absence of viscosity, there can be no shear stresses. Hence, an element of



fluid starting with zero angular velocity cannot acquire any. Therefore,



from Eqn. (7.10), zero angular velocity implies that:



Velocity potential



Now consider a new function, the velocity potential ϕ, which is such that



the velocity components v  and v  are obtained by differentiation of ϕ in



the x and y directions:



That is, the vector velocity is the gradient of the velocity potential :



The reader can check that the concept of the velocity potential



automatically satisfies the irrotationality condition, Eqn. (7.13).



Substitution of the velocity components from Eqn. (7.14) into the



continuity equation, (7.12), gives Laplace’s equation for the velocity



potential:



Laplace, Pierre Simon, Marquis de, born 1749 at
Beaumont-enAuge in Normandy, died 1827 at Arcueil,
France. Laplace was the son of a farmer in Normandy; his
subsequent career led him to become known as “the Newton
of France.” He excelled in mathematics and astronomy, and
some of his brilliant early work was instrumental in
demonstrating the stability of the solar system. His magnum
opus was Mécanique céleste, published in five volumes
between 1799 and 1825. He became a member of the
Academy of Sciences in 1785. His concept of a potential
function was fundamental to subsequent theories of
electricity, magnetism, and heat. Extending previous work of
Gauss and Legendre, he established the statistical basis for
the method of least squares. He made significant
contributions to an incredibly wide range of other scientific
topics, including the stability of Saturn’s rings, the velocity of
sound, specific heats, capillary action, numerical
interpolation, and Laplace transforms. Modesty was not
Laplace’s strong suit, and he exhibited a predilection for
positions of political power and the titles that accompanied
them. His last words before his death were: “Ce que nous
connaissons est peu de chose, ce que nous ignorons est
immense.” [What we know is little enough; what we don’t
know is enormous.]
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 Some writers define the potential with a negative sign: v = −∇ϕ. The



reader should therefore be alert as to which convention is being used.
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Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911).



Stream function



As an alternative, we can define a stream function, ψ, such that the



velocity components v  and v  are obtained by differentiation of ψ in the y



and −x directions, respectively: v  =



Compared with Eqn. (7.14), note the reversed order of x and y, and also



the minus sign in the expression for v .



The reader can also check that the concept of the stream function



automatically satisfies the continuity equation, (7.12). Substitution of the



velocity components from Eqn. (7.17) into the irrotationality condition,



(7.13), gives Laplace’s equation for the stream function in two-



dimensional irrotational flows:



Table 7.1 summarizes the above facts about the velocity potential and the



stream function. It will also be shown in the next section that a contour of



constant ψ represents the path followed by the fluid.



Table 7.1. Basic Properties of the Velocity Potential and
Stream Function



Two-dimensional cylindrical coordinates



First, examine the more commonly occurring case for which v  = 0. For r/



θ coordinates—shown in relation to x/y coordinates in Fig. 7.4—the



corresponding relationships between the velocity components and the



potential and stream function can be proved:



From Eqn. (5.49) and Table 5.4, the continuity equation and



irrotationality condition are:



Continuity :



Fig. 7.4. Cylindrical (r/θ) and rectangular (x/y) coordinates.



Appropriate substitutions again lead to Laplace’s equation in the potential



function and stream function: 1 r



Second, note that two-dimensional flows may also exist in cylindrical



coordinates with v  = 0, in which v  and v  are the velocity components of



interest. In this case, the appropriate relations for the velocities, potential



function, and stream function are:



Note that the second-order equation for the stream function is no longer



Laplace’s equation.



Flow in porous media



The treatment in Section 7.9 will show that the pressure for the flow of a



viscous fluid, such as oil, in a porous medium, such as a permeable rock



formation, also obeys Laplace’s equation (in two-dimensional rectangular



coordinates, for example):



Thus, much of the discussion in this chapter applies not only to flow of



essentially inviscid fluids, but also to the flow of viscous fluids in porous



media. Obvious important applications are to the recovery of oil from



underground rock formations, to the motion of groundwater in soil, and



the underground storage of natural gas. A representative example appears



in Section 7.9.



7.4 PHYSICAL INTERPRETATION OF THE STREAM
FUNCTION



For steady two-dimensional flow in x/y coordinates, an alternative and



equivalent definition to that of Eqn. (7.17) for the stream function is given



by reference to Fig. 7.5(a), in which a family of streamlines (lines of



constant ψ) is shown. Consider the flow rate Q, per unit depth normal to



the plane of the diagram, between streamlines that have values of the



stream function equal to ψ  and ψ .
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Fig. 7.5. (a) Flow rate Q crossing paths PS and PT joining
streamlines with values ψ  and ψ ; (b) velocity components
v  and v  crossing segments dy and dx between neighboring
streamlines.



The equivalent viewpoint to that of Eqn. (7.17) is to define the flow rate Q



as the difference between the two values of the stream function, namely,



Q = ψ  −ψ . The sign convention is such that Q is taken to be positive if



flowing from left to right across a path such as PS from ψ  to ψ . That is, if



the flow is physically in the indicated direction, then ψ  > ψ ; if it is in the



opposite direction, then ψ  <ψ .



Since the value of ψ is constant along a streamline, the flow rate Q will



still be the same across any other path such as PT. It immediately follows



that the flow across ST is zero, and that no flow can occur across a



streamline; hence, the flow is always in the direction of the streamline



passing through any point. Representative units for Q and ψ are m /s.



To verify that this viewpoint is completely consistent with that of Eqn.



(7.17), consider Fig. 7.5(b), which shows three points, P, A, and B, on



three streamlines that are only differentially separated. Across PB and PA,



paying attention to the direction of flow as defined above, the flow rates



dQ  and dQ  per unit depth are:



Thus, from Eqn. (7.24), the velocity components are identical with those



given previously:



Since we have already established that the direction of the flow is normal



to the equipotentials, the streamlines and equipotentials must everywhere



be orthogonal to one another, and a representative situation is shown in



Fig. 7.6.



Fig. 7.6. Orthogonality of streamlines (ψ) and
equipotentials (ϕ).



The reader should consider the direction of flow if the values of the



stream function ψ  ...ψ  are in ascending or descending order, and



similarly for the values of the equipotentials ϕ  ...ϕ .



7.5 EXAMPLES OF PLANAR IRROTATIONAL FLOW



Here, we examine a few two-dimensional irrotational flows, in which it is



necessary to become accustomed to working in either rectangular (x/y) or



cylindrical (r/θ) coordinates, depending on the problem at hand.



Fig. 7.7. Uniform stream in the x direction.



Uniform stream



One of the simplest flows is that in which the two velocity components are



v  = U (a specified value) and v  = 0, corresponding to a uniform stream



in the x direction, as shown in Fig. 7.7. The reader can check that the



velocity potential and stream function are given by:



Observe also that if the function for either ϕ or ψ is known, then the other



one can usually be readily deduced. For example, suppose that ϕ is given



from Eqn. (7.25). By using the definitions of Eqn. (7.14), the x and y



velocity components can be obtained and then equated to the



corresponding derivatives of the stream function from Eqn. (7.17):



Integration of the two relations in Eqn. (7.27) gives two expressions for



the stream function:
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in which f(x) and g(y) are arbitrary functions of integration. (Remember,



we are integrating partial differential equations, not ordinary differential



equations, and therefore obtain functions of integration, not just



constants of integration.) However, the only way the two expressions for



ψ in Eqn. (7.28) can be mutually consistent is if f(x) = c and g(y) = Uy+c,



in which c is a constant, conveniently—but not necessarily—taken as zero.



Therefore, we conclude that ψ = Uy, in agreement with the stated



function in Eqn. (7.26).



Flow past a cylinder



Fig. 7.8 illustrates the steady flow of an inviscid fluid past a cylinder of



radius a; far away from the cylinder, the velocity is U in the x direction



and zero in the y direction. In this particular situation, it is convenient to



introduce polar coordinates, r and θ, in addition to x and y, such that:



Fig. 7.8. Streamlines for flow past a cylinder.



The velocity potential and stream function are:



These functions are verified if they satisfy the following three conditions:



1. Laplace’s equations. It will be left as an exercise to prove compatibility



with Eqn. (7.21):



2. Uniform x velocity far away from the cylinder. As the radial



coordinate becomes large (r → ∞), the potential and stream function



become:



which are readily shown to be consistent with v  = U and v  = 0 far away



from the cylinder.



3. Zero radial velocity at the surface of the cylinder. Because in our



idealization there is no viscosity, no boundary layer forms on the surface



of the cylinder, and this surface is itself a streamline—more correctly, a



divided streamline, since there is flow around both sides of the cylinder. It



therefore follows that there can be no radial component of the velocity at r



= a. For the velocity potential and stream function, we have:



Example 7.2—Stagnation Flow



Investigate the potential flow whose stream function in x/y
coordinates is:



Fig. E7.2.1. Potential stagnation flow.



Solution



From Eqn. (7.17), the two velocity components are:



leading to the following observations (c is assumed to be
positive):



1. Along the x-axis (y = 0), v  = 0, and the flow is parallel to
the x-axis. For positive values of x, the flow is to the right,
and for negative values of x,it is to the left.



2. Along the y-axis (x = 0), v  = 0, and the flow is parallel to
the y-axis. For positive values of y, the flow is downward, and
for negative values of y, it is upwards.



3. The equation for the stream function, ψ = cxy, is that of a
family of hyperbolas.



4. There is a stagnation point at the origin, O.
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With above in mind, it is now possible to deduce the flow
pattern, which is shown in Fig. E7.2.1. It could occur when
two streams—one coming from the +y direction and the other
coming from the −y direction—meet each other. Observe that
the streams are deflected so that they leave in the +x and −x
directions.



However, there are other possibilities. We could simply
choose to ignore the lower half of the region, for negative
values of y. In this case, the flow would essentially be that of
a downward wind against a horizontal plane, such as the
ground. We could also focus exclusively on the upper right-
hand quadrant, for example, in which case the flow would be
that in a corner.



The derivation of the corresponding velocity potential is left
as an exercise.



Line source



Fig. 7.9(a) shows a “line” source that extends indefinitely along an axis of



symmetry, from which it emits a flow uniformly in all radial directions.



The strength m of the source is defined such that the total volumetric flow



rate emitted by unit length of the source is 2πm. (The inclusion of the



factor 2π is merely a convenience, since it simplifies the subsequent



equations.)



Fig. 7.9. Line source: (a) overall view; (b) cross section,
showing the velocity v  at a radius r.



A view along the axis of a circular section of radius r at any location—such



as at B—is shown in Fig. 7.9(b). If the outwards radial velocity is v , the



total volumetric flow rate per unit depth is the velocity v  times the



surface area 2πr of the imaginary cylindrical shell through which the flow



is passing:



so that:



Since there is no swirl, note that v  = 0. Thus, the potential and stream



functions corresponding to the line source are, apart from a possible



constant:



A line source is a useful “building block” in constructing two-dimensional



flow patterns, as will be seen in Example 7.3. A line source of negative



strength is called a line sink, and resembles a vertical well into which a



liquid such as oil or water is flowing from the surrounding earth or porous



rock.



Example 7.3—Combination of a Uniform Stream and a
Line Sink (C)



An inviscid fluid flows with velocity U parallel to a wall, as
shown in Fig. E7.3.1. The narrow slot S is long in the
direction normal to the diagram, and a volumetric flow rate Q
per unit slot length is withdrawn. (The particle shown at x = X
is not needed in this example, but will be important in
Problem 7.13.)



Fig. E7.3.1. Partial diversion of a stream through
a slot.



Derive an expression for the stream function, and sketch
several representative streamlines. At a large value of y,
what is the value of x for the dividing streamline? Discuss a
practical application of this type of flow.



Solution



The overall stream function is the sum of the stream
functions for the following two flows:



1. A uniform stream in the direction of the negative y axis. By
analogy with Eqn. (7.26):



Fig. E7.3.2. Streamlines for diversion through
slot.
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2. Because the slot is narrow, it is essentially a line sink with
its axis normal to the plane of the diagram. Since a flow rate
Q per unit depth is withdrawn from just half the total plane, it
would be 2Q for the entire plane of Fig. 7.9(b). Therefore, the
corresponding source strength for use in conjunction with
Eqn. (7.39) is m = −Q/π, giving the following stream function
for the slot:



The stream function for the combination of uniform stream
and line sink is:



Representative streamlines are shown in Fig. E7.3.2. Note
that the width of the incoming stream that is diverted through
the slot is Q/U—this value, when multiplied by the velocity U,
gives the required slot flow rate Q.



The flow is important because it corresponds approximately
to the diversion of part of a large river into a small side
channel, or of a gas into a sampling port. And—if the
direction of Q were reversed—the flow would be that of a
small tributary into a river.



Example 7.4—Flow Patterns in a Lake (COMSOL)



Fig. E7.4.1 shows a bird’s-eye view of a lake whose shape is
approximated by merging two ellipses and two rectangles.
These rectangles protrude to the “west” at AB and to the
“south” at CD, and can serve as an inlet and an outlet to and
from the lake, respectively.



Fig. E7.4.1. A bird’s-eye view of a lake, which
results from merging two ellipses and two
rectangles. The finite-element mesh uses the
“finer” setting.



Note that the inviscid flow (possibly with rotation) is governed
by Poisson’s equation:



in which ψ is the stream function. In COMSOL, Eqn. (E7.4.1)
is represented as ∇· (−c∇u)= f, where u = ψ and c = 1 in our
case.



For two-dimensional flow, it can readily be shown that −∇ ψ =
ζ, where ζ = (∂v /∂x − ∂v /∂y) is the vorticity, so that f acts as
a source term for the vorticity. If f = 0, the vorticity will be zero
and there will be no rotation. But a positive value of f would
mean that the vorticity is positive, corresponding to a counter-
clockwise rotation. And a negative value of f would indicate a
clockwise rotation. Such rotations could result from the shear
stresses induced on the surface of the lake by a nonuniform
wind, whose velocity v  varies with x as shown in Fig. E7.4.2.
Note that in the eastern region (x> 0) the intensity increases
towards the east, and in the western region (x< 0) the
intensity increases towards the west.



Fig. E7.4.2. Velocities v  corresponding to a
nonuniform wind, shearing the surface of the
water in the lake and generating vortices as
indicated.



Solve for the pattern of streamlines for each of the following
three cases, using SI units throughout:



1. The stream function equals ψ = 0 along the near shore
between points B and C and equals ψ = 100 along the far
shore between points D and A. From B to A and from C to D,
ψ varies linearly from zero to 100. Everywhere, f =0.



2. The rivers are “turned off,” so the lake is now isolated and
its boundary becomes the single streamline ψ = 0. However,
the vorticity source term is now f =2.5 × 10 6x s 1. Thus, we
would expect a counter-clockwise rotation for x> 0 and a
clockwise rotation for x< 0.
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3. Finally, consider the case of both river flow and the
nonuniform wind. The boundary conditions will be the same
as for Case 1, but the expression for f will be the same as for
Case 2.



Solution



See Chapter 14 for further details about COMSOL
Multiphysics. All mouse clicks are left-click (the same as
Select), unless specifically denoted as R-Click.



Select the Physics



1. Open COMSOL. Select Model Wizard, 2D, Mathematics
(the little rotating triangle is called a “glyph”), Classical PDEs,
Poisson’s Equation. Add. In the Unit section, scroll down to
set the Dependent variable to Velocity potential (m /s) and
the Source term quantity to Fluid conductance (1/s).



2. L-click Study, Stationary, Done.



Establish the Geometry



3. R-click Geometry and select Rectangle. Enter the values
for Width and Height as 400 and 200 (all lengths are in
meters, m). Note the default in based on the lower left corner
being at (0, 0). Update the corner position values to −1300
and 100. Build Selected.



4. Repeat Step 3 with values for Width and Height of 200 and
300 and corner position (100, −800). Build Selected. Select
Zoom Extents at the top of the Graphics window to display
both geometries.



5. R-click Geometry and select Ellipse. Enter values of 1000
and 500 for the a semi-axis and b semi-axis. Ensure that the
Position option Base is Center and enter values of 0 and 200
for the x and y positions.



6. R-click Geometry and select Circle. Enter values of 400 for
the radius. Ensure that the Position option Base is Center
and enter values of 200 and −200 for the x and y positions.



7. L-click Build All Objects in the Settings window and L-click
Zoom Extents at the top of the Graphics window.



8. R-click Geometry and select Boolean and Partitions and
then Union. Add all geometries to the union by L-clicking
each in the Graphics window. Ensure that the Keep interior
boundaries option is not selected in the Settings panel. Build
Selected.



Table E7.4.1. Subdomain and Boundary Settings
for the Three Cases



Define the Boundary Conditions and Source Term (Case 1)



9. L-click the glyph at the left of Poisson’s Equation, select
Source, return to Poisson’s Equation 1 and set f to 0 in the
Settings window.



10. R-click Poisson’s Equation, select Dirichlet Boundary
Condition. R-click the newly created Dirichlet Boundary
Condition 1. Select Rename and enter North Shore, OK. In
the Settings window, enter a value of 100 for r, the
Prescribed value of u. Add the boundaries defining AD by
successively L-clicking each of the six segments in the
Graphics panel, each segment color changing from red to
blue.



11. Repeat the process for the South Shore, for the four
segments of BC and a Prescribed value for u of zero.



12. R-click Poisson’s Equation and create a Dirichlet
Boundary Condition named Inlet. Enter a prescribed value for
u of 0.5[m/s]*(y - 100) [note that the units of (y − 100) are
implied to be m, so overall it becomes m /s] and L-click
segment AB in the Graphics window. Note: if there is a
mismatch in units, the boundary condition will appear in light
brown. If there is a syntax error, the boundary condition will
appear in red.



13. Repeat for the Outlet segment CD with a prescribed
value of 0.5[m/s]*(x− 100).



Create the Mesh and Solve the Problem



14. Select Mesh 1 and Finer under Element size. Build All.



15. R-click the Study node and select Compute. A surface
plot, with a color bar or “legend” on the right, gives the value
of the stream function. If you click on any point, the
coordinates of that point and the interpolated value of the
stream function will appear in a window just below the
Graphics window. Display the Results (Case 1)



16. R-click Results and L-click 2D Plot Group. R-click the
new 2D Plot Group 2 and select Contour. Plot. Within the
Settings panel (for ease in reproduction on a black-and-white
printer), set Coloring to Uniform, Color to Black, and deselect
Color legend. Plot, giving Fig. E7.4.3.



17. For ease in reproduction, use R-click and hold to “drag”
the image closer to the x- and y-axes.



18. In the File pull-down menu, Save as Ex-7.4-Case 1.mph
or similar. Repeat for Case 3 (Easier to do this before Case
2)



19. L-click the Poisson’s Equation 1 node under the
Poisson’s Equation physics tree and change the value of the
source term, f, to 2.5e−6[1/(s*m)]*x, with overall units of s 1.



20. R-click the Study node and select Compute.



21. R-click Results and L-click 2D Plot Group. R-click the
new 2D Plot Group 3 and select Contour. Plot. For black-and-
white printing, proceed as in Step 16.



22. In the File pull-down menu, Save as Ex-7.4-Case-3.mph
or similar. Repeat for Case 2
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23. L-click each of the North Shore, South Shore, Inlet, and
Outlet boundary conditions and set the Prescribed value to
zero in the Settings window.



24. R-click the Study node and select Compute.



25. R-click Results and L-click 2D Plot Group. R-click the
new 2D Plot Group 4 and select Contour. Plot. For black-and-
white printing, proceed as in Step 16.



26. In the File pull-down menu, Save as Ex-7.4-Case-2.mph
or similar.



Discussion of Results



Case 1. The streamlines are shown in Fig. E7.4.3. The
COMSOL results do not show the direction of flow, but it can
easily be ascertained as follows. Observe over most of the
lake that v  = ∂ψ/∂y is positive and that v  = −∂ψ/∂x is
negative. Clearly, the flow enters at AB and leaves at CD,
and arrows to that effect have been added.



Fig. E7.4.3. Case 1. The river enters at AB and
leaves at CD. There is no wind blowing.



The direction of flow could easily be reversed, by assigning ψ
= 100 to the near shore BC and ψ = 0 to the far shore DA.
Note that a Dirichlet boundary condition was used for the
inlet, with the stream function varying linearly from zero at B
to 100 at A.



Case 2. The streamlines are shown in Fig. E7.4.4. The lake
is now completely closed, with no river flow, so the entire
shoreline is the single streamline ψ = 0. However, there is
now a nonuniform wind blowing, corresponding to Fig.
E7.4.2, resulting in counter-rotating circulatory patterns in the
two halves of the lake. Arrows have been added to indicate
the direction of motion. Recall that the interpolated value of
the dependent variable u (= ψ) can be obtained by clicking on
any point in the lake. With this feature in mind, the COMSOL
results show that the stream function is approximately ψ =
−68.9 m /s at the “eye” of the left-hand half, and ψ =73.7
m /s at the eye of the right-hand half.



Case 3. The streamlines are shown in Fig. E7.4.5. The river
has been switched “on” again, and the nonuniform wind still
blows. The results are essentially a combination of Cases 1
and 2. The river still enters at AB and leaves at CD, but has
to follow a somewhat more tortuous path as it wends its way
between the two circulating patterns, which are now
diminished in size as a result. The stream function is
approximately ψ = −27.5 m /s at the left-hand eye and ψ =
165.9 m2/s at the right-hand eye.



Fig. E7.4.4. Case 2. The lake is closed, so the
entire shoreline is the streamline ψ = 0. There is
a nonuniform wind blowing, resulting in
counter-rotating streamlines with a negative
vorticity in the left and a positive vorticity in the
right. The centers of the vortices are “dead”
zones, never being refreshed.



Fig. E7.4.5. Case 3. The river enters at AB and
leaves at CD. A nonuniform wind blows, but
because of the river flow the vortices are
pushed into smaller areas.



7.6 AXIALLY SYMMETRIC IRROTATIONAL FLOW



Another important class of potential flows occurs when there is rotational



symmetry about an axis, an example being the flow of an otherwise



uniform stream past a sphere or a spherical bubble. For these flows, it is



basically convenient to employ spherical coordinates r and θ; the



symmetry condition then reduces any derivatives in the azimuthal (ϕ)



direction to zero. The coordinates are shown in Fig. 7.10(b), in which the



axial direction z is that from which the angle θ is measured. Thus, we shall



find ourselves working with r, θ, and z, but it is important to realize that



these are not the usual cylindrical coordinates.



Fig. 7.10. The stream function for flows that are
axisymmetric about the z axis.
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 The main goal of Sections 7.6–7.8 is to investigate flow around a sphere,



needed in Chapter 10 when considering the rise of large bubbles in liquids



and fluidized beds.
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For this axisymmetric case, a new stream function ψ is now defined by



reference to Fig. 7.10(a). Namely, the stream function at a point such as P



is ψ if the flow rate is 2πψ, from right to left, through a circle formed by



rotating P about the axis of symmetry. The factor of 2π is included



because it will soon cancel with a similar quantity.



The two velocity components v  and v  shown in Fig. 7.10(b) are now



deduced by reference to Fig. 7.10(c). For example, the flow rate from right



to left across the surface formed by rotating PS about the z axis is equal to



2π times the difference in stream functions at points S and P:



so that:



Similarly,



giving:



Since v = ∇ϕ, the velocities are given in terms of the potential ϕ by:



Continuity equation



Under steady-state conditions, there is no accumulation in the element



PQRS in Fig. 7.10(b), so that:



or



which is the continuity equation in axisymmetric coordinates, identical to



Eqn. (5.50), multiplied through by r  sin θ. The reader may wish to check



that the velocity components given in terms of the stream function in



Eqns. (7.41) and (7.43) automatically satisfy Eqn. (7.46).



Irrotationality condition



The flow will be irrotational if the ϕ component of the vorticity is zero.



From the entry in Table 5.4 under spherical coordinates, the



irrotationality condition is obtained by setting the ϕ component of ∇ × v,



which is normal to the plane containing v  and v , to zero: 1 r



Paralleling the x/y coordinate case, it may again be shown that the



potential function in Eqn. (7.44) is compatible with this new



irrotationality condition.



Laplace’s equation



Again paralleling the earlier x/y development, the velocity components



derived from the velocity potential, which satisfies irrotationality, may be



substituted into the continuity equation, (7.46), to give:



which is actually Laplace’s equation in spherical coordinates (see Table



5.5), multiplied through by r  sin θ (and with zero derivative in the ϕ
direction).



Likewise, if the stream function, which satisfies continuity, is substituted



into the irrotationality condition, we obtain:



Although Eqn. (7.49) is a second-order differential equation in the stream



function, it is no longer Laplace’s equation, nor a multiple of it.



7.7 UNIFORM STREAMS AND POINT SOURCES



We now examine a few cases of axisymmetric flows, for which it is



convenient to use both the spherical and Cartesian coordinate frames, as



shown in Fig. 7.11.



Fig. 7.11. Coordinate systems for axisymmetric flows.
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Uniform stream



A uniform stream flowing in the positive z direction with velocity U is



shown in Fig. 7.12. By definition, the flow rate in the negative z direction



through the circle of radius r sin θ passing through point P equals 2π



times the stream function ψ at P:



Fig. 7.12. Uniform stream in the z direction.



so that:



The velocity potential is found by integrating the relationships given in



Eqn. (7.44):



which yield:



These last two expressions are compatible if f(θ)= g(r)= c, where c is a



constant that is conveniently (but not necessarily) taken as zero, so that



As a scalar, ϕ is invariant to the coordinate system used. However, when



using partial derivatives in two different coordinate systems, we must pay



attention to which coordinates are being kept constant during partial



differentiation. Observe also that ∂ϕ/∂z (with y constant) gives the z



velocity component.



Point source



Fig. 7.13 shows a “point” source that emits a uniform flow in all radial



directions. Its strength is defined as m if the total volumetric flow rate is



4πm, which also equals at any radius r the radial velocity v  times the



surface area 4πr  of the imaginary spherical shell through which the flow



is passing:



Fig. 7.13. Flow emanating from a point source.



The radial velocity is therefore:



Observe that a point source by itself is not completely realistic, since the



radial velocity is infinite at r = 0. Nevertheless, it is an important concept,



as will be realized shortly. Integration of Eqn. (7.56) gives the velocity



potential and stream function as:



(Arbitrary functions of integration can be shown to be constants—which



may be taken as zero—by integrating the corresponding relationships for



v , which is zero.)



Fig. 7.14. Combination of a point source of strength m with
a uniform stream of velocity U. The flow is axisymmetric
about the z axis.



Point source in a uniform stream



We now arrive at the intriguing possibility of combining the two previous



concepts. As illustrated in Fig. 7.14, imagine a point source of strength m



to be located at the origin O; superimposed on this flow is a uniform
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stream with velocity U flowing in the z direction. The previously derived



velocity potentials and stream functions may be added, giving:



Observe from the diagram that the part of the source flowing to the left



opposes and hence tends to “neutralize” the oncoming stream from the



left. In fact, a stagnation point S, with zero velocity components (v  = v  =



0), occurs when:



Therefore, as shown in Fig. 7.15, the stagnation point has coordinates:



in which the ratio of the source strength to the stream velocity has been



replaced by the square of a new quantity, a.



Fig. 7.15. The combination shown in Fig. 7.14 leads to
axisymmetric irrotational flow around a blunt-nosed
object.



From Eqns. (7.58) and (7.61), the value of the stream function at the



stagnation point is ψ = −m = −Ua . Therefore, the streamline passing



through the stagnation point has the equation :



By using the identities:



the y and r coordinates of points on this streamline are found to be:



Equation (7.65) is drawn in Fig. 7.15 and is seen to be an axisymmetric



curved surface with the stagnation point S at its “nose.” It therefore



follows that the combination of a source in a uniform stream represents



potential flow past an axisymmetric blunt-nosed body, whose asymptotic



diameter can readily be shown to equal 4a. Of course, the equations also



predict a flow pattern “inside” the body (what is it?), but we choose to



ignore it here.



The pressure at any point can be obtained by first observing that the



square of the velocity is:



If the pressure in the undisturbed uniform stream (well away from the



body) is p , then—apart from any hydrostatic effects—Bernoulli’s



equation gives the local pressure at any point:



Clearly, by taking other combinations, more sophisticated flow patterns



can be generated, but our purpose is just to make the reader aware of



such possibilities. However, another interesting combination will be



considered in the next section.



7.8 DOUBLETS AND FLOW PAST A SPHERE



A doublet is very much like a dipole in electricity and magnetism, and is



introduced in Fig. 7.16(a).



Fig. 7.16. (a) Point source and sink, which, when combined
closely together lead to the flow from a doublet; (b) the
resulting streamlines. The flow is axisymmetric about the z
axis.
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 This does not imply that the fluid actually flows through the stagnation



point. As an infinitesimally small element of fluid approaches the



stagnation point S along the streamline from the left, it continuously



decelerates, and it may be shown that it takes an infinite time to reach S.
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Consider a point source and a point sink of strengths m and −m,



respectively, located on the z axis at distances a to the right and left of the



origin. Fluid emanating from the source will eventually flow back into the



sink. For the combination, the velocity potential at a point P is:



Now let a → 0 and m → ∞, but in such a way that the product 2am ≡ s



remains finite, where s is known as the doublet strength, which will be



positive when the direction from source to sink points in the negative z



direction. The velocity potential becomes:



Following a similar argument, the stream function for the doublet is:



The corresponding streamlines are shown in Fig. 7.16(b).



Combination of a doublet and a uniform stream



In the same way the combination of a source and a uniform stream was



investigated in the previous section, now consider the superposition of a



doublet and a uniform stream.



Recall that for a uniform stream of velocity U in the z direction, the



velocity potential and stream function are:



Also consider a doublet of strength s = −Ua /2 at the origin, where U is



again the velocity of the uniform stream and a is a variable whose



significance is to be realized; the negative sign means that the orientation



of the doublet is with the source to the left of the sink—opposite to that in



Fig. 7.16:



Thus, for the combination of the uniform stream and the doublet:



Investigation of Eqns. (7.73) and (7.74) leads to the following conclusions:



1. The streamline ψ = 0 occurs either for θ = 0 or π, or for r = a.



Therefore, the sphere r = a may be taken as a solid boundary.



2. Both ϕ and ψ satisfy the general axisymmetric potential flow equations,



(7.48) and (7.49).



3. Far away from the sphere, Eqns. (7.73) and (7.74) predict a uniform



velocity U in the z direction.



4. These equations also predict a zero radial velocity v  at the surface of



the sphere. The combination of a uniform stream and a doublet (with



directions opposed) represents potential flow of a uniform stream with a



solid sphere placed in it, as shown in Fig. 7.17. This result will help us in



Chapter 10 to predict the motion of bubbles in liquids and fluidized beds.



Also see Example 12.3 for an application to electroosmotic flow around a



particle in a microchannel.



Fig. 7.17. Potential flow around a sphere. The flow is
axisymmetric about the z axis.



7.9 SINGLE-PHASE FLOW IN A POROUS MEDIUM



Laplace’s equation also governs the flow of a viscous fluid, such as oil, in a



porous medium, such as a permeable rock formation. Recall from Darcy’s



law in Section 4.4 that the superficial velocity v  for one-dimensional flow



is proportional to the pressure gradient:



But for an incompressible fluid the continuity equation is:



The velocity may now be eliminated between these last two equations. If



the permeability/viscosity ratio κ/μ is a variable, we obtain, after



canceling the minus sign:
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where κ is the permeability of the medium and μ is the viscosity of the



fluid. The minus sign occurs because the flow is in the direction of



decreasing pressure. Equation (7.75) may be generalized to three-



dimensional flow by using a vector velocity v and replacing dp/dx with



the gradient of the pressure:



which simplifies in the case of constant κ/μ to:



That is, the pressure distribution is again governed by Laplace’s equation,



which has been written out here for the case of two-dimensional



rectangular coordinates, but is equally applicable in other coordinate



systems. Thus, much of the theory in this chapter applies not only to flow



of essentially inviscid fluids, but also to the flow of viscous fluids in



porous media. Obvious important applications are to the recovery of oil



from underground rock formations, and to the motion of groundwater in



soil.



Example 7.5—Underground Flow of Water



A company has been disposing of some water containing a
small amount of a chemical (1,4–dioxane) by injecting it into
a permeable stratum of the ground via a vertical well, A, of
radius a. Consequently, the groundwater has become slightly
contaminated. As shown in Fig. E7.5.1(a), the company
proposes to rectify the situation in a cleanup operation by
drilling a second well, B, of the same radius, and separated
by a distance L from A. Contaminated water will be
withdrawn at a volumetric flow rate Q per unit depth from A,
detoxified by irradiating it with ultraviolet light, and injecting
the purified water back into the ground via well B. By
modeling A as a line sink and B as a line source, derive an
expression for the pressure difference p  − p  between the
two wells, in terms of Q, a, L, κ, and μ. Sketch several
streamlines and isobars.



Fig. E7.5.1. Withdrawal and injection wells A
and B: (a) shows the side view of a vertical
section through the formation; (b) shows the
plan of a horizontal section of the permeable
stratum, together with the radial coordinates of
point P.



Solution



For incompressible liquid flow in a porous medium, the
superficial velocity vector (volumetric flow rate per unit area)
v is given by Darcy’s law:



Laplace’s equation governs variations of pressure, which
may be treated in virtually the same manner as the velocity
potential in irrotational flow.



A plan of the permeable stratum is shown in Fig. E7.5.1(b), in
which a general point such as P is seen to lie at radial
distances r  and r  from the centers of wells A and B,
respectively.



If B is considered to be a line source, with a total flow rate of
Q per unit vertical depth (normal to the plane of Fig.
E7.5.1(b)), the radially outward velocity v  at any distance r
from it is obtained from continuity and Darcy’s law:



The corresponding pressure is obtained by integration:



For flow into the line sink at well A, the corresponding
pressure is:



In these last two equations, the function of integration f(z)
recognizes that the pressure also varies with the vertical
distance z. Considering a fixed depth, the function effectively
becomes a constant of integration, p .



Fig. E7.5.2. Plan of a horizontal section through
the permeable stratum, showing the streamlines
(heavy) and isobars (light).
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The combined effect of both injection and withdrawal wells
leads to the pressure distribution:



in which the added pressure p  depends on the depth of the
stratum and the overall level to which it is pressurized.



Equation (E7.5.5) is next applied at the outer radius of each
well in turn, namely, for r  = a, r  . = L (at well B) and r  = a,
r



The required pressure difference between the wells is
therefore:



Finally, Fig. E7.5.2 shows several isobars (which are almost
circular in the vicinity of the wells), together with the
corresponding streamlines.



7.10 TWO-PHASE FLOW IN POROUS MEDIA



An important application of fluid mechanics is the study of the flow of



crude oil in the pores of the porous rock formation in which it is found.



Increasing amounts of oil can be recovered in several stages, including the



following:



1. Primary recovery, in which as much oil is pumped out as possible.



2. Secondary recovery, typically by pumping water down selected wells



and displacing more of the oil, which is then produced at other selected



wells. The “five-spot” pattern shown in Fig. 7.18 is frequently used. The



duration of a single waterflood is many years, and it is usually important



to simulate the results as accurately as possible beforehand, in order to



maximize the production of oil. For example, if water is pumped down the



wells too rapidly, it can “finger” towards the intended production wells,



causing water to be “produced” instead of oil.



Fig. 7.18. Five-spot arrangement of wells for waterflooding.



3. Tertiary recovery, in which surfactants are often used in order to



reduce the capillary pressure between the oil and water, and to make it



easier for the residual oil to be recovered.



The present discussion centers largely on secondary recovery, in which



water and oil flow as two immiscible phases. Similar equations also



govern the underground storage of natural gas, typically by the



displacement of naturally occurring water. The notation to be used is



given in Table 7.2.



Table 7.2. Variables for Two-Phase Immiscible Flow



Darcy’s law can be applied to each of the two phases:



in which the fluid potentials combine both the pressure and hydrostatic



effects:
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In Eqns. (7.80) and (7.81), the permeabilities are strong functions of the



water saturation, relative values being shown in Fig. 7.19; typical



maximum values are in the range of 10–100 md (millidarcies). Observe



that each permeability is zero over a significant range of saturations;



water will not flow unless its saturation reaches a certain threshold, and



neither will the oil.



Fig. 7.19. Representative permeabilities for oil and water.



The capillary pressure is the excess pressure in the nonwetting phase over



that in the wetting phase:



and is again a strong function of the water saturation, as shown in Fig.



7.20(c). There, the normalized saturation  = 0. is shown, with the



following extreme values:



1. For connate water (the water initially present in the oil-containing



formation), .



2. For residual oil (the residual oil when a porous medium containing oil



is displaced by water), .



Fig. 7.20. Capillary pressure for oil and water.



Capillary pressure may be determined as shown in Fig. 7.20(a), by



allowing a rock core, previously saturated with oil, to contact water at its



base. Capillary attraction will cause the water to rise into the core, where



its saturation will vary with elevation z.



If the path PQR is traversed, as shown in Fig. 7.20(b), the overall pressure



change must be zero, since p  = p  :



If the water contains a small amount of an electrolyte such as sodium



chloride, electrical conductivity measurements enable the saturation to be



determined at various values of z, and hence p  as a function of S or .



Volumetric balances (the density is constant) on unit volumes give:



Substitution of the velocities from Eqns. (7.80) and (7.81) gives:



Note that the time derivative of the saturation may be reexpressed in



terms of the derivative of the potential difference:



in which S = dS/dp  may be obtained by measuring the slope of the



capillary-pressure curve at the appropriate value of the saturation.



With the above in mind, the transport equations become:



Eqns. (7.89) and (7.90) must be solved numerically, and an appropriate



rearrangement is to define sums and differences of the potentials and



mobilities as:
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so that Eqns. (7.89) and (7.90) can be rewritten as:



These last two equations are of elliptic and parabolic type, respectively,



and may be solved by standard numerical techniques such as successive



overrelaxation and the implicit alternating-direction method, as



performed, for example, by Goddin et al.



Underground storage of natural gas



Several areas in the northern United States rely largely on the southern



and southwestern part of the country for their supply of natural gas,



which is typically conveyed by pipelines over distances sometimes



amounting to 1,000–2,000 miles. Year-round operation of these pipelines



is desirable in order to minimize costs. However, the consumer demand



for the gas fluctuates substantially from a low point during the summer to



a maximum during the winter. The excess gas pumped during the



summer is most conveniently stored in underground porous-rock



formations—preferably in depleted gas or oil fields, since these are known



to be surmounted by an impermeable “caprock” formation that will



prevent leakage.



The general scheme is shown in Fig. 7.21; the storage region is usually



dome-shaped, with its highest elevation near the well or wells, thereby



trapping the gas and preventing it from escaping laterally. During the



summer, gas is pumped down one or more wells into the porous



formation, whose storage region is called the gas “bubble,” even though its



horizontal extent may be thousands of feet. For the storage region, a



typical vertical thickness is 100 ft, with a permeability in the range of 50–



500 md. As the gas is injected, it displaces naturally occurring water



laterally. During the winter, the gas is withdrawn, and the water moves



back.



Fig. 7.21. Gas-storage reservoir.



The annual cycles of gas and water movement are governed by equations



very similar to those already outlined for oil and water. However,



significant additional simplifications may also be made because the gas



and water regions can usually be treated realistically as single-phase



regions. The following is a typical equation that governs pressure



variations p(x, y, t) of the gas, in which x and y are coordinates in the



horizontal plane of the gas bubble and t is time:



Here, M(x, y) is the local mass withdrawal rate of gas per unit volume



(which will be zero if there is not a well in the vicinity), h(x, y) is the local



formation thickness, κ(x, y) is the local permeability, z is the



compressibility factor of the gas, μ is the viscosity, T is the absolute



temperature, M  is the molecular weight of the gas, ε is the porosity or



void fraction, and R is the gas constant.



7.11 WAVE MOTION IN DEEP WATER



This chapter concludes with another, and quite different, application of



potential flow theory—the motion of waves on an open body of water. We



wish to find how the velocity of the water varies with time and position



below the free surface.



Fig. 7.22 shows a continuous wave that is moving to the right (in the x



direction) on the surface of a body of very deep water of negligible



viscosity. The equation of the free surface is:



in which a is the amplitude, λ is the wavelength, k = 2π/λ is the wave



number, ω is the circular frequency, c = ω/k is the velocity of wave



propagation, and the origin y = 0 corresponds to the level of the surface in



the absence of waves.



Fig. 7.22. Surface wave motion in deep water.



The following potential function has been proposed for the motion of the



water:



 C.S. Goddin, Jr., F.F. Craig, M.R. Tek, and J.O. Wilkes, “A numerical



study of waterflood performance in a stratified system with crossflow,”



Journal of Petroleum Technology, Vol. 18, pp. 765–771 (1966). Also see



Chapter 7 of B. Carnahan, H.A. Luther, and J.O. Wilkes, Applied



Numerical Methods, Wiley & Sons, New York, 1969.
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which satisfies Laplace’s equation, since:



Note that in the very deep part of the water, y becomes highly negative,



and the potential function and velocities approach zero.



Equation (7.8), for inviscid, irrotational, yet transient flow, with y now



representing the vertical coordinate, leads to:



(7.99)



That is, any variation of the quantity in parentheses will generate a



corresponding rate of change in the velocity. The substitution v = ∇ϕ,



coupled with the fact that the order of the gradient and partial differential



operations can be interchanged, yields:



Eqn. (7.100) is now applied at the free surface, y = h. For waves of small



amplitude, the kinetic energy term can be neglected, giving:



Noting that the pressure is a constant at the free surface, differentiation of



Eqn. (7.101) with respect to time gives:



The free surface is described by the equation h = y. Since a point on the



surface moves with the liquid, we can employ differentiation following the



liquid— that is, involve the substantial derivative, giving:



or,



The terms on the left-hand side of Eqn. (7.104) have the following



physical interpretations:



1. The first term, ∂h/∂t, represents the rate at which the elevation of the



free surface itself is increasing.



2. The second term, v (∂h/∂x), represents the rate of increase of elevation



of a fluid particle that is traveling with velocity v  and is constrained to



follow the contour of the free surface.



The combined effect then gives the actual y component of velocity, v . The



situation is very much like the rate of increase of elevation of a person



running up a hill, if the hill itself is moving upward, perhaps due to an



earthquake.



For waves of small amplitude, the term involving the slope ∂h/∂x is small



and can be neglected, resulting in:



Elimination of ∂h/∂t between Eqns. (7.102) and (7.105) gives:



For the known potential function of Eqn. (7.97), these last two derivatives



may be evaluated, leading to:



But since the velocity of the waves is c = ω/k and k =2π/λ, it follows that:



giving not only the wave velocity but also demonstrating that waves of



long wavelength travel faster than those of short wavelength. For a



combination of waves of different wavelengths, there is a dispersion



between the various wavelengths.



Finally, investigate the paths followed by individual liquid particles. By



differentiation of the potential function, the velocity components—



referred to the location x = 0 for simplicity—are:



As ωt varies, the distances traveled in the x and y directions by a liquid



particle can be obtained by integration of Eqns. (7.109) and (7.110) with



respect to time:



We can choose a starting point such that the constants of integration are



both zero, and deduce from Eqn. (7.111) that:



That is, any liquid particle travels in a circle of radius ae , which



diminishes rapidly with depth away from the free surface, as shown in Fig.



7.23. In particular, note that the radius of motion at the free surface (y =



0) equals—as it must—the amplitude a of the passing wave.



Fig. 7.23. Circular paths followed by liquid particles.
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PROBLEMS FOR CHAPTER 7



Unless otherwise stated, all flows are steady state, with constant density



and viscosity (the latter for porous-medium flows).



1. Flow past a sphere—M. Consider the velocity potential and stream



function for inviscid flow of an otherwise uniform stream U past a sphere



of radius a, as given by Eqns. (7.73) and (7.74). Verify that these



functions:



(a) Satisfy the appropriate axially symmetric equations, (7.48) and (7.49).



(b) Predict a uniform velocity U in the z direction far away from the



sphere.



(c) Predict a zero radial velocity v  at the surface of the sphere.



(d) Give a streamline ψ = 0 either for θ =0 or π, or for r = a, showing that



the sphere r = a may be taken as a solid boundary.



2. Continuity and irrotationality—E. Verify the following for irrotational



flow in x/y coordinates:



(a) That the velocity components, defined in Eqn. (7.14) in terms of the



velocity potential, automatically satisfy the irrotationality condition and—



when substituted into the continuity equation—lead to Laplace’s equation



in ϕ.



(b) That the velocity components, defined in Eqn. (7.17) in terms of the



stream function, automatically satisfy the continuity equation and—when



substituted into the irrotationality condition—lead to Laplace’s equation



in ψ.



3. Flow past a cylinder—E. Consider the velocity potential and stream



function for inviscid flow of an otherwise uniform stream U past a



cylinder of radius a, as given by Eqns. (7.30) and (7.31). Verify that these



functions:



(a) Satisfy Laplace’s equations, (7.32).



(b) Predict a uniform velocity U in the x direction and zero velocity in the



y direction far away from the cylinder.



(c) Give a streamline ψ = 0 either for θ =0 or π, or for r = a, showing that



the cylinder r = a may be taken as a solid boundary. Also prove that v  = 0



at r = a.



4. Stagnation and other flow—E. Answer the following two parts:



(a) Derive the velocity potential function ϕ(x, y) for the stagnation flow



whose stream function is given in Eqn. (E7.2.1) as ψ = cxy. Sketch several



streamlines and equipotentials.



(b) For a certain flow, the velocity potential is given by:



ϕ = ax + by.



Give physical interpretations of a and b, derive the corresponding stream



function, ψ(x, y), and sketch half a dozen streamlines and equipotentials.



5. Axisymmetric continuity and irrotationality—E. For axially symmetric



ir-rotational flows, verify the following:



(a) That the velocity components, defined in Eqn. (7.44) in terms of the



velocity potential, automatically satisfy the irrotationality condition and—



when substituted into the continuity equation—lead to Eqn. (7.48) in ϕ.



(b) That the velocity components, defined in Eqns. (7.41) and (7.43) in



terms of the stream function, automatically satisfy the continuity equation



and—when substituted into the irrotationality condition—lead to Eqn.



(7.49) in ψ.



6. Uniform flow, point source, and line sink—M. Fig. P7.6 shows a line



source, in which the total strength m is distributed evenly along the z axis



between the origin O and the point z = a. Thus, an element of differential



length dζ of this source will have a strength mdζ/a, and the corresponding



stream function at a point P, whose coordinates are (r, θ), will be:



Fig. P7.6. A line source between O and a.



Prove by integration between ζ = 0 and ζ = a for this axisymmetric flow



problem that the stream function at P due to the entire line source is:
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Now consider the effect of a combination of the following three items:



(a) A uniform flow U in the z direction.



(b) A point source of strength m at the origin.



(c) A line sink of total strength m, extending between the origin O and a



point z = a on the axis of symmetry.



Derive an expression for the stream function ψ at any point, indicate what



type of flow this represents, and sketch a representative sample of



streamlines.



7. Tornado flow—M. This problem is one in axisymmetric cylindrical



coordinates. Derive the velocity potential function for the following two



flows:



(a) A free vortex, centered on the origin, in which the only nonzero



velocity component is v  = α/r.



(b) A line sink along the z axis, in which the only nonzero velocity



component is v  = −β/r.



Hint: Remember to involve the components of ∇ϕ in cylindrical



coordinates. Sketch a few streamlines for a tornado, which can be



approximated by the following combination:



(a) A free vortex, centered on the origin at r =0.



(b) A line sink flow, towards the origin.



At a distance of r =2, 000 m from the “eye” (center) of a tornado, the



pressure is 1.0 bar and the two nonzero velocity components are v  =



−0.25 m/s and v  = 0.5 m/s. The density of air is 1.2 kg/m . At a distance



of r = 10 m from the eye, compute both velocity components and the



pressure. What is likely to happen to a house near the center of the



tornado?



8. Spherical hole in a porous medium—M. The velocity v of a liquid



percolating through a porous medium of uniform permeability κ under a



pressure gradient is given by Darcy’s law:



For an axially symmetric flow, you may assume that the corresponding



superficial velocity components are:



in which r and θ are spherical coordinates. Prove that the pressure p



obeys the following equation:



Water seeps from left to right through a porous medium that is bounded



by two infinitely large planes AB and CD, separated by a distance 2L, and



whose pressures are P and −P , respectively, as shown in Fig. P7.8.



Halfway across, the medium contains a spherical hole of radius a, which



offers no resistance to flow, and in which the pressure is p = 0. The



dimensions are such that a/L ≪ 1.



Show that the pressure distribution is given approximately by:



and then determine the coefficients α and β in terms of L, P , and a. Hint:



check that this expression for p satisfies the governing differential



equation and all boundary conditions.



Fig. P7.8. Spherical hole in a porous medium.



Also, sketch a few streamlines and prove that the volumetric flow rate of



water through the hole is:



If needed, sin 2θ = 2 sin θ cos θ. (A very closely related problem occurs



during the upwards motion of bubbles in a fluidized bed of catalyst



particles, in which a significant amount of the fluidizing gas sometimes



“channels” through the bubbles and hence has an adversely reduced



contact with the catalyst.)



9. Seepage under a dam—M. The (vector) superficial velocity of an



incompressible liquid of constant viscosity μ percolating through a porous



medium of uniform permeability κ is given by Darcy’s law:



θ
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where p is the pressure beyond that occurring due to usual hydrostatic



effects.



(a) In one or two sentences, state why you would expect the flow to be



irrotational.



(b) Use the vector form of the continuity equation to show that the excess



pressure obeys Laplace’s equation, ∇ p = 0. (Note that in this case the



excess pressure behaves very much like the velocity potential ϕ in



irrotational flow, in which the Laplacian of ϕ is also zero.)



Fig. P7.9 shows seepage of water through the ground under a dam, caused



by the excess pressure P that arises from the buildup of water behind the



dam, which has (underground) a semicircular base of radius r . The



following relation has been proposed for the excess pressure in the



ground:



Fig. P7.9. Seepage of water under a dam.



(c) Prove that Eqn. (P7.9.2) is correct by verifying that it satisfies:



(i) The conditions on pressure at the ground level.



(ii) Laplace’s equation, ∇ p = 0, in cylindrical (r/θ/z) coordinates, in



which all z derivatives are zero.



(iii) Zero radial flow at the base of the dam.



(d) What are the r and θ components of ∇p in cylindrical (r/θ/z)



coordinates? What then are the expressions for v  and v  in terms of r and



θ? If the corresponding expressions in terms of the stream function ψ are:



derive an expression for the stream function in terms of r and/or θ, and



hence prove that the streamlines are indeed semicircles. Draw a sketch



showing a few streamlines and isobars (lines of constant pressure—much



like equipotentials).



(e) Between points A and B, some copper-impregnated soil has been



detected, with the possibility that some of this toxic metal may leach out



and have adverse effects downstream of the dam. To help assess the



extent of this danger, derive an expression for the volumetric flow rate Q



of water between A and B (per unit depth in the z direction, normal to the



plane of the diagram). Your answer should give Q in terms of P, κ, μ, r ,



and r .



10. Uniform stream and line sink—M. In this two-dimensional problem,



give your answers in terms of r and θ coordinates, except in one place



where the y coordinate is specifically requested.



(a) A line sink at the origin O extends normal to the plane shown in Fig.



P7.10. If the total volumetric flow rate withdrawn from it is 2πQ per unit



length, prove that the velocity potential is:



ϕ = −Q ln r.



What is the corresponding equation for the stream function ψ?



(b) Now consider the addition of a stream of liquid, which far away from



the sink has a uniform velocity U in the x direction. Show for the



combination of uniform stream and sink that ϕ = Ur cos θ − Q ln r, and



also obtain the corresponding expression for ψ.



(c) Give expressions for the velocity components v  and v , and from them



demonstrate that the flow is irrotational.



Fig. P7.10. Coordinate systems for uniform stream and
sink.



(d) Where is the single stagnation point S located? What is the equation of



the streamline that passes through S? Hence, by considering the y



coordinate of this streamline far upstream of the sink, deduce, in terms of



U and Q, the width AB of that portion of the uniform stream that flows



into the sink.



(e) Sketch several equipotentials and streamlines for the combination of



uniform stream and sink.



(f) For incompressible liquid flow in a porous medium, the superficial



velocity vector (volumetric flow rate per unit area) v is given by Darcy’s



law:



in which κ is the uniform permeability, μ is the constant viscosity, and p is



the pressure. Prove that the pressure obeys Laplace’s equation:
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∇ p =0,



so that it may be treated essentially as the velocity potential that we have



been studying for irrotational flow, the only difference being the factor of



−κ/μ. Hence, if Fig. P7.10 now represents the horizontal cross section of a



well in a porous soil formation, derive an expression showing how the



pressure p deviates from its value p  at the stagnation point.



Fig. P7.11. Geometry for two sources A and B.



11. Injection well near an impermeable barrier—M. This problem



involves potential flow in two dimensions—not in axisymmetric spherical



coordinates. For convenience, both the x, y and r, θ coordinate systems



will be needed.



(a) First consider a line source at the origin O, extending normal to the x,



y plane. The flow is radially outwards everywhere (with v  = 0), and the



total volumetric flow rate issuing from the source is 2πQ per unit depth



(corresponding to a strength Q). Deduce a simple expression for the radial



velocity v  as a function of radial distance r, and hence prove that the



velocity potential is given by:



ϕ = Q ln r.



What is the corresponding equation for the stream function ψ?



(b) Derive an expression for the time t taken for a fluid particle to travel



from the source to a radial location where r = R.



(c) Next, Fig. P7.11(a) shows a line source located at point B, which has



coordinates x = a and y = 0. There is an impermeable barrier to flow



along the plane Y–Y, which extends indefinitely along the y axis. Explain



why the potential ϕ and stream function ψ at a point P, with coordinates



(x, y), may be modeled by adding to the source B an identical source of



strength Q, but now located at a point A with coordinates x = −a and y =0.



(d) For the combination of the two sources, obtain an expression for the



stream function at point P in terms of Q, x, and y. Assume the following



identity if needed:



(e) Sketch several streamlines (for x ≥ 0 only), clearly showing the



direction of flow. If there is a stagnation point, identify it. If there isn’t



one, explain why not.



(f) Write down an expression for the potential function ϕ at point P in



terms of Q, r , and r . Add several equipotentials to your diagram.



(g) Fig. P7.11(b) shows the same basic situation, but with several lines



removed for clarity. Consider the velocity v  (in the y direction) at a point



S on the barrier. For what value of α would v  be a maximum? Explain.



(h) Suppose now that there is a well W of radius R centered on B (where R



≪ a), situated in a porous formation of permeability κ, and into which



treated waste water of viscosity μ is being injected at a volumetric flow



rate Q. Derive an expression for p  − p , the pressure difference between



well W and the origin O. Hint: recall that flow through a porous medium



may be modeled as potential flow, provided that ϕ is replaced by −κp/μ.



12. Circulation in vortices—E. By examining the appropriate component



of curl v, derive expressions for the circulation—defined in Eqn. (5.26)—



in the forced-and free-vortex regions of Example 7.1, and comment on



your findings.



13. Motion of a particle in potential flow—D. This problem has



applications in the sampling of fluids for entrained particles. First,



examine Example 7.3. A small spherical particle of diameter d  and



density ρ  enters upstream of the slot at a location to be specified, with



initial ( ). The particle is



sufficiently small so that Stokes’ law gives the drag force on it:



in which μ  is the viscosity of the fluid, and superscripts f and p denote



fluid and particle velocities, respectively.



Prove that the following dimensionless differential equations give the



accelerations of the particle in the two principal directions:



in which:



Use a spreadsheet, MATLAB, or other computer software to determine



the subsequent location of the particle (measured by X and Y ) as a



function of time, starting from τ = 0 and proceeding downstream until



either: (a) the particle enters the slot, (b) the particle hits the wall, or (c)



the particle proceeds beyond the slot and has an insignificant value of 



. Euler’s method with a time step of Δτ is suggested for solving the



differential equations (see Appendix A).



If you use a spreadsheet, the following column headings are suggested for



tracking the various quantities over successive time steps: T, X, Y, , 



, , , , and 



Take Y  large enough so that its exact value is not critical. Plot four



representative particle trajectories for various values of X  and ξ, and give
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comments with a few sentences on each trajectory.



14. Packed-column flooding—D (C). Consider the upward flow of an



essentially inviscid gas of density ρ  around a sphere of radius a. Well



away from the sphere, the upward gas velocity is U, so the stream function



is:



in which r is the radial distance from the center of the sphere and the



angle θ is measured downward from the vertical. Derive a relation for 



 as a function of r and θ. Hence, prove that



the pressure gradient in the θ direction at the surface of the sphere is:



In an experiment to investigate the flooding of packed columns (the



inability to accommodate ever-increasing simultaneous downward liquid



flows and upward gas flows), an inviscid liquid of density ρ  flows freely



and symmetrically under gravity as a thin film covering the surface of a



solid sphere. Gas of density ρ  flows upward around the sphere, and its



stream function is given by Eqn. (P7.14.1).



By considering the equilibrium of a liquid element that subtends an angle



dθ at the center, show that the pressure gradient within the gas stream



will prevent the liquid from running down when:



and that this will first be satisfied when:



15. Vortex lines and streamlines—E. Consider the forced vortex region of



a stirred liquid, as in Example 7.1. Ignoring gravitational effects, what is



the shape of the surface on which p/ρ + v /2+ gz is constant? Illustrate



with a sketch, showing the direction of the velocity and the vorticity at a



representative point, together with the direction in which p/ρ + v /2+ gz



is increasing.



16. Velocity potential/stream function—M (C). In a certain two-



dimensional irrotational flow, the velocity potential is given by:



ϕ = a(x  + by ),



where a =0.1 s .



Evaluate the constant b, and derive an expression for the corresponding



stream function. Considering only the region x> 0, y > 0, sketch a few



typical streamlines and hence determine the flow pattern that ϕ
represents.



If at time t = 0 an element of fluid is at the point P (x = 10 cm, y = 20 cm),



find its position Q at a time t = 2 s, and illustrate its path on your diagram.



17. Flow of water between two wells—M. For the situation shown in



Example 7.4, take the following values: μ = 1 cP, κ = 15 darcies, a = 0.05



m, and L = 1,000 m. If the available pump limits the pressure drop



between the two wells to 5.0 bar, what volumetric flow rate of water can



be expected per unit vertical depth of the stratum? Give your answer in



both cubic meters per second per meter depth, and in gpm per foot depth.



Under these conditions, what is the superficial velocity (m/s) of the water



at a point exactly halfway between the two wells? With this velocity, how



far would the water travel in a year if the stratum has a porosity of 0.30?



18. Effect of waves below the surface—E. Parallel waves whose peaks are



spaced 5 m apart are traveling continuously on the surface of deep water.



What is the velocity (m/s) of these waves? At what depth below the



surface will the magnitude of the displacement be one-hundredth of its



value at the surface?



19. Sampling a fluid—M. An axisymmetric inviscid incompressible flow



consists of the combination of two basic elements:



(i) A uniform stream of fluid with velocity U in the positive z direction.



(ii) A point sink located at the origin, r = 0, that withdraws a sample of the



fluid at a steady volumetric flow rate 4πQ.



For the combined two flows:



(a) Give expressions in spherical coordinates (r and θ) for the stream



function and potential function.



(b) Sketch several streamlines and equipotentials. Show all relevant



details.



(c) From the stream function, deduce the corresponding velocity



components, v  and v .



(d) Is there a stagnation point? If so, explain where it is located and why.



If not, explain why not.



(e) Below what radius a, measured in the y direction, will fluid coming



from a large distance in the negative z direction be withdrawn by the



sampling point? The y and z coordinates are those shown in Fig. 7.11 of



your notes.



(f) Consider a small element of the fluid starting at an upstream point (z =



−D; y = H). Explain carefully how would you determine the time taken for



it to reach the sink. You need not carry the derivation completely to its



conclusion, but you should give sufficient detail so that—given enough



time—it could be completed by somebody else.



20. Storage of natural gas—E. Prove Eqn. (7.95), for the pressure



variations in the gas bubble during the underground storage of natural



gas. A transient balance on an element of dimensions dx × dy × h is



recommended.
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21. Hele-Shaw flow—M Flow of a liquid of viscosity μ occurs between two



parallel horizontal transparent glass plates separated by a small distance



H, as shown in Fig. P7.21. The plates are sealed around the edges to



prevent leakage, except for small ports where the liquid may be



introduced and withdrawn. By adding dye or small tracer particles, flow



patterns may be observed by looking down through the top plate—



including flows past obstacles that may be clamped between the plates.



The object of this problem is to show that even though the flow is viscous,



the mean velocity components  and  in the horizontal x/y plane



are the gradients of a scalar ϕ—that is, the flow behaves as though it were



irrotational, and the corresponding streamlines can be observed.



Fig. P7.21. Hele-Shaw “table.”



The x velocity component obeys the simplified momentum equation:



where z is the vertical coordinate measured normal to the plates (with z =



0 at the midplane). A similar equation holds for the y velocity component.



(a) State the simplifying assumptions that Eqn. (P7.21) implies.



(b) Derive an expression for v  in terms of H, z, μ, and ∂p/∂x, and for 



 (the mean value of v  between the two plates) in terms of H, μ, and



∂p/∂x.



(c) Write down, without proof, the corresponding expression for the mean



y velocity component .



(d) What is the potential function ϕ that gives , the



velocity vector whose components are  and ?



22. Flow pattern for wells—M. The Hele-Shaw apparatus of Problem 7.21



is to be used for simulating the porous-medium flow in a horizontal plane



(viewed from above in Fig. P7.22) between one injection well I and two



withdrawal wells A and B (which share equally the flow rate injected, but



which do not necessarily have the same pressure). The situation is very



similar to that of Example 7.5, except that there are now two withdrawal



wells and there is an impermeable boundary surrounding the region.



(a) Explain briefly why the Hele-Shaw apparatus can simulate flow in a



porous medium.



(b) Sketch the flow patterns that are likely to result, as follows:



(i) Eight streamlines (full curves with arrows) and six isobars or



equipotentials (dotted curves) are expected, on a full-page diagram.



(ii) Do not perform any calculations or algebra.



(iii) Make sure you give reasonable coverage to the whole area—not just in



the vicinity of the wells.



(iv) Identical streamlines obtained from symmetry should be included,



but will not contribute to the total of eight required.



(v) Clearly indicate with the letter “S” (stagnation) any points where the



velocity is zero.



Fig. P7.22. Injection (I) and withdrawal (A and B) wells.



23. Flow in wedge-shaped region—M. Verify that the potential function:



ϕ = −cr  cos 3θ,



with c a constant, gives two-dimensional irrotational flow in the wedge-



shaped region that is bounded by the planes θ = 0 and θ = π/3. Sketch a



few streamlines, clearly showing the direction of flow. Is there a



stagnation point? If so, where?



24. Inviscid flow with rotation—E. Referring to Example 7.5:



(a) Prove the validity of −∇ ψ = ζ, where ζ =(∂v /∂x − ∂v /∂y) is the



vorticity.



(b) Does the use of −∇ ψ = ζ still imply that continuity is satisfied?



25. True/false. check true or false, as appropriate:



(a) Euler’s equation arises when inertial effects are ignored, but viscous



effects are included.



T  F 



(b) In a forced vortex, the velocity component v  is uniform everywhere.



T  F 



x



x



y x



θ



3



2



2



⬆











(c) It is possible to have an irrotational flow in which the fluid is



everywhere moving in concentric circles.



T  F 



(d) Angular velocity is twice the vorticity. T F



T  F 



(e) Velocities given in terms of the potential function by v  = ∂ϕ/∂x and v



= ∂ϕ/∂y automatically satisfy the continuity equation.



T  F 



(f) Streamlines can cross one another. T F



T  F 



(g) Velocity components may be deduced from expressions for either the



velocity potential or the stream function.



T  F 



(h) The stream function ψ = Ux represents a uniform flow in the x



direction.



T  F 



(i) The problem of irrotational flow past a cylinder is best solved in



axisymmetric spherical coordinates.



T  F 



(j) In a potential flow solution, the velocity must always be zero on a solid



boundary.



T  F 



(k) The stream function for axisymmetric irrotational flows satisfies



Laplace’s equation.



T  F 



(l) A point source of strength m emits a total volumetric flow of m per unit



time.



T  F 



(m) Simple potential flows may be combined with one another in order to



simulate more complex flows.



T  F 



(n) A stagnation point occurs when the pressure becomes a minimum.



T  F 



(o) A fluid doublet has equal effects in all directions. T F



T  F 



(p) The combination of a doublet and a uniform stream, with directions



opposed to each other, represents ir-rotational flow past a solid sphere.



T  F 



(q) In the forced vortex of Fig. 7.1(a), the shear stress τ



T  F 



(r) For flow parallel to the x axis, as shown in Fig. 7.7, the stream function



decreases in the y direction.



T  F 



(s) The radial velocity at a distance from a point source of strength m is



given by v  = m/r.



T  F 



(t) Tornado flow can be approximated by a combination of a line sink and



a forced vortex.



T  F 



(u) When waves of a given amplitude travel on the surface of water, those



having higher values of ω will have a larger effect on the velocities at



greater depths than waves with lower values of ω.



T  F 



(v) In the theoretical treatment of potential flow past a cylinder, the



solution must satisfy zero tangential velocity v  at the surface of the



cylinder.



T  F 



(w) Laplace’s equation governs the pressure distribution for steady single-



phase flow in a porous medium.
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Chapter 8. Boundary-Layer And Other Nearly
Unidirectional Flows



8.1 INTRODUCTION



ALTHOUGH the Navier-Stokes equations apply to the flow of a



Newtonian fluid, they are—in general—very difficult to solve exactly.



There is also the problem that an apparently correct solution may be



physically unrealistic for high Reynolds numbers, because of turbulence



or other instabilities.



Two particular types of simplifying approximations may be made,



depending on the Reynolds number (the ratio of inertial to viscous



effects), in order to make the situation more tractable:



1. Omit the inertial terms, as was done in the examples of Chapter 6. The



resulting equations are typically appropriate for the flow near a fixed



boundary, where viscous action is particularly important. (Another



example, not given there, leads to the Stokes’ solution for “creeping” flow



round a sphere, but is valid only for Re < 1.)



2. Omit the viscous terms, as was done in Chapter 7. The resulting



equations for inviscid flow are often fairly easy to handle, and are



frequently adequate for applications away from boundaries, where viscous



action is relatively unimportant.



Generally, however, there will be a region in which both viscous and



inertial terms are of comparable magnitude; even for a low-viscosity fluid,



such a region will occur near a solid boundary, where there is a high shear



rate. These regions are called boundary layers, and are important in



some chemical engineering operations because diffusion of heat or mass



across them frequently controls the rate of some heat- and mass-transfer



operations. Also, in aerospace engineering and naval architecture, a



knowledge of boundary-layer theory is essential for determining the drag



on airplane bodies and wings and on ship hulls.



A key feature of boundary-layer analysis is the existence of a primary flow



direction, whose velocity component v  is considerably larger than that in



a trans-verse or secondary direction, such as v . The fact that v  ≪ v



typically implies essentially no pressure variation in the transverse



direction—a substantial simplification. The same simplification also



applies to lubrication problems, polymer calendering, paint spreading,



and other “nearly unidirectional” flows.



8.2 SIMPLIFIED TREATMENT OF LAMINAR FLOW
PAST A FLAT PLATE



The full analytical solution of the Navier-Stokes equations for boundary-



layer flow is virtually impossible, so that in Sections 8.2–8.5 we are



content to make simplifications and still obtain realistic solutions by the



following two approaches:



1. Perform mass and momentum balances on an element of the boundary



layer, then assume a reasonable shape for the velocity profile, and finally



solve by the method outlined in this section for laminar flow and in



Section 8.5 for turbulent flow.



2. For laminar boundary layers only, perform the classical Blasius



solution, starting with the Navier-Stokes equations and dropping those



terms that are expected to be small (see Section 8.3). As discussed in



Section 8.4, a suitable change of variables leads to a third-order ordinary



differential equation, which can be solved numerically in order to obtain



the velocities.



Additionally, in Examples 8.3 and 8.5, we show how computational fluid



dynamics can solve the full Navier-Stokes equations for boundary-layer



and lubrication flows.



For the present, consider steady two-dimensional laminar flow past a flat



plate, shown in Fig. 8.1, and assume the existence of a boundary layer,



being a thin region in which the velocity changes from zero at the plate to



practically its value v  in the mainstream. The velocity v  in the



mainstream (where viscous effects are negligible) will be considered



constant for the present; therefore, from Bernoulli’s equation, the



pressure in the mainstream does not vary. Further, since there is likely to



be a negligible pressure variation across the boundary layer (see Section



Fig. 8.1. Formation of a laminar boundary layer on a flat
plate.
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The almost exact Blasius solution, to be treated in Section 8.4, will show



that the shear force τ  exerted on the plate at any distance x from its



leading edge is given in dimensionless form by the drag coefficient, c  , as:



In this section, we shall obtain a comparable result much more easily, by



performing mass and momentum balances on an element of the boundary



layer, as shown in Fig. 8.2.



Fig. 8.2. Fluxes to and from an element of the boundary
layer.



Let the length of the element be dx, and consider unit width normal to the



plane of the diagram. The y velocity component v  arises because the



plate retards the x velocity component; thus, ∂v /∂x is negative, and—



from continuity—∂v /∂y must be positive; since v  is zero at the wall, it



becomes increasingly positive away from the wall. By integration over the



thickness of the boundary layer, the following total fluxes of mass (m) and



momentum ( ) entering through the left-hand face AD are obtained :



By the usual arguments, the mass flux leaving through the face BC will be



m +(dm/dx)dx. That is, a mass flux of (dm/dx)dx must be entering from



the mainstream across the interface AB into the control volume ABCD.



Since its velocity is v , it will be bringing in with it an x-momentum flux



of (dm/dx) dx v . A momentum balance on ABCD in the x direction



yields:



Note that both inertial and viscous terms (the latter via the wall shear



stress τ ) are involved, consistent with the definition of a boundary layer



expressed in Section



8.1. There are no terms involving pressure, since this is constant



everywhere. Substitution of m and  from Eqn. (8.2), and division by



ρ, gives:



Equation (8.4) will enable the wall shear stress and the boundary-layer



thickness to be predicted as a function of x if the velocity distribution v  =



v (x, y) is known.



The simplified approach pursued here assumes that the velocity profile



obeys the law:



Equation (8.5) is assumed to hold at all distances x from the leading edge,



even though the boundary-layer thickness δ depends on x; that is, the



velocity profiles have similar shapes, but are “stretched” more in the y



direction the further the distance from the leading edge, as shown in Fig.



8.3. Note that ζ is a dimensionless distance normal to the plate. The



principle employed is that of “similarity of velocity profiles”; that is, at a



particular distance from the plate—expressed as a fraction of the local



boundary-layer thickness—the velocity will have built up to a certain



fraction of the mainstream velocity, independent of the distance x from



the leading edge.



Fig. 8.3. Similar velocity profiles.



The next step is to make a reasonable speculation about the form of f(ζ),



which should conform to the following conditions at least:



1. f(0) = 0 (zero velocity at the wall, where ζ = 0).



2. f(1) = 1 (the mainstream velocity v  is regained at the edge of the



boundary layer, where ζ = 1).



3. f' (1) = 0 (the velocity profile has zero slope at the junction between the



boundary layer and the mainstream).



If required, higher-order derivatives can be obtained at y = 0 and y = δ by



successive differentiations of the simplified x momentum balance (see



Section 8.3 for details):



For example,
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 There is no need for a dot over m, which has already been defined as the



rate of transfer of mass, M.
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The present choice will be:



which not only conforms to conditions 1, 2, and 3 above, but also yields



the indicated values for the following integrals:



Differentiation of both Eqns. (8.10) with respect to x, followed by



multiplication by , gives:



which can then be substituted into the momentum balance of Eqn. (8.4):



Equation (8.12) is an ordinary differential equation governing variations



in the boundary-layer thickness with distance from the leading edge, and



which can be integrated as soon as the wall shear stress is known.



Differentiation of the velocity profile of Eqn. (8.9) leads to:



Equation (8.12) then becomes:



Separation of variables and integration gives:



That is, the thickness of the boundary layer varies with distance from the



leading edge as:



The wall shear stress can now be obtained from Eqns. (8.13) and (8.16).



After some algebra, there results:



In view of the highly simplified approach taken, this last result compares



very favorably with the Blasius solution of Section 8.4.



Of course, other approximations can be made for the velocity profile, such



as v /v  = aζ + bζ  + cζ + . . . . Similar results follow, and Table 8.1



indicates the corresponding numerical coefficients that will appear in



Eqn. (8.17).



Table 8.1. Solutions for Different Assumed Velocity Profiles
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Example 8.1—Flow in an Air Intake (C)



The device shown in Fig. E8.1 is used for measuring the flow
of air of density ρ into the circular intake port of an engine.
Basically, it uses Bernoulli’s equation between two points: (a)
far upstream of the intake, where the velocity is essentially
zero and the pressure is p , and (b) the pressure tapping at a
distance x from the inlet, where the pressure is measured to
be p .



Fig. E8.1. Device for measuring air flow rate into
a port.



The situation is complicated by the formation of a boundary
layer as the air impinges against the inlet of the port, so the
velocity profile at the location of the tapping consists of: (a) a
central core, in which the velocity is uniformly u , and (b) a
boundary layer in which the velocity declines from its
mainstream value v  = u  to zero at the wall.



Bernoulli’s equation can be applied, starting from the outside
air (where u  . = 0) and continuing into the core (where
viscosity is negligible), leading to:



However, the ultimate goal is to be able to determine the
mean velocity u  (defined as the total flow rate divided by the
total area), which necessitates the introduction of a discharge
coefficient C , so that:



The total mass flow rate of air is then:



where A is the cross-sectional area of the pipe, which has an
internal diameter D.



If D = 2 in., x = 1 ft, ν =1.59 × 10  ft /s, and u  = 20 ft/s,
estimate C .



Solution



First, estimate the properties of the boundary layer. The
largest value of the Reynolds number occurs opposite the
pressure tapping, where x = 1 ft. Also, a rough estimate of
the mainstream velocity is u , so that v  . = 20 ft/s. Thus, to
a first approximation:



From Section 8.5, the flow in the boundary layer is therefore
laminar all the way from the inlet to the pressure tapping, and
the result of Eqn. (8.16), which was based on the assumed
velocity profile v /v  = sin(πy/2δ), applies:



giving a first approximation of the thickness of the boundary
layer:



Thus, the boundary layer has an outer diameter of 2.000 in.
and an inner diameter of (2.000−2×0.162) = 1.676 in., for a
mean diameter of D  =(2.000+1.676)/2= 1.838 in.



Although the intake has circular geometry, the boundary layer
can be approximated as that on a flat plate of width πD . The
corresponding mass flow rate in the boundary layer is:



The total mass flow rate, which is based on the mean
velocity, equals the sum of the mass flow rates in the core
and in the boundary layer:



which gives the improved estimate v  . = 22.4 ft/s. The
calculations can be repeated iteratively; convergence
essentially occurs after just one more iteration, giving a final
value v  . =22.29 ft/s. Since the pressure drop based on
Bernoulli’s equation gives v  . = 22.29, and the actual mean
velocity is a lower value, u  = 20.0, the required discharge
coefficient is:



8.3 SIMPLIFICATION OF THE EQUATIONS OF
MOTION



Here, we start with the Navier-Stokes and continuity equations, and



inquire as to which terms are likely to be insignificant, so that they may be



dropped and the equations thereby simplified. In two dimensions,



assuming steady flow and the absence of gravitational effects, the starting



equations are:



Now investigate the relative orders of magnitude of the various terms in



Eqns. (8.18), (8.19), and (8.20). Let “O” denote “order of”; for example v



= O(v ), because for much of the boundary layer, the x velocity



component v  is a significant fraction (0.1 or more, for example) of the



mainstream velocity v ; nowhere is v  larger than v . Also, make the



following two key (and realistic) assumptions at any location x:
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1. The derivative ∂v /∂x is of the same order of magnitude as the



corresponding mean gradient from the origin to x. The situation is



illustrated in Fig. 8.4(a), which shows for a given y how v  declines from



v  at the leading edge (x =0) to a much smaller value for significant



values of x. The magnitude of the slope of the chord, which represents the



mean velocity gradient, is approximately v /x, and the diagram shows



that the slope of the velocity profile at two representative points is not



vastly different from v /x. That is, ∂v /∂x = O(v /x).



Fig. 8.4. Illustration of orders of magnitude: (a) for ∂v /∂x,
with two representative intermediate tangents, and (b) for
∂v /∂y. Note that the slope is much higher in (b) than in (a),
because v  changes from zero to v  over a very short
distance, δ.



2. The velocity gradient of v  in the y direction is of the same order as the



corresponding mean gradient from y =0 to y = δ. The situation is



illustrated in Fig. 8.4(b), which shows for a given x how v  increases from



zero at the wall (y =0) to v  at the edge of the boundary layer (y = δ). The



magnitude of the slope of the chord, which represents the mean velocity



gradient, is approximately v /δ. Further reflection shows that the slope



of the velocity profile at a few representative locations between the wall



and the edge of the boundary layer is nowhere vastly different from v /δ.



That is, ∂v /∂y = O(v /δ). Because δ is much smaller than x, the slope in



Fig. 8.4(b) is much greater than that in Fig. 8.4(a), and representative



intermediate slopes cannot be drawn clearly.



Orders of magnitude of individual derivatives



Based on the above two assumptions, and by following similar arguments



and also invoking the continuity equation in Eqn. (8.20), we obtain the



following orders of magnitude:



Since v  =0 at y = 0, Eqn. (8.23) leads to:



The various derivatives of v  therefore have the following orders of



magnitude:



Examination of the x momentum balance.



Based on the above, all of the terms in Eqn. (8.18), except the pressure



gradient, may be assigned their appropriate orders of magnitude: Order :



By hypothesis, the thickness of the boundary layer is much less than the



distance from the leading edge. Hence, δℓ x, and on the right-hand side of



Eqn. (8.26) the second-order derivative of v  with respect to x is negligible



compared to the derivative with respect to y. Also, because inertial and



viscous terms are both important in the boundary layer, their orders of



magnitude can be equated, giving:



Hence, since δℓ x, Re  = v x/ν must be large, which excludes the analysis



from applying very close to the leading edge. Also note that:



This last equation gives the order of the pressure gradient ∂p/∂x if it is



important; however, in certain cases—notably when the mainstream



velocity is constant—this pressure gradient may be zero.



Examination of the y momentum balance.



Similar considerations apply to the terms in Eqn. (8.19), except for the



pressure gradient, whose order of magnitude is again unknown:



Note that the ∂ v /∂x  term is of a lower order than the others and can be



neglected. It therefore follows that:



That is, the variation of pressure p across the boundary layer in the y



direction is small in comparison to that in the x direction [see Eqn.



(8.28)], so that p is (at most) a function of x only:



The simplified equations of motion are therefore:
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Pressure variation in the mainstream



In the mainstream, where by hypothesis the effect of viscosity is



negligible:



Thus, if appreciable velocity gradients exist in the mainstream, it follows



that (∂p/∂x)/ρ is of the same order as v (∂v /∂x), namely 



, and must therefore be retained in the x



momentum balance, Eqn. (8.18). An alternative viewpoint in the



mainstream, which is removed from the plate and hence has negligible



viscous effects, is to apply Bernoulli’s equation and then differentiate it:



which is the same result as obtained from Eqn. (8.35) if the term



involving v  is neglected.



8.4 BLASIUS SOLUTION FOR BOUNDARY-LAYER
FLOW



In Section 8.3, by considering the relative magnitudes of the various



derivatives, we had greatly simplified the equations of motion. If the



additional assumption is made that the mainstream velocity is constant,



the pressure is also everywhere constant, leaving only the simplified x



momentum balance and the continuity equation for consideration:



In addition, the boundary conditions are that both velocity components



are zero at the plate, and that the mainstream velocity is attained well



away from the plate:



The key to the solution of this simplified problem is to introduce a new



space variable, ζ, which combines both x and y, and is motivated by



observing that the simplified integral momentum balance led to δ being



proportional to 



Also introduce a stream function (see also Section 7.3) ψ, such that:



which automatically satisfies the continuity equation, (8.39). Also try a



separation of variables of the form:



Next, try to make v /v  a function of ζ only, by choosing:



which gives:



Substitution of v  and v  and the derivatives of v  from Eqns. (8.47) and



(8.48) into Eqn. (8.38) leads to the following ordinary differential



equation:



subject to the boundary conditions:



The original Blasius solution divided ζ =0 to ∞ into two regions and



obtained approximate solutions (involving an infinite series and a double



integral) for each such region. Three arbitrary constants appeared in the



solution, and these were evaluated by requiring continuity of f, f' , and f"



at the junction between the two regions.



With computer software readily available for solving simultaneous



ordinary differential equations, we have opted for a numerical solution of



Eqns. (8.49)–(8.51), first giving f as a function of ζ, and then the velocity



components from Eqns. (8.47) and (8.48). The values shown in Fig. 8.5



agree completely with the original Blasius solution. The reader who



wishes to check these results can do so fairly readily (see Problem 8.14).



Fig. 8.5. Computed velocities for the Blasius problem.
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 The values shown in Fig. 8.5 were computed by a numerical solution of



Eqn. (8.49), by B. Carnahan, H.A. Luther, and J.O. Wilkes, as shown on



page 414 of their book, Applied Numerical Methods, Wiley & Sons, New



York, 1969.
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As a by-product, the solution yields the following value for the second



derivative of f at the wall:



which then enables the wall shear stress to be deduced:



The drag coefficient, which is a dimensionless shear stress, is then:



Experiments of Nikuradse (Re  from 1.08 × 10  to 7.28 × 10 ) verify the



predicted velocity profile. There is a transition from laminar into



turbulent flow at higher Reynolds numbers.



8.5 TURBULENT BOUNDARY LAYERS



The preceding analysis in Sections 8.2–8.4 was for laminar flow in the



boundary layer. However, it is found experimentally that the boundary



layer on a flat plate becomes turbulent if the Reynolds number, Re ,



exceeds approximately 3.2 × 10 , which is next investigated. Assume for



simplicity that the flow is everywhere turbulent—from the leading edge of



the plate (x = 0) onward. In reality, the boundary layer will be laminar in



the vicinity of the leading edge and would, for large enough x, undergo a



transition to turbulent flow; thus, if the accuracy of the situation



warranted it, the separate portions of the layer (laminar and turbulent)



could be analyzed individually and then combined.



The analysis begins exactly as previously, in which a momentum balance



on an element of the boundary layer leads to Eqn. (8.4):



From experience with turbulent velocity profiles in pipe flow, assume



(reasonably) that the one-seventh power law holds for the time-averaged



x velocity in the turbulent boundary layer:



This last relation will be adequate for substitution into the two integrals of



Eqn. (8.55) but it cannot be used for obtaining the shear stress at the wall



—as was done previously in Eqn. (8.13)—since it predicts an infinite



velocity gradient at the wall (y = 0).



For the shear stress we again have to draw an analogy with the shear



stress for turbulent pipe flow. Recall the Blasius equation, (3.40), which is



based on experiment and holds for smooth pipe up to a Reynolds number



of about 10 :



which, by substituting for the mean velocity v  in terms of the centerline



or maximum velocity v , may be rephrased as:



where ν is the kinematic viscosity and a is the pipe radius. Therefore, for



the wall shear stress for the boundary-layer case, assume essentially the



same law, namely:



From Eqns. (8.55), (8.56), and (8.59), there results:



which, upon integration, gives:



with a corresponding local skin friction coefficient of:
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Example 8.2—Laminar and Turbulent Boundary Layers
Compared



Compare the relative thicknesses and drag coefficients of
laminar and turbulent boundary layers at the transition
Reynolds number, Re  = 3.2 × 10 .



Solution



1. Thicknesses. The relevant equations for the ratio δ/x and
their values at the indicated Reynolds number are:



so that the turbulent boundary layer is about 3.52 times
thicker than the laminar boundary layer at the transition.



2. Drag coefficient. The relevant equations for c  and their
values at the indicated Reynolds number are:



so that the turbulent boundary layer has a drag coefficient
about 3.93 times that of the laminar boundary layer at the
transition.



However, note that turbulence in the wake of a
nonstreamlined object (see Section 8.7) can postpone
separation of the boundary layer and lead to a reduced drag.



8.6 DIMENSIONAL ANALYSIS OF THE BOUNDARY-
LAYER PROBLEM



Much information relating to the Blasius solution can be obtained by an



intriguing dimensional analysis of the governing differential equations



and boundary conditions.  From Eqns. (8.38) and (8.39):



x Momentum:



Continuity:



Boundary conditions:



First, introduce dimensionless coordinates and velocities as follows:



Here, x  and y  are reference distances, and v  and v  are reference



velocities. At this stage it is important not to equate x  and y , nor v  and



v , as this may limit our options by being too restrictive. Note that we



also resist for the present the temptation to equate either v  or v  to the



mainstream velocity, v .



In terms of the dimensionless variables, the governing equations become:



x Momentum:



Continuity:



Boundary conditions:



Since these equations completely specify the problem, the dependent



variables U and V must be functions of the independent variables X and Y



and of the dimensionless groups that appear in the equations:



Here, f and g are two functions, unknown as yet.



Since the reference quantities are arbitrary, we may equate each



dimensionless group to a constant, taken as unity for simplicity:



Equation (8.74) gives the following expressions for the three reference



quantities v , y , and v , in terms of the fourth reference quantity, x :



The functional relationship for the x-velocity component now becomes:



Since x  did not appear in the problem statement, it must disappear from



Eqn. (8.76). Hence, f must be some function of the first group divided by



the square of the second group, resulting in:



Strictly speaking, the second function in Eqn. (8.77) should be



distinguished from the first, but since both of them are unknown, we have



x



f



 A good summary of the approach is given by J.D. Hellums and S.W.



Churchill, “Simplification of the mathematical description of boundary



and initial value problems,” American Institute of chemical Engineers



Journal, Vol. 10, No. 1, pp. 110–114 (1964).
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used the common designation of “f.” In proceeding from Eqn. (8.76) to



(8.77), it looks as though we have merely set x  = x, but this is not the



case.



Similarly, the functional relationship for the y velocity component is:



Again, since x  did not appear in the problem definition, it must cancel



out from both sides of Eqn. (8.79), whose form is therefore:



so that:



Note the following important points from the above development:



1. Equations (8.77) and (8.81) indicate how experimental data may be



correlated most economically—that is, by constructing plots of:



2. The reference distances and velocities were not the same, leading to a



more precise result than if we had insisted on x  = y  = ν/v  and v  = v



= v  at the outset.



3. The analysis clearly suggests the introduction of a new space variable,



and indeed this was employed in Blasius’s solution.



The expression for the wall shear stress is:



which gives, in dimensionless form:



Observe that apart from the single unknown coefficient c, dimensional



analysis has predicted a form that is in complete agreement with Eqn.



(8.54) from the Blasius solution. In principle, a single precise experiment



then gives the solution, c . =0.332.



8.7 BOUNDARY-LAYER SEPARATION



Previous sections have discussed both laminar and turbulent boundary



layers on a flat plate, in which there was a constant mainstream velocity



and hence a constant pressure. Now consider Eqn. (8.32) applied close to



the wall, where both v  and v  are small, so that:



Since ∂p/∂x = 0, the second derivative of the velocity is also zero, so the



velocity gradient ∂v /∂y is a constant near the wall, as in Fig. 8.6(a).



Fig. 8.6. Effect of various pressure gradients on the velocity
profile in the boundary layer.



For more complex situations, the flow in the mainstream may not be



uniform, leading to the following possibilities:



(a) A negative pressure gradient, ∂p/∂x < 0, in which case the velocity



gradient near the wall decreases as we proceed out from the wall. Since



the velocity must match the mainstream value at the edge of the boundary



layer, this implies that the velocity gradient is steeper at the wall, as in



Fig. 8.6(b).



(b) A positive pressure gradient, ∂p/∂x > 0, in which case the velocity



gradient near the wall increases as we proceed out from the wall. Since



the velocity must match the mainstream value at the edge of the boundary



layer, this implies that the velocity gradient is less steep at the wall, as in



Fig. 8.6(c). In a more extreme case, in which ∂p/∂x is more highly



positive, the gradient can actually become zero (or even slightly negative)



at the wall, as in Fig. 8.6(d).



The modification of the velocity profile by the pressure gradient is similar



to that shown in Fig. 8.11 for the flow of lubricant in a bearing.



Consider now the flow past an object that is not particularly well



streamlined, such as the sphere shown in Fig. 8.7(a). On the upstream



hemisphere, the streamlines are pushed closer together, so in the



direction of flow the velocity increases and the pressure decreases—a



relatively stable situation. On the downstream hemisphere, the opposite



occurs, and the pressure increases in the direction of flow, leading to the



situations shown in Fig. 8.6(c) and (d).



Fig. 8.7. Boundary-layer separation: (a) early; (b) late.
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Under such circumstances, the boundary layer no longer “hugs” the



surface but separates from it, leading to considerable turbulence and loss



of pressure in the wake of the sphere, causing a substantial increase in the



drag. It is clearly desirable in most cases to delay the onset of separation,



and indeed this can be done and often totally prevented for flow past a



well streamlined surface such as an airplane wing. Boundary-layer



separation was first examined extensively by Ludwig Prandtl.



Another way of delaying the separation is somewhat paradoxical—to make



sure that the boundary layer is turbulent, which can often be achieved by



roughening part or all of the surface, as in the dimples on a golf ball.



Under these turbulent circumstances, momentum in the form of velocity



is transmitted much more rapidly from the mainstream to the boundary



layer, thus helping to insure that the velocity near the boundary does not



stagnate, but continues with a positive value. The onset of separation is



therefore postponed, as in Fig. 8.7(b).



The sudden “dip” in the drag coefficient for a sphere at a high Reynolds



number, as in Fig. 4.7, can now be explained. It is because the flow in the



boundary layer has become turbulent and the previous high degree of



separation of the laminar boundary layer no longer exists. Such events—in



conjunction with spin and seam orientation—are also important in



determining the trajectory of a baseball.



Prandtl, Ludwig, born 1875 in Freising, Germany, died 1953
in Göttingen, Germany. From 1894–1900, Prandtl studied
engineering at the Technische Hochschule at Munich, where
he wrote his doctoral dissertation on the lateral instability of
beams in bending. He became a professor at the Hannover
Technische Hochschule in 1901. His interests soon turned to
fluid mechanics. When asked to improve a suction device for
removing shavings in a factory, he soon found that a
diverging pipe led to a separation of the mainstream from the
wall. Thus, in 1904, Prandtl’s famous boundary-layer theory
was enunciated. He soon received a chair at Göttingen
University, where he did research into aerodynamics and
supersonic flow and developed the first German wind tunnel.
Prandtl excelled at working individually with students but was
a relatively poor lecturer. His most famous student was
Theodore von Kármán, who discovered the importance of the
“Kármán street” of alternating vortices shed from airfoils,
increasing the drag beyond what could be accounted for
solely from boundary-layer theory. Experiments by Prandtl
and theory by Kármán led to further insights into turbulent
mixing-length theory, published by Prandtl in 1933. Prandtl
was largely bypassed during the German scientific effort of
World War II, much of which was devoted to rocketry.



Source: Dictionary of Scientific Biography, Charles Scribner’s
Sons, New York, 1975.



 Do you know how many dimples there are on a golf ball? According to



Ian Stewart in “Mathematical Recreations” on page 96 of Scientific



American, February 1997, considerations of symmetry dictate that the



most frequently occurring numbers of dimples are 252, 286, 332, 336,



360, 384, 392, 410, 416, 420, 422, 432, 440, 480, 492, and 500.



 A.T. Bahill, D.G. Baldwin, and J. Venkateswaran, “Predicting a baseball’s



path,” Scientific American, pp. 218–225 (May/June 2005).
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Example 8.3—Boundary-Layer Flow Between Parallel
Plates (COMSOL)



This example is essentially a reproduction, on our part, of
one of the sample problems that was part of the COMSOL
Model Library of several years ago, and we are indebted to
COMSOL for the idea.



A fluid of density 1,000 kg/m  and viscosity 0.01 kg/m s flows
freely in the y-direction with an initially uniform velocity v  =
0.02 m/s. After a distance of y =0.01 it encounters flat plates
of length 0.04 located at x = ±0.01 m (all units are SI). The
exit pressure from the plates is p = 0. The corresponding
boundary conditions are shown in Fig. E8.3.1.



We wish to solve for the velocities, make the following plots,
and comment on them:



1. The streamlines.



2. Arrows showing the velocity vectors.



3. A two-dimensional contour plot of the velocity.



Additionally, for y = 0.015, we want to make and comment on
the following cross-sectional plots:



4. The y-velocity.



5. The x-velocity.



6. The vorticity.



Finally, we comment on the relative values of the pressure
and y-velocity v  at x =0,y =0.01, marked as P in Fig. E8.3.1,
and at the exit (x =0,y =0.05).



Fig. E8.3.1. Boundary conditions and other
information for flow between two flat plates. All
units are SI.



Solution



See Chapter 14 for more details about COMSOL
Multiphysics. All mouse-clicks are left-clicks (the same as
Select) unless specifically denoted as right-click (R).



Select the Physics



1. Open COMSOL and L-click Model Wizard, 2D, Fluid Flow
(the little rotating triangle is called a “glyph”), Single-Phase
Flow, Laminar Flow. L-click Add. Note the COMSOL names
u, v, w for the three velocity components, and p for pressure.



2. L-click Study, Stationary, Done.



3. Pull down the Windows menu to Desktop Layout and then
Regular Screen Layout—it gives more graphics window
space, at the expense of somewhat reducing the Model
Builder and Settings windows, in which you may have to
scroll down.



Define the Parameters



4. R-click Global Definitions and select Parameters. In the
Settings window (now below the Model Builder window),
enter the parameter rho1 in the Name column and 1000
[kg/m ] in the Expression column. Similarly, define mu1 =
0.01 [Pa*s], v0 = 0.02 [m/s], x0= −0.01 [m], y0 = 0.015 [m], x1
= 0.01 [m], and y1=



0.015 [m]. Finally, add ySlip = 0.01 [m] and H = 0.05 [m],
which are the length of the slip boundary and height of the
entire domain, respectively. Establish the Geometry



5. R-click Geometry and select Rectangle. Note the default in
based on the lower left corner being at (0, 0). Enter the
values for Width and Height as x1 − x0 and H. Modify the
values of the base corner to be (x0, 0). L-click Build Selected.



6. Add an embedded rectangle to form the region for the full
slip condition. R-click Geometry and select Rectangle. Enter
the values for Width and Height as x1 − x0 and ySlip. Set the
base corner at (x0, 0). L-click Build Selected.



7. R-click Geometry and select Boolean and Partitions,
Union. Add the two geometries to the union by L-clicking
each in the Graphics window. Ensure that the Keep interior
boundaries option is selected in Settings. L-click Build
Selected. Define the Fluid Properties



8. R-click the Materials node within Component 1 and select
Blank Material. Enter the parameters rho1 and mu1 as values
for Density and Dynamic viscosity. Define the Boundary
Conditions



9. L-click the Laminar Flow glyph, select Wall 1 and note the
six default No-slip boundary conditions.



10. R-click the Laminar Flow node and select Inlet to define
an inlet boundary condition. L-click the bottom boundary (#2)
to select it as the inlet. Within the Settings window note that
the default form for the Boundary Condition is Velocity.
Change the value of the Normal inflow velocity to v0.
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11. R-click the Laminar Flow node and select Outlet to define
an outlet boundary condition. L-click the top boundary (#5) to
select it as the outlet. Additionally, de-select the Suppress
backflow option and select Normal flow option. Note that the
exit pressure is zero.



12. Add the slip boundary conditions by overriding a portion
of the default Wall boundary conditions. R-click the Laminar
Flow node and L-click Wall. Within the Settings window
change the Boundary Condition from No Slip to Slip. Add the
two slip walls to the Boundary selection by L-clicking the two
lower vertical segments (#1 and #6).



Create the Mesh and Solve the Problem



13. L-click the Mesh node and change the Element Size in
the Settings window to Fine. L-click Build All to construct the
mesh, which contains approximately 4,000 elements.



14. R-click the Study node and select Compute, which takes
about five seconds and gives a plot of the magnitude of the
velocity, Fig. E8.3.2(c).



15 Save the model file regularly!



Display the Results



16. Create a data set at the line segment representing
section A–A. R-click the Data Sets node within the Results
tree and select Cut Line 2D. In the Settings window enter the
values (x0, y0) and (x1, y1) for Points 1 and 2. L-click Plot
near the top of the Settings window to display the cut line.



17. Generate the streamline plot. R-click the Results node
and select 2D Plot Group. R-click this newly created Plot
Group 3 and select Streamline. Within the Settings window,
note the default positioning option is set to On selected
boundaries. Select the inlet (#2) as the boundary for
positioning and set the Number to 40. L-click Plot, giving Fig.
E8.3.2(a).



18. Generate the velocity-vector plot. R-click the Results
node and select 2D Plot Group. R-click this newly created
Plot Group 4 and select Arrow Surface. In the Settings
window, modify the number of points for the x grid points to
be 20. L-Click Plot at the top of the Settings window, giving
Fig. E8.3.2(b). Change the color to black and increase the
arrow length for better printing.



19. Create the plot for the upwards velocity across the
section A–A. R-click Results and L-click 1D Plot Group. In the
Settings window, L-click the dropdown dialog and change the
data set to Cut Line 2D 1 created above. R-click the 1D Plot
Group 5 and select Line Graph. Within the Settings window
enter the variable for the y-component of velocity, v, in the
Expression field. Additionally, change the x-Axis Data
Parameter to be Expression using the dropdown dialog and
enter x. L-Click Plot at the top of the Settings window, giving
Fig. E8.3.3.



20. Create the plot for the transverse velocity along the
section A–A. R-click Results and L-click 1D Plot Group. In the
Settings window, L-click the dropdown dialog and change the
data set to Cut Line 2D 1 created above. R-click the 1D Plot
Group 6 and select Line Graph. Within the Settings window
enter the variable for the x-component of velocity, u, in the
Expression field. Additionally, change the x-Axis Data
Parameter to be Expression using the dropdown dialog and
enter the expression x. L-Click Plot at the top of the Settings
window, giving Fig. E8.3.4.



21. Create the plot for vorticity across the section A–A. R-
click Results and L-click 1D Plot Group. In the Settings
window, L-click the dropdown dialog and change the data set
to Cut Line 2D 1 created above. R-click the 1D Plot Group 7
and select Line Graph. Use the Expression Builder (the little
glyph at the right-hand end of the y-Axis Data line, also
shown in Fig. E11.3.5) to plot the vorticity. L-click Component
1, Laminar Flow, Velocity and pressure, Vorticity field,
spf.vorticityz–Vorticity field, z-component. Additionally,
change the x-Axis Data Parameter from Arc Length to
Expression using the dropdown dialog and enter the
expression x. L-click Plot.



22. Note the discontinuous nature of the vorticity plot since it
is based on gradient data. Smooth the data by accessing the
Quality section in the Settings window. Change the Recovery
option to Within domains. Plot, giving Fig. E8.3.5.



Fig. E8.3.2. Three overall views of the flow: (a)
the upwards moving streamlines, for which 40
streamline “start points” were specified under
plot parameters; the horizontal line is the
section A–A in Fig. E8.3.1 and appears
automatically only after the cross-section plots
have been done; (b) the velocity vectors; and (c)
a two-dimensional plot (the original being in
color) showing the velocities, the approximate
magnitudes of which have been added.



Discussion of Results



Overall plots. The overall picture of the flow is displayed in
Fig. E8.3.2. After the initial small “free-flow” entrance region,
the formation of boundary layers on the two plates is very
evident, either by examining the movement of the streamlines
away from the plates or by noting the reduction in velocity
adjacent to the plates. From continuity, this velocity reduction
also causes an acceleration in the middle of the stream.



The results for the cross-section A–A are shown in Figs.
E8.3.3–E8.3.5, for which we make the following comments:



1. The velocity v  in the primary flow direction is still
essentially flat in the central region, falling to zero as the wall
is reached.
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(a) At values of x that are clearly in the boundary layer, such
as x = −0.008 and x = 0.008 in Fig. E8.3.3, v  would continue
to decrease in the y direction, so that ∂v /∂y is negative at
these locations.



(b) In the central core v  continues to accelerate as seen in
Fig. E8.3.2(c), so that the reverse occurs and ∂v /∂y is
positive.



Fig. E8.3.3. The upwards y velocity (m/s)
between the plates.



2. Following on Item 1(a), the continuity equation, ∂v /∂x +
∂v /∂y = 0, mandates that ∂v /∂x must be positive in the
boundary layer, and this is evidenced in Fig. E8.3.4 at, for
example, x = −0.008 and x = 0.008. Conversely, from Item
1(b), ∂v /∂x must be negative in the central core, and this is
also seen.



3. The vorticity is ζ = ∂v /∂x − ∂v /∂y . = ∂v /∂x (because v ℓ
v ), leading to a positive vorticity (counterclockwise rotation)
near the left-hand plate and a negative vorticity (clockwise
rotation) near the right-hand plate. In the central region the
vorticity is essentially zero because v  is virtually constant
there.



Values at point P. Finally, we investigate the pressure p and
velocity v  at the entrance point P and exit. By constructing a
surface plot for p (we already have one for the magnitude of
the velocity, which is essentially v), and clicking on P (x = 0,y
= 0.01) and the exit (x = 0,y = 0.05), we find p = 0.3340 Pa
and v  =0.02215 m/s at point P. Similarly, the exit centerline
values are p = 0 (given) and v  =0.02984. As expected at the
centerline, there is an acceleration from P to the exit and a
corresponding reduction in pressure, and we leave it to the
reader to check numerically to what extent these values
conform to Bernoulli’s equation.



Fig. E8.3.4. The transverse x velocity v  (m/s)—
zero at the left- and right-hand plates and at the
middle, with positive and negative peaks in
between.



Fig. E8.3.5. The variation of vorticity ζ (1/s)
between the plates, from positive at the left, to
zero in the middle, and negative at the right.
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Example 8.4—Entrance Region for Laminar Flow
Between Flat Plates



In Example 6.1, involving laminar flow between parallel
plates, only the velocity in the axial direction, v , was
considered to be nonzero. In reality, a flat profile at the
entrance will gradually be transformed into a final parabolic
shape by the viscous action of the walls. Fig. E8.4.1 shows
three representative stages of the progression, in which a
boundary layer builds up from a thickness of δ =0 at the
entrance to a final value of y = d; the problem is to determine
the necessary distance x = L. Note that in order to satisfy a
mass balance, the “mainstream” velocity V is not constant,
but continues to increase downstream along the path A–B–C.
The solution should be in the form 



, where the value of c



is to be determined.



Solution



The analysis concentrates on half of the region, between the
lower wall and the centerline, since the other half can be
obtained from symmetry. All quantities are on the basis of
unit depth normal to the plane of the diagram. First, assume
a reasonable velocity profile in the boundary layer—one that
gives zero velocity at the wall and matches both the
mainstream velocity (V) and its slope (zero) at y = δ:



This particular choice has the further advantage that it exactly
reproduces the well-known parabola when point C is
reached.



Fig. E8.4.1. Development of velocity profile
between flat plates.



On the basis of this velocity profile, the following useful
quantities can be determined, in which it is convenient to
define a fraction α:



Mass flux



Momentum flux



Wall shear stress



Mean/mainstream velocity relation



Bernoulli’s equation in the mainstream



Fig. E8.4.2. Momentum balance on rectangular
element of fluid.



Now perform a momentum balance in the x direction on the
rectangular element shown in Fig. E8.4.2, situated between
the wall and centerline, noting that at the centerline there is
zero velocity gradient and hence zero shear stress:



or:



Differentiation of Eqn. (E8.4.4) with respect to x gives:



After making the appropriate substitutions, Eqn. (E8.4.9)
yields an ordinary differential equation for α as a function of x:



Separation of variables and integration between the channel
inlet and the location at which the boundary layer reaches out
to the centerline gives:



That is, the dimensionless entrance length is directly
proportional to the Reynolds number (based in this case on
half the separation between the plates):



For flow in a pipe of diameter D, the corresponding result is



L/D . =0.061 Re, in which 



.



8.8 THE LUBRICATION APPROXIMATION
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This chapter continues with situations not unlike those encountered in



the earlier boundary-layer analysis—namely, in which there is a dominant



velocity component in one direction.



Consider the simplified cross-sectional view of a journal bearing, shown



in Fig. 8.8(a). The heavy shaft of weight W per unit length rotates



counterclockwise inside the housing, the two being separated by a thin



lubricant film of viscous oil. Although the pressure at the two extremities



of the oil film is atmospheric (p =0, say), the following analysis will show



that the rotation of the shaft induces a significant pressure increase



between these two points—enough to support the weight of the shaft.



Observe that when equilibrium is reached, the shaft and housing are not



concentric, so that the oil film, whose thickness is greatly exaggerated in



Fig. 8.8(a), becomes thinner in the direction of rotation. The shaft



becomes off-center automatically and to a very small degree.



Fig. 8.8. (a) Journal bearing, with exaggerated thickness of
the oil film, and (b) magnified view of film.



Because the oil film is very thin, the analysis can justifiably be expedited



by “unwinding” the film and considering it to be wedge-shaped, contained



between an upper surface (the shaft) moving with velocity V and a lower



stationary surface (the housing), an enlarged portion of which is shown in



Fig. 8.8(b). Observe that the oil tends to be squeezed into an ever-



narrowing space, and that this is the basic cause of the increased pressure.



A similar situation—that of a thrust bearing—is shown in Fig. 8.9. In this



case, the horizontal thrust W of an axle is resisted by a series of wedge-



shaped segments, arranged in a circle on a fixed end plate, adjacent to



which is a disk attached to the rotating axle. The fluid between the disk



and segments does not have to be oil—it will probably be air in the



majority of cases.



Fig. 8.9. Details of thrust bearing: (a) head-on view of end
plate with segments; (b) side view of axial section; (c) the
motion of the disk relative to one of the fixed segments on
the end plate.



To proceed with the analysis of the journal bearing, make the following



simplifying assumptions, all of which can be justified by arguments



similar to those made when analyzing the formation of a boundary layer



on a flat plate:



1. There is a dominant velocity component in one direction—x for



example.



2. Pressure is only a function of the x coordinate—that in the primary flow



direction, and not of the transverse coordinate y. That is, p = p(x) and ∂p/



∂y =0.



3. Inertial and gravitational terms are negligible in comparison with the



two dominant effects of pressure and viscous forces.



4. There is no flow in the z direction, normal to the plane of the diagram.



This is a poor assumption in some cases, not considered here, in which



there is a continuous leakage of makeup lubricant along the direction of



the shaft (with a corresponding injection of lubricant in the vicinity of the



bearing surface).



Basic equations for flow in a bearing



Item 1 above indicates that only the x momentum balance is needed from



the full Navier-Stokes equations:



With the simplifications just listed—known as the lubrication



approximation—the momentum balance reduces to:



At the boundaries, the fluid has zero velocity at the fixed lower surface,



and moves with velocity V cos θ .



Double integration of Eqn. (8.86), incorporating these two boundary



conditions, leads to the following expression for the velocity profile at any



section in the x direction:



Observe the interpretations of the two terms appearing on the right-hand



side of Eqn. (8.88):



1. The first term represents Couette flow, in which there is a linear



increase in v , from zero at the stationary lower surface to V at the moving



upper surface.



2. The second term corresponds to pressure-driven Poiseuille flow, in



which the velocity is zero at the two surfaces, varying parabolically



between them.
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The problem is not yet solved, because dp/dx is unknown. Therefore, now



focus attention on determining how the pressure—and hence its gradient



—varies over the length of the bearing. To start, the volumetric flow rate



of lubricant along the bearing is obtained by integrating the velocity



across the film:



Observe again the Couette and pressure-induced contributions to the flow



rate. Unless there is leakage of lubricant normal to the plane of Fig. 8.8



(as could occur in a truly two-dimensional bearing), Q must remain



constant. Thus, setting dQ/dx = 0 immediately leads to the differential



equation that governs the variation of pressure along the bearing:



which is an example of Poisson’s equation, and in which the expression on



the right-hand side is effectively a “generation” term, which serves to



boost the pressure. Note that the relative velocity of the two surfaces (V )



and the steepness of their inclination (dh/dx) are important factors in



causing the pressure increase.



Pressure variation in the bearing



In a bearing, viscous friction causes temperature variations, so the



viscosity depends on position. In such cases, Eqn. (8.90) can always be



solved numerically for the pressure. However, to proceed further



analytically at an introductory level it is necessary to make the following



simplifying assumptions:



1. The fluid viscosity μ is constant.



2. The inclination dh/dx is also constant.



3. Eventually, a mean film thickness, h , may be introduced for further



simplification.



After defining a positive quantity:



(note that dh/dx is negative), the pressure equation becomes:



which, when integrated once, gives:



in which c  is an integration constant.



A precise integration of Eqn. (8.93)—see Problem 8.10—demands that the



exact expression for the film thickness, h = h(x), be used. An approximate



answer may be obtained by assuming that h maintains its mean value, h ,



in which case we obtain:



The boundary conditions on the pressure are that it is zero at the



beginning (x =0) and end (x = L) of the film, giving:



From Eqns. (8.94) and (8.95), the pressure obeys a parabolic distribution



between the two end points:



which is also sketched in Fig. 8.10 as curve A, with a maximum p at the



center.



Fig. 8.10. Pressure variation along the lubricant film.
Curves A and B are for the simplified (Eqn. (8.96)) and
exact (Problem 8.10) methods, respectively.



The mean pressure in the lubricant film is readily obtained by integration



as:



in which p  is the maximum pressure, which occurs (in our simplified



treatment) at x = L/2. In reality, if the assumption of h = h  is not made,



the point of maximum pressure will be shifted somewhat to the right of



the midpoint.



Recalling the original curved nature of the surfaces, the total weight per



unit length of the shaft that can be supported by the pressure generated in



the lubricant film is:



in which ϕ is the angle between the vertical and the line drawn from the



center of the bearing to the point distant by x from the thicker end of the



film. Insertion of representative values (including a thin film thickness)



will show that W can become quite appreciable.
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Since the distribution of pressure is now known approximately, its



gradient is:



which can be substituted into the original expression, Eqn. (8.88), for the



velocity profile, giving:



Eqn. (8.100) is plotted in Fig. 8.11 at three representative locations along



the bearing.



Fig. 8.11. Lubricant velocity profile along the bearing.



Along the moving surface the velocity is, of course, V . Observe that at the



midpoint the velocity profile is purely Couette in nature, since the



pressure gradient dp/dx is zero at this location. However, Fig. 8.10 shows



that there are significant pressure gradients at x = 0 and x = L, and these



create additional Poiseuille-type components at these locations. At the



“exit” (x = L), the velocity profile is enhanced beyond its Couette value,



whereas at the “inlet” (x = 0) it is reduced, and there is indeed some



backflow occurring. In practice, there will be lubricant injected into the



film in order to make up for the amounts leaking out at the end locations.



The modification of the velocity profile by the pressure gradient is similar



to that shown in Fig. 8.6 for the separation of a boundary layer.
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Example 8.5—Flow in a Lubricated Bearing (COMSOL)



Consider the situation in Fig. E8.5.1, in which one inclined
plate (surface 3) moves at a velocity V relative to a stationary
plate at y = 0, the intervening space being occupied by a
Newtonian fluid of density 1,000 and viscosity 1.0. All units
are mutually consistent (taken as SI by COMSOL unless we
specify otherwise). The velocity components of the moving
plate are u  =0.05 in the x direction and v  = −0.01 in the y
direction. The other three boundary conditions (on surfaces
1, 2, and 4) are shown in Fig. E8.5.1. The two “ends,” at x =
−1.4 and x =1.4, are exposed to a pressure of p = 0. In
reality, a bearing would have a much smaller mean
thickness/length ratio, and generate higher internal
pressures, but the present choice allows the main features to
be displayed without “stretching” the y coordinate.



Fig. E8.5.1. Boundary conditions and other
information for flow in a lubricated bearing.



Solve for the streamlines, the pressure distribution, and the
variation of pressure along the straight line between
midpoints of the opposite “ends”—between points with
coordinates(−1.4, 0.3) and (1.4, 0.1).



Solution



See Chapter 14 for more details about COMSOL
Multiphysics. All mouse-clicks are left-clicks (the same as
Select) unless specifically denoted as right-clicks (R).



Select the Physics



1. Open COMSOL, L-click Model Wizard, 2D, Fluid Flow (the
little rotating triangle is called a “glyph”), Single-Phase Flow,
Laminar Flow. Add.



2. L-click Study, Stationary, Done.



Establish the Geometry



3. R-click Geometry, select Polygon. Under Coordinates in
the Settings window enter the x values −1.4, 1.4, 1.4, −1.4
and y values 0.0, 0.0, 0.2, 0.6 (which automatically have units
of meters). L-click Build Selected.



Define the Fluid Properties



4. R-click the Materials node within Component 1 and select
Blank Material. Enter 1000 and 1 for the values of rho and
mu, which automatically have units kg/m  and Pa s.



Define the Boundary Conditions



5. R-click the Laminar Flow node and select Wall to define a
velocity boundary condition for the upper wall. Hover over the
top wall until it turns red, then select it with a L-click and note
that it turns blue. L-click and change the Boundary Condition
to Moving Wall and enter the values 0.05 and −0.01 for the
wall velocity components (assumed to be m/s).



6. R-click the Laminar Flow node and select Outlet. Add the
left and right boundary segments to the Boundary Condition
by hovering and L-clicking each segment and note that
Pressure Conditions give p = 0 for each segment. Deselect
the Suppress backflow option. L-click the Laminar Flow glyph
and select the Equation glyph under Settings, to see the
equations being solved.



Create the Mesh and Solve the Problem



7. L-click the Mesh node and change the Element size to
Fine; Build All. Then R-click Mesh and pull down to Statistics,
noting that there are approximately 7,000 elements. Zoom in
three times and note the elements next to the boundaries are
rectangular, with all the interior elements being triangular.



8. As a reminder, save your work frequently.



9. R-click the Study node and select Compute. The result is a
surface plot for the velocity magnitudes, which we don’t
particularly want.



Display the Results



10. R-click the Results node and select 2D Plot Group. R-
click the new 2D Plot Group 3 and select Streamline. Under
Streamline Positioning select the Positioning option and
select Start point controlled. L-Click Plot. Change Points from
20 to 25, Plot, giving Fig. E8.5.2.



11. R-click the Results node and select 2D Plot Group. R-
click the new 2D Plot Group 4 and select Surface. Enter p in
the Expression field. L-Click Plot, giving Fig. E8.5.3, with a
color bar at the right.



12. R-click Data Sets within the Results tree and select Cut
Line 2D. In the Settings window enter the values (-1.4, 0.3)
and (1.4, 0.1) for Points 1 and 2. L-click Plot near the top of
the Settings.



13. R-click Results and L-click 1D Plot Group. In the Settings
window, L-click the dropdown dialog and change the data set
to Cut Line 2D 1.



14. R-click the 1D Plot Group and select Line Graph. Within
the Settings window enter the variable for pressure, p, in the
Expression field. Finally, L-Click Plot, giving E3.5.4.



Discussion of Results



Fig. E8.5.2. Streamlines: in the left-hand half the
flow is clockwise, and in the right-hand half it is
from left to right.
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Fig. E8.5.3. A two-dimensional representation
(the original being in color) showing the
pressure distribution, the approximate
magnitudes of which have been added.



The COMSOL results are shown in Figs. E8.5.2—E8.5.4.
The first of these displays the streamlines. In the upper part
of the left-hand side, and for almost all of the right-hand side
the motion is from left to right, driven by the moving upper
plate. But much of the left-hand region is occupied by a
clockwise-rotating vortex-type flow; in the bottom half of this
vortex, the reason for the flow in the negative x-direction is
readily seen by examining Fig. E8.5.3, which shows the
following important features:



(a) A pressure that essentially depends only on x and not on
y—a fact that is at the heart of simplified treatments of
boundary-layer and lubrication-type flows.



(b) A high-pressure zone centered at about 75% of the
distance from the left end. The maximum pressure is
approximately p =2.15 Pa.



Fig. E8.5.4 clearly shows the pressure variation between the
midpoints of the two ends—between points (−1.4, 0.3) and
(1.4, 0.1). The variation is broadly parabolic but with a peak
that is noticeably skewed towards the right of the center.



Fig. E8.5.4. Cross-plot of the pressure (Pa)
between midpoints of the two ends, (−1.4, 0.3)
and (1.4, 0.1).



8.9 POLYMER PROCESSING BY CALENDERING



Calendering is the process of forming a continuous sheet by forcing a



semi-molten material through one or more pairs of closely spaced



counter-rotating rolls. Calendering was first used—and is still used



extensively—in the rubber industry. In the plastics industry, the most



commonly used plastic that is calendered (about 80–85% of the total) is



PVC, both soft (flexible PVC) and hard (rigid PVC). Other plastics that are



calendered are mainly LDPE, HDPE, and PP.



Two main benefits can accrue to the calendered material:



1. It is formed to an accurate final thickness.



2. Depending on the nature of the surface of the rolls, a smooth, rough, or



patterned surface is imparted to the finished sheet.



Referring to Fig. 8.12, heat-softened, but not fully molten, material is



constantly fed into the nip of rolls 1 and 2. Complete melting and some



mixing of additives (such as plasticizers, stabilizers, fillers, lubricants, and



colorants) occurs in the first nip, where the stock also warms up. Shear



effects also occur because roll 2 normally runs somewhat faster than roll 1



—to encourage the band (the film produced) to stick to roll 2 so that it



progresses down the rolls. The roll temperatures increase slightly from 1



to 3, but roll 4 is slightly cooler than roll 3 to encourage the film to strip



easily off roll 4. The nip gaps get progressively smaller and that between



rolls 3 and 4 should be almost the same as the final film thickness.



Fig. 8.12. An inverted “L” four-roll calender, courtesy John
W. Ellis.



The functions of the three nips are:



1. First nip (between rolls 1 and 2). The feed rate through the calender is



determined here. This is also related to the material residence time, which



is relatively short (good for PVC, which is easily degraded). Roll speeds



obviously influence these factors.



2. The second nip (between rolls 2 and 3) functions as a kind of metering



device. The melt gets spread along the rolls axially to its final width here,



 Mr. Ellis is R&D Manager at Labtech Engineering Co., Ltd, in Thailand,



a company that makes laboratory-size processing machines for the



plastics and rubber industries. We thank him for supplying all of the



practical information on calendering in this section.
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although most axial spreading should occur in the first nip.



3. The third nip (between rolls 3 and 4) is the final shaping step,



analogous to a sheet extrusion die.



With its highly polished precision rolls and ancillary equipment,



calendering is a very capital-intensive operation. Typical operating



conditions are:



1. Roll diameters are generally in the range of 40–90 cm. Roll lengths are



typically from 1–2.5 m, corresponding to a length-to-diameter ratio



between 2 and 3.



2. Roll separation (“nip gap size”) varies from one pair of rolls to the next



but is adjustable up to about 5 mm. Production calenders turn out sheet



with a thickness tolerance of ±0.005 mm over the width of the final sheet,



whose thickness is usually 1 mm at most.



3. Roll speeds. Linear line speeds are generally in the range 30–120



m/min (100–400 ft/min) for production machines. The actual roll speeds



are fairly low (e.g., 20 rpm). If, for example, the roll diameter is 70 cm



and the rotational speed is 20 rpm, this works out to be 44 m/min linear



line speed. Calendering typically involves shear rates from 1–100 s 1.



During calendering, the melt needs to be fairly viscous, otherwise it can



run all over the calender bowls. But conversely, too high a viscosity will



create excessive roll bending due to the high pressure created between the



rolls (up to 800 bar)! Typical viscosities would correspond to a MFI of 1 or



2, equivalent to a melt viscosity of between 10  and 10  N s/m  (10  to 10



poise).



An idealized representation of calendering is shown in Fig. 8.13, in which



two counter-rotating rollers with angular velocities ω, radii R, and closest



separation 2H are employed for reducing the thickness of a sheet of



material, ideally assumed to have a Newtonian viscosity μ, from an initial



value of 2H  to a final value 2H .



Fig. 8.13. Calendering operation (the sheet thickness and
roller separation have been exaggerated).



A key quantity in the analysis is the distance h = h(x) of either roller from



the centerline y = 0. To make reasonable headway without resorting



entirely to numerical methods, it is necessary to assume that x/R is small,



which is approximately true in the location of greatest interest (the “nip”



region), where the separation of the rollers is small and the pressure



gradients are the highest. Application of Pythagoras’s theorem leads to:



in which the approximation  has



been made for small values of ε = x/R.



The situation and assumptions are very similar to those studied in the



previous section, and the lubrication approximation again leads to



pressure only being a function of x, together with the governing equation:



The boundary conditions on the velocity v  are that at the extremities of



the gap it is approximately the same as the peripheral velocity of the



rollers (at y = h), and that there is symmetry about the centerline of the



sheet (y = 0):



It is then easy to show that:



in which the pressure gradient is, for the present, unknown, and that the



flow rate per unit depth, normal to the plane of Fig. 8.13, is:



which can be rearranged to give the pressure gradient as:



Now focus on the point, x = x , where the calendered sheet leaves the



rollers with a half thickness of y = H . From then on, the pressure is



everywhere constant, since the sheet is exposed to the atmosphere. Thus,



it is reasonable to suppose a flat velocity profile at the point of departure,



the same as in the sheet after it has left the rollers. Thus, the flow rate is



the peripheral velocity times the thickness:



which amounts to saying that the pressure gradient dp/dx is zero at this



stage. Eqn. (8.106) then becomes, after invoking Eqn. (8.101):



In order to proceed further, the following integrals will be needed, which



in this case have conveniently been obtained from the computer program



“Maple”:
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Noting that the pressure has fallen to zero at the point of departure from



the rolls, Eqn. (8.108) integrates to:



For a specified inlet sheet thickness 2H , the corresponding value of x



will be known from Eqn. (8.101). The value of x  (the point at which the



sheet leaves the rolls) can then be determined by using Eqn. (8.111) in



conjunction with the upstream boundary condition, p(x ) = 0



(atmospheric pressure), by solving the following equation for x :



Example 8.6—Pressure Distribution in a Calendered
Sheet



To illustrate the preceding analysis, evaluate the point of
departure, and the pressure distribution, for a calendering
operation in which R = 0.35 m, H = 0.00025 m, and x  =
−0.01 m. The rolls rotate at 20 rpm, and the viscosity of the
melt is 0.5 × 10  P.



Solution



First, note that α = 1/2HR = 1/(2 × 0.00025 × 0.35) = 5,714
m 2. The solution of Eqn. (8.112) can then be effected by any
standard numerical root-finding technique. The “Goal-Seek”
feature of the Excel spreadsheeting application gives the
downstream distance before separation as x  =0.00403 m.



When x  has thus been found, Eqn. (8.111) then gives the
complete pressure distribution, which can again be evaluated
with the aid of a spreadsheet. The results are shown in Fig.
E8.6, which actually shows a closely related value as the
ordinate (namely, the expression in the large brackets in Eqn.
(8.111)):



Fig. E8.6. Pressure distribution along the
calendered sheet.



Observe that the pressure rises from zero at the inlet, to a
maximum upstream of the “nip,” and then declines to zero as
the sheet leaves the calender. In accordance with an earlier
observation, note that the pressure gradient is zero at the
exit.



The angular velocity of the rolls is ω = 2π × 20/60 = 2.09
rad/s. Since the maximum value of p* is about 0.288, the
maximum pressure between the rolls is:



As mentioned previously, the maximum pressure can be
simply enormous.



8.10 THIN FILMS AND SURFACE TENSION



This chapter continues with situations not unlike those encountered in



the earlier boundary-layer analysis—namely, in which there is a dominant



velocity component in one direction, and also in which surface tension



may be important. Fig. 8.14 shows a thin liquid film, of density ρ and



viscosity μ, after it leaves the distributor at the top of a wetted-wall



column, which can be used for gas-absorption and reaction studies in



relatively simple geometries. Of interest here is the shape of the free



surface once the liquid is free of the influence of the distributor, a



situation that has been investigated both theoretically and experimentally



by Nedderman and Wilkes.



Fig. 8.14. Liquid film on a wetted-wall column.
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 R.M. Nedderman and J.O. Wilkes, “The measurement of velocities in



thin films of liquid,” chemical Engineering Science, Vol. 17, pp. 177–187



(1962). This investigation was started by Prof. Terence Fox, to whom this



book is dedicated, and represents the only case known to the author in



which the legendary Prof. Fox initiated any doctoral research (see the



Preface).
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Since the film is thin, curvature effects of the cylindrical tube wall can be



neglected, and the problem can be solved in x/y coordinates, leading to



the following parabolic velocity profile:



Here, Q is the total volumetric flow rate (per unit depth, normal to the



plane of the figure), h is the local film thickness, and y is the coordinate



measured from the wall into the film.



Now perform a momentum balance on an element of the film, shown in



Fig.



8.15, analogous to a similar treatment in Section 8.2 for the analysis of



boundary-layer flow. The surface BC is taken to be just on the liquid side



of the liquid/air interface, and will have a pressure acting normally on it,



whose mean value is p +(dp/dx)(dx/2).



Fig. 8.15. Momentum balance on an element of film.



If  is the x convected momentum flux in the film, a downward steady-



state momentum balance gives:



Here, the sin θ term recognizes that the normal force on the surface BC



must be resolved in the vertical direction. After substituting for the wall



shear stress, noting that sin θ .



Now observe that the momentum flux per unit depth in the film is:



Also note that the pressure p in the film will in general differ from the



pressure p  = 0 in the gas outside the liquid film because of surface



tension σ. The pressure decreases as we proceed across the free surface



into the film, by an amount that equals the product of the surface tension



and the curvature of the film. Provided that |dh/dx| 1, and observing the



expression for curvature in Appendix A, the result may be simplified:



That is, Eqns. (8.115)–(8.117) lead to a third-order nonlinear ordinary



differential equation that governs variations in the film thickness, in



which ν = μ/ρ is the kinematic viscosity:



In general, Eqn. (8.118) cannot be solved analytically. However,



Nedderman and Wilkes (loc. cit.) do give solutions for the following



limiting cases:



1. For negligible surface tension, the analytical solution shows that the



film thickness steadily approaches its final steady asymptotic value, h  =



(3Qμ/ρg) /3.
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2. For finite surface tension, and with the film thickness near h , an



approximate solution for the film thickness shows that the expression for



h consists of two parts:



(a) A disturbance that decays downstream.



(b) A series of standing waves that become amplified downstream. That is,



the film tends to become unstable. If the wave amplitude is significant,



however, the assumption of a parabolic velocity profile becomes



questionable— in other words, the above simplified theory cannot be



“pushed” too far.



Surface-tension forces can play vital roles in stabilizing or destabilizing



coating operations and paint leveling, as suggested by Problems 8.6 and



8.13.



PROBLEMS FOR CHAPTER 8



Unless otherwise stated, all flows are steady state, with constant density



and viscosity.



1. Boundary layer with linear velocity profile—E. Review the simplified



treatment of Section 8.2 for the boundary layer on a flat plate. Repeat the



development with the following expression for the velocity profile in the



boundary layer, instead of Eqn. (8.9):



You should obtain expressions for both δ/x and c  , similar to Eqns. (8.16)



and (8.17). Also see Table 8.1. What are the merits and disadvantages of



this linear velocity profile?



2. Boundary layer with suction—M. Fig. P8.2 shows the development of



a boundary layer on a porous plate, in which fluid is sucked from the



boundary layer with a superficial velocity v  normal to the plate. (This



arrangement has been proposed for airplane wings, in order to reduce the



drag by preventing the boundary layer from becoming turbulent at high



Reynolds numbers.)



Fig. P8.2. Boundary layer with suction.



Use the simplified treatment to prove that the momentum balance of Eqn.



(8.4) becomes:



Assuming a velocity profile of the form v /v  = 2ζ − ζ , where ζ = y/δ,



derive an expression for δ as a function of x. Hence, show that the



boundary layer will eventually reach a constant thickness—which no



longer changes with distance x—and derive an expression for this limiting



thickness.



3. Tank draining with boundary layer—M. For a laminar boundary layer



on a flat plate, the solution in Section 8.2 gave the following expression



for the wall shear stress at a point distant x from the leading edge:



Derive an expression for the total drag force F exerted by a plate of length



L on the fluid, per unit distance normal to the plane of Fig. 8.3. Your



answer should give F in terms of v , L, ρ, and μ or ν.



Fig. P8.3. (a) Tank draining; (b) detail of boundary layer.



As shown in Fig. P8.3(a), a viscous liquid is draining steadily from a large-



diameter tank. As it enters the pipe of diameter D and length L, it has a



flat velocity profile, and a thin laminar boundary layer subsequently



forms, as in Fig. P8.3(b). Derive an expression for the velocity of the



liquid v  in the mainstream, in terms of any or all of D, L, g, ρ, and μ.



Assume that the boundary layer is sufficiently thin so that v  is



essentially constant; also, since the velocities are small, neglect any



inertial terms in a momentum balance. Evaluate v  if L =1m, D =0.1 m, ρ



=1,000 kg/m , g =9.81 m/s , and μ = 1 kg/m s.



4. Power for the “Queen Mary”—M. The RMS Queen Mary embarked on



her maiden transatlantic voyage from Southampton, England, on May 27,



1936. On the crossing to New York, she achieved an average speed of



29.13 knots (1 knot = 1.15 miles/hour). Her length at the waterline was



1,004 ft, with a draft of 38.75 ft and a beam (width) of 118 ft. Anybody



who has been underneath the Queen Mary, when in dry dock, can attest



that the bottom of the ship is almost completely flat.



Estimate the horsepower needed to overcome skin friction on the Queen



Mary’s maiden voyage, and compare with the total of 160,000 HP that



was nominally delivered to the quadruple screws of the ship. Assume a
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density of 64.0 lb /ft  and a viscosity of 3.45 lb /ft hr for seawater.



Clearly state any reasonable simplifying assumptions.



5. Pressure in a bearing—E. The shaft in a journal bearing has a diameter



of 2 ft and rotates at 60 rpm. The lubricant film extends all the way



around the lower half of the shaft, with maximum and minimum



thicknesses of 0.003 and 0.001 ft, respectively. If the viscosity of the



lubricant is μ =1, 000 cP, estimate the mean pressure (psi) in the film.



6. Coating a moving substrate—M. A continuous strip of a flexible metal



substrate is being pulled to the right with a steady velocity V as it leaves a



reservoir of a protective liquid polymer coating of viscosity μ and surface



tension σ, as shown in Fig. P8.6.



Fig. P8.6. Coating a moving substrate.



Assuming that pressure and viscous forces dominate, what is the



simplified x momentum balance? If the pressure in the liquid film only



depends on x, show that the velocity profile is given by:



where h = h(x) is the local film thickness. If surface tension is important,



why is dp/dx in the film positive for the free-surface shape as drawn in



Fig. P8.6? Sketch the resulting velocity profile.



If the final thickness of the coating is h , prove that the intermediate film



thicknesses obey:



7. Wetted-wall column without surface tension—M. For the film on the



wetted-wall column discussed in Section 8.10, variations of film thickness



are governed by the differential equation:



Consider the situation in which surface tension is negligible.



The analytical solution of Eqn. (P8.7.1) is somewhat complicated.



However, show that if the film thickness is not too far from its asymptotic



value (h/h  . = 1), the solution may be approximated by:



in which h  = (3Qμ/ρg) /3 and c is a constant of integration. Give a



physical interpretation of Eqn. (P8.7.2).



8. Wetted-wall column with surface tension—D. Consider the film on the



wetted-wall column discussed in Section 8.10, in which the variations of



film thickness were governed by the differential equation:



Supposing that the film thickness is close to its steady value (that is, h =



h  + ε, where ε ≪ h , and h  = (3Qμ/ρg) /3), prove that the governing



equation becomes:



Now attempt a solution of the form:



for which a representative term is:



and derive the corresponding cubic equation in δ. Now form (δ −α)(δ −β)



(δ −γ)= 0, in which:



and compare it with the cubic equation. Hence, verify that the three roots



for δ are those given in Eqn. (P8.8.5), where , both



and η and ζ are real, and η is positive. Hence, show, by noting that b and c



must be complex if the final solution is to be real, that:



in which a, κ, and λ are unknown real constants. Give a physical



interpretation of each of the terms in Eqn. (P8.8.6).



9. Alternative thin-film momentum balance—E. Perform a careful



momentum balance on an element of a thin liquid film, as in Fig. 8.14.



However, now take the surface BC to be just on the air side of the



liquid/air interface, so the pressure acting on it is p  = 0. Make sure that



you obtain the same final result, namely, Eqn. (8.115). There will now be



surface tension forces σ (per unit depth normal to the plane of Fig. 8.14)



acting tangentially along the interface, and these will have to be resolved



in the vertical direction—through angles that are marginally different at B



and C.



10. Exact pressure distribution in a lubricant film—D. In Section 8.8, the



final expression for the pressure distribution in the lubricant film, Eqn.



(8.96), assumed that the film thickness h maintained its mean value h .



Refine the solution by conducting an exact integration of Eqn. (8.93), now



with the film thickness h(x) varying linearly between h  (at x = 0) and h



(at x = L) according to:
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Prove that the pressure distribution is given by:



Use a standard computer application such as Excel to plot 



 against x/L, for βL/h  = 0, 0.1, and 0.5. Explain



your observations qualitatively.



11. Trying to keep warm—M. You are walking along the street in Chicago



when the 0 F air is moving down the street with a “mainstream” velocity



of v  = 30 mph. At each block, as the air impacts the corner of a building,



a boundary layer builds up along the side of the building, just as it does on



a flat plate.



To avoid getting too cold, you walk very close to the building, hoping to



stay inside the boundary layer. At what minimum distance from the



corner can you be guaranteed that the boundary layer will be at least 2 ft



wide? For air, ρ =0.086 lb /ft , μ =0.0393 lb /ft hr.



12. Velocity profiles in calendering—M. For the calendering problem for



which the pressure distribution is shown in Fig. E8.6, use a spreadsheet



application to plot the velocity profiles at x = −0.05, −0.025, 0, and



0.0225. A plot of v /ω versus y/h is recommended. Comment briefly on



your results.



13. Leveling of a paint film—M. The problem of the leveling of paint films



after they have been sprayed on automobile body panels is becoming



quite important as increased-solids paints of lower polymeric molecular



weight are being mandated by the government.  An idealized situation is



shown in Fig. P8.13, in which a paint film, of density ρ and Newtonian



viscosity μ, has at an initial time t =0 a nonuniform thickness h = h (x).



You are called in as a consultant to help derive a differential equation,



whose solution would then indicate how h subsequently varies with time t



and position x.



Fig. P8.13. Leveling of a paint film.



You may make the following assumptions:



(a) Because the paint film is baked in an oven, there will be known



temperature variations and hence known changes in the surface tension σ



along the surface of the film; these give rise to a known shear stress



(τ )  = μ(∂v /∂y)  = ∂σ/∂x at every point on the surface.



(b) Surface tension causes the pressure to change from atmospheric



pressure (zero) just outside the film to a different value just inside the



film, in exactly the same manner as in Eqn. (8.117). In addition, gravity is



now important, and the pressure increases hydrostatically from just



inside the free surface to the body panel.



(c) The usual lubrication approximation/boundary layer theory still holds;



that is, inertial effects can be neglected, and the flow in the film is mainly



in one direction, so that you need only be concerned with the velocity



component v .



Now answer the following:



(a) Derive an expression for the pressure p at any point in the film, as a



function of ρ, σ, g, h, x, and y. Then form ∂p/∂x, and show that this is not



a function of y.



(b) To what two terms does the x momentum balance simplify? Integrate



it twice with respect to y, apply the boundary conditions, and show that



the velocity profile is given by:



(c) Integrate the velocity to obtain an expression for the flow rate Q in the



paint film.



(d) By means of a mass balance on an element of height h and width dx,



prove that variations of the film thickness h with time are related to



variations of the flow rate Q with distance by:



(e) Indicate briefly what you would next do in order to obtain a



differential equation governing variations of h with x and t. (However, do



not perform these steps.)



14. A check on the Blasius problem—M. Concerning the mathematics



leading up to the solution of the Blasius problem, first check Eqn. (8.48).



Then verify that substitution of v  and v  and the derivatives of v  from



Eqns. (8.47) and (8.48) into Eqn. (8.38) leads to the following ordinary



differential equation:



subject to the boundary conditions:
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 This problem follows part of the doctoral research of Richard Blunk of



the General Motors Corporation; his help and insight are gratefully



acknowledged.
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15. Numerical solution of the Blasius problem—D. This problem concerns



the numerical solution of the third-order ordinary differential equation



and accompanying boundary conditions of Eqns. (8.49)–(8.51), also



restated in Problem P8.14 above.



(a) Verify that by defining new variables z = ζ, f  = f, f  = df/dz, and f  =



d f/dz , Eqn. (8.49) can be expressed as three first-order ordinary



differential equations:



subject to the boundary conditions:



(b) As discussed in Appendix A, use a spreadsheet to implement Euler’s



method to solve Eqns. (P8.15.1) subject to boundary conditions (P8.15.2),



from z =0 to z = 10 (which latter value is effectively infinity). (Any other



standard software for solving differential equations may be used instead.)



A step-size of Δz =0.1 or even smaller is recommended, otherwise Euler’s



method is not very accurate. Try different values for Δz in order to get a



feel for what is happening.



(c) You will need to supply the “missing” boundary condition for f  at z



=0, so that f  is very close to the actual boundary condition f  =1 at z = 10.



If you are using Excel, you will find the “Goal-Seek” feature under the



“Formula” pull-down menu to be very helpful.



(d) When all is working satisfactorily, add another column for the



dimensionless y velocity, and then plot the two dimensionless velocities



against the dimensionless distance from the wall. Clearly label everything,



and check your results against those given in Fig. 8.5.



16. Developing boundary layer—M. Consider a cylinder of radius a that



starts to rotate at t = 0 with an angular velocity of ω in an otherwise



stagnant liquid of kinematic viscosity ν. We wish to calculate the thickness



δ = δ(t) of the boundary layer that starts to build up around the cylinder



and grows with time. Since δℓ a, we may approximate the situation in x/y



coordinates, as shown in Fig. P8.16, in which U = aω is the velocity of the



surface of the cylinder, and y is the radially outward direction.



Fig. P8.16. Developing boundary layer.



If the pressure is uniform everywhere, what justification is there for



assuming that v  obeys the equation:



To solve Eqn. (P8.16.1) approximately, use the similarity approach, in



which the velocity profile is assumed to be of the following form for all



values of δ:



(a) Explain why the form of v  given by Eqn. (P8.16.2) is reasonable.



(b) By substituting for v  from Eqn. (P8.16.2) into Eqn. (P8.16.1) and



integrating both sides from y =0 to y = δ, and then integrating the



resulting differential 1 − 2 y δ + y  δ  equation in δ and t, prove that the



boundary-layer thickness varies with time according to:



and determine the value of the constant c.



Fig. P8.17. Boundary layer forming on a wire.



17. Boundary layer on a wire—M (C). As shown in Fig. P8.17, a stream of



fluid flows with mainstream velocity v  parallel to the axis of a thin



cylindrical wire of radius a. Within the laminar boundary layer, which



builds up near the surface of the wire, the velocity profile in the fluid is



given by v  = v  sin(πr/2δ), where δ is the boundary-layer thickness, r is



the radial distance from the surface of the wire, and z is the axial



coordinate. Perform a simplified momentum balance on an element of the



boundary layer of axial extent dz.



Assume that the wire is very thin, so that in any integrals for mass and



momentum fluxes, you may take the lower limit as r = 0. The only time



you will require the wire radius a is when you need an area on which the



wall shear stress acts.



Hence, prove that the thickness of the boundary layer varies with axial



distance as:
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Rearrange this result in terms of three dimensionless groups, δ/z, a/z,



and v z/ν.



The following integrals may be quoted without proof:



18. Wetted-wall column with boundary layer—D (C). Fig. P8.18 shows



idealized flow conditions in a wetted-wall column, which consists of two



wide parallel plates of length L separated by a distance h. The insides of



the plates are covered by uniform thin films of liquid, whose surfaces



move down with velocity W . Air of density ρ and viscosity μ enters the



bottom of the column from a large reservoir at a small pressure P above



that at the top of the column.



The value of W is unaffected by the airflow, whose pattern at any section



consists of a central core of uniform upward velocity U, and a boundary



layer of thickness δ = δ(x), across which the velocity varies linearly



between the central core and the liquid film.



Fig. P8.18. Parallel-plate wetted-wall column.



Show that δ = h(U − U )/(U + W ), where U  is the value of U at the



bottom of the column. Also prove that the momentum passing across any



section is, per unit depth, normal to the plane of the diagram:



Outline—but do not attempt to carry to completion—the steps that are



needed to determine U  as a function of L, h, W , ρ, and μ. Hint: Consider



the development of Example 8.1. Ignore any gravitational effects.



19. Isokinetic sampling of a dusty gas—D (C). Consider the boundary



layer of thickness δ that develops along a flat plate for laminar flow with



mainstream velocity v  in a fluid of density ρ and viscosity μ.



(a) If the velocity profile in the boundary layer is of the form:



derive an expression that gives the ratio δ/x as a function of the Reynolds



number Re  = ρv x/μ, based on the distance x from the leading edge. If



needed, you may quote an integral momentum balance without proof.



(b) Hence, prove that the corresponding expression for the local wall



shear stress is given by:



(c) If the mean wall shear stress between x = 0 and x = L is defined by:



derive an expression for  that is very similar to Eqn. (P8.19.2),



except that the Reynolds number Re  = ρ L/μ, based on the total length,



L, now appears.



Fig. P8.19. Probe for sampling a dusty gas.



(d) Fig. P8.19 shows a probe of length L and internal diameter d for



sampling a gas of density ρ and kinematic viscosity ν that contains fine



dust particles. Upstream of the probe, the mainstream velocity is v , and



it is essential that the velocity at the inlet A of the probe must be the same,



otherwise a biased sample will occur. (For example, if the velocity at A



exceeds v , some dust particles, because of their inertia, will deviate little



from their path and will not be drawn into the sampling tube.) To achieve



this condition of “isokinetic” sampling, the pressure at B must be reduced



below that at A, to compensate for the wall shear stress that builds up in



the boundary layer that coats the inside wall of the sample probe. Derive



an approximate expression that gives the required pressure difference (p



− p ) for isokinetic sampling.



20. Boundary layer in stagnation flow—M. Consider the upper half



plane (y ≥ 0) of the potential stagnation flow of Example 7.2, and take the



x axis to be the surface of the ground, with a vertically downward wind



impinging on it. Since viscosity is now important adjacent to the solid



surface at y = 0, there will be a developing boundary layer. Noting from



symmetry that only x> 0 needs to be studied, the thickness δ = δ(x) of the



boundary layer will be a function of the distance from the origin.
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Since for the stagnation flow v  = v  = cx, the mainstream velocity is not



constant; thus, the pressure p = p(x) will also be a function of location.



The y component of the mainstream velocity can be ignored, since v  =



−cy, and y is very small.



If the flow is laminar with v /v  = sin[πy/(2δ)], perform a simplified



momentum balance on an element of the boundary layer and obtain a



differential equation that governs δ as a function of x. If the boundary-



layer thickness reaches a steady asymptotic value (in which case assume



dδ/dx = 0 without solving the differential equation), prove that this value



equals .



Fig. P8.21. Coating a continuous paper sheet.



21. Film-thickness variations—M. In the coating experiment shown in



Fig. P8.21, a flexible paper sheet is being withdrawn vertically upward at a



velocity V from a bath containing a Newtonian polymeric liquid of



viscosity μ, density ρ, surface tension σ, and local thickness h. Assume



that a momentum balance gives the following velocity profile:



If the net upward liquid flow rate Q (per unit depth normal to the plane of



Fig. P8.21) is zero (as much is being dragged upwards as falls under



gravity), derive a differential equation that governs the variation of film



thickness h with distance x. Assume steady flow—that is, there are no time



derivatives.



If, for large x, the film were to come to a constant thickness h , express h



in terms of μ, V , ρ, and g.



Suppose that the film thickness deviates by a small amount ε from h , so



that h = h  +ε. Derive a differential equation for ε as a function of x. Try a



solution of the form ε = de , and obtain an equation from which δ could



be calculated (but do not attempt to obtain these values). If needed, 1/[1+



(ε/h )] . =1 − (ε/h ).



22. True/false. check true or false, as appropriate:



(a) A boundary layer is a region in which neither viscous nor inertial



terms can be neglected.



T  F 



(b) A drag coefficient is a measure of the ratio of viscous to inertial forces.



T  F 



(c) In boundary layers, “similarity of velocity profiles” means that the



profiles of v  are “stretched” in both the x and y directions.



T  F 



(d) In the simplified analysis of a boundary layer on a flat plate, the



assumption that v  = y/δ leads to a drag coefficient that is within 5% of



that predicted by the more exact Blasius solution.



T  F 



(e) In the analysis of boundary layers, Bernoulli’s equation can be used to



predict ∂p/∂x if the mainstream velocity v  is known as a function of the



distance x.



T  F 



(f) The Blasius analysis of the boundary-layer problem converts the



equations of motion, which contain partial derivatives, into a second-



order ordinary differential equation.



T  F 



(g) At the transition from one to the other, a laminar boundary layer is



significantly thinner than a turbulent one.



T  F 



(h) The relative motion of two surfaces, slightly inclined to each other, can



cause appreciable pressure rises in a fluid that is located in the narrow



gap between the two surfaces.



T  F 



(i) In lubrication analysis, the Couette flow component indicates a



parabolic velocity profile.
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T  F 



(j) In calendering, a knowledge of the entering sheet thickness, together



with the geometry of the rolls and their speed, will enable the exiting



sheet thickness to be determined.



T  F 



(k) For the Blasius problem, dimensional analysis can lead to the exact



form of the relation between the drag coefficient and the Reynolds



number, apart from a single unknown constant.



T  F 



(l) In a lubricant film, the maximum pressure occurs somewhat closer to



the end of the film that has the greater thickness.



T  F 



(m) In the boundary layer on a flat plate, the flow is entirely parallel to the



plate, with zero velocity in the direction normal to the plate.



T  F 



(n) In the drag coefficient plot for flow past a sphere, the sudden “dip” at



high Reynolds number is because the boundary layer suddenly becomes



turbulent.



T  F 



(o) In the simplified analysis of a boundary layer on a flat plate, the value



of ∂ v /∂y  at the plate is zero when v  is constant.



T  F 



(p) Boundary-layer separation is likely to occur in flow in a diverging



channel.



T  F 



(q) Boundary-layer separation is likely to occur in flow of a circular jet of



air normal to a flat plate (“stagnation flow”).



T  F 



(r) The total shaft weight that can be supported by a lubricant film in a



journal bearing increases with decreasing lubricant viscosity.



T  F 



(s) The addition of a surface-active agent to decrease the surface tension



of a liquid is likely to increase the instabilities in thin-film flow of the



liquid.



T  F 
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Chapter 9. Turbulent Flow



9.1 INTRODUCTION



TURBULENT fluid motion has been aptly described as “an irregular



condition of flow in which the various quantities show a random variation



with time and space coordinates, so that statistically distinct average



values can be discerned.”



A thorough understanding of turbulence has not been achieved to date,



and may never be attained in the foreseeable future. For this reason, the



subject is sometimes neglected in introductory fluid mechanics courses.



But this should not be the case, and we should not be discouraged from



trying to learn something about it, because—as nice as the solutions for



laminar flow are—turbulence is the more normal state of affairs in fluid



flow. To be sure, there are important cases in which the flow is indeed



laminar, and at least two fields come readily to mind: polymer processing



(typically with high viscosities) and microfluidics (with very tiny channel



dimensions). However, there are countless other situations involving



turbulence, such as gas flow in long-distance pipelines, liquid flow in heat



exchangers, blood flow in the heart, combustion of gases, many industrial



reactors, and so on.



We cannot resist the temptation of reproducing the famous quotation



recalled by Parviz Moin and John Kim : “The difficulty with turbulence



was wittily expressed in 1932 by the British physicist Horace Lamb, who,



in an address to the British Association for the Advancement of Science,



reportedly said, ‘I am an old man now, and when I die and go to heaven



there are two matters on which I hope for enlightenment. One is quantum



electrodynamics, and the other is the turbulent motion of fluids. And



about the former I am rather optimistic.’”



In this chapter, our goals will be:



1. To gain some understanding of turbulent flow in pipes, channels, and



jets.



2. To investigate the analogies between the turbulent transport of



momentum and thermal energy.



3. To learn more about how computational fluid dynamics (CFD) is



starting to allow us to tackle turbulence in more complicated situations by



the numerical solution of certain equations of motion. In particular, we



shall study the k–ε method, which deals with the production and



dissipation of turbulent kinetic energy. Although the method has some



limitations, its relatively easy implementation (by Fluent and COMSOL,



for example) does at least lead to plausible and useful results in many



instances.



The reader will already know that the Reynolds number, being a measure



of the relative importance of inertial effects to viscous effects, is an



important factor in determining whether turbulence is likely to occur or



not. At low Reynolds numbers, viscous effects dominate, and will dampen



out any small perturbations in the flow. But at higher Reynolds numbers



this is no longer the case, and the predominance of the nonlinear inertial



terms in the Navier-Stokes equations will lead to an amplification of



small perturbations. The consequence is that in addition to the general



trend of flow there will be superimposed eddies, being regions that are



typically rotating and hence have vorticity, behaving as little whirlpools.



For pipe flow, the eddies that are initially formed at the expense of



pressure energy are of a size that is the same order of magnitude as the



pipe diameter. But these larger eddies are themselves unstable and break



down into progressively smaller eddies, the general scheme being shown



in simplified form in Fig. 9.1.



Fig. 9.1. Simplified overall picture of the cascade process.



Although the energy per eddy is highest for the large eddies, there are so



many more of the smaller eddies that the total amount of mechanical



energy passed down the chain or cascade remains essentially constant.



But the process eventually terminates, when the eddies become so small



that their velocity variations occur over such short distances (known as



 J.O. Hinze, Turbulence—an Introduction to Its Mechanism and Theory,



McGraw-Hill, New York, 1959.



 Tackling Turbulence with Supercomputers, http://turb.seas.ucla.edu/



˜jkim/sciam/turbulence.html
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the Kolmorogov limit) that the resulting high-velocity gradients cause



viscosity to kick in and convert the mechanical energy into heat.



Mathieu and Scott, authors of an excellent and comprehensive



introduction to turbulence, state that the energy cascade from large to



small turbulent eddies was first postulated by Lewis F. Richardson.  And



it was in Richardson’s publication that he summarized his beliefs in the



famous lines:



Big whorls have little whorls, Which feed on their velocity; And little



whorls have lesser whorls, And so on to viscosity.



Although turbulence is more likely to occur at the higher Reynolds



numbers, it is also promoted by the shearing action of a solid surface, and



tends to be enhanced in the wake downstream of an object such as an



airplane wing or golf ball. But note that at moderate Reynolds numbers it



is possible to have a laminar flow that is unstable but cannot be classified



as turbulent. The last example in Chapter 13 shows how CFD can simulate



(with considerable accuracy) the flow past a cylinder at a moderate



Reynolds number of 100. In that event, the instability of the laminar flow



causes vortices to be shed alternately from opposite sides of the cylinder,



forming a Kármán vortex street. However, the vortices are generated in a



regular pattern and therefore do not satisfy the criterion of randomness or



chaotic behavior that characterizes turbulence.



Generally, turbulent flow occurs at sufficiently high values of the Reynolds



number, at conditions under which laminar flow becomes unstable and



the velocities and pressure no longer have constant or smoothly varying



values. For pipe flow, the general picture is that relatively large rotational



eddies are formed in the region of high shear near the wall, and that these



degenerate into progressively smaller eddies, in which the energy is



dissipated into heat by the action of viscosity.



To proceed, we recognize that turbulence is inherently a three-



dimensional phenomenon, and at any point P there will be fluctuations in



time of the three velocity components shown in Fig. 9.2.  It is first



necessary to introduce the concept of a time-averaged quantity, denoted



by an overbar, defined as the mean value of that quantity over a time



period T that is very large in comparison with the time scale of the



individual fluctuations. Thus,  is the time-averaged value of the x



velocity component, v .



Fig. 9.2. Fluctuating velocity components.



Then, at any point in space, we can think of the three individual velocity



components and the pressure at any instant of time as being given by:



Here,  etc. denote fluctuations from the mean values, and which may



change very rapidly—in a matter of milliseconds, as shown in Fig. 9.3; in



such event, a value of T equal to a few seconds would be appropriate for



the time averaging just described. This chapter generally deals with flows



such as those in pipes and jets that are steady in the mean—that is, these



time-averaged quantities do not vary with time; in other situations, they



may fluctuate slowly with time.



Fig. 9.3. Variation of instantaneous velocity v  with time t.
The fluctuations typically occur over a period of a few
milliseconds.



If the fluctuations shown in Fig. 9.3 could be examined under a succession



of increasingly powerful magnifying glasses, the fluctuations would not be



smooth and a certain amount of “fuzziness” would be seen, corresponding



to the continuously smaller eddies in the overall energy cascade. However,



a limit would eventually be reached (the Kolmorogov limit) when the



length scale is sufficiently small that the fluctuations do finally look



smooth.



By definition, the time averages of the fluctuations are zero, since—on the



average—they are equally likely to be above the mean or to fall below it:



Therefore, the time averages of the mean quantities are the mean



quantities themselves; for example:



The intensity of the turbulence is typically in the range given by:



 J. Mathieu and J. Scott, An Introduction to Turbulent Flow, Cambridge



University Press, 2000, p. 61. The following reference is given: L.F.



Richardson, Weather Prediction by Numerical Process, Cambridge



University Press, 1922.



x



 Nevertheless, useful information about turbulence can still be obtained



in situations that have just two coordinates of primary interest, such as r



and z that occur in pipe flow.
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in which the root-mean-square of the fluctuating velocity component is



defined as:



Time-averaged continuity equation



From Eqn. (5.52), the continuity equation with constant density is:



Now substitute the instantaneous velocity components from Eqn. (9.1)



and time average the entire equation. A representative term, and its



subsequent rearrangement, is:



Observe the four intermediate steps involved:



1. The time average of the partial derivative of a quantity equals the



partial derivative of the time average of that quantity.



2. The time average of the sum of two quantities equals the sum of their



individual time averages.



3. From Eqn. (9.3), the time average of a mean quantity, (v ) in this case,



is that mean quantity itself.



4. From Eqn. (9.2), the time average of a fluctuating component is zero.



Time averaging the other derivatives as well yields the time-averaged



continuity equation:



which is identical with the original continuity equation except that time-



averaged velocities have replaced the instantaneous velocities.



Time-averaged momentum balances



(The reader who is not interested in tedious derivations, or doesn’t have



time for them, can skip immediately from Eqn. (9.9) to the final result,



Eqn. (9.13).) The x momentum balance (for example) in terms of the



viscous stress components is, from Eqn. (5.72):



We again substitute the instantaneous velocity components from Eqn.



(9.1) and time average the resulting equation to give the time-averaged x



momentum balance. However, the following intermediate steps, relating



to the nonlinear terms on the left-hand side, are useful. First note that



these terms can be rewritten, with the aid of the continuity equation,



(9.6), as:



Eqn. (9.10) may also be proved by noting that the left-hand side can be



written as v · ∇v . The vector identity ∇ · v v = v ∇ · v + v · ∇v  = v · ∇v



for an incompressible fluid [see Eqn. (5.24)] leads directly to the right-



hand side of Eqn. (9.10).



Now substitute the instantaneous velocity components from Eqn. (9.1)



into the right-hand side of Eqn. (9.10) and time-average the result. We



now have to deal with the time averages of quantities such as 



.



Time-averaged in the usual way, these terms become:



which, with the aid of time-averaged continuity equation, (9.8), may be



rephrased as:



By replacing the time-averaged nonlinear terms on the left-hand side of



Eqn. (9.9) with those from Eqn. (9.12), the complete time-averaged x



momentum balance becomes:



Here, the time-averaged viscous shear stresses, such as , are based



in the usual way by Newton’s law on the time-averaged velocity profiles.



Observe that the time-averaged momentum balance is the same as the



original (instantaneous) momentum balance, except that:



1. Time-averaged values have replaced the original instantaneous values.



2. Additional stresses, known as the Reynolds stresses, have now



appeared on the right-hand side, and represent the transport of



momentum due to turbulent velocity fluctuations. A physical



interpretation of these stresses will be given in the next section.



Calculations for all but the lowest intensities of turbulence show that a



Reynolds stress such as  (the superscript



t denotes turbulence) is very much larger than its viscous or molecular



counterpart  (except very close to a wall), so the latter can be



ignored in most situations.



Time-averaged y and z momentum balances give similar results.
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Example 9.1—Numerical Illustration of a Reynolds Stress
Term



A short example will give a better understanding of a term



such as  that appears in a typical Reynolds



stress. For simplicity, consider a hypothetical situation in
which only “quantum” values of the fluctuating components



are permitted, and only allow each of  and  to have



values of either −1 (low) or 1 (high). Investigate the possible



values for . (A more elaborate investigation would



involve a statistical analysis of a continuous distribution of
velocities, but the main thrust would not differ significantly
from that in the present, more elementary, treatment.)



Solution



Table 9.1 shows three possibilities, two in which the



fluctuations  and  are correlated, and the other in



which they are independent of each other.



Table 9.1. Possible Values for Velocity
Fluctuations



Observe that in the first two cases, the time-averaged values 



 of the product are nonzero, being (1+1+1+1)/4 =



1 when the individual fluctuations move in concert with each
other (high values occur together, and so do low values), and
−1 when they are opposed to each other (a high value of one
occurs with a low value of the other). In the third example,
when the fluctuations are quite independent of each other,



the time-averaged value  is zero. The Reynolds



stresses are therefore only nonzero when there is a certain
degree of correlation between the fluctuations in the different
coordinate directions. Such correlations do tend to occur in
turbulent flow.



9.2 PHYSICAL INTERPRETATION OF THE REYNOLDS
STRESSES



The Reynolds stresses may also be understood by considering the



fragments of fluid, or “eddies,” that suddenly jump across a unit area of



the plane X–X due to turbulent motion, as shown in Fig. 9.4. Here, we are



considering two-dimensional flow with  and 



 (no overall motion in the y direction).



Fig. 9.4. Motion of an eddy upward across the plane X–X.



Observe that the instantaneous rate of transfer of x momentum in the y



direction, from below X–X to above it, is, per unit area:



This result is obtained by noting that the x momentum of the eddy is 



 per unit volume, and that the volume flux in the y



direction is simply the velocity . Hence, considering fluid crossing X–



X from either above or below, at all possible velocities, the time-averaged



rate of transfer of x momentum in the y direction, is, per unit area:



The conventional direction for shear stress is expressed in Fig. 5.12 and



also by the box in Fig. 9.4, so we need the rate of transfer of x momentum



from above X–X to below it—that is, in the negative y direction; the



resulting shear stress due to turbulent fluctuations must therefore include



a negative sign:



9.3 MIXING-LENGTH THEORY



Unfortunately, there is no universal law whereby the turbulent shear



stress of Eqn. (9.16) can be predicted, and it is necessary to resort to a



semitheoretical approach in conjunction with experimental observations.



Consider the rate of transport  of x momentum, whose time-averaged



value is  per unit volume, across the representative plane X–X



shown in Fig. 9.5. Suppose that this momentum is transferred from one



plane to another by a series of eddies that—on the average—move a



distance λ in the y direction and then suddenly lose their identity and mix



completely with the surrounding fluid.



Fig. 9.5. Transport of x momentum across the plane X–X.
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In more detail, there will be x momentum transport across unit area of X–



X by elements of fluid coming with velocities  from planes A–A and



B–B at distances λ from above and below X–X. Since  and λ have the



same sign for the same eddy (both are positive for the eddy from B–B and



both are negative for the eddy from A–A), the same equation holds in



either direction. Thus, we only need to consider the eddy traveling upward



from B–B.



Also note from Fig. 9.5 that if the value of momentum is  at the



midplane X–X, it will be less than this value at the lower plane B–B;



assuming that the gradient  is approximately



constant, the deficiency is . A total derivative is



used, it being assumed that the time-averaged velocity profile is fully



established.



Per unit area, the rate of turbulent transfer of x momentum from B–B



across X–X is:



As noted, Eqn. (9.17) holds equally well for the transfer in either direction.



The time-averaged net upward rate of transport, in the y direction, is



therefore:



But, by definition, . Also assume that the gradient 



 is constant over the region, giving:



in which the time-averaged quantity  is called the



eddy kinematic viscosity; the subscript T emphasizes a turbulent quantity.



To proceed further, we must transform  into



something more tractable. To start, it can be reexpressed as the product of



the RMS (root-mean-square) values of its individual components,



multiplied by a correlation-coefficient R:



Also consider the mechanism that causes a turbulent fluctuation  in



the x velocity component at the central plane X–X, noting that the curve



in Fig. 9.5 represents the time-averaged x velocity, . Clearly, the x



velocity is lower at the plane B–B than it is at the midplane X–X, by an



amount , also known as the velocity “deficiency.”



Thus, an eddy suddenly moving from B–B to X–X will also have an x



momentum deficiency, and will impart a negative “kick” to the x velocity



at the plane X–X. The resulting fluctuation will be proportional to the



velocity deficiency. Approximately, if α is a constant:



The same result will hold for an eddy traveling downward from A–A to X–



X, for in that case λ is negative and the fluctuation is positive. In terms of



RMS values:



Experimentally,  tends to be proportional to  —that is, the



velocity fluctuations are generally correlated with each other:



Here, the coefficient β would be unity for isotropic turbulence, in which



the intensity of turbulence is uniform in all directions.



From Eqns. (9.19), (9.20), and (9.23):



a result obtained by Prandtl in 1925, in which:



is the Prandtl mixing length.



Also note that the eddy kinematic viscosity can be expressed in terms of



the Prandtl mixing length and the velocity gradient:
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Similar analyses can be performed for the rates of turbulent transport of



heat and mass (the last typically for a single chemical species when others



are present). All results are summarized in Table 9.2, in which c  denotes



specific heat, and  and c are the time-averaged temperature and



species concentration, respectively. Since the shear stress conventionally



denotes a transfer of momentum in the negative y direction (see Section



9.2), there is a minus sign preceding ; however, heat and mass



transfer are conventionally taken in the positive y direction so no minus



sign is needed in these cases. Partial derivatives are used for the



temperature and concentration gradients because in a heat exchanger or



tubular reactor  and c would almost certainly vary both in the



transverse (y) direction and in the direction of the main flow.



Table 9.2. Summary of Relations for Turbulent Transport



Table 9.2 assumes that the eddy thermal diffusivity α  and the eddy



diffusivity D  are the same as the eddy kinematic viscosity ν , which is



true only as a first approximation. Section 9.13 explores the relation



between turbulent heat and momentum transport in more detail.



9.4 DETERMINATION OF EDDY KINEMATIC
VISCOSITY AND MIXING LENGTH



Note that the eddy kinematic viscosity can be determined fairly readily as



a function of position. For flow between parallel plates and for pipe flow,



momentum balances on the elements shown in Fig. 9.6 give:



Fig. 9.6. Shear stresses for (a) parallel plates, (b) pipe.



where y is here measured from the centerline. Here, the typically very



small laminar or viscous shear stresses 



and  have been ignored, but could easily



be retained if high accuracy is needed, especially near the walls. Since



pressure drops and hence pressure gradients can easily be measured, the



turbulent shear stress  or  can be deduced at any location.



Velocity profiles and hence velocity gradients such as  can



also be measured by means of a Pitot tube or laser-Doppler velocimetry.



The mixing lengthℓ and the eddy kinematic viscosity ν  are then obtained



from:



For both smooth and rough pipes, experiments show  that the ratio of the



mixing length to the pipe radius is given very accurately by:



which is plotted in Fig. 9.7. Note that as the wall is approached, l =0.4y,



which is the simplified result used in the Prandtl hypothesis. However, at



greater distances from the wall, the eddies have more freedom to travel



and a maximum value is reached at the centerline.



Fig. 9.7. Variation of dimensionless mixing length with
location.



Further, the experiments of Nikuradse in smooth pipes show the variation



of the dimensionless eddy kinematic viscosity is given approximately by:



and very accurately by:



p



T



T T



T



 See Eqn. (20.18) in H. Schlichting, Boundary Layer Theory, Pergamon



Press, New York, 1955.
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in which there is no term in (y/a) . The accurate correlation of Eqn. (9.31)



is plotted in Fig. 9.8.



Fig. 9.8. Variation of dimensionless eddy viscosity with
location.



Recall from Eqn. (9.28) that the eddy viscosity is given by the product of



the square of the mixing length and the magnitude of the velocity



gradient:



The shape of the curve in Fig. 9.8 is now easily explained. Moving away



from the wall, as l increases, the eddy viscosity also increases and indeed



reaches a maximum halfway to the centerline. Thereafter, the declining



velocity gradient is the dominant factor, and the eddy viscosity falls



significantly (but not quite to zero) as the centerline is reached.



9.5 VELOCITY PROFILES BASED ON MIXING-LENGTH
THEORY



The Prandtl hypothesis



Consider pipe flow, with axial coordinate z. The simplest model—that of



Prandtl—assumes a direct proportionality between the mixing lengthℓ and



the distance y from the wall, the argument being that the eddies have



more freedom of motion the further they are away from the wall. Also



assume a constant shear stress , equal to its value τ  at the wall,



which is strictly only true for a small interval near the wall:



Actually, Eqns. (9.33) and (9.34) are overestimates for both ℓ and ;



fortuitously, both overestimates will tend to cancel each other and give an



excellent result for the turbulent velocity profile! Note that for the



moment it is more expedient to work with y than r as the transverse



coordinate, hence the notation .



Mixing-length theory also gave the formula:



in which  is recognized as positive, since the time-



averaged velocity increases as the distance from the wall increases.  From



the above:



which integrates to:



in which c is a constant of integration. Experimentally, it is found,



perhaps rather surprisingly, that the velocity profile of Eqn. (9.37) also



holds in the central region of a pipe, with k . =0.4. Since ln y is fairly



insensitive to changes in y, Eqn. (9.34) predicts a fairly “flat” turbulent



velocity profile, in accordance with experimental observation.



Note that the logarithmic law cannot possibly hold very close to the wall,



because as y tends to zero, it gives an ever-increasing negative velocity,



and an ever-increasing velocity gradient.



Example 9.2—Investigation of the von Kármán
Hypothesis



Von Kármán proposed that the mixing length should be
proportional to the ratio of the first two derivatives of the
velocity:



in which k is a dimensionless constant. Investigate the merits
of this hypothesis and compare its predictions for the velocity
profile with that of Prandtl.



Solution



The Prandtl hypothesis expressed the mixing length in terms
of the distance from the wall. But turbulence can occur in a
region well away from a wall (in the upper atmosphere, to
take an extreme example), where the impact of the wall is
small—that is, where there is no obvious length scale on
which to base ℓ.



First, observe that the ratio of the first and second derivatives
of the velocity in Eqn. (E9.2.1) has indeed the desired
dimensions of length. Thus, an obvious advantage of the von
Kármán hypothesis is that it gives the mixing length in terms



w



 For the rest of the chapter, the designation “time-averaged” will be



dropped, it being assumed that any quantity with an overline is so



denoted.
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of the local behavior of the velocity profile, rather than relying
on the presence of a wall for the length scale.



From Eqns. (9.32) and (E9.2.1), again assuming near the



wall that :



which integrates to:



The constant of integration c  disappears if we assume that



the velocity gradient  becomes very steep



and approaches infinity at the wall, where y = 0. A second
integration gives:



which is identical with the result from Prandtl’s hypothesis.



A disadvantage of the von Kármán hypothesis is that it fails if 



 is zero, a situation that can quite



easily occur—for example, at the inflection points in the
velocity profiles of the turbulent jets discussed in Section
9.13.



Suppose that the more realistic shear-stress distribution for pipe flow, 



, where a is the pipe radius and r is



the distance from the centerline, is used in conjunction with the mixing-



length theory of Eqn. (9.29) and the von Kármán hypothesis of Example



9.2. A double integration, noting an infinite velocity gradient at the wall to



determine one constant of integration, gives:



in which  is the centerline velocity. For reasons already



given, this seemingly more sophisticated result is not as accurate as the



simpler law of Eqn. (9.34).



9.6 THE UNIVERSAL VELOCITY PROFILE FOR
SMOOTH PIPES



The logarithmic law of Eqn. (9.37) is now rephrased in terms of



dimensionless variables. First, define a dimensionless distance from the



wall, y , and a dimensionless velocity, , by:



in which ν is the kinematic viscosity. Equation (9.37) can then be



rewritten as:



or:



in which A is a constant of integration and B = 1/k. The quantity 



 known as the friction velocity and is given the symbol 



.



Equation (9.41) is known as the universal velocity profile, because it gives



exceptionally good agreement with experimental velocities over a very



wide range of Reynolds number for smooth pipes.  Experimentally, the



constants are A =5.5 and B =2.5, giving:



Of course, Eqn. (9.42) does not hold very close to the wall, where, by



integration of  in the laminar sublayer:



As shown in Fig. 9.9, the turbulent and laminar velocity profiles of Eqns.



(9.42) and (9.43) intersect at y  =11.63.



Fig. 9.9. The universal velocity profile.



To represent the experimental data of Nikuradse even better, particularly



in a buffer region between the laminar sublayer and the fully developed



turbulent core, von Kármán divided the complete velocity profile into



three regions:



1



 For example, see the velocities displayed on page 405 of Schlichting, op.



cit.
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Laminar sublayer:



Buffer region:



Turbulent core:



The following velocity profile, based on a theory of Sleicher and discussed



further in Problem 9.10, also gives an excellent fit of turbulent velocities



in the laminar sublayer and buffer regions:



9.7 FRICTION FACTOR IN TERMS OF REYNOLDS
NUMBER FOR SMOOTH PIPES



For the purposes of obtaining the total flow rate, and hence the mean



velocity, the logarithmic profile v  = A + B ln y  can be assumed to hold



over the whole pipe, because the laminar sublayer is so thin and



contributes virtually nothing to the flow. Thus, the mean z velocity is:



which can be shown by integration (see Example 9.3) to equal:



Thus, for the profile with A =5.5 and B =2.5 in Eqn. (9.46):



the integration gives:



Recall the Fanning friction factor, defined as:



in which  has the same meaning as u  used in Chapter 3. It



follows from Eqns. (9.50) and (9.51) that—based on the universal velocity



profile—the friction factor and Reynolds number are related by:



Experimentally, a law similar to Eqn. (9.52),



agrees with experiment for smooth pipes over a very wide range of Re



(from 5×10  up to at least 3.4 × 10  and probably beyond).



Example 9.3—Expression for the Mean Velocity



For the velocity profile given by 



, prove the



formula for the mean velocity given in Eqn. (9.49).



Solution



Noting the definitions of the dimensionless velocity and
distance from the wall, the given velocity profile can be
rewritten as:



The mean velocity v  is therefore:



Noting that  ln ydy = y ln y − y and y ln ydy =( 2/2) ln y
− ( 2/4), integration, of limits, and collection of terms gives:



which is the desired result.



9.8 THICKNESS OF THE LAMINAR SUBLAYER



The thickness of the laminar sublayer will be diminished as the Reynolds



number increases, because the more vigorous turbulent eddies approach



the wall more closely. For simplicity in the following analysis, ignore the



presence of the buffer region, and assume just a “two-piece” model, which



is needed for the Prandtl-Taylor analogy of Section 9.13.



Start with the known velocity profiles in the two regions, which are also



shown in Fig. 9.10:



Laminar sublayer:



Turbulent core:



Fig. 9.10. Velocity profiles in the laminar sublayer and part
of the turbulent core.
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The thickness δ of the laminar sublayer is now determined as a function of



the Reynolds number. At the junction between the two regions, the



velocities must match each other:



That is, the thickness δ of the laminar sublayer and the velocity v  at the



laminar sublayer/turbulent core junction are:



That is,



Although f  is given by Eqn. (9.53), a somewhat simpler relationship—of



admittedly more limited range (Re < 10 )—is the Blasius law:



From Eqns. (9.56) and (9.57), the ratio of the laminar sublayer thickness



to the pipe diameter is:



For a slightly different velocity-profile equation, the one-seventh power



law,



in which v  is the centerline velocity, the result is only marginally



different:



If representative values for the Reynolds numbers are substituted into the



above equations, they will show that:



1. The laminar sublayer is an extremely thin region, across which the



velocity builds up to a significant portion of its centerline value.



2. The thickness of the laminar sublayer decreases almost in direct



proportion to the value of the Reynolds number.



If a three-piece velocity profile is considered, as in Fig. 9.9, then the outer



edge of the laminar sublayer occurs at y  = 5, and the ratio δ/D becomes:



9.9 VELOCITY PROFILES AND FRICTION FACTOR
FOR ROUGH PIPE



In turbulent flow, the wall irregularities may or may not project through



the laminar sublayer. Depending on the extent of the wall roughness ε as



discussed in Section 3.4, three regimes may be delineated—each



supported by experiment— with differing dependencies for the friction



factor:



Hydraulically smooth pipe:



Transition state:



Completely rough pipe:



The turbulent velocity profiles in all three regions can be represented by:



in which the values of B and the corresponding velocity profiles, except for



the transition region, are:



Hydraulically smooth pipe:



Completely rough pipe:



For smooth pipe, we have already noted that Eqn. (9.68) is the universal



velocity profile. For completely rough pipe, Eqn. (9.69) is independent of



the pipe radius, and its validity is completely substantiated by



experiments over a very wide range of roughness ratios ε/D.



The Colebrook and White equation is consistent with the above



observations and represents the variation of the Fanning friction factor



zδ



F
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 See page 420 of Schlichting, op. cit., for experimental evidence.
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with the relative roughness and the Reynolds number over a very wide



range of roughnesses and (turbu-lent) Reynolds numbers:



9.10 BLASIUS -TYPE LAW AND THE POWER-LAW
VELOCITY PROFILE



Experimentally, for smooth pipe, provided that the Reynolds number is



no larger than 10 :



More generally, for other values of the Reynolds number:



But, by definition of the friction factor:



From Eqns. (9.71) and (9.72), elimination of the friction factor gives:



Now take a power-law velocity profile of the general form:



which gives, after suitable integration:



By equating exponents on the Reynolds number in Eqns. (9.74) and



(9.76):



For example, if n = 4, then m = 1/7, which is a familiar result, and is



shown in Fig. 9.11.



Fig. 9.11. One-seventh power-law velocity profile.



There is also another relation between c in the velocity profile and A in the



expression for f . Determination of either of these experimentally shows



that c =8.74, that is:



Solving for :



which can now be back-substituted into the expression for the wall shear



stress, Eqn. (9.73):



This last expression is analogous to the Blasius law, but now contains the



velocity  at a definite distance y from the wall. Note that it was used



for finding the thickness of the turbulent boundary layer in Section 8.5.



9.11 A CORRELATION FOR THE REYNOLDS
STRESSES



Fig. 9.12 shows how the total shear stress for flow in a pipe is the sum of



the viscous and turbulent contributions. Note that the turbulent or



Reynolds stress term dominates over most of the region, but declines



sharply to zero at the wall, whereas that the viscous term is the main



effect very close to the wall.



Fig. 9.12. A graph showing how the total shear stress is the
sum of the viscous and turbulent stresses. All quantities
shown are positive. (Not to scale.)



In recent years, S.W. Churchill and S.C. Zajic have proposed a valuable



alternative to mixing length and eddy viscosity correlations for flow in



simple geometries, and their approach concentrates instead on the



Reynolds stress term.



For pipe flow the starting point is the time-averaged z momentum



equation, similar to Eqn. (9.13). With the usual simplifications, there



F



 S.W. Churchill and S.C. Zajic, “Prediction of fully developed turbulent



convection with minimal explicit empiricism,” American Institute of



chemical Engineers Journal, Vol. 48, No. 5 (May 2002), p. 927.
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results:



The wall shear stress τ , which is traditionally taken to be a positive



quantity, is related to the pressure gradient by Eqn. (9.27):



Thus, separation of variables and integration of Eqn. (9.81) gives:



Since both integrands are zero at the lower limit, the result is:



But the viscous stress is given by 



, in



which y = a − r is the distance from the wall, giving:



Fig. 9.12 illustrates Eqn. (9.85) by showing approximately how the viscous



and Reynolds stresses vary, such that their sum equals the total stress.



Churchill and coworkers have developed an accurate correlation for a



quantity that they designate , namely 



, the fraction of the total stress that is



attributable to the Reynolds stress:



Here, the form and values of the coefficients have been chosen by a



variety of methods to give the best fit to available evidence.



The seemingly curious arrangements of the exponents comes directly



from an ingenious way of interpolating between two asymptotes or



limiting values, documented by Churchill and Usagi :



The functions y (x) and y (x) are arranged so that they dominate,



respectively, at the opposite extremes of the range of values of x, so that



y(x) is correctly represented at these extremes. The exponent p is chosen



to represent the data most accurately between these limits.



Churchill  points out that the primary purpose of the correlation of Eqn.



(9.86) is to provide predictions for  and  that are almost



exact. Starting from Eqn. (9.85), substituting for  from Eqn.



(9.86), noting that y = a − r, and rearranging, we have:



After expressing v  and y in dimensionless form, this differential equation



may be integrated successively to give the velocity profile and the mean



velocity, and hence—by a development similar to that in Section 9.7—the



friction factor.



An additional article by Churchill, Shinoda, and Arai gives an excellent



historical review of several correlative strategies for turbulent flow in



pipes.



 9.12COMPUTATION OF TURBULENCE BY THE K–ɛ 
METHOD



Mixing-length theory as presented in the first part of this chapter provides



a good explanation for turbulent velocities in a pipe, but suffers from two



insurmountable drawbacks as the basis for turbulent flow in more general



situations:



1. It essentially describes a local phenomenon. But turbulence at one



location could easily be influenced by convection currents from



turbulence upstream, or even downstream in the case of a recirculating



flow—as in the eddies for the orifice plate in Fig. 2.19 or the sudden



expansion in Fig. 2.21.



2. It cannot predict turbulent flow patterns for any new situation that



involves complex geometry.



Hitherto, mixing-length theory gave a turbulent velocity fluctuation, such



as , that was proportional to the mean velocity gradient, such as 



 in Eqn. (9.21). But Prandtl and Kolmorogov reasoned



that it would be more logical to relate quantities such as  and the



Reynolds stresses to a property of the turbulence itself . Two such



properties are:



1. The turbulent kinetic energy per unit mass of the fluctuating



components: ,



with dimensions L /T . In index notation, where summation is implied



for repeated subscripts, the kinetic energy can also be written as 



.



w



 S.W. Churchill and R. Usagi, “A general expression for the correlation of



rates of transfer and other phenomena,” American Institute of chemical



Engineers Journal, Vol. 18, p. 1121 (1972).
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 Private communication, April 2005.
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 S.W. Churchill, M. Shinoda, and N. Arai, “An appraisal of experimental,



predictive, and correlative contributions to fully developed turbulent flow



in a round tube,” Thermal Science & Engineering, Vol. 10, No. 2 (2002).
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2. The turbulent dissipation rate ε of this kinetic energy, with dimensions



L /T .



Recall from Example 5.9 the vector form of the three momentum balances



for a fluid of constant density but variable viscosity:



For turbulent flow, the Reynolds stresses can be included by enhancing



the molecular viscosity μ with the turbulent eddy viscosity ρν . Bearing in



mind that the time-averaged velocity  and pressure  are now



involved, we have:



in which the continuity equation has been included for completeness.



The k–ε method asserts that the eddy kinematic viscosity at any point



should depend only on k and ε at that point. Since ν  has dimensions



L /T, it follows that:



in which C  is the first of five adjustable coefficients.



We are then faced with the problem of how to compute k and ε as



functions of time and position. Starting from the time-averaged equations



of motion, and also considering the rate of dissipation of energy by



viscous action, a long and involved derivation, with a small amount of



empiricism, leads to the transport equation for the kinetic energy. The



reader who wishes to learn the details of this and/or related matters, is



referred to a number of sources.  Here, we only really need the



final transport equation for the turbulent kinetic energy:



Largely by analogy—that is, with less rigor—a similar equation governs



variations of the dissipation rate:



The five model constants have been chosen so that the k–ε method gives



predictions that conform reasonably well with experiments:



The k–ε method is implemented by solving Eqns. (9.90a), (9.90b), (9.92),



and (9.93) simultaneously—a daunting task indeed, and one that must be



performed by the digital computer. An additional problem occurs in that



the equations either start to break down in the viscous layer next to a



boundary wall, or would need an impossibly fine mesh in the wall region



to achieve accurate results. One approach, implemented by COMSOL, is



to assume (quite reasonably) that the velocity component parallel to the



wall is a logarithmic function of the distance from the wall, as in the



universal velocity profile. If needed, complete details can be found in one



of the COMSOL manuals.



Two examples of software for implementing the method are presented in



this book—COMSOL (based on the finite-element method) in the present



chapter and Fluent (based on the finite-volume method) in Chapter 13. As



with all simulations, the user should at least ponder—do the results



appear reasonable or not? Certainly, even though it gives reasonably good



results in many circumstances, we should have no illusion that the k–ε



method can completely solve all turbulent-flow problems.



Example 9.4—Flow Through an Orifice Plate (COMSOL)



Use COMSOL to investigate the flow pattern in a short
segment of pipe that contains an orifice plate, as presented in
Fig. 2.19. The fluid is water, with density ρ =62.4lb /ft  and
kinematic viscosity ν =1.077×10 5 ft /s. The dimensions in
feet represented in Fig. E9.4.1 are L =0.5, D =0.1, and b
=0.1. The dimensions of the intrusion representing the orifice
plate are given in Steps 5–7 below. The axial inlet velocity is
uniformly v  = 1.0 ft/s (with zero radial velocity u ),
corresponding to a Reynolds number of 9,285, well in the
turbulent-flow region even upstream of the orifice plate. The
exit pressure is zero.



Fig. E9.4.1. Geometry of an orifice plate in a
pipe.



Make diagrams of the following:



1. The finite-element mesh.



2. Streamlines (time-averaged, as for all subsequent values).



3. Surface plots for velocity magnitudes and turbulent
kinematic viscosity, kinetic energy, and logarithm of the



T



T



μ



 B.E. Launder and D.B. Spalding, Lectures in Mathematical Models of



Turbulence, Academic Press, London, 1972.



 H. Tennekes and J.L. Lumley, A First Course in Turbulence, The MIT



Press, Cambridge, MA, 1972.



 P.A. Libby, Introduction to Turbulence, Taylor & Francis, Washington,



D.C., 1996.



 P.A. Durbin and B.A. Petterson Reif, Statistical Theory and Modeling



for Turbulent Flows, Wiley & Sons, Ltd., Chichester, 2001.



 J. Mathieu and J. Scott, An Introduction to Turbulent Flow, Cambridge



University Press, Cambridge, 2000.



 For example, COMSOL Documentation in the Help pull-down menu



when running COMSOL Multiphysics.



m



inlet 0



2 3



2



13, 14, 15, 16, 17



13



14



15



16



17



18



18



3



− 2



⬆











dissipation rate.



Solution



See Chapter 14 for more details about COMSOL
Multiphysics. All mouse-clicks are left-clicks (the same as
Select) unless specifically denoted as right-clicks (R).



Select the Physics



1. Open COMSOL and L-click Model Wizard, 2D
Axisymmetric, Fluid Flow (the little rotating triangle is called a
“glyph”), Single Phase, Turbulent Flow, Turbulent Flow k–ε,
Add. Note that COMSOL uses the symbols u, v, w for the
velocity components, k for the turbulent kinetic energy, and
ep for the turbulent dissipation rate.



2. L-click Study, Stationary, Done.



Define the Parameters



3. R-click Global Definitions and select Parameters. In the
Settings panel to the right of the Model Builder panel enter
the parameter rho1 in the Name column and 62.4 [lb/ft ] (as
lb/ft^3) in the Expression column. Similarly, enter the
kinematic viscosity nu1 as 1.077e-5 [ft /s] and the inlet
velocity, Vinlet, as 1.0 [ft/s]. Note the automatic conversion to
SI units.



Establish the Geometry



4. R-click Geometry and select Rectangle. Enter the values
for Width and Height as 0.05 [ft] and 0.5 [ft]. Note the default
setting is based on the lower left corner being at (0,0). L-click
Build Selected.



5. R-click Geometry and select Rectangle. Enter the values
for Width and Height as 0.02 [ft] and 0.01 [ft]. Change the
coordinate (r, z) of the lower left corner to 0.03 [ft] and 0.1 [ft].
L-click Build Selected.



6. R-click Geometry and L-click Boolean and Partitions,
Difference. Select the object to add by L-clicking the large
rectangle. Activate the Objects to subtract by L-clicking the
On/Off toggle and selecting the small rectangle by L-clicking.
L-click Build Selected.



7. R-click Geometry and select Circle. Enter 0.005 [ft] as the
Radius and change the r and z values of the center to 0.03
[ft] and 0.105 [ft]. L-click Build Selected.



8. R-click Geometry and L-click Boolean and Partitions,
Difference. Select the object from Step 6 by L-clicking it, to
add it to the Objects to add. Activate the Objects to subtract
by L-clicking the On/Off toggle and selecting the circle by L-
clicking. L-click Build Selected.



Define the Fluid Properties



9. R-click the Materials node within Component 1 and select
Blank Material. Note that the new material must have the
required material parameters that we desire. Enter the
parameters rho1 and nu1*rho1 as the values for Density and
Dynamic viscosity. Click Turbulent Flow k-ε and then the
Equations glyph under Settings, to see the equations being
solved.



Define the Boundary Conditions



10. Select the Wall 1 and Axial Symmetry 1 nodes in the
Turbulent Flow k-ε tree and inspect the corresponding
boundaries in blue. Note the default wall boundary condition
is Wall Functions.



11. R-click Turbulent Flow k-ε and select Inlet to define an
inlet boundary condition. L-click to select the lowest edge,
which is the inlet. Change the value for U  to Vinlet.



12. R-click Turbulent Flow k-ε and select Outlet to define an
outlet boundary condition. L-click to select the top edge,
which is the outlet. Note the default is Pressure outlet and the
reference pressure is zero.



Create the Mesh and Solve the Problem



13. L-click the Mesh node and note the Element size is
Normal. L-click Build All. R-click Mesh, Statistics, and note
there are 18,078 elements.



14. R-click Study 1 and select Parametric sweep. In the
Settings panel, locate the Study settings. At the bottom of the
Parameter definition, L-click the plus icon to add a parameter
to the study. You can now use the drop-down box to select
nu1 . Enter the values 1.077e-3, 1.077e-4, 1.077e-5, in the
parameter list and set the parameter unit to ft^2/s (note:
brackets must not be used here—they will lead to an error
notice). As a result, COMSOL will start with an artificially high
viscosity (100 times its true value) in order to dampen out any
instabilities, and then approach the solution by gradually
decreasing the viscosity until its true value is reached. The
intermediate value 1.077e-4 means that the current solution
at that stage (when the viscosity is 10 times its true value) will
be saved and will be available for eventual plotting if needed.



15. R-click the Study node and select Compute. You can
watch the progress of the solution by clicking on the Progress
button under the Graphics window. Observe that there are
51,820 degrees of freedom—that is, the number of unknowns
in the simultaneous nonlinear equations being solved
(including any Dirichlet boundary conditions). The solution
took about five minutes on the author’s Mac Book Pro
computer. (For a similar solution using the “Coarse” mesh,
there were 9,702 elements and 29,585 degrees of freedom,
and the solution took about one minute.)



Explore the Solution, Starting with the Mesh



16. R-click Results and L-click 2D Plot Group. In the Settings
window, select the final parameter of interest for the value of
nu1 , i.e. 1.077e-5 in the Data section.



17. R-click the new 2D Plot Group 5 and L-click Mesh. Set
the Element color to White. The mesh will probably appear
without clicking on Plot.



Streamlines



18. R-click Results and L-click 2D Plot Group.



19. R-click the new 2D Plot Group 6 and L-click Streamline.
In the Settings window, note the correct velocity components
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u and w are selected. Change the Positioning to Start point
controlled. Again, the plotting will probably be automatic.



Turbulent Kinematic Viscosity, Kinetic Energy, and
Dissipation Rate



20. Right-click Results and L-click 2D Plot Group.



21. Right-click the new 2D Plot Group 7 and L-click Surface
7. In the Settings window, change the Expression being
plotted by L-clicking the Expression Builder (triangular
glyphs) to the far right of Expression (see Fig. E11.3.5) and
L-click Component 1, Turbulent Flow k-ε, Turbulence
variables, spf.nuT—Turbulent kinematic viscosity. L-click Plot.
Alternatively, you could simply have entered the name
spf.nuT (where spf denotes single-phase flow).



22. Study the plot and change the Expression to Turbulent
Kinetic Energy, either using the Expression Builder or by
simply using the name k.



Fig. E9.4.2. (a) Finite-element mesh (extra-
coarse, for clarity—normal was used for the
actual solution), (b) streamlines (with arrow
showing the general direction of flow), and (c) a
surface plot showing the magnitudes of the
velocity. The abscissas and ordinates give
distances in meters.



23. Again study the plot and change the Expression to
log(ep), the logarithm to base e of the dissipation rate, which
will enable a better overall representation of the areas with
the lower values of ep (the high value of which is very largely
concentrated at the tip of the orifice plate).



Pressure Cross-Plot



24. Create a data set along the axis of symmetry. R-click
Data Sets within the Results tree and select Cut Line 2D. In
the Settings window, enter the values (0.0, 0.0) and (0.0,
0.5), each number being followed by [ft], for Points 1 and 2.
L-click Plot near the top of the Settings window to display the
cut line.



25. R-click Results and L-click 1D Plot Group. In the Settings
window, L-click the dropdown dialog and change the data set
to Cut Line 2D 1. Make sure that you select the correct
parameter value for nu1 , by changing the Parameter
selection to Last.



26. R-click the 1D Plot Group 8 and select Line Graph. In the
Settings window, change the Expression to Plot to pressure
p. In the Coloring and style section, change the Color to
Black. L-click Plot.



Fig. E9.4.3. Surface plots of (a) turbulent
kinematic viscosity ν  , (b) turbulent kinetic
energy k, and (c) log  (logarithm to the base e)
of the turbulent dissipation rate ep. Arrows
show the general direction of flow. The
abscissas and ordinates give distances in
meters.



Discussion of Results



Fig. E9.4.2



(a) The “normal” finite-element mesh was used for the
calculations, but is too fine to show any detail if reproduced
here. Instead, we display an “extra coarse” mesh, containing
3,281 elements. Observe that COMSOL concentrates the
elements near the walls, and especially at the orifice plate. It
is in these locations that the highest velocity gradients will be
encountered.



(b) The streamlines represent the time-averaged motion, and
not the paths taken by the water. Observe the contraction
through the orifice and the very substantial recirculating eddy
in the “backwater” just downstream of the orifice plate.



(c) The surface plot shows the magnitude of the velocity.
Since some of the information from the original color is lost in
black-and-white, we have added boxes that show general
trends of values. Either by observing the original color bar at
the right, or clicking on various parts of the diagram, the
highest velocity is found to occur on the centerline, a little
downstream from the orifice (0.05 m or about 0.16 ft from the
inlet), with a value of about 1.48 m/s or 4.85 ft/s, which
compares with the inlet velocity of 1.0 ft/s.



Fig. E9.4.3
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Here, we present three more surface plots, perforce reduced
from color to black-and-white, but with added labels that
show relative magnitudes. In each case, there is a “plume”
emanating from the orifice, in which the turbulent effects are
greatly enhanced.



(a) In the plume, the turbulent (kinematic) viscosity, ν  ,
continues to increase in intensity all the way to the exit. The
maximum value of ν  is about 5.9×10 3, almost 550 times the
molecular kinematic viscosity. The values can be placed in
perspective by noting that ν  = C k /ε, and comparing ν  with
k and ε from the turbulent kinetic energy (k) and dissipation
(ep) figures.



(b) The turbulent kinetic energy first continues to increase
along the plume, but has subsided considerably by the time
the flow reaches the exit.



(c) The turbulent dissipation rate is extremely high at the
orifice plate, and indeed its value there completely
overshadows its value at all other locations. On a linear plot,
there is an extremely high spot at the orifice plate, but low
everywhere else. A much better ides of the distribution can
be obtained by plotting the logarithm (to base e) of ε, log(ep),
as shown here. Note that the general distribution is roughly
the same as that of the turbulent kinetic energy, but that it
decays somewhat faster.



Fig. E9.4.4



Here, we see a cross-plot of the pressure along the
centerline, from inlet to exit. As the velocity increases from
1.0 to about 4.85 ft/s, there is—from Bernoulli’s equation—a
sharp but smooth reduction in pressure as the vena contracta
is reached at z . = 0.13 ft. Thereafter, as some kinetic energy
is converted back to pressure energy, there is some recovery
of pressure as the exit is approached, in agreement with the
macroscopic analysis on page 87.



Fig. E9.4.4. Variation of pressure from 720 Pa at
the inlet to zero at the outlet. The abscissa is
the distance from the inlet (m).



Example 9.5—Turbulent Flow in an Obstructed U-Duct
(COMSOL)



Fig. E9.5.1. Flow of jets into a channel. The axes
are in meters.



Problem Statement



Consider the duct in the x/y-plane shown in Fig. E9.5.1, in
which the dimensions are in meters, and which extends
indefinitely normal to the plane of the diagram. Two reacting
gases, each with density ρ = 1.18 kg/m  and kinematic
viscosity ν = 1.83 × 10 5 m /s, enter at the top left with
velocities V  = 30 m/s and V  = 10 m/s, and leave at the
bottom left at zero pressure.



(a) Calculate the Reynolds number (based on the channel
width of 0.4 m after the gases have mixed) and verify that the
flow is likely to be turbulent (Re > 5,000, say).



(b) If the flow is indeed turbulent, use COMSOL to solve the
problem using the k–ε method.



(c) Construct the following plots and comment on them:



1. Velocity magnitude.



2. Turbulent kinematic viscosity.



3. Pressure.



4. Logarithm of the turbulent kinetic energy.



5. Logarithm of the turbulent dissipation rate.



6. Arrows that show the velocity vectors.



7. Streamlines.



Solution



Chapter 14 has more details about running COMSOL
Multiphysics. All mouse clicks are left-click (the same as
Select), unless specifically denoted as R-Click.



check the Reynolds Number



Note that the width of each inlet is 0.1 m and the width after
mixing is W = 0.4 m. The mean velocity after mixing is
therefore 



. Thus, the Reynolds number is 



, highly turbulent.



Select the Physics



1. Open COMSOL and L-click Model Wizard, 2D, Fluid Flow
(the little rotating triangle is called a “glyph”), Single Phase,
Turbulent Flow, Turbulent Flow k–ε, Add. L-click Study,
Stationary, Done.



Define the Parameters
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2. R-click Global Definitions and select Parameters. In the
Settings window to the right of the Model Builder enter the
parameter rho1 in the Name column and 1.18 [kg/m ] (as
kg/m^3) in the Expression column. Similarly, enter the
kinematic viscosity nu1 as 1.83e-5 [m /s] and the two inlet
velocities, V 1 and V 2, as 30 [m/s] and 10 [m/s], respectively.
For later convenience, define the dynamic viscosity mu1
using the expression nu1 * rho1.



Establish the Geometry



3. Create the geometry using simple rectangles and Boolean
operations. Right-click Geometry 1 and select Rectangle to
create the rectangle r1. Enter the values for Width and Height
as 4 [m] and 1 [m]. Note the default position is based on the
lower left corner being located at (0,0). The units may be
omitted because the default is [m]. L-click Build Selected.



4. Similarly, create the following four rectangles with width,
height, and base combinations: r2, Size (3.5, 0.2), Base (0.0,
0.4); r3, Size (0.5, 0.2), Base (0.0, 0.7); r4, Size (0.5, 0.2),
Base (1.5, 0.2); and r5, Size (0.5, 0.2), Base (2.5, 0.0). L-click
Build All.



5. Form the final geometry. R-click Geometry and L-click
Boolean and Partitions, Difference. Select the largest
rectangle, r1, by L-clicking it and note that it appears under
Objects to add. Activate the Objects to subtract by L-clicking
the On/Off toggle and select the remaining embedded
rectangles, r2 through r5, to include them under Objects to
subtract. L-click Build Selected. Define the Fluid Properties



6. R-click the Materials node within Component 1 and select
Blank Material. Enter rho1 and mu1 as the values for Density
and Dynamic viscosity. Define the Boundary Conditions



7. Select the Wall 1 node in the Turbulent Flow k–ε tree and
inspect and note that the default wall boundary condition is
Wall functions. R-click Turbulent Flow k–ε and select Inlet to
define the first inlet boundary condition, Inlet 1. L-click to
select the highest left edge (#7), which is Inlet 1. Change the
value for U  to V 1. Similarly, add the second inlet boundary
condition, Inlet 2, by selecting the next lower edge (#4) and
setting U  to V 2.



8. Define the zero-pressure outlet condition. R-click Turbulent
Flow k–ε and select Outlet to define an outlet boundary
condition. L-click to select the lowest left edge (#1), which is
the outlet. Note the default is Pressure outlet and the
reference pressure is zero. Additionally, ensure the Suppress
backflow is deselected and Normal flow is selected. Click
Turbulent Flow k–ε and then the Equations glyph under
Settings, to see the equations being solved.



Create the Mesh and Solve the Problem



9. L-click the Mesh node and set the Element size to Fine,
which is a reasonable starting size for the mesh. L-click Build
All and use the graphics function to zoom and inspect the
default boundary layer mesh. The image may be moved
around by “grabbing” it while holding the Control key down.
After a R-click on Mesh 1, note under Statistics that there are
36,886 elements—and 137,685 degrees of freedom
(unknowns) to be solved.



10. Following the recommendations in “Wall Functions” on
page 744, modify the boundary-layer mesh. Within the Mesh
node, under Settings, change the Sequence type to User-
controlled mesh, allowing custom setting for the boundary
layer mesh. Note that the original mesh setting in the
previous step is propagated to the present user settings.
Expand the Boundary Layers node by L-clicking on the glyph
to its left and L-click Boundary Layer Properties. Change the
Number of boundary layers, Boundary layer stretching factor,
and Thickness adjustment factor to 8, 1.1, and 1,
respectively, as shown in Fig. E9.5.2. This will produce a
boundary mesh with reasonable wall lift-off in viscous units.
L-click Build Selected.



Fig. E9.5.2. Entries for Boundary Layer
Properties.



11. Save the model file periodically.



12. R-click the Study node and select Compute. This will take
more time to solve than other examples. Above the Graphics
window, L-click the Convergence Plot tab to watch the
solution convergence (466 s for the author’s computer),
resulting in a surface plot of the velocity magnitude.



13. Inspect the default results for this physics. Particularly
note the default Wall Resolution plots and refer to the
explanation on page 744. Construct the Necessary Plots



14. Make a surface plot to inspect solution variables. R-click
Results and L-click 2D Plot Group. R-click the new 2D Plot
Group 4 and L-click Surface. In the Settings window, change
the Expression being plotted by L-clicking the Expression
Builder (the little triangular glyph) at the right of Expression
and Left-click Component 1, Turbulent Flow k–ε, Turbulence
variables, spf.nuT - Turbulent kinematic viscosity. L-click Plot.



15. R-click Results and L-click 2D Plot Group. R-click the
new 2D Plot Group 5 and L-click Surface. In the Settings
window, replace the Expression with the variable p, which is
pressure. L-click Plot.



16. Repeat Step 15 using 2D Plot Group 6 and log(k), the
logarithm of the turbulent kinetic energy (which gives a better
overview than k itself). L-click Plot (not shown here).



17. Repeat Step 15 using 2D Plot Group 7 and log(ep), the
logarithm of the turbulent dissipation rate (which gives a
better overview than ep itself). L-Plot.



18. Create an arrow plot to visualize flow direction. R-click
Results and L-click 2D Plot Group 8. R-click the newly
created plot group and L-click Arrow Surface. L-click Plot to
update the vector scene. Note that the default arrow
resolution is too low to visualize the flow. In the Settings
Panel, modify the number of x and y grid points to be 40. L-
click Plot to update the scene.



19. Display the streamlines. R-click Results and L-click 2D
Plot Group 9. R-click the new 2D Plot Group and L-click
Streamline. Several recirculation zones in this example
present an issue for defining the streamline starting positions.
So, change the Positioning option in the Streamline
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Positioning section of the Settings panel to Uniform density.
Change the Separating distance to 0.01. L-click Plot.



Display of Results and Comments



Fig. E9.5.3. Streamlines showing the time-
averaged motion. The faster-moving upper jet
entrains the slower-moving lower jet and also
creates two clockwise-rotating vortices (C). In
the bottom part, there is a slower-moving vortex
immediately after each “step”—A (counter-
clockwise) and B (clockwise).



Fig. E9.5.4. Arrow plot. The fast-moving upper
jet spreads out and decelerates as its
momentum is transferred in the transverse
direction by turbulence. The higher velocities
are at A (incoming upper jet) and B and C
(constricted areas).



Fig. E9.5.5. Velocity magnitudes. In the original,
the color bar at the right ranges from low (blue)
to high (red). The very high values occur as the
upper jet comes in at A, and also at the two
constricted areas at B and C.



Fig. E9.5.6. Turbulent kinematic viscosity ν  .
The very high values occur well downstream
from the inlet and the two lower constrictions.
The highest value of the turbulent kinematic
viscosity is about 0.170 m /s, some 9,290 times
the molecular kinematic viscosity ν =1.83 × 10 5
m /s.



Fig. E9.5.7. Logarithm of the turbulent
dissipation rate ε, very low for the slow-moving
entrance lower jet A, and very rapidly
increasing as the flow impinges against the
sharp corners at B and C. If ε (and not its
logarithm) were plotted, the two high areas
would dominate and everything else would
appear quite low and uniformly indistinct in
comparison.



Fig. E9.5.8. Pressure distribution, naturally high
at the inlet and low at the exit. The stream
stagnates at the two corners marked A,
resulting in very high pressures at those
locations. Because of the reduced area for flow
at B and C, the fluid accelerates and there is a
reduction of pressure because of the Bernoulli
effect. Near the exit, there is a deceleration and
the pressure recovers somewhat.



9.13 ANALOGIES BETWEEN MOMENTUM AND HEAT
TRANSFER



The fact that turbulent eddies can transport heat and mass as well as



momentum has already been mentioned in Section 9.3. The question then



arises—for example—can an experimental observation on momentum



transport be used to make a prediction about heat transfer? The answer,



as we shall see, is yes, provided that a realistic model is used.



The Reynolds analogy



Fig. 9.13 shows the simplest model, used in the Reynolds analogy, in



which idealized turbulent eddies are constantly moving in both directions



between the turbulent “core,” or mainstream, and the walls of the



containing duct or pipe. Let m denote the mass flux (mass per unit time



per unit area) of such motion in either direction. The rate of transport of z



momentum from the mainstream to the wall is , where 



 is the mean velocity in the mainstream; in the reverse direction



it is , since the velocity  at the wall is zero.



The difference between these two rates of transport corresponds to a net



shear force exerted by the fluid on the wall:



Net rate of momentum transport:



Fig. 9.13. Momentum and heat transport by turbulent
eddies.



By the same token, the rate of heat transport from the mainstream to the



wall is , where  is the mean temperature in the



mainstream and c  is the specific heat; in the reverse direction it is 
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. The difference between these two rates of transport



corresponds to a net heat flux from the mainstream to the wall:



Net rate of heat transport:



The unknown mass flux m is conveniently eliminated from Eqns. (9.95)



and (9.96):



Division by  gives:



But the first group is just half the Fanning friction factor, f /2 ; from the



definition of the heat-transfer coefficient, h, we can also substitute 



, giving: 1 2



in which St is a dimensionless group known as the Stanton number.



Note that each of the dimensionless groups in Eqn. (9.99) has a ready



physical interpretation. The friction factor measures the ratio of the



overall momentum transport (to the wall) to inertial effects in the



mainstream; and the Stanton number indicates the relative importance of



the overall heat transport (to the wall) to convective effects in the



mainstream. In effect, the Reynolds analogy simply states that these two



ratios are identical, because the same basic model has been assumed for



both momentum and heat transfer.



Prandtl-Taylor analogy



An obvious refinement to the Reynolds analogy, which is employed in the



Prandtl-Taylor analogy, is to insert between the wall and the eddies a



laminar sublayer, of thickness δ, in which turbulent effects are negligible,



momentum transport being determined by viscous action and heat



transport being controlled by thermal conduction. Referring to the



general scheme and notation shown in Fig. 9.14, and assuming linear



velocity and temperature variations in the very thin laminar sublayer, the



two transport rates are now:



Net rate of momentum transport:



Net rate of heat transport:



Fig. 9.14. Addition of a laminar sublayer to the turbulent
mainstream.



Either of these last two pairs of equations can be divided by the other in



order to eliminate both δ and m. Either  or  can then be



eliminated from the remaining two equations, the former being preferred



since little is known about it. Several lines of algebra, including the



manipulations already seen in the Reynolds analogy, lead to:



Observe that for Pr = 1, the Prandtl-Taylor analogy simplifies to the



Reynolds analogy. Further, from Eqns. (9.61) and (9.62), the required



velocity ratio can be shown to be:



Further refinements may be made by inserting a buffer region between



the turbulent mainstream and the laminar sublayer. Mass transfer may



also be included in the analogies.



Example 9.6—Evaluation of the Momentum/Heat-Transfer
Analogies



Investigate the merits of the Reynolds and Prandtl-Taylor
analogies by comparing their predictions for the Nusselt
number Nu = hD/k against those obtained from the well-
known Dittus-Boelter equation, a correlation that is based on
experimentally determined heat-transfer coefficients in
smooth pipe:



Solution



1. Reynolds analogy. For simplicity, use the predictions of the
Blasius equation for the friction factor, which holds over a
fairly wide range of Reynolds numbers:



A combination of Eqns. (9.99) and (E9.6.2) gives:
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Multiplication of both sides by 



and rearrangement leads to:



or:



in which the definitions of the Nusselt and Prandtl numbers
have been recognized. Thus, we now have a basis for
predicting the heat-transfer coefficient h via the Nusselt
number. For a representative Reynolds number of Re =
50,000, Table E9.6 gives in the column “RA” (Reynolds
analogy) values of Nu from Eqn. (E9.6.5) for three different
Prandtl numbers. Note also the column “DB”, which gives
values for Nu from the well-known Dittus-Boelter equation,
(E9.6.1), representative of experimental values:



Table E9.6. Nusselt Numbers at Re = 50,000



Observe the outstanding agreement at Pr = 1 between the
prediction of the Reynolds analogy and the essentially
experimental value given by the DittusBoelter equation. Note
also the significant differences between the two for Pr = 0.5
and 2. The essence of this discrepancy may be found by
reexpressing the Prandtl number as:



in which ν and α are the kinematic viscosity and thermal
diffusivity, respectively. These last two represent the rates at
which momentum and heat diffuse through a fluid by
molecular action—factors that are completely ignored in the
Reynolds analogy.



2. Prandtl-Taylor analogy. By similar arguments, if the Blasius
equation is again assumed for the friction factor, the Prandtl-
Taylor analogy of Eqn. (9.102) yields:



in which the velocity ratio is given in Eqn. (9.103).



The Nusselt numbers predicted from Eqn. (E9.6.8) can also
be evaluated, three representative values being given in the
last column of Table E9.4. Note that the agreement with the
Dittus-Boelter values is now much improved for both Pr = 0.5
and 2, thus illustrating the success of the more realistic
Prandtl-Taylor analogy.



9.14 TURBULENT JETS



The previous sections in this chapter have discussed turbulence in which



the presence of a wall exerted a profound effect on the flow pattern. It is



possible to extend the ideas developed so far to the situation of free



turbulence, essentially unaffected by such confining boundaries. Two



situations are of general interest:



1. The turbulent jet, in which fluid issues from a narrow constriction, to



form a turbulent plume of ever-increasing breadth and decreasing



velocity.



2. The turbulent wake behind a stationary nonstreamlined object situated



in a fluid stream (or an object that is moving in an otherwise stagnant



fluid). Again, the wake gradually broadens out downstream.



To a first approximation, both the jet and the wake share five important



features in common with the boundary layers discussed in Chapter 8:



1. The flow is primarily in one principal direction, corresponding to the



axis of the jet.



2. There is a region of turbulence whose extent gradually increases in the



downstream direction.



3. The derivatives of the velocities are considerably larger in the direction



trans-verse to the jet or wake than they are in the principal direction of



flow.



4. An order-of-magnitude analysis can be used to simplify the equations



of motion.



5. In some cases, the solution is facilitated by introducing a stream



function.



Under these circumstances, the arguments extended in Section 8.3 for the



simplification of the equations of motion still apply, except of course that



time-averaged velocities must now be used. There are two further



modifications: (a) a turbulent shear stress must be used instead of the



viscous stress, and (b) the pressure is essentially constant, apart from a



region immediately behind the object in the case of the wake. Only the



turbulent jet will be studied here, because it is of greater interest to



chemical engineers who are concerned with the rate at which two



reactants (represented by the jet and its environment) interact with each



other. Two types of jets will be considered:



1. A jet issuing from a long slot—the plane turbulent jet.



2. A jet issuing from a small circular orifice—the axisymmetric turbulent



jet.



The plane turbulent jet



⬆











First, consider flow in the x/y plane, in which Fig. 9.15 shows fluid issuing



to the right from a narrow slotlike opening into a “sea” of fluid in which



the pressure is constant. The flow rate is sufficiently high so that the jet is



turbulent, and its half-width b increases in the x direction, linearly as it



transpires, although this is not assumed a priori. The more usual, but



theoretically somewhat more complicated case, of axisymmetric flow will



be discussed later. The simplified equations of motion are:



Fig. 9.15. Plane turbulent jet (the broadening effect is
exaggerated).



Note the absence of any time derivative—that is, the flow is “steady in the



mean.” Also, because the pressure is constant and there is no external



force to modify it, the rate of momentum transfer per unit depth in the x



direction, , must be constant:



Next, consider the turbulent shear stress, for which two treatments are



possible, depending on the representation of the eddy kinematic viscosity:



1. From the Prandtl mixing-length theory (this subsection).



2. From a simplified eddy-viscosity theory (the next subsection).



Now proceed with the first of these alternatives. According to the mixing-



length theory, which still holds in the absence of a wall, the turbulent



shear stress is given by:



in which the underbrace emphasizes the terms that comprise the eddy



kinematic viscosity.



As in the case of the boundary-layer problem, we hope that similarity of



velocity profiles can be achieved, that this will be expedited by the



following assumptions:



1. Paralleling the Blasius solution, a new dimensionless space coordinate ζ



can be introduced.



2. The mixing lengthℓ depends only on x, and is directly proportional to b.



3. The half-width of the turbulent zone is proportional to some power p of



the x coordinate.



4. The velocity is proportional to a function of ζ and inversely



proportional to another power q of x:



The values of p and q can be found by investigating the dependency of



each term of Eqns. (9.104) and (9.106) on x. Note that  is of order



x q,  is of order x 2q, and the integral of Eqn. (9.106) is of order



x −2q. But since /ρ is constant, it can have no dependency on x, so



that:



By similar arguments, the reader can discover the dependencies on x



shown in Table 9.4, in which the continuity equation, (9.108), has been



invoked to determine the order of .



Table 9.4. Order of Terms



For Eqn. (9.104) to balance, we must have 1 + 2q = p +2q, so that:



− −
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Physically, the fact that p = 1 confirms the earlier supposition that the jet



spreads linearly with distance  also indicates that the



velocities decline proportionally to x 1/2.



The solution is expedited by introducing a stream function ψ such that:



Bearing in mind the preceding development, we can now set:



from which the velocities are:



in which the prime denotes differentiation with respect to ζ.



Substitute these expressions for the velocities into the momentum



balance, and choose β = (2α ) 1/3 so that α is absorbed into the definition



of ζ. After some algebra, Eqn. (9.104) yields an ordinary differential



equation in the unknown function f(ζ):



This last equation integrates directly to:



the constant of integration being zero because at the centerline (ζ = 0),



considerations of symmetry 



give f = f' = 0. A numerical integration of Eqn. (9.115), subject to the initial



conditions at ζ = 0 of f = 0 and f' = 1 (an arbitrary choice—the value of γ



can then be selected so that the integrated velocity matches any specified



flow rate from the jet), yields the plots of f' (needed for ) and ζf' − f/2



(needed for ) versus ζ, shown in Fig. 9.16.



Fig. 9.16. Axial and transverse velocities for plane turbulent
jet.



The two time-averaged turbulent velocities  and  can then be



obtained for any values of γ (determined by the strength of the jet) and



the downstream distance x. Finally, note that the numerical results are in



complete agreement with the experimental values determined by



Förthmann.  Experimental evidence of Reichardt gives β =7.67,



corresponding to α =0.0333.



As expected, the axial velocity follows a bell-shaped curve, symmetrical



about the centerline, with the following characteristics:



1. Since  is plotted, the actual



velocities  will decrease as the distance x from the jet increases.



2. Because the dimensionless distance ζ = βy/x is plotted, the region in



which  is significant will increase as x increases.



That is, the jet simultaneously spreads out and gets slower.



The transverse velocity also shows some interesting features. Consider,



for example, positive values of the transverse dimensionless coordinate:



1. For 0 <ζ < 1.25 approximately,  is positive, corresponding to the



spreading of the jet.



2. For the region ζ > 1.25, v  becomes negative and eventually levels out at



a significant nonzero negative value, even though the axial velocity is



essentially zero. This region corresponds to entrainment of fluid outside



the turbulent zone into the jet.



Alternative form for the eddy kinematic viscosity in a plane
turbulent jet



An analytical and quicker, but slightly less accurate, solution to the



turbulent jet problem is obtained by using a simpler expression for the



eddy kinematic viscosity:



in which c is another constant, b is the half-width of the jet, and v  is the



centerline velocity. Observe that the dimensions of ν  are still L /T, and



that the model is still physically quite realistic, because the value of ν



increases both with:



1. The space available for turbulent fluctuations, as expressed by the half-



width b of the jet.



 As reported on p. 594 of S. Goldstein’s Modern Developments in Fluid



Dynamics, Clarendon Press, Oxford, 1957.



 As reported on p. 500 of Schlichting, op. cit.
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2. The general intensity of velocities, as expressed by the centerline



velocity .



The solution again uses the stream function ψ of Eqn. (9.111). Bearing in



mind the preceding development, in which b varied linearly with x, we can



now set: v  =



from which the velocities are:



Substitution into the momentum balance and simplification gives:



which integrates once to:



the constant of integration being zero because at the centerline symmetry



again gives f = f' = 0. A second integration yields:



the value of the constant being obtained by noting that at the centerline, f



= 0 and f' = 1. Thus, with an appropriate choice for β, we have:



The solution of Eqn. (9.122) and the expression for f' , from which the



axial velocity profile can be obtained, are:



This analytical solution agrees quite well with the somewhat more



accurate numerical solution displayed in Fig. 9.16, except that it slightly



overpredicts the velocities for ζ > 1.5.



The axisymmetric turbulent jet



For a jet issuing from a circular orifice, cylindrical coordinates with



axisymmetry are used, as in Fig. 9.17.



Fig. 9.17. Axisymmetric turbulent jet.



The simplified equations of motion are:



Also, the rate of momentum transfer in the z-direction, , must be



constant:



The turbulent shear stress and the eddy kinematic viscosity are also given



by:



in which c  is a constant, b is the half-width of the jet, and  is the



centerline velocity. Similar to the earlier development of Eqn. (9.108), we



can introduce:



From arguments similar to those centered on Eqns. (9.109) and (9.110),



and Table 9.4:



The eddy kinematic viscosity ν  is therefore constant everywhere, so the



equations reduce to:



Although these equations appear formidable, they nevertheless have the



following analytical solution, with  again appearing as a bell-shaped



curve :
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 See, for example, pp. 161 and 500 of Schlichting, op. cit.
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in which:



The above theoretical axial velocity profile is well substantiated by the



experimental evidence of Reichardt, although the use of mixing-length



theory—as opposed to the above assumption of a constant eddy viscosity



—gives somewhat better agreement for large values of ζ.  Reichardt’s



experiments also gave .



PROBLEMS FOR CHAPTER 9



Unless otherwise stated, all flows are steady state, with constant density



and viscosity.



1. Agitation of particles—M (C). A liquid containing a suspension of



particles is flowing down a channel inclined at an angle θ to the



horizontal. The particles are kept in suspension by the turbulent motion



of the liquid, which has a uniform depth λ.



Assuming that the Prandtl mixing length has the form 



, where k is a constant, show that the



velocity  at a point distant y from the base of the channel may be



expressed in the following form, in which c is a constant:



Assuming that all the particles settle with the same vertical velocity v



relative to the liquid, and that the mixing length for the particles is the



same as for the turbulent motion of the liquid, prove that (except near the



lower surface) the number of particles n per unit volume varies with depth



according to:



where n  is the value of n at a distance y  above the base of the channel,



and in which:



If y  = λ/2, plot n/n  against y/λ for β = 0.1 and 1. Comment briefly on



your results.



2. Logarithmic velocity profile from dimensional analysis—M. For fully



developed turbulent flow in a smooth pipe, the following suggestions have



been made concerning the distribution of the velocity :



(a) Near the wall,  depends only on ρ, μ, τ , and y, but not on the



pipe radius a; that is, . Perform



a dimensional analysis along the lines of Section 4.10, and show that 



, where 



 and .



(b) Near the center, the deviation of the velocity from its centerline value 



 is determined purely by turbulence. That is, 



, independent of the



viscosity μ. Use dimensional analysis to obtain a functional form for the



velocity deviation in this turbulent region.



(c) If, generally, , use



dimensional analysis to obtain the general functional form for 



.



Hence, if there exists a buffer region in which both (a) and (b) are



applicable, demonstrate on dimensional grounds that the velocity profile



must be logarithmic in form, both in this buffer region and in the fully



turbulent core.



3. Blasius and power-law relationship—E. In Section 9.10 the following



statement was made: “There is also another relation between c in the



velocity profile and A in the expression for f .” What is that relation?



4. A novel turbulent velocity profile—M. The suggestion has been made



for turbulent flow in a pipe of diameter D =2a that the eddy kinematic



viscosity at any location is of the form , where 



 is the time-averaged velocity at that location. Based on this model:



(a) What are the dimensions of the constant c?



(b) Give a brief possible explanation for the model.



(c) What is a realistic expression for the turbulent shear stress  at



any radius r in terms of the wall shear stress τ ?



(d) Obtain an expression for the velocity profile  in terms of r, c, a, ρ,



τ , and the centerline velocity .



(e) Assuming that this velocity profile holds all the way up to the wall,



obtain an expression for  that depends only on r, a, and .



(f) Evaluate  for r/a = 0, 0.25, 0.5, 0.75, and 1, and



comment briefly whether or not this velocity profile is realistic.



 See, for example, p. 501 of Schlichting, op. cit.
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5. Turbulent condensate film—M. Consider the flow of a film of liquid



condensate of thickness λ on the outside of a vertical tube, approximated



in Fig. P9.5 as a vertical plate.



You are to model the flow in two regimes, without resorting to the



universal velocity profile as discussed earlier:



1. A very thin laminar sublayer (LSL) of thickness δ, in which the shear



stress is virtually the same as its value τ  at the wall.



2. A much thicker turbulent mainstream (TMS), in which the velocity can



be assumed to be of the form:



The condensate density is ρ and its viscosity is μ, both assumed constant.



Also assume continuity of both the velocity and the velocity gradient at



the LSL/TMS junction.



(a) What is the reason for supposing that 



(b) If the liquid flowing down the plate is iso-octane, show that the wall



shear stress equals τ  . = 81.5 dynes/cm , and then obtain numerical



values for the following:



(i) The thickness δ (cm) of the laminar sublayer.



(ii) The velocity (cm/s) at the LSL/TMS junction.



(iii) The velocity at the free surface of the condensate.



Data (for iso-octane, at 99.3 C): ρ =0.692 g/cm , g = 981 cm/s , μ



=0.266 cP = 0.00266 g/cm s, λ =0.12 cm, k =0.40.



Fig. P9.5. Turbulent condensate film with laminar sublayer.



6. Turbulent mixing of reactants—M (C). A constant stream of gas A



flows turbulently along a smooth pipe. A relatively small flow rate of a



second reacting gas B is to be injected axially by a ring of jets concentric



with the axis of the pipe.



At what radius R, expressed as a fraction of the pipe radius a, would you



place the ring of jets to give the most rapid initial mixing between A and



B? You may assume that:



(a) The most rapid mixing occurs where the eddy diffusivity (taken to be



identical with the eddy kinematic viscosity ν ) is a maximum.



(b) The velocity profile obeys the one-seventh power law:



in which  is the centerline velocity.



7. Pneumatic particle transport—M. A gas of density ρ  and viscosity μ



flows turbulently with mean velocity  in a horizontal tube of



diameter D that is partly filled with solid spherical particles of diameter d



and density ρ . At sufficiently high gas velocities, the particles will be



agitated by the turbulence and conveyed along the tube by the gas—a



phenomenon known as pneumatic transport. We wish to investigate the



principal dimensionless group that could be used for correlating



experimental data on variables such as flow regimes and the fraction ν  of



the total volume occupied by the particles.



Fig. P9.7. Particle at wall in turbulent flow.



As shown in Fig. P9.7, conduct a preliminary investigation into the gas



velocity that is needed to pick up a single particle from its initial position



on the wall. Assume the following:
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(a) Analogous to the drag on spherical objects in fluid streams, we can



define a dimensionless drag coefficient:



which can reasonably be expected to be constant at sufficiently high



Reynolds numbers. Here, F  is the force exerted in the y direction on the



particle due to a sudden transverse velocity fluctuation .



(b) The fluctuation  is proportional to the magnitude of a similar



fluctuation  in the axial velocity, which is given by a standard



expression from mixing-length theory.



(c) The mixing length ℓ' is proportional to the pipe diameter.



Demonstrate from the above that the value of the following dimensionless



group is likely to determine whether or not the particle will be picked up



from the wall:



8. Velocity at the outer edge of the laminar sublayer—M. Starting from



Eqns. (9.61) (the one-seventh power law) and (9.62) (for the thickness of



the laminar sublayer), prove Eqn. (9.103), which gives the velocity at the



outer edge of the laminar sublayer:



Evaluate this velocity ratio for Re = 10 , 10 , and 10 , and comment on the



results.



9. Various quantities in turbulent flow—M. Quoting any formula(s) for



the universal velocity profile, prove the following relationship between the



dimensionless mean velocity and the dimensionless pipe radius for flow in



a smooth pipe:



Comment briefly on any assumptions that have been made in the



derivation of this equation.



Water (ρ = 1, 000 kg/m , μ = 0.001 kg/m s) flows through a hydraulically



smooth 5.0-cm (0.05 m) diameter pipe under a pressure gradient of



−dp/dz = 14,000 N/m . Find the wall shear stress (N/m ), the mean



velocity (m/s), the Reynolds number, the thickness of the laminar



sublayer (m), and the velocity (m/s) at the junction between the laminar



sublayer and the buffer region.



Estimate the heat-transfer coefficient (W/m  °C) between the water and



the pipe wall if water has a specific heat of c  =4,184 J/kg °C.



10. An alternative to the Prandtl hypothesis—M. Sleicher proposed that



in a region close to the wall, the eddy kinematic viscosity obeys :



v  = v(cy ) .



By considering both turbulent and viscous contributions to the shear



stress, which still essentially equals its wall value, prove that the



corresponding velocity profile is:



If c = 0.088, show that the above velocity profile merges smoothly—both



in magnitude and slope—with 



, and discover the value of



y  at which the transition occurs.



11. Turbulent mass transfer—D. Considering gas flow of molecular



weight M  in a pipe as represented by a central turbulent core with a



laminar sublayer next to the wall, derive the following analogy between



mass and momentum transfer when the partial pressure of A is p  in the



mainstream and zero at the wall:



Here, N  is the molal flux, P is the total pressure, and Sc = ν/D is the



Schmidt number, where D is the diffusion coefficient across the laminar



sublayer.



The catalytic isomerization of butene–1 to butene–2,



CH CH CH=CH  → CH  CH=CHCH



is carried out continuously and isothermally at 800 F and 1 atm in a lime-



coated porcelain tube of 2-in. I.D., and with the tube wall serving as the



catalyst. Assuming that the rate of reaction is essentially the rate of which



butene–1 diffuses to the wall, estimate the length of tube required to give



80% conversion of a pure butene–1 feed. Assume that the laminar



sublayer is thin and contributes little to the overall flow, and that the



concentration and velocity profiles are flat over most of the turbulent



region.



Data: at 800°F, D = 0.59 ft /hr, μ = 0.044 lb /ft hr, c  = 0.0086, and



u /u  = 0.72.



12. Thickness of the laminar sublayer—M. In Section 9.8, the thickness of



the laminar sublayer was shown to be δ/D =58.3/Re /8 for a logarithmic



velocity profile in the mainstream.



y



p



 C.A. Sleicher, Jr., “Experimental velocity and temperature profiles for



air in turbulent pipe flow,” Transactions of the American Society of



Mechanical Engineers, Vol. 80, pp. 693–704 (1958).
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Conduct a similar derivation to verify the corresponding result for a



velocity profile in the turbulent region given by the one-seventh power



law, . Evaluate this thickness



ratio for Re = 10 , 10 , and 10 . Comment on your results.



13. Turbulent heat transfer—M (C). In a gas-cooled nuclear reactor, the



fissile material is made into straight tubular fuel elements of length L and



internal diameter D. Coolant passes through the tubes, which are



embedded in a block of moderating material of thickness L, shown in Fig.



P9.13. At a distance x from the inlet, the rate of heat production per unit



length is q sin(πx/L).



Fig. P9.13. Representative coolant tube in a nuclear reactor.



By using the Reynolds analogy, prove that the position x  at which the



temperature at the inner surface of the fuel element is a maximum is



given by:



in which f  is the Fanning friction factor.



Assume that an energy balance leads to the following equation for the



variation of coolant temperature T with distance x:



where m is the mass flow rate of coolant and c  is its specific heat, h is the



heat-transfer coefficient, and T  is the local wall temperature.



14. Turbulent velocity profile—M (C). A fluid in turbulent flow passes



through a smooth circular pipe, and the velocity distribution is given by



the equation:



If this equation holds across the whole pipe, calculate the ratio of the



maximum velocity to the mean velocity at Re = 10 . At what position



should a Pitot tube be placed to measure the mean velocity at this



Reynolds number?



15. Reynolds analogy for minimum pumping power—M (C). A gas of



molecular weight M  is pumped through a cylindrical coolant duct in



order to remove heat from part of a nuclear reactor. The temperature rise



ΔT , the logarithmic-mean temperature difference ΔT  mean, the



transfer area A, and heat load q are specified, so in the heat-balance



equation:



(4)



the only variables are the mass flow rate m and the specific heat c  of the



gas. Thus, mc  is a constant, c  for example.



Use the Reynolds analogy to prove that the pumping power P = QΔp



(where Q is the volumetric flow rate and Δp is the pressure drop in the



duct) is lowest if a gas is selected with the largest possible value of 



. Assume ρ = M p/RT for the gas, with p, R, and T effectively



constant, so that ρ = c M , where c  is another constant.



16. Turbulent mass flux—E. Consider flow in a pipe of diameter D and



length L with a mean axial velocity . Note that the Reynolds analogy



gives the turbulent mass flux per unit area of the wall as 



. Let m  be the total such mass flux based on



the total wall area of the pipe. Also define m  as the convective mass flow



rate along the pipe. For flow in a smooth pipe of diameter D =0.05 m at a



Reynolds number Re = 10 , how long would the pipe have to be so that m



= m ?



17. Theory for a plane turbulent jet—D. Prove Eqn. (9.114) from the



development that precedes it.



18. Calculation of velocities for a plane turbulent jet—D. (a) Verify that



by defining new variables f  = f and f  = df/dζ, Eqn. (9.115) can be



expressed as two first-order ordinary differential equations:



subject to the boundary conditions:



(b) As discussed in Appendix A, use a spreadsheet to implement Euler’s



method (or similar) to solve Eqn. (P9.18.1) subject to the boundary



conditions (P9.18.2), from ζ = 0 to a value where the velocities are



negligible. (Any other standard software for solving differential equations



may be used instead.) Try different step-sizes Δζ to make sure that you



have used one that is sufficiently small for accurate results. Plot f' and ζf'



− f/2 against both negative and positive values of ζ, one-half of which can



be obtained from symmetry.



Hint: if your computed values appear improbable, did you make the right



choice when faced with an alternative?



19. Streamlines and velocities for a plane turbulent jet—M. Sketch the



streamlines for the turbulent jet, for which the velocities are shown in Fig.



9.16. Include both the jet and the region outside it. Also show the axial



velocity profiles at three stages in the development of the jet.



20. Analytical solution for the plane turbulent jet—M. Verify Eqn.



(9.123) from the development that precedes it, and compare the
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numerical values for f' with those deduced from Fig. 9.16.



21. Entrainment by a plane turbulent jet—M. For the plane turbulent jet



discussed in Section 9.14, what is the dependency of the total mass flow



rate per unit depth in the jet on the axial distance x? Comment critically



on your answer.



Assume the “simplified” analytical solution given by Eqn. (9.123).



22. Axisymmetric turbulent jet—D. For the axisymmetric turbulent jet,



verify that:



(a) The powers of z appearing in Eqn. (9.128) for ζ and  are p = q =1.



(b) The velocities given in Eqns. (9.132) and (9.133) satisfy the



appropriate differential momentum and mass balances and that the total



rate of momentum transfer is .



23. Entrainment by an axisymmetric turbulent jet—M. For the



axisymmetric turbulent jet discussed in Section 9.14, what is the



dependency of the total mass flow rate in the jet on the axial distance z?



Comment critically on your answer.



24. Streamlines and velocities in an axisymmetric turbulent jet—M. (a)



Verify that the velocities in Eqns. (9.132) and (9.133) are consistent with



the stream function:



(b) Sketch several streamlines, both within the jet and outside it. Also



show the axial velocity profiles at three stages in the development of the



jet.



(c) Plot dimensionless axial and radial velocity profiles in the manner of



Fig. 9.16.



25. The Prandtl number and the Reynolds analogy—E. Table E9.6



showed that the Reynolds analogy underestimated/overestimated the



heat-transfer coefficient for Prandtl numbers lower/higher than one. With



reference to the definition of the Prandtl number as the ratio of the



kinematic viscosity to the thermal diffusivity, explain on physical grounds



why this is so.



26. Order of terms for turbulent jet—E. Verify the orders of the three



terms appearing in Table 9.4 relating to a plane turbulent jet.



27. True/false. check true or false, as appropriate:



(a) Turbulent fluctuations typically occur in a matter of microseconds.



T  F 



(b) The time-averaged continuity equation contains the time-averaged



velocities instead of the instantaneous velocities.



T  F 



(c) Extra terms, known as the Reynolds stresses, occur when the



momentum balances are time-averaged.



T  F 



(d) The Reynolds stresses can be explained by considering the transport



of momentum by turbulent eddies.



T  F 



(e) Mixing-length theory attempts to unify the turbulent transport of



momentum, heat, and mass.



T  F 



(f) The Prandtl hypothesis assumes that the mixing lengthℓ does not



depend on the distance from the wall.



T  F 



(g) The Prandtl hypothesis, in conjunction with the assumption of an



approximately constant shear stress, leads to a logarithmic-type velocity



profile.



T  F 



(h) The laminar sublayer is a thin region next to the wall, in which



turbulent fluctuations are essentially negligible.



T  F 



(i) A friction factor is the ratio of the wall shear-stress effects to inertial



effects.



T  F 



(j) In the universal velocity profile, the junction between the laminar



sublayer and the turbulent core occurs at approximately y  = 25.



T  F 



(k) The thickness of the laminar sublayer increases as the Reynolds



number increases.



T  F 



(l) The Colebrook and White equation gives the friction factor for both



laminar and turbulent flow in a pipe.



T  F 



(m) The Blasius law, f =0.079Re 1/4, is consistent with the one-seventh



power law turbulent velocity profile.



T  F 
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(n) The Prandtl hypothesis,ℓ = ky, somewhat underestimates the mixing



length for general values of y.



T  F 



(o) The Prandtl number is the ratio of the kinematic viscosity to the



thermal diffusivity.



T  F 



(p) If the random fluctuations  and  are correlated in some way,



then  will not be zero.



T  F 



(q) In the simple model we discussed for turbulence, the same eddies can



transport mass, momentum, and thermal energy.



T  F 



(r) A hydraulically smooth pipe is one in which the “hills” on the wall do



not extend beyond the laminar sublayer.



T  F 



(s) When the general momentum balances are time-averaged, the only



significant changes are that time-averaged values (such as ) have



replaced the instantaneous values (such as p).



T  F 



(t) For flow in a smooth pipe of diameter D = 12 in with Re = 10 , the



thickness of the laminar sublayer is 0.138 ± 0.02 in.



T  F 



(u) For a turbulent eddy, a high Prandtl number means that its



momentum content is likely to be dissipated more quickly than its



thermal energy content before it reaches its destination.



T  F 
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Chapter 10. Bubble Motion, Two-Phase Flow,
And Fluidization



10.1 INTRODUCTION



THE simultaneous motion of two or more immiscible fluids is of



considerable importance in chemical engineering, and there is an



abundance of examples, such as:



1. Mixing of coal particles with water and pumping the resulting slurry



through a pipeline.



2. Simultaneous production of oil and natural gas upward through a



vertical well.



3. Vaporization of water or other liquids inside the heated tubes of a



vertical-tube evaporator.



4. Contacting a reacting fluid with catalyst particles in a fluidized bed.



5. Absorption of a component from a gas stream that is rising through a



packed bed in a tower, down through which an absorbing liquid is



flowing.



6. Aerated bioreactors, with air bubbles affording a large surface area for



reaction.



The complete study of any one of these topics requires much more space



than is available here. Indeed, we shall see later that an entire book has



been written on one-dimensional two-phase flow, and that another one



has been devoted exclusively just to the annular regime in two-phase flow.



Nevertheless, the reader will be introduced in this chapter to the



important concepts and should gain a substantial insight into the key



issues.



10.2 RISE OF BUBBLES IN UNCONFINED LIQUIDS



In order to predict the performance of two-phase flow in vertical tubes



(Section 10.4) and fluidized beds (Sections 10.7 and 10.8), it is first



necessary to study the rate of rise of single bubbles.



Small bubbles



The results of Peebles and Garber  are summarized in Table 10.1 for



bubbles with volumes in the range equivalent to spheres with radii



between 0.024 and 0.3 in. There are four distinct rise modes, generally



corresponding to increasing bubble size (Re  is the Reynolds number of



the bubble, based on its rise velocity u , and R  is the radius of a sphere



having the same volume as the bubble, and is half the equivalent diameter



D  introduced later):



1. For Re  < 2, the bubbles behave as buoyant solid spheres, rising



vertically, with their motion determined by Stokes’ law.



2. For larger values of Re  (up to a limit determined by properties of the



liquid) the bubbles also rise vertically as spheres, but with a drag



coefficient slightly less than that of a solid sphere of the same volume.



3. For a range of Re  determined by the liquid properties, the bubbles are



flattened and rise in a zigzag pattern, with significantly increased drag



coefficients.



4. The largest bubbles rise almost vertically with significantly increasing



drag coefficients, and assume irregular mushroom-cap shapes. For this



region, the constant 1.53 recommended by Harmathy has been used



instead of the value of 1.18 from Peebles and Garber, because it correlates



better with experiment.



Table 10.1. Terminal Velocities for Bubbles. Values for
Regions 1–4 are from Peebles and Garber.
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 F.N. Peebles and H.J. Garber, “Studies on the motion of gas bubbles in
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Peebles and Garber also reported the results of Davies and Taylor for



larger bubbles (see below), but did not include them in their table. For



completeness, however, these have been included under Region 5 in Table



10.1. The limit of bubble radius R  beyond which Region 5 applies has



been obtained by equating the velocities given by Region 4 and Eqn.



(10.8) for spherical-cap bubbles.



Large “spherical-cap” bubbles



For otherwise stationary liquids that are not very viscous, the shape of a



“large” bubble (whose volume equals that of a sphere whose diameter is



several mm) is roughly lenticular or that of a spherical cap, as shown in



the upper part of Fig. 10.1. A somewhat similar shape occurs for a large



gas bubble rising in a fluidized-bed reactor, although in this case the



bubble is more nearly a complete sphere.



Fig. 10.1. Flow around a spherical cap bubble.



The rise velocity u  of such bubbles is analyzed by first superimposing a



downward velocity u  on the whole system, so that we have a downward



streaming of the liquid—in potential flow—past a stationary spherical-cap



bubble. Because the bubble is large, surface-tension effects are negligible.



Noting that the pressure is constant because of the gas in the bubble,



application of Bernoulli’s equation between S and P gives the tangential



velocity v  at point P as:



But, from Eqn. (7.73), for potential flow around a sphere, with U = −u :



which gives, at the bubble surface r = a:



If the two effects give the same result, (10.1) and (10.3) may be equated,



giving:



which can be satisfied for small values of θ (that is, near the bubble “nose”



S, where 1 + cos θ . = 2), giving a bubble rise velocity of:



The rise velocity u  can also be obtained in terms of the bubble volume V .



Integration over the height of the spherical cap can be shown to give its



volume as:



yielding, in combination with Eqn. (10.5):



Taylor, Geoffrey Ingram, born 1886 in London; died 1975 in
Cambridge, England. Taylor’s mother Margaret was the
daughter of the famous logician George Boole and the niece
of Sir George Everest, one of the founders of geodesy. Taylor
graduated in natural sciences at the University of Cambridge,
where he was associated with Trinity College for the rest of
his life. He also had a room next to that of Ernest Rutherford
at the Cavendish Laboratory. During a six-month voyage on a
scientific expedition in the North Atlantic in 1912, Taylor
studied mixing in the lower atmosphere, and this led to his
concept of a mixing length for turbulent processes. During
World War I, he did research on the strength of propeller
shafts, leading to a theory on dislocations in metal crystals,
published in 1934. From 1923 to 1952 he held a Royal
Society research professorship, allowing him to concentrate
on research and relieving him from teaching— invoking a
comment from Rutherford that he was “paid provided he does
no work.” During this period his main work was on turbulent
diffusion and the statistical properties of turbulence. He was
an expert on blasts and shock waves during World War II and
was involved with the Manhattan Project. Taylor and his wife
Stephanie were avid sailors.



Source: Dictionary of Scientific Biography, Charles Scribner’s
Sons, New York, 1975.
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The experiments of Davies and Taylor gave a similar result: ,4



in which the equivalent diameter D  of the bubble is defined as the



diameter of a sphere that has the same volume as the bubble:



We now need to reexpress  in terms of , so that



the Davies and Taylor result of Eqn. (10.8) can be compared directly with



the theoretical prediction of Eqn. (10.5). From Eqns. (10.6) and (10.9) and



the geometry of Fig. 10.1, a few lines of algebra give two relations for the



bubble volume:



from which the values given in Table 10.2 can be determined.



Table 10.2. Numerical Values for Spherical-Cap Bubbles



If the Davies and Taylor experimental correlation of Eqn. (10.8) is



translated into the form:



then Table 10.2 gives the appropriate values for the coefficient c. The



bubble angle that corresponds to the approximate theoretical value c =



2/3 is θ = cos 1(1 − 0.359) = 50.1 . A more accurate treatment would



require that the shape of the bubble be adjusted, and the flow pattern



recomputed, so that the Bernoulli condition, Eqn. (10.1), is satisfied



everywhere—not just in the vicinity of the nose.



Example 10.1—Rise Velocity of Single Bubbles



Plot the rise velocity u , cm/s, for single bubbles of air in
water against the equivalent bubble diameter D , from D  =
0.01 to 10 cm.



Solution



From Chapter 1, the physical properties of water at 20 C are:
ρ = 0.998 g/cm , σ =72.75 dynes/cm (= g/s ), μ =1.21 cP or
0.0121 g/cm s, and g = 981 cm/s . A spreadsheet is then
used to implement the correlations for the five regions of
Table 10.1. The results for u  vs. D  are shown in Fig. E10.1.



Fig. E10.1. Bubble rise velocity as a function of
equivalent diameter.



After the peak in u  at the higher end of Region 2, the
moderate decline in Region 3 is observed experimentally.
The slight jump in passing from Region 3 to Region 4 is a
consequence of the correlations used. The Reynolds number
range was 0.5–70,420.



10.3 PRESSURE DROP AND VOID FRACTION IN
HORIZONTAL PIPES



In this chapter, the discussion of two-phase flow in pipes will center



largely on vertical flow because of its importance in gas and oil wells,



evaporators, bioreactors, and boilers. However, the topic is introduced by



considering two-phase flow in horizontal pipes. Although there are



several different regimes in horizontal flow in which the gas and liquid



interact with each other in different ways (somewhat similar to those in



Fig. 10.3 for vertical flow), a simpler approach is taken in the following



model. See Table 10.3 for the notation for this and the next section.



Table 10.3. Variables for Two-Phase Gas/Liquid Flow



 R.M. Davies and G.I. Taylor, “The mechanics of large bubbles rising



through extended liquids and through liquids in tubes,” Proceedings of



the Royal Society, Vol. 200A, pp. 375–390 (1950).



 The author attended a G.I. Taylor seminar during the sesquicentennial



celebrations of the University of Michigan in 1967. Taylor related the



following technique for locating the position of a sailboat lost in a deep fog



near a coastline (whose general direction was known). Sail due west (for



example) and record the distance traveled until the coast is reached.



Return to the original position by sailing due east for the same distance.



Then sail north for a known number of miles. Repeat the entire process a



few times. On a suitable scale, the result can be transcribed to resemble a



comb with a few teeth of unequal length, which can then be adjusted until



it fits a map of the coastline, thereby determining the ship’s bearings!
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The void fraction ε is the fraction of the total volume in the pipe that is



occupied by the gas phase, and is related to the individual volumetric flow



rates G and L and the mean velocities v  and v  by:



The quality x of the flowing stream (a term used when analyzing the



performance of boilers) is the fraction of the total mass flow rate that is in



the gas phase:



As a first approximation, the frictional pressure drop for two-phase flow



in the horizontal tube of diameter D in Fig. 10.2(a) may be deduced by



supposing that the gas and liquid flow individually in cylinders of



diameters D  and D , respectively, as in (b) and (c). The void fraction is



then the ratio of two areas:



Fig. 10.2. Separated horizontal flow model. Simultaneous
gas/liquid flow in (a) is considered as the combination of
gas and liquid flows, as in (b) and (c).



As another preliminary, observe the definitions of two important types of



velocities:



1. The superficial velocities are those that would occur if each phase



flowed by itself in a pipe of cross-sectional area A, the other phase being



absent. Thus, if the volumetric gas and liquid flow rates are G and L,



respectively:



2. The mean velocities are the superficial velocities divided by the gas and



liquid fractions:



First consider the pressure gradient in the gas, for the following two cases:



1. Gas only flowing by itself and occupying the entire cross section of the



pipe:



2. Gas flowing by itself in the hypothetical cylinder of diameter D . Note



that this must also equal the pressure gradient for the combined two-



phase flow:



The ratio of these last two equations yields:



in which Eqns. (10.14) and (10.16) have been used to eliminate the ratios



v /j  and D/D  in terms of the void fraction.



Equation (10.19) can be rewritten in the form:



Similarly, by considering the pressure drop in the liquid phase:



The use of ϕ  instead of ϕ perpetuates the notation used by early



researchers in the field and has no particular significance.



Elimination of the void fraction from the second relations in Eqns. (10.20)



and (10.21) gives: 1 (ϕ ) /5
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Note that these results are based on a simplified model, and that the same



value of the friction factor is also assumed for both phases. Nevertheless,



the early studies of Lockhart and Martinelli correlate remarkably well



with modest modifications to Eqn. (10.22).  These researchers



investigated a wide variety of liquids flowing with air at roughly



atmospheric pressure in small-diameter (up to 1.0–in. I.D.) tubes, and



their results are summarized in Table 10.4. They recognized four regimes,



comprising all possible combinations of viscous (Re < 1,000) or turbulent



(Re > 2,000) flow for each phase, calculated as though it flowed by itself



and occupied the whole cross section.



Table 10.4. Values from Lockhart and Martinelli



The square of the parameter X is defined as the ratio of the liquid-only



and gas-only pressure gradients:



Large or small values of X correspond to a flow regime that is primarily



liquid or primarily gas, respectively.



Equation (10.22) is a special case of the more general form:



in which the value of n depends on the flow regime as indicated in Table



10.5.



Table 10.5. Exponents for Two-Phase Correlation



The tabulated values of ε are empirically correlated (with an error no



larger than 0.02) by:



From Eqns. (10.23) and (10.24):



and it is easy to show from a spreadsheet that the values of Table 10.4 are



well represented by Eqn. (10.26) with the exponents given in Table 10.5.



Refinements of the above procedure are available from Baroczy, who



investigated a wide variety of fluids, including steam and water up to



pressures of 1,400 psia.  Chisholm has also adapted Baroczy’s work to the



prediction of pressure drops in evaporating flows.



Example 10.2—Two-Phase Flow in a Horizontal Pipe



Gas and oil are flowing at volumetric flow rates G = 10.0, L =
0.5 ft /s in a horizontal pipeline of internal diameter D = 0.5 ft.
Estimate the fraction of gas, the pressure gradient, and the
mean velocities of each phase. The physical properties are
ρ  = 0.15, ρ  = 50.0 lb /ft , μ  = 0.025, μ  = 20.0 lb /ft hr; the
Fanning friction factor is f  = 0.0045.



Solution



The following quantities are first calculated:



Cross-sectional area of pipe



Superficial velocities



Reynolds numbers



 See R.W. Lockhart and R.C. Martinelli, “Proposed correlation of data for



isothermal two-phase, two-component flow in pipes,” chemical



Engineering Progress, Vol. 45, No. 1, pp. 39–48 (1949).



 C.J. Baroczy, “A systematic correlation for two-phase pressure drop,”



chemical Engineering Progress Symposium Series Vol. 62, No. 64, pp.



232–249 (1966).



 D. Chisholm, “Pressure gradients due to friction during the flow of



evaporating two-phase mixtures in smooth tubes and channels,



International Journal of Heat and Mass Transfer, Vol. 16, pp. 347–358



(1973).
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Thus, the flow is turbulent for the liquid and turbulent for the
gas, with n =4.12 from Table 10.5.



The quantity X , being the ratio of the liquid-only and gas-
only pressure gradients is next calculated from Eqns. (10.23),
(10.17), and a similar one for the liquid pressure gradient.
The friction factor and the diameters are the same in each
case and cancel, giving:



From Eqn. (10.26) (or Table 10.4), the value of ϕ  is:



From Eqn. (10.25) (or Table 10.4) the fraction of gas is:



The relevant pressure drops are obtained from Eqns. (10.17)
and (10.20):



Gas only



Two-phase flow



Finally, the individual mean velocities are obtained:



Gas



Liquid



10.4 TWO-PHASE FLOW IN VERTICAL PIPES



Two-phase gas/liquid flow in vertical pipes will be treated in more detail



because of its importance in evaporators and in the simultaneous



transport of oil and gas in wells. Several flow regimes can occur,



depending on many factors, including the individual magnitudes of the



liquid and gas flow rates, and physical properties such as density, surface



tension, and viscosity.



There are four principal flow regimes, shown in Fig. 10.3, which occur



successively at ever-increasing gas flow rates:



(a) Bubble flow, in which the gas is dispersed as small bubbles throughout



the liquid, which is the continuous phase.



(b) Slug flow, in which the individual small bubbles have started to



coalesce together in the form of gas slugs. The liquid phase is still



continuous. For high gas flows, the liquid “pistons” between the slugs



start to narrow down and form irregularly shaped “bridges,” a situation



that is known as churn flow.



(c) Annular flow, in which the fast-moving gas stream is now a



continuous phase that encompasses the central portion of the pipe, with



the liquid forming a relatively thin film on the pipe wall. Partial



entrainment of the liquid into the gas stream may occur.



(d) Mist flow, in which the velocity of the continuous gas phase is so high



that it reaches as far as the pipe wall and entrains all of the liquid in the



form of droplets.



Fig. 10.3. Two-phase flow regimes in a vertical pipe at
increasing gas flow rates: (a) bubble, (b) slug, (c) annular,
and (d) mist flow. In each case, the gas is shown in white,
and the liquid is shaded or black.



Determination of flow regime



A typical situation occurs when the gas and liquid volumetric flow rates G



and L are specified, and the pressure gradient dp/dz and void fraction ε



are to be calculated. Correlations for these last two variables are more



likely to be successful if they can recognize the particular flow regime and



develop relationships specifically for it. The following approximate



demarcations are recognized:



1. Bubble/slug flow transition. Small bubbles introduced at the base of a



column of liquid will usually eventually coalesce into slugs. The transition



depends very much on the size of the bubbles, how they were introduced,



the distance from the inlet, and on surface-tension effects, so there is no



simple criterion for the transition. Also, for practical purposes of



determining pressure gradients and void fraction, an exact knowledge of



the transition point is unlikely to be needed. Experiments of Nicklin



indicate that the correlation for the void fraction based on slug flow (see



below) extends accurately into the bubble region for void fractions as low



as a few percent.  It appears that if a void fraction of ε = 0.1 is somewhat
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arbitrarily taken for the transition, little significant error will arise in



pressure-gradient and void-fraction calculations.



2. Slug/annular flow transition. In the narrow gap between the gas and



the tube wall at the base of the slugs, there is a significant downward flow



of liquid, and hence a fairly strong relative velocity between gas and liquid



in this point. For increasing gas flow rates, the result is an instability of



the liquid film, which can start bridging the whole cross section of the



tube. These bridges can in turn be broken up by the gas and the flow



becomes chaotic. Eventually, the bridges disappear and the flow consists



of a gas core with a liquid film lining the wall of the tube. Wallis reports



the results of several investigations into the slug/annular transition.  One



of these used a probe located in the center of the tube to detect the



presence or absence of liquid bridges, resulting in the following



correlation for the transition:



where the dimensionless superficial gas and liquid velocities are defined



by:



in which (ρ  − ρ ) can usually be simplified to ρ .



3. Annular/mist flow transition. The transition is ill-defined because



most annular flow entrains some droplets. In their very comprehensive



book, Hewitt and Hall-Taylor devote a detailed 37-page chapter to the



formation and entrainment of droplets, and strongly caution against the



use of any correlation beyond the immediate experiments on which it was



based.  Therefore, we are unable to present any general correlations



regarding mist flow.



Bubble flow



Fig. 10.4 shows gas bubbles and liquid in upward cocurrent flow. Consider



the plane A–A, drawn so that it lies entirely in the liquid. If  is the



mean upward liquid velocity across A–A, continuity requires that:



Fig. 10.4. Bubble flow.



(Over a relatively short vertical span, the pressure varies little and the gas



bubbles have an essentially constant volume.) Thus, the gas bubbles just



below A–A are rising relative to a liquid that is already moving at a



velocity , so that the velocity of the gas bubbles is:



in which u  is the bubble velocity rising into a stagnant liquid. But the



total volumetric flow rate of gas is:



so that the void fraction is given by:



This relation for the void fraction holds within certain limits for G and/or



L negative—that is, for downflow of one or both phases, as discussed in



Example 10.3.



Concerning the pressure gradient in the upwards vertical direction, note



that the density of the liquid, which occupies a fraction (1 − ε) of the total



volume, is much greater than that of the gas. Also, for the relatively low



liquid velocities likely to be encountered in the bubble-flow regime,



friction is negligible. Therefore, the pressure gradient is given fairly



accurately by considering only the hydrostatic effect:



Example 10.3—Limits of Bubble Flow



For specified gas and liquid volumetric flow rates G and L,
investigate the feasibility of bubble-flow operation of a
column. Examine all four combinations of gas and liquid in
upflow and downflow.



 D.J. Nicklin, Two-Phase Flow in Vertical Tubes (PhD dissertation),



University of Cambridge, Cambridge, 1961.



 G.B. Wallis, One-Dimensional Two-Phase Flow, McGraw-Hill, New



York, 1969.



l g l



 G.F. Hewitt and N.S. Hall-Taylor, Annular Two-Phase Flow, Pergamon



Press, Oxford, 1970.
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Solution



Start by rearranging Eqn. (10.32), the relation for void fraction
in terms of the gas and liquid flow rates, into:



Now examine Eqn. (E10.3.1) to see if it can realistically be
balanced and hence be solved for ε. Then accept the
situation as bubble flow only if ε< 0.1.



1. Gas upflow, liquid upflow. Both sides of Eqn. (E10.3.1) are
positive, and a value of ε (between 0 and 1) can always be
found to balance the equation.



2. Gas upflow, liquid downflow. The liquid flow rate L is now
negative. The left-hand side of Eqn. (E10.3.1) is always
positive, but the right-hand side will be negative for
sufficiently large negative L. Thus, a solution for ε is still
possible only for modest downflows of liquid.



3. Gas downflow, liquid upflow. Since G is negative and L is
positive, Eqn. (E10.3.1) cannot be balanced and this type of
operation is impossible.



4. Gas downflow, liquid downflow. The left-hand side of Eqn.
(E10.3.1) is negative, and so will the right-hand side be,
provided L is sufficiently negative. Thus, a solution for ε is
possible for strong downflows of liquid. 1 − ε ε



Slug flow



The general situation is shown in Fig. 10.5(a), in which the gas and liquid



travel upward together at individual volumetric flow rates G and L,



respectively, in a pipe of internal diameter D. In general, there will be an



upward liquid velocity  across a plane A–A just ahead of a gas slug.



By applying continuity and considering the gas to be incompressible over



short distances, the total upward volumetric flow rate of liquid across A–



A must be the combined gas and liquid flow rates entering at the bottom,



namely, G + L. The mean liquid velocity at A–A is therefore 



, where A is the cross-sectional area



of the pipe.



Fig. 10.5. Two-phase slug flow in a vertical pipe: (a) gas and
liquid ascending; (b) bubble rising in stagnant liquid; (c)
bubble rising in moving liquid.



Next, consider Fig. 10.5(b), which shows a somewhat different situation—



that of a single bubble, which is moving steadily upward with a rise



velocity u  in an otherwise stagnant liquid. For liquids such as water and



light oils that are not very viscous, the situation is one of potential flow in



the liquid. Under these circumstances, Davies and Taylor used an



approximate analytical solution (see Problem 10.8 to retrace their



analysis) that gave :



in which c = 0.33 and g is the gravitational acceleration. Experimental



evidence shows that the constant should be c .



The situation of Fig. 10.5(a) is now shown enlarged, in Fig. 10.5(c). The



slug is no longer rising in a stagnant liquid, as in Fig. 10.5(b), but in a



liquid whose mean velocity just ahead of it is . Further, near the



“nose” O of the slug—at the center of the pipe, where the velocity is the



highest—the liquid velocity will be somewhat larger, namely, about 



, as shown by Nicklin, Wilkes, and Davidson, provided that the



Reynolds number between slugs exceeds 8,000.  Therefore, the actual



rise velocity of the slug is:



By conservation of the gas:



in which ε is the void fraction (the fraction of the total volume that is



occupied by the gas). Hence, eliminating u  between Eqns. (10.35) and



(10.36):



If G and L are known, Eqn. (10.37) gives the void fraction, which is the



dominant factor in determining the pressure gradient in the vertical



direction:



in which ρ  has been neglected in comparison with ρ  in the definitions of



the dimensionless superficial velocities from Eqn. (10.28). Fig. 10.6 shows



that the above theory is completely substantiated by experiments reported



by Nicklin, Wilkes, and Davidson, not only for the complete slug-flow



b



 Davies and Taylor, op. cit.



 D.J. Nicklin, J.O. Wilkes, and J.F. Davidson, “Two-phase flow in



vertical tubes,” Transactions of the Institution of chemical Engineers,



Vol. 40, No. 1, pp. 61–68 (1962).
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regime, but (somewhat unexpectedly) for the adjoining parts of the
bubble- and semiannular-flow regimes as well.



Fig. 10.6. Experimental liquid void fractions for two-phase
air/water flow in a vertical 1.02-in. diameter tube, as a
function of the gas superficial velocity, with a liquid
superficial velocity of 3.0 ft/s. From D.J. Nicklin, “Two-
Phase Flow in Vertical Tubes,” Ph.D. dissertation,
University of Cambridge, 1961.



Concerning the pressure gradient, note that the density of the liquid,



which occupies a fraction (1−ε) of the total volume, is much greater than



that of the gas. Therefore, the pressure gradient is given to a good



approximation by considering only the hydrostatic effect:



A secondary correction to (10.39) would include the wall friction on the



liquid “pis-tons” between successive gas slugs. Thus, if (dp/dz)  is the



single-phase frictional pressure gradient for liquid only, flowing at a mean



velocity , a more accurate expression for the pressure gradient is:



The above analysis is for an ideal liquid of negligible viscosity, in which



inertial and gravitational effects are dominant. White and Beardmore



have investigated slug rise velocities for a wide variety of liquids and have



plotted the results as Fr (the Froude number) versus Eo (the Eötvös



number), with a property group Y as a parameter, where :



For all liquids, Fr rises from zero to an asymptotic value of about 0.345 as



Eo increases, but rises more slowly for larger values of Y . The authors



conclude that distilled water (ρ = 0.997 g/ml, μ = 0.87 cP, σ = 71.5 g/s , Y



= 1.54 × 10 11) behaves ideally, with Fr essentially at its full value of



0.345, for Eo > 70, which



Example 10.4—Performance of a Gas-Lift Pump



Fig. E10.4 shows a gas-lift “pump,” in which the buoyant
action of a volumetric flow rate G of gas serves to lift a
volumetric flow rate L of liquid from a height H  in a reservoir
to a height H in a vertical pipe of diameter D and cross-
sectional area A, in which slug flow may be assumed.
Neglect liquid friction in both the supply pipe and in the
vertical pipe.



Fig. E10.4. Gas-lift “pump.”



(a) Derive an expression for the void fraction ε in the column
in terms of H and H .



(b) If L = 0 (that is, the liquid is just on the verge of reaching
the top), prove that the height H is given by:



where .



(c) If the value of G/A is much larger than u , what is the
maximum height H  to which the liquid can be raised (still
with L = 0)? Give your answer as a multiple of H .



(d) If the column has a diameter D =0.1 m and operates with
a positive liquid flow rate such that ε =0.5 and G/A =2L/A,
what is the value of G/A (m/s)?



Solution



sp



 E.T. White and R.H. Beardmore, “The velocity of rise of single



cylindrical air bubbles through liquids contained in vertical tubes,”



chemical Engineering Science, Vol. 17, pp. 351–361 (1962). occurs



provided that the pipe diameter D > 2.26 cm. Basically, viscous effects are



relatively unimportant for most low-viscosity liquids in pipes likely to be



used in practice. A representative lubricant, Voluta oil (ρ = 0.902 g/ml, μ



= 294 cP, σ = 30.8 g/s , Y = 2.8) would need Eo > 3,000 to be considered



ideal, which would occur for pipes with D> 10.22 cm.
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(a) From hydrostatics, the pressure at the base of the column
is obtained in two ways:



which gives:



(b) From Eqn. (10.38), with 



:



Rearrangement and solution for the height ratio yields the
desired result:



(c) For G/A≪ u , the velocity u  in the numerator and
denominator of Eqn. (E10.4.4) can be neglected, so that:



Thus, the maximum height attainable is six times the
reservoir height H .



(d) Inserting numerical values:



The superficial velocity of the gas is therefore:



which then suffices to achieve the desired liquid flow rate.



Annular flow



Consider the simultaneous flow of gas and liquid in a vertical tube as in



Fig. 10.7. One approach, recommended by Wallis (op. cit.), is to use the



Lockhart/Martinelli correlation for the frictional part of the pressure



drop, and supplement this with appropriate gravitational terms.



Fig. 10.7. Vertical annular two-phase flow.



First, consider just the flow of gas in the inner core. Since the gas velocity



v  is typically much higher than that of the liquid, the pressure gradient



may be approximated as if the gas were flowing with velocity v  in a pipe



of diameter D , giving:



in which the substitution  comes



from Eqns. (10.19) and (10.20).



Second, consider the entire flow, obtaining the frictional contribution



from the viewpoint of the liquid:



For specified gas and liquid flow rates, the derivatives on the right-hand



sides of Eqns. (10.43) and (10.44) will be known. These equations can



then be solved simultaneously for the pressure gradient (dp/dz)  and the



void fraction ε. One suitable procedure involves:



(a) Equating (10.43) and (10.44), thereby eliminating (dp/dz)  and giving



a single equation with unknowns , , and ε.



(b) Using Eqn. (10.23) to eliminate  in favor of X and , giving a



single equation with unknowns , X, and ε.



(c) Solving for , X, and ε by using the information in Table 10.4.



Example 10.5—Two-Phase Flow in a Vertical Pipe



Gas and oil are flowing upwards at volumetric flow rates G =
10.0, L = 0.1 ft /s in a vertical pipeline of internal diameter D
=0.25 ft. Estimate the fraction of gas, the pressure gradient,
and the mean velocities of each phase. The physical
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properties are ρ  = 0.15, ρ  = 50.0 lb /ft , μ  = 0.025, μ  =
20.0 lb /ft hr; the Fanning friction factor is f = 0.0045.



Solution



The following quantities are first calculated:



Superficial velocities



Dimensionless superficial velocities from Eqn. (10.28)



Recall that from Eqn. (10.27) that the approximate value of 



 at which slug flow becomes annular flow is given by 



. This transition value is clearly



exceeded, and the flow is taken to be annular. The
appropriate pressure gradients for inclusion in Eqns. (10.43)
and (10.44) are:



Gas only



Liquid only



Reynolds numbers



Thus, the flow is turbulent for the liquid and turbulent for the
gas, with n =4.12 (from Table 10.5) for use in Eqn. (10.26).
Equations (10.43) and (10.44) now become:



Now equate the two pressure gradients, substitute 



 from Eqn. (10.23), and collect



terms:



which can be solved in conjunction with Eqns. (10.25) and
(10.26) to give:



Thus, the fraction of gas is 0.902, so the oil occupies a fairly
thin film on the inside of the tube. The pressure gradient is
next calculated.



Two-phase flow pressure gradient



Finally, the individual mean velocities are obtained:



Gas



Liquid



10.5 FLOODING



Consider two-phase flow in a vertical tube with the gas flowing upward



and the liquid downward. For sufficiently high relative velocities, unstable



waves will form at the gas/liquid interface, eventually resulting in



fragments of liquid that break away, to be carried upward by the gas, at



which stage normal countercurrent operation ceases and flooding occurs.



For small liquid flow rates, Wallis (op. cit.) gives the condition under



which no liquid will flow downward as:



(in which j  is the same as the gas velocity v  in Fig. 10.8), and also



presents the following limiting condition for flooding in tubes with sharp-



edged flanges:



Fig. 10.8. Model for flooding correlation.
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with the constant rising to the range 0.88–1.00 if end effects are



minimized.



A condition remarkably close to that of Eqn. (10.45) can be derived by an



elegant method suggested by Whalley and also paralleled by Problem 2.44



of the present book.  The general idea is shown in Fig. 10.8, in which an



annular-shaped “wave” with a semicircular cross section of small radius δ



is supposed to have formed on the thin film lining the inner surface of the



tube. The gas accelerates between locations 1 and 2, with an attendant



pressure decrease from the Bernoulli effect. There is some recouping of



the pressure between locations 2 and 3, but only a partial amount because



of turbulence in the expanding flow.



From Eqn. (2.65), the overall pressure drop is:



in which the areas at the indicated sections are (for δ≪ D):



The area ratio and pressure drop then become:



At the onset of flooding, the pressure drop just suffices to counterbalance



the weight of the wave, which has a circumference πD and a cross-



sectional area πδ /2, so that: (p  − p )



Elimination of (p  − p ) from the last two equations gives, upon



rearrangement:



which is in essential agreement with Eqn. (10.45). Note that a different



assumed shape of the wave cross section would give a somewhat different



numerical value for the constant in Eqn. (10.51). However, even with



some uncertainty in the value, the analysis demonstrates that  is an



important dimensionless group to include in any attempted correlation



for flooding. Also see Problem 7.14.



Packed columns



Packed columns are used in chemical engineering for absorbing a



component from a gas stream into a liquid stream, and also for



conducting certain distillation operations. As shown in Fig. 10.9, the



liquid is sprayed through a distributor at the top of the column and flows



countercurrent to the gas, which is admitted at the bottom.



Fig. 10.9. Packed column for gas absorption.



In order to increase the surface area for mass transfer, the column is filled



with inert “packing,” of which the ceramic Raschig ring is an early



example. Other types of packing are Pall rings and Burl saddles, and often



contain more convoluted internal surfaces.



If attempts are made to increase the gas and liquid throughputs, a stage



will be reached at which the pressure drop in the vertical direction suffices



to arrest the downflow of the liquid, at which stage the column fills up or



“floods” with liquid, and normal operation ceases. The flooding limits are



shown in Fig. 10.10, which is derived from information in an article by



Eckert.  Note that the ordinate is not dimensionless, and that the



 P.B. Whalley, Boiling, Condensation, and Gas-Liquid Flow, Clarendon



Press, Oxford, 1987.
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variables must have the units indicated in Table 10.6. The reader may



wish to check the extent to which the ordinate is related to the



dimensionless velocity in Eqn. (10.51).



Fig. 10.10. Correlation for flooding in packed columns.



Table 10.6. Variables for Packed-Column Flooding
Correlation



Representative packing factors are given in Table 10.7, and the capacity of



the column is inversely proportional to the square root  of the



packing factor. Eckert discusses advantages and disadvantages of several



packing materials. Although the smaller size packings enhance mass



transfer, they have lower capacities and cost more. Nominal 2-in. packing



appears optimal in most circumstances.



Table 10.7. Representative Values of the Packing Factor F



10.6 INTRODUCTION TO FLUIDIZATION



Consider the upward flow of a fluid through a bed packed with small



particles. As the superficial fluid velocity u (defined as Q/A, the



volumetric flow rate divided by the cross-sectional area) is increased, the



behavior of the bed height h and the pressure drop Δp = p  − p  is shown



in Fig. 10.11. A point is reached— that of incipient fluidization—when the



pressure drop just suffices to support the downward weight per unit area



of the bed. At this point, the superficial velocity is denoted by u , and the



void fraction by ε  (typically between 0.4 and 0.5).



Fig. 10.11. Fluidization: (a) upward flow through a packed
bed; (b) variation of bed height and pressure drop with
superficial velocity.



For u>u , the bed starts to expand and behaves essentially as a fluid;



there is little subsequent increase in the pressure drop. There are two



distinct modes of fluidization, depending mainly on the relative values of



ρ , the density of the solid particles, and ρ  , the density of the fluid.



Particulate fluidization



If ρ  and ρ  are of the same order of magnitude, the bed is usually a



homogeneous mixture of fluid and particles. This situation occurs mainly



for liquid-fluidized beds, of secondary practical importance. For u > u ,



the bed expands uniformly and the void fraction obeys the Richardson-



Zaki correlation :



in which u  is the terminal velocity of a single particle, and the exponent n



varies with the particle Reynolds number, Re = ρ  ud /μ  according to



Table 10.8. Here, d  is the effective particle diameter and μ  is the



viscosity of the fluid.



Table 10.8. Values of the Richardson-Zaki Exponent



 J.S. Eckert, “Selecting the proper distillation column packing,” chemical



Engineering Progress, Vol. 66, No. 3, pp. 39–44 (1970).
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Aggregative fluidization



When the density of the fluid is considerably less than that of the



particles, the bed is found to consist of two distinct phases:



1. A particulate phase or emulsion, in which the void fraction remains



essentially at the incipient value ε , even though the total fluid flow rate



may considerably exceed the incipient value.



2. A bubble phase, which contains the extra fluid beyond that needed for



incipient fluidization.



Aggregative fluidization occurs mainly in gas-fluidized beds, of



considerable importance in industrial catalytic reactors. The general



scheme is shown in Fig. 10.12. The interactive motion of the particles and



bubbles will be considered in detail in Section 10.8.



Fig. 10.12. Aggregative fluidization: (a) compacted bed; (b)
fluidized bed.



10.7 BUBBLE MECHANICS



Rise velocity of a continuous swarm of small bubbles in a liquid



Paralleling the earlier discussion of gas slugs in Section 10.2, Nicklin



considered the bubble regime in two-phase gas/liquid flow, again



distinguishing, as shown in Fig. 10.13, between the motion of a single



swarm of bubbles and of continuously generated bubbles.  In both cases,



the bubbles are produced by the passage of gas at a flow rate G through



small holes in a distributor at the bottom of a column of cross-sectional



area A containing a liquid.



Fig. 10.13. Rise of bubbles: (a) discrete swarm, and (b)
continuously generated.



Let a single cluster of bubbles rise with a velocity u  relative to the



stagnant liquid above. Then, from continuity (a volume balance) on the



control surface in Fig. 10.13(b), the mean upwards velocity of the liquid



across X–X between two “layers” of bubbles is G/A. Hence, by the same



argument used for gas slugs rising in pipes, the rise velocity u  of



continuously generated bubbles is:



Note that relative to the bubbles the motion is (fairly) steady, and that



liquid streamlines can be visualized. Such is not the case for a fixed



observer, who will see an upflow of liquid across X–X at one instant and a



downflow of liquid across X–X a moment later when a layer of bubbles



has advanced to that location. If there is no net flow of liquid (it is not



overflowing the column), then these two effects must cancel each other on



the average.



Consider next the expansion of an initially undisturbed liquid column by



bubbles flowing upward through it, with key variables defined in Table



10.9. The volumetric flow rate of gas is:



Table 10.9. Variables for Rising Groups of Bubbles
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Also, the expansion of the initially undisturbed column is due to the



presence of the added bubbles. Therefore, we can equate the extra volume



to that of the gas:



From Eqns. (10.53)–(10.55):



which enables u  to be deduced from experimental observations of the



bed height h at different values of G/A.



Extension to a fluidized bed



The above treatment still holds for an aggregatively fluidized bed if G/A is



replaced by (G/A−u ), which simply recognizes the fact that all gas above



the incipient rate passes through the bed as bubbles, so the rise velocity of



continuously generated bubbles is:



As an approximation (there may be a certain amount of interference



between the bubbles), the rise velocity u  can be estimated from Eqn.



(10.8) at the beginning of the chapter for inviscid liquids as a function of



the equivalent bubble diameter D , or its equivalent in terms of the bubble



volume :



However, for bubbles rising in fluidized-bed columns, a somewhat



reduced value of the constant has been obtained instead of 0.792. The



following two investigations also made the necessary corrections in order



to give the rise velocities for bubbles unimpeded by walls, which can



retard the bubbles if their diameter is not small compared to that of the



column:



(a) Davidson et al. performed experiments in 3-in. diameter fluidized beds



of glass beads and sand, with bubble volumes ranging from 5.80–15.0 ml;



their results translate into a value of 0.728 for the constant.



(b) Harrison and Leung investigated the rise of bubbles with volumes



from 25–10,000 ml in fluidized sand particles contained in a bed with a



61-cm square cross section; their results give the value of the constant as



0.712.



Taking an average value of 0.720 for the constant, we shall use the



following expressions for the bubble rise velocity:



Thus, the analog of Eqn. (10.56) for the expansion of fluidized beds is:



which can be used to estimate the bubble volume (and its equivalent



diameter) by measuring h as a function of G/A.



Volume of a bubble formed at an orifice



Potential flow theory may also be used to determine the volume of a



bubble growing and finally detaching from an orifice submerged either in



a column of liquid or in an aggregatively fluidized bed.



Fig. 10.14 shows three stages in the development of an essentially



spherical bubble growing at such an orifice. The volume V and radius r of



the bubble keep increasing, as does the orifice-to-bubble-center-distance s



= OC (this last because of buoyancy). Ultimately, s will exceed r and the



bubble detaches from the orifice. The cycle then repeats, and may be



analyzed as follows, after certain assumptions are made:



1. The gas volumetric flow rate G is constant. (A more complicated



alternative is to consider gas supplied from a reservoir at a constant



pressure, in which the flow rate fluctuates as the bubble grows and



detaches.)



2. The gas is supplied by a small bore tube, and may therefore be



considered as issuing from a small point. (An alternative is gas rising from



a small hole in a horizontal plate, in which case none of the gas can flow



downward.)



3. The gas-flow rate is neither so small that surface tension is important,



nor so large that the inertia of the gas is significant (in which case a jet



might form); also, viscous effects are unimportant. That is, the dominant



effects are those of gravity and the acceleration of the liquid surrounding



the bubble.



Fig. 10.14. Formation of a bubble at an orifice.



Since the gas flow rate is constant, the bubble volume increases linearly



with time:
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As the bubble rises, it accelerates the surrounding fluid. Although the



bubble has essentially zero density, it has an effective mass because any



bubble motion also causes the surrounding fluid (of significant density ρ )



to move. The reader who solves Problem 10.4 will discover that this



effective mass equals one-half of the mass of fluid displaced by the



spherical bubble.



A momentum balance, equating the buoyant force to the rate of increase



of effective momentum of the bubble, gives:



Elimination of V between Eqns. (10.60) and (10.61), followed by



separation of variables and integration twice, yields a surprisingly simple



result:



From Eqns. (10.60) and (10.65), setting r = s, the departure time is:



so that the bubble volume at detachment is:



The experiments of Harrison and Leung  and others, as reported by



Davidson and Harrison  agree well with Eqn. (10.67) under an



exceptionally wide range of gas flow rates, for orifices of varying sizes



situated in both liquids and fluidized beds, as shown in Fig. 10.15 for the



latter. Davidson and Harrison offer several explanations for the modest



deviations from theory, including: (a) bubbles not completely spherical,



(b) circulating currents induced near the orifice by the train of rising



bubbles, and (c) coalescence of bubbles at high gas flow rates.



Fig. 10.15. Volumes of bubbles formed at orifices in
incipiently fluidized beds. Reproduced with permission of
Ichem  from Harrison and Leung .



The treatment for an orifice located in a horizontal plate is similar, and



has been studied by Davidson and Schüler.  The effective mass of the



bubble is now 11/16 times the mass of the displaced liquid, and the final



result is V = 1.378 G /5/g /5.



10.8 BUBBLES IN AGGREGATIVELY FLUIDIZED BEDS



The ultimate goal of this section is to examine the interaction between two



gas regimes—that in the rising bubbles and that in the particulate phase—



for aggregatively fluidized beds. The treatment is that of Harrison and



Davidson in their 1963 book (op. cit.), which is a model of clarity and



conciseness. The fluid mechanics principles involved afford a nice



culmination to the previous work, especially that in Chapter 7.



Consider first the definitions shown in Table 10.10. Since both the



particles and the fluidizing fluid are effectively incompressible, the



continuity equation can be applied to both phases:



Fluid:



Particles:



The bed also behaves as a porous medium, so Darcy’s law applies:



l
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 J.F. Davidson and B.O.G. Schüler, “Bubble formation at an orifice in an



inviscid liquid,” Transactions of the Institution of chemical Engineers,
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Although the superficial velocity was given by d’Arcy’s law as discussed in



previous sections, v  in Eqn. (10.70) is the mean interstitial fluid velocity



in the interstices or spaces between the particles.



Table 10.10. Variables for a Bubble Rising in a Fluidized
Bed



The fluid and particle velocity vectors may be eliminated from Eqns.



(10.68)– (10.70), yielding a simple and familiar result:



That is, the pressure distribution obeys Laplace’s equation, and is



independent of the particle motion. Representative isobars are shown in



Fig. 10.16, where, for simplicity, a rising spherical bubble is assumed to be



at the midpoint between high- and low-pressure regions of pressure p =



±P , separated by a distance 2h. The coordinates are such that r = 0 is at



the center of the bubble, and θ is measured downward from the vertical.



The reader may check that the following pressure distribution satisfies



Eqn. (10.71) and the boundary conditions at the top and bottom of the



bed, and on the surface of the bubble:



Fig. 10.16. Isobars in the vicinity of the bubble.



in which the overall pressure gradient well away from the bubble is:



In catalytic reactors, it may be important to know the volumetric flow rate



Q of the fluidizing fluid that is entering the lower hemisphere of the



bubble and departing from its upper hemisphere. The development



outlined in Problem 10.5 shows that by integrating over one of these



hemispheres,



Since the upward superficial fluid velocity well away from the bubble is



u , Eqn. (10.74) shows that the cavity—and reduced resistance—caused by



the bubble attracts three times the normal fluid flow rate.



Well away from the bubble, the interstitial fluid velocity u  relative to the



particles is in the vertically upward direction and obeys d’Arcy’s law:



The superficial velocity at incipient fluidization, which is based on the



total cross-sectional area—not the restricted area between the particles—



will be lower, equaling the void fraction times the relative interstitial



velocity:



Motion of the particles



For an observer moving upwards with a bubble, the velocity potential for



the streaming motion of the particles is obtained from Eqn. (7.73):



The corresponding streamlines are shown in Fig. 10.17.



Fig. 10.17. Downward streaming of particles past a bubble.
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Motion of the fluidizing fluid



The individual velocity components for the fluidizing fluid are again



obtained from d’Arcy’s law, Eqn. (10.70):



in which the particle velocity components are given by:



where the velocity potential ϕ has already been given in Eqn. (10.77).



Fig. 10.18. Bubble rise velocity u  is less than the incipient
interstitial fluidizing velocity u .



From Eqns. (10.72), (10.75), and (10.77)–(10.80), the fluid velocities are



therefore:



The flow pattern of the fluid may be traced by examining its stream



function:



Fig. 10.19. Bubble rise velocity u  is greater than the
incipient interstitial fluidizing velocity u .
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The following solution is consistent with Eqns. (10.81)–(10.84):



in which



The corresponding streamlines for both the fluid and the particles are



presented in Figs. 10.18 and 10.19, relative to an observer traveling



upward with the bubble. Although in both cases the particles “rain down”



around the bubble identically, there are two quite distinct flow regimes as



far as the fluidizing fluid is concerned:



1. For u  < u , the bubble rise velocity is less than the incipient interstitial



fluidizing velocity. Generally, there is an excellent interchange of fluid



between the bubble and the more remote parts of the fluidized bed, with a



relatively small “recycle” of fluid back to the bubble.



2. For u  >u , the bubble rise velocity exceeds the incipient interstitial



fluidizing velocity. The interchange of fluid between the bubble and the



particles is now confined to a relatively small zone in the immediate



vicinity of the bubble. All fluid within a sphere of radius α continuously



recirculates in and out of the bubble; this is apparent from Eqn. (10.85),



which, for r > α, represents streaming around a sphere of radius α.



When the gas stream contains reactive components whose reaction is



catalyzed by the particles, the performance of the bed as a reactor may be



predicted from relatively simple extensions of the above theory, as



illustrated by the following example. The works of Orcutt, Davidson, and



Pigford, on the decomposition of ozone, and Harrison and Davidson (op.



cit.), who discuss several different reactions, are recommended for further



information.



Example 10.6—Fluidized Bed with Reaction (C)



The particle bed in Fig. E10.6 contains uniform bubbles of
volume V when fluidized at a superficial velocity U by gas
that contains a small entering concentration c  of a reactant,
which decomposes rapidly on contact with the particles.



Show that the exit concentration at the top of the bed is given
by:



where X = Qh/u V , u  is the incipient fluidizing velocity, Q is
the volumetric cross-flow rate between a bubble and the
particulate phase, h is the bed height, and u  is the absolute
velocity of the continuously generated bubbles.



Use these results to estimate c /c  for a bed of large
diameter containing bubbles of equivalent diameter D  = 0.15



m, where  . Take u  = 0.2 m/s,



U = G/A =1.5 m/s, and h  (the height of the bed at incipient
fluidization) =0.5 m. The bubble-rise velocity is 



.



Solution



Consider a single bubble rising a distance dz—which it will
traverse in a time dz/u —with the concentration of reactant
changing from c  to c  +(dc /dz)dz. The rate of loss of
reactant due to recirculation out of the bubble is Qc ; since
the reaction is virtually instantaneous in the emulsion phase,
no reactant enters the bubble. A mass balance on the bubble
gives:



Separation of variables and integration between the inlet and
exit, where the concentration in the bubbles is c , gives:



Fig. E10.6. Reacting gas rising in a fluidized
bed.
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Since the entering superficial velocity is U and that needed
for incipient fluidization is only u , the fraction of entering gas
passing through as bubbles is (U − u )/U = 1 − u /U. Also,
the gas passing through in the emulsion phase reacts quickly
and contributes nothing to the reactant concentration at the
exit. Thus, the net reactant concentration at the exit is given
by:



The cross-flow rate in and out of the bubbles for a spherical
bubble of radius a is given by Eqn. (10.74):



(In some situations, this flow rate may be enhanced by
diffusion of gas from the bubble to the surrounding particles,
but this effect is neglected here.)



The height h of the bed after it has expanded from its
incipient value h  can be obtained from Eqn. (10.59),
recognizing that G/A = U:



All necessary quantities can now be calculated:



Bed height



Bubble rise velocity



Bubble volume



Cross flow rate



Fraction of reactant in the exiting gas stream



For finite reaction rates in the bed, two fruitful avenues are
available, as discussed by Orcutt et al. (op. cit.) and
Davidson and Harrison (op. cit.):



1. Treat the particulate phase as well-mixed, with a single
concentration throughout, in which case an overall balance
for the reacting species can be performed on the bed.



2. Consider the concentration in the particulate phase as a
function of elevation z, in which case a differential balance
must be performed for the reacting species in the bed.



PROBLEMS FOR CHAPTER 10



Unless otherwise stated, all flows are steady state, with constant density



and viscosity.



1. Gas slug between parallel plates—D (C). Fig. P10.1 shows the cross



section through a large bubble OPQ between two parallel vertical plates



AA and BB that are separated by a distance 2a. For purposes of



experimental observation, the bubble is held stationary by a downward



flow of an inviscid liquid whose velocity is U far upstream of the bubble.



The motion is two-dimensional, so that the flow pattern is the same in all



planes parallel to that of the diagram.



Fig. P10.1. Flow downward past a stationary gas bubble.
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The following approximate relation has been proposed for the stream



function in the liquid:



Verify that this stream function satisfies:



(a) Laplace’s equation.



(b) The boundary condition far above the bubble.



(c) The boundary conditions along the walls AA and BB.



Prove that for small values of y, the equation for the free surface OPQ is:



What boundary condition must be satisfied along this free surface? Show



that if this boundary condition is satisfied for small values of y, then the



bubble-rise velocity in an otherwise stagnant liquid is:



2. Pressure drop in slug flow—M. A light oil and a gas are flowing upward



in a vertical tube of 4.0-in. I.D. at superficial velocities of L/A = 1.2 ft/sec



and G/A =4.8 ft/sec, respectively. The viscosities of the oil and gas are



15.6 and 0.038 lb /ft hr, respectively; their densities are 48 and 0.42



lb /ft .



Assuming commercial steel pipe (f = 0.00675) with slug flow prevailing,



calculate the pressure drop (psi) in the pipe for every 10 ft of vertical rise.



Fig. P10.3. Gas-lift “pump.”



3. Gas-lift pump—M. Fig. P10.3 shows a gas-lift “pump,” in which the



buoyant action of a volumetric flow rate G of gas serves to lift a liquid



from a height H  to a height H above the bottom of a vertical pipe of



diameter D and cross-sectional area A. Analyze the most favorable case



with L = 0—that is, with no net liquid flow:



(a) Assuming slug flow of the gas, what superficial gas velocity G/A is then



needed to “expand” the liquid column from an initial height H  to a final



height H? Take H  = 20 ft, H = 60 ft, and D = 3 in.



(b) What is the maximum upward liquid velocity, and where does it



occur?



(c) What is then the maximum downward liquid velocity, and where does



it occur? (On the average, the slug length is 2 ft.)



(d) To a first approximation, what gas inlet pressure (psig) is needed if the



liquid is water?
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4. Potential flow around a bubble—M. This problem is closely related to



Section 10.7, concerning the volume of bubbles produced at an orifice.



Consider a spherical bubble of radius a moving upward with a velocity u



in an inviscid liquid. Relative to a stationary observer, what is the



justification for supposing that the potential function for the flow of the



liquid is:



As long as the circumstances are explained properly, you may quote any



equation in the chapter in order to arrive at your conclusion.



Next, prove that the magnitude u of the velocity at any point (r, θ) in the



liquid is given by:



Finally, consider the total kinetic energy of the liquid surrounding the



bubble:



where dm is a differential element of mass, and prove that this equals half



the kinetic energy of a sphere of radius a and density equal to that of the



liquid. In other words, prove that the effective mass of the surrounding



fluid is one half of the mass displaced by the spherical bubble.



Fig. P10.5. Geometry for gas passing through a bubble.



5. Gas percolation through a bubble—M. Fig. P10.5 shows a detailed view



of a single bubble at the midpoint of an aggregatively fluidized bed, as in



Fig. 10.16. Arrows represent the gas flow entering the lower hemisphere; a



similar flow rate of gas departs from the upper hemisphere, although (to



avoid confusion) the arrows are omitted in this case.



Following the notation of Section 10.8, consider the radial pressure



gradient at the surface of the bubble, r = a. By integration over one of the



hemispheres, verify Eqn. (10.74) for the flow rate of gas from the bed



through the bubble:



6. Pressure distribution in a fluidized bed—M. For a fluidized bed, check



that the continuity equations for the fluid and particles, when combined



with d’Arcy’s law, lead to Laplace’s equation, (10.71), for the pressure.



Then verify that the proposed pressure distribution from Eqn. (10.72) for



the situation shown in Fig. 10.16 satisfies:



(a) Laplace’s equation.



(b) The condition that p = 0 at the bubble surface.



(c) The conditions that p = ±P at the bottom and top of the bed,



respectively.



7. Stream function in a fluidized bed—M. Consider the motion of the fluid



in a fluidized bed. Starting from Eqns. (10.78) and (10.79), verify the



relations given in Eqns. (10.81) and (10.82) for the velocity components 



 and . Then prove the relations given in Eqns. (10.85) and



(10.86) for the fluid stream function.



8. Slug flow in a tube—D. This problem parallels the work of Davies and



Taylor for determining the rise velocity u  of a gas slug or bubble



ascending in an otherwise stagnant inviscid liquid in a vertical tube of



radius a.  By superimposing a downward velocity u  on the system, the



analysis is performed for liquid streaming downward past a stationary



bubble, as shown in Fig. P10.8.



Fig. P10.8. Gas slug in a tube.
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The following relationships may be assumed for the velocities, potential



function, and stream function in the coordinate system shown, with



symmetry about the z axis:



The following forms are assumed for the potential and stream functions:



Also, note that the solution of the differential equation,



is given by y = J (x), the nth-order Bessel function of the first kind. The



following relations may be needed:



Development. With the above in mind, verify the following:



(a) By substituting for ϕ and ψ from Eqns. (P10.8.3) into Eqns. (P10.8.2),



check that:



Thus, the potential and stream functions are now:



(b) Derive expressions for v  and v  from both ϕ and ψ, and make sure



that both approaches agree with each other. Far above the nose of the



bubble, show that the velocity is uniformly u  downward.



(c) Since there is no radial velocity component at the tube wall, check



that:



an equation whose lowest root you can assume is k =3.832. (There are



additional roots, such as the nth-order root k , so more terms such as



A J (k r/a) could be included for the potential function, but we are only



considering the simplest case here.)



(d) Along r = 0, the centerline above the nose of the bubble at the origin



O, verify that the stream function is zero (and continues this value along



the surface of the bubble to points such as P and Q). Prove that the wall (r



= a) is also a streamline, whose value of ψ corresponds to a flow rate



through the tube of πa u .



(e) At the stagnation point O, check that v  = 0 is immediately satisfied.



Also prove that the requirement that v  is also zero there leads to:



(f) Note that because of the gas in the bubble, the pressure is uniform



along OPQ, so that the Bernoulli condition along the bubble surface is:



With only a single term in the approximation for ϕ, this condition can only



be observed at a single point, which we shall take at r = a/2. By



considering the streamline ψ = 0, and assuming that J (3.832/2) = 0.580,



show that this occurs when z/a = 0.131. Also assuming that J (3.832/2) =



0.273, verify that the Bernoulli condition leads to the relation:



where D is the tube diameter. What are the values for the constants c  and



c ?



9. Performance of a bubble reactor—M. Fig. P10.9 shows a bubble



reactor, which uses air bubbles both for removing a trace of bacteria from



water and for generating a circulation of water down a central tube of



length H and up the surrounding annulus, each of which has the same



cross-sectional area A. The air is injected as bubbles at a volumetric flow



rate G at a height h above the bottom of the tube, and eventually



disengages at the top of the annulus.



The diameter of the bubbles, which may be assumed constant, is such that



a discrete swarm of the bubbles (not continuously generated) would rise
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with velocity u  in stagnant water. Answer the following, using any or all



of the variables A, g, G, h, H, L, and u :



(a) In terms of A, G, L, and u , give expressions for the absolute velocities



of the bubbles that are continuously generated: u  downward in the tube



and u  upward in the annulus. Bear in mind that there are net flows of



both the gas (G) and liquid (L).



(b) Still bearing in mind that the total air flow rate is G, derive expressions



for the void fractions—ε  in the tube and ε  in the annulus, in terms of A,



G, L, and u .



(c) If the total head loss due to the fluid circulation is c(L/A) , where c is a



constant, prove that:



Hint: Cycle around from any starting point in the loop, such as the gas



injection nozzles, and note that the net pressure change must equal zero



when the starting point is again reached. Pressure and head changes are



related by Δp = ρgΔh.



(d) If G/A =0.1 m/s, H =10 m, h =5 m, L/A =0.9 m/s, and u  =0.25 m/s,



calculate the values of ε , ε , and c, and give the units for c.



(e) How would you recommend starting up the reactor?



Fig. P10.9. Bubble reactor.



10. Bubble motion in a fluidized bed—M. An experimental aggregatively



fluidized bed is operated with an incipient superficial velocity of u  = 10



cm/s, and the corresponding void fraction is ε  = 0.45. As shown in Fig.



P10.10, a single spherical bubble is generated from the orifice by a gas



flow rate of G = 100 cm /s, after which the gas flow is abruptly



terminated. If needed, g = 981 cm/s .



Now answer the following questions:



(a) Verify that the volume of the bubble is approximately 4.58 cm . What



is its diameter (cm)?



(b) Assuming that it is quickly reached, what is the steady upward rise



velocity of the bubble (cm/s)? How long (s) does it take for the bubble to



reach the top of the bed after leaving the orifice?



(c) During this period, how much gas enters and leaves the bubble



(expressed as a multiple of the bubble volume?



(d) Is the entering gas in (c) essentially fresh gas from the rest of the bed,



or is it mainly gas that is recycled from the bubble itself?



Fig. P10.10. Bubble rising in a fluidized bed.



11. Flow of expanding gas slugs—D. Consider the case of slug flow in a



vertical pipe of diameter D and cross-sectional area A, with no net liquid
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flow. The height H of the pipe is substantial, so the bubbles expand as



they rise toward the top of the pipe, where the pressure is p  and the gas



density is ρ  . Assuming isothermal ideal-gas behavior with negligible



wall friction, prove that the necessary pressure at the bottom of the pipe



is:



Here, ρ  is the liquid density, m is the mass flow rate of gas, and 



 is the rise velocity of a single slug in a



stagnant liquid.



12. Bubble rise in a fluidized bed—M (C). The superficial velocity of air



needed for incipient fluidization of a bed of catalyst particles is 5.4 cm/s,



and the mean bed depth is then 22.2 cm. At higher air velocities, the bed



consists of a dense phase, together with bubbles that all have the same



equivalent diameter, D .



Estimate D  when the superficial air velocity is 28.4 cm/s and the mean



bed height is 41.5 cm. How long do the bubbles take to rise through the



bed, and what proportion of the air passing through the bed do they



represent? What is the mean residence time for the air in the dense



phase?



Assume that the void fraction of the dense phase remains constant at 0.4,



the value at incipient fluidization.



13. Fluidized-bed residence time—D (C). Explain the importance of the



incipient fluidizing velocity u , and the bubble-rise velocity u , in



understanding the behavior of an aggregatively fluidized bed. Outline the



steps in the derivation of the following results:



A shot of gaseous tracer is suddenly injected into the base of an air



fluidized bed of spherical particles. Calculate the mean residence time of



the tracer when the superficial velocity U = u . When U = 10 cm/s, the



mean bubble diameter D  may be taken as 2 cm; estimate the time for the



first tracer material to appear at the top of the bed. Show on a sketch how



the outlet concentration of tracer varies with time after injection. Use the



values given in Table P10.13.



Table P10.13. Data and Notation



14. U-tube bubble reactor—M. Fig. P10.14 shows a bubble reactor of



height H, in which volumetric flow rates G  and G  of gas are injected at



the top of the downcomer and at the base of the riser, respectively. The



cross-sectional areas, void fractions, and absolute gas-bubble velocities



are denoted by A, ε, and u , with subscripts 1 and 2 referring to the



downcomer and riser, respectively. The volumetric liquid circulation rate



is L. All injected bubbles leave at the top of the riser.



Prove that the void fraction in the downcomer is:



in which u  is the rise velocity of a discrete swarm of bubbles relative to



stagnant liquid. Obtain the corresponding expression for ε  in the riser.



Fig. P10.14. Reactor with double gas injection.



The frictional head loss per unit depth is found experimentally to be c



times the square of the corresponding superficial liquid velocity, where c



=0.0452 s /m . If A  =0.02, A  =0.1m , G  =0.01, G  =0.05 m /s, and u



=0.25 m/s, calculate ε , ε , and L (m /s).



15. Two-phase horizontal flow—M. Consider Example 10.2, with the sole



change that the liquid volumetric flow rate is reduced to L =0.025 ft /s.



Calculate the new values of X, ϕ , ε, and (dp/dz) . Any values reused from



Example 10.2 may be quoted without recalculating them. Note: for



laminar pipe flow, f = 16/Re.



16. Bubble diameter in a fluidized bed—D(C). Define the two-phase



theory of gas fluidization, and describe briefly how it is applied in



practice.



Use the theory to show that:
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for a gas-fluidized bed, where u  and h  are the superficial gas velocity



and bed height at incipient fluidization, h is the bed height at a gas



velocity U, and D  is the equivalent bubble diameter in the bed. State any



assumptions that you make.



For a bed of spherical catalyst particles of diameter d  =0.03 cm and



density ρ  =2.6 g/cm  fluidized by air, the bed height is 24.2 cm at



incipient fluidization. At U =1.5u  the mean bed height is observed to be



30.6 cm. For air: ρ  =0.00121 g/cm , μ  = 0.0183 cP. Estimate the



equivalent bubble diameter at this higher gas flow rate.



Use the Ergun equation for packed beds:



in which ε  is the void fraction at the point of incipient fluidization, as



distinct from the fraction of the expanded bed that is occupied by bubbles.



To determine ε , assume that the spherical particles are touching one



another in a cubic manner.



17. Particulate fluidization—M (C). What is the difference between



particulate and aggregative fluidization? The following results were



obtained for the expansion of a bed of ball bearings by a fluid:



The free-fall velocity of a single ball bearing through the fluid is 96.0



cm/s.



Show that these results obey the Richardson and Zaki correlation, and



evaluate the corresponding index. Find also the minimum fluidizing



velocity, U  , if the void fraction is 0.4 at minimum fluidization.



Indicate how Stokes’ law, F =3πμUd, can be used in conjunction with



these results to show that:



and evaluate the constant κ. In these expressions, F is the drag force on a



single particle, ρ  and ρ  are the densities of the solid and fluid,



respectively, μ is the viscosity of the fluid, and d is the diameter of the



particles.



18. Aerated treatment of sewage—D (C). Fig. P10.18 shows a “deep-



shaft” unit for treating sewage. The shaft (much deeper than indicated



here) is partitioned into two sections D and R of equal area. Air is injected



into the downcomer at a depth F . The bubbles are carried down to the



bottom, up the riser R, and are then separated at S so that clear liquid



returns to D. This direction of circulation is established by a start-up air



supply (not shown) in R, which is turned off during normal operation.



Assume: (a) void fractions ε ,ε ≪ 1; (b) constant bubble-rise velocity u



relative to the liquid; (c) negligible bubble absorption; (d) in calculating



the change of bubble volume, the pressure at position x is p  +ρ gx, in



which p  is the absolute pressure at x = 0, and ρ  is the liquid density.



Show that at a given x, ε /ε  = (w − u )/(w + u ), where w is the liquid



velocity, and that the liquid head ΔH available to overcome friction and



other hydraulic losses in the circuit is given by: ΔH ε H



where ρ gH  = p , and ε  = ε  at x =0.



Fig. P10.18. Deep-shaft aeration of sewage.



19. Slug flow fluidized-bed reactor—M (C). Consider a fluidized-bed



reactor identical to that in Example 10.6, except that it now occurs in a



tube of diameter D operating in the slug flow mode. The slugs have a



uniform volume V and rise with an absolute velocity u . The superficial



velocity is again U and the incipient fluidizing velocity is u ; the bed



height is h  when compacted and h when fluidized.



If diffusion is negligible, outline the arguments leading to a volumetric



cross flow rate Q = πD u /4.



Estimate c /c  for a bed in a tube of diameter D = 0.07 m, with D  = 0.15



m. h  = 0.5 m, u  = 0.2 m/s, and U = 1.5 m/s. Take 



. The result of



Eqn. (E10.6.3) may be assumed.
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20. Bubble formation in a viscous liquid—M. This problem is based on



investigations of Davidson and Schüler.  Consider the growth of a single



spherical bubble at an orifice in a liquid of significant kinematic viscosity



ν. If the gas flow rate G is sufficiently small so that: (a) inertial effects in



the liquid can be ignored, and (b) the velocity of the bubble is always at its



Stokes value, prove that the bubble volume on detachment is:



21. Group used in flooding correlation—E. Investigate the extent to



which the ordinate  of Fig. 10.10 is



related to the dimensionless velocity  in



Eqn. (10.51).



22. Well-mixed fluidized-bed reactor—D. Consider the situation of



Example 10.6, but now with a first-order reaction with rate constant k in



the particulate phase, which is assumed to be well mixed, with a uniform



reactant concentration c .



(a) Using the same notation as in Example 10.6, prove that the reactant



concentration c  in the bubble at height z above the inlet is:



(b) Explain briefly why the total rate of addition of reactant from the



bubbles to the particulate phase over the entire bed equals:



where N is the number of bubbles per unit volume and A is the bed cross-



sectional area.



(c) Also perform a material balance for the reactant in the particulate



phase of the entire bed, and prove that:



in which the void fraction is given by ε = NV , and u  is the incipient



fluidizing velocity. Hence, determine an expression for the fraction of the



reactant leaving the bed unconverted.



23. Cylindrical bubble in fluidized bed—M. Experimental fluidized beds



are sometimes operated as shown in Fig. P10.23, with a cylindrical bubble



rising between two transparent parallel plates, because the bubble can be



photographed easily. Analyze the fluid mechanics surrounding such a



bubble that is halfway up the bed, as in Fig. 10.16.



(a) Prove that the following pressure distribution in the particulate phase



satisfies the appropriate Laplace’s equation:



(b) If the velocity potential for the streaming of the particles around the



bubble is:



derive expressions for the particle velocity components v  and v .



(c) Finally, obtain expressions for the velocity components v  and v  of



the fluidizing fluid, and the stream function ψ, in terms of r, θ, a, u , and



u .



Fig. P10.23. Cylindrical bubble rising in a fluidized bed.



24. Two-phase bubble flow—E. Consider two-phase gas/liquid flow in a



vertical column of cross-sectional area 100 cm . The rise velocity of the



bubbles relative to a stagnant liquid above them is 25 cm/s. The regime is



thought to be that of bubble flow.



(a) If the upward gas and liquid volumetric flow rates are G = 250 cm /s



and L = 0, respectively, what is the void fraction, and is this likely to



correspond to bubble flow? If the liquid is water, and the gas density is



negligible, and the height of the two-phase mixture is 100 cm, what is the



 J.F. Davidson and B.O.G. Schüler, “Bubble formation at an orifice in a



viscous liquid,” Transactions of the Institution of chemical Engineers,



Vol. 38, pp. 144–154 (1960).
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pressure drop in Pa across the column? If the gas is turned off, to what



height does the liquid settle?



(b) For G = L = 250 cm /s, both upward, what is the void fraction?



(c) For G = 200 cm /s upward, is it possible to adjust the liquid flow rate



L to achieve a void fraction of ε = 0.08? If so, what is the value of L? If



not, explain why such a void fraction is impossible.



25. Two-phase vertical annular flow—M. Consider Example 10.5, with



the sole change that the gas volumetric flow rate is reduced to G =5.0



ft /s.



Calculate the new values for X, ε, ϕ , and (dp/dz) . Any values reused



from Example 10.5 may be quoted without recalculating them.



26. True/false. check true or false, as appropriate:



(a) The rise velocity of a spherical-cap bubble can be determined fairly



accurately from potential-flow theory.



T  F 



(b) The equivalent diameter of a spherical-cap bubble is defined as the



diameter of a sphere that has the same surface area as the bubble.



T  F 



(c) For two-phase gas/liquid flow in vertical tubes, the bubble-flow regime



occurs at low gas flow rates.



T  F 



(d) The void fraction in the slug flow regime of two-phase flow in vertical



tubes is important because it is a key factor in determining the overall



pressure drop.



T  F 



(e) The rise velocity of a single gas slug in a tube containing a stagnant



liquid above it is approximately  where D is the



internal tube diameter.



T  F 



(f) Particulate fluidization occurs when excess gas— beyond that needed



to effect the fluidization—travels as discrete bubbles.



T  F 



(g) In a liquid, the rise velocity of continuously generated bubbles is less



than that of a single swarm of bubbles.



T  F 



(h) A fluidized bed of particles behaves almost as though it were an



inviscid liquid.



T  F 



(i) A bubble, formed at an orifice in a liquid, detaches when the distance



from its center to the orifice just exceeds the radius of the bubble.



T  F 



(j) The pressure in a fluidized bed obeys Laplace’s equation.



T  F 



(k) A spherical bubble cavity in a fluidized bed causes three times the



normal gas flow rate to flow through it.



T  F 



(l) For a single bubble in an aggregatively fluidized bed, the nature of the



motion of the particles around the bubble depends on whether or not the



bubble rise velocity exceeds the incipient interstitial fluidizing velocity.



T  F 



(m) In vertical two-phase slug flow, the highest downward liquid velocity



occurs in the liquid film at the base of each slug.



T  F 



(n) In the bubble reactor problem—P10.9—the reactor can be started with



a fast initial air flow rate; throttling it back then gives the desired



circulation.



T  F 



(o) The volume of a bubble generated at an orifice in a low-viscosity liquid



depends almost entirely on the gas flow rate and the acceleration of



gravity.



T  F 



(p) A single bubble rising in a fluidized bed will have more gas recycled



back to itself the slower it goes.



T  F 



(q) For vertical two-phase gas/liquid slug flow in a pipe, the maximum



upward liquid velocity occurs about halfway between successive gas slugs.



T  F 



(r) For vertical two-phase gas/liquid slug flow in a pipe of known



diameter, a knowledge of the gas and liquid flow rates will enable the void



fraction to be predicted.



T  F 



(s) For vertical two-phase gas/liquid slug flow in a pipe with zero net



liquid flow, a succession of continuously generated gas slugs will rise
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more slowly than a single slug would in an otherwise stagnant liquid.



T  F 



(t) The rise velocities of single bubbles in a liquid increase monotonically



as the bubble volume increases.



T  F 



(u) The Lockhart and Martinelli two-phase pressuregradient correlation



explicitly recognizes flow regimes such as bubble flow, slug flow, and



annular flow.



T  F 



(v) For two-phase gas/liquid flow in vertical tubes, the transition between



slug and annular flow is well defined.



T  F 



(w) One model for predicting the onset of flooding depends on Bernoulli’s



equation for determining the pressure drop as rising gas accelerates



between liquid waves.



T  F 



(x) For two-phase gas/liquid bubble flow in a vertical tube, a solution



cannot exist for gas downflow and liquid upflow.



T  F 



(y) The Eötvös number is a measure of the ratio of gravitational forces to



viscous forces.



T  F 



(z) Although the Lockhart/Martinelli correlation was originally developed



for two-phase flow in horizontal tubes, it can be used to predict the



frictional part of the pressure drop for two-phase flow in vertical tubes.



T  F 
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Chapter 11. Non-Newtonian Fluids



11.1 INTRODUCTION



THE discussion thus far has been mainly for viscous fluids, all of which



share the characteristic that they tend to deform continuously under the



influence of an applied stress. However, fluids represent just one end of a



wide spectrum of materials, for which a very simplified overview is given



in Fig. 11.1. Solids lie at the other extreme; they, too, will deform under an



applied stress, but will reach a position of equilibrium, in which further



deformation ceases; and—if the stress is removed—will recover their



original shape. Thus, fluids generally exhibit viscosity, and solids typically



show elasticity. In between these two extremes lie materials that,



depending on the particular circumstances, can exhibit both viscosity and



elasticity. Such materials are called viscoelastic fluids, and are typified by



polymer melts and polymer solutions.



Fig. 11.1. Simplified spectrum of material types.



To this point, the treatment has also been further restricted, in that we



have largely considered only incompressible fluids that exhibit a linear



response to the applied strain. These fluids are called Newtonian, and the



constitutive equation, which describes the stress/strain rate relationship,



is given by Newton’s law of viscosity, typified by Eqn. (5.59):



However, many incompressible fluids do not exhibit such a simple linear



relationship between the stress and strain rate, and this broad class of



fluids is called non-Newtonian.



This chapter discusses the flow of incompressible non-Newtonian fluids.



The analysis of such flows is identical to that of Newtonian fluids, except



that a different constitutive equation is used to relate the shear and



normal stresses to the velocity gradients. Unfortunately, no single



constitutive equation can describe all non-Newtonian fluids. In fact, the



development of constitutive equations for non-Newtonian fluids,



especially polymeric fluids, is an active—and often frustrating— area of



research.



11.2 CLASSIFICATION OF NON-NEWTONIAN FLUIDS



Non-Newtonian fluids encompass all viscous fluids that do not obey



Newton’s law of viscosity, regardless of whether or not they exhibit elastic



behavior. Since the study of non-Newtonian fluids can become quite



complicated, we start at an introductory level, discussing fluids that are



essentially inelastic.



Consider the situation of Fig. 11.2, in which a fluid element is subjected to



a simple shearing action; the size of the strain or angle of deformation, γ,



is exaggerated. Based on their responses under these circumstances,



different types of non-Newtonian fluids can be defined. In each case,



dγ/dt = , the rate of increase of the angle, known variously as the rate



of deformation, the rate of shear, or simply the strain rate, is important.



Fig. 11.3 shows the stress/strain rate behavior of four such types of fluids.



Fig. 11.2. Simple shearing of a fluid. The strain angle γ is
exaggerated.



 For a “popular-science” demonstration of the various types of fluids, see



“Serious fun with Polyox, Silly Putty, Slime and other non-Newtonian



fluids” in Jearl Walker’s “The Amateur Scientist” column in The Scientific



American, pp. 186–196 (November 1978). With great effect and to the



amusement of his audiences, the late Prof. Karl Weissenberg used to give



similar demonstrations in some of his lectures on non-Newtonian fluids.
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1. Newtonian fluids. As already seen, Newtonian fluids exhibit a linear



response to an applied strain rate. The slope of the shear stress/strain rate



line is the Newtonian viscosity, η, which is constant regardless of the



strain rate. When discussing non-Newtonian fluids, the symbol η is often



employed to represent a viscosity or effective viscosity, to distinguish it



from a purely Newtonian viscosity, μ. Examples of Newtonian fluids are



gases, water, liquid hydrocarbons, and most organic liquids of relatively



low molecular weight.



2. Pseudoplastic or shear-thinning fluids exhibit a viscosity that decreases



with increasing strain rate. Most polymer solutions and polymer melts,



such as polystyrene and nylon, behave as shear-thinning fluids; shearing



tends to cause the entangled long-chain molecules to straighten out and



become aligned with the flow, thus reducing the effective viscosity. Many



paints, being essentially dispersions of pigment particles in polymer



solutions, also exhibit pseudoplastic behavior. When the paint is applied



to a surface by brushing or spraying, which shears the paint, its viscosity



decreases. When the paint is on the surface, no longer subjected to



brushing, its viscosity increases and prevents it from “sagging” or flowing



under the action of gravity.



3. Dilatant or shear-thickening fluids exhibit a viscosity that increases



with increasing strain rate. Although dilatant fluids are less common than



pseudo-plastic fluids, some particulate suspensions such as sand or



cornstarch in water are dilatant, in which the microstructure rearranges



under shear so that the fluid provides more resistance to flow. For



example, if a sand/water suspension has settled for some time,



particularly if has been subject to a small shear, the sand grains will have



assumed an orientation of the closest possible packing to one another;



that is, the void fraction occupied by the water is a minimum. Any



significant shear will disturb the close packing and the void fraction will



increase slightly. Consequently, the water will no longer fill the entire



space between many of the sand grains, and the lack of lubrication will



cause an increased resistance to flow.



This dilatant phenomenon can be demonstrated by filling a plastic bottle



(or rubber balloon) with sand or glass beads and water—enough of the



latter is added so that its level is near the top of a glass tube passing



through a rubber stopper in the neck of the bottle. Close packing is



obtained by tapping or gently massaging the sides of the bottle. If the



bottle is then squeezed, it will offer considerable resistance and the water



level in the tube will drop, much to the relief of members of the audience



who think that they are about to be squirted with water. Note that



dilatancy usually occurs only for a limited range of strain rates; in fact,



dilatant fluids often exhibit a region of shear thinning at low shear rates.



4. Bingham plastics. The fourth type of fluid illustrated in Fig. 11.3 is a



Bingham plastic. A finite stress, or yield stress, is required before the



fluid flows. Once the fluid flows, the viscosity of a Bingham plastic fluid



can be constant, as shown in Fig. 11.3, or it can either increase or decrease



with increasing rate of strain. The identification of whether or not a fluid



has a yield stress depends on the time scale of the experiment. For



example, concentrated particulate systems may exhibit very high



viscosities in the limit of very small strain rates, and consequently may



falsely appear to have a yield stress if observed over a short time period.



Examples of Bingham-plastic fluids are ketchup, mayonnaise, toothpaste,



blood, many paints, some printers’ inks, and slurries of particles (such as



coal) in liquids.



The above discussion focused on fluids whose viscosities were functions



only of strain rate. Other non-Newtonian fluids exhibit viscosities that



depend not only on strain rate but also on time. A thixotropic fluid



exhibits a viscosity that decreases with time at a constant strain rate.



Some particulate suspensions that contain dissolved polymer molecules



are thixotropic. The decrease in the viscosity with time results from the



gradual breakdown of the polymer network in the fluid. A rheopectic



fluid, on the other hand, is characterized by a viscosity that increases with



time at a constant strain rate.



Viscoelastic fluids exhibit characteristics common to both viscous liquids



and elastic solids. The stress is a function of the strain, similar to a solid,



and is also a function of the strain rate, similar to a liquid. The elastic



component of a viscoelastic fluid provides memory to the fluid; that is, the



fluid “remembers” its state prior to a deformation and attempts to return



to this state when the applied strain is removed. The phenomenon of the



fluid returning to its previous state, at least partially, is called recoil—a



term that brings to mind the “snap” of a rubber band. The degree to which



the fluid can return to its previous state depends on the relative elastic



and viscous natures of the fluid. Viscoelasticity is discussed in more detail



in Section 11.4.



11.3 CONSTITUTIVE EQUATIONS FOR INELASTIC
VISCOUS FLUIDS



A constitutive equation, or rheological equation of state, typically relates



the stress tensor τ in a fluid to either or both the strain tensor γ and the



rate-of-strain tensor  The stress, strain, and rate of strain are second-



rank tensors, each composed of nine components; vectors, on the other



hand, are composed of three components. As noted in Chapter 5, second-



order tensors such as the stress tensor can be written in matrix form as:



 Values for the yield stress and effective viscosity of several Bingham



plastics are given by R. Darby and J. Melson, in “How to predict the



friction factor for flow of Bingham plastics,” chemical Engineering



(December 28, 1981).



 Rheology is the science of the deformation and flow of matter.
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In the rectangular Cartesian coordinate system, for example, the



subscripts 1, 2, and 3 become x, y, and z, respectively, and the stress



tensor is then:



Likewise, the subscripts correspond to r, θ, z in cylindrical coordinates,



and to r, θ, and ϕ in spherical coordinates.



A constitutive equation can be derived from a microscopic viewpoint, in



which the motions of the individual molecules are considered, or from a



macroscopic viewpoint, in which the fluid is considered as a



homogeneous system. While one constitutive equation describes all



Newtonian fluids, no single constitutive equation describes all non-



Newtonian fluids. In fact, constitutive equations have not been developed



for all non-Newtonian fluids. This section reviews the most common



constitutive equations for incompressible non-Newtonian fluids based on



the macroscopic viewpoint. Larson has written an excellent book on



constitutive equations for a wide variety of important fluid types.



Newtonian fluids



Newton’s law of viscosity is written in the general form:



Thus, the stress tensor is directly proportional to the strain-rate tensor,



given in rectangular coordinates by Eqn. (5.70):



in which the dyadic product ∇v and its transpose are defined in Eqn.



(11.37). The constant of proportionality in Eqn. (11.4) is equal to the fluid



viscosity η.



As shown in Fig. 11.3, a plot of shear stress versus strain rate for a



Newtonian fluid yields a straight line with a slope of η. A common unit of



viscosity is the poise, abbreviated P, which is equivalent to one g/cm s. A



centipoise, abbreviated cP, is equal to 0.01 P. In SI, the unit of viscosity is



the Pascal second, abbreviated Pa·sor Pa s. One Pa s equals 10 P.



Examples of Newtonian fluids include water, glycerol, and honey, with



viscosities of approximately 10 2, 10, and 10  P, respectively. Even glass is



considered to be Newtonian, with a viscosity of 10  P!



Fig. 11.3. Stress/strain rate behavior of various fluids.



This realization illustrates that all materials can be considered to be



fluids, if the time scale of the “experiment” is long enough. Consider the



following excerpt from the book of Judges in the Old Testament, which is



attributed to Deborah : “The mountains melted [flowed] from before the



Lord.... ” This statement led to the definition of the dimensionless



Deborah number:



where λ is a characteristic time of the material and T is a characteristic



time of the deformation process. In broad terms, λ for the material is the



time it takes to respond when subjected to some external influence such



as an applied stress or strain. In contrast to solids, it is relatively easy for



liquids to respond because of the greater ease with which the liquid



molecules can rearrange themselves.



The Deborah number is important when analyzing viscoelastic materials.



If the relaxation time of the fluid is less than the characteristic



deformation time (De < 1), the fluid appears more viscous than elastic



(more fluid than solid). Conversely, if the relaxation time of the fluid is



greater than the characteristic deformation time (De > 1), it appears more



elastic than fluid. The classification of a viscoelastic fluid thus depends on



the specific deformation process. The phenomenon of viscoelasticity is



considered further in Section 11.4.



Invariants of the strain-rate tensor



To proceed further, it is necessary to examine the strain-rate tensor  of



Eqn. (11.5) in more detail. The goal is to extract from it a single scalar



quantity, known as the strain rate γ, which broadly characterizes the



rate of deformation of the fluid, and which will find immediate use in the



definition of a generalized Newtonian fluid (see below).



The quantity that we seek must possess the property of independence of



the particular orientation of axes employed in the coordinate system



 R.G. Larson, Constitutive Equations for Polymer Melts and Solutions,



Butterworths, Boston, 1988. The book includes a wealth of experimental



evidence.



 The curves for the dilatant, Newtonian, and pseudoplastic fluids have



been drawn with a common low strain-rate slope only for the purpose of



demonstrating the relative behavior at higher strain rates.



 Judges, chapter 5, verse 5.
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being used. Stated without proof, there are three such scalars, known as



the invariants of the strain-rate tensor, which remain unchanged when



this tensor is transformed through a rotation of axes. For an



incompressible fluid, the invariants are:



In Eqn. (11.8), the double-dot product of two tensors is defined, and by



performing the ensuing double summation on the elements of the strain-



rate tensor, Φ is given (for an incompressible fluid) by:



Consider again the case of simple shear, shown in Fig. 11.4, in which the



only nonzero velocity component is v , and which varies linearly by an



amount V over a distance h in the y direction.



Fig. 11.4. Couette-type flow in simple shear.



The only nonzero velocity gradient in the strain-rate tensor is:



which has also been designated by the symbol s. The strain-rate tensor



then simplifies to:



Now, reexamine the three invariants. The first, being the divergence of the



velocity, is always zero for an incompressible fluid. The third, for the case



of simple shear just examined, is also found by evaluating the



determinant to be zero; it is also known to be zero or approximately so for



a number of other commonly occurring cases. Thus, the only invariant



that shows any promise for our purpose is the second one, which for the



case of simple shear becomes:



With the above in mind, now define the strain rate as:



it being understood that the positive root is always taken.



In terms of obtaining a physical “feel” for the situation, note that Φ is also



the viscous dissipation function that appears in the general energy



balance, used when studying heat transfer:



in which c  is the specific heat of the fluid, T is its temperature, and k is its



thermal conductivity.



Generalized Newtonian fluids



Now that the strain rate  has been defined for a general situation, the



simplicity of Newton’s law of viscosity leads to a variation for non-



Newtonian fluids in which the viscosity is not constant, but is a function



of the strain rate:



where η( ) is the generalized viscosity.  Fluids whose behavior can be



described by this form of constitutive equation are called generalized



Newtonian fluids.



Many empirical models exist for η( ). The well-known power law, or



Ostwaldde-Waele, model expresses the viscosity as a function of a power



of the strain rate :



where κ is the consistency index (with units of P·s −1) and n is the power-



law index. Concerning the exponent, n< 1 describes a pseudoplastic or



shear-thinning fluid, in which the viscosity decreases as the strain rate



increases. On the other hand, n> 1 describes a dilatant fluid, in which the



viscosity increases as the magnitude of the strain rate increases. And n = 1



corresponds to a Newtonian fluid, for which κ is just the Newtonian



viscosity, μ. A logarithmic plot of viscosity versus strain rate (ln η vs. ln 



) yields a straight line with a slope of n − 1 and an intercept of ln κ.



In practice, shear-thinning fluids do not exhibit viscosities that



continuously decrease over a large strain-rate range, but instead exhibit



the behavior shown in Fig. 11.5. A plateau in the viscosity exists at both



low and high strain rates, separated by a shear-thinning region of



x



p



 The symbol μ is reserved exclusively for the viscosity of a Newtonian



fluid.
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decreasing viscosity with increasing strain rate. The constant viscosity at



low strain rates is called the zero-shear viscosity η  and at high strain



rates is called the infinite-shear viscosity η . For polymer melts, η  is



zero, and for polymer solutions it is the viscosity of the solvent.



Fig. 11.5. Characteristic viscosity/strain-rate behavior of
shear-thinning fluids.



Since the power-law model can only approximate the shear-thinning



behavior, a four parameter model such as that of Carreau is needed to



approximate the flow behavior over the entire shear-rate range:



Here, λ is a relaxation parameter of the fluid and for a wide variety of



polymer melts n is a dimensionless constant approximately in the range



0.2–0.5.  Thus, the right-hand side of Eqn. (11.18) generally decreases as



the strain rate increases. At low or high strain rates, the viscosity



approaches η  or η , respectively.



For η ℓ η  and high strain rates, the Carreau model gives:



For n = 0, the viscosity decreases with increasing strain rate:



which, when substituted into Eqn. (11.16), with η /λ interpreted as a yield



stress τ , gives the high shear part of the Bingham model, whose complete



form is:



for which the double-dot product is similar to that already defined for I .



For the situation in which the only nonzero shear stresses are the



equivalent pair τ  and τ , there results (τ : τ )/2 = τ . Note that a



Bingham fluid will flow only when the stress in the fluid is greater than



the yield stress. The Bingham model, as written above, assumes



Newtonian flow behavior for stresses greater than the yield stress.



Example 11.1—Pipe Flow of a Power-Law Fluid



Consider the steady pressure-driven flow of an
incompressible non-Newtonian fluid in a horizontal circular
pipe of radius a and length L, shown in Fig. E11.1.1. Derive
the resulting velocity profile and volumetric flow rate if the
fluid viscosity is given by the power-law model. Sketch the
velocity profiles for n< 1, n = 1, and n> 1.



Fig. E11.1.1. Illustration of parameters for pipe
flow.



Solution



The equation of continuity for an incompressible fluid, with v
as the only nonzero velocity component, reduces to:



so that the axial velocity depends only on the radial location,
v  = v (r). Note that the continuity equation in this form
applies to all incompressible fluids, regardless of whether
they are Newtonian or non-Newtonian.



The velocity profile is found by using the z component of the
equations of motion in cylindrical coordinates, written in terms
of the shear stress—not the Navier-Stokes equations, which
apply only to incompressible Newtonian fluids. Noting that v
= v  = 0 and using Eqn. (E11.1.1), the z component, given in
Eqn. (5.74), becomes:



which is completely general for laminar, steady flow of an
incompressible fluid.



By arguments similar to the development leading to Eqn.
(11.14), the reader can first check that the strain rate is:  =



Note that ∂v /∂r < 0 for pipe flow, and that the total derivative
is used because v  depends only on the radial location, r.



By examining the appropriate constitutive equation relating
the shear stress to the strain rate, the shear stress τ  can be
replaced by a function of the velocity. For a power-law fluid,
the stress τ  is given by:



0
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 See, for example, Z. Tadmor and C.G. Gogos, Principles of Polymer Melt



Processing, Wiley & Sons, New York, 1979, p. 694.
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The incorporation of a negative sign with the velocity gradient
(and a corresponding negative sign in front of κ) allows the
two terms involving the velocity gradient to be combined into
one term. Substitution of this expression for τ  into Eqn.
(E11.1.2) gives:



The solution of this differential equation subject to the
appropriate boundary conditions yields the velocity profile in
the pipe. The boundary conditions are identical to those
employed for Newtonian fluids:



Using Eqn. (E11.1.4) for τ , the symmetry boundary condition
at r = 0 becomes:



Integration of Eqn. (E11.1.5) once yields:



where c  is an integration constant that is found to be zero by
applying the boundary condition at r = 0. Rearrangement of
Eqn. (E11.1.9) to isolate the velocity derivative gives:



A second integration leads to an expression for the velocity
profile:



The constant c  is found by applying the boundary condition
at r = a:



From the last two equations, the velocity profile is then:



The volumetric flow rate is:



If n = 1 and κ = η, the expression for the velocity profile
reduces to that for a Newtonian fluid:



which is the expected Poiseuille flow velocity profile (middle
curve in Fig. E11.1.2).



Fig. E11.1.2. Dimensionless velocity profiles
(ratio of actual velocity to mean velocity) for
dilatant, Newtonian, and pseudoplastic fluids in
pressure-driven pipe flow.



Under conditions of equal volumetric flow rates, the velocity
profiles for n = 0.5, n = 1, and n = 1.5 are sketched in Fig.
E11.1.2. Note that for a shear-thinning or pseudoplastic fluid,
the profile is flatter in the center, where it resembles plug
flow, and is steeper near the wall, where it has a higher
velocity than either the Newtonian or dilatant fluids.
Consequently, shear-thinning fluids experience increased
heat-transfer rates when they flow in the tubes of a heat
exchanger because of the enhanced convective energy
transport near the wall. Conversely, shear-thickening or
dilatant fluids experience lower heat-transfer rates.



As shown in the above example, the analysis of the flow of generalized



Newtonian fluids is nearly identical to that of Newtonian fluids. However,



it is important to remember to start from the equation of motion written



in terms of the shear stress, not from the Navier-Stokes equations. The



appropriate constitutive equation is then used to relate the shear stress to



the velocity.



Example 11.2—Pipe Flow of a Bingham Plastic



Investigate the nature of the shear stress and velocity profile
for flow of a Bingham plastic, with yield stress τ  and effective
viscosity η, in a cylindrical pipe of radius a and length L. The
inlet and outlet pressures are p  and p , respectively.



Solution



The shear-stress distribution is independent of the nature of
the fluid, and a steady-state momentum balance in the z
direction on a cylinder of fluid of radius r and length L gives:



or:
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which can also be derived by integration of the last of Eqn.
(5.74). Fig. E11.2 shows the resulting linear variation of the
shear stress, and the arrows pointing to the left reflect that τ
(by convention, the stress exerted by the region of greater r
on the region of lesser r) is physically in the negative-z
direction. Let τ  denote the value of τ  at the wall.



Fig. E11.2. Shear stress and velocity profile for
Bingham-plastic pipe flow, for |τ | >τ . At r = r , |
τ | = τ . Next consider the stress and strain-rate
tensors for the case of v  = v  =0:



leading to:



The Bingham model of Eqn. (11.21) then reduces to:



There are two cases to be considered, depending on the
relative values of |τ | and τ :



1. If the maximum shear stress never exceeds the threshold
value, |τ | ≤ τ , Eqn. (11.2.5) indicates a zero velocity
gradient everywhere. Since the velocity is zero at the wall,
the velocity is also zero at all radial locations. That is, the
applied pressure gradient is insufficient to move the fluid,
which effectively remains as a rigid body.



2. If the maximum shear stress exceeds the threshold value, |
τ | > τ  (the case shown in Fig. E11.2), let |τ | = τ  at the
radial location r . There are two regions for consideration:



(a) A central zone, r ≤ r , in which |τ | ≤ τ , so that from Eqn.
(E11.2.5) there is zero velocity gradient and the velocity
profile is flat.



(b) An outer zone stretching to the wall, a ≥ r> r , in which |τ |
>τ . The resulting velocity profile can be obtained by
integration of the high-shear part of Eqn. (E11.2.5), and will
be curved as shown in Fig. E11.2.



Derivation of the expressions for the two parts of the velocity
profile for the second of these cases is left as an exercise—
see Problem 11.1.



Example 11.3—Non-Newtonian Flow in a Die (COMSOL)



Fig. E11.3.1. (a) Cross-section of an
axisymmetric extrusion die; (b) the region in
which COMSOL solves the problem—rotated
clockwise from (a) by 90  because in cylindrical
coordinates COMSOL always has the r = 0
symmetry z-axis running “vertically”.



This example is essentially a reproduction, on our part, of
one of the sample problems that was included in the
COMSOL Model Library of several years ago, and we are
indebted to COMSOL for the idea. The problem is that of
non-Newtonian flow of a solution of polystyrene in 1-
chloronaphthalene, which is being extruded through the
axisymmetric die shown in Fig. E11.3.1(a); because of
symmetry about the centerline, COMSOL only needs to solve
the problem in the region shown in Fig. E11.3.1(b)—rotated
through 90  to coincide with the direction given in the
COMSOL Graphics window. The dimensions of the die in
meters are given above and in Example 14.2, which also
shows how it is drawn. Later, variations of properties over the
narrow cross section AB will be of special interest. The
problem will be solved for six different values of the inlet
pressure p  (Pa): 10,000, 50,000, 90,000, 130,000, 170,000,
and 210,000 Pa.



The viscosity of the polystyrene solution is predicted by the
Carreau model of Eqn. (11.18):



in which the strain rate is given by Eqn. (11.14), which in
axisymmetric cylindrical coordinates amounts to:



The polystyrene solution is typical of shear-thinning
polymers, which have a value n< 1. Thus, as the strain rate 



 increases, the effective viscosity η decreases. Values of
the density and the Carreau model parameters appear in
Table E11.3.



Table E11.3. Parameter Values
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If u is the velocity vector, then the continuity and two
momentum balances being solved are:



The Plots that are Required



1. A surface plot of the velocity magnitude.



2. An arrow plot of the velocity vectors, for the highest inlet
pressure only.



3. A single plot of the velocity profiles from A to B, for all six
inlet pressures.



4. A single plot of the non-Newtonian viscosity profiles from A
to B, for all six inlet pressures.



5. A single plot of the pressure profiles from A to B, for all six
inlet pressures.



6. A single plot of the vorticity profiles from A to B, for all six
inlet pressures.



7. A single plot of the strain-rate profiles from A to B, for all
six inlet pressures.



Solution



Chapter 14 has more details about running COMSOL
Multiphysics. All mouse clicks are left-click (the same as
Select), unless specifically denoted as R-Click. Select the
Physics



1. Open COMSOL and L-click Model Wizard, 2D
Axisymmetric, Fluid Flow (the small rotating triangle is a
“glyph”), Single Phase Flow, Laminar Flow. Add.



2. L-click Study, Stationary, Done. Define the Parameters



3. R-click Global Definitions and select Parameters. In the
Settings Window to the right of the Model Builder, enter the
parameters pin and rho1 in the Name column and enter their
values 10 [kPa] and 450 [kg/m ], respectively, in the
Expression column. Similarly, define Carreau model
parameters muZero = 166 [Pa*s], muInf = 0 [Pa*s], lambda =
0.0173 [s], and nExp = 0.538 [1] (note the method “[1]” for
specifying a dimensionless quantity).



Import the Geometry



4. Import the previously defined set of steps for the die
geometry that were established in Example 14.2 in the
COMSOL file Ex14.2-9.mph. R-click the Geometry 1 node
and L-click Insert Sequence. Navigate to the Ex14.2-9.mph
file and L-click its name, followed by selecting Difference 1
and Zoom Extents.



Define the Fluid Properties



Fig. E11.3.2. Insert the Carreau model
parameters.



5. L-click Fluid Properties in the Laminar Flow model node. In
the Settings window, L-click the Density drop-down dialog
and select User defined and enter the parameter rho1 in the
density field. L-click the Dynamic viscosity drop-down dialog
and select Non-Newtonian Carreau model. Enter the
parameters muZero, muInf , lambda, and nExp in the four
fields for the Carreau model, as in Fig. E11.3.2.



Define the Boundary Conditions



6. Examine the default boundary conditions Axial Symmetric
and Wall within the Laminar Flow physics node by L-clicking
each.



7. Add a pressure inlet boundary condition by R-clicking the
Laminar Flow node and select Inlet. Assign the top boundary
segment (#2) by hovering and L-clicking that segment in the
Graphics window. In Settings, locate the Boundary condition
section and L-click the drop-down dialog and select Pressure.
Locate the Pressure definition Po and enter the inlet pressure
parameter pin. Note that Normal flow is the default setting
and that Suppress backflow is checked.



8. Add an outlet boundary condition by R-clicking the Laminar
Flow node and select Outlet. Assign the bottom boundary
segment (#4) by hovering and L-clicking that segment in the
Graphics window. In the Settings window, locate the
Boundary condition section and note the default is Pressure,
with reference pressure zero. Note that Suppress backflow is
checked, but Normal flow is not checked.



Create the Mesh and Solve the Problem



9. L-click the Mesh node and set the element size by
accessing the element size drop-down dialog in the Settings
window and select Extra Fine. L-click Build All in the Settings
window, giving (under Statistics) 22,446 domain elements.
Although this is an excessively fine mesh for most of this
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problem, we have found it necessary when constructing a
smooth cross-plot of the viscosity in Step 20.



10. Set up the model to sweep over the required inlet
pressures. R-click the Study node and select Parametric
sweep. In the Settings window, locate the Study settings. At
the bottom of the Parameter definition, L-click the plus icon to
add a parameter to the study. You can now use the drop-
down box to select pin. Enter the values to “sweep” using the
range function by entering “range (10, 40, 210)” in the
parameter list and set the Parameter units to kPa.



11. Remember to save the model file periodically.



12. R-click the Study node and select Compute. The solution
will take about half a minute, a fairly short time considering
that COMSOL has to solve a very large set of simultaneous
equations—six times, once for each inlet pressure. The
equations are nonlinear because the computed velocities
depend on the non-Newtonian viscosity η that appears in
Eqn. (E11.3.4), and η in turn depends on the velocities
according to Eqns. (E11.3.1) and (E11.3.2). Much iteration is
needed.



Display the Results



13. Note the default Results plots. Examine the velocity
magnitude by Left-clicking the Velocity results node. Ensure
that the final desired value for the parameter pin of 210 kPa
is being displayed by selecting it in the drop-down dialog in
the Data section of the Settings window, giving Fig. E11.3.3.



Fig. E11.3.3. Two-dimensional representation of
the magnitudes of the velocities for p  =
210,000 Pa. The colors in the original ranged
from



Fig. E11.3.4. Arrow plot for pinlet = 210,000 Pa.
The arrows represent the magnitude and
direction of the velocities. The velocities are
lower in the exit region because when rotated
about the axis it represents a much larger area
than at the inlet.



14. R-click the Results node and select 2D Plot Group. Note
the value 210 kPa for pin in the Parameter value field for the
plot group. R-click 2D Plot Group 4



and select Arrow Surface. Note the default values and L-click
Plot at the top of the Settings window, giving Fig. E11.3.4.
(Here, we changed the arrow color from red to black and also
lengthened the arrows.)



Prepare the AB Cut Line



15. Create a data set containing the results on the required
cut line. R-click Data Sets within the Results tree and select
Cut Line 2D. In the Settings window enter the r and z values
(7.75 [mm], 0.32 [mm]) and (9.97 [mm], 3.79 [mm]) for Points
1 and 2 (Points A and B in Fig. 11.3.1(b)). L-click Plot near
the top of the Settings window to inspect the cut-line location,
which will be needed in Item 16 and thereafter.



16. R-click Results and L-click 1D Plot Group. In the Settings
window, click the dropdown dialog and change the Data set
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to Cut Line 2D 1. Also, ensure that the Parameter selection
for the parameter pin is set to All to plot all curves.



17. R-click the 1D Plot Group 5 and select Line Graph.



18. Because some line-plot values will be based on gradient
data, we must arrange for smoothing of the line plots. In the
Settings window, expand the Quality input section by L-
clicking the triangular glyph to its left. Set the value of
Recover to Within Domains.



19. Plot the velocity magnitude profiles across the cut-line
AB. In the Settings window, change the expression being
plotted by L-clicking the Replacement Expression in the
Expression Builder that is represented by the triangular glyph
at the right-hand end of the y-axis Data line (see Fig.
E11.3.5). Then L-click Component 1, Laminar Flow, Velocity
and pressure, spf.U–Velocity magnitude. Note that this was
the default expression when creating the plot. Change the
resolution from Normal to Finer. L-click Plot, giving the six
velocity profiles in Fig. E11.3.6.



Fig. E11.3.5. The Expression Builder Glyphs
within the Window.



20. Noting that Line Graph 1 is still highlighted, similarly use
the Expression Builder within the Settings window to plot the
instantaneous dynamic viscosity. Left-click Component 1,
Laminar Flow, Material properties, spf.mu–Dynamic viscosity.
(Or you can just enter spf.mu if you remember the name.)
Under Quality, set the resolution to Finer. L-click Plot, giving
the viscosity profiles in Fig. E11.3.7.



21. Plot the pressure along the cut-line by directly entering p
for the expression. Note that this can be done for all variables
as you become familiar with their names. L-click Plot, giving
the pressures profiles in Fig. E11.3.8.



22. Use the Expression Builder within the Settings window to
plot the vorticity. L-click Component 1, Laminar Flow, Velocity
and pressure, Vorticity field, spf.vorticityphi–Vorticity field, phi
component. L-click Plot, giving the vorticity profiles in Fig.
E11.3.9.



23. Finally, use the Expression Builder to plot the shear rate.
L-click Component 1, Laminar Flow, Velocity and pressure,
spf.sr–Shear rate. L-click Plot, giving the shear-rate profiles
in Fig. E11.3.10.



Fig. E11.3.6. Velocity profiles from A to B for the
six levels of inlet pressure.



Discussion of Results



Velocity Magnitude Surface Plot—Fig. E11.3.3 . We note:



1. At the inlet, a progression of velocities from high at the
centerline to low near the wall.



2. At the constriction AB, a generally high velocity.



3. At the exit, where there is a relatively large area for flow, a
generally low velocity.



Velocity Arrow Plot—Fig. E11.3.4 . The same information is
conveyed as for the velocity magnitude surface plot above.



Velocity Profiles Across AB—Fig. E11.3.6. The resulting plot
contains six curves, one for each of the inlet pressures. The
velocities, of course, increase as the inlet pressure rises. But
the profiles are only approximately parabolic, and are steeper
than parabolas near the walls A and B because shear-
thinning reduces the viscosity in those regions.



Viscosity Profiles Across AB—Fig. E11.3.7. The shear-
thinning is seen to cause a drastic reduction in the viscosity
as the walls are approached because of the higher velocity
gradients and hence strain rates in those regions. The effect
is enhanced as the inlet pressure is increased because it
leads to generally higher velocities and velocity gradients.



Pressure Profiles Across AB—Fig. E11.3.8. The pressure is
nearly constant across the section A–B. This observation
lends strong support to a key conclusion in boundary-layer
and other nearly unidirectional flows, namely, that the
pressure is essentially constant in the direction transverse to
the primary flow direction.



Vorticity Profiles Across AB—Fig. E11.3.9. For axisymmetric
cylindrical coordinates, the θ-component of the vorticity (see
Table 5.4) is (∂v /∂z − ∂v /∂r). A careful examination of the
velocities across AB from Fig. E11.3.5, bearing in mind the
coordinate directions, will indeed verify the change of sign of
the vorticity evidenced in Fig. E11.3.9.



Strain Rate Profiles Across AB—Fig. E11.3.10. The
increased strain rates as the walls are approached account
for the shear-thinning behavior.



Fig. E11.3.7. Non-Newtonian viscosity profiles
from A to B for the six levels of inlet pressure.
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Fig. E11.3.8. Pressure profiles from A to B for
the six levels of inlet pressure.



Fig. E11.3.9. Vorticity profiles from A to B for the
six levels of inlet pressure.



Fig. E11.3.10. Shear or strain rate profiles from
A to B for the six levels of inlet pressure.



11.4 CONSTITUTIVE EQUATIONS FOR VISCOELASTIC
FLUIDS



The discussion now turns to viscoelastic fluids, in which several



additional phenomena are now present, some of which are illustrated in



Fig. 11.6. The primary normal stress difference, N  = τ  − τ , is a key



quantity, where 1 denotes the coordinate in the primary direction of flow,



and 2 refers to the direction in which the velocity changes. (Recall from



Chapter 5 that in our sign convention, positive normal stresses are tensile,



negative normal stresses are compressive.) For inelastic fluids, N  = 0; for



elastic fluids, N  is usually positive and roughly proportional to , the



square of the strain rate.



Fig. 11.6. Characteristics of an elastic fluid.



Fig. 11.6 illustrates the following phenomena:



(a) Consider a viscoelastic fluid in simple shear between two plates, so



that N  = τ  − τ . But τ  is essentially zero, and since N  is positive, τ



must be negative, indicating a compressive stress—like pressure—that



tends to push the two plates apart.



(b) A viscoelastic fluid such as “silly putty” leaving the confines of a tube



increases its diameter by exhibiting the die-swell effect. A plausible



explanation is that the tube flow tends to straighten out the polymer



molecules in the direction of flow, parallel to the z axis. However, after



these molecules are released from the confines of the tube, they attempt



to return to their original more tangled configurations, thus “expanding”



(the fluid is incompressible and its total volume is unchanged) in the
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radial direction—with, of course, a consequent reduction in the axial



velocity.



(c) Frederickson reports an experiment by Phillippoff, in which “a glass



sphere was dropped into a graduate filled with a solution of an aluminum



soap in a hydrocarbon.  The ball penetrated the fluid for a few



centimeters and then bounced up and down, with decreasing amplitude of



oscillation, before settling slowly and steadily to the bottom of the



graduate.” This phenomenon—of elastic recoil—is shown in Fig. 11.6(c), in



which the sphere has been given some artificial horizontal motion so that



its up-and-down movement can readily be visualized. (a) Normal-stress



effect



(d) If a viscoelastic fluid is stirred by a rotating rod, it shows the rod-



climbing or Weissenberg effect.  The stirring tends to straighten out the



polymer molecules in the direction of rotation; however, these molecules



attempt to return to their original configuration, thereby creating a tensile



hoop stress.



The fluid amounts to a series of stretched rubber bands, which can



minimize their lengths by climbing up the rod. Another viewpoint is that



N  = τ  − τ  is positive; since τ  is essentially zero, τ  is positive and a



tension exists in the direction of rotation.



In addition to these elastic effects, polymer melts usually exhibit shear



thinning. Clearly, more elaborate constitutive equations than those



discussed so far are needed in an attempt to describe these phenomena.



General linear viscoelastic fluids



Viscoelastic fluids are often described by equations based on the following



or similar forms:



where τ , γ, and  are the stress, strain, and strain-rate tensors,



respectively. According to Eqn. (11.22), the shear stress in a viscoelastic



fluid may be a function of the strain (characteristic of solids), the rate of



strain (characteristic of liquids), and time t. The following discussion is



restricted to materials that are subject to small deformations and small



deformation rates (linear viscoelastic regime).



The Maxwell model



Polymeric fluids are viscoelastic in nature; that is, they exhibit



characteristics common to both viscous liquids and elastic solids. The



Maxwell model, which serves mainly as an introduction to viscoelasticity,



incorporates both of these characteristics, and is best introduced by



considering again the case of simple shear, shown in Fig. 11.7, but this



time for either a fluid or a solid. For simplicity, assume that τ = τ  is



constant. y x



Fig. 11.7. Simple shear of a fluid or solid (γ exaggerated).



Assuming that the deformation γ is small, the two extremes of behavior



are represented by a Newtonian fluid, of viscosity η (= μ), and a Hookean



elastic solid, whose rigidity modulus is G. We then have:



Newtonian fluid



Hookean elastic solid



The Maxwell model then views the total strain rate as the sum of the



strain rates for the Newtonian fluid and Hookean solid, resulting in the



following constitutive equation:



Although η and G both increase in progressing from liquids to solids, η



increases faster than G, so the overall effect is an increase in the ratio λ =



η/G, which is known as the relaxation time, and is low for fluids and high



for solids. The basic reason is that stresses in liquids can relax more



quickly than those in solids because of the higher mobility of the liquid



molecules. In terms of λ, the Maxwell model becomes:



Maxwell, James Clerk, born 1831 in Edinburgh, Scotland;
died 1879 in Cambridge, buried in Parton village, Scotland.
Maxwell obtained his degree in mathematics from the
University of Cambridge in 1854 and subsequently held
chairs of Natural Philosophy at Marischal College, Aberdeen,
and in Physics and Astronomy at King’s College, London. In
1871 he was the first professor of Experimental Physics at
the University of Cambridge and played a pivotal role in
establishing the Cavendish Laboratory there. Maxwell was a
genius in both theory and experiment, and his research was
devoted to a wide diversity of topics, including elasticity,



 A.G. Frederickson, Principles and Applications of Rheology, Prentice-



Hall, Englewood Cliffs, NJ, 1964, p. 121.



 Several examples are reported by L. Chan, Experimental Observations



and Numerical Simulation of the Weissenberg Climbing Effect, Ph.D.



dissertation, p. 34, University of Michigan, Ann Arbor, 1972. He studied



Separan AP30 (polyacrylamide, Dow chemical Co.) in water/glycerol



solutions, and carboxymethyl cellulose and hydroxymethyl cellulose (both



from Hercules, Inc.) in water.
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capillary action, double refraction in viscous liquids subject to
shear stresses, the stability of Saturn’s rings,
thermodynamics, and color photography. He was a pioneer in
the kinetic theory of gases. However, starting even in his
undergraduate days, Maxwell’s magnum opus was his unified
theory of electromagnetism, depending on field theory rather
than the interaction at a distance of point sources of charge
and magnetism. This work culminated in 1873 in the
publication of his treatise on Electricity and Magnetism. In
1931, Albert Einstein claimed that Maxwell’s work was “the
most profound and the most fruitful that physics has
experienced since the time of Newton.”



Source: The Encyclopædia Britannica, 11th ed., Cambridge
University Press (1910–1911), and also later editions.



The principle of the Maxwell model is shown schematically in Fig. 11.8.



The Newtonian behavior of the fluid is represented by a “dashpot,” in



which the force is proportional to the rate of extension. The dashpot is in



series with an elastic spring that represents the Hookean behavior of the



fluid—in which the force is proportional to the extension. Note that the



Maxwell model is restricted to deformations that are small, so that the



response of the fluid is linear—a phenomenon known as linear



viscoelasticity.



Fig. 11.8. The Maxwell model of linear viscoelasticity.



Fig. 11.9 shows a representative situation, in which the strain is first



steadily increased, and then held constant. The Maxwell model predicts a



stress that also first increases (but whose rate of increase starts to



diminish), and that subsequently decays with time.



Fig. 11.9. Stress resulting from an applied strain.



The Maxwell model makes the following realistic predictions:



1. Steady shear causes flow.



2. If the strain no longer changes (as for the larger values of time in Fig.



11.9), dγ/dt = 0 and the stress relaxes from its maximum value τ



according to:



from which the relaxation time λ is clearly the time taken for the stress to



fall to 1/e =36.8% of its initial value.



3. If the stress is removed, so that τ = 0, there will be some recoil or



elasticity.



Eqn. (11.26) is a first-order linear differential equation that can be solved



to yield an expression for the shear-stress τ :



The stress in the fluid is a function not only of the strain rate at the



current time t but also of the strain rate at previous times, designated by t'



. The term in brackets is the relaxation modulus G, which weights the



effect of the strain rate at previous times less than t. Note that the



relaxation modulus equals unity when t = t' and is equal to zero when t =



∞. Consequently, the fluid has a “memory” of past deformations, which



decays exponentially with time.



The shear-stress can also be written in terms of the difference [γ(t) − γ(t'



)] between the strains at times t and t' :



The quantity in brackets is the memory function, which describes the



effect of strain prehistory on the stress.



Unfortunately, with a single relaxation time λ and a single viscosity η, the



two-parameter Maxwell model does not describe linear viscoelastic



behavior particularly well. Another constitutive equation for linear



viscoelastic fluids is the generalized Maxwell model, in which a moderate



number n of springs and dash-pots of varying characteristics are placed in



parallel:



with an individual Maxwell-type equation for every value of k:



0



 Equation (11.28) may be verified by forming τ + λ∂τ /∂t, then using



Leibnitz’s rule (see Appendix A), and finally checking that the result



equals η 
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A generalized linear viscoelastic model is one in which the relaxation and



memory moduli are not constrained to be of the exponential form



appearing in Eqn. (11.28), but are properties of the fluid:



The White-Metzner model



For any number of space dimensions, the Maxwell model can supposedly



be generalized to:



but Middleman and others point out some basic drawbacks and



inconsistencies of it—notably the fact that ∂τ /∂t is not a tensor and hence



is incompatible with the other two terms of the equation.  Also, even the



simple model of Eqn. (11.26) is not necessarily true if the fluid is flowing.



These last two objections may be overcome by using a more sophisticated



time derivative and rewriting the Maxwell model as:



in which the contravariant form of the Oldroyd derivative gives in a fixed



coordinate system the rate of change with time in a coordinate system



that moves and deforms with the fluid :



The first term on the right-hand side will be remembered as the



convective derivative, which accounts for the time variation of a scalar



(such as ρ or v ) following the path taken by the fluid. However, when



dealing with a tensor, two additional terms are required, in which the



dyadic product ∇v and its transpose are defined by:



Unfortunately, the development rapidly becomes quite complicated. The



dot product of two tensors a and b is also a tensor, such that the i, j



component of a · b is k a b . Clearly, τ · (∇v) and (∇v)  · τ give lengthy



terms when written out fully. The reader may wish to check the following:



1. The Oldroyd derivative of a component τ  of the stress tensor is:



in which the summation for k is over the three coordinate directions x, y,



and z, such that, for example:



2. Even for the simplified case of two-dimensional flow, the relation for



just the component τ  derived from Eqn. (11.38) is:



The following variation is known as the White-Metzner equation, in which



λ and η are functions of the second invariant of the rate-of-strain tensor:



in which G is the rigidity modulus as previously defined. Middleman



points out that this model gives both realistic shear-thinning and primary



normal-stress behavior.  Numerical solutions are clearly needed in all



but the simplest cases.



11.5 RESPONSE TO OSCILLATORY SHEAR



Linear viscoelastic fluids are usually characterized by their response to



small-amplitude oscillatory shear, which can be achieved by rotational



rheometers, as outlined in Section 11.6. Consider an imposed strain of the



following form:



where γ  is the strain amplitude and ω is the frequency. The strain



amplitude is small enough so that the fluid responds linearly to the



applied strain. The strain rate is given by:



The corresponding stress, which can be checked by substitution into the



Maxwell model of Eqn. (11.26), is:



in which first term is in-phase, and the second term out-of-phase, with



the applied strain. The stress can also be written as:



in which G' is the elastic or storage modulus, and G' is the viscous or loss



modulus. A comparison of Eqns. (11.44) and (11.45) shows that:



 S. Middleman, Fundamentals of Polymer Processing, McGraw-Hill,



New York, 1977, pp. 54–55.



 J.G. Oldroyd, Proceedings of the Royal Society (London), Vol. 200A,



pp. 523–541 (1950).
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An analysis of the behavior of τ will give G' and G' and hence the material



properties λ and η.



By using the identity cos(ωt + δ) = cos ωt cos δ − sin ωt sin δ, the stress of



Eqn. (11.45) can be rephrased as:



in which the loss angle δ describes the phase shift between the applied



strain and the stress response and is given by:



Note that the ratio of G' to G' specifies the relative viscous-to-elastic



nature of the fluid, and equals the tangent of the loss angle δ. For Maxwell



fluids:



A purely viscous fluid (zero relaxation time) is characterized by tan δ = ∞



(δ = π/2 = 90 ), while a purely elastic fluid (infinite relaxation time) is



characterized by tan δ = 0 (δ = 0 ). If a fluid is equally viscous and elastic,



tan δ equals unity (δ = π/4=45 ). The wave forms of an applied oscillatory



strain and the resulting stress response, together with loss angle δ, are



shown in Fig. 11.10 for an elastic fluid, a viscoelastic fluid, and a viscous



fluid. The dimensionless time is ωt/2π.



Fig. 11.10. Waves (scaled to maximum amplitude) for an
applied oscillatory strain and the stress response. E:
applied strain and stress response for an elastic fluid. V–E:
stress response for a viscoelastic fluid with a loss angle of δ
= 45 . V: stress response for a viscous fluid; the stress leads
the strain by δ =90 .



As shown in Eqns. (11.46) and (11.48), G' , G' , and δ are also functions of



the frequency ω. At high frequencies, in which the characteristic time of



the deformation is much shorter than the relaxation time of the fluid, tan



δ approaches zero and the response of the fluid is that of an elastic solid.



In this case, the stress is in phase with the applied strain. At low



frequencies, in which the characteristic time of the deformation is much



greater than the relaxation time of the fluid, tan δ approaches infinity and



the response of the fluid is that of a viscous liquid. Then, the stress is out



of phase with the applied strain, leading the strain by 90 . The next



section discusses dynamic methods of measuring G' and G' .



Physical explanation of phase relation between stress and strain



Fig. 11.11 illustrates how stress and strain can be out-of-phase for a



viscous fluid. Consider a fluid layer, such as might occur in a viscometer,



the upper surface being subjected to an oscillating strain, and the



resulting stress being measured at the fixed lower surface. Assume that



initial transients have died out, so that the indicated pattern is repeated



from one cycle to the next.



Fig. 11.11. Displacement of a viscous fluid in response to
oscillatory shear.



At stage (a), the strain is one unit to the right (+1), and subsequently



cycles through the values 0, −1, 0, and back to +1 in stages (b)–(e). The



stress at the lower surface is measured by the slope of the displacement.



Since shearing motions are not transmitted instantaneously through



viscous fluids, it takes time for the strain at the top surface to manifest



itself at the lower surface. Note that the stress at the lower surface



becomes one unit to the right only at stage (d), which may be viewed as



lagging the strain by three-quarters of a cycle or leading it by one-quarter



of a cycle.



11.6 CHARACTERIZATION OF THE RHEOLOGICAL
PROPERTIES OF FLUIDS



It is critical to characterize the rheological properties of a fluid accurately.



For example, a shear-thickening fluid presents special problems with



respect to pumping requirements. Since the fluid becomes more viscous



as the strain rate increases, a shear-thickening fluid may “gel” in piping



and pumping equipment. Shear-thinning fluids, on the other hand,



become less resistant to flow at higher strain rates. It is then necessary to



quantify the decrease in the viscosity—as the driving force and thus the



strain rate increases—to control the fluid flow rate precisely.



Viscometers are devices used for measuring the viscosities of fluids. In



these instruments, a precisely known fluid velocity profile is established,



and either the resistance to flow or the fluid flow rate is measured. Shear-



thinning and shear-thickening fluids can be differentiated from



Newtonian fluids by studying the resistance of the fluid to flow over a



range of strain rates.



Viscometers belong to a larger class of devices called rheometers. In



addition to measuring the viscosity of the fluid, rheometers also
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characterize the viscoelastic properties such as the elastic and viscous



moduli. Common viscometers and rheometers are described below.



Capillary viscometer



A capillary viscometer is based on the principle developed in Example



11.1: For a given pressure drop, the volumetric flow rate of a fluid through



a circular tube is a function of the fluid viscosity. In practice, the time is



measured for a given volume of fluid to travel a known distance through



the capillary, typically under the action of gravity. Since the flow rate



depends on the capillary radius, which is difficult to measure, the



capillary viscometer is calibrated with Newtonian oils of known



viscosities. The kinematic viscosity of a fluid with unknown viscosity can



then be calculated by multiplying the time required for flow by the



calibration constant. Commercial capillary viscometers include the



Cannon-Fenske and the Ubbelohde instruments.



For a Newtonian fluid, the strain rate and the shear stress vary linearly



from zero at the center of the capillary (r = 0) to a maximum at the wall (r



= a). The strain rate w at the wall for a Newtonian fluid is given by:



A similar expression can be written for a non-Newtonian fluid



where τ  is the shear stress at the wall. The term in brackets is the



Rabinowitsch correction. For power-law fluids, d(ln Q)/d(ln τ )=1/n. The



contribution of this term to the viscosity can thus be significant for nℓ 1.



Example 11.4—Proof of the Rabinowitsch Equation



Prove the Rabinowitsch equation, (11.51), which enables the
stress/strain relation to be established from data on steady
fluid flow in a pipe, as shown in Fig. E11.4.1, and is therefore
useful for developing a model for the behavior of the fluid.



Fig. E11.4.1. Flow of fluid through a pipe.



Solution



The flow rate is given by the integral of the velocity profile:



Integration by parts yields:



Now change the variable of integration from r to τ  (which will
be denoted as τ for simplicity). The shear stress is known to
vary linearly with the radial coordinate, so that:



In terms of this new variable, the flow rate becomes, from
Eqns. (E11.4.2) and (E11.4.3):



Leibnitz’s rule (given in Appendix A) is next used for
differentiating the flow rate with respect to the wall shear
stress: dQ dτ



in which the last term is developed with the aid of Eqn.
(E11.4.4).



The strain rate at the wall is therefore:



which is known as the Rabinowitsch equation.



Since τ  = a(−dp/dz)/2 (in which dp/dz is negative) is readily
obtainable from the pressure drop, and Q is easily measured,
Eqn. (E11.4.6) permits  to be obtained as a function of τ ,
thus enabling the fluid to be characterized.



Rotational rheometers



Numerous rheometers, suitable for characterizing both viscous and elastic



fluids, are rotational-type instruments; examples, which are discussed



below, include the cone-and-plate, parallel-plate, and concentric-cylinder



rheometers. One component of the rheometer is rotated at a constant



angular velocity or is oscillated at a known frequency, and the other



component is held stationary. Either the torque required to rotate the



component or the torque required to hold the other component stationary



is measured. (Note that these torques are equal in magnitude but opposite



in direction.) Alternatively, a constant torque can be applied to one



component and the resulting rotation rate or frequency measured. In all



of these instruments, it is essential to establish a well-defined velocity



profile in the fluid. As a result, most rotational rheometers are designed



so that the fluid experiences a constant strain rate.



Professor Karl Weissenberg was a physicist of great
eminence. He was born in Vienna in 1893 and obtained his
doctorate in mathematics at Jena in 1916. He spent several
of his early years at the Kaiser Wilhelm Institute for Physics
in Berlin, working with Albert Einstein, Max Planck, and other
luminaries. There, he concentrated his work on crystalline
structures, eventually devising the Weissenberg X-ray
goniometer, which involved coordinated movements of both
film and crystal, making the elucidation of the crystal
structure much easier. Weissenberg came to England in
1933, living in Southampton and London, although he also
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held several temporary teaching and research positions in
the U.S.A.



His research interests then turned to many aspects of
polymer rheology, including the mathematical models that
incorporate both viscous and elastic effects. He developed a
simple dimensionless group, the Weissenberg number We
(or Wi), viewed for simple shear as the elastic forces divided
by the viscous forces, amounting to λ, the product of the
strain rate and the relaxation time. He is also famous for
postulating an explanation (normal stresses generated by
shearing) as to why some liquids will “climb” up the rod that is
stirring them—the Weissenberg effect. He also had a major
hand in developing the Weissenberg rheogoniometer, an
instrument that can measure both the viscous and elastic
properties of fluids contained between its stationary cone and
rotating disc. Weissenberg also proposed the hypothesis that
in simple shear flow of some elastic liquids the second
normal-stress difference should be zero.



I was privileged to have the friendship of “Karl” (as he soon
became known to me and my wife, Mary Ann). I first
encountered him in 1965, when my former grammar-school
friend, Dr. Barry Shorthouse, invited me to meet Karl in
Bognor Regis (England), where Barry was manager of
Sangamo/Weston Controls, manufacturer of the Weissenberg
rheogoniometer. I recall the day very well because we had
lunch at “The Wilkes Head” pub in the countryside near
Chichester. Karl subsequently stayed twice at our house in
Ann Arbor when he was touring the United States, giving
lectures on polymer rheology and applications of his
rheogoniometer. He was a delightful conversationalist—
relating many interesting anecdotes, full of good humor, and
he was a very modest person (especially considering the
genius that he was). He gave an outstanding and humorous
seminar on polymer rheology, with practical illustrations, to a
packed audience in our chemical Engineering Department at
the University of Michigan in April 1966. After the death of his
first wife, we visited him at his London flat. He remarried and
died in The Hague in 1976.



Source: Recollections of the author, reinforced by Karl
Weissenberg— The 80th Birthday Celebration Essays (a
superb collection), courtesy The British Society of Rheology



1. Cone-and-plate rheometer. A cone-and-plate rheometer consists of a



cone of prescribed angle α, positioned above a flat disk, as shown in Fig.



11.12.



Fig. 11.12. Cone-and-plate viscometer (α exaggerated).



A sample of fluid is placed in the gap between the cone and the plate.



When the plate is rotated at a constant angular velocity ω, for example,



the fluid velocity in the gap is approximated closely by the following for



small cone angles:



where h(r) is the gap distance between the plate and the cone and z is



measured from the plate. The strain rate is constant across the gap,



independent of r and θ:



where α . = H/R is the small cone angle in radians. As shown in Problem



6.15, the viscosity can be calculated from the torque T required to rotate



the plate at the angular velocity ω:



In practice, the apex of the cone is slightly truncated so that the cone does



not touch the plate during measurements. This feature also allows the



cone-and-plate rheometer to be used to measure the rheological



properties of suspensions. The fluid can then be considered to be a



continuum everywhere throughout the gap.



A considerably more detailed and somewhat more exact treatment of a



cone-and-plate rheometer—the Weissenberg rheogoniometer—is given in



Example 6.7.



2. Parallel-plate rheometer. The parallel-plate rheometer, illustrated in



Fig. 11.13(a), resembles the cone-and-plate rheometer, except that the



cone is replaced by a flat circular plate of radius R, held at a known



distance hℓ R above the lower plate. A sample of fluid is placed in the gap



between the two plates, and one plate either rotates at a known speed or



oscillates at a known frequency. For steady rotation of the upper plate, for



example, the velocity profile in the gap is given by:



Fig. 11.13. (a) Parallel-plate and (b) bob-and-cup
viscometers.
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with a corresponding strain rate:



The viscosity is then:



in which a Rabinowitsch-type approach has been used, and where T is the



measured torque or couple. If the constitutive equation for the fluid is



known, the torque can be related to the strain rate to simplify the



derivative in Eqn. (11.57).



3. Coaxial-cylinder rheometer. Fig. 11.13(b) shows a coaxial-cylinder



rheometer, which consists of two concentric cylinders, the outer of which



is called the cup and the inner of which is called the bob. Either the cup or



the bob is rotated at a known speed or frequency, and the torque required



to sustain the rotation or the torque required to hold the other component



stationary is measured. If the gap between the two cylinders is small with



respect to the radii of both cylinders (the bob radius is at least 97% of the



cup radius), the strain rate in the fluid is very nearly constant across the



gap:



where R  and R  are the radii of the bob and cup, respectively. Generally,



the length of the bob that is immersed in the fluid is much greater than



the gap distance, so that end effects are negligible.



Example 11.5—Working Equation for a Coaxial-Cylinder
Rheometer: Newtonian Fluid



Consider a coaxial cylinder rheometer in which the bob of
radius R  and height H rotates at an angular velocity ω in the
θ direction, and the torque T required to hold the cup of
radius R  stationary is measured. Derive a relationship
between the torque and the viscosity η if the fluid contained
in the rheometer is Newtonian.



Solution



In the absence of secondary flows, the fluid flow in the gap
between the cylinders will be in the θ direction only. The
Navier-Stokes equation in the θ direction reduces to [see
Eqn. (5.75)]:



subject to the boundary conditions:



(Note that if the fluid is non-Newtonian, the appropriate
governing equation is the equation of motion in the θ
direction:



where the shear stress τ  is related to the velocity using a
constitutive equation.)



Fig. E11.5.1. Sign convention for shear stresses.



Integration of Eqn. (E11.5.1) and application of boundary
conditions in the usual way gives the velocity profile:



Referring to Fig. E11.5.1, the shear stress is:



The torque T (measured as positive in the direction of
increasing θ), required to keep the cup stationary, equals the
product of the force and the lever arm:



which becomes (still for a Newtonian fluid):



Note that the first minus sign arises because the torque
required to hold the cup stationary is in the negative θ
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direction. From Eqn. (E11.5.8), this torque is directly
proportional to the viscosity, which can then be calculated.



PROBLEMS FOR CHAPTER 11



1. Bingham-plastic velocity profile—M. A pressure gradient of −dp/dz in



a horizontal tube of radius a causes the flow of a Bingham plastic of yield



stress τ  and “viscosity” η. Following the development in Example 11.2,



derive the velocity profile. Assume that |τ | >τ . What is the result for |



τ | ≤ τ ?



2. Volumetric flow rate of a Bingham plastic—M. A pressure gradient of



−dp/dz in a horizontal tube of radius a causes the flow of a Bingham



plastic of yield stress τ  and “viscosity” η. Following Problem 11.1, prove



for |τ | >τ  that the volumetric flow rate is:



3. Power-law film flow—M. Consider the film flow of a power-law fluid



with parameters κ and n and density ρ down a plate inclined at angle θ



with respect to the horizontal. If the film thickness is H:



(a) Derive an expression for the resulting velocity profile v  as a function



of y (distance from the plate), H, κ, n, g, ρ, and θ.



(b) Sketch three representative velocity profiles (each having, for



simplicity, the same maximum velocity, which in practice would mean



different values of κ), for n< 1, n = 1, and n> 1, and comment briefly on



the important features.



(c) Derive an expression for the volumetric flow rate of the liquid per unit



width of the plate. check your answer against the known expression for a



Newtonian fluid:



4. Bingham-plastic film flow—M. Repeat Problem 11.3 for a Bingham-



plastic fluid.



5. Rotating rod—M. What is the strain-rate tensor in cylindrical



coordinates? Hint: First examine the stress components given in Table 5.8



for a Newtonian fluid. Also write down the corresponding viscous-stress



tensor.



A circular cylindrical rod of length L and radius R rotates steadily about



its axis at an angular velocity ω in an otherwise stagnant power-law fluid



that obeys the model η = κ −1, in which n< 2. The length of the rod is



much larger than the radius, so that end effects are negligible.



(a) Prove that the strain rate is given by:



(b) check that the θ momentum balance simplifies to:



and derive the expression for the velocity profile in the fluid, v  = v (r).



(c) Sketch the velocity profile for two values of n, taking care to show



which profile belongs to the larger value of n.



(d) As n goes to infinity prove that the fluid is effectively in solid-body



rotation.



(e) Derive an expression for the torque required to rotate the rod.



6. Shear-thinning wire coating—M. In a certain constant-pressure



process, a wire is to be coated with PVC (polyvinylchloride) supplied at a



flow rate Q, as illustrated in Fig. P11.6. The radius of the wire is r  and the



radius of the die is r . It is critical to estimate the coating thickness δ from



a knowledge of the velocity U at which the wire is drawn through the die.



Fig. P11.6. Wire-coating.



(a) Derive an equation relating the coating thickness δ to Q, U, and r .



(b) PVC is a shear-thinning power-law fluid with an index n. If q = 1 −



(1/n), show that the velocity profile in the die is given by:



(c) Hence, derive an expression for Q in terms of U, r , r , and q.



7. Rabinowitsch correction for power-law fluids—E. Concerning Eqn.



(11.51), prove that d(ln Q)/d(ln τ ) is equal to 1/n for power-law fluids.



Any formulas in the text may be used directly without further proof.



8. Fluid characterization—M. You have been given a fluid of unknown



rheo-logical type. Design one or more experiments to characterize the



fluid.



9. Viscoelastic-fluid response—E. For an applied strain of γ = γ  cos(ωt),



sketch the response of a viscoelastic fluid characterized by δ = 60 .



10. Bingham plastic in a vertical tube—M. A long vertical pipe of radius a



and length L, open to the atmosphere at both ends, is filled with a



Bingham plastic of density ρ and rheological parameters τ  and η . If the z
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axis points vertically downwards, prove that the shear-stress distribution



is given by:



Derive an expression for the minimum pipe radius, a , that will just



cause flow of the Bingham plastic under gravity. Your answer should be in



terms of any or all of the parameters: ρ, τ , η , L, and g. You may assume



that: 1 2



If a pipe of radius 2a  is now filled with the same material, and both



ends are allowed to communicate with the atmosphere, derive the velocity



profile v  as a function of r and any or all of the parameters previously



listed.



11. Bingham-plastic paint film—E. Many paints behave like Bingham-



plastic fluids. As shown in Fig. P11.10, consider a paint film of thickness δ



spread uniformly on a flat wall inclined at 30  to the horizontal.



Fig. P11.10. Paint film on inclined wall.



What is the maximum film thickness (cm) for which the paint film will not



flow under the action of gravity?



12. Oscillatory shear of a Maxwell fluid—E. For small amplitude



oscillatory shear of a Maxwell fluid with an imposed strain γ(t)= γ  cos ωt,



the corresponding stress is postulated:



check that this expression for the shear stress satisfies the Maxwell model.



13. Parameters for a Bingham plastic—D (C). A polymer solution of



density ρ behaves as a Bingham plastic and for simple shear as in Fig. 11.7



has the stress/rate-of-strain relationships:



where τ  is the shear stress, s = dv /dy is the rate of strain, and both τ



and η are constants.



This solution flows down a flat plate of breadth b inclined at an angle θ to



the horizontal, and forms a film of thickness h measured normal to the



plate. Show that the volumetric flow rate of liquid is given by:



where β = τ /(ρgh sin θ). State all necessary assumptions.



Suppose 500 g of the polymer solution are placed uniformly on a plate of



length 50 cm and breadth 15 cm. When the plate is tilted to an angle of



34  to the horizontal, the solution just begins to flow. If—at this same



inclination—the solution is now supplied at a rate of 2.0 g/s uniformly to



the top end of the plate, the mass of solution on the plate increases to 750



g. Given that ρ =1.29 g/cm , deduce values of the parameters τ  and η for



the polymer solution.



14. Dynamic testing—D (C). The dynamic behavior of a certain polymer



has been investigated by means of an apparatus that applies a sinusoidally



varying shear stress to one face of a block of the polymer. In the context of



these experiments, indicate what is meant by the storage modulus and the



loss modulus.



Experimental data (above) were obtained for the storage modulus at a



number of temperatures and at frequencies limited by the apparatus.



Prepare a master curve for the logarithm of the storage modulus at 298 K.



The shift function—the ratio of the relaxation time at temperature T to its



value at 298 K—has the empirical equation: log  a  = −



15. Determination of constitutive equation—M. The flow rate Q (m /s) of



a non-Newtonian fluid was measured under different applied pressure



gradients
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Find an appropriate constitutive equation for the fluid, which is thought



to conform to either a Bingham plastic (Problem 11.2) or a shear-thinning



power-law fluid (Example 11.1). Hint: use a spreadsheet to find the pair of



parameters (τ ,η) or (n, κ) that minimizes the sum of squares of



differences between observed and predicted values for Q.



16. Non-Newtonian fluid characterization—M. A non-Newtonian liquid



is tested by placing it between the two concentric cylinders of a



viscometer. Since the gap h between the two surfaces is very small, they



may be approximated by two planes as shown in Fig. P11.16, one surface



being stationary and the other moving. The instrument essentially



measures the shear stresses τ =(τ )  needed to move the upper plate at



a variety of steady velocities V .



Fig. P11.16. Opposed surfaces of a viscometer.



Explain in detail how you would discover the model to which the liquid



conforms—it may be either a power-law fluid or a Bingham plastic—and



how you could determine from the data the two parameters (such as κ and



n, or τ  and η) for either model. Use the symbol s for the rate of strain



dv /dy.



17. Tank draining with a power-law fluid—M . A very viscous non-



Newtonian liquid in simple shear obeys the relation:



where τ is the shear stress, s is the strain rate (of a typical form ∂v /∂y),



and c is a constant.



A uniform thin film of the liquid, of thickness h, flows steadily under



gravity down a vertical plate. Show that the mass flow rate m per unit



plate width is:



For a vertical plate from which the liquid is now draining, h will be a



function of time and of the vertically downwards distance x. Prove, by



means of a suitable transient mass balance on a differential element, and



using the above equation for m, that:



A tank with vertical sides is initially full, and at t = 0 is rapidly drained of



the liquid. If x is measured from the top of the tank, verify that the film



thickness on the sides is given by:



18. The Voigt model—M. The Voigt model for a viscoelastic fluid is shown



in Fig. P11.18, and consists of a dashpot and spring in parallel, with



constants η and G, respectively.



Fig. P11.18. Elements of the Voigt model.



When a stress τ is applied at point P, the resulting strain is γ.



(a) By noting the resisting stresses offered by the dashpot and spring,



derive the differential equation that relates τ , γ, η, and G.



(b) If a constant stress τ  is applied, with an initial strain of zero, solve



this differential equation for the strain as a function of time. Introduce the



parameter λ = η/G if possible. Hint: if needed, try γ = c  + c e c t as a



solution.



(c) If, after a long time, the stress is completely removed, what happens to



the strain?



(d) Draw a diagram that shows both the stress and the strain as functions



of time for both (b) and (c) above.



19. Strain-rate solution of the Maxwell model—E. Verify that the stress



given by Eqn. (11.28) satisfies the Maxwell model of Eqn. (11.26).
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20. Strain solution of the Maxwell model—M. Verify that the stress given



by Eqn. (11.29) satisfies the Maxwell model of Eqn. (11.26).



21. Strain decay for Maxwell fluid—E. For a suddenly imposed strain γ ,



what is the stress τ in a Maxwell fluid of parameters λ and G as a function



of time? Sketch τ as a function of time.



22. Oldroyd derivative—E. Verify Eqn. (11.38), which gives the Oldroyd



derivative of a component τ  of the stress tensor.



23. Maxwell model with Oldroyd derivative—E. Verify Eqn. (11.40), the



relation for the stress component τ .



24. Tests on a Maxwell fluid—M. A viscoelastic Maxwell fluid is subjected



to an oscillating strain γ  cos ωt in a rheometer, and loss angles of δ =



0.375 and 0.158 radians are found for angular frequencies ω = 2 and 5 s 1,



respectively.



(a) Show that these two data points are consistent with each other, and



evaluate the relaxation time λ (s).



(b) At ω =2 s 1, the tests show that the amplitude of the oscillations of τ/



γ  is 2.32 kg/m s . Evaluate the viscosity η (kg/m s) of the sample.



(c) If, in another experiment, starting from zero strain and zero shear, the



sample is strained by a steady amount  = c, verify that the



corresponding shear stress is:



After what time will the stress have risen to half of its final asymptotic



value?



25. True/false. check true or false, as appropriate:



(a) The term “non-Newtonian” applies only to those fluids that exhibit



elasticity.



T  F 



(b) In simple shear, the strain rate refers to the rate of angular



deformation.



T  F 



(c) The effective viscosity of pseudoplastic fluids decreases as the strain



rate increases.



T  F 



(d) At a constant strain rate, a thixotropic fluid exhibits a viscosity that



increases with time.



T  F 



(e) The second invariant of the strain-rate tensor is important because it



enables a generalized strain rate  to be defined.



T  F 



(f) The Carreau model needs just three independent parameters in its



formulation.



T  F 



(g) A Bingham plastic will not flow unless the strain rate exceeds a certain



minimum threshold.



T  F 



(h) For flow in a horizontal pipe under a specified pressure gradient, the



shear-stress distribution, τ  = τ (r), differs between a Newtonian and a



non-Newtonian fluid.



T  F 



(i) The physical interpretation of the Maxwell model is that of a spring



and a dashpot in series.



T  F 



(j) The relaxation time of a viscoelastic fluid is the ratio of its elastic or



rigidity modulus to its viscosity.



T  F 



(k) If a Maxwell model fluid is stretched to a certain point, but no more,



the stress will decay exponentially.



T  F 



(l) For a generalized viscoelastic fluid, the memory function weights the



strain rate in the integral expression for the stress tensor.



T  F 



(m) If a viscoelastic fluid is tested in oscillatory shear, the part of the



shear that is in-phase with the strain depends on the elasticity of the fluid,



rather than on its viscosity.



T  F 



(n) Elastic solids, and viscous fluids, have high and low relaxation times,



respectively.



T  F 



(o) A parallel-plate rheometer has the advantage that the strain rate is



constant throughout the fluid being tested.



T  F 



(p) In a coaxial-cylinder rheometer, the torque required to prevent the



cup from rotation depends very much on the separation between the bob



and cup.
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T  F 



(q) The strain rate and the viscous dissipation function are closely related



to each other.



T  F 



(r) For viscoelastic fluids, the primary normal-stress difference N  is



approximately proportional to the strain rate 



T  F 



(s) The Rabinowitsch equation enables stress/strain rate relationships to



be determined from flow rate and pressure drop measurements.



T  F 



(t) The relaxation time of a solid is very small. T F



T  F 



(u) The Maxwell model for certain viscoelastic fluids can be reformulated



as an equivalent “fading-memory” model.



T  F 



(v) Key steps in the formulation of the Rabinowitsch equation are



integration by parts and the application of Leibnitz’s rule.



T  F 



(w) The first and third invariants of the strain-rate tensor are frequently



zero, and are therefore of little use for formulating a generalized



Newtonian viscosity based on strain rate.



T  F 



(x) When shearing a viscoelastic liquid between two parallel plates, the



primary normal-stress difference tends to push the plates apart.



T  F 



(y) There is more than one plausible explanation for the Weissenberg rod-



climbing effect.



T  F 



(z) The Oldroyd derivative is useful in extending the Maxwell model to



flowing situations.



T  F 



(A) Pseudoplasticity is a universal feature of most particulate suspensions.



T  F 



(B) A more solid-like viscoelastic fluid is characterized by G' >G' .



T  F 



(C) The apparent viscosity of a non-Newtonian fluid is essentially



constant everywhere in the fluid in a narrow-gap coaxial-cylinder



rheometer operating at a fixed rotation rate.



T  F 
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Chapter 12. Microfluidics And Electrokinetic
Flow E�ects



12.1 INTRODUCTION



MICROFLUIDICS, as described here, refers to a fluidic regime



(characterized by geometric length scales usually between 100 nm and



100 μm) in which the dominant transport physics change as compared to



macroscopic fluid mechanics, due either to changes in Reynolds number,



the relative importance of surface effects, or relative changes in the



importance or character of different mixing and reaction processes. The



tools used currently to understand microfluidic systems have historically



been used to study flow in capillaries, both natural (in our circulatory



system) and artificial (most commonly in glass capillaries), as well as flow



through porous media such as soil. While the fluid mechanics tools have



retained a similar structure, the applications have evolved, becoming



more wide-ranging and more interesting with the development and



ubiquity of microfabrication techniques.



Modern microfluidic systems are typically fabricated from glass, silicon,



or a variety of ceramics and polymers. Initial systems were first developed



in silicon and silica, owing to the prevalence of silicon micromachining



expertise and the long history of using glass capillaries. More recently, a



variety of polymeric substrates, including poly(dimethylsiloxane),



polycarbonate, and poly(methylmethacrylate), have become more and



more important due to their relatively low cost or their unique and useful



properties.



Most microfluidic devices have been motivated by the desire to optimize



fluidic handling for chemical, biological, and medical applications.



Optimization can be achieved via massive parallelization or simply



because the different fluidic regimes (e.g., surface-tension-dominated,



electrokinetic) afford new techniques for manipulating and controlling



fluids. Applications include protein crystallization as well as protein and



DNA separation and identification, for which pictures of example devices



are shown in Figure 12.1. Because of our interests in



chemical/biological/medical applications, we will focus on primarily



liquid-phase applications in this chapter.



Fig. 12.1. Two examples of microfluidic chips. (a) Protein-
sizing chip for use on Agilent 2100 Bioanalyzer. The 16 fluid
reservoirs in the plastic caddy mate with the glass chip
underneath. The microfluidic chip itself occupies just the
area under the reservoirs. From A. Kopf-Sill Lab Chip, Vol.
2, pp. 42N–47N, 2002. Reproduced by permission of The
Royal Society of chemistry; (b) The microfluidic chip and
fluidic compression manifold of the Sandia National Labs
μchemLab  microfluidic bioanalysis device. Reprinted
with permission from R.F. Renzi et al., Analytical
chemistry, Vol. 77, pp. 435–441, 2005. Copyright 2005,
American chemical Society.



12.2 PHYSICS OF MICROSCALE FLUID MECHANICS



Dimensional analysis (Chapter 4) shows us that the character of flow



through a given geometry depends only on the Reynolds number and not



on the length scale per se. Similarly, scalar transport depends only on the



Péclet number (defined using thermal diffusivity for heat-transfer



problems or mass diffusivity for mass-transfer problems). Why, then,



discuss microfluidics separately from Stokes flow? The answer is that,



despite the fact that many of the distinguishing aspects of microfluidic



flows follow directly from their laminar, low-Re character, many others do



not. Key differences in the relevant physics of microscale fluid transport



include:



• Flows are typically laminar and have a low Reynolds number.



• Both pressure and electric fields are used to actuate flow, so the



transport equations must be modified to include electroosmotic flow and



electrophoresis of molecules or particles.



• Boundary conditions are often more difficult to define, since slip



velocities need be included, depending on the length scale, and these slip



velocities are often not well known or understood.



• If multiple phases exist, surface tension can dominate over pressure



forces. After a discussion specific to dispersion in pressure-driven flow in



microscale tubes, this chapter will focus primarily on electrokinetic



phenomena.
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12.3 PRESSURE-DRIVEN FLOW THROUGH
MICROSCALE TUBES



Recall the flow inside a circular pipe induced by a pressure gradient



(Chapter 3). For a given pressure gradient and fluid, the character of the



flow changes from laminar to transitional to turbulent as the diameter of



the pipe is increased. Microfluidic channels have extraordinarily small



diameters and therefore flow in microchannels typically occurs at low Re.



Example 12.1—Calculation of Reynolds Numbers



Calculate the Reynolds number Re for the following. Assume
that the fluid has properties of water: density ρ =1,000 kg/m ,
viscosity μ =10 3 kg/m s, and kinematic viscosity ν =10 6
m /s.



• Flow of drugs injected using thumb pressure (about 5 atm)
on a 5-ml syringe through a -inch long, 27-gauge (internal
diameter d approximately 300 μm) needle.



• Flow of cell culture media at a mean velocity of 10 μm/s
through a d = 20-μm diameter tube machined in a glass
microchip, used to culture cells in what is called “continuous
perfusion cell culture.”



• Flow of water at a mean velocity of 80 μm/s through d = 50-
nm diameter tubes machined in silicon, used to sort and
measure individual DNA molecules.



Solution



Syringe: Because of the high pressure drop, we anticipate
that the flow is probably turbulent, in which case we can use
Eqns. (3.33) for the pressure drop and (3.40) for the friction
factor in a smooth tube:



Elimination of the friction factor and rearrangement gives the
mean velocity:



thus verifying the assumption of turbulent flow.



Cell culture media:



DNA measurement:



12.4 MIXING, TRANSPORT, AND DISPERSION



Mixing is critical for countless chemical problems. Often, complete mixing



is required to achieve a chemical reaction. In other cases, such as



chemical separations, it is critical to minimize the extent to which



different sections of fluid mix. Because microfluidic systems are used in



both these situations, and because geometries of practical interest involve



known solutions of the laminar Navier-Stokes equations, microfluidic



systems serve as excellent model systems for discussing mixing and



dispersion.



Taylor dispersion in a capillary tube



Consider the flow of two miscible liquids (for example, clear water and



water with food dye mixed in). Specifically, consider a band of water with



width w containing a species at concentration c  amidst a flow of clear



water (c = 0). As will be seen later, this flow is relevant to a number of



chemical separations.



First we consider one-dimensional diffusion alone with no flow, and



consider the radially averaged concentration . The equation governing



the diffusion of the band is:



And it can be shown that, for pure diffusion, the width of the



concentration profile (which, for long times, is Gaussian in shape) grows



as  Thus, as time proceeds, the width of the band



increases proportional to the square root of time.



Consider now the opposite case. Ignoring diffusion and for the moment



considering only convection, the parabolic velocity distribution distorts



the interface between the two zones, as in Fig. 12.2.  Given a parabolic



velocity distribution with mean velocity U  in a circular pipe, first note



that the centerline velocity is 2U ; thus, a key quantity w/2U  is the time



taken for the liquid at the center to traverse a distance equal to the initial



width w. It can be shown that for Δt>w/2U , the radially averaged



concentration c takes on a trapezoidal shape:



Fig. 12.2. Taylor dispersion caused by parabolic pipe flow:
(a) initially; (b) at a later time Δt. See text for explanation.
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From Eqns. (12.2) it is clear that, for this diffusionless flow, the maximum



concentration c  has been attenuated as the species are spread out by the



flow; furthermore, the maximum height of the average concentration



profile (c w/2U Δt) decreases linearly with time and the width of the



profile increases linearly with time. The five segments of Eqn. (12.2)



correspond to regions to the left of A, between A and B, between B and C,



between C and D, and to the right of D.



Unsurprisingly, the two models (first, diffusion only; second, convection



only) discussed above do not satisfactorily describe the observed sample



band growth, since both omit a key aspect of the transport.



Experimentally, it is observed that the growth of sample band width



convected by parabolic pipe flow profiles increase proportional to the



square root of time, but with a coefficient of proportionality larger than



D /2:



Here, the species diffusion Péclet number is defined as Pe = U a/D, where



a is the radius of the pipe. The Péclet number is analogous to the



Reynolds number; whereas the Reynolds number expresses the ratio of



advective fluxes of momentum to diffusive fluxes of momentum, the



Péclet number expresses the ratio of advective fluxes of species



concentration to the diffusive fluxes of species concentration.



As Pe becomes small (diffusion dominates), Eqn. (12.3) becomes equal to



Eqn. (12.1). As Pe becomes large (diffusion can be neglected), the term 1 +



Pe /48 becomes large, and diffusion is rapid. Note that the applicability of



Eqn. (12.3) does not extend to Pe = ∞, so the result in Eqn. (12.2) cannot



be recovered by simple substitution in Eqn. (12.3). Since we expect to



apply Eqn. (12.3) to microscale flows, Re is small. Note, however, that we



often deal with samples with very large Schmidt numbers (Sc = Pe/Re)



since their diffusivities are very low. Thus, Pe values as high as 1,000 are



common, even in microfluidic applications.



12.5 SPECIES, ENERGY, AND CHARGE TRANSPORT



Before addressing the double layer per se, we must expand the transport



equations from Chapter 5 to include chemical species, thermal energy,



and charge. The discussion is by necessity brief, and much of the



derivation is left for the reader.



Constitutive relations



Recall from Chapter 5 that the heat flux q defines the rate at which



thermal energy is conducted due to temperature gradients and that



Fourier’s law states:



This constitutive relation is the necessary link between the temperature



field and the governing transport equation that expresses conservation of



thermal energy fluxes, just as Newton’s law of viscosity is the necessary



link between the velocity field and the governing transport equation for



conservation of fluid momentum. Fick’s law of diffusion:



similarly relates the species diffusive mass flux J  to the gradient of the



species mass density ρ .



While the constitutive relations that govern diffusion for species and



temperature are quite similar, we must consider different effects when we



treat charged species in an electric field. If a gradient in the electrostatic



potential is present, a force is exerted on a charged molecule. The electric



field E is defined as the negative gradient of the electrostatic potential:



and the force exerted on a molecule is given by



where q is the charge number (the electrical charge normalized by the



elementary charge, 1.602 × 10 19 coulombs) and e is the elementary



charge (1.602 × 10 19 C). An electric field is thus seen to cause a force that



is proportional to that field. The motion of ions is retarded, though, by



collisions with the surrounding molecules. In the steady state, the ion



motion (termed electrophoresis) takes on a velocity given by:



and the molar charge flux is



where c is the species concentration. The electrophoretic mobility μ  is



typically determined experimentally; values of μ  for some small ions are



given in Table 12.1.



Table 12.1. Electrophoretic mobilities of some ions at
infinite dilution in water, 298 K.†



Transport equations



In Chapter 5, the transport equations for momentum (i.e., the Navier-



Stokes equations) were derived. The transport equations for temperature,



species, and charge are similar. We will treat mass and thermal energy as
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conserved scalars, i.e., we will assume that they are transported by the



fluid flow but are neither created nor destroyed. To make this



approximation, our assumptions include: (a) that no chemical reaction



occurs, and (b) that the heat generated by viscous dissipation can be



assumed small. With these assumptions, and using the convective



derivative D/Dt we can write a transport equation for a species



concentration:



and temperature:



Note that Eqns. (12.9) and (12.10) are similar to the Navier-Stokes



equations (Eqn. (5.68)) except that: (a) there is no pressure or gravity



forcing term involved, (b) species molar diffusivity D or thermal



diffusivity α plays the same role as the kinematic viscosity μ/ρ, and (c) the



equations are linear (the nonlinearity in the Navier-Stokes equations



stems from the nonlinear convective term). Also note that the species and



temperature transport equations, as written, do not couple back to the



Navier-Stokes equations—that is, the fluid flow affects species and



temperature transport but the species and temperature transport does not



affect the flow. The same cannot be said for electrical charge, for which



the laws of electrodynamics must be coupled to the flow equations.



If we assume that magnetic fields may be ignored (i.e., externally applied



magnetic fields are small, current-induced magnetic fields are small, and



the electric field is quasi-steady), then the system can be assumed



electrostatic and the electrical potential ϕ is related to the local charge



density via Poisson’s equation:



where ρ  is the local net charge density, and ε is the electrical permittivity



of the liquid. The electrical permittivity of free space, ε , is equal to 8.85 ×



10 12 C/V m; the permittivity of various materials are typically described



through their dielectric constant, ε/ε . The dielectric constant of water at



room temperature is approximately 80.



Just as a gravitational body force term ρg must be included in the Navier-



Stokes equations when gravity plays a role (e.g., Eqn. (5.68)), so must the



Lorentz body force term be included when there is a net charge density



and an electric field. This term can be written as:



where fLorentz is the force (per unit volume) caused by the electrostatic



force felt by the charge density ρ  in the electric field. With this force, the



Navier-Stokes equations relevant for microfluidic applications become:



Note that gravity has been ignored and incompressibility has been



assumed. The effect of the Lorentz force will be of immediate impact



when we discuss the electrical double layer and the microscopic



derivation of the electroosmotic flow velocity.



12.6 THE ELECTRICAL DOUBLE LAYER AND
ELECTROKINETIC PHENOMENA



If one drinks water from a glass, there is hardly any reason to think that



electric fields play a prominent role in the motion as the water pours out



into one’s mouth. However, we can infer from some simple experiments



that electric fields do play a significant role in fluid transport at small



scales. For example, if a pressure gradient of 5 atm is applied to water to



induce Poiseuille flow through a glass capillary of, say, 100 μm diameter,



a voltage difference of approximately 1 volt can be measured between the



two ends of the capillary. Similarly, if the pressure is removed and a



voltage gradient (say 10 kV/m) is applied across the same capillary, the



water inside will be observed to move uniformly at approximately 1 mm/s.



These phenomena stem from an electrochemical phenomenon known as



the electrical double layer, discussed in this section.



Electroosmosis



Before discussing the detailed root cause of the electrical double layer, we



will begin by describing its most obvious effect—electroosmotic flow.



Experiments show that if an extrinsic electric field E is applied across a



tube containing an electrolyte solution, a uniform flow will result, with a



velocity given by:



Here, ζ is called the zeta potential, and μ  ≡ εζ/μ is termed the



electroosmotic mobility. Both of these values are functions of both the



wall material and the nature of the liquid. Unlike Poiseuille flow through a



tube, the velocity of this flow is not a function of the size of the tube,



within certain limits (roughly speaking, for tube diameters above 100 nm



or so). Figure 12.3 shows the velocity distribution for electroosmotic flow



as compared to pressure-driven flow.



Fig. 12.3. (a) Electroosmotic flow in a tube can be
approximated as uniform throughout; (b) laminar
pressure-driven flow in a tube takes on the well-known
parabolic form.
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Example 12.2—Relative Magnitudes of Electroosmotic
and Pressure-Driven Flows



Consider a circular tube of diameter d = 5 μm (r = 2.5 μm)
and length L = 10 cm filled with an aqueous solution. If ζ =
−100 mV, calculate the pressure required to give the same
total flow that would be generated by the application of 1 kV.



Solution



Electroosmotic flow:



Pressure-driven flow:



Detailed structure of the electrical double layer



The simple preceding discussion is an accurate description of the majority



of the flow field and predicts velocities and flow rates quite well; however,



it is certainly dissatisfying from the standpoint of our intuition regarding



the boundary conditions that apply to fluid flow. By describing



electroosmotic flow as uniform, we are implying that the velocity at the



wall is equal to the bulk velocity (i.e., full slip and a completely inviscid



interface)! In the following paragraphs we will show that indeed the no-



slip condition applies, but the region in which the flow is retarded is



remarkably thin and, for the purposes of mass flow rate, can be ignored.



From a fluid mechanics point of view, we consider the wall to be simply



the location of the no-slip boundary condition; chemically, however,



things are much less simple. The surface chemical groups on the wall



undergo reactions with the liquid and achieve an equilibrium chemical



state. The surface charge at the wall is in general nonzero since these



reactions typically involve adsorption of charged ions or creation of



charged groups by addition or removal of protons from the surface



material. The details of the surface chemistry are beyond the scope of this



discussion; however, in general we can assume that the surface has a



nonzero charge. Further, we can assume that the aqueous solution has



some concentration of electrolytes (even pure water has 10 7 M H O  and



10 7 M OH ).



When an electrolyte solution comes into contact with a charged surface,



the charged surface locally changes the ion distribution (which would



otherwise be uniform). Ions with an opposite charge to the surface



(termed counterions) are attracted to the surface, while ions with similar



charge (termed coions) are repelled. An equilibrium is achieved between:



(a) electrostatic attraction/repulsion and (b) Brownian (thermal) motion,



which tends to distribute ions randomly in an exponential (Boltzmann)



distribution, as in Fig. 12.4.



Fig. 12.4. Structure of the electrical double layer. The
situation shown is for a negatively charged surface (O ),
with a negative zeta potential. The monolayer with the
occasional K  ion is the Stern layer. Note the
preponderance of positive ions in the double layer.



The Boltzmann distribution can be derived from equilibrium arguments



that say the likelihood of a system being in a state with molar potential



energy E is proportional to e E/RT . The potential energy of a mole of



charge held at a potential ϕ is E = qF ϕ, where q is the ion charge (for



example, q  = 1 for Na , q  = −1 for Cl , q  = 2 for Mg , etc.) and F is the



Faraday constant, 9.65 × 10  C/mol. If the molar concentration of ions in



the electrolyte solution far from the wall (where the potential is zero) is



c , the concentration of ions at a location with a potential ϕ conforms to



Boltzmann’s equation:



As the potential becomes more positive, the concentration of positive ions



will decrease and that of negative ions will increase.



If the counterions and coions have charges with the same magnitude (e.g.,



+1 and −1 or +2 and −2), the net charge density (see Problem 12.9) is



given by:



where z = |q| is the valence of the ions (the magnitude of the charge



normalized by the electron charge, for example, 1 for Na  and Cl  and 2



for Mg  and SO − 4 ), c  and c  are the concentrations of positive and



negative ions, respectively, and ϕ is the local potential. The combination



of the Poisson equation (Eqn. (12.11)) with the Boltzmann charge



distribution of Eqn. (12.16) gives a relation termed the nonlinear Poisson-



Boltzmann equation, which in a one-dimensional system (such as an



infinite flat plate) is:



where x is the distance from the edge of the Stern layer.
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Recall that the Poisson equation relates the Laplacian of the potential



field to the charge density—here the charge density is directly related to



the exponential distribution of both counter- and coions. Again, we have



assumed a symmetric electrolyte, that is, that the charge of the positive



ions is equal to the charge of the negative ions. Generalizing to multiply-



valent ions is straightforward (but algebraically complex) and adds little



to this discussion.



Equation (12.17) can be simplified considerably by defining the Debye



length, followed by a suitable normalization of the potential. The Debye



length λ  is defined as ; this



length is approximately equal to the thickness of the double layer and will



later be shown to be the characteristic length of the exponential decay of



the potential in certain situations. We can also normalize ϕ by RT/zF (ϕ* =



ϕzF/RT ); RT/zF is the potential at which a coion of valence z has



potential energy equal to RT . With these definitions, Eqn. (12.17) can be



rearranged to give:



If ϕ* ≪ 1 (the so-called Debye-Huckel limit), the one-dimensional



nonlinear Poisson-Boltzmann equation can be simplified (by using the



approximation sinh x . = x) to give (the asterisks can be removed from



both sides):



which, for a flat plate in an infinite reservoir, leads to exponential



solutions:



The zeta potential, ζ, is the potential at the wall (x = 0), and the Debye



length is the 1/e decay distance of the potential as the distance from the



wall increases. For univalent electrolytes, λ  is approximately 10 nm at 1



mM concentration.



We now consider electroosmosis in detail. Modeling the flow in the



double layer as unidirectional and one-dimensional, and combining the



Navier-Stokes equations (with the Lorentz source term, Eqn. (12.13)) with



the Poisson equation (Eqn. (12.11)), a relation can be derived (see



Problem 12.10) between the flow and the potential in the double layer:



This relation has separated the potential field into two components: (1)



the intrinsic potential due to the surface charge, denoted by ϕ, and (2) the



extrinsic potential applied to drive the electroosmotic flow, denoted by the



externally applied electrostatic field E .



Equation (12.21) may be integrated. For a flat wall in an infinite reservoir



of fluid, this is straightforward analytically; requiring that the velocity is



bounded at x = ∞ and zero at the wall, we can show that u = −



which is valid for all x. From Eqn. (12.22) we note that, for a flat surface,



the fluid velocity and the intrinsic potential in the double layer are



similar, i.e., they have the same functional form. Thus the velocity and



potential can be graphed simultaneously, as done in Fig. 12.5.



Fig. 12.5. Electroosmotic flow and potential distributions
between two infinite parallel plates separated by a distance
2d. Spatial profiles of nondimensionalized velocity u* =
u(εζE/μ) 1 are shown as a function of d* = d/λ , the ratio of
the half width to the Debye length. Calculations are shown
in the Debye-Huckel limit (i.e., solutions to Eqn. (12.19)).



One particularly illustrative solution of Eqn. (12.19) (or, more generally,



Eqn. (12.18)) is the solution between two infinite parallel plates. This



solution (Fig. 12.5) shows the impact of wall spacing on the character of



the potential distribution and, as we will see in the following paragraph,



electroosmotic flow. For large wall spacings (as compared to the double



layer thickness, which can be characterized using the Debye length), the



potential is uniform throughout most of the fluid, decaying rapidly to the



zeta potential in thin layers near the walls. Such a profile is typified by



wall spacings roughly 100 times the double layer thickness, or > 1 μm at 1



mM concentration. This is the regime described by the introductory



discussion. When the wall spacing is no longer much greater than the



double layer, the potential can no longer be described as largely uniform,



and the resulting average electroosmotic velocity is no longer given by u =



−εζE/μ.



Similitude between the velocity field and the extrinsic electric
field



Recall from Chapter 7 that, absent electrokinetic effects, vorticity is



generated at fluid-wall interfaces and propagates from the interfaces into



the flow. The vorticity transport equation, though, has no source term,



i.e., vorticity is not generated within the flow field. In Chapter 7 it was



noted that, far from solid boundaries, the vorticity is often small and can



be neglected. One of the more interesting results of electroosmotic flow is



that the flow is irrotational outside the electrical double layer, and thus



the flow field is given by a solution of Laplace’s equation. In fact, it can be
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shown that if ζ is constant, double layers are thin compared to the



geometry or the radius of curvature of any geometric features, and if



electrokinetic forces are the only flow effects (i.e., no pressure gradient



exists) the simple relation in Eqn. (12.14) applies to the entire flow field



(except the double layer) regardless of the complexity of the geometry.



Thus, the electrical potential and the velocity potential differ only by the



multiplier εζ/μ. The formal proof of this requires substantial vector



operations, and will not be covered here. Equation (12.14) thus shows



that, outside the double layer, the extrinsic electric field and the velocity



are similar (i.e., proportional to



each other). This similitude and the ability of Laplace’s equation to



produce the flow solution has several results. First of all, Laplace’s



equation is much more easily solved than the Navier-Stokes equations,



both analytically (for which the Navier-Stokes equations typically have no



solution) and numerically (for which the Navier-Stokes equations require



more computing power). Second, the uniform flow allows fluid samples to



be moved throughout a microchannel without dispersing the sample.



Example 12.3—Electroosmotic Flow Around a Particle



Assume a spherical particle of diameter aℓ λ  is suspended
and held stationary inside a microchannel with diameter dℓ a
and that the particle and channel are made from the same
material and have the same surface potential. An electric
field E  is applied to the system. Calculate the flow solution
(in terms of velocity potential ϕ) around this particle.



Solution



Recall from Eqns. (7.71)–(7.74) and Fig. 7.17 that potential
flow around a sphere can be modeled as the superposition of
a uniform stream (ϕ = Ur cos θ) with a doublet of strength s =
−Ua /2, for which ϕ = Ua  cos θ/2r . This solution identically
solves the electroosmotic flow around a particle, with U given
by εζE /μ. Since dℓ a, it is correct to model the electroosmotic
flow as a uniform stream.



Example 12.4—Electroosmosis in a Microchannel
(COMSOL)



The microchannel ABCD in Fig. E12.4.1, with length L = 5 ×
10 4 m and width H =5 × 10 5 m, contains an electrically
conducting liquid whose physical properties are given in
Table E12.4.1, in which “S” denotes units of Siemens, also
equivalent to ohm 1. Note also that a coulomb (C) equals an
ampere-second (A s), and that the dielectric constant is also
known as the relative permittivity. Electric potentials of zero
and 1 V are applied at the left and right ends AB and CD,
respectively, and we wish to find the resulting liquid
velocities, streamlines, and electric potential distribution.



Fig. E12.4.1. Cross-section of microchannel (not
to scale).



Table E12.4.1. Physical Properties of Liquid



Table E12.4.2. Boundary Conditions



Solution



See Chapter 14 for more details about COMSOL
Multiphysics. All mouse-clicks are left-clicks (the same as
Select) unless specifically denoted as right-clicks (R).



This problem falls into the multiphysics category, in that it
involves both simultaneous motion of fluid and electric
charge.



Select the Physics



1. Open COMSOL and Left-click Model Wizard, followed by
2D, Fluid Flow (the little rotating triangle is called a “glyph”),
Single Phase Flow, Laminar Flow, L-click Add. While on the
Physics Selection panel, L-click AC/DC, Electric Currents
(not Electric Currents Shell) and L-click Add.



2. L-click Study, Stationary, Done.



Define the Parameters



3. R-click Global Definitions and select Parameters. In the
Settings window to the right of the Model Builder enter the
parameters eta and rho1 in the Name column and enter
0.001 [kg/m/s] and 1000 [kg/m^3], respectively, in the
Expression column. Similarly, add the parameters k1 =
0.11845 [S/m], epsr = 80.2 [1] (note the method of entering a
dimensionless quantity), eps0 = 8.85e-12 [C/V/m] and zet0 =
−0.0965 [V]. Also, define epsw as the expression epsr*eps0 ,
L = 5.0e-4 [m] and H = 5.0e-05 [m].



Fig. E12.4.2. (a) The parameter settings after
Step 3; (b) the material constants after Step 5.
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Fig. E12.4.3. (a) In the laminar flow equations, u
and F are the velocity and body-force vectors;
(b) in the electric equations, J and E are the
current and electric-field vectors, σ is the
conductivity, and V is the electric potential.



Establish the Geometry



4. R-click Geometry 1 and select Rectangle. Enter the values
for Width and Height as L and H . Note the default in based
on the lower left corner being at the origin, (0,0). L-click Build
Selected.



Define the Fluid Properties



5. R-click the Materials node within Component 1 and select
Blank Material. Note that the new material will have the
required material parameters based on the physics. Enter the
parameters rho1 and eta as the values for Density and
Dynamic viscosity. Similarly, enter the parameters k1 and
epsr as the Electrical conductivity and Relative permittivity.



6. Expand Laminar Flow by clicking the little glyph to its left,
and select Fluid Properties 1. In the Settings window, ensure
that the Fluid Properties are set to From material. Also click
on the Equation glyph to see the equations being solved, as
in Fig. E12.4.3(a).



Define the Boundary Conditions



7. Inspect the default boundary Laminar Flow conditions by
selecting the Wall 1 node, and note that all are No slip. Add
an outlet boundary condition by R-clicking the Laminar Flow
node and selecting Outlet. Assign the left boundary segment
(#1) by hovering and L-clicking that segment in the Graphics
window, noting that Suppress Backflow is checked.



8. Add two inlet boundary conditions by R-clicking the
Laminar Flow node and selecting Inlet. Assign the top and
bottom boundary segments (#2 and #3) by hovering and L-
clicking those segments in the Graphics window. Ensure the
Boundary condition is set to Velocity field and define the x-
and y-components of velocity to be (epsw*zet0/eta)*Vx and
(epsw*zet0/eta)*Vy, respectively. Note the Vx and Vy are the
two components of the potential gradient from the Electric
Currents physics.



9. Define the neutral boundary condition. R-click the Laminar
Flow node and select Open Boundary. Assign the right
boundary segment (#4) by hovering and L-clicking that
segment in the Graphics window. Note the default case of
zero Normal stress.



Define the Electrical Properties



10. check the electrical properties. Click the Electric Currents
glyph and then select Current Conservation. In the Settings
window, ensure that the Electrical conductivity and Relative
permittivity are set to From material. check the Equations
glyph to see the equations are being solved, as in Fig.
E12.4.3(b).



11. Inspect the default boundary condition for Electric
Currents by selecting the Electric Insulation 1 node, and
noting that all four boundaries are insulated. Add the left-
hand potential condition by R-clicking the Electric Currents
node and selecting Electric Potential. Then L-click Electric
Potential 1, and in the Settings window assign the left
boundary segment (#1) by hovering and L-clicking that
segment in the Graphics window. Ensure that the Electric
potential is set to zero. Similarly, by selecting Electric
Potential and then clicking Electric Potential 2, define the
right-hand boundary (#4) as having an Electric potential 1.0
[V].



Create the Mesh and Solve the Problem



12. L-Click the Mesh node and L-click Build All, using the
coarser element size—this is not a problem requiring high
definition, and we can thereby more easily display the mesh,
as in Fig. E12.4.4 (Mesh Statistics gives 1,548 elements).



Fig. E12.4.4. Coarser mesh—quite adequate for
this example.



13. Expose the solver setting by R-clicking the Study node
and select Show Default Solver. Within the Solver
Configurations node, expand the Solution Configurations by
L-clicking the glyph to the left of Solution 1. Set the scaling
option by L-clicking the Dependent Variables 1 glyph,
selecting Electric potential and locating the Scaling options in
the Settings window. Change the method from Automatic to
None by L-clicking the drop-down dialog—an essential step
for the following none-too-obvious reason. Namely, for
accuracy in solving simultaneous equations, COMSOL tries
to scale the dependent variables so that they are all of order
1. The scaling is accomplished by dividing each variable by a
reference quantity. But in our present problem, because there
is no applied potential difference in the y direction, there is no
flow in that direction, so that v  = 0 and the scaling is
impossible. If this precaution were not taken, the attempted
solution would not converge. (Example 12.5, which has a
flow in the y-direction, is not so restricted.)



14. Save the model file as E12.5.mph or similar, because it
will be needed at the beginning of Example 12.5, to avoid
repeating all the steps up to here.



15. R-click the Study 1 node and select Compute. You can
see the development of the solution under the Progress tab
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at the bottom of the Graphics window, but it is very fast—so
“re-Compute” if you missed it. A uniform light green (not
reproduced here) indicates a constant velocity magnitude
throughout the region (as expected). By clicking anywhere on
the plot and looking at the indicated value below the Graphics
window, or observing the color bar at the right, we discover
that the magnitude of the velocity is 1.37 × 10 4 m/s, in
complete agreement with the results obtained from Eqn.
12.22 (away from the walls). Display the Results



16. R-click the Results node and select 2D Plot Group. R-
click the newly created 2D Plot Group 4 and select Arrow
Surface. Note the default values and L-click Plot at the top of
the Settings window. For better reproduction, we change the
Color from Red to Black, the Arrow base to Center, use the
slider to increase the Scale factor to 0.08, and reduce the
Number of y grid points from 15 to 10, giving Fig. E12.4.5.



17. R-click the Results node and select 2D Plot Group. R-
click the newly created Plot Group 5 and L-click Rename and
enter the name Streamline Group. R-click the Streamline
Group and select Streamline. In the Streamline Settings
panel select the Positions options and select Start point
controlled and change the Entry method to Coordinates. To
define start points on the left edge, set the x-coordinate to the
single value L. For clarity, we wish to decrease the number of
y grid points from 15 to 10. For the y-values, use the range
build icon to the right of the field by L-clicking. In the panel
that opens, change the entry method to Number of Values.
Enter 0.0 and H as the Start and Stop values, with 10 as the
Number of values. L-click Replace. Note that this process
simply builds entries for the range function and one could
directly enter the range function as an option. Change Color
to Black. L-click Plot, giving Fig. E12.4.6.



18. To obtain a plot of the equipotentials, first R-click the
Results node and select 2D Plot Group. R-click the new 2d
Plot Group 6 and select Contour. In the Expression field,
enter the variable representing the potential, V . Note the
Setting defaults and L-click Plot, resulting in Fig. E12.4.7.
The full color color bar (only a small portion of which is shown
here, in black) extends from 0.03 to 0.97 V.



Results and Discussion



Fig. E12.4.5 shows the velocity vectors, represented as
arrows. In agreement with electroosmotic theory, the velocity
is constant everywhere. Also, the liquid, which has a negative
zeta-potential ζ  (and hence an excess of positive ions next
to the walls), flows uniformly in the direction of decreasing
electric potential—from right to left.



Fig. E12.4.5. Arrow plot, in which the arrows
represent the velocity vectors.



Fig. E12.4.6 shows the streamlines as parallel straight lines
pointing in the negative x-direction, in agreement with the
uniform velocity vectors.



Fig. E12.4.6. Streamlines, with arrows added to
show the flow direction.



Fig. E12.4.7. Electric potential distribution,
declining uniformly from 1 V at the right to 0 V
at the left, over the length of L =5 × 10 4 m. Only
the bottom part of the color bar is reproduced at
the right.



Fig. E12.4.7 shows a series of equally spaced equipotentials,
varying from 1 V at the right-hand boundary CD to zero V at
the left-hand boundary AB.



This example has intentionally been a simple one physically,
so we could concentrate on the COMSOL steps needed in a
problem involving two sets of physics—fluid flow and electric
fields. Step 13, on scaling, is particularly important. The next
example, which follows immediately, shows how these
COMSOL principles can be extended to somewhat more
involved geometry and boundary conditions.



Example 12.5—Electroosmotic Switching in a Branched
Microchannel (COMSOL)



This example investigates the possibility of using
electroosmosis as a “switching” mechanism for controlling the
flow of liquids in microchannels.



Modify Example 12.4 so that it now includes a “vertical”
branch of width 5 × 10 5 m, extending in “height” as far as y
= 2.5 × 10 4 m, as shown below. Investigate the streamlines
and equipotentials for the two cases of applied voltages
shown in Figs. E12.5.1 and E12.5.2. All physical properties
are identical with those given in Example 12.4, and the
solution procedure is also very similar.



Solution



Select the Physics



1. Open COMSOL and select Blank Model. To avoid
repeating a lot of preliminary work, use the pulldown File
menu to open the file E12.5.mph (or similar) saved in Step 14
of the previous example.



2. Save the model developed thus far, using a new name.
Define the Parameters and Establish the Geometry



3. Add two more parameters. L-click Parameter in the Global
Definitions node. In the Settings panel enter the parameters
L2 and rad in the Name column and enter 2.0e-4 [m] and
0.25e-4 [m], respectively, in the Expression column.



4. Add the vertical rectangle to the geometry. R-click
Geometry and select Rectangle. Enter the values for Width
and Height as H and L2 and change the base for the corner
to be located at ((L − H)/2, H). L-click Build Selected.
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5. R-click Geometry and select Boolean and Partitions and
then Union. Add both geometries to the union by L-clicking
each rectangle in the Graphics window. Ensure that the Keep
interior boundaries option is not selected in the Settings
window. L-click Build Selected.



6. Add the two fillet corners to the new union. R-click
Geometry and select Fillet. Enter the parameter rad in the
Radius input field in the Settings window. Add the vertices to
be “filleted” by hovering and L-clicking the two vertices
defined by the intersection of the two rectangles. L-click Build
All Objects.



Define the Boundary Conditions



7. Define a neutral flow condition for the top boundary. R-click
Laminar Flow and L-click the Open Boundary leaf. Add the
top boundary segment to the Boundary Selection list by
hovering in the Graphics window and L-clicking.



8. Define the potential of the top boundary. R-click the
Electric Currents node and select Electric potential. In the
Settings window, assign the top boundary segment by
hovering and L-clicking that segment in the Graphics window.
Also, set the electric potential to −1 [V]. Create the Mesh and
Solve the Problem



9. Set the element size. L-click the Mesh node and set the
element size to Extra Fine, noting there are 1,957 elements
(a finer mesh is needed because of the more complicated
geometry than in Example 12.4). Because there is now a flow
in the y-direction, there is no longer the need to tackle the
scaling problem detailed in Step 13 of the previous example.



10. R-click the Study node and select Compute. Save the
results in a file.



Display the Results for both Case 1 and Case 2



11. We wish to show ten streamlines, all starting along the
right-hand entrance (x = L =5 × 10 4), equally spaced
between y = 0 and y = H =0.5 × 10 4. Right-click the Results
node and select 2D Plot Group. R-click Plot Group 4 and
select Streamline. In the Settings window select the
Positioning options and choose Start point controlled and
change the Entry method to Coordinates. To define start
points at the right end, set the x-coordinate to a single value,
L. For the y-values, L-click the range-build icon to the right of
the field. In the panel that opens, change the entry method to
Number of values. Enter 0.0 and H as the Start and Stop
values, with 10 as the Number of values. L-click Replace.
Note that this process simply builds entries for the range
function and one could directly enter the range function as an
option. Change Color to Black. L-click Plot.



12. To show the equipotentials, R-click the 2D Plot Group 4
and select Contour. In the Expression field, enter the variable
representing the potential, V . In the Settings defaults,
choose 25 black equipotentials and L-click Plot. (continued)



Fig. E12.5.1. Streamlines and equipotentials for
applied potentials of 0, 1, and −1 V at the left,
right, and upper ends of the branch,
respectively. The full color bar, partly shown at
the right, extends from −0.97 to 0.97 V .



Fig. E12.5.2. Streamlines and equipotentials for
applied potentials of −1, 1, and 0 V at the left,
right, and upper ends of the branch,
respectively.



13. Modify the potentials for the second set of conditions. In
the Electric Currents physics node, modify the three Electric
Potential boundary definitions to be -1 [V], 1 [V], and 0 [V],
which correspond to the left, right, and top boundary
segments.



14. R-click the Study node and select Compute.



15. Inspect the change in the streamlines and potential by L-
clicking the Streamline 1 Group



Discussion of Results



The two diagrams show that the direction of liquid flow can
be controlled by suitable adjustment of the applied voltages.
Observe that in both cases the entrance to the system that
has no flow has an electric potential (of zero) that is midway
between those of the entrances between which there is a
flow. Note also that the streamlines are everywhere
orthogonal to the electric equipotentials.



By a similar adjustment of electric potentials, liquid flows can
be controlled in a much more complex arrangement of
microchannels.



12.7 MEASURING THE ZETA POTENTIAL



Two major techniques exist to determine the zeta potential



experimentally:



1. Measuring electroosmotic velocities.



2. Measuring the streaming potential.



Electroosmotic velocities
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The measurement of electroosmotic velocities is the most straightforward



and intuitive technique for measuring the zeta potential. Recall from Eqn.



(12.14) that the electroosmotic velocity is proportional to the applied



electric field. If the electroosmotic velocity is measured under a known



applied electric field, the zeta potential may be calculated directly.



Electroosmotic velocities can be measured by optically tracking



uncharged fluorescent tracers, weighing a volume of electroosmotically



driven fluid to determine the mass flow rate and therefore the average



velocity, or by tracking changes in electrical current as fluids with



different conductivity are moved through a channel.



Streaming potential



Streaming-potential techniques are a less obvious but effective



experimental means for measuring the zeta potential. Consider pressure-



driven flow through a capillary with radius a and zeta potential ζ. Assume



that the double-layer thickness is small compared to a and that the



Debye-Huckel approximation may be made. In this case, the charge



density near the wall is given by:



The Hagen-Poiseuille flow through this capillary will tend to displace this



charge density and transport it along the capillary. This net charge



transport (i.e., current) is given by the integral of the velocity/charge-



density product:



This current leads to a potential buildup at the downstream end of the



capillary. At equilibrium, the current induced by the fluid flow is balanced



by the current due to this potential. It can be shown (see Problem 12.15)



that for a fluid with conductivity σ, the equilibrium potential difference is



given by:



in which ΔV = Voutlet − Vinlet and Δp = poutlet − pinlet. Eqn. (12.25) is a



rather remarkable result. The streaming potential, in the thin-double-



layer, Debye-Huckel limit, is not a function of the geometry of the



capillary, nor is it a function of the double layer thickness!



Example 12.6—Magnitude of Typical Streaming
Potentials



Above, we asserted that streaming potential can be used to
measure the zeta potential. Of interest is the magnitude of
these streaming potentials. Consider a capillary subjected to
a pressure difference of 5 atmospheres (this is easy to
generate with a handheld syringe), inducing flow of an
aqueous solution with a conductivity of 180 μS/cm. If the
surface zeta potential is −20 mV, what will the measured
streaming potential be? Will these voltages be easy to
measure?



Solution



The Helmholtz-Smoluchowski equation gives:



in which the outlet (low pressure) will have the more positive
voltage. Voltages on the order of 1 volt are quite easy to
measure!



12.8 ELECTROVISCOSITY



An additional consequence of the streaming potential described in the



previous section is a phenomenon known as electroviscosity. When



pressure is used to induce flow through small capillaries, the observed



flow rate is at times below that value calculated using the Hagen-



Poiseuille solution for flow in a circular tube. The reason for this is that



the streaming potential generated by a pressure-driven flow induces a



counterpropagating electroosmotic flow that tends to reduce the net flow



rate. If one does not account for electrokinetic effects, this reduction in



flow rate appears to result from an increase in viscosity in the fluid, hence



the term electroviscosity; however, this phenomenon has nothing to do



with changes in viscosity.



A detailed treatment of electroviscosity can involve quite detailed and



extensive integration; however, we will consider electroviscosity in a



simple manner only. In general, pressure applied to a circular pipe or



capillary will induce a flow rate from the Hagen-Poiseuille solution:



Eqns. (12.14) and (12.25) can be combined to give the counterpropagating



flow due to streaming potential-induced electroosmosis:



For low-conductivity solutions (e.g., deionized water) and small channels



(< 1 μm), the counterpropagating flow can become significant. For



electrolyte solutions at 0.1 mM or higher concentration and channels



larger than 1 μm, electroviscosity can safely be neglected.



12.9 PARTICLE AND MACROMOLECULE MOTION IN
MICROFLUIDIC CHANNELS
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In this section we are concerned with the motion of particles and



macromolecules in microfluidic channels. The particles of interest



include:



• Solid microspheres, typically made from latex or silica, often used for a



variety of biochemical assays.



• Insoluble colloids.



• Cells.



The macromolecules of interest are typically polymers, and include:



• Synthetic polymers (e.g., polyacrylamide, polyethylene glycol).



• Proteins (polymers of amino acids).



• Ribonucleic acids (e.g., DNA and RNA, polymers of ribonucleotides).



• Carbohydrates (polymers of sugars).



We will start by considering particles. The particles of interest in



microscale flows typically have sizes ranging from 10 nm to 10 μm; if we



assume typical velocities of 10 5 to 10 3 m/s, typical Reynolds numbers



(in water) will range from 10 2 to 10 7. Thus, the flow around these



particles is well within the low Reynolds number Stokes limit.



First, consider the Stokes drag on a particle. Recall the following from



Chapter 4:



1. The flow regime (laminar vs. turbulent) is based on the particle



Reynolds number Re = ρμd/μ, where d is the particle diameter.



2. The transition from laminar to turbulent occurs gradually, and only



flows with Re < 1 are completely laminar.



3. The drag coefficient C  = F A /(ρu /2) is used for correlating the



drag with the Reynolds number.



4. For Re < 1, C  =24/Re and Stokes law gives F  =3πμu D.



5. Particles settle when a body force such as gravity is applied. The



terminal velocity is reached when the drag force equals the body force.



Example 12.7—Gravitational and Magnetic Settling of
Assay Beads



Problem Statement (Part 1)



Numerous biochemical assays use solutions of magnetic
beads. Typically, a solution of beads is flushed into a system
where a chemical reaction takes place at the surface of the
beads (perhaps chemical binding due to antibodies).
Magnets are used to control whether beads flow freely or are
held stationary, as in Fig. E12.5. Two characteristic settling
times are important:



1. The gravitational settling time (i.e., how long can a solution
of beads be stored before the beads fall to the bottom of the
container?).



2. The magnetic trapping time (i.e., how quickly will a magnet
pull the particles into a wall?).



Given that Re < 1 for a microsphere, derive the terminal
velocity for a microsphere. Estimate the settling time in hours
for 1-μm diameter magnetic micro-spheres in water in a
container of height L = 1 cm by calculating the time required
for particles at the terminal velocity to travel 0.5 cm. Assume
that the magnetic microspheres have a density of 4 g/ml.



Solution



First, solve for u :



Then evaluate:



Problem Statement (Part 2)



Assume that a magnet is used to apply a magnetic force F
of approximately 1 pN to these microspheres, which is a
typical value for polystyrene beads with ∼15% ferrite and
typical rare-earth magnets. How many seconds would it take
for these microspheres to move from one end of a 20-μm
diameter channel to the other? As before, use the terminal
velocity to estimate the elapsed time.



Fig. E12.5. Magnets can be used to control the
movement of particles. This is typically used to
facilitate flushing steps for chemical assays.



Solution
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Electrokinetic forces



Having discussed the impact of Stokes flow solutions on particle motion



in a flow with body forces, let us now turn to particle migration with



surface forces, namely electrokinetic forces. As was indicated earlier,



voltage is often used in microfluidic systems to actuate ions, particles, or



fluids. Electrophoresis is the term used to denote the motion of an



electrically charged molecule or particle in response to an electric field.



The electrophoretic velocity of a particle can be predicted using



arguments similar to those used to derive the electroosmotic velocity of



flow past an immobile surface. Presuming the double layer is thin



compared to the diameter of the particle, the one-dimensional relations



derived earlier hold, and the electrophoretic velocity of the particle—



relative to any other liquid motion—is again given by:



where ζ  is the zeta potential of the particle surface. Note the absence of a



minus sign in Eqn. (12.28)—in electrophoresis a negative particle (for



example) is attracted to a positive electrode, while in electroosmosis the



positive ions near a negative wall are attracted to a negative electrode.



Eqn. (12.28) further assumes that the electric field is not perturbed by the



presence of the double layer nor is the double layer perturbed by the



particle motion. Both of these assumptions often do not hold rigorously.



In the limit where the double layer is very thick compared to the particle



size, a relation similar to Eqn. (12.28) can be derived, which differs only



by a factor of two-thirds:



Henry’s equation (not shown here) can be used to derive the



electrophoretic velocity for double layers that are of similar order to the



particle diameter; however, since Eqns. (12.28) and (12.29) are only



approximately correct, the detailed solution of Henry’s equation typically



does not greatly improve the accuracy of these relations.



Electrophoretic separations



One common application of microfluidic channels, particularly



commercially, is for electrophoresis separations of chemical species or



particles. Recall from earlier in the chapter that chemical species each



have an electrophoretic mobility that, when multiplied by the electric



field, gives the motion of the species. Similarly, we can define an



electrophoretic mobility of a particle from Eqns. (12.28) and (12.29):



where the factor A has unity value for thin double layers, two-thirds for



thick double layers, and is otherwise given by Henry’s equation. For ions,



μ  is typically defined phenomenologically by u  = μ E and cannot be



related directly to fundamental parameters.



A capillary electrophoresis separation entails applying an electric field to a



microchannel containing a short bolus of fluid (e.g., Fig. 12.2) containing



multiple chemical species. The electric field in general induces two



phenomena, namely electroosmotic fluid flow and electrophoretic



molecular migration. Since the flow can be assumed uniform if the



channel is large compared to the double layer thickness, electroosmosis



transports all chemical species equivalently down the microchannel.



Electrophoresis induces electromigration of each chemical species j such



that its velocity is the vector sum of the electroosmotic flow and the



electrophoretic migration of that species:



Further, assuming the electrophoretic mobilities of the different species



are different, species will in general move away from each other with a



velocity equal to the electric field times the difference in electrophoretic



mobilities.



Band broadening and resolution



The resolution of a capillary electrophoresis system is a quantitative



measure of the ability of the system to resolve different chemical species.



Typically, electrophoresis separations are monitored via an



electropherogram, which is a measurement of some phenomenon related



to the passage of each chemical species past a detector near the end of the



channel (e.g., laser-induced fluorescence detector, electrochemical



detector, absorbance detector). Each chemical species thus appears as a



peak in the signal level. The resolution R of a chemical separation is



defined for two peaks, and is given (for peaks m and n) by the peak



separation Δt  normalized by the width w of the peaks:



If electroosmotic flow is used and the chemical bands widen only due to



diffusion, w is proportional to  while Δt  is proportional to t, so the



resolution of a capillary electrophoresis system is proportional to . If



there is any pressure-driven flow, though (recall Taylor-Aris dispersion



from earlier in this chapter), the resolution may not improve with time.



PROBLEMS FOR CHAPTER 12



1. Taylor-Aris dispersion—M. Derive Eqns. (12.2).



2. Chromatographic separations—D. Chromatographic separations take



advantage of the fact that different chemical species will travel at different



speeds through a tube if they have a varying chemical affinity for a wall. In



general, if the average flow velocity is U , then the velocity of species i is



given by:



where k  is the retardation coefficient for species i. For species that do not



stick to the wall, k  = 1. For species that do stick to the wall, k  > 1.
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chemical separations require that two or more species be separated by a



distance d that is greater than the width of each sample band, where the



width of each sample band is dictated by the effective diffusion coefficient.



Assume that a band of two species with k  = 1 and k  = 2 is forced through



a capillary tube of diameter 5 μm and length L = 30 cm with a pressure of



3 MPa. Assume species 1 has a diffusivity of 5 × 10 11 m /s and species 2



has a diffusivity of 2 × 10 11 m /s.



(a) Calculate the diffusion Péclet number for species 1 and 2.



(b) Calculate the effective diffusion coefficient for species 1 and 2.



(c) Using the relation  that is, assuming the



injected bands are infinitesimally thin at time zero—derive relations for



the widths of each band as a function of time.



(d) Define the time at which the two species are separated as the time



when the band separation due to differential retardation is equal to the



sum of the two band widths. Calculate this time.



(e) Rework the above calculations for an unknown pressure (or average



velocity). What velocity is optimal to minimize the separation time?



Hint: Work mainly in terms of symbols and insert numbers when



required.



3. Derivation of the species transport equation—M. Taking Fick’s law as



given, derive Eqn. (12.9) in rectangular coordinates. Either consider the



fluxes across the faces of a rectangular control volume (e.g., Fig. 5.5) or



invoke the properties of the divergence of a vector. What additional



assumptions are required?



4. Derivation of the heat transport equation—M. Taking Fourier’s law as



given, derive Eqn. (12.10) in rectangular coordinates. Either consider the



fluxes across the faces of a rectangular control volume (e.g., Fig. 5.5) or



invoke the properties of the divergence of a vector. What additional



assumptions are required?



5. Response time of electrophoresis—E. Assume a hydrogen ion is floating



in an aqueous solution, and an electric field is applied. When the field is



first applied, the velocity of the ion relative to the surrounding fluid is



zero, and the ion begins to accelerate due to the force given by Eqn. (12.6).



The ion’s averaged final velocity can be calculated from the ion mobility.



Given these two relations, and neglecting fluid drag, estimate how long it



takes for an ion to accelerate to steady-state under application of an



electric field.



6. Electrokinetic pressure generation I—M. Stokes-flow solutions are



linear and superposable, meaning that solutions satisfying various



boundary conditions can be solved separately and added. For flows



through tubes in the presence of both electric fields and pressure



gradients, this means that the total flow rate Q  can be calculated by



adding the flow rate caused by the electric field Q  and the flow rate



caused by the pressure gradient Q . Consider an aqueous solution in a



closed tube (Q  = 0) with an electric field applied (Fig. P12.6). Example



12.2 effectively shows how the pressure generated by electroosmotic flow



in a closed tube can be calculated.



Fig. P12.6. Electroosmotic pressure generation in a closed
tube. Directions are shown for a negative wall charge. Left:
uniform electroosmotic flow is caused by the electric field.
Middle: since the closed tube forces a net mass flow of zero,
a pressure is generated at right that causes a parabolic flow
from right to left. Right: the net flow is a linear sum of the
two flows, which integrates to zero but shows net rightward
flow near the wall and net leftward flow at center.



(a) Rework Example 12.2 in the general case. Work in terms of symbols



and determine the generated pressure p  in terms of any or all of ζ, ε, μ,



V , L, and d.



(b) If our goal is to generate the largest pressure possible, how should the



tube size be selected?



(c) What key parameters are not in this relation?



7. Electrokinetic pressure generation II—D. Expand the analysis in the



previous problem to allow the net flo'w rate (Q  = Q  − Q ) to be a



variable (the tube is no longer closed). Assume the solution has a



conductivity σ, i.e., that the electrical current I through the flow field is



given by I = VσA. Derive expressions for the following:



(a) The pressure p  at the outlet as a function of Q .



(b) The mechanical output work p Q .



(c) The electrical input work V I.



(d) The thermodynamic efficiency p Q /V I.



(e) Evaluate the thermodynamic efficiency for the conditions in Example



12.2, assuming a conductivity of 100 μS (S = Siemens = ohm 1). Take Q



to be half of the forward electroosmotic flow in Example 12.2.



8. Ion fluxes and current—E. Consider a 10-cm long channel of diameter



d = 50 μm fabricated in glass with a 1-mM solution (M = mol/l) of sodium



nitrate (μ =0.001 kg/m s) at pH = 7 ([H ] = 10 7, [OH ] = 10 7). Assume



the glass surface has a zeta potential of −60 mV at this condition. Assume



a voltage of V  = 1 kV is applied at x = 10 cm and the location x = 0 is



grounded (V = 0). Calculate:



(a) The steady-state velocity of all four ions if the fluid velocity is assumed



small compared to the ion velocities.



(b) The velocity of the bulk fluid motion—is the assumption made in (a) a



good one?



(c) The net charge flux.



(d) The current I and power dissipation rate V I.
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9. Charge density in the electrical double layer—E. The Boltzmann



distribution of concentration of an ion in a potential field is given by c =



c e qF ϕ/RT , where q is the ion charge (the valence z = |q|). Assuming



that the ions come from NaCl, write the concentration distributions of



Na  and Cl  ions as a function of the potential ϕ. Given that the local



charge density ρ  is defined as the sum of the charge density of all species



i (ρ  = Σi qiF c ), show that the charge density is:



10. Derivation of electroosmotic flow in the double layer—M. Derive the



one-dimensional steady, uniform pressure flow equation in the double



layer:



from the relevant full momentum equations (i.e., Navier-Stokes with the



Lorentz body force term) and the Poisson equation.



11. Debye lengths—E. Calculate λ  for the following conditions (T = 300



K):



(a) Deionized water (z =1, c =10 7 M).



(b) Water at equilibrium with air, which has dissolved CO  and HCO  at



equilibrium (z =1, c =2 × 10 6 M).



(c) 1 mM Epsom salts (z =2, c =2 × 10 3 M).



(d) Phosphate-buffered saline, which is often used for biochemical



analysis or temporary cell storage (z =1, c =0.18 M).



12. Derivation of electroosmotic flow outside the double layer—M.



Integrate the one-dimensional boundary-layer equation derived in



Problem 12.10 to derive the relation in Eqn. (12.14) for the electroosmotic



flow velocity.



13. Nonlinear Poisson-Boltzmann solutions: infinite reservoir—D. Using



software such as MATLAB, Excel, or Mathematica, integrate the nonlinear



Poisson-Boltzmann equation at c  = 10 3 M with boundary conditions:



(a) ϕ  = ζ = −100 mV, (b) ϕ  = 0, corresponding to a surface in an



infinite reservoir of fluid. Take z = 1 and T = 300 K, and plot ϕ against the



distance x from the wall.



14. Nonlinear Poisson-Boltzmann solutions: parallel plates—D. Repeat



the previous problem, but use the boundary conditions: (a) ϕ  = ζ =



−100 mV, (b) (dϕ/dx)  nm = 0, corresponding to two parallel plates



separated by 20 nm.



15. Streaming potential/streaming current—D. Assume pressure is used



to induce laminar flow in a cylindrical tube with diameter 2d and surface



potential ζ. Assume dℓ λ . Since there is a net excess of counterions in the



double layer, the net charge flux uρ  dA caused by the flow is nonzero, i.e.,



a net current is induced by this flow. Make the Debye-Huckel



approximation and perform the following calculations:



(a) Calculate the net charge flux (streaming current) caused by the flow as



a function of the applied pressure, surface potential, viscosity, and



permittivity.



(b) Assume the system reaches equilibrium, i.e., that a potential is



generated by the net advective charge flux so that the total flux (advective



plus conductive) is zero. Assuming that the conductive charge flux is



−σAV/L (i.e., that excess conductivity in the double layer can be ignored),



show that the resulting potential is given by the Helmholtz-Smoluchowski



equation:



16. Electroviscosity I—M. Using Eqns. (12.26) and (12.27), derive a



relation for the net flow in a capillary as a function of a, σ, ζ, ε, μ, and



dp/dx (assuming thin Debye layers and using the Debye-Huckel



approximation). Use this relation to derive a relation for the ratio of the



apparent fluid viscosity (i.e., what fluid viscosity would be needed to



generate the same net flow rate, ignoring electrokinetic effects) to the true



viscosity. Evaluate this ratio for deionized water (σ =0.1 μS/cm) and a



surface potential of −20 mV.



17. Electroviscosity II—E. A simple way to measure the internal diameter



of a capillary is to measure the flow rate of fluid with a known viscosity



upon application of a known pressure gradient. Suppose you were using a



microcapillary system and water to make such a measurement. What



would be the simplest and most effective way to ensure that electroviscous



effects did not affect your experiment?



18. Scaling laws for electrophoretic separations—E. Assume that two



chemical species with electrophoretic mobilities μ  and μ  are



separated in a channel of length L using an applied field E. How is the



resolution affected by the following:



(a) Doubling the electric field at constant L.



(b) Doubling the voltage at constant E.



(c) Doubling the length at constant V .



19. True/false. check true or false, as appropriate:



(a) Electroosmosis is the motion of fluid caused by an electric field.



T  F 



(b) Electroosmotic flow is irrotational everywhere in the flow field.



T  F 



(c) Electrophoretic separations can be used to separate uncharged



molecules.
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T  F 



(d) Most of the ions in the electrical double layer are counterions.



T  F 



(e) The Debye-Huckel approximation may be made only when the



potential is small.



T  F 



(f) The electroosmotic velocity is not a function of the size of the channel.



T  F 



(g) In a channel with dℓ λ , there is an electroosmotic velocity at the



center of the channel, but there is no electrostatic force there.



T  F 



(h) Pressure-driven flows in microchannels are more dispersive than



electroosmotic flows.



T  F 



(i) Streaming potential measurements require sensitive voltmeters that



can measure tiny potentials.



T  F 



(j) In an electrolyte solution with a Debye length of 100 nm, particles of 10



nm and particles of 1000 nm will have the same electrophoretic velocity.



T  F 



(k) Péclet numbers for microscale flows are always < 1. T F



T  F 



(l) The width of the electrical double layer is independent of the charge of



the ions.



T  F 
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Chapter 13. An Introduction To Computational
Fluid Dynamics And Ansys Fluent



13.1 INTRODUCTION AND MOTIVATION



THE elegant mathematical formulation of the laws governing fluid



dynamics has been complete since the late 19th century. In the ensuing



half a century, a tremendous amount of progress has been made by



famous scientists and fluid dynamicists to provide insights, clarity, and



understanding about the solutions to the core equation system, which



consists of the continuity, momentum, and energy equations, together



with other supporting equations such as the equation of state for gases



and rate equations for chemical reactions, etc. For example, Ludwig



Prandtl (1875–1953) developed the boundary-layer theory, which is most



crucial to advance the state of the art in modern fluid dynamics; G.I.



Taylor (1886–1975) contributed enormously to wide-ranging topics such



as hydrodynamic instabilities, statistical theory of turbulence, drops and



bubbles, and many other areas; and Theodore von Kármán (1881–1963)



laid down the foundations of highspeed aerodynamics and



aerothermodynamics, in addition to advancing Prandtl’s boundary-layer



theory and making numerous other contributions.



But a ponderous fact about fluid dynamics remains unchanged: we are



still not able to solve its core second-order nonlinear partial differential



equation system analytically, except for some very special cases such as



Couette or Poiseuille flow.



In order to obtain approximate solutions to the Navier-Stokes or Euler



equations, fluid dynamicists and applied mathematicians had been



earnestly developing new theories and tools in numerical analysis along



the way. Yet the need for more detailed solutions to the general fluid



dynamics equations far exceeded what could be offered by theoretical and



numerical analysis alone. Hence the only way for engineers and scientists



to patch things up was to rely heavily on experiments in fluids and



thermal design—until the arrival of computational fluid dynamics (CFD)



in the second half of the 20th century.



CFD combines the fruits of numerical analysis in partial differential



equations (PDEs) and linear algebra with the ever-increasing number-



crunching power of modern digital computers to solve the governing



PDEs approximately. By itself, CFD is not the answer to all questions



regarding complex thermal-fluid phenomena, but it has established firmly



as an indispensable tool, together with the traditional theoretical and



experimental methods, in the analysis, design, optimization, and trouble-



shooting of thermal-fluid systems.



In this chapter we can only scratch the surface of the wide-ranging topics



in CFD, but we hope the reader will appreciate the importance of the tool



so that a further study in CFD is taken as a high priority in preparing and



advancing one’s own professional career.



CFD applications in chemical engineering



CFD has been extensively used in the chemical, oil and gas,



pharmaceutical, and process industries. In part it is due to advances made



in the complex physical models (e.g., multiphase flows, chemically



reacting flows, and advanced turbulence models, etc.) that have become



available in the general-purpose commercial CFD codes.



In comparison with the “traditional” approach of relying on empiricism



and experimental correlations for nonuniform or nonequilibrium



conditions in the design, scale-up, and operation of processes and unit



operations in the chemical industry, CFD analysis provides a more



fundamental view of the picture. The numerical computation contains



full-field data of velocity, temperature, and species concentrations, etc.,



which engineers can use to understand better the pattern and visualize



the physics of the flow. Furthermore, many “what-if” studies can be



performed by CFD to examine quickly the influences of various



parameters (physical or geometrical) on flow patterns and system



performance.



chemical engineers have been successfully utilizing CFD as design tool in



a wide range of unit operations. A small sampling is listed below:



1. chemical reactions: fluidized beds, bubble columns, and packed beds.



2. Heat transfer processes: heat exchangers, boilers, and evaporators.



 Another major obstacle is that we still have very limited knowledge in



turbulent flows. The cost of the state of our ignorance cannot be easily



measured, but it is definitely a huge number.



 From its brief historical background, it should be clear that CFD is more



a branch of numerical analysis applied to fluid dynamics than a



computer-aided design tool. Hence, the emphasis for successful CFD



practitioners lies primarily on their competence in the knowledge of



physics of fluids, heat transfer and other associated phenomena, and



numerical methods.
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3. Fluid transport processes: pumps, compressors, manifolds, headers,



pipes, and valves.



4. Mixing processes: stirred tank reactors, static mixers, in-line mixers,



and jet-mixed systems.



5. Separation processes: cyclones, scrubbers, precipitators, and filtration



systems.



For each of the diverse group of operations, CFD simulation provides



detailed field data (and the derived fluxes, stresses, and forces, etc. of



interest) in the solution domain. In many cases this valuable insight



enables engineers to accomplish a better design, which results in



improved performance and efficiency, minimization of power



consumption and waste, optimization of the process, and better scale-up



of the system, etc.



13.2 NUMERICAL METHODS



Governing equations



For a general single-species flow, the mass balance equation and



convection-diffusion equation for a scalar ϕ can be written in vector form



as follows:



where ϕ is the scalar variable (e.g., v , v , v , and enthalpy h, etc.), κ  is the



“diffusion” coefficient associated with ϕ, and S  is usually called the source



term in the ϕ equation, but actually it contains all other terms that do not



fit into the given format.



Following the chain rule of differentiation, we have:



Thus, Eqn. (13.2) for ϕ can be rewritten as:



Note that the last two terms on the left-hand side are zero due to the mass



conservation equation, Eqn. (13.1). It is customary to join the diffusion



term with the convection term together on the left-hand side of the



equation as follows:



The general convection/diffusion equation is now written in the strong



conservation form (in which all spatial derivatives are expressed as



divergence terms). We will see the benefit of using the conservation form



shortly in the next few sections.



Discretization



The objective of any numerical methods is to reduce a given continuum



problem (an infinite number of degrees of freedom (DOFs)) to a discrete



problem (a finite number of DOFs). Generally, CFD methods use two



levels of discretization or approximation, as follows:



1. Domain discretization (or grid generation): in this step, the spatial



domain is subdivided into a number of smaller, regular, and connected



“subregions” called cells or elements (collectively, the cells/elements are



called a grid or a mesh). The distribution of the density of the cells should



follow the physics of the flow closely, namely, the grid density should be



finer where flow conditions change rapidly (large gradients), and it can be



coarser where flow conditions are constant or change very gradually.



2. Equation discretization: the governing PDEs are converted into



algebraic forms for each and every cell or element by various numerical



methods. Details will be shown in the following sections.



The resulting system of algebraic equations is then solved numerically



after the application of appropriate boundary and initial conditions (for



steady-state problems, initial conditions are simply a set of guessed values



to initiate the computation).



There exist many well-established ways for discretizing the PDEs, such as:



finite-difference, finite-volume, finite-element, spectral-element,



boundary-element methods, and so on, and there are still more variants



even within each “family.” Because of its applicability to Fluent we will



focus on finite-volume methods, with briefer mentions of finite-difference



and finite-element methods.



Finite-di�erence methods



Finite-difference methods (FDMs) first discretize the domain with a grid,



then approximate each derivative in the governing PDE with a



corresponding truncated Taylor series expansion representation. We will



use the following one-dimensional diffusion equation for illustration:



in which Γ is a conductivity or diffusion coefficient and S is a source or



generation term. The corresponding grid is shown in Fig. 13.1, in which



the subscript i denote position in the x direction, and Δx is the grid



spacing.



Fig. 13.1. (a) A simple two-dimensional finite-difference
grid; (b) a representative point P and its four neighbors.



where we have use the notation ϕ  to represent ϕ(x ). The term O((Δx) )



(the “big O” notation) indicates that the remaining terms in the expansion



have a truncation error in the order of (Δx) . Similarly, we have:



x y z ϕ



ϕ



i i
3



3



⬆











Adding the two equations together, the approximation to d ϕ/dx  at x  is



called central differencing:



Substitution of the difference approximation for the derivative in Eqn.



(13.7), and approximating the source term S(x ) by S  (an averaged value),



we have:



which is a discretized finite-difference equation of the original differential



equation. After repeating the procedure for each node in the 1–D grid, we



obtain a system of algebraic equations, in which we have the same



number of equations as the number of unknowns (ϕ , ϕ , ϕ , ...). This set



of equations can be solved by numerical methods developed for linear



algebra.



The big advantage of the FDM is its simplicity. A major disadvantage is



that for nonrectangular regions, especially with non-Dirichlet boundary



conditions, special approximations have to be used to accommodate



curved boundaries.



Finite-volume methods



In order to demonstrate the salient features of the finite-volume methods



(FVM), we use a steady-state, convection-diffusion PDE in strong



conservation form for illustration:



Here, we will discretize the equation for a 2-D mesh as shown in Fig.



(13.2), without losing generality of the formulation. Velocity is assumed to



be known for this equation. The starting point of the finite-volume



methods is to use the integral form of the PDE with respect to each cell’s



domain (Ω):



Applying the Gauss divergence theorem in vector calculus, the volume



integral on the left-hand side of Eqn. (13.13) becomes a surface integral



over the boundary surface of the cell:



where n is the outward unit normal vector of the boundary surface S. For



the sake of clarity, we separate the left-hand side integral of Eqn. (13.14)



into two parts:



At this point, the advantage of the finite-volume formulation should



become clear: it is inherently conservative because the strong



conservation form provides for each cell (control volume) a balance of



fluxes across the cell’s boundary surface, just like we apply conservation



laws to an open system. Each finite-volume cell is bounded by a group of



flat boundary surfaces, hence the surface integral can be expressed as the



sum of integrals over all faces of the cell. For the convection term:



where S  is the surface normal vector of face f. In Eqn. (13.16) we adopt



the midpoint rule to calculate approximately the surface integral on a face



by the inner product of the integrand evaluated at the centroid of the face



and the face vector. The midpoint rule can be shown to be second-order



spatially accurate. The diffusive flux in Eqn. (13.15) can be approximated



by:



Referring to Fig. 13.2, in the cell-centered finite-volume formulation, all



unknowns are stored in the cells’ centroids, e.g., ϕ, velocity components



(v , v , v ), pressure (p) and properties (μ, ρ, k, ...), etc., hence we need to



utilize some kind of interpolation or approximation techniques to



evaluate the integrands on the cell’s faces in Eqn. (13.16) and Eqn. (13.17)



from the values in the cell centers. Many methods have been developed



for this purpose, but here we illustrate the procedure with a general



technique which can be used in any kind of mesh topology. First, we



return to the Taylor series expansion of ϕ in multiple dimensions:



Fig. 13.2. Schematic of a general finite-volume grid: the
generic cell P , its cell faces and the neighbors.



where P denotes the centroid of a cell, and r is the position vector. In



other words, it states that the following linear distribution of ϕ about P :
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is second-order spatially accurate—that is, the truncation error term



scales with O(|(r − r  ) |),



In order to calculate the gradient (∇ϕ)  at the centroid, we utilize the



following useful identity derived from the Gauss divergence theorem:



By using the midpoint rule in Eqn. (13.20), the cell-centroid gradient can



be calculated as:



where V  is the cell’s volume. The value of ϕ  at the boundary-face center



can be linearly reconstructed by using Eqn. (13.19):



Now that the variables on each face of cell P are obtained, the convective



flux F  in Eqn. (13.16) can be calculated (simple initializations and the



iterative nature of the CFD solver will take care of the “circular



relationship” between (∇ϕ)  and ϕ  after just a few iterations). However,



we need to point out that the linear reconstruction scheme outlined here



belongs to the family of central-differencing schemes (CDS), which is



known to cause the problem of spurious oscillations, or unboundedness,



of the solution when the solution field changes rapidly in a region with a



relatively coarse mesh. An alternative approach that guarantees



boundedness is to determine ϕ  according to the direction of the flow



approaching the face, as follows:



This is called the upwind differencing scheme (UDS). Unfortunately, the



boundedness of the UDS is secured at the expense of accuracy, since it is



only first-order spatially accurate. In fact, the UDS scheme effectively



introduces an excessive amount of “numerical diffusion” to the



discretization of the convective terms. One trick to preserve the



boundedness and accuracy simultaneously is to use a deferred correction



scheme:



Another way is to adopt one of the bounded second-order upwind



schemes, which will not be discussed here. Interested readers may refer to



the references for details [4, 9, 12].



In order to calculate the diffusive flux F , we need to obtain the gradient



of ϕ at the cell’s face center in Eqn. (13.17). For the face f of control volume



P in Fig. 13.2, notice that the only contribution to the diffusive flux



through f is from the derivative in the surface-normal direction (n):



To represent (∂ϕ/∂n)  implicitly (i.e., by using the unknowns stored at the



neighboring centroids), the derivative in Eqn. (13.25) is approximated by



a central differencing scheme in the ξ direction (the direction along the



line connecting centroids P and N), then corrected by the difference



between the gradients in the ξ and n directions obtained explicitly from



the previous iteration:



where  is the distance between P and N, and i  is the unit vector



along line  To obtain  we may first use Eqn. (13.21)



to calculate the cell-centered gradients at P and N, then interpolate to face



f:



The approximation of the diffusive flux in Eqn. (13.26) is second-order



accurate on uniform grids, free of potential un-physically oscillatory



solutions, and applicable to arbitrary, nonorthogonal finite-volume mesh.



Finally, the discretization of the source term on the right-hand side of



Eqn. (13.15) is carried out by first “linearizing” S  as:



where S  and S  are expressed in terms of constants and/or known values



of field variables (possibly ϕ itself) based on the previous iteration. Then,



the volume integral of the source term is calculated as:



Now, by substituting the discretized convection, diffusion, and source



terms back into Eqn. (13.15), we can rewrite the discretization equation in



the following format:



where the summation is over all neighbors (nb) surrounding cell P . In



summary, the discretized equation quantitatively relates the unknown



variables stored in neighboring cells’ centroids (ϕ ’s) to ϕ  . When this



procedure is repeated for each cell throughout the domain, and after



appropriate boundary conditions are applied, we obtain a large system of



algebraic equations, expressed as:



where A is the system matrix, b is the right-hand-side vector, and x
represents the solution vector. This large, sparse system must be handled



by iterative techniques, which involve guessing a solution, solving the



linearized system and improving the solution, then updating the system



entries (A and b) for the next iteration. The process is repeated until a



converged result is obtained.
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Within the limitation of space and scope in this chapter, we have managed



to cover a central part of the finite-volume algorithm. For a more



complete treatment of the FVM, many topics, such as how to treat the



pressure-velocity link and nonlinearity in the Navier-Stokes equations,



methods for unsteady problems, etc., need to be included. But we will



leave those topics for interested readers to pursue in the references [4,



10].



Finite-element methods



Here, we give a brief discussion of the finite-element method (FEM),



illustrated by its application to the diffusion equation



∇·κ∇ϕ + S(x, y) = 0. At its simplest, as in Fig. 13.3(a), the region Ω is



subdivided into a number of triangular elements interconnected at a total



of n nodes. Note that by using varying sizes and orientations of elements,



a curved boundary can be approximated fairly easily. As in Fig. 13.3(b),



each node i has associated with it a shape or basis function  that equals



one at node i and declines linearly to zero at all the immediately adjacent



nodes (and is zero beyond them).



Fig. 13.3. (a) Subdivision of a two-dimensional region into
triangular finite elements, and (b) a typical node i and
neighboring triangular elements, with a linear shape
function .



Let ϕ represent an approximate solution to the PDE ∇· κ∇ϕ + S(x, y)=0. If



ϕ  denotes the value of ϕ at node i, the dependent variable ϕ at any point is



expressed by:



which amounts to representing ϕ over the whole region by linear



interpolation of the nodal values ϕ .



Since ϕ is an approximate solution, it does not satisfy the differential



equation exactly, there being a non-zero residual R when ϕ is substituted



for ϕ:



Note that the PDE of Eqn. (13.33) allows for a spatial variation of the



conductivity (or similar) κ—a feature that is easily accommodated by the



FEM.



The next step employs the method of weighted residuals, in which the



weighted integrals of R over the entire region Ω are set to zero, as



expressed in the following n equations:



Here, the w  are n different weight functions, which—in line with the



popular Galerkin method—are simply chosen to be the same as the shape



functions, so that w  = Ψ . The formidable-looking integral over the whole



region Ω is greatly simplified because  is non-zero only in the immediate



vicinity of node j, and the integral therefore reduces to summation of



contributions from a mere handful of elements. The method essentially



amounts to satisfying the PDE in an average way in n small subregions



centered on each of the nodes.



The discretized equations for the Galerkin method are obtained from Eqn.



(13.34) by substituting the shape function representation for ϕ from Eqn.



(13.32). The integral of ∇· κ∇ϕ is further simplified by applying Green’s



formula, which amounts to integration by parts in any number of space



dimensions:



Eqn. (13.35) has two important merits:



1. It replaces a second-order derivative ( Ψ ∇· κ∇ϕ) by the product of two



first-order derivatives (∇ Ψ  and ∇ϕ), each of which just amounts to a



constant because the shape functions are linear.



2. It introduces the normal derivative of the dependent variable at the



surface, which often appears in boundary conditions that involve a



conductive or diffusive flux κ∂ϕ/∂n of mass, energy, or momentum.



Again we will get a large system of algebraic equations, Aϕ = b, for which



the coefficient matrix A is typically “banded”, and for which special



solution techniques are available for the solution vector ϕ of nodal values



ϕ ,ϕ , ... ϕ . Improved accuracy is obtained by using more elements and/or



more sophisticated ones that involve quadratic or even higher-order



shape functions. The above method is vertex-based, but element-based



methods can also be applied, in which the weighted residual is set to zero



for every element.



A major advantage of the FEM is that the mathematical properties of its



algorithms are developed more rigorously than those of the FVM and



FDM. For example, the convergence analysis and error estimates of the



FEM algorithms can be shown to fit snugly into the framework of modern



theory of differential equations [13]. A major disadvantage of the FEM for



CFD is its substantially higher cost in CPU time and computer memory in



comparison with the other two methods.



13.3 LEARNING CFD BY USING ANSYS FLUENT



The study of CFD for engineers should not end with theories only, it also



needs to include practical examples in order to gradually build up the



necessary problem-solving capabilities. In the remaining sections of this



chapter, we will utilize ANSYS Fluent, hereafter referred to as Fluent, to



facilitate this process.
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ANSYS Fluent—An Overview



Fluent is one of the most comprehensive general-purpose CFD software



packages based on cell-centered FVM outlined previously in this chapter.



With the Navier-Stokes equations solver as its core, Fluent is fully



integrated with a broad range of physical submodels including turbulence,



heat transfer and radiation, reacting flows, multiphase flows, acoustics,



adjoint solvers for design optimization, battery and electrochemical



models, etc. In tandem with the rapid advances in hardware and software



for parallel computing, Fluent is highly parallelized and scalable to run on



multicore workstations and high-performance computing clusters and



graphic processing units (GPUs).



Fluent’s capabilities can be further extended readily by the user-defined



functions (UDFs), which are ANSI C functions that can be compiled and



dynamically loaded with Fluent solver to enhance its standard features.



The UDFs provide a CFD programming interface and development



framework, which allows Fluent users to customize boundary conditions,



material properties, reaction rates, source terms in transport equations,



user-defined scalar transport equations, heat and mass transfer laws, and



many more possibilities.



Fig. 13.4. A glance at Fluent’s graphical user interface. Figs.
13.5 and 13.6 below show more detail of the Tree and Task
Page windows at the left and the shock wave simulation at
the right.



Fig. 13.5. Screenshot showing the Tree and Task Page
features during a representative Fluent simulation.



How to Build a CFD Project



Fluent features a streamlined, user-friendly graphical user interface (GUI)



to facilitate interactive usage of the code. It also retains a powerful text



user interface which is essential for batch (non-interactive) processing of



CFD jobs. Consequently, one can easily underestimate the required



competence of the user in the knowledge of physics of fluids in order to



use the package. In other words, it seems very straightforward to know



how to “run” a CFD code like Fluent and generate colorful plots. But



whether the results are physically correct can be a very different story.



In order to avoid many common pitfalls, we outline the essential steps for



a sound CFD project as follows:



1. Define the modeling goals: What results are you looking for and how



will they be used? What degree of accuracy is required? What simplifying



assumptions can you make to simplify the problem without changing the



essential physics involved?



Depending on the answers to these questions, we may decide to build a



simplified two-dimensional model for investigating the underlying



physics, or a full three-dimensional complex model in the virtual



prototyping stage.



2. Identify the domain of the problem: The domain of the problem can be



constructed from scratch either by CAD tools, or can be taken from an



existing CAD model built by others. (You may need to simplify the



geometry by removing unnecessary features and details of the CAD



model.) The extent of the domain for the model may have to be carefully



examined so that the proper boundary conditions can be applied to the



model.



Fig. 13.6. Fluent graphics window displays the Mach
number contours of a rarefied, supersonic air flow over a
sharp-edged plate. In comparison with shocks in the
continuum regime, it is considerably thicker in the slip flow
regime where the Maxwell’s velocity slip and temperature
jump boundary conditions are needed at the wall. The plate
length L is 0.01 m, Re  = 361, Kn =0.0123, free-stream Ma
=3.0, P  =48.88 Pa, T  = 273 K.
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3. Design and generate a good quality mesh for the domain: The



generation of mesh for complex geometries is a complicated topic in its



own right, therefore we only outline the required mesh qualities for CFD



problems. You need to spend time learning the mesh generation



techniques as an integral part of building up your abilities in CFD.



(a) Mesh resolution (the distribution of edge lengths of the mesh) should



be estimated by inspecting the regions where high gradients of the



dependent variables are expected, like the wall boundary layers and free



shear layers (jets and wakes) and shock waves.



(b) Transitions from fine to coarse meshes should be carefully controlled.



Usually the expansion ratios of adjacent mesh edge lengths in the range



from 1.01 to 1.4 are recommended. Abrupt jumps in mesh resolutions



should be avoided.



(c) The topology of the mesh near the solid walls makes a significant



difference. It is desirable to put hexahedrals or prisms (triangular



cylinders) in 3-D geometries (or quadrilaterals in 2-D geometries)



adjacent to the walls, although it makes the task of mesh generation



substantially more difficult than generating all tetrahedrals in the domain.



Away from the solid walls, correctly sized tetrahedral cells usually are not



a problem.



(d) Mesh skewness, a metric defined as the degree a mesh deviates from



orthogonal intersection between the line connecting adjacent cell centers



and the in-between cell face, is one of the most important measures of



whether the mesh quality is good, acceptable or bad. Make sure the



skewness of the mesh is at least in the acceptable range. If not, revise the



meshing parameters or approach until you can obtain a mesh meeting or



exceeding the criteria. See the Fluent User’s Guide [2] for detailed



information.



4. Set up the CFD (Fluent) solver properly:



(a) Select the appropriate models for the flow: laminar or turbulent



(based on the estimated Reynolds number of the system), incompressible



or compressible, etc.



(b) Select the fluid and set up its properties.



(c) For steady, single-phase CFD problems, we recommend the following



setup in Fluent:



(i) Double precision Fluent (2ddp or 3ddp).



(ii) Pressure-based solver, with least-squares cell-based gradient scheme.



(iii) Pressure-velocity coupling: coupled scheme.



(vi) Pressure interpolation: PRESTO! scheme.



(v) Spatial (convection term) discretization for all equations: second-



order upwind scheme.



(vi) Flow Courant number: 120.



(d) Boundary conditions: For flows with inlet(s) and outlet(s): for



incompressible flows, use velocity-inlet and pressure-outlet boundary; for



compressible flows, use pressure-inlet and pressure-outlet. Carefully



enter the boundary conditions for all boundaries.



5. Initialize and iterate the solution until convergence is reached: Every



CFD problem must be initialized numerically before running the



numerical iterations. Convergence of a solution is defined as follows: the



solver has apparently reached a set of solutions that satisfies the mass,



energy and momentum conservations throughout the domain, and



important results from the model no longer change with additional



iterations. We also monitor the “residuals” of the governing equations as



indicators of how well the iterations are going. The residuals are supposed



to drop by several orders of magnitude from the beginning in order to



reach convergence.



6. Examine the results carefully and critically: Once a CFD simulation has



reached convergence as defined above, we can examine the results by



viewing the graphics and by calculating interesting qualities from the



solution fields. For instance, the pressure drop across the inlet and outlet,



the mass flow rate, and the heat transfer rate through the wall, the drag



and lift forces, etc. They are easily obtained from Fluent by using the



surface and volume integrals of the solution fields.



7. Consider revisions/improvements to the CFD model: We may need to



perform additional simulations to verify the accuracy of the CFD model.



For example, mesh-independence studies are often required. Re-examine



the model assumptions, material properties, suitability of the submodels,



boundary conditions and more should be done in order to decide if



revisions and improvements are necessary.



How to Use Fluent



One of the best ways to learn Fluent for beginners is to go through the



first couple of tutorials in the ANSYS Fluent Tutorial Guide [1] which



contains dozens of well documented CFD cases with step-by-step



instructions. Beginners should be aware that learning Fluent actually



includes learning the CAD tools for geometry (ANSYS DesignModeler or



SpaceClaim) and the tools for mesh generation (ANSYS Meshing or



Fluent Meshing). In the following section, all meshes for the CFD
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examples are already prepared and made available in the book website so



that the reader can focus on interacting with the Fluent solver.



13.4 PRACTICAL CFD EXAMPLES



In the remaining part of this chapter, we use four example problems to



introduce the basic features and limitations of CFD software. For a



beginner, it is usually best to learn from simpler problems before trying to



attack complicated ones. In the following examples, we emphasize the



proper understanding of each problem’s physics as a primary concern.



After we have obtained the converged solution, we check the results very



carefully in order to make sure the numerical solution is either validated



by experimental results or is physically reasonable. You are also



encouraged to modify the setup of each case, which includes mesh



density, boundary conditions, and physical properties, etc.



For the second edition of this book, these CFD examples were originally



created by FlowLab, an educational CFD software from Fluent, Inc. Since



FlowLab software package was phased out in 2013 and replaced by



ANSYS Academic products, we use Fluent for the CFD examples in this



edition. Note that Fluent is the solver behind FlowLab, hence all examples



run smoothly in new releases of Fluent without any issues.



Example 13.1—Fluent: Developing Flow in a Pipe
Entrance Region



Fig. E13.1.1. Geometry of a developing pipe flow
problem. The actual length/radius ratio is very
much larger than it appears here.



Problem Setup



We consider a steady-state, laminar developing flow
(Re =300) in the pipe entrance region shown in Fig. E13.1.1.



The flow is steady, incompressible, and axisymmetric. The
domain’s axial length is at least 50D (50 pipe diameters). The
following key points should be taken into consideration while
setting up the model:



• The flow is laminar when Re  < 2300.



• Because the gradient of the velocity in the near-wall region
is high, the mesh is finer in the radial direction near the wall.
The mesh provided is shown in Fig. E13.1.2.



Fig. E13.1.2. An enlarged view of the finite-
volume mesh used in the developing flow
calculation in Fluent Example 13.1. It is only
shown partially due to the high aspect ratio of
the domain.



• Inlet boundary condition: uniform velocity at the inlet
(velocity-inlet boundary). Outlet boundary condition: uniform
static pressure (pressure-outlet boundary). Wall boundary
condition: no-slip. Axis of symmetry: axisymmetry boundary
condition.



• Given a pipe diameter, for example, D = 0.1 m, and length
is 5 m so that L/D = 50. In order to ensure that the Reynolds
number of the flow is at least 300, one can pick any fluid (so
kinematic viscosity ν is fixed), then calculate the
corresponding inlet velocity. For example, a fluid with ρ = 1
kg/m  and μ = 1×10 6 kg/(m·s), we need to set V =0.003 m/s
for Re =300.



• Part of the mesh is shown in Fig. E13.1.2. In this particular
mesh there are 6,678 2-D rectangular cells. For calculating
the flow, three equations (mass conservation, x- and y-
momentum equations) are needed for each cell, so in total
20,034 simultaneous equations are solved numerically. If
heat transfer (the energy equation) is also calculated, another
6,678 equations would be added to the system.



Fig. E13.1.3. Axial velocity profiles for a
developing laminar pipe flow (Re  = 300, D = 0.1
m).



Results and Discussion



• The axial length of the pipe entrance region, called the
hydrodynamic entrance length L , can be shown to scale with
D Re  by using the integral boundary-layer method [11]:



For Re  = 300, we get L /D ≈ 17.4. In order to verify this
result, we can use Fluent’s convenient x/y plot tool to plot the
axial velocity profiles along several axial locations. As shown
in Fig. E13.1.3, the velocity profiles (at x/D = 0, 5, and 10) are
still developing before x/D = 17.4. Beyond this point, e.g., at
x/D = 20, 25, and 30, all profiles become identical and
collapse into a single curve in the figure.



• For a fully developed laminar pipe flow, the static pressure
should vary linearly along the axial direction (in other words,
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dp/dx is constant). The plot of static pressure versus the axial
distance (x) from our Fluent calculation verifies this point. You
can see that the pressure variation is closely linear in the fully
developed region (L  > 0.174 m) in Fig. E13.1.4.



Fig. E13.1.4. Static pressure distribution in the
axial direction for a developing laminar pipe
flow (Re  = 300, D = 0.1 m).



• You can also plot the wall friction factor f along the axis. The
hydrodynamic entrance length L  is also defined as the
distance required for the friction factor to reach within 5% of
its fully developed value. For laminar flow, f =64/Re . Use the
plot to verify the CFD results.



• Thermal entrance length (L ): Perform the heat-transfer
calculation of this developing flow problem by enabling the
energy equation for the model, then go through the iterations
until convergence. Plot the wall Nusselt number Nu along the
axial direction. The thermal entrance length is defined as the
distance (from the pipe inlet) required for the Nusselt number
to reach within 5% of its fully-developed value Nu  (for
instance, Nu = 4.364 for a constant heat-flux wall). Examine
the relationship between the thermal entrance length and the
hydrodynamic entrance length (L ) for different Prandtl
numbers (Pr).



• Grid independence (effect of the grid resolution): Compute
the same flow with the coarse and fine mesh densities, then
compare the predicted results of the entrance length among
the different grids. Verify that the laminar flow’s entrance
length predicted by Fluent is not affected by the grid
resolution.



Example 13.2—Fluent: Pipe Flow Through a Sudden
Expansion



Problem Setup



Flow through a sudden expansion such as that in Fig.
E13.2.1 occurs frequently in a piping system. Here we study
an axisymmetric case of such a flow.



Fig. E13.2.1. A sudden expansion in a pipe.



The problem is set up according to the following
considerations:



• The flow is assumed to be incompressible (this assumption
is valid when the fluid speed is less than 30% of the local
speed of sound).



• The inlet pipe length L  should be at least ten times the inlet
pipe radius R . The length L  should be 50 times the step
size (R  − R ) or longer. A domain configured as such allows
reasonably accurate specifications of the inlet and outlet
boundary conditions detailed below. (These are very
conservative ratios— you may shorten the outlet and inlet
lengths without appreciably changing the numerical results.)



• Based on the inlet pipe diameter, the flow is laminar when
Re < 1,000. At a higher Reynolds number, the flow is in the
turbulent regime and needs to be modeled by a suitable
turbulence model. Here we use the standard k–ε two-
equation model [6].



• Inlet boundary condition: uniform velocity normal to the inlet.
Wall boundary condition: no-slip. Along the axis, axisymmetry
boundary condition. k and ε boundary conditions are
specified via the turbulence intensity and a turbulence length
scale at the inlet. Outlet boundary condition: constant static
pressure at the outlet.



• The mesh needs to be very fine near the wall (for resolving
steep gradients). We also need a fine mesh for the region
above and below the imaginary line extending downstream
from the corner of the step, because there exists a boundary-
free shear-layer structure (i.e., large gradients) due to the
presence of the recirculation zone below the step—such a
kind of situation is not as obvious as the near-wall region’s
mesh requirement, but is critical for obtaining accurate
numerical results.



• For a sample calculation, take R  = 0.1 m, R  = 0.2 m, L
=1m, L  =5m. Use standard air properties (the default in
Fluent) for the fluid. At the inlet, the velocity V = 1.34 m/s is
given, and the Reynolds number (based on the inlet pipe
diameter) for this case is 20,000. Finally, use the turbulence
model’s enhanced wall treatment for the wall boundary.



Taking all the points above into account, we can properly set
up the governing equations, geometry, fluid properties,
boundary conditions, and mesh for the problem in Fluent.



Results and Discussion
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 Enhanced wall treatment is to use an advanced two-layer
zonal model for the near-wall region combined with a
blending wall function for the complete turbulent boundary
layer, including the viscous sublayer, buffer layer, log-law
layer and outer layer [2].
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• We can use the postprocessing tools of Fluent to visualize
the computed results. For example, the streamline plot of Fig.
E13.2.2 provides us the visualization of the flow separation
and reattachment zone behind the step. You can use the
tools to plot velocity vectors, contours, and more.



Fig. E13.2.2. Streamline plot for a turbulent duct
flow through an axisymmetric sudden
expansion: Re = 20,000 (based on the inlet pipe
diameter), with an expansion ratio R /R  =2.



• For calculating the head loss generated by a pipe
expansion, we can evaluate the discharge coefficient K of the
sudden expansion, which is defined as:



where “1” is at the expansion point and “2” is at the
reattachment point of the separation. For the current sample
calculation (R /R =2), Fluent reports K = 0.549. The
discharge coefficient for other expansion ratios can be
quickly obtained by changing the expansion ratio (we may
still fix R  = 0.1 m, and Re = 20,000), re-generating the
domain and the mesh, then running the CFD calculations.
For example, a few computed versus theoretical values of K
[11] are listed in the following table.



Table E13.2.1. Values of the Discharge
Coefficient, K



• Grid independence: You can run these same cases with
different mesh densities and compare the results with
theoretical values.



• Many other interesting features of this problem can be
examined by using Fluent. For example: predictions of the re-
attachment point, the centerline velocity and pressure
distributions, skin friction factor at the wall downstream of the
step, and centerline total pressure distribution, etc.



Example 13.3—Fluent: A Two-Dimensional Mixing
Junction



Problem Setup



This example studies two-dimensional turbulent flow in the
channel junction of Fig. E13.3.1. The cold fluid coming into
the main channel from the left (inlet 1) is mixed with the same
fluid at a higher temperature from a smaller side channel at
the corner (inlet 2). We will use this example to investigate
the complex flow mixing patterns and the effect of velocity
and temperature on the mixing results.



• The flow is incompressible and turbulent (we should check
the Reynolds number to confirm that this is the case). Since
we are interested in the convection heat transfer of the
mixing flow, we need to enable the energy equation for this
problem.



• The outlet section length L  is adjustable by the user. Note
that when changing the inlet velocities (especially the velocity
of the hot stream), it is possible to cause a flow recirculation
zone in the main channel. If that happens, the outlet section
length must be long enough in order to get an accurate
numerical result. The point is to make sure that the outlet
plane is not cutting through the recirculation zone. (This
requirement is quite common in all CFD simulations; it is due
to the fact that general boundary conditions at outlets do not
work well when significant backflow occurs.)



Fig. E13.3.1. Schematic of the two-dimensional
mixing channel.



• Boundary conditions: At the inlets, constant fluid velocity
and temperature are specified. The boundary condition at the
wall is no-slip and zero heat-flux at the wall (adiabatic
condition).



• Users must exercise caution and make sure the Reynolds
number based on the hydraulic diameter D  of the main
channel (D  =2W ) is high enough for the flow to be
turbulent. The standard two-equation k–ε turbulence model is
used in this example, together with the standard wall-
function, the logarithmic law of the wall, for the boundary
condition at the wall.



• A case under investigation can be set up as follows:
Geometry: outlet length L  = 4 m, cold-inlet width W  =
0.4064 m, hot-inlet width W  = 0.1016 m; fluid property ν =
10  m /s, mesh: medium density; boundary conditions: T  =
293 K,  = 0.492126 m/s,  = 1 m/s, and T  = 313 K.
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The resulting main inlet Reynolds number Re  is 400,000. A
second case with an identical setup, except for a different
hot-inlet velocity ( ), will be used later for the study of flow
separation pattern in the mixing junction.



Fig. E13.3.2. Streamline patterns of the two-
dimensional mixing junction flows: all
conditions are the same for both cases except
that the hot-inlet velocity on the right is 2.5
times higher than that of the case on the left.
The higher hot-inlet velocity gives rise to a
sizable separation/recirculation zone
downstream of the junction.



Results and Discussion



• Streamline and temperature contours for two different flow
conditions are shown in Fig. E13.3.2 and Fig. E13.3.3,
respectively. The two cases have the same cold-inlet velocity
(hence the same Reynolds number Re ), but have different
velocities at the hot-stream (small) inlet. The streamline
contours in Fig. E13.3.2 indicate that the resulting flow
patterns are very different between the two. When the ratio of
hot-inlet to the cold-inlet velocities  is 4, no
separation occurs at the mixing junction; but when the ratio is
10 a sizable separation and recirculation zone appears. The
flow pattern affects very strongly the mixing of the cold and
hot streams, as illustrated by the temperature contours
shown in Fig. E13.3.3.



Fig. E13.3.3. Temperature contours of the two-
dimensional mixing junction flows: all
conditions are the same for both cases except
that the hot-inlet velocity on the right is 2.5
times higher than that of the case on the left.
Due to the presence of a sizable
separation/recirculation zone for the case on
the right, the temperature distribution of the
mixing junction is drastically different from that
of the case on the left, which has no separation
zone.



• This example serves to illustrate an advantage of CFD in
many industrial applications: numerical simulations provide
excellent quantitative results for engineering design and
analysis. For example, it is almost impossible to predict the
flow patterns (with or without separation) under different inlet
velocities in the mixing junction by either physical intuition or
by using basic principles in fluid mechanics without the
velocity and pressure fields of the flow provided by CFD.



• The standard k–ε turbulence model is known to be very
dissipative; in other words, the high turbulent viscosity in the
recirculation region tends to “damp out” vortices. Therefore,
when the standard k–ε model predicts separation, it is indeed
likely to be the case. But additional validations should be
conducted to support this conclusion.



• A cautionary statement should be given here about
turbulence models and CFD: although numerous turbulence
models have been developed over the last twenty-some
years, yet currently still no single turbulence model can
reliably predict turbulent flows in industrial applications with
sufficient accuracy.  You may find the previous statement
very disappointing or even depressing, but the state of our
lack of understanding of the essential physics of turbulence
was succinctly summarized by Richard P. Feynman (Nobel
Laureate in Physics, 1965)—turbulence is “the most
important unresolved problem of classical physics.” Surely
we do need turbulence modeling for CFD (so it is very
important to know the strengths and weaknesses of
turbulence models), but we—as CFD practitioners—also
need to examine very carefully the results and conduct
further validations, for instance, by comparing CFD
predictions with experimental data, or with other similar flow
data published in the literature, etc. before jumping to a
conclusion.



Example 13.4—Fluent: Flow Over a Cylinder



Fig. E13.4.1. Uniform cross flow over a circular
cylinder.
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 Yet proponents of a particular turbulence model might want
you to think otherwise.
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Problem Setup



Consider the flow in Fig. E13.4.1 about a circular cylinder of
diameter D immersed in a steady cross flow of velocity U
(the uniform undisturbed stream velocity). One might guess
the flow to be perfectly steady, but, depending on the
Reynolds number, it is actually oscillatory. When Re  =
ρU D/μ > 40, the flow becomes unsteady and regularly
sheds an array of alternating vortices from the cylinder. The
flow pattern is called a Kármán vortex street, named after
Theodore von Kármán, who provided a theoretical analysis of
this phenomenon in 1912.



This is a fundamental fluid mechanics problem of practical
importance. We will use this example to examine the
predicted drag coefficient, the vortex-shedding frequency of
the flow, and the beautiful flow patterns.



Fig. E13.4.2. An enlarged view of the finite-
volume mesh in the vicinity of the cylinder in
the cross-flow.



• The flow is modeled as a two-dimensional flow over a circle.
The flow domain is created as follows: the diameter of the
cylinder is 0.1 m, the upstream distance is five times the
diameter, and the downstream distance is 25 times the
diameter. The width of the domain is 25 times the diameter.



• The flow is laminar if Re  < 1000. The provided mesh is
designed to work well in the range 1 <Re  < 1000. Here, we
set Re  = 100 so that the case lies in the range for a laminar,
incompressible, and vortex-shedding flow. Here, we can use
ρ =1 kg/m , μ =1 × 10 5 kg/m·s.



• Boundary conditions: no-slip at the cylinder wall; constant
velocity U  = 0.01 m/s at the inlet (on the left), constant
pressure at the outlet (right), and periodic boundary condition
at the top and the bottom.



• An enlarged view of the finite-volume mesh in the vicinity of
the cylinder is shown in Fig. E13.4.2. The quality of the mesh
near the cylinder’s surface and in the wake of the cylinder is
very critical. This mesh has a total of 16,176 quadrilateral
cells in the solution domain.



Fig. E13.4.3. Time history plot of y velocity at a
point (x = 0.7 m) in the cylinder’s wake.



• Starting from a uniform flow approaching the cylinder from
the left-hand side, this unsteady-flow case requires a
significant amount of computational time in order to see the
vortices develop and then move downstream from the
cylinder. We must make sure that the time-step size (Δt) is
not too large (we used Δt =1 s in running this case), and the
iterations have sufficiently converged during each time step
before advancing into the next. For this current case (medium
mesh density, Δt = 1 s), it takes about 80 minutes of wall
clock time to simulate 1,000 time-steps (i.e., 1,000 seconds
of flow time) on an IBM PC workstation (2.8 GHz Pentium 4
CPU, 2 GB of RAM, Windows XP operating system).



Results and Discussion



• The drag coefficient of the cylinder is defined as:



where A is the frontal area as seen from the approaching
stream. For a two-dimensional cylinder in a cross-flow, A = D
× 1 (a unit depth perpendicular to the plane). Fluent
calculations predict C  = 1.33. The reported experimental
values of C  at Re  = 100 have quite a wide variation in the
literature, ranging from 1.26 [3], 1.41 [5], 1.46 [7] to 1.6 [8].
The discrepancy is possibly due to the three-dimensional
effects or fluctuations of the free stream in the wind tunnel.
The numerical prediction given by Fluent falls right within the
range of the data and is considered to be quite satisfactory.



• The vortex-shedding frequency n is often expressed as a
non-dimensional quantity called the Strouhal number S:



In the range 40 < Re  < 10 , the Strouhal number depends
uniquely on the Reynolds number Re . We can use Fluent’s
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postprocessing feature (a point object) to monitor the time
history, e.g., the y-velocity history at x =0.7 m in the wake
region, shown in Fig. E13.4.3, then derive the frequency of
the oscillations from it. The frequency n is simply the inverse
of the period, which is 64 seconds measured in the figure
between two adjacent peaks. With U  =0.01 m/s and D =0.1
m, the Strouhal number S calculated by Fluent is 0.156,
which is within 5% of the experimental value of 0.165 ± 0.08
[8].



• Figs. E13.4.4 and E13.4.5 show a series of velocity-
magnitude contour plots of the cylinder flow from the initial
symmetric flow pattern to the final regular shedding of
alternating vortices. The flow is symmetric initially (t = 5 s),
then the wake starts to “flap” at around 200 s. The pattern of
alternating vortices shed from the cylinder is increasingly
clear at 250 s, and the vortex-shedding has reached the
regular (periodic) stage before t = 500 s.



Fig. E13.4.4. Velocity contour plots of the flow
over a cylinder (Re =100), at t = 50 s (top) and t
= 200 s (bottom) from the beginning of the
simulation. At t = 200 s, the tail end of the wake
has started to flap and the initial symmetry (as
seen at t = 50 s) of the flow has been destroyed.



Fig. E13.4.5. (Continued from Fig. E13.4.4)
Velocity contour plots at t = 250 s (top) and t =
400 s (bottom). After being shed from the
cylinder, the vortices move alternately
clockwise (top row) and counterclockwise
(bottom row). The Kármán vortex street is
already regularly periodic at the later time.



Summary



In the previous Fluent examples we have demonstrated that CFD can do a



very good job in flows with well-understood physics (e.g., incompressible,



steady or unsteady, laminar flow), if and when users provide a well-posed



problem with a sufficient mesh resolution and with proper



boundary/initial conditions. When the flow is turbulent and/or is more



involved in terms of complex physics (e.g., multiple phases, chemical



reactions, etc., which are beyond the scope of this chapter), users should



exercise extra caution in properly selecting turbulence and additional



physical models, and critically examine the CFD results to avoid possible



blunders in trusting blindly those seemingly reasonable predictions.
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Chapter 14. Comsol Multiphysics For Solving
Fluid Mechanics Problems



14.1 COMSOL MULTIPHYSICS —AN OVERVIEW



Chapter 13 introduced the general concept and importance of



computational fluid dynamics (CFD), together with the three main types



of programs (based on the FDM, FEM, and FVM). The chapter concluded



with four illustrations of the versatile capabilities of the Fluent software,



based on the finite-volume method.



The present chapter introduces COMSOL Multiphysics (which we shall



usually abbreviate as “COMSOL”), another type of CFD software, which is



based on the finite-element method. COMSOL (known as FEMLAB until



September 2005, when COMSOL 3.2 was introduced) is developed by



COMSOL Inc., and its broad capabilities are best introduced by quoting



(with the kind permission of COMSOL Inc.) several paragraphs from the



introduction to the COMSOL Multiphysics User’s Guide (Version 4.3).



“COMSOL Multiphysics is a powerful interactive environment for



modeling and solving all kinds of scientific and engineering problems.



The software provides a powerful integrated desktop environment with a



Model Builder, where you get full overview of the model and access to all



functionality. With COMSOL Multiphysics you can easily extend



conventional models for one type of physics into multiphysics models that



solve coupled physical phenomena—and do so simultaneously. Accessing



this power does not require an in-depth knowledge of mathematics or



numerical analysis.



“Using the built-in physics interfaces and the advanced support for



material properties, it is possible to build models by defining the relevant



physical quantities—such as material properties, loads, constraints,



sources, and fluxes— rather than by defining the underlying equations.



You can always apply these variables, expressions, or numbers directly to



solid and fluid domains, boundaries, edges, and points, independently of



the computational mesh. COMSOL Multi-physics then internally compiles



a set of equations representing the entire model.



You access the power of COMSOL Multiphysics as a stand-alone product



through a flexible graphical user interface (GUI) or by script



programming in Java or the MATLAB language (requires the COMSOL



LiveLink for MATLAB). Using these physics interfaces, you can perform



various types of studies including:



• Stationary and time-dependent (transient) studies.



• Linear and nonlinear studies.



• Eigenfrequency, modal, and frequency response studies.



“When solving the models, COMSOL Multiphysics uses the proven finite



element method (FEM). The software runs the finite-element analysis



together with adaptive meshing (if selected) and error control using a



variety of numerical solvers. The studies can make use of multiprocessor



systems and cluster computing, and you can run batch jobs and



parametric sweeps. A more detailed description of this mathematical and



numerical foundation is in the COMSOL Multiphysics Reference Guide.



“COMSOL Multiphysics creates sequences to record all steps that create



the geometry, mesh, studies and solver settings, and visualization and



results presentation. It is therefore easy to parameterize any part of the



model: Simply change a node in the model tree and re-run the sequences.



The program remembers and reapplies all other information and data in



the model.



“Partial differential equations (PDEs) form the basis for the laws of



science and provide the foundation for modeling a wide range of scientific



and engineering phenomena. You can use COMSOL Multiphysics in many



application areas—those shown in Table 14.1, for example.



Table 14.1. COMSOL Applications



“Many real-world applications involve simultaneous couplings in a system



of PDEs—multiphysics. For instance, the electric resistance of a conductor



often varies with temperature, and a model of a conductor carrying



current should include resistive-heating effects.



“Many predefined multiphysics interfaces provide easy-to-use entry



points for common multiphysics applications. In its base configuration,



COMSOL Multi-physics offers modeling and analysis power for many
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application areas. For several of the key application areas there are also
optional modules (see the COMSOL Modules). These application-specific



modules use terminology and solution methods specific to the particular



discipline, which simplifies the creation and analysis of models. The



modules also include comprehensive model libraries with example models



that show the use of the product within its application areas.”



COMSOL, as discussed in the present chapter, affords an ideal entry point



to the realm of Computational Fluid Dynamics, for the following reasons:



• Its interface is easy to use.



• It affords great flexibility.



• It is available on a number of computing platforms.



• COMSOL uses the relatively sophisticated finite-element method for



solving the governing partial differential equations.



Fluid mechanics equations solvable by COMSOL



Section 14.11 gives full details of the various fluid-mechanics-related



differential equations and accompanying boundary conditions that can be



solved by COMSOL. For the present, it suffices to know that COMSOL can



solve virtually all of the problems hitherto encountered in this book,



provided their governing partial differential equation(s) and boundary



conditions are known. Thus, COMSOL can solve problems in the



following areas:



• Viscous flows, governed by the Navier-Stokes equations (Chapters 5,



6 , and parts of Chapter 8).



• Turbulent flows, according to the representative k–ε method of Chapter



9.



• Irrotational flows, governed by the Laplace and Poisson equations, also



including porous-media and two-phase flows (Chapter 7).



• Non-Newtonian flows, according to the power-law or Carreau models



presented in Chapter 11.



• Compressible inviscid flows, of which a single one-dimensional example



was given in Section 3.6, and which may even involve supersonic flow.



• Two-phase and multiphase flows, such as the rise of a gas bubble into



two immiscible liquids (not covered in this book).



In this introductory chapter we shall confine the discussion to single-



phase two-dimensional flow, although COMSOL also has three-



dimensional capabilities.



Additional resources



If more complete details are needed, they can be found from the following



sources (or similar COMSOL versions), which are published widely by



COMSOL AB (COMSOL Inc. in the United States):



Readily available by searching the Web



• The COMSOL Multiphysics User’s Guide, of well over a thousand pages,



seemingly has everything you would need to know about the capabilities



of COMSOL and how to use it, including a link to the CFD Module.



• The ability to open a COMSOL Access Account, which is free and will



give you much better access to information about COMSOL and its



examples, meetings, webinars, conventions, etc. (Start at



www.comsol.com)



Available if you have already launched COMSOL



• The File pulldown menu selection Application Libraries leads to a very



large number of completely worked and documented examples (e.g. inkjet



printer, turbulent backstep, three-phase bubble).



• Documentation in the top toolbar, or in the Help pulldown menu gives



COMSOL Documentation with general information about COMSOL



Multiphysics and the particular modules that have been installed, with



particular emphasis on the theory behind COMSOL.



• The Help pulldown leads to the Applications Gallery, with more than



900 completely worked and documented examples, each having an



illustration and a short summary. To download all details, you must first



sign in to your COMSOL Access account. Table 14.2 gives a glimpse of



what is available:



Table 14.2. Part of the Applications Gallery



• The Website www.comsol.com, leads to lots of information, for example



about courses, free Webinars, special events (free and paid), with main



headings being Products, Video Gallery, Webinars, Support, and Contact



(including a list of worldwide offices in numerous countries).



14.2 THE STEPS FOR SOLVING PROBLEMS IN
COMSOL



To solve systems of partial differential equations, COMSOL Multiphysics



uses the finite-element method, for which a brief overview was given on



pages 697–699. The implementation of the finite-element method is fairly



complicated, and for our purposes we fortunately need only to remember



two features:



⬆











1. The region under consideration is subdivided into a large number of



elements of simple geometrical shapes—mostly triangles for our relatively



straightforward two-dimensional problems. The locations at which the



elements join one another are called nodes, and it is at these nodes (and



others) that the method will ultimately provide the values of the



dependent variables.



2. As an intermediate step, the method generates a very large system of



simultaneous algebraic equations, which may be linear or nonlinear,



depending on the properties of the original system of differential



equations. The equations are then solved for the values of the dependent



variables at the nodes. Smoothing or interpolation methods are then used



for us to see the final “big picture”, rather than the values at countless



numbers of nodes.



In the examples throughout this book, the method of solution is broken



down into several steps, generally as follows.



Select the Physics



At the beginning, we are presented with a menu of different types of



problems, such as Fluid Flow, Heat Transfer, Mathematics, and so on.



After selecting one (or more) of these categories, we then narrow down



our choice and make it very specific, such as solving a turbulent flow



problem using the k–ε method.



Define the Parameters



A large screen then appears, with the left-hand panel being the Model



Builder window, and it is there that we make our choices—basically the



several steps that will enable us to solve he problem. The first decision is



usually to say that we wish to define several constants or parameters. We



are then directed to the adjacent Settings window, where we define, by



name, these parameters, such as lengths and fluid density, together with



their values and units.



Establish the Geometry



For this and the next four steps, basic requests are made in the ever-



growing “tree” of choices in the Model Builder, followed by more specific



numerical values in the Settings window. A first choice is to define the



region in which our problem is defined, and here we assemble one or



more geometrical shapes.



Define the Fluid Properties



Here, we specify the properties of the fluid(s) involved in our problem. We



can either select from a pre-defined list of liquids and gases, or we can



give the details of our own choosing. Physical properties can either be



constant, or may be defined to depend, for example, on conditions such as



temperature, pressure, strain rate, and even location.



Define the Boundary Conditions



All differential equations require boundary conditions for their solution,



and these will vary with the type of problem being solved. COMSOL can



accommodate all boundary conditions of physical significance. Also, if the



dependent variable were to vary along a boundary as, for example, u = 10



sin[5(x − 0.5)], where x is the horizontal coordinate, then the arithmetic



expression 10 * sin(5 * (x − 0.5)) would be entered into the appropriate



window, the understanding being that the arguments for the



trigonometric functions are in radians.



Create the Mesh and Solve the Problem



Upon request, COMSOL will automatically generate the mesh whose



details it deems best. All that we have to do is to specify how detailed it



should be, with options such as “coarse”, “fine”, and “finer”. Adequate



accuracy can often be obtained with a coarse mesh. For all selections, we



can determine the number of elements and (ultimately) the computing



time. Clearly, the more elements that are created, the better is the



accuracy, but at the expense of a longer computing time needed for the



solution. For all selections, we can determine the number of elements and



(ultimately) the computing time. Ideally, our mesh selection should be



such that if we make it finer, there is no significant change in the solution.



The moment of truth now arrives, when we select “Compute” in the Model



Builder, at which stage COMSOL will attempt to solve the simultaneous



equations. If all goes well, a solution will appear in the Graphics window.



But if not, a red warning will appear, with a terse statement as to the



probable error that we have made in the previous steps; then, we must fix



the error and try again.



Display the Results



COMSOL permits a wide variety of ways in which we can see our results,



all of which are initiated in the Model Builder. Representative ways



include: (1) colored surface plots (blue denoting low values, turquoise



intermediate values, and red high values), (2) contours (such as isobars or



lines of constant pressure), and (3) cross-plots (giving values along a



specified line within the selected geometry).



COMSOL also allows the opportunity for “zooming” in (and out), to vary



the magnification of the displayed results. Also, the Zoom Extents button



is very useful—it will give an image that automatically fills the screen as



much as possible.



Discussion of Results



It is important to examine the computed results critically, to see if they



are physically reasonable, and if so, what can we learn from the solution?



The progress of the solution is automatically indicated by a “Progress” tab



under the Graphics window, which displays how far the solution has



progressed, with messages such as “Assembling matrices,” “Constraint



handling,” and “Matrix factorization,” which are mainly of significance to



those interested in numerical methods.



14.3 HOW TO RUN COMSOL



Our approach in learning COMSOL is to jump right in with an example,



which—if repeated by the user—will enable him or her to become



acquainted quickly with the most important features of the software. After



that, we shall elaborate in greater detail on the various options in
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COMSOL and the problems that it can tackle. With this approach it is



essential that the beginner repeat all the steps in the example, in order to



learn several of the basic aspects of COMSOL— many of which will not be



repeated in detail again, either in this chapter or in the several COMSOL



examples In Chapters 6, 7 , 8 , 9 , 11, and 12.



Example 14.1—Flow in a Porous Medium with an
Impervious “Hole” (COMSOL)



Here, we solve the problem of two-dimensional flow of water
of viscosity μ (at a temperature T = 293.15 K) in the
rectangular region ABCD of the porous medium shown in Fig.
14.1(a), in which there is a central circular region E of
essentially zero permeability, which allows no flow through it.
The boundaries AB and CD are also impervious to flow.



Fig. 14.1. (a) Region and its boundary
conditions, extending any distance normal to
the plane of the figure; (b) the two options when
you start COMSOL.



The pressure along the two ends, AD and BC, are p = 10 and
p = 0 psig, respectively. The dimensions of the rectangle are
length L = 2 m and height H = 1 m, and the radius R of the
circle is 0.3 m. Both the rectangle and circle are centered on
the origin (0, 0). The porosity of the medium is ε =0.175 and
its constant permeability is κ = 93 darcies or 0.917×10 10 m
(see page 208 for the conversion factor).



Let p denote the pressure, x and y the coordinates, and v the
velocity vector. From Darcy’s law (page 208) and continuity
(page 270), we have:



Substitution of v from Darcy’s law into the continuity equation
gives us (for constant κ and μ, which can then be eliminated)
Laplace’s equation:



Thus, we shall use COMSOL to solve Laplace’s equation for
the pressure.



Solution



1. Select the Physics and Examine the Windows



Note: In the following, “Select” and “Left-click” mean the
same thing. But a “Right-click” (the same as Control-click on
a Mac) is different, and will give you more information about
the item you are investigating.



Upon opening COMSOL 5.2a (or another recent version) you
will see two icons in the upper left corner of the screen:, as
shown in Fig. 14.1(b).



1. The “Model Wizard.” You should select it for any new
problem, as in the present example. Note: A previous model
can be opened using the file menu.



2. The “Blank Model.” Use this option to open a model that is
completely empty. The Model Wizard is a great method for
starting models with a standard layout but there are times
when we need to build models from scratch. Thus, you would
manually add only the needed components. One example
use would be to construct a frequently accessed geometry.



Here, choose the Model Wizard icon, which will then give us
the choice of dimensions as in Fig. 14.2. Clearly, we select
(L-click or simply click) the 2D choice.



Fig. 14.2. Icons showing the various
dimensionalities that can be selected.



There then appears a list of the various categories of
problems that can be tackled by COMSOL, as in Fig. 14.3.
Initially, there is just a plain list, with no subsets appearing
(they will soon be developed). Now click in succession on the
“glyphs” (the little rotating triangles) for Fluid Flow, Porous
Media and Subsur-face Flow, and Darcy’s law, now arriving
exactly as in Fig. 14.3. Note that the line with Darcy’s Law is
highlighted, so now click successively on the Add and Study
icons (Figs. 14.3 and 14.4(a)) to indicate that this is what we
wish to investigate.



Fig. 14.3. The problems types that can be
solved.
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At the top left-hand corner of the screen, you will see the
Select Study window, as in Fig. 14.4(b), so select the
Stationary option. Finally, to complete the selection of the
physics, click on Done, as in Fig. 14.4(a), and you will see
the complete set of the four principal user interfaces, as in
Fig. 14.5.



Fig. 14.5. The complete visual user interface
and its main components.



Fig. 14.4. (a) the Study and Done icons; (b) The
Select Study window.



You will see four main windows, and a small auxiliary one,
from left to right:



(a) Model Builder, shown in Fig. 14.6, which, as you proceed
through the various steps of solving a problem, will give you a
“tree” that outlines all of the steps or “nodes”.



Fig. 14.6. The Model Builder window in its early
stage.



(b) Settings, shown in Fig. 14.7, where you can assign values
to items selected in the Model Builder.



Fig. 14.7. A typical view of the Settings window–
here when establishing the size and location of
a rectangle.



(c) Graphics, shown in Fig. 14.8, which will eventually contain
your geometry and the results.



Fig. 14.8. The “Graphics” window, where results
will be displayed.



(d) An “Add Materials” window to the right of the Graphics
window.



(e) Message (below the Graphics window), not currently
needed.



Take a few minutes to scan useful icons at the top, such as
New, Open, Undo, Reset Desktop, Dynamic Help. Note that
window widths can be adjusted—by “grabbing” their
boundaries and moving horizontally.



Note: Everything that follows is initiated in the Model Builder.



The small “Add Materials” window at the extreme right of the
visual interface will be examined later,



2. Define the Parameters



Here, we establish values for the variables L, H, R, pleft, and
pright, which will be used later. R-click Global Definitions and
select Parameters. You can specify any units inside brackets
following the value, and they will be converted to SI units. So,
after entering L = 2 [m], H = 1 [m], R = 0.3 [m], pleft = 10
[psi], and pright = 0 [psi] into the Name and Expression
columns, the Settings window will appear as in Fig. 14.9.
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Fig. 14.9. Definitions of the five parameters.



3. Establish the Geometry



Here, we draw a rectangle and cut from it a central circle.
Under Component 1 in the Model Builder, R-click Geometry 1
and select Rectangle. In the Settings window, insert Width L,
Height H, and Center at origin, as in Fig. 14.7 earlier. Click on
Build Selected in the upper left corner of the Settings window
to display the rectangle in the Graphics window.



Then repeat the process for the circle—R-click Geometry 1 in
the Model Builder, select Circle, and then go to the Settings
window to enter Radius R and Center at the origin. Build
Selected then shows the circle as well as the rectangle, as in
Fig. 14.10(a).



Fig. 14.10. Rectangle and circle (a) before, and
(b) after Boolean subtraction.



We now wish to remove the circle from the rectangle. In the
Model Builder, R-click Geometry 1, Boolean and Partitions,
Difference. Observe in the Settings window that Objects to
Add is active (the box shows blue). Select the rectangle with
a L-click, noting that it turns from red to blue and that r1
appears in the Add box. Activate the Objects to Subtract icon.
“Hover” the mouse over the circle, if necessary scrolling with
a mouse button, until the circle is red, then left-click so that it
turns blue and c1 appears in the Subtract box. Note that
“keep interior boundaries” is checked—unimportant here, but
would be needed if, for example the circular area were filled
with another porous medium of different permeability. Build
Selected confirms the required geometry, as in Fig. 14.10(b).



The five icons shown in Fig. 14.11 appear on the left-hand
side just above the Graphics window, and are useful when
constructing the geometry and in viewing the graphical
results. The first, second, and fourth—Zoom In, Zoom Out,
and Zoom to Selection are self-explanatory. By clicking on
the third icon, Zoom Box, and then outlining an area by
dragging the mouse, you can magnify a selected area. A click
on the fifth and very useful icon, Zoom Extents, will
immediately fill the screen with as large an object as
possible.



Fig. 14.11. Five very useful tools. Left to right:
Zoom In, Zoom Out, Zoom Box, Zoom to
Selection, and Zoom Extents (see text for
explanation).



4. Define the Materials



To specify the properties of the fluid (water in our case), we
have two options:



1. Specify the properties ourselves.



2. Select from a list of materials stored within COMSOL.



We shall choose the second option. Under Component 1 in
the Model Builder, R-click Materials, Add Material, and note
the Materials window to the right of the Graphics window.
Click progressively on Liquids and Gases, Liquids, and
Water, as in Fig. 4.12(a), then Add to Selection (+).



Fig. 14.12. (a) The Add Materials window (note
that “water” has been selected), and (b) the
corresponding values in the Settings window.



Note the new Settings window in Fig. 14.12(b), and follow the
sequence Geometric Entity, Geometric Entry Level, Manual.
Note the Selection icon is active. L-click the rectangle with
the hole, note that it turns blue, and that “1” appears in the
Active window. The density and dynamic viscosity will be
needed—both at a temperature of T = 293.15 K unless we
specify otherwise. The porosity and permeability (note
warnings in red) will soon be specified. Generally, in the
Settings window, errors will be flagged in red, and
inconsistent units will appear in brown.



5. Define the Fluid Properties



We now specify the porosity and permeability of the porous
medium, as in Fig. 14.13(a). In the Model Builder, R-click
Darcy’s law, select Fluid and Matrix



Fig. 14.13. (a) Manual entries for the porosity
and permeability; (b) equations being solved.
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Properties 1. Under Settings, with Manual Selections, choose
Domain 1 by a left-click, noting that it turns from red to blue
and that “1” appears in the Active window. (Alternatively,
choose All Domains in the selection option). Note that
Density and Dynamic viscosity are from water, as already
noted. Then, under User Defined, insert Porosity = ε  =
0.175, and Permeability = κ = 93 darcies = 100 × 0.917
×10 8 cm  = 0.917 ×10 10 m , which we enter as 0.917*10
^−10.



Note that the default temperature T = 293.15 K. can be
changed at this stage if desired. You can also look at the
equations being solved (continuity and Darcy’s law), as in
Fig. 14.13(b), by clicking on the glyph just before Equations.



6. Define the Boundary Conditions



Fig. 14.14. Specification of pressure on the left
boundary.



L-click No-Flow 1 and note that all eight boundaries (four
segments are needed for the circle) are by default set to No-
Flow. To override for the left and right boundaries, R-click
Darcy’s law in the Model Builder, select Pressure, and then
under Settings select the left-hand boundary (#1), and insert
pleft, as in Fig. 14.14. Then R-click Darcy’s law and Pressure
again, and under Settings select the right-hand boundary
(#4), insert pright, Add. L-click No-Flow 1 and observe the
over-riding pressure conditions for the left- and right-hand
boundaries.



7. Create the Mesh



As discussed in Chapter 13, the finite-element solution
method employed by COMSOL subdivides the solution
region into many elements, and then solves a large set of
simultaneous equations for the solution values at the nodes
(where the elements join one another). Generally, a finer
mesh will generate a more accurate solution, but at the
expense of increased computing time. COMSOL
automatically generates the mesh, and chooses a shape for
the elements depending on the problem at hand. In our fairly
simple problem, all the elements are triangles—see Fig.
14.15.



Fig. 14.15. (a) Normal (400 elements) and (b)
Finer (975 elements) meshes.



To generate the mesh, Select Mesh 1 in the Model Builder,
and under Element Size in the Settings window select
Element Size Finer, followed by Build All. Right-click Mesh 1,
select Statistics to see the number of elements—or click the
Messages tab under the graphics window (which will
eventually also show the computing time taken), as in Fig.
14.16.



Fig. 14.16. Messages below the Graphics
window.



8. Solve the Problem



To solve the simultaneous equations, return to the Model
Builder, R-click Study. Select Compute, and watch the
solution development by selecting the Progress tab under the
Graphics screen. If all goes well, the solution will first be
displayed as a colored Surface Plot of the pressure, as in Fig.
14.17.



Fig. 14.17. Surface plot for the pressure.



9. Display the Results



As we progress from left to right, the color changes from
deep red (high pressure, approaching nearly 69,000 Pa) to
deep blue (low pressure, approaching zero Pa), and values
for the pressure can be obtained by consulting the color bar
at the right on which you can navigate to see coordinates and
values. Alternatively, a click on any point will give the exact
coordinates and interpolated pressure, appearing in the
Message area.



We next obtain a plot of the isobars, as in Fig. 14.18. In the
Model Builder, R-click Results, select 2D Plot Group. R-click
2D Plot Group 2, and select Contour. In Settings, note 20
levels. Also note Expression shows the pressure p. Select
Plot. Now change to 40 levels and click Plot again. To
facilitate reproduction here, we changed the isobar coloring
to uniformly black. The Zoom Box icon above the window
enables more detail in a prescribed area.



Fig. 14.18. Contour plot for the pressure.
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Finally, velocity vectors can be added to the contours, as in
Fig. 14.19. In the Model Builder (we always initiate an action
there), R-click 2D Plot Group 2 and select Arrow Surface
(which gives isobars and velocities). In the Settings window,
we see Darcy’s velocity field. Plot. Note from Fig. 14.20 that
the qualities of the arrows may be modified–for example, we
adjusted the length of the arrows by using the slider. In any
event, the arrows are always normal to the isobars, because
the velocity vector is proportional to the gradient of the
pressure v = −(κ/μ)∇p.



Fig. 14.19. Here, velocity vectors have been
added to the pressure contour plot. The arrows
show both the direction of flow and the
magnitude of the velocity.



Fig. 14.20. Manual entries for details of the
arrows.



In this example, we have given much detail, but we have by
no means covered all the capabilities of COMSOL. There are
many other details to be learned, and several of these are
covered in the other ten COMSOL examples in Chapters 6, 



7 , 8 , 9 , 11, and 12.



Example 14.2—Drawing a Complex Shape (COMSOL)



Introduction



We wish to draw the region depicted in Fig. 14.21, which is
needed in Example 11.3 for solving non-Newtonian flow in an
extrusion die. Briefly, we shall draw two overlapping
rectangles, and cut out or subtract from them two other
regions known as “Bézier polygons.”



Fig. 14.21. Region to be drawn for polymer
extrusion example.



Procedure



All mouse clicks are left-click (“Select”), unless specifically
denoted as R-Click.



Select the Physics



1. Open COMSOL and L-click Model Wizard, 2D
Axisymmetric, Fluid Flow (the little rotating triangle is called a
“glyph”), Single-Phase Flow, Laminar Flow. L-click Add.
Study, Stationary, Done.



Select Spacings on the r and z Axes



2. Expand Component 1 to View 1 and L-click Axis. Select
Manual spacing and set the r and z spacings to 0.003, with
all dimensions being in meters (m). L-click Update.
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Draw Rectangles



3. Our first goal is to draw the two rectangles, r1 and r2, as
shown in Fig. 14.22(a). For the first of these, r1, R-click
Geometry and select Rectangle. Enter the values for Width
and Height as 0.009 and 0.021 (always units of m). Note the
default is based on the lower-left corner located at (0, 0).
Build Selected.



Fig. 14.22. Four stages in the development of a
composite object, using two rectangles (r1 and
r2) and two Bézier polygons (b1 and b2); Figs.
(a) and (b) are at the top, and Figs. (c) and (d)
are below.



4. For the second rectangle, r2, R-click Geometry and select
Rectangle. Enter the values for Width and Height as 0.012
and 0.027. Update the corner position to (0.006, −0.021). L-
click Build Selected. L-click the Zoom Extents button at the
top of the Graphics window, giving Fig.14.22(a), showing
both r1 and r2.



Draw Bézier Polygons



5. Our second goal is to draw the two Bézier polygons, b1
and b2, shown in Figs. 14.22(b) and (c). R-click Geometry
and select Bézier Polygon. L-click Add Quadratic. Enter the
following three control points, 1–2–3: (0, 0.003), (0.012,
0.003), and (0.012, −0.009). L-click Add Quadratic. Enter the
following three control points, 3–4–5: (0.012, −0.009), (0.006,
−0.009), and (0.006, −0.015). Left-click Add Linear. Enter the
following two control points, 5–6: (0.006, −0.015) and (0,
−0.015). L-click Add Linear and immediately L-click Close
Curve. Build Selected, giving the “polygon” b1 in Fig14.22(b).



6. R-click Geometry and select Bézier Polygon. L-click Add
Quadratic. Enter the following three control points, 7–8–9:
(0.009, 0.006), (0.009, 0.003), and (0.012, 0.003). L-click Add
Quadratic. Enter the following three control points, 9–10–11:
(0.012, 0.003), (0.018, 0.003), and (0.018, −0.003). L-click
Add Linear. Enter the following two control points, 11–12:
(0.018, −0.003) and (0.018, 0.006). L-click Add Linear and
immediately L-click Close Curve. Build Selected, giving the
“polygon” b2 in Fig14.22(c).



Subtract Polygons from Rectangles



7. R-click Geometry, Boolean and Partitions, Difference. L-
click the On/Off toggle for Objects to add in the Settings
window. Hover and successively L-click rectangles r1 and r2.
L-click the On/Off toggle for Objects to subtract in the
Settings window. Hover and successively L-click the Bézier
Polygons b1 and b2. Because we want one unified object,
deselect the Keep interior boundaries option.



8. L-click Build All Objects, finally giving Fig. 14.22(d).



9. Save the completed shape for the die in the file Ex14.2-
9.mph, which is used in Example 11.3.



14.4 VARIABLES, CONSTANTS, EXPRESSIONS, AND
UNITS



The COMSOL user will typically have to enter numerical values and



algebraic expressions, almost always in the Settings window, and here we



discuss the formats that are usually needed.



Constants are numerical values that may involve scientific notation. The



following are legitimate examples, in which the last is really an expression



because it involves one of the arithmetic operators (*):



The second of these, pi, is also an internal COMSOL constant with an



obvious value.



Variables are names that stand for quantities such as a length or density,



for example:



Note that the variable names rho and mu are currently reserved by the



COMSOL CFD module for its own internal use, so that we must use some



alternative names, such as rho1 and mu1. The programmer should always



be alert to possible conflicts with internal COMSOL names.



Expressions are combinations of constants, variables, numerical and



trigonometric operators, such as:



in which log is the COMSOL name for the logarithm to the base e (and



log10 is to the base 10). The arguments for sin, cos, etc., must be in



radians.



Ranges are sets of equally spaced consecutive values, employing the



range operator, followed by three quantities in a set—the first value, the
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increment, and the last value. For example, the list 1.0, 1.5, 2.0, 2.5, 3.0,



3.5, 4.0 could more concisely be written as such as range(1.0, 0.5, 4.0).



Range lists may be also concatenated in sequence, as in the following



example, where the last example is an alternative for the series of the four



numbers 0.1, 1, 10, 100:



Units tell COMSOL the measurements for the particular quantity that we



have entered. The default case, which needs no qualification, is SI, but if



the units are something else, then they must be specified, within square



brackets, as in the following examples:



Note that the last two examples represent special cases. In the



penultimate example, the subexpression (y − 100) implies that the units



of 100 are identical to the units of y, which will have been predefined



earlier, so that if y is in meters, the whole expression will have units of



m /s. The final example demonstrates the representation of a



dimensionless quantity. Additionally, COMSOL works internally in SI so



that any mix of input units can be used, since they will be converted



internally to SI.



COMSOL also reserves several other variables, and these can also



generally be referenced by the user. A partial list is: p, pressure; u, v, w,



velocity components; k, turbulent kinetic energy; ep, turbulent dissipation



rate; spf.vorticityx, spf.vorticityy, vorticity components; spf.sr, shear



rate; spf.muT , turbulent dynamic viscosity; spf.rho, density; spf.mu,



dynamic viscosity; spf.nu, kinematic viscosity; spf.U , velocity magnitude.



See Section 14.6 for more complete details.



14.5 BOUNDARY CONDITIONS



All problems governed by one or more partial differential equations



require the specification of conditions at the boundary of the region under



study. COMSOL can cope with all such boundary conditions, and the



following is a list of those most likely to be encountered. The information



about these conditions has been obtained by perusing some of the



COMSOL examples in this book and discovering the many options that



are available, and also in a few instances by consulting the COMSOL CFD



Module User’s Guide. In the following, the flow is taken for simplicity to



be two-dimensional, with coordinates x and y.



Boundary Conditions Involving Walls



1. No slip: the fluid velocity is zero at the wall.



2. Slip: there is no resistance by the wall to the fluid flow, and no fluid is



entering or leaving through the wall.



3. Sliding wall: specify the velocity of the wall, which is moving



tangentially to the surface of the fluid.



4. Moving wall: specify the x and y components the velocity of the wall.



5. Leaking wall: specify the x and y velocity components of the fluid.



6. Electroosmotic velocity: specify the x and y components of the electric



field. Also, either use the default values for the zeta potential (−0.1 V) and



the relative permittivity (1.0), or specify the electroosmotic mobility.



7. Slip velocity: specify the x and y velocity components of the moving



wall, with the option of specifying either viscous slip or thermal creep.



Involving Inlets and Outlets



1. Velocity: specify either the normal inflow velocity or the x and y



components of the velocity.



2. Pressure: specify the pressure. Also, backflow can be allowed or



suppressed, and the velocity can either be normal to the boundary or its



components can be specified. COMSOL achieves backflow suppression by



automatically adjusting the boundary pressure so as to prevent any



inflow.



3. Laminar inflow: specify either the average velocity, the flow rate, or



the entrance pressure.



4. Mass flow: specify the mass flow rate and the channel thickness.



Miscellaneous



1. Pressure point constraint: the pressure must be specified at the



indicated point.



14.6 VARIABLES USED BY COMSOL



When defining a new physics, such as a new single-phase flow (spf )



physics, the user is prompted with a set of default names for primitive



variables—those that are fundamentally required to solve the problem,



whereas everything else depends on their values. In the case of laminar



flow (spf ), the default primitive names are the usual—u, v, w, for velocity



components, and p, for pressure. To describe the additional primitive



variables required for turbulent flow k–ε (spf ), there are the extra default



variables, namely, k for the turbulent kinetic energy and ep for the



turbulent dissipation rate.



In all of these cases, any variable name can be specified to override the



default. For example, we could have elected to name the third velocity



component double_u, instead of w. The reason for such flexibility is the



fact that there are situations where we could have two copies of the same



physics active, such as a user-constructed Eulerian-Eulerian two-fluid



model, (spf and spf2 ). For this case, we could conveniently label the x



components of the velocities of each phase as u1 and u2 . For most cases



the defaults work well.



During more complex modeling work or postprocessing, we may need to



refer to variables in functions and plots. For primitives that we have



named or accepted their default names, we access them directly with



these unique names, such as u, v, or ep. Many times, we need to access



derived quantities, such as the components of vorticity (ζ , ζ , ζ ) or the



turbulent kinematic viscosity, (ν  ). As mentioned, these are derived from



primitives (ζ  = ∂v /∂x − ∂v /∂y) and have a consistent internal naming



x y z



τ



z y x
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scheme within COMSOL. For example, the x-component of vorticity is



vorticityx .



Having the flexibility of multiple physics active simultaneously requires



reference to the physics associated with the derived variables in an unique



way. Thus, to reference the x-component of vorticity we would write



spf.vorticityx and, if we had a second laminar-flow physics active we



could write spf2.vorticityx to access the x-vorticity of the second fluid.



The user should explore the examples and note the uses of primitive



variables as well as derived variables.



Finally, we comment about material properties used with physics. Using



laminar flow as an example, the user needs to define a density and a



dynamic viscosity.



These are not primitive variables, so they are referenced as spf.rho and



spf.mu. This concept should be straightforward but we must be cautious



while naming global parameters to define such required quantities.



Global Parameters are commonly used to define a Blank Material, and the



names must differ from the variable names used internally. To define a



density, for example, rho cannot be used and you will notice that rho1 is



used within the examples. However, if the user defines the Fluid



Properties as User-defined, you can use the global parameter rho.



14.7 WALL FUNCTIONS IN TURBULENT-FLOW
PROBLEMS



Chapter 9 covers the concepts used to describe and model turbulent flows.



One of the central issues related to implementing a model based on



turbulent flow k–ε (spf ) physics within COMSOL is the wall boundary



condition, which is straightforward for the laminar-flow case. Described



simply, the development of the k–ε model inherently assumes fully



developed turbulent flow. However, as we approach a no-slip wall, the



flow will become laminar, and the assumptions of turbulent flow are no



longer valid. In order to avoid fully resolving the boundary layer (which



would mean great detail), the classical modeling approach is to



implement wall functions that represent the flow behavior in the thin



region adjacent to the wall (Launder and Spalding) . Care must be taken



when constructing meshes near the wall, which typically require the



dimensionless distance y  (see Eqn. (9.38)), as defined by the first mesh



point from the wall, to be in the range of 30 to 100 to avoid placing it



below the logarithmic-law region.



COMSOL implements a wall function that follows the development of



Kuzman and Mierka , which assumes that the domain mesh is located a



small distance, δ , or “lift-off” distance from the wall, beyond which the



computed boundary layer follows the classic logarithmic variation in the



velocity. A dimensionless distance is defined as (COMSOL User’s Guide,



Version 5.2a):



which is referred to as the wall lift-off in viscous units and is identical to



y .



Note that the quantities, δ  and δ  are available in the COMSOL solver



as the derived variables spf.delta_w and spf.d_w_plus, respectively.



COMSOL internally computes δ  by enforcing δ  to be 11.06, which is



the intersection of the logarithmic and linear regions of the boundary



layer and ignores the transition or buffer region. This intersection is



demonstrated in Figure 9.10. However, a floor for δ  is set to half of the



cell height of the boundary mesh adjacent to the wall, leaving δ  to be



mesh-dependent, with a minimum value of 11.06.



When developing k–ε based models in the COMSOL environment, the



user must ensure that δ  is small compared to local length scales, since



this is a basic assumption. Additionally, δ  should be maintained to a



value close to the logarithmic-linear region intercept value of 11.06.



Similar to a traditional implementation, a practical approach must be



used in maintaining δ  close to 11.06, so local variations to higher



values, perhaps 30, are reasonable.



COMSOL implements a robust physics-based meshing algorithm and, for



fluid dynamics problems, this typically involves extruded boundary faces



(displaced laterally) that form boundary-layer meshes. Typically, mesh



resolution is controlled by adjusting global cell size, Normal or Fine for



example. However, in some cases, it is difficult to control the boundary



mesh and the user should activate “User-controlled mesh” as a Sequence



Type in the Mesh Setting. This will give access to the Boundary Layer



Properties node, allowing improvements in the boundary mesh. The



model development cycle would include:



1. Adjustments to the boundary mesh and solve the model.



2. Plot the variables spf.delta_w and spf.d_w_plus on the boundaries.



3. Ensure that spf.delta w is small compared to the model length scale



and that spf.d w plus is close to 11.06.



4. Return to step 1 if needed.



Boundary-layer meshing, as described, will be an iterative process and



will involve manually editing the values in the Boundary Layer Properties



node, whose default appearance is shown in Fig. 14.23, along with the



defaults for the controls for the boundary mesher. The controls available



are:



Fig. 14.23. Default setting for the boundary-layer
properties.
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1. Number of boundary layers—defines the number of elements that are



extruded away from the surface (or edge in 2D) mesh. This will be one of



the key parameters for adjusting the mesh to resolve the boundary layer.



2. Boundary layer stretching factor—defines the ratio between the



thicknesses of successive elements, or layers, as you move away from a



surface. Thus, if the factor is 1.2 and the first layer is 100 μm, the second



adjacent layer will be 120 μm. In short, the layers grow geometrically



away from the surface.



3. Thickness of the first layer—control of the first boundary layer element



is important, and its definition is also straightforward. Its value controls



the other boundary mesh layers in the sense that its initial value begins



the march into the domain. The default value is Automatic, otherwise the



user will specify the size directly. The Automatic setting enforces the value



of the first element size to be 1/20 of the local domain element height.



Leaving the default to Automatic allows some flexibility when changes to



the domain size are applied during the model development cycle.



4. Thickness adjustment factor—is a scaling factor applied to the 1/20



used to determine the thickness of the first layer when Automatic is



specified. The default is 2.5 and adjustment of this parameter allows



direct control over the first layer.



Fig. 14.24 shows a sequence of boundary meshes designed to illustrate the



effect of changing various parameters. The final mesh in the sequence is



the boundary mesh employed to solve Example 9.5 (in Step 10).



Essentially, the process used was to identify that δ  was too large on



most of the boundaries. In the sequence of steps, the number of layers



was increased, the stretch ratio was reduced, and the thickness



adjustment factor was reduced. Reasonable values for δ  were obtained.



For the most part, effective meshes can be obtained by adjusting the



number of boundary layers and the thickness adjustment factor, given



that the latter is actually controlling the height of the first layer.



Fig. 14.24. Example sequence illustrating changes in the
boundary layer mesh. (a) Top left: COMSOL defaults, (b)
Top right: number of layers modified to 8, (c) Bottom left:
stretch factor changed to 1.1, (d) Bottom left: Thickness
adjustment factor modified to 1.0.



14.8 STREAMLINE PLOTTING IN COMSOL



A fundamental postprocessing step in examining fluid dynamics



simulation results is to illustrate the flow structure with streamlines.



COMSOL has powerful post-processing capabilities, which include the



computation of streamlines for two- and three-dimensional models. Here,



we highlight some of the controls for generating or positioning



streamlines during postprocessing.



When defining a streamline plot, the Settings window contains many



options. The default x and y components for streamline generation will be



populated with the corresponding velocity components. Note that



streamlines are useful for other field quantities, such as electric fields or



thermal fluxes. So, it would not be uncommon to change the default field



variables if, for example, we had solved a thermal/fluid problem. The



Streamline Positioning option is located near the center of the Settings



window and has options to allow you to select the method to position the



streamline start and end points. Here is an overview of the positioning



options, all referring to the possibilities with the results from Example



9.5.



On selected boundaries: This option is straightforward in that it uses a



boundary edge or line segment for the start or end points for streamline



integration. A practical use would be to select inlets or outlets to the



problem being implemented in order to position streamlines to visualize



the flow. Referring to Example 9.5, if the outlet were selected with 20



uniformly spaced start points, the resulting streamlines are shown in Fig.



14.25. The results are easy to obtain but there are regions of interest, such



as recirculation zones, that are missed.



Fig. 14.25. An illustration of the use of the “On selected
boundaries” streamline positioning option, where the
lower leftmost boundary (outlet) was selected with 20
streamlines.



Start-point controlled (with coordinates): By definition, streamline



placement requires a point from which integration starts (or ends) for



each streamline. This option allows several entry methods for the start



point, one of which is Coordinates. The user can use any of the entry
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methods for generating an (x, y) pair list, including range functions. Fig.



14.26 illustrates this input method by generating a coordinate list using x:



1.3, y: range(0.0, 0.4/20, 0.4), which places a convenient line of 20



starting coordinates through the last recirculation zone. Lengthy lists can



be generated, allowing much flexibility.



Fig. 14.26. The “Start point controlled” positioning method
with “Coordinate” entries. The coordinate list was
generated using x: 1.3, y: range(0.0, 0.4/20, 0.4), which
places a line of points through the last recirculation zone.



Start-point controlled (with number of points): An interesting option for



start-point controlled is to select the entry method to be “Number of



points” and leave the “Along line” option to None. The starting points of



the streamlines are then distributed semi-randomly but deterministically



[personal communication with COMSOL technical support]. The



documentation on this option has been added for a future COMSOL



release. Fig. 14.27 illustrates the results of selecting this option with 20



points. Although the results show many of the overall features being



resolved, flow inside recirculation zones is largely missed.



Fig. 14.27. “Start point controlled” positioning method,
with the entry method set to “Number of points” and
“Along line” option set to “None”. The number of points
was 20.



Uniform density: The final option to be covered is the most robust for



displaying flow features but allows the least amount of control. The



uniform density option allows the user to specify the separation distance



between streamlines. This is useful for separated flows or flows with



recirculation zones where it would not be a simple task to specify start



points. In a sense, the start points are automatically selected and, by



definition, will fill in regions where the flow separates.



Fig. 14.28 illustrates the uniform–density results used for streamline



visualization in Example 9.5. To generate this plot, a separation distance



of 0.005 was used, allowing all of the recirculation zone to be captured



with reasonable detail. One cautionary note—there is no control over the



number of streamlines. This lack of control can lead to long post-



processing times for large problems in three dimensions.



Fig. 14.28. “Uniform density” positioning method. The plot
was generated with a separation distance of 0.005. Note the
fully resolved features.



14.9 SPECIAL COMSOL FEATURES USED IN THE
EXAMPLES



The twelve COMSOL examples in this book contain most of the



operations that the introductory user is likely to need. Many of these



operations, particularly those used fairly often, have already been



discussed in Section 14.3. But there are other operations that are used less



frequently, and rather than try to detail every one of them here, it is more



useful for the user for us to list them in a table that refers to the specific



example and step(s) in which they occur, and this is the approach we have



taken in Table 14.3. “Intro” refers to the introductory part of the example,



before specific solutions steps are listed.



Table 14.3. Selected COMSOL Multiphysics Features That
Are Explained in the Examples



Harlow, Francis Harvey, born January 22, 1928; died July 1,
2016, in Los Alamos, New Mexico. After serving in the US
Army between 1945 and 1950, Harlow received his degree in
Physics from the University of Washington in 1953. The
period after his graduation saw the birth of computer
hardware, which played a significant role in Dr. Harlow’s
future activities. After graduation, Harlow joined the
Theoretical Division of Los Alamos National Laboratory and
formed the T–3 group with the aim of using the burgeoning
landscape of computing hardware to solve fundamental
problems of fluid mechanics. Being involved in the birth of
computational fluid dynamics (CFD), Harlow experimented
with Lagrangian and Eulerian formulations, and pioneering
outcomes were the development of the Particle-in-Cell (PIC)
and ALE (Arbitrary Lagrangian Eulerian) methods. Such early
methods not only advanced the topic of CFD but included the
complexity of multi-material problems and the topic of
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multiphase flow. Further variants included the Marker-and-
Cell (MAC) method and the “meshless” Particle and Force
(PAF) approach, with the latter predating modern Smoothed
Particle Hydrodynamic methods. In the end, Harlow may not
have been the first to solve fluid problems numerically, but he
certainly helped to define the field of Computational Fluid
Dynamics as a formal discipline.



Source: J.U. Brackbill, “Introduction to Harlow’s Scientific
Memoir”, Short Note in J. Comp. Phys., vol. 195, p. 413
(2004).



14.10 DRAWING TOOLS



In all twelve of the COMSOL examples in this book, we have used the



Model Builder, in conjunction with Settings, to draw the shapes that are



needed. In such cases we select, for example, a rectangle in the Model



Builder and then give its dimensions and location in the Settings window.



But here, we alert the reader to the alternative possibility of using the



drawing tools, which appear in the Geometry Toolbar—a strip of icons



above both the Settings and Graphics windows, as shown in Fig. 14.29.



We illustrate only for the 2-D toolbar, although there are also 1-D and 3-D



geometry toolbars.



Fig. 14.29. Strip of 18 drawing tools in the 2-D geometry
toolbar.



To use these tools, you should have clicked on Geometry 1 in the Model



Builder, so you see the above strip. The general idea is that you select



what you want, and then use the mouse to “draw” your selection in the



Graphics window. In the following, we take you through each of the tools



in turn and briefly describe its function. And as you “draw”, every



selection will be noted in the Model Builder, just as if you were using it



directly. You can also move any selected object by clicking on it and



“dragging” it to another location.



Fig. 14.30. Strip of the first nine drawing tools in the 2-D
geometry toolbar.



1. Snap to grid—when you click in the Graphics window, your selection



will be directed to the nearest gridlines in both coordinate directions.



2. Snap to Geometry— the Snap to Grid feature must first be disabled.



Successive geometric shapes will then tend to “adhere” to one another in



certain ways. Suppose you have already drawn a rectangle. It will



automatically have points “attached” at its four corners and four edge



midpoints. Then, any attempt to draw another object in the vicinity of any



of those points will lead to the first mouse-click (say for the corner of



another rectangle, or the center of a circle) being exactly at one of those



“attached” points. Perfect alignment is thereby achieved.



3. Solid—when activated, will enable a filled-in or shaded object to be



drawn, rather than just its outline.



4. Draw Line—make left-clicks at the two desired end-points of the line,



and then a right-click to terminate (otherwise you can keep on going!).



5. Draw Quadratic—when you click on three points (A, B, and C, say), a



curve will be drawn between the end points A and C, such that the virtual



lines BA and BC will be tangent to the curve at A and C.



6. Draw Cubic— when you click on four points (A, B, C, and D, say), a



curve will be drawn between the end points A and D, such that the virtual



lines BA and CD will be tangent to the curve at A and D. This feature



enables you to draw curves that fit very nicely into your desired geometry.



7. Draw Point—makes a point at the indicated location.



8. Draw Rectangle—when you click on two points, a rectangle will be



drawn with those points as its opposite corners.



9. Draw Circle—if you click on two points, A and B, say, you will get a



circle whose center is A and whose circumscribing square or “bounding



box” has one corner at B.



Fig. 14.31. Strip of the second nine drawing tools in the
geometry toolbar.



10. Primitives (Circle, Rectangle, Ellipse, Square, Bézier Polygon,



Interpolation Curve, Parametric Curve, Point, Polygon)—requests you to



enter the appropriate dimensions in the Settings window.



11. Booleans and Partitions—a “pull-down” whose first three selections



are Union, Intersection, and Difference. For example, suppose that you



have drawn a first object A that overlaps a second object B. The Union



tool will give an object that includes both A and B. The Intersection tool



will give the region that is common to both A and B. And the Difference



tool will create a region in which A has deleted from it that region in



which it is overlapped by B. In every case, you will need to conclude by



clicking on Build Selected in the Settings window.



12. Transforms (Array, Copy, Mirror, Move, Rotate, Scale)—works in



conjunction with the Settings window. For example, if you have drawn an



object and wish to move it, you first select the object, then enter the (x, y)



distances for the object to be displaced, then click on Build Selected.



13. Conversions—such as Convert to Solid, which fills in the shape.



14. Chamfer—used to soften a sharp corner with a “chamfer” (a



symmetrical sloping surface at the corner). Click on the corner point and



then insert numerical values in the Settings window before clicking on



Build Selected.
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15. Fillet—used for rounding a sharp corner with a “fillet”. Click on the



corner point and then insert numerical values in the Settings window



before clicking on Build Selected.



16. Tangent—enables the drawing of a tangent to an existing object.



17. Delete—after a warning, erases the selected object.



18. Edit Object—enables the editing of a selected object.



14.11 FLUID MECHANICS PROBLEMS SOLVABLE BY
COMSOL



This section lists seven general types of fluid-mechanics problems that



can be solved by COMSOL. The software is exceptionally versatile and can



also solve multiphysics problems with, e.g., combined heat and mass



transfer, fluid mechanics and electromagnetics—as illustrated for



electroosmosis in Examples 12.4 and 12.5.



In their appearance the following equations parallel those in the COMSOL



User’s Guide cited earlier, although slight changes have occasionally been



made to conform to the notation in this book. The equations have been



left in vector form, the understanding being that COMSOL will



automatically reformat them according to the number of dimensions and



the coordinate system specified by the user.



1. Navier-Stokes Equations



The governing equations for incompressible flow are the momentum



balance and continuity equation:



Although the body-force vector F per unit volume usually accounts for



gravitational attraction, it could also be the force on a charged particle in



an electric field (see Examples 12.4 and 12.5). Further, if the energy



equation is being solved simultaneously for temperature, F can account



for free convection if temperature-dependent density variations are



accommodated.



Boundary conditions. COMSOL can accommodate any or all of the



following boundary conditions, each corresponding to a practical physical



situation. As usual, n is the unit vector in the outwards normal direction.



No slip



Specified velocity with normal component v



Slip or symmetry (no normal velocity component)



Specified pressure p



“Straight-out” condition—zero tangential velocity and zero pressure



Neutral—no transport by shear stress



2. Turbulent-Flow Equations



Here, v is the time-averaged velocity, k is the turbulent kinetic energy per



unit mass, and ε is the rate of dissipation of this energy. The first two



equations are the momentum balance and continuity equation (C k /σ ε



is the same as ν  in Eqn. (9.90a) since σ  = 1), followed by equations for



the rate of growth of k and ε:



In the above, the model constants are



Wall boundary conditions. A simplified view of the boundary flow is that



there exist two distinct regions forming the boundary layer—namely, the



laminar and turbulent regions. To arrive at a practical approach to



implementing a wall boundary condition, COMSOL introduces the



concept of the wall lift-off distance δ ,as defined in Section 14.7.



Essentially, this lifted distance is used as the new location on which the



boundary condition for the friction velocity is applied (Kuzman, op. cit.).



Therefore, this lifted boundary allows us to lean on the knowledge that the



velocity profile is logarithmic adjacent to the lifted wall (but not all the



way up to the actual wall). The following conditions are imposed on the



lifted boundary, in which v is the velocity component parallel to the wall,



n is the normal distance from the wall, ν is the kinematic viscosity, κ .



=0.42, and C . = 5 for smooth walls.



Velocity parallel to a wall



Turbulent energy



Turbulent dissipation



0



0



μ k



T k



w
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3. Laplace and Poisson Equations



COMSOL is capable of solving many “classical” types of partial differential



equations. Of these, the following two will be useful when solving



irrotational (inviscid) flow problems.



Laplace’s equation



Poisson’s equation



In the last equation c is essentially a conductivity and f is a source or



generation term; both c and f may be functions of position. The



corresponding boundary conditions are either of the Dirichlet type (u



specified) or of the Neumann type (involving the normal derivative n ·∇u



= ∂u/∂n).



4. Non-Newtonian Flows



The momentum and mass balances are the same as for the Navier-Stokes



equations for Newtonian flows except that η is used instead of μ for the



viscosity.



The variety of available boundary conditions is the same as for the Navier-



Stokes equations. Two models are available for the non-Newtonian



viscosity η, in which the strain rate  (also known as the shear rate) is



automatically computed by COMSOL as a function of the several velocity



gradients, as in Eqns. (11.10) and (11.14):



Power-law model



Here, κ is the consistency index and n is the power-law index.



Carreau model



Here, η  and η  are the viscosities at zero and very high strain rates,



respectively, λ is a relaxation time of the fluid, and n is a dimensionless



constant approximately in the range 0.2–0.5 for many polymer melts.



5. Flow in a Porous Medium



Incompressible flow in a porous medium is governed by the continuity



equation, ∇· v = 0, which, when coupled with Darcy’s law, v = −(κ/μ)∇p,



gives:



For compressible flow, the continuity equation is ∇· ρv = 0, so the



governing equation now includes the variable density:



In the important case of underground storage of natural gas of molecular



weight M  and compressibility factor z at an absolute temperature T ,



Eqn. (14.24) becomes:



Boundary conditions. There are three relevant types of boundary



conditions, in which n is the unit outward normal:



Specified pressure p



Impervious (no flow) boundary or plane of symmetry



Specified superficial velocity u  in the outward normal direction



6. Induced Flow in a Porous Medium—the Brinkman Equation



Some problems involve a porous medium in contact with an “open” region



in which flow is unimpeded by such a porous medium; such conditions



prevail for flow in the vicinity of porous catalysts and in fuel cells. In this



event, there is a shear-stress induced flow in the porous medium, where



the situation is governed by the Brinkman equations:



In the “open” region, the usual Navier-Stokes equations govern the



viscous flow. By selecting the Brinkman option, such problems can be



solved by COMSOL. The F term can accommodate mild compressibility



effects.



7. Compressible Inviscid Flows The continuity, momentum, and energy



equations are:



0 ∞



w



0



0



⬆











in which the dyadic product vv is defined in Appendix C, e is the total



(potential plus kinetic) energy per unit volume, F is a body force per unit



volume, and Q is a heat generation per unit volume. Three additional



equations are needed, assuming ideal gas behavior. First, the pressure is



calculated from:



in which γ = c /c  is the ratio of specific heats. Second, the speed of sound



is obtained from Eqn. (3.80):



Third, the Mach number is needed because it determines how the



boundary conditions are handled:



For subsonic flow (M < 1), the density, velocity, and pressure are specified



at both the inlet and outlet, and a slip condition is applied at solid



boundaries.



For supersonic flow (M > 1) the same conditions will hold at the inlet and



solid boundaries, but the outlet is governed by a neutral boundary



condition, which does not add any constraints to the flow.



14.12 CONCLUSION—PROBLEMS AND LEARNING
TOOLS



There are only three specified problems here, but completion of all of



them will reinforce the most important fundamentals of COMSOL, and



will allow the beginner to branch out with some confidence into his/her



own problems.



PROBLEMS



1. Introductory check. Repeat the steps in Example 14.1, and make three



representative prints, corresponding to Figs. 14.17, 14.18, and 14.9.



2. Central conductive hole. Also solve the problem in Example 14.1,



except that the central circular region now has a permeability of five times



that of the surrounding region. Observe the following:



• Note that you no longer need to consider the internal interface between



the circle and the surrounding rectangle.



• Make sure the “Keep interior boundaries” box is checked.



• Instead of forming the difference between the rectangle and the circle,



you must now specify their union.



• There will be two regions in which you must specify the porosity and the



permeability. (The porosity is the same for both regions.)



Make two additional prints for this second problem, analogous to Figs.



14.18 and 14.19.



3. Drawing a complex shape. Repeat the steps in Examples 14.2, which



will enable you to become familiar with some of the many geometrical



operations.



OTHER LEARNING TOOLS



Section 14.4 (Variables, Constants, Expressions, and Units) contains very



basic information for entering values in the Settings window, both in



simple and in more complex ways. Section 14.6 also discusses COMSOL



variables in greater depth.



Section 14.5 (Boundary Conditions) notes that all partial differential



equations need boundary conditions for their solution, and here you will



find a large selection of conditions that you may encounter.



Section 14.7 (Wall Functions) helps you to make the right choice when



selecting a mesh for the solution of turbulent-flow problems.



Section 14.8 (Streamline Plotting) notes that there are several ways in



which COMSOL can plot streamlines, and this section will enable you to



make the choice that is best for your problem.



Section 14.9 (Special Features) contains a three-page table that will direct



you to the particular part of the many COMSOL examples in this book,



giving valuable information on some of the more “tricky” operations.



p v











Appendix A. Useful Mathematical Relationships
HERE, we present several commonly used mathematical formulas, the



majority of which will be needed in this text. Although the reader should



already have encountered these relationships in first- and second-year



college mathematics courses, we believe that it is helpful to summarize



them in one location.



GEOMETRICAL SHAPES



In Table A.1, r is the radius of an object, D is its diameter, and L is the



length of the cylinder.



Table A.1



Additionally, the area of a triangle of base B and altitude H is A = BH/2;



and the area of a rectangle of breadth B and width W is A = BW .



DERIVATIVES



INTEGRALS



In the following, a constant of integration is omitted throughout:



TRIGONOMETRIC IDENTITIES



HYPERBOLIC FUNCTIONS



TAYLOR’S EXPANSION



If h is taken to be a differential increment dx, and x  = x, all the



derivatives of second order and higher have vanishingly small coefficients



and can be neglected, leading to:



which has important applications throughout the book when performing



mass, energy, and momentum balances. It is, of course, completely



compatible with the definition of a derivative:



SIMPSON’S RULE



0
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(This relationship is exact if f(x) is a polynomial of degree no higher than



a cubic.)



SOLUTION OF ODES BY SEPARATION OF VARIABLES



Consider an ordinary differential equation (ODE) of the form:



where f(x) and g(y) are functions of only x and y, respectively (and which



may possibly be constants). If we know that y = y  when x = x , then the



solution y = y(x) of the ODE is obtained from:



NUMERICAL SOLUTION OF DIFFERENTIAL
EQUATIONS BY EULER’S METHOD



Consider the following differential equation, which occurred (with



different notation) in the tank evacuation problem of Example 2.1:



in which c =0.001 reciprocal seconds. We can approximate Eqn. (1) by its



finitedifference approximation (FDA):



Here, p  and p  denote the values of the dependent variable at the



beginning and end of the ith time step, of duration Δt. Note that the



derivative function f(p) is approximated at the beginning of the time step.



If we know the value p  at the beginning of the time step, then its value at



the end of the step is approximately:



Now at t =0, p  = 1 (the initial pressure was one bar). Hence, arbitrarily



choosing a time step of Δt = 100 seconds, so that cΔt =0.1, the values of



the pressure after 100, 200, and 300 seconds are given by the following



approximations:



A comparison of these values with those given by the exact solution, p =



e 0.001t, namely 0.905, 0.819, and 0.741, shows that this simple



numerical procedure has generated answers that are surprisingly good. If



required, the accuracy could easily be improved by taking a smaller time



step (and performing more calculations).



This numerical technique can readily be adapted to the solution of more



complicated differential equations, and whose analytical solution is either



difficult or impossible. Further, because of the repetitive nature of the



calculations, Euler’s method is readily implemented by spreadsheets, as in



Table A.2.



Table A.2. Spreadsheet Implementation of Euler’s Method



Relating to this spreadsheet, observe the following:



1. Digits and letters identify the various rows and columns.



2. In row 5 onwards, the expressions in parentheses are actually entered



into the cells and cause the indicated numerical values to appear.



3. Once a basic formula has been entered, such as that in cell B6 or C5, it



can be “pasted” into subsequent cells in its column; the row counter will



thereby be incremented automatically.



4. Dollar signs indicate an absolute cell address, which will not change



when a formula is pasted into subsequent cells.



5. The parameters c and p  are not built into any of the formulas, but are



allocated to their own cells. Thus, not only are the values of these



parameters immediately apparent, but they can readily be changed in just



two cells without having to alter any of the subsequent formulas.



6. The time step is computed by the spreadsheet, as in (A6 - A5), with



the advantage that there is no need to maintain constant time intervals



throughout the calculations. For example, a small time step could be used



if finer detail were needed at some particular point in time.



CURVATURE



Over an infinitesimally small length, a curve AB may be approximated by



the arc of a circle of radius of curvature R, subtending an angle dθ at the



center O of the circle, as in Fig. A.1. The angle dθ is the difference between



the angles to the horizontal made by the tangents to the curve at A and B.



Fig. A.1. Notation for establishing curvature.
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Noting that the arc length is , using



Taylor’s expansion, recalling that d(tan 1 z)/dz = 1/(1 + z ), and observing



that the slope of the tangent at A is dy/dx, there results:



Division by dx and rearrangement gives the local curvature C, which is



the reciprocal of the radius of curvature:



For small slopes dy/dx, C = d y/dx .



LEIBNITZ’S RULE



The following relation—Leibnitz’s rule—is useful for differentiating an



integral with respect to a variable (x in this case) that appears in any or all



of the integrand, the lower limit, and the upper limit:



SUCCESSIVE SUBSTITUTIONS



The method of successive substitutions is occasionally useful for solving



equations of the form f(x) = 0, if a starting estimate x  of the root α is



available. First, rearrange the equation so that x appears explicitly on the



left-hand side, giving x = F (x), where F (x) is some new function of x.



Then compute successive estimates from x  = F (x ),i = 1, 2,... . The



method will converge to a root provided that the rearranged function is



not very sensitive to changes in x— specifically, that |F (x)| < 1 for values



of x between the starting estimate x  and the root α.



For example, if f(x) = x  − 3x + 1 = 0, a possible rearrangement is x = (x



+1)/3. Starting with x  = 0.5, the method gives x  = (0.5  +1)/3 = 0.375, x



=(0.375  +1)/3 . =0.3509. Convergence soon occurs to x . =0.3473.



For a given roughness ratio and Reynolds number, the Colebrook and



White equation, (3.39), is an ideal candidate for solution for the friction



factor f  by successive substitution, because the right-hand side—which



embodies a logarithm—is very insensitive to changes in f . A longer



illustration is given in Example 3.3.
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Appendix B. Answers To The True/False
Assertions



CHAPTER 1



(a) F



(b) T



(c) F



(d) T



(e) F



(f) T



(g) F



(h) F



(i) T



(j) T



(k) T



(l) T



(m) F



(n) F



(o) F



(p) F



(q) T



(r) T



(s) T



(t) T



(u) F



(v) F



(w) F



(x) F



(y) F



(z) F



(A) T



CHAPTER 2



(a) F



(b) T



(c) F



(d) F



(e) T



(f) F



(g) F



(h) T



(i) F



(j) T



(k) F



(l) F



(m) F



(n) T



(o) F



(p) F



(q) F
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(r) F



(s) F



(t) F



(u) T



(v) F



CHAPTER 3



(a) T



(b) F



(c) F



(d) F



(e) F



(f) F



(g) T



(h) F



(i) T



(j) T



(k) F



(l) F



(m) T



(n) T



(o) T



(p) F



(q) F



(r) F



(s) F



(t) T



(u) T



(v) F



(w) F



(x) T



(y) F



(z) F



(A) T



(B) T



(C) F



(D) F



(E) F



(F) T



(G) T



(H) F



(I) F



(J) T



CHAPTER 4



(a) F



(b) F



(c) T



(d) F



(e) F



(f) T



(g) F



(h) T



(i) F



(j) F



(k) F



(l) T



(m) F



(n) T



(o) T



(p) F



(q) F



(r) F
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(s) F



(t) T



(u) F



(v) F



(w) F



(x) T



(y) T



(z) F



(A) F



(B) F



(C) F



(D) T



(E) T



(F) F



(G) T



(H) F



(I) T



(J) T



(K) F



(L) F



CHAPTER 5



(a) F



(b) T



(c) T



(d) F



(e) T



(f) F



(g) F



(h) T



(i) F



(j) T



(k) T



(l) F



(m) F



(n) F



(o) T



(p) F



(q) F



(r) F



(s) F



(t) T



CHAPTER 6



(a) T



(b) T



(c) F



(d) T



(e) F



(f) F



(g) F



(h) T



(i) T



(j) F



(k) T



(l) F



(m) F



(n) F



(o) T



CHAPTER 7



(a) F



(b) F



(c) T
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(d) F



(e) F



(f) F



(g) T



(h) F



(i) F



(j) F



(k) F



(l) F



(m) T



(n) F



(o) F



(p) T



(q) T



(r) F



(s) F



(t) F



(u) F



(v) F



(w) T



CHAPTER 8



(a) T



(b) T



(c) F



(d) F



(e) T



(f) F



(g) T



(h) T



(i) F



(j) T



(k) T



(l) F



(m) F



(n) T



(o) T



(p) T



(q) T



(r) F



(s) F



CHAPTER 9



(a) F



(b) T



(c) T



(d) T



(e) T



(f) F



(g) T



(h) T



(i) T



(j) F



(k) F



(l) F



(m) T



(n) F



(o) T



(p) T



(q) T



(r) T



(s) F



(t) F
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(u) T



CHAPTER 10



(a) T



(b) F



(c) T



(d) T



(e) F



(f) F



(g) F



(h) T



(i) T



(j) T



(k) T



(l) F



(m) T



(n) F



(o) T



(p) F



(q) F



(r) T



(s) F



(t) F



(u) F



(v) F



(w) T



(x) T



(y) F



(z) T



CHAPTER 11



(a) F



(b) T



(c) T



(d) F



(e) T



(f) F



(g) F



(h) F



(i) T



(j) F



(k) T



(l) F



(m) T



(n) T



(o) F



(p) T



(q) T



(r) F



(s) T



(t) F



(u) T



(v) T



(w) T



(x) T



(y) T



(z) T



(A) F



(B) T



(C) T



CHAPTER 12



(a) T



(b) F
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(c) F



(d) T



(e) T



(f) F



(g) T



(h) T



(i) F



(j) F



(k) F



(l) F
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Appendix C. Some Vector And Tensor
Operations
TABLES 5.2–5.5 gave details of the most frequently used vector



operations (gradient and Laplacian of a scalar, divergence and curl of a



vector) in rectangular, cylindrical, and spherical coordinates. Here, we



give a few more definitions for rectangular Cartesian coordinates,



sufficient for the needs of this book.



DYADIC PRODUCT OF TWO VECTORS



The dyadic product uv of two vectors u and v is a tensor, such that it and



its transpose (uv)  are defined by:



If u is the nabla operator, we then have the following special dyadic



products:



Such products are very useful in summarizing, for example, the strain-



rate tensor that appears in Section 5.7:



THE “DIVERGENCE” OF A TENSOR



Consider first the tensor:



The dot product of the nabla operator with a symmetric tensor, ∇· τ (in



which τ  = τ , etc.), is a vector with the following components in each of



the three coordinate directions:



To obtain the first of these relations, it is as though we had considered the



first row of the tensor to be a vector, and we had then taken its



divergence, etc. The form ∇· τ enables us to summarize the three



momentum balances in compact vector form for the case of variable



viscosity, as in Example 5.9.



THE “LAPLACIAN” OF A VECTOR



The product of the operator ∇  with a vector v, as in ∇ v, is a vector with



the following components:



That is, we obtain three Laplacians of the individual components v , v ,



and v , one for each coordinate direction. As seen in Section 5.7, this



enables a compact representation of the constant-viscosity terms in the



Navier-Stokes equations.



 The reader who needs to learn more about vector and tensor operations,



including those in cylindrical and spherical coordinate systems, is referred



to Appendix A of the excellent text: R.B. Bird, W.E. Stewart, and E.N.



Lightfoot, Transport Phenomena, 2nd ed., Wiley & Sons, New York



(2002).
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Chapter 1
Sustainable Dyeing Techniques




P. Senthil Kumar and P. R. Yaashikaa




Abstract The success of textile industry depends on the colour of the finished prod-
uct which attracts humans. Textile industry often deals with design and conversion
of yarn into fibre then into fabric finally dyed and fabricated into finished clothing.
Dyeing is defined as the method of imparting colour to finished products mainly fab-
rics or during the initial stage to the yarn itself. Three main processes are involved
in dyeing process namely preparation, dyeing and finishing. Dyeing process may
be carried out in batch or in continuous mode. It consists of a special solution con-
taining dye and chemical for binding. The two factors influencing dyeing process
are temperature and time controlling. There are different methods applied by textile
industries for adding colour to the products. Few dyeing techniques include exhaust,
pad, pad-fixation, printing, bale, batik, beam, chain, cross, random, etc. Though dyes
are attractive in nature, their impact on environment depends on the type of substance
used and removal and degradation of dye substances. The contaminated wastewater
discharged out after dyeing process contains huge amount of chemical substances
which has negative impact on environment.




Keywords Textile industry · Dyeing process · Dyeing techniques
Degradation · Dyeing machines




1 Introduction




The textile industry is primarily examined about the plan and creation of yarn, fab-
ric, apparel, and their dispatch. The crude material might be regular, or engineered
utilizing the outcomes of other industries usually chemical. Textile industry is a
standout amongst the most water-concentrated sectors. The effluent from textile
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industry is portrayed by high chemical oxygen demand (COD), biological oxygen
demand (BOD), total dissolved solids (TDS) and pH. While yarn is for the most
part created in the factories, textures are delivered in the power loom and handloom
segments also. Ecological issues related with the textile industry are commonly those
related with water contamination. Characteristic contaminations removed from the
fibre being prepared alongside the chemicals utilized for handling are the two fun-
damental wellsprings of contamination [1]. Effluents released from textile industry
are hot, basic, strong odour and coloured by chemicals which are used as a part of
colouring process. A portion of the chemicals released are lethal. The main process
of textile industry relays on the change of fibre into yarn, yarn into texture which
are then coloured or printed and created into garments. Distinctive sorts of fibre are
utilized to create yarn. Cotton remains the most imperative normal fibre, so is dealt
with top to bottom. There are numerous variable procedures accessible at the turning
and texture framing stages combined with the complexities of the completing and
colouration procedures to the creation of wide scopes of outcomes. There remains a
large scale industry that utilizes hand systems to accomplish similar outcomes [2].




The textile industry can be classified into two major divisions based on their
development as composed and sloppy textile industries. Composed textile indus-
tries is an exceptionally sorted out one with enormous significance on the capital
concentrated generation process. This segment is described by refined plants where
innovatively propelled apparatus are used for large scale manufacturing of textile
materials. Sloppy Textile Industry segment is the predominant piece of this indus-
try which for the most part uses the conventional practices woven or spun in fabric
creation and consequently is work concentrated in nature. This industry is described
by the creation of garments either through weaving or turning with the assistance
of hands. The decentralized nature is considered as another critical element of the
sloppy textile industry in India [3].




Globalization is unpreventable and necessary under the present world financial
circumstance. Numerous ventures are influenced decidedly or adversely by the glob-
alization drift. There is no exception for the textile industry from this case. It has
been confronting an emergency circumstance in a previous couple of years. It con-
fronts an extreme rivalry on the global advertise. Indian textile industry is one of the
biggest and the most vital areas in the economy as far as yield, outside trade profit,
and business eras. India has likewise been a huge player in the worldwide textile mar-
kets. It is the third biggest maker of cotton, second biggest maker of silk, the biggest
maker of jute and the fifth biggest maker of man-made strands and yarn. The Indian
Textile Industry, being one of the most seasoned and critical divisions gains a great
deal of remote trade and utilizes an impressive level of the community from both
rural and urban ranges. Cotton exports have developed as a noteworthy wellspring of
outside trade winning for the country. Indian Textile industry has been seeing amajor
basic change, persistently re-evaluating and rediscovering it to address the issues of
the worldwide consumers. Indian Companies have begun raising their benchmarks
and furthermore forcefully seeking their human asset methodologies [4]. The overall
dyeing process of textile industry is shown in Fig. 1.
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Fig. 1 Outline of dyeing
process




2 Dye and Its Importance




Dyes might be characterized as substances that, when connected to a substrate give
shading by a procedure that adjusts, in any event briefly, any gem structure of the
hued substances. Such substanceswith impressive dyeing limit are broadly utilized in
the textile industry, pharmaceutical, nourishment, cosmetics, plastics, photographic,
etc. The colours can hold fast to perfect surfaces by arrangement, by framing cova-
lent bond or forming complexes with metallic salts, through the process of physical
adsorption or by mechanical maintenance. The textile industry expands a generous
measure of water in its assembling forms utilized for the most part in the colouring
and completing or finishing operations. The wastewater from textile industrial plants
is named the most dirtying of all the mechanical segments, considering the quantity
created and in addition, the composition of effluents released. Likewise, the expanded
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interest for textile outcomes and the corresponding increment in their generation, and
the utilization of manufactured colours have together added to dye wastewater get-
ting to be plainly one of the generous wellsprings of extreme contamination issues
in at times. A standout amongst the most troublesome assignments defined by the
wastewater treatment plants of the textile industry is the evacuation of the shade of
these mixes, principally in light of the fact that colours and shades are intended to
oppose biodegradation, with the end goal that they stay on the earth for a drawn out
stretch of time. The colouring procedure is one of the key factors in the effective
exchanging of textile outcomes [5]. The buyer typically searches for some essential
item attributes, for example, great obsession regarding light, sweat, and washing,
both at first and after delayed utilize. To guarantee these properties, the substances
that offer to shade to the fibre must demonstrate a high resemblance, even shading,
imperviousness to vanishing and be financially possible. Present day dyeing inno-
vation comprises of a few stages chose by the idea of the fibre and properties of the
colours and shades for use in textures, for example, chemical structure, arrangement,
product accessibility, financial contemplations, etc. Colouring techniques have not
changed much with time. Essentially, water is utilized to clean, colour and spread
other chemicals to the textures, and furthermore to wash the treated fibres or textures.
The fibres utilized as a part of the textile industry can be classified into two funda-
mental gatherings designated natural and synthetic fibres. Common Natural fibres
are gotten from the earth plants or creatures, for example, fleece, cotton, flax, silk,
jute, and sisal, the majority of which depend on cellulose and proteins. Then again,
engineered or synthetic fibres are natural or organic polymers, generally got from
oil sources, for instance, polyester, polyamide, rayon, etc. The two most significant
materials in the textile industry are cotton, the biggest, and polyester [6].




3 Principles of Dyeing Process




The goal of dyeing is to deliver even colour of a substrate as a rule to coordinate
pre-chosen shading. The shading ought to be uniform all through the substrate and
be a strong shade with no unevenness or change in the shade over the entire substrate.
There are many variables that will impact the presence of the last shade, including
the surface of the substrate, development of the substrate by means of physical
and chemical methods, pre-treatment connected to the substrate before coloring and
post final treatments related after the coloring procedure. Material coloring includes
the utilization of various distinctive chemicals and other agents to help the coloring
procedure. Some of them are process-particular, while others are additionally utilized
as a part of different operations. A few agents are as of now contained in the dyestuff
plan; yet more ordinarily dispersing agents are added at a later stage to the dye
solution. The fixing agents are usually found in the effluents as they do not retain to
the substrate after the dyeing process is completed [7].
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Fig. 2 Dyeing process steps




4 Steps Involved in Dyeing Process




The following are three steps involved in the dyeing process (Fig. 2).




4.1 Production




Production is the process in which undesirable contaminations are expelled from
the textures previous to colouring. This can be done by cleaning with fluid basic
substances and cleansers or by applying compounds like enzymes.Numerous textures
are decolorized with hydrogen peroxide or chlorine-containing mixes to expel their
regular shading, and if the texture is to be white in colour and not coloured, optical
lighting up medium are included.




4.2 Dyeing




The colouring is the fluid use of adding colour to the textile substrates, basically
utilizing manufactured or engineered colours and as often as possible at high tem-
peratures and weights. It is essential to bring up that there is no colour which colours
every current fibre and no fibre which can be coloured with every single known
colour. Amid this progression, the colours and chemical substance help, for example,
surfactants, acids, soluble base/bases, electrolytes, chelating operators, emulsifying
oils, etc. are connected to the material to get a uniform profundity of shading with
the shading quickness properties. This procedure incorporates dissemination of the
colour into the fluid stage took after by adsorption onto the external surface of the
fibres, lastly dispersion and adsorption on the inward surface of the strands. Based
upon the normal end utilization of the textures, diverse quickness properties might be
required. Distinctive sorts of dye and chemical added substances are utilized to get
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Fig. 3 Classification of dyes




these properties, which is completed amid the completing stage. Dyeing can likewise
be refined by applying shades together with binding agents.




4.3 Finishing




The final completing step includes analysis with synthetic mixes of chemical sub-
stances for enhancing the nature of the texture. Changeless press analysis, water
sealing, softening, antistatic assurance, soil resistance, recolors discharge and micro-
bial/parasitic prevention is few methods of fabric analysis involved during the last
finishing stage.




5 Classification of Dyes




The texture, properties and application of dyes are determined by their chemical
structure forming the basis for their classification. A more normal classification of
dyes and their related compounds involve the adequate binding to chemical structural
compounds so thatmore similar compounds are placed close to one another. Basically
dyes can be classified as “natural” obtained from vegetables, minerals, plant and
animals and “chemical or synthetic” dyes synthesised using chemical compounds
(Fig. 3).




5.1 Natural Dyes




Natural dyes deliver exceptionally unprecedented, mitigating and delicate shades
when contrasted with engineered or synthetic dyes. The term ‘natural dye’ includes
extraction of dye from all natural resources including plants, animals, minerals, etc.
Natural dyes are generally non-substantive andmust be connected tomaterials by the
assistance of mordants, typically a metallic salt, having a liking for both the shading
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matter and the fiber. Metal ions usually possess more interrelating forces capable of
binding with weak or moderate attraction forces at the time of interaction between
the textile material and metallic salt. These metallic mordant subsequent to joining
with color in the fiber, it shapes an insoluble hasten or lake and in this manner both
the color and stringent get settled to end up wash quick to a sensible level. Natural
colors are known for their utilization in the shading of nourishment substrate, leather
and additionally characteristic fibres like fleece, silk and cotton as real zones of use
since pre-memorable circumstances. In spite of the fact that this old craft of coloring
materials with regular natural colors withstood the waste of time, because of the
wide accessibility of engineered colors at a sparing value, a fast decrease in common
coloring proceeded [8].




Advantages of Natural dyes




• Natural dyes are soft, renewable, biodegradable and safe to environment.
• It does not fade away with time.
• Utilization of chemical based synthetic dyes can be reduced.
• Labour intensive industry providing employment opportunities to many people
in the process of extraction, cultivation and application of natural dyes.




• There is no problem of waste disposal from this industry since those wastes can
be used as a biofertilizer in agricultural fields.




Drawbacks of Natural dyes




• Expensive and Time consuming process involves the requirement of knowledge
and skilled labours in dyeing techniques.




• In case of extraction of dye from plants, synthesise of same shades is difficult
process since crops may vary in season, time and place.




• All natural dyes require mordants for binding with the textile materials.




5.1.1 Types of Natural Dyes




Natural dyes can be classified according to the source they are derived from like
vegetables, animals, plants and minerals, according to the mode of application as
direct, acidic or basic dyes, according to their chemical structure and colours as
yellow, red, black, orange, etc. (Table 1).




Table 1 Sources of natural dyes




S. no. Source Name




1 Plants Catechu, Indigofera plant, Kamala tree, Madder root, etc.




2 Animals Insects like Laccifer lacca, Cochineal, Murex snail, Octopus, etc.




3 Vegetables Beetroot, Berries, etc.




4 Minerals Ochre
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5.2 Synthetic Dyes




Synthetic or Chemical dyes are manufactured by industries through chemical reac-
tions such as oxidation, reduction or by using chromatographic methods. These dyes
sometimes cause environmental pollution and health problems. Though all dyes fade
to an extent, synthetic dyes fade quickly compared to natural dyes [9]. Few synthetic
dyes are as follows:




5.2.1 Acid Dye




The term ‘acid dye’ starts from the coloring procedure, which is done in acidic
(pH 2.0–6.0) fluid arrangement. Acid dyes or anionic dyes incorporate many mixes
from the most changed chromophoric frameworks which show trademark contrasts
in structure, however, have as a typical component water-solubilising ionic sub-
stituents. The anionic colors on a basic level incorporate direct colors, be that as
it may, in view of their trademark structures these are utilized to color cellulose
containing materials that are connected to the fibre from a dye bath. The gathering
of anionic colors additionally incorporates a substantial extent of receptive colours,
which notwithstanding the typical basic attributes likewise contain bunches that can
respond with utilitarian gatherings of the fibre amid the coloring procedure. In order
to increase their solubility nature, acid dyes possess aromatic molecules along with
sulfonyl and amino group that are complex in structure. In textile industry, acid dyes
are more suitable for silk, wool, acrylics, etc. and are comparatively less suitable
for cellulosic fibres since they have low affinity towards cotton cellulose. Acid dyes
bind with fibre strands by means of hydrogen bonds, Van der Waals force or ionic
interactions [10].




5.2.2 Basic Dye




Basic dyes are usually positively charged cationic colouringmolecules because of the
presence of amino groups in their structure. Since they are positively charged, basic
dyes reacts with negatively charged compounds. So binding occurs through ionic
interactions only. Ionic holding occurs between negatively charged substrate and
positively charged basic dyes. Consequently, basic dyes can be risky for recreational
shading or for use in the home condition. Consequently, basic dyes can be risky for
recreational shading or for use in the home condition. If not utilized with wellbeing
and security alert, fundamental colors can recolor undesired materials like skin and
body, any glass or plastic containers, etc. The chemical structure of basic dyes finds
vast application in dyeing plastics, acrylics, textile industries, etc. Basic dyes are
known for their extensive variety of shades, their colour and dynamic quality, and
their similarity with manufactured, anionic materials. Basic dyes are exceedingly
favoured when shading engineered, cationic materials, for example, acrylics. At the
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point when utilized with materials that are chemically better, basic dyes yield lively,
brilliant, and enduring shades that other different sorts of dyes are not ready to
accomplish [11].




5.2.3 Disperse Dye




Disperse dyes are the main water-insoluble colors that color polyester and acetic acid
derivation strands. Disperse dye particles are the smallest among all dye molecules.
Disperse dyes are engineered colors constituting the second biggest area in the textile
dyeing sector. Disperse dyes are additionally utilized for the colouration of nylon,
where their principle ascribe is their capacity to cover Barré abandons, however,
they’re to some degree constrained speed properties to confine their utilization to
shades of pale and medium profundities. Disperse dyes are additionally utilized for
coloring acrylic fibres, on which they have good light speed, yet their utilization is
limited to pale shades on account of their restricted develop properties. These dyes
were observed to be especially helpful in the printing of cellulosemixes in connection
with a regular reactive color. Disperse dye exist in the color shower as a suspension or
scattering of minute particles, with just a little sum in genuine arrangement. Disperse
dyes may be classified based on their rate of dyeing as low, medium and high energy
dyeing [12].




5.2.4 Sulphur Dye




These dyes are water insoluble, non-ionic and sulphur linkage possessing dyes. It
has been estimated that total sulphur dye constitutes about 30% of total consumption
of all dyes for use with cotton. The preferred anion is delivered by diminishing
and solubilising at a high temperature, and it has a proclivity for cellulose with
a direct strike rate. Sodium sulphide enhances the reduction and solubilization at
faster rate. It disjoins sulfur linkages and separates color particles into thiols, further
to sodium salts of thiol which are dissolvable in water to sodium salts of thiol which
are dissolvable in water and significance towards cellulose. Sulphur dyes can be
classified according to their solubility as Conventional, Solubilised and Pre-reduced
sulphur dyes. Sulphur dyes are available in powder, liquid and granular form. It is
an eco-friendly dye when used with non-polluting agents [13].




5.2.5 Vat Dye




Vat dyes are water insoluble dyes differing from other synthetic dyes such as acid,
basic, sulphur, reactive, etc. Vat implies ‘vessels’. The vat colors are naturally
acquired shading materials from the antiquated time and kept into wooden vat and
make solvent in vat by the procedure of fermentation so called vat colors. Cotton
(cellulosic fibres) is the most suitable material that can be dyed using this method. In
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contrast, wool cannot be dyed using vat dye. Vat dyes are most commonly derived
from indigo dyes only. Vatting occurs at alkaline environment. This method is imple-
mented because of its high stability, good fastness property, etc. Themajor limitations
include its cost and tendency to cause skin diseases [14].




6 Preparation and Pre-treatment of Materials Before
Dyeing




Preparation/Pre-treatment Processes used to expel pollutions from fabric strands
to make it suitable for dyeing or printing. Usually the material to be dyed i.e., raw
material contains unwanted impuritieswhichmaybe natural impurities (wax, oil, fat),
impurities from outside environment (dust, leaf parts, oils from machines) or those
impurities that are additionally incorporated during the process (auxiliary agents).
Regular strands and engineered filaments contain essential polluting influences that
are contained normally and auxiliary contaminations that are included during turning,
sewing, andweaving forms. Likewise, oils, sizes, and other remote issue are included
for enhanced spinnability (in yarn make) or weavaability (in texture maker). Textile
material pre-treatment is the arrangement of cleaning operations. All debasements
which cause unfavourable impact during colouring and printing are expelled in pre-
treatment process. Textile materials have an assortment of polluting influences in
grey state or promptly during assembling. There is a chance for textile materials
to be contaminated with impurities during production. Every single such polluting
influence or outside issue is to be expelled from textile materials for better shading
(colouring or printing) or to make them attractive in the white pattern [15]. Pre-
treatment is a non-added esteem phase of the dyeing procedure furthermore, the
pre-treatment phase is regularly not improved. As often as possible overabundance
amounts of chemicals, agents and utilities such as water, steam, power and time are
required as a part of preliminary procedures. This outcome in a high remainder of
deposits like cotton polluting influences that will impact both dyeing ability and the
colouring frameworkorwill require longmulti-organize strategies. Thepre-treatment
process must adjust the prerequisites of the colouring and completing stages and the
planned end-utilization of the material. Such steps, called preliminary procedures,
depend for the most part on two factors to be specific:




• The sort, nature, and area of the pollutions introduce in the fiber to be handled.
• The fiber properties, for example, salt corrosive sensitivities, protection from dif-
ferent chemicals, and so on.
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7 Dyeing Technologies




Dyeing can be done in any phase of the preparation step. Thus, the dye can be con-
nected to fibres, yarns, texture, or the last final stage of clothing. The real supporters
of ecological maintainability in production and colouring are water and vitality, the
nature and amounts of dyes and chemicals utilized, and the releases to air and stream.
The quantum of each of these supporters relies upon the fibre sort, the colour, and the
related compound utilization [16]. The sort and model of the hardware utilized for
handling the texture additionally affect dye use proficiency and synthetic or chemical
utilization.




As of late, many researches have been made to enhance different segments of
dyeing, and new advancements have been created to lessen damaging fibre, diminish
vitality utilization and increment profitability. New sustainable advancements that
enhance the dye ability are ultrasound, ozone, plasma, ultraviolet, gamma illumina-
tion, laser, microwave, particle implantation, and supercritical carbon dioxide.




7.1 Exhaust Dyeing




Exhaust dyeing process is also termed as batch, discontinuous, direct or coordinate
dyeing. Direct dyeing involves the direct application of dye to fabric without the help
of any fixing agents. In this strategy, the dyestuff is either matured or synthetically
decreased before being used. The coordinate dyes, which are to a great extent utilized
for dyeing, are water dissolvable and can be connected directly to the fibre from a
fluid environment. Most different classes of manufactured dye, other than vat and
sulfur colours, are additionally connected along these lines. They create full shades
on cotton and cloth without mordanting and can likewise be connected to rayon,
silk, and fleece. Coordinate dyes give splendid shades, however, show poor wash
quickness. Different after medications are utilized to enhance the wash quickness of
direct dyes, and such colours are alluded to as after treated coordinate dyes. Direct
Dyes are particles that hold fast to the texture atomswithout assistance from different
chemicals.




During the process of exhaust dyeing with reactive dyes, the primary or initial
period of dyeing or colouring is completed under neutral pH conditions to permit
colour depletion and dissemination. Chemicals like sodium chloride or sulfate are
utilized to advance depletion. The temperature of the dye bath is step by step expanded
to help the movement of dye into the fibre strands, and to help uniform movement.
Obsession of the colour is then accomplished by adding a proper antacid to the dye
bath. The response period of the colouring takes place for more than 30–60 min,
with colouring temperatures in the scope of 30–90 °C, contingent upon the kind of
groups involved in the reaction and their activity. The obsession procedure brings
about extra dye exchange to the fibre, which is regularly alluded to a second stage or
secondary exhaustion process. The auxiliary colour fatigue and dye–fibre response
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proceeds until the pointwhenno further colour is takenby thefibre.Once thedye-fibre
reaction stage is completed, the texture contains three structures of the dye namely
(i) dye bonded covalently to the fibre (ii) dye adsorbed but not reacted (iii) dye that
is hydrolyzed. The unreacted and hydrolyzed colours are not fixed. This causes poor
wash-quickness and requires expulsion of the entire unfixed colour in a wash-off
stride. Leftover soluble base and ingested salts should likewise be evacuated. The
wash-off process requires huge amounts of water. Roughly 75% of the water utilized
as a part of dyeing process is required during final washing stage. Only minimal salt
concentration is required for exhaust dyeing process. The water quantity needed for
this process is also low. Due to this the hydrolysis of reactive dye can be reduced
resulting in high dye yield [17].




Mechanism of Direct Dyeing




Themechanism of dyeing for the utilization of direct colors to cellulose fiber includes
the adsorption, dispersion (diffusion) and movement over fiber. A few components
influence the coloring system; most essential is the structure of cellulose fiber, mor-
phology and the utilization of electrolytes. At the point when the cellulosic fiber is
drenched into the water the amorphous part of the fiber swells to deliver little pores at
the range of 20–100 A units-the littler size color atoms diffuse into the fiber structure
through these pores. The expansion of electrolytes such as Sodium chloride, sodium
sulfate helps the dissemination and depletion of direct color anionic by killing the
negative surface charge of cellulosic filaments. At that point, the color anions end
up noticeably fastened to the cellulosic fiber through hydrogen holding and van der
Waals forces.




7.2 Continuous Dyeing




Continuous dyeing processes are especially essential for cotton and recovered cel-
lulose filaments since materials delivered from these strands are regularly colored in
bigger amounts in one and a similar shade. Thematerial substrates are fed ceaselessly
into a colour range. The velocities can differ between 50 and 250m for everymoment.
As per Industry gauges, Continuous coloring is a prevalent coloring technique and
records for around 60% of aggregate items that are colored [18].




A Continuous coloring process normally comprises the accompanying: Color
application, color obsession with heat or chemicals and lastly washing. Continuous
coloring has been observed to be most reasonable for woven textures. For the most
part continuous dyeing extents are intended for coloring mixes of polyester and
cotton. Padding assumes a key part in the operation of continuous dyeing. Nylon
floor coverings are additionally colored in continuous procedures, however the plan
ranges for them is dissimilar to that for level textures. Twists are additionally colored
in this process. Other types of such twist dyeing are long chain twist coloring and
slasher coloring utilizing indigo. An outline of continuous dyeing process is shown
in Fig. 4.
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Fig. 4 Continuous dyeing process




A continuous color range has been discovered helpful and monetarily reasonable
for coloring long keeps running of a given shade. One imperative factor that isolates
continuous coloring from batch and other coloring is the tolerance factor for shading
variety. That is more for continuous dyeingwhen contrastedwith batch coloring [19].
This is so a result of two reasons (a) the process rate (b) nearness of an extensive
number of process factorswhich influences color application. Few continuous dyeing
processes includes pad-stream process, pad-dry process and thermosol process




(i) Pad-Steam




Pad Steam dyeing is a procedure of steady coloring in which the texture in open
width is padded with dyestuff and is then steamed. Pad steam coloring with chosen
reactive dye is the easiest andmost prudent process for creating light tomedium shade
profundities on cotton clothing textures. The texture is cushioned with a receptive
color arrangement containing inorganic electrolyte for dissemination and resulting
levelness of the colors into the fiber and the fitting soluble base to start the dye–fiber
response took after by 60–90 s steaming for color obsession. Steamers utilized for
obsession transport the texture, as profound circles, on movable rollers. They give
anaerobic condition bymethods for a water leave seal. Every scope of colors requires
a specific arrangement of steaming conditions.




Early steam obsession forms for the receptive coloring of cotton took after the
succession: pad (with the unbiased color arrangement, salt and alkali), dry, steam,
and wash. This grouping is regularly alluded to as the pad dry-compound pad steam
process. This procedure arrangement resembles the steady coloringof cotton textures.
The fabric and the neutral reactive dye are first padded together followed by drying
using hot chamber. During the reaction, dilute sodium hydroxide solution is added
for padding and finally steamed for the dye and fibre reaction to complete. In late
decades, less complex and all the more naturally reasonable coloring arrangements,
for example, pad dry-steam and pad steam have been presented by the real apparatus
producers in a joint effort with dye providers.




(ii) Pad-Dry




Pad dry dyeing with reactive dyes, as its name suggests, includes padding, inter-
mediate drying followed by color obsession by heating at high temperatures of up
to 160 °C for 60–120 s. The significant factor in the pad-dry process depends on
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the determination of dye depending on their reactivity. The procedure is finished by
washing off. The padding arrangement contains the color, a soluble base, urea, and
an antimigrant. An antimigrant is utilized as a part of the padding fluid to stay away
from dye movement, which causes shade changes on the two sides of the texture.
The hot, dry condition gives an appropriate medium for color dissemination inside
the fiber. It likewise enhances color obsession and shading yield. Urea is additionally
utilized as a part of pad dry dyeing process to enhance color dissolvability. Urea is
evacuated in the washing-off process, however, due to the presence of high nitrogen
content, contamination and pollution problems may arise. Intermediate drying is a
basic advance in any constant coloring process. Intemperate dissipation and color
relocation are the key issues.




The texture is first padded in a padder with receptive color in the nearness of a
soluble base. The padded texture is then gone through a pressing roller into a dryer. At
the time of drying because of higher temperature obsession of color in fiber increases
and in the meantime water is expelled by vanishing. The unfixed dye is washed away
in the dyeing machine after drying process.




(iii) Thermosol




Thermosol technique is persistent strategies for coloring with scattering dye. Here
coloring is performedat high temperature like 180–220 °C in a closedvessel. The time
of coloring ought to be kept up deliberately to get required shade and to hold required
texture quality. This coloring procedure is created by Du Pont Corporation in 1949.
Here at adequate temperature the filaments relax and their inside structure is opened,
polymer macromolecules vibrate enthusiastically and color particles diffuse into the
fiber. It requires just a couple of seconds to 1min and temperature around200–230 °C.
The texture is first padded with color arrangement utilizing above formula in a three
bowl padding ruin. At that point, the texture is dried at 100 °C temperature in the
dryer. For coloring, infrared drying strategy is a perfect technique by which water
vanishes from texture in vapor frame. This dispenses with the relocation of color
particles. At that point, the texture is gone through thermosol unit where thermo
settling is done at around 205 °C temperatures for 60–90 s relying upon the sort of
fiber, color and profundity of shade. In thermosol process around 75–90% color is
settled on texture. After thermo settling the unfixed colors are washed off alongside
thickener and different chemicals by warm water. At that point cleanser wash or
lessening cleaning is done if required. Higher yield, dye reusability, no carrier and
crease formation and requirement of low energy are few advantages of thermosol
dyeing process.




7.3 Semi-continuous Dyeing




In a semi-continuous dyeing process, the texture is first impregnated with the color
alcohol in, what is known as a padding machine (Fig. 5). At that point, it is sub-
jected to cluster insightful treatment in a jigger. It could likewise be put away with a
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Fig. 5 Semi-continuous dyeing process




moderate pivot for a long time. In the pad batch, this treatment is done at room tem-
perature while in pad-jig it is done at expanded temperature by utilizing a warming
chamber. This results in the fixing of the colors onto the fiber. After this obsession
procedure, the material in full width is completely purified and flushed in continuous
clothes washers. There is just a single purpose of distinction amongst Continuous and
semi-continuous coloring process is that in semi-continuous coloring, the color is
connected constantly by padding [20]. The obsession and washing stays interrupted.
Liquor Ratio in semi-continuous coloring is not of much significance and is not taken
as a parameter.




Some of semi-continuous dyeing processes include pad-roll process, pad-jig pro-
cess and pad-batch process.




(i) Pad-batch




Pad-BatchDyeing is one of the generally utilized procedures for the semi-continuous
coloring process. It is basically utilized as a part of the coloring of cellulosic fiber like
cotton or thick (weave andwoven texture) with responsive colors. Pad-batch coloring
forms are the most prudent of all pad coloring forms for the responsive coloring
of cotton. For little heaps of around 10,000 m, this procedure is more sparing than
debilitating coloring, principally because of lower vitality necessities. This procedure
additionally alluded to as cool pad-batch, includes padding the texture with a dye
arrangement containing an appropriate salt framework and after that winding the
texture onto a roller before grouping for 24 h. To keep away from dissipation from
the uncovered edges of the roll, the texture is wrapped with material and afterward
fixed with a plastic film. For color obsession at a certain temperature, the colors must
have a high reactivity. After batching process, the texture is washed to expel unfixed
color and leftover chemicals. This is done either on a steady washing range or on a
group coloringmachine.With respect to jet coloring, cool pad-batch colored textures
may have an enhanced handle and cleaner surface appearance. Distinguished water
and vitality reserve funds diminished utilization of colors and chemicals, and less
space and work prerequisites of the pad-batch coloring process make it temperate
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and environmentally practical. The major advantages of Pad-batch dyeing process
include adaptability, versatility, and a considerable minimising in the capital venture
for hardware [21].




(ii) Pad-Jig




Even dyeing and good penetration can be obtained through this method. Thematerial
to be dyed is first padded with the water suspension containing vat dyes at high
temperature. Dispersing agents such as sodium lignin sulfonates may be added for
enhancing dyeing process. Additionally if the textile fabric does not possess good
absorbing capacity, wetting agents may be added. The material after padding is
arranged into rolls according to their length, thickness and fabric weight. Then the
separated material is transferred into jig containing caustic soda and hydrosulfite at
different pressures and high temperature depending on the type of dye used in the
process.




7.4 Pigment Dyeing




Pigment dyeing is not coloring in the genuine sense as the shade sticks on the texture
as a result of the binding agents. During the process of pigment dyeing, no real
synthetic response happens between the dye and the texture. Rather, what happens
is that the shades get situated on the texture with the assistance of binders. Pigments
are not dissolvable in water and demonstrate no liking or affinity for fiber. Along
these lines, regular dyestuff-based coloring conditions are not achievable for pigment
dyeing. To overcome these drawbacks, another sort of colors has been detailed for
use in fabric strands. These are kept up in a steady scattering in the medium of water
by anionic surfactants. This sort of shade is known as pigment resin colour (PRC),
essentially utilized as a part of printing.




7.5 Air-Dye Technology




Textile industry is one of the biggest utilizes of water. Ancient dyeing techniques
involve the application of enormous amount of water which is then released as efflu-
ents containing hazardous chemicals thus polluting environment. In order to over-
come this problem, a new technologynamelyAir-Dye technologyhas beendeveloped
involving the utilization of air instead of water for dyeing process. This technology is
also called Water-free Dye Technology. Flow of air is the main idea of this technol-
ogy, air acting as medium of transportation of dye to fabrics. Replacement of water
with air is the promising idea in this technology with no treatment or finishing pro-
cess is required. Dyeing can be done at the two sides of the fabric material. Dyeing
is done inside the fabric material thus avoiding the problem of leaching or fading
of dyes. It is an economically feasible sustainable technology with more benefits.
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This process can be performed in a single dyeing machine without the involvement
of other processes such as streaming, washing, etc. The major advantages of air-dye
technology are




• Very low water consumption/Release of wastewater
• Lesser process time
• High energy savings
• Highly flexible and maximum colour durability is obtained




Mechanism




This method does not require water for dyeing instead this employs air to enter into
fibres. In this method, the fabric is first heated and then the dye is injected directly
into the fibres in the form of gas. The outcome of this technology is more beneficial
than any other conventional dyeing methods such as vat dyeing, cationic dyeing, etc.
The colour after dyeing process results in rich look and lasts for a longer period of
time [22].




7.6 Supercritical Fluid Dyeing




Supercritical fluids are generally gases possessing the properties of both liquid and
gas acting as both solute and solvent. Supercritical fluids are substances above their
critical temperature and pressure. At this point the substances does not evaporate
or condensate to form a gas or liquid. They possess high solute diffusivity and are
low in viscous. But the transportation process in supercritical fluids is high. Carbon
dioxide is the most commonly used supercritical fluid because the critical pressure
and temperature can be easily obtained compared to other substances. The critical
point of carbon dioxide takes place at temperature of 31.1 °C and pressure of 73.8 bar.
Supercritical CO2 is abundantly available, inert, non-flammable, non-explosive, non-
toxic, and inexpensive and can be recycled [23].




Mechanism




The dye and fibre are added to the reaction vessel. The components present in a CO2




dyeing system are CO2 gas cylinder, pressure pump, temperature controller, vessel,
heating and cooling system. The whole system is pressurized with CO2 up to 800
Psi. Continuous stirring is done with agitation speed of 1000 rpm. Temperature of
about 180 °C is maintained. Then pressure is raised to 3500 Psi and the system is
maintained at these conditions for 2 h. Finally the pressure is released and dyed fibre
is removed.




Advantages




The following are few advantages of using supercritical fluids for dyeing than any
other conventional methods:




• No discharge of wastewater/contaminated water into environment.
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Fig. 6 Plasma technologies used in dyeing process




• CO2 causes swelling of fibre thus enabling dyes to diffuse at faster rate.
• Energy required for dyeingprocess is lowcompared to other conventionalmethods.
• Drying process is not required after dyeing.
• Supercritical fluids cause no pollution, non-flammable and are nontoxic.
• Diffusion rate is comparatively higher.




7.7 Plasma Technology




Plasma is defined as an ionized gas with equal ratio of positive and negative charges
under extreme condition of pressure and temperature. Plasma are formed when a
substance at gaseous state maintained at high energy results in release of outer elec-
tron from an atom and this released electron becomes free negative charge and atom
becomes free positive charge. The ionization of plasma gas can be induced for dye-
ing process using various methodologies such as Dielectric-barrier discharge, Atmo-
spheric pressure plasma technique, Corona discharge, Glow discharge, etc. (Fig. 6).




Principle of Plasma Technology




Plasma is composed of radicals, ions, electrons, ultraviolet radiations and other
molecules that react with the substrate. Plasma technology is mainly used for induc-
ing surface modifications and also for enhancing the property of textile materials for
increasing dyeing rates, for colour improvement, diffusion and adhesion of coated
dyes. The textile material to bicoloured is placed inside the chamber and plasma is
incited. The particles gets generated and then interacts with the surface of the textile
material. A thin nanometre sized film is formed on the surface of the material and
the surface is structured with functional groups [24].
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Advantages of Plasma Technology




• Chemical and Water discharge is less.
• Colour obtained is bright and durable.
• This method alters the surface of fibre than modifying inside the material.
• Effect on environment is very less.




7.8 Foam Dyeing




Foam is defined as the dispersion of gas in liquid. Gas used is mostly an inert gas
and liquid used is water. Foam is the key factor in foam dyeing process. Foam
are formed using foaming agents and usually foam is mainly obtained from aqueous
solutionwhich is then spread on the textilematerial. These agentsmust produce foam
instantly, should not get affected by temperature, quick wetting process and ability to
stabilize itself. Foam may be of dispersion foam or condensation foam. Dispersion
foam is mixing of gas with the liquid while condensation foam is producing gas
within the liquid physically or chemically.




Mechanism




The materials required for foam dyeing are synthrapol for removing dirt and other
contaminants from textile material, foam cream, soda ash and dye to be fixed. The
fabric is first washed with synthrapol and soaked in a solution containing soda ash.
Then the foam cream is mixed well to form a creamy texture and poured into the
chamber along with the dye to be coated. The cleaned fabric is placed on the foam
and soaked for a certain time interval at elevated temperature. During this incubation,
the dye gets attached to the fabric surface with higher stability.




Advantages




• Fixation of dye into fibre can be improved.
• Diffusion of dye into fibre can be enhanced.
• Stability of the fibre dyed obtained is high.
• Outcome is more in short time duration.
• Waste generation is less and energy saving process.




7.9 Microwave Technology




Thermal and dielectric properties play amajor role inmicrowave dyeing. Thismethod
is used for dyeing small quantities of textile materials in microwave with the help
of Procion dyes. Dielectric property indicates intrinsic electrical properties affecting
dyeing process through bipolar rotation of the dye and has impact on the microwave
field in the dipoles. The aqueous dye solution has polar components in the high
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frequencymicrowave field in the range of 2450MHz. It affects the vibrational energy
of the dye molecules as well as water molecules. Resistance heating is provided
through ionic conduction. Heat can be transferred through conduction, convection or
radiation. Due to ionic acceleration in the dye solution, collision takes place between
the dye molecules and the fibre molecules. Dye penetration takes place with the help
of mordant. Mordant also helps in deeper penetration of dyes into the fabrics [25].




Mechanism




The fabric material is washed prior to dyeing. Hot water is added to the microwave
container containing fabric material and dye powder is added to it. The container is
closed and covered properly. Then the container is placed inside the microwave and
treated at high temperature for few minutes. After that dye solution is added again
and the process is repeated. Then the container is removed and cooled. The dye gets
absorbed to the fibre leaving the cloudy water. Then water is filtered and the fabric is
dried in shade. The main drawback in microwave dyeing technology is that uniform
dyeing cannot be obtained and the depth of dyeing is also not even. Colouring of
fabric material occurs but most of the dye stays in water only and is washed out
during rinsing process.




7.10 Ultrasonic Wave Dyeing Technology




Ultrasound is a vibrating sound pressure wave having a frequency greater than the
limit of adults hearing range. Normally the frequency of ultrasound ranges between
20 kHz and 500 MHz. The main equipment used for ultrasonic are Generator, Con-
verter and Transducer. Generator is used for converting alternating current to high
frequency electrical energy. The converted electrical energy is then fed to the trans-
ducer and converted into mechanical vibration. The main function of transducer is to
vibrate longitudinally and transmit the waves into the liquid medium. Propagation of
these waves results in cavitation. The factors affecting cavitation and bubble break-
age are gas and solvent properties, pressure, temperature and frequency of sound
waves [26].




Mechanism




Cavitation occurs when ultrasonic waves are absorbed into the liquid system. This
results in release of entrapped gases in the liquid medium such as the textile mate-
rial or dye solution. The effect of ultrasound technology on dyeing process can be
explained in three methods:




• Dispersion: Breaking of micelles and high molecular weight compounds to form
uniform dispersion in the dye solution.




• Degassing: Release of entrapped gases from the fibre capillaries.
• Diffusion: Penetration of dye into the fibre material. Interaction occurs between
the dye and fibre resulting in bond formation.
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Advantages




• Energy saving process and temperature required is also low.
• Operating time and chemical usage is also less.
• Product quality can be improved.
• This method is suitable for water insoluble to hydrophobic dyes.
• It requires less processing cost.




Disadvantage




The main drawback of using ultrasonic wave technology in dyeing process is diffi-
culty in producing uniform ultrasound waves and high intensity in a large vessel.




7.11 Ozone Technology for Dyeing




Ozone is a naturally occurring gas that has both beneficial and hazardous effect on
the environment. It is mostly present in the stratosphere and protects the earth from
harmful ultraviolet radiation entering it. It is a pungent smelling gas. Ozone gas
can also be produced artificially by various methods such as Electrolysis, Corona
discharge andUV radiation. Ozone is a strong oxidising pungent smelling gas. Ozone
gas is helpful in surfacemodification and improving fibre durability through a process
termed ozonation. The dyeing ability through ozonation process depends on factors
such as pH, temperature, water level and ozone dosage level [27].




7.12 Bio-based Dyeing Technology




Conventional dyeing techniques have negative impact on environment though they
result in rich colourful products. The presence of toxic chemicals, heavy metals and
other hazardous substances affect humans who wear it. To overcome these issues,
new technique namely “bio-based dyeing” has been developed with more benefits
such as safe, eco-friendly, durable and also cost-effective. These dyes are also known
as natural dyes. Plants, animals andmicrobes are used for this type of dyeing process.
Compared to plants and animals, microbe-based dyeing is more effective with high
efficiency. Downstream processing can be eliminated using bio-based dyeing tech-
nique. The dye is in liquid state and dyeing can be done in batch or continuous mode.
The dyeing process depends on several parameters such as type of textile material,
production conditions, requirement of product quality, etc.
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7.13 Electrochemical Dyeing




The synthetic dyes such as vat and sulfur are insoluble in water; for their application,
it is important to change them into the water-solvent nature utilizing appropriate
reducing agents and soluble base. The procedure utilizes an electric current rather
than chemical substance reducing operators, giving it variously specialized, eco-
nomic and biological advantages. The utilized color solution can’t be reused due to
the fact that the reducing energy of these chemicals can’t be recovered. The transfer
of the dye solution and the effluent water cause different issues due to the non-
ecofriendly nature of the deteriorated compounds. Electrochemical dyeing is still in
the research center stage yet could turn into the coloring procedure without bounds of
the vat, indigo and sulfur colors. Electrochemical dyeing in which synthetic reducing
agents and effluent polluting substances are distributed from inside and out. There are
two techniques by which electrochemical dyeing can be done: direct or coordinate
electrochemical coloring and indirect electrochemical coloring.




(i) Coordinate electrochemical colouring




In occurrence of direct electrochemical dyeing procedure, natural dyestuff has been
specifically lessened by dye and cathode contact. The dye solution is reduced by
utilizing the regular reducing agents and afterwards entire color reduction is accom-
plished by an electrochemical procedure for completing reduction process which
encourages the enhanced steadiness of the reduced color.




(ii) Indirect electrochemical colouring




Here, the dye isn’t decreased at the terminal. A reducing agent is included that
decreases the color in a regular way thus gets oxidized after color reduction. The
oxidized reducing operator is therefore decreased at the cathode surface, which is
then further accessible for color reduction. This cycle is consistently done at the
time of coloring operation. In electrochemistry, the chemical agent undergoing both
reduction andoxidation process is knownas reversible redox framework and is known
as an arbiter. Consequently, the color reduction does not happen because of direct
contact of dyestuff with the cathode, as indirect electrochemical reduction; however,
it happens through the arbiter which gets more decreased because of the contact with
the cathode.




8 Dyeing Machines




Dyeingprocess is finishedbyvarious sorts of coloringmachine.Themachinewhich is
accustomed to coloring or shading of materials like yarn, texture, pieces of clothing
or some other materials is called dyeing machine. Dyeing machines come in all
shapes and sizes to suit the different structures and amounts of textile materials. In
reality, the gadget is utilized by various sectors for dyeing process. Different sorts of
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coloring apparatus are utilized to color the material materials. The dyeing machine
producing sector must pose necessary actions for the development and generation
of modern dyeing machinery through various research and development (R&D) in
order to overcome the market needs. The main goal of developing machines must
meet the following criteria




• Labour requirement must be reduced.
• Increasing the yield and productivity.
• Easy operating conditions.
• Minimising the cost and effluents thus controlling pollution.
• Energy and water saving system.




Presently, desired quality, efficiency and productivity can be achieved only through
electronically controlled process conditions. Nowadays new technologies have been
introduced during the development of dyeing machines to overcome the needs in the
market. Basically dyeing machines can be classified based on their operation as open
dyeing machine and closed dyeing machine. The following are few dyeing machines
commercially used for dyeing process [28].




8.1 Jigger Dyeing Machine




A jigger is a dyeing machine in which texture in open width is exchanged over and
over starting with one roller then onto the next and sits back through a dye liqour of
moderately little volume. Jigg or jigger coloring machine is one of the most estab-
lished coloring machines utilized for fabric dyeing operations. Jigger machine is
appropriate for coloring of woven textures, up to boiling temperature with no wrin-
kling. Jigg applies extensive the longway strain on the texture and ismore appropriate
for the coloring ofwoven thanweaved textures. The fabric is passed through the roller
through the dye liquor, and for another roller is given an intensive treatment in the
bath. The treatment in this open vat can be done again and again until the point when
the expected shade appears on the fabric. The coloring procedure on jigger is viewed
as a progression of discontinuous padding operation took after by abide periods
on the fundamental roller, amid which the coloring move and dissemination make
put. The significant disadvantage in jigger coloring machine incorporates because
of a low solution proportion washing-off procedure is very troublesome, minimal
mechanical activity in a jig machine and it is less appropriate where overwhelming
scouring is required before dyeing.




Principle




The dyeing procedure on jigger is viewed as a progression of irregular padding
operation took after by harping time on the fundamental roller, amid which the
coloring move and dissemination occur. The variables controlling the rate of color
absorption are:
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Fig. 7 Working of jigger dyeing machine




• Themeasure of interstitial color solution held in the interval of the textured weave.
• The fatigue of the interstitial alcohol in the stay time frame between progressive
submersions.




• The level of exchange of solution at the time of one submersion.




In dyeing on jigger machines the material spins on two fundamental rollers, the
open-width texture goes from one roller through the dye solution at the base of the
machine and after that onto a determined take-up roller on the opposite side. At the
point when all the texture has gone through the solution, the pathway is switched.
Every section is called an end. Coloring dependably includes a considerable number
of finishes. The dye solution has at least one guide rollers, around which the fabric
ventures, and amid this submersion accomplishes the necessary contact with the
dye solution. During this entry, the texture grabs satisfactory amount of dye, the
abundance of which is depleted out yet a decent amount is held in the texture. During
revolution of rollers, this adsorbed color infiltrates and diffuse into the texture. The
genuine coloring happens, not in the dye solution but rather when the material is on
the rollers since just a little length of texture is in the dye liquor and a significant part
is on the rollers (Fig. 7). The rate of fabric at the time of immersion in dye solution
has an almost no impact on the level of shade delivered.




Advantages




• The fabric material can be dyes in open full width forms.
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• Loss of steam and heat energy is low compared to other dyeing machines.
• Chemical loss is also less since the ratio of textile material and dye liquor ratio is
1:3.




Limitations




• It applies a great deal of strain in the twist direction and as a result of this ordinarily
woolen, weaved textures; silk, etc. are not colored in jigger dyeing machine.




8.2 Winch Dyeing Machine




The winch is the most established known simple and minimal effort rope coloring
machine with static dyeing liquor and material moved by means of a winch reel
or roller. This machine applies just a low pressure on the texture, lower than that
applied by a jigger, and subsequently was viewed as a perfect coloring machine for
fragile and strain touchy textures, for example, thick rayon and the weavedmaterials.
The machine works at a greatest temperature of 95–98 °C. The dye liquor solution is
applied to the fabric materials in a high ratio of about 1:20.Winch coloring machines
are low-cost operators that are easy to work and continue, yet flexible in application
demonstrating significant for preparing, washing and additionally the coloring phase
itself. In all winch coloring machines, a progression of texture ropes of equivalent
length is submerged in the color shower yet part of each rope is assumed to control
two reels or the winch itself. The rope of texture is flowed through the dye liquor
being pulled up and over the winch over the span of the colouring operation. Dye
solution and helping agents might be dosed physically or consequently as per the
formula technique.




Principle




The fundamental rule of all winch colouring machines is to have various circles
or ropes of the texture in the dye solution, these ropes are of equivalent length,
which is generally submerged in the solution. The upper piece of each rope keeps
running more than two reels which are scaled over dye solution. At the front of the
machine, over the highest point of the dye solution is a little reel, which is called
manoeuvre or fly roller. At the back of winch, a tank called the winch wheel, which
pulls the textured rope from the dye solution over the manoeuvre reel for dropping
in the dye liquor for submersion. From the dropped area, the textured rope goes
back to be lifted and encouraged to winch wheel (Fig. 8). The colouring process on
winch dyeingmachines depends on higher textile material to dye liquor solution ratio
(1:20) as contrasted and other colouring machines. The procedure is led with low to
no strain. The aggregate dyeing time is long-lasting when contrasted with different
dyeing machines.
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Fig. 8 Working of winch dyeing machine




Advantages




• Simple in operation and construction, clean and smooth textured fabric can be
obtained.




• Winch dyeing machines are more suitable for wet processing operations from
pre-treating processes like de-sizing till whitening.




• Strain applied in winch is less compared to jigger dyeing machine.




Limitations




• Dyeing of continuous full length fabrics is not possible in a single batch process.
• The texture is handled in rope frame which may prompt wrinkle marks, especially
in overwhelming, woven, etc.




9 Future Trends in Dyeing




There is little uncertainty that the refinement of colors, processways,machine innova-
tion reusing and effluent treatment that has brought about noteworthy enhancements
to maintainability over past decades will proceed. Some of these advancements will
be driven by the consistent interest for cost diminishments. For decades, water has
been the most vital component in textile dyeing. Today, it constitutes an undeniably
costly medium. Effluent discharge is the major problem in all dyeing processes. The
substitution of dye solution with air serves as a medium of transport in jet dyeing
machines resulting in a huge reduction of chemical and water usage. The dampness
immersed air flow guarantees the uniform conveyance of temperature on the texture
and in the machine, constituting an essential for even and reproducible coloring.
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Accordingly, the danger of draft or strain is insignificant, which is especially ben-
eficial with respect to the completing process. The Airflow innovative technology
speaks to the consolidated outcome of the whole scope of potential outcomes.




The stability and efficiency of dyeing process can be improved by the following
steps:




1. Advancement of engineered colors with enhanced sciences.
2. The utilization of ecologically more secure chemicals in dye solutions.
3. Fibres can be modified chemically before dyeing process.




R&D has been focused on improving coloring execution through changes to the
nature and number of the groups on the colour molecule. The degree of dye–fibre
response and a definitive release of unfixed colour changes generally with the kind
of receptive group and the coloring innovation utilized. Enhanced fixation levels
and consequently bring down color expenses and release amounts have been accom-
plished through utilizing two distinctive useful gatherings on the color molecule.
The utilization of financially accessible bi-or polyfunctional receptive colors has
been suggested as the best accessible system for expanding the color fixation pro-
ficiency. Biodegradable dye solution chemicals offer a fascinating other option to
inorganic salts. The significance is in reducing effluent levels. Natural surfactants
help in reducing these effluent levels.




The oxidation and reduction forms in vat and sulfur dyeing create effluent con-
tamination. Sodium dithionite, as the overwhelming decreasing agent, creates a lot
of sodium sulfate (TDS) and ecologically unwanted sulfite and thiosulfate as an
outcome. Biotechnological processes utilizing catalysts for reduction and oxidation
reaction do offer some potential for its application in the textile industry.




Synthetic or chemical alteration of cotton to enhance coloring with immediate,
receptive, sulfur, or vat colors is a rising technology. Research has concentrated
on the acquaintance of cationic functional groups with fiber. The modifications are
enhanced by processing cotton with low atomic weight cationic chemicals. Thus,
higher fixation productivity and decreased utilization of salt can be accomplished
[29].




10 Conclusion




The textile industry is a chemical oriented sector. Factors, for example, scale develop-
ment, expanded time to advertise, the division of work, and utilization designs have
profoundly impacted how a textile product is created. Taking into account both the
quantity and the structure of chemicals in textile effluents, for example, the availabil-
ity of colours, salts, added substances, cleansers, and surfactants, the textile sector
is evaluated as the most contaminating and polluting sector among other industries.
Research is going on to overcome the issue of environmental pollution and contami-
nation. Plasma and supercritical carbon dioxide have been investigated as innovative
approaches to wipe out the utilization of water in dyeing. Every administration is in
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charge of thinking about the pollutant-free methodologies beginning from the mate-
rials chosen to supply of the finished goods for trade. To reduce the release of toxic
contaminants from the textile industry, it is important to minimize the utilization of
colors, supporting chemicals and water. The subject and the issues included are quite
differed and complex. Dyeing cotton clothing textures with responsive colors speak
to the biggest volume in all clothing coloring. It is additionally the biggest supporter
of natural contamination.
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Chapter 2
Eco-friendly Production Methods in
Textile Wet Processes




Seyda Eyupoglu and Nigar Merdan




Abstract Sustainable’, ‘economical’, and ‘eco-friendly’ production has recently
become important issues in textile manufacturing processes. In the world, textile
conventional production industry is one of the major industries which cause envi-
ronmental pollutions. During textile wet process, great deals of wastes are leaved
in air, soil and, especially water. Due to these wastes, all species in the ecosys-
tem are negatively affected. In order to manufacture a ton of textile, approximately
230–270 tons water is used. After the textile production, the water is undertaken with
heavy chemicals and this waste water is leaved in environment. In textile production
industry, there are two efficient methods to decrease the environmental pollution.
Constructed of large and highly effective effluent treatment plants is a method to
reduce the amount of wastes. The other method is the use of natural raw materials
and ecological production methods. Recently, researchers have been seeking for eco-
logical, sustainable, and biodegradable natural raw materials alternatively synthetic
raw materials. Especially, natural textile raw materials have been begun to use accel-
eratingly in compration with synthetic rawmaterials in textile industry. Furthermore,
new natural fibers have been obtained from different source and the use of these fibers
has searched in textile industry. In textile wet process, especially, waste water with
heavy chemicals load is a major problem. In order to eliminate the negative effect
of waste water, researchers have been searching for solutions. In literature, coating,
microencapsulation, plasma applications, using of ultrasonic and microwave energy,
using of supercritical carbon dioxide and ozone treatment are described as some of
the eco-friendly process in textile wet industry. In this study, some eco-friendly pro-
duction methods in textile wet industry were investigated, separately. Furthermore,
the advantages of new production methods were searched.
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1 Introduction




In human history, the most important equipment has been cloth after the nutritional
requirement. For this reason, the history of textile fibers dates to B.C. 9000. Through-
out these years, flax harvested in Mesopotamia, cotton cultivated in the region of
Indus River, silk obtained from domesticated silk worm in North China and wool
originated from West Asia have been used. The natural based textile fibers played a
significant role due to their widespread use in nature and technical appropriateness
for many centuries. In recent years, textile fibers have been used commonly in the
areas of technical textiles because of low price, lightness, high strength properties,
low thermal conductivity, accessibility, etc.




Starch derivatives can be used as alternatives to starch for desizing. These are
carboxymethyl cellulose, heteropolysaccharides, polyvynilalcohol and polyacrilate.
Chemical oxygen demand (COD) in starch is substantially lower than that of the other
desizing materials however starch is the desizing material polluting waste waters the
most due to utilizationof excessive amount of starchdesizingduringdesizingprocess.
In case excessive loading of waste water by starch desizing material is desired, the
simplest precaution would be the collection of desizing removal flottelers with starch
waste in a special sedimentation pool by a separate canalization. Since the majority
of these starch wastes will sediment, COD and biological oxygen demand (BOD)
values of water overflowing at the outlet will drop substantially.




Due to increasing industrialization, environmental pollution has arisen as a global
issue. In literature, it is registered that more than 700,000 tons of dyes are manu-
factured. However, 280,000 tons of dyes are wasted due to adverse environmental
impacts. Thus, textile industry is one of the industries that damages the environment
with toxic wastewater. According to the World Bank, 17–20% of industrial water
pollution is caused by industrial water pollution [1–3].




Clean production approach considers all possibilities that will alleviate the current
pollution problem in textile wet treatment and will save water or energy. The things
to be done are grouped under 4 main headings:




1. Process optimization: Less water consumption in every possible area, less chem-
ical use, working in lower temperatures and less time loss.




2. All chemicals are environmentally friendly (use of environmentally friendly
chemicals).




3. Reuse of water: By purification.
4. New technologies (transfer printing, enzymatic processes, plasma and ozone




technologies, dyeing in CO2-containing environment).




There are many conventional methods for the purity of textile wastewater such as
chemical coagulation (using ferrous, and polyelectrolytes), biological treatment fol-
lowedby activated carbon adsorption.However, conventionalmethods have a number
of disadvantages, including the generation of a huge volume of sludge. In order to
meet the demands of environmental standards, researchers have investigated new
methods for the complete and successful disposal of textile wastewater [4].
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Fig. 1 Textile operations




In this study, eco-friendly production methods in textile wet industry such as
ozonation, plasma applications and enzymatic treatments were investigated, sepa-
rately. Furthermore, membrane filtration which is used to clean textile waste water
was investigated. The advantages of new production methods were searched.




2 Textile Operations




Textile raw materials, called as fibers, are transformed to yarns, which are then
turned to fabrics. These fabrics are exposed to several textile wet processes. Textile
operations are shown in Fig. 1 along with some summaries of textile processes [5].




2.1 Sizing and Desizing




In textile industry, sizing process is known as a weaving preparatory process which
is applied to warp yarns. The essential of the sizing is identified as reduction of yarn
breakage and disposing the weaving machine stops. The most used sizing agents
are starch, polyvinyl alcohol (PVA) and carboxymethyl cellulose (CMC). In textile
process, desizing process has been used to remove sizing agents that have been
applied to warp yarns during a weaving process.




Enzymatic or oxidation process transforms starch to simple water-soluble
products. Desizing waste has more biological oxygen demand in the range of
300–450 ppm and pH 4–5. In degradation of starch, hydrogen peroxide can be used
to convert starch into CO2 and H2O. Furthermore, enzymatic process can be eased
by converting starch into ethanol. After the distillation of ethanol, it can be used as
a fuel [5].
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2.2 Bleaching




Natural color substance causes the fabric to seem like cream. In order to obtain white
fabric, the natural color matter should be removed from the fabric with bleaching. In
the past, hypochlorite was the most used agent but recently H2O2 has taken its place
[5].




2.3 Mercerization




Mercerization is a chemical treatment carried out on cotton fibers to gain shine and
improve dye uptake. Furthermore, mercerization increases tensile strength of cotton
fibers. Basically, cotton fibers are treated with a high concentration (almost 18–24%
by weight) of sodium hydroxide for usually less than 4 min. Cotton fibers are then
treatedwithwater or acid for 1–3min under stress to neutralize the sodiumhydroxide.
The material later gains easy dye uptake and its absorbency increases. In order to
recycle sodium hydroxide in the wash water, membrane techniques or multiple effect
evaporators can be used [5].




2.4 Dyeing and Printing




Dyeing is the treatment to color textile fibers, yarns and fabrics. Being responsible
to gain color, these groups can be listed as azo (–N=N–), carbonyl (–C=O), nitro
(–N=O), quinoid groups and auxochrome groups like amine, carboxyl, sulphonate
and hydroxyl. Among these groups, azo and anthraquinone groups are the most
significant ones. Furthermore, these groups are responsible from coloring of textile
waste water and contamination. Figure 2 shows the type of dyes used for different
types of fibers [5].




Printing is a regional color process of textile materials. In dyeing, dye is treated
in a solution form whereas dye is applied in a thick paste form in printing. Wastes
of dyeing and printing have quite similar compounds.




2.5 Finishing Process




Finishing processes are called as thewhole set of operations performed to improve the
handle, usage properties and appearance. At the present time, finishing processes are
classified as chemical finishing process and mechanical finishing process. Finishing
processes are listed in Figs. 3 and 4.
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Fig. 2 The type of dyes used for different types of fibers




After the textile operations, textile wastewater is loaded with harmful chemical.
In desizing process, textile wastewater is embarked with sizes, enzymes, starch and
waxes. After the scouring process, scouring wastewater contains NaOH, surfactants,
soaps, fats, pectin, oils, sizes and waxes. Considering the bleaching process, the
wastewater includes H2O2, sodium silicate, organic stabilizer and alkalies. Dyeing
and printing wastewater comprises dyes, color pigments, metals, salts, surfactants,
alkalies, acids, ureas, formaldehyde and solvents. After the finishing process, soft-
eners, solvents, resins and waxes appear in finishing process wastewater [5].




3 Ozonation Technology




3.1 Properties of Ozone Gas




Ozone gas was first discovered by German chemist Christian Friedrich Schönbein
based upon its distinctive smell after thunderbolt. In 1839, he named this smell
“ozone” which stands for the verb “smell” in Greek. In 1856, Thomas Andrews
stated that ozone comprised of oxygen and then Soret discovered the relation between
oxygen and ozone as shown in Formula (1) [6].




3O2 ↔ 2O3 �H 0
f at 1 atm � +248.5 kJmol−1 (1)
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Fig. 3 Chemical finishing processes




Ozone molecule consists of three oxygen atoms which occurred at the end of
the oxidation process of oxygen molecule. Ozone has high activation energy due
to having a free bond. Ozone is colorless in gas form and blue in liquid form. The
physical and chemical properties of ozone were given in Table 1.




Ozone is an organic molecule including three different oxygen atomic rings two
of which are breathed. Oxygen is transformed to ozone because of exposure to
ultraviolet rays in upper-layer of atmosphere. Due to the high weight of ozone, it
comes down to the earth.




Ozone is a gas which is non-heat resistant, corrosive and is transformed to oxygen.
Because of these properties, ozone is not stored or transferred and it should be
produced in the environment in which it is used.




Ozone gas is used in a wide variety of industries, including iron-steel and metal,
textile, chemistry, food, automotive,medical, agriculture and stockbreeding, odor and
color removal in mine industry, storage, heating and cooling systems, purification of
water and air, sterilization and protection of food materials.




Ozone is a powerful oxidizing agent used in some applications in swimming pools,
industrial waters consisting of phenols and drinking water [7].
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Fig. 4 Mechanical finishing processes




Fig. 5 Corona discharge
ozone generator [9]




3.2 Production of Ozone Gas




Ozone gas can be produced in two different industrial methods. The first method is
the use of UV at 185 nm and the second method is the use of Corona discharge.
Corona discharge can be defined as an electrical discharge which is generated by the
ionization of a gas surrounding a conductor that is electrically charged [8]. Production
of ozone gas with Corona discharge is given in Fig. 5.




In this method, ozone is produced by supplying air or oxygen gas into the gener-
ator. In the ozone generator, oxygen or air is converted into ozone by the discharge
of electric. First, primary components in air are separated into reactive atoms or
radicals with the intense electric field. Then, these reactive atoms can react among
themselves.
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Table 1 The physical and chemical properties of ozone




Properties Value




Moleculer formula O3




Moleculer weight 48.0 g/mol




Boiling temperature −111.9 °C




Melting point −192.7 °C




Critical temperature −12.1 °C




Critical pressure 5.53 MPa




Density in gas form 2144 kg m−3




Redox potential 2.07 V




Density in liquid form (−112 °C) 1358 kg m−3




Viscosity of liquid (−183 °C) 1.57 × 10−3 Pa s




Heat capacity of liquid form (−183 °C to
−145 °C)




1884




Heat capacity of gas form 818 J kg−1 K−1




Heat of evaporation 15.2 kJ mol−1




O2 → 2O (2)




O + O2 → O3 (3)




3.3 The Usage of Ozone Gas in Textile Industry




3.3.1 The Use of Ozone Gas in Pre-treatment Process




Due to the many advantages of ozone gas, it is utilized in numerous fields of textile
industry. Since ozone gas is an oxidative material, it is an alternative to hypochlorite,
chlorite and hydrogen peroxide in bleaching process. Comparedwith other bleaching
agents, it does not generate waste, with less damages to textile fabrics and no harm
to environment as well as human health. In textile bleaching and washing, ozone
gas provides energy and water saving, reducing the use of washing chemicals and
decreasing the duration of process. Furthermore, as a new, dry, inexpensive and eco-
friendly surface treatment for solid surfaces, ozone gas combined with UV-radiation
is utilized in surface modification of textile fibers. Because of high oxidative prop-
erties of ozone gas with UV-radiation, surface adhesion can be improved, resulting
in the production of high quality products. Ozone and UV-radiation has also etching
effect which influences the surface wetting properties [10].




Recently, researchers have investigated the use of ozone in bleaching process of
textile materials because of its high oxidizing capacity and opportunities. Perincek
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et al. studied the use of ozone gas in bleaching cotton fabrics. According to the
results, cotton fabric can be bleached in a short time with ozonation treatment [11].




Kan et al. investigated the effect of plasma-induced ozone treatment on the color
fading of reactive dyed cotton fabric. In this context, cotton fabric was dyed with
yellow reactive dye and then the dyed samples were treated with plasma-induced
ozone under different conditions. The fading behaviors of samples were tested with
spectrophotometer. The results showed that the plasma-induced ozone treatment
reduced the processing steps and cost in comparison to conventional process [12].




In other study, jean fabric was treated with ozone injected water combined with
ultrasound and hydrogen peroxide. A combined process effect on dye degradation
was tested with electron paramagnetic resonance spectroscopy. According to the
results, ozone was more effective with respect to bleaching of the jean samples than
the hydroxyl radicals when combined with ultrasonic energy. The ultrasonic cavita-
tions improved the diffusion of ozone through the fabric, resulting in the degradation
of indigo dye. Furthermore, the use of moderate concentration of ozone caused no
damage to cotton fibers [13].




Perincek et al. investigated the effects of ozonation on dyeing and bleaching prop-
erties of Angora rabbit fibers. The results showed that ozonation causes to improve
the degree of whiteness and dyeability of Angora rabbit fibers [14].




In another study, cotton fabric samples were treated with ozone and ultrasound
combination instead of conventional methods. After the pre-treatment, samples were
dyed with different plant-based natural dyes. The use of ozone and ultrasound com-
bination in pre-treatment caused not to usemordant agents. Furthermore, the fastness
properties of dyed samples are good and sufficient for the use [15].




Prabaharan et al. researched the bleaching of grey cotton fabricwith ozone/oxygen
gasmixture and effects of ozone concentration and treatment time on the properties of
bleached fabric. After the bleaching process, whiteness index, strength, elongation,
extent of impurities removed, degree of chemical modification and reactive dye
uptake were investigated. According to the results, the whiteness index of samples is
found to be an acceptable value, with the acceptable results obtained via ozonation
in a very short time. Ozone bleaching is ecofriendly since it is not harmful, requiring
low quantities of water along with quite short durations of process [16].




3.3.2 The Use of Ozone in Color Remove of Textile Waste Water




In textile industry, among the hardest challenges are the improvements of wastewater
after dyeing of textile materials and the amount of water used. In order to produce
1 kg of ready textile, nearly 200 L water is utilized, resulting in a high amount
of chemicals. Throughout the world, it is estimated that textile wastewater is loaded
with 280,000 t of textile dyes which have aromatic molecular structure. Furthermore,
the biodegradation process of these compounds is highly difficult. In addition to
these compounds, textile wastewater is charged with other organic and inorganic
compounds having toxic effects on the ecosystem. In order to clarify and reutilize
textilewastewaters, variousmethods have been investigated. Physicalmethods can be
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listed as filtration, coagulation/flocculation, precipitation, flotation and adsorption.
Biological processes are aerobic, anaerobic and combination of them. Physical and
biological processes are slower, requiring large storage areas and displaying low
efficiencies when it comes to color removal. Chemical processes such as ozonation
are generally simpler in application [17].




In the world, textile industry is one of the largest sectors which monopolize 8%
of the world trade in manufactured goods. A major problem of textile production
is wastewater [18]. The textile industry has adversely affected the environment due
to its notorious water consumption and wastewater production. The water demand
of the textile industry is estimated as 80–100 m3 Mg−1 [19]. The wastewater of the
textile industry includes high amounts of organic and inorganic compounds such as
dyes, toxic heavy metals, pentachlorophenol, halogen carries, carcinogenic amines,
free formaldehyde, salts and softeners [20]. Owing to all these mentioned facts, the
decontamination of textile wastewater becomes crucial. To this end, ozone technol-
ogy is one of the eco-friendliest techniques among the available techniques.




Textile wastewaters are loaded with different types and concentrations of harmful
compounds resulting from textile production steps. Textile wastewaters are indeed
charged with highly colored and non-biodegradable colored dyes, surfactants and
toxic chemicals. As these wastewaters are very harmful for the ecosystem, new
methods have been investigated to meet the quality criteria of water [21]. Biological
treatment methods for textile wastewaters are insufficient to meet biological oxy-
gen demand (BOD) and chemical oxygen demand (COD) [22]. Thus, researchers
have investigated methods alternative to biological treatment such as adsorption,
membrane process and ozonation [22, 23].




Ozone gas is used to remove color from dyed textile wastewaters. During the
ozonation process, ozone attacks unsaturated bonds of chromophores which leads to
the elimination of color. Furthermore, ozone can degrade complex organic molecules
to organic acids, aldehydes and ketones, resulting in the likely removal of color
molecules. However, due to some difficulties arising from the high cost of ozone
production and low ozone solubility and stability in water, an advanced oxidation
process is required. Some significant oxidation processes can be listed as those being
used with ozone as well as UV radiation and some chemicals [23].




In literature, the use of ozone gas was investigated with respect to textile wastew-
aters. Pazdzior et al. investigated the acute toxicity of textile wastewaters before
and after chemical and biological treatments separately as well as a combination of
chemical-biological treatments. According to the results, biodegradation followed
by ozonation led to the highest toxicity reduction [24].




Bilińska et al. studied ozonation of textile wastewater discharged with Reactive
Yellow 145, Reactive Red 195 and Reactive Blue 221. In this study, the effects of four
ozonation process were investigated such as O3, O3/H2O2, O3/UV andO3/UV/H2O2.
According to the results, it can be concluded that ozonation resulted in fast decol-
orization followed by further decomposition of by-products [25].




Reactive dyeing of cotton fibers brings about colored wastewater including resid-
ual dyes, electrolyte, alkali and other auxiliaries. Hu et al. investigated the reuse
of reactive dyeing bath through catalytic ozonation with novel catalysts. In order
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for degradation, two novel ozonation catalysts, mesoporous carbon aerogel and
supported cobalt oxide nanoparticles were produced. Degradation efficiency was
obtained with decolorization and chemical oxygen demand. According to the results,
novel ozonation catalysts improved the decolorization and oxygen demand removal
[26].




Recently, the use of ozonation as a pre-treatment before biological process has
been largely studied in relation to the purification of textile wastewaters. Punzi et al.
studied the use of an aerobic biofilm reactor followed by ozonation of real textile
wastewater including azo dyes. Acute toxicity tests were carried out before and
after ozonation. According to the results, the combination of anaerobic-ozonation
processes caused to remove more than 99% of color, 85–90% of chemical oxygen
demand and toxicity [27].




Cardoso et al. developed a bubbling annular reactor which provides to test the
efficiency of photolysis, photocatalysis, photoelectrocatalysis and ozonation using
oxygen or ozone gas flow. After bubbling of ozone, the results showed that 90% of
color was removed [28].




3.3.3 The Use of Ozone in Sizing




In the textile industry, before the weaving, natural based warp yarns are treated to
sizing process to stabilize the high-speeds of weaving. In order to obtain acceptable
sizing properties for warp yarns, polyvinyl alcohol (PVA) has been widely used for
decades. Thoughmany advantages of PVA sizing, decomposition of PVAwastewater
is difficult in nature with the high level chemical oxygen demand (COD). Because of
these difficulties, researchers have sought for green sizing recipes and environmental
production methods.




Sun et al. used phosphate-modified starch (PM-starch) and glycerol to sizing
cotton yarns. According to the results, glycerol caused to decrease sizing pick-up,
yarn breaking strength and breaking elongation [29].




Recently, plasma treatment is a clean, dry and green technique to modify surface
properties of textile materials.




4 Membrane Filtration Technology




Membrane filtration can be accepted as a very efficient and economical method to
separate components dissolved in a liquid. The membrane can be described as a
physical barrier which permits compounds to transfer with regards their chemical
and physical behaviors. Commonly, membranes include a porous support layer on
top of the actual membrane [30].




Membrane filters are selective barriers produced from several materials. Mem-
brane filters are used in various areas in order to separate the compounds smaller than
10μm from liquor. The flow on themembrane surface occurs in two directions which
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Fig. 6 The filtration actions
with regard to the pore size
[31]




are parallel to the membrane axis and in a radial direction (cross-flow). Particles are
bigger than the membrane pores are removed on the surface of the membrane and
these particles have parallel flow. Particles are smaller than the membrane pores pass
through the membrane with the cross-flow. Finally, the molecules in the liquor are
separated physically according to their molecular dimensions [30].




In the industry, microfiltration (MF), ultrafiltration (UF), nanofiltration (NF) and
reverse osmosis (RO) are commonly used filtration processes to separate the com-
pounds in the liquor. Figure 6 shows the filtration actions with regard to the pore size
[30].




4.1 Types of Membrane Process




4.1.1 Ultrafiltration




Ultrafiltration is a type of filtration method that provides separating extremely small
particles and dissolvedmolecules from fluids. In filtration processes, the most impor-
tant factor affecting filtration is molecular size. However, in almost all of filtration
processes, chemical and physical properties of samples can affect the permeability
of filter. In ultrafiltration process, molecules of similar sizes cannot be separated. It
means that ultrafiltration can separate molecules having different molecular sizes.
Materials having 1–1000 K molecular weights are filtered by ultrafiltration mem-
branes and salt molecules can pass through. Furthermore, materials larger than the
membrane pore size pass through the filter, resulting in separation of the contami-
nants with high molecular weight from the fluid. Sugars, proteins and bacteria can
be simply separated with ultrafiltration [30].




Ultrafiltration processes utilized in these fields are as the following;




• Purification of water in laboratory,
• Refine of wastewater,
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• Refine of drinking water,
• Recovery of waste dyestuff in the textile and automotive industry,
• Juice and wine industry,
• Pre-treatment for reverse osmosis [32].




Ultrafiltration has been presumed as a practical industrial process due to purification
or dewatering of solution. Recently, ultrafiltration process has been used in many
industries because of its economic attractiveness and usefulness [33].




4.1.2 Microfiltration




Microfiltration is utilized in order to remove particles having particle size
0.025–10.0 μm from fluids by transferring through a microporous medium. Fur-
thermore, microfiltration process can be used for final filtration or prefiltration [30].




Microfiltration membranes lead all bacteria to move away. However, viruses are
not removed with microfiltration membrane as they are of smaller sizes than the
pores of a microfiltration membrane. Microfiltration can be implemented in a lot of
different treatment processes [30].




Microfiltration process utilized in these fields are as the following;




• Cold sterilization of pharmaceuticals,
• Purification of fruit juice and wines,
• Biological wastewater treatment,
• Separation of oil/water emulsions,
• Pre-treatment of water for nano filtration or Reverse Osmosis,
• Petroleum refining [34].




4.1.3 Reverse Osmosis




Reverse osmosis is described as the finest separation membrane process with pore
sizes ranging from 0.0001 to 0.001 μm. Reverse osmosis can remove nearly all
molecules without water. Compared withmicrofiltration, osmotic pressure of reverse
osmosis is higher. In reverse osmosis process, osmotic pressure causes to occur
chemical potential differences of the solvent [30].




Reverse osmosis filters salts and small molecules from solutions at high pressures
using membranes. Reverse osmosis membranes are successfully used to purify water
that distilled water quality [30].




Reverse osmosis process utilized in these fields are as the following;




• Removing ions, molecules and larger particles from drinking water,
• Removing bacteria,
• Concentration of fruit juice,
• Syrup production,
• Hydrogen production [30].
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4.2 Studies Concerning Membrane Use




Membrane techniques are promising in terms of cleaning textile wastewaters, since
dyes stuffs and auxiliary chemicals used for dyeing can be removed with these
techniques. Indeed, membrane techniques can be utilized to purify complex wastew-
aters. In literature, there have been many researches treated to textile wastewaters
due to purification. Aouni et al. investigated the reactive dyes’ molecular weight and
the effects of the membrane types on purification of textile dyeing wastewater. It
was obtained that high chemical oxygen demand retention and color retention rates
(>90%) were carried out with using ultrafiltration and nanofiltration [35].




In another study, biological treated wastewater was applied to nanofiltration in
two ways, direct nanofiltration treatment and nanofiltration after ultrafiltration pre-
treatment in four different pore sizes. After the treatment, flux, salt retention and
COD removal were measured. According to the results, the decrease in pore size of
nanofilter caused to improve chemical oxygen demand and salt retention [36].




A membrane bioreactor is defined as combining biological treatment and mem-
brane filtration. Membrane bioreactor systems have been increasingly used as reten-
tion of solid particles with membrane ultra-filtration is higher than conventional
biological process. Brik et al. investigated the performance of a membrane bioreac-
tor for the textile wastewater originating from a polyester finishing mill. The level
of percentage of chemical oxygen demand removal was found as 60–90% and color
removal was measured as 87% [37].




Membrane bioreactor treatment to textile wastewaters has been investigated
because of simple and significant removal of contaminants and cost-effective process.
However, membrane fouling is one of the major drawbacks which leads to decrease
in permeate flux. Jegatheesan et al. investigated aerobic and anaerobic membrane
bioreactor process for textile wastewater treatment. It has been found that long sludge
retention time increases the degradation of pollutants [38].




Lutz et al. performed zwitterionic copolymer membranes for industrial wastew-
ater streams. These membranes were prepared with self-assembling zwitterionic
amphiphilic random copolymer on porous supports. According to the results, these
membranes are effective to polysaccharides, natural organic matter and fatty acids
[39].




In other study, biological treated textile effluent is filtrated with nanofiltration
membrane. Then color removal and chemical oxygen demand reduction were ana-
lyzed. It was found that hollow nanofiltration membranes caused effective color
removal and chemical oxygen demand reduction [40].




Zhu et al. investigated the removal of reactive dye from textile waste water with
nanofiltration. The nanomembrane was produced with hollow fiber in laboratory
conditions. The efficiency of nanofiltration was evaluated according to dye removal
efficiency. According to results, under the pressure of lower than 1 bar, themembrane
filtrated all the dye molecules in the textile waste water. The efficiency of membrane
increased with increasing in the transmembrane pressure [41].
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Fig. 7 States of matter




Fig. 8 The fourth state of
material: plasma [42]




5 Plasma Technology




Plasma can be defined as the fourth state of material having the highest energy. In
order to identify plasma, states of matter must be explained. When energy is given to
a solid material, the distance between atoms increases, carrying out their vibrations
more freely. In the present case, the solid material melts into liquid form. If energy
delivery to this material goes on atomic mobility increases, and when the material
receives the necessary energy for evaporation atoms begin to move freely in random
directions, going from the solid phase to the gaseous state (Fig. 7).




Upon the maintenance of energy delivery, atoms and molecules begin to decom-
pose into charged particles (ions and electrons), with thematerial going to the plasma
phase.




Briefly, plasma described as ionized gas (Fig. 8).
For the first time, plasma was described by Sir William Crookes in 1879 with




Crookes tube. The basis of the Crooks tube is cathode ray which was subsequently
identified by Sir J. J. Thomson in 1879. In 1928, Irving Langmuir examined the
plasma term in exact terms.
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Fig. 9 Types of plasmas




Table 2 The advantages of plasma treatment compared with conventional method




Plasma technology Conventional methods




– Water is not used in plasma application.
Treatments are carried out in gas phase




– Water-based method




– Low water, energy and chemical
consumption




– High water, energy and chemical
consumption




– Short period of application – Long period of application




– Plasma application does not affect the bulk
properties of materials




– Bulk properties of materials are generally
affected




– Complex and multifunctional – Simpler




– Electric energy is used – Heat energy is used




In plasma applications, reactive particles emerged, leading to modifications on
the surface of materials. These modifications can be classified as surface activation,
corrosion, grafting, cleaning and cross-linking.




Basically, plasma treatment can be categorized into two groups such as cold and
hot plasma. In the textile industry, cold plasmas can be used because it does not cause
damage to textile materials. Hot plasma applications lead to carbonization of textile
materials. The types of plasmas are shown in Fig. 9.




Plasma technology is utilized in awide range of textile industry applications due to
its numerous advantages. Table 2 demonstrates the advantages of plasma technology
compared with conventional methods in the textile industry.




Pre-treatment and finishing of textile materials by using non-thermal plasma
applications have recently become more popular. Because of its numerous advan-
tages compared with conventional process, plasma technologies have been preferred.
Plasma surface modification does not require the use of water and chemicals. For this
reason, plasma treatments are accepted as economic and ecological processes. Fur-
thermore, plasma treatment led to decrease of contaminations as it does not require
using water. In the textile industry, non-thermal plasmas are suitable because most of
textile materials are sensitive to heat. This technique causes active functional groups
to be formed on textile surfaces. In addition, after the non-thermal plasma treatment,
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textile surfaces can gain wettability, adhesion of coatings, printability, induced oleo-
phobic properties, changing physical or electrical properties, cleaning or disinfection
of fiber surface [43].




5.1 Plasma Treatment to Cotton




Plasma treatment can be utilized to modify different types of textile products. In
literature, there are a variety of researches using plasma treatment in order to mod-
ify cotton fibers. Plasma treatment provides removing PVA sizing [44], increasing
hydrophilicity andwickability [45], gaining hydrophobic properties [46], developing
adhesion properties [47] and increasing dyeability [48].




Cai et al. applied air/He and air/O2/He plasma treatment on cotton fabric to desize
of PVA. After the plasma treatment, percent desizing ratio and tensile strength were
measured. The results showed that plasma treatment removed some PVA sizing and
significantly improved percent desizing ratio by washing. The tensile strength of
cotton fabric treated with atmospheric plasma is similar to that of unsized fabrics.
Furthermore, air/O2/He plasma is quite effective to remove PVA sizing [49].




In other study, raw cotton fabric samples were treated with air plasma and argon
atmospheric plasma.After the plasma treatment, the hydrophilicity andwickability of
samples increased and contact angles notably decreased. Furthermore,morphological
changes were observed with scanning electron microscope [50].




Li et al. investigated that plasma surface treatment of cotton fabrics were per-
formed in a hexafluoropropene (C3F6) atmosphere under different experimental con-
ditions. X-ray photoelectron spectroscopy (XPS) analysis demonstrated that 50% of
fluorine atoms were incorporated in the surface structure of two fibers and –CF,
–CF2, –CF3 groups occurred on the surface. After the contact angle and wet-out time
measurements, the fibers demonstrated high hydrophobic properties [46].




Selli et al. investigated RF SF6 plasma treatment on cotton fabrics. The plasma
treatment provided an efficient implantation of fluorine atoms on the surface of both
polymers. After the plasma treatment, the fluorinated layer was observed on the
surface of cotton fabrics. The fluorinated layer led to the increase in hydrorepellence
behaviors of surface [51].




In another study, the hydrophilic improvement of the grey cotton fabric by low
pressure dc glow discharge air plasma was investigated. The plasma treatment was
achieved for different exposure times, discharged potentials and pressure levels.
Effects of plasma treatment on wettability behaviors were investigated. The surface
energy values were estimated using contact angle measurement. Furthermore, degra-
dation and dyeability of the fabrics were determined. According to the results, the
surface hydrophilicity and energy were found to increase [52].




Sun and Stylios investigated the effects of low temperature plasma treatment on
cotton fabrics. In this context, hexafluroethane (C2F6) and oxygen plasma treatment
were applied to cotton fabrics separately. After the plasma treatment, samples were
investigated with regards to the type of gas. The plasma treatment was determined
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to cause changes on surface geometrical roughness. Furthermore, both rougher and
smoother surfaces can be produced using plasma treatment. The plasma treatment
led to chemical modification on surfaces [53].




In another study, cotton fabric samples were treated with radio-frequency plasma
(in air) at different power levels and time intervals. After the plasma treatment,
moisture content and surface resistivity behaviors were investigated with regards to
the power level and treatment time. The surface resistivity was found to be affected
by both power level and treatment time [54].




Peng et al. investigated the influence of moisture absorption of cotton fabrics on
the effectiveness of atmospheric pressure plasma jet on desizing of polyvinyl alcohol.
X-ray photoelectron spectroscopy analysis demonstrated that the plasma treated PVA
has higher oxygen concentration than the control. Furthermore, the results indicated
that the highest desizing efficiency was obtained [55].




In a different study, air and argon atmospheric plasma treatments were applied to
bleached plain cotton fabrics. After the plasma treatment, pilling, thermal resistance,
thermal conductivity, water vapour permeability, air permeability and surface mor-
phology were investigated. The results showed that the pilling resistance of cotton
fabric samples increased. Moreover, thermal resistance, water vapour permeability
and surface friction coefficient increasedwith the plasma treatment. The SEM images
demonstrated that the atmospheric plasma modified the fiber surface [56].




5.2 Plasma Treatment to Wool




Plasma treatment has been used by the industry for treatments of metals and other
polymeric materials. In the textile industry, plasma treatment has particularly gained
greater prominence.




Wool fabrics were treated with oxygen, carbon tetrafluoride and ammonia low
temperature plasma. After the plasma treatment, the samples were dyed with natural
dyes extracted from cochineal, Chinese cork tree, madder and gromwell. The results
showed that the dyeing rate of plasma-treated wool fabrics increased. Furthermore,
plasma-treated wool fabrics dyed with cochineal and Chinese cork tree were brighter
compared with untreated wool [57].




Ghoranneviss et al. investigated the effects of plasma treatment on the natural
dyeing properties of wool fabrics. Before the dyeing process, wool fabric samples
were treated with argon plasma. Madder and weld were used as natural dyes and
copper sulfate (CuSO4) as a metal mordant. Furthermore, copper was used as the
electrodematerial in aDCmagnetronplasma sputteringdevice.After these processes,
the color strength, fatness and anti-bacterial properties of sampleswere analyzed. The
results showed that the plasma treatment led to the development of color strength and
fastness properties of samples. Furthermore, the anti-bacterial efficiency of samples
improved [58].




In another study, atmospheric pressure plasma was performed to pure cashmere
and wool/cashmere textiles with a dielectric barrier discharge in humid air (air/water















2 Eco-friendly Production Methods in Textile Wet Processes 49




vapor mixture). Treatment parameters were adjusted in order to develop the wettabil-
ity of the fabrics. After the plasma treatment, characterization analysiswas conducted
out to investigate the wettability, surface morphologies, chemical composition and
mechanical properties of the plasma treated samples. The analyses revealed a surface
oxidation of the treated fabrics that enhanced their surface wettability. Furthermore,
SEManalysis demonstrated that aminor etching effect occurred on the textile surface
[59].




Zanini et al. investigated the hydro- and oleo-repellent modifications of pure cash-
mere and wool/nylon textiles by means of an atmospheric pressure plasma treatment
after fluorocarbon resin impregnation. The plasma treatment was performed with a
dielectric barrier discharge in humid air (air-water vapour mixture). The finishing
process was carried out with a foulard system, with an aqueous dispersion of a com-
mercial fluorocarbon resin. After these treatments, wettability, surface morphologies
and chemical composition of the modified textiles were investigated in terms of the
plasma treatment. According to the results, the plasma treatment caused to increase
the hydro- and the oleo-repellent properties of the modified fabrics [60].




In another study, atmospheric pressure plasma treatments were performed to
wool/cashmere (15/85%) textiles with a dielectric barrier discharge in nitrogen. The
chemical properties of the plasma treated samples were investigated with FTIR/ATR
spectroscopy, X-ray photoelectron microscopy and fatty acid gas chromatographic
analysis. Furthermore, the mechanical properties of samples were analyzed with
KES-F system. The analyses revealed the surface modification of the treated fabrics,
which led to the improvement of wettability of samples [61].




Eren et al. synthesized different conducting polymers by atmospheric pres-
sure plasma and coated these conducting polymers on wool fabrics with atmo-
spheric plasma. Scanning electron microscopy, energy dispersive X-ray spec-
troscopy, Fourier Transform Infrared Spectroscopy and probe resistance measure-
ments were used to investigate the properties of wool samples. After the plasma
treatment, electric conductivity of samples increased [62].




In a further study, wool fibers were treated with plasma and a poly (propylene
imine) dendrimer to develop dyeing properties. FESEM, EDX, AFM and FTIR anal-
yseswere then performed to investigate the effects of these treatments on the chemical
and physical properties of wool fibers. According to the results, the etching effect
occurred on the surfaces of wool fibers and the plasma treatment caused to increase
the roughness of samples. Furthermore, oxygen plasma and dendrimer treatments
improved the dyeability of wool fibers with cochineal natural dye [63].




Jeon et al. treatedDBDplasmawith oxygen, nitrogen, argon and air onwool fibers.
In this study, the plasma treatment time was controlled. The increase in plasma treat-
ment time led to the improvement of the wicking rate of wool samples. Furthermore,
the surface morphology was investigated with SEM. According to the SEM results,
the damages of surfaces increased with increasing treatment time. The wicking rates
of wool fibers increase in the order: oxygen, argon, nitrogen and air plasma. As a
result, the oxygen plasma is the most effective to change the wettability of the wool
fibers [64].
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Shahidi et al. investigated the effects of low temperature plasma on the wool
fabric samples under different conditions. The reactive gases such as O2, N2 and Ar
were treated on wool fabrics. After the plasma treatments, morphology, dyeability,
hyrophility and fabric shrinkage properties of samples were analyzed. The results
showed that surface topography and chemical composition changed after the plasma
treatment. The dyeability analysis results illustrated thatO2 andAr plasma treatments
were more effective in terms of increasing the dye exhaustion of wool samples.
Moreover, the samples had more brilliant colors with the plasma treatment. The
plasma treatment led to the increase in the hydrophility of samples while developing
shrink resistance and anti-felting behavior considerably [65].




In another study, wool fibers were treated with low temperature plasma treatment
with different gases, namely oxygen, nitrogen and gas mixture (25% hydrogen/75%
nitrogen). The results showed that chemical composition of the plasma treated wool
fibers varied differently with different plasma gas [66].




Moreover, wool fabrics were treated with plasma of different gases (air, oxygen,
water vapor (H2O) and nitrogen) for different periods of time. The surface changes
of wool samples were analyzed with XPS. According to the results, air plasma
treatments oxidized and etched theF-acidmono-layer. Furthermore, after the nitrogen
plasma treatment, new nitrogen groupswere not observed on the surface. By contrast,
oxygen gas led to the oxidation of the surface ofwool fibers and their posterior etching
[67].




5.3 Plasma Treatment to Synthetic Fibers




Jurak et al. prepared new mixed chitosan/phospholipid films and applied the films
on plasma activated PET surfaces. The prepared surfaces were characterized with
regards to the wettability and surface thermodynamics. According to the results,
it was thought that the PET surfaces could be used in reducing inflammation and
accelerating wound healing [68].




In another study, it was aimed to improve the adhesion properties of PET films
using atmospheric plasma. PET is known as chemically inert to most coatings, but
the surface can be modified with the atmospheric plasma treatment. Furthermore,
after the plasma treatment, the surface becomes enriched with oxygen, rougher and
more wetting. Lastly, adhesion test demonstrated the improvement of adhesion after
the plasma treatment [69].




In another study, the effects of air plasma treatment on PET and starch modified
PET were investigated. Air plasma treatment was applied in order to develop the
interfacial adhesion of starch to PET. After the plasma treatment, wettability, thermal
and mechanical properties of samples were investigated. After the plasma treatment
for a short period of time, the contact angle of samples decreased immediately.
Furthermore, plasma treatment led to the differences of elongation as well as small
differences in thermal stability and flexural properties of PET [70].
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Zhang et al. applied low-pressure oxygen and argon plasma to nylon and mod-
ified fabrics. After the plasma modification, the fabric samples were coated with
single-walled carbon nanotubes by a dip-drying process. After the coating process,
sheet resistance, fiber surface roughness and the attachment of single-walled car-
bon nanotubes onto nylon fabrics were investigated. The plasma treatment caused to
increase the roughness of samples and the attachment of single-walled carbon nan-
otubes onto nylon fabrics. After the coating process, the sheet resistance of samples
also improved [71].




In another study, multi-walled carbon nanotubes were modified by combination
of oxygen + nitrogen in order to improve its dispersion in the nylon matrix and
enhance the interfacial adhesion. After the plasma treatment, the tensile strength,
Young’s modulus, elongation at break and storage modules were improved by ~66%,
64%, 69% and 39%, respectively. It was thought that the plasma treatment improved
interfacial adhesion [72].




Sanaee et al. investigated the effects of oxygen and hydrogen radio frequency
plasma on PET films with SEM, XPS and atomic force microscopy (AFM). It was
found that the plasma treatment led to the reduction in penetration of air through the
PET films. Furthermore, compared with hydrogen plasma, oxygen plasma resulted
in a rougher surface [73].




In another study, naylon 6 fabrics were treated with low temperature plasma with
three gases: oxygen, argon and tetrafluoromethane. After the plasma treatment, the
properties of fabric such as surface morphology, low-stress mechanical properties,
air permeability and thermal properties were analyzed. The different plasma gases
resulted in different morphological changes. Low-stress mechanical properties were
analyzed with Kawabata evaluation system fabric (KES-F). The results showed that
surface friction, tensile, shearing, bending and compression properties of fabric sam-
ples changed with the plasma treatment. In addition, the plasma treatment caused
to decrease the air permeability of samples probably due to plasma action resulting
in an increase in fabric thickness and a change in the surface morphology. Finally,
thermal properties of samples improved with the treatment [74].




McCord et al. treated the atmospheric pressure He and He–O2 plasma to
polypropylene and naylon 66 fabrics for selected time intervals of exposure. Scanning
electron microscope showed no changes in the samples. After the plasma treatment,
carbon and oxygen contents of naylon 66 altered. The oxygen and nitrogen con-
tents of polypropylene fabric samples increased significantly. In addition, plasma
treatment leads to decrease in tensile strength of naylon 66 fabric samples [75].




In another study, acrylic fabric samples were treated with a RF atmospheric pres-
sure plasma, after which a fluorocarbon finish was applied to the samples. In the
plasma application, helium and helium/oxygen gas were used for different periods
of time. The oil and water repellency of samples were investigated with regards to the
gas type and processing time. After the plasma treatment, the repellency properties of
samples improved. Furthermore, plasma treatment caused to change the morphology
of samples [76].




Liu et al. aimed to improve the antistatic properties of acrylic fibers by using
nitrogen glow-discharge plasma. The treated surfaces are characterized by scanning
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electron microscopy, specific surface area analysis and X-ray photoelectron spec-
troscopy. The plasma treatment led to the increase in surface roughness, wettability
and antistatic ability [77].




6 Enzymatic Treatments




Enzymes are biocatalysts composed ofmetabolic products of live organisms acquired
from bacterial derivatives. Catalysts are the substances involving in chemical or
biochemical reactions and remaining unchanged at the end of the reaction [78].




All of the isolated enzymes have a protein structure or consist of a protein com-
ponent. They are named by attaching an “ase” affix at the end of the substance that
they affect or based on the reaction that they catalyze. The compound that an enzyme
affects is called substrate and the number of the substrate molecules that they affect
in a second is called the enzyme turnover number. These substances function as a
group within a cell and the final product of an enzyme acts as the substrate of the
next enzyme; for instance enzyme amylase converts starch to two-chain maltose and
enzyme maltase converts one-chain maltose to glucose [78].




Enzymes are used extensively for many years in medicine, analyses, food chem-
istry, beverage industry and home-type detergents. 80% of detergents used at homes
consist of enzymes. Modern gene technology and enzyme technology will consist
of novel types with fixed production and potential extensive applications that will
continue in the future [78].




Amylases used to decompose starch in textile industry are known since 1910s.
Interesting applications were discovered for wool finish during the recent years. The
flake layer on the surface is removed by the utilized enzymes in these methods and
wool fabric surface is modified. Furthermore, anti-felting property is introduced and
shininess and attitude is developed [78].




The oldest patent about these technologies was received 30 years ago. However,
this enzymatic cellulose decomposition process did not find an industrial application
field in Europe initially. The first successful applications in this field occurred in
Japan [78].




The functions of enzymes can be listed as;




• They reduce activation energy of biological reactions.
• They function only in a specific type of reaction.
• They can function in the same type of reaction without decomposing.
• They enable the reactions to reach equilibrium quickly.
• They function in inorganic environments as well.
• They initiate their reactions at the external surface of the substance that they affect.
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Fig. 10 The key-lock compatibility model [78]




6.1 Enzyme Structure




Genes encode all enzyme proteins. Hence, their amino acid sequence is unique. Some
enzymes (e.g. pepsin and urease) are composed of only proteins. However, the other
majority is composed of two different parts. These are;




• Protein Component (apo-enzyme part of the enzyme): This part determines which
substance will be affected by the enzyme.




• Coenzyme Component: It is organic or inorganic and composed of phosphate in
general, and it is an extremely small molecule in comparison to the protein compo-
nent. Organic molecules required for enzyme action are called “coenzymes”. This
component is responsible for enzyme action and carries out the main function.
Some enzymes are active when specific ions are added in the material [78].




6.2 Enzyme Action Mechanism




Apo-enzyme component determines the type of substrate with which the enzyme
will function. There is a relation between the apo-enzyme portion and substrate.
German chemist Emil Fischer suggested that this resembles the key-lock fit. Coen-
zyme component functions closely to the chemical bond generally, for instance it
breaks ester bonds. It is thought that apo-enzyme component of enzyme adheres or
binds to the substrate molecule (at its active regions) (enzyme-substrate complex)
and the coenzyme component combines or binds with the bonds on the substrate in
real sense meanwhile and it digests it. A schematic illustration of the key-lock fit is
shown in Fig. 10 [78].
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6.3 Factors of Affecting Enzyme Action




6.3.1 Temperature




Enzymes are inactive at high temperatures. When the temperature goes up to 100 °C,
the reaction rate doubles in other words the reaction rate-increase is proportional to
temperature. However, it starts to drop at a specific point and stops completely. The
temperature where enzymes act the best is called optimum temperature (generally
55–600 °C) [78].




6.3.2 pH




Enzymes are extremely sensitive to pH changes. They are inactive in extremely acidic
and alkaline environments generally. Enzymes show highest activity in a specific pH
value in some cases. This pH value is called optimumpH. For example, pepsin, which
digests proteins, functions in acidic medium of stomach at pH 2. Various electrical
charges are generated on the protein molecule depending on pH and the external
surface form (tertiary structure) is generated accordingly and the substrate-enzyme
compatibility is enabled. This electrical charge possibly improves enzyme-substrate
attraction. Strong acids and bases coagulate enzymes [78].




6.3.3 Enzyme/Substrate Concentrations




If pH and temperature is kept constant, a reaction rate occurs depending on the ratio
of enzyme/substrate concentrations. Excessive substrate or enzyme may affect this
rate in various ways. Enzyme that is to be added in a medium containing abundant
substrate will increase the final product amount [78].




6.3.4 Effect of Chemical Substances and Water




Many chemical substances inactivate enzymes, for example cyanide inhibits
cytochrome oxidase enzyme that plays an important role in respiration. Death may
occur. Fluoride affects enzyme steps converting glucose to lactic acid. Even the
enzyme itself may create a toxic effect, for example if 1 mg of crystal trypsin is
infused in mice, death occurs. Some snake, bee and scorpion toxins show enzymatic
effect as well and disrupt blood cells or other tissues.




Since the majority of enzymes function in water, water amount is also an effective
factor for enzyme function. Enzymes are inactive in medium consisting of less than
15% water generally. This factor is essential for jam and syrup production. Diluted
jam, honey or syrups ferment and become sour due to this reason. Moreover, water
ratio is desired to be less than 15% during grain purchases [78].















2 Eco-friendly Production Methods in Textile Wet Processes 55




6.4 Enzyme Classification




Each enzyme has a 4-digit number, for example in 3.6.1.3 “ATP phosphohydrolase”,
the first number indicates its class, the second number indicates its subclass, the third
number indicates its group and the fourth number indicates its specific row number.
According to this, the enzyme classes are as follows:




1. Oxydoreductases: They catalyze redox reactions.
(a) Dehydrogenases: They catalyze electron gaining reactions.
(b) Oxydases: They catalyze electron losing reactions.
(c) Reductases: They reduce substrates by means of a redactor. For example, acety-




laldehyde reductase reduces acetylaldehyde to alcohol.
d) Transhydrogenases: They move hydrogen from one molecule to another and




reduce it.
(e) Hydroxylases: They add one hydroxyl or water molecule to their substrates. For




example, phenylalanine hydroxylase adds one hydroxyl group to phenylalanine
and converts it to tyrosine.




2. Transferase Enzymes: They catalyze transfer of an atom or atom group from
onemolecule to anothermolecule (methyl, carboxyl, glycosil, amino, phosphate
groups), except for hydrogen.




Decarboxylases: They catalyze CO2 release from carboxylic acids.




3. Hydrolase Enzymes: They catalyze molecule breaking by adding a water
molecule or by means of a water molecule. They also affect ester, peptide,
acid-anhydrite and glycosidic bonds.




(a) Esterases: They break ester bonds (lipase, ribonuclease, phosphatase, pyrophos-
photase, glycosidase).




(b) Proteases: They break peptide bonds (proteinase).
4. Liases: They break molecules without releasing water molecule. For example,




C–Cbond is broken by aldolase and decarboxylase. Similarly, there are enzymes
breaking C–O and C–N bonds.




5. Isomerases: They make modifications within molecules and change their
sequence in space, for example, rasemase and epimerase.




6. Ligases (Synthesases): They catalyze binding of substrate molecules to each
other by spending energy, for example, they catalyze activation of amino acids
and fatty acids [79].




6.5 Utilization of Enzymes in Textile




The enzymes and their usage in textile industry were given in Table 3 [80].
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Table 3 The enzymes and their usage in textile industry




Enzymes Textile process




Amylase Desizing




Cellulose Enzymatic washing of jeans, bio-process,
finishing process, regenerated fabrics




Protease Treatment of protein based fibers such as wool
and silk




Catalase Hydrogen peroxide removal after bleaching




Lactase Removal of indigo colorants of jean fabrics




Peroxidase Oxidation of colorants that are not bond
covalently




Lipase Desizing




Pectinase For bio-cleaning of raw cotton or flax




6.6 Purposes of Bio-process for Textile Finishing




Textile enzyme manufacturers produced cellulases for improving characteristics of
cellulosic fabrics and developed new fabric enzymes to be used in finish processes
of cotton, linen, ramie and mixtures of these with synthetic fibers. Bio-finishing
processes have an important role for textile finishing today. A cellulose preparation
is manufactured by modification of nonpathogenic fungi. Enzymatic processes of
cellulosic textiles are called bio-finishing process. The purposes of these processes
are as follows;




• Cleaning of fabric surfaces and reducing fuzz.
• Improving some features including flexibility and softness.
• Improving fabric flow.
• Improving hydrophilic characteristic.
• Improving colorant attraction, color efficiency, smoothness and shine.
• Providing comfortable wearing characteristics.
• Successful application in fabrics including cotton, linen and viscose with low basis
weight without conformity in their elastic and resistance features.




• For stone washing and old look purposes.
• Unmatched softness when combined with classic softeners.
• Resists are prevented by bio-finishing process and surface fuzz is reduced in pre-
liminary processes of fabrics for sharp contoured prints.




• For removing nep and fibers on the cotton surface.
• For achieving touching, flow and natural softness by improving with comfort.
• For permanently preventing fibrillation and bead formation.
• For improving water absorption in especially towels and bath textiles.
• For creating new and original finish effects.
• For ensuring operability in all ecologic processes.
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The effects acquired by bio-finishing are permanent even after multiple washing
steps. Textile chemicals remain in the fabric and fabric look is destroyed after each
wash in classic methods. This method is an alternative competitor of many textile
chemicals with its modern content that can be completely digested biologically and
does not create pollution. Enzymes provide water and energy savings and reduce
waste amount and reduce environmental pollution in industry [80, 81].




6.7 Cellulase




Cellulases are colloidal proteins with high number of molecules in a metabolite form
and with high metabolic rate and are obtained from Aspergillus niger, Trichoderma
longibrachiatum, Fusarium solani, and Trichoderma viride. Each enzyme molecule
in each unit time causes a change in high molecule number. Industrial cellulases are
the complexes of cellulase, cellobiase and related enzyme compounds that are not
completely uniform. Their molecular weight is 10,000–4,000,000. Enzymes resem-
ble proteins and have primary, secondary, tertiary and quaternary structures. The
properties of these substances can change due to alkali, acids, light, temperature,
ionization radiation and biological effect factors. These substances have the ability
to break 1,4 β-glucoside bonds of cellulose. An enzyme unit is one-unit of mea-
surement. It is related with a group of 1 micromole reduced in the reference system
of cellulose. This is its value at favorable pH and temperature conditions (pH 4.6,
40–550 °C).




A reaction field is undisrupted biological cells in the amorphous field of cellulose.
Cellulose is not digested statically but it settles accidentally in general depending on
the composition of cellulose complex that is dominant in specific porous places.




The effect mechanism of enzymes functions to generate enzyme-substrate com-
plex by enzyme catalysis for instance. Enzymes consist of actual activity centers in
a three-dimensional structural form such as grooves, clefts, spaces and packages.
Enzyme function generates substrate complexes, for example cellulose-cellulose
complex, and the number of factors is effective on this.




Cellulasemulti-enzyme complexes have a structure that is not completely uniform
to achieve special effects depending on the production methods, and they are also
affected by the production conditions that can generate elective cellulose complex
reactions. Moreover, substrate properties are also effective for generating elective
conformity for enzymatic degradation due to the non-uniform structure of cellulose.
In conclusion, thread type and structure, design of textile substrate, and dissociation
effect are influential aswell. Thin threads and openmaterial structures, and especially
each free, accessible, leaped fiber is fit for degradation.




Bio-reaction occurs due to reduction in activation energy for increasing the reac-
tion rate which is a very simple expression of chemical degradation and corrosion
in the enzyme-substrate relation mentioned above. In conclusion, the complex is
degraded with the release of the reaction product and enzyme that is ready once
again.
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The application techniques are effective on enzyme activity and fundament. These
are temperature, pH (550 °C, pH 4.6) and the diversity of chemical factors. For
example, iron, manganese, magnesium and zinc ions and organic salts are affective
on generating or inhibiting enzyme activity and on deactivation and improving their
characteristics. Irreversible prevention of enzymes is called enzyme toxin [82].




Cellulase catalyzes cellulose chains and enables hydrolytic dissociation [83]. Cel-
lulase has active locations like all enzymes and is a large protein and it catalyzes
chemical reactions with its specifically positioned chemical groups. If temperature
and pH are not favorable, these active locations change and enzyme activity drops.




It was seen that when American soldiers were at South Pacific Forests, their
outfits were worn out extremely and the reasons for that were investigated. After
studying thousands of samples, it was found out that the reason was an organism
called Trichoderma viride (today it is called Trichoderma reesei). This organism
plays a very important role for improving cellulose enzyme, moreover, it is known
as the predecessor of fungi producing enzymes that are used today.




It is interesting that these researches started with the damage of cotton fabrics
and they were conducted to prevent their effects that cause hydrolysis. However, we
use them to improve their hydrolysis strength. This transition started during 1960s
and the army started to produce food and energy products from solid waste by using
cellulase enzyme in 1973. 20-fold powerful/effective organisms were generated by
using mutant types of Trichoderma reesei (obtained in New Guinea).




Today, cellulase is used most extensively in stone washing process in textile
industry. However, our knowledge on cellulase is substantially poor in comparison to
other enzyme types because cellulose-cellulase systems consist of soluble enzymes
that function on insoluble substrates. These systems are very complex. Due to this
complexity, extensive researches were conducted and it was concluded in 1950 that
this system was a combination of Cl enzyme (removing cellulose crystals = de-
crystallizing) and hydrolytic enzymes known as Cx (converting cellulose to sugar).
This explanation suggested then was discussed and modified for 40 years and some
additions were made.




Enzyme complexes of large molecules are not able to enter interior parts of tex-
tile materials at the beginning. These are affective primarily on the surfaces where
cellulose chains are broken. This is accidental generally. This situation depends on
the origin of cellulase complex and especially on its penetration to thin threads
and open structure. Microfibers are loose fibers. They break with the effect of bio-
catalytic degradation and with the mechanical effect on the surface, reduction in
tearing strength, wear resistance and weight loss are carried out by process control.
After this operation, fabric becomes loose. Smoother and clear surfaces are obtained
since fiber ends are removed [82].




At the point reached based on these, the enzyme structure is explained as follows:




– Endoglucanases: They affect dissolved or undissolved glucose chains randomly.
– Exogluconases (a) break off the glucose unit at the end of cellulose (b) cellobio-
hydrolases break off the cellobiose units (glucose dimers) at the end of cellulose
chain.
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– Beta glucosidases release d-glucose from the dimer [84].




These there enzyme classes show a synergistic effect and affect cellulase in a com-
plicated way. In conclusion, decrystallization and hydrolysis of natural cellulose
becomes possible.




Fungi and bacteria cause digestion of cellulose in nature. These organisms disrupt
crystal structure of cellulose by means of some enzymes. Endoglucanases have ran-
dom effects on cellulose chain or exocellulases affect the terminal groups in cellulose
chain.




Cellulases are water insoluble polymers resembling many other enzymes or they
are polymeric substrates longer than the enzyme and these are organized as two
characteristic places. A catalytic site is connected by flexible bonds to separate the
cellulose bonding site. Collaboration is needed between two functional types of two
different cellulases for effective digestion of natural cellulose and two different sides
of synergetic effect are shown. The collaboration is between endoglucanase and
cellobiohydrolase (endo/exo synergetic effect).




It supports creation of the number of free, sensitive terminals for endoglucanase
movement and there is collaboration between different CBH. The reason for this
synergetic effect and the effects of individual enzymes on crystalline cellulose are
not known precisely. CBHs attack cellulose chain at its unreduced terminals [85].




In a study, the stability of cellulase produced from T. reesei and its effects on pre-
treated cellulosicmaterialwere studied and itwas seen that enzyme stabilitywas good
until 450 °C and there was gradual inactivation in enzyme solution at 55–600 °C. The
enzyme was completely inactivated in applications at 700 °C for 1 h. It was seen that
maximum enzymatic hydrolysis was achieved at pH 6.5 and 500 °C [86]. The effects
ofmono-components, cellobiohydrolases produced frompurifiedTrichoderma reesei
and endoglucanases on cotton fabrics were also studied by analysis of weight loss of
fabrics, reduction of sugars, andmolecularweights ofwater-soluble oligosaccharides
and their generated cotton powders. It was seen that the amounts of sugars reduced
in endoglucanases in treatments with cellulase applied with and without mechanic
effect and the amounts of dissolved oligosaccharides were high. It was determined
that therewas reduction inmolecularweight of poplin cotton powders for all cellulase
types in enzymatic treatments appliedwithoutmechanical effect [87]. It is known that
structural characteristics of cellulose were effective on the sensitivity of cellulose for
enzymatic hydrolysis. Themost important characteristics of cellulosefibers including
surface area and crystallinity were studied during hydrolysis period, and enzymatic
hydrolysis of cellulose and change of structural parameters were studied [88–90].




Catalytic activity of cellulase produced from pure Trichoderma reesei in the solu-
tion and adsorbed on cotton fabric and the effect of high temperatures on its bonding
ability was investigated [91].




X-ray, CP-MAS NMR and structural and morphologic characteristics of four dif-
ferent cellulosic materials were studied and cellulase produced from Trichoderma
viride and cellobiase enzyme produced from Aspergillus niger was applied to cellu-
losic material obtained from two sources [92].
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Commercial cellulases consist of different cellulase mixtures. The characteristics
of fabrics treated with these mixed cellulases were studied. The effects of treatment
with cellulose mono-components on the molecular and supra molecular structures
of cotton cellulose were studied. Desized, bleached print fabrics that were subject to
a basic process were produced from ring and OE thread. These fabrics were subject
to an enzymatic process with endoglucanase I and II and cellobiohydrolase I and II
produced from Trichoderma reesei. The application was carried out by using acetate
tampon in stainless steel containers containing steel balls. The effects of the enzy-
matic process were studied in terms of weight loss, reduced sugar formation, fabric
breaking strength and tearing strength, copper number, water absorption, hydrogen
bonding means and cellulose micro structure and fiber pore size distribution [93].




An enzyme produced fromPenicillum funiculosum F4was applied to cotton fibers
of four different origins. Sugar was reduced and hydrolyzed in almost all of them
within 6 h. There were differences seen in hydrolysis of cottons of different origins.
These differences were attributed to the different structural arrangement of cellulose
on secondary cell wall of cotton [94].




Cellulase enzymes produced from Aspergillus niger and Trichoderma viride
microorganisms were immobilized and the obtained enzyme preparation was used
for digestion of wastes of CMC, cellobiose and filter papers [95].




7 Conclusion




Since prehistoric times, textile materials have been used to cover oneself and protect
oneself from climate conditions. With the industrial revolution, textile process has
industrialized and textile industry has became a potential environmental pollutant.
After the textilewet process,wastewater containingof higher polyaromaticmolecular
organic compounds have been generates. The quantitative and qualitative profile of
textilewastewater show a change according to rawmaterial, productionmanagement,
technologies, products being manufactured, type and capacity of treatment systems.
In this study, the reductionmethods of textile wet process pollutionwere summarized
[96]. Owing to themany advantages of ozone, ozone gas is utilized in numerous fields
of textile industry such as pre-treatment process and finishing process. Membrane
filtration has been accepted as a very efficient and economical method to clean textile
waste water. Plasma treatment is a dry and eco-friendly technology as alternative the
traditional wet-chemical process.
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23. Polat, D., Balcı, İ., &Özbelge, T. A. (2015). Catalytic ozonation of an industrial textile wastew-
ater in a heterogeneous continuous reactor. Journal of Environmental Chemical Engineering,
3(3), 1860–1871.







http://reefkeeping.com/issues/2006-04/rhf/index.php



https://en.wikipedia.org/index.php?q=aHR0cHM6Ly9lbi53aWtpcGVkaWEub3JnL3dpa2kvQ29yb25hX2Rpc2NoYXJnZQ











62 S. Eyupoglu and N. Merdan
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Chapter 3
Sustainability in Wastewater Treatment
in Textiles Sector




P. Senthil Kumar and A. Saravanan




Abstract Wastewater is a noteworthy natural hindrance for the development of
the textile industry other than the significant issues like ecological contamination.
Wastewater treatment, recycle, and reuse have now turned out to be critical inter-
changewellsprings ofwater supply.Wastewater is utilizedwater from local, business,
mechanical, and farming exercises. In this chapter, distinctive treatment techniques
to treat the wastewater have been discussed. Treating wastewater requires a thorough
arranging, plan, development, and administration of treatment offices to guarantee
that the treated water is all right for human utilization and for release to the earth.
The potential treatments incorporate primary, secondary, and tertiary treatment uti-
lizing physical, chemical and biological processes. The economic pointers chose
were assets, process and administration, and client expenditure since they decide
the financial moderateness of a specific innovation to a group. Ecological markers
incorporate vitality utilize, in light of the fact that it in a roundabout way measures
asset usage and execution of the innovation in expelling traditional wastewater con-
stituents. Low-cost by-products from agricultural, industrial and household parts has
been perceived as a reasonable answer for wastewater treatment. They permit accom-
plishing the expulsion of poisons from wastewater and at same time to add to the
waste minimization, recuperation and reuse.
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1 Introduction




Now that sustainability is getting to be a major concern, it is essential that water
issues are comprehended in a more incorporated and creative way. With a specific
end goal to create maintainable wastewater treatment it is expect to see the wastew-
ater treatment frameworks utilizing an all-encompassing methodology [1, 2]. An
all-encompassing methodology infers considering the essential and auxiliary natural
impacts and costs that the frameworks create. Chemicals are the contamination deliv-
ered at the power plant (creating power for wastewater treatment) and the vitality
cost of delivering treatment chemicals. Outlining or choosing a treatment framework
in light of maintainability criteria includes a multidisciplinary approach where engi-
neers collaborate with social researchers, financial analysts, researcher, wellbeing
authorities and the general population.




In this regard, wastewater can see as a bearer of assets and vitality. After supple-
ments and natural vitality have been recuperated, emanating, as a side effect, would
then be able to be reuse. This is unique to customary procedures, as it seeks after
gushing as a fundamental item paying little respect to different assets and vitality
recuperation. Natural vitality recuperation can contribute extensively to lessening
waste generation and CO2 discharges, and phosphate recuperation can mitigate con-
sumption of phosphorus stores on Earth. Additionally, using or recouping build-ups
from drinking water, reaping storm water and notwithstanding delivering biofuel
with wastewater and microalgae would all be able to add to supportability in water
utilize [3, 4].




Wastewater accumulation frameworks (drain systems) and concentrated and clus-
ter treatment frameworks are compose furthermore, oversaw essentially to ensure
human and ecological wellbeing. Despite the fact that their advantages are generally
perceive, there are different parts of this foundation furthermore, related advance-
ments that are undeniable and henceforth less recognized, yet they affect groups
and the encompassing condition. For example a affirmative part of the open deplete
sort out is the gathering and move of wastewater to fitting management workplaces,
whereby pathogens and engineered constituents, for instance, oxygen draining reg-
ular issue and phosphorus are emptied earlier than the indulgence water is returned
to nature [5]. A harmful part of such a system is, to the point that it can make lop-
sidedness in water, supplement motions, and in this manner contort regular hydro-
logical and natural administrations. For example, the release of vast quantity of
indulgence waste water that hold little convergences of concoction component might
still prompt an extreme contribution of supplements in a getting water body, in this
way, prompting a water quality issue. While there is no agreement on the mean-
ing of maintainability, what is clear is that it makes progress toward the upkeep of
monetary prosperity, insurance of the condition and judicious utilization of normal
assets, and impartial social advance which perceives the simply needs of all peo-
ple, groups, and nature. Besides, it perceives the need to outline human and modern
frameworks that guarantee humanity’s utilization of common assets and cycles do not
prompt reduced nature of existence owing to anymisfortunes in futuremonetary open
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doors or unfriendly effects on community circumstances, human wellbeing and the
earth [6].




The Sustainability operation of wastewater treatment frameworks can be surveyed
throughout various evaluation devices such exergy investigation, financial examina-
tion, and existence phase evaluation. The utilization of an adjusted arrangement of
pointers that gives a comprehensive evaluation was picking for assessing the sup-
portability of the diversewastewater treatment advances. Thesewastewater treatment
innovations incorporate mechanical frameworks, tidal ponds frameworks, and arrive
treatment frameworks. Mechanical frameworks, for example, initiated muck use
physical, synthetic and natural instruments to expel supplements, pathogens, metals
and other harmful mixes [7, 8]. Tidal pond frameworks utilize physical and organic
procedures to indulgence waste water, though arrive management frameworks use
soil and vegetation, devoid of huge requirement for reactors and active work, vitality
and element.




Sustainability is mainly characterized as the fitting incorporation of natural fine-
ness, financial fortune and social impartiality. In fact, the thought of manageability
stresses the indivisible fuse of economy, condition and welfare. Different investiga-
tions contend that it is an especially imperative errand to characterize and translate
the pith of maintainability prior to any green outline executions [9]. Hence, broad
surveys relating to the ramifications ofmanageability (with a outlook to its excellence
pointers) has been created.




A supportable building is portrayed by the accompanying basics:




• Demand for safe building, adaptability, advertise and monetary esteem
• Neutralization of natural effects by including its unique circumstance and its
recovery




• Human prosperity, tenants fulfilment and partners rights
• Social equity, tasteful enhancements and safeguarding of social esteems.




Wastewater reuse is winding up especially vital in that region; the water asset is
instinctively rare. Then again, the Water system mandate likewise gives the bases to
accomplish a feasible utilization of water as long as possible, considering ecological,
financial and social contemplations. Choosing a feasible treatment for wastewater
reuse offices exhibit a genuine test for venture chiefs and in addition for different
partners and performing artists associated with the basic leadership process. Gen-
erally, the fitting behaviour innovation can be figured out by some factors. These
components rely upon the uncommon desires and qualities of all sites, so they might
be not quite the same as place to put. Along these lines, because of logical contrasts
that exist among nations, a fitting innovation for one particular site will not be appro-
priate for another. The intricacy of the issue comes from the presence of various
components that affect the choice of fitting innovation [10]. In this way, for all cas-
ing, few mixes of waste water recovery also, reclaim medications. Also, the proper
sterilization innovation, or reuse level ought to be contemplated particularly for every
treatment plant. Consequently, substantial and immaterial criteria should be exam-
ined together. This inquire about work has concentrated on executing supportability
criteria in basic leadership for choosing wastewater sterilization innovation.
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Table 1 Sustainable technologies of wastewater generation




S. no. Regeneration process Type Technology




1 Pre-treatment (i) Physical
(ii) Physical and
chemical




(iii) Physical and
biological




(i) Sand filter,
ultrafiltration




(ii) Coagulation and
flocculation and sed-
imentation/filtration




(iii) Infiltration-
percolation,
constructed
wetlands




2 Disinfection (i) Physical
(ii) Chemical
(iii) Biological




(i) Ultraviolet
radiation, reverse
osmosis




(ii) Chlorination,
ozonation




(iii) Regular Systems
(development lakes,
built wetlands)




Every recovery innovation havefirmattributes and the choice of appropriate devel-
opment for each recover undertaking should be finished depending different parts, as
well as the value and quantity of water to recover, the value that should be gone after
utilize, the assets expenses, the process and upkeep expenses, arrive prerequisites,
the unwavering quality, and natural and communal criterion. Accordingly, the rea-
sonable system is what gives superior execution at a lesser price, yet not just, should
likewise consider what is maintainable as far as addressing nearby needs. In this way,
the issue is to choose the ideal accessible innovation to actualize in a specific site,
and to gather a particular waste water treatment purpose. The recovery medicines
can be grouped into pre-treatments and cleaning medications. The pre-treatments are
an earlier advance to purification and intend to set up the water for legitimate clean-
ing, evacuating solids and natural issue, for the most part. Sanitizations medicines
decrease intensity of pathogen, andmight likewise signify including a lingering point
of decontaminator to recycled water. Nevertheless, one ought to keep away from the
age of disinfectant. A portion of the fundamental existing advances of wastewater
recovery is record in Table 1. Then again, the advancement of new advances and the
change of a portion of the current innovations, making them financially aggressive,
have made significant troubles in choosing an ideal innovation for a particular case.
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2 Resources in Domestic Wastewater and Organic
Household Waste




Considerable measures of plant supplements and natural issue are available in family
waste and waste from nourishment preparing enterprises. Hypothetically, the sup-
plements in household wastewater and natural waste are about adequate to prepare
products to encourage the total populace. This, nevertheless, requires that individu-
als swing to a vegan slim down. It additionally requires that suitable advances are
accessible for safe reusing of the wastewater assets. Essentially 20–40% of the water
utilization in sewered urban communities is utilized to flush toilets. With a specific
end goal to develop towards a feasible society, require reusing supplements, lessen-
ing the water utilization, and limit the vitality required to work squander treatment
forms.




While reusing local natural waste cannot supplant mineral manure altogether, it
can diminish contamination from household squander, decrease unnecessary manure
utilize and create soils that are more advantageous. Tertiary treatment offices can be
intend to expel both nitrogen and phosphorous, yet, reusing of the nitrogen is trou-
blesome unless nitrogen is encouraged as struvite or evacuated utilizing smelling
salts stripping with adsorption. The most widely recognized strategy for nitrogen
expulsion in regular treatment plants today are natural procedures. Nevertheless,
with these techniques the vast majority of the expelled nitrogen is release to climate.
Phosphorus is most usually evacuated by concoction precipitation utilizing either
Fe-or Al-salts as accelerating operators. Nonetheless, the plant accessibility of phos-
phorus hastened as Fe-or Al-phosphates can be extremely restricted because of low
solvency under ordinary soil conditions though with lime precipitation the phos-
phates are less demanding broken up and accessible to the plants. Since enterprises,
families, and road overflow release to a similar sewer framework, there is a danger
of substantial metals and different contaminants [11].




2.1 Wastewater Types, Sources and Constituents




2.1.1 Residential Wastewater Framework




Recognizing the nature (sorts, sources and constituents) is basic for outline and
choice of wastewater treatment advancements for various areas. The Starting point
and streams of wastewater in an urban situation was shown in Fig. 1.




The majority of the wastewater is created from is classification and primarily
from families. Despite the fact that the amount and quality is dependent on the
accessible water provided, populace measure, way of life and climatic conditions
and so forth. Largely, family units create an expected 80 for each penny of the
aggregate waste water; both dark waste water and dim waste water (from lava-
tory and clothing). Human body squanders (dung and urine) delivered from fam-
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Fig. 1 Starting point and streams of wastewater in an urban situation




ilies or business offices, comprises overwhelmingly of solids, that is the natural
bit (starches and fats), and the fluid element fundamentally of coarseness, metal
and salts of the waste water. For example, 135–270 g of wet solids (excrement
or natural bit) and a comparing 1.0–1.3 kg of pee (fluid part) are delivering per
individual every day in creating nations. Families with low water utilization of
40–100 l/individual/day delivers around 70 for each penny sewage with solid BOD
of the range BOD5 = 300–700 mg/L, would entail supplementary oxygen to oxidize
the wastewater. It ought to be renowned, both the excrement and pee compose a great
many intestinal microscopic organisms and predetermined quantity of creatures, the
larger part of which are safe and some are gainful, while others are malady causing
to people.




This is a wastewater framework that procedures wastewater from a home, or gath-
ering of homes. The framework incorporates the source of wastewater in the home,
advances for treating the wastewater, and advances and procedures for returning
the handled wastewater to the biological system. Figure 2 shows that disentangled
representation of this aggregate wastewater framework for a single home. It involves:




• The home itself–how it is manufactured may influence how wastewater is made
• The advances in the home, for example, clothes washers and toilets
• Sustenance (supplements), family unit cleaners and water
• The general population and their conduct
• The subsequent wastewater
• Reusing and treatment–on location or off-site
• The biological system inside which the house is insert.















3 Sustainability in Wastewater Treatment in Textiles Sector 73




Fig. 2 Domestic wastewater
system




Fig. 3 Industrial wastewater
system




2.1.2 Industrial Wastewater Framework




Industrial sectors and procedures constitute assortments of determined and need con-
taminations show in wastewater, break up inert mixes, hydrocarbons, oil, and salts
and so forth. In spite of the fact that they occur in various stages of poisonous quality
and their trademark fluctuates by modern entities, their far reaching and defilement
have not been widely identified. Sewage created from raw petroleum refinery, deliver
substantial assortments of dangerous assorted wastewater and compound contamina-
tions counting aliphatic, fragrant hydrocarbons, heterocyclic and other nitrogen and
sulphur segments, are dealt with to decrease their gathering in consumption water.




This is a framework that procedures wastewater from a modern unit, for example,
a processing plant. Similarly as with the home framework, the limits reach out from
the wastewater source (the modern procedures) through to the advances and forms
for restoring the prepared wastewater to the biological community. Figure 3 shows
that disentangled representation of this. It contrasts from the home framework as far
as:




• The sorts of advancements creating the waste
• The way wastewater is overseen at the source
• The sort of waste delivered
• Chemical and metals.
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The framework is comparable in that it incorporates individuals, reusing, the
treatment innovations and the environment inside which the business sits.




2.1.3 Business Wastewater




Business wastewater is the wastewater produced dominatingly from commercial
or business focuses. It establishes manure from sterile offices, as well as strong
squanders and wastewater (consolidated) beginning from business focuses. More
than 60 for each penny of the heterogeneous sewage are create from eateries; clothing
business focuses and benefits stations, nightclubs, off licenses and so forth, which
do not experience pre-treatment afore transfer.




2.1.4 Tempest Water




The main part of municipal water run-off created from various sources is water and
released into drain frameworks or accepting water bulks. It establishes a blend of
water, dregs, or largely strong discarded constituents, run of the mill of urban water
run-offs or streams. The large precipitation miserable bumpy slants clears laterally
strong discarded constituents and free soil constituents, through little dump down-
stream. Situations happen were these materials develop and stop up the streambeds
causing flooding. The diverse sort of parts show in wastewater was shown in Table 2.




3 Sustainability Wastewater Management




Customarily, water asset administration has emphatically depended on wastewater
treatment to guarantee water quality is kept up. In any case, the noteworthy politi-
cal ways to deal with overseeing water quality are under new weights, for example,
micro pollution. Various micro pollutants are not defenceless against current treat-
ment and are in this manner relentlessly transported into the amphibian condition.
There remains a lot of vulnerability concerning the capacity of innovative treatment
advances, for example, ozonation or enacted carbon, to channel micro pollutants and
their expanded vitality needs and expenses.




To exhibit which choices there are to taking care of water quality issues, we take
a gander at approach instruments beforehand acquainted with handle “customary”
water quality issues, (for example, full scale contamination) and give a review of
potential future strategy plan and arrangements [12]. Keeping in mind the end goal
to comprehend which of these arrangement instruments are most suited to direct-
ing new wonders, for example, micro pollution, break down the attributes of micro
pollution as an approach issue, i.e., its circumstances and results, and distinctive
manageability measurements (e.g., long haul, multi-level). Nonetheless, this investi-















3 Sustainability in Wastewater Treatment in Textiles Sector 75




Table 2 Diverse sort of parts show in wastewater




S. no. Constituents Special interest Environmental Effects




1 Micro-organisms Pathogenic bacteria,
virus and worm eggs




Poses risk when
bathing and eating of
shellfish




2 Biodegradable organic
materials




Oxygen depletion in
rivers, and lakes




Causes changes in
aquatic life




3 Other organic
materials




Detergents, pesticides,
fat, oil and grease,
colouring, solvents
etc.




Causes toxic effect,
aesthetic
inconveniences, and
bio-accumulate




4 Nutrients Nitrogen, phosphorus,
ammonia




Causes eutrophication
and toxic effect




5 Heavy metals Hg, Pb, Cd, Cr, Cu, Ni Causes corrosion and
toxic effect




6 Other inorganic
materials




Acids, e.g. H2S, bases Causes corrosion, and
toxic effect




7 Thermal effects Hot water Change living
conditions of flora and
fauna




8 Odour (taste) Hydrogen sulphide Aesthetic
inconveniences, toxic
effect




9 Radioactivity Pose toxic effect, and
accumulate




–




gation has demonstrated that there is a need to outline a reciprocal instrument blend
that incorporates specialized arrangements and source-guided strategy instruments to
diminish the utilization of micro pollutants before they enter waters. Notwithstand-
ing, the presentation of source-coordinated measures in the past has demonstrated
that they run as onewith behavioural changes of target-gatherings, whichmakes their
presentation a testing undertaking. Target gatherings maywish to minimize expenses
and adaptability in activities high [13].




Breaking the issue into littler parts would be one method for permitting focused
on reactions and expanding agreeableness by the objective gathering. To do as such,
flat coordination among various approach fields is required. Moreover, and like the
larger part of water contamination issues, micro pollution does not stop at national
fringes. Thusly, productive and powerful instrument decisions can just accomplish
their objectives in the event that they are outline in a universal and trans-limit setting.




This segment quickly audits the idea of incorporated wastewater frameworks
administration. While picking how to oversee wastewater and squanders in your
group, a qualification made between the ‘framework’ and the specialized building
arrangements that may be utilize inside that framework. A wastewater framework
will incorporate advancements; howeverwill likewise incorporate the procedures that
happen inside and between the diverse innovative parts [14].Wastewater frameworks
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likewise incorporate individuals and their activities and conduct, and additionally the
regular biological community forms inside which the advancements work.




Overseeing wastewater at source
Choices for administration at the source include:




• Water-sparing practices in and around the home
• Decision of family unit items that will enter the wastewater stream.




The measure of water utilized by a group will be a noteworthy factor in choosing
the measure of a wastewater framework. Reasonably clearly, water protection can
decrease the measure of wastewater that can manage. It is conceivable to figure
whether water protection will influence the framework plan and last expenses. The
outline of a wastewater framework should likewise assess what materials are going
down the channels. The nearness of distinctive poisonous materials may request a
more elevated amount of treatment than would regularly happen. What goes down
the deplete additionally has a tremendous effect on how well septic tanks and on
location frameworks work. Once more, a full-framework audit, which deals with the
sum of harmful materials, oils, fats, oils, and so on going down the deplete, will
impact the outline of the last framework.




4 Characteristics of Wastewater




Anyone of water is equipped for acclimatizing a specific measure of poisons without
genuine impacts due to theweakening and self-purging variables,which are available.
On the off chance extra contamination happens, the nature of the gettingwater will be
adjust and its appropriateness for different utilizations be hindered. Comprehension
of the impacts of contamination and the control measures that are accessible is
along these lines of impressive significance to the productive administration of water
assets. Metropolitan wastewater comprises of a blend of broke down, colloidal, and
particulate natural and inorganic materials. Metropolitan wastewater contains 99.9%
water. The remaining materials incorporate suspended and broke down natural and
inorganic issue as well as microorganisms. These materials make up the physical,
concoction, and natural qualities that are attributes of private and mechanical waters
[15]. The physical nature of wastewater is detailed as far as its temperature, shading,
and turbidity. The temperature of wastewater is somewhat higher than that of the
water supply. This is an essential parameter due to its impact upon oceanic life
and the dissolvability of gasses. The temperature shifts marginally with the seasons,
ordinarily staying higher than air temperature amid the majority of the year and
coming up short lower as it were amid the sweltering summer months.




The shade of awastewater is generally characteristic of age.Newwater is normally
dim, septic wastewater confers a dark appearance. Scents inwastewater are caused by
the decayof natural issue that produces hostile noticinggasses, for example, hydrogen
sulphide. Wastewater scent largely can give a relative sign of its condition. Turbidity
in wastewater is caused by a wide assortment of suspended solids. Suspended solids
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are characterized as the material that can expelled from water by filtration through
arranged films. Compound qualities of wastewater are communicated as far as nat-
ural and inorganic constituents. Diverse synthetic investigations outfit valuable and
particular data with regard to the quality and quality of wastewater. Natural mixes
in the wastewater are the hugest factor in the contamination of numerous normal
waters. The central gatherings of natural issue found in metropolitan wastewater are
proteins, sugars, and fats and oils. Sugars and proteins are effectively biodegradable
[16].




Fats and oils are steadier and can deteriorate by microorganisms. In expansion,
wastewater may likewise contain little division of engineered cleansers, phenolic
mixes, and pesticides and herbicides. These mixes, contingent upon their fixation,
may make issues, for example, non-biodegradability, frothing, or cancer-causing
nature. The groupings of these poisonous natural mixes in wastewater are small.
Their sources are generally mechanical squanders and surface overflow. The inor-
ganic mixes most found in wastewater are chloride, hydrogen particles, alkalinity-
causingmixes, nitrogen, phosphorous, and sulphurmixes, and overwhelmingmetals.
Follow groupings of these mixes can fundamentally influence creatures in the get-
ting water through their developing restricting attributes. The quality and types of
smaller scale and plainly visible plants and creatures, which make up the natural
attributes in an accepting water body, considered as the last trial of wastewater treat-
ment viability. Inside the treatment office, the wastewater gives the ideal medium to
microbial development, regardless of whether it is oxygen consuming or anaerobic.
Microorganisms and protozoa are the keys to the natural treatment process utilized
at most treatment offices, and to the normal natural cycle in getting waters. In the
nearness of adequate disintegrated oxygen, microorganisms change over the solvent
natural issue into new cell tissues, carbon dioxide and water.




5 Wastewater Treatment Technologies




The critical increment ofmunicipalwastewater and arrival of unprocessedwastewater
increments in creating countries implies the essential to give essential, auxiliary
and additionally propelled treatment to energize re-utilized is very basic. Studies
show that numerous tropical nations are presently putting resources into modest and
supportable little scale and minimal effort (instead of customary) sewage treatment
advancements for sewage treatment.




5.1 Treatment Methodologies




The partial reduction or complete removal of excessive impurities contain in wastew-
ater. Usually wastewater treatment is mean the reduction or removal of the solids
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from wastewater since impurities are generally because of the nearness of solids in
wastewater.




5.1.1 Physical Unit Operations




Physical unit operation and these are gone for evacuating the inorganic solids gener-
ally and natural solids to some degree from wastewater. Indeed, it involves what is
known as a strong fluid partition process that is the sedimentation. Since it is a grav-
itational procedure the physical laws represents the procedure so that can utilize the
physical laws. That is traditional mechanics can be utilized for outline of framework
to evacuate the solids from the fluids like sedimentation tank etc.




Amid the essential wastewater treatment process, wastewater is incidentally held
in a tank where heavier solids can settle to the base, while any lighter solids and
rubbish buoy to the surface. The settled and skimming materials are desludged or
kept down and the staying fluid released or put through an optional treatment process.
Expert gear is have to evacuate essential ooze that has settled as natural and inorganic
solids on the base of settling tanks. Skimming material likewise needs to expel.
Essential wastewater treatment plants are configuration to use in conjunctionwith our
natural treatment modules, where settlement or capacity is required. Every essential
wastewater tank is accessible with a decision of wellbeing highlights and desludging
hardware that can chose by the necessities of an individual site. A portion of the cases
of physical unit frameworks are screening, coarseness expulsion and sedimentation
tank.




(a) Screening




Screening is the primary line of treatment at the passageway to the wastewater
treatment plant where six new fine screens, organized in parallel channels, block
strong material in the influent wastewater. The screening component may comprise
of parallel bars, bars or wires, wirework, or punctured plate, and the openings might
be of any shape yet for the most part are round or rectangular spaces. A screen made
out of parallel bars or poles is frequently called a “bar rack” or a coarse screen and
is utilized for evacuation of coarse solids [17]. A screen is a gadget with openings,
largely of uniform size, that is use to hold solids found in the influent wastewater to
the treatment plant. The schematic graph of screening process was shown in Fig. 4.




The guideline part of screening is to expel coarse materials from the stream that
could:




(i) Damage resulting process hardware
(ii) Reduce general treatment process unwavering quality and viability
(iii) Contaminate conduits.




Fine screens are at times utilized as a part of place of or following coarse screens
where more noteworthy expulsions of solids are required




(i) Protect process gear or
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Fig. 4 Schematic diagram of screening process




(ii) Eliminate materials that may repress the valuable reuse of bio solids.




(b) Grit chamber




Sand, slag, Cinder, Bone Chip, eggshells, and so forth, of size under 0.2 mm is
incorporated into coarseness. It is not putrescible and has higher subsidence esteem
than the natural issue. It is consequently conceivable to expel coarseness from the
wastewater effectively by lessening the wastewater speed in long channel called as
coarseness channel. The speed is diminish to around 0.3 m/s. The settled coarseness
is wash before its transfer.




Coarseness Chamber is accommodated the reason for evacuation of residue and
sand particles mostly so a similar will not cause the wear and tear of vanes of pumps,
stopping up of funnels, and additionally, and valve operation troublesome. Evacua-
tion of coarseness additionally lessens aggregation of dormantmaterial in consequent
treatment units. Establishing impacts are counteracted in settling tanks and digester
by expulsion of coarseness. Coarseness Removal Unit might be a coarseness Chan-
nel, Grit Chamber or a Grit Basin.




Coarseness chambers are configuration to expulsion coarseness, comprising of
sand, rock, ashes, or other overwhelming strong materials that have dying down
speeds or particular gravities considerably more prominent than those of the natural
solids in wastewater [18]. Coarseness chambers are most normally situated after the
bar screens and before the essential sedimentation tanks. Essential sedimentation
tanks work for the evacuation of overwhelming natural solids. In a few establish-
ments, coarseness chambers go before the screening offices. Largely, the establish-
ment of screening offices in front of the coarseness chambers makes the operation
and support of the coarseness evacuation offices less demanding.




Grit chambers are provided to:
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• Protect moving mechanical hardware from scraped spot and going with strange
wear;




• Reduce arrangement of substantial stores in pipelines, and channels, and courses;
and




• Reduce the recurrence of digester cleaning caused by unreasonable gatherings of
coarseness.




There are two kinds of coarseness chambers.




(i) Horizontal flow Grit Chambers




In level stream compose, the stream goes through the chamber in a flat heading
and the measurements of the unit, an influent dispersion entryway, and a weir at the
emanating end control the straight-line speed of stream. Rectangular or square flat
stream coarseness expulsion have utilized for a long time. Rectangular flat stream
coarseness chambers are the most seasoned sort of coarseness chamber utilized. It
is speed controlled write. These units intended to keep up a speed as near 0.3 m/s as
pragmatic and to give adequate time to coarseness particles to settle to the base of
the channel. The outline speed will help most natural particles through the chamber
and will have a tendency to suspend any natural particles that settle however will
allow the heavier coarseness to settle out.




(ii) Aerated Grit Chamber




The circulated air through sort comprises of a winding stream air circulation tank,
where the winding speed is incited and controlled by the tank measurements and
amount of air provided to the unit. In circulated air through coarseness chambers, air
is presented along one side of a rectangular tank to make a winding stream design
opposite to the move through the tank. The heavier coarseness particles that have
higher settling speeds settle to the base of the tank. Lighter, basically natural, particles
stay in suspension andgo through the tank.The speedof roll or fomentation represents
the span of particles of a given particular gravity that will evacuate. On the off chance
that the speed is excessively awesome, coarseness will be does of the chamber; in the
event that it is too little, natural material will be expel with the coarseness. Luckily,
the amount of air is effortlessly balanced, just about 100% evacuation will acquire
and the coarseness will be well wash. Coarseness that is not well wash and contains
natural issue is a scent aggravation and pulls in creepy crawlies.




(c) Flow equalization




Stream balance is a strategy used to conquer the operational issues caused by
stream rate varieties, to enhance the execution of the downstream procedures, and to
decrease the size and cost of downstream treatment offices. Streambalance essentially
is the damping of stream rate varieties to accomplish a steady or about consistent
stream rate and can connected in various distinctive circumstances, contingent upon
the attributes of the accumulation framework. The primary applications are for the
balance of




• Dry-climate streams to lessen crest streams and loads,
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• Wet-climate streams in clean accumulation frameworks encountering inflow and
invasion, or




• Combined storm water and clean framework streams.




Application of flow equalization:




• Biological treatment is improved, in light of the fact that stun loadings are dispense
with or can limited, hindering substances can beweakened, and pHcan be balanced
out.




• The gushing quality and thickening execution of optional sedimentation tanks
following natural treatment is enhanced through enhanced consistency in solids
stacking.




• Effluent filtration surface are prerequisites are diminish, channel execution is
enhanced, and uniform channel backwash cycles are conceivable by bring down
pressure driven stacking.




• In compound treatment, damping of mass stacking enhances synthetic bolster
control and process unwavering quality.




Impediments of stream evening out:




• Relatively expansive land regions or destinations are require.
• Equalization offices may must be cover for smell control close neighborhoods.
• Additional operation and upkeep is required.
• Capital cost is expanded.




(d) Primary Sedimentation




Two parallel, chain-driven flight scrubbers gather the muck. These move cease-
lessly along the inclining floors of the tanks, gradually furrowing the ooze towards
the finish of the tank where a cross gatherer (likewise chain and flight) moves the slop
into a profound container. From here, new divergent pumps to an ooze sump evacuate
it. Fan-molded water planes guide filth, which ascends to the surface of the tanks, to
the delta end of the tank. Here, it is lifted over a divider and into a trough by turning
rubbish authorities and conveyed into the muck sump. The slop and filth from the
essential sedimentation tanks is pump to the gravity thickeners. After the ooze has
thickened in the gravity thickeners, it sent to the gravity belt thickeners for addition-
ally thickening before sent to the digesters. The goal of treatment by sedimentation
is to evacuate promptly settle capable solids and gliding material and in this manner
lessen the suspended solids content. Essential sedimentation can use as a preparatory
advance in the further handling of the wastewater. Proficiently composed andworked
essential sedimentation tanks should expel from 50 to 70% of the suspended solids
and from 25 to 40% of the BOD. All treatment plants utilize mechanically cleaned
sedimentation tanks of institutionalized roundabout or rectangular outline. At least
two tanks ought to be give with the goal that the procedure may stay in operation
while one tank is out of administration for support and repair work [19].




Sedimentation tanks are normally design based on a surface loading
rate expressed as cubic meters per square meter of surface area per day,
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m3/m2d. The determination of a reasonable stacking rate relies upon the
sort of suspension to partition. At the point when the region of the tank has
built up, the detainment period in the tank is oversee by water profundity.




(e) Odour Removal




Odour control is a vital part of the wastewater treatment process. Smelly air is
gathered at different phases of treatment by ventilation fans and ducted to promoter
fans, which go it through earth channels (bio channels). Smelly air can uniformly
disseminated, underneath the media by an arrangement of header and dispersion
funnels. As it permeates upwards, microscopic organisms inside the media treat
the musty mixes [20]. Physical and bacterial procedures expel putrid mixes before
released to air. Bio channels likewise treat air separated from different zones of the
treatment plant including the pre-treatment blending chamber, gravity thickeners,
the splitter boxes and the bio solids dewatering building.




5.1.2 Chemical Unit Processes




Chemicals can be utilized amid wastewater treatment in a variety of procedures
to speed up purification. These synthetic procedures, which actuate compound
responses, substance unit forms, and utilized nearby organic and physical cleaning
procedures to accomplish different water benchmarks. There are a few unmistakable
compoundunit forms, including synthetic coagulation, concoction precipitation, sub-
stance oxidation and propelled oxidation, particle trade, and compound balance and
adjustment, which can connected to wastewater amid cleaning.




(i) Chemical precipitation




Chemical precipitation is themost known technique for removing separatedmetals
fromwastewater game plan containing unsafemetals. To change over the deteriorated
metals into solid particle shape, a precipitation reagent can added to the mix. An
engineered reaction, enacted by the reagent, makes the broke down metals outline
solid particles. Filtrationwould then have the capacity to use to oust the particles from
the mix. How well the methodology capacities is dependent upon the kind of metal
present, the centralization of the metal, and the kind of reagent used. In hydroxide
precipitation, a regularly used compound precipitation process, calcium or sodium
hydroxide can used as the reagent to make solid metal hydroxides. In any case, it
can be difficult to make hydroxides from separated metal particles in wastewater in
light of the way that various wastewater courses of action contain mixed metals.




(ii) Chemical coagulation




This creationmethodology incorporates destabilizingwastewater particles so they
add up to in the midst of substance flocculation. Fine solid particles scattered in
wastewater pass on negative electric surface charges (in their conventional stable
state), which shield them from forming greater get-togethers and settling. Substance
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coagulation destabilizes these particles by showing insistently charged coagulants
that by then reduction the negative particles’ charge. Once the charge can dimin-
ished, the particles straightforwardly outline greater social events. Next, an anionic
flocculant is familiar with the mix. Either since the flocculant responds against the
emphatically charged blend, kills themolecule gatherings ormakes connects between
them to tie the particles into bigger gatherings [21]. After bigger molecule bunches
are framed, sedimentation can be utilized to expel the particles from the blend.




(iii) Compound oxidation and propelled oxidation




With the introduction of an oxidizing administrator in the midst of substance
oxidation, electrons move from the oxidant to the defilements in wastewater. The
defilements by then experience helper change, ending up less ruinous blends. Essen-
tial chlorination uses chlorine as an oxidant against cyanide. By the by, dissolvable
chlorination as an engineered oxidation process can provoke the making of harmful
chlorinated blends, and additional advances may be required. Impelled oxidation
can help remove any regular disturbs that are conveyed as a reaction of substance
oxidation, through methods, for instance, steam stripping, air stripping, or incited
carbon adsorption.




(iv) Ion exchange




Exactly when water is too hard, it is difficult to use to clean and consistently
leaves a diminish store. (This is the reason pieces of clothing washed in hard water
much of the time holds a filthy tint.) A molecule exchange process, similar to the
switch osmosis process, can use to assuage the water. Calcium and magnesium are
standard particles that incite water hardness. To unwind the water, firmly charged
sodium particles can displayed as deteriorated sodium chloride salt, or salty water
[22]. Hard calcium and magnesium particles exchange places with sodium particles,
and free sodium particles can released in the water. By the by, ensuing to softening
a great deal of water, the softening course of action may stack with excess calcium
and magnesium particles, requiring the plan restored with sodium particles.




(v) Chemical stabilization




This strategy works in a similar way as mixture oxidation. Overflow can treated
with a ton of a given oxidant, for instance, chlorine. The introduction of the oxidant
backs off the rate of common advancement inside the sludge, and circulates air
through the mix. The water can oust from the overflow. Hydrogen peroxide can in
like manner be used as an oxidant, and may be a more down to earth choice.




5.1.3 Biological Unit Processes




Biological treatment forms are those that utilization microorganisms to coagulate
and expel none settle capable colloidal solids to settle the natural issue. Organic
squander water medications can used to expel disintegrated and colloidal natural
issue in a waste. The emanating from the essential sedimentation tank contains about
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60–80% of the flimsy natural issue initially display in sewage. This colloidal natural
issue, which passes the essential clarifiers, without settling there, must expelled by
facilitate treatment. This further treatment of sewage is called auxiliary treatment
in which organic and compound forms can utilized to evacuate the majority of the
natural issue [23]. Theoptional treatment is coordinatedmainly towards the expulsion
of decomposable organics and suspended solids. It involves 99.9% water and 0.1%
solids.




Biological treatment forms are those that utilization microorganisms to coagulate
and expel the non settle able colloidal solids to settle the natural issue. Unique high-
impact natural medicines are as per the following:




(i) Activated sludge process




The term activated sludge is utilized to show the ooze which is gotten by settling
sewage in nearness of copious oxygen. The activated sludge is naturally dynamic
and it contains an incredible number of oxygen consuming microbes and different
microorganisms which have a got a bizarre property to oxidize the natural issue. The
initiated ooze process has utilized widely all through the world in its traditional shape
and changed shapes, which are all fit for meeting optional treatment gushing points
of confinement. It incorporates preparatory treatment comprising of bar screen as a
base and, as required, comminutor, coarseness chamber, and oil and oil evacuation
units [24].




In enacted slime processwastewater, containing regular issue is flowed air through
in an air course bowl in which littler scale living creatures use the suspended and
dissolvable characteristic issue. Some bit of common issue can mix into new cells
and part can oxidize to CO2 andwater to decide essentialness. In started slop systems,
the new cells formed in the reaction can removed from the liquid stream in the state
of a wooly slop in settling tanks. A bit of this settled biomass, delineated as incited
slop is returned to the air flow tank and whatever is left of the structures waste or
plenitude filth.




(ii) Trickling filter




The sewage is permitted to sprinkle or to stream over a bed of coarse, harsh, hard
material and it is at that point gathered through the under drainage framework. The
oxidation of the natural issue can complete under oxygen consuming conditions.
A bacterial film known as a bio-film can framed around the particles of separating
media and for the presence of this film, the oxygen is provided by the discontinuous
working of the channel and by the arrangement of appropriate ventilation offices
in the body of the channel [25]. The shade of this film is blackish, greenish and
yellowish. It comprises of microscopic organisms, parasites, green growth, lichens,
protozoa, and so forth.




Types of Trickling Filters




The trickling filters are broadly divided into two categories:




• Standard rate trickling filters
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• High-rate or high capacity trickling filters.




(iii) Rotating biological contactors




Rotating Biological Contactors can utilized to treat in a financially perceptive way
from 5000 gallons to a large number of gallons every day of household and modern
wastewaters. The RBC process gives an amazingly high level of treatment giving
emanating qualities as low as 5 mg/L of dissolvable Biochemical Oxygen Demand
(BOD) and 1 mg/L alkali nitrogen. They can utilized for essentially bringing down
the levels of dissolvable organics and Chemical Oxygen Demand (COD).




(iv) Aerobic treatment




Oxygen consuming treatment has used to clear take after normal precarious blends
in water. It has furthermore been used to trade a substance, for instance, oxygen, from
air or a gas organize into water in a methodology called “gas adsorption” or “oxida-
tion”, i.e., to oxidize press and additionally manganese. Air dissemination similarly
gives the escape of separated gasses, for instance, CO2 and H2S. Air stripping has
furthermore utilized suitably to oust NH3 from wastewater and to clear eccentric
tastes and other such substances in water [26]. Energetic treatment with bio misuses
is effective in diminishing ruinous vaporous outpourings as nursery gasses (CH4 and
N2O) and noticing salts.




(a) Oxidation ponds




Oxidation lakes are incredible systems where the oxygen required by the het-
erotrophic microorganisms (a heterotroph is a living being that cannot settle carbon
and utilizations natural carbon for development) can give by exchange from the envi-
ronment as well as by photosynthetic green growth. The green growth are confined
to the euphotic zone (daylight zone), which is frequently just a couple of centimetres
profound. Lakes are built to a profundity of near 1.2 and 1.8 m to guarantee most
extreme infiltration of daylight, and seem dull green in shading because of thick algal
advancement. In oxidation ponds, the green growth utilize the inorganic mixes (N, P,
CO2) discharged by high-impact microscopic organisms for development utilizing
daylight for vitality. They discharge oxygen into the arrangement that thusly can
used by the microscopic organisms, finishing the harmonious cycle. There are two
specific zones in facultative lakes: the upper oxygen-expending zone where bacterial
(facultative) activity happens and a lower anaerobic zone where solids settle out of
suspension to outline an ooze that can debased anaerobically.




(b) Aerated Lagoons




Circulated air through tidal ponds are huge (3–4m) stood out fromoxidation lakes,
where oxygen is given by aerators yet not by the photosynthetic development of green
development as in the oxidation lakes. The aerators keep the microbial biomass
suspended and give satisfactory separated oxygen that grants maximal incredible
development. On the other hand, bubble air flow can for the most part use where the
air pockets can created by stuffed air pumped through plastic tubing laid through
the base of the lagoon. A predominately-bacterial biomass makes and, while there is
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Fig. 5 Anaerobic wastewater treatment




neither sedimentation nor ooze re-establish, this strategy depends on agreeablemixed
liquor surrounded in the tank/lagoon. In this manner, the airflow lagoons are sensible
for strong yet degradable wastewater, for instance, wastewaters of support wanders.
The pressure driven maintenance time (HRT) ranges from 3 to 8 days in view of
treatment level, quality, and temperature of the influent. Largely, HRT of around
5 days at 20 °C accomplishes 85% evacuation of BOD in family unit wastewater.
In any case, if the temperature falls by 10 °C, at that point the BOD expulsion will
lessen to 65%.




(v) Anaerobic treatment




The anaerobic treatment can realized to treat wastewaters rich in biodegradable
normal issue and for energize treatment of sedimentation sludges. Solid natural
wastewaters containing many biodegradable materials are released for the most part
by horticultural and sustenance preparing ventures. These wastewaters are hard to
deal with vigorously because of the inconveniences and costs of satisfaction of the
raised oxygen request to protect the high-impact conditions. Interestingly, anaerobic
debasement happens without oxygen. In spite of the fact that the anaerobic treat-
ment is tedious, it has a huge number of points of interest in treating solid natural
wastewaters. These preferences incorporate hoisted levels of filtration, inclination to
deal with high natural burdens, creating little measures of slimes that are typically
exceptionally steady, and generation of methane (latent ignitable gas) as result.




Anaerobic digestion is a complex multistep process with respect to science and
microbiology. Normal materials are degraded into crucial constituents, finally to
methane gas under the nonappearance of an electron acceptor, for instance, oxygen
[27]. Fitting wastewaters fuse trained creatures fertilizer, sustenance taking care of
effluents, oil misuses (if the toxic quality is controlled), and canning and dyestuff
misuses where dissolvable common issues are executed in the treatment. Schematic
outline of anaerobic wastewater treatment was shown in Fig. 5.




Most anaerobic procedures (solids maturation) happen in two foreordained tem-
perature ranges: mesophilic or thermophilic. The temperature ranges are 30–38 °C
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and 38–50 °C, individually. As opposed to oxygen consuming frameworks, total
adjustment of natural issue is not achievable under anaerobic conditions. Hence,
consequent vigorous treatment of the anaerobic effluents is generally basic. The last
waste issue released by the anaerobic treatment incorporates solubilised natural issue
that is submissive to high-impact treatment exhibiting the likelihood of introducing
aggregate anaerobic and oxygen consuming units in arrangement.




6 Sustainability




The term sustainability is critical to actualize wastewater frameworks.Manageability
identifies with five angles as characterized by the Sustainable Sanitation Alliance.
Sanitation in this regard incorporates wastewater administration and release too. The
fundamental target of a sanitation and wastewater treatment framework is to secure
and advance human wellbeing by giving a spotless domain and breaking the cycle of
sickness. With a specific end goal to be feasible a sanitation framework must be not
just financially reasonable, socially adequate, and in fact and institutionally proper,
it ought to ensure the earth and the normal assets. While progressing a current or
potentially outlining another sanitation framework, maintainability criteria identified
with the accompanying perspectives ought to considered:




(i) Health and cleanliness:




Incorporates the danger of presentation to pathogens and unsafe substances that
could influence general wellbeing at all purposes of the sanitation framework from
the can by means of the accumulation and treatment framework to the point of re-
utilize or transfer and downstream populaces.




(ii) Environment and normal assets:




Includes the required vitality, water and other regular assets for development,
operation and support of the framework, and additionally the potential outflows to the
condition coming about because of utilization. It additionally incorporates the level
of reusing and re-utilize honed and the impacts of these (e.g. recycling wastewater;
returning supplements and natural material to horticulture), and the ensuring of other
non-inexhaustible assets, for instance through the generation of sustainable vitalities
(e.g. biogas).




(iii) Technology and operation:




Joins the usefulness and the simplicity with which the whole framework counting
the accumulation, transport, treatment and re-utilize as well as definite transfer can
be developed, worked and, checked by the nearby group or potentially the specialized
groups of the neighbourhood utilities more, the vigour of the framework, its power-
lessness towards control cuts, water deficiencies, surges, and so on. In addition, the
adaptability and versatility of its specialized components to the current framework
and to statistic and financial advancements are vital angles to assess.
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(iv) Financial and monetary issues:




Identify with the limit of family units and groups to pay for sanitation, counting
the development, operation, support and important reinvestments in the framework.




(v) Socio-social and institutional viewpoints:




The criteria in this classification assess the socio-social acknowledgment fur-
thermore, fittingness of the framework, accommodation, framework recognitions,
sexual orientation issues and effects on human poise, consistence with the legitimate
structure and steady and effective institutional settings.




6.1 Sustainability Analysis of Wastewater Treatment Systems




In prior circumstances and even today, architects and lawmakers about dependably
utilize a basic cost/advantage investigation while picking a wastewater framework.
This implies, for occurrence, just the release of natural issue (BOD) or phosphorus
and the cost can looked upon. In any case, the journey for manageability is vital in
light of the fact, numerous issues are coming like an unnatural weather change, fer-
mentation, lessening ozone layer, smaller scale natural poisons and other poisonous
concoction matters, eutrophication, reducing vital assets like phosphorus, potassium
and oil and different dangers to humanity, verdure. This demonstrates numerous
markers must utilized when choosing what sort of wastewater frameworks need to
executed. In addition, ought to pick the wastewater framework that contributes most
to a general maintainable future.




The thought supportability ought to incorporate nature; economy and sociological
viewpoints and the manageability should likewise perform on three distinct stages:




(i) Nearby, where sterile and wellbeing perspectives are of worry in time sizes of
hours or days.




(ii) Local, where exemplary ecological issues work in time sizes of months or, on
the other hand years.




(iii) Worldwide, where maintainability matters in a period size of decades or hun-
dreds of years.




6.2 Economic Sustainability




Economic maintainability suggests an arrangement of generation that fulfils show
utilization levels without trading off future needs. The ‘sustainability’ that ‘economic
sustainability’ looks for is the ‘supportability’ of the financial framework itself. Gen-
erally, financial specialists, accepting that the supply of normal assets was boundless,
put undue accentuation on the limit of the market to dispense assets effectively. They
likewise accepted that monetary development would bring the mechanical ability to
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recharge characteristic assets obliterated in the creation procedure. Today, neverthe-
less, an acknowledgment has developed that characteristic assets are not interminable.
The developing size of the monetary framework has stressed the regular asset base.




Afinancial framework outlined in light of the hypothesis of ‘economic sustainabil-
ity’ is one compelled by the necessities of ‘ecological sustainability’. It limits asset
use to guarantee the ‘sustainability’ of regular capital. It does not try to accomplish
‘economic sustainability’ at the cost of ‘ecological sustainability’.




6.2.1 Operation and Administration




Working and upkeep costs related with wastewater treatment incorporate work, vital-
ity, and buy of chemicals and substitution gear. This can be credited to additional
much automated gear and complex procedures that require impressive vitality inputs.




6.2.2 Client Costs




Wastewater treatment costs are largely dependent upon the sort of treatment devel-
opment, its viability, and the discharge decision used. Another factor is the people
assess served.




6.3 Ecological Sustainability




6.3.1 Energy Use




A larger part of process and support expenses might credited to vitality utilization
amid air circulation and pumping of water and solids. Some enacted ooze frame-
works may have bring down vitality utilization as a result of inside vitality ignition
of methane gas delivered in-house, especially from anaerobic absorption. In future
investigations, vitality creation related to squander administration could incorpo-
rated as a property of a maintainable innovation. Vitality utilize is frequently con-
nected with worldwide ecological issues, for example, carbon dioxide emanations.
For instance, an actuated muck framework serving a populace of 1000 individuals
can possibly deliver up to 1400 ton of CO2 for process furthermore, 50 ton of carbon
dioxide for upkeep over a 15-year life.




Different open doors exist in lessening vitality utilize and related effects. These
incorporate the kind of wastewater treatment innovation chose; utilization of reused
materials for development; rectify estimating and rating of hardware for operation,
particularly to pump necessities; and reuse of waste total from annihilation. Plant
configuration can likewise all the more painstakingly join issues of vitality preser-
vation also, as specified already, utilization of in-house methane generation may
diminish outer vitality needs.
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6.3.2 Expulsion of Water Quality Constituents




The normal water quality constituents related with wastewater treatment are BOD,
TSS, phosphorus, nitrogen and fecal coliforms. There are some real complexities in
clearing efficiencies of each treatment advancement. These exuding qualities in the
end choose whether advance treatment is required, what sort of discharge choices
can be used and specifically their potential for reuse. Fate and removal of unsafe and
deadly blends is a generally recognized test in wastewater treatment and markers
that pass on information on transmissions or floods of these blends are as often as
possible proposed. If wastewater treatment is to be sensible in the whole deal, better
waste organization techniques may need to make that join close-by money related
development, take out the usage and despicable exchange of family unsafe waste,
and unite as one with prosperity providers that suggest pharmaceutical chemicals.




The utilization of boundaries at different focuses in wastewater treatment frame-
works can have a colossal effect in overseeing risky substances. Besides, expulsion
efficiencies of pathogens, overwhelming metals, and other lethal mixes have sig-
nificant ramifications on water reuse plans. The particular sort of wastewater reuse
activities eventually characterizes the nature of wastewater required and the ensuing
treatment forms expected to accomplish this quality.




6.4 Societal Sustainability




6.4.1 Open Support




Open cooperation is regularly a disregarded angle when choosing the most proper
wastewater treatment innovation for a specific group. While a few controls assign
a particular innovation through a “best innovation” process, the recognitions and
inclinations of the open for the choice and usage of a specific innovation is critical
if innovation is to be coordinated with neighbourhood and more extensive manage-
ability concerns.




The components considered essential in choosing a manageable treatment frame-
work will fluctuate from group and area due to land and demographical substances
particular to a territory. Regardless, the components right now utilized as a part of
wastewater treatment choice are more often than not execution and moderateness. In
created nations, a wastewater treatment plant’s proficiency, dependability, slop trans-
fer and land prerequisites can viewed as basic over reasonableness. Subsequently
there is an inclination to select mechanical frameworks over option treatment frame-
works. In creating nations, reasonableness and the suitability of the innovation can
viewed as basic. In this manner, these nations regularly select basic, financially per-
ceptive proper innovation, over more automated innovation. Choosing an advanced
treatment framework for a group with low-salary families may put undue money
related hardship on them.
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6.4.2 Community Estimate Served




The span of a group can direct the sort of treatment framework chose, its ability, and
thus its maintainability. Increment in populace frequently implies a bigger plant limit
is required. Mechanical and tidal pond frameworks are fit for overhauling a bigger
populace than arrive treatment frameworks. Nevertheless, mechanical frameworks
can regularly pick over tidal pond frameworks to benefit these populaces. An integral
factor in pickingmechanical frameworks that serve expansive populaces, particularly
in urban regions is the land prerequisite or open space accessibility.




Metropolitan contamination loadings can related with urban territories because
of their expansive material sources of info and yields contrasted with littler groups.
This may make a weight on the encompassing condition to which disintegrated and
strong residuals are returned in light of the fact that the encompassing has restricts
on how much poison stacking it can acknowledge. Appropriately, if wastewater
frameworks are to be maintainable, at that point contemplations of material adjusts,
especially water and compound transitions, are required to keep up a legitimate
adjust of supplements in nature; staying away from the gathering of poisons in a
single environment or, on the other hand lack of supplements in another.




6.4.3 Annoyance from Smell




Wastewater treatment workplaces, paying little personality to how much arrange
eventually may make fragrance as reactions of the wastewater social occasion and
treatment process. The closeness of smell in any wastewater treatment office is com-
monly an in vogue issue that regularly motivates open mediation and eventually
managerial association affiliation. All the treatment structures can possibly convey
spoiled releases. Land treatment structures have the slightest fragrance potential than
mechanical and lagoon systems, due to pre-treatment of the wastewater before arrive
application. Fragrance issues may in like manner rise, if considerable solids and
green development have not been emptied going before territory treatment. Govern
notice issues ordinarily occur at pumping stations, delta and outlet directing, and
sewer vents if any are accessible. Scents from lagoon structures may in like manner
be a direct result of over-troubling or extreme surface junk that has allowed to total.




6.5 Significance of Sustainability




The term ‘sustainability’ alludes to abroad idea, including different interrelated
parameters in regards to the earth, individuals and vitality assets. The hugeness
of sustainability for manufactured situations can well know as a multi-disciplinary
approach to the pondering of natural, monetary and socio-social concerns. It is to
moderate the negative natural effects and to fit the living situations with financial
examples.
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7 Environment Re-entry or Re-utilize




7.1 Re-entry of Treated Waste into the Biological System




Treated wastewater might be come back to the biological community through direct
guide release toward a water body, for example, a stream, lake, wetland or estuary,
or to ocean. Then again, the treated wastewater might be come back to arrive by dif-
ferent water system strategies, for example, surge water system, overhead sprinklers
or sub-surface drippers. Choices for restoring the treated wastewater to the biolog-
ical community inside the site limits (regularly alluded to as on location transfer)
depend particularly on the site’s qualities, for example, soil sorts, zone and incline
of land accessible, area of groundwater, and neighbourhood atmosphere. Choices
incorporate drainage into the dirt sub-surface, water system (surface or sub-surface)
and transpiration.




7.1.1 Gasses




These incorporate gasses, for example, smelling salts, methane and hydrogen sul-
phide, and musty natural gasses, for example, mercaptans, indole and skatole. These
can re-enter at different focuses, for example, if water turns septic from an over-
burden of natural material, or at the point slop can landfilled. Methane can develop
inside a site and should figure out how to decrease dangers to encompassing proper-
ties. Hazard administration and site administration gets ready for landfills to oversee
flammable gasses and smell will be an essential some portion of the re-entry proce-
dure. Frequently people group do not factor in the expenses of landfill administration
into wastewater administration costs while picking choices.




7.1.2 Wastewater Mist Concentrates




These little airborne beads can convey pathogens and different contaminants.
Blenders and aerators make mist concentrates, which aggravate the surface of
wastewater tanks and lakes, or by overhead sprinklers. The separation of these mist
concentrates can convey in winds and the survival time of pathogens can variable
and will rely upon the site. A hazard administration design and control of where and
how any treatment plant or land water system region is to found will be essential.




7.1.3 Fluids




The attributes of treated wastewater to be come back to the earth will rely upon the
level of treatment it has gotten.
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7.1.4 Solids—Muck and Bio Solids




These can name semi-solids and semi-fluids contingent upon the measure of water
left in them. Natural solids from essential and optional treatment forms can alluded
to as mucks. Nearby specialists, contribute huge exertion into changing over mucks
to bio solids and decreasing the level of water in the prepared solids keeping in mind
the end goal to make strides dealing with issues when they can arranged to landfills.




7.2 Sorts of Re-entry Framework




Biological communities are dynamic, complex interfacing networks of human,
organic and physical forms. Individuals are reliant on characteristic biological com-
munities for the merchandise, administrations and items they give. Therefore, our
long haul prosperity is needy on keeping up solid biological systems well into what’s
to come. The effect of wastewater re-entry on these frameworks will not simply rely
upon the amount and nature of residuals discharged into them. It will likewise rely
upon the affectability of the biological systems and the relative significance of the
environment’s merchandise and ventures.




7.3 Solids Re-entry Innovations




On location frameworks: Septage is the pump-out substance from septic tanks, and
is weaken and hostile blend of sewage, filth and somewhat processed natural solids.
The bestmethods for taking care of thismaterial is to transport it to a brought together
group wastewater treatment plant, where it is prepared in promotion blend with the
crude slimes delivered from essential settlement tanks. Where the group plant is an
oxidation lake framework, the septage can be added to the facultative lake, however
precisely so as not to over-burden the delta zone of the lake with solids. Table 3
shows that Fluid and strong wastewater residuals re-enter the biological community.




Little people group treatment plants utilizing bio filter or initiated muck frame-
works create a scope of oozes from the mix of both essential and auxiliary treatment
forms. The level of adjustment of these solids by the anaerobic and high-impact
forms in the treatment plant decides the volume of last bio solids to be overseen by
transfer or usage onto arrive. The wet bio solids might dried on unique sand beds at
the treatment plant some time recently gathered as dried ‘cake’ for trucking to arrive
(or even to a strong waste landfill).















94 P. Senthil Kumar and A. Saravanan




Table 3 Fluid and strong wastewater residuals re-enter the biological community




S. no. Framework Residuals oversaw




1 Freshwater biological
communities (streams, lakes
and wetlands)




Treated wastewater emanating
(different levels of treatment)




2 Marine biological systems
(estuaries, harbours and sea –
beach front and seaward)




Treated wastewater emanating
(different levels of treatment)




3 Land environments (rural,
plant, ranger service or
arranged regions)




some untreated wastewater
(more uncommon)




4 Atmosphere (i) Treated wastewater gushing
(different levels of
treatment)




(ii) Smell
(iii) Gasses (roundabout and
flaring of landfill gasses)




(iv) Wastewater pressurized
canned products (a result of
treatment forms)




5 Landfills (shut frameworks) Sludges and bio solids




6 Waste-to-vitality plants dried sludge/bio solids




7.4 Wastewater Emanating Re-entry Innovations




On location frameworks: for these frameworks, the measurements required can dic-
tate by the wastewater amount and quality, and site conditions. Such frameworks
must plan and endorsed by a qualified furthermore, experienced individual. The site
range taken up by the introduced framework needs to incorporate the space between
each trench or hill or water system line, and a cradle zone around the framework
impression. In addition, a hold zone ought to put aside adjacent for augmentations to
the framework if necessary to deal with startling Framework poor execution because
of framework over-burden or abuse.




7.5 Re-utilization of Water and Bio Solids Recovered from
Wastewater




Customarily wastewater has overseen as an item that is a danger to both human and
biological community wellbeing. Thus, the foundation plan for dealing with such a
material will mirror this. Local wastewater contains basic assets, for example, water,
supplements and natural material. Treated wastewater produces fluid wastewater and
essential and auxiliary ooze, which is the material that remaining parts once the first















3 Sustainability in Wastewater Treatment in Textiles Sector 95




Fig. 6 Alternative reuse
strategies




water-borne squander is ‘dewatered’. Both these misuses can be set up to recover
reusablewater and treated the dirt bio solids for plant application as a soil conditioner.




Re-utilization of bio solids requires a larger amount of treatment past what is
accomplished with the typical treatment of essential and optional mucks. Various
advances can ordinarily utilized that use the asset estimation of wastewater, most
ordinarily with brought together frameworks, where the volumes of treated squan-
ders are probably going to be sufficiently huge to empower speculation. It is addi-
tionally conceivable with the littler bunch frameworks, despite the fact that this is a
genuinely new zone. Re-utilizes incorporate biogas creation for vitality (a procedure
that changes over the natural segment of essential and auxiliary slops to methane),
water system of water and wastewater supplements for biomass creation, and the uti-
lization of the treated wastewater for wetland rebuilding. Different practices abroad
incorporate aquaculture, vitality extraction (from the wastewater) by warm pumps,
pee detachment, and supplement stripping for the creation of supplements. The alter-
native reuse strategies were shown in Fig. 6.




Wellbeing experts likewise have concerns with respect to the utilization of recy-
cled water sourced from wastewater because of the plausibility of direct contact with
pathogens if something turns out badly with the treatment procedure, or if the frame-
work is not sufficiently kept up. An extensive variety of advances can investigate,
regardless of the possibility that the region is generally new. Like overseeing water
use at source, bio solids and recycled water, re-utilize can possibly diminish the gen-
eral cost of the wastewater framework. For a littler group it might be worth taking a
gander at how the waste streams, particularly oozes to change over to bio solids, and
may joined with different groups in a brought together process. Re-utilize is well
worth investigating as a major aspect of your wastewater considering.
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8 Conclusion




The practicality ofmechanical, lagoon, and land treatment advancements forwastew-
ater treatment was evaluated, using a course of action of viability pointers made
particularly for this examination. The results showed the by and large sensibility
of a wastewater treatment advancement is a limit of monetary, environmental and
social estimations, and the assurance and comprehension of pointers is affected by
a domain’s geographic and measurement condition. The delayed consequences of
this examination are an undertaking to look past the building expense and character-
istic execution related with a particular treatment development in mastermind that
decision of an advancement related with the organization of wastewater treatment
meets triple standard wants for a comparable modify of natural, money related, and
societal sensibility. One target of this paper was to begin a discussion on the most
capable strategy to address a more consolidated evaluation of the general reasonabil-
ity of wastewater treatment developments. It is not as easy to design a wastewater
treatment system that regards direction of the workforce, open space, and work in
the gathering, besides, limits classy nuances related with smelly air releases, while
also constraining costs, imperativeness use, and growing treatment execution.




In the event that a specific wastewater administration technique is considered non-
economical, the effect will reach out past its quick operational region and even into
future ages. Thus, ordinary practicality markers for wastewater structures that have
focused on characteristic stressors at the dismissal of societal issues need to attempt
later on to join momentum and intergenerational balanced impacts. In addition, the
arrangement ofwastewater organization structures that are better planned into greater
gatheringneeds could be considered. For example, the reuse of treatedwastewater and
organization of solid residuals could be better plannedwith neighborhood agriculture
practices which would re-spread and return supplements back to the incorporating
condition, instead of amassing supplement advances in one tolerating water body.
In a perfect world the utilization of on location treatment frameworks like septic
tanks, built wetlands, and notwithstanding treating the soil restrooms has potential
in adding to maintainability as they depend on non-vitality and concoction escalated
forms that arrival supplements to the encompassing condition.
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Foreword
In the eyes of nature, we cannot achieve a sustainable future by the linear extension of existing 
technologies. This observation drives the quest for new ways to practice chemistry. Over the past 
20 years, an approach to chemistry and engineering defined by the 12 principles of green chemistry 
and green engineering offers us a proven and systematic way to address sustainability from a first 
design basis. We know there are more than 85,000 chemicals used in commerce around the world 
and the vast majority has never been tested for human health and environmental impacts. We know 
there are trillions of dollars of capital invested in existing chemical manufacturing plants that must 
be considered in any transition plan. There are no silver bullets to addressing the systems already 
in place. However, a steady and ever-expanding application of the principles of green chemistry and 
engineering over time will allow us to make progress in replacing our dependence on petroleum-
derived fuels and feedstocks.





Chemists today can go to the literature and find tools to synthesize just about any compound 
one can conceive based on established transformations, many of which have been around for more 
than a hundred years. Yet we know man does not practice chemistry the way nature does chemistry 
and therein lies our hope for the future. We must continue to invent and develop the tools of green 
chemistry to allow a transition to bio-inspired chemistry.





This book is one such commitment to building the new green chemistry toolbox. It is focused 
primarily on transformations aided by the use of sonochemistry (acoustic cavitation).  The abil-
ity to deliver rapid, high-density energy to a system facilitates new possibilities. While the con-
cepts of sonochemistry have been known for more than 80 years, in-depth understanding of this 
phenomenon continues to evolve. Recently, the technique has begun to see applications ranging 
from nanoparticle formation to carbohydrate synthesis to waste destruction. Thus, sonochemistry 
appears to be applicable to a wide variety of chemical transformations and has the potential to influ-
ence yields, dramatically reduce reaction times, and increase throughput. All these elements are 
consistent with the principles of green chemistry and engineering.





As with any new technology, a gradual development and adoption process sets in. Initial efforts 
focus on understanding and scoping the new tools and we now see synthetic sonochemistry technol-
ogy finding an ever-increasing variety of applications.





This book represents a wonderful effort to bring together the latest developments in the field and 
should prove useful to all practicing scientists who have an interest in exploring new methods to 
input energy into a reaction process.





P. Robert Peoples, PhD
American Chemical Society
Green Chemistry Institute®





Washington, District of Columbia
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Preface
Following the establishment of the 12 Principles of Green Chemistry (Anastas and Warner, 1998), 
there has been a steady growth in our understanding of what green chemistry means. Green chem-
istry is a relatively young science in its own respect. Interest in this discipline is growing rapidly and 
is transgressing several cascading research areas in science, engineering, and technology (Sharma 
and Mudhoo, 2010). The understanding of the principles that backbone green chemistry has spurred 
many outstanding efforts to implement chemical processes and innovative technologies that are 
incrementally taking modern society toward safer and more sustainable practices and products that 
embody and foster environmental stewardship.





Sonochemistry is a branch of chemical research dealing with the chemical effects and applica-
tions of ultrasonic waves, i.e., longitudinal sound waves with frequencies above 20 kHz that lie 
beyond the upper limit of human hearing—although the range of ultrasonic frequencies can be 
extended up to 100 MHz (Cravotto and Cintas, 2006). Sonochemistry shares with sustainable chem-
istry such aims as the use of less hazardous chemicals and solvents, a reduced energy consumption, 
and an increased product selectivity (Cravotto and Cintas, 2006). In this regard, ultrasonic heat-
ing and irradiation are in many instances complementary techniques for driving chemical reac-
tions with a higher efficiency and effectiveness. Ultrasound, an efficient and virtually innocuous 
means of activation in synthetic chemistry, has been employed for decades with varied successes 
(Cravotto and Cintas, 2006). Not only can this high-energy input enhance mechanical effects in 
heterogeneous processes, but it is also known to induce new reactivities leading to the formation of 
unexpected chemical species. Sonochemistry is unique in its remarkable phenomenon of cavitation, 
currently the subject of intense research, and has already produced interesting results.





Imaging techniques using echolocation, such as SONAR systems for target detection or echog-
raphy in health care, represent perhaps the best-known use of ultrasound. Chemical applications 
extend to such varied areas as organic and organometallic chemistry, materials science, aerogels, 
water and wastewater treatment, food chemistry, and medicinal research (Cravotto and Cintas, 
2006). The writing of this handbook has been undertaken because it was earnestly felt to bring for-
ward an updated pool of the latest research and development findings that reasonably encompass a 
fair number of most relevant aspects linked to and linking green chemistry practices to environmen-
tal sustainability through the uses and applications of ultrasound-mediated and ultrasound-assisted 
biological, biochemical, chemical, and physical processes. In this handbook, a rich panoply of novel 
research findings and applications of ultrasonic radiation and sonochemistry have been presented. 
Several chapters have been presented in the following areas: medical applications, drug and gene 
delivery, nanotechnology, food technology, synthetic applications and organic chemistry, anaero-
bic digestion, pollutant degradation, polymer chemistry, industrial syntheses and processes, reactor 
design, electrochemical systems, and combined ultrasound−microwave technologies.





We sincerely hope this handbook provides a robust pool of knowledge on the green applica-
tions of sonochemistry. We also feel it provides up-to-date information on some selected fields of 
applied research of ultrasound where the principles of green chemistry are being embraced by the 
scientific, engineering, and technological communities for safeguarding and improving the quality 
of the environment and human life, at large. We also want to share that Professor Sanjay K. Sharma 
and A. Mudhoo have recently edited a book, Green Chemistry for Environmental Sustainability 
(CRC Press, Taylor & Francis Group, 2010), which is an up-to-date and humble contribution to the 
literature on green chemistry.
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1 Emerging Ubiquity of Green 
Chemistry in Engineering 
and Technology





Pavel Pazdera





CAUSES OF A “CHEMISTRY CURSE”





The terms chemistry, chemical industry, and chemicals evoke in the minds of people very negative 
associations and oftentimes excite fears. The reasons for these negative associations are observed 
from the days of antiquity up to the present due to negative or rather bad human experiences in a 
number of phenomena connected with chemistry and its conquest.





At the present time, these negative associations are also evoked and provoked by the media or by 
some ecological activists. It may also be said that such negative associations with regard to chemis-
try and its symptoms are based on rational or irrational fictions and feelings.





In ancient times and in the Middle Ages when alchemy reigned as the predecessor of present 
chemistry, people connected alchemy and alchemist activities with evils, ghosts, demons, ghouls, 
devils, and Satan in spite of all positive things that it brought to human civilization such as new 
practical and applicable knowledge, findings and observations, chemical elements, compounds, and 
new medical products. On the other hand, new poisons and toxic drugs, caustic agents, black gun-
powder, and other negativities were invented and used (Armitage, 2010; Brown, 2006).





The nineteenth and the twentieth centuries brought to mankind a great deal of new discoveries as 
well as practical and applicable knowledge. Also, during this time chemistry gave humankind new 
materials, medical products, phytoeffectors, new technologies, and synthetic procedures (phytoef-
fectors may be defined as substances or their mixtures that enable vegetables to develop prosper-
ously from germination to harvest time and they contain not only pesticides but also stimulants for 
growth and immunity).





Chemistry helped to boost the quality of human life and its development though it had its 
own disadvantages. Moreover, chemistry and its products may be misappropriated knowingly or 
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unpredictably.  Several examples of “badly” applied chemistry can be demonstrated.  Phosgene 
(carbonyl dichloride, dichloromethane) (Merck Index, 11th edition, 7310), yperite (mustard gas, 
1,5-dichloro-3-thiapentane or bis(2-chloroethyl) sulfide) (Cook, 1999), new brilliant explosives (e.g., 
2,4,6-trinitrophenol—TNP, 2,4,6-trinitrotoluene—TNT) (Urbanski, 1964; Ferro and Morrow Jr., 
2005), and other chemical products were developed and used for killing soldiers during World War I. 
Phosgene as well as diphosgene (trichloromethyl chloroformate) or triphosgene (bis(trichloromethyl) 
carbonate), safer to handle than phosgene (Kurita and Iwakura, 1979), was used for the synthesis of 
functional derivatives of carbonic acid. For example, carbamates have been applied as pesticides or 
plastics (polyurethane).





At the time of World War II, many men, mainly Jews, were poisoned with Cyclon B (i.e., hydro-
gen cyanide) (Zabecki, 1999) in gas chambers of Nazi concentration camps. Widespread “biologi-
cal” application of hydrogen cyanide was initially limited to the fumigation of valuable tree crops, 
namely, citrus fruit, spreading in 1887 from California to Spain and other countries (Baur, 1984). 
Hydrogen cyanide is still in production in the Czech Republic in the Synthetic Factory Draslovka 
Kolín Co.  in the city of Kolín under the trademark name Uragan D2 and is sold for eradicating 
insects and small animals. Other fumigants such as methyl bromide, cyanogens (dicyan), and car-
bonyl sulfide are also used (Messenger and Braun, 2000). Since 2000 BC, the human population 
has utilized substances or their mixtures with phytoeffector action to protect and intensify their 
crops. Some of the phytoeffectors, which were later called pesticides, were at first applied as natural 
compounds, e.g., sulfur or extracts from tobacco. Over time, the preparation of synthetic molecules 
and substances began.





Two types of pesticides played a key role in the middle of the twentieth century: the very 
unfortunate case of DDT (1,1,1-trichloro-2,2-di(4-chlorophenyl)ethane) and the 1:1 mixture 
of isooctyl 2,4-dichlorophenoxyacetate and 2,4,5-trichlorophenoxyacetate contaminated by 
2,3,7,8-tetrachlordibenzo-p-dioxine (TCDD), well known as Agent Orange.  DDT is one of the 
world’s most famous synthetic pesticides with a long, unique, and controversial history. The Swiss 
chemist Paul Hermann Müller was awarded the Nobel Prize in Physiology or Medicine in 1948 
“for his discovery of the high efficiency of DDT as a contact poison against several arthropods” 
(http: //nobelprize.org/nobel_prizes/medicine/laureates/1948/). After World War II, DDT was used 
as an agricultural miraculous insecticide, and soon its production and widespread use erupted. Its 
decline occurred after the discovery that DDT is a persistent organic pollutant and is extremely 
hydrophobic and strongly absorbed by soil. Further, DDT and its metabolites are toxic to a wide 
range of animals in addition to insects, including marine animals such as crayfish, daphnids, sea 
shrimp, and many species of fish. They are less toxic to mammals but may be moderately toxic to 
some amphibian species, especially in the larval stage. Most significantly, they are a reproductive 
toxicant for certain marine and continental bird species. The search for further negative effects of 
DDT has been pursued relentlessly by the World Health Organization and by other international and 
national specialized agencies. It is a terrible fact that some poor African countries used DDT till 
lately (U.S. Environmental Protection Agency, 1975).





Agent Orange is the code name for one of the herbicides and defoliants used by the U.S. 
Army in its herbicidal warfare program during the Second Vietnam War (from 1961 to 1971) 
(Stellman, 2003).





Dioxin, namely, 2,3,7,8-tetrachlordibenzo-p-dioxin, is the synthetic by-product of the reaction 
of two phenoxyl herbicides mentioned earlier: iso-octyl ester of 2,4-dichlorophenoxyacetic acid 
and 2,4,5-trichlorophenoxyacetic acid. Agent Orange is not a chemical agent against militants. It 
was applied to aid the sapper agent in destroying the landscape blanketed by full-grown plants and 
forests which served as a natural cover for the native warriors of Viet Cong in Vietnam, Laos, and 
Cambodia. However, all negative impacts of Agent Orange were observed both on the warriors 
of Viet Cong and the U.S. military. Vietnamese scientists have been conducting epidemiological 
research on the impact of dioxin on human health since the late 1960s. According to the Vietnam 
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Red Cross, as many as 3 million Vietnamese people were affected by Agent Orange including at 
least 150,000 children born with congenital defects. The question as to whether or not the exposure 
to dioxin affected the health of the Vietnamese was debated since the time of the war when the 
first animal studies were released showing that 2,3,7,8-tetrachlorodibenzo-p-dioxine caused can-
cer and congenital defects in rodents. Studies of U.S. veterans who served in the south during the 
war compared to those who did not go south found increased rates of cancer and nerve, digestive, 
skin, and respiratory disorders among the former. Among the cancers, veterans from the south had 
higher rates of throat cancer, acute/chronic leukemia, Hodgkin’s lymphoma and non-Hodgkin’s 
lymphoma, prostate cancer, lung cancer, soft tissue sarcoma, and liver cancer (U.S. Environmental 
Protection Agency—Dioxin Web site).





The second very unfortunate case connected with 2,3,7,8-tetrachlordibenzo-p-dioxine took 
place on July 10, 1976, in a small chemical manufacturing plant approximately 15 km north 
of Milan in the Lombardy region in Italy and is known as Seveso Disaster (De Marchi et al., 
1972).  The factory of the company Industrie Chimiche Meda Società Azionaria (ICMESA) 
produced 2,4,5-trichlorophenol from 1,2,4,5-tetrachlorobenzene as an intermediate product 
for 2,4,5-trichlorophenoxyacetic acid.  The reaction of 1,2,4,5-tetrachlorobenzene with sodium 
hydroxide should have proceeded under controlled temperature. However, excessive pressure put 
the operation out of control and 6 tons of reaction material was dispersed over an area of 18 km2. 
This material also included about 1 kg of 2,3,7,8-tetrachlorodibenzodioxin, which is normally 
seen only in trace amounts of less than 1 ppm. However, in the higher-temperature conditions 
associated with the runaway reaction, the production of the mentioned dioxin apparently reached 
100 ppm or more.  Industrial safety regulations called the Seveso Directive passed the European 
Community in 1982 imposing more stringent and harsher industrial regulations. The Seveso 
Directive was updated in 1999, amended again in 2005, and is currently referred to as the 
Seveso II Directive (or COMAH Regulations in the United Kingdom). Similar directives were 
also established by government agencies of other countries (e.g., U.S. Environmental Protection 
Agency—EPA).





Another similar disaster caused by erroneous handling of technological equipment occurred 
during the night of December 2–3, 1984, in Bhopal, Madhya Pradesh, India. This industrial catas-
trophe is generally well known as the Bhopal Disaster or the Bhopal Gas Tragedy (Broughton, 
2005). In a pesticide plant of Union Carbide India Limited (UCIL), a tank containing about 
40 tons of methyl isocyanate (MIC) as an intermediate in the manufacturing the pesticide Carbaryl 
(1-naphthyl N-methylcarbamate, trademark Sevin) entered into contact with large amounts of water. 
This caused very rapid decomposition combined with an acute rise in temperature and pressure 
(exothermic reaction under carbon dioxide formation), and leading to the worst industrial disaster 
to date. An explosion resulted in a large volume of mixed toxic gases, including MIC, which con-
taminated the region of Bhopal. The official death toll was initially recorded at around 5000. Many 
sources indicated that 18,000 had died within 2 weeks, and it is estimated that around 8000 have 
died since then as victims of gas-poisoning-related diseases that cropped up (Browning, 1993). The 
decisive factors that contributed to the disaster include the chemical plant’s poorly chosen location, 
the use of hazardous ingredient chemicals such as MIC instead of less dangerous ones, storage of 
these chemicals in large tanks instead of several smaller storage tanks, poor maintenance and control 
of equipment at the chemical plant, failure of several safety systems, which were not in operation 
at the time (Carbaryl is not at present registered for pesticide use because it is classified as a likely 
human carcinogen).





Both these disasters led to tighter specifications of safety in the chemical industry and technol-
ogy application sectors. The tragedy of Thalidomide (Moghe et al., 2008) is also a very well-known 
chemical disaster because of literary and cinematographic elaborations. Thalidomide ((RS)-2-(2,6-
dioxopiperidin-3-yl)-1H-isoindole-1,3(2H)-dione) was introduced as a sedative drug in the late 
1950s in West Germany and consequently in the rest of the world except the United States. In the 
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late 1950s and early 1960s, more than 10,000 children in 46 countries were born with deformities 
such as phocomelia as a consequence of thalidomide use.





In 1962, the U.S. Congress enacted laws requiring tests for safety during pregnancy before a drug 
could receive approval for sale in the United States. Other countries enacted similar legislation, 
and thalidomide was not prescribed or sold for decades. The later examples of a “sad” and “bad” 
applied chemistry, risk of some chemicals, chemical technologies, industry, and pollution of the 
environment by different wastes contribute to the explanation of the execration of chemistry. On the 
other hand, chemistry and its products are employed by people daily, and, without them, the nature 
and contemporary characteristics of human life and quality would become generally very difficult.





WASTES AS REAL EFFECT OF THE ANTHROPOGENIC ACTIVITIES





Often, we hear views that regard chemicals as something bad, in the form of a food and/or a drink. 
If we define the term “chemicals” as elements, their compounds, and compound mixtures (Hill 
et al., 2005), it reveals the absurdity of these views, because, by strict definition, drinking water, 
air, bread, ham and eggs, steak, housefly, dog, many others, and, even man could be “chemicals.” 
Finally, we can define life as a highly sophisticated self-organized set of transformations and pro-
cesses of some chemicals into other chemicals which take place inside a living organism from the 
time of their conception to the moment of their fatality (Koshland, 2002). In the course of their life 
cycle, wastes are formed (containing water, inorganic, and organic substances), and products of 
aerobic and/or anaerobic respiration (carbon dioxide and oxygen), dead matter of tabernacles, and 
other residues are produced.





Processes of waste formation and their circulation are inevitable for life. Because other organ-
isms consume and derive benefit from such wastes or these wastes stay in the environment as sedi-
mentary rocks (limestone, flintstone, guano, coal bed, and other rock), one may find some regions 
with high concentrations of these wastes (Blatt et al., 1980).





All highly sophisticated self-organized transformation processes of wastes, and their use and 
reuse in the environment, including the biosphere, proceed therefore in closed and well-balanced 
cycles (Beckett, 1981). Any organism needs chemical substances such as food and products other 
than chemical substances such as wastes and all occur throughout the complex food chains and food 
webs. A simple example would be green plants that are food for fauna, as they yield oxygen for the 
animal kingdom and plants. Vice versa, animals produce excrements and expired carbon dioxide as 
a food for flora (Polis and Winemiller, 1996).





ANTHROPOGENIC WASTES AND THEIR IMPACTS ON NATURE 
AND DEVELOPMENT OF HUMANKIND





Wastes produced by the human society profoundly underlie different processes because of the dif-
ferent qualities and quantities of the wastes that are produced at the end of these complex processes. 
The quantity of wastes increases due to a rise in population, and the quality of waste is more diverse 
because of the ever-increasing industrial activities and their complexity.  Both are affected by a 
change in lifestyle of humans and by the growth in their consumption patterns. Over time, the devel-
opment of humankind leads to the release of toxic chemicals into the environment. These toxic 
chemicals as compounds of heavy metals or radioactive chemicals get concentrated in the environment. 
The concentration of toxic or hazardous substances has a very negative effect on the environment 
including the biosphere. This is because the natural environmental cycles cannot assimilate and 
degrade these pollutants any further in a sustainable and effective manner. Processes of waste accu-
mulation are therefore non-sustainable. At the time of the industrial and postindustrial society, the 
term “waste” took on a new dimension (Pongrácz and Pohjola, 2004).
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Waste may be defined as mass (or energy) that is formed during the manufacturing process of a 
product with a utility value and which remains when this product loses its utility value. This waste 
continues to be a waste until it is either reintegrated into an environment or it is changed into a new 
product(s) with a new utility value.





A copy of the newspaper The Times can help as an example for the above-mentioned definition. 
It is evident that during the preparation process of a copy of The Times a different but broad spec-
trum of wastes is produced. However, this is not a problem for most newspaper readers since 
they look forward to learn about current news. The newspaper has for them an actual utility value 
equal to the price of £1, which for a majority of readers acquires zero-value after a read-through 
and turns into waste ending up in a container. It is in principle “bad” when this waste is terminated 
as municipal waste because its current utility value is negative. On the other hand, this waste paper 
may be reused as firing material (small but still with a positive utility value) or preferably recycled 
as fresh raw material (a net more positive utility value). Archiving newspapers in libraries, archives, 
or in record offices is an unusual way of using read-through newspapers. The utility value of this 
read-through copy of The Times is positive and, over a period of time, it increases.





In this context, it points toward a product of life-cycle assessment (LCA). LCA (Cooper and 
Fava, 2006) may be defined as a method to assess the environmental aspects and potential impacts 
associated with a product based on compiling an inventory of relevant energy, material inputs, and 
environmental releases, on evaluating the potential environmental impacts associated with identi-
fied inputs and releases including potential hazards, and on interpreting the results help to come up 
with a more informed decision.





The possibility of accessing the sources of base materials and energy is the second most impor-
tant factor in the development of humankind.  These sources can be classified in terms of their 
availability as permanent (e.g., base materials such as water, salty sea and ocean water, nitrogen, 
oxygen, and other air gases and energy such as solar and geothermal energy and kinetic or potential 
energy of flowing water and agitate air) or as renewable (e.g., green algae and plants, charcoal, and 
nuclear energy) biomass. The permanent and renewable sources are therefore classified as sustain-
able whereas the nonrenewable sources are categorized as non-sustainable (Lancaster, 2002).  In 
the sequel, a number of human activities connected with their development, namely in the time of 
industrial and postindustrial society, have always resulted in hazardous consequences. As examples, 
clearing of forest and tropical rain forest (Moran, 1993) for obtaining agricultural farms, land for 
civil constructions, or for obtaining roundwood as raw material (Hartman, 1992); the use of cyanide 
for gold mining (Ali, 2006); or the use of sulfuric acid for uranium mining result in the pollution of 
waters, production of greenhouse and other hazardous atmospheric gases. Furthermore, the produc-
tion and exploitation of generally toxic and hazardous products and the application of methods for 
their production lead to environmental pollution.





The possibility of hazard is the third important factor in the development of humankind (Ericson III, 
2005). By nature, hazard involves something that could potentially be harmful to a person’s life, 
health, property, or the environment (MacCollum, 2006). One key concept in identifying any haz-
ard is the presence of stored energy that, when released, can cause damage. Stored energy can occur 
in many forms: chemical, mechanical, thermal, radioactive, or electrical. Another class of hazard 
does not involve the release of stored energy. Rather, it involves the presence of hazardous situa-
tions. Examples include confined or limited egress, oxygen-depleted atmospheres, awkward posi-
tions, repetitive motions, and low-hanging or protruding objects. Hazard and vulnerability interact 
together to create risk.





The cause of the 2008–2009 worldwide financial and economic crisis, which had arisen as 
a result of derivatives of dangerous financial products or phosgene substitution by dimethyl 
carbonate—which is produced during a hazardous high-pressure synthesis from methanol and 
carbon dioxide—constitutes the possibility of hazard. Hazard cannot be completely eliminated 
but can be avoided by expert handling of safety devices, and can thus be minimized. It is neces-
sary to eliminate hazardous situations or states which are non-sustainable. It stands to reason 
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that the LCA for a paper copy of the The Times and for the above-mentioned herbicide Agent 
Orange will be totally different. The paper version of the The Times therefore continues to be 
issued whereas Agent Orange is forbidden for use.





The quantity of waste during a manufacturing process of a target product can be defined as the 
mass difference between the amount of raw materials and the target product. The value is commen-
surable to the efficiency of raw material exploitation, production costs, and the final price of products.





Waste is directly linked to human development, both technologically and socially. The com-
position of different wastes has varied over time and location, with industrial development and 
innovation. Examples of this include plastics and nuclear technology. Anthropogenic waste types 
defined by modern systems of waste management (Rhyner, 1995) are municipal solid waste (MSW), 
construction and demolition waste (C&DW), institutional waste, commercial waste, and industrial 
waste (IC&I), medical waste (also known as clinical waste), hazardous waste, radioactive waste, 
and electronic waste.





Wastes that are formed during anthropogenic activities may be localized in an integral environ-
ment, i.e., on the surface of the Earth in soils, in the water of rivers, seas, oceans and subterranean 
waters, and in the atmosphere. Chemical substances which are contained in anthropogenic wastes 
may be transformed in the environment by natural environmental processes, e.g., during biodegra-
dation in soil, water, and air by the enzymatic action of living organisms such as bacteria, yeasts, 
and green plants under aerobic and/or anaerobic conditions (Diaz, 2008).





So long as wastes are not transformed in the environment into environment-friendly and accept-
able derivatives, they function as pollutants with all negative results, e.g., as general toxic residues 
and agents depleting the ozone layer. It is generally known that chemical compounds with strong 
chemical bonds such as polyaromatic hydrocarbons (PAHs), chlorinated and/or fluorinated hydro-
carbons such as chlorofluorocarbons (CFCs, freons), chloromethanes, and the above-mentioned 
dioxins are dangerous for the environment (Williams et al., 2000).





Wastes can also be classified according to their state of matter such as solid, liquid, and/or 
gaseous or their material uniformity such as homogeneous or heterogeneous; industrial waste can 
be categorized by the location of their genesis, e.g., “at source” or “end of pipe” wastes. The best 
situation is to have wastes that are not generated. Prevention of waste production and prevention of 
pollution are principal approaches of waste management (Clark and Macquarrie, 2002). Disposal of 
“end of pipe” wastes includes all anthropogenic waste types and may be described by the following 
sequence of procedures:





	 1.	Reuse of original product material as fresh resources of material or energy
	 2.	Biodegradation by composting or usage in aerobic/anaerobic sewerage plants
	 3.	Waste incineration with cleaning of combustion products
	 4.	Controlled waste dumping
	 5.	Waste incineration without cleaning of combustion products
	 6.	Noncontrolled waste dumping





Waste separation generally prevents its disposal. The environmental advantage of this sequence 
is decreasing, and is hence rather analogous to material merit and utility value. The hazard of 
the presented procedures escalates especially for events 4–6.  Cost-efficiency is variable and 
depends on waste characteristics, costs of procedure, and environmental assessment (Doble and 
Kruthiventi, 2007).





Moreover, some companies move polluting manufacturing processes from developed countries 
to the poorer developing countries (least-developed countries), for reasons that need no comment, 
in an effort to save costs thereafter. This solution does not prevent the consequences. On the other 
hand, it creates for these companies problems with flexibility of production and transport. For the 
prevention of hazardous or risky situations, disasters, and accidents, the monitoring and analysis of 
all hazardous factors (Mannan, 2005) are important. The monitoring and analysis of the movement 
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of chemical substances include all waste types in the environment, a toxicity analysis of current 
and new chemicals, a capacity assessment of material and energy sources, other hazardous factors, 
and environmental costs. Consequently, a rise in the quality and quantity of wastes, their local and 
temporal concentrations, and the self-regulated processes in the environment may be inhibited and 
the entire system may be deflected from balance.





A number of persons (environmentalists and politicians) have realized this “fatal” problem of 
environmental pollution. And for the perpetuity of human civilization, these people have recently 
started seeking solutions. The approaches to address these impending environmental health threats 
are discussed in the following section.





CHEMICAL WASTES





As mentioned earlier, the existence of contemporary human civilization without chemistry, chemi-
cals, and the pharmaceutical industry, and without chemical processes as applicable in the process-
ing industry and energy industry is hardly conceivable. However, human activities connected with 
chemistry, chemical engineering processes, and the chemical industry yield very negative impacts 
on the environment and create all sorts of hazards.





Polyacrylonitrile (PAN) prepared by free-radical vinyl polymerization of monomer acryloni-
trile (vinyl cyanide) is a resinous, fibrous, or rubbery organic polymer (Morgan, 2005). The syn-
thetic retro-projection of PAN manufacturing is illustrated in Scheme 1.1. It is generally known 
as a material for use in the textile industry, often in combination with natural fibers such as cotton 
and wool. PAN fibers are also the chemical precursors of high-quality carbon fibers. They are 
chemically modified to make carbon fibers found in plenty of both high-tech and common daily 
applications such as primary and secondary structures of civil and military aircraft, missiles, 
solid propellant rocket motors, pressure vessels, fishing rods, tennis rackets, badminton rackets, 
and high-tech bicycles. Almost all PAN resins are copolymers made from mixtures of monomers 
with acrylonitrile as the main component. It is a component repeat unit in several important copo-
lymers, such as styrene–acrylonitrile (SAN) and acrylonitrile butadiene styrene (ABS) plastic. 
Evidently, PAN and its copolymers are very important for the existence of contemporary human 
life. On the other hand, PAN is a very stable material which is however problematically integrated 
into the environment because of its incomplete combustion that produces hydrogen cyanide and 
nitrogen oxides.





Monomer acrylonitrile (Dalin et al., 1971) is manufactured by the catalytic ammoxidation of 
propylene or by the catalytic additive reaction of hydrogen cyanide with acetylene (Goodrich pro-
cess). Hydrogen cyanide is produced mainly by the Andrussov oxidation process in which methane 
and ammonia react in the presence of oxygen at about 1200°C over a platinum catalyst. Methane, 
propylene, and acetylene are petrochemical products, and therefore nonrenewable raw materials. 
However, ammonia can be characterized as a renewable raw material and oxygen as a permanent 
one. All the chemicals used for acrylonitrile manufacturing including acrylonitrile itself are highly 
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SCHEME 1.1  Synthetic retro-projection of PAN manufacturing.
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hazardous and explosive in a mixture with air, flammable, and generally toxic. These technological 
processes are also hazardous because they involve high pressures and high temperatures.





Ibuprofen (now outdated in the nomenclature—iso-butyl-propanoic-phenolic acid, Brufen, Nurofen, 
and Advil, systematic chemical IUPAC name (RS)-2-(4-(2-methylpropyl)phenyl)propanoic acid) is one 
of three mass-applied pharmaceuticals (the other two being aspirin–acetylsalicylic acid—ASA, and 
Paracetamol–N-acetyl-4-aminophenol—APAP) with analgesic, antiphlogistic (anti-inflammatory), 
and antipyretic effects (Rainsford, 1999). Scheme 1.2 depicts the synthetic retro-projection production 
of ibuprofen by the Boots method and Scheme 1.3 shows the synthetic retro-projection of ibuprofen 
manufacturing by the Hoechst method.





Ibuprofen is manufactured currently (procedure of Hoechst company, Presidential [USA] 
Green Chemistry Challenge: Greener Synthetic Pathways Award in 1997) by a three-step synthe-
sis starting with the Friedel–Crafts para-acetylation of iso-butylbenzene by acetanhydride in the 
presence of hydrogen fluoride as the Lewis acid catalyst. This synthetic step produces acetic acid 
and hydrogen fluoride as waste, but acetic acid can be used as a raw material for other chemical 
syntheses and hydrogen fluoride can be reused. Just using hydrogen fluoride is very innovative 
because Friedel–Crafts acetylation of aromatics using aluminium chloride as a Lewis acid are 
commonly applied.





On the other hand, there is no doubt that both acetic acid and increasingly hydrogen fluoride are 
hazardous substances.  In the next step, 4-acetylated iso-butylbenzene is hydrogenated on Raney 
nickel as a heterogeneous catalyst under pressure to give the corresponding alcohol, which in a third 
step undergoes palladium-catalyzed carbonylation by carbon monoxide.





Once again, all the above reagents, intermediate products, and catalysts are somehow hazardous. 
In terms of the source inputs, nickel and palladium are non-renewable, and hydrogen and carbon 
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SCHEME 1.2  Synthetic retro-projection of ibuprofen manufacturing by Boots method.
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SCHEME 1.3  Synthetic retro-projection of ibuprofen manufacturing by Hoechst method.
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monoxide can be marked as partly renewable raw materials. Classification in both cases depends on 
the used energy and carbon monoxide on carbon source. A sustainable method for carbon monoxide 
manufacturing is hence based either on the reaction of carbon (i.e., charcoal) with carbon dioxide, 
controlled oxidation of charcoal, or cellulose pyrolysis.





Evaluations of synthetic processes are necessary for an assessment of their environmental 
impacts, the utilization of material and energy inputs, waste production, and costs involved. We 
therefore need to define the content of “a synthetic process” or of a chemical synthesis. Chemical 
synthesis may be defined as a process that starts from the time of location of reagent(s), possible 
solvent(s), catalyst(s), and auxiliaries in a reactor up to the point of ending their reaction, separation, 
and purification process of reaction product(s), finally culminating in the adjustment of product(s). 
The first and last parts of the definition are important because they help to explore the requirement 
of energy and work and their costs for all processes. On the other hand, they help to obtain a real 
outlook on some sensational so-called solvent-free syntheses. These cases are reported very often, 
but, in a further view, they are not solvent-free syntheses.  Respective reactions proceed indeed 
without a solvent, but a mixture of reagents have been mixed in solvents (for deposition on solid 
support) and/or the final (solid) product has been purified by using a solvent. The advantages of 
one-pot, multicomponent, and domino reactions excel in the context of the synthetic process defined 
earlier because several synthetic or reaction steps are located in the same reactor without separation, 
purification, transport, and adjustment of the intermediary product.





CHEMICAL WASTES AND SYNTHETIC CHEMISTRY METRICS





A chemical one-step synthesis may be described as in Scheme 1.4.
An ideal goal of synthetic processes is the full conversion of starting reactants into a pure final 





target product C without the application of other substances (catalyst, solvent, auxiliaries) and with-
out energy claims. In addition, this process should be conducted without the formation of regio- 
and/or stereoisomers of the target product C′, C″, by-product(s) D, nonconverted educts %A, %B, 
catalyst, solvents, and auxiliaries, which are a breeding ground for waste formation because they 
are not embedded in the product, and additional energy and labor are needed for their separation. 
However, ideal synthetic procedures occur very sporadically. Hence, trade-offs must be sought and 
considered. Designing synthetic processes helps optimize these compromises.





Current chemistry, engineering, and technology use a number of indexes (synthetic chemistry 
metrics) to assess the efficiency of synthetic processes (Lapkin and Constable, 2008):





	 1.	Conversion X of reactant A or B (one of two is marked as key or limiting reactant) is the 
degree of its utilization for any product formation in a given moment. This index (a value of 
0–1 or 0%–100%, theoretical maximum X = 1 or X = 100%) shows how many key reactants 
are utilized for product formation and signifies how much of it is left as waste for waste 
management.  Conversion may be increased by the arrangement of synthetic procedure 





A  +  B C + C´ + C˝+ D + %A + %B





Catalyst, solvent,
auxiliaries





Energy and work





SCHEME 1.4  General scheme of one-step chemical synthetic process. (A, B: Starting reactants, educts; 
C: target product; C′, C″: isomers, both regio and stereo, of the target product (undesirable); D: by-product 
(undesirable); %A, %B: nonconverted educts; catalyst: acid–base, metal complex, homogeneous or hetero-
geneous solvent for reaction and/or for purification; auxiliaries: sorbent for purification, surfactant, inert 
gas; energy for heating, cooling, stirring, high pressure, vacuum, transport and work of staff.)
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conditions, e.g., by a change of solvent, and a possible pressure- or temperature-induced 
displacement of chemical/dynamic equilibrium.





	 2.	Yield of the target product C is the amount of product obtained as a result of a chemical 
reaction. The relationship between yield Y and conversion X is given by the multiplication 
operation Y = X × S, where S is a selectivity of reaction for the target product, all calculated 
on molar basis. Otherwise, a relationship is found between the mass of the target product 
and its theoretical calculated value, ranging from 0 to 1 or 0% to 100%, with a theoretical 
maximum for Y = 1 or Y(%) = 100%. Yield as well as conversion and reaction selectivity 
may be increased by a change of synthetic procedure conditions.





	 3.	Effective mass yield is defined as the ratio between the weight of the target product and 
the mass of all non-benign materials incident in the course of its synthesis (i.e., regio- 
and/or stereoisomers of the target product, by-product(s), catalyst, solvents, and auxilia-
ries). The weakness of this metric is the requirement for a further definition of a benign 
substance. It is assumed that these have no environmental risk associated with them, e.g., 
water, low-concentration brine, inert gases, dilute ethanol, autoclaved cell mass may be 
referred to as benign. This definition is very subjective because environmental data may 
be incomplete.





	 4.	Environmental factor (E-factor): Roger Sheldon’s E-factor (Sheldon, 1992, 1994, 1997a,b, 
2000, 2007, 2008) can be viewed as complex and thorough and on the other hand as simple 
when required. Assumptions on solvent and other factors can be made or a total analysis 
can be performed. The E-factor calculation is defined by the ratio of the mass of waste per 
unit of product. This value is very simple to understand and to use. E-factor ignores recy-
clable factors such as recycled solvents and reused catalysts, which obviously increase the 
accuracy but ignore the energy involved in the recovery. The main difficulty with E-factors 
is the need to define system boundaries before reliable and meaningful calculations can 
be performed and these differ from assessor to assessor. This limitation is the main draw-
back of all metrics with the exception of the extremely complex LCA of a product. By 
incorporating yield, stoichiometry, and solvent usage, the E-factor is an excellent metric. 
Crucially, E-factors can be combined to assess multistep reactions step by step or in one 
calculation. Sheldon demonstrated in his documents that the chemical industry sector with 
a bulky tonnage of annual production achieving relatively small values of E-factor, e.g., 
petrochemical industry and industry, produced bulk chemicals having an E-factor of 0.1–5 
at an annual production of 104–108 tons. On the other hand, chemical companies produc-
ing fine chemicals and pharmaceuticals had for their annual production of 104–10 tons an 
E-factor incomparably higher at 5–100. These data hence demonstrate that oil companies 
produce a lot less waste than pharmaceuticals as a percentage of material processed. This 
reflects the fact that the profit margins in the oil industry require them to minimize waste 
and find alternative uses for products which would “normally” be discarded as waste, or 
it may be transformed by catalytic processes to reusable fundamental products (methane, 
ethane, ethylene, and hydro-crafting of “heavy” natural resin paraffines). By contrast, the 
pharmaceutical sector is more focused on molecule manufacturing and quality. The actually 
high profit margins within the pharmaceutical sector mean that there is less concern about 
the comparatively large amounts of waste that are produced (especially considering the 
volumes used) although it has to be noted that, despite the percentage of waste and E-factor 
being high, the pharmaceutical sector produces much lower tonnage of waste per product 
unit than any other sector. As mentioned earlier, by obtaining the relevant data for the 
calculation of a conversion, yield, effective mass yield, and E-factor, a synthetic or process 
experiment may be performed.  Synthetic or process experiments are not necessary for 
the calculation of a further 4–6 chemistry metrics because of the chemical synthesis and 
synthetic process modeling discussed below.
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	 5.	Atom economy (atom efficiency—AE) is designed in a different way from all the above 
metrics. It can be designed as a method by which organic chemists would plan on “cleaner” 
synthetic processes very simply. The essential definition of atom economy is based on how 
much of the reactant remains in the final product. For a single-step procedure of the above 
synthesis, atom economy may be calculated as
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For a general multistep reaction scheme
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the mathematical definition of atom economy is described as





	
AE





molecular weight of G
molecular weight of





=
+ + +(A B D F)





		  The weakness of AE is that the used catalyst, solvents, and auxiliaries are ignored as 
they are not incorporated into the final product. AE also ignores the possibility for reuse 
of secondary reaction products by recycling. AE calculation is very simple and useful as 
a low atom economy at the design stage of a reaction prior to entering the laboratory can 
drive a cleaner synthetic strategy to be formulated. The range of AE is 0–1 or 0%–100%, 
for a theoretical maximum Y = 1 or Y(%) = 100% achievable for isomerization reactions, 
rearrangement, additive reactions including Diels–Alder and similar cyclo-additions if 
these proceed without more isomer formation. In these reaction types, only one product is 
formed. On the other hand, in the Wittig reaction or Mitsunobu reaction, a very poor AE is 
obtained because heavy triphenylphosphine oxide is formed. Other examples of poor AE 
may be the nucleophilic substitution reactions of halogens on saturated carbon atom under 
SN2 reaction conditions. Alkyl iodides are very reactive at these alkylating reactions.





	 6.	Carbon efficiency (CE) is another metric derived from AE, but is used only for the effi-
ciency of carbon atoms involved in the synthetic process. The mathematical representation 
is according to AE, but in lieu of mass of all atoms the mass of carbon atoms is considered. 
This metric is a good simplification for use in the pharmaceutical industry (and in sus-
tainable petrochemistry too) as it takes into account the stoichiometry of reactants and 
products. Furthermore, this metric is of interest to the pharmaceutical industry where 
the development of carbon skeletons is important for the work. The goal is to conserve 
all carbon atoms in the matrix of the compound. A value of CE less than 1 is connected 
with cracking and decarboxylation reactions. Bulky decarboxylation reactions observed 
in petrochemistry might be the source of massive volumes of greenhouse carbon dioxide. 
Hence, this index shows that the potential transformation of plant oils into high alkanes 
or alkenes as renewable products will not be based on hydrolysis and decarboxylation 
reactions, but on reduction through the catalytic hydrogenation of functionalized carboxyl 
groups in plant oils.





	 7.	Reaction mass efficiency is also another metric derived from AE, but in the calculation, the 
mass of product and educts is used in lieu of molecular weight. The difference between AE 
and reaction mass efficiency values may arise if educts react not in a real reaction but on 
a stoichiometric basis (excess of non-key reactant). In this case, a value for reaction mass 
efficiency less than the atom economy is obtained.





	 8.	The EcoScale (Van Aken et al., 2006) is a recently developed metric tool for the evaluation 
of the effectiveness of a synthetic reaction. It is characterized by simplicity and general 
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applicability. Like the yield-based scale, the EcoScale gives a score from 0 to 100, but also 
takes into account cost, safety, technical setup, energy, source, and purification aspects. 
It is obtained by assigning a value of 100 to an ideal reaction. The proposed approach is 
based on assigning a range of penalty points to these parameters:





	 EcoScale = 100 sum of individual penalties−





		  This semiquantitative analysis can easily be modified by other synthetic chemists who 
may feel that different relative penalty points should be assigned to some parameters. It is 
a powerful tool to compare several preparations of the same product based on safety, 
economical, source, and environmental features.





SUSTAINABLE DEVELOPMENT: STARTING POINT AND PREVENTION 
OF AN ULTERIOR BEING OF HUMAN CIVILIZATION





Since the late 1960s and early 1970s some people from academia, civil society, diplomacy, and 
industry have begun to be aware that the current life style and development of humankind is not fur-
ther sustainable. A massive pollution of the environment in consequence of industrial activities and 
manufacturing, and overexploitation of natural raw material and energy sources have taken place.





Hence, in April 1968, The Club of Rome (King and Schneider, 1993) was founded as a global 
think tank that would deal with a variety of international political issues. It has raised considerable 
public attention in 1972 with its report book The Limits to Growth (Donella et al., 1972), which used 
the World3 model to simulate the consequences of interactions between the Earth’s systems and 
human systems. The club stated that its mission is “to act as a global catalyst for change through the 
identification and analysis of the crucial problems facing humanity and the communication of such 
problems to the most important public and private decision makers as well as to the general public.”





On July 9, 1970, citing rising concerns over environmental protection and conservation, U.S. presi-
dent Richard Nixon transmitted Reorganization Plan No. 3 to the United States Congress by executive 
order, creating the EPA as a single, independent agency from a number of smaller arms of different 
federal agencies. Prior to the establishment of the EPA, the federal U.S. government was not structured 
to comprehensively regulate environmental pollutants. The United Nations (UN) Conference on the 
Human Environment (also known as the Stockholm Conference) was an international conference con-
vened under the UN auspices held in Stockholm, Sweden, from June 5 to 16, 1972.





It was the UN’s first major conference on international environmental issues, and marked a turning 
point in the development of international environmental politics. The meeting agreed upon a declara-
tion containing 26 principles concerning the environment and development, an Action Plan with 109 
recommendations, and a Resolution. In 1973 the European Union (EU) created the Environmental 
and Consumer Protection Directorate, and composed the first Environmental Action Program.





In 1987, “Our Common Future” (Our Common Future (1987), Oxford: Oxford University Press), 
also known as the Brundtland Report, from the UN World Commission on Environment and 
Development (WCED) was published. The publication of “Our Common Future” and the work of the 
WCED laid the groundwork for the convening of the 1992 Earth Summit and the adoption of Agenda 
21, the Rio Declaration, and the establishment of the Commission on Sustainable Development.





An oft-quoted definition of sustainable development (SD) is defined in the report: “Development 
that meets the needs of the present without compromising the ability of future generations to meet 
their own needs.”





In addition, key contributions of “Our Common Future” to the concept of SD include the rec-
ognition that the many crises facing the planet are interlocking crises that are elements of a single 
crisis of the whole and of the vital need for the active participation of all sectors of society in con-
sultation and decisions relating to SD.



















Emerging Ubiquity of Green Chemistry in Engineering and Technology	 13





Agenda 21 (http://www.un.org/esa/dsd/agenda21/) is a program run by the UN related to SD and 
was the planet’s first summit to discuss global warming–related issues. Agenda 21 clearly identi-
fied information, integration, and participation as key building blocks to help countries to achieve 
development that recognizes these interdependent pillars. It emphasizes that in SD everyone is a user 
and provider of information. It stresses the need to change from old sector-centered ways of doing 
business to new approaches that involve cross-sectoral coordination and the integration of environ-
mental and social concerns into all development processes. Furthermore, Agenda 21 emphasizes that 
broad public participation in decision making is a fundamental prerequisite for achieving SD. It is a 
comprehensive blueprint of action to be taken globally, nationally, and locally by organizations of the 
UN, governments, and major groups in every area in which humans directly affect the environment.





Such increased interest and research collaboration arguably paved the way for further under-
standing of global warming, which has led to such agreements as the Kyoto Protocol. This is a 
protocol to the United Nations Framework Convention on Climate Change (UNFCCC or FCCC), 
aimed at fighting global warming. The UNFCCC is an international environmental treaty with the 
goal of achieving “stabilization of greenhouse gas concentrations in the atmosphere at a level that 
would prevent dangerous anthropogenic interference with the climate system.” The Protocol was 
initially adopted on December 11, 1997 in Kyoto, Japan, and entered into force on February 16, 
2005. As of November 2009, 187 states have signed and ratified the protocol, but without the United 
States and other countries.





On September 8, 2000, following a 3-day Millennium Summit of world leaders at the headquar-
ters of the United Nations, the General Assembly adopted the Millennium Declaration. A follow-up 
outcome of the resolution passed the General Assembly on December 14, 2000 to guide its imple-
mentation. Progress on implementation of the Declaration was reviewed at the 2005 World Summit 
of leaders.





The World Summit on Sustainable Development (WSSD) or Earth Summit 2002 took place in 
Johannesburg, South Africa, from August 26 to September 4, 2002. It was convened to discuss 
SD by the UN. WSSD gathered a number of leaders from business and nongovernmental organi-
zations, 10 years after the first Earth Summit in Rio de Janeiro. (It was therefore also informally 
nicknamed “Rio+10”.)





The 2009 UN Climate Change Conference, commonly known as the Copenhagen Summit, was 
held in Copenhagen, Denmark, between December 7 and 18.





The conference included the 15th Conference of the Parties (COP 15) in the UNFCCC and the 
5th Meeting of the Parties (COP/MOP 5) in the Kyoto Protocol. According to the Bali Road Map, a 
framework for climate change mitigation beyond 2012 was to be agreed there. The conference was 
preceded by the Climate Change: Global Risks, Challenges, and Decisions scientific conference, 
which took place in March 2009 and was also held at the Bella Centre. The negotiations began to take 
a new format when in May 2009 UN Secretary General Ban Ki-moon attended the World Business 
Summit on Climate Change in Copenhagen, organized by the Copenhagen Climate Council (COC), 
where he requested COC councilors to attend New York’s Climate Week at the Summit on Climate 
Change on September 22 and engage with heads of government on the topic of the climate problem.





What results from SD might be a starting point, solution, and prevention of an ulterior being 
of human civilization.  It might optimize close relations between production, economy, human 
society, the biosphere, and the environment.  Hence, SD is built on three pillars: environment, 
economy, and society.





SD is an optimal intersection of sets of all entities in the environment, economy (including 
production), and human society. SD could be viable (for production, economy, and the environ-
ment), socially and economically equitable, and socially and environmentally bearable in all and 
for all.  Most countries have no problem in accepting these environmental pillars.  However, the 
acceptance of these economical and social pillars may generate scruple or even a silent opposition 
in poorer developing countries or least-developed countries on the one hand, but also in developed 
countries on the other, namely, those with a neoliberal government on principle as a “Third Way.”
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SD also has some shortfalls at its start. The proportion between the size of the population and 
nonrenewable resources is incommensurable and this trend will grow even further (Cohen, 1995). 
The proportion between the standard of life of the people in developed countries and that in least-
developed countries is incommensurable and this difference will not cease during the lifetime 
of one human generation. Every one of three richest men in the world is in possession of more 
property than the wealth of 48 most needy countries in the world, while the richest woman in 
France has an annual income that equals that of 15,700 of her fellow citizens who draw minimal 
wages (Keller, 2010).





These proportions show that the inequality between some people and some countries produces a 
difference that will probably rise further. Moreover, if the economy in developed countries does not 
show characteristics of growth in human consumption, the global economy will suffer problems. 
Albert Bartlett, in his contribution “The Laws of Sustainability” in the anthology The Future of 
Sustainability (Keiner, 2006), is very skeptical about the word “sustainability” in connection with 
the term “development” and in the context of an exponentially growing human population.  He 
asserts in his first of 21 “Laws of Sustainability” that the term “Sustainable Growth” is an oxymo-
ron. In the next laws, he declares that “One cannot sustain a world in which some regions have high 
standards of living while others have low standards of living” (5th Law), “The benefits of popula-
tion growth and of growth in the rates of consumption of resources accrue to a few; the costs of 
population growth and growth in the rates of consumption of resources are borne by all of society” 
(9th Law), “Humans will always be dependent on agriculture” (16th Law), “If, for whatever reason, 
humans fail to stop population growth and growth in the rates of consumption of resources, Nature 
will stop these growths”(18th Law), “Starving people don’t care about sustainability” (19th Law), 
“The addition of the word ‘sustainable’ to our vocabulary, to our reports, programs, and papers, 
to the names of our academic institutes and research programs, and to our community initiatives, 
is not sufficient to ensure that our society becomes sustainable” (20th Law), and he finishes with 
“Extinction is forever.”





All these realities do not leave us feeling optimistic about the further SD of humankind. Hence, 
the activities of current political and economic elites, establishments, scientists, engineers, and 
technologists are focused on the environmental and economical pillars of SD as its profitable parts. 
On the other hand, a mutual relationship between the environment, economy, and production activi-
ties is evident.





Consequently, the concept of “sustainable development” may be understood as a set of sustain-
able endeavors aiming at the betterment and survival of humankind following the rational develop-
ment and responsive growth that this concept entails.





SUSTAINABLE DEVELOPMENT, CHEMISTRY, AND ITS ENGINEERING 
AND TECHNOLOGICAL APPLICATION





Chemical production and its engineering and technological application are economically and 
socially very beneficial to humanity but are very disadvantageous for natural sources and for the 
rest of the environment. With the goal of harmonizing this disproportionate balance, the following 
remedial solutions have come into demand.





In 1990, the Pollution Prevention Act passed in the United States. This act helped to create a 
modus operandi for dealing with pollution in an original and innovative way. It aimed at avoiding 
problems before they actually happened. Shortly after the passage of the Pollution Prevention Act 
of 1990, the EPA’s Office of Pollution Prevention and Toxics (OPPT) began to explore the idea of 
developing new or improving existing chemical products and processes to make them less hazard-
ous to human health and the environment.





In 1991, the OPPT launched the model research grants program “Alternative Synthetic Pathways 
for Pollution Prevention.” This program provided, for the first time, grants for research projects that 
included pollution prevention in the synthesis of chemicals. Since that time the Green Chemistry 
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Program has built collaborations with many partners to promote pollution prevention through green 
chemistry. Partnering organizations represent academia, industry, other government agencies, and 
nongovernmental organizations.





In the name of green chemistry, corresponding activities have started for the first time in all coun-
tries except Continental Europe. In the EU analogous activities may be present under the indices of 
sustainable chemistry.





The European Environment Agency (EEA), an agency devoted to establishing a network for the 
monitoring of the European environment, was founded by the EU Regulation (European Economic 
Committee (EEC) Regulation) 1210/1990, as amended by EEC Regulation 933/1999. Work started 
in earnest in 1994.  The regulation also established the European environment information and 
observation network (Eionet).





Registration, Evaluation, Authorization and Restriction of Chemicals (REACH) is an EU 
Regulation of December 2006. REACH addresses the production and use of chemical substances 
and their potential impacts on both human health and the environment.





REACH has been described as the most complex legislation in the EU’s history and the most 
important in 20 years. It is the strictest law to date regulating chemical substances and will affect 
industries throughout the world. REACH entered into force in June 2007, with a phased implemen-
tation over the next decade. When REACH is fully enforced, it will require all companies manu-
facturing or importing chemical substances into the EU in quantities of 1 ton or more per year to 
register these substances with a new European Chemicals Agency (ECHA) in Helsinki, Finland. 
Because REACH applies to some substances that are contained in objects (“articles” in REACH 
terminology), any company importing goods into Europe could be affected.





About 143,000 chemical substances marketed in the EU were preregistered by the December 1, 
2008 deadline. Although preregistering is not mandatory, it allows potential registrants much more 
time before they have to fully register.





Supply of substances to the European market which have not been preregistered or registered is 
illegal (known in REACH as “no data, no market”). REACH legislation can therefore help to pre-
vent a risk connected with the use of hazardous chemicals.





In contrast to the EPA, the EEA does not organize programs such as the EPA Green Chemistry 
Program. The European Technology Platform for Sustainable Chemistry (SusChem) is a European 
Technology Platform (ETP) initiative to improve the competitive position of the EU in the field of 
chemistry in three domains: industrial biotechnology, materials technology, and reaction and pro-
cess design.





The program is a joint initiative (public–private partnership) of the European Commission, rep-
resenting the European communities and the industry. The main objective of the program is to 
produce and implement a Strategic Research Agenda (SRA).





Sustainable chemistry, its engineering and technological applications are also focused on cleaner 
chemical processes and their designing using the “best available technologies” (BAT). The term 
“best available technology” is applied under regulations on limiting pollutant discharges with regard 
to the abatement strategy. Similar terms are “best available techniques,” “best practicable means,” 
and “best practicable environmental option.” The term constitutes moving targets on practices, 
since developing societal values and advancing techniques may change what is currently regarded 
as “reasonably achievable,” “best practicable,” and “best available.”





A literal understanding will connect it with a “spare no expense” doctrine which prescribes the 
acquisition of the best state-of-the-art technology available, without regard for traditional cost–
benefit analysis. In practical usage, the cost aspect is also taken into account.





In principle, sustainable chemistry and technology platforms for sustainable chemistry (all 
European and national) and green chemistry include green engineering, technology, and produc-
tion, and all have the same goals and principles and use analogous methodologies and methods.





Fundamental connections between SD and sustainable and green chemistry are explained and 
described by Eissen et al. (2002), Metzger (2004), and in the context of industries by Poliakoff and 
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License (2007). Two exclusive journals, Green Chemistry (RSC) since 1999 and ChemSusChem 
(Wiley Interscience) since 2008, publish the most up-to-date results and solutions of sustainable 
and green chemistry.





PRINCIPLES AND GOALS OF GREEN CHEMISTRY





The goals of green chemistry are focused on four of the current demands of humankind which are mini-
mizing waste and pollution, efficient exploitation of material and energy sources, minimizing hazard, 
and minimizing costs as a result of the previous three. The key term for the set of green chemistry goals 
is “minimizing” but in the context of terms like “efficiently,” “rationally,” “really,” and “preferably.” This 
is because the declared goals may not be achieved promptly and absolutely. For example, it is generally 
known that freons (CFCs) used as propellants for spray cans were replaced by n-butane (hazardous but 
less than CFCs). Similarly, environmentally hazardous chlorinated hydrocarbons as tetrachloromethane, 
trichloroethylene, and the other chlorohydrocarbons were alternated by supercritical carbon dioxide as 
washing media. Principles for the achievement of the set goals may be grouped in the following way:





	 A.	Minimizing waste and pollution
	 1.	 Prevention of waste formation is preferred before waste disposal. It is better to handle 





waste “at source” than at “end of pipe.”
	 B.	Efficient exploitation of material and energy sources
	 2.	 Syntheses, synthetic processes, must be designed with highest atom economy, i.e., 





with maximal incorporation of inputs into the product.
	 3.	 Rational reduction for the use of solvents and other auxiliaries is preferred before 





their recycling and/or regeneration.
	 4.	 Preference of catalytic reagents.
	 5.	 Preference of (solid) supported catalysts.
	 6.	 Multistep syntheses are preferred to one-pot procedures, ideally as multicomponent 





reactions (MCRs) and/or domino syntheses.
	 7.	 Permanent and renewable material and energy sources should be practicable and 





applicable rather than nonrenewable wherever technically and economically possible.
	 8.	 Rational reduction for the use of a raw material or feedstock derivative for the sake of 





its protection, activation, and other temporary modification.
	 C.	Minimizing general hazard
	 9.	 In synthetic processes, incoming and outgoing chemicals must be minimal and gener-





ally not hazardous.
	 10.	 Life cycle assessment of chemical products.
	 11.	 Development and use of precise analytical techniques and methods to allow for real-





time, in-process monitoring and control prior to the formation of hazardous substances.
	 D.	Minimizing costs
	 12.	 This can result from a rational and efficient use of the above-presented principles.





On the other hand, it should be remembered that Professor Paul Anastas and Professor John C. 
Warner (Anastas and Warner, 1998) were the first to develop and formulate the 12 principles of 
green chemistry. Nevertheless, the above-mentioned principles, which are newer and more inno-
vative, reformulate the essence of green chemistry and chemistry for SD emanating from newer 
understandings of chemists and engineers. The 12 principles of green chemistry as formulated by 
Anastas and Warner (1998) are given below for comparison:





	 1.	Prevention: It is better to prevent waste than to treat or clean up waste after it has been created.
	 2.	Atom economy: Synthetic methods should be designed to maximize the incorporation of 





all materials used in the process into the final product.
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	 3.	Less hazardous chemical syntheses: Wherever practicable, synthetic methods should be 
designed to use and generate substances that possess little or no toxicity to human health 
and the environment.





	 4.	Designing safer chemicals: Chemical products should be designed to affect their desired 
function while minimizing their toxicity.





	 5.	Safer solvents and auxiliaries: The use of auxiliary substances (e.g., solvents, separation 
agents, etc.) should be made unnecessary wherever possible and innocuous when used.





	 6.	Design for energy efficiency: Energy requirements of chemical processes should be recog-
nized for their environmental and economic impacts and should be minimized. If possible, 
synthetic methods should be conducted at ambient temperature and pressure.





	 7.	Use of renewable feedstocks: A raw material or feedstock should be renewable rather than 
depleting whenever technically and economically practicable.





	 8.	Reduce derivatives: Unnecessary derivatization (use of blocking groups, protection/depro-
tection, temporary modification of physical/chemical processes) should be minimized or 
avoided if possible, because such steps require additional reagents and can generate waste.





	 9.	Catalysis: Catalytic reagents (as selective as possible) are superior to stoichiometric reagents.
	 10.	Design for degradation: Chemical products should be designed so that at the end of their func-





tion they break down into innocuous degradation products and do not persist in the environment.
	 11.	Real-time analysis for pollution prevention: Analytical methodologies need to be further 





developed to allow for real-time, in-process monitoring and control prior to the formation 
of hazardous substances.





	 12.	 Inherently safer chemistry for accident prevention: Substances and the form of a substance 
used in a chemical process should be chosen to minimize the potential for chemical acci-
dents, including releases, explosions, and fires.





METHODOLOGY AND METHODS OF GREEN CHEMISTRY





Science and advances in engineering, technology, and technical production have given a sophis-
ticated methodology and broad scale of methods to current green chemistry.  A sophisticated 
approach to solve environmental problems, green chemistry, may be essentially characterized as 
a “trivial solution” to a nontrivial and complicated problem. Sophisticated approaches such as the 
field of green chemistry methodology are often very effective with minimal energy and technology 
demands and costs. The manufacturing of 2,4-dichlorobenzyl cyanide, an important fine chemi-
cal and intermediate for phytoeffector production, from 2,4-dichlorobenzyl chloride and sodium 
cyanide with a relatively low level of E-factor and minimum waste formation (Czech Patent 301063 
(2009), Lučební závody Draslovka Co. Kolín) can serve as an example of a complete sophisticated 
solution. This process was industrially realized with high yield and purity in methanol as solvent 
and in the catalytic presence of sodium iodide (Scheme 1.5).
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SCHEME 1.5  Preparation of 2,4-dichlorobenzyl cyanide or 2,3-bis(2,4-dichlorophenyl)propanenitrile from 
2,4-dichlorobenzyl chloride and sodium cyanide.
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On the other hand, the same reagents and catalyst yield in acetone solvent and in the presence 
of the catalytic addition of benzyl-trimethylammonium chloride only 2,3-bis(2,4-dichlorophenyl)
propanenitrile in high yield and purity (Pazdera and Šimbera, 2011).  In the latter study, a suit-
able selection of solvents as sophisticated resolution for cleaner synthesis was demonstrated for the 
preparation of benzoyl cyanide and 1,1-dicyanobenzyl-benzoate, which is formed by domino reac-
tion (Scheme 1.6).





Further, similar examples of sophisticated approaches such as the field of green chemistry meth-
odology might be found abundantly in the literature. Hence, several synthetic methods, approaches, 
and techniques can be presented as feasible and applicable routes for the realization of the green 
chemistry goals and the fulfillment of its principles. Examples of such synthetic methods are as 
follows:





	 1.	Sophisticated approaches including regio- and stereoselective synthetic procedures (Vögtle 
et al., 2000)





	 2.	One-pot, multicomponent (MCRs), and domino reactions (Zhu and Bienaymé, 2005; 
Tietze et al., 2006; Ishikawa et al., 2009)





	 3.	Acid–base catalysis, catalysis by transition metal and their complexes, and enzymatic 
catalysis (Sheldon et al., 2007; Anastas, 2009)





	 4.	 Interphase catalysis, i.e., phase transfer catalysis (PTC)—both “classic and inverse, and 
micellar catalysis (Goldberg, 1992; Starks et al., 1994; Khan, 2007)





	 5.	Synthetic applications of supported catalysts and auxiliaries because of their easy sep-
aration, regeneration, and reusability, and solid supported and combinatorial syntheses 
(Seneci and Pierfausto, 2000; Sherrington and Kybett, 2001)





	 6.	Syntheses realized under nonclassic conditions:
	 a.	 Syntheses in supercritical (sc) water and sc-carbon dioxide (both sc-fluids with a risk 





factor because of temperature and high pressure, respectively) and in ionic liquids as 
solvents (Leitner and Jessop, 1999; Brunner 2004)





	 b.	 Microwaves (MW) as a low-energy and efficient alternative to classic heating (Kappe 
and Stadler, 2005)





	 c.	 Ultrasound (US) as a low-energy and efficient alternative to classic stirring, shaking, 
and heating (Mason and Lorimer, 2002)





	 7.	Combinations of the above methods and approaches, which often bear very effective and 
surprising results as a consequence of their synergism





The various applications of ultrasound power as a suitable and effective green method in science 
and engineering research, chemical and biochemical processing, and applied science and engineer-
ing technology are discussed in the subsequent chapters.
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SCHEME 1.6  Preparation of benzoyl cyanide and 1,1-dicyanobenzyl-benzoate from benzoyl chloride and 
sodium cyanide.
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2 Introduction to Sonochemistry: 
A Historical and Conceptual 
Overview





Giancarlo Cravotto and Pedro Cintas





INTRODUCTION





Although the use of ultrasound as the primary means of stimulating chemical reactions and 
processes has been known for many years, this safe form of irradiation has become increas-
ingly popular during the last two decades along with the emergence of other stimulating tech-
niques (e.g., microwaves, photochemistry, electrochemistry, or high pressure) in the search for 
more environmentally benign conditions. Large rate enhancements and selectivities are usually 
observed and represent the most important pluses.





The interaction of sound waves with matter is far from being trivial, though a rather reductionist 
approach points to effects related to both piezo- and thermochemistries (vide infra). Sonochemistry 
is a branch of science that deals with the chemical and mechanical effects of ultrasound. This irra-
diation appears to be more general than other activation techniques as the system requires essen-
tially an ultrasound source and a liquid (either aqueous or organic), which contrasts with specific 
requirements in electrochemistry (conducting media), microwaves (polar media or species/ions), 
photochemistry (presence of chromophores), or supercritical conditions (elevated pressure or tem-
perature in closed systems). Ultrasound-assisted chemistry is generally associated with a series of 
key characteristics such as safety, energy savings, the use of ambient conditions, waste prevention, 
and improved mass transfer, among others. The greenness of sonochemistry, like other activation 
techniques, should however be assessed with care and from a critical point of view. If one uses either 
microwaves or ultrasound with toxic reagents and the subsequent separation and purification steps 
require the extensive use of volatile organic solvents, the whole protocol is not green at all. Clearly, 
the benefits associated with a safer technique disappear. This book concentrates on the wide range 
of ultrasonic applications with a focus on sustainable processes. This introductory chapter intends to 
highlight the historical basis and fundamentals of power ultrasound, the unique phenomenon of cav-
itation, and the different factors influencing the fate of a sonochemical reaction. This contribution 
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specifically excludes discussion of experimental setup, reactor design, or transducer engineering, 
which will be treated in other chapters. It is hoped such considerations will be of benefit to the large 
readership which is interested in this multidisciplinary technology.





As sonochemists, we have incredulously observed that many entering the field have simply 
received one message: just switch on, thus overlooking (even worse ignoring) the science behind 
this sort of activation. Although this chapter in particular and the whole book in general will doubt-
less serve as tutorial in many aspects, our treatment cannot be comprehensive. The interested reader 
is also referred to some previous excellent monographs, which cover both theoretical fundamentals 
in detail and numerous domains of chemical application (Suslick, 1988; Mason, 1991; Luche, 1998; 
Mason and Lorimer, 2002; Mason and Peters, 2002).





ORIGIN OF ACOUSTICS: THE SOUND SPECTRUM





Studies and empirical observations aimed at elucidating the nature of sound date back to ancient 
times, although only from the seventeenth century on a series of key scientists such as Boyle, Hooke, 
or Newton were capable of formulating plausible hypotheses and theories (Hunt, 1978; Beyer, 1999).





Sound consists of pressure waves transmitted through a medium (gas, liquid or solid) as cycles of 
compression and expansion. Newton paid attention to sound propagation and was probably the first 
to describe the relationships between the speed of sound and measurable properties of the medium 
such as density and pressure. In his Principia, Newton postulated that the speed of sound is equal 
to the square root of the ratio between the elastic force and the density of the propagation medium. 
This assumption, however, gives rise to inaccurate estimates (lower than experimental values). 
Sound propagation is not an isothermal process, but rather adiabatic, a fact that could only be proved 
in the nineteenth century with the advent of thermodynamics. The reason is that propagation does 
not allow enough time for heat exchange to occur between the compression and rarefaction zones of 
the sound wave; approximately isothermal processes will only occur at the boundary layer to a sur-
face (Carr Everbach, 2007). On the other hand, Augustin-Jean Fresnel (1788–1827) recognized the 
differences between the diffraction of sound and of light in terms of the differences in wavelength. 
Since sound wavelengths may be comparable in size to objects, he anticipated that diffraction and 
interference phenomena could even be more important in acoustics than in optics (Hunt, 1978).





Humans can sense these pressure waves through their ears if frequencies lie in the range of 
10 Hz to approximately 18 kHz (the Hertz unit meaning one cycle of compression or rarefaction 
per second). These frequencies are similar to those of low-frequency radio waves; however, sound 
is markedly different to electromagnetic radiation and lacks a quantum nature. Although sound 
transmission causes some excitation in the medium, in the form of enhanced molecular motion, 
appreciable effects of interest in chemistry and other applied sciences require higher frequencies 
with a threshold intensity. Ultrasound has therefore frequencies beyond human hearing, i.e., above 
18 kHz. For comparative purposes, one can speak of the sound spectrum covering a range of fre-
quencies in which audible sound occurs in a narrow region between infrasound (just below 10 Hz) 
and ultrasound irradiation, the latter being the subject of interest to sonochemists. It is customary to 
divide ultrasound into two regions: conventional power ultrasound, up to 100 kHz, as most devices 
usually operate within such frequencies, and diagnostic ultrasound, from about 1–10 MHz (Figure 2.1). 
The latter, which possess much shorter wavelengths and hence better resolution in detecting phase 
changes, is used in medicine (echography) for fetal and soft-tissue imaging. Provided that the ultrasonic 
intensity is sufficiently low, the irradiation causes no harmful effects and represents the ideal choice 
in the early stages of pregnancy. Fetal echoes are obtainable many weeks before the fetus skeleton 
is visible by x-rays.





From a historical viewpoint, the dawn of ultrasonics can be traced to observations of animal ori-
entation methods made at the end of the eighteenth century. Italian polymath Lazzaro Spallanzani 
(1729–1799) observed that bats, even blind animals, could fly freely in a dark room detecting 
their prey and avoiding obstacles. A Swiss zoologist, Charles Jurine (1751–1819) heard from this 
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observation through a letter submitted by Spallanzani to the Geneva Natural History Society. Jurine 
reported in 1794 that when the ear canals of bats were closed with wax, the animals collided with 
wires and other obstacles. Jurine corresponded with Spallanzani and both natural scientists agreed 
that bats use their ears to navigate, although they were unable to formulate a theory of such a biosonar. 
Moreover, the influential paleobiologist, Georges Cuvier (1769–1832), considered such experiments 
as flawed concluding that bats use touch organs for orientation.  This conjecture along with the 
fact that bats use frequencies inaudible to human ears did much to hinder further research on bat 
orientation for over a century. It was not until the late 1930s when American biophysicist Donald 
Griffin and others showed that bats produce ultrasonic sounds and detect objects and insects that 
reflect such sounds, thus proving that the animals orient themselves by echolocation (Griffin, 1958). 
This seminal breakthrough was instrumental in discovering echolocation in dolphins a decade later 
(Whitlow, 1993; Simmons, 2007). Although echolocation lies beyond the scope of this article, these 
preliminary and historical foundations illustrate salient characteristics of high frequencies, which 
show strong reflection characteristics. The range of sounds employed by different species varies 
from 10 kHz to about 150 kHz. The animals emit whistle signals and broadband echolocation cycles 
lasting for 40–70 μs in the case of dolphins. The energy flux density (EFD) is small (from 0.001 to 
0.033 J m−2) and is related to the time-dependent acoustic pressure p(t) by





	
EFD = ∫





1 2





ρc
p t dt( )





where
ρ is the density of the medium
c is the speed of sound





The product ρc represents the impedance.
The present-day generation of ultrasound has its origin in the piezoelectric effect, discovered by 





Jacques and Pierre Curie in 1880 (Curie and Curie, 1880; Mould, 2007). These brothers showed 
that some crystals, especially quartz, generated electrical polarization under mechanical stress. 
The essential unit of ultrasonic devices is the transducer, composed of a piezoelectric material, in 
which the inverse effect is observed, i.e., a high alternating electrical potentially causes mechanical 
vibration of high frequency (ultrasound). The first practical application was an ultrasonic submarine 
detector developed in 1917, during World War I, by Paul Langevin, who had been one of Pierre 
Curie’s students. The device consisted of thin quartz crystals glued between two steel plates, along 
with a hydrophone to detect the returning echo. This transducer emits a pulse of ultrasound, and by 
measuring the time taken to hear the echo of the sound waves from a submarine object, the distance 
to the object can be determined. Subsequent developments in underwater range finding resulted in 
the system now called SONAR (Sound Navigation and Ranging).
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Human hearing (10 Hz–18 kHz)
Power ultrasound (20–100 kHz: cleaning and sonochemistry)
Extended range: 100 kHz–1 MHz
High frequency (1–10 MHz: medical diagnosis; analysis)





FIGURE 2.1  (See color insert.) Sound frequencies (scale in Hz).
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BUBBLE FORMATION IN LIQUIDS: CAVITATION





When a pressure wave of sufficient intensity propagates through a liquid, formation of vapor bubbles 
may occur. Such cavities result when a negative pressure exceeds the tensile strength of the liquid, 
which is the maximum stress that a substance can withstand from stretching without tearing. Although 
acoustic cavitation will be discussed later, early observations and descriptions of cavitational phe-
nomena emerged from hydrodynamic experiments. Within the historical context of this chapter, it is 
appropriate to recreate such events, which are largely unknown and carve out a long journey toward 
understanding. It has been claimed (Young, 1999) that Isaac Newton was the first to observe cavitation 
in low-pressure regions in a thin layer of water between two rolling pieces of glass. He was examining 
rings formed between a convex lens and a plane glass surface. In his Optiks (1704), one reads: “When 
the water was between the glasses, if I pressed the upper glass variously at its edges to make the rings 
move nimbly from one place to another, a little white spot would immediately follow the center of 
them, which upon creeping in of the ambient water into that place would presently vanish.” Newton 
then adds: “Its appearance was such as interjacent air would have caused, and it exhibited the same 
colors. But it was not air, for where any bubbles of air were in the water they would not vanish. The 
reflexion must have rather been caused by a subtiler medium, which could recede through the glasses 
at the creeping in of the water.” Clearly, Newton could not account for bubble formation as a result 
of the reduced pressure and the subsequent “dissolution” in water; so he invokes a subtiler medium.





Leonhard Euler (1707–1783), who had studied mathematics with Johann and Daniel Bernoulli, 
became interested in turbines and reported in 1754 the case of inhomogeneities in liquids resulting 
from air cavities when the liquid is accelerated at high velocities under a negative pressure (Euler, 
1754; Truesdell, 1955). Georges Stokes (1819–1903) had formulated a series of intriguing questions 
on fluid dynamics to his students in Cambridge, one of them directly related to cavity formation: 
“An infinite mass of homogeneous incompressible fluid acted upon by no forces is at rest, and a 
spherical portion of the fluid is suddenly annihilated; it is required to find the instantaneous altera-
tion of pressure at any point of the mass, and the time in which the cavity will be filled up, the 
pressure at an infinite distance being supposed to remain constant.” Besant solved the problem by 
using the equation of motion of the fluid (Besant, 1859). Several decades later, Lord Rayleigh (who 
had been commissioned by the Royal Navy to shed light into cavitation once the phenomenon was 
clearly identified) obtained an elegant solution for the bubble wall velocity and the time of collapse 
using energy considerations (Rayleigh, 1917).





An interesting historical debate, dealing with the origin of boiling points and effervescent bub-
bles, is also quoted as the prescientific foundation of cavitation.  Désiré–Jean–Baptiste Gernez 
(1834–1910) reported that boiling could always be induced in superheated water by the insertion 
of a trapped pocket of air into the liquid. Thus, the presence of internal gases was the key enabling 
condition for boiling, and together with the balance of pressure, it constituted a sufficient condition 
as well (Gernez, 1867). In stark contrast, Charles Tomlinson (1808–1897) believed that the cru-
cial factor in boiling was not gases, but small solid particles (Tomlinson, 1867, 1869). Tomlinson 
showed that metallic objects lost their vapor-liberating power if they were chemically cleaned to 
remove all specks of dust. Tomlinson declared: “A liquid at or near the boiling point is a super-
saturated solution of its own vapor, constituted exactly like soda–water, Seltzer–water, champagne, 
and solutions of some soluble gases” (Chang, 2004). However, in the beginning of the twentieth 
century, some controversy still existed; while numerous researchers agreed with the influence of 
dissolved air in facilitating boiling, it was unclear whether the action was directly linked to the air 
itself, to particles of dust suspended in it, or to other impurities. The Tomlinson–Gernez debate 
may be irrelevant under our modern perspective.  The pressure–temperature relationship is the 
same, no matter how the vapor is produced, i.e., steady common boiling, unstable superheated 
boiling, or explosion. Nevertheless, it has been claimed that Gernez, with his conjecture on the 
liberation of gas bubbles trapped in liquids or solids, pioneered the so-called crevice model of 
cavitation nucleation (Harvey et al., 1944, 1947; Atchley and Prosperetti, 1989).
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However, it is widely recognized that the launch pad in cavitational studies comes from observa-
tions in 1895 by Sir John Thornycroft and Sidney Barnaby, who noticed the poor performance of a 
newly built destroyer, HMS Daring (Thornycroft and Barnaby, 1895). It was found that due to the 
rapid motion of the propeller blade in water, the trailing edge created sufficient negative pressure 
to create microbubbles. The sudden growth and collapse of those vapor cavities caused the extreme 
effects that pitted the metal surfaces exposed to the cavitating liquid. This seminal paper coined the 
term “cavitation” for the first time: “Cavitation, as Mr. Froude has suggested to the Authors that the 
phenomenon should be called, appears to manifest itself when the mean negative pressure exceeds 
about 6 3/4 pounds per square inch, or when the whole thrust exceeds 11 1/4 pounds per square 
inch.” This Mr. Froude is actually Robert E. Froude, the third son and assistant of William Froude 
(1810–1879) who was a notable engineer and naval architect. Thorneycroft and Barnaby envisaged a 
solution to increase performance by modifying the propeller surface, thereby decreasing its angular 
velocity and therefore reducing bubble formation (Bremner, 1990).





CHEMISTRY IN HIGH-ENERGY CAVITIES





Pressure variations in a flowing stream or the propagation of pressure waves (ultrasound) may gen-
erate the same phenomenon, cavitation, which in both cases is brought about by tension in liq-
uids. The chemical and physical effects of ultrasound cannot result from the direct interaction of 
sound waves with matter. On the one hand, ultrasound has wavelengths much larger than molecular 
dimensions and on the other, the average energy is insufficient to even modify ro-vibrational levels.





Through acoustic cavitation, i.e., rapid formation, growth, and violent collapse of bubbles, power 
ultrasound promotes and enhances chemical and physical changes. With ultrasound of sufficient inten-
sity, rarefaction cycles exert negative pressure capable of exceeding attractive intermolecular forces, 
thereby creating cavities in the liquid. From the preceding historical perspective, it is convenient to 
bear in mind that cavitation is a nucleated process. Thus, the intriguing question “Where do the bub-
bles, which take part in cavitation come from?”, has puzzled scientists over one century. Contrary 
to the classical debate, cavitation can be produced without the addition of gas bubbles. However, it 
is generally assumed that a liquid contains microscopic spaces, filled with gas or vapor, which act 
as cavitation nuclei. The nature of these may be varied, from gas-filled crevices in solid surfaces or 
suspended matter to gaseous spheres, or even quantum vortices in certain media (e.g., liquid helium).





Bubble dynamics is a complex issue, largely influenced by the local environment and applied 
intensity (Leighton, 1994; Brennen, 1995; Young, 1999), though some preliminary aspects suf-
fice in this overview. In stable cavitation, bubbles oscillate gently around some equilibrium size 
and their mean life time may be longer than a cycle of the sound pressure. In contrast, transient 
cavities generally exist for less than one cycle and they will collapse violently releasing enough 
kinetic energy to drive chemical reactions.  At high intensities, transient cavitation bubbles will 
produce high temperatures and pressures on collapse (vide infra), which account for most chemical 
and mechanical effects such as erosion, cleaning, bond cleavage, molecular aggregation, sonolu-
minescence, among others. The stable types of cavitation, occurring at lower acoustic intensities, 
should not be neglected and are just as important as transient bubbles. Surface oscillations and 
microstreaming stem from stable cavitation and, in addition, stable bubbles often evolve into tran-
sient ones over time due to mass or heat transfer, resulting in bubble growth.





A theory which is capable of rationalizing the nature of cavitation is a complicated affair, but 
numerous experimental data agree with a model called hot spot. This means that after cavity col-
lapse, the surrounding liquid will quickly quench a short-lived, localized entity (hot spot) with tem-
peratures in the range of 4500–5000 K and pressures exceeding 1000 atmospheres. Since this event 
occurs with a lifetime of a few microseconds and cooling rates of about 1010 K−1, this quasi-adiabatic 
high-energy process has a profound influence on the physical properties of the cavitating liquid and 
dictates the chemical fate of volatile species in particular (Suslick, 1990; Flint and Suslick, 1991; 
Henglein, 1993).
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Although from the viewpoint of most practitioners, the above estimates provide an intuitive picture 
of the high-energy scenario involved in cavitational collapse, it is worth noting that the temperatures of 
cavitation, which are also dependent on solvents, solutes present, and working conditions, constitute a 
major scientific challenge. Accurate temperatures are instrumental in elucidating the nature of cavita-
tion and may offer clues to help us better understand chemical reactivity under sonication.





An indirect way to assess the temperatures reached during cavitation was devised by Suslick and 
associates through the use of competing unimolecular reactions whose temperature-dependent rates 
had been previously established (Suslick et al., 1986). Thus, by measuring the relative sonochemical 
rates for some ligand substitutions of volatile metal carbonyls (Scheme 2.1) and combining them 
with the known thermal behaviour of these reactions, the effective temperature of the hot spots was 
inferred to be ca. 5200 K in the inner gas-phase and approximately 1900 K at the interfacial shell.





Sonoluminescence Studies





The spectral analysis of sonoluminescence represents the most useful and convenient probe to 
ascertain the conditions in a cavitating bubble. Sonoluminescence is light emission by a sound wave 
of sufficient intensity. Like sonochemistry, sonoluminescence is rooted in cavitation. The energy of 
collapse is delivered to a small number of molecules, which are thereby excited or dissociated so as 
to emit light flashes when they return to their ground state, in a close analogy to chemiluminescence.





Historians of sonochemistry allude to observations of sonoluminescence-like phenomena as early 
as the late seventeenth century! An evaluation of such experiments, however, suggests situations 
rather related to tribo- or chemiluminescence.  In 1769, Joseph Priestley reported a curious effect 
previously observed by Giambatista Beccaria (1716–1781), a Physics professor at the University of 
Turin: “Beccaria observed that hollow glass vessels, of a certain thickness, exhausted of air, gave a 
light when they were broken in the dark. By a beautiful train of experiments, he found, at length, that 
the luminous appearance was not occasioned by the breaking of the glass, but by the dashing of the 
external air against the inside, when it was broken” (Young, 1999). In 1933, Marinesco and Trillat 
found unexpected images when they were attempting to accelerate the process of developing photos 
by immersing them in water under ultrasound (Marinesco and Trillat, 1933). However, the genu-
ine interpretation of sonoluminescence took place the year after when German scientists, Frenzel 
and Schultes, demonstrated in 1934 that the effect produced on photographic plates came from the 
energy-focusing power of cavitation clouds (Frenzel and Schultes, 1934). The phenomenon is now 
referred to as multi-bubble sonoluminescence (MBSL). The effect appeared initially as random and 
uncontrollable and, with a few exceptions, was not studied scientifically until much later. The spectra 
of MBSL in both aqueous and nonaqueous solutions now constitute a fruitful research domain and 
provide an alternative measure of the temperature generated by cavitation (Suslick et al., 1999).





Chemistry (in other words, the formation and evolution of high-energy species) during 
MBSL cannot be accurately determined as there are numerous, often unknown, parameters 
involved such as the number of active bubbles, the acoustic pressure on each bubble, and bubble 
size distribution. In the 1990s, Gaitan and Crum were able to detect sonoluminescence from 
a single bubble (SBSL). This phenomenon produces very short light flashes (for less than 50 ps), a 
regular light emission, and the appearance of light immediately before collapse (Gaitan, 1990; 
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SCHEME 2.1  Sonochemical ligand substitution of volatile metal carbonyls as rate probes.
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Gaitan and Crum, 1992). Since then, the process has been extensively documented with several 
mechanistic hypotheses (Brenner et al., 2002).





Remarkably, SBSL points to higher cavitational temperatures than those predicted by an almost 
adiabatic compression. Calculations also predict that chemical reactions in an air bubble under SBSL 
conditions should afford H, OH, and HOO radicals, along with H2O2, O3, and H2 as the prevalent spe-
cies, with minor amounts of nitrogen-containing compounds such as NOx, NHx, and HNOx (Yasui, 
1997). Given the tiny amount of gas within a single bubble (<10−13 mol), its chemical activity is elusive. 
Didenko, Suslick, and associates, however, demonstrated the existence of molecular-excited states and 
chemical reactions during cavitation in both polar aprotic solvents and water at different frequencies 
and bulk temperatures (Didenko et al., 2000; Didenko and Suslick, 2002). Under such conditions, the 
efficiency of OH radical formation was comparable to that in MBSL, but the efficiency of light emis-
sion was much higher. Nitrite formation correlated well with the diffusion rate of N2 in the bubble. 
The temperatures reached in SBSL extended over a wide range (from 1,600 to about 15,000 K) and 
were limited by the endothermic reactions of the polyatomic species inside the bubble. The latter 
rules out exceptionally high temperatures in solvents with significant vapor pressures. Evidence for 
a plasma-like condition arose from studies with Xe- or Ar-filled sonoluminescing bubbles in concen-
trated sulphuric acid (Flannigan and Suslick, 2005). The low volatility and high viscosity of sulphric 
acid relative to water ensured that the bubble consisted almost entirely of gas atoms. Moreover, the 
low vapor pressure of the medium also facilitates working at higher acoustic pressures (above 5 bar) 
than is possible with a bubble in water. Spectral lines correspond to excited ionic species that could 
only have been formed by collisions with energetic charged particles, and not via thermal excitation. 
Accordingly, gas-phase light emission from ions signals the formation of a plasma (Figure 2.2).





Despite the above-mentioned limitations of MBSL, practical imperatives force researchers to 
return to experiments in a multi-bubble acoustic field. Under appropriate conditions, relevant conclu-
sions regarding cavitational phenomena may be attained. For instance, the observation of molecular 
and atomic ions during MBSL in 95% H2SO4 under Ar equally points to an inner ionized plasma 
core. Counterintuitively, strong Ar and SO lines are present at low acoustic intensities (14–22 W cm−2) 
and disappear as intensity (30 W cm−2) increases (Eddingsaas and Suslick, 2007a). Brighter sonolu-
minescence has also been observed in MBSL from 85% H3PO4 saturated with noble gases (at 20 kHz, 
Ti horn). The high viscosity and low vapor pressure of phosphoric acid guarantee again that the only 
volatile component inside the bubbles is water vapor (Xu et al., 2010). Interestingly, this study proved 
the existence of two distinct bubble populations that emerge from OH radical and PO radical emis-
sions, respectively (Figure 2.3). Therefore, there should be two cavitating sites: (1) bubbles whose 
collapse is highly symmetric and occurs near the ultrasonic horn (ca. 9500 K, preferential OH radical 
emission) and (2) rapidly moving bubbles which show much less symmetric collapse involving injec-
tion of liquid nanodroplets into the gas phase (far from the horn, ca. 4000 K, PO radical emission).





Moreover, another study on the sonochemical disproportionation of carbon monoxide via vibra-
tional excitation cannot be reconciled with the adiabatic heating model, which assumes a near-
equilibrium gas inside the bubble. The result in which water sonolysis (20 kHz) in the presence of 
CO/Ar gas mixture produces a carbonaceous solid material enriched in 13C would be consistent 
with a far-from-equilibrium nonthermal plasma (Nikitenko et  al., 2009).  Finally, the fact that a 
more intense mechanoluminescence can be induced by acoustic cavitation than by grinding points 
to the uniqueness of sonication in promoting more efficient interparticle collisions and fractures 
(Eddingsaas and Suslick, 2007b).





SONOCHEMICAL ACTIVATION





The preceding discussion reveals that sonochemistry should largely be interpreted in terms of cavi-
tational chemistry (Cravotto and Cintas, 2006). The mechanisms of single-bubble and multi-bubble 
cavitation show that a collapsing bubble behaves as a particular microreactor where high-energy 
species (ions and radicals) and excited states may be involved in the reaction outcome.
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A simple, yet intuitive, picture that rationalizes how sonochemical reactions occur is provided 
by the shell model (Figure 2.4) highlighting three different temperature domains. Volatile molecules 
enter the microbubbles where the high temperatures and pressures generated during cavitation 
cause bond scission and short-lived species return to the liquid phase. Compounds of low volatil-
ity hardly enter the bubbles, although they may experience the effects arising from the pressure 
changes associated with the propagation of the wave or from bubble collapse (shock waves). 
These substances can also react with reactive species (chiefly radicals) generated by the sonolysis 
of the solvent.





This model applies well to homogeneous conditions. However, as seen before, the unexpected 
emission from nonvolatile species during MBSL is more consistent with nanodroplet injection 
(Xu et al., 2009, 2010) as depicted in Figure 2.3.  In this model, interfacial instabilities, such as 
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FIGURE 2.2  Emission from a single bubble (SBSL) in 85% aqueous H2SO4. (a) Solid lines are the observed 
SBSL emission spectra, while dashed lines correspond to calculated blackbody spectra. The applied acoustic 
pressures as well as temperatures of blackbody fits and Ar atom emission (see (b)) are next to their plots. (b) Ar 
atom line emission (solid line at 2.8 bar) compared to a calculated Ar atom emission spectrum at 15,200 K (dashed 
line). (Reprinted by permission from Macmillan Publishers Ltd. Nature, Flannigan, D.J. and Suslick, K.S., Plasma 
formation and temperature measurement during single-bubble cavitation, 434, 52–55, Copyright (2005).)
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capillary surface waves and microjet formation, will nebulize during collapse nanodroplets of liq-
uid into the hot cavity of the bubble, with subsequent thermolysis or reduction of nonvolatile sub-
stances (e.g., ions from metal salts).





Cavity collapse under heterogeneous conditions, such as near a liquid–solid interface, is essen-
tially different and other side effects appear (Mason, 1991; Mason and Lorimer, 2002). Collapse 
is now asymmetrical and an inrush of liquid from one side of the bubble gives rise to a violent 
liquid jet targeted at the surface. The net effects are surface cleaning, the destruction of bound-
ary layers, and concomitant mass and heat transfer improvements. Suspended power, as is also 
mentioned above, contains defects or trapped gas that serves as cavitation nucleus. Bubble col-
lapse on the surface of a particle forces it into rapid motion and collision with vicinal solid matter. 
Overall, such effects account for dispersion, erosion, and size reduction, which represent driving 
forces in the activation of solid reagents and catalysts. Likewise, in a heterogeneous liquid–liquid 
system, the powerful disruption of the interface will cause efficient mixing and fine emulsions. 
As a result, the presence of a catalyst is often unnecessary when phase-transfer reactions are 
conducted under sonication.





Historically, the chemical effects of ultrasound were first reported in the late 1920s using high 
frequencies, from 100 to 500 kHz (Richards and Loomis, 1927).  The observed acceleration of 
certain chemical reactions was largely attributed to frequency effects.  A paper unveiling true 
sonochemical effects on oxidation reactions appeared two years later (Schmitt et al., 1929). The 
authors noted: “If an aqueous solution containing dissolved oxygen is radiated, hydrogen peroxide 
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FIGURE 2.3  (a) MBSL spectra taken at the top and bottom of a cavitating bubble cloud (20 kHz, 25 W cm−2, 
298 K) from 85% H3PO4 saturated with He.  (b) Schematic representation of the injected droplet model. 
(Xu, H., Glumac, N.G., and Suslick, K.S.: Temperature inhomogeneity during multi-bubble sonoluminescence. 
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FIGURE 2.4  A simplified model for cavitation bubbles in a homogeneous medium.
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or something analogous to it is formed.” Moreover, they also observed: “It seems necessary to 
assume that every phase of bubble formation is realized in this process, and it must be concluded, 
therefore, that the mere formation of bubbles in the absence of ultrasonic vibrations is unable to 
effect the oxidation.”





For decades, sonochemistry was explored in aqueous solutions, which highlighted the similari-
ties between sonolysis and radiolysis. Cavitation produces solvent radicals; in the case of water, 
these species are H and OH radicals that recombine to produce hydrogen and hydrogen peroxide 
(Scheme 2.2). At low intensities, yields of the resulting radicals and molecules are scarce and less 
than those found in radiation chemistry. Detection of some intermediates proved to be difficult, 
and, thus, unequivocal confirmation for ultrasound-generated hydrogen radicals could only be 
obtained by electrochemical methods in recent decades (Birkin et al., 2001). While water saturated 
with oxygen generates H2O2, the presence of air gives rise to nitrous acid; further oxidation also 
leads to nitric acid. This sequence constitutes a mechanism for the fixation of atmospheric nitrogen 
under sonication (Bremner, 1990).





In practice, the synthetic utility of sonochemistry, especially the application of power ultrasound 
in organic solvents, was with a few exceptions (Porter and Young, 1938; Renaud, 1950), was ignored 
for nearly 60 years.  In the early 1980s, it was shown that organometallic reagents derived from 
lithium, which are otherwise sensitive to air and moisture, could be easily prepared in cleaning 
baths (50 kHz, 60 W) without prior metal activation and in undried solvents. Remarkably, one-step 
Barbier reactions involving carbonyls and alkyl halides were complete in less than 1 h (often in only 
10–15 min) and with excellent yields (Luche and Damiano, 1980). With magnesium, the induction 
period is suppressed or considerably reduced; sonication helps the removal of the superficial oxide 
layer, which is actually harder than the metal itself. In fact, ultrasound appears to accelerate all the 
steps of Grignard reagent formation (Tuulmets et al., 1995).





Reactivity Rules in Ultrasonic Fields





Can we predict the fate of a sonochemical reaction? or alternatively, can we ascertain whether a 
given reaction will be sensitive to ultrasound? Unfortunately, definitive answers cannot be for-
mulated. This reflects our modest understanding of cavitational phenomena, which are indeed 
complex and often follow a nonlinear behavior. On the other hand, chemistry under sonication 
is markedly dependent on solvent effects and physical properties, which may significantly influ-
ence cavitation but are usually overlooked in conventional chemistry. The latter pays attention to 
more chemical concepts, such as acid-base strength, donor–acceptor character, polarity, orbital 
interactions, etc. To guide newcomers, Table 2.1 summarizes a series of key effects and their 
influence on bubble collapse, thereby altering its formation and energy. For some factors, conclu-
sive statements cannot easily be formulated, which is true in the case of intensity and frequency 
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SCHEME 2.2  Formation and recombination of radical species produced by water sonolysis.



















Introduction to Sonochemistry	 33





(Mason and Lorimer, 2002; Cravotto and Cintas, 2006). The temporal evolution of the pressure 
P(t) through the elastic medium can be expressed as follows:





	 P t P ft( ) sin (= +A )2π θ





where
PA is the acoustic pressure amplitude
f is the frequency of the alternating pressure wave





As frequency increases, it is also necessary to increase the amplitude (or power) of irradiation to 
maintain the same amount of cavitational energy. Accordingly, it becomes more difficult to make 
a liquid cavitate at higher frequencies (such as the MHz region). The reason is that at high frequen-
cies there are shorter cycles of compression and rarefaction, and cavitation requires enough time for 
molecules to be pulled apart.





Frequency effects can even be more difficult to rationalize as sound, unlike electromagnetic 
radiation, is not quantized. In fact similar chemical effects can be attained at different frequencies. 
In any event, chemical reactions induced by cavitation depend on the lifetimes of primary radicals 
relative to bubble lifetime. Frequency then influences the time it takes for a bubble to collapse; 
however, studies in this context are rather scarce and caution should be paid when applying homo-
geneous or heterogeneous conditions (Pétrier et al., 1992; Wu et al., 2009; Kojima et al., 2010).





In an attempt to rationalize the effects of sonication on reactivity, Luche suggested a tentative 
classification highlighting the fact that reactions which are truly sensitive to ultrasound will lead to 
alternative intermediates or products, via alternative mechanisms (stepwise versus concerted; radi-
cal versus polar) to conventional thermal activation (Luche, 1993):





Type I: homogeneous reactions following radical mechanisms or via coordinatively unsaturated spe-
cies (e.g., organometallics): acceleration and different product distribution may be observed.





Type II: Heterogeneous reactions following a polar mechanism. In this case, appreciable mechanical 
effects such as emulsification or enhanced mass transfer should be observed. This type represents 
the so-called false sonochemistry, because the participation of radical species arising from bubble 
collapse hardly occurs.





Type III: Heterogeneous reactions following either polar or radical pathways; the latter will usu-
ally be favored under sonication.





TABLE 2.1
Experimental Parameters Affecting Cavitation





Parameter Influence on Cavitation





Frequency At higher frequency, the rarefaction phase shortens. More power is required to make a liquid 
cavitate as the frequency increases





Solvent viscosity Collapse produces shear forces in the bulk liquid; viscosity increases the resistance to shear





Surface tension No simple relationship. Cavitation generates liquid–gas interfaces; addition of a surfactant 
facilitates cavitation





Vapor pressure Cavitation is difficult in solvents of low vapor pressure. A more volatile solvent supports 
cavitation at lower acoustic energy





Bubbled gases The energy on collapse increases for gases with a large polytropic ratio (Cp /Cv); monoatomic gases 
are preferred





Temperature Any increase in temperature will raise the vapor pressure and cavitation will be easier, though 
a less violent collapse





Intensity In general, an increase in intensity will also increase the sonochemical effects. A minimum 
intensity is required to reach the cavitation threshold





External pressure Raising the external pressure will produce a larger intensity of cavitational collapse
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Along with rate acceleration and improved yields, the possibility of switching the conventional 
pathway or significantly altering the product ratio constitutes a conspicuous characteristic of some 
ultrasound-assisted reactions. For the sake of clarity, it is appropriate to use the terms convergent 
or divergent, according to the nomenclature of synthetic chemists, to describe mechanisms that 
can take place under sonication (Scheme 2.3). In a convergent process, the reagents can react by 
following either a radical or a polar pathway, each leading however to the same product. A repre-
sentative case is provided by the Grignard reaction (and similar carbon–metal bond formation), in 
which a radical pathway through the intermediacy of radical ions will be preferentially induced by 
ultrasound, yet producing the same organometallic reagent derived from an ionic route. A divergent 
process is one in which the competing ionic and radical mechanisms lead to different products, the 
situation for sonochemical switching to occur.





The first observation of a different reaction route in the presence of ultrasound was reported by 
Ando and coworkers. A mixture of benzyl bromide, potassium cyanide, and alumina in an aro-
matic solvent (toluene) yields benzyl cyanide under sonication. However, mechanical stirring gives 
the Friedel–Crafts product (Ando et al., 1984). Ultrasound irradiation clearly switches the reaction 
pathway from aromatic electrophilic substitution to aliphatic nucleophilic substitution (Scheme 2.4).





A divergent result however does not necessarily mean that ultrasound invariably favors a single-
electron transfer (SET) pathway at the expenses of an ionic mechanism. Further investigations on the 
above switching revealed that ultrasonic irradiation accelerates poisoning by KCN of the catalytic 
active sites of alumina, thereby impeding the Friedel–Crafts substitution (Ando and Kimura, 1991).





Much more definitive results about the divergence between polar and radical pathways were 
achieved by the Japanese group in the reactions of styrenes with lead tetraacetate (Ando et al., 1991). 
Transformations conducted at 50°C under stirring are sluggish and products derived from ionic inter-
mediates are obtained in poor yields. In contrast, overall yields, still modest, largely increase under 
sonication affording products that can be rationalized in terms of cationic and radical intermediates 
(Scheme 2.5). Since an increase in temperature favors radical formation in the reactions of Pb(OAc)4, 
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SCHEME 2.4  The original sonochemical switching.
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SCHEME 2.3  Schematic representation of different reaction pathways under sonication.
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the authors conducted the sonochemical reactions at the same temperature with minor experimental 
variations. The major product under sonication arises from radical addition, even though a competing 
polar mechanism seems to be operative as well.





The unequivocal participation of species derived from cavitation is beautifully illustrated by the 
type-I reaction of tin hydrides to alkenes initiated by AIBN (Nakamura et al., 1994). Thus, tin radical 
species react under ultrasonic irradiation in a manner hitherto unknown. Hydroxystannation, and not 
the expected hydrostannation (which proceeds via radicals as well), takes place when an aerated solu-
tion of R3SnH and an alkene are irradiated between 0°C and 10°C. Ultrasound does generate tin radi-
cals in the region of hot cavities, which then undergo further reactions in the bulk liquid with species 
derived from the cavitational collapse. Remarkably, ultrasound also gives rise to vinylstannanes when 
a mixture of a tin hydride and an alkyne are irradiated at −50°C, such reactions are more than 100 
times faster than those without sonication (Scheme 2.6). The latter likewise evidences the paradoxical 
effect of temperature on certain ultrasound-assisted reactions. The anti-Arrhenius effect that a sono-
chemical reaction may indeed be accelerated by lowering the temperature witnesses again the crucial 
role exerted by physical properties on cavitation: larger effects due to a lower solvent vapor pressure.





Although the above examples show the ability of ultrasound to bias the reaction outcome and 
prove the validity of the mentioned empirical rules, a classical illustration of the uniqueness of soni-
cation with respect to thermal and photochemical processes is provided by the decomposition of 
volatile metal carbonyls (Suslick et al., 1983, 1991). Sonolysis of, for instance, iron pentacarbonyl in 
hydrocarbon solvents in the presence of ligands (phosphines or phosphites) causes CO substitution 
yielding Fe(CO)4L or Fe(CO)3L2; whereas sonication in the absence of ligands produces the cluster 
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SCHEME 2.5  Divergent pathways observed in the reaction of styrene with Pb(OAc)4.
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SCHEME 2.6  Hydroxystannation of alkenes under sonochemical activation.
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compound Fe3(CO)12. Such results are consistent with a dissociative mechanism in which coordina-
tively unsatured species (playing a similar role to radicals) are produced by the cavitation process. 
The photochemical reaction leads to diiron nonacarbonyl, Fe2(CO)9.  Interestingly, sonolysis in a 
high-boiling solvent (decalin) also gives rise to amorphous iron.  In general, amorphous metallic 
glasses are difficult to obtain by thermal methods; however, cavitational collapse, due to its extreme 
cooling rates, produces nearly pure amorphous iron, which proved to be an efficient catalyst for 
hydrogenation (Fischer–Tropsch) and dehydrogenation reactions.





Likewise, distinctive pathways between ultrasound and other thermal methods, especially micro-
wave irradiation, have recently been reported for a three-component coupling involving nitrogen 
heterocycles and carbonyl compounds (Chebanov et al., 2008). Compared with the microwaved reac-
tion, ultrasound promotes cyclization at room temperature and is only slightly slower (Scheme 2.7).





In general, polar homogeneous reactions which are not switched to a free radical pathway will 
take place in solution experiencing the effects of shock waves and shear forces. This conclusion can 
also be extrapolated to concerted transformations, such as the venerable Diels–Alder cycloaddition, 
i.e., the reaction will significantly be accelerated only if an SET process can be induced (Tuulmets, 
1997). Cycloadditions do indeed represent an open scenario in studies of sonochemical reactivity as 
these processes, which are usually sensitive to temperature and pressure, should be activated by cavi-
tation. Unfortunately, this is not the general observation. Most substrates are not volatile enough and, 
in addition, numerous transformations are run under heterogeneous conditions, thus complicating the 
rationale. Ultrasound may however be a mechanistic probe capable of ruling out concerted pathways. 
Thus, the formal cycloaddition of masked o-benzoquinones and furans (these acting as dienophiles) is 
greatly improved under sonication (Scheme 2.8). The sonochemical study shows a significant depen-
dence on acoustic energy, temperature, and solvent composition. These facts, together with the inert-
ness to spin traps, are consistent with a stepwise addition and suggest that ultrasound does not cause 
switching to a radical pathway (Avalos et al., 2003). Effects are of mechanochemical origin in which 
ultrasonic agitation favors enhanced mass transfer and produces a nearly perfect mixing.





As a final illustration of the potentialities of sonication in synthetic chemistry, closely related 
to Type II reactions, the preparation of ionic liquids deserves attention. These substances, which 
may serve as both solvents and catalysts, have triggered a profound revolution in organic synthe-
ses and materials science. From a sonochemical viewpoint, they are ideal solvents owing to their 
negligible vapor pressure, thus avoiding competing reactions with volatile substrates which may 
be susceptible to activation in the bubbles.  The conventional preparation of these high-boiling 
and viscous liquids is tedious and usually involves a two-step protocol of nitrogen quaternization 
followed by anion metathesis of the resulting salt. Under ultrasound, the synthesis is dramatically 
accelerated as depicted in Scheme 2.9 (Levêque et al., 2002) and can even be conducted with neat 
liquid reagents, without solvent (Namboodiri and Varma, 2002).
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SCHEME 2.7  Comparative thermal results for a multicomponent reaction.
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CONCLUSIONS





This preliminary survey has summarized the long journey toward our current understanding of 
cavitational phenomena and hence of sonochemistry. Further studies will be required to provide 
more satisfactory pictures and a complete rationale of cavitation as a unique activation phenomenon 
which resides at the interface between physics and chemistry. It suffices, however, to note a series 
of macroscopic characteristics that boost ultrasound as a mild, safe, and particularly green technol-
ogy (Cintas and Luche, 1999; Mason and Cintas, 2002), namely, (1) accelerate chemical reactions, 
(2) permit the use of less forcing conditions, (3) make a process more economical by the use of 
standard reagents and solvents, (4) often reduce the number of synthetic steps required, (5) reduce 
any induction period with unwilling synthetic partners and initiate stubborn reactions, (6) enhance 
catalyst efficiency, and (7) enhance radical reactions at the expenses of polar ones. Clearly, the contribu-
tions in this book will illustrate these and other pluses, convincingly showing that the technique and 
its development deserve particular attention in applied science.
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BACKGROUND: ULTRASOUND AND MATERIALS





If you are a materials scientist, you will probably have encountered ultrasound in the context of 
the pulse echo technique used in nondestructive testing. This field is often referred to as diagnostic 
ultrasound and it has expanded enormously from its origins of fault or crack detection to encom-
passing of medical imaging. However, there is an altogether different range of applications of ultra-
sound that have been used for modification of the physical and chemical properties of the materials 
and in processing. This latter field has its origins in two uses in materials technology—ultrasonic 
cleaning and welding.





Ultrasound is defined as sound with a frequency that is too high for the human ear to detect and 
is usually considered to be above 20 kHz and the first commercial use of pulse echo location was 
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developed by Langevin in 1918. The remarkable effects of high power ultrasonic irradiation were 
initially reported a few years later in 1927 when two papers were published by Loomis entitled “The 
chemical effects of high frequency sound waves 1. A preliminary survey” (Richards and Loomis, 
1927) and “Physical and biological effects of high frequency sound waves of great intensity” (Wood 
and Loomis, 1927). There were a number of reports of the effects of the so-called power ultrasound 
following these revelations and in the 1987 the advances were drawn together in two reviews, which 
established a field that became known as sonochemistry. (Lindley and Mason, 1987; Lorimer and 
Mason, 1987). It is the development and exploitation of sonochemistry and ultrasonic processing 
that is the concern of this chapter.





Sonochemistry effects change in materials as a result of acoustic cavitation, which is induced 
by the powerful ultrasound waves. Like any sound wave, ultrasound is propagated via a series of 
compression and rarefaction waves induced in the molecules of the medium through which it passes. 
At sufficiently high power, the rarefaction cycle may exceed the attractive forces of the molecules of 
the liquid and in this way the cavitation bubbles are formed. It is the fate of these cavities when they 
collapse in succeeding compression cycles that generates the energy for chemical and mechanical 
effects. The violent collapse of such bubbles generates large shear forces in the bulk medium that 
can be used for mixing and particle dispersion. In the collapsing bubble itself, high energies are 
generated, which can liberate very reactive species such as free radicals.





In a heterogeneous solid–liquid system the collapse of the cavitation bubble will have signifi-
cant mechanical effects. Collapse near to a surface produces an unsymmetrical collapse of the 
bubble in which the surface interferes with the inrushing fluid from that side. The main inrush is 
from the side of the bubble distant from the surface and this generates a liquid jet, targeted at the 
surface, with speeds well in excess of 100 m s−1. The effect is equivalent to high pressure jetting 
and is the reason why ultrasound is used for surface cleaning. The jetting effect can also activate 
solid catalysts and increase mass and heat transfer to the surface by disruption of the interfacial 
boundary layer.





Current major areas of study in sonochemistry research and development at the Sonochemistry 
Centre in Coventry University include





•	 Electrochemistry
•	 Environmental protection
•	 Food technology
•	 Materials technology
•	 Therapeutic ultrasound





SONOCHEMICAL SURFACE MODIFICATION OF MATERIALS





To ensure the adhesion of a coating to its substrate, it is essential to form a mixture of chemical and 
physical (or mechanical) bonds between them. To achieve this, the substrate is often roughened or 
textured in a process known as surface modification (or adhesion promotion).





The electronics and metal finishing industries have always had a requirement for adhesion promo-
tion on a vast array of dielectric substrates and with the emergence of printed electronics the choice 
of substrate will increase still further as, theoretically, anything that can be printed could become an 
electronic device. The surface modification of polymers and plastics is important in the traditional 
manufacture of printed circuit boards (PCBs) (i.e., the desmear process) and molded interconnect 
devices (MIDs), but will become even more so for polymer electronics, printed electronics, radio 
frequency identification (RFID) technology, etc. The metallization of glass and ceramics is critical 
to the success of all WiFi equipment, flat panel displays, organic light emitting diodes (OLEDs), 
and light emitting polymers (LEPs) as well as solar panels. In addition, the etching of silicon and 
the newer semiconductor materials such as silicon-germanium, gallium arsenide, and indium phos-
phide is an essential step in the processing of these substrates.



















Aspects of Ultrasound and Materials Science	 43





Achieving good adhesion between these substrates and the conductive tracks or pixels, etc. 
(whether a metal, semiconductor, conductive ink, polymer, or paste) is perhaps the most criti-
cal stage of the manufacturing process since, if the adhesion is poor, the device will simply fail. 
Traditional “wet” manufacturing techniques for surface modification lend themselves most readily 
to high volume manufacturing but utilize hazardous chemistry (chromic acid, hydrofluoric acid, 
etc.), operate at high temperatures, and require copious rinsing.  Alternative methods of surface 
modification are available (Cobley, 2007) but often require high capital investment, do not fit easily 
into existing manufacturing sequences, and have high energy needs.





Manufacturing facilities throughout the World are becoming subject to ever stricter environmen-
tal and health and safety legislation. For example, in Europe these traditional surface modification 
processes are affected by the control of major accident hazards (COMAH) regulations and the restric-
tion of the use of hazardous substances (RoHS), while the chemistry used may be affected by the 
Registration Evaluation Authorization and Restriction of Chemicals (REACH) directive. Therefore, 
to avoid falling foul of existing and proposed environmental legislation, to reduce water usage and 
the carbon footprint of this essential manufacturing process, clean, green, and more sustainable 
techniques need to be evaluated. Sonochemical surface modification techniques fit these criteria. 
They have the potential to process a diverse range of substrates, employ fewer process stages, require 
less rinsing, utilize nonhazardous, benign aqueous solutions, and operate at low temperatures.





When ultrasound is applied to a liquid medium, a number of effects occur that can be used in the 
processing of materials:





•	 Physical—the abrasive, erosive action of the microjets hitting the surface of the material 
can remove contaminants or roughen and texture it, providing an ideal surface for subse-
quent coating





•	 Chemical—the generation of radical and other reactive species can oxidize the substrate 
while the localized high temperatures and pressures can break bonds on the surface of 
materials such as polymers and plastics





It has been reported that ultrasound can surface modify materials such as acrylonitrile butadiene 
styrene (ABS) (Zhao et al., 1998a) polyvinyl chloride (PVC) (Zhao et al., 1998b), polyethylene 
(Price et al., 1996a,b) as well as piezoelectrics such as lead zirconium titanate (Baumgartner, 1989).





Ultrasound can be used in conjunction with wet chemical treatments, e.g., persulfates (Price 
et al., 1996a) and other mild oxidizing agents (Price et al., 1996b), where it has been shown that 
under sonication, polyethylene materials can be surface modified and become hydrophilic, as deter-
mined by contact angle. More aggressive formulations were employed (e.g., tetrafluoroboric acid/
nitric acid) to etch lead zirconium titanate (Baumgartner, 1989), and the application of ultrasound 
produced a linear increase in weight loss. The PCB industry has used ultrasonics to enhance the 
desmear process for many years and it is particularly useful in horizontal equipment (Kreisel and 
Dudik, 1987), where it has been shown to improve the topography, debris removal, and the adhesion 
of subsequent metallization in through holes.





An important evaluation of sonochemical surface modification of materials indicated that sig-
nificant surface modification of substrates could be achieved using ultrasound in solutions as benign 
as water (Cobley and Mason, 2007). Figure 3.1 shows the weight loss results for an inert ceramic 
material, which was surface modified with (20 kHz ultrasonic horn, intensity 39.7 W cm−2) and with-
out ultrasound in conjunction with a number of chemical “etch” solutions (Solutions 1–15).





The results indicated that not only did the application of an acoustic field almost always led to 
enhanced weight loss but that one of the highest values was achieved in water (Solution 4).





Other workers (Zhao et al., 1998a) showed that by using an ultrasonic horn in water the adhe-
sion of electroplated copper to ABS was always better compared to equivalent chromic acid etching 
times, while weight loss and roughness were higher when treatment times of more than 30 min were 
used (Figure 3.2).
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X-ray photoelectron microscopy (XPS) measurements also indicated a chemical change to the 
surface and these workers found similar results with PVC (Zhao et al., 1998b). Cobley and Mason 
carried out further work on sonochemical surface modification of materials in water to deter-
mine the main effects on the process. For example, the workers have shown that, when using an 
ultrasonic horn, the distance between the horn tip and the substrate surface is critical (Cobley 
and Mason, 2008a). They have also investigated various other process enhancements (Cobley and 
Mason, 2008b) such as adding a surfactant and lowering the solution temperature close to zero. 
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FIGURE 3.2  Surface roughness of ABS versus etching time. (Data taken from Zhao, Y. et al., Plating Surf. 
Fin., 85(9), 98, 1998a.)
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FIGURE 3.1  Effect of ultrasound on the weight loss of a ceramic material using various surface modification 
formulations.
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Comparison of the scanning electron micrographs (SEM) (Figure 3.3a through d) clearly indicates 
the significance of these factors on an epoxy laminate used in the manufacture of PCBs, namely, 
Isola 370HR.





Compared to the “as received” material the “standard” sonochemical treatment has cleaned the 
surface and removed any debris. However, the addition of surfactant or reducing the solution tem-
perature has lead to much greater depth of epoxy removal, revealing the underlying glass reinforc-
ing fibers as well as changing the structure of the epoxy to some extent.





The ultrasonic frequency used is also important and weight loss results on a Noryl (polyphenylene/
polyester) material (Cobley et al., 2010) clearly indicated that physical surface modification of 
materials is favored at low frequencies (Figure 3.4).





However, XPS data from the same study suggested that the only chemical changes were occur-
ring at higher frequencies (Figure 3.5), the percentage oxygen content peaking at 850 kHz. It was 
proposed that under these conditions oxidizing radical species are being formed, which chemically 
attack the surface of the material.





There have been several studies investigating the use of ultrasound to surface modify a range of 
materials. However, from a “green chemistry” perspective perhaps the most promising is that which 
has been carried out using simply water as the liquid medium. Although the effects are mostly phys-
ical in nature and can be somewhat localized, this work suggests that sonochemistry could provide 
a route to more green, energy efficient, environmentally friendly surface modification.
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FIGURE 3.3  (a) Isola 370HR—no treatment—X500. (b) Isola 370HR—standard sonochemical process—
X500 DI water, 15 min, 20 kHz, 4.8 W cm−2, 40°C. (c) Isola 370HR—sonochemical process + surfactant—X500 
DI water, 15 min, 20 kHz, 4.8 W cm−2, 40°C. (d) Isola 370HR—sonochemical process at low temperature—
X500 DI water, 15 min, 20 kHz, 4.8 W cm−2, 9°C.
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EFFECT OF ULTRASOUND ON THE ELECTROCHEMICAL 
METALLIZATION OF MATERIALS





When ultrasound is applied to a liquid electrolyte, a number of well-known effects occur that can 
influence an electrochemical process.  In particular microjetting or microstreaming can improve 
mass transport, thin diffusion layers (such as the Nernst diffusion layer) (Compton et al., 1997a), 
and generate localized heating.





Such benefits have been used to enhance two widely used electrochemical metallization pro-
cesses, namely, electroplating and electroless plating, which are employed in key industrial sectors 
such as electronics, aerospace, and automotive.





Electroplating





The effects of electroplating in an acoustic field have been studied for at least 70 years (Young and 
Kersten, 1936) and have been the subject of previous reviews (Lorimer and Mason, 1999), where a 
number of significant effects have been identified.
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FIGURE 3.5  Effect of frequency on atomic percentage oxygen by XPS.
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FIGURE 3.4  Effect of ultrasonic frequency on weight loss.
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One of the most important factors when electroplating is the current efficiency of the electrode 
particularly at the cathode. A high cathodic current efficiency is desirable so that most of the energy 
going into the electroplating cell is being used to deposit the metal and is not wasted on side reac-
tions such as hydrogen evolution.





It has been demonstrated (Walker, 1997) that if copper electroplating was performed in an acous-
tic field, then the current efficiency could be significantly enhanced, particularly at low metal con-
centrations (Figure 3.6).





This confirms the findings from the more fundamental electrochemical studies (Compton et al., 
1997b), i.e., that ultrasound is more effective on an electrochemical system when it is under mass 
transport control. Similar results were obtained on a silver electroplating solution (Wei et al., 1979) 
where ultrasound was found to enhance the cathode current efficiency at high current density.





Another useful effect is the ultrasonically induced microjetting at electrode surfaces, which will 
thin diffusion layers. This effect has been demonstrated in a study (Drake, 1980), where a copper 
electroplating solution was utilized and the limiting current and diffusion layer thickness were mea-
sured initially, using a rotating disk electrode (RDE) (Figure 3.7).





As would be expected, as the rotation speed of the RDE rose, the diffusion layer thickness was 
reduced and the limiting current density increased. Applying high frequency ultrasound showed 
a significant effect on both these responses compared to a static solution; but, at best, was only as 
effective as utilizing the RDE. However, when low frequency ultrasound was applied, a dramatic 
increase in the limiting current was observed with a concurrent fall in diffusion layer thickness.





This work also illustrates how the frequency of the sonication used can result in quite differ-
ent effects. The use of “megasonics” in electroplating (i.e., the use of ultrasound at a frequency of 
1 MHz) has been investigated (Kaufmann et al., 2009) and it was found that the throwing power 
of a copper electroplating bath could be enhanced. This was determined by measuring the depth of 
penetration of the electroplate into the “blind via” of a PCB.





Apart from its influence on the electrochemistry of a plating solution, ultrasound has been shown 
to affect the grain structure of the plated deposit. Generally, when electroplating occurs in an ultra-
sonic field the grain size will be smaller (Walker and Benn, 1971) and this will also have an influ-
ence on the physical properties of the deposit such as hardness. The tendency for ultrasound to 
produce finer grained electrodeposits can also produce brighter deposits (Touyeras et al., 2005) and 
lower porosity (Barnes and Ward, 1977). This latter effect can be important for corrosion resistant 
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FIGURE 3.6  Effect of ultrasound on cathodic current efficiency for a copper electroplating solution. 
(From Walker, R., Ultrason. Sonochem., 4, 39, 1997.)
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coatings and multilayer coatings such as nickel–gold for connectors on PCBs. Not only does a fine 
grained, coherent deposit lead to better electrical conductivity but the low porosity is essential to 
prevent corrosion of the nickel undercoat.





The dispersive properties of ultrasound are useful in the deposition of composite coatings and 
enhanced deposit characteristics have been found for gold/PTFE (Rezrazi et al., 2005), nickel–
cobalt/alumina (Chang et al., 2008), and nickel/ titanium nitride (Xia et al., 2009). Studies on a 
zinc–nickel alloy/alumina composite coating (Zheng and An, 2008) indicated that at a frequency 
of 25 kHz the amount of alumina in the coating increased with ultrasonic power until an optimum 
power was reached, as shown in Figure 3.8. Not surprisingly, the hardness of the coating followed 
a similar pattern.





It is suggested that this optimum ultrasonic power occurs due to the abrasive action of microjet-
ting on the surface of the substrate occurring at the highest ultrasonic intensities, which effectively 
remove the alumina from the cathode, preventing incorporation into the coating.
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FIGURE 3.7  Effect of ultrasound on the limiting current density and diffusion layer thickness. (From Drake, 
M.P., Trans. IMF, 58(2), 67, 1980.)
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FIGURE 3.8  Effect of ultrasonic power on composite coating composition and hardness.  (From Zheng, 
H.-Y. and An, M.-Z., J. Alloys Comp., 459(1–2), 548, 2008.)
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A number of workers have studied the effect of chrome plating in an acoustic field and this has 
led to some quite unexpected findings (Mason et al., 2001). A significant problem with chrome 
plating is that a mist of chromic acid is produced above the plating solution due to the fact that 
chrome plating is extremely inefficient (typically 15%–25% cathode current efficiency), and, 
therefore, a copious amount of hydrogen gas is produced at the cathode. Normally, this is con-
trolled by placing a surfactant type chemical in the electrolyte, which forms foam on top of the 
solution and acts as a “fume suppressant.” However, many of the surfactants used tend to have 
negative environmental characteristics and many have been banned under environmental legisla-
tion. Despite this, because of their importance to the chrome plating industry, a derogation has 
been allowed for their use in chrome plating although a more satisfactory solution to this issue 
would be desirable. Studies have indicated (Mason et al., 2001) that if chrome plating is performed 
in an acoustic field the amount of chromic acid “fume” above the electrolyte could be dramati-
cally reduced, as shown in Figure 3.9.





Although the effects of ultrasound on electroplating systems have been known for some time, 
it is perhaps important to revisit some of the effects in light of the demands required of the 
modern day electroplater. Ultrasound can reduce the carbon footprint of the process by improv-
ing the current efficiency and throwing power while enabling high speed plating by increasing 
the limiting current density.  In addition, sonication is most effective at low metal concentra-
tions and the reduction in porosity may allow for thinner metal coatings, therefore, improving 
the resource efficiency and cost-effectiveness of the process. There are requirements for new 
advanced coatings, and plating in an acoustic field is clearly beneficial for composite deposits. 
Finally, the work on chrome plating clearly shows some significant health and safety benefits to 
the use of ultrasound.





Electroless Plating





Electroless plating processes are also electrochemical in nature and, therefore, many of the effects 
of ultrasound on electroplating systems should also influence electroless plating. There have been 
studies on the utilization of ultrasound for electroless plating since the early 1960s (Kuzub and 
Mukhlya, 1963) and it will be seen that the incorporation of ultrasound in electroless plating pro-
cesses has the potential to make them more efficient and sustainable.
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FIGURE 3.9  Effect of ultrasound on mist reduction above a chrome plating electrolyte. (From Mason, T.J. 
and Tiehm, A., Ultrasound in environmental protection, in Advances in Sonochemistry, Vol.  6., Eds.  T.J. 
Mason and A. Tiehm, Elsevier Science B.V., Amsterdam, the Netherlands, 2001.)
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Effect of Ultrasound on Electroless Nickel Plating
As is the case for most electroless plating, there are a number of variables employed in electroless 
nickel formulations such as the complexant type and concentration, reducing agent, and additives, 
while the solution itself can be operated at a range of pHs and temperatures. Mallory (Mallory, 
1978) used five different chelating systems in his study and showed that in all but one case, ultra-
sound (49 kHz, 30 W) increased the deposition rate. He suggested that the influence of ultrasound 
was reduced if the stability of the nickel-chelate system was high. The effect of using succinic acid 
and citric acid as complexing agents has been reported (Matsuoka and Hayashi, 1986) and it was 
found that ultrasound (25 kHz, 150 W) had a much greater effect on the deposition rate from the 
citrate bath, particularly at relatively high pHs of 8–9 (80°C). Other workers (Abyaneh et al., 2007) 
demonstrated that by increasing the complexing agent concentration, the effect of ultrasound on 
the plating bath could be dramatically changed. Figure 3.10 illustrates how, at low sodium acetate 
concentrations (0.04 mol dm−3), ultrasonic irradiation (35 kHz, 0.8 W cm−2) caused an increase in 
plating rate at all nickel chloride concentrations tested. Similar results were seen when the sodium 
hypophosphite concentration was varied.  However, at high sodium acetate concentrations 
(0.24 mol dm−3) sonication had a negative effect on plating rates.





Studies using a range of ultrasonic frequencies indicated that, although each frequency inves-
tigated caused the plating rate to increase, compared to a still bath an optimum existed at 45 kHz 
(Kobayashi et al., 2000). Other investigations (Park et al., 2002) into the effect of ultrasonic fre-
quency under conditions where the pH and stabilizer concentrations were varied suggested that, 
after statistical analysis of the data (design of experiment [DOX] methodology) at 40 kHz, the 
deposit thickness was increased by 15%. In another study (Yang et al., 1997), a 30% increase in 
plating rate was observed in the presence of ultrasound.





There have been many theories put forward as to why ultrasonic agitation increases the plating 
rate of electroless nickel solutions. It is generally accepted that improved mass transport (Mallory, 
1978; Matsuoka and Hayashi, 1986) is a factor although this can also have an adverse effect if 
it brings stabilizers such as thiourea (Mallory, 1978; Abyaneh et al., 2007) and thallous nitrate 
(Matsuoka and Hayashi, 1986) to the reaction surface causing plating rates to drop. Microjetting at 
the substrate surface will reduce the diffusion layer thickness (Matsuoka and Hayashi, 1986), and 
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FIGURE 3.10  Effect of ultrasound on electroless nickel plating rates.  (From Abyaneh, M.Y.  et al., 
J. Electrochem. Soc., 154, D467, 2007.)
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cavitation near the surface may cause localized heating in this layer (Mallory, 1978) and perhaps 
increase the concentration of adsorbed hydrogen (Yang et al., 1997). It has also been proposed that 
ultrasound enhances the rate of crystal nucleation (Abyaneh et al., 2007) and produces more active 
sites (Wu et al., 2009) on which deposition can take place. A further theory is that the inactive form 
of hypophosphite can be converted to the active form sonochemically (Mallory, 1978).





The application of ultrasound to an electroless nickel plating bath generally reduces the amount 
of phosphorous in the subsequent deposit. This has been attributed to a number of causes including 
higher localized temperatures induced by cavitation at the solution/substrate interface (Mallory, 
1978; Abyaneh et al., 2007), inhibition of phosphorus codeposition by stabilizers (Matsuoka and 
Hayashi, 1986), and changes in the local pH in the presence of an ultrasonic field (Yang et al., 
1997). It has also been suggested (Mallory, 1985) that the reduction in phosphorus content could 
cause higher internal stress of a deposit and an increase in the “as plated” hardness (Matsuoka and 
Hayashi, 1986). However, after heat treatment a comparison of ultrasonic with conventional hard-
ness of the electroless deposit revealed very little difference. Investigators have found (Park et al., 
2002) that in the absence of ultrasound the electroless nickel deposit could be pitted due to the pres-
ence of hydrogen at the surface, where the electroless reaction occurs. This was alleviated by utiliz-
ing ultrasound at a frequency of 40 and 68 kHz, but the use of a lower frequency ultrasound (28 kHz) 
resulted in severe pitting on the surface due to the impact of high energy microjets produced by 
cavitation bubble collapse. These workers concluded that for their system the optimum ultrasonic 
frequency was 40 kHz as this also produced a deposit with enhanced hardness. This effect was 
again attributed not only to the lower phosphorus content but also to a change from amorphous to 
more microcrystalline deposit structure under the influence of an acoustic field (Yang et al., 1997). 
Another reported benefit of an electroless nickel deposit plated with ultrasound is increased fatigue 
life (Prasad et al., 1994). This was ascribed to a lower number of irregularities in its grain structure 
compared to a deposit plated from a conventional still bath.





Ultrasound is also known to be extremely good at dispersing micro and nanoparticles, and this 
property was utilized in the electroless nickel plating of polystyrene microspheres (Jiang et al., 
2007).  The polystyrene was subsequently removed by calcination to leave hollow nickel micro-
spheres. These workers found that if the microspheres were dispersed in the electroless nickel bath 
using ultrasound (rather than mechanical agitation) not only was the plating time shorter but the 
coverage was enhanced and no agglomeration of plated spheres occurred.





Effect of Ultrasound on Electroless Copper
Electroless copper is extensively employed in electronic manufacturing where it is used to metal-
lize dielectric materials. The use of relatively high frequency ultrasound (530 kHz) at a range of 
powers (5, 10, and 15 W) on a commercial electroless copper plating bath using an epoxy mate-
rial as the substrate, which had been catalyzed using a palladium-tin colloidal solution has been 
reported (Touyeras et al., 2001). They found that the highest plating rates were achieved with the 
lowest ultrasonic power (5 W) if this was applied in the first 5 min of an overall 1 h plating process 
(i.e., 5 min ultrasonic, 55 min silent). This is in contrast with other studies (Touyeras et al., 2005) 
at a range of ultrasonic frequencies (300, 500, and 800 kHz) that had indicated the most enhanced 
mass transfer coefficients occurred at high powers for all three frequencies (with 500 kHz being the 
optimum). From these results it was concluded that ultrasound mainly affected the initiation stages 
of the electroless copper process by removing any remaining tin from the colloidal catalyst and 
enhancing the reduction of ionic palladium to the more catalytic palladium metal. At higher powers 
the catalyst was ultrasonically scrubbed from the surface of the epoxy substrate. The workers then 
took this study a stage further (Touyeras et al., 2003) and investigated the effect of ultrasound not 
only in the electroless copper solution but also in the colloidal palladium-tin catalyst bath. XPS data 
demonstrated that when the catalyst bath was sonicated a higher amount of palladium was found 
on the surface of the epoxy than without. Figure 3.11 shows the results of the plating rates obtained 
under silent conditions and when the catalyst and/or the electroless copper bath were sonicated.
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It can be seen that when ultrasound was used in both solutions the plating rate could be more 
than doubled.





Other workers (Zhao et al., 1995) have studied the effect of ultrasonic irradiation on electroless 
copper coating on ceramic. They reported that sonication produced a more uniform and well-bonded 
coating with a faster plating rate compared to the control process and that it was most effective in 
the early stages of plating particularly using a higher frequency of 1020 kHz rather than 28.2 kHz. 
The explanations for the improvements conformed to others in that they included enhanced mass 
transfer and cavitation generating localized heating in the diffusion layer. However, they also sug-
gested the possibility that ultrasound could produce more fine-grained copper crystals in the initial 
stages of plating, which are more catalytic.





One of the benefits of electroless copper plating in electronics manufacturing is that it can be 
used to metalize etched trenches and/or the vias and through holes in materials used for electronic 
manufacturing. It has been suggested (Kim et al., 2006a) that ultrasonic agitation could enhance the 
filling of trenches in silicon dioxide materials. Other workers have proposed (Kou and Hung, 1999) 
that the degassing of small blind vias in PCBs by the application of ultrasound during electroless 
copper plating enabled more complete metallization than air agitation. In this way, subsequent elec-
troplating produced better coverage of the via. In addition, similar studies (Matsushima et al., 2000) 
have demonstrated that ultrasonic agitation could improve the electroless copper coverage into vias 
with different aspect ratios, as shown in Table 3.1.





This enhancement was attributed to improved mass transport of the copper-EDTA complex into 
the vias coupled with a thinning of the diffusion layer and the removal of hydrogen gas from them.





A number of advantages were seen when ultrasound rather than mechanical agitation was used 
to plate a silane modified PET film (Lu, 2010). The deposit was smoother and had a better color 
(referred to as “bright” copper as opposed to “brown”). In addition, the adhesion was significantly 
improved (16.7 N cm−1 with ultrasound, 11.9 N cm−1 without) and this was thought to be due to ultra-
sonic degassing of hydrogen from between the substrate and coating. The electrical conductivity 
was also enhanced due to the smaller grain size in the deposit plated in an acoustic field.





Enhanced coverage of electroless copper plating on nanomaterials has been reported (Peng and 
Chen, 2009). They found that ultrasonic agitation (42 kHz, 100 W) aided the dispersion and plating 
of multiwalled carbon nanotubes (nanowires) in an electroless solution with improved adhesion of 
the plated copper.
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FIGURE 3.11  Effect of applying ultrasound in the catalyst and electroless copper solution on the plating 
rate. (From Touyeras, F. et al., Ultrason. Sonochem., 10, 363, 2003.)
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In conclusion, a number of effects have been identified that are common to many of the studies. 
Perhaps the most obvious is that electroless plating in an acoustic field tends to enhance plating rates 
although, particularly for electroless nickel formulations, this is strongly affected by the chelating 
species used. For palladium catalyzed electroless copper deposition, the main effect of ultrasound 
on the plating rate occurred during the early stages of the process and may have more to do with 
enhancement of the catalytic activity of the palladium than to electrochemical effects. There is clear 
evidence that ultrasound can improve the coverage of electroless deposition and this is particularly 
important in the plating of small blind via holes in PCBs and when coating nanomaterials. In this 
latter case, the dispersive properties of ultrasound prevent agglomeration of nanopowders, which 
further aids uniform plating. Several workers have shown that ultrasound can affect the composi-
tion of the electroless deposit, most clearly by reducing the amount of phosphorus codeposited in 
electroless nickel plating. This, and changes to the grain structure and morphology of the deposit, 
can also have effects on the mechanical properties such as hardness and internal stress.





With industry now looking for higher plating speeds, reduced production times, and enhanced 
material properties, the results from this review have clearly shown that ultrasonic technology has 
the potential to fulfill these requirements.





SONOELECTROCHEMICAL SYNTHESIS OF NANOPARTICLES 
(SAEZ AND MASON, 2009)





There are a range of methods for producing metallic nanosized materials including radiation meth-
ods (Yeh et al., 1999), thermal decomposition (Kim et al., 2006b), vapor deposition (Ponce and 
Klabunde, 2005), reduction in microemulsions (Haram et al., 1996), and chemical reduction meth-
ods (Athawale et al., 2005).  However, most of these techniques tend to be expensive and time-
consuming. An alternative method, simple and cost-effective, is the use of sonoelectrochemistry 
(Zin et al., 2009). The following examines the work employed in the preparation of nanomaterials 
using the pulsed sonoelectrochemistry method. A device for the production of metal powders using 
pulsed sonoelectrochemical reduction has been described (Reisse et al., 1994; Durant et al., 1995). 
Figure 3.12 shows the experimental setup used. In these experiments, a titanium probe (20 kHz) acts 
both as a cathode and an ultrasound emitter. The electroactive part of the sonoelectrode is the planar 
circular surface at the bottom of the horn, and the immersed cylindrical part into the electrolyte is 
covered by an isolating plastic jacket. The ultrasound probe is connected to a generator and a poten-
tiostat using a pulse driver.





TABLE 3.1
Experimental Values for Coverage of Blind via Holes 
of 0.09 mm Diameter





Hole Depth 
(mm)





Tm/To Tm/Tb





Mechanical 
Agitation





Ultrasonic 
Agitation





Mechanical 
Agitation





Ultrasonic 
Agitation





0.06 0.63 1.10 0.42 1.00





0.12 0.11 0.32 0.00 0.08





0.18 0.00 0.16 0.00 0.00





Source:	 Matsushima, T. et al., J. Electrochem., 68, 568, 2000.
Note:	 Ultrasonic frequency, 47 kHz; To, electroless copper thickness at 





opening of via; Tm, electroless copper thickness in middle of via; and 
Tb, electroless copper thickness in bottom of via.
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The first system used the simplest configuration of a two-electrode cell because the process is 
carried out under galvanostatic conditions. The drawback of this configuration is the presence of 
undesirable secondary reactions under galvanostatic control and to overcome this, an adaptation was 
made. The replacement of a two-electrode configuration (cathode and anode) by a three-electrode 
configuration (working, reference, and auxiliary electrodes) (Aqil et al., 2008) in the sonoelectro-
chemistry system was carried out with the aim of applying a controlled potential to the sonoelec-
trode to get a better control of the process.





The fundamental basis of the pulsed sonoelectrochemical technique for the production of 
nanopowders is massive nucleation (Rao et al., 2008). At the cathode, a pulse of current (or poten-
tial) reduces a number of cations, depositing a high density of metal nuclei on the sonoelectrode 
surface, and the titanium horn works only as an electrode during this time (TON). This short elec-
trochemical pulse is immediately followed by a short pulse of high intensity ultrasound (TUS) that 
removes the metal particles from the cathode surface and replenishes the double layer with metal 
cations by stirring the solution. Sometimes, a rest time (TOFF), without current or ultrasonic vibra-
tions, follows the two previous pulses and it is useful to restore the initial conditions close to the 
sonoelectrode surface.





Figure 3.13 shows the distribution of the pulses with the time. Electrochemical and ultrasound 
pulses typically range between 100 and 500 ms and the rest time lasts no more than 1 s.
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FIGURE 3.12  Sonoelectrochemistry setup used in the production of nanopowders (WE, working; RE, refer-
ence electrode; and CE, auxiliary electrode).
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FIGURE 3.13  Distribution of the ultrasound and current pulses with the time (TON, current pulse time; 
TUS, ultrasound pulse time; and TOFF, rest time).
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In most commercial systems, the ultrasound horns are made from titanium alloy (Ti:Al:V 90:6:4). 
In air, titanium forms a surface oxide layer, consisting of a mixture of TiO2, Ti2O3, and adsorbed 
oxygen. Under an oxidation process a passivated film can grow on the sonoelectrode surface and 
this acts as an insulator (Compton et al., 1996). This limitation restricts the use of the sonoelectrode 
to reduction processes.





This new electrochemical method has since been employed to produce numerous pure metals 
(Qiu et al., 2003; Aqil et al., 2008) or alloys nanopowders (Mancier et al., 2004; Dabala et al., 2008) 
and semiconductor nanoparticles (Qiu et al., 2005). More recently, conductive polymer nanopar-
ticles (Atobe et al., 2009) have also been synthesized by pulsed sonoelectrochemistry. The metal 
powders obtained are in a finely divided state with high surface areas, an average particle size of 
100 nm, and high chemical purity (Reisse et al., 1996). Table 3.2 summarizes the experimental con-
ditions used in the synthesis of different materials by pulsed sonoelectrochemistry.





Preparation of Nanoparticles by Pulsed Sonoelectrochemistry





Metallic Nanopowders
Copper electrodeposition is a familiar industrial process where all electrodeposition parameters and 
electrolytes are well established, and thus copper was one of the first metals to be synthesized using 
pulsed sonoelectrochemical methods. The synthesis of a range of metallic copper nanostructures by 
pulsed sonoelectrochemistry has been reported (Reisse et al., 1994; Durant et al., 1995; Haas et al., 
2006, 2008). Copper nanoparticles were synthesized (Haas et al., 2006) from an aqueous acidic 
solution of CuSO4 using polyvinylpyrrolidone (PVP) as a stabilizer. By applying a range of current 
densities between 55 and 100 mA cm−2, monodispersed spherical copper nanoparticles with a diam-
eter range of 25–60 nm were observed. A reaction mechanism between copper ions and PVP was 
proposed. The first step was the formation of a coordinative bonding between PVP and copper ions, 
forming a Cu2+-PVP complex. The formed complex was present in the solution and when the current 
pulse was applied, the Cu2+ was reduced to Cu0 on the polymer, preventing the agglomeration of the 
metallic nanoparticles. Infrared (IR) studies showed that the PVP was coordinated with Cu through 
C–N and C=O bonds. When PVA (polyvinylacetate) was used as a stabilizing agent (Haas et al., 
2008), copper with dendritic morphologies was obtained.





The production of platinum nanoparticles from aqueous chloroplatinic solutions under galvano-
static conditions has been reported (Zin et al., 2009). The platinum nanoparticles produced were 
spherical with an average size ranging from 10 to 20 nm. These aggregated into secondary struc-
tures with a mean size ranging between 100 and 200 nm. Tridimensional dendritic Pt nanostruc-
tures (Shen et al., 2008a) were synthesized when PVP was used as stabilizer.





Stable suspensions of gold nanoparticles in water have been reported (Aqil et al., 2008) using 
pulsed sonoelectrochemistry. Some polymers were added to the electrolyte to avoid the nanopar-
ticle aggregation which is frequently observed in such sonoelectrochemical procedures (Durant 
et al., 1995). The gold electrodeposition was carried out by applying a potential in the range of 
−850 to −1300 mV vs. NHE, and, in the presence of α-methoxy-ω-hydroxyl polyethylene (MPEO), 
the nanoparticles aggregated and settled down in the electrochemical cell in a similar way to that 
observed without a stabilizer present. However, using a MPEO/PVP polymer mixture, a stable vio-
let suspension was obtained at the end of the process without sedimentation. This sample showed a 
narrow size distribution centered on 12 nm, together with a few larger particles (30 nm). In the pres-
ence of polyethylene oxide (PEO), disulfide polymer, a very stable suspension of gold nanoparticles 
with a mean diameter of 35 nm was obtained. Table 3.3 summarizes the different strategies used to 
prepare stable suspensions of gold nanoparticles and the average size obtained.





Silver nanoparticles have also been synthesized using different electrolytes and stabilizers by the 
pulsed sonoelectrochemistry method (Zhu et al., 2000a; Liu et al., 2001; Socol et al., 2002; Jiang 
et al., 2004). Shaped silver nanoparticles including spheres, rods, and dendrites were prepared from 
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an aqueous solution of AgNO3 in the presence of nitriloacetate (NTA) (Zhu et al., 2000a). It was 
found that the electrolyte composition and the reaction time can greatly affect the shape and growth 
of the nanoparticles. Without NTA, shaped Ag nanoparticles were not formed. If the concentration 
of NTA is very low (less than 0.1 g L−1), only randomly shaped aggregates were obtained but if the 
concentration of NTA was increased to 1 g L−1 the formation of the shaped particles was favored. 
Using this stabilizer concentration and varying the concentration of silver ions in the electrolyte, 
silver nanoparticles were formed with different shapes. If a concentration of 0.6 g L−1 AgNO3 was 
utilized, the nanoparticles were spherical and well-dispersed, with a size of 20 nm if the reaction 
time was kept below 5 min. Nanorod structures with a width of 10–20 nm in diameter were obtained 
with 2 g L−1 AgNO3 after 12 min of reaction and when the concentration of AgNO3 was increased 
to 20 g L−1, while highly ordered dendritic nanostructures were observed for a 25 min reaction. The 
authors suggested that the excess of silver ions in the solution favors the aggregation and growth into 
the dendritic structure of Ag clusters. In subsequent work, Socol et al. (2002) used the same system, 
i.e., silver plus NTA and proposed a model based on a suspensive electrode formation to explain the 
growth of the dendritic structures. The model involves expulsion of the particles from the electrode 
surface as a result of the ultrasonic pulse into the solution, where they can remain suspended. These 
suspended nanoparticles are then moved about in the solution through the influence of the ultrasonic 
wave and as a result could hit the electrode and thus acquire a charge. These charged particles trav-
eling into the bulk solution could reach the anode and initiate electrodeposition onto themselves and 
grow in size into a dendritic structure.





The synthesis of silver nanoparticles with a face-centered cubic structure in a saturated solution 
of silver citrate in the presence of PVP has also been reported (Jiang et al., 2004). Under the experi-
mental conditions used, the Ag nanoparticles were prepared as spherical and monodisperse with an 
average size of 20–25 nm. In contrast, amorphous silver nanoparticles (Liu et al., 2001) of 20 nm 
size were prepared from an aqueous solution of AgBr in the presence of gelatin.





The synthesis of spherical nanoparticles of tungsten by pulsed sonoelectrochemistry has been 
reported (Lei et al., 2007).  The average diameter of these nanoparticles was 30 nm and some 
aggregated particles were observed. The synthesis of highly dispersed palladium nanoparticles by 
pulsed sonoelectrochemistry methods with different sizes and shapes using a solution of PdCl2 in 
the presence of cetyltrimethylammonium bromide (CTAB) has been achieved (Qiu et al., 2003). 
The nanoparticles were mostly spherical with an average size of 4–5 nm and, for a longer reaction 
time than 2.5 h, dendritic structured Pd was detected. The dendritic palladium was made up of 
numerous spherical Pd nanoparticles with a diameter of approximately 10 nm. Zinc (Durant et al., 
1995; Reisse et al., 1996; Jia et al., 2007), nickel (Reisse et al., 1996; Jia et al., 2007), and cobalt 
(Reisse et al., 1996) nanoparticles have also been successfully synthesized by pulsed sonoelectro-
chemical methods.





Nanoparticles of very reactive metals with a high negative reduction potential, e.g., magnesium 
and aluminum can also be synthesized using pulsed sonoelectrochemistry. The synthesis of Mg 





TABLE 3.3
Summary of Experimental Conditions in Gold 
Nanoparticles Synthesis





Polymer E (mV) versus ENH TON (ms) Size (nm)





MPEO −850 50 Sediment





MPEO/PVP −850 50 12





PEO disulfide −1300 20 35





Source:	 Aqil, A.  et al., Ultrason. Sonochem., 15, 1055, 2008. 
With permission.
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nanoparticles (Haas and Gedanken, 2008) was carried out using two different electrolyte solutions 
based on Grignard reagents (EtMgCl and BuMgCl) in ethers. The ethers used were tetrahydrofu-
ran (THF) and dibutyldiglyme (DBDG), and AlCl3 was added to increase the conductivity of the 
electrolyte. Four nm-sized metallic magnesium particles were obtained for both electrolytes. The 
product efficiencies in THF and in DBDG were different at 41% and 33%, respectively, and this 
was ascribed to the difference in solution viscosity. MgO nanoparticles could also be found in the 
product due to the ease of oxidation of the metal.





In the case of aluminum nanoparticles (Mahendiran et al., 2009), a solution of LiAlH4 and 
AlCl3 in THF was used. TEM analysis showed the formation of aggregated particles in the range 
10–20 nm, and energy-dispersive x-ray (EDX) analysis confirmed that the surface of the material 
is mainly composed of aluminum, but there were also small peaks observed for oxygen, which 
showed that the surface of the aluminum was partially oxidized. This was a similar result to that 
obtained for the magnesium nanoparticles. The current pulse used in the synthesis of aluminum and 
magnesium nanoparticles was 600 s, which is much longer than those commonly used in the other 
nanometal syntheses.





Alloy Nanopowders
The pulsed sonoelectrochemistry technique has been applied to the synthesis of binary and ternary 
alloyed nanopowders containing iron, cobalt, and nickel (Atobe and Nonaka, 1995; Mancier et al., 
2004; Dabala et al., 2008). All these alloys were synthesized using an electrolyte bases on Aotani’s 
formulation. Binary and ternary alloys were deposited galvanostatically at 8000 A m−2 and particles 
with a mean diameter of 100 nm were produced (Delplancke et al., 2000). In a recent report, a series 
of iron–cobalt alloy nanopowders were prepared by pulsed sonoelectrochemistry under different 
potentiostatic conditions (Mancier et al., 2004). Under these experimental conditions the composi-
tion of the alloys is essentially independent of the deposition potential and is only determined by the 
composition of the electrolytic bath. The smallest particles detected had a mean diameter of 7 nm 
and were strongly aggregated in 3D clusters.





It has been calculated (Dabala et al., 2008) that the cathode efficiency for the production of 
Co65Fe35 nanoparticles is the ratio of the produced mass of powders to the Faradaic yield. For applied 
currents lower than −20mA the efficiency was high and remained over 50% but as the applied cur-
rent increased 50-fold, the cathode efficiency decreased by 10-fold.





Semiconductor Nanopowders
Semiconductor materials are the foundation of modern electronics and are finding applications in 
photochemistry, dye-sensitized solar cells, and in the photocatalytic treatment of chemical waste 
(Hoffmann et al., 1995; Serpone and Khairutdinov, 1996).





Cu2O nanopowders have been prepared in potentiostatic mode (Mancier et al., 2008). The work 
was based on a previous voltametric study that showed that, at an applied potential ranged between 
−0.65 and −1 V/SSE, it was possible to avoid the formation of a mixture of Cu2O and Cu. The pow-
ders generated were analyzed by XRD and only Cu2O peaks were detected indicating that neither 
metallic copper nor CuO were formed at these potentials. TEM micrographs showed numerous 
agglomerates of nanoparticles of a variety sizes but isolated particles were also found with diameter 
ranges between 7 and 20 nm.





The synthesis of CdSe with a tubular structure has been reported (Shen et al., 2008b).  This 
synthesis was carried out by applying a constant current density in the range of 60–80 mA cm−2, 
but in this case under continuous sonication. The CdSe nanotubes had an outer diameter of 80 nm 
and a wall thickness of 10 nm and were obtained through a roll-up mechanism. In the first stage, 
2D nanosheets were formed on the electrode and these were then dislodged from the sonotrode 
surface. Due to the high surface energy of the edges of the nanosheets, these flexible and unstable 
nanosheets are thought to roll-up and form tubular nanostructures during the cavitation process.
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PbTe nanorods (Qiu et al., 2005) were synthesized by pulsed sonoelectrochemistry methods using 
NTA as stabilizer. PbTe formation predominated when the Pb2+/NTA ratio was high, even at a very 
low concentration of Te2− ions. However, for low Pb2+/NTA ratio, the thermodynamic solubility con-
stant limited the precipitation of PbTe even at relatively high concentrations of Te2− ions. With very 
low concentrations of Pb2+ (2 mmol L−1), only spherical particles were observed and the increase in 
the concentration of Pb2+ ions caused the spheres to grow and rod-shaped morphologies to be formed. 
PbTe nanorods showed highly uniform nanorod morphology with an average diameter of 7 nm.





Other semiconductor materials such as PbSe (Zhu et al., 2000b), Bi2Se3 (Qiu et al., 2004), and 
MoS2 (Mastai et al., 1999) have been successfully synthesized with different morphologies by using 
the pulsed method in aqueous solution at room temperature.





Conducting Polymer Nanoparticles
Polyaniline (PANI) and other conducting polymers such as polythiophene, polypyrrole, and 
poly(methylaniline) have great potential in numerous technological applications (Rupprecht, 1999). 
These materials can exist as bulk films or as dispersions; but a common problem with the latter is 
particle aggregation, which limits the range of applications. Conducting-polymer synthesis using 
pulsed sonoelectrochemistry has been reported (Ganesan et al., 2008; Atobe et al., 2009) despite 
the fact that oxidation of the horn surface can generate an insulating layer when the sonoelectrode 
is used in oxidation process (Compton et al., 1996). The synthesis of PANI nanomaterial has been 
reported (Ganesan et al., 2008) by oxidative polymerization using the sonoelectrode as anode. In 
this synthesis, a constant potential pulse of +1 V versus Ag/AgCl/3 mol L−1 NaCl was applied to 
the sonoelectrode in an aqueous solution of aniline in HCl. After 2 h, the formation of PANI nano-
structures was confirmed by UV-V is, and TEM micrographs showed particles with a diameter of 
2–4 μm made up of very small nanoparticles of average size 20–40 nm.





The synthesis of nanopoly(methylaniline) by the use of a pulsed sonoelectrochemical method 
has been reported (Atobe et al., 2009), but in this case the anode was a platinum electrode placed 
face-to-face with the ultrasound emitting surface of a horn. This arrangement overcame the draw-
back related to the use of an ultrasound horn in oxidation process. Poly(methylaniline) synthesis 
was achieved at a constant potential pulse of 0.75 V vs. SCE to the platinum electrode in an aqueous 
solution of methylaniline in HClO4. PNMA microspheres were obtained and their size distribution 
depended on the electric pulse width. Thus, for a pulse width of 40 s, the average size was 1.4 μm, 
whereas for 90 s the average size was 2.4 μm.





Pulsed sonoelectrochemistry techniques, which use 20 kHz ultrasound horn both as working 
electrode and ultrasound emitter, have been used to prepare nanopowders. The majority of nanoma-
terials produced by this method are pure metals. More recently, the syntheses have been extended 
to include the preparation of nanosized metallic alloys, metal oxide semiconductors, and conductive 
polymers. Factors that affect the process yield and particle size are the ultrasound pulse time and 
the current density. In general, decreasing temperature, shorter pulse duration, high current density, 
and high ultrasound intensity will lead to a reduction in crystal size. These parameters need to be 
optimized in order to maximize the nanoparticles production yield and to obtain the lowest size of 
the products depending of the applications.





It can be seen that a variety of nanomaterials have been prepared to date by pulsed sonoelectro-
chemistry. Although these nanoparticles were aggregated, the shape and size of the nanoparticles 
can be adjusted by controlling the various electrodeposition and ultrasound parameters and by using 
a suitable stabilizer.





ULTRASOUND IN POLYMER TECHNOLOGY





Ultrasound has been employed to affect polymers for many years. Both depolymerization and syn-
thesis can be achieved when utilizing the correct conditions. Depolymerization is thought to be, in 
part, due to the rupture of the C–C polymer backbone chain by the intense shear forces released 
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on cavitational collapse. Synthesis can be improved due to enhanced mixing during sonication as 
well as radical generation. Interest in the use of ultrasound allows for novel materials to be formed 
by employing an environmentally clean technology. Often ultrasound can be utilized to improve 
product yields and selectivity.  It can reduce reaction temperatures while enabling less acidic or 
corrosive chemicals to be used and enhancing product recovery and final quality. Performing these 
reactions in an acoustic field can facilitate the use of aqueous solvents and, in some cases, reduces 
the need for pure chemicals or initiators; and is also considered to be a nontoxic and environmen-
tally friendly technology. Recently, ultrasound has been employed to disperse nanoparticles within 
a polymeric base, producing new hydrogels and has also been used for controlled drug release from 
a polymer matrix.





It has been reported (Wonga et al., 2009) that ultrasound can be utilized to control the depoly-
merization of plant celluloses and bacterial celluloses by employing suitable sonication settings, 
namely, an ultrasonic frequency of 37 kHz and ultrasonic power of 150 W over time periods of 5, 10, 
15, and 30 min (Figure 3.14).





By employing size exclusion chromatography, they determined that a decrease in polymer molec-
ular weight was matched by a reduction in the polydispersity of the plant polymers but an increase 
in the bacterial polymers. This was thought to be due to lack of change in the crystallinity of plant 
polymers but a marked increase in crystallinity of the bacterial polymers.





Other workers (Jevtic et al., 2009) used ultrasound to achieve a controlled assembly of 
poly(d,l-lactide-coglycolide) (PLGA)/hydroxyapatite (Hap) core-shell nanospheres, which are 
desirable for use as implants that accelerate the reconstitution of damaged bones. They applied 
ultrasound at powers of 142.5 and 50 W to form biocomposite nanospheres of PLGA/Hap. They 
revealed a significant dependence of the morphology of the resultant composites upon param-
eters such as the intensity of the applied ultrasonic field, weight percentage ratio of ceramic/
polymer, and the temperature of the medium. The optimal settings, which provided a signifi-
cant improvement in final composite appeared to be a low treatment temp of 8°C with high 
ultrasonic power of 142.4 W.  The final morphology of the PLGA/Hap particles synthesized 
under these conditions was highly regular sphere-like, with particles of very small dimensions 
(150–320 nm), extremely uniform particle size distribution with planar spatial self-organization. 
These characteristics indicate significant improvements in PLGA/Hap composite resulting from 
this ultrasonic procedure.





Many materials require specially engineered microstructures, e.g., those which are used in ortho-
pedic applications or are required to meet specific thermal or mechanical constraints. Ultrasound 
(Torres-Sanchez and Corney, 2008) was used at 20, 25, and 30 kHz for 20 min in an off/on cycle of 
2 min on/1 min off during the production of a polyurethane foam to see how it affected the foam 
cellular structure. They determined that the frequency and power of the applied ultrasound affected 
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FIGURE 3.14  Polydispersity-index variation of plant and bacterial cellulose as a function of time of ultra-
sonication. (From Wonga, S.-S. et al., Carbohydr. Polym., 77, 280, 2009.)
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the volume and distribution of pores within the matrix and that porosity varied in direct propor-
tion to both the acoustic pressure and frequency of the ultrasound signal.  It was proposed that 
ultrasound could be employed to control the geometry of the foam and link this to specific material 
requirements.





Other workers (Kang et al., 2010) have studied the effect of ultrasound on the conformation and 
crystallization behavior of isotactic polypropylene and b-isotactic polypropylene. They showed that 
application of ultrasound at a frequency of 20 kHz frequency and powers of 0, 50, 100, 150, 200, 
250 W for 3 min at 190°C decreased the helical conformation order and changed the crystalline 
structures of samples studied.





Ultrasound has also been used (Park et al., 2008) to induce a selective covering of carbon 
nanotubes with sol-gel sheaths. These carbon nanotubes can be used to produce novel advanced 
materials, which exhibit high mechanical strength and large electrical and thermal conductivi-
ties. However, poor dispersion and low interfacial bonding within polymer matrixes reduces their 
effectiveness. The authors produced sol–gel sheaths on the surface of multiwalled carbon nano-
tubes in water by employing a hydrophobicity-induced covering with the assistance of ultrasound. 
They employed a frequency of 24 kHz at 110 W to prevent agglomeration induced by the hydropho-
bicity of the nanotubes and phenyl-containing sols, leading to a selective construction of sol–gel 
sheaths on the nanotube surface. The phenyl groups of the resulting sol–gel sheaths were then 
successfully removed by air-oxidation to provide the nanotubes to be covered with amorphous 
silicon oxide sheaths.





A variety of different hydrogels were prepared (Cass et al., 2010) by utilizing ultrasound to aid 
polymerization of water soluble monomers, such as 2-hydroxyethyl methacrylate, poly (ethylene 
glycol) dimethacrylate, dextran methacrylate, and macromonomers. Ultrasound itself was used to 
create the initiating radicals in viscous aqueous monomer solutions by using glycerol, sorbitol, and 
glucose as additives. A 5% w/w solution of dextran methacrylate formed a hydrogel in 6.5 min in a 
70% w/w solution of glycerol in water at 37°C with 20 kHz ultrasound, 56 W cm−2. It is thought that 
this method could be used for processes where additional initiators are not wanted.





Work has also been performed (Kowalski et al., 2008) on the effect of ultrasonic irradiation 
during electropolymerization of polypyrrole on corrosion prevention of coated steel.  They used 
ultrasound during the electropolymerization of polypyrrole (PPy) in acid phosphate solution con-
taining molybdophosphate ions and pyrrole monomer. The corrosion of the steel coated by the film 
prepared under ultrasonic irradiation was tested in 3.5 wt % NaCl solution and compared to a non-
ultrasonically prepared coating. They discovered that the film prepared under ultrasonic irradiation 
kept the steel in the passive state one and a half times longer as that prepared without ultrasonic 
irradiation. They suggest that the surface morphology of the ultrasonic film was changed during 
the electropolymerization process. Under sonication, a dense and compact polypyrrole layer was 
formed. The structure of the film obtained under ultrasonic irradiation was assumed to result from 
a change in the nucleation-growth mechanism.





Ultrasound has also been utilized to develop an efficient and green procedure for the synthesis 
of 1,8-dioxo-octahydroxanthenes derivatives using MCM-41-SO3H as a nanoreactor and catalyst 
(Rostamizadeh et al., 2010). The reaction was carried out in water under ultrasonic irradiation at 
25 kHz, using nanosized MCM-41-SO3H. In this method, several types of aromatic aldehydes, con-
taining electron-withdrawing groups as well as electron-donating groups, were rapidly converted to 
the corresponding 1,8-dioxo-octahydroxanthenes in good to excellent yields.





By using a combination of MCM-41-SO3H and ultrasound allowed for a better intercalation 
of guest molecules (reactant) into the host nanoreactors.  Ultrasound irradiation produced high 
yields, short reaction times with a simpler, and easy workup compared to the conventional methods 
reported in the literature.





An attempt to synthesis a novel chitosan-mesoporous silica hybrid composite has been reported 
(Depan et al., 2010) to design a drug delivery system based on ultrasound triggered stimuli-responsive 
smart release using Ibuprofen as a model drug. Ultrasound triggered release of Ibuprofen in a 
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simulated body fluid (pH 7.4) was examined by utilizing an ultrasonic bath of frequency 33 kHz. 
The results indicated that ultrasound irradiation can be used as a noninvasive technique for drug 
release from polymeric materials. The authors suggested that the enhanced rate of drug released 
observed with ultrasound is due to the cavitation effect, which is achieved without causing any 
significant destruction of the polymer morphology.





ULTRASOUND AND ENVIRONMENTAL PROTECTION





Water used for drinking purposes can contain many different types of pollutants of a chemical 
and also of a biological nature and therefore must be treated prior to subsequent use, and the 
utilization of sonication to destroy such pollutants has attracted much attention in recent years. 
Ultrasound has been employed in many ways to deal with issues within the environment from 
treating chemicals in wastewater to enhancing aerobic and anaerobic sewage treatment. The pro-
duction of free radicals by the sonication of water is thought to contribute to the degradation of 
chemicals, whether they are dyes from the textile industry or agrochemicals and pesticides from 
the agricultural industry. In addition, by using different frequencies of ultrasound, bacteria pres-
ent in biofilms and wastewater may also be treated with the main component for effective kill 
rate being the direct physical effect of the ultrasound applied. The physical and chemical affects 
produced by ultrasound, can have a beneficial effect in wastewater treatment. Recent investiga-
tions involved the examination of the effects of ultrasound on biotechnology (enhancing enzyme 
activity, e.g., activated sludge, biodegradation) (Schlafer et al., 2000; Chu et al., 2001; Mason and 
Tiehm, 2001) agglomeration for use in coagulation and flocculation, filtration, and decontamina-
tion (destruction of pesticides, chlorinated hydrocarbons, PCBs) (Price et al., 1994; Naffrechoux 
et al., 2000; Peters, 2001).





Use of Ultrasound in the Degradation of Textile Dyes





Recently, ultrasound has been used to degrade dyes as both an individual oxidation process and 
combined with others. Azo dyes are the largest group of colorants used in a variety of industries 
ranging from textile manufacture to paper production. The textile industry involves several pro-
cesses, which produce contaminated wastewaters. This waste must be treated prior to subsequent 
use but the dye chemicals employed are often resistant to treatment whether it is physical, chemi-
cal, and/or biological. Ultrasound has the potential for use in environmental remediation due to the 
formation of highly concentrated oxidizing species and as a result several studies of its use for dye 
degradation have been undertaken.





For example, ultrasound has been employed (Onat et al., 2010) in the decoloration of textile 
azo dyes by using it in combination with microbial removal. They examined the decolorization of 
Reactive Red 2, Reactive Blue 4, and Basic Yellow 2 first by employing continuous ultrasonic irra-
diation at 20 kHz and second by employing microbial digestion. After the ultrasonic/microbial step-
by-step applications, the highest decolorization yield achieved was 93% in the sample with Reactive 
Red 2 at 50 mg L−1 initial dye and 6 g L−1 cell concentrations. The lowest dye removal yield was 25% 
for about 100 mg L−1 initial Basic Yellow 2 and 4 g L−1 cell concentrations.





Ultrasound was utilized in combination with Fenton’s reagent for the degradation of Acid Red 97 
(Li and Song, 2010). By using ultrasound at frequency of 40 kHz, the degradation ratio was 99.9% 
for the initial concentration of 50 mg L−1 using 1.57 mmol L−1 H2O2, 0.054 mmol L−1 Fe2+ at 40°C 
within 140 min. They found that a combination of ultrasound and Fenton’s reagent was more effec-
tive than individual sonolysis or Fenton reagent process treatments.





The degradation of C.I. Acid Orange 7 by ultrasound has also been investigated (Zhang et al., 
2009). They studied the effect of ultrasonic power density (Figure 3.15), goethite addition, hydrogen 
peroxide concentration, and initial pH, among other factors.
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The results showed that the decolorization rate increased with ultrasonic power density, goethite 
addition, and hydrogen peroxide concentration, but decreased with the increase of initial dye 
concentration—an effect observed by many studies.





The influence of bicarbonate and carbonate ions on sonochemical degradation of Rhodamine B 
in aqueous phase has also been studied (Merouani et al., 2010a). They discovered that as a result 
of the generation of •OH radicals by cavitational collapse, the presence of carbonate radicals were 
formed as secondary products of water sonication when the water contained dissolved bicarbonate 
or carbonate ions.  The results clearly demonstrated the significant destruction of Rhodamine B 
when sonicated in the presence of bicarbonate and carbonate, especially at lower dye concentra-
tions. They continued their studies (Merouani et al., 2010b) by examining the effect of additives 
in the degradation process. Additives such as iron (elemental, bivalent and trivalent), carbon tetra-
chloride, hydrogen peroxide, tert-butyl alcohol, salt (Na2SO4), sucrose, and glucose were employed. 
The ultrasonic degradation of dye was enhanced by iron addition. The rate of degradation employ-
ing iron was of the following order Fe(II) > Fe(III) > Fe0. Carbon Tetrachloride aided degradation 
through the formation of oxidant chlorine and it was found that there were optimum concentration 
requirements for the use of H2O2 and Na2SO4 as additives while glucose and sucrose also showed 
very promising results.





The optimization of decolorization of azo dye Acid Green 20 by ultrasound and H2O2 has been 
reported (Zhang and Zheng, 2009). The optimum operating conditions for Acid Green 20 decolor-
ization were found to be 1.08 W mL−1 ultrasonic power density, 4.85 pH and 1.94 mmol L−1 of H2O2 
concentration. The decolorization rate was found to be 96.3%.





An electrocatalytic process has also been used (Ai et al., 2010) to enhance the ultrasonic degra-
dation of Rhodamine B. They optimized oxidation factors by examining parameters such as applied 
potentials, power of the ultrasound, initial pH of the solution, and initial concentration of dye. The 
eventual result was that Rhodamine B was decolorized completely within several minutes. They 
also found the process to be effective in the decolorization of other azo dyes, such as methylene 
blue, reactive brilliant red X-3B, and methyl orange.





Congo Red was degraded using ultrasound in another study by (Gopinath et al., 2010). The dye 
solution was subjected to ultrasound irradiation of 30 kHz at various initial concentrations and pH. 
The results showed that the initial dye concentration and pH of the dye solution influenced the per-
centage decolorization and low initial values resulted in high percentage decolorization.
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FIGURE 3.15  Effect of power density on the decolorization (C0 = 79.5 mg L−1, [FeOOH] = 0.2 g L−1, [H2O2] = 
7.77 mmol L−1, pH0 3). (From Zhang, Z. and Zheng, H., J. Hazard. Mater., 72, 1388, 2009.)
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Ultrasound has also been used (Wang et al., 2010) to enhance the degradation of dye pollut-
ants by also using H2O2 activated by Fe3O4 magnetic nanoparticles as a peroxidase mimetic. They 
found that Fe3O4 could catalyze H2O2 by removing Rhodamine B in a wide pH range from 3.0 to 9.0. 
The degradation was significantly enhanced by employing ultrasound irradiation. At pH 5.0 and 
at a temperature of 55°C, the ultrasound-assisted H2O2-Fe3O4 catalysis removed about 95% of 
Rhodamine B (0.02 mmol L−1) in 15 min with an apparent rate constant of 0.15 min−1 for the 
degradation of Rhodamine B, i.e., 6.5–37.6 times of that observed for a H2O2-Fe3O4 system and an 
ultrasonic ultrasound-H2O2 system, respectively.





Other workers (Eren and Ince, 2010) examined the degradation of two azo dyes at low and 
high frequency ultrasound to compare their reactivity and to assess the impacts of frequency, OH•, 
chemical structure, and soluble/nonsoluble additives. Low frequency ultrasound alone (20 kHz) was 
found to be totally ineffective for bleaching the dyes even after 2 h irradiation, while high frequency 
(861 kHz) provided significant color decay in 30 min contact. This study was a continuation of their 
previous work where they stated that azo dyes were water soluble and mostly hydrophilic. Hence, 
the degradation of dyes is mainly due to chemical oxidation by OH radicals in the bulk liquid (Ince 
and Tezcanli-Güyer, 2004). Reactive Black 5 was also used as a model dye by Ince and Tezcanlí 
(2001). The degradation was studied using individual sonolysis at 520 kHz, ozonation, and a com-
bination of both methods. The degradation was monitored by the decay of absorbance at 596 nm, 
which was found to follow pseudo first-order kinetics. Under the same conditions and for identical 
contact times, color removal with ultrasound/O3 was twice as fast as that with ozone alone, while 
no significant removal was observed in the control experiments with ultrasound alone. This finding 
was attributed to the relative shortness of the contact period. It is inferred that during simultaneous 
operation, the early oxidation reactions of the dye bleaching are governed by ozone and its decom-
position products, whereas the destruction of the oxidation intermediates is achieved by the joint 
action of ultrasound and ozone.





Optimizing the degradation of Rhodamine B was carried (Sivakumar and Pandit, 2001) out 
using different ultrasonic equipment with varying ultrasonic power. It was found that the degrada-
tion rate increased with an increase in the power parameters up to a definite optimum value and then 
began to decrease with further increases in these power parameters. The occurrence of the optimum 
level can be explained by the formation of larger bubble clouds and the associated decoupling effect. 
The optimal values were not the same for all the ultrasonic equipment used in the experiments, 
which can be attributed to the difference in the acoustic field generated by each of them. It has been 
observed that for the optimization studies, it is better to consider power density (W mL−1) parameter 
rather than power intensity (W cm−2), because the former directly gives an idea about the amount of 
energy dissipated in the volume of the solution. The optimization method with power density and 
power intensity aims to indicate the energy requirements of the process and the effective mode of 
supply (intensity) or assists in proper utilization of energy for a given chemical reaction to avoid 
oversupply of energy.





The degradation of industrial azo dyes Acid Orange 5 and 52, Direct Blue 71, Reactive Black 5, 
Reactive Orange 16, and Reactive Orange 107 was performed by power ultrasound of 850 kHz at 
60, 90, and 120 W (Rehorek et al., 2004). All investigated dyes have been decolorized and degraded 
within 3–15 h at 90 W and within 1–4 h at 120 W, respectively. The results also show that power 
ultrasound is able to mineralize azo dyes to nontoxic end products, confirmed by the respiratory 
inhibition test of Pseudomonas putida. The mass spectrometric results show that hydroxyl radicals 
attack azo dyes by simultaneous azo bond scission, oxidation of nitrogen atoms, and hydroxylation 
of aromatic ring structures.





Acid Orange 7 and Reactive Orange 16 were studied (Ince and TezcanliGüyer, 2004) at 300 kHz. 
The results showed that the decrease of absorbance at the visible band was much greater than in the 
UV band, which indicated the priority of OH radicals addition to the N=N or C–N bonds of the chro-
mophore. Moreover, the bleaching of Acid Orange 7 was considerably faster than that of Reactive 
Orange 16, which has a higher molecular weight and more complex structure. The degradation 
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was also pH-dependent. Acidic conditions accelerated the degradation by hydrophobic enrichment 
and of the molecules and the formation of excess H2O2





−, •HO2−, and •O2−.





Treatment of Aromatic Hydrocarbons





Decontamination of chemicals such as polychlorinated biphenyls (PCBs) and other chlorine disin-
fection by-products (DBPs) found in water are currently of interest as more information is known 
about their adverse effect on the environment and health.





Ultrasound as one of the advanced oxidation processes has been used to treat chlorophenols and 
poly aromatic hydrocarbons (PAH) by many researchers, as described below.





The sonochemical degradation of polyaromatic hydrocarbons in aqueous solution has been stud-
ied (David, 2009) at two frequencies (20 and 506 kHz) and the greatest activity was observed at 
506 kHz. It was suggested that this was due to sonodegradation occurring via pyrolysis of the hydro-
carbons within the center of the cavitation bubbles themselves.





The degradation of polycyclic aromatic hydrocarbons in aqueous solutions has also been inves-
tigated (Psillakis et al., 2004). They investigated the effect of concentration, temperature, applied 
power, and ultrasound frequency on the sonochemical degradation of naphthalene, acenaphthylene, 
and phenanthrene. Using an ultrasonic horn at applied power of 45, 75, and 150 W and frequencies 
of 24 and 80 kHz, all the PAHs were susceptible to sonochemical treatment and, in most cases, 
complete degradation could be achieved in up to 120 min of treatment. Degradation was found to be 
reduced with increasing initial concentration and temperature and decreasing power and frequency 
as well as in the presence of an excess of dissolved salts. Addition of 1-butanol, a known hydroxyl 
radical scavenger, substantially suppressed degradation throughout the course of the reaction sug-
gesting a radical attack as the main method of degradation.





The degradation of 4-chlorophenol in O2-saturated solutions at different concentrations, tem-
peratures, and frequencies has also been studied (Jiang et al., 2006). From their study, 500 μmol L−1 
of 4-chlorophenol was completely destroyed after 300 min of sonication at 500 kHz with the power 
of 30 W and liquid temperature 20°C ± 1°C. The degradation reaction was pseudo-first-order reac-
tion with a rate constant of 0.0012 ± 0.002 min−1. Primary intermediates formed were hydroquinone 
and 4-chlorocatechol with final products of chloride ions, CO, CO2, and HCO2H. The intermediates 
indicated that hydroxyl radicals are involved in the degradation of 4-chlorophenol. The initial deg-
radation rate increased with the increase of the concentration up to about 1000 μmol L−1. They con-
cluded that at high concentrations the degradation occurs predominantly at the liquid–gas bubble 
interface and at low concentrations, degradation occurs in the bulk solution.





The degradation of 4-chlorophenol at 516 kHz has been reported (Hamdaoui and Naffrechoux, 
2008). A solution of 4-chlorophenol at a concentration of 0.78 mmol L−1 was completely destroyed 
after 70, 80, 100, and 130 min of sonication for the power 38.3, 31.1, 21.5, and 15.2 W, respec-
tively.  The primary intermediates were hydroquinone, 4-chlorocatechol and in a small quantity 
4-chlororesorcinol. Final degradation products were formic acid (HCOOH), CO, CO2, and chloride 
ions. The addition of tert-butanol as a radical scavenger found that the degradation was effectively 
quenched but not completely. As a result, they suggested that the main mechanism of 4-chlorophenol 
destruction is chemical oxidation by hydroxyl radicals.





The degradation of 2,3,5-trichlorophenol was studied (Tiehm and Neis, 2005) at 41, 206, 360, 
618, 1068, and 3217 kHz. In their study, greatest decomposition was observed at 360 kHz. The deg-
radation followed pseudo first-order rate with efficiency, decreasing in the presence of hydrophobic 
radical scavenger, tert-butanol as also observed by other authors.





Other workers (Peters, 2001) have investigated the degradation of volatile organic compounds 
(VOC) in natural ground water with a range of high frequency ultrasound of 206, 361, 620, and 
1086 kHz. All VOC are almost completely destroyed within 60–120 min, and most after 30 min, and 
are within water requirement levels. There is minimal difference between the frequencies employed 
if the ultrasonic dose is kept the same; however, it must be noted that more power is needed for 
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higher frequencies to keep the dose the same. The kinetics for degradation in ground water follows 
pseudo first-order behavior and the mechanism takes place inside the collapsing bubble by high 
temperature pyrolysis.





A sono-photochemical reactor was used (Gogate et al., 2002) for the degradation of formic 
acid as a model for organic oxidation in wastewater treatment.  A combination of ultrasound at 
20 kHz/30 kHz/50 kHz with ultraviolet light gave higher degradation of formic acid than either 
treatment individually. Sono-photochemical treatment was greatest when ultrasound was applied 
simultaneously rather that sequentially, with addition of catalysts of hydrogen peroxide or TiO2 
titanium oxide depending upon the concentration.





Treatment of Sewage Sludge (Mason and Lorimer, 2002; Mason, 2007)





Biological treatment produces large quantities of biomass or sludge. Although some of the sludge will 
be recycled in the treatment system, most of the excess will be removed and will continue onward to be 
treated further. Sludge will carry on degrading producing noxious gases and as a result it has to be sta-
bilized before it is disposed of. This stabilization involves digestion to complete the breakdown process 
and dewatering to reduce its bulk. Ultrasound can improve both the digestion process by disintegrating 
the sludge and the dewatering process by facilitating the migration of moisture, and also enabling the 
filtration system to operate more efficiently and much longer periods without maintenance.





A review of ultrasound and its effect on sludge treatment has been undertaken by Pilli et al. 
(2010). They determined that sonication enhances sludge digestibility by disrupting the physical, 
chemical, and biological properties of the sludge. The degree of disintegration depends on the soni-
cation parameters and also on sludge characteristics Some full-scale ultrasonic installations demon-
strated that there is 50% increase in generation of biogas and an energy balance evaluation showed 
that the average ratio of the net energy gain to electric consumed by the ultrasound device is 2.5, 
indicating its viability for use on a large scale.





The chemical, physical, and biological properties of waste activated sludge have been monitored 
by treatment with ultrasound at 20 kHz (Chu et al., 2001), using different intensities and times, for 
sludge conditioning. Microbial flocs were disintegrated by ultrasound when a critical power was 
reached with particle size reducing from 100 μm to less than 10 μm at an intensity of 0.44 and 
0.33 W mL−1, with intensities lower than this smaller reduction were found.





Studies have also been performed (Xie et al., 2009) to investigate the use of ultrasound to improve 
the activity of anaerobic sludge. They utilized ultrasound at 35 kHz to sonicate the sludge and moni-
tored the dehydrogenate activity and the amount of coenzyme F420 as a method of indicating the 
change of activity. They determined that the optimal ultrasonic intensity and irradiation period were 
0.2 W cm−2 and 10 min, respectively, and that the biological activity was enhanced dramatically 
under the optimal conditions.





An assessment (Commenges-Bernole and Marguerie, 2009) of heavy metals fixation capacity on 
sonicated activated sludge determined that on sonication of 15 min and storage of three days after 
irradiation, the equilibrium capacity of the sludge increased by about 45%.





The effect of low power ultrasonic radiation on anaerobic biodegradability of sewage sludge has 
been reported (Liu et al., 2009). Soluble substances and microbial systems of sewage sludge were sub-
jected to low power ultrasonic radiation and the optimal parameters were found to be an exposure time 
of 15 min with an ultrasonic intensity of 0.35 W cm−2 and ultrasonic power density of 0.25 W mL−1. 
Under these conditions the anaerobic biodegradability of sewage sludge was increased by 67.6%.





Surface Decontamination





The primary cleaning action of sonication is the result of unsymmetrical collapse of cavitational 
bubbles near surfaces to produce liquid jets, which can remove bacteria and other contaminants 
from the surfaces. The objects to be cleaned can range from large crates used for food packaging 
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and transportation to delicate surgical implements such as endoscopes. The advantage of using ultra-
sound is that it can reach crevices that are not easily accessed by conventional cleaning methods 
(Mason and Tiehm, 2001; Mason and Lorimer, 2002). This principal may also be beneficial for 
the cleaning of instruments for medical, surgical, and dental industries (Sierra and Boucher, 1971; 
Mason and Tiehm, 2001). The combination of ultrasound with heat and pressure treatments is also 
under investigation for the sterilization and/or pasteurization of food spoilage causing bacteria in the 
food industry (Ordonez et al., 1987; Raso et al., 1998a,b; Pagan et al., 1999a,b; Manas et al., 2000).





THERAPEUTIC ULTRASOUND





Cancer Treatment





The key to ultrasonic cancer treatment is the ability to focus low energy ultrasound beams to a 
small, high energy target in a tumor inside the body. The individual beams are harmless but the 
focus heats up and kills the cancerous cells in a procedure known as high-intensity focused ultra-
sound (HIFU). Patients lie over a small bath of water in which there are two concentric ultrasound 
transducers. One transmits a low-power diagnostic beam, allowing the doctor to visualize the tumor 
and guide the treatment; the other produces the focused beam.





HIFU is useful in treating a single tumor or part of a large tumor but cannot be used to treat 
widespread cancers. It is, therefore, not suitable for people with cancer that has spread to more than 
one place in their body. HIFU treatments are, therefore, most promising for the treatment of local-
ized cancers such as prostrate (Chaussy and Thüroff, 2010; Uchida et al., 2010) liver (Ohto et al., 
2009), pancreatic (Zaitsev et al., 1996), and breast (Ma et al., 2009). Further studies are investigating 
the possibility of utilizing HIFU for lithotripsy, i.e., the erosion and breakdown of kidney stones.





Other methods of employing sonication in cancer treatment include the enhancement of chemo-
therapeutic drugs. This might be achieved by employing acoustic waves to disrupt the blood–brain 
barrier (Kinoshita et al., 2006; Liu et al., 2010) or by using ultrasound to activate the release of drugs 
contained within a polymeric matrix (Husseini et al., 2000).





Transdermal Drug Delivery





There is much evidence to suggest that the application ultrasound to the skin (sonophoresis) can 
increase its permeability and thus enhance transdermal drug deliver (TDD). Studies using insulin 
(Tachibana, 1992), glucose, and mannitol (Merino et al., 2003) indicate that low frequency ultra-
sound is most effective and it has been concluded that cavitation is an important part of the mecha-
nism. Other workers have shown that ultrasound can have a synergistic effect on other methods of 
TDD such as chemical (Tezel et al., 2002), iontophoresis (Le et al., 2000), and electroporation (Kost 
et al., 1996).





CONCLUSIONS





What conclusions can be drawn about future developments in this field? Undoubtedly, it is an expand-
ing field of study that continues to thrive on outstanding laboratory results particularly in the fields 
of catalysis, nanoparticles, electrodeposition, and bioeffects. In the last few years, there has also 
been a major change in that many power ultrasonic equipment manufacturers have become involved 
in the construction of large scale ultrasonic apparatus for industry. There are now sonochemistry or 
sonoprocessing sessions at most major international conferences on acoustics and the impact factor 
of the Elsevier journal Ultrasonics Sonochemistry, the only journal devoted exclusively to sono-
chemistry, has increased year on year. Compared with the past, there is also far greater contact and 
cooperation between the scientific disciplines interested in the effects of cavitation which certainly 
indicates a very rosy future for the many and varied uses of ultrasound in materials technology.
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4 Ultrasound-Assisted 
Particle Engineering





Anant Paradkar and Ravindra Dhumal





INTRODUCTION





Particle engineering in pharmaceuticals has evolved from conventional granulation and milling 
techniques to advanced techniques like supercritical fluid technology, jet milling, spray drying, high 
pressure homogenization, spray congealing, extrusion–spheronization, spherical crystallization, 
and crystallo-co-agglomeration. This engineering of solids has been aimed to alter and improve the 
primary physical properties of solids such as particle size, shape, crystal habit, crystal form, density, 
porosity, etc. as well as secondary properties like flowability, compressibility, compactibility, con-
solidation, dust generation, and air entrapment during processing. In the pharmaceutical industry, 
efficient production of small and/or substantially uniform particles is desired not only due to its 
impact on performance during processing and storage but also due to its impact after consumption 
by patients. Micronization of drugs is routinely carried out for increasing dissolution rate. Currently, 
nanosized particles are explored due to advancement in techniques available for nanoparticle forma-
tion. For inhalation drug delivery system, the particle size, shape, and surface properties determine 
its interaction with the container and amount of dose deposited in lungs, which is generally the 
desired site of action.





The advances in the drug delivery system demand special characteristics of drug particles to 
suite appropriate dosage form and route of administration for optimum efficiency of drug molecules. 
This has encouraged pharmaceutical scientist to explore and adapt new and diverse processing 





CONTENTS





Introduction....................................................................................................................................... 75
Ultrasound-Assisted Particle Engineering Techniques..................................................................... 76





Crystallization from Solution....................................................................................................... 76
Sonocrystallization.................................................................................................................. 76
Solution Atomization and Crystallization by Sonication........................................................77





Particle Engineering from Slurry/Suspension.............................................................................. 78
Ultrasound-Mediated Amorphous to Crystalline Transition................................................... 78
Sonicslurry® and Particle Rounding Technology.................................................................... 79





Particle Engineering from Melt.................................................................................................... 79
Melt Sonocrystallization......................................................................................................... 79
Ultrasound-Assisted Polymer Extrusion.................................................................................80





Applications in Pharmaceutical Particle Engineering....................................................................... 81
Application in Inhalation Drug Delivery..................................................................................... 81
Application in Design of Particles with Enhanced Dissolution Rate........................................... 89





Scale-Up............................................................................................................................................93
Limitations........................................................................................................................................93
Conclusions.......................................................................................................................................94
References.........................................................................................................................................95



















76	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





technologies. Ultrasound (US)-assisted particle engineering is being explored for producing par-
ticles with altered size, crystallinity, morphology, and surface properties. The first application of US 
to crystallization predates by decades (Richards and Loomis, 1927), followed by considerable liter-
ature in late twentieth century, dealing with small-scale applications (Kapustin, 1963; Reshetnyak, 
1975). While the concept of ultrasonic processing is not new, the ability to use it on an industrial 
scale is. Interest in the application of US to crystallization in the pharmaceutical and fine chemical 
sector has received further impetus in recent years with the advances in equipment (McCausland 
et al., 2001). Ultrasonic technology offers a clean and efficient tool to improve traditional existing 
processes and provide alternative for innovation.





ULTRASOUND-ASSISTED PARTICLE ENGINEERING TECHNIQUES





US treatment influences particle formation through cavitation and acoustic streaming (Young, 1989). 
Cavitation appears to be particularly effective as a means of inducing nucleation during crystallization 
and there is evidence of dramatic improvements in reproducibility obtained through such sononucle-
ation. Crystal growth rate and pattern is also known to modify with application of US, which influ-
ences the properties of the particle so formed. US is not only utilized to modify particle formation 
process but also employed to modify already formed particles. These techniques may be classified as





	 1.	Crystallization from solution
	 a.	 Sonocrystallization
	 b.	 Solution atomization and crystallization by sonication (SAXS)
	 2.	Particle engineering from slurry/suspension
	 a.	 US-mediated amorphous to crystalline transition (UMAX®)
	 b.	 Sonic slurry and particle rounding technology (PRT)
	 3.	Particle engineering from melt
	 a.	 Melt Sonocrystallization
	 b.	 US-assisted melt extrusion





Crystallization from Solution





Sonocrystallization
Crystallization is one of the oldest unit operation and particle engineering tool used at some stage or 
the other in nearly all process industries as a method of production, purification, or recovery of solid 
materials. Crystallization is considered to progress through achievement of supersaturation, nucleation 
or production of microscopic crystals, and subsequent crystal growth. A solute will remain in solution 
until a sufficiently high level of supersaturation has been developed to induce spontaneous nucleation. 
The extent of this supersaturation is referred to as the “metastable zone width.” Nucleation is classified 
as primary and secondary nucleation. “Primary nucleation” occurs when a crystal is nucleated in a 
solution containing no preexisting crystals, while nucleation induced by preexisting crystals is called 
“secondary nucleation,” which results from either fragmentation of crystals or these crystals acting as 
templates for new crystals. When primary nucleation occurs in, the bulk of liquid in the absence of 
solid surface is called “homogeneous nucleation” and when a solid interface, whether a container wall 
or a preexisting crystal is involved, the process is called “heterogeneous nucleation.” As soon as stable 
nuclei have been formed in a supersaturated or supercooled system, they begin to grow into crystals of 
visible size. A period of time usually elapses between achievement of supersaturation and the appear-
ance of crystals. This lag time is called “induction time or period.” This is influenced by the level of 
supersaturation, state of agitation, presence of impurities, and viscosity.





Though crystallization can be achieved by sublimation and from melts, crystallization from 
solution remains the most explored and industrially used technique.  Classically, supersaturation 
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in solution is achieved either by cooling, evaporation, or addition of the anti-solvent. The rate of 
achievement of supersaturation, nucleation, and crystal growth has a great influence on the proper-
ties of crystals. Various particle engineering techniques use different means of modifying the rates 
of nucleation, crystal growth, or both.





In continuation with this, US is sought as an alternative and effective way of modifying and 
achieving the rates of nucleation and crystal growth. Application of power US (frequencies from 
10 to 100 kHz) to crystallization is known as sonocrystallization. The research has revealed that 
the application of US has many benefits on the crystallization process. These benefits include faster 
and uniform primary nucleation, relatively easy nucleation in materials that are difficult to nucleate 
otherwise, nucleation of particles at lower supersaturation levels, initiation of secondary nucleation 
in certain cases, reduction of agglomeration, production of smaller, purer, and uniform size crystals. 
These effects can be attributed to the highly spacially resolved regions of extreme excitation, tem-
perature, and pressure created by bubble collapse and release of shock wave. When US is applied to 
liquid medium it exerts alternative cycles of compression and rarefaction within a liquid, creating 
bubbles during rarefaction stage. The bubbles survive repeated cycles of compression and rarefac-
tion until a critical size is reached and collapse occurs, initiating a well-known phenomenon of 
cavitation. The precise mechanisms for US action on crystallization remain to be established but 
known to influence nucleation induction time and metastable zone width.





Influence on Induction Time





In fact, US can induce primary nucleation in nominally particle-free solutions and, noteworthy, at 
much lower supersaturation levels than would otherwise be the case. Another effect of US on nucle-
ation is shortening the induction time between the establishment of supersaturation and the onset 
of nucleation and crystallization. However, these effects depend on particular medium and working 
conditions. In an experiment conducted by Lyczko et al. (2002), the induction time for potassium 
sulfate was examined as a function of conductivity and changed from 9000 to 1000 s when the 
crystallization was carried out in the absence and presence of US, respectively. In another experi-
ment carried out by Guo et al. (2005), the US was found to significantly reduce the induction time 
during crystallization of roxithromycin, particularly at low supersaturations and this effect fades 
as the concentrations increase (Roxy). They also studied the effect of US on primary nucleation by 
measuring the induction time. Their results showed that US has a significant effect on reducing the 
induction time and suggested that diffusion acceleration is the major reason for this effect.





Influence on Metastable Zone Width





The ease or difficulty with which the crystallization process can be carried out depends on the 
understanding of metastable zone width (MZW). During cooling, crystallization for a given super-
saturation level and cooling rate, the temperature drop below the solubility curve at which the solid 
starts to separate spontaneously is described as MZW. The MZW of roxithromycin was signifi-
cantly reduced on application of US, as observed by Guo et al. (2005). Thompson and Doraiswamy 
(2000) have also reported significant increase in the solubility of sparingly soluble solids when 
subjected to US, which results in narrowing of MZW. They have proposed that this could be either 
due to hot spot regions produced from cavitating bubbles. The nucleation mechanism itself modi-
fies as the apparent order of nucleation is decreased by US. Therefore, US can induce nucleation 
under conditions where spontaneous nucleation cannot occur in its absence. This avoids seeding and 
hence the introduction of foreign particles into the solution.





Solution Atomization and Crystallization by Sonication
Kaerger and Price (2004) extended the process of sonocrystallization and developed solution 
atomization and crystallization by sonication (SAXS) technique to produce active pharmaceutical 
ingredients with a narrow particle size distribution, centered around the optimum particle size for 
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reproducible and maximized therapeutic efficacy. The SAXS process consists of three interdepen-
dent steps: (a) the production of aerosol droplets of the solute from a carrier solvent using a suitable 
aerosol generator, (b) the collection of the highly supersaturated droplets in a crystallization vessel 
containing a non-solvent of the drug, and (c) the application of ultrasonic waves to a crystallization 
vessel to controllably induce homogeneous nucleation and crystal growth. By combining these steps 
and controlling relevant parameters, high-purity micron-sized sphere-like crystalline particles are 
produced. During SAXS process, micron-sized aerosol of a drug solution lead to rapid vaporiza-
tion of the solvent and production of highly supersaturated droplets of the solute molecules. These 
droplets are collected in a crystallization vessel separated by specific distance.  To enhance the 
kinetically limiting diffusion within the droplets, ultrasonic waves are concomitantly applied to 
reduce MZW for nucleation and to minimize agglomeration, which improve the powder-handling 
properties of crystallized particles. Only on application of US does the droplets in the anti-solvent 
undergo nucleation and crystallization. Without US the particles solidify to semicrystalline and 
poorly defined particles. The major advantage of this technique relates to the use of any suitable 
aerosol generator, and that the whole process can be carried out under atmospheric pressure and 
ambient conditions. SAXS results in spherical crystalline particles within well-defined particle size 
range. It has the potential for batch and continuous processing at an industrial scale. The limitation 
of the method is the requirement of suitable organic solvent to dissolve the drug that undergoes 
evaporation at required rate.





Particle Engineering from Slurry/Suspension





Recently, apart from conventional solution crystallization, application of US to suspension/slurry is 
also being explored for modification of particle size, particle size distribution, morphology, crystal 
habit, and more importantly surface characteristics. Propagation of ultrasonic waves through liquid 
medium results in the formation of cavitation bubbles, and formation of a localized hot spot along 
with an extremely large temperature and pressure gradient takes place when a cavitational bubble 
implodes. When solid particles are present in the fluid system, the cavitational event might occur 
symmetrically or asymmetrically, depending upon the proximity and size of the solids. Particles 
that are close to each other move away from the cavitational event in a radial direction with high 
speed due to the formation of particle acceleration shock waves. The high force collisions between 
the particles results in surface erosion, breaking, or rearrangement.





Ultrasound-Mediated Amorphous to Crystalline Transition
The UMAX particle engineering technology is developed by Prosonix® to increase the crystallinity 
of solid material, which is less than 100% crystalline. The process comprises the steps of contacting 
the material with solvent in which it is insoluble and applying US in order to convert the amorphous, 
semiamorphous, or semicrystalline material into highly crystalline particles with defined physico-
chemical properties. The process is completed in three distinct stages (Figure 4.1):





	 1.	Dissolving the material in appropriate solvent followed by spray drying to form power of 
correct size.





	 2.	Dispersing the powder in non-solvent followed by ultrasonic processing to form slurry.
	 3.	 Isolation of the crystallized dry powder either by spray drying or supercritical CO2 processing.





UMAX is used for the manufacture of optimal particles designed and formulated as inhalable drug 
products for respiratory disorders with the optimal performance attributes of size, shape, surface 
rugosity, low surface free energy, crystallinity, and stability. UMAX facilitates the manufacture of 
spheroidal and more regular shaped particles for both dry powder inhalation (DPI) and pressurized 
metered dose inhalation (pMDI) with significantly enhanced performance when compared with 
mechanically micronized material.
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Sonicslurry® and Particle Rounding Technology
Sonicslurry is a technique for crystallizing materials from the slurry by application of US (patent). 
In this technique the liquid is used as a medium to mediate the material transform. This technique 
has been used to transfer the metastable forms into stable crystalline forms. Childs et al. (2005) has 
applied the sonic slurry for preparing stable polymorphs and cocrystals.





PRT involves suspending the starting material in a liquid, which is a partial solvent, and applying 
ultrasonic vibrations to the suspension, whereby the starting material is shaped and ground to produce 
a final suspension of ground and rounded particles. PRT was invented by Armament Development 
Authority in Israel for shaping of explosives.  In heterogeneous solid-liquid systems, the interface 
produces a perturbation in the sonic field, which induces an asymmetric collapse of the cavitational 
bubbles. At extended interfaces several times larger than the resonance cavitation size, the result is 
a microjet of liquid passing through the cavitation that impinges with the solid surface at veloci-
ties estimated around 100 m s−1. This phenomenon is the origin of the erosion effect and used for 
ultrasonic shaping and surface modification. The technology is exclusively in-licensed by Prosionix, 
United Kingdom, and applied for shaping of drugs and excipients. The main benefits of PRT include: 
Improved packing density of powders, enhanced flow of powders, reduced electrostatic charges, 
manufacturing by direct compression of material without granulation, and higher filler loading in 
composite pastes. Well-defined rounded particles with improved flow of oxcarbazepine (antiepileptic 
API with rod like crystals), diltiazem HCl (antihypertensive API), and metformin (an oral type 2 
antidiabetic drug, which do not flow at all) are developed. Prosonix have applied PRT to improve com-
pressibility of fructose. Rounded particles of lactose are developed for improved inhalation delivery.





Particle Engineering from Melt





Melt Sonocrystallization
Melt Sonocrystallization is a particle engineering technique involving the application of ultrasonic 
energy to the soft or viscous molten mass, dispersed in immiscible liquid. In other words, solidi-
fication/crystallization from emulsified melt is carried out under the influence of ultrasonic 
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FIGURE 4.1  Representation of the UMAX process. (Reproduced from website: http://www.prosonix.co.uk/. 
With permission.)
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energy. This technique was initially developed by Paradkar et al. for generation of sintered crystals 
(Maheshwari et al., 2005) and porous glassy beads (Paradkar et al., 2006). The extent of US energy 
received by the melt in the emulsified state determines properties of the resultant particles, which is 
dependent on US energy input and solidification rate of the melt. The rate of solidification depends 
on glass transition temperature (Tg) of the material and temperature of the medium. Application of 
US at temperatures above Tg has shown to favor crystallization, whereas processing below Tg results 
in amorphous state. The mechanical stress due to sonication results in sintered crystals or porous 
beads. The porous nature and potential for producing crystalline as well as amorphous particles 
offers flexibility to the technology and is looked upon for solubility enhancement of poorly soluble 
pharmaceuticals.





Ultrasound-Assisted Polymer Extrusion
Extrusion is the most extensively used and most promising method for polymer processing. 
Numerous efforts have been made to improve extrusion processing aimed at higher productivity 
and better product quality. Over the past several decades, a number of studies in the area of effects 
of US on polymers have been performed and reported. Dispersing of nanocomposites in polymer 
melts by extrusion is enhanced by application of US. Application of US field to polymer melt in the 
shaping zone has been approved to be a very efficient way to lower the resistance of the shaping 
channels or reduce the viscosity of polymer melts. The results showed that applying US disturbs the 
convergent flow of polymer melt in the entry zone and changes the stream patterns, which leads to 
lesser elastic tensile strains. It also improves the motion of the molecular chains, so elastic tensile 
strains can be recovered very quickly. Guo et al. demonstrated significant changes in the properties 
of the polymeric materials by the application of US to the polymer melt during extrusion process. 
Guo et  al.  (2003) applied ultrasonic oscillations in the direction parallel to the flow of polymer 
melt (Figure 4.2). Scientists at the University of Akron have applied longitudinal vibrations in the 
direction perpendicular to the flow direction using two horns mounted symmetrically on the slit die 
during twin screw extrusion of polymer nanocomposites containing carbon nanotubes and polypro-
pylene clays (Isayev et al., 2009; Figure 4.3). Apart from dispersing nanocomposites, application of 
US to polymer has resulted in increase of crystallinity, reduction of structural defects, and enhance-
ment of mechanical properties.
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FIGURE 4.2  Schematic diagram of ultrasonic irradiation extrusion system as used by Guo et al.  (2003). 
(Guo, S., Li, Y., Chen, G., and Li, H.: Ultrasonic improvement of rheological and processing behaviour of 
LLDPE during extrusion. Polym. Int. 2003. 52. 68–73. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. 
Reproduced with permission.)
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APPLICATIONS IN PHARMACEUTICAL PARTICLE ENGINEERING





As the crystal habit, size, and morphology are the function of crystallization process, slight 
modification in the rate of crystallization may have significant effect on these properties. Though 
US is found to have significant effect on the characteristics of the crystals (our papers or any), 
there are reports where authors have obtained similar crystals in presence and absence of US 
(Nishida, 2004). Therefore, judicious selection of processing conditions like solution concentra-
tion, anti-solvent, temperature, and US power has enabled scientists to reap the benefits of sono-
crystallization. Recognizing the benefits US can bring to sonocrystallization, many researchers 
have studied sonocrystallization at laboratory and industrial scale, as reviewed by Ratsimba 
et al. (1999). The metastable or imperfectly formed particles are also treated with US after sus-
pending or formation of slurry for application in the area of pharmaceutical particle engineer-
ing. The applications in inhalation drug delivery systems and solubility enhancement of poorly 
soluble APIs are discussed in detail.





Application in Inhalation Drug Delivery





Recently, inhalation therapy has sparked considerable biomedical interest in the development of 
novel particle technologies for respiratory drug formulation. Introduction of new potent medicines 
in various therapeutic areas such as asthma, chronic obstructive pulmonary disease (COPD), and 
various infectious diseases has necessitated an accurate and consistent dosing, using inhalation 
device. Pulmonary drug delivery by dry powder inhalers (DPIs), by virtue of its propellant-free 
nature, high-patient compliance, high dose carrying capacity, drug stability, and patent protection, 
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FIGURE 4.3  Schematic diagram of ultrasonic irradiation extrusion system as used by scientists at the 
University of Acron. (Reproduced from Polymer, 50, Isayev, A.I., Kumar, R., and Lewis, T.M., Ultrasound 
assisted twin screw extrusion of polymer–nanocomposites containing carbon nanotubes, 250–260, Copyright 
2009, with permission from Elsevier.)
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has encouraged rapid development in recent past to realize full potential of lungs for local and 
systemic treatment of diseases. However, DPIs are complex in nature and their performance relies 
on many aspects including the design of inhaler, the powder formulation, and the airflow gener-
ated by the patient. DPI formulations require drug particles with aerodynamic particle size below 
5 μm for deep lung deposition along with good flow properties to ensure accurate dose metering. 
Aerodynamic particle size is equal to the diameter of the sphere that has the same drag coefficient 
as a given particle. Airborne particles have irregular shapes, and their aerodynamic behavior is 
expressed in terms of the diameter of an idealized spherical particle. Therefore, particles having the 
same aerodynamic diameter may have different dimensions and shapes. The choice and design of 
processing technique is vital in manipulating macroscopic shape and mesoscopic surface topogra-
phy of particles. These properties play a critical role in determining flow, deaggregation, and disper-
sion of fine particulates. In the last decade, performance of DPIs has improved significantly through 
the use of engineered drug particles and modified excipient systems.





The location in the respiratory tract where the drug is delivered depends upon its particle size. 
Drug particles of 2–5 μm are delivered to the lungs. Larger particles do not fully penetrate the respi-
ratory tract, whereas particles smaller than 2 μm are exhaled. Most drug particles between 2 and 
5 μm tend to agglomerate when they are not formulated with a carrier and will not, therefore, reach 
the lungs. To prevent this agglomeration, the drug is formulated with a carrier (generally lactose) 
to form an adhesive mixture. The materials are typically low-shear blended. This mixture uses the 
following principle: agglomeration of micronized drugs is caused by the hydrophobic character 
and large surface area of these particles. They are attracted to each other, resulting in agglomerate; 
however, blending with a carrier prevents this agglomeration. Thus, micronized drug particles are 
attached to the surface of a lactose carrier and detached when actuated through the device (Figure 4.4). 
Generally, such blends are formed when the lactose particles are at least five times larger than the 
drug particles. Additionally, there should be at least five times the amount of lactose compared with 
the drug. In these formulations the surface texture plays a crucial role and has a significant effect 
on the cohesive–adhesive balance, which governs the ease or difficulty by which the drug particles 
are released from the carrier particles under the force of inspiration. This understanding has lead 
to the development of particle engineering techniques to design drug microparticles and carrier 
macroparticles to maintain the cohesive–adhesive balance.





To achieve desired particle size jet-milling micronization and spray drying are routinely 
employed.  However, micronization is energy intensive and time consuming and can introduce 
impurities into the product (Waltersson and Lundgren, 1985). The process also shows some disad-
vantages in practice such as inadequate control of particle size, undesired particle shape, surface 
charge modifications, decreased crystallinity, and possible chemical degradation (Briggner et al., 
1994; Ticehurst et al., 2000). Spray drying yields amorphous product that is thermodynamically 
unstable and therefore show tendency to absorb moisture, agglomerate, and recrystallize on stor-
age (Chawla et  al., 1994).  Inhalable particles can potentially be obtained by rapid precipitation 
from aqueous solutions using anti-solvents. However, due to dispersion in the nucleation rate and 
crystal growth, it is difficult to reproducibly generate particle size in the micron range for aerosol 
delivery. During conventional anti-solvent crystallization with mechanical agitation, poor mixing 
leads to heterogeneous growth of crystals and in turn variation in particle size and morphologi-
cal features (Zeng et al., 2001). Application of US during crystallization is known to avoid this by 





FIGURE 4.4  Microparticle loaded carriers are filled in capsules and are released after traveling certain 
distance enabling targeting of lower airways in lung.
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maintaining reasonably uniform conditions throughout the crystallization vessel (Louhi-Kultanen 
et al., 2006). US irradiation is commonly known to induce acoustic streaming, microstreaming, and 
highly localized temperature and pressure within the fluid; these effects bring considerable ben-
efits to crystallization process, such as rapid induction of primary nucleation, reduction of crystal 
size, inhibition of agglomeration, and manipulation of crystal size distribution (Luque de Castro 
and Priego-Capote, 2007). As the number of primary nuclei increases, amount of solute on each 
primary nucleus decreases, thus decreasing the size of final crystal (Louhi-Kultanen et al., 2006). 
Recently, ultrasonic radiation has been applied to control the precipitation process (Lancaster et al., 
2000). The setup can simply comprise an US probe in a mechanically stirred reaction tank where 
the anti-solvent is mixed with the drug solution to precipitate the fine drug particles. The US fre-
quency is crucial and 20–25 kHz (or higher) is reported to be suitable.





Tang et al. (2006) and Abbas et al. (2007) have applied US during anti-solvent crystallization of 
sodium chloride to obtain well-formed highly crystalline particles with cubic habit. Application of 
US resulted in reduced size and narrow particle size distribution. These particles were separated 
by spray drying. During spray drying, the cubic shape was altered to more rounded morphology 
(Figure 4.5). The particles obtained by spray drying, the sodium chloride solution was more round 
and agglomerated (Figure 4.6). The fine particle fraction (based on recovery) was improved from 
approximately 12% to 34% when dispersion air flow rate was increased from 60 to 120 L min−1. 
Sodium chloride as an osmotic agent have been used widely for bronchial provocation tests to iden-
tify people with active asthma or exercised-induced asthma. The improved aerosol performance 
of the sonocrystallized particles is suitable for the bronchoprovocation test, making sonocrystal-
lization a promising alternative for preparing sodium chloride dry powder inhalers for inhalation 
delivery.  This method represents rapid and simple method of producing small sodium chloride 
crystal particles suitable for inhalation. The highly crystalline powder obtained from the ultrasonic 
precipitation is advantageous because it provides stability. Amorphous sodium chloride powder is 
physically unstable and in high humidity will recrystallize uncontrollably, forming solid bridges 
between particles that make them unsuitable for inhalation.





Kaerger and Price (2004) have developed SAXS technique for production of spherical parti-
cles with optimum size and morphology suitable for inhalation delivery. After the success with 
paracetamol as model drug, they applied the SAXS technique for designing the particles of 
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FIGURE 4.5  Scanning electron micrograph of the NaCl particles.  (Reproduced with permission from 
Tang, P., Chan, H.K., Tam, E., Gruyter, N., and Chan, J., Preparation of NaCl powder suitable for inhalation, 
Ind. Eng. Chem. Res., 45, 4188–4192, 2006. Copyright 2006 American Chemical Society.)



















84	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





budesonide for inhalation delivery. Budesonide is a synthetic steroid and potent anti-inflammatory 
used for treatment of asthma. Budesonide solution in methanol (4%) was sprayed into non-solvent. 
The highly supersaturated droplets were crystallized in 35–45 kHz US frequency range to obtain 
spherical agglomerates of the budesonide crystals (Figure 4.7). In vitro aerosolization properties of 
carrier free DPI formulation of micronized and SAXS produced budesonide particles were tested 
with Anderson cascade impactor after filling in turbuhaler reservoir device. The emitted dose and 
FPF was significantly higher for SAXS produced budesonide compared to micronized budesonide. 
The microparticles were also tested for settling behavior after dispersion in a model HFA–pMDI 
formulation. The SAXS microparticles flocculated instantaneously upon dispersion and remained 
freely dispersed in propellant for up to 45 min.  This increase in stability was attributed to the 
reduction in surface free energy components and morphological characteristics of SAXS produced 
budesonide.





Traditionally, nonspherical particles have been avoided for potential problems of powder flow. 
However, the respirable fraction of drugs is reported to improve with the elongation ratio, as aero-
dynamic diameter shows a relatively small dependence on the length but is strongly correlated to 
the short dimension of the particles (Ikegami et al., 2002; Larhrib et al., 2003). Dhumal et al. (2009) 
have developed needle-shaped crystals with desirable size and uniform particle size distribution by 
application of US during anti-solvent crystallization of salbutamol sulphate (SS). Salbutamol sulfate 
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FIGURE 4.6  Scanning electron micrograph of the NaCl particles obtained by spray drying from solution 
alone. (Reproduced from Chem. Eng. Sci., 62, Abbas, A, Srour, M., Tang, P., Chiou, H., Chanc, H.K., and 
Romagnolid, J.A., Sonocrystallisation of sodium chloride particles for inhalation, 2445–2253, Copyright 
(2007), with permission from Elsevier.)





FIGURE 4.7  SAXS crystals of budesonide.  (Reproduced from website: http://www.prosonix.co.uk/. 
With permission.)
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is a short acting β-adrenergic receptor agonist used for relief of bronchospasm in conditions such 
as asthma and COPD.  The sonocrystallized batches showed high crystallinity and significantly 
reduced particle size with narrow particle size distribution compared to particles obtained by anti-
solvent crystallization. During sonocrystallization the intensified micromixing leads to enhanced 
mass transfer and diffusion between solvent and anti-solvent inducing instantaneous high levels 
of supersaturation, resulting in rapid nucleation. As the number of primary nuclei increases, the 
amount of solute depositing on each primary nucleus decreases, thus decreasing the size of final 
crystal. Whereas, anti-solvent crystallization in the absence of US exhibits poor micromixing pro-
cess leading to accidental zones of supersaturation, heterogeneous growth of crystals, aggregation 
of particles, and, in turn, variation in the particle size. The crystalline particles were separated from 
suspension by spray drying and formulated with coarse lactose by blending, filled in capsule and 
studied for in vitro aerosol deposition in cascade impactor, using Rotahaler® at 28.3 L min−1. The 
aerosolization performance was compared with micronized and amorphous (spray dried) salbuta-
mol sulfate formulated with coarse lactose.





The SEM image of micronized SS shows the agglomerated particles, while amorphous SS 
obtained by spray drying SS solution shows uniform, spherical particles with some pitting and 
shrunken areas on the surface. Sonocrystallized SS before spray drying exhibited elongated, nee-
dle-shaped crystals. After spray drying, the suspension of these needle-shaped microcrystals, loose 
oval aggregates measuring around 3–7 μm in size were formed due to instantaneous drying of 
spherical droplets containing microcrystals. All the images are presented in Figure 4.8. Uniform 
supersaturated conditions achieved rapidly throughout the crystallization vessel with ultrasonic 
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FIGURE 4.8  (a) SEM photomicrographs of spray dried amorphous SS, (b) micronized SS, (c) anti-solvent 
precipitated SS, and (d) sonocrystallized SS. (Modified from Int. J. Pharm., 368, Dhumal, R.S., Biradar, S.V., 
Paradkar, A.R., and York, P., Particle engineering using sonocrystallization: Salbutamol sulphate for pulmo-
nary delivery, 129–137, Copyright (2009), with permission from Elsevier.)
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insonation resulted in rapid crystallization. Rate of crystallization is known to increase or decrease 
the growth of certain crystal faces (Guo et al., 2005). Faster crystallization rate in this case resulted 
in needle-shaped crystals.





The sonocrystallized SS showed improved inhalation performance over the micronized and 
the spray dried amorphous particles. The fine particle fraction (FPF) increased from 16.66% for 
micronized SS to 31.12% for amorphous SS and 44.21% for sonocrystallized SS, as seen in Figure 4.9. 
As particle size of all the powders was comparable, the enhanced aerosol behavior of sonocrystal-
lized drug was attributed to the difference in shape and the surface properties of the particles. The 
reason for improved performance of spray dried sonocrystallized salbutamole sulphate (SD-SCSS) 
may be the reduced cohesive and adhesive forces in interactive mixture resulting in better flow and 
deagglomeration from the surface of carrier. The elongated, needle shape of individual crystals 
prevents close packing between the crystals, which effectively increases the interparticulate dis-
tance and lowers the van der Waals attractive forces giving loose aggregates. During mixing with 
lactose the loose aggregates, disaggregate into individual crystals by the shear forces from the 
collisions between the agglomerates and the carrier. Thus, individual crystals and not the aggre-
gates adhere to the lactose surface as seen from SEM image of drug loaded lactose (Figure 4.10). 
In contrast, micronized drugs are reported to adhere to the carrier surface as aggregates owing 
to its activated surface and cohesive nature. The elongated shape of SD-SCSS crystals are known 
to reduce the effective areas of contact between the crystals and the carrier surface reducing the 
adhesive forces (Ikegami et al., 2002; Larhrib et al., 2003).





Though spray dried amorphous particles also showed better aerosolization behavior compared to 
micronized drug, it deteriorated on storage. This was due to the recrystallization of amorphous SS 
on storage with increase in moisture content and agglomeration, indicating instability and nonsuit-
ability of amorphous systems for pulmonary delivery in the form of DPI. In contrast, microcrystals 
obtained by sonocrystallization showed good physical stability and no significant difference in the 
deposition profiles on storage.
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FIGURE 4.9  Drug deposition profiles of different salbutamol sulfate formulations (micronized, amorphous 
spray dried, and sonocrystallized) with lactose (pharmatose) as carrier in Andersen cascade impactor 
at 28.3 L min−1 via Rotahaler n = 3.  (Reproduced from Int. J. Pharm., 368, Dhumal, R.S., Biradar, S.V., 
Paradkar, A.R., and York, P., Particle engineering using sonocrystallization: Salbutamol sulphate for pulmonary 
delivery, 129–137, Copyright (2009), with permission from Elsevier.)
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Singh et al. (2002) had developed a method of producing crystalline particles suitable for inha-
lation delivery by anti-solvent crystallization in continuous flow cell in the presence of ultrasonic 
radiation. This method was applied to prepare particles suitable for inhalation delivery of com-
pounds used for treating asthma, such as fluticasone propionate and salmeterol xinafoate. These 
particles were either filled in the aluminum canister with liquefied HFA134a for metered dose inhal-
ers or formulated with milled lactose as DPI (Singh et al., 2002).





The most popular carrier used for inhalation drug delivery is lactose. Toxicology data of lactose 
after administration to the lungs are favorable.  Moreover, lactose is readily available and well-
established, having been used in DPIs for more than 20 years. When employed as carrier for dry 
powder aerosols, to overcome intrinsic cohesiveness of micronized drug particles intended for pul-
monary delivery, crystal habit determines the surface interaction of lactose particles with adhered 
drugs (Steckel et al., 2004). Drug delivery from these interactive mixtures is known to be influenced 
by the physicochemical characteristics of lactose particles such as particle size, shape, and surface 
(Zeng et al., 2001; Larhrib et al., 2003). Particles with average size in the range 63–90 μm with 
smooth surfaces and high elongation ratios exhibit better dispersibility and deagglomeration of 
adhered drug, thus improving the FPF (Zeng et al., 2000). Therefore, there are attempts to either 
crystallize the lactose particles with these attributes or modify the already crystallized particles 
with these features.





Lactose is commercially produced by cooling crystallization, which shows slow crystalliza-
tion rate extending up to 72 h. Bund and Pandit (2007a,b) have reported application of US during 
anti-solvent crystallization of lactose for achieving homogeneous supersaturation throughout crys-
tallization vessel, resulting in rapid recovery of nonagglomerated fine lactose crystals (Bund and 
Pandit, 2007a,b). Though the crystallization time was reduced and recovery of lactose improved 
significantly the crystal size (5–10 μm) was too small for application as carrier for DPI application. 
Dhumal et al. (2008a) have achieved US assisted spontaneous in situ seeding during cooling crystal-
lization of lactose. These microfine seed crystals were grown steadily in stagnant viscous glycerin 
solution to obtain lactose crystals with desirable size (63–90 μm), regular shape, smooth surface, 
and narrow PSD for application as carrier for DPI. Cooling crystallization and US assisted seed-
ing followed by growth under stirring were employed as control experiments. Micronized SS was 
blended separately with 63–90 μm sieved fractions of pharmatose and crystallized lactose batches 
in a ratio of 1:67.5. The blend was filled in hard gelatin capsule and studied for in vitro aerosol 
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FIGURE 4.10  SEM photomicrograph of the surface of SD-SCSS formulation with lactose.  (Reproduced 
from Int. J. Pharm., 368, Dhumal, R.S., Biradar, S.V., Paradkar, A.R., and York, P., Particle engineering using 
sonocrystallization: Salbutamol sulphate for pulmonary delivery, 129–137, Copyright (2009), with permission 
from Elsevier.)
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deposition studies in a cascade impactor using Rotahaler at 28.3 L min−1. The FPFs from pharma-
tose, lactose crystallized from ultrasonic seeding followed by stirring, and ultrasonic seeding 
followed by growth in glycerine were 13.01%, 22.82%, and 27.82%, respectively (Figure 4.11).





The improved deposition profiles from recrystallized lactose compared to pharmatose were 
attributed to the difference in the morphological features like elongation ratio and surface smooth-
ness. This was explained by the fact that elongated particles have aerodynamic diameters almost 
independent of their length and is governed by the shorter dimension of the particle (Ikegami et al., 
2002).  Such particles exhibit smaller aerodynamic diameters than spherical particles of similar 
mass or volume (Hickey et al., 1992). More elongated particles may also be expected to travel a 
longer distance before collision occurs in comparison to less elongated particles of similar mass, as 
a result of lower relative aerodynamic diameters of the former. More drug particles can adhere to 
elongated carrier particles in comparison to spherical particles. Elongated particles are also known 
to experience drag forces of the air stream for longer period of time. This would be expected to 
result in a higher proportion of drug being detached from the carrier particle, leading to a higher 
FPF of the drug (Zeng et al., 2001).





In spite of only slight difference in the elongation ratio, lactose crystallized from ultrasonic seed-
ing followed by growth in glycerine produced significantly higher FPF than lactose crystallized 
from ultrasonic seeding followed by stirring. Authors attributed this to the difference in the surface 
smoothness, which was determined by calculating the values of surface factor and the observation 
from SEM images. Thus, the microscopic asperities in sample obtained by stirring might have acted 
as adhering sites for drug, preventing the deagglomeration from its surface. However, growth of 
lactose crystals in viscous glycerine medium permits a steady diffusion of crystallizing molecules 
without any external turbulence providing a homogeneous environment in which the crystals grow 
to maturity without surface defects. Therefore, high elongation ratio and surface factor was consid-
ered responsible for highest FPF.





Apart from application during crystallization of lactose for design of crystals suitable as car-
rier for inhalation, US has also been utilized for rounding of lactose particles. This technique is 
called as PRT and applied to improve flowability and storage stability of alpha-lactose monohydrate 
without agglomeration (Figure 4.12). These rounded smooth lactose particles have shown improved 
performance when used as carrier for inhalation drug delivery. Prosonix have developed and further 
scaled the process of obtaining rounded lactose using PRT for inhalation delivery and propose to 
market the obtained lactose.
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FIGURE 4.11  Drug deposition profiles of blends containing different lactose batches in Anderson cascade 
impactor at 28.3 L min−1 via Rotahaler. (Reproduced from Int. J. Pharm., 368, Dhumal, R.S., Biradar, S.V., 
Paradkar, A.R., and York, P., Particle engineering using sonocrystallization: Salbutamol sulphate for pulmo-
nary delivery, 129–137, Copyright (2009), with permission from Elsevier.)
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Application in Design of Particles with Enhanced Dissolution Rate





Dhumal et  al.  (2008b) have obtained amorphous cefuroxime acetil (CA) nanoparticles by 
sonocrystallization and shown significantly faster dissolution as compared to unprocessed and 
micron-sized amorphous particles obtained by spray drying (Dhumal et al., 2008b). CA exists 
in crystalline as well as amorphous form, of these latter exhibits higher bioavailability owing 
to improved solubility.  The most successful attempt for achieving amorphous CA from com-
mercial point of view was through spray drying (Crisp et al., 1989). Application of US during 
anti-solvent crystallization of CA was found to be effective not only in generating nanoparticles 
(80 nm) but also in producing them as discreet, nonagglomerated particles (Figure 4.13d) com-
pared to agglomerated particles with broad particle-size distribution (10–100 μm) in anti-solvent 
crystallization with mechanical stirring and absence of US (Figure 4.13c). When drug solution is 
added into the anti-solvent, it does not disperse immediately and produces local zones of exces-
sive supersaturation. When anti-solvent process uses mechanical stirring, poor micromixing is 
unavoidable, which increases the precipitation rate locally leading to agglomeration and increase 
in particle size. In contrast, homogeneous micromixing during ultrasonication maintains reason-
ably uniform conditions throughout the vessel causing the formation of nanosized discreet par-
ticles. As the rate of precipitation during US assisted anti-solvent crystallization was too high, the 
drug precipitated in amorphous form. The particles were separated from the suspension by spray 
drying. CA solution was spray dried to yield smooth spherical amorphous particles (Figure 4.13b) 
with mean particle size of 10 μm amorphous CA as a control.





The dissolution rate of amorphous CA particles obtained by sonoprecipitation, anti-solvent 
crystallization, and spray drying of solution was found to significantly enhance over crystalline 
unprocessed CA with large particle size (Figure 4.13a). However, since all the processed particles 
were amorphous in nature the difference in dissolution was attributed to the particle size with 
sonoprecipitated discrete nanoparticles showing highest dissolution rate than anti-solvent processed 
agglomerates of CA particles nanoparticles, followed by spray dried CA microparticles (Figure 4.14). 
Similar trend was observed in the bioavailability tested in Wistar rats after oral administration 
with sonoprecipitaed CA showing maximum bioavailability. This dramatic improvement in rate as 
well as extent of in vitro drug release and oral bioavailability in Wistar rat was attributed to amor-
phization, increased surface area, and decreased diffusion layer thickness. This study demonstrates 
potential of sonoprecipitation technique to obtain discreet and amorphous nanoparticles with 
feasibility for scale-up.
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FIGURE 4.12  Ultrasonically rounded lactose crystals.  (Reproduced from website: http://www.prosonix.
co.uk/. With permission.)
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FIGURE 4.13  SEM photomicrographs of cefuroxime axetil (a) unprocessed, (b) spray dried, (c) anti-solvent 
crystallized, and (d) sonoprecipitated. (Reproduced from Eur. J. Pharm. Biopharm., 70, Dhumal, R.S., 
Biradar, S.V., Yamamura, S., Paradkar, A.R., and York, P., Preparation of amorphous cefuroxime axetil 
nanoparticles by sonoprecipitation for enhancement of bioavailability, 109–115, Copyright (2008b), with 
permission from Elsevier.)
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FIGURE 4.14  Dissolution profiles of cefuroxime axetil unprocessed, spray dried, anti-solvent crystallized, 
and sonoprecipitated. (With kind permission from Springer Science+Business Media: Pharm. Res., Ultrasound 
assisted engineering of lactose crystals, 25, 2008a, 2835–2844, Dhumal, R.S., Biradar, S.V., Paradkar, A.R., 
and York, P.)
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Apart from nanoparticles, development of porous particles is also known to improve solubility 
due to higher surface area.  Paradkar et  al., have developed porous amorphous celecoxib par-
ticles (Maheshwari et al., 2005) and porous crystalline ibuprofen particles (Paradkar et al., 2006), 
using melt sonocrystallization. Melt sonocrystallization is a particle engineering technique involv-
ing application of ultrasonic energy to the molten mass dispersed in suitable dispersion media. 
Insonation of ibuprofen melt dispersed in water was carried out at ambient temperature. Ibuprofen 
is a drug with a low glass transition temperature (Tg), and the melt remains in a low viscosity liq-
uid state for a relatively longer period of time. As the ultrasonic energy could be applied to the 
melt for longer duration of time during crystallization, a product consisting of porous tubes and 
sintered crystals was obtained (Figure 4.15). Owing to high specific surface area product showed 
improved dissolution rate. Improvement in compressional properties and reduction in sticking were 
also observed due to the change in crystal habit.





Further, an attempt was made to study the effect of insonation on dispersed melt of celecoxib hav-
ing relatively high viscosity and processed at a temperature below its glass transition temperature 
(Tg). Since, the process was carried out near Tg, the melt was viscous and solidified rapidly, hence 
received the insonation for shorter duration during solidification, resulting in porous amorphous 
form (Figure 4.16). These porous amorphous particles showed increase in the apparent solubility 
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FIGURE 4.15  (a) SEM photographs of ibuprofen and (b) melt sonocrystallized ibuprofen. (Reproduced from 
Eur. J. Pharm. Sci., 25, Maheshwari, M., Jahagidar, H., and Paradkar, A.R., Melt sonocrystallization of 
ibuprofen: Effect on crystal properties, 41–48, Copyright (2005), with permission from Elsevier.)
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FIGURE 4.16  SEM photomicrographs of MSC celecoxib at (a) low and (b) high magnification. (With kind 
permission from Springer Science + Business Media: Pharm. Res., Design and evaluation of celecoxib porous 
particles using melt sonocrystallization, 23, 2006, 1395–1400, Paradkar, A., Maheshwari, M., Kamble, R., 
Grimsey, I., and York, P.)
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and exhibited a higher stability in the amorphous state compared with particles obtained by melt 
quenching. This technique has resulted in particles with improved physicochemical and biophar-
maceutical properties and proved the possibility of generating crystalline as well as amorphous 
form. Technique has an advantage of producing particles with desired biopharmaceutical properties 
without the addition of excipients.





Ambrus et al. (2010) has compared the techniques of sonocrystallization for gembibrozil from 
melt and solution. Crystal habit and structure of the particles obtained by sonocrystallization from 
melt and solution differ significantly. They observed that the method of separation of the particles 
from the suspension also has significant effect on the particle size and morphology. Needle-shaped 
crystals were observed for the sample separated by lyophilization and spherical crystals for sample 
separated by spray drying (Ambrus et al., 2010).





Recently, US has been applied for the development of cocrystals.  In forming a cocrystal the 
physicochemical properties of the API can be modified, while maintaining its intrinsic therapeutic 
activity. Cocrystal is made up of two or more components (API/guest(s)), usually in a stoichiometric 
ratio, each component being an atom, ionic compound, or molecule held together by noncovalent 
forces (Aakeroy, 1997). Cocrystal formation can not only improve solubility and bioavailability but 
also improve the physical properties of API including density, hygroscopicity, crystal morphology, 
loading volume, and compressibility (Blagden et al., 2007). Different pharmaceutical cocrystalliza-
tion techniques have been reported such as solution crystallization, grinding/solvent drop grinding 
(Trask, 1997), melt crystallization (Berry et al., 2008), and cocrystallization using US (Childs et al., 
2005; Bucar and MacGillivray, 2007; Friscic et al., 2009; Aher et al., 2010) and hot melt extrusion 
(Dhumal et al., 2010).





Childs et al. (2005) has used US for cocrystal formation from either solution or suspension, 
where US is thought to promote nucleation (sononucleation) during cocrystal formation. Slurry 
sonication experiments (Sonicslurry) were carried out by Friscic et al. (2009) to obtain cocrys-
tals. An empirical parameter η (the volume of solvent in μL divided by the sample weight in 
mg) was used to understand the effect of solubility and saturation of cocrystal components on 
cocrystal formation. Pure cocrystal product was observed mainly at lower η values (<6 μL mg−1), 
whereas, at higher η values (up to 12 μL mg−1), either a mixture of cocrystal with a least soluble 
cocrystal component or only a least soluble cocrystal component was produced. However, the 
exact effect of US in this process remained unclear. Sonocrystallization is also used to obtain 
2:2 resorcinol/trans-1,2-bis(4-pyridyl)ethylene cocrystal from cloudy suspension, where cavita-
tion was thought to cause single crystal to single crystal reactivity in suspension (Bucar and 
MacGillivray, 2007). The ultrasonic radiations were believed to provide an environment that 
favored rapid solubilization of the cocrystal components and also provided a mechanism for 
rapid precipitation and formation of the small crystals.  In this case, low-intensity ultrasonic 
radiations were applied using an ultrasonic cleaning bath to obtain nanostructured cocrystals, 
where reprecipitation alone failed.





Aher et al. (2010) has applied US to cocrystallize noncongruently soluble cocrystal component 
pair of caffeine and maleic acid in 2:1 ratio, which is otherwise difficult to obtain by conven-
tional solution crystallization technique (Aher et  al., 2010).  Caffeine/maleic acid 2:1 cocrystal 
was prepared using US, where caffeine and maleic acid represent a noncongruently soluble pair in 
methanol. Simultaneous achievement of supersaturation of cocrystal components in solution is the 
basic requirement to obtain cocrystal. Molar concentrations of cocrystal components in solution 
were found to be an important parameter while designing experiments for noncongruently soluble 
cocrystal component pair.  Pure caffeine/maleic acid 2:1 cocrystal was obtained by application 
of US to caffeine: maleic acid solution in 1:3.5 molar ratio in methanol. Solution crystallization, 
grinding, and solvent drop grinding techniques resulted in cocrystal product, which was accom-
panied with variable amount of caffeine. Only US assisted process offered pure caffeine/maleic 
acid 2:1 cocrystal.
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SCALE-UP





While novel technologies can seem extremely promising during laboratory and early developmental 
phases, many fail on scale-up and on meeting the tighter controls required by the pharmaceutical 
industry and regulatory authorities. Although the application of ultrasonic energy to produce or to 
enhance a wide variety of processes has been explored since the middle of the twentieth century, 
only few ultrasonic processes have been established at the industrial level. However, during the last 
10 years, the interest in ultrasonic processing has revived particularly in pharmaceutical sectors 
where the ultrasonic technology represent a clean and efficient tool to improve classical existing 
processes or an innovative alternative for the development of new processes. The possible major 
problem in the application of power US on industrial processing is the design and development of 
efficient ultrasonic systems (generators and reactors) capable of large scale successful operation 
specifically adapted to each individual process. The development of different cavitational reactors 
for liquid treatment in continuous flow is helping to introduce into industry the wide potential in the 
area of sonochemistry. Processes such as water and effluent treatment, soil remediation, etc. have 
been already implemented at semi-industrial and/or industrial stage.





Bristol Myers Squibb has successfully developed and scaled-up crystallization process for poly-
morph control of a proprietary substance to obtain uniform plate-type crystals. The US is applied 
to the crystal slurry just prior to filtration in a recirculation loop, where the particle size is reduced 
from 100–200 mm range to 20 mm for the purpose of enhancing physicochemical properties like 
solubility, improved bulk density, and flowability.





Prosonix has designed an industrial equipment to allow effective and focused distribution of 
acoustic energy into a liquid by using a number of low-power transducers bonded to the outside of 
a cylindrical duct. This equipment can be used as a recirculation or continuous flow cell. Prosonix 
scaled up SAXS process for single component as well as combination particles for asthma (Ruecroft, 
2007). Prosinix also scaled up the PRT technology for rounding of lactose and propose to launch 
lactose obtained by this technique as a carrier for inhalation drug delivery. All these reports show 
great potential for use of US in pharmaceutical processes and we expect to see many more industrial 
applications in the near future.





LIMITATIONS





It is worth noting that, like any innovative processing technology, high power US is also not a stan-
dardized technology and therefore needs to be developed and scaled up for every new application 
on a case-to-case basis. Though US is used for long, the exact mechanism is not clear. A better 
understanding of the complex physicochemical mechanism of the US with relationship between the 
duration, intensity, and frequency of ultrasonic waves and particle formation would contribute to 
reinforce the applications in pharmaceutical and other industries. The hot spots formed in the liquid 
owing to the explosion of cavitational bubbles lead to the generation of free radicals, which undergo 
a number of chain reactions including the generation of hydrogen peroxide. As the energy released 
is high enough to cause a chemical reaction, the possible degradation of the actives should be taken 
into consideration. There are many reports describing the chemical degradation of actives when US 
was applied for enhancing the processes. Thongson et al. (2004) have applied US to improve the 
extraction rate and yield of ginger and turmeric. However, a slightly reduced antimicrobial activ-
ity was observed against few microorganisms. Zhao et al. (2006) has applied US for extraction of 
biologically active compound and observed degradation of few carotenoids. Gulseren et al. (2007) 
found that cavitation-generated hydrogen peroxide may alter the chemical structure of bovine serum 
albumin, oxidizing its free sulfhydryl groups, leading to the formation of sulfinic and sulfonic acid.





Another technical drawback associated with the use of power US is cavitation erosion. Cavitation 
bubbles collapse unsymmetrical when in close proximity to the emitting probe face (or another solid 
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surface). A microjet forms, which impacts the solid surface, resulting in surface pitting, and the 
metal is released into the medium, especially titanium, which is a major component of the probe tip. 
While using a probe, relatively small surface area and high amplitude generates high surface intensity 
that easily decouples and promotes cavitation close to the tip of the probe with little penetration into 
the bulk of the liquid. This leads to rapid erosion of the probe and the shedding of probe material 
into the process liquid (see eroded probes images Figure 4.17). To overcome this problem, Prosonix 
have recently developed a Prosonitron technology, which provides ultrasonic power input through an 
array of bonded transducers mounted on the outside of a cylindrical pipe. This spreads the power input 
over the whole surface of the vessel allowing significant power input for a low local surface intensity, 
greatly reducing surface erosion and any associated contamination. As the waves travel radially into 
the liquid, the intensity of the waves increases, which carries the cavitation deep into the bulk of the 
liquid and in fact results in the strongest cavitation occurring at the center of the pipe.





CONCLUSIONS





Although the use of US in processing is well known, recently several novel and interesting US-based 
processes for particle production have been developed for controlling solid-state, morphology, and 
particle size of pharmaceuticals. Ultrasonics not only represents a rapid, efficient, reliable, green, 
and clean alternative to improve the quality of pharmaceuticals but also has the potential to develop 
new products with unique functionality. Though this chapter discusses in detail particle engineering 
for inhalation delivery and solubility enhancement of drugs, there are many other applications of US 
beyond the scope of this chapter. Well-characterized solid state, purity, and environmental accept-
ability are becoming more and more stringent requirements for regulatory authorities that reflect an 
approach that is in keeping with optimization of drug quality. In this regard, US should be consid-
ered to be in a prominent position in the drug development processes. As for the development of new 
technologies, a strict interdisciplinary approach must be sought, possibly by merging engineering, 
physicochemical, pharmaceutical technology, and biopharmaceutical expertise.





It is worthy to note that some processes have been already scaled up to industrial manufacturing. 
Nevertheless, the potential of this innovative technology still remains largely unexplored. With the 
obvious potential of US in designing pharmaceutical processes, it can be anticipated that technology 
needs to undergo considerable growth and advances over the coming years. The competitive energy 
costs and the low maintenance make US processes economically profitable. Advantages are also 
obtained for large-scale applications involving continuous flow-through US systems, as the high 
financial benefits and short payback period outweigh the costs of converting and maintaining the 
US processing equipment.





FIGURE 4.17  Image showing the eroded ultrasonic probes. (Reproduced from website: http://www.prosonix.
co.uk/. With permission.)
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5 Applications of Sonochemistry 
in Pharmaceutical Sciences





Robina Farooq





INTRODUCTION





Pharmaceutics is a discipline of pharmacy that deals with all facets of the process to turn new chem-
ical entity (NCE) into proper medication. Pharmaceutics deals with the formation of a pure sub-
stance into dosage form such as capsule, injection, suppository, cream, ointment, eye drop, inhaler, 
nasal spray, etc. Pharmaceuticals are indispensable to health systems; they can complement other 
types of health care services to reduce morbidity and mortality rates and enhance quality of life at 
the systems levels. Pharmaceuticals, if used appropriately, have the power to make our lives quali-
tatively better and longer. As pharmaceuticals have curative and therapeutic qualities, they cannot 
be considered simply ordinary commodities or even basic health stimuli for that matter (Floros and 
Liang, 1994; Mason et al., 1996; Mason, 1998; Ishtiaq et al., 2009).





This chapter is intended mainly to review the application of ultrasound in the field of pharmaceutics, 
from drug dispensation, formulation, to its delivery. It also identifies various related factors encompass-
ing their diverse processes or methods. Various areas have been identified for their great potential for 
future development, e.g., crystallization, drying, extraction, filtration, homogenization, and synthesis.





AN ULTRASONIC DRIVEN POWDER TRANSPORT SYSTEM





The transport and dosage of granular materials are important components of process engineering. 
The most accurate mixing process in chemical, pharmaceutical, and food industries demands for an 
exact control of powder feeding. A novel powder-feeding device is developed at the Heinz Nixdorf 
Institute and is based on piezoelectrically excited traveling waves suggested by many workers on 
this principle (Kanbe et al., 1993; Takano and Tomikawa, 1998). An acrylic pipe, which is stimu-
lated to oscillations in the form of traveling waves through piezoelectric impulses, is used to convey 
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the powder. A piezoelectric actuator, as described in Mracek and Wallaschek (2005), is normally 
used for generating a progressive wave in an acrylic pipe. The acrylic pipe has specific damping 
properties that allow the excitation of a progressive flexural radial wave in a pipe, using only a single 
piezoelectric actuator (Mracek and Wallaschek, 2005).





An ultrasonic driven powder transport system was developed by Mracek and Wallaschek (2005), 
in which the wave stimulation and expansion pipes are constructed from relatively strongly absorb-
ing materials. The movement of a progressive wave in the acrylic pipe and especially the desired 
movement of the surface points are essential for a powder transport. The developed ultrasonic driven 
powder system distinguishes itself from conventional dosage systems due to simple structure, nearly 
no wear and tear in operation, cost-effective, and easy to integrate into existing production plants.





The technology also allows miniaturization, operation in the low voltage area, and a very care-
ful, exact dosage. The experimental investigations of this prototype for ultrasonic powder feed-
ing showed that it is possible to feed small amounts of powder with extremely high quantitative 
accuracy. But it was also confirmed experimentally that the performance of this system, like most 
piezoelectric systems, showed a significant sensitivity concerning environmental conditions (e.g., 
temperature, aging, load influence of the outside, production inaccuracies).





Therefore, ultrasound-driven powder-feeding system can be used for very accurate measure-
ments and movement of materials for the preparation of drugs.





EFFECT OF ULTRASOUND ON SYNTHESIS OF DRUGS





The advantages of ultrasound in chemical reactions, shorter reaction time and higher yields, can be 
used in industrial application in pharmaceutical or fine chemical industry.  Sonochemistry can 
be used for fast reactions or in the synthesis of expensive products. Scale-up problems can be solved 
with the aim to develop a technically feasible process. Development of process technology (reactor 
design, process simulation) is necessary. The most important factor is the establishment of a com-
mercialized process (Mason et al., 1997; Emery et al., 2005).





Many studies on the effect of ultrasound on the synthesis of drugs have been carried out and it 
is well documented (Mason et al., 1997; Emery et al., 2005). The interaction between ultrasound 
energy and the vibrational and electronic levels of molecules is an indirect phenomenon. In 1984, 
Ando and coworker published a paper about reaction of benzyl bromide and alumina supported 
potassium cyanide in toluene (Aquino et al., 1997). This is the example that ultrasound irradiation 
induces a particular reactivity leading to products differing in nature from those obtained conven-
tionally and is called sonochemical switching, as shown in Scheme 5.1.





It has been found that, under the influence of ultrasound, this scheme can synthesize with 61% 
yield in a shorter reaction time. The application of ultrasound in chemical reactions for the reasons 
that using such types of nonclassical methods give an alternative method for the influence of selec-
tivity and yield of reactions. This application of ultrasound in the dehydration process was tested 
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with other amides. It was found that in these reactions amides could be dehydrated to the corre-
sponding nitriles in good yields and in a shorter reaction time (Aquino et al., 1998).





ULTRASOUND-INDUCED POLYMERIZATION AND DEPOLYMERIZATION





The chemical effects of ultrasound include the formation of radicals and the enhancement of reac-
tion rates at ambient temperatures. The enhanced dissolution of a solid reactant or catalyst caused by 
renewal of the liquid at the solid–liquid interface illustrates a mechanical effect induced by ultrasound. 
The formation, growth, and collapse of a cavity occur in 0.1 ms. The implosions of these cavities gener-
ate temperatures and pressures of approximately 5000 K and 200 bar, respectively (Mason et al., 1997).





The possibility of cavitation at high pressures creates several interesting potentials in the devel-
opment of ultrasound-induced chemical processes, such as, precipitation polymerization in CO2, 
bulk ethylene polymerization, phase-transfer catalysis in liquid by using ultrasound. It is possible to 
carry out radical polymerizations without the addition of initiator or catalyst. However, the obtained 
yield for a bulk polymerization is rather low as a result of the increase in viscosity. A high viscosity 
hinders cavitations and consequently the production of radicals. In order to overcome this conver-
sion limitation, precipitation polymerization can be a solution (Ando et al., 1984; Price, 1996).





Two types of precipitation systems are used in the high-pressure setup; systems in which the mono-
mer acts as reacting species and as anti-solvent for the polymer, e.g., ethylene systems in which carbon 
dioxide is applied as anti-solvent, e.g., methyl methacrylate with carbon dioxide besides polymeriza-
tion, depolymerization also occurs through irradiation with ultrasound. Under sufficiently strong flow 
conditions around a cavitation bubble, the solvent drag force causes extension of the polymer molecule. 
If the drag force on the stretched polymer molecule is larger than the bond strength of the polymer, scis-
sion will occur. This scission will preferably occur in the middle of the chain. Ultrasound-induced pre-
cipitation polymerization enables the production of well-defined polymers (MWD) without conversion 
limitations used in many processes like pharmaceutics (Zhu et al., 1993; Adeoya-Osiguwa et al., 2003).





ROLE OF ULTRASOUND IN EXTRACTION





A rapid, sensitive, and accurate ultrasonic extraction method has been developed for nicotine in 
pharmaceutical formulations. The results obtained in this study indicate that ultrasound is a reliable 
tool for the fast extraction of nicotine in pharmaceutical formulations. The ultrasonic extraction can 
shorten the extraction time from 24 h to <20 min as compared with the conventional cold extraction 
technique. Solvent consumption is six times lower in ultrasonic extraction in contrast to similar 
conventional extraction methods (Kanbe et al., 1993).





In order to extract nicotine from the pharmaceutical formulations, the ground chewing gum 
sample, or small pieces of transdermal patch was placed in 15 mL glass vial containing 10 mL 
heptane and sonicated for 20, 40, and 60 min at 37°C in the ultrasonic bath. The results indicated 
that the recovery of nicotine enhances with increased sonication time. The complete extraction of 
nicotine was obtained in <20 min from the transdermal patch and 60 min from the chewing gum. 
Ultrasonic extraction reduced the extraction time from 24 h to <20 min in comparison with the use 
of conventional cold extraction technique (Yuegang et al., 2004).





Ultrasound was also used to increase the extraction efficiency of carnosic acid from the herb 
Rosmarinus officinalis using butanone, ethyl acetate, and ethanol as solvents (Vinatoru et al., 1999). 
Similarly, specific examples of the benefits include the extraction of tea solids from dried leaves 
with water, using ultrasound and thus giving an improvement of almost 20% in yield at 60°C, 
approaching the efficiency of thermal extraction at 100°C (Mason and Zhao, 1994). A reduction in 
the maceration time from 8 h to 15 min has been reported in the extraction of the alkaloid reserpine 
from Rawolfia serpentina (Bose and Sen, 1961). The efficiency surged in extracting pharmacologi-
cally active compounds from Salvia Officinalis with some 60% of the target compounds extracted 
within 2 h at around ambient temperature (Salisova et al., 1997).
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PHOTO-ACOUSTIC EVALUATION OF PHARMACEUTICAL TABLETS 
WITH ULTRASOUND





In photo-acoustics, the ultrasound is generated by means of pulsed laser illumination. Normally, 
photo-acoustical methods are used in applications where a touching ultrasonic transducer would 
damage the sample or it itself would be damaged. This can be the case with porous and hygroscopic 
systems, e.g., pharmaceutical tablets, where the use of a coupling liquid would be detrimental to 
the structure of the tablets. Despite its low efficiency in producing ultrasound, the so-called ther-
moelastic regime is attractive in many applications, because the phenomenon is nondestructive 
to the samples and the theory of such nondestructive testing is well-established (Berthelot, 1989; 
McDonald, 1989).





Variations in porosity, density, and sodium chloride content of microcrystalline cellulose tablets 
were found to be related to parameters extracted from the through-transmitted ultrasonic wave 
forms. By using the amplitudes and ultrasonic velocities of these wave forms, it was possible to 
obtain values of a transverse to longitudinal amplitude ratio, and also elastic parameters. The trans-
verse to longitudinal amplitude ratio and the amplitudinal Poisson’s ratio (Poisson’s ratio is a mea-
sure of the simultaneous change in elongation and in cross-sectional area within the elastic range 
during a tensile or compressive test) were indicative of structural variations, e.g., changes in the 
porosity and the sodium chloride content of tablets. Changes in mechanical structure can affect the 
physical and biopharmaceutical properties, and in some cases even the chemical stability, of phar-
maceutical tablets (Kitazawa et al., 1975).





EFFECT OF SONOCRYSTALLIZATION IN FORMATION OF AEROSOLS





Sodium chloride aerosols have been widely used as part of bronchial provocation tests to identify 
people with active asthma and exercise-induced asthma and those who wish to enter particular 
occupations (e.g., police, army) or sports (e.g., diving). It has become practical to prepare dry NaCl 
powder that can be delivered using dry powder inhalers (DPIs) instead of traditional nebulizers. 
Preparation of traditional nebulizers is energy intensive and time consuming and can induce impuri-
ties into the product. It also has several other disadvantages including inadequate control of particle 
size, undesired particle shape, surface charge modifications, decreased crystallinity, and possible 
chemical degradation (Waltersson and Lundgren, 1985; Parrott, 1990; Malcolmson and Embleton, 
1998; Ticehurs et al., 2000; Chan and Chew, 2003; Rasenack et al., 2004; Shoyele and Cawthorne, 
2006). These disadvantages of the micronization process ultimately jeopardize the NaCl powder 
performance. Sonocrystallization offers several advantages including production of smaller sized 
crystal as compared to conventional crystallization as well as cost-effectiveness of apparatus. The 
process can be run at ambient conditions and the reaction vessel involved is of simple geometry, 
making the cleaning process simple for the pharmaceutical requirements (Mullin and Nyvli, 1971).





Another important advantage is that crystal growth occurs at lower supersaturation levels, where 
initial growth is controlled; the size distribution of the products is narrower than uncontrolled con-
ventional crystallization process. The limitations of conventional crystallization techniques in the 
processing pharmaceutical ingredients for a number of dosage forms typically require the need for 
micronization (Guo et al., 2006; Alza Cooperation).





APPLICATION OF ULTRASOUND IN TRANSDERMAL DRUG DELIVERY





Transdermal drug delivery offers several advantages over traditional drug delivery systems such 
as oral delivery and injections—the attractive attributes of transdermal drug delivery includes 
avoidance of first-pass metabolism, elimination of pain that is associated with injection, and the 
opportunity for the sustained release of drugs. However, the efficiency of transdermal transport 
of molecules is low because the stratum corneum of the human skin is an effective and selective 
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barrier to chemical permeation (Scheuplein and Blank, 1971). Indeed, the low permeability of the 
stratum corneum is the key reason that only a small number of low molecular weight drugs are cur-
rently administered using this route. The mechanisms are developed for the transdermal transport 
of drugs at low frequency ultrasound (Prausnitz et al., 2004).





The in vitro permeation enhancement of several low molecular weight drugs under the same 
ultrasound conditions is reported (Bommannan et al., 1992a; Mitragotri et al., 1995; Lavon and 
Kost, 2004). It is hypothesized that since the absorption coefficient of the skin varies directly 
with the ultrasound frequency, high-frequency ultrasound energy would concentrate more in 
the epidermis, thus leading to higher enhancements. They found that a 20-min application of 
ultrasound (0.2 W cm−2) at a frequency of 2 MHz did not significantly enhance the amount of 
salicylic acid penetrating the skin.  However, 10 MHz ultrasound under the same conditions 
resulted in a 4-fold increase and 16 MHz ultrasound resulted in about a 2.5-fold increase in 
transdermal salicylic acid transport (Bommannan et al., 1992b; Ruecroft et al., 2005).





EFFECT OF ULTRASOUND IN CHEMOTHERAPY





Ultrasound has been used in many life science fields such as medical imaging and diagnostics, 
biological cell disruption, and fermentation processes.  The application of power ultrasound 
(20–100 kHz, or even up to 2 MHz) to chemical processing has seen steady progress over the past 
15 years or so, and a widely reported aspect of this is the use of sonochemistry to promote or mod-
ify chemical reactions (Beverley et al., 2004). Traditional preparations used for delivery of drugs 
include ointments, gels, creams, and medicinal plasters containing natural herbs and compounds. 
The development of the first pharmaceutical transdermal patch for motion sickness (Adewuyi, 2001) 
in the early 1980s heralded acceptance of the benefits and applicability of this method of admin-
istration for modern commercial drug products. The success of this approach is evidenced by the 
fact that there are currently more than 35 transdermal drug delivery (TDD) products approved in 
the United States for the treatment of a wide variety of conditions including: hypertension, angina, 
motion sickness, female menopause, male hypogonadism, severe pain, local pain control, nicotine 
dependence, and, recently, contraception and urinary incontinence. There are also several products 
in late-stage development that will further expand TDD usage into new therapeutic areas, including 
Parkinson’s disease, attention deficit, and hyperactivity disorder as well as female sexual dysfunc-
tion (Hynynen et al., 2001).





APPLICATION OF ULTRASOUND IN CELL THERAPY





By combining focused ultrasound technology with the properties of magnetic resonance imaging, a 
system has been developed (ExAblate 2000) that enables precise targeting within tissues. In addi-
tion, temperature sensitive magnetic resonance (MR) sequences provide real-time feedback of focal 
rises in temperature to ensure safe delivery of an effective thermal dose. Although studies have 
been carried out in many different areas including breast, brain, and liver tumors, the largest body 
of work, to date, has taken place in women with symptomatic uterine fibroids (Adeoya-Osiguwa 
et al., 2003; Jolesz et al., 2004).





ULTRASONIC IRRADIATION OF TOXIC EFFLUENT





In recent years, considerable interest has been shown on the application of ultrasound for hazard-
ous chemical destruction, including among others the degradation of chlorinated hydrocarbons, 
aromatic compounds, pesticides, explosives, dyes, and surfactants (Emery et al., 2005). The degra-
dation of triphenylphosphine oxide (TPPO) in water, a toxic compound typically found in effluents 
from the pharmaceutical industry by means of ultrasonic irradiation at 20 kHz (Zhu et al., 1993).
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There are many reports documenting the adverse effects, such as feminization of fish, of estro-
gen hormones in the environment. One of the major sources of these compounds is from municipal 
wastewater effluents. The occurrence of estrogen hormones in natural systems like surface water, 
soil, and sediment has become a subject of significant concern. There are many sources of estro-
genic pollution, which include effluent from municipal and industrial wastewater treatment plants, 
livestock wastes, biosolids, septic tanks, and landfills. Estrogenic hormones have also been linked to 
lower sperm counts in adult males and an increase of cancer (Zhu et al., 1993; Emery et al., 2005).





The biological processes at municipal wastewater treatment plants cannot completely remove 
these compounds. The effect of ultrasound power density and power intensity on the destruction 
of various estrogen compounds that include 17α-estradiol, 17α-estradiol, estrone, estriol, equilin, 
17α-dihydroequilin, 17α-ethinyl estradiol, and norgestrel were conducted in single component 
batch and flow-through reactors using 0.6, 2, and 4 kW ultrasound sources. The sonolysis process 
produced 80%–90% destruction of individual estrogens at initial concentration of 10 μg L−1 within 
40–60 min. The estrogen degradation rates increase with increase in power intensity of ultrasound. 
The sonolysis process could be used for the effective destruction of estrogen compounds present 
in aqueous solutions. Sonication is a process wherein ultrasound waves are irradiated into a liquid 
medium to destroy the contaminants (Suri et al., 2007).





CONCLUSION





Ultrasound shows the main advantage shorter reaction/preparation time; reduction of the sample 
preparation time; usage of small amounts of material; efficient and minimum expenditure on solvents, 
reagents; and the increasing of the sample throughput; it is very useful for the isolation and purification 
of compounds of interest from the point of view of their pharmacological and other bioactive proper-
ties and pharmaceutical formulation. Ultrasonic techniques when compared with the conventional 
methods like extraction, crystallization, evaporation, sonication, and sonolysis TDD methods appears 
to be more effective. Sonolysis appeared to be more effective in the destruction of toxic materials in 
the pharmaceutical industrial effluents. In pharmaceutics, the use of ultrasound gives more economic 
process and improved environmental and health and safety considerations. Low-frequency sonopho-
resis has been shown to increase skin permeability to a variety of low- as well as high molecular 
weight drugs. Sonocrystallization can become a core technology in the pharmaceutical industry and it 
is expected to see more industrial application in the near future. A lower influence of the particle size 
on the release properties is obtained for the US tablets in comparison with traditional tablets. On the 
other hand, a lower variability in the pharmaceutical availability is expected for the systems obtained 
using ultrasound-assisted compression. It is expected that this ultrasound control system, after further 
studies, could be developed and applied for the optimization of pharmaceuticals freeze-drying cycles 
in industrial condition. Photo-acoustic evaluation using ultrasound not only shows the elastic proper-
ties of the tablet materials but also helps in evaluating its internal structure.
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INTRODUCTION





Nanostructured materials have broad applications in a variety of fields because of their unusual 
chemical, optical, electronic, and magnetic properties (Schmid, 1992; Burda et al., 2005). They are 
characterized by an extremely large specific surface area, and their properties are determined mainly 
by the behavior of their surface (Hodes, 2007). The applications of nanomaterials are well known 
in the fields of cosmetics and pharmaceutical products, coatings, electronics, energy, and catalysis. 
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One of the most important tasks in nanoscience is developing new versatile routes for the prepara-
tion of nanomaterials with tunable physical and chemical properties accompanied with a dominant 
control on their size and morphology. There are a range of methods of producing nanosized materi-
als including sol–gel, chemical reduction, hydrothermal, chemical vapor deposition (CVD), thermal 
decomposition, laser ablation, physical vapor deposition (PVD), and electrochemical routes. Size, 
morphology, nanostructure, and phase composition of the products out of these methods could be 
varied with numerous indispensable factors described in detail elsewhere. However, in a number 
of cases, characteristics of synthesized nanomaterials can be influenced under the action of some 
additional external factors, such as ultrasound, microwave, and UV radiation. Among these fac-
tors, the ultrasound radiation has been widely exploited for the preparation of nanomaterials due to 
its applicability in most of the liquid-based chemical and physical synthetic routes. Currently, the 
ultrasound-assisted processes have been proved to be useful for generating various nanostructured 
materials. Utilization of ultrasound waves provides the capability of improving different features 
of the products out of the conventional synthetic routes or producing nanomaterials that are often 
unavailable by these routes.





The main physical phenomena associated with ultrasound in nanomaterials synthesis are cavita-
tion and nebulization. Acoustic cavitation creates extreme conditions that serve as the origin of most 
sonochemical and sonophysical phenomena by providing an exclusive interaction between energy 
and matter with hot spots inside the cavitational bubbles in liquids or liquid–solid slurries. During 
sonication, ultrasonic longitudinal waves are radiated through the solution causing alternating high- 
and low-pressure regions in the liquid medium. Millions of microscopic bubbles form and grow in 
the low-pressure stage and subsequently collapse in the high-pressure stage. Hot spots that are local-
ized regions of extremely high temperatures, as high as ∼5000 K, and pressures of up to ∼1000 bar 
can occur from the collapsing bubbles, and cooling rates can often exceed ∼1010 K s−1. The energy 
released from this process, known as cavitation, would lead to enhanced chemical or physical reac-
tion rates in any of the liquid-based synthesis routes of nanomaterials.





Additionally, nebulization (the creation of mist by the ultrasound waves propagating through a 
liquid and impinging on a liquid–gas interface) is the basis for ultrasonic spray pyrolysis (USP) with 
subsequent reactions occurring in the heated droplets of the mist. These phase-separated microreac-
tors created by USP facilitate the formation of a wide range of nanocomposites.





It could be suggested that the formation and growth of nanomaterials in the ultrasound-assisted 
routes will be promoted by all of the following processes:





	 1.	Formation of extra centers of nucleation on cavitation bubbles or nebulization microdroplets
	 2.	 Increase of the particle growth rate due to rise of effective diffusion coefficients as well as 





continuous renewal of the surface growing particles
	 3.	Breakage of particle aggregates due to shock waves and microjets of molecules





In this chapter, the most successful ultrasound-assisted methods for the synthesis of nanomaterials 
are discussed with the following approaches:





	 1.	Sonochemical reduction, sol–gel, and decomposition which lead to the generation of metal, 
metal oxide, metal chalcogenide/carbide nanostructures respectively





	 2.	Ultrasound-induced deposition
	 3.	Sonoelectrochemistry
	 4.	Ultrasound-assisted laser ablation in liquid media
	 5.	USP





In the following sections, the above-mentioned methods are discussed in detail to provide a funda-
mental understanding of their basic principles and to illustrate the influential and exclusive features 
of ultrasound in nanostructured material synthesis.
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SONOCHEMISTRY





Chemistry deals with the interaction between energy and matter, and chemical reactions require 
some forms of energy such as heat, light irradiation, electric potential, and so on to proceed. 
Dominant control on the chemical reactions is a key factor to accomplish the nanostructured 
material synthesis. However such a control is currently limited to the manipulations of various 
reaction parameters including time, energy input, and pressure. In comparison with traditional 
energy sources, ultrasonic irradiation provides rather exceptional reaction conditions (a short 
duration of extremely high temperatures and pressures in liquids) that cannot be achieved by 
other methods.





Acoustic cavitation, which is driven by high-intensity ultrasound irradiation, accounts for the 
chemical effects of ultrasound (Suslick and Doktycz, 1990). When liquids get sonicated, the alter-
nating expansive and compressive acoustic waves create bubbles and make the bubbles oscillate. 
The oscillating bubbles can accumulate ultrasonic energy effectively while growing to a certain 
size, typically tens of microns. Under such a condition, a bubble can overgrow and subsequently col-
lapse, releasing the concentrated energy stored in the bubble within a very short time (with a heating 
and cooling rate of >1010 K s−1). This cavitational implosion is very localized and transient with a 
temperature around 5000 K and a pressure around 1000 bar (Suslick, 1990).





The cavitation phenomenon occurs over a wide range of ultrasound frequencies, from tens of Hz 
to tens of MHz, and above this frequency interval, the intrinsic viscosity of liquids prevents cavita-
tion from occurring. Most high-intensity ultrasonic horns operate at 20 or 40 kHz, most cleaning 
baths near 40 kHz, and there is specialized equipment available in the few hundred kHz to few MHz 
regime (Bang et al., 2010). Generally speaking, the physical effects of ultrasound such as emulsifica-
tion and surface damage are more dominant at lower frequencies, whereas cavitational heating of 
collapsing bubbles occurs over the full frequency range (Bang et al., 2010). A powerful aspect of 
the sonochemical synthesis resides in its versatility; various forms of nanostructured metals, oxides, 
chalcogenides, and carbides can be prepared simply by changing reaction conditions as the follow-
ing processes:





Sonochemical Reduction in Synthesis of Metallic Nanostructures





Syntheses of metallic nanoparticles via sonochemical reduction have been investigated by a number 
of groups in decades 1990s and 2000s (Suslick et al., 1991, 1996a; Nagata et al., 1992; Yeung et al., 
1993; Okitsu et al., 1996; Dhas et al., 1998; Mizukoshi et al.; 1999; Caruso et al., 2002; Su et al., 
2003; Nemamcha et al., 2006; Okitsu et al., 2009). Reduction of metal salts through the ultrasound 
irradiation has considerable advantages over other conventional reduction methods; no chemical 
reducing agent is needed, the reaction times are relatively short, and generation of very small par-
ticles is possible (Dhas et al., 1998; Mizukoshi et al., 1999; Caruso et al., 2002; Su et al., 2003; 
Nemamcha et al., 2006). In this case, sonolysis of aqueous liquids leads to the generation of free H• 
and OH• radicals (Makino et al., 1982). Sonochemically generated H radicals are considered to act 
as reductants, as summarized below. Often, organic additives (e.g., 2-propanol or surfactants) are 
added to produce a secondary radical, which can considerably promote the reduction rate:





	 H O H OH2 → +•





	 RH OH (or H ) R H O (or H2 2+ → +• • • )





	 Au(III) Ag(I) Pt(II) or Pd(II) H (or R ) Au Ag Pt or( , ) ( ) ( ( ), ( )+ →• • 0 0 0 PPd( ))0





	 n nM M (M metallic nanostructure)( )0 → =
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A systematic set of studies have been done on sonochemical reduction process to understand the reduc-
tion mechanism and the effects of operating parameters (e.g., time, concentration, ultrasonic frequency, 
and different organic additives) on particle size and shape (Caruso et al., 2002; Okitsu et al., 2005, 2009; 
Vinodgopal et al., 2006; Anandan et al., 2008; Brotchie et al., 2008). An interesting observation of these 
studies is that the size of particles inversely depends on alcohol concentration and alkyl chain length 
(Caruso et al., 2002). Also, the rate of sonochemical reduction is strongly dependent on the ultrasonic 
frequency, at least within the range of the specific ultrasonic apparatus used in those studies, demonstrat-
ing that frequency can play a key role in controlling particle size (Okitsu et al., 2005).





The ultimate structure of the nanomaterials synthesized by sonochemical reduction technique 
can also be influenced by the type of the stabilizing agent utilized in the process. Stabilizers such 
as oleic acid or polyvinyl-pyrrolidone can trap the sonochemically decomposed metal nanoclusters 
before aggregation, resulting in colloidal nanoparticle formation (Suslick et al., 1996a). Depending 
on the presence of an organic or polymeric stabilizer, either agglomerates of nanoparticles or col-
loidal nanoparticles can be obtained (Suslick et al., 1991, 1996a).





Generally, the sonochemical reduction leads to the formation of spherical nanoparticles, and thus 
preparation of other metallic nanostructures via this method is less reported in literature. Among 
the shape-controlled structures, gold nanobelts and nanodecahedra and also silver nanoplates have 
been merely reported to be synthesized via the sonochemical reduction processes (Jiang et  al., 
2004b; Sánchez-Iglesias et al., 2006; Zhang et al., 2006; Pastoriza-Santos et al., 2007).





In addition to monometallic nanoparticles, preparation of colloidal bimetallic nanoparticles by 
the sonochemical reduction route has also been performed by a number of researchers. Bimetallic 
nanoparticles have been of great interest because of their increased use in catalysis and optoelectronic 
applications. They may be prepared by either sonochemical decomposition of two different metal salts 
(e.g., (Fe(CO)5) and (Co(CO)3(NO)) leading to Fe–Co alloys) or a single-source precursor (Pt3Fe3(CO)15 
leading to FePt nanoparticles) (Bellissent et  al., 1995; Suslick et  al., 1996b; Rutledge et  al., 2006). 
Composition of the resultant alloy is reported to be simply tuned by changing stoichiometric ratios of 
the two precursors in the gas phase via their respective vapor pressures (Bellissent et al., 1995).





Among the other bimetallic nanostructures, Au–Pd core-shell nanoparticles, various structures 
of Au–Ag nanocomposites, and Pt–Ru nanoparticles have been synthesized by different groups via 
sonochemical reduction in aqueous or alcohol solutions (Mizukoshi et al., 1997, 2000; Basnayake 
et al., 2006; Vinodgopal et al., 2006; Radziuk et al., 2008).





Ultrasound-Assisted Sol–Gel in the Synthesis of Metal Oxide Nanostructures





Utilization of sol–gel technique to prepare the metal oxide nanostructures has been widely 
reported in literature as one of the most successful routes in the synthesis of these materials. 
Sol–gel, also known as chemical solution deposition, is a wet-chemical technique used in the 
fields of materials science. Such a method is used primarily for the fabrication of materials 
(usually metal oxides) starting from a chemical solution which acts as the precursor for an inte-
grated network (or gel) of either discrete particles or network polymers. Typical precursors are 
metal alkoxides in an alcoholic solvent, which undergo various forms of hydrolysis reactions. 
These reactions induce the substitution of OR groups linked to metal by metal–OH groups. 
These chemical species may react together to form metal–oxo (M–O–M) or metal–hydroxo 
(M–OH–M) bonds which lead to the formation of metal oxide network in solution. Thus, the 
sol evolves toward the formation of a gel-like diphasic system containing both liquid and solid 
phases whose morphologies range from discrete nanoparticles to continuous polymer networks 
(Brinker and Scherer, 1990). In the case of the colloid, a significant amount of fluid may need 
to be removed initially by sedimentation or centrifugation for the gel-like properties to be rec-
ognized. Removal of the remaining liquid (solvent) phase requires a drying process, which is 
typically accompanied by a thermal treatment in order to favor polycondensation and enhance 
structural stability (Brinker and Scherer, 1990).
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Features of the nanosized structures synthesized by sol–gel route can be promoted by exploiting 
the ultrasonic irradiation during the hydrolysis process (Bang et al., 2010). The advantages of the 
ultrasound-assisted sol–gel approach over conventional routes in the synthesis of metal oxides have 
been recognized by many research groups. Shortening the synthesis time from several days to few 
hours due to faster hydrolysis process accompanied with more uniform particle size distribution, 
higher surface area, better thermal stability, and improved phase purity are the noticeable conse-
quences of using ultrasound irradiation in sol–gel technique (Bang et al., 2010). The shortened reac-
tion time can be attributed to an extremely high temperature at the interface between a collapsing 
bubble and the bulk solution, which was presumed to hasten the hydrolysis and condensation of the 
precursor (Bang et al., 2010). Examples of successful ultrasound-assisted sol–gel synthesis of metal 
oxide nanostructures include TiO2, ZnO, MoO3, In2O3, and SiO2 (Enomoto et al., 1996; Qian et al., 
2003; Rao et al., 2005; Krishnan et al., 2006; Dutta et al., 2008; Jung et al., 2008; Latt et al., 2008; 
Neppolian et al., 2008; Jafarzadeh et al., 2009; Xiong et al., 2009; Prasad et al., 2010).





Sonochemical Decomposition in the Synthesis of Metal Chalcogenides





Metal chalcogenide nanoparticles with fine size and morphology and non-aggregated structures 
have recently gained considerable importance in the ongoing technological advancement. The con-
ventional methods for preparing metal chalcogenides suffer from several limitations, such as high 
processing temperature, relatively high cost, nonstoichiometric compositions, and poor crystallinity 
(Zhu et al., 2005). In recent years, sonochemistry offers an advantageous alternate in the synthesis 
of these nanomaterials with eliminating or decreasing the inconveniences caused by these limita-
tions. Several metal chalcogenides such as CdS, ZnS, PbS, MoS2, Bi2S3, CdSe, ZnSe, PbSe, Bi2Se3, 
β-CuSe, Cu3Se2, Cu7Te4, Cu4Te3, GaSb, etc.  (Mdleleni et  al., 1998; Li et  al., 2000, 2002, 2003; 
Zhu et al., 2000b, 2002; Wang et al., 2002; Xie et al., 2002; Zhou et al., 2003a,b; Qiu et al., 2004; 
Uzcanga et al., 2005) have been synthesized by sonochemical route.





A typical sonochemical preparation of these materials involves the ultrasonic irradiation of an 
aqueous solution of a metal salt and a chalcogen source (e.g., thiourea for sulfur or selenourea for 
selenium) in which the in-situ-generated H2S or H2Se by sonication reacts with sonochemically 
decomposed metal salts to produce metal chalcogenide nanoparticles.  Using a structure direct-
ing agent, a variety of nanostructures such as nanorods, nanowires, or nanocubes can be prepared 
(Wang et al., 2002; Zhu et al., 2002; Zhou et al., 2003a,b; Qiu et al., 2004).





Sonochemically prepared metal chalcogenides would exhibit unusual morphologies compared 
to those synthesized by conventional methods. For instance, MoS2 which is prepared via a con-
ventional route in bulky platelike morphology can be synthesized in the form of a porous agglom-
eration of nanosized spherical particle clusters. Therefore, because of its nanoparticle nature, the 
sonochemically prepared MoS2 has a higher surface area with much higher numbers of edges 
and defects on the surface than the conventionally obtained counterpart. This makes the layers in 
the agglomeration to bend, break, or distort to fit to the radius of curvature of the outer surface 
(Mdleleni et al., 1998).





Sonochemical methods have also been recognized to be very useful for the production of hollow 
metal chalcogenide nanostructures. In typical synthetic techniques, one utilizes sacrificial template 
materials such as preformed silica or polymer colloids, which make the synthetic process com-
plicated and inefficient. However, in sonochemical synthesis, a facile and rapid synthetic route is 
provided to generate hollow inorganic spheres usually without the use of templates.





Synthesis of nanostructured metal chalcogenides via the sonochemical routes is reported to be 
preferred to that of traditional methods even in producing high-quality semiconductor nanopar-
ticles, the so-called quantum dots. Several points such as the better control over growth rate of 
nanocrystals, significantly lower reaction temperatures, and high photoluminescence activities 
of the ultimate products can be highlighted as the advantages of sonochemical procedure over 
thermal synthesis routes (Murcia et al., 2006).
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Sonochemical decomposition route is also applicable in the synthesis of refractory metal car-
bides such as molybdenum and tungsten carbides.  Generally, conventional preparation of metal 
carbides by reacting a metal and carbon requires an extremely high temperature and also carbides 
themselves are intrinsically refractory. Thus, the synthesis of nanostructured metal carbides with 
a large surface area, associated with a high porosity, has still remained a substantial challenge in 
materials science. Alternatively, a facile sonochemical decomposition route has been developed to 
prepare nanostructured metal carbides such as molybdenum and tungsten carbides (Mo2C and W2C) 
(Hyeon et al., 1996; Oxley et al., 2004). In this procedure, amorphous oxycarbides are first obtained 
via sonochemical decomposition of molybdenum hexacarbonyl or tungsten hexacarbonyl in hexa-
decane. The oxygen is then eliminated by heat treatment under a gas composed of methane and 
hydrogen. This alternative technique not only reduces the synthesis temperature, but also enables 
the production of new carbide nanostructures. Nanosized molybdenum and tungsten carbides pre-
pared by the sonochemical decomposition exhibit superior activity, selectivity, and stability for 
hydrodehalogenation of halogenated organic pollutants (Hyeon et al., 1996; Oxley et al., 2004).





ULTRASOUND-INDUCED DEPOSITION





The physical effects of sonication such as shock waves and microjets at the liquid–solid interface 
primarily induce unusual effects like surface damage and fragmentation of friable solid associ-
ated with rapid interparticle collisions (Suslick and Casadonte, 1987; Suslick and Doktycz, 1989a; 
Suslick et al., 1989b; Doktycz et al., 1990; Suslick and Price, 1999). Intense ultrasound irradiation is 
able to rapidly drive the low melting point metal particles (e.g., Zn or Sn) together to induce effective 
melting at the impact point (Doktycz et al., 1990; Prozorov et al., 2004). This physical phenomenon 
is the basis of the ultrasound-induced deposition route which is widely used in the synthesis of a 
myriad of nanomaterials whether on a substrate or another nanostructure.





Among the ultrasound-induced deposition reports, the in-situ-generated noble metal nanopar-
ticles have been deposited on the surface of various substrates (e.g., silica, carbon, or polymer) 
exploiting the physical features of sonication (Pol et al., 2003a,b, 2005). This technique significantly 
reduces the reaction time accompanied with uniform coating of nanoparticles on substrates without 
tailoring surface properties (Pol et al., 2003a,b, 2005).





In addition to noble metal deposition on different substrates, the ultrasound-induced deposition 
route has been widely utilized for coating metal oxide nanoparticles with silica or metal sulfides 
(e.g., CdS). In a related report, deposition of silica over Fe3O4 nanoparticles has been described, in 
which the sonication significantly promotes the hydrolysis of TEOS in sol–gel process and improves 
the mass transport of silica sols to Fe3O4 nanoparticle surfaces to achieve homogeneously coated 
core-shell nanoparticles (Morel et al., 2008). Coating of silica over indium tin oxide (ITO) nanopar-
ticles has also been investigated by the ultrasound-induced deposition route (Chen et al., 2008). This 
technique, additionally, has been exploited by a number of groups in the synthesis of metal oxide 
core-shell nanostructures (TiO2, γ-Fe2O3/silane and SnO2, ZnO/CdS) (Shafi et al., 2001, 2002; Gao 
et al., 2004, 2005).





Combining the physical and chemical effects of sonication, a bifunctional eggshell catalyst 
has also been prepared, in which the outer surface of ZSM-5 is decorated with nanometer-sized 
Mo2C catalyst particles (Dantsin and Suslick, 2000). This facile route produces uniformly depos-
ited Mo2C nanoparticles on the outer surface of ZSM-5, greatly improving the poor dispersion of 
nanoparticles formed in supported catalysts obtained by conventional methods.





Ultrasonic irradiation promotes the formation of graphite intercalation compounds with remark-
able efficiency in terms of reaction time. A facile ultrasound-induced synthesis of KC8, a powerful 
reducing agent in organic reactions, has been developed in this approach, reducing the synthesis 
time from 1 to 2 days in a typical route to less than 5 min (Jones et al., 2004). Graphite intercalation 
reaction by means of ultrasound irradiation has also been reported in another study on the synthesis 
of Pt nanoparticle-intercalated graphite (Walter et al., 2001).
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Among the attempts to synthesize shape-controlled nanomaterials, hollow MoS2 and MoO3 
spherical nanostructures have been prepared via ultrasound-induced deposition on solid substrates 
(Dhas and Suslick, 2005). Sonication of a solution of molybdenum hexacarbonyl, sulfur, and silica 
nanospheres under an Ar flow yields an MoS2/SiO2 composite. A similar procedure in the presence 
of air and the absence of sulfur results in an MoO3/ SiO2 composite. Hollow spheres of MoS2 and 
MoO3 can be produced by subsequent HF treatment of the composites to leach out the silica spheres. 
Because of its significantly enhanced number of edge defects and improved accessibility to both 
inner and outer surfaces, the catalytic activity of hollow MoS2 is superior to that of sonochemically 
prepared nanostructures and conventionally synthesized micron-sized counterparts. Furthermore, 
the heat treatment can induce a strange phase transformation from the hollow nanospheres of MoO3 
into truncated cubic hollow crystals (Dhas et al., 2005).





Preparation of hollow nanostructures from the ultrasonically deposited nanocomposites has been 
further extended to the synthesis of porous Co3O4 nanotubes which are excellent electrode material 
in lithium batteries. Carbon nanotubes (CNTs) can be exploited as a sacrificial template in this tech-
nique and the ultrasonically deposited CoOx on CNTs is calcinated under air to burn away the CNTs 
and convert the amorphous CoOx into crystalline Co3O4 (Du et al., 2007). Hollow FePt nanospheres 
have also been prepared in this jargon by ultrasonically depositing FePt particles on silica spheres 
and subsequent HF treatment of the resultant core-shell to remove the silica cores (Wang et al., 2007).





SONOELECTROCHEMISTRY





The study of the ultrasound irradiation effects on electrochemical synthesis of nanomaterials was 
started at the beginning of the current century (Moriguchi, 1934) and since then, it was increasingly 
expanded due to the growing interest in developing novel synthesis approaches of nanomaterials 
(Walton, 2002). The cavitation through the ultrasound radiation in the electrolyte is recognized as 
the responsible phenomenon for unusual effects induced in the ultrasound-assisted electrochemi-
cal synthesis processes (Compton et al., 1997a). This phenomenon, in case of taking place close to 
the surface of the electrode, leads to the penetration of a high-velocity microjet of liquid inside the 
bubble perpendicular to the electrode surface (Mason, 1989). The collapse of the bubbles is also 
accompanied with shock waves and microstreaming if the ultrasound intensity is higher than the 
threshold (Klima et al., 1999; Birkin et al., 2005). So, the overall mass transport and the reaction 
rates will improve by decreasing the diffusion layer thickness (Compton et  al., 1997b; Lorimer 
et al., 1998) associated with degassing and releasing the deposit of the electrode surface (Mason, 1989; 
Mason et al., 1990).





The well-defined arrangement for the electrochemically synthesis of nanomaterials in the pres-
ence of ultrasound waves is the introduction of an ultrasonic horn system directly into an elec-
trochemistry cell. This allows the ultrasound waves to be directed onto the electrode surface and 
provides rather efficient power distribution. Different types of sonoelectrochemistry setups using 
ultrasound horns have been presented in literature. In the most common setup, the ultrasound horn 
is placed in front of the cathode surface at a known distance from the electrodes (Compton et al., 
1997a). Alternatively, the ultrasound horn has itself been converted into the working electrode, the 
so-called sonotrode or sonoelectrode (Reisse et al., 1994; Compton et al., 1997a). The main idea of 
the sonoelectrochemical preparation of nanomaterials was subsequently inspired from this system 
involving consecutive pulses of electrolysis (for deposition) and ultrasound (to release the deposit).





The nucleation process through the pulsed sonoelectrochemical procedure in order to synthesize 
nanopowders occurs in distinct stages. Initially, a pulse of current (or potential) reduces a number 
of cations, and consequently a high density of metal nuclei deposit on the sonoelectrode surface, 
as long as the horn works only as an electrode. A high-intensity ultrasound pulse, applied imme-
diately after the electrochemical pulse, makes the nanoparticles remove from the cathode surface, 
preparing it for the next stage of deposition. In some cases, a rest time without current or ultrasonic 
currents, coming after the two previous pulses, would be beneficial to remain the initial conditions 
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around the sonoelectrode surface. Electrochemical and ultrasound pulses typically range between 
100 and 500 ms, and the rest time lasts no more than 1 s.





The first system, in which a titanium horn works as both a cathode and an ultrasound probe 
(20 kHz), used a simple design of a two-electrode cell, and the process was performed under gal-
vanostatic conditions. In this configuration, the ultrasound probe is connected to a generator and a 
potentiostat using a pulse driver. However, the synthesis process undergoes some undesirable sec-
ondary reactions in this case, and to overcome this drawback, a replacement was applied. A three-
electrode configuration, involving the working, reference, and auxiliary electrodes, was utilized 
instead, to apply a controlled potential on the sonoelectrode to get an improved synthesis process. 
The most frequent case, exploited in the sonoelectrochemical synthesis process, has been the gal-
vanostatic condition because of its simplicity to use for the large-scale production of nanoparticles.





Preparation of Nanoparticles by Pulsed Sonoelectrochemistry





Sonoelectrochemistry has widely been employed to produce numerous pure metals, alloys, and 
semiconductor nanoparticles. More recently, conductive polymer nanoparticles have also been syn-
thesized by this method. In the following, the attempts for sonoelectrochemical preparation of these 
nanostructures have been grouped in different categories based on their chemical nature.





Metallic Nanopowders
Copper was one of the first metals to be sonoelectrochemically synthesized in a diverse range of 
nanostructures (Reisse et al., 1994; Durant et al., 1995; Haas et al., 2006, 2008). Monodispersed 
spherical copper nanoparticles, the size of which (25–60 nm) is changed by the applied range of 
current density, have been synthesized from an aqueous acidic solution of CuSO4 using polyvinyl-
pyrrolidone (PVP) as a stabilizer (Haas et al., 2006). Copper with dendritic morphologies has also 
been obtained when PVA was used as the stabilizing agent (Haas et al., 2008).





Preparation of spherical platinum nanoparticles has been reported as well using aqueous chlo-
roplatinic solutions under galvanostatic conditions (Zin et al., 2009). Tridimensional dendritic Pt 
nanostructures have also been synthesized when PVP was used as stabilizer (Shen et al., 2008b).





Stable suspensions of gold nanoparticles in water have been prepared using pulsed sonoelectro-
chemistry by adding some polymers to the electrolyte to avoid the nanoparticle aggregation (Aqil 
et al., 2008). In this report, a stable violet suspension, showing a narrow size distribution centered on 
12 nm, together with a few larger particles (30 nm), was obtained using an α-methoxy-ω-hydroxyl 
polyethylene (MPEO)/PVP polymer mixture. In the presence of polyethylene oxide (PEO), how-
ever, a very stable suspension of gold nanoparticles with a mean diameter of 35 nm was prepared.





Sonoelectrochemical synthesis of silver nanoparticles has also been widely investigated using 
different electrolytes and stabilizers (Zhu et al., 2000c; Liu et al., 2001; Socol et al., 2002; Jiang 
et al., 2004a). In this approach, different shapes of silver nanoparticles including spheres, rods, and 
dendrites were prepared from an aqueous solution of AgNO3 in the presence of nitriloacetate (NTA) 
(Zhu et  al., 2000c).  Composition of the electrolyte is argued to largely influence the shape and 
growth of the nanoparticles; formation of the shaped particles is favored by increasing the concentra-
tion of NTA. Additionally, varying the concentration of silver ions in the electrolyte, different shapes 
of silver nanoparticles are formed, purportedly because the excess of silver ions in the solution 
favors the aggregation and growth into the dendritic structure of Ag clusters (Zhu et al., 2000c). In a 
similar work, a silver and NTA system has been used, and a model based on a suspensive electrode 
formation is proposed to explain the growth of dendritic structures (Socol et al., 2002). Furthermore, 
synthesis of monodisperse spherical silver nanoparticles with an average size of 20–25 nm and a 
face-centered cubic structure has been reported in a saturated solution of silver citrate in the pres-
ence of PVP (Jiang et al., 2004a). In contrast, amorphous silver nanoparticles of 20 nm size have 
been prepared from an aqueous solution of AgBr in the presence of gelatin (Liu et al., 2001).
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Among the other reports, concerning the sonoelectrochemical preparation of metallic nanostruc-
tures, synthesis of spherical tungsten nanoparticles with 30 nm diameter has been reported as well 
(Lei et al., 2007). Additionally, preparation of highly dispersed palladium nanoparticles with dif-
ferent sizes and shapes is performed in this respect using a solution of PdCl2 in the presence of 
cetyltrimethylammonium bromide (CTAB) (Qiu et al., 2003).





Nanoparticles of very reactive metals with a high negative reduction potential, e.g., magnesium 
and aluminum, can also be prepared using pulsed sonoelectrochemistry. Zinc, nickel, and cobalt 
nanoparticles have also been successfully synthesized by pulsed sonoelectrochemical methods 
(Durant et al., 1995; Reisse et al., 1996; Jia et al., 2007).





Alloy Nanopowders
Applications of pulsed sonoelectrochemistry has been further extended for the preparation of binary 
and ternary alloyed nanopowders composed of iron, cobalt, and nickel (Delpancke et  al., 2000; 
Mancier et al., 2004; Dabala et al., 2008). In a galvanostatic conditions, binary and ternary alloys 
have been deposited, and particles of 100 nm mean diameter were accordingly produced (Delpancke 
et al., 2000). In a recent report, a series of iron–cobalt alloy nanopowders have been prepared by 
pulsed sonoelectrochemistry under different potentiostatic conditions (Mancier et al., 2004). Under 
these experimental conditions, the composition of the alloys is essentially independent of the depo-
sition potential and is only determined by the composition of the electrolyte utilized. The cathode 
efficiency for the production of Co65Fe35 nanoparticles has been calculated in another report versus 
the ratio of the produced mass of powders to the Faradaic yield (Dabala et al., 2008).





Semiconductor Nanopowders
Various semiconductor nanostructures have been reported to be synthesized via the sonoelectro-
chemical technique with different operating conditions. In this approach, Cu2O nanopowders have 
been prepared in potentiostatic mode (Mancier et  al., 2008).  Synthesis of nanosized CdSe with 
a tubular structure has also been performed by applying a constant current density (Shen et al., 
2008a). Additionally, PbTe nanorods have been prepared by pulsed sonoelectrochemical methods 
using NTA as stabilizer (Qiu et al., 2005). Other semiconductor materials such as PbSe, Bi2Se3, 
and MoS2 have further been synthesized with different morphologies utilizing the pulsed method 
in aqueous solution at room temperature (Mastai et al., 1999a; Zhu et al., 2000a; Qiu et al., 2004).





Conducting Polymer Nanoparticles
Polyaniline (PANI) and other conducting polymers such as polythiophene, polypyrrole, and 
poly(methylaniline) can exist as dispersions. But a common problem with these materials is the 
particle aggregation which limits the range of applications. In this view, several investigations have 
been conducted to overcome this drawback exploiting different features of sonoelectrochemistry. 
For instance, synthesis of PANI nanomaterial by oxidative polymerization is performed using the 
sonoelectrode as the anode, to which a potentiostatic pulse is applied in an aqueous solution of 
aniline in HCl (Ganesan et al., 2008). Preparation of nanosized poly(methylaniline) has also been 
reported to be performed using a pulsed sonoelectrochemical method. However, in this case, the 
anode was a platinum electrode placed face to face with the ultrasound emitting surface of the horn. 
This synthesis was achieved by applying potentiostatic pulses in an aqueous solution of methyl-
aniline in HClO4. Under these operating conditions, the employed setup overcame the drawback 
concerning the use of an ultrasound horn in the oxidation process (Atobe et al., 2009).





Parameters That Control the Formation of Nanoparticles





The most promising operating parameters, applicable in sonoelectrochemical synthetic route, and 
their significant effects on size, morphology, crystallinity, and yield efficiency of the synthesized 
nanomaterials are briefly discussed below.
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Synthesis Cell Temperature
Crystal growth is recognized to be slower at low temperatures, resulting in smaller crystal size 
(Glasstone, 1942). On the other hand, the yield of nanoparticles falls down with increasing cell 
temperature, originating from the increased rate of nanoparticle dissociation with the temperature 
enhancement (Sáez et al., 2009). Consequently, high synthesis efficiencies associated with small 
sizes of nanoparticles would merely be obtained by maintaining the sonoelectrochemistry cell at 
low temperatures.





Current Density
Current density has been found to affect the size of nanoparticles in two distinct directions (Zhu 
et  al., 2000a).  Although at low currents, the smaller size distribution of particles is expected, 
atomic diffusion processes have more time to occur in this situation, leading to the formation of 
particles with larger size distribution. Except than a few reports, where the current enhancement 
leads to a larger particle size (Mastai et al., 1999b; Jiang et al., 2004a), most studies illustrate that 
increasing the current density results in smaller nuclei and faster nucleation (Qiu et al., 2003; Haas 
et al., 2006; Shen et al., 2008b).





The current density can also affect the efficiency of the synthesis process in view of the fact that 
the secondary reactions, such as reduction of water, can take place at high current densities, leading 
to the low cathode efficiency and decreasing the yield of the nanoparticles.





Electrochemical Current Pulse Time
Since the deposit should be removed during the period of each sonic pulse, the electrochemical 
current pulse time (TEL) should be short enough in order to have only primary nucleation and avoid 
further growth of nucleus. Consequently, to obtain a smaller crystal size associated with increased 
process efficiency, a short TEL is required (Dabala et al., 2008).





Ultrasound Pulse Intensity
In the case that the intensity of the ultrasonic pulse is not high enough to entirely remove the deposit 
from the sonoelectrode surface, the residual nuclei on the surface would prevent the growth of the 
particles during the next electrochemical pulse (Durant et al., 1995). On the other hand, exceed-
ing such required intensity will not affect crystal growth significantly and the extra energy will be 
wasted (Rao et al., 2008).





Moreover, an increase in the ultrasound pulse intensity can influence the morphology and size 
of the freshly formed nanoparticles in the solution by the formation of agglomerates due to rapid 
movement and further collisions of the particles (Suslick and Casadonte, 1987; Suslick, 1990).





Ultrasound Pulse Time
Although the ultrasonic pulse time (TUS) must be sufficient to remove the whole deposit from the 
sonoelectrode during electrodeposition, the excessively prolonging this period would not signifi-
cantly affect the synthesis yield and size distribution of nanoparticles. This could be explained by 
the fact that there is an effective ultrasonic time in which all of the particles are expelled away from 
sonoelectrode surface and consequently their size and concentration do not change by extending the 
ultrasonic pulse duration.





Stabilizer
The initially formed nanoparticles via sonoelectrochemical route are so fine and can easily agglom-
erate in the solution. This can be induced by both the impact of the nanoparticles with the wall 
of electrochemical cell and also the acoustic streaming associated with the collisions of particles 
(Durant et al., 1995). In order to prevent such an inevitable agglomeration and control the shape 
and size of the nanoparticles, polymer stabilizers have been exploited in several reports (Zhu et al., 
2000c; Jiang et al., 2004a; Aqil et al., 2008).
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Nanomaterials that have been prepared to date by pulsed sonoelectrochemistry have been reviewed 
in this section. The shape and size of the nanoparticles can be adjusted in this technique by controlling 
the various electrodeposition and ultrasound parameters and using the suitable stabilizer.





ULTRASOUND-ASSISTED LASER ABLATION





Employing the ultrasound waves in laser-based generation of nanomaterials is presented as a newly 
emerged approach, complementing the well-defined ultrasound-assisted routes that are applicable in 
liquid phase. As mentioned earlier, the cavitation phenomenon due to ultrasonic irradiation in liquid 
media is responsible for the promotion of the nucleation processes, leading to noticeable changes in 
yield efficiency and qualitative features of the synthesized nanoparticles. The main idea of manipu-
lating the laser-based synthesis of nanoparticles by simultaneous irradiation of the ultrasound waves 
has also been originated from this hypothesis, as one may improve the nucleation process in any 
liquid-based synthesis route of nanoparticles by means of the sonication. In order to realize how the 
cavitation phenomenon due to ultrasound irradiation affects the laser-based generation of nanopar-
ticles, a brief review on the mechanism of nanoparticle synthesis through the laser ablation of the 
bulk target in liquid seems essential.





Synthesis of nanoparticles by the pulsed laser ablation method has been widely studied in recent 
years, starting with noble metals, e.g., gold and silver (Mafuné et al., 2000, 2001). The mechanism 
of nanoparticle formation would be deduced by investigating the reactions occurred through the 
plasma creation upon the laser ablation of the target in liquid. At the initial stage of interaction 
between the laser pulse and the target surface, the spot area of the target is heated up to its vapor-
ization point leading to a hot plasma zone which heats the adjacent liquid layer as well. The plasma 
which is encapsulated in this layer, the so-called bubble, expands adiabatically at a supersonic 
velocity, creating a shock wave in front. This leads to a further increase of plasma temperature 
and an elevated vapor pressure of metal specious and liquid molecules up to the order of tens of 
atmospheres. In such a condition, the strong reaction of the active species, removed from the target, 
with liquid vapor leads to the fast agglomeration of these species into nanoparticles. These reactions 
originate from the successive collisions of the mentioned species due to the high vapor pressure 
inside the bubble (Jafarkhani et al., 2010).





Several investigations have been performed to study the effects of the operating parameters on the 
yield and morphology of the nanoparticles synthesized by laser ablation method (Neddersen et al., 
1993; Sibbald et al., 1996). Besides the diversity of the laser parameters, i.e., the wavelength, energy 
density, and pulse repetition rate, the surrounding medium of the ablation process is quite noticeable 
in improving the findings. Qualitative and quantitative characteristics of nanoparticles are recognized 
to be controllable by performing the ablation process in different aqueous, organic, or surfactant-
included environments (Mafuné et al., 2001). In addition to the composition of the synthesis medium, 
the sonication has also been reported to influence the characteristics of laser-synthesized nanopar-
ticles (Dadras et al., 2009). In this report, effects of the sonication, associated with laser pulse energy, 
have been studied on the yield and size of the gold nanoparticles synthesized with the co-radiation 
of Nd:YAG laser pulses and ultrasound waves. Enhancement of the synthesis rate of nanoparticles 
in the diversity of laser pulse energies, applied in the presence of ultrasound waves, is concluded in 
this study. The behavior of electron temperature of the plasma-dominant species, calculated through 
the emission spectra of induced plasma in laser ablation of this metal, has also been investigated, to 
analyze the effects of sonication on the production yield. The results demonstrate that the plasma tem-
perature, which can be directly attributed to the synthesis rate, has significantly enhanced by applying 
the ultrasound waves in all the irradiated laser pulse energies (Dadras et al., 2009).





The physical mechanism of the phenomenon occurring in the laser ablation process in the pres-
ence of ultrasound waves can be deduced by considering the influence of cavitation on the previously 
described laser-induced bubbles. As stated earlier, the creation of nanosized clusters by irradiating 
the laser beam on the target originates from an intense interaction of evaporated species with the 
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surrounding liquid vapor (Dolgaev et al., 2002). Through a single laser pulse strike, the spot area of 
the target is heated up to its vaporization point, vaporizing the adjacent water layer as well. The thick-
ness of this layer, ∼(aτp)1/2, could be estimated less than 150 nm, where a is the heat diffusion coef-
ficient (10−3 cm2 s−1 for water) and τp is the diffusion time (pulse duration) usually less than 250 ns. On 
the other hand, the plume temperature inside this bubble can be affected by applying the ultrasound 
waves. According to the cavitation theory, the sonication can cause creation, growth, and collapse of 
micrometer-size bubbles inside the liquid leading to localized high temperatures (Suslick et al., 1991; 
Gedanken, 2004). Therefore, applying the ultrasound radiation can result in the growth and collapse 
of the bubbles created during the laser pulse strike leading to the increase in the plume temperature 
(Dadras et al., 2009). The plasma with the increased temperature can play the role of another heat 
source on the target surface besides the laser beam. This results in more evaporation from the target 
and consequently the enhancement of the formation of nanoparticles (Dadras et al., 2009).





The improvement of Au nanoparticle synthesis rate has been demonstrated in both cases of 
applying the ultrasound waves and increasing the laser pulse energy. However, the nanoparticle 
size distribution has been reported to vary only by the laser pulse energy rather than the sonication 
(Dadras et al., 2009).





Although the generation of nanomaterials through the laser ablation in liquid has been widely 
investigated in literature and effects of numerous operating parameters have been studied in this 
method, the exploration on the influence of ultrasound waves on synthesis mechanism and product 
characteristics is quite incomplete. More comprehensive investigations on the effects of sonication 
parameters, e.g., intensity, frequency, and geometry, on the features of the products are required in 
developing the method of ultrasound-assisted laser synthesis of nanomaterials.





ULTRASONIC SPRAY PYROLYSIS





Spray pyrolysis has been widely used in industry for ultrafine nanoparticle preparation, because of 
its simplicity and scalability for mass production. In general, spray pyrolysis involves the thermal 
decomposition of solid or liquid particles (aerosols) generated by a nebulizer (e.g., pneumatic, ultra-
sonic, or electrostatic nebulizers) in a gas flow (Kodas and Hampden-Smith, 1999). Among the vari-
ous nebulization techniques, utilization of ultrasonic nebulizers has been favored because of their 
exceptional energy efficiency in aerosol generation over other nebulization tools, affordability, and 
the intrinsically low velocity of the initially generated aerosols (Bang et al., 2010).





The role of the ultrasound waves in USP is to provide the phase isolation of one microdroplet 
reactor from another. In this technique, the high-frequency (∼2 MHz) ultrasound nebulizes precur-
sor solutions to produce the hot micron-sized droplets (500–1300 K temperature, 1 bar pressure and 
104 K s−1 cooling rate) that act as isolated, individual micron-sized chemical reactors (Bang et al., 
2010). The production of intended nanostructures is accomplished when these liquid droplets gen-
erated by ultrasonic nebulization are heated in a gas flow, and subsequently solid- or liquid-phase 
chemical reactions occur.





USP has several advantages over other conventional synthetic routes, among them one would 
mention the production of highly pure micron- or nanosized particles, incessant operation, and 
ease of composition control (Messing et  al., 1993; Kodas and Hampden-Smith, 1999; Okuyama 
and Lenggoro, 2003). Additionally, the dominant control over chemical and physical compositions 
in the USP makes this technique specifically practical in the preparation of composite materials 
(Kodas and Hampden-Smith, 1999).





Ultrasonic nebulization is a result of capillary waves that are generated by ultrasonic vibra-
tions at the liquid’s surface and travel along the interface of liquid and the ambient gas. When the 
amplitude of the surface capillary waves is sufficiently high, the crests of these waves can break 
off, leading to the formation of liquid microdroplets (Bang et al., 2010). Since the wavelength of 
capillary waves is inversely proportional to ultrasound frequency, finer droplets can be produced by 
sonication with higher frequencies (Lang, 1962).
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A usual USP equipment consists of a high-frequency ultrasonic transducer at the base of a pre-
cursor solution container and fitted with a gas flow (e.g., Ar, N2, O2, etc.) to drive the ultrasonically 
generated droplets into a tubular furnace. Typically, in the case of water solvent, spherical droplets 
with an initial diameter of ∼5 μm are generated at a frequency of ∼2 MHz. The microdroplets then 
undergo successive processes such as solvent evaporation, precipitation, decomposition, and den-
sification after being carried into the furnace (Kodas and Hampden-Smith, 1999). During solvent 
evaporation, the droplets rapidly shrink, and further heating results in the supersaturation, at which 
the precipitation occurs, often at the surface of the droplet. In addition, decomposition of precursors 
may lead to porous or hollow particle formation, which may subsequently experience densification 
to generate solid particles. The formation of dense solid particles versus hollow shells is intimately 
related to solvent evaporation rate and solubility of precursors (Messing et al., 1993; Kodas and 
Hampden-Smith, 1999; Lenggoro et al., 2000). Finally, a collector such as bubbler, filter, or elec-
trostatic precipitator is installed at the furnace outlet to accumulate the products at the end of the 
process (Kodas and Hampden-Smith, 1999).





USP in the Synthesis of Nanostructured Materials





During the last decade, USP has been exploited by several researchers as a powerful synthetic method 
for the preparation of nanostructured materials. This widespread utilization of the USP technique has 
originated from its exceptional ability to produce nanocomposites. In most cases, the nanocomposites 
are a combination of the desired materials (e.g., metal oxides, sulfides, or carbon) and sacrificial ones 
(e.g., surfactants, colloidal silica, polymers, or metal salts). The sacrificial materials are subsequently 
removed by several methods such as chemical etching, calcination, or dissolution, introducing different 
nanostructures into the ultimate products. In the following, a diversity of nanostructures, synthesized 
by USP, have been grouped into a number of categories based on the sacrificial materials employed.





Mesostructured Nanomaterials from Organic–Inorganic Hybrid Nanocomposites





Well-ordered mesoporous materials with their unique physical and chemical properties, which are 
quite different from their nonporous solid counterparts, have important applications to catalysis, 
sorption, gas sensing, optics, and photovoltaics (Davis, 2002; Soler-Illia et  al., 2002; Boettcher 
et al., 2007; Kanatzidis, 2007). Conventional synthetic routes for mesostructured materials which 
are based on batch reactions, in which self-assembled organic–inorganic hybrid nanocomposites 
are produced with the assistance of pre-organized organic species, possess serious drawbacks. One 
would enumerate the time-consuming templating processes, difficulties to produce thin films, and 
limited utilization for producing patterned nanocomposites as the main disadvantages of typical 
routes for the synthesis of mesostructured materials (Brinker et al., 1999).





Recently, a facile route has been developed to prepare different mesostructured silica particles 
and film by combination of evaporation-induced self-assembly (EISA) process and nebulization 
techniques (Lu et  al., 1999; Ji et  al., 2006).  In this report, homogeneous water/ethanol mixture 
solutions containing silica precursors and surfactants were ultrasonically nebulized into a furnace, 
and various surfactant-dependent forms of mesostructured silica spheres were produced by heat 
treatment of the obtained organic–inorganic hybrid nanocomposites (Lu et al., 1999; Ji et al., 2006). 
The aerosol (nebulization) procedure has been developed further to prepare other mesostructured 
metal oxides. Crystalline mesoporous γ-alumina with high thermal and chemical stability and also 
rare-earth-doped mesoporous titania microspheres have been reported to be prepared via this route 
(Boissière et al., 2006; Li et al., 2008).





Another advantage of aerosol synthetic route is the ability to incorporate metal species, organic 
dye molecules, or polymers within the mesostructured framework (Lu et al., 1999; Hampsey et al., 
2005a). Noble metal/silica nanocomposites can be simply obtained via this method by nebulizing 
precursor solutions containing metal complexes (Lu et al., 1999; Hampsey et al., 2005a).
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Nanosized Structures from Silica-Based Nanocomposites





Silica has been recognized quite useful in the USP preparation of nanostructured materials, as its 
nanoparticles can close-pack in the evaporating microdroplets and provide a nanostructured scaf-
fold in real time. Silica nanoparticles have been utilized as a sacrificial agent to prepare porous 
MoS2 via USP technique (Skrabalak and Suslick, 2005); SiO2/MoS2 nanocomposite is initially pre-
pared from the decomposition of nebulized single-source MoS2 precursor dissolved in colloidal 
silica nanoparticles suspension. Subsequently, silica nanostructures are selectively leached out of 
the nanocomposites by HF etching, resulting in the formation of porous MoS2 network.





Similarly, nanostructured ZnS:Ni2+ photocatalysts have been prepared via USP synthetic route. 
However, the ultimate structure of the products is reported to be quite temperature dependent, as 
mesoporous hollow microspheres were obtained at a low temperature after the removal of silica 
template, while they were damaged into nanoparticles at a high temperature (Bang et al., 2008).





Silica template has also been utilized for the USP synthesis of metal oxide nanostructures. 
Various forms of titania nanostructures, including porous, hollow, and ball-in-ball architectures 
have been synthesized from HF etching of the titania/silica nanocomposites, prepared by nebuliza-
tion and decomposition of an aqueous solution containing a titanium complex and silica nanopar-
ticles (Suh et al., 2006).





As another use of silica templating in USP, various kinds of porous carbon spheres have been 
synthesized from silica/sucrose nanocomposites, where the pore structures and macroscopic mor-
phology of these spheres are simply controlled by changing the type of silica template and manipu-
lating the template to sucrose ratio (Hampsey et al., 2005b; Hu et al., 2008).





Macroporous Materials from Polymer-Based Nanocomposites





Colloidal polymer particles have also been exploited as a sacrificial agent in USP synthesis of 
macroporous (pores with diameters >50 nm) nanostructures. Among the related reports, ordered 
silica macroporous spheres have been synthesized by ultrasonic nebulization of a suspension of 
silica and polystyrene latex and subsequent low- and high-temperature heating to create silica/
polystyrene nanocomposites (solvent evaporation) and produce ordered macroporous silica spheres 
(pyrolysis) respectively (Iskandar et al., 2001, 2002). In a similar research, macroporous brookite 
titania spheres have been simply produced by replacing the colloidal silica nanoparticles with titania 
nanoparticles (Iskandar et al., 2007).





Furthermore, in an interesting research, polymer templating macroporosity and the surfactant 
self-assembly-based mesoporosity have been combined to create multiple-sized pores in silica 
spheres. This result is achieved by exploiting colloidal polystyrene particles and a surfactant as a 
structure-directing agent for macroporosity and mesoporosity, respectively (Fan et al., 2001).





Utilization of polymer templating in USP technique has been further extended for the prepa-
ration of macroporous silica spheres in a low-cost in situ-generated polymer template (Suh and 
Suslick, 2005).  In this approach, the polymerization of an organic monomer (i.e., styrene) takes 
place at a low-temperature heating zone after nebulization of droplets containing silica nanopar-
ticles to create a silica/polystyrene nanocomposite in real time. The in situ-generated polymer is 
then pyrolyzed out of the nanocomposites in a hotter zone to produce macroporous silica spheres, 
the morphology and surface area of which are easily controllable by changing the ratios of styrene 
and silica (Suh et al., 2005).





Nanosized Structures from Metal Salt-Based Nanocomposites





In the conventional USP synthetic processes, the nanocrystallites, created due to multiple nucle-
ations at an early stage of the process, undergo the growth and aggregation into a larger micron-sized 
single particle, as the temperature in the droplet proceeds. This distinctive feature of the traditional 
USP procedure has limited the ability of this technique for the production of nanoparticles.
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To overcome such an issue, a facile and rapid USP method has been proposed, in which the metal 
salts (e.g., chlorides or nitrates of Li, Na, K) are simply inserted into precursor solutions to inhibit 
the agglomeration of primarily created nanocrystallites (Xia et  al., 2001a).  In this “salt-assisted 
aerosol decomposition” approach, the added metal salts behave as hot liquid solvents, in which 
the nanocrystallites can dissolve and precipitate during USP process. Such dissolution/precipita-
tion processes occurring in the molten droplets result in the production of individual nanoparticles 
trapped in a salt template. The molten salts and the nanoparticles then solidify, and the salt template 
is subsequently removed by several cycles of washing to obtain separated nanoparticles.





Plenty of nanoparticles, including Ni, Ag–Pd, NiO, CeO2, ZnO, LiCoO2, Y2O3–ZrO2, (Ba1–xSrx)
TiO3, CdS, and ZnS, have been prepared by salt-assisted aerosol decomposition method (Xia et al., 
2001a,b; Itoh et al.; 2003, 2004; Panatarani et al., 2003; Lenggoro et al., 2004). Besides the versa-
tility of this initiative technique, the molten salts serve as an effective liquid flux to improve mass 
transport and subsequently to enhance the crystallinity of the materials produced via this route (Xia 
et al., 2001a).





Porous architectures such as mesopore nanostructures can also be prepared by salt-assisted aero-
sol decomposition by a dominant control over the quantity of metal salts. In this respect, nanoporous 
metal oxides (e.g., Al2O3 and SiO2) have been reported to be synthesized via this synthetic route (Kim 
et al., 2002, 2004). Intermediate concentrations of salts in the precursor solution can be used instead 
of excess amounts of metal salts; so the structural integrity of nanocrystallites in nanocomposite can 
remain after the removal of salts. Inexpensive and non-toxic in situ salt templating, good thermal sta-
bility of the salts at very high temperatures, and possibility of recycling the metal salts are the most 
advantageous points of using this strategy to generate porous structures (Bang et al., 2010).





Metal salt templating route has been further extended to prepare hollow nanonaterials such as 
mesoporous silica particles with NaCl cores. This synthesis is accomplished via an initial aerosol 
process followed by calcination to create a nanocomposite with cubic NaCl core.  A subsequent 
washing procedure then removes NaCl to create a hollow cubic cavity (Jiang and Brinker, 2006). 
In a similar manner, in which ferric chloride (FeCl3) was employed instead of sodium chloride 
(NaCl), nanocomposite with a ferric-rich core surrounded by a silica-rich shell is produced in the 
first stage of process. Hollow interiors are then created by subsequent calcination which results in a 
rattle-like nanostructure (i.e., hematite nanoparticles encapsulated in hollow silica spheres) (Zheng 
et al., 2007).





Furthermore, in a novel USP method, in-situ-generated metal salts have been utilized as the tem-
plate materials for the preparation of porous carbons instead of pre-existing metal salts, exploited 
in the usual salt-assisted USP methods.  Various nanostructured carbons have accordingly been 
synthesized from the decomposition of alkali halocarboxylates (Skrabalak and Suslick, 2006). This 
new approach is a one-step process with no need for expensive template materials. Additionally, a 
diversity of mesoporous, macroporous, or hollow nanostructures is achievable via this procedure, 
depending on the types of alkali halocarboxylates employed (Skrabalak et al., 2006).





Porous or hollow carbon spheres can also be produced by USP decomposition of aqueous solu-
tions of substituted alkali benzoate salts (Skrabalak et al., 2007). The advantageous point of utiliz-
ing this salt is the capability of controlling size and morphology of the carbon spheres by changing 
the concentration and manipulating both cation and ring substituents of the precursor, respectively 
(Skrabalak et al., 2007).





Nanostructured Semiconductors from Chemical Aerosols





Notwithstanding the conspicuous achievements of the salt-assisted aerosol decomposition tech-
nique in the synthesis of nanoparticles, the production of high-quality semiconductor nanoparticles 
(or quantum dots) was still a controversial challenge.  In this respect, USP has proposed a novel 
approach, in which the rapid heating and cooling of nebulized droplets, occurring throughout the 
USP process in a timescale of seconds, can quickly result in the nucleation required. This technique 
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which is named “chemical aerosol flow synthesis,” utilizes organic precursor solutions with high 
boiling points (e.g., octadecane) instead of their aqueous counterparts (Didenko and Suslick, 2005). 
To conduct this procedure, the viscosity of organic precursor solutions is initially reduced by dilut-
ing them with a low boiling point liquid (e.g., toluene). Nebulized droplets of the diluted organic 
solutions then lose the low boiling point solvent by passing through a heating zone and leave a 
concentrated precursor solution in the high boiling point solvent behind. Subsequently, chemical 
reactions occur in this organic liquid to produce highly crystalline nanoparticles, and the reac-
tions are finally quenched in cold, solvent-filled bubblers (Didenko et al., 2005). Highly fluorescent 
cadmium-based quantum dots such as CdS, CdSe, CdTe, and also mixed chalcogenides have been 
reported to be successfully prepared via this method. The size-dependent photoluminescence of 
these nanoparticles can be easily tuned by changing the furnace temperature. Highly reproducible 
gram-scale synthesis with a production rate around 100 mg h−1 is achievable in this technique even 
with a laboratory-scale experimental setup.





CONCLUSIONS





Several ultrasound-assisted synthetic routes have been explored in the production of nanostructured 
materials, including sonochemistry, ultrasound-induced deposition, sonoelectrochemistry, ultra-
sound-assisted laser ablation in liquid media, and USP. Ultrasonic irradiation provides exceptional 
reaction conditions via acoustic cavitation phenomenon. Micron-sized bubbles created in this phe-
nomenon can efficiently accumulate the diffuse energy of ultrasound waves, and upon their collapse, 
a large concentration of energy is released to heat up the contents of the bubble. These momentary, 
localized hot spots with extremely high temperatures and pressures primarily account for the chemi-
cal and physical effects of ultrasound.





The effectiveness of sonochemistry as an appropriate tool for the synthesis of nanomaterials 
resides in its versatility. With a simple manipulation in reaction conditions, a variety of nanostruc-
tured materials can be synthesized, including metals, alloys, oxides, chalcogenides, carbides, and 
nanostructured supported catalysts. The sonochemical method has been even further extended to 
the preparation of carbons, polymers, and biomaterials. Furthermore, by sonochemical decomposi-
tion of volatile organic precursors, associated with considerable enhancement of materials mass 
transport due to shock waves, one can achieve the synthesis of nanocomposites. Various hollow 
materials can be obtained after the removal of templating material which is initially used as one 
component of the nanocomposites.





Ultrasonic irradiation not only assists sonochemical synthesis of nanomaterials by promoting 
different chemical reactions, but also it can be exploited further in the deposition of nanomateri-
als as a synthetic route based on physical effects of sonication. Ultrasound-induced shock waves 
and microjets primarily result in some unusual effects at the liquid–solid interface. These effects, 
including surface damage and fragmentation of friable solids associated with rapid interparticle 
collisions, are the physical basis of ultrasound-induced nanoparticle deposition.  In addition, low 
melting point metal particles can be rapidly driven together by the intense ultrasound irradiation 
to induce effective melting at their impact point. This physical phenomenon is responsible for the 
ultrasound-induced deposition which is appropriately applicable in the synthesis of various nanoma-
terials whether on a substrate or another nanostructure.





The cavitation through the ultrasound radiation is also recognized as the responsible phenom-
enon for unusual effects induced in the ultrasound-assisted electrochemical synthesis processes. 
This phenomenon, in case of taking place close to the surface of the electrode, results in the penetra-
tion of a high-velocity microjet of liquid inside the bubbles and consequent improvement of overall 
mass transport and the reaction rates by decreasing the diffusion layer thickness and releasing the 
deposit of the electrode surface. The technique based on this phenomenon, the so-called sonoelec-
trochemistry, has widely been employed to produce plenty of pure metals, alloys, semiconductor and 
conductive polymer nanoparticles.
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Utilization of the ultrasound waves in laser-based generation of nanomaterials is presented as 
a newly emerged approach, complementing the well-defined ultrasound-assisted routes which 
are applicable in liquid media. Applying the ultrasound radiation can result in the growth and 
collapse of the bubbles created during the laser pulse strike, leading to the increase in the plume 
temperature. The plasma with the increased temperature can play the role of another heat source 
on the target surface besides the laser beam. This results in more evaporation from the target and 
consequently the enhancement of the formation of nanoparticles.





In USP, unlike the other ultrasound-assisted nanomaterials synthetic routes, sonication does not 
induce thermally driven chemical reactions in and of itself. Instead, the ultrasound serves as the 
nebulizer of precursor solutions to produce micron-sized droplets confining chemical reactions 
within their interior. Such isolated micron-sized reactors allow one to simply control the desired 
nanostructure composition and maintain the bulk chemical composition on the micron-size scale. 
With these advantages, USP has stood out among different techniques for the synthesis of multi-
component or composite materials.





The applications of ultrasound in the synthesis of nanomaterials are diverse, but there still 
remains much to investigate in ultrasound-assisted synthetic routes, surveyed in the current review. 
Considering the existing limitations and lack of research in some of these fields, future progress 
will require the development of more systematic investigations on numerous features of ultrasound-
assisted synthesis of nanomaterials.
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7 Ultrasound for Fruit and 
Vegetable Quality Evaluation





Amos Mizrach





INTRODUCTION





With regard to produce, the term “quality” encompasses sensory properties, nutritive values, 
chemical constituents, mechanical properties, functional properties, and freedom from defects, 
each of which has been the subject of many studies (Abbott, 1999; Shewfelt and Bruckner, 2000). 
Increasing awareness of quality and enhanced perspicacity on the part of consumers are stimulating 
a strong drive for improved quality of fruit and vegetables, in both the fresh produce market and 
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the food-processing industry. There is strong demand to evaluate fruit and vegetable quality dur-
ing growth and maturation and in the course of the harvest period, storage, and shelf life, and this 
is an important issue for the growers as well as the distributors and consumers. Generally, people 
base their quality evaluation of fruits on combined inputs from several senses and, since human 
judgments are, in general, subjective, these evaluations are liable to be inconsistent and to lead to 
erroneous quality assessment of the fruit. Thus, there is an increasing need for better quality moni-
toring. Over the years, many methods and associated instrumentation, based on mimicking human 
sensory perceptions, have been developed to measure quality- and quality- related attributes; they 
have been accompanied by a vast array of instrumental sensors for real-time and nondestructive 
testing (Upchurch et al., 1994; Abbott, 1999). There have been numerous studies of technologies 
for nondestructive quality measurement of fruits and vegetables—visual, spectroscopic, acoustic, 
etc.—but Butz et al. (2005) surveyed the literature and found that, in the context of food, about 20% 
of nondestructive or noninvasive techniques used acoustic methods. This multitude of techniques 
encompasses an enormous range, from traditional human sensory evaluation by trained inspectors 
to sophisticated mechanical and electronic devices equipped with state-of-the-art sensors to mea-
sure and classify many different quality parameters of fruits and vegetables. The use of ultrasound 
obviously belongs among the acoustic methods, and Butz et al. (2005) included some examples from 
this research field in their survey. Ultrasonics is a rather recent addition to the acoustic technologies 
and methods used in agriculture, especially in fruit quality (Mizrach, 2000a,b). One of the major 
advantages of ultrasonic waves is their capability to penetrate the produce and nondestructively 
extract the material characteristic that might be correlated with quality indices of the fruits and 
vegetables (Mizrach et al., 1989; McClements et al., 1990).





The potential for application of ultrasound in the food industry has been recognized since 
the 1970s (Povey and Wilkinson, 1980), and developments in the technology have progressed 
rapidly during the years (Povey and McClements, 1988; Povey, 1998).  However, development 
of ultrasound techniques as a means of evaluating food quality has not progressed as fast in the 
fresh fruit sector as in the food-processing industry. Lack of appropriate equipment that is suf-
ficiently powerful to penetrate but, at the same time, sufficiently gentle to avoid damage to the 
sensitive tissues of fruits and vegetables has been an important deterrent (Porteous et al., 1981; 
Mizrach et  al., 1989).  However, some advances in equipment design, and availability of new 
instruments and sensors, mainly designed for industrial use with new composite materials, have 
facilitated progress and have stimulated more studies and development of ultrasonic methods 
and techniques to assess produce quality in the fresh fruit and vegetable markets (Mizrach et al., 
1989).  Since then, ultrasonic techniques have been investigated for use in sensory analysis of 
various quality parameters of agricultural produce and their influence on shelf life, durability, 
and quality.  Various devices and measuring techniques based on ultrasonic waves have been 
developed for nondestructively monitoring some physicochemical, biochemical, and mechanical 
changes that occur in fruit tissues during the various stages of their pre- and postharvest exis-
tence. These stages include growth and maturation (Self et al., 1994; Chivers et al., 1995; Mizrach 
et al., 1999a,b; Gaete-Garreton et al., 2005), storage under various conditions (Flitsanov et al., 
2000; Mizrach et al., 2000; Verlinden et al., 2004), and shelf life (Mizrach and Flitsanov, 1999; 
Mizrach, 2000a; Johnston et al., 2002).





In this chapter, quality evaluation of fresh fruits and vegetables and determination of their 
physicochemical, biochemical, and mechanical properties by means of ultrasound technology are 
addressed; therefore, it encompasses both aspects: Published data on quality-related properties of 
fruits and vegetables, as they affect acoustical parameters, are summarized, and a comprehensive 
survey of the latest developments and advances in ultrasonic technology for monitoring the quality 
of fruits and vegetables during growth, maturation, harvest, storage, and shelf life, is presented. 
This chapter describes various ultrasound techniques and their fundamental elements; various ultra-
sonic measurement methods, requirements, and instrument performance; and the links between 
some ultrasound parameters and several quality-related indices.  It presents the progress to date 
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toward realization of such a technology for examination of fruit tissues and whole fruits, in con-
junction with quality indices, physical properties, harvesting time, and changes that occur during 
storage and shelf life. Finally, some ultrasound implementations applied to quality assessment of 
selected fruits and vegetables are presented.





FUNDAMENTALS OF ULTRASOUND TECHNOLOGY





Ultrasound technology has been known for many years; its main applications have been in medi-
cal diagnostics and industrial processes and inspections. At high frequencies and low power, it 
can be used as an analytical and diagnostic tool; at very high power, it can assist processing. 
Throughout its range of applications, ultrasound is generated in the same way: a ceramic crystal, 
within a device known as a transducer, is excited by a short electrical pulse that typically comprises 
several sine wave cycles and whose shape does not change in the course of each measurement in 
a fruit sample; the piezoelectric effect is used to convert this electrical energy into a mechanical 
(acoustic) wave that is propagated as a short ultrasonic pulse with the fundamental frequency of 
the transducer. This energy is emitted into the material or body under analysis and is propagated 
through it (Krautkramer and Krautkramer, 1990). The ultrasound signal that emerges from the 
test specimen is sensed by a piezoelectric element that acts as a receiver, converting any ultrasonic 
energy impinging on it back into electrical energy.  When the system operates in “pulse-echo” 
mode, the same piezoelectric element acts alternately as transmitter and receiver; when a “through-
transmission” mode is used, a second piezoelectric element acts as the receiver. Ultrasonic energy 
will propagate through a material until the sound wave encounters an impedance change, which 
indicates changes in the material density and/or the velocity of the sound wave (Kuttruff, 1991); 
such changes within the material may be associated with changes in the nature of the tissue or 
the presence of a void or reflecting body. Some of the sound energy is reflected, and the amount 
reflected depends on the impedance change and/or the size of the reflector. If there are no internal 
reflectors, the wave will continue until it reaches the far side of the test object or until the energy 
is totally attenuated. The energy attenuation of the ultrasound beam and the propagation speed of 
the wave depend on the nature of the material and its structure (Kuttruff, 1991). Most physical or 
chemical changes in the material cause changes in the attenuation and velocity of the propagated 
waves. In solid and liquid industrial materials, as well as in most biological tissues such as those 
of the human body, ultrasound energy is easily propagated, which facilitates diagnostic or detec-
tion procedures (Walls, 1969). However, unlike the relatively easy diagnosis or analysis offered by 
these materials, analysis of ultrasonic waves presents extreme difficulties when examining fruit 
and vegetable tissues.





Utilization of Ultrasound Technology for Agricultural Purposes





Despite the wide and successful use of ultrasound applications in industry and medicine, very little 
attention has been paid to the application of ultrasonic techniques to the solid media that constitute 
fresh agricultural products, such as fruit and vegetable tissues (Mizrach et al., 1989). For many 
years, it had proved impossible to apply ultrasound measurement techniques to most fruits and 
vegetables because their tissues have acoustical properties very different from those of biological or 
industrial materials (Povey, 1998). The primary attenuation mechanism in most fruits and vegeta-
bles is scattering from voids and pores; thus, these are highly attenuating materials, a characteristic 
that complicates the interpretation of ultrasound data (Mizrach et al., 1989; Povey, 1998). In fact, the 
frequency domains that are used for industrial and medical applications (usually between 0.5 and 
30 MHz), with their associated attenuation, have been difficult to apply to fruit and vegetable tissues 
(Porteous et al., 1981; Sarkar and Wolfe, 1983; Mizrach et al., 1989).





Several studies have involved attempts to penetrate fruit specimens with ultrasonic waves in 
order to detect tissue inhomogeneities, such as discontinuities, voids, pits (seeds or stones), foreign 
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materials, bruises, rots, or internal breakdown (Upchurch et al., 1985, 1986, 1987; Mizrach et al., 
1989, 1991; Hansen et al., 1992; Cheng and Haugh, 1994; Self et al., 1994; Nielsen et al., 1998; 
Inomata and Suzuki, 2001; Camarena and Martinez-Mora, 2006). Tests for characterizing tissue 
were suggested in many studies (Upchurch et al., 1985, 1986, 1987; Mizrach et al., 1989, 1991; 
Self et al., 1994; Nielsen et al., 1998). Early pioneer work, in the 1980s, that attempted to use this 
method and equipment to detect bruises in fresh apples revealed difficulties in achieving penetra-
tion of ultrasonic waves into fruit and vegetable specimens (Porteous et al., 1981; Upchurch et al., 
1987). Other studies found that the high attenuation of the signal made it impossible to examine the 
interior of fruits satisfactorily (Sarkar and Wolfe, 1983; Watts and Russell, 1985). The frequency 
of the transmitted ultrasonic waves used in those studies was found to be a very important factor 
in fruit tissue penetration. Sarkar and Wolfe (1983) reported very high attenuation of the ultrasonic 
wave when they used regular frequencies of 0.5 and 1 MHz in tissues of potato, cantaloupe, and 
apple, and they suggested that a lower frequency (between 100 and 500 kHz) and higher power 
of acoustic radiation might be beneficial in nondestructive testing of fresh fruits and vegetables. 
Mizrach et al. (1989) applied lower frequencies and modified a high-power, low-frequency ultra-
sound device (a novel device at that time), originally designed for an industrial application, for 
measurements in strongly attenuating agricultural specimens.  They used 50 and 100 kHz trans-
ducers in the through-transmission mode to overcome the high attenuation of several fruit tissues. 
This mode was recommended for use with low frequencies (<100 kHz), because the pulse-echo 
mode produced high levels of signal noise and ringing (Krautkramer and Krautkramer, 1990). By 
using this measurement method, Mizrach et al. (1989) successfully measured three major acoustic 
parameters: reflective loss; propagation velocities of ultrasonic waves passing through cylindrical 
specimens of potato, avocado, cucumber, carrot, pumpkin, melon, and apple tissues; and attenuation 
coefficients for potato, carrot, and avocado. Specific data and results obtained for selected fruits and 
vegetables are presented in the following section. Mizrach et al. (1989) recommended this method 
as appropriate for characterizing tissue segments of highly attenuating agricultural materials; it also 
facilitates acoustical measurements of whole fruits and received international patent in Israel, the 
United States, and France (Mizrach et al., 1994b). These recommendations have been implemented 
in subsequent studies and new methods and systems have been developed; their operation and per-
formance are discussed in the following sections.





The rapid development of sensors, microprocessors, and methods of signal analysis has opened 
up new possibilities for application of this simple, nondestructive testing method. Nevertheless, the 
existing industrial equipment still required modification to enable its application to fruit tissues: 
it was necessary to determine suitable frequency and power settings for application of ultrasonic 
excitation to various agricultural products and to select the appropriate equipment and measurement 
techniques. The equipment then needed to be tested and evaluated for use with tissue specimens or 
whole fruits (Mizrach et al., 1989).





Ultrasound Wave Propagation through Fresh Agricultural Tissue





Ultrasonic parameters, such as wave velocity, attenuation, and directional characteristics of wave 
propagation, are widely documented in the literature, for many engineering materials and biological 
tissues (Walls, 1969; Krautkramer and Krautkramer, 1990). The use of ultrasonic waves has pri-
marily focused on two major wave attributes: velocity and attenuation. Each of these parameters is 
dominated by differences between various kinds of materials; variations in their specific properties; 
their structural forms; whether they are in solid, liquid, or gaseous form; and whether their behavior 
is elastic, viscoelastic, or plastic.





In the following sections, the major important ultrasound parameters used in determining the 
quality of fresh agricultural produce are surveyed. The modes and forms of the waves, their attenu-
ation and amplitude, and the directivity distribution of ultrasound wave propagation in compound 
media of fruit and vegetable tissues are presented.
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Wave Modes and Velocities
When a vibration source such as a mechanical oscillator acts on a body, it creates waves that move 
through the medium in the form of oscillations of the material particles. The propagation of ultra-
sonic waves can be considered in terms of transport of energy through the vibrating medium as 
the disturbance moves. When the oscillations are longitudinal with respect to the orientation of 
the body, the motion of the disturbance is in the same direction as the oscillations, and the wave 
is called a longitudinal sound wave; it is expressed in terms of compressions and dilations in the 
direction of travel and, therefore, is also called a pressure or compression wave. This kind of wave 
can propagate through solids, liquids, and gases; therefore, it is considered the most important of the 
waves and is used in many engineering applications (Krautkramer and Krautkramer, 1990). When 
the oscillations occur perpendicularly to the surface, transverse or shear waves are created in which 
the particles no longer oscillate in the direction of propagation but at a certain angle to it, i.e., trans-
versely. When such shear waves are transmitted, the particles in the medium vibrate in the plane of 
the originating source vibrations, but transmission of their transverse oscillations will lag in time, 
depending on the distance from the plane of excitation. Shear or transverse waves can be used only 
in solid bodies because gases and liquids are practically incapable of transmitting these kinds of 
waves. Another kind of wave that can occur in solid bodies is the surface or Rayleigh wave; in this 
case, the deformation is not strictly sinusoidal and is to some extent already known from studies of 
water waves. As the depth below the surface increases, the amplitude of the oscillation decreases 
rapidly, and the particles are practically at rest (Krautkramer and Krautkramer, 1990).





The velocities of the various kinds of sound waves can be determined by measuring the transit 
time required for the pulse to traverse the sample between an oscillator source and a collector probe. 
The velocity, Cp, is calculated from the following expression:
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where
l is the distance
t is the transit time between the oscillator and a collector probe





There are known links between the various kinds of sound waves and the physical constants of 
the material concerned; these are, in the case of elastic materials, the modulus of elasticity, E; the 
density, ρ; and Poisson’s ratio, μ (a dimensionless number). The equations describing the relation-
ships between those constants are well presented in standard text books (e.g., Krautkramer and 
Krautkramer, 1990). Fruits and vegetables are viscoelastic in nature, since they comprise both elas-
tic and viscous components, and usually exhibit a complex non-monotonic relationship with their 
physicochemical properties (Mizrach et al., 1996). Therefore, they are considered to be of higher 
complexity, which necessitates the use of advanced techniques for velocity calculations (Moreno 
et al., 2002). However, in many studies, wave velocities were found to be not sensitive enough to 
changes that occurred in the fruit tissue and were, therefore, ignored in subsequent studies (Mizrach 
et al., 1999a,b, 2000; Mizrach, 2007). Povey (1998) found that, in some food systems, ultrasonic 
wave velocity was a less useful property than other major measurable ultrasonic wave properties, 
such as attenuation.





Wave Attenuation and Amplitude
Attenuation of ultrasonic waves is one of the most important wave properties that can be used in assess-
ing material structure and characteristics. In a real material, the sound wave continually loses part of 
its energy because of micro-scattering and absorption: part of the sound wave is scattered by micro-
scopic interfaces along the transit path of the wave; another part is absorbed in the material through 
direct conversion of sound energy into heat by internal friction. Both effects—micro-scattering and 
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internal friction—are traditionally included in an exponential term that represents the attenuation 
losses of planar waves in the material (Krautkramer and Krautkramer, 1990). If we consider only 
the decay of the wave maxima, the attenuation coefficient, α, of a material is defined by the expo-
nential expression
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or by the logarithmic scale expression
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where
A0 and Ad are the ultrasonic signal amplitudes at the beginning and the end, respectively, of the 





propagation path of the wave
d is the distance the wave has travelled in the material





These equations describe the amplitude attenuation of plane harmonic waves of an infinite 
medium. The attenuation coefficient can easily be obtained by plotting the ratio of Ad/A0 on a loga-
rithmic scale Y-axis against d on a linear X-axis (Equation 7.3). The attenuation coefficient (α) is the 
inclination of the straight line obtained (e.g., Figure 7.1).





Directivity Distribution of Ultrasound Waves
For describing the directivity distributions of ultrasound waves through a solid medium, it is pos-
sible to imagine the body to consist of individual particles kept in position by elastic or viscoelastic 
forces.  A source of imposed vibration such as mechanical oscillator acting on the body gener-
ates longitudinal, transverse, or shear waves and surface or Rayleigh waves that move through the 
medium, carried by oscillations of material particles. When a source of imposed vibrations, such 
as an ultrasonic wave transducer, is applied to an agricultural body such as fresh fruit or vegetable 
tissue, all of the described wave forms can be developed.
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FIGURE 7.1  Example of attenuation coefficient calculation using Equation 7.3. (From Mizrach personal files.)
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The directivity distribution of longitudinal waves in a half-space of fruit tissue was theoretically 
and practically investigated by Mizrach et al. (1992, 2009), who applied fluid-medium theory to the 
viscoelastic nature of fruit and vegetable tissue.





The ultrasonic field in a half-space material domain is commonly analyzed and illustrated by 
means of a directivity distribution function of the acoustic pressure caused by a circular piston in a 
fluid medium (e.g., Krautkramer and Krautkramer, 1990):
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where
P(r, θ) is the far-field acoustic pressure within the material
r and θ are the distance and angle of wave propagation in polar coordinates
P(r, 0) is the pressure amplitude along the axis of symmetry (θ = 0)
J1(β sin θ) is a Bessel function of the first kind
β is the directivity parameter of the material:
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where
D is the diameter of the crystal
λ, f, and C are the sound wavelength, frequency of the crystal, and the sound velocity in the 





material, respectively





The length of the near-field zone, N, for cases in which the crystal diameter is much larger than the 
wavelength is N = D2/4λ (Krautkramer and Krautkramer, 1990). The far-field zone begins at an 
axial distance of about N from the crystal.





The acoustic pressure field of Equation 7.4 is characterized by a principal central beam and 
additional side lobes, according to the specific values of the directivity parameter, β. When β >> 1, 
the divergence angle of the beam is small and the sound field has a classic pressure distribution 
of a long central beam and small side lobes. With decreasing β, the angle of divergence of the 
central beam increases up to 90° (when β = 3.83). For a very small source, namely, a point source 
(β << 1), the longitudinal pressure field is nearly spherical. Additional off-axis transverse waves, not 
included in Equation 7.4, may be developed in solid materials (Filipczynski, 1964; Krautkramer 
and Krautkramer, 1990). As the wavelength, β, depends on the material tested and the frequency of 
the transmitter, it may be possible to determine the appropriate transmitter for a desired pattern of 
directional wave propagation within the material.





An explicit expression for P(r, 0) along the central axis according to Equation 7.4 following 
(Kinsler and Frey, 1972) is
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where
ρ0 is the material density
U0 and A0 are the velocity and displacement amplitudes of the crystal, respectively





Equations 7.4 and 7.6 represent the geometrical spreading of the sound wave in an ideal, non-
dissipative fluid. Thus, the intensity of the sound beam radiated from a probe would decrease 
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with increasing distance from the source, unlike a plane wave in which there is no reduction of 
sound pressure along the propagation path. However, in a real material, the sound wave con-
tinually loses part of its energy because of micro-scattering and absorption: part of the sound 
wave is scattered by microscopic interfaces along the transit path of the wave; another part is 
absorbed in the material through direct conversion of sound energy into heat by internal fric-
tion. Both effects, micro-scattering and internal friction, are traditionally included in an expo-
nential term that represents the attenuation of a planar wave in the material (Krautkramer and 
Krautkramer, 1990):
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where
P0 and Pd, respectively, are the pressure of a planar sound wave at the start and end of a path 





element of length d
α is the “true” material sound attenuation coefficient for planar waves at a specific frequency





Equation 7.7 is sometimes used for evaluation of the “apparent attenuation” of non-planar waves as 
well, in order to quantify the total amplitude decrease in a certain direction.





In attempting to include the true wave attenuation of a material in the classical model of angular 
pressure distribution, Mizrach et al. (2009) assumed that the “true attenuation” losses of Equation 7.7 
take place along the propagation path of each directional wave in the material:
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in which P0 is the far-field sound pressure amplitude at a reference distance r0 > 3N along the axis 
of symmetry. An explicit expression for P0, according to Equations 7.6 and 7.7, was
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The directivity expression of the suggested model (Equation 7.8), which now includes an attenu-
ation term of a real material, as well as other material and transmitter parameters (Equations 7.5 
and 7.9), was used by Mizrach et al.  (2009) in the analysis of sound pressure distribution on a 
half-space surface of fruit tissue. Three-dimensional presentations of the sound wave amplitude 
over the half-cut fruit surface in the Cartesian coordinate system were made by using graphical 
analysis software; an example of the acoustic field derived, e.g., for potato, is shown in Figure 7.2 
(Mizrach et al., 2009).





The amplitude was presented as a percentage of the maximum measured amplitude for all obser-
vations; it decreased with increasing direct distance of the measurement points from the source and 
also laterally on each side of the axis of symmetry. The actual measurements were taken at 5 mm 
intervals, and the upper surface of the graph was derived from the measured points by means of 
an extrapolation program. Figure 7.2 illustrates the strong attenuation of the ultrasonic signal with 
increasing distance from the transducer over the cut surface plane and the directional characteristics 
of the acoustic wave over the cut half fruit field. The equipment and the method used by Mizrach 
et al. (2009) for preparing the attenuation field over a cut half surface is described in the following 
section and illustrated in Figure 7.3.
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FIGURE 7.2  Ultrasonic three-dimensional field over the surface of a half-cut potato. (From Mizrach, A. 
et al., Ultrasonics, 49, 83, 2009. With permission.)
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FIGURE 7.3  The experimental system for half-cut fruit testing: (a) transmitter, (b) tissue sample, (c) beam-
focusing element, (d) receiver, (e) typical signal. (From Mizrach personal files.)
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Basic Ultrasound Hardware





Ultrasound devices generally consist of four basic components: a wave generator (pulser/
receiver), an emitter and receiver, a microprocessor (or computer) equipped with signal-processing 
software, and a display.  Many different devices and arrangements can be used to generate, 
receive, and process ultrasound waves. Some of the components might be bundled into one unit, 
such as a wave generator together with a receiver (pulser/receiver). Some systems are equipped 
with a single transducer that alternately emits ultrasonic waves and receives echoes (pulse-echo 
mode); some with two transducers—a transmitter and a receiver—(through-transmission mode) 
and some with a single transducer that serves as both the transmitter and receiver. Some of 
the ultrasound devices might include advanced hardware and software for signal analysis and 
processing (Krautkramer and Krautkramer, 1990). The ultrasound devices and probes used in 
industry and medicine usually operate in frequency ranges of 0.5–30 MHz, at acoustic power 
levels ranging from a few watts to several kilowatts per unit beam area; both parameters are 
chosen according to the purpose or application of the device. The ultrasound components gen-
erally used in early studies of agricultural applications were adapted from medical and indus-
trial applications, but later some components were modified to suit specific requirements. More 
recently, in several innovative studies, and for specific applications, dedicated systems were 
developed and installed.





Since this chapter aims to address quality assessments of fruits and vegetables by ultrasonic 
means, only equipment developed and used for this purpose is described here.





QUALITY-RELATED PARAMETERS CORRELATED WITH ULTRASOUND





Ultrasonic techniques used with food products form an entire field of applications and provide the 
user with a wide variety of information about the properties of materials being processed (Povey, 
1998). In fruit and vegetable tissues, changes in their properties are part of the natural processes that 
occur during growth and maturation, and in the course of harvesting, storage, and shelf life. Various 
physiological and physicochemical changes occur during these processes, and each change is spe-
cifically determined by one or more factors, characteristic of the preharvest, harvest, and posthar-
vest periods, respectively. The changes are expressed differently in each of the various periods and 
are mostly reflected in the quality of the final produce. Textural attributes of fruits and vegetables 
are among the main factors considered in quality assessment (Peacock et al., 1986) and are regularly 
used for determination of the stage of maturity of various kinds of fruits and vegetables (Abbott, 
1999). Firmness is considered to be one of the main indices of maturity, and its changes during the 
ripening and softening process start on the tree and continue during harvesting, handling, and stor-
age. Chemical contents and concentrations in fresh tissues are also important factors in determining 
the maturity of fruits and vegetables, but firmness is the factor most closely related to the stage of 
maturity (Peacock et al., 1986).





When acoustical measurements are used in conjunction with other physicochemical measure-
ments, such as firmness, mealiness, dry weight percentage (DW), oil contents, total soluble sol-
ids (TSS) content, and acidity, a link between acoustical parameters and physicochemical indices 
enables the indirect assessment of the proper harvesting time, storage period, or shelf life (Mizrach 
et al., 1989; Abbott, 1999; Butz et al., 2005). The ultrasound technique has been adopted mainly for 
nondestructive, rapid, and accurate assessment of the changes involved, but has also been used to 
monitor additional natural and environmental factors that cause changes in quality-related param-
eters (Mizrach et al., 1989, 1999a, 2000).





The most common quality-related indices that were addressed in the various studies mentioned 
in this chapter and by Mizrach et al. (1997) and the indices that correlated with the changes in the 
mechanical and physicochemical parameters of the fruits in the course of the pre- and postharvest 
processes are described in the following.
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Mechanical Parameters





The most important mechanical property of fruits and vegetables that correlates with ultrasound 
characteristics is firmness. It is regarded as a very important parameter that reflects the changes in 
tissue texture during the course of growth, maturation, storage, and shelf life. Firmness is usually 
associated with ripeness, freshness, retention of good quality, and, therefore, with salability. It can 
be measured by compression or by puncturing with various probes, applied with a range of force 
or deformation levels, depending on the purpose of the measurement and how the quality attributes 
are defined (Abbott, 1999). Horticulturists tend to define firmness in terms of the maximum force 
applied, although sometimes the rupture or bioyield force is used (Abbott, 1999). Penetration tests 
are the most acceptable method for measuring firmness. Firmness of fruits is commonly measured 
with destructive penetration devices equipped with a puncture probe, or with a conical or curved 
head (manufactured, e.g., by Chatillon, New York).  These techniques are generally destructive, 
not objective, and time-consuming; therefore demand arose for a rapid nondestructive technique. 
Ultrasound techniques were found to be among several that correlated well with firmness; therefore, 
ultrasound was suggested as the basis of a method that could fulfill these requirements during the 
course of the pre- and postharvest processes. In most cases described in this review, both destruc-
tive penetration measurements and ultrasound measurements of firmness were performed on the 
same fruit samples, in order to correlate results obtained with the two techniques; obviously, nonde-
structive ultrasound measurements were taken first. The nondestructive ultrasound measurements 
enabled correlations with firmness changes for a given fruit and even enabled the use of exactly the 
same measurement location during periods such as shelf life and storage (Mizrach, 2000a; Mizrach 
et al., 2000). In most cases, firmness measurements on whole fruits were taken in the radial direc-
tion at a point on the circumference of the largest cross section perpendicular to the blossom end-
stem end axis (Mizrach et al., 1996). These correlations, for several selected fruits, are presented 
elsewhere in this chapter.





Physicochemical Indices





The most important quality-related physicochemical indexes that are usually measured in conjunc-
tion with ultrasound parameters are dry-weight (DW) content, oil content, total soluble solid (TSS) 
content, and acidity. Each kind of fruit has its own dominant physical parameters. In avocado fruits, 
oil and dry weight contents of the flesh are the basis of the most acceptable and reliable criteria of 
maturity, according to which the harvest date are determined (Lewis, 1978). The DW is usually 
determined according to Lee et al.  (1983): samples taken from the fruit tissue for DW measure-
ment are weighed and dried in an oven at 60°C for 3 days and are then reweighed. The oil content 
of the avocado fruit is determined by means of long-established refractive index–based techniques 
(Shannon, 1949; Harkness, 1954) that were described in detail by Lee (1981). Physicochemical indi-
cators of maturity in mango flesh during the ripening process are decreasing acidity and increasing 
contents of sugars, soluble solids, and total solids, and these are associated with a concurrent reduc-
tion in titratable acidity (Fuchs et al., 1980). Acidity in mango is assessed by extraction procedures, 
described in detail by Fuchs et al. (1980): tissue samples are macerated with a commercial juice 
extractor, filtered and centrifuged at 10,000 × g for 10 min. The supernatant juice is used for the 
determination of TSS and titratable acidity. The TSS is determined by a long-established technique 
that uses a refractometer (e.g., PR-1; Atago, Tokyo, Japan), an optical instrument used to determine 
the refractive index of a substance on its ocular surface and that yields a result expressed as degrees 
Brix or TSS (mg g−1) (Horwitz, 1970). Titratable acidity is determined by titrating the supernatant 
juice with 0.1 N NaOH, and the result is expressed as the percentage of citric acid in the juice (Fuchs 
et al., 1980).  In most cases described in this chapter, both destructive determination of physico-
chemical indices and ultrasound measurements were applied to the same sample of fruit for cor-
relation purposes. Again, the nondestructive ultrasound measurements were done first; they enabled 
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correlations with changes in the physicochemical indices for a given fruit, and even in exactly the 
same measurement location, during periods such as shelf life and storage (Mizrach, 2000a; Mizrach 
et al., 2000). These correlations, for several fruits, are given elsewhere in this chapter.





ULTRASONIC MEASUREMENT TECHNIQUES DEVELOPED 
FOR FRUITS AND VEGETABLES





Various ultrasound measurement methods and devices have been developed, modified, and used 
to measure the various quality-related attributes of fruit sand vegetables as they change during 
growth, maturation, storage, and shelf life. Various studies have been performed with existing or 
modified ultrasound systems in order to assess the response of biological materials to ultrasonic 
excitations (Mizrach, 2000a). The systems, originally intended for determination of physical prop-
erties of dense materials such as cement and composites, were usually modified from their indus-
trial or medical configurations and were adapted for measurements of properties of the much more 
attenuated fruit and vegetable tissues (Mizrach et al., 1994b; Povey, 1998). Each system included 
the basic components for generating ultrasonic waves, such as emitter/receiver, transducers, and a 
microprocessor, as mentioned in the previous sections. The transducers were usually mounted in 
head structures designed to suit a specific measurement method, application to a tissue sample or a 
whole fruit, and the kind of fruit or vegetable examined.





Several categories of ultrasound devices were developed for each specific function, and accord-
ing to the measurements needed: Single-touch systems were designed for measurements of tissue 
segments taken from fruits or vegetables; continuous-touch systems were developed specifically for 
nondestructive evaluation of tissue characteristics of cut-half fruit specimens and whole fruits or 
vegetables during maturation, storage, and shelf life; portable single-touch systems were developed, 
suitable for use in the field for rapid measurement of attenuation, in monitoring changing properties 
of fruits and vegetables during various pre- and postharvest processes. The various measurement 
methods have been used in numerous studies (e.g., Self et al., 1994; Mizrach et al., 1996, 1997, 
1999a; Mizrach and Flitsanov, 1999; Kim et al., 2004; Bechar et al., 2005). Researchers used these 
systems for collecting the acoustical information emerging from tissue segments or whole fruit 
specimens, in order to extract the ultrasonic properties for determination of the quality of selected 
fruits and vegetables.





Tissue specimens in cylindrical or other shapes were studied to assess their acoustical param-
eters in conjunction with their physicochemical properties such as firmness, sugar content, and 
DW percentage (%DW) (Mizrach et al., 1989; De-Smedt, 2000; Gaete-Garreton et al., 2005), cut 
halves of fruits were used for studying ultrasonic wave paths within fruit tissues and for directional 
model development (Mizrach et al., 1992, 2009), and whole fruits were subjected to nondestructive 
determination of their physicochemical properties during growth, maturation, storage, and shelf life 
(Galili et al., 1993; Self et al., 1994; Nielsen et al., 1998; Mizrach, 1999a, 2000a,b).





Measurements of Tissue Segments





Tissue specimens of fruits and vegetables are prepared, usually in a cylindrical shape, to assess 
their material characteristic and the acoustical parameters that basically are associated with the 
physicochemical properties of the tissue. The tissue measurements are performed with ultrasound 
systems typically available in industry and medicine, which were modified especially for measure-
ment of tissue segments. Such measurements were, by definition, destructive tests. A typical tissue 
segment measurement device was equipped with two transducers, one acting as an emitter and 
the second as a receiver (in through-transmission mode). A single touch of either transducer, or its 
proximity to the tested object, activated the system. An electrical pulse, generated by an ultrasound 
device, excited the surface of the emitter which was in contact with the tested object, in which 
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longitudinal mechanical waves were propagated. Echoes reflected from the far side of the object 
were detected by the same or a second transducer (in “pulse-echo” or “through-transmission” mode, 
respectively), and the resulting signals were transferred to the processor to calculate the object’s 
acoustic properties.





An example of a tissue segment measurement device is shown in Figure 7.4 (Mizrach et al., 1994a).
The transducers have relatively large diameter excitation front surfaces to suit the relatively low 





ultrasonic frequency (∼50 kHz). Beam-focusing elements were used to match the surface diameter of 
the wave emitter and receiver of each transducer to the desired area of contact with the fruit that was 
placed between the tips. The propagation velocity of the acoustic wave in the material was obtained 
by measuring the transit time required for the pulse to traverse the sample, by taking a specific refer-
ence point on each pulse function. The wave propagation velocity and the attenuation characteristics 
of the tissue segments were determined as mentioned above (Equations 7.1 and 7.2, respectively).





By using this method, Mizrach et al.  (1989) measured the acoustic velocity and attenuation in 
potato, avocado, and carrot tissue specimens (Table 7.1). They placed a cylindrical specimen of fresh 
fruit tissue, 20 mm in diameter and 10, 15, or 20 mm in length, taken from an intact fruit, between a 
50 kHz transmitter and a 50 kHz receiver that were coupled to the two opposite sides of the specimen. 
A polyamide rod, 20 mm in diameter and 90 mm long, was attached to the center of the transmitter, in 
order to insert the required delay time between the transmitted and the echo pulses, and to eliminate 
echoes of returning pulses that might pass through the air gap between the transducers. In a more 
advanced arrangement of this method, the polyamide rod was replaced with Plexiglas exponential 
energy concentrators that tapered exponentially from the 50 mm diameter of the probe to 6 mm diam-
eter flat tips to match the 6 mm diameter tissue segments (Mizrach et al., 1994a). Results obtained 
with this system, for three selected fruits, were presented in the previous section and in Figure 7.1.





Measurements of Cut Half Fruit Specimens





A study of the directional characteristics of ultrasonic waves across and in the vicinity of fruit sur-
faces used cut halves of fruits in order to overcome the experimental difficulties involved in direct 
measurement of pressure waves inside fruits (Mizrach et al., 1992, 2009). An experimental setup 
was designed and built to emit and receive an ultrasonic signal over a cut half fruit (Figure 7.4).





a b





c





d





e





f
g
h





FIGURE 7.4  Single-touch system for tissue segment measurements: (a) X–Y–Z fixation device, (b) receiver 
and energy concentrator, (c) ultrasound emitter/receiver, (d) transmitter and energy concentrator, (e) half-
cut fruit, (f) gypsum casting, (g) adjustable-height jack, and (h) sample holder.  (From Mizrach, A.  et al., 
Ultrasonics, 49, 83, 2009. With permission.)
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The setup included an X–Y–Z linear fixation device (a, Figure 7.4), a receiver (b, Figure 7.4), and 
an emitter (d, Figure. 7.4). The original 55 mm diameter of the transducer crystals was tapered down 
to 6 mm by two Plexiglas ultrasonic energy exponential concentrators (after Makarov, 1964). The 
half-cut fruit (e, Figure 7.4) was placed in a gypsum casting (f, Figure 7.4) mounted on an adjustable-
height jack (g, Figure 7.4). The sample holder (h, Figure 7.4) was equipped with an arm that held the 
fruit in its gypsum casting against the emitter, to impose the desired contact load. The emitter was 
attached to an adjustable mount that could move along the fruit–stem axis, to be clamped to match 
the desired fruit length. The emitter and its energy concentrator were horizontally attached to the 
side of the fruit, along its stem axis with ultrasonic gel. The receiver and its energy concentrator 
were mounted on the X–Y–Z linear fixation device, perpendicular to the plane of the fruit section, 
as shown in Figure 7.4. A low-frequency, high-power ultrasonic device (Pulser-receiver Model USL 
33; Krautkramer, Germany) was used to excite the transmitted signal and an amplifier and receiver 
unit for signal reception.  The time-domain waveform resembled a regular narrow-band, low-
frequency ultrasonic pulse, with a central frequency of 50 kHz, similar to that described by Mizrach 
et al. (1999b) (Figure 7.5).





One of the analog output peaks in the time-domain waveform, and always the same one, was 
selected manually by means of the CRT monitor screen and was used as the reference amplitude 
throughout the measurement process. Mizrach et al.  (1992, 2009) developed and used this tech-
nique for collecting the ultrasonic signal emerging from the X–Y plane of the tissue specimen and 
analyzed the data collected, by using two alternative coordinate systems: a polar (r–θ) coordinate 
system was used for a directional description of sound-wave amplitudes and a Cartesian (X–Y) 
system for three-dimensional presentation of the acoustic field. The r–θ measurements were taken 
along a semicircular arc of constant radius measured from the center of the transducer; the angular 
displacement steps were 5° (e.g., potato sample, Figure 7.6).





The X–Y sound-wave amplitude measurements were taken along (Y-axis) and across (X-axis) the 
fruit, where Y and X denote the longitudinal and lateral axes, respectively. The receiver was shifted 
along the lateral X-axis in 14 steps of 3 mm (7 steps on each side of the longitudinal center line) 
for several tissue samples. Measurements along the Y-axis directions were taken at 5 mm intervals, 
out to 33 mm from the transmitter head face. Mizrach et al. (1992, 2009) proposed a mathematical 
model for the directivity distribution of ultrasound waves over a cut half sample (see previous sec-
tion); it simulated the ultrasonic wave distribution in strongly attenuating fruit tissue. The simula-
tion model represented by Equation 7.8 enabled Mizrach et al. (1992, 2009) to qualitatively identify 
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FIGURE 7.5  Typical ultrasonic wave signal. 50 kHz quartz transducer. (From Mizrach, A. et al., Postharv. 
Biol. Technol., 16, 179, 1999b. With permission.)
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the combined effects of source characteristics and some fruit parameters on the sound propagation 
path and pressure distribution within the fruit. As β, the directivity parameter, and P0, the input 
pressure amplitude, of the model depend on the material and emitter parameters (Equations 7.5 and 
7.9), it is possible to select appropriate emitter dimensions and frequency to provide the required 
directional wave propagation within the fruit material. For example, increasing the probe diameter 
might increase both the input pressure amplitude and the penetration distance of the collimated 
beam for whole fruit penetration (side to side). A point-source probe could be more suitable for 
surface testing fruits in the vicinity of the transducers, because of the wide-angle wave propagation 
pattern of such a source. However, the input pressure amplitude depends on the size of the contact 
area of the transducer (Equation 7.9); therefore the point-source signal might be too weak for prac-
tical applications. In light of these considerations, a transducer with a chisel-type probe end was 
selected and used in further studies for local ultrasonic testing and evaluation of ultrasound wave 
paths within whole fruits (Mizrach et al., 1996, 1997, 1999a,b; Mizrach, 2000a). For practical con-
siderations, this model indicated how to select the parameters of the ultrasonic transducer (oscillator 
dimensions, frequency, and amplitude) to control the magnitude and directivity of the ultrasonic 
waves in the fruit tissue.





Measurements of Whole Fruits





Naturally, assessing quality-related properties of fruits or vegetables by means of ultrasound prefer-
ably would be performed nondestructively. However, in many kinds of fruits, the high attenuation 
of sound waves prevents their transmission through the whole fruit; therefore, ultrasonic tests need 
to be conducted locally, over a short distance on the peel. The assumption in this case is that the 
internal fruit tissue next to the peel can be regarded as representative of the flesh of the entire fruit. 
Several kinds of systems were developed specifically for nondestructive evaluation of tissue charac-
teristics and of quality-related indices of whole fruits or vegetables during the course of maturation, 
storage, and shelf life. Early measurements of ultrasonic surface waves passing through the peel 
of a whole fruit were performed by Galili et al. (1993) and Mizrach et al. (1994a). In many studies 
that aimed to correlate physicochemical indices of various whole fruits and vegetables, emitter and 
receiver probes mounted on adjustable continuous-touch systems that facilitated wave-amplitude 
measurements over varied distances were used (Mizrach et al., 1994a, 2000; Mizrach, 2000a, 2004).





A typical setup of a system developed by Mizrach (2000a, 2004) and Mizrach et al.  (1994a, 
2000) to measure ultrasonic waves over peel of whole fruit consists of a high-power, low-frequency 
ultrasound emitter/receiver, two identical ultrasonic transducers, and a mounting structure that pro-
vides three-axis movement for the transducers, as shown in Figure 7.7.
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FIGURE 7.6  Ultrasonic two-dimensional field over the surface of a half-cut melon. (From Mizrach, A. et al., 
Ultrasonics, 49, 83, 2009. With permission.)
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The system used exponentially tapered beam-focusing elements with (0.5 × 6.0 mm) chisel pro-
files to match the 50 mm diameters of the wave emitter and receiver surfaces of the transducers to the 
desired fruit contact area (Mizrach et al., 1997). In the through-transmission mode, with one trans-
ducer acting as an emitter and the other as a receiver, the mounting structure enabled the transducers 
to move relative to one another, in order to adjust the gap between them and to apply a controlled 
contact force to the fruit peel. The angle between the major axes of the transducers was set to a con-
stant 120°, and the gap between the transducer tips was varied. The probes could be moved to and 
fro, to vary the spacing between their tips, generally within a range of 5–18 mm. Emitted waves pen-
etrated the peel and propagated through the adjacent tissue along the gap between the probe tips. The 
output pulse amplitude and the paths of the transmitted waves could be observed visually on a moni-
tor screen and drawn on a graph. In parallel, a built-in peak detector and microprocessor-controlled 
serial interface captured the attenuated waves that crossed the predetermined gap and sent digitized 
data to an external microcomputer, which calculated the wave propagation velocities and the attenu-
ation coefficient of the tissue for the signal passing through it in the vicinity of the external peel.





These kinds of systems were developed and patented by Mizrach et al. (1994b) and have been 
used during the last decade in numerous studies to enable the ultrasonic parameters to be chosen 
so as to correlate with physicochemical indices of various whole fruits and vegetables (Mizrach 
et al., 1994a, 2000; Mizrach, 2000a, 2004). The results obtained and the correlations found between 
quality-related indices and ultrasonic parameters for selected fruits and vegetables are presented in 
the following sections.





Another method for measuring the properties of whole avocado fruits, based on a surface absorp-
tion concept, was suggested by Gaete-Garreton et al. (2005); it was developed to assess the ripe-
ness of whole avocado fruits; it is in common use in the classic acoustic evaluation of materials 
(Morse and Ingard, 1968) and was adapted by Gaete-Garreton et al. (2005) for their study. The setup 
included a cylindrical stainless steel chamber that functioned as a wave guide, with a wave genera-
tor installed at one end and the other end placed in contact with the fruit. The acoustic generator 
was a prestressed sandwich piezoelectric transducer coupled to a stepped horn made of titanium 
alloy. The device was equipped with an electronic system that kept the wave emission at a constant 
level and a needle probe to measure the field inside the chamber. The absorption coefficient of the 
material placed in the extreme end of the wave guide could be calculated by measuring the standing 
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FIGURE 7.7  Diagram of the continuous-touch system for whole fruit: (a) X–Y–Z fixation device, (b) receiver 
and energy concentrator, (c) ultrasound emitter/receiver, (d) transmitter and energy concentrator, (e) whole 
fruit, (f) gypsum casting, and (g) adjustable-height jack. (From Mizrach personal files.)
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wave ratio (Morse and Ingard, 1968). The authors validated the method and found their results 
comparable with those obtained by standard techniques such as use of the penetrometer. Also, they 
compared their proposed method with other ultrasonic systems (Mizrach et al., 1996) and suggested 
that further development of their proposed system could facilitate measurements with a single ultra-
sonic source and, possibly, the development of an online evaluation system for all kinds of fruits.





Portable Systems





The single- and continuous-touch systems described above were built and used as bench-top devices 
for laboratory applications and for extended shelf-life measurements in commercial use. Portable 
devices were developed later for field applications, for monitoring pre- and postharvest processes 
by rapid measurements of attenuation. These systems include the basic hardware commonly found 
in most ultrasound devices but, since they were designed to measure distinctive types of fruit speci-
mens, they included a special transducer mounting structure, and used different signal processing 
methods from those mentioned above, which were intended for bench-top systems. The following 
sections review the development of three different types of portable data collection systems that 
featured two different mounting methods and two modular signal processing routines (Mizrach 
et al., 1999b, 2003; Mizrach, 2000b).





Fixed-Load System Operating in the Time Domain
A portable single-touch, constant-load system was developed for field use (Mizrach, 2000b). It con-
sisted of three 50 kHz ultrasonic transducers, each equipped with a round-tipped beam-focusing 
element. The transducers were mounted in a structure that allowed independent vertical movement 
of the ultrasonic probes, while maintaining fixed distances between their tips. One transducer func-
tioned as an emitter and the other two as receivers. The angles between the axes of the three trans-
ducers were set to 120°. The distances between the tip of the emitter and those of the two receivers 
were set to provide two different gaps (e.g., 3 and 5 mm). A preset constant vertical load was applied 
to each of the three transducers; it was sufficient to ensure good dry contact between the tips and the 
fruit while minimizing possible damage to the peel. A built-in peak detector and a microprocessor-
controlled interface collected the output pulse; the signal amplitude was processed by an inter-
nal microcomputer which calculated the attenuation coefficient of the fruit for the signal passing 
through it and presented it on a readout liquid crystal display (LCD). The attenuation was measured 
by the same procedure as that used in the continuous-touch system built for measuring properties 
of whole fruits, except that the pulse amplitude of the transmitted ultrasonic signal was measured 
for only two different spacings between the two probes. Unlike the continuous-touch method, there 
was no relative movement between the probes. The attenuation coefficient was calculated with the 
same equations that were used with the stationary continuous-touch systems.





A semicommercial version of the one-touch constant-load portable device (“Avo-Check,” 
Figure 7.8) was developed for use by consumers in nondestructive prediction of the ripening dura-
tion of avocados, and thereby to encourage sales by facilitating inspection (Mizrach, 2000b).





The device weighed about 2.5 kg and was simple enough for the consumer to operate. It had a dis-
play screen that showed the buyer how many days to wait until a specific avocado “will be ripe and 
suitable for eating.” This device was developed within the framework of a startup technology incu-
bator (Avotec Ltd.), under a license from the Agricultural Research Organization (ARO), Israel, the 
patent assignee in Israel, USA, and France (Mizrach et al., 1994b). The results obtained showed that 
this model was able to predict the “ready-to-eat” softening stage (defined as a penetration force <6 N 
with a 6.25 mm diameter, 60° cone head) up to 12 days ahead with ±1 day accuracy, for avocado fruit 
cultivars ‘Ettinger’ and ‘Fuerte’. This accuracy could not be achieved with other avocado varieties 
such as ‘Haas’, probably because their peel is not smooth (Mizrach, 2000a,b). A more advanced 
ultrasound device that might overcome the problems of contact between the probes and the nubbly 
skin that characterizes some fruits, e.g., ‘Haas’ avocado, was developed later (Mizrach et al., 2003).
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Fixed-Load System Operating in the Frequency Domain
This system was based on an ultrasonic emitter/receiver device similar to the one that operated in 
the time domain, but it used only one emitter and one receiver.





The system was developed for nondestructive measurements of whole fruits and operated in the 
frequency domain (Matrix, 1989; Mizrach et al., 1999b). Two wide-band 100 kHz ultrasonic trans-
ducers, one acting as an emitter and the second as a receiver, were used to emit ultrasonic energy 
into the fruit and to measure the emerging frequency spectrum. The transducers were assembled 
together and mounted in a structure that maintained a constant gap (about 2 mm) and angle (120°) 
between their tips. The entire structure, with the two probes, was able to move only vertically and 
maintained a constant distance between the tips of the beam-focusing elements. The probes were 
installed beneath a tray on which the examined fruit was placed.





Each probe was held against the peel of the fruit with a controlled contact force, and a sin-
gle touch of both probes on the peel activated the device to emit an ultrasonic pulse into the tis-
sue.  Although the fruit tissue affected the waveform of the pulse during its 2 mm transit along 
the peel, the information on tissue characteristics was obtained from the surrounding tissue vol-
ume. Generally, two or three measurements around each fruit could yield sufficient information 
to characterize the entire fruit (Mizrach et al., 1999b).  When sensed by the receiver, the wave 
was transformed into the frequency domain. A frequency spectrum analysis was implemented in 
MATLAB® software (MATLAB, 1995); it included data processing of the stored signal and use 
of fast Fourier transform (FFT) procedures to extract the frequency amplitude spectra. A typical 
ultrasonic wave on which the FFT window is superimposed is shown in Figure 7.5. The FFT values 
obtained for each fruit were analyzed by means of the Spectra Matrix computer program (Matrix, 
1989). Multilinear regression (MLR) and partial least squares (PLS) statistical analyses were used 
to develop models that related the FFT spectra to the physicochemical indices of each tested fruit 
(Mizrach et al., 1999b). This system was used to evaluate the physicochemical properties of mango 
fruits and enabled the establishment of the relationships between the nondestructive ultrasonic 
attenuation measurements and the major physicochemical quality indices of mango.





Variable-Load System Operating in the Time Domain
A more advanced, more accurate one-touch system, based on energy absorption techniques, was 
developed for nondestructive measurement of mealiness in whole apples (Figures 7.9 and 7.10) 
(Mizrach et al., 2003; Bechar et al., 2005).





FIGURE 7.8  Diagram of the one-touch system in the time domain, “Avocheck.” (From Mizrach, A., The XIV 
Memorial CIGR Word Congress 2000, Paper No. R6210, Tokyo, Japan.)
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This system included mechanical, electronic, and microcomputer units. The mechanical part 
comprised a pair of 80 kHz ultrasonic transducers assembled together as emitter and receiver (a, b, 
respectively, Figure 7.10) and mounted with a constant gap (about 2 mm) and angle (120°) between 
their tips. Each transducer could move independently up and down while variable loads were applied 
to the fruit, and a fixed distance was maintained between the transducer tips. The transmitter was 
attached to a strain-gage element (c, Figure 7.10) that monitored the force applied to the fruit. The 
receiver was attached to a soft spring that allowed it to move easily in the vertical direction and to 
function as a sensitive signal pickup (d, Figure 7.10). The transmitted pulse passed through the apple 
tissue; part of its energy was absorbed, depending on the internal texture, and the rest of the energy, 
carried by the weakened emerging signal, was sensed by the receiver. The electronic part of the 
system comprised a high-power ultrasonic generator for activating and monitoring the transducers, 
a strain-gage controller, and a microprocessor for collecting and processing the ultrasonic signals 
and the strain gage readings. Processed data were sent to a data acquisition system for analysis. The 
operating principle of this system was based on findings of Mizrach et al. (2003), who found linear 
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FIGURE 7.9  Diagram of the one-touch variable-load system in the time domain: (a) electronic unit and 
(b) mechanical unit. (From Bechar, A. et al., Biosyst. Eng., 91, 329, 2005. With permission.)
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FIGURE 7.10  Transducer and sensor assembly of the mechanical unit in one-touch system: (a) transmitter 
and energy concentrator, (b) receiver and energy concentrator, (c) strain gage, and (d) base. (From Bechar, A. 
et al., Biosyst. Eng., 91, 329, 2005. With permission.)
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correlations between the force applied and the energy absorbed in the tissue; the gradients of these 
correlations depended on structural and physicochemical variations in the fruit tissue. The meali-
ness of two varieties of apples was successfully measured with this system (Mizrach et al., 2003; 
Bechar et al., 2005). Further details are presented in the following section.





ULTRASOUND IMPLEMENTATIONS AND QUALITY ASSESSMENT 
OF SELECTED FRUITS AND VEGETABLES





The ultrasound systems described in this chapter were adapted, modified, or developed for mea-
suring quality-related indices in fruits and vegetables during their growth and postharvest pro-
cesses. These systems offer the potential for rapid, nondestructive measurement of physicochemical 
changes in fruits and vegetables during growth, storage, and shelf life. Most systems were devel-
oped for a specific kind of fruit and were used to measure its physicochemical changes during one or 
more stages of growth and postharvest development and processing. During growth, an ultrasound 
system might obtain important information regarding the maturation processes and indicate the 
appropriate harvest time, i.e., when the fruit has reached its optimal maturity; it might also obtain 
information regarding quality-related physicochemical properties of the produce (Mizrach et al., 
1999a). During storage and shelf life, ultrasound systems can sense changes in the physicochemi-
cal characteristics of fruit and vegetable tissues, such as firmness, softening, mealiness, and other 
quality indices, and thereby determine the appropriate marketing time or predict attainment of their 
“ready-to-eat” condition (Diederichs, 1996; Mizrach, 2000b; Mizrach et al., 2003; Gaete-Garreton 
et al., 2005). Ultrasonic systems were also used to measure physicochemical changes in fruits dur-
ing long-term storage (Mizrach et al., 2000) or during storage and subsequent shelf life (Flitsanov 
et al., 2000).





The ultrasonic properties and quality parameters of many fruits and vegetables have been reported 
in the literature, and Table 7.1 presents those of a number of selected horticultural products. This 
section surveys the use of ultrasound technology in measurements, applications, and assessment of 
quality parameters of selected fruits and vegetables, whether as tissue segments or as whole-fruit 
specimens, during growth and postharvest processes. The measurement systems developed for col-
lecting ultrasound parameters and determining quality indices of these products are also discussed.





Avocado





Avocado fruits were evaluated in practice by using ultrasound systems during growth, maturation, 
storage, marketing, and shelf life. Applications and the results they yielded in each pre- and post-
harvest stage are reviewed below.





By measuring cylindrical segments of avocado tissues, as described above, Mizrach et al. (1989) 
found that acoustic velocity and ultrasonic attenuation in the fruit ranged from 200 to 400 m s−1 
and from 2 to 6 dB mm−1, respectively, depending on cultivar and aim, i.e., what the measurements 
were intended to determine (Table 7.1). Later, Mizrach et al. (1992, 2009) evaluated the directional 
decay rate of the ultrasonic waves in avocado tissue. By measuring the directivity distribution of 
longitudinal waves in a fruit half-space along the X–Y principal axes, and applying Equation 7.7 to 
the measured data, they were able to measure the wave velocity and attenuation (Table 7.1), and the 
directional distribution of the decay rates of the apparent attenuation coefficients along the trans-
verse and the longitudinal axes.





Mizrach et al.  (1996) monitored avocado fruits in their laboratory and derived correlations 
between the attenuation of the ultrasonic waves, on the one hand, and the firmness and DW per-
centage of the fruits, on the other hand. Even though the continuous-touch method was capable 
of wave velocity measurements, it was not used for these measurements because Mizrach et al. 
(1996) showed that the changes in ultrasound wave velocity within the fruit were relatively small, 
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and not significantly correlated with its physicochemical changes; they therefore ignored veloci-
ties in most of their subsequent studies. However, in more recent studies, the attenuation of the 
ultrasonic signal was found to change dramatically during storage, shelf life, postharvest soft-
ening, and ripening of avocado (Mizrach et al., 1997, 1999a,b; Mizrach and Flitsanov, 1999; 
Mizrach, 2000a).





The physicochemical changes in whole avocado during growth and maturation and determi-
nation of the appropriate harvest time were studied with continuous-touch ultrasonic systems by 
Mizrach et al. (1999a), who derived correlations between the changes in attenuation of the ultra-
sonic signal and those in DW content during the fruiting season. Attenuation of 50 kHz ultrasonic 
waves was measured during this preharvest stage, and changes in the physicochemical and chemi-
cal parameters of the fruits were correlated with the changes in ultrasonic attenuation. Because of 
their physicochemical nature, the oil and DW percentages of avocado fruits increase during growth 
and do not change after harvest (Degani et al., 1986). DW is an acceptable and convenient indicator 
for evaluation of oil content in avocado, when physicochemical tests are performed. A nonlinear 
regression procedure was used to relate variations in ultrasound attenuation and DW to growth time: 
a simple curve was fitted to the experimental results and used to determine the constants for the 
equations, and a parabolic function was fitted to the mean values to define the mathematical and 
statistical models relating the time variation of DW with that of attenuation, and to correlate them 
with one another. A monotonic decrease in the attenuation of the ultrasonic signal with time sug-
gested that parabolic and linear curves be selected for ‘Ettinger’ and ‘Fuerte’, respectively (Mizrach 
et al., 1999a).  Because the DW and attenuation were both time dependent, a direct relationship 
was drawn between these two parameters: an exponential expression was selected as the curve of 
“best fit” between ultrasonic attenuation and the DW percentage of ‘Ettinger’ fruits during growth 
(Mizrach et al., 1999a). The ultrasonic wave attenuation diminished with increasing DW content 
during fruit growth, but not at a constant rate: it fell sharply during the first 3 months of growth and 
then moderately as the fruit approached maturity during the last 2 months of growth. According to 
the attenuation–DW curve, Mizrach et al. (1999a) showed that the ultrasonic attenuation approached 
a constant asymptotic value (Figure 7.11).
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FIGURE 7.11  Attenuation versus dry weight (DW) content during growth, for avocado fruit cv. ‘Ettinger’. 
Vertical and horizontal lines represent confidence intervals for attenuation and DW, respectively (confidence 
limit = 95%). (From Mizrach, A. et al., Sci. Hort., 80, 173, 1999a. With permission.)
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Entry into the asymptotic part of the curve indicates that the DW content is approaching the 
minimum, which is regarded as indicating maturity, and that the fruit has reached the condition 
appropriate for harvesting.  Mizrach et al.  (1999a) showed that it was possible to determine the 
maturity of avocado during growth, which suggests that the DW percentage in avocado could be 
evaluated by ultrasonic attenuation measurement during growth and maturation, and that this could 
be a basis for harvest-time determination.





After harvest, avocadoes are stored, and then put on shelves for marketing. During these stages, 
acoustical, mechanical, and physicochemical changes take place, and ultrasonic systems were used 
to monitor these changes.  Relationships between acoustical, mechanical, and physicochemical 
parameters were proposed for avocado fruits, cvs.  ‘Ettinger’ and ‘Fuerte’ (Mizrach et al., 1997, 
1999a,b). The researchers used continuous-touch ultrasonic systems to assess the changes in the 
quality indices—firmness, DW, and oil content—during storage and shelf life. They correlated the 
ultrasound wave attenuation with these quality indices. The results of measurement of the ultrasonic 
parameters of avocado fruits showed the changes in the ultrasonic characteristics to be strongly 
related to storage time. The velocity of the ultrasonic wave in avocado tissue showed a complex 
non-monotonic relationship with the tissue’s physicochemical properties and was found to be not 
sufficiently sensitive to changes in these properties for use as an indicator. The attenuation of the 
ultrasonic signal in avocado fruits was found to decrease as the fruit grew (Mizrach et al., 1999a) 
and to increase during the postharvest softening and ripening process, until the fruit became very 
soft (Mizrach et al., 1989, 1996; Mizrach and Flitsanov, 1999). The reversal of the direction of the 
attenuation changes in the course of time probably resulted from the simultaneous activity of sev-
eral different physicochemical processes that have not yet been investigated.





Typical results of measurements of changes of velocity, attenuation, and firmness in whole avo-
cadoes during shelf life are presented in Figure 7.12.





Nonlinear regression procedures were used to correlate variations in ultrasound wave attenuation 
and velocity with storage time. A simple curve-fitting program was used to express the experimental 
results as functions of time, to determine the curve shapes, and to formulate the equations and the con-
stants that describe these curves; quadratic equations were chosen for attenuation versus time and cubic 
equations for velocity versus time in avocado (Mizrach et al., 1989, 1996; Mizrach and Flitsanov, 1999).
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FIGURE 7.12  The mean values of firmness, wave attenuation, and velocity, as functions of storage time, 
and the suggested model curves.  (From Mizrach, A.  and Flitsanov, U., J. Food Eng., 40, 139, 1999. With 
permission.)
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The measured attenuation of ultrasonic waves in avocado fruits varied because of the changes in 
quality indices of the fruit. However, wide scattering in measured attenuation values was obtained 
in picked fruits of the same batch after harvesting. This could be caused by lack of homogeneity 
among the fruits because of differing maturities at picking time and differing locations on the tree 
and in the orchard. Mizrach et al. (1996) developed a practical statistical treatment to solve this 
problem. The DW and oil contents do not change after harvest; therefore, firmness remained the 
only major quality parameter that really changed. In order to analyze the results with respect to 
the same scale of maturity, it was hypothesized that firmness at the time the fruit becomes soft is 
a preferred indication of the fruit’s biological age. At this time point, the scatter in firmness mea-
surements was found to be minimal; therefore, the timescale of measurements was normalized to 
the day on which maximum ripeness was indicated. For analysis, the attenuation and velocity data 
were “time shifted” so that all measurements could be compared with the values measured on the 
day of maximum ripeness. This process extended the timescale of the results, but it reduced the 
scattering in attenuation measurements and enabled better prediction models, which have been 
used since then.





During low-temperature storage of avocado fruits, the attenuation initially decreased, and 
the lower the storage temperature, the less the measured attenuation, but it increased during the 
4 weeks of storage. The differences in attenuation changes between fruits stored at different 
temperatures were found to be quite significant (Mizrach et al., 2000). Diminution of firmness 
during storage is a natural physicochemical process in avocado, but low-temperature storage 
slows the softening process; the firmness still decreases, but the lower the storage temperature, 
the slower the softening (Mizrach et al., 2000). Since the firmness and attenuation were both 
found to be time dependent, a direct relationship between these two parameters was defined. 
The ultrasonic wave attenuation increased with diminishing firmness at all storage temperatures 
(Figure 7.13).





The gradients for fruits stored at 6°C, 8°C, and 20°C were very close to one another, but differed 
from those for 2°C and 4°C, which were also very close to one another (Figure 7.13). This suggests 
that monitoring of fruit firmness by means of attenuation measurements should take account of dif-
ferences between fruits stored at temperatures above and below 6°C.
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FIGURE 7.13  Attenuation versus firmness and linear regressions at several storage temperatures, for 
avocado fruit cv. ‘Ettinger’. ■, 2°C; ●, 4°C; ▲, 6°C; ∇, 8°C; □, 20°C (control). (From Mizrach, A. et al., 
Comput. Electron. Agric., 26, 199, 2000. With permission.)
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Apple





In apple fruits, texture is seen to be a primary quality attribute, together with flavor and appearance. 
Crispness, firmness, hardness, juiciness, and mealiness are the most generally recognized texture 
attributes in apples; of these, mealiness impairs the quality and reduces market acceptability and 
price. Retailers have been found perfectly able to distinguish a mealy product from a fresh one, 
describing it correctly with terms such as non-juicy, soft, etc. (De-Smedt, 2000); nevertheless, there 
was a need for a reliable method, supported by appropriate sensors, for nondestructive evaluation 
and classification of apples in terms of their mealiness. The demand for high quality necessitates a 
reliable, rapid, nondestructive, noninvasive technique for measuring some of the texture attributes 
of the fruit, especially mealiness, that develop as it matures and that are indicative of its quality. 
Furthermore, such a technique must be usable by an untrained person. A method based on a pat-
ented development that enables the fruit quality attributes to be assessed by measuring the changes 
in ultrasonic sound waves passing through the peel and flesh (Mizrach et al., 1994b) was modified to 
facilitate the measurement of the acoustic parameters of whole apples with a single-touch, variable-
load system operating in the time domain (Figures 7.9 and 7.10). This system, based on ultrasonic 
energy absorption, measured the ultrasonic attenuation in tissues of three mealiness levels—fresh, 
ripe, and overripe—in ‘Jonagold’ and ‘Cox’ apples (Mizrach et al., 2003; Bechar et al., 2005). The 
apples were also examined for differences in energy absorption between the red and the green sides 
of the fruits. The results showed that the mean calculated value of mealiness for the green side of 
‘Jonagold’ apples increased with increasing mealiness and that there were significant differences 
between the fresh and overripe groups. The mean calculated values of mealiness for the red side 
of fresh fruits were found to be significantly lower than those for overripe ones. However, in ‘Cox’ 
apples, no significant differences were found between mealiness levels on the green and the red side 
of the fruit. Mizrach et al. (2003) concluded that the results obtained make it is possible to distin-
guish among the three mealiness levels in ‘Jonagold’ but not in ‘Cox’ apples; they suggested that 
this phenomenon be investigated further.





In a follow-on study, Bechar et al. (2005) analyzed the ultrasound waves that had been measured 
by Mizrach et al. (2003), in parallel with the determination of the mealiness level of the fruit by 
destructive measurements under confined compression. The comparison between the results of the 
ultrasound measurements and of the confined-compression tests showed good matching between 
attenuation and the fresh and the overripe mealiness levels for ‘Cox’ apples, but not for ‘Jonagold’ 
apples; the differences were found to be minor and statistically insignificant.





Mango





Mango fruits were monitored with ultrasound systems throughout the postharvest stages of shelf 
life and marketing. The physicochemical changes in whole mango fruits were studied with contin-
uous-touch ultrasonic systems working in the time domain (Mizrach et al., 1997, 1999a), and with 
a single-touch, permanent-load system operating in the frequency domain (Mizrach et al., 1999b). 
Mizrach et al.  (1997) measured the attenuation of the ultrasonic signal of mango fruits during 
10 days of shelf life at room temperature and correlated the results with fruit firmness, sugar con-
tent, and acidity. They found an increase in attenuation from 2.7 dB mm−1 on the first day to 4.16 dB mm−1 
at the end of the test. The trends were numerically and graphically analyzed by means of statistical 
and curve-fitting procedures, and a quadratic expression was found to be a good fit (R2 = 0.99) to the 
changes in attenuation.





Changes in the physiological and chemical parameters of the fruits were correlated with the 
changes in ultrasonic attenuation. The fruits were subjected to ultrasonic nondestructive tests as 
well as to destructive penetration measurements of firmness, and to physicochemical tests for tissue 
sugar content and acidity. The data set was analyzed statistically, and calibration equations were 
developed to determine the relationships between the ultrasonic parameters and the firmness and 
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physicochemical indices. Since the firmness and attenuation were both time dependent, a direct 
relationship between them was defined. A parabolic expression was selected as the curve of “best 
fit” to describe this relationship for mango (Mizrach et al., 1997) (Figure 7.14).





The variations in ultrasound attenuation and in the chemical changes (sugar content and acidity) 
during the storage time were related to one another by means of a nonlinear regression procedure 
(Figure 7.15).





A simple curve was fitted to the experimental results and was used to determine the constants 
for its equations. A third-degree polynomial expression was selected to describe the direct relation-
ship between attenuation and sugar content, and a parabolic expression was used for that between 
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FIGURE 7.14  Parabolic expressions for the averaged firmness values of mango fruits (cv. ‘Tommy Atkins’) 
versus NDT ultrasonic attenuation. (From Mizrach, A. et al., Trans. Am. Soc. Agric. Eng., 40(4), 1107, 1997.)
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FIGURE 7.15  Polynomial expression of the averaged sugar contents (○) and acidity (Δ) of mango fruits 
(cv. ‘Tommy Atkins’) versus attenuation. (From Mizrach, A. et al., Trans. Am. Soc. Agric. Eng., 40(4), 1107, 
1997.)
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attenuation and acidity. Both of these physiological parameters reflect internal changes in the mango 
fruit during ripening. The equations enable us to determine the sugar content and acidity, and to 
monitor the softening process in a batch of mango fruits in a packing house directly, by nondestruc-
tively measuring their ultrasonic attenuation (Mizrach et al., 1997). The relationships between the 
ultrasonic attenuation and the physiological parameters suggested by Mizrach et al. (1997) enable 
nondestructive determination of the physicochemical properties of fruits, estimation of their matu-
rity, precise determination of the appropriate harvest time, and nondestructive assessment of their 
firmness.





Melon





A study of ultrasonic determination of the internal physicochemical parameters of ripe autumn-
grown and winter-grown melons (cv. ‘Galia’) was carried out by Mizrach et al. (1991, 1994c). 
Acoustical, mechanical, and quality parameters of melon sectors sampled from several depths 
and the relationships among these parameters were measured and analyzed with single-touch 
ultrasonic systems. The authors found that the modulus of elasticity and the tangent modulus 
of the sample tissues decreased drastically, from 644 to 209 kPa, and the attenuation of a trans-
mitted ultrasound pulse decreased from 3.71 to 1.1 dB mm−1, as the sampling depth increased 
from 10 to 30 mm. They also found that the firmness and sugar content increased strongly with 
sampling depth. When Mizrach et al. (1991, 1994c) correlated these results, they found a strong 
dependence between attenuation measurements in the tissue sectors, on the one hand, and the 
physicochemical parameters, firmness, and sugar contents, on the other hand, and they con-
cluded that this strong dependence on depth indicated a potential for using the attenuation coeffi-
cient for determination of internal fruit quality (Mizrach et al., 1991, 1994c). In a different phase 
of the study, Mizrach et al.  (1994c) determined the ripeness status of melons from their peel 
color, as it changed from green to yellow. By applying the continuous-touch ultrasound system, 
they measured the surface wave velocity and attenuation in a whole melon fruit (Mizrach et al., 
1994c); they found that the amplitude of the wave transmitted through the peel increased as the 
color changed from green to yellow, and that there was a good correlation between the peel color, 
i.e., the ripeness, and the acoustic attenuation. They concluded that nondestructive techniques 
might be used to determine the ripeness stage of other varieties of melons, in which the color 
change is not so conspicuous.





Olive





In olives destined for table use and for oil extraction, the most important quality parameter is the 
amount of oil in the mature fruit; this enables the determination of their optimum harvest time 
(Mizrach et al., 2006a). The growth process in the olive fruit extends from fruit set through green or 
black maturation and might last for 5–7 months, depending mainly on the variety. During this period, 
changes in fruit weight, oil content, and color are observed. The most important change occurring in 
the fruit involves the factor considered most significant with respect to quality—the accumulation of 
oil in its cells. In many fruit tree species, changes in visible color are used to determine the optimal 
harvest time (Mizrach et al., 1996), but in olive these changes do not provide a clear-cut criterion for 
harvest-time determination, and a delay in harvesting might cause fruit loss and reduction in quality, 
without a significant gain in oil yield. A continuous-touch ultrasonic system, based on measurement 
of acoustic wave attenuation in the tissue, was applied to whole olive fruits by means of ultrasonic 
probes in contact with the peel. The ultrasonic wave attenuation was measured and correlated with 
the oil content of the fruits (Mizrach et al., 2006b), and it was found that the ultrasonic attenuation 
in the oil cultivars ‘Souri’ and ‘Barnea’ decreased from 19 to 9 dB mm−1 as the oil content increased 
from 19% to 27% (Figure 7.16).
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This suggested that the ultrasonic method could be used for nondestructive quality determination 
of the oil olives ‘Souri’ and ‘Barnea’ by estimation of the oil content in their fruits and therefore for 
the determination of their optimum harvest time.





Plum





A nondestructive ultrasonic method was used to determine the maturity and sugar content of plum 
fruits (cv. ‘Royal Z’) during storage for up to 151 h (Mizrach, 2004); it involved a continuous-touch 
ultrasonic system based on measurement of acoustic wave attenuation in the fruit tissue by means 
of ultrasonic probes in contact with the peel. The differences in the acoustic signals transmitted 
through the tissue of fruits at different stages of maturity were measured and analyzed at intervals 
throughout the storage period. The fruits were also subjected to destructive penetration measure-
ments of firmness and sugar content, and the relationships between the results of the ultrasonic 
attenuation measurements and those of the destructive measurements were determined during the 
course of shelf life. The measured attenuation and the firmness were both found to decrease in 
the course of shelf life, with extreme ranges of 5.41–0.54 dB mm−1, and 1.8–0.25 lb, respectively. 
Good correlation (R2 = 0.72) between the attenuation and the firmness was observed from 78 h after 
shelf-life entry until the end of the softening process. Mizrach (2004) suggested that this ultrasonic 
method might be used as a nondestructive technique for monitoring the firmness of plums at a series 
of time points during storage.





Potato





The acoustic properties of potatoes were measured by the pulse transmission method, with longitu-
dinal ultrasonic waves in a frequency range of 50 kHz–1 MHz, in a study that aimed to distinguish 
between good and defective potatoes (Ha et al., 1991). The average ultrasonic velocity was found 
to be 824 m s−1 at 100 kHz and the attenuation coefficient, as measured with several transducers at 
several frequencies, was found to be approximately proportional to 1.4 × f, where f is the frequency 
of the transducer. The attenuation in defective potatoes was found to be much higher than that in 
sound ones; therefore, the authors suggested that this was a practicable way of detecting defective 
potatoes (Ha et al., 1991; Hansen et al., 1992).
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FIGURE 7.16  Average values and trend lines for attenuation versus oil content in olives (cvs. ‘Souri’ and 
‘Barnea’). (From Mizrach, A. et al., Maturity measurements of olive fruits using acoustic and compression 
methods, in CIGR XVI Word Congress, 2006b, Bonn, Germany.)
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Hansen et al. (1992) attempted to use radiography- and ultrasound-based methods to detect wee-
vil activities in weevil-infested sweet potatoes. They reported that no weevil life stage in the tuber-
ous roots was clearly identified by radiographic methods, but uninfested sweet potatoes were clearly 
distinguishable from infested ones that contained feeding tunnels. They concluded that radiography 
could assist in the development of quarantine treatments; however, ultrasound could not penetrate 
the root surface and did not produce an image (Hansen et al., 1992; Cheng and Haugh, 1994). The 
lack of penetration ability could be attributed to the use of frequencies of 5 and 7.5 MHz, which are 
very strongly attenuated in potato tissue.





Lower-frequency probes were used in other studies: Cheng and Haugh (1994) used ultrasonic 
waves at 250 kHz in a through-transmission system applied to whole potato tubers to investigate the 
presence of hollow heart. They found that the waveform of ultrasonic signals transmitted through a 
hollow-heart potato differed from that of those through a sound potato. Furthermore, the defective 
tubers could be separated from the sound ones according to the amount of ultrasonic power trans-
mitted through them (Cheng and Haugh, 1994; Abbott, 1999).





Tomato





Verlinden et al. (2004) used a continuous-touch ultrasonic technique to evaluate chilling injury in 
tomatoes, but found that the contact pressure between the probes and the tomato flesh caused diffi-
culties. The contact force that had to be applied to obtain results caused destructive penetration into 
the tomatoes; therefore, Verlinden et al. (2004) suggested that a nondestructive ultrasonic technique 
be developed to make this method applicable.





A nondestructive ultrasonic method was used to monitor the physicochemical changes in firm-
ness and sugar content in greenhouse tomatoes (cv. ‘870’) during their shelf life (Mizrach, 2007). 
The acoustic wave attenuation in the fruit tissue was measured with a continuous-touch ultrasonic 
system that used ultrasonic probes in contact with the fruit peel, and the fruits were then also sub-
jected to destructive penetration measurements of firmness. The results were analyzed statistically 
to determine the changes in nondestructive ultrasonic attenuation and the destructively measured 
firmness during 8 days of shelf life. The measured attenuation and firmness were found to decrease 
significantly in the course of shelf life: extreme ranges were 5.57 down to 2.05 dB mm−1, and 8.9 
down to 2.2 N, respectively. Since the attenuation and firmness were both measured in the same 
time frame, it was possible to directly examine the relationship between attenuation and firmness: 
attenuation was found to be linearly related to fruit firmness during 8 days following entry into stor-
age, which suggests that this ultrasonic method might be used for nondestructive firmness monitor-
ing of tomatoes during their shelf life (Mizrach, 2007).





CONCLUSIONS





This chapter presents the concepts, technologies, developments, modifications, and applications 
associated with the use of ultrasonic techniques for fruit and vegetable quality evaluation during 
pre- and postharvest processes. It surveys various ultrasound measurement methods and how they 
have been adapted for measuring physicochemical changes and quality indices of various tissues, 
specimens, and whole fresh fruits during the course of growth, maturation, harvest, storage, shelf 
life, and consumption.  This chapter confirms that, in light of two decades of attempts to apply 
ultrasound technology to fresh agricultural produce, the technique is now feasible. There has been 
considerable progress since the early studies, which were hampered by limited knowledge of the 
responses of fruit and vegetable tissues to ultrasonic waves, the lack of suitable equipment or com-
ponents, and the inappropriate frequency ranges or lack of power of the available transducers. New 
lines of equipment have been developed, and awareness has grown of the advantages to be gained 
through the use of ultrasonic technology for quality evaluation of fresh fruits and vegetables. Many 
reports, cited in this review, describe difficulties and limitations in applying the ultrasound technique 
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for quality evaluation during the various biological processes, and, in fact, most of the ultrasound 
techniques still remain efficient research tools that are not yet applicable to quality-related measure-
ments. This suggests that the technology is not yet ripe for commercial use and that there is yet 
much to be done in order to make it a widely used sorting tool. The wide range of practical uses, 
and the success of ultrasound applications in medicine and industry are encouraging, since they 
indicate that there is good scope for future successful applications of this technology in agriculture 
also. The knowledge we now have and the nondestructive nature of this technique also help to boost 
its attractiveness for applications in monitoring the quality of fruits and vegetables. Thus, continued 
development of equipment and techniques will ensure increasing implementation and uptake of this 
technology to meet the expanding requirements of the fresh and processed agricultural produce sec-
tors. Commercial application of these techniques will be beneficial to growers as well as to consum-
ers and distributors. Scientific advances will increase the availability of better-quality products; the 
income of fruit and vegetables growers will match the quality of their products; and distributors will 
be able to comply with consumer demands for uniformly high-quality products. The public demand 
for better-quality agricultural produce will increase in the future and will stimulate studies that lead 
to increased availability of sophisticated techniques, sensors, and user-friendly noninvasive devices 
for measuring quality indices; some of these will certainly apply ultrasound technologies.





REFERENCES





Abbott, J. A. 1999. Quality measurement of fruits and vegetables. Postharvest Biology and Technology, 15, 
207–225.





Bechar, A., Mizrach, A., Barreiro, P., and Landahl, S. 2005. Determination of mealiness in apples using ultra-
sonic measurements. Biosystems Engineering, 91, 329–334.





Butz, P., Hofmann, C., and Tauscher, B. 2005. Recent developments in noninvasive techniques for fresh fruit 
and vegetable internal quality analysis. Journal of Food Science, 70, R131–R141.





Camarena, F. and Martinez-Mora, J. A. 2006. Potential of ultrasound to evaluate turgidity and hydration of the 
orange peel. Journal of Food Engineering, 75, 503–507.





Cheng, Y. and Haugh, C. G. 1994. Detecting hollow heart in potatoes using ultrasound. Transactions of the 
American Society of Agricultural Engineering, 37, 217–222.





Chivers, R. C., Russell, H., and Anson, L. W. 1995. Ultrasonic studies of preserved peaches. Ultrasonics, 33, 
75–77.





Degani, C., Bechor, V., Albazri, R., and Blumenfeld, A. 1986. Dry weight content as an index for determination 
of maturity of avocado fruits. Alon Hanotea, 40, 1017–1022.





De-Smedt, V.  2000.  Measurement and modeling of mealiness in apples.  Catholic University of Leuven, 
Belgium.





Diederichs, R. 1996. UT in Israel. NDTnet—The e–Journal of Nondestructive Testing, 1, [cited December 10, 
2006]. Available from http://www.ndt.net/article/map/il_map/il.htm





Filipczynski, L. 1964. Measurement of longitudinal and transverse waves radiated by a compressional source 
into elastic semispace. Proceedings of Vibration Problems, 5, 89–93.





Flitsanov, U., Mizrach, A., Liberzon, A., Akerman, M., and Zauberman, G. 2000. Measurement of avocado 
softening at various temperatures using ultrasound. Postharvest Biology and Technology, 20, 279–286.





Fuchs, Y., Pesis, E., and Zauberman, G. 1980. Changes in amylase activity, starch and sugars contents in mango 
pulp. Scientia Horticulturae, 13, 155–160.





Gaete-Garreton, L., Vargas-Hernandez, Y., Leon-Vidal, C., and Pettorino-Besnier, A. 2005. A novel noninva-
sive ultrasonic method to assess avocado ripening. Journal of Food Science, 70, E187–E191.





Galili, N., Mizrach, A., and Rosenhouse, G. 1993. Ultrasonic testing of whole fruit for nondestructive quality 
evaluation. ASAE Paper No. 936026.





Ha, K., Kanai, H., Chubachi, N., and Kamimura, K.  1991. A basic study on nondestructive evaluation of 
potatoes using ultrasound. Japanese Journal of Applied Physics Part 1–Regular Papers Short Notes and 
Review Papers, 30, 80–82.





Hansen, J. D., Emerson, C. L., and Signorotti, D. A. 1992. Visual detection of sweet-potato weevil by noninva-
sive methods. Florida Entomologist, 75, 369–375.





Harkness, R. W.  1954.  Chemical and physical tests of avocado maturity.  Proceedings of the Florida State 
Horticultural Society, 67, 248–250.



















160	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





Horwitz, W.  1970.  Official Methods of Analysis.  The Association of Official Analytical Chemists, 
Washington, DC.





Inomata, Y. and Suzuki, K. 2001. Non-destructive measurement of watercore in Japanese pear (Pyrus pyrifolia 
Nakai) ‘Hosui’. Jarq—Japan Agricultural Research Quarterly, 35, 125–129.





Johnston, J. W., Hewett, E. W., and Hertog, M. 2002. Postharvest softening of apple (Malus domestica) fruit: 
A review. New Zealand Journal of Crop and Horticultural Science, 30, 145–160.





Kim, K. B., Jung, H. M., Kim, M. S., and Kim, G. S. 2004. Evaluation of fruit firmness by ultrasonic measure-
ment. Advances in Nondestructive Evaluation, Pt 1–3. Trans Tech Publications Ltd., Zurich-Uetikon,





Kinsler, L. E. and Frey, A. R. 1972. Fundamentals of Acoustics. John Wiley, New York.
Krautkramer, J.  and Krautkramer, H.  1990.  Ultrasonic Testing of Materials.  Springer-Verlag, Heidelberg, 





Germany.
Kuttruff, H. 1991. Ultrasonics: Fundamentals and Applications. Elsevier, New York.
Lee, S. K. 1981. Method for percent oil analysis of avocado fruit. Yearbook (California Avocado Society), 65, 





133–41.
Lee, S. K., Young, R. E., Schiffman, P. M., and Coggins, C. W.  J. 1983. Maturity studies of avocado fruit 





based on picking dates and dry weight. Journal of the American Society for Horticultural Science, 108, 
390–394.





Lewis, C. E. 1978. The maturity of avocados—A general review. Journal of the Science of Food and Agriculture, 
29, 857–866.





Makarov, L. O. 1964. Method of design of rod-type exponential ultrasonic concentrators. In Nozdreva, V. F. 
(Ed.) Ultrasound in Industrial Processing and Control. Academic Press, New York.





MATLAB. 1995. The Mathworks, Inc., South Natick, MA.
Matrix, S. 1989. Spectra matrix. In Spectra–Matrix, 1.8 edn. LT Industries, Inc., Rockville, MD.
McClements, D. J., Povey, M. J. W., Jury, M., and Betsanis, E. 1990. Ultrasonic characterization of a food 





emulsion. Ultrasonics, 28, 266–72.
Mizrach, A. 2000a. Determination of avocado and mango fruit properties by ultrasonic technique. Ultrasonics, 





38, 717–722.
Mizrach, A. 2000b. Portable ultrasonic nondestructive fruit quality analyzer. In The XIV Memorial CIGR Word 





Congress 2000. Paper No. R6210, Tokyo, Japan.
Mizrach, A.  2004.  Assessing plum fruit quality attributes with an ultrasonic method.  Food Research 





International, 37, 627–631.
Mizrach, A. 2007. Nondestructive monitoring of tomato during shelf life storage utilizing ultrasonic method. 





Postharvest Biology and Technology, 46, 271–274.
Mizrach, A. 2008. Ultrasonic technology for quality evaluation of fresh fruit and vegetables in pre- and post-





harvest processes. Postharvest Biology and Technology, 48, 315–330.
Mizrach, A., Bechar, A., Grinshpon, Y., Hofman, A., Egozi, H., and Rosenfeld, L. 2003. Ultrasonic classification 





of mealiness in apples. Transactions of the American Society of Agricultural Engineering, 46, 397–400.
Mizrach, A. and Flitsanov, U. 1999. Nondestructive ultrasonic determination of avocado softening process. 





Journal of Food Engineering, 40, 139–144.
Mizrach, A., Flitsanov, U., Akerman, M., and Zauberman, G. 2000. Monitoring avocado softening in low-





temperature storage using ultrasonic measurements.  Computers and Electronics in Agriculture, 26, 
199–207.





Mizrach, A., Flitsanov, U., El-Batsri, R., and Degani, C. 1999a. Determination of avocado maturity by ultra-
sonic attenuation measurements. Scientia Horticulturae, 80, 173–180.





Mizrach, A., Flitsanov, U., and Fuchs, Y. 1997. An ultrasonic nondestructive method for measuring maturity of 
mango fruit. Transactions of the American Society of Agricultural Engineering, 40, 1107–1111.





Mizrach, A., Flitsanov, U., Schmilovitch, Z., and Fuchs, Y. 1999b. Determination of mango physiological indi-
ces by mechanical wave analysis. Postharvest Biology and Technology, 16, 179–186.





Mizrach, A., Galili, N., Ganmor, S., Flitsanov, U., and Prigozin, I. 1996. Models of ultrasonic parameters to 
assess avocado properties and shelf life. Journal of Agricultural Engineering Research, 65, 261–267.





Mizrach, A., Galili, N., and Rosenhouse, G. 1989. Determination of fruit and vegetable properties by ultrasonic 
excitation. Transactions of the American Society of Agricultural Engineering, 32, 2053–2058.





Mizrach, A., Galili, N., and Rosenhouse, G. 1992. Half-cut fruit response to ultrasonic excitation. ASAE Paper 
No. 923017. American Society of Agricultural Engineers, St. Joseph, MI.





Mizrach, A., Galili, N., and Rosenhouse, G. 1994a. Determining quality of fresh products by ultrasonic excita-
tion. Food Technology, 48, 68–71.



















Ultrasound for Fruit and Vegetable Quality Evaluation	 161





Mizrach, A., Galili, N., and Rosenhouse, G. 1994b. A method and a system for non-destructive determination of 
quality parameters in fresh produce. Israel Patent No. 109406, USA Patent No. 5589209, French Patent 
No. 9504869.





Mizrach, A., Galili, N., and Rosenhouse, G. 2009. 3-D Model of sound pressure field in a meridinal section 
plane of fruit. Ultrasonics, 49, 83–88.





Mizrach, A., Galili, N., Rosenhouse, G., and Teitel, D. C. 1991. Acoustical, mechanical, and quality param-
eters of winter-grown melon tissue. Transactions of the American Society of Agricultural Engineers, 34, 
2135–2138.





Mizrach, A., Galili, N., Teitel, D. C., and Rosenhouse, G. 1994c. Ultrasonic evaluation of some ripening param-
eters of autumn and winter-grown galia melons. Scientia Horticulturae, 56, 291–297.





Mizrach, A., Schmilovitch, Z., and Avidan, B. 2006a. Maturity determination in olive fruit using acoustic and 
firmness measurements. In Olivebioteq—The 2nd International Seminar, Sicily, Italy.





Mizrach, A., Schmilovitch, Z., and Avidan, B. 2006b. Maturity measurements of olive fruits using acoustic and 
compression methods. In CIGR XVI Word Congress, Bonn, Germany.





Moreno, E., García, F., Castillo, M., Sotomayor, A., and Fuentes, M. 2002. Ultrasonic velocity measurement 
in viscoelastic material using the wavelet transform.  In: Lee, H.  (Ed.). Acoustical Imaging, Springer, 
Berlin, Germany.





Morse, P. M. and Ingard, K. U. 1968. Theoretical Acoustics. McGraw-Hill Book Company, New York.
Nielsen, M., Martens, H. J., and Kaack, K. 1998. Low frequency ultrasonics for texture measurements in car-





rots (Daucus carota L.) in relation to water loss and storage. Postharvest Biology and Technology, 14, 
297–308.





Peacock, B. C., Murray, C., Kosiyachinda, S., Kosittrakul, M., and Tansiriyakul, S. 1986. Influence of harvest 
maturity of mangoes on storage potential and ripe fruit quality. Association of South East Asian Nations 
Food Journal, 2, 99–109.





Porteous, R. L., Muir, A. Y., and Wastie, R. L. 1981. The identification of diseases and defects in potato tubers 
from measurements of spectral reflectance. Journal of Agricultural Engineering Research, 26, 151–160.





Povey, M. J. W. 1998. Ultrasonics of food. Contemporary Physics, 39, 467–478.
Povey, M. J. W. and Mcclements, D. J. 1988. Ultrasonics in food engineering. Part I: Introduction and experi-





mental methods. Journal of Food Engineering, 8, 217–245.
Povey, M. J. W. and Wilkinson, J. M. 1980. Application of ultrasonic pulse-echo techniques to egg albumin 





quality testing: A preliminary report. British Poultry Science, 21, 489–495.
Sarkar, N. and Wolfe, R. R. 1983. Potential of ultrasonic measurements in food quality evaluation. Transactions 





of the American Society of Agricultural Engineering, 26, 624–629.
Self, G. K., Ordozgoiti, E., Povey, M. J. W., and Wainwright, H. 1994. Ultrasonic evaluation of ripening avo-





cado flesh. Postharvest Biology and Technology, 4, 111.
Shannon, A.  F.  1949.  Refractive index and other extraction methods for oil in avocados.  Bulletin of the 





California Department of Agriculture, 38, 127–132.
Shewfelt, R.  L.  and Bruckner, B.  2000.  Fruit and Vegetables Quality: An Integrated View.  Technomic 





Publication, Lancaster, PA.
Upchurch, B. L., Affeldt, H. A., Aneshansley, D. J., Birth, G. S., Cavalieri, R. P., Chen, P., Miller, W. M., Sarig, 





Y., Schmilovitch, Z., Throop, J. A., and Tollner, B. W. 1994. Detection of Internal Disorders. ASAE 
publications, St. Joseph, MI.





Upchurch, B. L., Furgason, E. S., and Miles, G. E. 1985. Spectral analysis of acoustical signal for damage 
detection. ASAE Paper No. 85-Wt4.





Upchurch, B. L., Furgason, E. S., and Miles, G. E. 1986. Ultrasonic measurements for damage detection on 
agricultural products. IEEE Transactions on Ultrasonics Ferroelectrics and Frequency Control, 33, 101.





Upchurch, B. L., Miles, G. E., Stroshine, R. L., Furgason, E. S., and Emerson, F. H. 1987. Ultrasonic measure-
ment for detecting apple bruises. Transactions of the American Society of Agricultural Engineering, 30, 
803–809.





Verlinden, B. E., De Smedt, V., and Nicolai, B. M. 2004. Evaluation of ultrasonic wave propagation to measure 
chilling injury in tomatoes. Postharvest Biology and Technology, 32, 109–113.





Walls, P. N. T. 1969. Physical Principles of Ultrasonic Diagnosis. Academic Press, New York.
Watts, K. C. and Russell, L. T. 1985. A review of techniques for detecting hollow heart in potatoes. Canadian 





Agricultural Engineering, 27, 85–90.





























163





8 Ultrasound in Food 
Technology





Taner Baysal and Aslihan Demirdoven





INTRODUCTION





Foods begin to lose their quality the moment they are harvested, through changes resulting from 
enzymatic, microbiological, chemical, or physical reactions.  Food preservation prevents these 
deteriorative reactions, ensuring its safety and extending food’s shelf life. Microorganisms and 
enzymes are the main agents responsible for food spoilage and therefore the targets of preserva-
tion techniques. Currently, heat is the main food preservation technique to act via inactivation, 
which is used substantially in the food industry (Raso and Barbosa-Canovas, 2003). Although 
thermal preservation methods provide safer foods, there is a loss of food quality associated with 
this processing method.  Thermal treatment can cause undesirable alterations of sensory attri-
butes, i.e., color, smell, flavor, texture, and nutritional (vitamins, proteins) qualities. Consumers 
now demand minimally processed fresh-like food with high-quality sensory and nutritional attri-
butes. For this reason, targeted nonthermal food processing and preservation methods are gaining 
importance (Demirdoven and Baysal, 2009). Hence, the main objective of the nonthermal food 
preservation methods is to minimize the degradation of food quality through limiting heat dam-
age of the food. The development of food-processing technology has been influenced by numer-
ous factors; among them, consumer demands have undoubtedly oriented the new trends in the 
manufacturing, preservation, and control of food (Senorans et al., 2003).





One important trend in food processing is the development and optimization of novel food 
preservation processes. In particular are those used to obtain minimally processed foods (through 
hurdle technologies and/or with natural preservatives) as well as those based on emerging physical 
techniques (high hydrostatic pressure, pulsed electric fields, ultrasound, etc.), processes able to pro-
duce more nutritive, fresher, less processed, and safer foods (Mermelstein, 1999, 2000). Ultrasound 
is probably the most versatile and simplest method for the production of extracts and the disruption 
of cells; in addition, this method is efficient, safe, and reliable. Ultrasound is the energy generated 
by sound waves of 20,000 or more vibrations per second that are able to travel through gas, liquid, 
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and solid materials. The use of ultrasound within the food industry has been a subject of researches 
for many years (Mason, 1990; Earnshaw, 1995; Mason et al., 1996; Earnshaw, 1998; Piyasena et al., 
2003; Zenker et al., 2003).





The objectives of this chapter are to describe some of the most important food-processing 
applications of ultrasound, to review ultrasonic quality and control measurements of food products, 
and to outline possible applications of the technique in the food industry.





ULTRASOUND IN FOOD TECHNOLOGY





Ultrasound is defined as sound waves with frequencies above the threshold for human hearing 
(>16 kHz) and in its most basic definition refers to pressure waves with a frequency of 20 kHz or 
more (Butz and Tauscher, 2002). Generally, ultrasound equipment uses frequencies from 20 kHz to 
10 MHz. And there are two distinct types of applications of ultrasound in the food industry: high 
and low intensity (Bjorno, 1991).





High-intensity ultrasound (power ultrasound) is used to physically alter the properties of a 
material through which it propagates. It utilizes relatively high power levels (>1 W cm−2) and low 
frequencies (<0.1 MHz). There has been a growing interest lately in the use of high-intensity ultra-
sound as a preservation method (McClements, 1995a), and such treatment causes physical and 
chemical alterations to the food being processed (Villamiel et al., 1999).





Applications of power ultrasound have been tested for microbial and enzyme inactivation, 
biocomponent separation, emulsification, interface heat and mass transfer enhancement, cutting, 
crystallization enhancement, and extraction of bioactive component(s) in foods and plants. Due 
to new developments in ultrasound generation techniques, as well as increased understanding of 
cavitation phenomena, interest has increased in recent years to examine the use of power ultra-
sound as an alternative food-processing and preservation tool (Feng et al., 2008).





Low-intensity ultrasound is used to provide information about the physical properties of food 
materials. The power levels used are lower than those used in high-intensity applications (<0.1 W cm−2) 
and the frequencies higher (0.1–100 MHz).  Low-intensity ultrasound provides information about 
physicochemical properties, while high-intensity ultrasound is used to alter, either physically or 
chemically, the properties of foods, e.g., to generate emulsions, disrupt cells, promote chemical 
reactions, inhibit enzymes, tenderize meat, and modify crystallization processes (McClements, 
1995a,b).





The effectiveness of ultrasound as a food-processing tool has been proven in the laboratory, and 
there are a number of examples of scale-up. In most cases, the frequency used has been that which 
is available commercially, i.e., 20 or 40 kHz, and this has proved quite satisfactory. In such cases, 
the variable parameters are temperature, treatment time, and acoustic power (Mason et al., 2005). 
The effects of ultrasound in liquid media depend on many variables, such as the characteristics of 
the treatment medium (viscosity, surface tension, vapor pressure, nature and concentration of the 
dissolved gas, and presence of solid particles), treatment parameters (pressure and temperature), 
ultrasound generator performance (frequency, power input), size, and geometry of the treatment 
vessel (Berlan and Mason, 1992). Ultrasound is known to disrupt biological structures and when 
applied with sufficient intensity has the potential to cause cell death (Harvey and Loomis, 1929; 
Hughes and Nyborg, 1962; Williams et al., 1970; Malo et al., 2005).





FOOD-PROCESSING APPLICATIONS OF ULTRASOUND





Ultrasound processes are used in food manufacturing for peeling, disintegration of cells, extracting 
(extract intracellular components or obtain cell-free bacterial enzyme), activation (acceleration) of 
an enzyme reaction in liquid foods, acceleration of a microbial fermentation, mixing, homogeniz-
ing, dispersion of a dry powder in a liquid, emulsifying of oil/fat in a liquid stream, spraying, 
degassing, inspection, e.g., in the beverage industry, deactivation of enzymes, microbial inactivation 
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(preservation), crystallization of fats and sugars, foam breaking, meat tenderization, cleaning and 
surface decontamination, effluent treatment, humidifying and fogging, stimulation of living cells, 
and enhanced oxidation (Vollmer et al., 1998; Betts et al., 1999; Demirdoven and Baysal, 2009).





Microbial and Enzyme Inactivation





Ultrasound technology is being studied alone or combined with other preservation processes for 
inactivation of microorganisms (Table 8.1) and enzymes (Table 8.2) in food processing (Villamiel 
and de Jong, 2000a,b; Senorans et al., 2003).  Critical processing factors are assumed to be the 
amplitude of the ultrasonic waves, the exposure/contact time with the microorganisms, the type of 
microorganism, the volume of food to be processed, the composition of the food, and the tempera-
ture of treatment (Anonymous, 2000; Senorans et al., 2003). Hence, different authors have attempted 
to use it in combination with other antimicrobial methods to increase its effect in microbial and 
enzyme inactivation (Hoover, 1997). Because of the complexity and sometimes protective nature of 
the food, the singular use of ultrasound as a preservation method is impracticable. Although ultra-
sound technology has a wide range of current and future applications in the food industry, including 
inactivation of microorganisms and enzymes, presently, most developments for food applications 
are nonmicrobial. There are not many data on inactivation of food microorganisms and enzymes 





TABLE 8.1
Effects of Ultrasound on Microorganisms





Microorganism Ultrasound Process Remarks References





L. moncytogenes 20 kHz (ambient temperature) D value 4.3 min Pagan et al. (1999a)





20 kHz (ambient temperature) 
and 200 kPa pressure





D value 1.5 min Pagan et al. (1999b)





Salmonella spp. 160 kHz, 100 W, 10 min 4 log reduction Lee et al. (1989)





Salmonella Typhimurium 32–40 kHz and chlorine 
(0.5 ppm)





Synergetic effect on 
antimicrobial activity





Seymour et al. (2002)





Salmonella Senftenberg 117 μm, 60°C ½ log reduction after 
thermosonication





Manas et al. (2000a)





117 μm, 60°C, 200 kPa 
pressure





3 log reduction after 
monothermosonication





Saccharomyces cerevisiae 1–3 MHz 95.5% removal after 
11.5 min





Limaye and Coakley (1998)





E. coli 95.5% removal after 4.5 min





E. coli 70 kHz and antibiotic 
(gentamicin sulfate)





97% reduction after 2 h Johnson et al. (1998)





Yersina enteroolitica 30°C, 21–150 μm, 200 kPa 
pressure





D value decreases from 
4 to 0.37 min





Raso et al. (1998b)





30°C, 21–150 μm, 600 kPa 
pressure





D value decreases from 
1.52 to 0.2 min





P aeruginosa 24 kHz, 2–30 min Reduction increased by 
increasing the treatment 
time 68%–72%





Scherba et al. (1991)





B. subtilis Reduction increased by 
increasing the treatment 
time 52%–76%





S. aureus Reduction increased by 
increasing the treatment 
time 42%–43%
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by ultrasound (Butz and Tauscher, 2002). Research activities must center on the combination of 
ultrasound with other preservation processes (e.g., heat and mild pressure) that appear to have the 
greatest potential for industrial applications.





Enzyme inactivation caused by ultrasound has been attributed to different mechanisms.  It is 
generally agreed that sonication depolymerizes macromolecules (Lopez et al., 1998).  The shear 
stress generated by stable cavitation is considered important, which can cause degradation of high-
molecular-weight polymers even without the presence of bubble collapse. Beneficial combinations 
include thermosonication (heat and ultrasound), manosonication (pressure and ultrasound), and 
manothermosonication (pressure, heat, and ultrasound) (Raso et al., 1998b).





The lethal effect of ultrasound on some microorganisms was demonstrated first by Harvey 
and Loomis (1929); thus, ultrasound has been proposed as a means of sterilization of liquid foods 
(Jacobs and Thornley, 1954; Pagan et al., 1999a,b), and its use has been continually suggested for dis-
infection and food preservation (Paci, 1953; Jacobs and Thornley, 1954; Boucher, 1980; Gaboriaud, 
1984). However, this technology has not been adopted, probably due to the long treatment needed 
for substantial microbial inactivation (Raso and Barbosa-Canovas, 2003).





The application of ultrasound and heat has been termed thermosonication. Heat combined with 
ultrasound (thermosonication) is considered to reduce process temperatures and processing times, 
for pasteurization or sterilization processes that achieve the same lethality values as with conven-
tional processes (Mason et al., 1996; Villamiel, 1999) The heat resistance of B. cereus, Bacillus 
licheniformis, B. stearothermophilus, and thermoduric Streptococci decreased following ultrasoni-
cation treatment at 20 kHz (Burgos et al., 1972; Ordonez et al., 1984; Sanz et al., 1985; Garcia-
Graells et al., 1998; Betts et al., 1999). The effect of the combined treatment of ultrasound and heat 
in a continuous process on microbial destruction was demonstrated by the comparison of the inte-
grated time–temperature intensity (F value) of each treatment (Zenker et al., 2001). Reduction of the 
temperature and/or processing time should result in improved food quality (Piyasena et al., 2003; 
Zenker et al., 2003). Ultrasound applicability was predicted for the support of conventional thermal 





TABLE 8.2
Effects of Ultrasound on Enzymes





Enzyme Product Ultrasound Process Remarks References





Pectinmethylesterase Tomato Thermosonication 
(62.5°C)





D value Lopez et al. (1998)





45 min for thermal 
treatment





0.85 min for ultrasound





Pectinmethylesterase Tomato juice Thermosonication 
(50°C–72°C)





Decreasing of D value 
to 0.3 min





Raviyan et al. (2005)





Pectinmethylesterase Orange juice Manothermosonication 
(72°C, 20 kHz, 
200 kPa)





Inactivation rate was 
increased by a factor 
of 400





Vercet et al. (1999)





Polyphenoloxidase Quava juice 35 kHz, 30 min Increasing of PPO activity 
after ultrasound





Cheng et al. (2007)





Polyphenoloxidase Model buffer 
system





Manothermosonication Linear decrease in log 
D value





Lopez et al. (1994)





Peroxidase Watercress Thermosonication 90% POD inactivation at 
90°C; a thermal 
treatment time of 70 s is 
necessary compared to 
5 s for thermosonication





Cruz et al. (2006)





Lipoxygenase Soybean 20 kHz 75%–85% inactivation 
of LOX





Thakur and Nelson 
(1997)
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treatments, based on the possible synergy between low-frequency ultrasound and heat for bacterial 
inactivation (Ordenez et al., 1984; Zenker et al., 2003; Piyasena et al., 2003). And this combination 
markedly increases the lethality of heat treatments and consequent reductions in time and/or 
temperature of heat processes (Sala et al., 1995; Zenker et al., 2001). Moreover, thermosonication 
treatments have been reported to lower maximum processing temperatures by 25%–50%. After 
treatment, changes in color and ascorbic acid were minimal (Zenker et al., 2001).





In a milk thermosonication test at 60°C, the decimal reduction (D) value of Listeria monocy-
togenes is 0.3 min, which represents a sevenfold increase in inactivation rate compared to thermal 
treatment only at the same temperature (Earnshaw et al., 1995). However, an upper temperature 
limit exists for each microorganism beyond which the application of ultrasound to a food system 
does not introduce additional inactivation (Ugarte et al., 2007).





As ultrasound was initially discarded for food preservation because of its weak lethal effect, 
combined application of ultrasound with an external hydrostatic pressure of up to 600 kPa 
(manosonication) increases substantially the lethality of the treatment.  It has been found that 
manosonication treatments sensitize spores of Bacillus subtilis to lysozyme. Therefore, it has 
been suggested that ultrasonic waves could damage the external layers of the spore, facilitating 
its rehydration and consequently reducing its extreme heat resistance.  In contrast to the clear 
mechanisms of inactivation proposed for ultrasound, a much more complicated picture emerges 
for high hydrostatic pressure inactivation (Raso et al., 1998).





For example, an increment of hydrostatic pressure from 0 to 600 kPa at constant amplitude 
(150 μm) decreased the decimal reduction time (D value) of Yersinia enterocolitica eight times. 
The increased lethality of ultrasound under higher static pressure was more remarkable within a 
given pressure range (0–300 kPa). At constant hydrostatic pressure, microbial inactivation depended 
on the amplitude of the ultrasonic waves. At 200 kPa, the D value of Y. enterocolitica decreased 
11 times when the amplitude increased from 21 to 150 μm. An exponential relationship was observed 
between the lethality of ultrasound and the amplitude. The influence of hydrostatic pressure and the 
amplitude on the lethality of monosonication treatments in different Gram-negative and Gram-
positive bacteria was the same (Pagan et al., 1999a).





The concept of combination treatment has been further explored by introducing elevated static 
pressure in an ultrasound treatment chamber in a process called manothermosonication (Raso et al., 
1998). The application of manothermosonication results in increased microbial and enzyme inactiva-
tion. Therefore, the same inactivation level is achieved over a shorter treatment period or at lower tem-
perature. The lethality of ultrasound under pressure treatments is almost not modified by an increase 
in temperature unless lethal temperatures are reached (manothermosonication), in which case an addi-
tive lethal effect is generally attained, although in some cases the total lethal effect has been found 
to be synergistic (Pagan et al., 1999b; Alvarez et al., 2003). Manothermosonication has proved to be 
an efficient tool to inactivate microorganisms, especially in those conditions in which their thermo-
tolerance is higher (Burgos et al., 1972, Burgos, 1999; Alvarez, 1998; Pagan et al., 1999b; Manas et al., 
2000).  While in most vegetative cells the lethal effect of manothermosonication was additive, on 
Enterococcus faeciu, Bacillus subtilis, Bacillus coagulans, Bacillus cereus, Bacillus sterothermophi-
lus, Saccharomyces cerevisiae, and Aeromonas hydrophila, a synergistic effect was observed (Pagan 
et al., 1999; Raso et al., 1998). For example, the D value of tomato pectin methylesterase (PME) at 
62.5°C was reduced 53-fold, from 45 min in thermal treatments to 0.85 min by manothermosonication 
(Lopez et al., 1998). This effect was even bigger when heat and ultrasound were applied simultane-
ously (Ordonez et al., 1987; Garcia et al., 1989).





Manothermosonication has also been used to deactivate peroxidase (Lopez and Burgos, 1995b; 
Gennaro et al., 1999), lipoxygenase (Lopez and Burgos, 1995a), lipase and protease (Vercet 
et al., 2002, 1997), and tomato or orange PME (Kuldiloke, 2002; Vercet et al., 2002, 1999) all 
with an increased inactivation. In tomato PME and polygalacturonase (PG) inactivation tests, 
a 52.9- and 26.3-fold increase in the inactivation rate for thermoresistant PGI and PGII, com-
pared to thermal treatment alone, has been reported (Lopez et al., 1998).  Consequently, this 
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combination could be advantageous; due to the minimization of heat-induced damage in product 
quality (Lopez et al., 1994). Several mechanisms have been suggested to explain the synergistic 
effect of manothermosonication on enzyme inactivation. Propagation of ultrasonic waves in a 
liquid medium generates bubbles (cavities) that grow up to a critical size and then collapse (cavi-
tational collapse) (Suslick, 1998).





Ultrasound effects are mainly related to the cavitation phenomenon. As a result of intense 
cavitation, water molecules can be broken, generating highly reactive free radicals that can react 
with and modify certain molecules.  Mechanical stress, generated by shock waves derived from 
bubble implosion or from microstreaming derived from bubble’s size oscillations, is also able to 
break large macromolecules or particles. This cavitational collapse creates strong shear stresses, 
extremely high pressures and temperatures in the so-called hot spots and water sonolysis, which 
produces free radicals (Berlan and Mason, 1996). The combination of these phenomena can promote 
enzyme denaturation, with the relative effect depending on the structure of the protein.





Manothermosonication effects have been mainly studied on enzymes and microorganisms 
(Lopez et al., 1998; Vercet et al., 2001a,b), but it is also possible to modify and improve textural and 
functional properties of tomato juice and milk proteins (Lopez and Burgos, 1995a; Vercet et al., 
2002). Manothermosonication has also been proposed as an alternative to heat treatments in the 
processing of liquid eggs (Gimeno et al., 2006). As manothermosonication is suitable for treatment 
of liquid foods, two of the potential products to which manothermosonication could be applied are 
fruit juices and milk. Manothermosonication is an efficient tool to inactivate enzymes from psy-
chrotrophic bacteria (Vercet et al., 2002) which are responsible for some quality problems of milk 
and some dairy products (Sorhaug and Stepaniak, 1997) and to inactivate thermoresistant PME in 
orange juice (Vercet et al., 2002) and pectic enzymes from tomato paste (Vercet et al., 1999).





Hereby, microbial inactivation tests are usually conducted at 20 kHz, a frequency at the low 
end of the power ultrasound frequency spectrum. It has been found that spores, and Gram-positive 
and coccal cells, are more resistant to ultrasound treatment than vegetative, Gram-negative, and 
rod-shaped bacteria. Cell-injury studies have demonstrated that thermosonication causes extensive 
physical damage on a cell envelope in the form of wrinkles, ruptures, and perforations (Ugarte et al., 
2006). In sonication tests assisted with elevated external pressure, the survival Gram-positive and 
Gram-negative cells recovered in media with sodium chloride added are virtually identical to those 
recovered in a nonselective medium (Pagan et al., 1999b). The absence of sub-lethally injured cells 
in current studies has been attributed to irreversible physical damage to the outer membrane (Manas 
and Pagan, 2005). More ultrasound inactivation data are needed for vegetative cells, yeast, mold, 
spores, viruses, and food toxins. In addition, most microbial inactivation tests have been conducted 
in liquid media. Although surface decontamination of solid objects with airborne ultrasound has 
been proven effective in the inactivation of a virus, more studies are needed before one can draw 
general conclusions (Feng et al., 2008).





Ultrasonic inactivation of food enzymes mainly focuses on those endogenous enzymes more 
resistant to a thermal treatment than foodborne pathogens. Therefore, inactivation tests have been 
conducted to reduce enzyme activity in citrus, tomato, and dairy products. Inactivation of enzymes 
at sublethal temperatures has not proved very effective (Raviyan et al., 2005). Most experiments 
have been conducted at temperatures elevated high enough to cause microbial inactivation. The most 
effective inactivation is achieved with pressure-assisted sonication treatments (Lopez et al., 1998).





Extraction





The application of ultrasonic extraction (Table 8.3) in food processing is extremely interesting as 
it enables an increase in both the extraction yield and rate, leading to a significant reduction in 
the extraction time and a higher throughput (Mason et al., 2005; Dolatowski et al., 2007).  It is 
possible to apply ultrasonic extraction to enhance the aqueous extraction and also in cases where 
organic solvents can be replaced with generally-recognized-as-safe (GRAS) solvents, which may 
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provide economical, environmental, as well as health and safety benefits (Vilkhu et al., 2008). As 
previously mentioned, the mild processing temperature in ultrasonic extraction may also lead to 
an enhanced extraction of thermolabile food bioactives (Soria and Villamiel, 2010). Several papers 
have been published dealing with ultrasonically assisted extraction of different food material. One 
of the first citations concerning ultrasonic extraction (1952) was related to hop extraction in an 
aqueous medium, and ultrasonic extraction was compared with boiling extraction process. It was 
shown that during ultrasonic extraction it was possible to save 30%–40% of hops in beer produc-
tion (Vinatoru, 2001). It can be avowable that high-frequency ultrasound did not increase the yield 
extraction significantly. In the case of low-frequency ultrasound, degradation becomes more impor-
tant, especially when alcoloids are being extracted. This effect could be employed as a tool to help 
in the extraction of medical compounds by using low frequencies to assist in the degradation of 
toxic alkaloids during the process (Vinatoru, 2001).





In extraction process, ultrasound can be used for (1) the extraction of phenolic compounds from 
vacuolar structures by disrupting plant tissue; (2) the extraction of betacyanin (red pigments, e.g., 
from beets) and betaxanthin (yellow pigments); (3) the extraction of lipids and proteins from plant 
seeds, such as soybean (e.g., flour); (4) the improvement of oil extraction from oil seeds; (5) cell 
membrane permeabilization of fruits, such as grapes, plums, and mango; (6) processing of fruit 
juices (e.g., orange, grapefruit, mango, grape, and plum), purees, sauces (e.g., tomato, asparagus, 
bell pepper, and mushroom), dairy products; and (7) improving the stability of dispersions, such as 
orange juice, i.e., reduce settling (Knorr et al., 2004).





The key issues and observations relating to ultrasound extraction have been identified as follows: 
(a) the nature of the tissue being extracted and the location of the components to be extracted with 





TABLE 8.3
Ultrasonic Extraction





Product
Ultrasound Process 





and Solvent Remarks References





Soy protein 20 kHz, 3 W, water and alkali 
(sodium hydroxide)





53% and 23% yield increase 
over ultrasonic bath conditions





Moultan and Wang (1982)





Soy isoflavones 24 kHz and solvent Up to 15% increase in 
extraction efficiency





Rostagno et al. (2003)





Amino acid, 
polyphenol, and 
caffeine from green tea





40 kHz and water Increased yield at 65°C, 
compared with 85°C





Xia et al. (2006)





Phenolic compounds, 
antioxidants, and 
anthocyanins from 
grape seeds





40 kHz, 250 W, 55°C–60°C, 
and ethanol





Enhance the yield of bioactive 
compounds





Ghafoor et al. (2009)





Oleuropein from olive 
leaves





20 kHz, 450 W, 40°C and 
ethanol





Faster and more effective than 
conventional method; 
25 min–24 h for 100% yield





Japon-Lujan et al. (2006)





Antimicrobials from 
ginger, fingerroot, and 
turmeric





20 kHz, 6.8 W cm−2, 5 min 
and hegzane/iso-propanol





Reduction of processing time 
and costs of spice essential 
oils with antimicrobial activity





Thongson et al. (2004)





Almond oil 20 kHz and supercritical 
carbon dioxide





30% increased yield and 
reduction of extraction time





Riera et al. (2004)





Peanut oil 400 kHz and hegzane Yield increased by ultrasound 
application





Thomson and Sutherland 
(1955)





Carnoxic acid from 
rosemary





20 and 40 kHz; butanone and 
ethyl acetate





Reduction of extraction time Albu et al. (2004)
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respect to tissue structures, (b) pretreatment of the tissue prior to extraction, (c) the nature of the 
component being extracted, (d) the effects of ultrasonics primarily involve superficial tissue 
disruption, (e) increasing surface mass transfer (Balachandran et al., 2006; Jian-Bing et al., 2006), 
(f) intraparticle diffusion, (g) loading of the extraction chamber with substrate, (h) increased yield 
of extracted components, and (i) increased rate of extraction, particularly early in the extraction 
cycle enabling major reduction in extraction time and higher processing throughput (Moulton and 
Wang, 1982; Caili et al., 2006; Vilkhu et al., 2008).





Extraction of Bioactive Compounds
The extraction of bioactive compounds from plants or seeds has classically been based on the 
suitable combination of solvent, heat, and/or agitation (Patist and Bates, 2008). All the mechani-
cal effects involved in ultrasound can accelerate the eddy and internal diffusion, giving rise to an 
increased mass transfer (Jian-Bing et al., 2006).  In addition, they allow a greater penetration of 
solvent into the sample matrix (Rostagno et al., 2003). If the substrate is dry, then ultrasound may 
be used to facilitate swelling and hydration and cause an enlargement of the pores of the cell wall 
(Vinatoru, 2001).This can be significantly improved by the use of high-powered ultrasound, as the 
energy generated from collapsing cavitational bubbles provides greater penetration of the solvent 
into the cellular material and improves mass transfer to and from interfaces (Vinatoru, 2001; Knorr, 
2003; Zhang et al., 2003; Li et al., 2004; Vilkhu et al., 2008). Ultrasonic extraction was as effective 
as any other high-temperature long-time extraction process because it could greatly decrease the 
extraction time. The efficiency of ultrasonic extraction could be explained by the fact that sonica-
tion simultaneously enhanced the hydration and fragmentation process while facilitating the mass 
transfer of solutes to the extraction solvent (Soria and Villamiel, 2010).





At higher ultrasonic intensities (W cm−2), extraction processes can be further improved with 
the disruption of cell walls and the release of cellular materials (Patist and Bates, 2008). High-
intensity ultrasound extraction is used as an inexpensive, reproducible, simple, and efficient alterna-
tive method of industrial relevance to improve the extraction process of food bioactives. Additional 
benefits result from the disruption of the biological cell walls during the ultrasonically induced 
cavitation to facilitate the release of contents (Dolatowski et al., 2007). Furthermore, mild operat-
ing conditions usually employed in ultrasonic-assisted extraction show no significant changes in 
the structural/molecular properties and functionality of most bioactives, this aspect being of para-
mount importance in the case of heat-sensitive food components of bioactive compounds (Soria and 
Villamiel, 2010).





The effect of ultrasound conditions (frequency and duration of ultrasonication) on the extrac-
tion efficiency of isoflavones and trans-resveratrol from peanuts has been recently studied by 
Chukwumah et al. (2009). The results showed that sonication at 80 kHz facilitates the extraction 
of biochanin A and trans-resveratrol, whereas sonication at 25 kHz was effective in the extraction 
of daidzein and genistein, multifrequency being more efficient than single frequency. The higher 
amount of analytes extracted by dual-frequency radiation could be explained by the increased cavi-
tation bubble collision which caused further reduction in particle size and promoted leaching (Soria 
and Villamiel, 2010).





Thongson et al.  (2004) used ultrasound to obtain extracts of ginger, fingerroot, and turmeric. 
The application of this technique reduced the time of extraction to 5 min as compared with the 24 h 
conventional extraction. However, a slightly reduced antimicrobial activity of the extracts against 
Listeria was observed, whereas that against Salmonella was maintained (Soria and Villamiel, 2010).





Zhao et al. (2006) applied high-intensity ultrasound in the extraction of a variety of biologically 
active compounds including carotenoids, and they found that one of the studied carotenoids, (all-E)-
astaxanthin, was degraded to unidentified colorless compounds, the degradation being higher when 
both the treatment time and the ultrasonic power increased.





Vilkhu et al. (2008) have recently revised the main applications and opportunities for ultrasound-
assisted extraction in the food industry. Nowadays, developments in ultrasonic equipment are such 
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that it is feasible to consider commercial opportunities based on industrial-scale ultrasonic-aided 
extraction of bioactives from plant and animal materials, with worthwhile economics gains (Vinatoru, 
2001; Hielscher, 2010; Soria and Villamiel, 2010).  In addition, significantly enhanced contents of 
tea polyphenols, amino acid, and caffeine in tea infusions were recovered with ultrasound-assisted 
extraction when compared with conventional extraction.  The sensory quality of tea infusion with 
ultrasound-assisted extraction was better than that of tea infusion with conventional extraction (Xia 
et al., 2006). Addition of sucrose or heating at temperatures up to 80°C had little effect on pigment 
stability. However, pigment stability and color were greatly improved by the addition of citric acid (Cai 
et al., 2003).





The effect of ultrasound on anthocyanins was studied for strawberry juice by Tiwari et al. (2008). 
They reported a slight increase (1%–2%) in the pelargonidin-3-glucoside content of the juice at 
lower amplitude levels and treatment times which may be due to the extraction of bound antho-
cyanins from the suspended pulp.  Similarly, weak ultrasonic irradiation is reported to promote 
an increase in the amount of phenolic compounds found in red wine (Masuzawa et al., 2000). 
Literature indicates that ultrasound processing enhances the extraction of phenolic and other bioac-
tive compounds from grape must or wine (Cocito et al., 1995). Ultrasound-assisted extraction of 
bioactive compounds and anthocyanins was recently reviewed by Vilkhu et al. (2008). The applica-
tion of ultrasound-assisted extraction improves the extraction yield of bioactive compounds by 
between 6% and 35% (Vilkhu et al., 2008) compared to conventional processing. Zhao et al. (2006) 
reported degradation of (all-E)-astaxanthin into unidentified colorless molecule(s) during extraction 
with sonication at an increased power level and treatment time. Accordingly in a study by Tiwari 
et al.  (2008), the anthocyanin content of the juice was found to degrade when higher amplitude 
levels were employed; however, the maximum observed degradation was <5% (Twari et al., 2009).





Enzymes, such as pectinases, cellulases, and hemicellulases are widely used in juice process-
ing in order to degrade cell walls and improve the juice extraction. The disruption of the cell wall 
matrix also releases components, such as phenolic compounds into the juice. Ultrasound improves 
the extraction process and therefore can lead to an increase in the phenolic compound, alkaloids, 
and juice yield, commonly left in the press cake (Hielscher, 2010). The beneficial effects of ultra-
sonic treatment on the liberation of phenolic compounds and anthocyanins from grape and berry 
matrix, in particular from bilberries (Vaccinium myrtillus) and black currants (Ribes nigrum) into 
juice, were investigated after thawing, mashing, and enzyme incubation. The disruption of the cell 
walls by enzymatic treatment (Pectinex BE-3L for bilberries and Biopectinase CCM for black cur-
rents) was improved when combined with ultrasound enhances (Hielscher, 2010). Ultrasound treat-
ment increases the concentration of phenolic compounds of bilberry juice by more than 15%. The 
influence of ultrasound was more significant with black currants, which are more challenging ber-
ries in juice processing than bilberries due to their high content of pectin and different cell wall 
architecture. The concentration of phenolic compounds in the juice increased 15%–25% by using 
ultrasound treatment after enzyme incubation (Okkila et al., 2004). The extraction variables, partic-
ularly extraction temperature and time, strongly influenced the ultrasonic extraction of compounds 
(Ghafoor et al., 2009).





Ultrasound has also been successfully applied combined with other alternative methods such as 
supercritical-CO2 extraction for fractionation of isoflavones from soybeans (Rostagno et al., 2003) 
and gingerols from ginger (Balachandran et al., 2006), with improved rates and final yields. Since 
cavitational events in a supercritical fluid seem impossible due to the absence of liquid/gas phase 
boundaries, several other mechanisms, such as acoustic streaming and the presence of gas pockets 
in the solid causing cavitational collapse, are proposed (Patist and Bates, 2008). The ultrasonic 
enhancement of the supercritical extraction could be attributed to the disruption of the cell struc-
tures and an increase in the accessibility of the solvent to the internal particle structure, which 
enhances the intra-particle diffusivity. Furthermore, by reducing the substrate particle size, signifi-
cant improvements in both the extraction efficiency and the time reduction could be achieved (Soria 
and Villamiel, 2010).
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Therefore, ultrasound has a potential benefit in the extraction and isolation of novel potentially 
bioactive components, e.g., from non-utilized by-product streams formed in current processes. 
Ultrasound can also help to intensify the effects of enzyme treatment, and by this reduce the amount 
of enzyme needed or increase the yield of extractable relevant compounds (Hielscher, 2010).





Oil and Protein Extraction
Ultrasound is often used to improve the extraction of proteins and oils from plant seeds, such as 
soybeans (e.g., flour or defatted soybeans) or other oil seeds. In this case, the destruction of the cell 
walls facilitates the pressing (cold or hot) and thereby reduces the residual oil or fat in the pressing 
cake (Hielscher, 2010). Thus ultrasound may reduce the dependence on a solvent and enable the use 
of alternative solvents which may provide more attractive (a) economics, (b) environmental, and (c) 
health and safety benefits (Vilkhu et al., 2008).





Classical oil extraction technologies are based on the use of an appropriate solvent to remove 
lipophilic compounds from the interior of plant tissues. The choice of a suitable solvent in combi-
nation with sufficient mechanical agitation influences mass transport processes and subsequently 
efficiency of the extraction (Li et al., 2004). The most widely used solvent to extract edible oils from 
plant sources is hexane. Hexane is available at low cost and is efficient in terms of oil and solvent 
recovery (Mustakas, 1980; Serrato, 1981). More recently, the use of alternative solvents such as alco-
hols (isopropanol or ethanol) and supercritical carbon dioxide has increased due to environmental, 
health, and safety concerns (Dunnuck, 1991). Alternative solvents are often less efficient due to a 
decreased molecular affinity between solvent and solute, and costs for solvent and process equip-
ment can be higher (Karnofsky, 1981; Baker and Sullivan, 1983; Freidrich and Pryde, 1984). For this 
reason, the application of ultrasound is practicable for extraction.





Ultrasound extraction has been recognized for application in the edible oil industry to improve 
efficiency and reduce extraction time (Babaei et al., 2006). This potential was based on ultrasound 
extraction increases in oil from soybeans and carvone. The ultrasonically induced cavitation was 
shown to increase the permeability of the plant tissues. Microfractures and disruption of cell walls 
in soybean flakes provided more evidence for the mechanical effects of ultrasound, thus facilitating 
the release of their contents, in contrast to conventional maceration or extraction. Importance was 
given to the effect of solvent surface tension on cavitation intensity and vapor pressure (Haizhou 
et al., 2004).





The benefit of using ultrasonic pretreatment before extracting oil from the seeds of Jatropha 
curcas L., almond, and apricot seeds by aqueous enzymatic oil extraction (AEOE) process was 
evaluated by Shah et al.  (2005) and Sharma and Gupta (2006).  Ultrasonic pretreatment of the 
almond and apricot seeds before aqueous oil extraction and aqueous enzymatic oil extraction pro-
vided significantly higher yield with reduction in extraction time. Since therefore, implementation 
of ultrasonic pretreatment reduced oil extraction time that may improve through put in commercial 
oil production process (Vilkhu et al., 2008).





In recent years, it has been shown that combination of ultrasound and supercritical CO2 on extrac-
tion could be used to significantly improve extraction yield of amaranth oil from seeds (Bruni et al., 
2002), tea seed oil (Rajaei et al., 2005); gingerols from ginger (Balachandran et al., 2006); almond 
oil (Riera et al., 2004); operating parameters such as temperature, pressure, and CO2 flow for Adlay 
seed (Coix lachrymal-jobi L. var. Adlay) oil; and coixenolide from adlay seed (Ai-jun et al., 2006).





The influence of continuous ultrasonic extraction to the yield of dispersed protein was demon-
strated by Moulton et al. (1982). The sonication increased the recovery of dispersed protein progres-
sively as the flake/solvent ratio changed from 1:10 to 1:30. It was showed that ultrasound is capable 
to peptize soy protein at almost any commercial throughput and that the sonication energy required 
was the lowest, when thicker slurries were used. The continuous high-intensity application extracted 
54% and 23% more protein for aqueous and alkali extraction respectively, compared with the batch 
extraction using comparable processing times and volumes. During the trials, it was estimated that 
the continuous process used 70% less energy than the batch system to extract the same amount of 
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protein, and sonication efficiency improved with the greater load of thicker slurry, up to 1:10 (flake 
to solvent) ratio (Moulton et al., 1982; Hielscher, 2010).





The proposed benefits of ultrasound extraction for the food industry include (a) overall enhance-
ment of extraction yield or rate, (b) enhancement of aqueous extraction processes where solvents 
cannot be used (juice concentrate processing), (c) providing the opportunity to use alternative 
(GRAS) solvents by improvement of their extraction performance, (d) enable sourcing/substitution of 
cheaper raw product sources (variety) while maintaining bioactive levels, and (e) enhancing extrac-
tion of heat-sensitive components under conditions, which would otherwise have low or unaccept-
able yields (Vilkhu et al., 2008).





Other Applications





Ultrasonic homogenizing is very efficient for the reduction of soft and hard particles. The major 
advantage of ultrasonic homogenizers is the low number of wetted and moving parts. This reduces 
frictional wear and cleaning time. There are only two wetted parts: the sonotrode and the flow cell, 
and both have simple geometries and no small or hidden orifices. Another advantage is the exact 
control over the operational parameters influencing the cavitation (Hielscher, 2010).  Ultrasonic 
homogenization can be used for fruit juices, mayonnaise and tomato ketchup, milk and yogurt 
processing (Wu et al., 2000).





Ultrasound produces a series of effects (microagitation, creation of microscopic channels, and 
water cavitation) which facilitate moisture removal from food (Mulet et al., 2003).  The syner-
gic effect of ultrasound and temperature in convective drying assisted by high-power ultrasound 
improves the rate of the process and allows dehydration to be carried out at milder temperatures 
(Garcia et al., 2007), thus preserving the bioactivity of heat-sensitive food constituents and giving 
rise to dehydrated food of premium quality (Soria and Villamiel, 2010). But no commercial scale 
installation has yet been developed for this application.





In addition, ultrasound can assist crystallization by controlling the nucleation and growth rate of 
crystals in frozen food (Luque de Castro and Priego-Capote, 2007). It also reduces textural softening 
and the release of cellular liquid on thawing (Zheng and Sun, 2006), this being of capital importance 
for the consumer’s acceptance of meat, fruit, and vegetable products as well as for a better preserva-
tion of their nutrients and/or bioactives. Application of power ultrasound can also benefit ice cream 
manufacture by reducing crystal size, preventing incrustation on freezing surface, etc. The ability 
of power ultrasound in performing these functions is affected by a variety of parameters, such as 
the duration, intensity, or frequency of ultrasonic waves, etc. And more fundamental research is still 
needed to establish their relationships with the acoustic efficiency (Zheng and Sun, 2006).





Ultrasound technology also represents a clean and commercial alternative to conventional 
methods for defoaming, fermentation systems, carbonated beverages, and other food processes, 
where foaming adversely affects the product yield and quality (Villamiel et al., 2000; Gallego-
Juarez et al., 2007).  The breaking and destruction of foams by ultrasound-based defoamers is 
assumed to be a combination, among others, of the following effects: partial vacuum on the foam 
bubble surface produced by high acoustic pressure, resonance of the foam bubbles which create 
interstitial friction causing bubble coalescence, acoustic streaming, and cavitation (Mason et al., 
2005). In this respect of manufacture, advances in ultrasonic defoamer systems have overcome the 
initial limitation of those based on aerodynamic acoustic sources regarding energy consumption 
and difficulties in sterilization (Gallego et al., 2002). The increased production throughput, the 
reduction or elimination of antifoam chemicals, and the reduction of wastage in bottling produc-
tion lines are additional advantages of the use of ultrasound as an efficient additional step in food 
processing (Soria and Villamiel, 2010).





The use of ultrasound for separation of food components/constitutes has been investigated in 
recent years. In starch–protein separation experiments, sonication can recover 97.3%–99.5% of the 
total starch from degermed corn flour (67.5% total starch) and hominy feed (46.4% total starch)—two 
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low-value dry-milling by-products. The quality of the resulting starch is comparable to regular com-
mercial corn starch (Zhang et al., 2005). When applying ultrasonication to the fine fiber stream in 
a quick germ/quick fiber process, a process in which no SO2 is added during steeping to enhance 
starch separation, starch yield (66.93%–68.72%) was almost as high as that of a traditional wet 
milling operation (68.92%). The quality of starch from the ultrasound treatment was comparable to 
or better than conventional wet milling starch, as evidenced by lower protein content, comparable 
color, and similar pasting properties measured with a rapid visco-analyzer (RVA) (Zhang et al., 
2005b; Feng et al., 2008). Wet milling process of corn power ultrasound was used to remove corn 
pericarp prior to steeping, which resulted in a reduction in steeping time and improved the isolated 
starch gelatinization and pasting properties (Liu, 2002; Yang et al., 2002).





Power ultrasound treatment was used to extend the shelf life of roasted peanuts by remov-
ing oils on peanut kernel surfaces. Ten minute sonication removed, as can be discerned from 
microscopic examination, all the surface oil and increased the shelf life by up to 17% (Yang 
et al., 2005). In an ultrasound-assisted tomato peeling test, with a 2% lye solution, peel loss was 
reduced by 3%, compared to peeling under commercial conditions, where a lye solution of 10% 
was used (Lee and Feng, 2004).





ULTRASONIC QUALITY MEASUREMENTS AND CONTROL 
OF FOOD PRODUCTS





There are many situations in the food industry where ultrasound can be usefully applied. One of the 
earliest applications of this technology might have been level measurement. In many cases, there 
is a need to know the level within a tank, either liquid or particulate, or even the existence of prod-
uct (Povey, 1998; Mulet et al., 2002). Ultrasound-based measurement methods have demonstrated 
potential in various food-processing applications, including concentration gauging, flow measure-
ment, level detection (Ridgway et al., 1998), food shelf-life monitoring (Kulmyrzaev et al., 2000), 
food property assessment (Benedito et al., 2000; Mizrach, 2000; Zhao et al., 2003), and foreign 
body detection (Chivers et al., 1995). There is growing pressure within the food industry to improve 
the measurement of food quality, particularly within packaged food products (Morris et al., 2004). 
This inspection may include looking for time-dependent physical changes, nonuniformity of the 
product, or contamination.





Food control measurements consist mainly of determining changes linked to different composi-
tions or textures and also detecting and analyzing signal reflections. One of the measurements is 
mostly used to characterize products, whereas the second is related with physical discontinuities. 
Velocity (time of flight) is the main parameter considered for these measurements, although attenu-
ation and spectrum analysis is also considered in some applications (Mulet et al., 2002).





Ultrasound has the ability to differentiate between both the propagation velocity within various 
media and the differences in acoustic impedance between different regions within a given volume. 
Thus, using the usual contact or immersion techniques, ultrasound can be used to measure the 
moisture content of food products (Steele, 1974), oil properties at various temperatures (Chanamai 
et al., 1998), and the liquid level (Hull et al., 1995). In the case of palm oil, physiochemical changes 
such as crystallization are important in determining the condition of the finished products. The 
control of the crystallization process can be complicated, and it is difficult to monitor the process 
nondestructively (Marshall et al., 2000), and reprocessing is sometimes required. In some cases, the 
product can be rendered unusable. It is thus important to have a cost-effective and reliable system. 
Contact ultrasonic approaches have been reported in which the crystallization behavior of palm oil 
has been measured (Hodate et al., 1997). The study was performed using ultrasonic velocity mea-
surements under both cooling and heating processes. The rates of crystallization of palm oil were 
monitored by the changes in the ultrasonic velocity values, which increase with increasing amount 
of fat crystals in the palm oil phase (Hodate et al., 1997; Tat et al., 2006).
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There is also growing pressure within the food industry for the routine monitoring of changes 
in the quality of complex viscoelastic products after processing, with a view to extending shelf 
life. An example is milk-based products, where the quality changes according to temperature and 
environment, especially so when storing these products for a long period of time. Papadakis (1976) 
described how ultrasonic velocity and attenuation are very valuable properties when studying the 
physical properties of matter. Coagulating milk, being a liquid to semisolid system, is especially 
suitable for this type of ultrasonic measurement (Gunasekaran and Ay, 1994).





Other applications of attenuation measurements also related to changes in texture are found in matu-
rity assessment for fruits like avocados, melons, and mangoes (Mizrach et al., 1996, 1997). In the meat 
industry, there are also many applications of ultrasound, many of them linked to composition, ranging 
from live cattle to processed meat.  In live cattle, evaluation of subcutaneous fat can be performed, 
and also an assessment of carcasses can be carried out (Mulet et al., 1999). Composition of chicken, 
cod, and pork meat has also been addressed by measuring ultrasonic velocity at different temperatures 
(Cross and Belk, 1994; Ghaedian et al., 1997; Ghaedian, 1998; Mulet et al., 2002).





Ice content can be measured by a variety of methods, differential scanning calorimetry being the 
more precise, although it is destructive for the sample and impossible to be used for online monitor-
ing. Other methods like nuclear magnetic resonance can also be employed, but it is technically com-
plex and expensive for its use in food storage and processing applications. Different authors have 
performed ultrasound experiments to study the propagation of ultrasonic waves through partially 
frozen foods and the relationship between ultrasonic properties and ice content (Miles, 1974; Lee 
et al., 2004; Sigfusson et al., 2004; Gülseren and Coupland, 2007; Carcione et al., 2007). Miles’s 
(1974) method requires the previous knowledge of the value of the speed of sound through the 
sample at 0°C and its water fraction.





Lee et al.  (2004) measured the ultrasonic velocity and attenuation in partially frozen orange 
juice over a wide temperature range. Recently, Carcione et al. (2007) successfully used a poroelas-
tic model to describe the propagation of ultrasonic waves through orange juice, which is subjected 
to a freezing process. They used the Kelvin’s model to obtain the amount of unfrozen water in 
the juice as a function of temperature and the Biot’s poroelastic theory (Biot, 1962) to calculate 
the ultrasonic properties of orange juice as a function of temperature, below the eutectic point 
(Aparicio et al., 2008).





CONCLUSIONS





Ultrasound is one of the simplest and most versatile methods for cellular disruption and for food 
extract production. This technology works best when used in conjunction with heat and pressure, 
but it can be used alone for fruit juices, sauces, purees, and dairy products. Ultrasound treatment 
has been found to be more effective when combined with other processes such as mano-and thermo-
sonication, pressure, and/or heat. Furthermore ultrasonic extraction disrupts plant tissue phenolic 
compounds from their vacuolar structures, can be utilized to extract proteins, and oils from food 
materials. Ultrasound can also be used in emulsification, dispersing, homogenizing, and crystal-
lization processes. Ultrasound has not yet been demonstrated to achieve major beneficial effects 
that warrant serious consideration for processing. In addition; ultrasonic measurements are quick, 
allowing one to monitor processes with sudden changes, which is an interesting feature for process 
control. Thus, successful applications of ultrasonics are not only reliable but also accurate for both 
processes and product control applications. Now research should concentrate on the microbial and 
enzyme inactivation mechanism and inactivation kinetics and identify the most resistant pathogenic 
microorganism and examine the effect of ultrasound on quality attributes of food. Moreover, con-
sidering the economic feasibility of an ultrasonic processing preservation of ultrasound technology 
should be required. The use of ultrasound in the food industry is widening, and this wide range of 
applications suggests that ultrasonics may enjoy an even larger number of future applications for the 
food technology and the food industry.
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INTRODUCTION





During the last few decades, various techniques, such as microwaves, laser, UV-, γ- and x-rays, electron 
and ion beams, cryosynthesis, flame (combustion) or electrochemical synthesis, arc discharge, and so 
on, have been successfully applied, to synthesize almost all types of metal complexes. In many cases, 
the conditions for synthesis have been milder and yield higher when compared with the conventional 
preparation methods.  Ultrasound treatment of the reaction system belongs to the above-mentioned 
series of supportive techniques, which helps to obtain coordination and organometallic compounds 
by easy operation, much faster, and with considerably higher yields, sometimes changing the reaction 
route. Additional to classic metal complexes, σ- and π-organometallics can be obtained via ultrasonic 
irradiation of precursors, particularly in those systems using elemental metals.





Starting from the beginning of this century, a series of monographs (Mason and Lorimer, 2002; 
Capelo-Martínez, 2009), book chapters or sections in them (Suslick, 2001; Carruthers and Coldham, 
2004; Lalena et al., 2008; Suslick and Skrabalak, 2008; Basset et al., 2009), and reviews (Suslick, 
1995; Cains et al., 1998; Cravotto and Cintas, 2006; Suslick and Flannigan, 2008), dedicated to various 
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aspects of sonochemistry for organic and inorganic synthesis, have been published. The ultrasonic 
horns and cells, used for laboratory purposes, are easily accessible and are described by SONITEK 
(2009) and Garnovskii and Kharisov (2003). This chapter highlights the recent advances in the applica-
tion of ultrasound for synthesis, destruction, and transformation of a wide variety of metal complexes.





COMPLEXES WITH DIRECT C–M BONDS 
(σ- AND π-ORGANOMETALLIC COMPOUNDS)





Ultrasonically obtained or modified metallo-organic compounds are represented by a series of com-
plexes containing a wide variety of organic ligands, in particular those containing single or multiple 
metal-carbon bonds. Zero-valent metals, their salts or complexes have been used as precursors in 
these reactions or have been the final reaction products (metals were frequently obtained in a variety 
of nanoforms) (Kharissova and Kharisov, 2008). The synthesis of nanostructured metals (Fe, Co, 
Ni) and metal alloys (Fe–Co, Pt–Pd, M50 steel) from the corresponding organometallic precursors 
by ultrasonic irradiation, among other methods (thermal decomposition, chemical vapor deposi-
tion (CVD), laser pyrolysis, and reduction), has been reviewed by Gonsalves et al. (2000). On the 
contrary, use of ultrasonic irradiation for forming organometallics and organic compounds, using 
zero-valent metals, was generalized in a series of publications (Ameta et al., 2001; Bian et al., 2002; 
Cintas, 2004) to specifically obtain the famous Grignard reagents, one of the most classic and well-
studied σ-organometallic compounds, which continue to be attractive precursors in organic and 
organometallic synthesis in the twenty-first century also. During the last decade, a series of reports 
have been published on the use of ultrasonic irradiation, to obtain the Grignard reagents starting 
from elemental magnesium and their further interaction with organic compounds.





Thus, 1,4-bis(dimethylsilyl) benzene was formed at 5°C with 62% yield by the reaction of chloro-
dimethylsilane and di-Grignard reagent, which was prepared from 1,4-dibromobenzene and Mg (1:3) 
at 45°C, under ultrasonic irradiation, in tetrahydrofuran (THF) for 25 min (Shi and Chen, 2007a,b; 
Chen et al., 2007). The reaction of dibutyltin oxide with excessive C1–8 alkyl Grignard reagent under 
heating and assistance of the ultrasonic wave, removing the residual Grignard reagent with excess 
acid, sequentially extracting with organic nonpolar solvent and mixture of C1–6 alcohols and water led 
to obtaining dibutyldialkyltin with a low boiling point (Shen et al., 2008). Several target compounds 
[α,α-diphenyl-N-[(un)substituted benzyl]-2-pyrrolidinemethanol derivatives] were synthesized by a 
reaction of an intermediate l-proline-derived ester with a Grignard reagent under ultrasound radiation 
and a water- and oxygen-free nitrogen atmosphere (Li and Xue, 2008). A preliminary, agriculturally 
biological activity test indicated that some of them had good insecticidal activities. Synthesis methods 
of some organic compounds such as dimethylbenzyl carbinol, 4-methyl-3-decene-5-ol, 1-octene-3-ol, 
and 8-allyl-8-hydroxytricyclo-[5,2,1,02,6]-decane using the Grignard reaction were summarized using 
the supersonic wave as a revulsant (Yuan and Zhen, 2006). This method had characteristics such 
as short reaction time, few energetic resources, simple operation conditions, high yield, and so on, 
compared to the conventional methods. A facile reaction of aryl Grignard reagents with 4-alkylace-
tophenones under ultrasonic irradiation, within two minutes, with a conversion of 15%–95%, gave 
1,1-diarylethene and tertiary alcohols with selectivity over 60%–96% (Chen et al., 2003).





In addition to the ultrasonic treatment of elemental magnesium, its alloys were also used, for 
instance the magnesium calcium alloy MgCa30, whose reaction with chlorobenzene in THF, in the 
presence of ultrasound, yielded phenylmagnesium chloride (Kunz et  al., 1999). Other elemental 
metals were also used as precursors for various organometallics, for example, zinc powder, which 
was applied for obtaining a series of homopropargyl alcohols from the reaction mixture of zinc 
powder, 1,2-diiodoethane, 3-bromo-1-propyne, and aldehyde or ketone in anhydrous THF, under 
ultrasound treatment (Lee et al., 2004).





A series of divinylzinc complexes, one of which represents the only structurally characterized 
zinc(II) π-complex, including vinylzinc reagents, Zn[C(Me)=CH2]2 (9.1) and Zn[C(H)=CMe2]2 
(9.2), were ultrasonically synthesized (Scheme 9.1) and isolated as crystalline solids in 66% and 72% 
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yields, respectively (Wooten, 2006). They possessed an infinite polymeric architecture in the solid 
state via a series of zinc-π (in 9.1) and zinc-σ-bonded (in 9.2) bridging interactions. The addition 
of chelating ligands to these divinylzinc compounds allowed isolation of the monomeric adducts 
(bipy)Zn[C(Me)=CH2]2 (9.1 · bipy), (tmeda)Zn[C(Me)=CH2]2 (9.1 · tmeda), (bipy)Zn[C(H)=CMe2]2 
(9.2 · bipy), and (tmeda)Zn[C(H)=CMe2]2 (9.3 · tmeda). Furthermore, ultrasound was applied to pre-
pare a (Wang et al., 2007) metal carborane-targeting drug delivery system by dissolving monometallic/
bimetallic center (Fe, Ru, Co, and/or Rh) and carbon metal carborane carborane in an organic solvent 
and dispersing surface functional monodisperse Fe3O4 magnetic nanoparticles in an aqueous solution 
under ultrasonic treatment, to form a magnetic nanoparticle saturated suspending liquid, with further 
mixing of solutions, adjusting of pH, stirring, and ultrasonic emulsifying for 10–15 min, to obtain the 
final magnetic nanomaterial. The targeting drug delivery system could move to the tumor site under 
an external magnetic field, effectively realizing Boron neutron capture therapy.





The ultrasound-mediated reaction of the Fischer carbene complex [4-MeC6H4C(OMe):Cr(CO)5] 
with PhC≡CPh in Bu2O for 20 min followed by Ce(IV) oxidation, afforded 2,3-diphenyl-6-methyl-
1,4-naphthoquinone in 69% yield (Harrity et  al., 1993).  A related compound, 2,3-diphenyl-1,4-
naphthoquinone, was similarly prepared (65% yield) from [PhC(MeO):Cr(CO)5], PhC≡CPh, and 
SiO2 in hexane or Et2O by adsorbing the reagents onto silica and heating. The reaction of chromium 
alkyl(alkoxy)carbenes with propargylic alcohols was investigated under thermal and ultrasound 
conditions (Caldwell et al., 1999). Both sets of conditions provided rapid access to alkyl-substituted 
β-lactone products.





Metal carbonyls as a hearth of organometallic chemistry are widely used in organic/organome-
tallic reactions, especially under the ultrasonic treatment of the reaction system, sometimes yield-
ing unexpected products or composites. Thus, a unique zigzag ⋯–Bi–Fe–⋯ chain was found to 
form the basis of the structure of [BuBiFe(CO)4]∞, which was the result of the cleavage of Bi–Fe 
bonds, upon the ultrasonication of the cyclic, dimeric product [{BuBiFe(CO)4}2], formed from the 
reaction of [Et4N]3[Bi{Fe(CO)4}4] with BuBr followed by the acidification with HOAc (Shieh et al., 
2002). Moreover, metal carbonyls or products of their transformations, under ultrasonic irradiation, 
are frequently used as efficient catalysts, among other applications. Thus, Mo and Co oxide were 
precipitated under ultrasonication treatment from Mo(CO)6 and Co(CO)3NO dissolved in decalin 
(Landau et al., 2001). The final high-loading Co-Mo/Al-MCM-41 catalyst was 1.7 times more active 
in the hydrodesulfurization of dibenzothiophene. Large-diameter fullerenes with thin walls were 
prepared in a solid-state reactor, at 600°C–750°C, in the presence of an iron catalyst derived from 
iron carbonyls, and by applying ultrasound in one of the final steps of the process (Sheng and Wang, 
2006). Carbon nanotube composites with nanometals or metal oxides uniformly distributed on the 
surface of carbon nanotubes were obtained by dissolving organometallic compounds with organic 
solvents, treating carbon nanotubes with nitric acid and ultrasonic wave, stirring, and standing to 
obtain carbon nanotubes with carboxyl, and/or carbonyl, and/or hydroxyl on their surface (Yu et al., 
2005). The products could be used in sensors, nanoelectronic devices, superhigh magnetic record-
ing multimedia, lithium batteries, and solar batteries based on the nanomaterial and the catalysts.





Phenylethyne cobalt hexacarbonyl complex (9.3) reacted with 2,5-dihydrofuran in hexane to 
give 37% oxabicyclooctenone (9.4) (Billington et al., 1988) (Scheme 9.2). Under similar conditions, 
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but in the presence of Bu3PO, 2,5-dihydrofuran and (9.3) gave 69% of (9.4).  It was proved that 
ultrasonic irradiation allowed this Khand reaction to be conducted rapidly at low temperatures; 
this effect of the combination of ultrasound and phosphine and phosphine oxides on the reaction 
was studied in detail. Other interesting results of ultrasound treatment of the systems containing 
carbonyls and phosphines are known, in particular the production of simple binary inorganic com-
pounds, for instance, the interaction of Fe(CO)5 and triethylphosphine, which was found to produce 
solid amorphous iron phosphide FeP (Sweet and Casadonte, 2001). Among processes where metal 
carbonyls have been used in combination with ultrasonic treatment, we also noted the preparation of 
hollow carbon nanocages (Wang and Sheng, 2006; Wang and Teng, 2009), manufacture of metallic 
nanoparticle/C nanofiber structures (Motoyama et al., 2006), and hardening of metallic surfaces 
(Dumbolov et al., 2006). Applications of metallic amorphous particles produced from metallic car-
bonyl, as well as uses of metallic nanomaterials obtained by ultrasonic reduction, were reviewed by 
Mizukoshi et al. (2001).





Other reported σ-bonded, metal carbon, organometallics are represented by several examples; 
some of them are on a silicium-organic basis. Thus, the ultrasound-mediated reaction of InBr with 
the THF adduct of LiC(SiMe3)3 afforded the deep violet tetraindium compound, In4[C(SiMe3)3]4 
(a tetrahedral cluster of four monovalent In atoms) (Uhl et al., 2002). A yellow byproduct, con-
taining a chain of three In atoms connected by In–In single bonds, was isolated and identified as 
[In3Br3{C(SiMe3)3}3]−[Li(THF)3]+ (9.5).  [Ba((μ–CH2SiMe3)2ZnCH2SiMe3)2] underwent transmeta-
lation with Ba in heptane under the application of ultrasound to give Ba4[Me3SiCHZn(CH(SiMe3)
Zn(CH2SiMe3)2)2]2 (Westerhausen et al., 2001) (Scheme 9.3). The central Ba4Zn2C6 core of the prod-
uct was found to be regarded as a distorted double cube with a common Ba2C2 face. Ultrasonic treat-
ment of (Me2PhSi)2C=CH2 with Li in THF yields the Li complex [{(Me2PhSi)2C(CH2)}Li(THF)n]2, 
which reacts in situ with one equivalent of KOBut in Et2O to give the K salt [{(Me2PhSi)2C=CH2}
K(THF)]2 (Izod et al., 2009). Similarly, ultrasonic treatment of (Me3Si){Ph2P(BH3)}C=CH2 with Li 
in THF yields the Li complex [[{Ph2P(BH3)}(Me3Si)C(CH2)]Li(THF)3]2 · 2THF.
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In case of carbonyls also, the ultrasound was extensively applied for the purpose of synthesis 
in the organometallic chemistry of cyclopentadienyls, particularly in their classic representative 
ferrocene and its derivatives. Thus, a facile synthesis of ferrocenylenone, accelerated by ultrasonic 
irradiation, as shown by Scheme 9.4, was reported by (Ji et al., 2003). It was found that ultrasonic 
irradiation was very simple and convenient for the synthesis of ferrocenylenones (9.6) at room 
temperature (r.t.), by using an ultrasonic cleaner with a frequency of 40 kHz and a nominal power 
of 100 W, with a higher yield, milder reaction conditions, and easier workup as compared to the 
traditional procedure. Moreover, the authors compared the microwave and ultrasonic routes, where 
yields were in a favor of ultrasound: 53%–63% and 83%–92% for different compounds, respectively. 
Further Michael addition of ferrocenylenones with aliphatic amines under ultrasound irradiation, in 
the absence of a solvent or catalyst at r.t., afforded 1-ferrocenyl-3-amino carbonyl compounds rap-
idly and in high yields, which is also efficient in the aza-Michael reaction of other α,β-unsaturated 
carbonyl compounds, such as, chalcone, carboxylic ester, and so on (Yang et  al., 2005).  As an 
example, 1-ferrocenyl-3-(4-chlorophenyl)prop-2-en-1-one reacted with piperidine when using ultra-
sound irradiation for 0.5 h, giving 1-ferrocenyl-3-(4-chlorophenyl)-3-(piperidin-1-yl)propan-1-one 
with 98% yield.





Ferrocene has been used as a precursor for a series of nanomaterials and composites on a carbon 
basis (mainly carbon nanotubes), under ultrasonic treatment. Thus, carbon-coated ferroferric oxide 
nanomaterial comprising of nano ferroferric oxide as the core and carbon as the coating layer, with 
the carbon-coating layer containing amino and hydroxy groups, was obtained by a series of steps from 
trichlorophenol and ferrocene as precursors and the application of ultrasound (Weng et al., 2009). 
BN/carbon nanotube composite particles in submicrometer-sizes were prepared with the help of the 
spray pyrolysis method, using an ultrasonic nebulizer, BN nanoparticles, ferrocene (as a catalyst), and 
ethanol (as a solvent and carbon source). These were sprayed into a tubular furnace (fixed temperature 
of 800°C) under an Ar flow of 1 L min−1 (Nandiyanto et al., 2009). This preparation method could be 
broadly applied in the fabrication of various composite materials, with the growth of CNT on the par-
ticle surface, using a simple, fast, and continuous process. Also, unsupported carbon nanotubes were 
obtained from ferrocene by an environment-friendly process, dissolving ferrocene in xylene at a ratio 
of 0.002–0.04 g mL−1 under ultrasonic treatment, feeding it into a quartz weighing bottle, and allow-
ing a hydrothermal reaction at 600°C–800°C for 12–18 min to give the final product (Wu and Yuan, 
2008).  The same precursors were found to produce high-purity, SWCNTs by ultrasonication of a 
xylene-ferrocene mixture, but this time at r.t. and atmospheric pressure (Figure 9.1) (Srinivasan, 2005). 
High-purity vertically aligned films of multiwall carbon nanotubes were synthesized via an aerosol-
assisted CVD method, using a solution of ferrocene in m-xylene under ultrasonication (Barreiro et al., 
2006). Carbon fibers were synthesized by heating acetylene for 2 h at 750°C in the presence of Ni 
powder-coated graphite, and exposing the reaction system to ultrasound waves at 25 kHz and 260 dB, 
to give coil-shaped carbon fibers with a diameter of 1–1.5 μm and a coil layer thickness of 4–4.5 mm 
in 70% (on acetylene) yield (Motojima and Hishikawa, 2002).





Ferrocene and its derivatives have been used not only for the fabrication of carbon  and/or 
iron nanomaterials, but they have also been obtained as nanomaterials (Wu et al., 2007) or nanoforms, 
for instance ferrocene nanocrystals (∼40 nm), are successfully prepared by the ultrasonic-
solvent-substitution method (Chen et  al., 2007) or by dumbbell-like nanosuperstructures of 
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(3-carboxy-1-acyl-propyl)-ferrocene being synthesized by the ultrasonic-pH controlling-reprecipita-
tion method (Zhu et al., 2008). The latter products were composed of nanorods; their length was 
6–12 μm, the diameters of the two polar coronas and the middle part (waist) were, respectively, 2–8 
and 0.5–2 μm. The diameter of the nanorods that was the basic unit of the superstructures was 0.3 μm.





Among other reports on Cp derivatives, we noted the reaction of 30% aqueous KOH with 
thallium(I) sulfate in H2O followed by treatment with freshly cracked cyclopentadiene under soni-
cation, which gave an almost quantitative yield of cyclopentadienylthallium (Federman et al., 1997). 
Additionally, an efficient Cu- and ligand-free, catalyzed Sonogashira cross-coupling reaction of aryl 
iodides with ferrocenylacetylene by PdCl2 under ultrasound irradiation at r.t., under balloon pres-
sure of Ar, was developed by Fu et al. (2008).





Electrochemical studies carried out under ultrasonic irradiation include the electrochemical reduc-
tion of noble metal electrodes in the presence of a redox ionic liquid, [FcEMIM][TFSI], investigated 
by cyclic voltammetry (Ghilane et al., 2008). The reduced electrode exhibited the presence of fer-
rocene even after contact with air, after the ultrasound, and after physical polishing, highlighting 
the large stability of these organometallic phases formed in this media. A method for increasing the 
electrical capacity of the positive electrode of an organic electrochemical supercapacitor (comprising 
of ultrasonically dispersing cyclopentadienyl transition metal complexes, such as, ferrocene, nickelo-
cene, cobaltocene, etc.) as an active additive in a weight amount of 1%–10% of the positive electrode 
material at a power of 100–600 W, for 1–3 h, during manufacture of a positive electrode (with vacuum 
drying and immersing the positive electrode in organic electrolyte solution for 6–12 h) was patented by 
Li and Gao (2009). The cyclopentadienyl transition metal complex provided redox pseudocapacitance, 
which reduced ohmic internal resistance and improved energy density by 5%–50%.





A few reports on the use of ultrasound in reactions of arenes and dienes are known. Thus, the nucleo-
philic aromatic substitution under ultrasound irradiation of a 1,4-Cl2C6H4Fe η6–complex with various 
secondary amines was reported (Raouafi et al., 2009). As a result, the reaction time at moderate tem-
peratures was considerably shortened to 15 min compared to non-sonicated reaction conditions at r.t. 
(several days) or at solvent refluxing temperature (12–48 h). The reaction of [(arene)RuCl2]2 complexes 
with simple amines, using ultrasound, gave monomeric addition compounds (arene)RuCl2NR3 (Bates 
et al., 1990). Me3SiN3 was a particularly suitable source of the azide ligand, generating the structur-
ally characterized dimer [(arene)Ru(μ–N3)Cl]2, undergoing dimer cleavage and halide loss reactions. 
The homoleptic CuI-arene complex [Cu(1,2–F2C6H4)2]+[Al{OC(CF3)3}4]−, the CuI-methylene chloride 
complex [Cu(CH2Cl2)Al{OCMe(CF3)2}4], and the donor-free dimer [CuAl{OCH(CF3)2}4]2 were syn-
thesized in quantitative yields by sonicating Li[Al(ORF)4] (RF=C(CF3)3, CMe(CF3)2, or CH(CF3)2), 
AgF, and a threefold excess of CuI in 1,2-F2C6H4 or CH2Cl2. The synthesized substances were good 
starting materials for further CuI chemistry (Santiso-Quinones et al., 2009). The emulsion ethylene 
polymerization method with an adjustable molecular weight of polyethylene using bis(cycloocta-1,5-
diene)nickel and Et 4,4,4-trifluoro-2-(tri-Ph phosphine ylide) acetoacetate as precursors was developed 
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FIGURE 9.1  Schematic of the sonochemical route to SWCNTs. Silica powder is immersed in the solution 
(ferrocene–xylene mixture). Ultrasonication is carried out for 20 min at r.t. and atmospheric pressure. Sonication 
produces high-purity SWCNTs on the surface of the silica powder. (From Srinivasan, C., Curr. Sci., 88(1), 12, 
2005. With permission.)
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by Wei and Zhang (2009). Emulsion polyethylene, obtained by a series of steps including ultrasonic 
treatment, had a molecular weight of 1,165–11,600. Aldol condensation of 4-ferrocenyl-3-buten-2-one 
with aromatic aldehydes afforded 1-aryl-5-ferrocenyl-penta-1,4-dien-3-one in 83%–97% yields under 
ultrasound irradiation or in a solvent-free condition at r.t. (Zhou et al., 2004). This method had the 
advantages of simplicity, mild reaction conditions, good yields, and low costs.





N-Containing Metal Complexes





Ultrasonically obtained metal complexes with “pure” nitrogen-containing non-macrocyclic 
ligands are represented by a few examples of amines and azines. Thus, the effect of ultrasound 
treatment on the nature of the interaction and phase composition of compounds based on CdI2 
and PbI2, with pyridine (PY), piperidine (PP) and PhNH2 (AN) yielding the intercalation compounds 
PbI2(PP)8.3±0.2, CdI2(py)4.3±0.2, and CdI2(py)6.0±0.2, as well as, PbI2(AN), was studied (Konopleva et al., 
2000).  Nanoparticles of a new Bi(III) supramolecular compound, [Bi2(μ–4,4′-bipy)Cl10] · 2(4,4′-
Hbipy) · (4,4′-H2bipy) · 2H2O, were synthesized by a sonochemical method (Soltanzadeh and Morsali, 
2009). Calcination of its nanoparticles at 400°C under air yielded nanosized particles of α-Bi2O3.





N-Macrocyclic Complexes
The application of ultrasound for the preparation of porphyrin and closely related phthalocyanine metal 
complexes has been described in a series of reports, as having synthesis as its goal, destruction of these 
π-conjugated aromatic macrocycles, as well as preparation of materials possessing catalytic proper-
ties or suitable for medical purposes. Thus, the electrosynthesis of a nickel metalloporphyrin by using 
5,10,15,20-tetraquis(p–hydroxyphenyl)porphyrin (TPPOH) as binding agent was carried out in a nondi-
vided cell, with a nickel sacrificial anode, and at controlled potential, in order to favor the chemical for-
mation of a metal complex by the reaction between the porphyrin dianion radical and Ni(II) ions, both 
of which were electro-generated during the process (Aguilera et al., 2009). The effect of the use of an 
ultrasonic wave of 20 kHz in the metalloporphyrin electrosynthesis process was studied, and it showed 
that the application of the ultrasonic wave at the amplitude of the study favored the yield of the reac-
tion and did not lead to changes in the electrochemical mechanism. In case of a nonmetallic porphyrin, 
the ultrasonic method (a combination of the reprecipitation and sonication method) was applied for the 
preparation of porphyrin nanoparticles with narrow-sized distribution and good dispersibility (Motlagh 
et al., 2008). These nanoparticles were stable in the solution, without precipitation, for at least 30 days. 
On the contrary, in certain conditions, ultrasonic waves could destroy the macromolecule structure. 
For example, nickel and vanadium porphyrins were subjected to oxidation with aqueous H2O2/CHCl3 
in order to release water-soluble metals and to decompose the porphyrin structure. It was shown that 
cavitation by ultrasound was quite effective for porphyrin degradation and metal release, and it occurred 
through consecutive reactions with an oxidation reaction intermediate (Tu and Yen, 1999).





The oxygen-reducing catalyst, on the basis of the cobalt porphyrin complex, obtained ultra-
sonically from the porphyrin monomer (tetra–Me,Ph-porphyrin or tetramethoxy-Ph-porphyrin) and 
cobalt acetate as precursors, can be used in proton-exchange membrane fuel cells (Xie et al., 2006). 
Ruthenium(II) porphyrin-catalyzed amidation of aromatic heterocycles (9.8) with iminoiodanes 
under mild conditions (CH2Cl2, molecular sieves, ultrasound, 40°C) was achieved (Scheme 9.5) in 
moderate to good yields (up to 84%) and conversions to form (9.9) (up to 99%) (He et al., 2004). 
As an example, ultrasound treatment of furan (9.10) (1 equivalent) with 10 mol% [RuII(TTP)(CO)] 
(9.7) and PhI=NTs (1.5 equivalents), in CH2Cl2 containing 4 Å molecular sieves, at 40°C, gave 
N,N-ditosylamido-2-furan (9.11) in 73% isolated yield.  Another catalytic use was reported for 
alkenes, which transformed them to their corresponding epoxides in high yields and with high 
selectivity by sodium periodate, under ultrasonic irradiation, in the presence of catalytic amounts of 
manganese porphyrin supported on ion-exchange resin (Mirkhani et al., 2000).





Porphyrins under ultrasonic irradiation have been used for medical applications. Thus, the inter-
action between hematoporphyrin zinc (HP-Zn) and bovine serum albumin (BSA) and damage of 
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BSA in the presence of HP-Zn under ultrasonic irradiation were studied for driving sonodynamic 
treatment to a clinical application (Liu et al., 2009). The results showed that at 37°C, the binding 
site number, the apparent binding constant, and the binding distance were 1.0379, 6.2661 × 104, and 
3.53 nm, respectively. Under different conditions, the damage degree of BSA rose with the increase 
in ultrasonic irradiation time, HP-Zn concentration, and pH value of the solution. Other relative 
metal porphyrin applications were related to sonodynamic therapy (synergistic effect of ultrasound 
and drugs on cells) (Miyoshi et al., 2003).





A series of reports on the systematic synthesis of non-substituted metal phthalocyanines (9.13) 
(PcM), starting from phthalonitrile (9.12) and elemental metals (Scheme 9.6) in different forms (in 
particular Rieke metals), obtained by the ultrasonic activation of the reaction system, were recently 
published (Kharisov et al., 2006a, 2007a). The metals, whose phthalocyaninates were the most com-
mon industrial phthalocyanine products (Cu, Ni, Mg, and Zn), were used as nonactivated powders, 
wires, or sheets, or as activated forms (“dry” pyrophoric Raney nickel or Rieke metals), reacting 
with phthalonitrile solutions in nonaqueous solvents (mainly low-weight alcohols and THF) under 
ultrasonic activation. Furthermore, magnesium was also used as an active magnesium–anthracene 
complex (source of a “soluble” metal) (Kharisov et al., 2005a). The mechanism of ultrasonically 
assisted destruction of metal aggregates, leading to the formation of preferential reaction sites and 
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smaller metal particles, reacting further with phthalonitrile and forming the final metal phthalocya-
ninate, was offered (Figure 9.2) (Kharisov et al., 2004, 2006b). Copper and nickel were also used as 
metallic aggregates, supported in alumina (Figure 9.3) (Kharisov et al., 2007b). Comparing these 
methods, it was established that Rieke metals showed more activity when compared with supported 
metals at relatively low temperatures (0°C–50°C). Under ultrasonic treatment, metal phthalocya-
ninate yields were close to quantitative. Similar experiments were carried out using zeolites as a 
matrix for phthalonitrile cyclotetramerization (Kharisov et  al., 2005b; De la Rosa et  al., 2007), 
yielding the usefulness of ultrasonic treatment for the reaction mixture (Scheme 9.6).





The same researchers also applied the direct electrochemical synthesis, described earlier, for the 
preparation of porphyrins, to obtain phthalocyanines in a temperature range 0°C–120°C (Kharisov 
et al., 1999a,b, 2000), depending on the metal, solvent, and precursors. It was shown that in some 
reactions the use of ultrasound was a necessary procedure, as the electrode surfaces during the 
electrolysis process had became covered with the product layer. As a consequence, an unstable con-
dition, due to increase of voltage in the cell, occurred. Use of ultrasound allowed it to partially or 
completely resolve this problem, eliminating the formed metal phthalocyaninate from the electrode 
surfaces and thus stabilizing the electrolysis.





Co-phthalocyanine/Fe nanocomposite particles were obtained by using the composite in situ 
method, with the mixture of carbonyl iron and solution of Co(II)-phthalocyanine (Co-Pc) ultrasonic 
dispersing in DMF (Gong et al., 2001). It was found that the Co-Pc-Fe nanocomposite particles were 
completely covered with Co-Pc and had the structure of Chinese gooseberry. Among other reports on 
ultrasonic application in phthalocyanine synthesis and product modification, we noted the production 
of CuPc nanofilms (Xue et al., 2009), surface modification of CuPc pigments (Bulychev et al., 2008), 
formation of LiPc nanotubes (its mechanism is shown in Figure 9.4) (Sostaric, 2006), as well as decol-
orization due to degradation of Ni(II) and vanadyl 2,9,16,23-tetraphenoxy-29H,31H-phthalocyanine in 
the ultrasonic field (Banks et al., 2004). The results for porphyrins were similar to the ones mentioned 
earlier. In a related research (Tu et al., 2002), with use of copper and nickel phthalocyanines in water, 
and organic solvents at r.t. and atmospheric pressure, in the presence of a catalytic amount of oxidant, 
under 20 kHz frequency, and at a power level of 37–59 W cm−2, the pigments could be destroyed (92%–
95%) within 50 min. Preliminary kinetic studies showed the process was of a Langmuir–Hinshelwood 
type. The reaction mechanism was similar to that of metalloporphyrins and the intermediate was 
found to be an unstable ion radical, which could release metal.





O-Containing Metal Complexes





In a difference of ligands with unique N-donor atoms, ultrasonically prepared O-containing metal 
complexes are very common. Thus, hydrolysis of alcoholates, such as, the adduct/(solvent-complex) 
of iron butylate with THF, Fe(OBut)2(THF)2, followed by ultrasonic and thermal treatment, 
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yielded either nanoparticles of γ-Fe2O3 (maghemite, 9 ± 2 nm), which are superparamagnetic and 
form unique needle-like assemblies of nanoparticle arrays, or Fe3O4 (19 ± 2 nm) forming plate-like 
aggregates ∼10 μm thick (Biddlecombe et al., 2001). Additionally, (Fe[NC(C6H4)C(NSiMe3)2]2Cl, 
Fe2[O2Si(C6H5)2]3, and [Fe(OBut)3Na(THF)]2), can be also used as precursors (Gun’ko et al., 2001). 
Taking the example of ketone complexes, a difference between the application of ultrasound and a 
standard reflux in the synthesis of metal complexes, leading to distinct products, can be observed. 
Thus, when dpk was allowed to react with [Mn(CO)5Br] in dry Et2O, under ultrasonic conditions, 
fac-[Mn(CO)3(dpk)Br] was isolated in good yield and when the same reaction was carried out under 
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FIGURE 9.2  Proposed mechanism of PcM formation from Rieke metals.
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reflux conditions in toluene, in presence of water, traces of fac-[Mn(CO)3(dpkO,OH)] were isolated 
(Bakir et al., 2003), which was different from fac-Mn(CO)3(L–L)Br formed in the case of using di-
2-pyridyl ketone hydrazones (see also hydrazones a little later in the text) of the type (C5H4N)2C= 
N–NH–R=L–L (R = aryl) instead of dpk (Bakir et al., 2005).





β–Diketonates, traditionally well studied and possessing a lot of applications, are also much bet-
ter represented in relation to ultrasound, among all other reported oxygen-containing complexes. 
Ultrasound in diketonate coordination chemistry has been used more for destruction of diketonates 
(in order to produce oxide- or carbide-based materials) than for their synthesis, although a few pre-
parative examples have also been reported. Thus, a simple and convenient technique for the complex 
formation of a wide variety of transition metals/alkaline earth metal salts with 1,3-diketones (9.14) 
under sonication (Scheme 9.7) resulting in β-diketonates (9.15) has been offered by Nandurkar 
et al. (2008). This method shows a significant rate enhancement for metal complex formation in the 
presence of ultrasound, as compared to their silent counterpart, thereby providing higher yields. In 
case of using elemental metals, their interaction with β-diketones and other ligands in (or without) 
nonaqueous solutions (so-called direct synthesis of metal complexes from zero-valent metals and 
organic ligands) under ultrasonic treatment, was generalized by Garnovskii and Kharisov (1999).





Terbium acetylacetonate composite nanoparticles, prepared under vigorous ultrasonic irradiation, 
being water soluble, stable, and having extremely narrow emission bands and high internal quantum 
efficiencies, were used as fluorescence probes in the detection of enoxacin, based on the fluorescence 
enhancement of nanoparticles through fluorescence resonance energy transfer (Karim and Lee, 2008). 
Among other useful applications of metal acetylacetonates, we noted the preparation of the surfactant 
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FIGURE 9.3  Atoms of copper (a) and nickel (c) in the alumina structure before the treatment in the 
phthalonitrile solution and phthalocyanine, formed on the matrix of these agglomerates (b, Cu; d, Ni) in an 
ultrasonic field.



















194	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





clad Mo-acetylacetonate (acac) catalyst (Zou, 2007) and anti-inflammatory agent Tolmetin (Ouyang 
et al., 2008). The last compound was synthesized from N-methylpyrrole and p-toluene formamide in 
the presence of phosphorus oxychloride via benzoylation, to form 1-methyl-2-(4-methylbenzoyl)-1H-
pyrrole, which then reacted with triethylmethane tricarboxylate in an organic solvent, under ultra-
sonic treatment (25–80 kHz, 100–800 W), in the presence of transition metal complexes, for example 
Mn(OAc)3, Mn(acac)3, Mn(OAc)2, Co(OAc)3, and Cu(OAc)2. The method has advantages of having a 
high yield (33.9%), having a cost-effective and easily available starting material, being a simple and 
safe process, with good product quality, and suitable for industrial manufacture.





β-Diketonates are convenient materials for fabrication of oxide thin films, powders, and other 
different micro- and nanoforms, as these precursors can be ultrasonically destroyed in combination 
with heating techniques. Thus, yttria thin films were deposited on silicon substrates using the ultra-
sonic spray pyrolysis technique, with the thermal decomposition of yttrium acetylacetonate Y(acac)3 
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FIGURE 9.4  Depiction of the effect of ultrasound on LiPc particles in (A) the presence and (B) absence of SDS 
during sonolysis. In the absence of SDS, freshly formed smaller particles tend to agglomerate to form larger-
sized particles. When sonolysis is conducted in the presence of SDS, the freshly formed smaller particles are sta-
bilized through electrostatic repulsion. (With permission from Sostaric, J.Z., Pandian, R.P., Weavers, L.K., and 
Kuppusamy, P., Formation of lithium phthalocyanine nanotubes by size reduction using low- and high-frequency 
ultrasound, Chem. Mater., 18(7), 4183–4189, 2006. Copyright 2006 American Chemical Society.)
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(Alarcon-Flores et al., 2008). Ultrasonic irradiation with the frequency of 20–22 kHz and absorbed 
acoustic power of about 0.4 W mL−1 caused degradation of An(IV) tetrakis-β-diketonates and AnL4, 
where An(IV) was Th(IV), Np(IV), and Pu(IV), and HL was hexafluoroacetylacetone and dibenzo-
ylmethane, in hexadecane solutions, in the presence of argon, resulting in a mixture of actinide 
carbides and partial degradation products (PDP) of initial metal β-diketonates (Nikitenko et  al., 
2000; 2004). The authors proposed that metal carbides were formed within the cavitating bubbles as 
a result of the high-temperature process, with participation of actinide(IV) β-diketonates and solvent 
vapors, meanwhile the PDP formation was attributed to the thermolysis of the complexes in a liquid 
reaction zone surrounding the cavitating bubble. The formation of MgO films by ultrasonic spray 
pyrolysis from magnesium β-diketonate was observed by Stryckmans et al. (1996). In addition to 
metal β-diketonates, carboxylate salts, metal alkoxides, or α-hydroxycarboxylate salts, such as metal 
citrates, tartrates, malates, lactates, or glycolates, could be subjected to ultrasonic wave energy (40–
2000 kHz), to be decomposed by a series of steps, patented long ago by David (1986). This route was 
applied to produce metastable tetragonal ZrO2 powder containing Y, Ca, Sr, Yb, Dy, or Ce, whose 
acetylacetonates were used as stabilizing agents in the formation of metastable ZrO2 powders, as also 
Ni0.7Zn0.3Fe2O4 and MFe2O4 (M = Mn, Fe, Co, Ni, Cu, Zn, Cd, Mg, Ba, Sr). Titanium (isopropoxide + 
acetylacetonate) was found to be suitable as the starting salt for the preparation of Pb(Zr, Ti)O3 
powders by ultrasonic spray pyrolysis, in the viewpoint of the phase and morphology of the powders 
(Kim et  al., 1995).  The ultrasonic method for preparing shell-core fluorescent nanocomposite of 
europium-(trifluoroacetylacetone)3-1,10-phenanthroline and silicon dioxide ((Eu(tfacac)3phen/SiO2) 
with SiO2 as the shell) was offered by Guo and Zhao (2009). The obtained nanocomposite had high 
stability under UV irradiation, high fluorescence intensity, and UV absorbability.





Catecholates are represented by a tubular complex (C2H9N2)2(C2H10N2)0.5[MoO2(OC6H4O)2] 
(OC6H4O = catecholate, cations NH2CH2CH2NH2 are protonated) with a tube-like framework and 
two types of isomers (λ/δ configuration) for chiral anions [MoVO2(OC6H4O)2]3, crystallizing in the 
tetragonal system, space group P4(2)/n (Wang et al., 2008), whose further sonication leads to the 
transformation from this bulk tubular complex to the helical nanostructure, a new morphology of 
inorganic–organic hybrid materials on the nanoscale level. Both left- and right-handed nanoheli-
ces have been detected as products. Additionally, the sonication of silica gel in basic solutions of 
diols cause a rapid breakdown of the inorganic polymer and the formation of monomeric Si com-
plexes, for example tris–catecholate complex Na2[(C6H4O2)3Si] forms in good yield at r.t. (Lickiss 
and Lucas, 1996; Li et al., 2008b). Its germanium analog Li2[(C6H4O2)3Ge] may form similarly from 
GeO2, but TiO2, on the contrary, remains unaffected by the ultrasound.





A few examples of ultrasonically synthesized carboxylates have been reported. Thus, a 3-D metal-
organic framework with 3-D channels, that is, Cu3(BTC)2, was synthesized by the reaction of cupric 
acetate and H3BTC in a mixed solution of DMF/EtOH/H2O (3:1:2, vol./vol.) under ultrasonic irra-
diation at r.t.  for short reaction times (5–60 min), in high yields (62.6%–85.1%), (Li et al., 2008e). 
Compared to the traditional synthetic techniques, such as, solvent diffusion technique, and hydrother-
mal and solvothermal methods, the ultrasonic route was found to be highly efficient and environmen-
tally friendly for the construction of porous MOFs. Nanocrystals of a fluorescent microporous MOF of 
the analogous compound Zn3(BTC)2 · 12H2O were prepared similarly (Qiu et al., 2008).





S-Containing Metal Complexes





The ligands containing sulfur are represented by a considerably lesser number of examples than N 
and O ligands. Thus, the ultrasound-assisted reaction of the lithiation of thiophene gave 2-lithiothio-
phene, which on treatment with 2-formylthiophene gave 71% 2-(2′-thienylhydroxymethyl)thiophene 
(Garrigues et al., 2000). The splitting of the quasidegenerate electronic states in the dinuclear bis[(1,3-
dithiole-2-thione-4,5-dithiolato)-di-(carbonyl)-cyclopentadienyliron(II)] complex with bridging, S–S-
coupled, dimerized sulfur-rich dithiolate ligands, [Fe(C5H5)(CO)2(C3S5–C3S5)Fe(C5H5)(CO)2] (9.16) 
(Scheme 9.8), for whose synthesis the use of ultrasound irradiation was earlier (Matsubayashi et al., 
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2002) reported, was found by the means of Mössbauer spectroscopy and by the measurement of the 
temperature dependence of magnetic susceptibility (2–300 K) (Vitushkina et al., 2009). An unusual 
effect of the splitting of electron states of the binuclear low symmetry complex, caused by the notable 
electron conductivity of the Fe S C S S C S Fe� � � � � � �3 2 2 2 2 3� � �  chain, was found in this compound.





Te-Containing Metal Complexes





Elemental tellurium was found to react with μ-alkylidyne complexes (9.17) [CpMFe(μ-CR)(CO)5] 
(M = W, Mo; R = C6H3Me2-2,6) under ultrasonic activation (Scheme 9.9) to provide the telluroaroyl 
[CpMoFe(μ-TeCR)(CO)5] (9.18) or μ-telluride clusters (9.19 and 9.20) (R = 2,6-Me2C6H3) (Hulkes 
et al., 2004).
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Halogen-Containing Metal Complexes





Halogen-containing complexes, prepared with ultrasonic assistance, are also rare.  Nineteen 
organotin(IV) complexes (9.22), with nine different cyanoxime ligands (9.23), were anaerobi-
cally prepared by the heterogeneous metathesis reaction (Scheme 9.10) between the respective 
organotin(IV) halides (9.21) (Cl, Br) and ML (M = Ag, Tl; L = cyanoximate anion), using ultrasound 
in the MeCN at r.t. (Gerasimchuk et al., 2007). The crystal structures of the complexes revealed 
the formation of two types of Sn(IV) cyanoximates: mononuclear five-coordinated compounds of 
R4–nSnLn composition (R = Me, Et, Bu, Ph; n = 1, 2; L = cyanoximate anion), and the tetranuclear 
R8Sn4(OH)2O2L2 species (R = Bu, Ph). The latter complex contained a planar [Sn4(OH)2O2]2− core, 
consisting of three adjacent rhombs with bridging oxo and hydroxo groups. The two dibutyltin(IV) 
cyanoximates showed cytotoxicity similar and greater, against several types of cancer, to that of 
cis-platin.





N,O-Containing Metal Complexes





Among a variety of reported titled complexes, Schiff base complexes should be mentioned first. 
Schiff bases, as a hearth of coordination chemistry, have attracted a lot of attention of the research-
ers, from the point of view of applying various techniques for obtaining their metal complexes, in a 
particular ultrasound. Thus, transition metal (M = Zn, Fe, and Co) Schiff base (C4N3H13) complexes 
([[2,2′-[iminobis(2,1-ethanediylnitrilomethylidyne)]bis[phenolato]](2–)–N,N′,N″,O,O′]M), sup-
ported on SiO2, were prepared with 3-chloropropyltrimethoxysilane as the coupling agents, using 
the ultrasonic technique, under mild conditions and showed different catalytic activities, (a) toward 
CO2 coupling with propylene oxide (Zhang et al., 2008) and (b) selective oxidation of styrene to 
benzaldehyde, with H2O2 as the oxidant (Zhang et al., 2006). These transition metal Schiff base 
complexes showed a higher catalytic activity than SiO2/C4N3H13 in the first process. For the second 
series of reactions, both high styrene conversion (>90%) and benzaldehyde selectivity (93.5%) were 
obtained. Additionally, the selectivities were found to be influenced not only by the reaction time 
but also by the types of transition metal in the catalysts. A macroheterocyclic Schiff base dinuclear 
zinc complex Zn(TTA)–Zn(L) (L is a Schiff base of 1,3-bis(o-aminophenoxy)propane and TTA) 
was also synthesized under ultrasonic catalysis (Li et al., 2004).  It was found that one Zn bond 
to 1,5-diaza-8,12-dioxa-4-trifluoromethyl-2-(2-thenoyl)-6,7,13,14-dibenzocyclotetradeca-1,4-diene 
ligand with dsp3 hybrid orbitals and another Zn bond to 2-thenoyltrifluoroacetone with sp2 hybrid 
orbitals helped to obtain a tree-like dinuclear complex. Ultrasonic velocity was studied in solutions 
of furfurylidene-4-aminoacetanilide, 3-nitrobenzylidene-2-amino-4-chlorophenol, and 4-chloro-
benzylidene-2-amino-4-chlorophenol, and their Co, Ni, and Cu antimicrobially active complexes in 
methanol at 303.15 K (Mishra et al., 2002).





N-containing derivatives of carboxylic acids, generally having a wide variety of coordina-
tion modes with metal ions (Figure 9.5, formulae 9.24 through 9.37), are also well represented 
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in respect of the application of ultrasound for their synthesis, although not by such a high 
number of examples as β-diketonates. Thus, two structural series, including two isomorphous 
homodinuclear complexes Ln2(H2O)4(C6NO2H4)6 (Ln = Tb, Er) and four isostructural 1-D chain-
like assemblies [Ln(H2O)4(C6NO2H4)2]n · nCl (Ln = Sm, Eu, Tb, Dy) containing eight-coordinated 
lanthanide ions and bridging isonicotinic acid ligands, were rationally prepared through a facile 
ultrasonic synthesis (Chen et al., 2009). The 1-D polycationic chains and the isolated chloride 
anions are interconnected via hydrogen bonds and π–π interactions to form a three-dimensional 
supramolecular network.





N-containing carboxylates also served as precursors of metal nanoparticles. For instance, nanoscale 
Cu particles, together with Cu2O, were prepared by sonochemical reduction of copper(II) hydrazine 
carboxylate {Cu(N2H3COO)2 · 2H2O} complex, in an aqueous medium under an Ar atmosphere for 
23 h (Dhas et al., 1998). The probable reaction steps and explanation for the sonochemical reduction 
process are shown by Equations 9.1 through 9.5. Formation of Cu–Cu2O mixture was explained by 
the partial oxidation of Cu by in situ generated H2O2 under the sonochemical conditions (Equations 
9.4 and 9.5). However, in the presence of Ar and H2 atmosphere, the formation of H2O2 can be arrested 
due to the scavenging of OH• radicals by hydrogen, thereby resulting in pure copper nanoparticles. The 
obtained Cu nanoparticles were catalytically active toward an Ullmann reaction (Scheme 9.11, 200°C, 
5 h), that is, the condensation of aryl halides (9.38) to biphenyls (9.39), to an extent of 80%–90% con-
version (particle size 50–70 nm), when compared to the thermal (particle size 200–250 nm, 79% yield) 
or commercial (particle size 500–600 nm, 43% yield) source of the copper catalyst.





	 H O H OH2 ))))) • •+ 	 (9.1)





	 Cu H Cu H2+ + → + +2 20•
	 (9.2)





	 n nCu Cu0
aggregates→ ( ) ( )





0
	 (9.3)





N





OO





M





N





OO





M
N





OO





M





N





OO





M M





N





OO





M





M
N





OO





M





M





OO





M M





N





OO





M





N





OO





M





N





OO





M





N





OO





M M





N





M





OO





M





N





OO





M





M





OO





M M





N





M





9.24 9.25 9.26 9.27 9.28 9.29 9.30





9.31 9.32 9.33 9.34 9.35 9.36 9.37





FIGURE 9.5  Various coordination modes of nicotinic (upper) and isonicotinic (bottom) acid with metal ions (M).
(With permission from Chen, W. and Fukuzumi, S., Ligand-dependent ultrasonic-assistant self-assemblies 
and photophysical properties of lanthanide nicotinic/isonicotinic complexes, Inorg. Chem., 48(8), 3800–3807, 
2009. Copyright 2009 American Chemical Society.)



















Use of Ultrasound in Coordination and Organometallic Chemistry	 199





	 2H/2OH H /H O /H O2 2 2 2
• → 	 (9.4)





	 Cu H O Cu O H O0
2+ → +2 2 2





	 (9.5)





In case of N-containing derivatives of crown-ethers, eight complexes of rare earth nitrates with 
lactam-type open-chain crown ethers (9.40 through 9.42) were synthesized by the ultrasonic method 
(Ni et al., 2001) (Scheme 9.12).





Among the O-containing azine derivatives, we noted that the bis(1-(2-pyridylazo)-2-naphtholato)
zinc {Zn(PAN)2} complex (with a rodlike morphology and a diameter of ∼20–70 nm and a length 
of ∼100–300 nm) was successfully synthesized via a facile sonochemical method (Pan et al., 2007a). 
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It was found that exciton coupling among neighbor Zn(PAN)2 complex monomers in the nanorods 
produced resonance-enhanced light scattering. Additionally, the reaction between ZnCl2 and dpkbh 
in MeCN, under ultrasonic or reflux conditions, gave a good yield of [ZnCl2(η3–N,N,O–dpkbh)]. Its 
solid-state IR spectra revealed the coordination of dpkbh, the presence of the amide proton, and the 
binding of the O atom of dpkbh. Furthermore, the optical measurements showed reversible inter-
conversion between two forms, which could be due to complex–substrate interactions (Bakir et al., 
2008).  New materials of the amine-functionalized mesoporous silica (NH2–MS) and ferrocene-
functionalized mesoporous silica (Fc–CONH–MS) were obtained by post-synthesis grafting, where 
the peptide bond of the amine group (–NH2) of mesoporous silica was linked with the carboxylic 
acid group (–COOH) at both ends of the ferrocene derivatives (Kwon and Lee, 2008). It was noted 
that the ferrocene attached to the amino-functionalized mesoporous silica pore outlet was cleavaged 
by ultrasound irradiation, which opened the closed-pore outlets, suggesting a possible application as 
a controlled release drug carrier. An example of 8-hydroxyquinoline complexes, highly luminescent 
zinc(II)-bis(8-hydroxyquinoline) (Znq2) complex nanorods (with a diameter of about 200–450 nm 
and a length of about 1–3 μm, Figure 9.6) were synthesized via a sonochemical route from a micro-
emulsion containing zinc acetate and 8-hydroxyquinoline (Pan et al., 2007). A proposed mechanism 
(Figure 9.7) for the formation of Znq2 nanorods included a possible collision and fusion of initial 
Znq2 nuclei by ultrasound to form nanorods. The Znq2 nanorods were found to be good protein 
probes for easy and highly sensitive detection.





(a) (b)





(c) (d)





(e) (f)





200 nm 200 nm





200 nm





500 nm





500 nm





500 nm





FIGURE 9.6  TEM images of the Znq2 products obtained at different reaction conditions after ultrasound 
treatment for (a) 1, (b) 3, (c) 6, (d) 12, and (e) 40 min and under electromagnetic stirring instead of ultra-
sound treatment for (f) 45 min.  (With permission from Pan, H.-C., Liang, F.-P., Mao, C.-J., Zhu, J,-J., and 
Chen, H.-Y., Highly luminescent zinc(II)-bis(8-hydroxyquinoline) complex nanorods: Sonochemical syn-
thesis, characterizations, and protein sensing J. Phys. Chem. B, 111(20), 5767–5772, 2007. Copyright 2007 
American Chemical Society.)
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Metalated Peptide Complexes
The first case of a reversible, remotely controlled, and rapid sol–gel transition by H-bonding aggre-
gates was recently observed (Figure 9.8) on the example of palladium o-metalated N-dipeptidyl 
benzaldimine complexes [LXPd–1,2–C6H4CH:N–κN–(CH2)nOCOCH2CH2CH(NHFmoc)
CONHCH(CONHBu)CH2CH2COO(CH2)nN:CHC6H4–1,2–PdXL] (L = PPh3; X = Cl, n = 2; X = 
NCS, n = 2; X = Cl, n = 5), Fmoc[NHCHYCONH]mBu (Y = CH2CH2CO2CH2CH2N:CH–1,2–
C6H4PdLCl; m = 1−4) undergoing ultrasound-induced gelation, explained by the authors as exten-
sive H-bond formation (Isozaki et al., 2007). By adjusting the sonication time, the gelation rates and 
heat-resistant properties of the aggregates could be controlled.





S,O-Containing Metal Complexes





S,O-containing metal complexes are represented by sulfoxide adducts.  Thus, measurements of 
propagation speed at a frequency of 1 MHz and absorption coefficient of ultrasonic waves within 
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FIGURE 9.7  Schematic illustration of the formation mechanism of Znq2 nanorods.  (With permission 
from Pan, H.-C., Liang, F.-P., Mao, C.-J., Zhu, J,-J., and Chen, H.-Y., Highly luminescent zinc(II)-bis(8-
hydroxyquinoline) complex nanorods: Sonochemical synthesis, characterizations, and protein sensing, 
J. Phys. Chem. B, 111(20), 5767–5772, 2007. Copyright 2007 American Chemical Society.)
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FIGURE 9.8  Ultrasound-assisted gelation. (Isozaki, K., Takaya, H., and Naota, T.: Ultrasound-induced gela-
tion of organic fluids with metalated peptides. Angew. Chem.  Int. Ed.  2007.  46(16).  2855–2857, S2855/1–
S2855/31. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. With permission.)
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the range of 10–100 MHz in aqueous solutions of DMSO and ZnCl2 showed the formation of sol-
vatomers composed of [(DMSO)2Zn(H2O)2]2+ and [(DMSO)Zn(H2O)3]2+ (Miecznik, 1993).  The 
relaxation process discovered in the system DMSO–H2O–ZnCl2 was assigned to the formation and 
disintegration of solvatomers composed of the last complex.





N-,O-,S-Containing Metal Complexes





These ligands are represented by a unique example of hydrazono podands (9.43) L (n = 0, 1, 2), 
which reacted with CuSO4 in EtOH under ultrasound treatment, to give CuL(SO4) (Fedorova and 
Ovchinnikova, 1995) (Scheme 9.13).





COORDINATION POLYMERS





The ultrasound is known as one of the most efficient techniques to produce shear forces in a solution, 
which, acting on polymers (Paulusse and Sijbesma, 2006), cause the chains to be stretched and broken. 
Selectivity of the mechanochemical chain scission in mixed palladium(II) and platinum(II) coordination 
polymers was studied by Paulusse and Sijbesma (2008). Ultrasonic scission on palladium(II)-phosphine-
based coordination polymers was found to be highly reversible, and therefore, occurred exclusively at 
the palladium–phosphorus bond (Paulusse et  al., 2007).  The ultrasound-induced scission (with con-
firmed mechanochemical origin) of silver carbene coordination complexes with poly-THF-functional-
ized N-heterocyclic carbene ligands (9.44), with complete conversion to product (9.45), within 10 min 
(Scheme 9.14), when the polymers had a molecular weight of 6.7 kDa, was reported (Karthikeyan et al., 
2008). The mechanochemical process at r.t. was found to be much faster than thermal scission at 60°C 
(30% conversion in 18 h).





A new gelation mechanism was proposed based on a readily available coordination polymer, 
{Zn(bibp)2(OSO2CF3)2}n, in which the ultrasound dramatically changed the morphology of the 
material from sheet-like microparticles into nanofibers, which further got entangled with each other 
to form a three-dimensional fibrillar network, thereby resulting in the immobilization of organic 
fluids (Figure 9.9) (Zhang et al., 2009). A supramolecular metal-organic framework constructed by 
2D infinite coordination polymers, [Zn(BDC)(H2O)]n (yield 43.4%–53.2%), was synthesized by the 
reaction of zinc acetate with H2BDC in DMF under ultrasonic irradiation at r.t. Samples with differ-
ent morphologies, that is, nanobelts, nanosheets, and microcrystals, were obtained under ultrasound 
irradiation for different reaction times (Li  et  al., 2008a). Cadmium bis(6-mercaptopurinate) was 
heated at 200°C for 4 h to form an anhydrous coordination polymer of cadmium 6-mercaptopu-
rinate, purified by ultrasonic dispersion and ultracentrifugation (Olea et al., 2005). Furthermore, 
a series of poly(carbosilazane-CuCl2) metallopolymers was prepared by the reaction of varying 
amounts (5%–30%) of anhydrous CuCl2 with polycarbosilazane [–(CH3)2SiNH(CH2)2NH–]n, in 
THF, under continuous sonication (Arafa et al., 2005).
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CATALYTIC APPLICATIONS OF ULTRASONICALLY 
OBTAINED COMPLEXES AND COMPOSITES





In addition to the above-mentioned catalytic uses of porphyrins and carbonyls, other coordination 
and organometallic compounds are widely used as catalysts under ultrasonic irradiation; also, the 
catalysts can be ultrasonically prepared and successfully used further without an ultrasound. All 
methodologies, based on the applications of metal complexes under ultrasound treatment in the 
organic synthesis have reported several advantages, such as, excellent yields, simple procedure, 
short reaction times, and milder conditions (Werner, 2005). Thus, a simple, efficient, and green 
procedure was offered for the synthesis of 2,4,5-triaryl imidazoles, for example, (9.46) (R1 = H, 
Me, MeO, i-Pr, Cl, F, CN, NO2, and so on; R2 = H, MeO, NO2, F; R3 = H, MeO, F), catalyzed 
by zirconium(IV) acetylacetonate using ultrasonic irradiation (Khosropour et al., 2008). Different 
palladium complexes were found to be suitable catalysts for the preparation of biaryls (9.47) by 
using the Suzuki cross-coupling (Scheme 9.15), under ultrasonic irradiation, in the absence of high-
yielding phosphine ligands (Silva et al., 2007). The catalyst was recycled up to three times with 
good to moderate activity. Titanium trichloride in EtOH, being reduced by Al to the corresponding 
low-valent titanium complexes, was found to be able to reduce some aromatic aldehydes and ketones 
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FIGURE 9.9  Morphological transformations of {Zn(bibp)2(OSO2CF3)2}n. (With permission from Zhang, S., 
Yang, S., Lan, J., Tang, Y., Xue, Y., and You, J., Ultrasound-induced switching of sheetlike coordination 
polymer microparticles to nanofibers capable of gelating solvents, J. Am. Chem.  Soc., 131(5), 1689–1691. 
Copyright 2009 American Chemistry Society.)
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to the corresponding pinacols in 40%–82% yields within 30–90 min at r.t. under ultrasound irradia-
tion (Li et al., 2004).





Several inorganic catalysts were prepared through the intermediate formation of meal complexes 
under ultrasonic irradiation. Thus, a catalytically high active nanocrystal Pt/C catalyst, possessing 
good selectivity, was obtained, starting with PtCl4 as a precursor via its interaction with a mixed 
solvent of ketone (ethanone or acetone) and alcohol (methanol, propylene glycol, polyvinyl alcohol, 
or ethylene glycol) (at 1:1), and ultrasonic treatment at 20°C–55°C for 20–90 min, to obtain an 
intermediate platinum complex, by immersing and adsorption on the carrier carbon at 20°C–50°C 
for 2–12 h, and a further reduction step (Lei et al., 2008). The product had a series of advantages in 
comparison with similar products obtained by classic methods, in particular controllable particle 
sizes and dispersion, with good repeatability of the catalyst batches. Furthermore, highly active 
MoS2 (particle size in the range of 25–50 nm) catalysts were obtained by the sonochemical prep-
aration, from (NH4)6Mo7O2 · 44H2O, CH3COSH, and polyethyleneglycol (Uzcanga, 2007).  Using 
ligand-free palladium(II) acetate [Pd(OAc)2] in the range of 0.01–0.1 mol% or palladium-on-carbon 
(Pd/C) 10% in the range of 1.0–2.0 mol%, most aryl iodides and bromides gave high yields in Heck 
couplings under conventional heating (120°C) in 18 h (Palmisano, 2007). However, microwave irra-
diation alone or, better still, combined with high-intensity ultrasound, strongly promoted the reac-
tion, generally decreasing reaction times to one hour.





OTHER APPLICATIONS





In addition to the applications of ultrasound in relation to the above-mentioned metal complexes 
throughout the text, this technique has been successfully applied for obtaining nanoparticles (par-
ticularly of elemental metals, see earlier in the text), which can be synthesized from metal-organic 
or organometallic precursors, either by classical thermal decomposition, ultrasound activation, pho-
tolysis, and hydrogenation, or hydrolysis reactions (Amiens and Chaudret, 2007). Thus, nanostruc-
tured CoFe2O4 particles (<5 nm) (bulk CoFe2O4 is a ferrimagnetic material with a partially inverse 
spinel structure, with the formula (CoxFe1−x)[Co1−xFe1+x]) were prepared by a sonochemical approach, 
first by preparation of the amorphous precursor powders (decomposition of solutions of volatile 
organic precursors, Fe(CO)5 and Co(NO)(CO)3, in decalin at 273 K, under an O2 pressure of 100–
150 kPa and ultrasonic treatment), followed by a heating treatment at relatively very low tempera-
tures (Shafi et al., 1998). Certain radiochemical functionalities can be reached by using ultrasonic 
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irradiation. For instance, the application of the ultrasound significantly enhanced the dissolution of 
UO2 powders placed on small glass beads in supercritical fluid CO2, by using a CO2-soluble tri-n-
butylphosphate (TBP)/HNO3/H2O complexant as an extractant (Figure 9.10), probably contributing 
to the transfer of locally concentrated UO2(NO3)2 · 2TBP from the surface of glass beads into the 
supercritical fluid CO2 (Youichi Enokida et al., 2002).





CONCLUDING REMARKS





It was observed that the number of publications on the use of ultrasound, to synthesize coordina-
tion and organometallic compounds, is actually considerably lesser in comparison with hundreds of 
reports on the ultrasonic application in organic chemistry or nanotechnology. Ultrasound has been 
mainly applied to obtain metal complexes or composites, to transform them to other compounds, or 
to reduce them to elemental metals. Furthermore, a series of catalysts using ultrasonically prepared 
metal complexes has been reported. Metal complexes are widely used as catalysts under simulta-
neous ultrasonic treatment. The main advantages of ultrasonic application in organometallic and 
coordination chemistry are frequent higher yields in comparison with classic techniques, milder 
conditions (generally lower temperature), and a considerably shortened reaction time.
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INTRODUCTION





Ultrasound can be used in organic reactions since it provides specific activation based on a physi-
cal phenomenon called as acoustic cavitation. The chemical consequences of high-intensity ultra-
sound do not arise from an interaction of acoustic waves and matter at a molecular or atomic 
level. Instead, in liquids irradiated with high-intensity ultrasound, acoustic cavitation, that is, the 
formation, growth, and collapse of bubbles, provides the primary mechanism for sonochemical 
effects.  In cavitation, bubble collapse produces intense local heating, high pressures, and very 
short lifetimes; these transient, localized hot spots drive high-energy chemical reactions. It is well 
established fact that these hot spots have temperatures of above 5000 ± °C, pressures at around 
1000 atm, and heating and cooling rates above 1010 K/s. Thus, cavitation serves as a means of 
concentrating the diffuse energy of sound into a unique set of conditions to produce unusual 
materials from dissolved and generally volatile precursors.





As far as solids or solid–gas systems are concerned, chemical reactions are not generally seen in 
the ultrasonic irradiation. In addition, the interfacial region around cavitation bubbles has very large 
temperature, pressure, and possibly electric field gradients. Liquid motion in this vicinity also gen-
erates very large shear and strain gradients; these are caused by the very rapid streaming of solvent 
molecules around the cavitation bubble, as well as the intense shockwaves emanated on collapse. 
There are various applications of ultrasound in organic synthesis:





	 1.	Homogeneous ultrasound chemistry
	 a.	 Aqueous medium
	 b.	 Nonaqueous media
	 2.	Heterogeneous ultrasound chemistry
	 a.	 Phase transfer catalysis
	 b.	 Reactions with metals
	 c.	 Heterogeneous catalysis
	 3.	Enzyme reactions preferred in ultrasound





Some of the new advances in organic synthesis using ultrasound are discussed in this chapter.





C–C BOND FORMATION REACTIONS





Carbon–carbon bond-forming reactions are at the heart of synthetic organic chemistry; they allow 
for constructing simple feedstock chemicals as well as complex pharmaceuticals. Among them are 
reactions that directly couple two different carbon centers to form a new compound. Carbon–carbon 
bond formation is the essence of organic synthesis and provides the foundation for generating more 
complicated organic compounds from the simpler ones. In recent years, there has been increased 
recognition that organic reactions can precede well using ultrasound irradiation.





Javed et al. (1995) have shown that ultrasonic irradiations provide efficient promotion of reaction 
between 1,3-dienes and 1,4-diones in a Diels–Alder cycloaddition to afford bicyclo[4.4.0]-fused ring 
system in high yields (Scheme 10.1).





Guilet et al.  (1998) have disclosed the influence of ultrasound power on the C-alkylation of 
phenyl ac etonitrile by ethyl bromide under solid–liquid phase transfer catalysis in the presence of 
KOH and n-tetrabutyl ammonium hydrogen sulfate (TBAHS) (Scheme 10.2).





Liu et  al.  (2008) developed simple, novel, and efficient synthetic method for the synthesis of 
3-indolylbenzoquinones using a catalytic amount of molecular iodine under ultrasound irradiation 
at room temperature (Scheme 10.3).





Li et al. (2007a) have described an efficient and convenient method for the preparation of pinac-
ols from some aromatic aldehydes and ketones by using TiCl4 in ethyl acetate under ultrasound 
irradiation (Scheme 10.4).
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Li et al. (2008) described under ultrasonication the regioselective alkylation at the 3-position of 
indole through conjugate addition-type reaction with 1,5 diaryl-1,4-pentadien-3-ones (Scheme 10.5).





Zhang et al. (2008) proved that ultrasound can facilitate the heterogeneous reaction of Suzuki 
coupling of phenylboronic acid with aryl halides in the presence of TBAB (Scheme 10.6).





Li et al. (2006a) have found an efficient and practical procedure for preparation of 2-(1H-indol-
3-yl)(aryl)methyl malononitriles from some aryl methylenemalonitriles and indole under ultrasound 
irradiation (Scheme 10.7).





Jin et al. (2008) carried out the synthesis of chalcoide-like compounds catalyzed by KF-Al2O3 
under ultrasound (Scheme 10.8).





Wang et al. (2008a) have introduced Meldrum’s acid as an efficient organocatalyst in water for 
synthesis of bis (indo-3-yl) methane derivatives at ambient temperature under ultrasound irradiation 
(Scheme 10.9).





Fu et al. (2008) have developed a general synthesis that might prove a synthetically useful method 
for preparation of 1-ferrocenyl-2-arylacetylenes under ultrasound (Scheme 10.10).
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Palmisano et al. (2007) showed that the Heck reactions can conveniently be carried out under 
ultrasound irradiation (Scheme 10.11).





Li et al. (2006a) described that amino sulfonic acid was found to be a cheap, novel, convenient, 
and efficient catalyst for the synthesis of BIM from indole and carbonyl compounds under ultra-
sound (Scheme 10.12).
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Ji and Wang (2005) have developed the preparation of propargylic alcohols catalyzed by potas-
sium tert-butoxide under ultrasonication (Scheme 10.13).





Ji et al. (2005) found that PTSA as cheap, novel, convenient, and efficient catalyst for the synthe-
sis of β-indolylketone derivatives from indoles and α–β unsaturated carbonyl ketones in the pres-
ence of ultrasound irradiation (Scheme 10.14).





Wang et al. (2005) have found an efficient and convenient method for pinacol coupling reaction 
of some aromatic aldehydes by using aqueous Vanadium (II) solution under ultrasound irradiation 
(Scheme 10.15).
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Wei et al. (2005) described the synthesis of chalcones through the condensation between benz-
aldehyde, and acetophenone was performed in milder conditions by using ultrasound irradiation 
(Scheme 10.16).





Cravotto et al. (2005) described the Suzuki–Miyaura cross-coupling arylboronic acids with cou-
marino bromides in aq. media under ultrasound (Scheme 10.17).





Polackova et al. (2005) stated that ultrasound can facilitate the heterogeneous reaction of iodo-
arenes with different arylboronic acids, catalyzed by Pd/C and KF as base (Scheme 10.18).





Synthesis of bis indolyl alkanes can be carried out in excellent yields in the presence of silica-
supported preyssler nanoparticles reported by Heravi et  al.  (2009a) and 1-hexene sulfonic acid 
sodium salt reported by Joshi et al. (2010) under ultrasound irradiation technique (Scheme 10.19).





Li et al. (2003a) have reported the Michael reaction of chalcones with various active methylene 
compounds such as diethyl malonate, nitromethane, cyclohexanone, ethyl acetoacetate, and acetyl 
acetone catalyzed by KF/basic alumina within shorter reaction times under ultrasonic irradiation 
(Scheme 10.20).
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Convenient protocol for the synthesis of Baylis–Hillman adducts in the presence of imidazole and 
l-proline under ultrasound waves is reported by Mamaghani and Dastmard (2009) (Scheme 10.21).





Synthesis of trans-chalcones catalyzed by commercial acid clay (montmorillonite-KSF) under 
ultrasound irradiation was reported by Chtourou et al. (2010) (Scheme 10.22).





Li et al. (2010a) described ultrasound promoted synthesis of 3-aryl-3-hydroxy-2-1H indol-3-yl-1-
phenyl-1-propanone via the cleavage of epoxides with indole in K10-ZnCl2 (Scheme 10.23).





Claisen–Schmidt condensation of furfural with cycloalkanones or acetophenones to furnish α, 
α′-bis (substituted furfurylidine) cycloalkanones and chalcones has been shown by Li et al. (1999a) 
(Scheme 10.24).





Bian et al. (2009) have carried out the allylation reactions of aromatic aldehydes with allyl bro-
mide using Sb-H2O-KF-CH3OH system under ultrasound irradiation (Scheme 10.25).





Lin et al. (2003) developed ultrasound irradiation technique has also been proved to be useful in 
the generation of dichlorocarbene from carbon tetrachloride and magnesium (Scheme 10.26).





Wei et al.  (2004) have shown that ultrasonic irradiation effectively promotes the Diels–Alder 
reaction of substituted furans with reactive dienophiles (Scheme 10.27).





Gholap et al. (2005) have exploited the applications of ultrasound waves for the copper and ligand 
free Sonogashira reaction catalyzed by Pd(0) nanoparticles under ultrasonic irradiation (Scheme 10.28).
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Ji et al. (2003) have established a practical condensation protocol for the synthesis of ferrocenyl 
under ultrasound irradiation (Scheme 10.29).





Sonar et al. (2009) described alum as an easily available, inexpensive, efficient, and safe catalyst 
for the synthesis of bis(indolyl)-methane derivatives from various aryl aldehydes by ultrasound 
irradiation (Scheme 10.30).





C−N BOND FORMATION REACTIONS





Carbon–nitrogen bond formation is the essence of organic synthesis and provides the foundation 
for generating more complex organic compounds from the simpler ones. In the latest decade, there 
has been increased recognition that the synthesized organic compounds have great interest from 
the viewpoint of their pharmaceutical as well as medicinal significance due to their biodynamic 
properties. Li et al. (2010b) have synthesized 5-aryl-1,3-diphenyl pyrazoles in the presence of ultra-
sound irradiation using hydrochloric acid as catalyst under essentially ecofriendly reaction condi-
tions (Scheme 10.31).





Ultrasound irradiations have also found applications in the glycouril synthesis in the presence of 
potassium hydroxide reported by Li et al. (2010c) (Scheme 10.32).
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Al Zaydi (2009) has synthesized a novel substituted 2-aryl-1,2,3-triazoles and 4-amino pyrazoles 
from aryl hydrazono nitriles by applying ultrasound technique (Scheme 10.33).





Influence of ultrasound irradiations have made remarkable improvement in the efficient trans-
formation of carbonyl compounds into its corresponding oximes (Scheme 10.34) reported by Zang 
(2009) and Li (2006b).





Kamal et al. (2004) provided sonochemical nitration of phenols with ZnCl2/HNO3 in high regi-
oselectivity within shorter reaction times (Scheme 10.35).





Meciarova et al. (2003) described the application of ultrasound in the nucleophilic aromatic sub-
stitution reactions on haloarenes with a variety of amines (Scheme 10.36).
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permission from Elsevier.)
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Synthesis of aryl hydrazones using phenyl hydrazines and carbonyl compounds has been suc-
cessfully carried out in the presence of ultrasound by Jarikote et al. (2003) (Scheme 10.37).





Rajgopal and Srinivasan (2003) have found the application of sonochemistry in the para nitration 
of phenols using ferric nitrate and clayfan in ethyl ammonium nitrate (Scheme 10.38).





Srivastva et al. (2009) have developed a speedy and clean protocol for the synthesis of secondary 
amides using ultrasound waves (Scheme 10.39).





Three-component reaction of substituted amine, fluoroaldehyde, and dialkyl phosphite to afford 
novel α-amino phosphonates has been carried out by Song et al. (2006) in the presence of ultra-
sound irradiations and BF3 · Et2O (Scheme 10.40).





Leite et al. (2008) have discovered mild and rapid procedure for ultrasound-accelerated synthesis 
of aryl hydrazones from aryl aldehyde, ketone, and hydrazides in aqueous medium (Scheme 10.41).





Zhang et al. (2005) have synthesized 2-cyanoacrylates containing pyridinyl moiety under ultra-
sound irradiations (Scheme 10.42).
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Yang et al. (2005) have reported a facile Michael addition of ferrocenyl enones with aliphatic 
amines under ultrasound irradiation in the absence of solvent and catalyst to afford 1-ferrocenyl-2-
amino carbonyl compounds (Scheme 10.43).





Liu and Ji (2008) have developed iodine promoted protocol for the synthesis of 2-amino-1,4-
naphthoquinolines using ultrasound irradiations at room temperature (Scheme 10.44).





C−O BOND FORMATION REACTIONS





Mitsunobu coupling reaction of sterically hindered phenols and alcohols by the use of high reaction con-
centrations in combination with sonication has been reported by Lepore and He (2003) (Scheme 10.45).





A new one-pot method for the preparation of alkynyl sulfonate esters from terminal alkynes 
using metal-assisted, ultrasound-enhanced nucleophilic acetylinic displacement was discovered by 
Tuncay et al. (1999) (Scheme 10.46).





NC





EtOOC





SCH3





SCH3





N





H2N Cl





+
Toluene/ )))))





NaH/DMF
NC





EtOOC





SCH3





HN





NCl





SCHEME 10.42  (From Zhang, H. et al., J. Heterocycl. Chem., 42, 1211, 2005. With permission.)
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ESTERIFICATION





Ultrasound technique has been proved in various protections and deprotection methods of amino 
acids. Efficient protocol for esterification of wide range of amino acids under ultrasound has been 
developed by Kantharaju and Babu (2006) (Scheme 10.47).





Pasha and Myint (2006) have shown the application of ultrasound irradiation technique in trans-
formation of acyl chlorides into its corresponding δ-chloroesters (Scheme 10.48).





This protocol describes the use of nitric acid–oxidized carbon for the esterification of benzoic 
and phenyl acetic acids with alcohols under ultrasound irradiation by Nevskaia Martin-Aranda 
(2003) (Scheme 10.49).





ETHERIFICATION





Rama and Pasha (2005) described that regioselective synthesis of β-iodoethers can be carried out 
effectively in the presence of ultrasound irradiations from olefin, alcohol, and iodine to afford 
Markovnikov addition product (Scheme 10.50).





Peng and Song (2002) have reported the synthesis of ethers by greener pathways employing 
ultrasound technique along with microwave irradiations (Scheme 10.51).
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SCHEME 10.51  (From Peng, Y. and Song, G., Combined microwave and ultrasound assisted Williamson 
ether synthesis in the absence of phase-transfer catalysts, Green Chem., 4, 349–351, 2002, by permission of 
The Royal Society of Chemistry.)
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Li et al. (1998) have shown that ultrasound irradiation can accelerate the formation of disteryl 
ethers in the presence of montmorillonite K10 (Scheme 10.52).





Ultrasound technique has been applied for the epoxidation of unsaturated fatty esters using 
MCPBA in water by Marcel et al. (1995) (Scheme 10.53).





Urbala and Antoszczyszyn (2004) reported the synthesis of allyl ether–functionalized siloxane 
monomers under ultrasonic irradiation at ambient condition (Scheme 10.54).





C-ALKYLATION/ACYLATION





Hofmann et al. (2003) have shown the effect of ultrasound waves on reaction rate in the presence of 
phase transfer catalyst for the C-alkylation of benzyl cyanide (Scheme 10.55).





Yadav and Rahuman (2003) have used solid acids with the ultrasound technique for the acylation 
of 2-methoxy naphthalene in efficient ways (Scheme 10.56).
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N-ALKYLATION





Yim et  al.  (1997) developed the N-alkylation of pyrrole by alkylating reagents using potassium 
superoxide as base in the presence of 18-crown-6 under ultrasound irradiation (Scheme 10.57).





S-ACYLATION





Duarte et al.  (2010) have developed the method using ultrasound promotion for the synthesis of 
some thioesters from 2-mercaptobezoxa (thia) zoles. The method used as replacement for conven-
tional thermal synthetic methodology (Scheme 10.58).





O-ACYLATION





To enhance reaction rates and yields or selectivity of reactions, ultrasound irradiation was used by 
Gholap et al. (2003) during the reaction of alcohols with acetic anhydride to corresponding esters 
using a room-temperature ionic liquid as the medium as well as a promoter (Scheme 10.59).
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N-ACYLATION





Anuradha and Ravindranath (1997) performed acylation of unprotected amino acids using ultra-
sound irradiation. N-carboxy anhydrides of amino acids reacted with other amino acids, dipeptides, 
and tripeptides (Scheme 10.60).





SULFONATION





Qureshi et al. (2008) described an efficient protocol for regioselective sulfonation of aromatic com-
pounds under solvent-free conditions using ultrasound (Scheme 10.61).





MULTICOMPONENT REACTIONS





Multicomponent reactions (MCRs) have emerged as an important tool for building diverse and 
complex organic molecules through carbon–carbon and carbon–heteroatom bond formation tak-
ing place in tandem manner. These MCRs are of increasing importance in organic and medicinal 
chemistry, because the strategies of MCRs offer significant advantages over conventional linear-
type syntheses. MCRs leading to interesting heterocyclic scaffolds are particularly useful for the 
creation of diverse chemical libraries of drug-like molecules for biological screening. Designing of 
multicomponent reactions in water is another attractive area in chemistry, because water is a cheap, 
safe, and environmentally benign solvent.





Zhang et  al.  (2009) have found that Ga(OTf)3 can efficiently catalyze the three-component 
Mannich reaction of aryl aldehydes, aryl amines, and ketones in water under ultrasonic irradiation 
to afford β-carbonyl compounds (Scheme 10.62).





Tei et  al.  (2009) exploited the Ugi four-component reaction in a single-step bifunctional 
ditopic chelator using DOTA monoamide (DOTAMA) derivatives as amino acid components 
(Scheme 10.63).





Recently, Niralwad et al.  (2010a) have reported the synthesis of α-aminophosphonates by the 
coupling of aldehydes/ketones, an amine, and triethyl phosphite using 1-hexanesulfonic acid 
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sodium salt under ultrasound irradiation at ambient temperature in good to excellent yield under 
solvent-free condition and Sonar et al. (2010) reported that p-TSA is an efficient catalyst for the syn-
thesis of novel oxazepine α-aminophosphonates by the reaction of quino[2,3-b][1,5]benzoxazepines 
(4a-j) with triethyl phosphite using an ultrasonic approach. (Scheme 10.64).





One-pot three-component synthesis of spiro[indoline-3,4′-pyrazolo(3,4-b)pyridine]-2,6′(1H)-
diones in water under ultrasonic irradiation gives excellent yield as reported by Bazgir et al. (2010) 
(Scheme 10.65).





The ultrasound-assisted three-component synthesis of 3-(5-amino-1H-pyrazol-4-yl)-3-(2-
hydroxy-4,4-dimethyl-6-oxocyclohex-1-enyl)indolin-2-ones in aqueous media by using readily 
available catalyst, gives excellent yields with easy work up procedure as reported by Khorrami 
et al. (2010) (Scheme 10.66).





Nikpassand et al. (2010) studied ultrasound-promoted regioselective synthesis of fused polycyclic 
4-aryl-3-methyl-4,7-dihydro-1H-pyrazole[3,4-b]pyridines in ethanol gives shorter reaction time 
with excellent yields (Scheme 10.67).
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Mosselemin and Nateghi (2010) studied the synthesis of fused heterocyclic pyrimidine in the 
presence of piperidine in water gives good yield in very short time period and easy work-up proce-
dure under ultrasound irradiation (Scheme 10.68).





Nabid et al. (2010) reported that one-pot synthesis of 1H-Pyrazolo[1,2-b]phthalazine-5,10-dionesun-
der ultrasound irradiation in the presence of triethyl amine in ethanol gives higher yields (Scheme 10.69).





One-pot three-component Mannich-type reaction was reported by Zeng and Shao (2009) using 
sulfamic acid catalyst under ultrasound irradiation at room temperature (Scheme 10.70).
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Dabholkar and Ansari (2008) have synthesized thiazines by using sulfur powder and iodine as a 
catalyst in THF under ultrasonication (Scheme 10.71).





Venkatesan et al. (2008) reported the synthesis of 1,8-dioxo-octahydro-xanthene in the presence 
of ionic liquid [(Hbim)BF4] at the ambient condition at room temperature under ultrasound irradia-
tion in excellent yield (Scheme 10.72).





Xia and Lu (2007) reported one-pot synthesis of α-amino phosphonates under solvent-free and 
catalyst conditions under ultrasound irradiation in good to excellent yields (Scheme 10.73).





The synthesis of some biologically active 1,2,5,6-tetrahydropyrimidines under ultrasound irra-
diation in high yields described by Muravyova et al. (2007) (Scheme 10.74).





Patil et al. (2007) reported one-pot three component synthesis of 1-amidoalkyl-2-naphthols in 
the presence of sulfamic acid using ultrasound at ambient condition in excellent yield with short 
time period (Scheme 10.75).
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Jin et al. (2006) described ultrasound-assisted synthesis of 1.8-dioxo-octahydroxanthene deriva-
tives catalyzed by p-dodecylbenzene sulfamic acid in aqueous media in excellent yields with a 
simple work-up procedure (Scheme 10.76).





Shen et al. (2005) have reported the novel-base-promoted synthesis of β-indolyl ketone via three-
component condensation under ultrasound irradiation in good to excellent yields (Scheme 10.77).





General and practical route to 2-amino-2-chromenes in water in the presence of cetyltrimethyl 
ammonium bromide (CTABr) as a catalyst is described under ultrasound-irradiation by Jin et al. 
(2004) (Scheme 10.78).





Shinde et al. (2010) developed an expedient and clean protocol for the synthesis of 2-amino-3,5-
dicarbonitrile-6-thio-pyridines. The use of ultrasound irradiations has decreased the reaction time 
(Scheme 10.79).
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NAME REACTIONS





Knoevenagel Condensation





A practical condensation procedure for the preparation of ethyl α-cyano cinnamates employing 
ultrasound irradiations was developed by Li et al. (1999b) (Scheme 10.80).





Kakade et al.  (2008) developed a method that is environmentally benign, eco-friendly, and a 
cleaner methodology for rapid Knoevenagel condensation of 2-chloroquinoline-3-carbaldehyde 
with ethyl cyanoacetate under ultrasonic irradiation in presence of 1, 8-Diazabicyclo-undec-7-ene 
(DBU) catalyst (Scheme 10.81).





Shindalkar et al. (2005a) described condensation reaction of 4-oxo-(4H)-1-benzopyran-3-carbal-
dehyde with 3-methyl-1-phenylpyrazolin-5-(4H)-one under ultrasonic irradiation at room tempera-
ture (Scheme 10.82).





Biginelli Reaction





This reaction was developed by Pietro Biginelli in 1891.  The acid-catalyzed, three-component 
reaction between an aldehyde, a β-ketoester, and urea constitutes a rapid and facile synthesis of 
dihydropyrimidones (DHPMs) (Scheme 10.83), which are interesting compounds and are widely 
used in the pharmaceutical industry as calcium channel blockers, antihypertensive agents, and 
alpha-1-a-antagonists.





DHPMs, named Biginelli compounds, are known to exhibit a wide range of biological activities 
such as antiviral, antitumor, and antibacterial. Moreover, several marine alkaloids containing the 
DHPMS core unit have shown interesting biological properties.





Aryl-dihydropyrimidines first synthesized by Hantzsch and Eisner et  al.  have played an 
important role in medicinal chemistry as vasodilators and antihypertensive anents. Various aryl 
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dihydropyrimidines like Nifedipine and SKF 24260 have been found to be highly effective calcium 
antagonist and vasodilators.





Shelke et al. (2008) and Gholap et al. (2004) described the Biginelli reaction in the presence of 
ionic liquid under ultrasound irradiation (Scheme 10.84).





Niralwad et  al.  (2010b) have reported the synthesis of octahydroquinazolinone derivatives 
through condensation of dimedone, aldehyde, and urea/thiourea using ionic liquid under ultrasoni-
cation (Scheme 10.85).





Wang et  al.  (2008b) reported the Biginelli reaction using aldehyde, ethyl acetoacetate, and 
ammonium acetate without using catalyst and solvent under ultrasound irradiation (Scheme 10.86).





Li et al.  (2003b) also reported the synthesis of dihydropyrimidinones catalyzed by NH2SO3H 
under ultrasound irradiation with 85%–98% yield within short time span, that is, 25–60 min 
(Scheme 10.87).
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Thirumalai et  al.  (2006) reported synthesis of arylhexahydro-quinoline and arylcyclopen-
tanopyridine derivatives carried out by the condensation of cyclic 1,3-diones with aldehydes and 
β-amino-crotonate using conventional and nonconventional methods (Scheme 10.88).





Ullmann Reaction





Pellon and Docampoz (2007) reported a mild method for Ullmann reaction of 2-chlorobenzoic 
acids and aminothiazoles or aminobenzothiazoles under ultrasonic irradiation. Here, the authors 
synthesized 5H-[1,3]thiazolo[2,3-b]quinazolin-5-one and 12H-[1,3] benzothiazolo[2,3-b] quinazo-
lin-12-one using copper (Scheme 10.89).





Curtius Rearrangement





Sureshbabu et al. (2008) reported efficient synthesis of o-succinimidyl-(ter-butoxycarbonylamino) 
methyl carbamates derived from alpha-amino acids using N-methylmorphine (NMM) by ultra-
sound application to the synthesis of ureidopeptides (Scheme 10.90).





Ar





N
H





CHO





O





O





NH2
O





COOCH3





Ar





)))))





Ar CHO





NH2





O





O





)))))
N
H





COOCH3





ArO





EtOH





EtOH





H3COOC





H3COOC





+





+ +





+





SCHEME 10.88  (From Thirumalai, D. et al., Ind. J. Chem., 45B, 335–338, 2006. With permission.)





)))))





COOH





ClR N





N





S





R1





O





RS





N
H2N





R1





Cu





COOH





Cl N





N





S





O





S





N
H2N





Cu
)))))





+





+





SCHEME 10.89  (From Pellon, R.F. and Docampo, M.L. Synth. Commun., 37, 1853, 2007. With permission.)





NMM, EtOCOCl





NaN3-H2O





HOSu, NMM





Toluene, )))))N
H





BOC OH





O





R





N
H





BOC N3





O





R





N
H





BOC
N
H





O





O





N





O





O
R





SCHEME 10.90  (From Sureshbabu, V.V. et al., Synth. Commun., 38, 2168, 2008. With permission.)



















236	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





CYCLOCONDENSATION REACTIONS





A convenient ultrasound-mediated synthesis of substituted pyrazolones under solvent-free condi-
tions has been studied by Mojtahedi et al. (2008) by cyclocondensation of phenyl hydrazine with 
various β-keto esters (Scheme 10.91).





A synthesis of 2-aryl-4H-1-benzopyran-4-ones under phase transfer catalyst in one-pot protocol 
under ultrasound by Pathak et al. (2008) has been reported (Scheme 10.92).





Khosropour et  al.  (2008) have synthesized the 2,4,5-trisubstituted imidazole derivatives in 
the presence of Zr(acac)4 under ambient conditions at room temperature with excellent yields 
(Scheme 10.93).





Convenient procedure for the synthesis of 1,3,5-triaryl-2-pyrazolines in sodium acetate-acetic 
acid aqueous solution at room temperature under ultrasound irradiation has been developed by Li 
et al. (2007b) (Scheme 10.94).





Flash synthesis of 4H-pyrano [2,3-c]pyrazoles in aqueous media is performed under ultrasound 
irradiation by Peng et al. (2006) (Scheme 10.95).





Du et al. (2006) demonstrated the synthesis of 3-carboxycoumarines in aqueous media under 
ultrasound irradiation avoiding addition of catalyst (Scheme 10.96).





The comparative study of thiadiazoles, triazoles, and oxadiazoles using conventional and ultra-
sound irradiations has been carried out by Narwade et al. (2006). That ultrasound-promoted synthesis 
is more superior than conventional method in the context of reaction rate and product yield is also 
described (Scheme 10.97).
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Zhou et  al.  (2006) has described an ultrasound-assisted synthesis of ferrocenyl substituted 
3-cyanopyridine derivatives via the condensation of ferrocenyl substituted chalcones with malano-
nitrile in sodium alkoxide solution (Scheme 10.98).





Cyclization of 1,1,1-trihalo-4-alkoxy-3-alken-2-ones with hydroxylamine and anilines gives 
5-hydroxy-5-trihalo-4,5-dihydroisoxazoles and β-enamino trihalomethylketones, respectively, 
using water as a solvent under ultrasound irradiation has been reported by Martins et al.  (2006) 
(Scheme 10.99).





Li et al.(2005) described the cyclocondensation via double Michael addition of 1,5-diaryl-1,4-
pentadien-3-one with various active methylene compounds such as dimethyl malonate, diethyl 
malonate, methyl cyanoacetate, and ethyl cyanoacetate catalyzed by KF/basic alumina under ultra-
sound irradiation (Scheme 10.100).





Shen and Fuchigami (2004) described that the synthesis of oxindole and 3-oxo-tetrahydro-
isoquinoline derivatives was achieved under the influence of electrolytic condition.  The desired 
cyclization was accelerated effectively under ultrasound irradiation (Scheme 10.101).





Ultrasound-promoted synthesis of β-lactams in the presence of polymer-supported reagent was 
achieved by Donati et al. (2004) (Scheme 10.102).
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Ultrasound-assisted synthesis of 2-aryl-1,3,5-triaryl-4-carbethoxy-4-cyanocyclohexanols has 
been carried out from chalcones with ethyl cyanoacetate by Li et al. (2003a) (Scheme 10.103).





Synthesis of 2,3-bis(4-hydroxyphenyl)indoles, promoted under ultrasound irradiation was 
achieved by Koulocheri and Haroutounian (2001) (Scheme 10.104).





Synthesis of pyrazoles and pyrazolinones in the presence of K-10 under ultrasonic irradiation for 
5 h has been achieved by Valduga et al. (1998) (Scheme 10.105).





An efficient and convenient ultrasound-promoted procedure for the synthesis of 5,5-disubstituted 
hyndantoins has been carried out by Li et al. (1996) (Scheme 10.106).





Mosslemin and Nateghi (2010) developed a simple and efficient and green protocol for the syn-
thesis of pyrimidine derivative by one-pot and three-component reaction under ultrasound irradia-
tion (Scheme 10.107).





Li et al. (2010f) described an efficient one-pot synthesis of some 3-aza-6,10-diaryl-2-oxa-spiro[4.5]
decane-1,4,8-trione from 1,5-diaryl-1,4-pentadien-3-one by using dimethyl malonate, 1,5-diaryl-1,4-
pentadien-3-one, sodium hydroxide, methanol under ultrasonic irradiation (Scheme 10.108).





Ni et  al.  (2010) described improved synthesis of the diethyl 2,6-dimethyl-4-aryl-4H-pyran-
3,5-dicarbonylates(1) from aryl aldehyde and 1,3-diketone catalyzed by ZnCl2 under ultrasonic 
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irradiation, the effect of changes in the ultrasonic power, temperature, and reaction time are dis-
cussed (Scheme 10.109).





Dandia et al. (2010) developed an effective methodology for synthesis of Spiro [indole-3,5′-[1,3] 
oxathiolanes by using Spiro [indole-1,3-oxiranes] with thioacetamide in presence of LiBr under 
ultrasonic irradiation and water as the reaction medium (Scheme 10.110).





Dabholkar and Wadkar (2009) explained synthesis and characterization of fused and Spiro het-
erocycles under ultrasonic irradiation (Scheme 10.111).
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Mahadavinia et al. (2009) explains ammonium dihydrogen phosphate adsorbed on silica gel cat-
alyzed highly efficient one-pot, green protocol for the synthesis of aryl-14-H-dibenzo[aj] xanthenes 
by the condensation of an aldehyde and β-naphthol under ultrasound irradiation (Scheme 10.112).





El-Rahman and Saleh (2009) developed new methodology for the synthesis of substituted pyr-
azoles and isoxazoles containing sulfone moiety under ultrasonic irradiation (Scheme 10.113).





El-Rahman et al. (2009) carried out synthesis of novel, substituted 1,3,4,-thiadiazole and bi(1,3,4,-
thiadiazole) derivatives under ultrasonic irradiation (Scheme 10.114).





Flores et al. (2009) developed a new methodology and synthesized several 1-thiocarbamoyl-3,5-
diaryl-4,5-dihydro-1H-pyrazole by using chalcone and thiosemicarbazide with ethanol and KOH 
under ultrasonic irradiation (Scheme 10.115).





Puri et al. (2009) described copper perchlorate–catalyzed, highly efficient, one-pot, green proto-
col for synthesis of 2H-chromen-2-ones by reaction of substituted phenols and β-keto esters under 
ultrasound irradiation (Scheme 10.116).





Mantu et  al.  (2009) introduced facile method for preparation of N-substituted-pyridazinone 
under ultrasonic irradiation.  It was noticed that substituents from 3-(6)-position of pyridazone 
heterocycle have a substantial influence concerning reactivity, while the influence of those one from 
1-(2)-position seems to be of minor importance (Scheme 10.117).





Heravi et al. (2009b) developed a new methodology for synthesis of 4(3H)-quinazolinones by 
using silica-supported preyssler nanoparticles under ultrasonic irradiation (Scheme 10.118).





Khosropour and Noei (2009) described green procedure for synthesis of 2,4-diarylthiazoles 
under ambient temperature in [bmim]Bf4 under ultrasound irradiation (Scheme 10.119).





Heravi (2009) developed a methodology for the synthesis of quinolines by employing ionic liquid 
[Hbim] [Bf4] in reaction of o-aminoaryl ketone with α-methylene ketone under ultrasonic irradia-
tion (Scheme 10.120).





Shelke et al. (2009a,b) developed a methodology for efficient and convenient route to the con-
struction of 2,4,5-triarylimidazole using CAN as catalyst under ultrasonic irradiation and also 
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developed an ultrasound-assisted, efficient, and convenient method for the one-pot, three-compo-
nent synthesis of 2,4,5-triarylimidazole derivatives using cheap and readily available boric acid as 
a catalyst (Scheme 10.121).





Gao et al. (2009) explained synthesis of quinoxaline derivatives from the reaction of 1,2-diketone 
and different aryl diamines without catalyst under ultrasonic irradiation (Scheme 10.122).





Tu et al. (2008) developed an efficient procedure for synthesis of furo [3′,4′: 5,6]-pyrido[2,3-d] pyrimi-
dine and [2′,1′: 5,6] pyrido[2,3-d]-pyrimidine derivatives under ultrasonic irradiation (Scheme 10.123).
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RING OPENING REACTIONS





Dalvi et al. (2006) synthesized 1-(2-hydroxy-phenyl)-3-piperidin-1-yl-propenone by the treatment 
of 3-formylchromones with piperidine in dry ethanol under the influence of ultrasonic irradiation 
(Scheme 10.124).





Kamal and Arifuddin (2005) have developed an efficient protocol for cleavage of epoxide with 
aromatic amines in the presence of Fecl3 promoted by ultrasound irradiation (Scheme 10.125).





Xu et al. (1997) described the tellurium mediated nucleophilic epoxide ring opening under ultra-
sound irradiation under solvent-free condition (Scheme 10.126).





Chou et al. (1991) explained the reductive C–S bond cleavage reactions by using ultrasonically 
dispersed potassium (UDP) in premeasured amount of water in THF (Scheme 10.127).
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OXIDATION





Yang et al. (1997) described oxidation of various substituted carbonyl compounds to their corre-
sponding carboxylic acid derivative in aqueous media under ultrasonic irradiation in the presence 
of sodium hypochlorite (Scheme 10.128).





Mamarian et al. (2010) explains the dehydrogenation of 5-acetyl-3,4-dihydropyrimidin-2(1H)-
ones by using peroxysulfate in aqueous acetonitrile under ultrasonic irradiation at 70°C in 10–40 min 
(Scheme 10.129).





Joshi et al. (2006) have developed a one-pot, two-step dehydrogenation and oxidation of arylpro-
panes with excess DDQ in dioxane containing a few drops of acetic acid gave (E) cinnamaldehyde 
under ultrasound sonication (Scheme 10.130).





Kumar et al.  (2007) developed a DDQ-catalyzed benzylic acetoxylation protocol wherein the 
application of ultrasound imparted exquisite control of the oxidation process (Scheme 10.131).





UDP, Toluene





D2O/THF MeISO2 SO2Me
CH2D





SCHEME 10.127  (Reprinted from Tetrahedron Lett., 32, Chou, T., Hung, S.H., Peng, M.L., and Lee, S.J., 
Ultrasonically dispersed potassium in organic synthesis. Water-acceleration in reductive C–S bond cleavage 
reactions, 29, 3551–3554, Copyright (1991), with permission from Elsevier.)





O
OH NaOCl





)))) HO
OH





O





O





SCHEME 10.128  (From Yang, D.T.C. et al., Synth. Commun., 9, 1601, 1997. With permission.)





N
H





NH





HR





O





H3C





O





H3C





K2S2O, CH3CN/H2O





))))), 70°C, 10–40 min N
H





N





O





H3C





O





H3C





R





SCHEME 10.129  (From Ultrason. Sonochem., 17, Mamarian, H.R., Farhadi, A., and Sabzyan, H., Ultrasound 
assisted dehydrogenation of 5-acetyle-3,4-dihydropyrimidin-2(1H)-ones, 579–586, Copyright (2010), with 
permission from Elsevier.)





Ar
DDQ/dry Dioxane





AcOH (Cat.) )))))
Ar Ar





O





H





SCHEME 10.130  (From Tetrahedron, 62, Joshi, B.P., Sharma, A., and Sinha, A.K., Efficient one-pot, two-
step synthesis of (E)-cinnmaldehydes by dehydrogenation-oxidation of arylpropanes using DDQ under ultra-
sonic irradiation, 2590–2593, Copyright (2006), with permission from Elsevier.)





Ar
R1





AcOH/ ))))) Ar





DDQ O CH3





O





R1





SCHEME 10.131  (From Tetrahedron, 63, Kumar, V., Sharma. A., Sharma, M., Sharma, U., and Sinha, A.K., 
DDQ catalyzed benzylic acetoxylation of arylalkanes: A case of exquisitely controlled oxidation under sono-
chemical activation, 9718–9723, Copyright (2007), with permission from Elsevier.)



















246	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





Memarian and Senejani (2008) described that ultrasound can seriously affect photo-oxidation of 
unsymmetrical 1,4-dihydropyridines predominantly by the perfect homogenization of the reactants 
and excited states in the solution (Scheme 10.132).





Luu et al. (2008) introduced well-defined material potassium permanganate absorbed on copper 
(II) sulfate pentahydrate (PP/4-CSP) as a highly efficient oxidant toward the oxidation of alcohols 
in solvent-free condition under ultrasonic irradiation (Scheme 10.133).





Mahamuni et al.  (2006) studied the role of ultrasound in the synthesis of benzaldehyde from 
benzyl alcohol using H2O2 in the presence of ultrasound irradiation (Scheme 10.134).





Polackova et al. (1996) explained the cannizzaro reaction of p-chlorobenzaldehyde in the pres-
ence of phase transfer catalyst under ultrasonication (Scheme 10.135).





Soudagar and Samant (1995) investigated the heterogenous oxidation of unsubstituted arylal-
kanes using aqueous potassium permangnate under ultrasonic irradiation (Scheme 10.136).





Ruano et al. (2008) developed a new method to obtain disulfides from thiols by using air along 
with base-like Et3N and DMF as solvent under ultrasound irradiation (Scheme 10.137).
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permission from Elsevier.)
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SCHEME 10.136  (From Ultrason. Sonochem., 2, Soudagar, S.R. and Samant, S.D., Investigation of ultra-
sound catalyzed oxidation of arylalkanes using aqueous potassium permanganate, s15–s18, Copyright (1995), 
with permission from Elsevier.)
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EPOXIDATION





Li et  al.  (2010d) found an efficient and practical protocol for the synthesis of some 2,3-epoxyl-
1,3-diaryl-1-propanone directly from benzaldehyde and acetophenones in the presence of aqueous 
potassium hydroxide under ultrasound irradiation (Scheme 10.138).





Jin et al. (2009) carried out an efficient epoxidation of chalcones with urea hydrogen peroxide 
(UHP) by ultrasound irradiation (Scheme 10.139).





REDUCTION





Reduction is one of the frequently used reactions in organic synthesis and a vast variety of reduc-
ing agents have been introduced for this achievement. However, modifying the reducing power of 
reducing agent by the chemical applications of ultrasound, “Sonochemistry” have become an excit-
ing field of research during the past two decades. Compared with traditional methods the procedure 
is more convenient. A large number of organic reactions, for example, reduction and cyclocondensa-
tion reactions can be carried out in higher yield, shorter reaction time, and milder reaction condition 
under ultrasound irradiation than the classical methods.





Li et al. (2009) studied the one-pot synthesis of benzylacetamide from oxime in the presence 
of zinc dust in anhydrous acetic acid/acetic anhydride at 35°C–40°C under ultrasound irradiation 
(Scheme 10.140).





An aromatic nitro compound having different functionalities like halogen, carbonyl, nitrile, and 
ester has been subjected for selective reduction of nitro group into its corresponding amine group in the 
presence of iron or SnCl2 · 2H2O under ultrasonic irradiation by Gamble et al. (2007) (Scheme 10.141).
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SCHEME 10.137  (From Ruano, J.L., Parra, A., and Aleman, J., Efficient synthesis of disulfides by air oxidation 
of thiols under sonication, Green Chem., 10, 706–711, 2008. By permission of The Royal Society of Chemistry.)
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Xu and Chen (2008) have converted benzaldehyde into mandelic acid using chloroform in the 
presence of TEBA/PEG-800 as a complex PTC at 60°C in alkaline medium (Scheme 10.142).





Ultrasound-promoted synthesis of substituted methyl trans 3-[2,4,6-trimethyl phenyl]-
isoxazolines in the presence of Zn dust/CuI at 5°C has been carried out by Lee et al. (2006) 
(Scheme 10.143).





Disselkamp et al. (2005) have performed the ultrasound-assisted hydrogenation of cinnamalde-
hyde using Pd black and Raney Ni as a catalyst at 298 K (Scheme 10.144).





Peng et al. (2005) reported the reduction of benzophenone under ultrasound irradiation in the 
presence of Zn/EtOH in alkaline medium at room temperature (Scheme 10.145).





Reduction of aryl nitro compounds to azoarenes/aryl amines by Al/NaOH in methanol under 
ultrasound irradiation has been described by Pasha and Jayashankara (2005) (Scheme 10.146).
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SCHEME 10.141  (From Gamble, A.B. et al., Synth. Commun., 37, 2777, 2007. With permission.)





Ar CHO
Aq NaOH





Complex PTC/ ))))) Ar





OH





COOH
+ CHCl3





SCHEME 10.142  (From Ultrason. Sonochem., 15, Xu, H. and Chen, Y., An efficient and practical synthe-
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Copyright (2008), with permission from Elsevier.)
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from Elsevier.)
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SCHEME 10.145  (From Ultrason. Sonochem., 12, Peng, Y., Zhong, W., and Song, G., Efficient and mild 
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permission from Elsevier.)
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Bonrath (2004) reported the dehydration of 4-methyl-oxazole-5-carboxylic acid amide into 
respective 4-methyloxazole-5-carbonitrile in the presence of cyanuric chloride-DMF under ultra-
sound energy (Scheme 10.147).





Wang et al. (2000) described ultrasonically dispersed potassium (UDP) shows the effective cata-
lytical performance for the conversion of azoxy-arene into azoarene at room temperature within 
shorter reaction time (Scheme 10.148).





Balazsik et al. (1999) studied the hydrogenation of trifluoromethyl ketone over Pt catalyst using 
heterogeneous as well as homogeneous asymmetric reaction conditions (Scheme 10.149).





Ultrasound-assisted hydrogenation of α, β-unsaturated ketones in the presence of raney Ni as a 
catalyst is a valuable strategy in which chemo selective C=C hydrogenation is effectively carried 
out in cyclic as well as non-cyclic α, β-unsaturated ketones by Wang et al. (1999) (Scheme 10.150).





Tsuzuki et al. (1995) proposed the synthesis of deuteriated aliphatic amides from the reduction of 
α,β-unsaturated amides under ultrasound irradiation in the presence of Cu–Al alloy in deuteriated 
reagents (Scheme 10.151).
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SCHEME 10.146  (From Ultrason. Sonochem., 12, Pasha, M.A.  and Jayashankara, V.P., Reduction of 
arylnitro compounds to azoarenes and/or arylamines by Al/NaOH in methanol under ultrasonic conditions, 
433–435, Copyright (2005), with permission from Elsevier.)
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from Elsevier.)
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The selective reduction of α, β-unsaturated γ-dicarbonyl compounds using Zn/AcOH under 
ultrasonication has been performed by Marchand and Reddy (1991) (Scheme 10.152).





NUCLEOPHILIC SUBSTITUTION REACTIONS





Luzzio and Chen (2008) performed the use of ultrasound irradiation for the conversion of p-methoxy-
benzyl alcohol to PMB-Cl (4-methoxy benzyl chloride) using hydrochloric acid followed by the 
nucleophilic substitution of phenols to the corresponding ethers (Scheme 10.153).





Deng et al. (2006) has been demonstrated that sonication can be an excellent energy source 
for accelerating a wide variety of organic reactions used for complex carbohydrate synthesis 
(Scheme 10.154).





Palacios and Comdom (2003) has been described an improved synthesis of salicylic acid from 
2-chloro benzoic acid using ultrasonic irradiation in copper-pyridine-H2O system (Scheme 10.155).





Lennox et al. (2001) developed a method for the enantiospecific synthesis of 7-azabicyclo[2.2.1] 
heptano [2,3-c] pyridines from D-glutamic acid: the cyclization of the corresponding iodopyridicyl 
praline methyl ester, obtained via ultrasound-facilitated chloro-iodo exchange (Scheme 10.156).
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the 4-methoxybenzyl (PMB) group for phenolic protection using ultrasound, J. Organ. Chem., 73, 5621–5624, 
2008. Copyright 2008 American Chemical Society.)





O





X
(AcO)n





HO-R
Reagents, CH2Cl2





)))))





O





OR
(AcO)n





X = OAc, OC(NH)CCl3, SPh, Br





SCHEME 10.154  (From Deng, S. et al., J. Organ. Chem., 71, 5179, 2006. With permission.)





R1





R2





R3





Cl





COOH K2CO3/Cu





H2O/Py
)))))





R1





R2





R3





OH





COOH





SCHEME 10.155  (From Palacios, M.L.D.  and Comdom, R.F.P., Synth. Commun., 33, 1783, 2003. 
With permission.)



















Ultrasound in Synthetic Applications and Organic Chemistry	 251





OXIME DEPROTECTION





Li et al. (2010e) carried out the deprotection of oximes to corresponding carbonyl compounds in 
silica sulfuric/surfactant/paraformaldehyde under the influence of ultrasound irradiation in aqueous 
medium (Scheme 10.157).





Shaabani et al. (2007) used NaBrO3/ion exchange resin (IER) for the cleavage of oximes to car-
bonyl compounds promoted by ultrasound irradiation (Scheme 10.158).





PREPARATIONS OF IONIC LIQUIDS





Ionic liquid is receiving renewed attention as green solvents. Therefore, preparation of ionic liquids 
is important nowadays. Leveque et al. (2002) reported an improved preparation of 1-butyl-3-methyl 
imidazolium salts (BMIX) as an ionic liquid (Scheme 10.159).





Zhao et al. (2010) reported an efficient ultrasound-assisted synthesis of imidazolium and pyri-
dinium salts based on Zincke reaction.  In this reaction, tertiary nitrogen nucleophiles such as 
pyridines and imidazoles can be alkylated with primary amine by simply using their ammonium 
form Zincke salt (Scheme 10.160).
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Zhao et al. (2008) have developed a simple synthetic method to prepare new ionic liquids con-
taining hydroxyl group using ultrasonic bath (Scheme 10.161).





MISCELLANEOUS REACTIONS





Langle et  al.  (2003) have developed simple and efficient procedure for the synthesis of organo-
germanium compounds and styrenes with para substitution (Scheme 10.162).





Bremner and Mitchell (1999) have investigated the silylation of several bromothiophene using 
chlorotrimethylsilane in the presence of ultrasound irradiation (Scheme 10.163).





Sadaphal et al. (2009) developed a green, efficient, cost-effective, and solvent-free method for the 
synthesis of α-hydroxy phosphonates using ultrasound irradiation (Scheme 10.164).
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Shindalkar et al.  (2005b) developed a environmentally benign, eco-friendly, safe, and cleaner 
method for the preparation of acylals from 4-Oxo-(4H)-1-benzopyran-3-carbaldehyde using reus-
able Envirocat EPZ10R catalyst under ultrasonic irradiation (Scheme 10.165).





CONCLUSIONS





While studying the role of ultrasound in synthetic organic chemistry, crucial mechanistic per-
formances have been observed. The energy provided through cavitation by ultrasound waves to 
organic molecules activates different functionalities in the reacting molecules. Other reagents such 
as catalysts and solvents and also temperature effect facilitate further steps that are responsible to 
convert reactants into desired products. The features of ultrasound-promoted organic reactions such 
as selectivity, ease of experimental manipulation, and enhanced reaction rate are connected with 
aspects of sustainability. By considering the energy strength of ultrasound, it has been noticed that 
unexpected bond breaking is not favored to produce side products controlling wastage of reacting 
materials. Ultrasonic techniques when compared with conventional methods like extraction, crys-
tallization, evaporation, sonication, and sonolysis transdermal drug delivery methods appear to be 
more effective. Therefore, nowadays, ultrasound sonochemistry attracts immense interest of chem-
ists exhibiting versatile contribution during reaction processes.





ABBREVIATIONS





CTAB	 cetyl trimethyl ammonium bromide
DBSA	 para-dodecylbenzene sulfonic acid
DCM	 dichloromethane
DDQ	 2,3-dichloro-5,6-dicyano-1,4-benzoquinone
DMF	 dimethyl formamide
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SCHEME 10.162  (From J. Organometall. Chem., 671, Langle, S., David-Quillot, F., Balland, A., Abarbri, 
M., and Duchene, A., General access to para-substituted styrenes, 113–119, Copyright (2003), with permission 
from Elsevier.)
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DMSO	 dimethyl sulfoxide
MCPBA	 meta chloro perbenzoic acid
MMP	 magnesium mono-peroxy phthalate
PPA	 polyphosphoric acid
PTSA	 para toluene sulfonic acid
RT	 room temperature
TBAB	 n-tetra butyl ammonium bromide
TBAHS	 n-tetra butyl ammonium hydrogen sulfate
TEA	 triethylamine
UDP	 ultrasonically dispersed potassium
UHP	 urea hydrogen peroxide
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Rodrigo Cella





INTRODUCTION





The use of ultrasound to promote chemical reactions is called sonochemistry. The effects of ultra-
sound observed during organic reactions are due to cavitation, a physical process that creates, 
enlarges, and implodes gaseous and vaporous cavities in an irradiated liquid. Cavitation induces 
very high local temperatures and pressures inside the bubbles (cavities), leading to turbulent flow of 
the liquid and enhanced mass transfer.





One of the most fascinating areas of sonochemistry in organic chemistry is sonochemical switch-
ing. In some cases, application of ultrasound may completely change the distribution of products or 
even cause the formation of different substances. The first example in which ultrasound induced a 
divergent pathway relative to thermal conditions was reported by Ando et al. more than 30 years ago 
(Ando et al.,1984). Herein, we will also discuss some cases of sonochemical switching.





Recently, the sustainability of chemical reactions has gained relevance in scientific and political 
discussions. In this context, sonochemistry is discussed as a complementary technique for promot-
ing chemical reactions. These (often called “green”) techniques can help to reduce the amount of 
undesired hazardous chemicals and solvents, reduce energy consumption, and increase the selectiv-
ity toward the given product(s).





Ultrasound has been utilized to accelerate a wide number of synthetically useful organic reac-
tions (Suslick, 1990; Fillion and Luche, 1998; Cravotto and Cintas, 2006). In addition to the field 
of organic chemistry, sonochemistry has also been used in the preparation of micro and nanoma-
terials, that is, protein microspheres (Peters, 1996; Gedanken, 2004, 2008). Ultrasound also has 
many therapeutic and diagnostic applications, that is, medical ultrasonography and teeth cleaning; 
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however, a higher frequency (1–10 MHz) is used in these cases than in sonochemistry (20–100 kHz) 
(Figure 11.1).





The availability of many works on sonochemistry clearly indicates the impact of ultrasound on 
organic synthesis in the last past 30 years. In this chapter, we will mostly discuss the use of ultra-
sound in the concepts of green chemistry, and where possible, it will be compared with cases where 
the conventional conditions (thermal and stirring) are employed.





HISTORICAL BACKGROUND





Most modern ultrasonic devices rely on transducers (energy converters), which are composed of 
piezoelectric materials. The basis for present-day generation of US devices was established around 
1880, with the discovery of the piezoelectric effect by the brothers Pierre and Jacques Curie. 
Piezoelectric materials respond to the application of an electrical potential across opposite faces 
with a small change in dimension. If the potential is alternated at high frequencies, the crystal con-
verts the electrical energy to mechanical vibration energy; at sufficiently high alternating potential, 
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FIGURE 11.1  Ultrasound range diagram.
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FIGURE 11.2  (a) Ultrasonic cleaning bath. (b) Ultrasonic probe.
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high frequency sound (ultrasound) is generated. However, cavitation as a phenomenon was first 
identified and reported in 1895 by John Thornycroft and Sidney Barnaby (Suslick, 1990). During 
field tests of high-speed torpedo boats, they observed that the formation and collapse of large bub-
bles caused erosion of the ship’s propeller.





In 1927, Richards and Loomis (1927) noticed the first chemical effects of US. With some excep-
tions, the field was quite forgotten for nearly 60 years. However, in the 1980s, sonochemistry was 
reborn and began to be widely used in many different areas. The reason for this growth was the 
availability of inexpensive and appropriate laboratory equipment, such as ultrasonic cleaning baths 
(low intensity) or ultrasonic probes (high intensity) (Figure 11.2).





CAVITATION: ORIGIN AND THEORIES





Since US (waves of compression and expansion) is generated by a piezoelectric ceramic in a probe 
or cleaning bath, it will pass through a liquid, with the expansion cycles exerting negative pressure 
on the liquid. If this applied negative pressure is strong enough to break down the intermolecular 
van der Waals force of the liquid, small cavities or gas-filled microbubbles are formed. Cavitation is 
considered as a nucleated process, meaning that these micrometer-scale bubbles will be formed at 
preexisting weak points in the liquid, such as gas-filled crevices in suspended particulate matter or 
transient microbubbles from prior cavitation events. Most liquids are sufficiently contaminated by 
small particles such that cavitation can be readily initiated at moderate negative pressures.





As microbubbles are formed, they absorb energy from US waves and grow. However, it will 
reach a stage where it can no longer absorb energy as efficiently. Without the energy input, the cavity 
can no longer sustain itself and implodes. It is this implosion of the cavity that creates an unusual 
environment for chemical reactions (Cravotto and Cintas, 2006).





There are a few factors that can affect the efficiency of bubble collapse, such as (Sehgal and 
Wang, 1981): (1) vapor pressure; (2) temperature; (3) thermal conductivity; (4) surface tension and 
viscosity; (5) the US frequency; and (6) acoustic intensity.





Since the wavelength of US between successive compression waves measures approximately 
from 10 to 10−3 cm, it does not directly interact with molecules to induce chemical change. Basically, 
two theories have been proposed to explain the effect of cavitation on chemical reactions: the “hot 
spot” (Suslick et al., 1986; Flint and Suslick, 1991) and electrical microdischarge theories (Margulis, 
1990). Because the latter is not well established, it will not be discussed here; however, it cannot be 
entirely ruled out due to the complex nature of cavitation.





The “hot spot” theory relies on bubble collapse in the liquid to produce enormous amounts of 
energy from conversion of the kinetic energy of liquid motion into heating of the bubble contents. 
Compression of the bubbles during cavitation is more rapid than thermal transport, resulting in the 
generation of short-lived localized hot spots. Experimental results have shown that these bubbles 
have temperatures around 5000 K, pressures of approximately 1000 atm, and heating and cooling 
rates above 1010 K s−1. Three classes of sonochemical reactions exist:





	 1.	Homogeneous sonochemistry: homogeneous systems that proceed via radical or radical-ion 
intermediates. This implies that sonication is able to affect reactions proceeding through 
radicals and, furthermore, that it is unlikely to affect ionic reactions. In the case of volatile 
molecules, the bubbles (or cavities) are believed to act as a microreactor; as the volatile 
molecules enter the microbubbles and the high temperature and pressure produced during 
cavitation break their chemical bonds, short-lived chemical species are returned to the bulk 
liquid at room temperature, thus reacting with other species. Compounds of low volatility, 
which are unlikely to enter bubbles and thus be directly exposed to these extreme con-
ditions, still experience a high energy environment resulting from the pressure changes 
associated with the propagation of the acoustic wave or with bubble collapse (shock waves); 
alternatively, they can react with radical species generated by sonolysis of the solvent.
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	 2.	Heterogeneous sonochemistry (liquid–liquid or solid–liquid systems): heterogeneous 
systems that proceed via ionic intermediates. Here, the reaction is influenced primarily 
through the mechanical effects of cavitation, such as surface cleaning, particle size reduc-
tion, and improved mass transfer. When cavitation occurs in a liquid near a solid surface, 
the dynamics of cavity collapse change dramatically. In homogeneous systems, the cavity 
remains spherical during collapse because its surroundings are uniform (Figure 11.3a). 
Close to a solid boundary, cavity collapse is very asymmetric and generates high-speed 
jets of liquid (with velocities of approximately 111 m s−1; Figure 11.3b). These jets hit the 
surface with tremendous force. This process can cause harsh damage at the point of impact 
and produce newly exposed highly reactive surfaces.





	 3.	Sonocatalysis (overlap homogeneous and heterogeneous sonochemistry): heterogeneous 
reactions that include a radical and ionic mechanism. Radical reactions will be chemi-
cally enhanced by sonication, but the general mechanical effect described above may 
very well still apply.  If radical and ionic mechanisms lead to different products, US 
should favor the radical pathway, potentially leading to a change in the nature of the 
reaction products.





CONDENSATION REACTIONS





The Knoevenagel condensation is a classic general method for the preparation of important interme-
diates. This condensation can be carried out using organic base, Lewis base, or acid as the catalyst 
and employing conventional heating method. However, there are some disadvantages due to long 
reaction time, difficult workup, low yield, or environmental concerns. Recent results showed that 
under ultrasound the Knoevenagel condensation could be carried out in milder conditions, shorter 
reaction time, and higher yield.





The pyridine-catalyzed Knoevenagel condensation (Li et al., 1999b) of ethyl cyanoacetate 11.1 with 
a variety of aromatic aldehydes 11.2 under ultrasonic conditions afforded ethyl α-cyanocinnamates 
11.3 in good to excellent yields (Table 11.1). The same reaction under conventional techniques showed 
lower yields in most of the cases as well as harsher conditions (Popp, 1960; Cabello et al., 1984).





The reaction between 11.1 and 11.2 can also be catalyzed by KF supported by Al2O3 to afford 
the ethyl α-cyanocinnamates 11.3 (Li et al., 2002) in excellent yields (Table 11.1). The reaction was 
carried out in ethanol and the KF–Al2O3 could be recycled without significant loss in the yields.





Malononitrile 11.4 can condensate with aromatic aldehydes 11.2 under ultrasound conditions 
in the absence of any catalyst to form arylmethylenemalononitrile 11.5 (Li et al., 2003a), Scheme 
11.1. The reaction was tolerant to electron withdrawing and donating groups attached to the alde-
hydes 11.2 and compounds 11.5 were obtained in excellent yields at room temperature using 
ethanol or methanol as solvent.
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FIGURE 11.3  (a) Cavitation bubble in a homogeneous system. (b) Cavitation bubble in a heterogeneous system.



















Ultrasound in Synthetic Applications and Organic Chemistry	 267





Chalcones are important in the preparation, as well as the central core for a variety of several bio-
logical compounds; one of the more popular ways to prepare chalcones is the Claisen–Schmidt con-
densation. Claisen–Schmidt condensation is the condensation of aromatic aldehydes with ketone 
using reagents such as NaOH, KOH, or Ba(OH)2 as the catalyst, by conventional method. However, 
there are always some problems due to long reaction time or difficulty in workup.





In 1987, Fuentes et al. have reported a sonochemical synthesis of chalcones 11.7 catalyzed by an 
activated Ba(OH)2 catalyst (Table 11.2). The sonochemical process took place at room temperature 
and with a lower catalyst loading and reaction time than the thermal process. KOH also has been 
used as catalyst in the condensation between 11.2 and 11.6 under ultrasound (Li et al., 1999a, 2002). 
While under ultrasound the reaction is carried out in 25 min, the reaction takes 5 h under stirring 





TABLE 11.1
Knoevenagel Condensation under Ultrasound Waves





Condition i: Pyridine (12 mol%), ))), 20°C–40°C, 2–3 h.





+ Condition i or ii





11.2 11.311.1
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conditions (Table 11.2) and the chalcones 11.7 were obtained in slightly better yields. A reus-
able catalyst KF–Al2O3 is also able to catalyze the Claisen–Schmidt condensation between 11.2 
and 11.6 (Li et al., 2002). Recently, an acid-montmorillonite (KSF) was used as the catalyst for a 
solvent-free Claisen–Schmidt reaction (Cella et al., 2010). In both cases, the compounds 11.7 were 
obtained in excellent yields (Table 11.2).





Condensation of nitromethane 11.8 and aromatic aldehydes 11.2 can be ultrasound-mediated 
to synthesize nitroalkenes 11.9 (McNulty et al., 1998). The nitroaldol reaction was catalyzed by 
NH4OAc–HOAc system and it worked well either with electron-withdrawing as with electron-
donating groups attached to the ring of 11.2 (Scheme 11.2).





TABLE 11.2
Synthesis of Chalcones 7 under Ultrasound Conditions





Condition A–D





Condition A: Ba(OH)2 (10 mol%), EtOH ))).
Condition B: NaOH (16 mol%), EtOH, 20°C–40°C, 4–50 min, ))).
Condition C: KF–Al2O3, MeOH, 25°C–40°C, 5–240 min, ))).
Condition D: KSF, r.t., 30–240 min, ))).
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MICHAEL ADDITIONS





Michael addition is the nucleophilic addition of a carbanion or another nucleophile to an a, 
b-unsaturated carbonyl compound.  It belongs to the larger class of conjugate additions.  It is an 
important atom-economical method for diastereoselective and enantioselective C–C bond for-
mation. Bases or Lewis acids under homogeneous conditions classically catalyze these reactions. 
However, there were some disadvantages due to long reaction time, difficult workup, low yield, 
or environmental concerns. As in the condensation reactions, the ultrasound was used for active 
methylene compounds, in addition to chalcones, to give good results.





The potassium hydroxide–catalyzed Michael addition of ethyl acetoacetate 11.10 to chalcone 
11.11 under ultrasound (Li et al., 2003a) despite the milder conditions gives different products that 
react under thermal conditions (Garcia-Raso et al., 1982) (Scheme 11.3). Under ultrasound waves, 
a cyclic product 11.12 is obtained in good yields, whereas under thermal conditions, an acyclic 
compound 11.13 is obtained. The cyclohexenone 11.12 probably is obtained from the intermediate 
11.14, which was in several cases isolated just by shorter time of irradiation.





The acyclic product 11.16 can also be formed under ultrasound condition (Li et al., 2003a). 
However, basic KF–Al2O3 is used as a catalyst (Scheme 11.4) once again conventional Michael reac-
tions gave adducts in lower yields and needed much longer reaction time (Watanabe et al., 1982).
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MANNICH REACTIONS





The Mannich reaction is a one-pot three-component organic reaction, which consists of an amino 
alkylation of an acidic proton placed next to a carbonyl functional group with aldehyde and 
ammonia or any primary or secondary amine. The final product is a β-amino-carbonyl compound 
also known as a Mannich base. Reactions between aldimines and α-methylene carbonyls are also 
considered as Mannich reactions because these imines form between amines and aldehydes.





Sulfamic acid has been used as an efficient, inexpensive, and recyclable green catalyst for the 
ultrasound-assisted Mannich reaction of acetophenone 11.17 with aldehydes 11.2 and amines 11.18 
(Zeng et al., 2009). The Mannich bases 11.19 were obtained in excellent yields and when compared 
with the conventional conditions despite the better yields the reaction under ultrasound irradiation 
was much shorter (Scheme 11.5). This ultrasound protocol has advantages of high yield, mild condi-
tion, no environmental pollution, and simple workup procedures.





The ultrasound-promoted three-component Mannich reaction catalyzed by Ga(OTf)3 (Zhang 
et al., 2009) of cycloketones 11.20 with aromatic aldehydes 11.2 and aromatic amines 11.18 in 
water gives the corresponding β-amino cycloketones in good-to-excellent yields and good anti 
selectivities (Scheme 11.6).





The preferred anti-adduct formation may be explained by the relative stability of transition states 
of A, B, C, and D. As seen in Figure 11.4, A and D leading to the anti-adduct are more stable than 
B and C leading to the syn-adduct.





Excellent yields and selectivity in Mannich reaction were obtained by the use of (S) -proline as 
a catalyst (Kantam et al., 2006). Ultrasonic irradiation was applied to three-component Mannich 
reactions between hydroxyacetone 11.22, aromatic aldehydes 11.2, and p-anisidine 11.23 
(Scheme 11.7). In most cases, they delivered the corresponding Mannich products 11.24 with very 
good diastereo- and enantioselectivities in good yields.





The proline-catalyzed Mannich reaction has also been realized between hydroxyacetone 
11.22 and preformed imine 11.25 (Scheme 11.8). As in the three-component case, a pronounced 
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FIGURE 11.4  Transition state for Ga(OTf)3-catalyzed Mannich reaction.
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acceleration was observed as well as the better yields and selectivity than the same reaction 
under conventional condition.





CROSS-COUPLING REACTIONS





In the past several decades, transition metal catalyzed cross-coupling reactions have been well devel-
oped and widely applied in organic synthesis, which provides useful methods to construct complicated 
scaffolds. For example, Suzuki–Miyaura coupling, Stille coupling, Kumada coupling, Hiyama coupling, 
and Negishi coupling, have been well studied as powerful methods in the toolbox of organic chemists. It 
is well known that traditional cross-coupling involves two kinds of fully functionalized starting materi-
als, including organic halides and organometallic reagents. Many of them require prolonged heating 
and may be plagued by the formation of side or unwanted products. The current drive toward cleaner 
chemistry and chemical engineering has spurred a search for more selective and energy-saving proto-
cols, prompting a reconsideration of some metal-catalyzed processes that were once regarded as ideal 
syntheses. In this context, ultrasound has been shown to considerably reduce reaction times, increase 
product yields, and enhance product purity by reducing or even eliminating side reactions.





Heck reaction (Deshmukh et al., 2001) between iodobenzenes 11.26 and activated alkenes 11.27 
has been performed at room temperature in the presence of 2 mol% of Pd(OAc)2 with consider-
ably enhanced reaction rates by the combined use of ultrasonic irradiation and ionic liquids as 
solvent (Scheme 11.9). The same reaction was also performed in the presence of heterogeneous 
Pd/C (Ambulgekar et al., 2005). After reaction completion, solubilized Pd was redeposited onto the 
support by using sodium formate as reducing agent. The reaction did not take place in the absence 
of US, which shows that sonication had a key role in accelerating it.





Pd/C is air stable and recyclable; however, under conventional conditions it usually requires high 
temperatures and long reaction times.  It is known that heterogeneous reactions, which are slow 
due to poor mass transfer, are accelerated by sonication because of cavitation effects. Ultrasound 
irradiation promotes some palladium leaches out into the medium and the reactions are mainly 
catalyzed by this dissolved fraction, which can subsequently be returned to the support by thermal 
or chemical redeposition, so that the catalyst is recyclable without loss of activity.





A regioselective Heck reaction of 2,4-diiodoalkylbenzenes 11.29 (Scheme 11.10) catalyzed in situ 
by palladium nanoparticles in an aqueous medium under US at room temperature has been reported 
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by Wang and Zhou (2006). Palladium nanoparticles were prepared in situ from PdCl2 and it could be 
reused for multiple reactions. The regioselectivity was para- over ortho-substitution.





A sonochemical Pd/C-catalyzed Suzuki reaction (Rajagopal et al., 2002) was carried out in an 
ionic liquid in the absence of any other additive (Scheme 11.11). Cross-coupling reactions of halo-
benzenes 11.32 including chlorobenzenes with phenylboronic acid 11.33 have been achieved at 
room temperature under these conditions. Toma et al. (2005) used ultrasound to promote the het-
erogenous reaction of haloarenes 11.32 with different aryl boronic acids 11.33, catalyzed by Pd/C 
and KF in methanol–water (Scheme 11.11). These reactions were complete in about 1 h, while a 4 h 
heating was necessary to achieve comparable results under reflux.





Aqueous Suzuki–Miyaura reaction was mediated by ultrasound irradiation using very low load-
ing of palladium nanoparticles stabilized in polyvinylpyrrolidone (PVP) as a catalyst system 
(de Souza et al., 2008). Ultrasonic irradiation can dramatically accelerate the heterogenous Suzuki 
coupling (Zhang et al., 2008) of phenylboronic acid 11.33 with aryl halides 11.32 in neat water, in 
the presence of TBAB and ligand-free cyclopalladated ferrocenylimines 11.35 and 11.36 (Figure 
11.5). Even aryl chlorides were able to cross-couple with boronic acids.





The ultrasound-assisted cross-coupling reaction between organo tellurides 11.37 (used as an 
alternative to the traditional organyl halides) and potassium aryl trifluoroborate salts 11.38 cata-
lyzed by palladium(0) tetrakis(triphenylphosphine) has been widely studied by Stefani et al. (2006, 
2008). All the reactions required the presence of a silver salt, a wide range of coupled products 
11.39 were obtained in intermediate to excellent yields and all the reactions were highly stereo- and 
chemoselective, preferring to react in the telluride moiety instead of halide when both were present 
in the reactant (Scheme 11.12).
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HETEROCYCLES SYNTHESIS





The importance of heterocycles in many fields of science (including organic, bioorganic, agricul-
tural, industrial, pharmaceutical and medicinal chemistry, as well as material science) can hardly be 
overemphasized, and justifies a long lasting effort to work out new synthetic protocols for their pro-
duction. A particularly attractive approach is based on ultrasound-promoted heterocyclization reac-
tions of suitably functionalized substrates, which can allow the regioselective synthesis of highly 
functionalized heterocycles using readily available starting materials under mild and selective con-
ditions (Cella and Stefani, 2009).





Ultrasound irradiation has been used in the synthesis of 1H-benzotriazoles 11.41 from the cycli-
zation of o-phenylenediamine 11.40 with sodium nitrite in acetic acid (Guzen et al., 2007). Products 
11.41 were obtained in good-to-excellent yields and then subjected to an acylation reaction under 
US irradiation to obtain 1-acylbenzotriazoles 11.42 (Scheme 11.13).





The 1,4-disubstituted 1,2,3-triazoles 11.45 have been successfully synthesized from the classical 
Huisgen 1,3-dipolar cycloaddition between sodium azide, terminal alkynes 11.43, and alkyl/aryl 
halides 11.44 (Sheedhar and Reddy, 2007). The reactions were catalyzed by 10 mol% of CuI in an 
aqueous medium under US irradiation at room temperature and products 11.45 were obtained in 
good-to-excellent yields and high regioselectivity (Scheme 11.14).





Pyrazole rings 11.48 or 11.49 were prepared from α-oxo thioxoester 11.46 or from 
α-oxoketene O,N-acetals 11.47, respectively, and hydrazine derivatives using Montmorillonite 
K-10 as a solid support under US irradiation. Regiospecific pyrazoles were obtained in low to 
moderate yields (Scheme 11.15).





Pyrazole rings can also be functionalized using ultrasound irradiation as energy source 
(Stefani et al., 2005). 3,5-Dimethyl pyrazoles 11.50 suffered the halogenations at position 4 when 
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irradiated in the presence of N-halosuccinimides, ICl, or molecular I2 and Br2 (Scheme 11.16). 
Halogenated products 11.51 were obtained in good-to-excellent yields in shorter time and easier 
workup compared with the same reaction using traditional conditions.





The Biginelli reaction is a multiple-component chemical reaction that creates 3,4-dihydropyrimidin-
2(1H)-ones from ethyl acetoacetates, an aldehyde, and urea.  It is named after the Italian chemist 
Pietro Biginelli. The reaction can be catalyzed by Brønsted acids and/or by Lewis acids. Dihydro
pyrimidinones, the products of the Biginelli reaction, are widely used in the pharmaceutical indus-
try as calcium channel blockers, antihypertensive agents, etc.  Recent studies showed that under 
ultrasound, the Biginelli reaction could be carried out in milder conditions, shorter reaction time, 
higher yield, and easier workup.





Zhidovinova et al. (2003) showed that the classical Biginelli reaction (EtOH and HCl) is accel-
erated by a factor of 40 times or more as a result of US irradiation. The three-component reaction 
among aldehydes 11.52, ethyl acetoacetate 11.53, and urea 11.54, or thiourea 11.55 in the presence 
of a catalytic amount of HCl was completed within 2–5 min at room temperature, and dihydropy-
rimidinones 11.56 were obtained in excellent yields (Scheme 11.17). A solvent-free Biginelli reac-
tion has been described (Singh et al., 2006), it was catalyzed by HCl (1 mol%) or trifluoroacetic 
acid (5 mol%) and completed within 15–45 min in reactions involving urea 11.54 and 60–90 min 
in reactions involving thiourea 11.55 (Scheme 11.17).





Biginelli reactions can also be performed in the absence of any catalyst (Gholap et al., 2004). 
The reaction was carried out in 1-n-butylimidazolium tetrafluoroborate ([Hbim]BF4), a nonvolatile 
ionic liquid, under ultrasound irradiation in a very short reaction time (Scheme 11.17). Ionic liquid 
could be recovered and reused in the same reaction at least three times without a decrease in yield. 
It has been postulated that the ionic liquid plays an important role in this multicomponent reaction, 
acting as an inherent Brønsted acid.





Biginelli adducts 11.58 have been produced by utilization of inexpensive ammonium chloride 
as a mediator of the reaction under US irradiation (Stefani et al., 2006). The Biginelli reaction was 
carried out in methanol and irradiated for 3–5 h in a cleaning bath (Scheme 11.18). The antioxidant 
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activity of 11.58 was evaluated, and some of these compounds exhibited strong activity against lipid 
peroxidation induced by Fe and EDTA.





An ultrasound-mediated condensation of o-phenylenediamine derivative 11.40 with 2,4-penta-
dione 11.59 or ketones 11.60 has been used in the synthesis of 1,5-benzodiazepinic rings 11.61 or 
11.62, respectively (Guzen et al., 2006). The reaction was catalyzed by 10 mol% of p-toluenesul-
fonic acid (PTSA), and the products were obtained in good yields (Scheme 11.19), containing either 
electron-withdrawing or electron-donating groups attached to the diamine 11.40.





MISCELLANEOUS





An ultrasound-mediated reaction of arylacetylenes 11.63 and metallic lithium with a variety of 
electrophiles provides an efficient, mild, practical, and inexpensive route to obtain functionalized 
arylacetylenes 11.64 (Stefani et al., 2005). This methodology avoids the use of strong bases 
(e.g., n-BuLi, NH2Na or Grignard’s reagents) and compounds 11.64 were obtained in low-to-
excellent yields (Scheme 11.20); however, for reasons not yet understood, this reaction does not 
work for aliphatic alkynes.





Ultrasound irradiation has been used in the preparation of a series of imines 11.66 (Guzen et al., 
2007). The ultrasound-promoted reaction of aldehydes 11.2 and primary amines 11.65 catalyzed by silica 
and products 11.66 were obtained in high yields even in large scale synthesis (Scheme 11.21). The reuse 
of silica was evaluated and it could be reused through the fourth time with slight decrease in the yield.
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CONCLUSIONS





To show all the ultrasound uses in organic synthesis, we would need an entire book; however, we 
expect that here we were able to resume the main uses of this amazing technique nowadays.





Synthetic organic reactions performed under nontraditional conditions are gaining popular-
ity, primarily to circumvent growing environmental concerns (Green Chemistry). The features of 
US-assisted organic transformations, namely, the selectivity, ease of experimental manipulation, 
and enhanced reaction rates, were highlighted. The use of this nontraditional tool aids in overcom-
ing many of the difficulties associated with conventional reactions, and offers both process-related 
and environmental advantages in organic synthesis.
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INTRODUCTION





Scientific discussions and political mandates in recent decades have enforced both academic and 
industrial chemical societies to move toward designing and employing more environmentally 
friendly techniques and methodologies in order to minimize the quantities of chemical disposals 
and energy consumptions. In this regard, ultrasonic irradiation has emerged as one of the most 
successful means to significantly help develop the so-called “green” chemistry by enhancing the 
reactivity and selectivity of the reactions and lowering the energy uses at the same time (Mason 
and Cintas, 2002; Mason and Lorimer, 2002; Cravotto and Cintas, 2007; Bruckmann et al., 2008). 
The interaction between the matter and the ultrasonic waves and the subsequent chemical changes 
is called sonochemistry and is attributed to cavitation, a physical process caused during ultrasonic 
irradiation of liquids by creation, enlargement, and collapse of bubbles (Bremner, 1990). The cavi-
tation would result in induction of extremely high local pressure and temperature, enhancing mass 
transfer and mechanical effects in the reaction mixture. On many occasions, irradiation leads to 
more effective mixing of the reaction phases, and, therefore, increased rates and yields are observed 
because of better mechanical effects of the ultrasound (US) waves (Flint and Suslick, 1991; Suslick 
and Kemper, 1993; Brennen, 1995). In other cases, ultrasonic energy causes the formation of new 
reactive intermediates and species that are not usually formed in regular thermal reactions. This 
is called “true sonochemistry” (Cravotto and Cintas, 2006) or “sonochemical switching” (Cintas 
and Luche, 1999), where changes in the reaction mechanism occur and thus the distribution of the 
products and the reaction selectivity are altered.
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In 1927, Richards and Loomis reported the first chemical reaction induced by US irradiation 
(Rechards and Loomis, 1927). But it took nearly 60 years until sonochemistry could start finding 
applications in different areas of chemistry.  Advancements in technology grew the availabil-
ity of laboratory size equipment with lower expenses and easier operational procedures.  This 
led to extensive application of US in various fields of chemistry, including organic synthesis, 
and consequently there was an overwhelming increase in the number of publications. Several 
excellent reviews were published in the last decade (Einhorn et al., 1989; Mason, 1997; Luche, 
1998; Margulis, 2004; Li et al., 2005d) summarizing the effects of US in organic synthesis. 
However, to the best of our knowledge, no comprehensive review has been carried out at least in 
the past decade from merely a synthetic point of view. In this chapter, we have tried to summa-
rize densely as many investigations as possible performed on various synthetic transformations 
using US energy. Special attention is paid to those studies that were carried out in the last two 
decades or were not covered in previous reviews. For this reason, all examples of advantageous 
applications of the ultrasonic techniques in organic reactions are included, regardless of their 
true sonochemical, thermal, or mechanical natures. The second to sixth sections mainly cover 
the carbon–carbon bond formation reactions.  The rest of the chapter deals with heterocyclic 
chemistry, oxidation/reduction reactions, protection/deprotection procedures, and the formation of 
carbon–heteroatom bonds.





CYCLOADDITION REACTIONS





The very first example of US-promoted Diels–Alder reaction was reported by Lee and Snyder 
(1989), where they could synthesize a group of naturally occurring o-quinonic derivatives that are 
found in some traditional Chinese medicine plants. While under thermal conditions poor yields 
were obtained, sonication of the reaction mixtures enhanced both yields and the regioselectivity, 
similar to those observed for the same process conducted at high pressure. As a result, the reaction 
led to 65% formation of adducts favoring the natural regioisomer 12.3 in a ratio of 3.5:1 over its 
opposite regioisomer (Scheme 12.1).





One of the pioneering investigations on the effects of sonochemistry on Diels–Alder reactions was 
carried out by Caulier and Reisse (1996). Their study showed remarkable improvement in both kinetic 
and stereoselectivity of the cycloaddition reaction between cyclopentadiene and methyl vinyl ketone 
in halogenated solvents. Although a Lewis acid–catalyzed pathway is possible via in situ formation 
of TiCl4 or TiBr4 (formed from the reaction of halogenated solvents with the titanium horn of the 
US transducer), experiments excluded intervention of such pathway or also a radical mechanism. In 
contrast, the use of small quantities of gaseous HCl under silent conditions led to similar kinetic and 
stereochemical enhancements, supporting possible involvement of a Bronsted acid catalytic pathway 
caused via sonolytic formation of hydrogen halides from the halogenated solvents. The same reaction 
was also investigated in an emulsion of supercritical carbon dioxide and water (Timko et al., 2006). 
The sonication of the mixture led to increased rate and improved endo stereoselectivity (up to 16:1). 
This study suggested that water acts as a solvent and a catalyst, carbon dioxide performs as a carrier 
for water-insoluble reactants, and US increases the mass transfer and mixes the two phases.





Chiral derivatives of tetrahydronaphthalene structure were successfully synthesized using US 
irradiation. In a one-pot process (Scheme 12.2), o-quinodimethane diene 12.4 was generated in situ 
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via zinc reduction of 1,2-bis(bromomethyl)benzene 12.4a and then underwent [4+2] Diels–Alder 
cycloaddition with (4R,5S)-1-acryloyl-3,4-dimethyl-5-phenyl-2-imidazolidinone 12.5 in the 
presence of BF3 · Et2O. Consequently, diastereomerically enriched cycloadduct 12.6 was obtained 
in 90% yield (Kise and Mimura, 2007). The formation of the intermediate 12.4 from 12.4a is sup-
ported by separation of 12.7 under the conditions (Han and Boudjouk, 1982).





A significant sonochemical switching behavior was observed for furano diene derivatives, which 
are normally very sluggish or unreactive toward cycloaddition conditions. Under US irradiation, a neat 
mixture of 12.8 reacted with DMAD at room temperature to solely furnish 12.9 in high yield (Scheme 
12.3). Less-reactive dienophile DMM also reacted with the same diene to produce lower yields of 12.10, 
a precursor to access multicyclic structures of type 12.11, but in excellent diastereoselectivity. Even for 
exocyclic triene 12.12, the furao diene portion reacted selectively under the conditions to produce 12.13. 
This was a remarkable result since such systems are known to remain unreactive, undergo undesired side 
reactions, or participate in cycloaddition processes by their exocyclic diene portion (Wei et al., 2004).





In another sonochemical DA investigation (Scheme 12.4), furan derivatives acted as dienophile when 
subjected to react with o-quinones (Avalos et al., 2000). The oxidation of methyl vanillate 12.14 with 
diacetoxyiodobenzene (DAIB) under US irradiation led to the formation of the corresponding o-quinone 
monoketal 12.15, which further reacted in situ with furan derivatives to give bridged products in moder-
ate yields. Reactions proceeded with high diastereoselectivity. Interestingly, for unsymmetrically substi-
tuted furanes, out of four possible regioisomers, only the formation of product 12.16 is observed.
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In search for designing synthetic strategies to access constrained functionalized carbocyclic 
amino acids, Abbiati et al. studied the Diels–Alder reaction between cyclopentadiene and different 
dienophiles (Abbiati et al., 2001) under various conditions. When US irradiation was employed, 
addition of enantiomerically pure 12.17 to cyclopentadiene 12.18 led to the formation of all possible 
four diastereomers with overall 82% formation of exo 12.19 and endo 12.19 as the major stereomers 
in a 3.5:1 ratio (Scheme 12.5).





Alfaro and McClusky conducted a mechanistic survey to study the effects of US on both homo 
and hetero Diels–Alder reactions (Alfaro and McClusky, 2001). While both reactions were enhanced 
by US irradiation, cavitation appeared to be responsible for cycloaddition of cyclohexadiene 12.20 
to napthoquinone 12.21 since higher US power led to increased reaction rates. However, for the zinc 
chloride—catalyzed hetero–Diels–Alder reaction of p-anisaldehyde 12.23 with Danishefsky’s diene 
12.24, the small rate enhancement was attributed to the increased mechanical mixing (Scheme 12.6).





In comparison to thermal conditions, a dramatic reactivity enhancement was observed for 
US-induced [4+2] cycloaddition of allenic trichloromethyl sulfoxides with cyclopentadiene (Raj 
et al., 1998). When a mixture of cyclopentadiene and 12.26 was irradiated for 1 h at 0°C, endo 
12.27 was obtained as the major DA stereomer, while the same mixture gave only 8% of 12.27 
after 2 h treatment at 0°C. In contrast, the 3-substituted substrates did not react under the same 
conditions and underwent isomerization to dienes of type 12.28 (Scheme 12.7).





Yinghuai et al. dehalogenated polyhalides with zinc or magnesium metals in ionic liquid medium 
to produce the carbene moieties in situ. The carbenes then reacted with fullerene to give its various 
cyclopropyl fused derivatives, for example, 12.29, in the presence of US irradiation. Repeat the process 
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for 12.29 furnished dimmers of C60 12.30 (Scheme 12.8). Although formation of several isomeric 
dimmers is possible, only a single isomer was detected in the reaction mixture (Yinghuai et al., 2003).





MULTICOMPONENT REACTIONS





Today, multicomponent reactions (MCRs) include a vast variety of synthetically useful organic 
procedures. MCRs facilitate one-pot combination of three or more reactants and allow the access 
to complex target products and libraries of desired molecules in one step. Similar to many other 
reaction types, US irradiation is used to enhance the scope of MCRs. The Mannich and Baylis–
Hillman (BH) reactions are discussed in this section in more detail. Some other MCRs, which are 
of more special topics, would be mentioned in the sixth and seventh sections. Mannich reaction is 
a three-component aminoalkylation reaction that provides direct access to β-amino carbonyl com-
pounds as key substructural units in the skeletone of many natural products. In addition, β-amino 
carbonyls are versatile intermediates in synthetic organic chemistry. Chronologically, Peng et al. 
(2005a) used US for the first time to boost the Mannich reaction between acetophenone derivatives 
and a formaldehyde equivalent with various amines in aqueous media and compared the results 
with those of the same reactions conducted under conventional or microwave (MW) heating condi-
tions (Peng et al., 2005a). However, they only observed a slight improvement in the rate and yield of 
US-mediated reactions. Mannich reactions of various ketones with aromatic aldehydes and amines 
are also investigated under ultrasonic conditions (Zeng et al., 2009; Zhang et al., 2009). A rapid and 
asymmetric three-component procedure was reported by Choudary and colleagues, where products 
could be obtained in high yields with good stereoselectivities (Kantam et al., 2006). Interestingly, 
US-mediated self-Mannich reaction of propanal 12.31 with p-anisidine 12.32 followed by NaBH4 
reduction gave 80% of the amino alcohol 12.33 with 91% ee within 1 h (Scheme 12.9).
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Elsewhere, highly enantioselective synthesis of allylic alcohol 12.37 was furnished by 
the preparation of the required starting α-methylene ketone 12.36.  The intermediate 12.36 
itself was obtained via US-mediated Mannich reaction of ketone 12.34 with formaldehyde 
and dimethylamine followed by a silica gel–assisted elimination of dimethylamine from 12.35 
(Ruano et al., 2009) (Scheme 12.10).





Among the well-known procedures for carbon–carbon bond formations, the BH reaction has been 
one of the most frequently reported reactions in recent years. The BH process is able to produce 
densely functionalized products from simple substrates via a one-pot procedure. Extensive investi-
gations including US-mediated procedures are carried out to expand the scope of the BH reaction. 
Almeida and Coelho obtained moderate yields of products for the addition of various aromatic alde-
hydes to methyl acrylate (Almeida and Coelho, 1998). Similarly, Mamaghani and Dastmard developed 
an efficient synthetic route to BH adducts derived from the reaction of ethyl vinyl ketone and aromatic 
aldehydes using US irradiation and l-proline at room temperature (Mamaghani and Dastmard, 2009).





Coelho et al. further showed that under US conditions DABCO is a very effective catalyst for the BH 
reactions of both aliphatic and aromatic aldehydes (Coelho et al., 2002). As a result, under the condi-
tions, moderate to good yields were observed for the reactions of several α,β-unsaturated reactants with 
a variety of aldehydes, many of which did not react at all in the absence of irradiation or required long 
reaction times to produce low quantities of their respective BH adducts. In addition, a significant rate 
and yield enhancement was observed for many of the US-mediated reactions. Later, Coelho employed 
chiral α-amino aldehydes to obtain chiral skeletons via stereoselective BH reactions under US irradia-
tion. A variety of N-Boc-protected substrates provided their corresponding chiral BH adducts with no or 
negligible racemization within relatively short time periods. One of the best results was obtained for the 
reaction of N-Boc-l-phenylalaninal 12.38 with methyl acrylate 12.39 to produce 75% of the anti-iso-
mer of 12.40 as the major product of the reaction with ee of >99% (Coelho et al., 2006) (Scheme 12.11).





A strong synergic effect along with a significant increase in the rate and yield was observed 
when BH reaction of 12.41 and methyl acrylate 12.39 was irradiated in an ionic liquid medium. In 
the absence of irradiation, only 7% of 12.42 was obtained at 0°C within 30 min, while with US and 
in ionic liquid the same reaction led to 92% of 12.42 in a ratio of approximately 2:1 in favor of the 
anti-adduct (Porto et al., 2009) (Scheme 12.12).
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NUCLEOPHILIC ADDITION REACTIONS





Nucleophilic addition reactions constitute an important group of transformation that allow the inter-
conversion of single and multiple bonds into a vast array of important functional groups.  This 
involves the addition of nucleophiles to carbon–heteroatom and carbon–carbon multiple bonds and 
small rings such as epoxides. In this section, the Michael reaction and ring-opening of epoxides are 
discussed. The Michael reaction usually involves the addition of a nucleophile to an unsaturated 
carbon–carbon multiple bonds conjugated with a carbonyl group and is one of the most useful meth-
ods for the formation of carbon–carbon bonds. Like many other key synthetic transformations, US 
irradiation is used in recent years to accelerate and develop this reaction as well.





Sonochemical zinc-mediated conjugate addition of halides to α,β-unsaturated ketones was devel-
oped by Luche et al. offering many advantages in comparison with other related methods (Luche 
et al., 1983; Luche and Allavena, 1988). Sarandeses and coworkers developed the diastereoselective 
variant of the reaction by conducting a zinc–copper conjugate addition of alkyl iodides to chiral 
α,β-unsaturated substrates in aqueous media (as shown for conversion of 12.43 to 12.44) (Scheme 
12.13) and postulated that the stereoselectivity is gained either during the radical nucleophilic addi-
tion or when the protonation of the enolate occurs (Suárez et al., 2002).





Michael reaction of chalcones 12.45 with diethyl malonate, nitromethane, and ethyl acetoac-
etate resulted in the formation of high yields of products 12.46 under US irradiation in relatively 
short times (Li et al., 2003a,b). Double addition of ethyl cyanoacetate to 12.45 followed by intra-
molecular aldol cyclization gave derivatives of cyclohexanol 12.47 in high yields (Li et al., 2003c) 
(Scheme 12.14). Others reported similar sonochemistry for the formation of 12.48 from the addi-
tion of indole to chalcones using silica sulfuric acid (Li et al., 2006a), ceric ammonium nitrate 
(Ji and Wang, 2003), p-toluenesulfonic acid (Ji and Wang, 2005), or KHSO4 (Zeng et al., 2007). 
Ji also performed sonochemical addition of indole to adducts derived from the Knoevenagel 
condensation of various aldehydes with malononitrile or ethyl cyanoacetate in the presence of 
anhydrous zinc chloride (Li and Lin, 2008). The same group was successful as well in US cycli-
zation of 1,5-diaryl-1,4-pentadien-3-ones with malonate derivatives to prepare disubstituted-
diarylcyclohexane-4-ones in high yields and in different media (Li et al., 2005d; Li et al., 2008).





Conjugate addition of heteroatom nucleophiles to α,β-unsaturated moieties are also studied. 
A facile solvent-free aza-Michael reaction of various amines was carried out by Duan et al. using 
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cerium ammonium nitrate under US irradiation (Duan et al., 2006), where both aromatic and ali-
phatic amines added efficiently to ethyl acrylate and acrylonitrile to form 12.49 (X=CO2Et or CN). 
Additive-free Michael addition of various amines to ferrocenylenones at room temperature rapidly 
afforded the corresponding ferrocenyl-3-amino carbonyl 12.50 in high yields (Yang et al., 2005) 
(Scheme 12.15). Similar sonochemistry was developed by Liu and Ji for molecular iodine–catalyzed 
conjugate addition of amines to 1,4-naphthoquinone to obtain moderate to high yields of 2-amino-
1,4-naphthoquinones 12.51 (Liu et al., 2008a,b). Aqueous conditioned Michael addition of aromatic 
thiols to 4-hydroxy-2-alkynoates proceeded at room temperature under US irradiation to get 12.52. 
When amines were employed instead of thiols, the conjugate Michael addition was followed by an 
in situ lactonization reaction leading to 4-amino-furan-2-one derivatives 12.53 (Arcadi et al., 2009). 
Finally, reactions of piperidine with 3-formylchromene 12.54 gave products of type 12.55, presum-
ably through an ultrasonic addition–elimination mechanism (Dalvi et al., 2007).





Ring-opening of epoxides by various nucleophiles are among key methods that provide access 
to important synthetic and biologically active moieties such as β-aminoalcohols, 1,2-diols, and 
2-hydroxy sulfides. Many modern methods including ultrasonic techniques are developed in recent 
years to enhance the synthetic scope of epoxides ring cleavages (Mojtahedi et al., 2007a; Abaee 
et al., 2008a; Dalpozzo et al., 2009; Chimni et al., 2010). Kamal et al. developed a procedure where 
simple epoxides were opened with aromatic amines in the presence of FeCl3 and US (Kamal et al., 
2005). An improved alternate of the method was later introduced for stereoselective ring-opening 
of a variety of epoxides with both aromatic and aliphatic amines under aqueous conditions and in 
the presence of no catalyst or additive to form β-aminoalcohols 12.56. In comparison with other 
methods, the main advantages of this procedure were the chemoselectivity of reactions of different 
amines competing for a particular epoxide and lack of requirement for pH adjustment, which is usu-
ally required in procedures conducted under aqueous conditions (Abaee et al., 2008b).





The US-assisted ring-opening of epoxides was used to synthesize new ionic liquids contain-
ing pyridinium cation (12.57) by the reaction of pyridine with acid and 3-chloro-propylene oxide 
at room temperature (Zhao et al., 2008). Another successful sonicated (with or without simulta-
neous US irradiation) cleavage of epoxides by nucleophiles was performed by Palmisano et al. 
(2007a) in an aqueous medium. Consequently, a series of epoxides rapidly reacted with azide ion 
and 1-(3-chlorophenyl)piperazine to form their respective substituted alcohols 12.58 in good yields 
without any intervention of water as a nucleophile (Palmisano et al., 2007a) (Scheme 12.16).
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Besides nitrogen, similar reactions of other nucleophiles were also investigated. Liu and cowork-
ers studied the ring-opening of epoxides with oxygen nucleophiles. Reactions with primary, sec-
ondary, and tertiary alcohols in the presence of amberlyst-15 led to regioselective ring-opening of 
epoxides and formed various β-alkoxy alcohols under US irradiation (Liu et al., 2008c). Similar 
reactions with hydrogen peroxide were catalyzed by antimony trichloride/SiO2 to result in the forma-
tion of their corresponding β-hydroperoxy alcohols in high yields (Liu et al., 2008d). Finally, room-
temperature addition of indole, as a carbon nucleophile, to epoxides led to efficient synthesis of 
3-hydroxy-2-indolyl propanone derivatives using montmorillonite-K10 and ZnCl2 (Li et al., 2010a).





CONDENSATION REACTIONS





In a condensation reaction, two or more molecules or functional groups of one molecule react 
together to form one single product and simultaneously liberate another molecule.  In most 
cases, the lost molecule is water and the condensation reaction is therefore a dehydration pro-
cess.  Condensation reactions have important applications in the synthesis of many polymers, 
silicates, and polyphosphates. In addition, several biochemical transformations such as synthesis 
of polypeptides, polyketides, and terpenes take place via condensations and also a large number 
of transformations in synthetic organic chemistry are based on condensation reactions. Available 
reports on US-mediated condensation reactions mainly include aldol condensation, Knoevenagel 
reaction, and synthesis of bis(indolyl)methanes. In addition, there are a few reports on benzoin 
condensation as well (Hagu et al., 2007; Estager et al., 2007a; Tuulmets et al., 2007).





Aldol condensation of carbonyl compounds with aldehydes and ketones is one of the most useful 
carbon–carbon double bond formation reactions and has been extensively employed for the synthesis 
of α,β-unsaturated compounds such as chalcones (Abaee et al., 2009) and bisarylmethylideneketones 
(Abaee et al., 2005, 2006, 2007a,b,c, 2008c) with their many synthetic and biological applications. 
Many efforts including US irradiation have been devoted in recent years to widen the synthetic scope 
of aldol condensation reactions. Several groups investigated the effect of US activation on the synthe-
sis of trans-chalcones 12.59 from aryl methyl ketones and aromatic aldehydes in the presence of either 
montmorillonites (Chtourou et al., 2010), activated carbons (Calvino et al., 2006), or KF/alumina 
(Li et al., 2002). Similarly, Xin et al.  adopted the aldol condensation for the synthesis of various 
1,5-diarylpenta-2,4-dien-2-ones 12.60 from conjugated aldehydes and acetophenone derivatives in 
the presence of activated barium hydroxide and US irradiation (Xin et al., 2009) (Scheme 12.17).





Sonochemically activated synthesis of bisarylmethylidenes of ketones 12.61 is also carried out in 
the presence of K2CO3 (Ding et al., 2007) and KF/Al2O3 (Li et al., 2003). The reaction mechanism 
and the factors influencing the products were also discussed. At room temperature, acetylferrocene 
was condensed with various aromatic aldehydes to form high yields of the respective products 
12.62 under US conditions (Li et al., 2003b). Synthesis of 12.63 was accomplished via a sequential 
aldol condensation-decarboxylation process using the reaction of 2-(4-nitrophenyl)acetic acid with 
chromene-4-one derivatives (Dalvi et al., 2005).
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Knoevenagel condensation is another important reaction for the formation of C=C bonds and 
is widely employed for the synthesis of arylmethylenemalononitriles, derivatives of cinnamic acid, 
and other polysubstituted olefins, which are useful intermediates in the preparation of many target 
compounds important from biological, industrial, or synthetic points of view. The reaction is tra-
ditionally between active methylene compounds and various aldehydes and ketones using thermal 
conditions and bases. Consequently, the use of green and environmentally friendly methods for 
more efficient Knoevenagel condensations is of interest. In anhydrous ethanol, Knoevenagel con-
densation of malononitrile with aromatic aldehydes was used for the preparation of arylmethylene-
malononitriles 12.64 in high yields within a few minutes under US irradiation using recoverable 
montmorillonite-K10-supported ZnCl2 catalyst (Li et al., 2004). Similar reactions were reported by 
the same group using KF/Al2O3 for the synthesis of 12.64 (Li et al., 2005b) and 12.65 (Wang et al., 
2002), the latter was prepared by the reactions of aldehydes with ethyl cyanoacetate (Scheme 12.18).





Simultaneous application of MW and US in aqueous medium led to solvent-free formation of 
good yields of 3-aryl acrylic acids 12.66 from aromatic aldehydes and malonic acid in the pres-
ence of K2CO3 and piperidine (Peng and Song, 2003). Synthesis of ethyl 2-cyano-2-cycloalkylide-
neacetates such as 12.67 was furnished by sonication of cyclic ketones with ethyl cyanoacetate in 
NH4OAC/AcOH (Li et al., 2001). Multicyclic structure 12.68, an n-type organic semiconductor, 
was synthesized via Knoevenagel condensation of truxenone and ethyl cyanoacetate in the pres-
ence of TiCl4 and N-methyl morpholine. When the reaction was conducted under US, the yield 
improved significantly (Zhang et al., 2006a).





Indole derivatives including bisindolylalkanes are important due to possessing a variety of bio-
logical and pharmaceutical properties. Despite numerous related procedures available in the litera-
ture, the facile synthesis of these compounds is still of great interest in synthetic organic chemistry. 
Condensation of two indole molecules with an aldehyde or a ketone is the main pathway to produce 
bis(indol-3-yl)methanes. Derivatives of bis(indol-3-yl)methane 12.69 (R=R′=H) were synthesized in 
good-to-excellent yield by sonication of aqueous mixtures of indole with various aliphatic and aro-
matic aldehydes under catalysis of 1-hexenesulfonic acid sodium salt at ambient conditions (Joshi et al., 
2010). Again 12.69 (R=H) were prepared by the reaction of indole with ketones and aromatic aldehydes 
using either alum (KAl(SO4)2 · 12H2O) (Sonar et al., 2009) or H2NSO3H (Li et al., 2006b). In another 
work, indole and methylindole reacted with various aldehydes and ketones to afford 12.69 (R=H and 
R=Me) in high yields using bismuth salts (Scheme 12.19). Under the conditions, selective condensa-
tion of indoles with aldehydes in the presence of ketones was observed (Mohammadpoor-Baltork 
et al., 2006). Unsymmetrical bisindols 12.70 were synthesized under sonic waves via the reactions of 
indole with (1H-indol-3-yl)(alkyl)methanol catalyzed by ceric ammonium nitrate (Zeng et al., 2005). 
Ceric ammonium nitrate was also employed to catalyze the reaction of isatin with various indoles to 
afford derivatives of 3,3-di(indolyl)indolin-2-ones 12.71 under US conditions (Wang and Ji, 2006).
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ORGANOMETALLIC CHEMISTRY





Organometallic species have found practical applications as useful intermediates and catalysts in 
today’s synthetic organic manipulations, especially those involved in carbon–carbon bond forma-
tion reactions, petroleum processing, and production of polymers. One of the classic organometallic 
transformations is the Reformatsky reaction, a zinc-mediated addition of α-haloesters to aldehydes 
or ketones to form β-hydroxyesters. The low reactivity of zinc and also control of the subsequent 
exothermic addition of the organozinc intermediate to the carbonyl group are the main limita-
tions of the Reformatsky reaction. Thus, there have been numerous efforts through the years to 
overcome these limitations. In 1982, Han and Boudjouk had a report on the use of low-intensity 
US, which caused a significant increase in the rate and yields of Reformatsky reaction, although 
the use of distilled dioxane and activation of the zinc dust were still required (Han and Boudjouk, 
1982). When high-intensity US was employed, no zinc activation was necessary, and reagent-grade 
dioxane was used without distillation to rapidly obtain high yields of β-hydroxyesters or its lactone 
equivalent from the reaction of α-bromoester, zinc dust, and catalytic amounts of iodine. When 
dl-ethyl α-bromopropionate was used as the α-bromoester component, no improvement in the dia-
stereoselectivity of the reaction was observed as compared with the thermal reaction (Ross and 
Bartsch, 2003). This approach was also used by the same investigators to obtain β-aminoesters or 
their respective lactams from similar reactions of imines (Ross et al., 2004) and also to synthesize 
12.76 from the reactions of α-bromoesters with a ketodibenzo-16-crown-5 (Ross and Bartsch, 2001) 
(Scheme 12.20).





Several modified versions of the reaction are also studied under US. An alternative procedure 
promoted by in situ–produced indium was developed for the addition of ethyl bromoacetate 12.77 
to aldehydes or ketones affording high yields of β-hydroxyesters. Under the conditions, substrates 
like 2- or 3-hydroxybenzaldehyde bearing acidic hydrogens also reacted efficiently. The organ-
oindium intermediates were prepared in situ and did not react with themselves while no use of 
promoters like iodine was required (Bang et al., 2002). Reformatsky-type reactions are also inves-
tigated for the synthesis of β-ketoesters of type 12.78 or δ-hydroxy-β-oxoesters of type 12.79 from 
the reaction of 12.77 with appropriate reactants in the presence of zinc (Narkunan and Uang, 1998) 
or indium (Young et al., 2005), respectively (Scheme 12.21).
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A remarkable syn selective indium-mediated procedure was developed by Babu and coworkers 
for the reaction of α-alkoxy ketones with β-keto esters and ethyl 2-bromoacetate to afford 80 and 81, 
respectively, under sonication (Scheme 12.22). The observed outstanding diastereoselections were 
attributed to the presence of chelation-controlled transition states, which induce strong reactivity 
and selectivity in the reactions (Babu et al., 2005).





Another palladium-catalyzed coupling process is the Suzuki reaction between derivatives of 
phenylboronic acid and organohalides.  This coupling is an extremely versatile carbon–carbon 
bond formation reaction and is very powerful in the synthesis of biaryls and engineering materi-
als. In comparison with other organometallic reagents like Grignard and organozinc compounds, 
the boronic acid reagent and the reactants of the Suzuki coupling are more stable to the reaction 
conditions and a simple workup would yield the products. Many studies are carried out and the 
reaction is still under extensive investigation to develop more environmentally compatible Suzuki 
protocols. First example on US-promoted Suzuki reaction was communicated in 2002 (Rajagopal 
et al., 2002). Table 12.1 summarizes several studies carried out in the presence of ultrasonic irradia-
tion for this coupling. Entry 1 shows the reaction conducted in ethylene glycol under phosphine-
free conditions to obtain biaryls in high yields using a recyclable palladium catalyst (Silva et al., 
2007).  Ferrocenylimine organopalladium catalyzed Suzuki reaction of phenylboronic acid with 
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TABLE 12.1
US-Mediated Suzuki Reactions





Entry Boronic Acid Aryl Halide Conditions Yield (%)





1 B(OH)2 I Pd2(dba)3, TBAB, K2CO3 94





2 B(OH)2 Br K3PO4, TBAB 73





3 B(OH)2F I Pd/PVP, K2CO3 94





4 B(OH)2MeO BrMe PdCl2, TEBA, K2CO3 82





5 B(OH)2 H2N I Pd(OAc)2, TEBA, Cs2CO3 90





6 B(OH)2





none
Pd/C, KF, oxidant 87
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arylhalides mediated by water proceded efficiently with both electron-withdrawing and electron-
releasing groups (entry 2) (Zhang et al., 2008).





In another study, comparable results were obtained for MW, US, and thermal reactions. In 
sonicated reactions, the medium was recoverable with no significant loss of activity (entry 3) (de Souza 
et al., 2008). Heterogeneous Pd/KF-catalyzed addition of arylboronic acids to iodoarenes in 
methanol/water medium took only 1 h irradiation to produce high yields of the expected prod-
ucts (entry 4) (Poláčková et al., 2005). An aqueous medium and Pd/C were again employed for 
both homo- and cross-coupling reactions of boronic acids with aryl halides under high-inten-
sity US and phosphine-free conditions. In the case of electron-deficient aryl chlorides, the reac-
tion required the use of palladium(II) acetate as the catalyst (entry 5) (Cravotto et al., 2005a). 
In an interesting experiment, self-coupling of boronic acids was observed in the presence of an 
oxidant (molecular oxygen or 3-bromo-4-hydroxycoumarin) to solely afford symmetric biaryls 
under heterogeneous Pd/C catalysis and no use of phosphine ligand.  An oxidative pathway 
through which the boronic acid dimerizes and the oxidant reduces to 4-hydroxycoumarin was 
suggested for this homocoupling process (entry 6) (Cravotto et al., 2005b).





Alternative approaches to classic palladium-catalyzed Suzuki reaction involve the use of 
organotellurium or hypervalent iodine compounds. A Suzuki-type coupling reaction was reported 
in water using hypervalent iodine and sodium tetraphenylborate in the absence of a catalyst or a 
base (Shi, 2007). Stefani et al. practiced the use of organotelluriums in the Suzuki-Miyaura reac-
tion (Zeni et al., 1999) and subsequently developed the US-assisted version of the reaction in the 
presence of Et3N, Pd(PPh3)4, and silver salts, as presented in Table 12.2. They accomplished ste-
reodefined synthesis of 1,3-dienes by using organotrifluoroborates via the coupling of vinylic tel-
lurides and potassium β-styryl trifluoroborate salt. The procedure led to the synthesis of various 
1,3-dienes in short time periods and under mild conditions (entry 1) (Cella et al., 2006). Similarly, 
cross-coupling reaction of potassium aryltrifluoroborate with butyl(2-chloro-2-phenylvinyl)tel-
lane derivatives resulted in efficient synthesis of a variety of functionalized vinylic chloride skle-
tons (entry 2) (Guadagnin et al., 2008). The extension of the methodology to the synthesis of 
functionalized 1,3-enynes (entry 3) (Singh et al., 2008) and stilbens (entry 4) (Cella and Stefani, 





TABLE 12.2
US-Mediated Suzuki Reactions of Organotellurides





Entry Organotellurium Organoborane Product Yield (%)
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2006) is also reported by the same group. A Suzuki-type homocoupling of various aryltellurides 
was conducted under the catalysis of Pd(PPh3)4 to produce symmetrical biaryls in good yields 
(entry 5) (Singh and Stefani, 2008).





Another important orgamometal-mediated C–C bond formation is the Heck reaction, a palla-
dium coupling involving the addition of alkenes or alkynes to aryl or vinyl halides in polar media. 
Srinivasan and group revealed the first report on US-promoted Heck reaction (Deshmukh et al., 
2001). They completed the coupling at ambient temperature in an ionic liquid solvent within 1.5-3 h 
using Pd(OAc)2. This was a significant improvement to the conventional versions of the reaction, 
which usually require long-time treatment of the reactants at higher temperatures. The simultane-
ous irradiation of MW and US significantly enhanced the Heck coupling of several aryl halides with 
styrene in the presence of Pd(OAc)2 or Pd/C. For example, the reaction with 4-bromoanisole gave 
96% of 12.84 in a ratio of 1:13 in favor of the trans isomer within 1.5 h (Palmisano et al., 2007b). A 
similar procedure was used for the synthesis of 12.86 in 80% yield after 20 min irradiation (Garella 
et al., 2010) (Scheme 12.23). Comparative studies suggested that a synergic phenomenon comes into 
effect when MW and US are used together, enhancing the outcome of the reactions.





Sonochemical Heck reactions to obtain acrylate derivatives were also studied (Ambulgekar et al., 
2005). At room temperature and in the presence of in situ–formed nanoparticles, various alkenes 
including acrylates underwent Heck reaction with iodobenzene derivatives to furnish high yields of 
the corresponding products. In addition, excellent regiochemistry was observed for Heck reactions of 
polyiodobenzenes giving para- as opposed to the ortho-substitution (Zhang et al., 2006b). Elsewhere 
and in the framework of an extensive program to develop recyclable linking systems for solid sup-
ported reactions, Enders et al. conducted a sonolytic Heck reaction of halogenated resin 12.87 with 
tert-butyl acrylate to furnish high yields of product 12.88 after treating 12.87 with Pd(OAc)2, PPh3, 
and NEt3 in DMF followed by a cleavage process (Brase et al., 1998) (Scheme 12.24).





The palladium-catalyzed coupling of aryl halides and terminal acetylenes is usually conducted 
in the presence of a copper cocatalyst and an amine. The process is named after Sonogashira and 
offers an efficient method for the synthesis of substituted acetylenes. A limitation to the reaction 
is the occasional formation of side products caused by the additives of the reaction. To overcome 
this limitation, copper-, phosphine-, and amine-free versions of the Sonogashira reaction have been 
developed in recent years to gain reactions with much better performance and selectivities. In this 
regard, the application of US has been very useful to soften the conditions so that the reaction would 
occur at room temperature. Srinivasan et al. designed a set of experiments where the Sonogashira 
reaction proceeded at ambient conditions in an ionic liquid solvent. Excellent yields of a variety of 
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1,2-diarylacetylenes 12.89 were obtained in short time and with very good chemoselectivity using 
no copper cocatalyst or phosphine ligand (Scheme 12.25). Experiments showed that Pd nanopar-
ticles are formed in situ under US irradiation to catalyze the reaction (Gholap et al., 2005).





A significant rate enhancement was observed for a sonochemical one-pot process consisting 
of a palladium acetate–catalyzed Sonogashira coupling of iodobenzenes with acetylene deriva-
tives followed by the cyclization of the intermediate to yield 2-substituted indoles 12.90 at room 
temperature. The conditions were tolerable for both electron-withdrawing and electron-releasing 
groups and no copper, ligand, or amine was used in the process (Palimkar et al., 2006). A simi-
lar approach was used for the synthesis of benzofuran derivatives 12.91 (Palimkar et al., 2008) 
(Scheme 12.26). The copper- and ligand-free approach was also employed for room-temperature 
Sonogashira cross-coupling of aryl iodides with ferrocenylacetylene to produce 12.92 in the pres-
ence of PdCl2 (Fu et al., 2008).





There are a few other reports on US-promoted reactions of other organometals (Sanchez et al., 
2001). Langle et al. (2003) developed two efficient one-pot procedures for the synthesis of various 
organogermanium (Langle et al., 2003) and organotin (Lamandé-Langle et al., 2009) compounds. 
The reactions took place via a magnesium metal–mediated Barbier reaction of organohalides with 
tin or germanium halides producing moderate to high yields of the products. Some of these products 
(12.93–12.97) are shown in Scheme 12.26. Under these conditions, transfer of more than one group 
was also feasible.





The reaction between alkyl halides and carbonyl compounds is another carbon–carbon bond 
formation reaction and is mediated with the use of various metals. Several investigations are carried 
out in recent years to conduct such reactions under environmentally safer conditions. Table 12.3 
shows representative examples on the application of US irradiation in metal-mediated alkylation 
of carbonyl compounds. Bian et al. (2010) allylated aromatic aldehydes and ketones in water using 
SnCl2 at room temperature. Their study showed that reactions proceed with more efficiency when 
mixtures are irradiated (entry 1) (Bian et al., 2010). The same group also studied the reactions of 
allyl bromide with aromatic aldehydes in Sb/H2O/KF/MeOH (entry 2) (Bian et al., 2009), Li/THF 
(entry 3) (Bian et al., 2007), or Zn/NH4Cl/H2O/THF (entry 4) (Bian et al., 2006a) systems to obtain 
allyic alcohols in high yields. Similar procedures are developed as well using propargyl bromide 
(Lee et al., 2004) and trichlorofluorocarbon (Barkakaty et al., 2006) to furnish allenyl alcohols 
(entry 5) and chlorofluoro carbinols (entry 6), respectively.
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HETEROCYCLES





Undoubtedly, heterocycles constitute key groups of organic compounds with many important appli-
cations in various fields of science, engineering, and industry.  Consequently, continuing efforts 
have been devoted during the past years to the study and exploration of various features of hetero-
cycles. Accordingly, the effect of US on the synthesis of heterocycles is also investigated exten-
sively in recent decades. In 2009, Cella and Stefani (2009) had a comprehensive review on various 
US-promoted heterocyclization reactions. Thus, this section aims to mainly review the articles that 
published afterward or were not covered by Cella and Stefani (2009).





Three-Membered Rings





There are several investigations on US-promoted synthesis of epoxide rings involving the epoxida-
tion of simple alkenes with different reagents. The reaction of cyclohexene with iodine in aqueous 
dioxane and in the presence of Cu(OAc)2.H2O resulted in formation of the respective iodohydrine, 
which further cyclized to cyclohexene oxide after sonication in the presence of Na2CO3 (Fernandes 
et al., 2007). Mirkhani et al. succeeded to rapidly and efficiently convert a variety of alkenes to their 
respective epoxides using nanoparticle supported polyoxometalates and hydrogene peroxide under 
US irradiation (Salavati et al., 2010a). The same group also reported similar conversions by employ-
ing other oxidants and ultrasonic conditions (Mirkhani et al., 2000; Tangestaninejad et al., 2006, 
2008; Salavati et al., 2010b). In situ generation of peroxycarboximidic acids by sonication of mix-
ture of hydrogen peroxide with different nitriles was reported to be responsible for the epoxidation 
of cyclohexene (Braghiroli et al., 2006). In another work, industrial synthesis of cyclohexene oxide 
from cyclohexene was reported at room temperature using molecular oxygen, isobutyraldehyde, and 
US irradiation (Zhang et al., 2007a).





Efficient epoxidation of chalcones with urea–hydrogen peroxide was carried out under US irra-
diation in relatively short reaction times (Jin et al., 2009). An improved version of the same process 
was offered by Li et al. where products 12.100 were obtained by room-temperature sonication of 





TABLE 12.3
Various Metal-Mediated Alkylation of Carbonyl Compounds under US
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acetophenone derivatives 12.98 and aromatic aldehydes 12.99 in the presence of H2O2 (Scheme 
12.27).  In comparison with related multistep reactions, the procedure reached to completion in 
shorter time periods without isolation of any intermediate or the use of toxic solvents (Li et al., 
2010b).





Five-Membered Rings





Among five-membered heterocyclic rings, imidazoline derivatives are of particular importance due 
to having outstanding biological and pharmacological activities and also being used as catalysts and 
synthetic intermediates. Entezari investigated the synthesis of 1,2,5-trisubstituted imidazole 12.102 
in the presence of US irradiation (Entezari and Asghari, 2008) (Scheme 12.28). While the yield of 
the process reached to 90% within half an hour sonication, it took 72 h to produce 70% of the same 
product in the absence of US.  Alternatively, 2,4,5-trisubstituted derivative of the same skeleton 
(12.103) was synthesized under US conditions by two different methods. Zang et al. (2010a) irradi-
ated mixtures of benzil with aromatic aldehydes in an ionic liquid medium to obtain the expected 
products in 70%–96% yield within 45–90 min, while irradiation of similar mixtures in water led to 
relatively higher yields in slightly shorter times (Shelke et al., 2009). An alternative sonochemical 
synthetic pathway was also demonstrated by condensation of aromatic aldehydes with o-phenylene-
diamine using a heteropoly acid (Fazaeli and Aliyan, 2009).





Sonochemical synthesis of 2-imidazoline derivatives has also been investigated. Martins and his 
colleagues irradiated aqueous mixtures of aromatic aldehydes and ethylenediamine in the presence 
of NBS to obtain high yields of 12.106 within 12–18 min (Sant’ Anna et al., 2009) (Scheme 12.29). 
An improved high scalable version of the reaction was introduced by Mirkhani et al. where the same 
condensation was performed in the presence of catalytic amounts of sulfur giving various deriva-
tives of 12.106 in shorter time periods (Mirkhani et al., 2006).





Several related reports are also found on the synthesis of various pyrazole derivatives, a group 
of heterocycles found as the key substructure in many biologically active compounds and pharma-
ceuticals. Three recent investigations were reported on ultrasonic synthesis of dihydro-1H-pyrazole 
derivatives (Pizzuti et al., 2009, 2010; Nabid et al., 2010). A variety of 1,3,5-triarylpyrazole 12.107 
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derivatives were synthesized by Li et al. via the reaction of appropriate 3-aryl-2,3-epoxy-1-phenyl-
1-propanones with phenylhydrazine.  Irradiation of the mixtures at room temperature gave the 
products 12.107 in 69%–99% yields (Li et al., 2010c) (Scheme 12.30). An alternative solvent-free 
method for room-temperature synthesis of 3-alkyl-1H-pyrazolones 12.108 was carried out via the 
condensation of hydrazine derivatives with various β-keto esters under ultrasonic conditions with-
out using any extra additives (Mojtahedi et al., 2008a).





A dramatic rate enhancement was observed for the synthesis of pyranopyrazoles 12.110 under 
combined use of MW and US in heterogeneous conditions (Scheme 12.31). The dramatic kinetic 
acceleration was attributed to the effect of US irradiation through continuous cleaning of the sur-
face of the substrate particles resulting in significant increase in mass and heat transfer between 
the phases (Peng et al., 2006).





A multistep synthesis of 1,2,3-triazoles was reported by Al-Zaydi (2009a) using the coupling 
of cyanoacetamides with aromatic diazonium salts followed by the reaction of the product of the 
former step with hydroxylamine and a cyclization process (Al-Zaydi, 2009a). An interesting one-
pot palladium-catalyzed coupling was developed by Chen and coworkers, where the US-promoted 
combination of an acid chloride 12.112 with a terminal acetylenes 12.111 efficiently prepared the 
required intermediate to in situ react with sodium azide and give the 1,2,3-triazole products 12.113 
(Li et al., 2009a) (Scheme 12.32).





Sonochemical synthesis of oxazoline derivatives was investigated by Khistiaev et al. As a result, 
novel 4-fluoro-3-oxazolines 12.116 were synthesized by three-component combination of diaryl-
methanimines 12.114, CF2Br2, and trifluoroacetophenones 12.115 in the presence of lead metal 
(Scheme 12.33). The reaction presumably proceeds via two sequential steps: the formation of an 
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intermediate ylide and a subsequent 1,3-dipolar cycloaddition of the ylide with the acetophenone 
moiety (Khistiaev et al., 2008).





A convenient ultrasonic method was offered for the synthesis of 2-aminothiophene derivatives 
through acceleration of the Gewald reaction.  While the attempts for the synthesis of thiophene 
derivatives via Gewald reaction was reported to fail under US irradiation (Šibor and Pazdera, 1996), 
the use of diethylamine in aqueous conditions caused a rapid method for high-yield synthesis of 
12.119 via the reaction of 12.117 with 12.118 and elemental sulfur (Scheme 12.34). Due to the 
polarity of the medium, products precipitated spontaneously and were easily separated from the 
reaction mixtures by filtration (Mojtahedi et al., 2010).





Six-Membered Rings





Ultrasonic synthesis of a variety of six-membered heterocyclic systems is studied (Jie et al., 2001; Tei 
et al., 2009; Mandhane et al., 2010). 1,4-Dihydropyridines (DHPs) constitute one of the most frequently 
occurring subunits in the structure of many natural and synthetic heterocycles and have received great 
deals of attention due to exhibiting a wide range of pharmaceutical and biological activities. A well-
established strategy for the synthesis of DHPs involves the one-pot Hantzsch condensation of aldehydes 
and ethyl acetoacetate with ammonia equivalents. To overcome the inherent disadvantages associated 
with classical Hantzsch-type reactions such as long reaction time, harsh conditions, and low yields of 
products, sonochemical procedures are shown in recent years as one of the most efficient alternative 
methods for the synthesis of DHPs. In this regard, Shaabani et al. reported rapid Hantzsch condensation 
of aromatic aldehydes with acetoacetate derivatives and ammonium acetate to produce DHPs 12.120 in 
high yields at room temperature in a recoverable ionic liquid medium under US irradiation (Shaabani 
et al., 2006) (Scheme 12.35). An improved solvent-free version of the same reaction was later reported 
by Wang et al. (2008a) to furnish high yields of 12.120 in shorter time periods. Similar symmetrical 
structures were synthesized using three-component Hantzsch-type reactions, where barbituric acid or 
dimedone (Muscia et al., 2009; Mosslemin et al., 2010) condensed with amines and aromatic aldehydes 
under US conditions to produce high yields of 12.121 or 12.122, respectively (Scheme 12.35).





The one-pot strategy was also adopted for the preparation of tetrahydrobenzo-acridin-one 12.123 
by treatment of dimedone, 1-naphthylamine, and aromatic aldehydes in ethanol (Zang et al., 2010b). 
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A strong acceleration was observed when a mixture of dimedone, aldehydes, ethyl acetoacetate, and 
ammonium acetate was irradiated in aqueous micelles to form 12.124 in high yields (Kumar and 
Maurya, 2008). A similar route was also reported using the same reactants; while thermal synthesis 
of 12.124 required 3 h reflux in ethanol, sonication of the same mixture at ambient temperature 
gave the product within 2–5 min (Ahluwalia et al., 1997). Similar chemistry was chosen for the 
synthesis of 12.125 by a combination of 5-amino-3-methyl-1H-pyrazole, 2H-indene-1,3-dione, and 
an aldehyde in EtOH (Nikpassand et al., 2010). Replacement of the starting pyrazole with diamino-
pyrimidine-4-one gave 12.126 (Tu et al., 2008) (Scheme 12.36).





Ultrasonic syntheses of pyridine and its 1,2-dihydro moieties are also investigated. A one-pot 
condensation of aldehydes, malononitrile, and thiophenol was reported by Shinde et al. (2010) The 
reaction was catalyzed by boric acid in aqueous medium to afford pyridines of type 12.127 in short 
reaction times and high yields. Condensation of ferrocenyl chalcones with malononitrile in sodium 
alkoxide produced 2-alkoxy-4-aryl-6-ferrocenyl-3-cyanopyridines 12.128 (Zhou et al., 2006). 
A three-component reaction of 2-alkynylbenzaldehydes with aromatic anilines and phenylacety-
lenes in water and in the presence of a combined Lewis acidic-surfactant catalyst led to the synthesis 
of a variety of alkynyl substituted dihydroisoquinolines 12.129 (Ye et al., 2008). Also, Al-Zaydi 
(2009b) and Al-Zaydi et al., (2009) reported ultrasonic synthesis of novel 2-oxo-1,2-dihydropyri-
dines 12.130 by treatment of ethyl cyanoacetate and amines followed by the reaction of the product 
with ethyl acetoacetate (Scheme 12.36).





Xanthene and 4H-pyran derivatives contain an oxygen atom in their central six-membered rings 
and both are known as key heterocyclic moieties in medicinal and synthetic organic chemistry 
and numerous methods are available for their syntheses.  In this regard, the use of US-mediated 
methodologies has provided the opportunity to prepare these heterocycles with several advantages 
such as mild reaction conditions, high yields, and simple experimental procedures. The use of silica 
supported NH4H2PO4 as a recyclable heterogeneous catalyst led to facile synthesis of various aryl-
dibenzo-xanthenes 12.131 from the condensation of various phenols with aromatic aldehydes in 
water and under US irradiation (Mahdavinia et al., 2009) (Scheme 12.37). 4H-Pyran derivatives of 
12.132 were prepared by the reaction of aryl aldehyde and ethyl acetoacetate under ZnCl2 catalysis 
and sonication in acetic anhydride. Variation in the US power, temperature, and the reaction time 
showed that the optimized conditions are obtained at 50°C in half an hour irradiation with sonica-
tion power of 100 W (Ni et al., 2010). Synthesis of several heterocycles containing the 4-hydroxy-
coumarin core such as 12.133 was carried out in aqueous media (Scheme 12.37). Comparison of 
irradiated reactions with those performed by conventional methods showed the enhancing effect of 
sonication in the reactions (Cravotto et al., 2003a).
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Asymmetric synthesis of 2-benzopyrans was reported by Giles and Joll via intramolecular dia-
stereoselective annulation of titanium phenolates of phenolic aldehydes. For example, irradiation 
of the mixture of phenolic aldehyde 12.134 with titanium tetraisopropoxide diastereoselectively 
afforded high yield of alcohol 12.135 (Scheme 12.38). The mild conditions of the method prevented 
racemization of the α stereogenic center of both the starting and final materials. In addition, use of 
US was shown to be crucial for the reaction to complete (Giles et al., 1999).





Spiro Heterocycles





Molecules with spiro heterocycles in their structures are among very important organic compounds 
because many of them possess vast biological and pharmaceutical activities. Thus, the development 
of efficient methods to access such compounds has always been of great interest to organic chemists. 
Conceptually, sonochemical procedures are adopted as one of the versatile means to develop green and 
environmentally safe methods for the synthesis of spiro heterocycles. Several recent reports are avail-
able in the literature on the synthesis of nitrogen containing spiro rings (Bazgir et al., 2010; Li et al., 
2010e). For example, synthesis of spiro-pyrrolo-pyrrolidine derivatives was reported by moldoveanu 
et al. (2009). Suresh Babu and Raghunathan (2007) approached a multicomponent [3+2] cycloaddi-
tion strategy by using isatin 12.136, oxoindolino-ylidene acetophenone 12.137, and l-proline 12.138 
to produce similar spiro-pyrrolopyrrolidine structures (12.139) (Scheme 12.39). The reactions pro-
ceeded regioselectively in high yields under sonication in acetonitrile and in the presence of silica.





Cycloaddition strategy was also adopted by Jadidi et al. for the synthesis of novel pyrrolizidines 
12.141 under both ultrasonic and thermal conditions by combination of acenaphtenequinone 12.140, 
L-proline, and appropriate dipolarophiles (Scheme 12.40). Improvements in rates and experimental 
conditions were observed when sonication was used. The diastereoselectivity and regioselectivity 
of the reactions were confirmed by NMR and x-ray crystallographic analyses (Jadidi et al., 2008).
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A ring expansion of spiroepoxides was used for the synthesis of potential biologically active 
spiro[indole-3,5′-[1,3]oxathiolan]-2-ones under US irradiation (Dandia et al., 2010). In the presence of 
LiBr and under sonication, aqueous mixture of 12.142 and thioacetamide gave 84% of 12.143 within 
7 min, while the same reactions took longer times under stirring or even MW conditions (Scheme 12.41). 
A plausible mechanism was suggested in which the nucleophilic attack of bromide ion on the less 
hindered side of the epoxide followed by the reaction of the alkoxide intermediate with acetamide led 
to the formation of the product.





Beyer and Wagenknecht could significantly improve the synthesis of spiropyrans with the use 
of sonochemistry. They prepared a wide range of products with iodo, hydroxyl, ethinyl, or azido 
substituents, which are precursors for the synthesis of molecular switches and dyads (Beyer and 
Wagenknecht, 2010). Two series of spiropyrans 12.146 with hydroxyl or iodo groups (X = OH or I) 
were synthesized. While in the key step of conversion of 12.145 into 12.146, conventional methods 
gave side products and caused the formation of low yields of the desired compounds, US radiation 
gave moderate to high yields of 12.146 in shorter time periods (Scheme 12.42). The observed rate 
enhancement was attributed to more effective mixing of the reagents





Spiro systems with two six-membered rings are also investigated. A variety of pyrazolopyrido-
pyrimidines were obtained by a multicomponent process involving the combination of azomethines, 
barbituric acid derivatives, and various aromatic aldehydes to synthesize spiro products of type 
12.147 under various conditions (Scheme 12.43). Moderate to good yields of products were obtained 
when the reactions were conducted under US irradiation (Muravyova et al., 2009). Attempts for 
multicomponent reactions of piperidin-4-one with malononitrile and carbonyl compounds under 
various conditions to access spiro systems did not furnish outstanding results. Under conventional 
conditions, Knoevenagel condensation of piperidin-4-one with malononitrile followed by a dimer-
ization process was observed to give 12.148, while with US irradiation the room-temperature con-
densation of piperidin-4-one and malononitrile with quinolinone derivatives produced the respective 
spiro products regioselectively, as exemplified by 12.149 (Dandia et al., 2007) (Scheme 12.43).
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OXIDATION AND REDUCTION REACTIONS





This is an obvious fact that oxidation and reduction processes are involved in a substantial number of 
various reactions and transformations in organic chemistry and thus this issue is of prime importance 
to synthetic chemists. One of the fundamental reactions related to this topic is the oxidation of alco-
hols since it can provide the access to a broad range of carbonyl compounds. Numerous procedures 
for oxidation of alcohols are available in the literature. However, the use of stoichiometric amounts of 
traditionally used metallic oxidants leads to the production of environmentally harmful disposals and 
therefore the development of new procedures employing safer reagents and energy sources would be 
of great demand. There are a few reports in the literature on sonochemical oxidation of hydrobenzoin 
12.150 to different products (Scheme 12.44). Li et al. (2009b) employed ammonium chlorochromate 
(ACC)/silica gel system for the oxidation of benzoins 12.151 and cleavage of 12.150 to the corre-
sponding benzils 12.152 and aldehydes (Li et al., 2009c), respectively. A similar procedure was devel-
oped by the same group for the oxidation of 12.150 to 12.152 (Li and Sun, 2006) (Scheme 12.44).





Several ultrasonic procedures are reported for the oxidation of hydroxyl moieties into the cor-
responding carbonyl groups (Olah et al., 1989; Mills and Holland, 1997). A solvent-free oxidation 
of alcohols was reported to obtain the corresponding carbonyl derivatives. Under the conditions, 
methanol, secondary alcohols, and hydroquinone were oxidized very efficiently to the corre-
sponding ketones at ambient temperature by KMnO4/CuSO4 · 5H2O system (Luu et al., 2008). The 
photocatalytic oxidation of 2-propanol to acetone and ethanol to acetaldehyde was studied under 
US using TiO2 suspension in aqueous media. A significant reactivity enhancement was observed 
for the oxidation of 2-propanol to acetone. Irradiation also caused agglomeration of the TiO2 pho-
tocatalyst. The observed enhancement was attributed to US activation of the photocatalyst and 
improved mass transfer rate (Kado et al., 2001). Permanganate/CuSO4





.5H2O oxidation of ben-
zyl alcohol derivatives proceeded with significantly higher yields of the corresponding carbonyl 
compounds under sonochemical conditions, when compared to silent experiments.  Reactions 
took place at room temperature in shorter time periods and were applicable to the oxidation of 
alkylarenes as well (Mečiarova et al., 2000).





In another work, the effect of US on RuI3-mediated degradation of phenol was studied. Irradiation 
showed a significant role in the reaction by increasing the catalyst surface area via fragmentation 
of the catalyst particles, preventing agglomeration of the particles, and increasing the accessibility 
of phenol and the oxidant to the catalyst active sites. The increase in the efficiency of the irradi-
ated process comparing to the silent reaction was attributed to production of active oxidants like 
•OH, •HO2, and •I2, and better catalytic performance of the catalyst. A free radical mechanism was 
proposed for the US oxidation reaction and was experimentally supported by the use of radical 
scavengers (Rokhina et al., 2009).





Oxidation of benzylic carbons to carbonyl group is also investigated under sonochemical condi-
tions such as the report by Cum et al. for the conversion of indane to inden-1-one (Cum et al., 1988). 
Luzzio and Moore could prepare and study the applications of chromyl chloride in oxidation reac-
tions by US mediation. Under the situation, oxidation of arylalkanes to the corresponding arylalkylk-
etones completed faster than it did in the silent experiment. Similarly, oxidation of trans-2-octene gave 
3-chloro-2-octanone and 2-chloro-3-octanone. Acceleration of the reactions with US irradiation was 
attributed to efficient sonochemical homogeneousity and local heating caused by cavitations (Luzzio 
and Moore, 1993). Other sonochemical oxidations include the Baeyer–Villiger oxidation of cyclohexa-
none to ε-caprolactone (Zhang et al., 2006c), air oxidation of thiols to disulfides (Ruano et al., 2008), 
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synthesis of sulfoxides from sulfides (Mahamuni et al., 2006), sonooxidation of 4-piperidinone skeleton 
(Pétrier et al., 1992), oxidative cleavage of alkenes by RuO4 (Rup et al., 2010), oxidative coupling of 
naphthyl derivatives (Bhor et al., 2008), and dehydrogenation reactions (Costa et al., 1999; Memarian 
and Farhadi, 2008; Memarian and Abdoli-Senejani, 2008;).





Although the reduction of alkenes is very well documented in the literature, there is high inter-
est to find new procedures and experimental conditions for more efficient and selective hydroge-
nation reactions. One of the useful means for this purpose is the application of US irradiation in 
the hydrogenation of alkenes.  Carcenac et al.  conducted room-temperature synthesis of several 
1,4-disubstituted cyclohexanes via hydrogenation of sterically hindered and electron poor perfluo-
roalkyl alkenes using hydrogen at ambient pressure. A dramatic increase in the yield and rate of the 
reactions was observed when the process was carried out under sonication (Carcenac et al., 2005). 
Although hydrogenation of fluorinated acrylic acids or their benzyl esters did not proceed efficiently 
under conventional conditions, sonication of the same mixtures in the presence of Pd/C in methanol 
improved the reaction significantly (Kitazume et al., 1989). Sonochemical reduction of C=C bonds 
and desulfurization of benzothiophene was also performed using formic acid as the source of hydro-
gen at ambient temperature and pressure (Grobas et al., 2007).





Selective hydrogenation of carbonyl compounds to make their respective alcohols, in the presence 
of competing functional groups, has been a challenge in synthetic organic chemistry for many years 
and has received considerable attention due to its numerous applications in medicinal and indus-
trial chemistry. As a result, growing numbers of diverse methods are developed for the reduction 
of various carbonyl compounds. Several reports on the application of US in reduction of carbonyls 
exist in the literature. Hydrogenation of cinnamaldehyde to obtain cinnamyl alcohol was performed 
with excellent selectivity at atmospheric pressure using a Ru catalyst under sonication (Li et al., 
2006d). Rh(PPh3)3Cl-catalyzed hydrosilylation of alkyl substituted cyclohexanones was carried out 
with high yields and selectivities under sonochemical conditions (Felföldi et al., 2000).  Similar 
procedures were also developed for room-temperature reduction of benzophenones derivatives to 
benzhydrols (Peng et al., 2005b), enantioselective hydrogenation of α-ketoesters to hydroxy deriva-
tives (Török et al., 2000), reductive deoxygenation of ketones and aldehydes to olefins (Nayak and 
Banerji, 1991), and conversion of carboxylates to ketones by Barbier reaction (Aurell et al., 1995).





Nitroaromatics are industrially produced in large quantities and are employed as the precur-
sors for the synthesis of a variety of other useful organic products. Depending on the conditions, 
various nitrogen-containing compounds such as amines, hydroxylamines, and hydrazines could be 
obtained from the reduction of nitroaromatics and therefore, the control of the selectivity during 
their manipulation is a great challenge. By the use of hydrazine and in the presence of Raney nickel, 
high-intensity US could reduce bulky nitroaromatic compounds to their respective amines in a 
much faster fashion than the silent conditions can cause (Heropoulos et al., 2005). Similarly, zinc/
NH4Cl reduction of nitroaromatics rapidly afforded the respective arylhydroxylamines (Ung et al., 
2005). Alternatively, zinc and ammonium chloride were used under high-intensity US for chemose-
lective reduction of nitroarenes to azo and azoxy compounds (Cravotto et al., 2006).





Coupling of aldehydes and ketones to their respective pinacol equivalents is reported in several 
occasions. These include the use of various reductive systems based on magnesium (Li et al., 2002; 
Li et al., 2005a; Wang et al., 2005a), zinc (Yang et al., 2004), and titanium salts in combination with 
different metals (Li et al., 2005c; Lin et al., 2006), aluminum (Bian et al., 2002), neodymium (Bian 
et al., 2006c), lanthanum (Bian et al., 2006b), and vanadium (Bian et al., 2006c). An amino pinac-
olization version of the reaction was performed by dimerization of imines to 1,2-diamines using 
US irradiation and lithium metal in ethereal lithium perchlorate solution (Mojtahedi et al., 2001). 
Pinacolization of benzophenone was also studied under photochemical/US irradiation conditions. 
It was observed that by simultaneous use of sonication and UV irradiation, the rates and yields of 
the reaction increase. This was attributed to better photoconversion of benzophenone caused by 
sonolytic decomposition of the light-absorbing transient species and formation of the triplet state 
quenching as a result of a better collisional deactivation process (Gaplovsky et al., 2000).
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There are some other scattered US-mediated reductions of organic compounds in the literature 
like the reductive deacetoxylation of Passerini adducts with zinc/NH4Cl in methanol to afford 
the respective β-keto amides (Neo et al., 2005) and reductive deoxygenation of alkyl halides to 
alkyl hydroperoxides (Nakamura et al., 1995). Also, conversion of chlorinated biphenyls has been 
studied under US conditions using Raney Ni–Al alloy in alkali hydroxides and carbonate aqueous 
solutions. For example, formation of mixture of 12.154 and 12.155 from dechlorination of 12.153 
was selectively directed to solely obtain 12.154 by controlling the amount of NaOH in the reaction 
mixture (Scheme 12.45). Under silent conditions, the dechlorination did not reach to completion 
even after long reaction times (Liu et al., 2009).





PROTECTION AND DEPROTECTION PROCEDURES





Protection and deprotection of organic functional groups play essential roles in accomplishing 
multistep syntheses (Wuts and Green, 2007). Depending on the simplicity of the process, ease of 
operation and workup, yield of the desired product and its stability to the reaction conditions, and 
the overall expenses of the process, suitable conditions will be chosen. On these grounds, diverse 
arrays of different methods are developed during the years for protection/deprotection of various 
functional groups. Accordingly, several US-mediated functional group protection strategies are 
offered in the literature. This section covers the related reports for the masking of hydroxyl groups, 
amines, and various carbonyl functions.





Protection of hydroxyl functionalities is of fundamental importance in both organic synthesis 
and analytical chemistry. There is at least one-step protection of alcohols during many of multi-
step syntheses and organic transformations. One of the most common approaches for the protec-
tion of alcohols is the conversion of OH groups into their corresponding silyl ethers (Mojtahedi et al., 
2006a,b, 2008b; Kadam and Kim, 2010; Weickgenannt et al., 2010). Gholap et al.  (2003) used 
US irradiation to rapidly obtain excellent yields of various alkyl acetates via the reactions of the 
corresponding alcohols with acetic anhydride at ambient conditions in the absence of any additive 
using an ionic liquid medium. After isolation of the products, the ionic liquid was recycled and 
reused efficiently. Singh et al.  (2006) used catalytic amounts of ionic liquids for monotetrahy-
dropyranylation of diols and alcohols under US irradiation. Comparison of the results with those 
obtained in the absence of irradiation showed the efficiency of the method, while the ionic liquid 
was also recycled.





Another ultrasonic method was introduced for efficient TMS protection of various types of 
alcohols and phenols by HMDS at room temperature without the use of any solvent or additive. 
Under the conditions, competitive protections resulted in good-to-excellent chemoselectivity in 
favor of sterically less hindered alcohols. In addition, phenols could also be exclusively protected 
in the presence of aromatic amines (Mojtahedi et al., 2007b).  The synthesis of 12.157 and its 
subsequent reaction with phenols were conveniently conducted under power US to obtain pro-
tected phenolic ether 12.158 within 15 min (Scheme 12.46). In the case of multisubstituted phenols 
including sensitive phenolic aldehydes, reactions showed much more efficiency than silent proce-
dures. In addition, no use of undesired halogenated reagents was involved and the operational and 
workup procedures were not cumbersome (Luzzio and Chen, 2008).





N-tert-Butyloxycarbonylation (N-Boc) is perhaps the most commonly used group to protect the 
amine functions due the stability and the ease of protection and deprotection associated with this 
group. Two different procedures are offered for US-mediated installation of the N-Boc onto the 
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amine functional moieties.  First, conventional reactions of primary and secondary amines with 
di-tert-butyl dicarbonate and NaHCO3 in alcoholic solvents took 24 h to complete, while irradia-
tion of the same mixtures gave complete formation of the protected products within a few minutes 
(Einhorn et al., 1991). In the second work, the chemoselective N-Boc protection of various aliphatic, 
aromatic, acyclic, and heterocyclic amines was performed with excellent yields in the presence 
of catalytic amounts of sulfamic acid.  Under the conditions, the use of sterically hindered and 
electron-poor amines in the reaction was also successful (Upadhyaya et al., 2007).





Carbonyl moieties are protected in different forms such as oximes, arylhydrazones, dithianes, 
imines, and enamines. The protection practice is important from the synthetic point of application 
as well since the masked products in many cases are the precursors for the preparation of many other 
synthetically important compounds. Oximes are traditionally prepared via treatment of alcoholic 
solutions of aldehydes or ketones with hydroxylamine hydrochloride and pyridine under refluxing 
conditions. However, toxicity and flammability risks associated with the use of pyridine impose lim-
itations on such methods and therefore the development of safer methods would be of high demand. 
Accordingly, sonochemistry has served as a useful mean to access milder methods for the synthesis 
of oximes from carbonyl compounds and vice versa (Li et al., 2006c). Condensation of aldehydes 
and ketones with hydroxylamine hydrochloride was efficiently promoted under the influence of 
basic [bmim]OH ionic liquid. The efficiency of the method was illustrated by obtaining much lower 
efficiency for the same reaction under silent conditions (Zang et al., 2009). A deprotection method 
was also developed under US conditions to convert oximes to their corresponding carbonyl com-
pounds using a silica sulfuric acid/surfactant/paraformaldehyde system in water (Li et al., 2010d).





Protection of aldehydes/ketones as arylhydrazone moieties is also studied under US irradiation. 
Leite at al. converted various aromatic aldehydes to their corresponding hydrazides using acidic 
aqueous conditions. Reactions proceeded at room temperature and produced high yields of various 
arylhydrazones (Leite et al., 2008). Excellent yields of arylhydrazones of various aromatic and ali-
phatic carbonyls were also obtained at ambient temperature by Jarikote et al. (2003) without using 
any additive. The efficiency of the process was shown to be strongly dependent on the amount of 
molecular oxygen present in the atmosphere of the reaction.





Synthesis of various imines 12.159, mainly from aromatic aldehydes and primary amines, was 
facilitated by US irradiation in the presence of several solid catalysts (Scheme 12.47). Under the 
conditions, silica showed the best performance to give good yields of the products. The reaction was 
applicable to high-scale synthesis of imines as well (Guzen et al., 2007). Various amines were also 
used by Brandt et al. for solvent-free synthesis of β-enamino esters 12.160 from the corresponding 
1,3-dicarbonyl compounds in the presence of acetic acid and US irradiation (Brandt et al., 2004). In 
another work, an US-mediated procedure was developed by Duarte et al. for the protection of aromatic 
acid chlorides as thioesters 12.161 starting from benzoyl chlorides and 2-mercaptobenzoxa(thia)
zoles (Duarte et al., 2010) (Scheme 12.47). A rapid, practical, and base-free sonochemical protec-
tion procedure was reported by Sureshbabu et al. (2008a) by the synthesis of Nα-protected thiopep-
tide esters 12.162 from their corresponding peptide esters using P2S5 (Sureshbabu et al., 2008a). 
Montmorillonite-K10 supported deprotection of 1,3-dithianes and 1,3-dithiolanes 12.163 gave high 
yields of the corresponding aldehydes and ketones using Cu(NO3)2 · 2.5H2O and US waves at room 
temperature (Oksdath-Mansilla and Peñéñory, 2007) (Scheme 12.47).





OH





OMe





C l





OMe





HCl, US





K2CO3, DMF, US





O





OMe





R
OHR





12.157 12.15812.156





SCHEME 12.46



















Ultrasound Applications in Synthetic Organic Chemistry	 307





CARBON–HETEROATOM (C–X) BOND FORMATION REACTIONS





The presence of heteroatoms such as nitrogen, oxygen, silicone, halides, and sulfur in the structure 
of organic molecules is found to be responsible for diverse functions of pharmaceuticals, proteins, 
polymers, carbohydrates, and other naturally occurring and synthetic compounds (Hartwig, 2008). 
This section focuses on summarizing the US-mediated procedures for the construction of carbon–
heteroatom bond formation reactions.





The carbon–oxygen bond formation reaction has major applications in the synthesis of ethers, 
O-alkylation reactions, and protection of functional groups such as enols, alcohols, and oximes. The 
Williamson synthesis, Ullman-type reaction, and Mitsunobo reaction are the main pathways usu-
ally employed for the preparation of ethers. In 1992, an Ullmann-type procedure was reported to 
give moderate yields of diaryl ethers 12.164 under US irradiation (Smith and Jones, 1992) (Scheme 
12.48). Almost a decade later, Peng and Song (2002) took the advantage of the use of combined MW 
and US irradiation for the Williamson synthesis of a variety of 12.164 and benzyl aryl ethers 12.165 
in an aqueous sodium hydroxide medium (Scheme 12.48). The process took place in the absence of 
the additives, the use of which has been necessary in many other related procedures. A Mitsunobu 
procedure was used for monoalkylation of dihydroxycoumarins under sonochemical conditions to 
selectively produce 6- or 7-O-protected dihydroxycoumarins 12.166 in good yields (Cravotto et al., 
2003b). Other related procedures include selective mono O-alkylation of calyx[6]arenas (Semwal 
et al., 2002), synthesis of oxime ethers (Li et al., 2009d), O-alkylation of N-hydroxyphthalimide 
(Wang et al., 2008b), conversion of 2-chlorobenzoic acids to their respective salicylic acid deriva-
tives (Docampo Palacios and Pellón Comdom, 2003a), and alkylation of furoin (Zhang et al., 2007b).





Ultrasonic carbon–nitrogen bond formation reactions have wide applications in alkylation of 
amines (Li et al., 2000) and synthesis of N-alkylated heterocycles (Calvino-Casilda et al., 2004, 
2008; Zhao et al., 2010).  The strategy specially finds importance in N-alkylation of imidazole 
rings in the synthesis of a diverse array of N-alkyl imidazolium–based ionic liquids (Lévêque 
et al., 2002; López-Pestaña et al., 2002; Namboodiri and Varma, 2002; Durán-Valle et al., 2004; 
Costarrosa et al., 2006; Estager et al., 2007b; Cravotto et al., 2007, 2008; Calvino-Casilda et al., 
2008; Ferrera-Escudero et al., 2010), a green and reusable group of solvents with many uses in 
synthetic organic chemistry. Various other approaches are used in combination with US techniques 
to convert carbon–hydrogen (Liu and Ji, 2008a), carbon–oxygen (Peng and Song, 2001), and car-
bon–halogen bonds to carbon–nitrogen bonds. In this regard, nucleophilic addition of amines to 
carbon–halogen bonds is employed in several cases (Balan et al., 2009). The substitution of chlorine 
atom in dichlorobenzene iron η6-complex 12.167 with various secondary amines produced aro-
matic amines 12.170 and 12.171 (Scheme 12.49). In comparison with thermal conditions, reactions 
proceeded considerably faster under sonication. By the variation of the solvent and the nucleophilic-
ity of amines, the desired mono- or di-substituted products were synthesized (Raouafi et al., 2009). 
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Pellon et al. used US irradiation for the synthesis of various 2-alkylamino derivatives of benzoic 
acid 12.172 (R = alkyl) from the corresponding 2-chloro substrates via the Ullmann condensation 
(Scheme 12.49). Under the conditions and in aqueous mixtures, high yields of the products were 
achieved within short time periods (Pellón et al., 2005). Similarly, the 2-arylamino derivatives of 
12.172 (R = Ar) were obtained using the same procedure (Docampo Palacios and Pellón Comdom, 
2003b). The application of the methodology was also used by the same group for one-pot synthesis 
of thiazoloquinazolinone derivatives 12.173 (Pellón et al., 2007) (Scheme 12.49).





Other C-heteroatom formation reactions include the synthesis of carbon–sulfur and carbon–hal-
ogen bonds. 1,3-Dialkylimidazole-2-thiones 12.174 were prepared via cathodic reduction of 1,3-di-
alkylimidazolium ionic liquids followed by the reaction of the carbine intermediates with sulfur 
under US irradiation (Scheme 12.50). Reaction proceeded cleanly with no use of any other additive 
while formation of side-products was not observed (Feroci et al., 2009). A variety of heteroaromatic 
thiols 12.175 were selectively S-alkylated via the reaction with alkyl bromides and iodides under 
sonochemical irradiation (Deligeorgiev et al., 2010).





Sadeghi et al. reported rapid sonochemical fluorination of methine and methylene groups neigh-
bored by a nitro function and a heterocyclic ring to obtain the respective mono- or di-fluorinated 
products. Reactions took place using 1-chloromethyl-4-fluoro-1,4-diazoniabicyclo[2,2,2]octane bis-
tetrafluoroborate (Selectfluor) in the presence of DBU (Sadeghi et al., 2006a,b). Again, by using 
Selectfluor and a room-temperature desilylation–fluorination process, alkenyl fluorides were selec-
tively synthesized from alkenyltrimethylsilanes using US. The same reaction proceeded with much 
lower efficiency in the absence of irradiation (Ranjbar-Karimi, 2010). Other sonolytic halogenations 
include the halogenation of 3,5-dimethyl Pyrazoles (Stefani et al., 2005) and halogenation of alcohol 
derivatives with tert-butyl halides (Ranu and Jana, 2005).





CONCLUSIONS





It appears that sonochemistry has a long way to go yet, although it has more than eight decades of 
history. Organic chemists have enjoyed the convenience associated with the use of sonochemistry 
to overcome the synthetic limitations in many cases, enhance the reactivity of various transforma-
tions, and gain improved selectivities from the reactions, which otherwise proceed with much lower 
efficiency. However, the real power of the US lies on its potential to switch the reactions to obtain 
surprising products and unexpected selectivities through “true sonochemistry.” Thus, it seems that this 
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is “physical organic sonochemistry” that can help synthetic chemists design successful strategies to 
overcome current barriers in the synthesis of molecular targets. The use of sonochemistry in combina-
tion with other green chemistry techniques (aqueous media, ionic liquids, organocatalysts, etc.) needs 
more explorations and could lead to new horizons of surprising results.





In this chapter, it was tried to comprehensively cover the US-mediated studies in synthetic organic 
chemistry.  As appeared in the earlier sections, the majority of the papers published in the last two 
decades, especially those that were not included in the previous reviews, could fall into the selected 
categories of the reactions. As far as we could investigate using search engines, not too many recent 
papers on synthetic applications of US are left outside the selected categories. Perhaps a few scattered 
papers on some reactions such as alkylation (Hofmann et al., 2003; Ji et al., 2005), dealkylation (Katohgi 
et al., 2000; Katohgi and Togo, 2001), desulfonylation (Addie et al., 2000), acylation (Mehrabi, 2008), 
dehydration (Aquino et al., 2005), rearrangement (Sureshbabu et al., 2008b), aldol (Cravotto et al., 2003c; 
Ji-Tai et al., 2004), and Wittig reactions (Riccaboni et al., 2010) could be mentioned as well. The exten-
sion of the sonochemistry to other synthetic transformations remains to be explored.





REFERENCES





Abaee, M.S., Hamidi, V., and Mojtahedi, M.M. 2008b. Ultrasound promoted aminolysis of epoxides in aque-
ous media: A rapid procedure with no pH adjustment for additive-free synthesis of α-aminoalcohols. 
Ultrasonics Sonochemistry, 15: 823–827.





Abaee, M.S., Mojtahedi, M.M., Abbasi, H., and Fatemi, E.R. 2008a. Additive-free thiolysis of epoxides in water: A 
green and efficient regioselective pathway to β-hydroxy sulfides. Synthetic Communications, 38: 282–289.





Abaee, M.S., Mojtahedi, M.M., Forghani, S., Ghandchi, N.M., Forouzani, M., Sharifi, R., and Chaharnazm, 
B. 2009. A green, inexpensive and efficient organocatalyzed procedure for aqueous aldol condensations. 
Journal of the Brazilian Chemical Society, 20: 1895–1900.





Abaee, M.S., Mojtahedi, M.M., Hamidi, V., Mesbah, A.W., and Massa, W.  2008c.  The first synthesis of 
bis(arylmethylidene)dioxan-5-ones: Potential scaffolds to access vicinal tricarbonyl derivatives. 
Synthesis, 2122–2126.





Abaee, M.S., Mojtahedi, M.M., Sharifi, R., Zahedi, M.M., Abbasi, H., and Tabar-Heidar, K. 2006. Facile synthe-
sis of bis(arylmethylidene)cycloalkanones mediated by lithium perchlorate under solvent-free conditions. 
Journal of the Iranian Chemical Society, 3: 293–296.





Abaee, M.S., Mojtahedi, M.M., Sharifi, R., and Zahedi, M.M. 2007a. A highly efficient method for solvent-
free synthesis of bis(arylmethylidene)piperidinones. Journal of Heterocyclic Chemistry, 44: 1497–1499.





Abaee, M.S., Mojtahedi, M.M., and Zahedi, M.M. 2005. An efficient and improved method for the synthesis of 
bis(arylmethylidene)thiopyranones. Synlett, 2317–2320.





Abaee, M.S., Mojtahedi, M.M., Zahedi, M.M., Sharifi, R., and Khavasi, H. 2007b. Efficient synthesis of novel 
3-substituted thiopyran-4-ones. Synthesis, 39: 3339–3344.





Abaee, M.S., Mojtahedi, M.M., Zahedi, M.M., and Sharifi, R. 2007c. A highly efficient method for solvent-free 
synthesis of bisarylmethylidenes of pyranones and thiopyranones. Heteroatom Chemistry, 18: 44–49.





Abbiati, G., Clerici, F., Gelmi, M.L., Gambini, A., and Pilati, T. 2001. Asymmetric synthesis of 2-amino-3-
hydroxynorbornene-2-carboxylic acid derivatives. Journal of Organic Chemistry, 66: 6299–6304.





Addie, M.S. and Taylor, R.J.K. 2000. New routes to 5-substituted oxazoles, Journal of the Chemical Society, 
Perkin Transactions 1, 31: 527–531.





Ahluwalia, V.K., Goyal, B., and Das, U. 1997. One-pot syntheses of 5-oxo-1,4,5,6,7,8-hexahydroquinolines and 
pyrimido[4,5-b]quinolines using microwave irradiation and ultrasound. Journal of Chemical Research, 
28: 266.





Alfaro, R. and McClusky, J.V. 2001. Ultrasonic irradiation and the homo– and hetero–Diels–Alder reaction. 
Synthetic Communications, 31: 2513–2522.





Almeida, W.P. and Coelho, F. 1998. Piperonal as electrophile in the Baylis–Hillman reaction. A synthesis of 
hydroxy-β-piperonyl-γ-butyrolactone derivative. Tetrahedron Letters, 39: 8609–8612.





Al-Zaydi, K.M. 2009a. A simplified Green Chem. approaches to synthesis of 2-substituted 1,2,3-triazoles and 
4-amino-5-cyanopyrazole derivatives conventional heating versus microwave and ultrasound as eco-
friendly energy sources. Ultrasonics Sonochemistry, 16: 805–809.





Al-Zaydi, K.M.  2009b.  Microwave and ultrasound promoted synthesis of substituted new arylhydrazono 
pyridinones. Arabian Journal of Chemistry, 2: 55–58.



















310	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





Al-Zaydi, K.M., Borik, R.M., and Elnagdi, M.H. 2009. Studies with arylhydrazonopyridinones: Synthesis of 
new arylhydrazono thieno[3,4-c]pyridinones as novel D2T2 dye class; classical verse green methodolo-
gies. Ultrasonics Sonochemistry, 16: 660–668.





Ambulgekar, G.V., Bhanage, B.M., and Samant, S.D. 2005. Temperature recyclable catalyst for Heck reactions 
using ultrasound. Tetrahedron Letters, 46: 2483–2485.





Aquino, F., Bonrath, W., Paz Schmidt, R.A., and Schiefer, G.  2005.  Dehydration reaction of hydroxenin 
monoacetate in carbon tetrachloride and an aliphatic alcohol under ultrasound irradiation. Ultrasonics 
Sonochemistry, 12: 107–114.





Arcadi, A., Alfonsi, M., and Marinelli, F. 2009. Facile reaction of thiols and amines with alkyl 4-hydroxy-2-alkynoates 
in water under neutral conditions and ultrasound irradiation. Tetrahedron Letters, 50: 2060–2064.





Aurell, M.J., Danhui, Y., Einhorn, J., Einhorn, C., and Luche, J.L. 1995. A direct access to ketones from lithium 
carboxylates via the sonochemical Barbier reaction. Synlett, 459–460.





Avalos, M., Babiano, R., Bravo, J.L., Cabello, N., Cintas, P., Hursthouse, M.B., Jiménez, J.L., Light, M.E., and 
Palacios, J.C. 2000. Sonochemical cycloadditions of o-quinones. The search for a cation radical pathway. 
Tetrahedron Letters, 41: 4101–4105.





Babu, S.A., Yasuda, M., Shibata, I., and Baba, A. 2005. In- or In(I)-employed tailoring of the stereogenic cen-
ters in the Reformatsky-type reactions of simple ketones, α-alkoxy ketones, and β-keto esters. Journal of 
Organic Chemistry, 70: 10408–10419.





Balan, A.M., Florea, O., Moldoveanu, C., Zbancioc, G., Iurea, D., and Mangalagiu, I.I.  2009.  Diazinium 
salts with dihydroxyacetophenone skeleton: Syntheses and antimicrobial activity. European Journal of 
Medicinal Chemistry, 44: 2275–2279.





Bang, K., Lee, K., Park, Y.K., and Lee, P.H. 2002. Sonochemical Reformatsky reaction using indium. Bulletin 
of the Korean Chemical Society, 23: 1272–1276.





Barkakaty, B., Takaguchi, Y., and Tsuboi, S. 2006. Addition of CFCl3 to aromatic aldehydes under ultrasonic 
irradiation. Synthesis, 959–962.





Bazgir, A., Ahadi, S., Ghahremanzadeh, R., Khavasi, H.R., and Mirzaei, P. 2010. Ultrasound-assisted one-pot, 
three-component synthesis of spiro[indoline-3,4′-pyrazolo[3,4-b]pyridine]-2,6′ (1′H)-diones in water. 
Ultrasonics Sonochemistry, 17: 447–452.





Beyer, C. and Wagenknecht, H.A. 2010. Synthesis of spiropyrans as building blocks for molecular switches and 
dyads. Journal of Organic Chemistry, 75: 2752–2755.





Bhor, M.D., Nandurkar, N.S., Bhanushali, M.J., and Bhanage, B.M. 2008. Ultrasound promoted selective syn-
thesis of 1,1’-binaphthyls catalyzed by Fe impregnated pillared montmorillonite K10 in presence of 
TBHP as an oxidant. Ultrasonics Sonochemistry, 15: 195–202.





Bian, Y.J., Fan, C.R., Hu, X.H., and Li, J.T. 2006a. Zinc-mediated allylation reactions of aldehydes and ketones 
in aqueous media under ultrasonic irradiation.  Indian Journal of Chemistry—Section B Organic and 
Medicinal Chemistry, 45: 1587–1590.





Bian, Y.J., Liu, S.M., Li, J.T., and Li, T.S. 2002. Pinacol coupling of aromatic aldehydes using aluminium under 
ultrasound irradiation. Synthetic Communications, 32: 1169–1173.





Bian, Y.J., Wang, H.L., Wu, B., and Li, J.T. 2006. Studies on the neodymium induced pinacol coupling of 
aromatic aldehydes and ketones in aqueous media. Chinese Chemical Letters, 17: 501–594.





Bian, Y.J., Xue, W.L., and Yu, X.G. 2010. The allylation reactions of aromatic aldehydes and ketones with tin 
dichloride in water. Ultrasonics Sonochemistry, 17: 58–60.





Bian, Y.J., Yu, X.G., Peng, H.W., and Li, J.T. 2006b. Studies on the lanthanum-induced pinacol coupling of 
aromatic aldehydes and ketones in aqueous media. Synthetic Communications, 36: 2513–2518.





Bian, Y.J., Zhang, J.Y., and Li, J.T. 2007. Allylation reactions of aromatic aldehydes and ketones with lithium 
in THF under ultrasonic irradiation. Journal of Chemical Research, 162–163.





Bian, Y.J., Zhao, H.M., and Yu, X.G. 2009. Allylation reactions of aromatic aldehydes with antimony in aque-
ous media under ultrasonic irradiation. Synthetic Communications, 39: 2370–2377.





Braghiroli, F.L., Barboza, J.C.S., and Serra, A.A. 2006. Sonochemical epoxidation of cyclohexene in R-CN/
H2O2 system. Ultrasonics Sonochemistry, 13: 443–445.





Brandt, C.A., Da Silva, A.C.M.P., Pancote, C.G., and Brito, C.L. 2004. Efficient synthetic method for β-enamino 
esters using ultrasound. Synthesis, 1557–1559.





Brase, S., Enders, D., Kobberling, J., and Avemaria, F. 1998. A surprising solid-phase effect: Development of 
a recyclable “traceless” linker system for reactions on solid support. Angewandte Chemie-International 
Edition, 37: 3413–3415.





Bremner, D. 1990. In Advances in Sonochemistry, ed. T.J. Mason. London, U.K.: JAI Press.
Brennen, C.E. 1995. Cavitation and bubble dynamics. Oxford, U.K.: Oxford University Press.



















Ultrasound Applications in Synthetic Organic Chemistry	 311





Bruckmann, A., Krebs, A., and Bolm, C. 2008. Organocatalytic reactions: Effects of ball milling, microwave 
and ultrasound irradiation. Green Chemistry, 10: 1131–1141.





Calvino, V., Picallo, M., López-Peinado, A.J., Martín-Aranda, R.M., and Durán-Valle, C.J. 2006. Ultrasound 
accelerated Claisen–Schmidt condensation: A green route to chalcones. Applied Surface Science, 252: 
6071–6074.





Calvino-Casilda, V., López-Peinado, A.J., Martín-Aranda, R.M., Ferrera-Escudero, S., and Durán-Valle, C.J. 2004. 
Ultrasound-promoted N-propargylation of imidazole by alkaline-doped carbons. Carbon, 42: 1363–1366.





Calvino-Casilda, V., Martín-Aranda, R.M., López-Peinado, A.J., Bejblová, M., and Č ejka, J. 2008. Sonocatalysis 
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13 Ultrasound-Assisted Anaerobic 
Digestion of Sludge





Ackmez Mudhoo and Sanjay K. Sharma





INTRODUCTION





Sludge Management and Anaerobic Digestion





Sludge treatment has long become one of the most challenging problems in wastewater treatment 
plants (Zhang et al., 2007). As a result of the wide application and utilization of the waste activated 
sludge process, excess sludge presents a serious disposal problem (Neyens and Baeyens, 2003; Hao 
et al., 2007). The management of excess activated sludge also imposes great economic costs on the 
operation and maintenance of wastewater treatment plants and hence represents in itself significant 
technical challenges (Li et al., 2008) as a results of environmental, economic, social, and legal fac-
tors (Chu et al., 2009). Many efforts have been devoted to reduce the excess sludge burden (Naddeo 
et al., 2009) by treatments such as digestion and dewatering. Some sludge treatment technologies 
include pretreatment and sludge minimization, anaerobic digestion, aerobic digestion, alkaline sta-
bilization, composting, dewatering, drying, and innovative technologies (Fitzmorris et al., 2009). 
Table 13.1 lists a selected few innovative sludge pretreatment and management research that have 
been undertaken.





It has been known for many years that a thermal pretreatment usually gives an improvement 
in the dewaterability of sludges (Neyens and Baeyens, 2003; Eskicioglu et al., 2006; Wilson 
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and Novak, 2009) and bioavailability and biodegradability characteristics of the organic fraction 
(Borges and Chernicharo, 2009). The optimum treatment conditions to obtain an enhanced dewa-
terability and digestibility of sludge have been relatively widely studied and tested. The main 
commercial hydrolysis processes developed to this end are the Cambi, Porteous, and Zimpro 
processes.





Two kinds of sludges are produced tremendously everyday in biological wastewater treatment 
plants worldwide (Mao et al., 2004).  The primary sludge generally comes from the settling of 
easily settleable solids and the secondary sludge comes from the biomass after biological treatment 
has taken place in the specific biological treatment system. Secondary sludge is particularly trou-
blesome to stabilize, and notorious for its difficulty in dewatering and digestion. Anaerobic diges-
tion has now become a commonly applied biological process for stabilization of sewage sludges 
(Aitken et al., 2005; Arnaiz et al., 2006). The process is more beneficial among several sludge 
stabilization methods as it is capable to produce a net energy gain (Mao et al., 2004; Bohn et al., 
2007; Lu et al., 2008) in the form of methane gas, leading to cost-effectiveness (Mao et al., 2004). 
Due to the rate limiting step of hydrolysis, however, anaerobic digestion is a very slow process 
(Vavilin et al., 2008; Zhao et al., 2009) and large fermenters are required to bring together the nec-
essary chemical, biological, and physical conditions that are conducive to an optimum biochem-
istry in the reactor tanks. It hence becomes important to equip treatment plants with sufficiently 
large digesters or alternatively incorporate technological aids to overcome the inherent enzymatic 
limitations. Moreover, sludge disintegration has recently gained renewed and heightened atten-
tion in the context of using renewable energy sources as it might be a way to improve anaerobic 
digestion for a better conversion of biomass to biogas (Ward et al., 2008). Biogas is a clean envi-
ronment friendly fuel (Harasimowicz et al., 2007; Schievano et al., 2008). Raw biogas contains 
about 55%–65% methane, 30%–45% carbon dioxide, traces of hydrogen sulfide, carbon monoxide 
(Fantozzi and Buratti, 2009), and fractions of water vapor. Pure methane has a calorific value of 
38,074.4 kJ m−3 at 15.5°C and 1 atm; the calorific value of biogas varies from 20,064 to 28,842 kJ m−3 
(Harasimowicz et al., 2007).





TABLE 13.1
Recent Innovative Sludge Management and/or Conditioning Techniques





Innovative Pretreatment Conditions Main Observations Reference





Batch anaerobic digesters were used 
to stabilize microwave-irradiated 
waste activated sludge





Waste activated sludge, microwaved to 96°C, 
produced the greatest improvement in cumulative 
biogas production with 15 ± 0.5% and 20 ± 0.3% 
increases over controls after 19 days of digestion 
at low and high waste activated sludge 
concentrations





Dewaterability of microwaved sludge was enhanced 
after anaerobic digestion





Eskicioglu et al. (2007)





Gamma irradiated sludge for its 
suitability as a soil amendment 
in agriculture





Growth parameters and yield of carrot was not 
significantly different from controls





Rathod et al. (2008)





Bench-scale ozonation of waste 
activated sludge





For an ozone contact time of 12 days: total chemical 
oxygen demand removal 91.1%





Microwave pretreatment for enhanced 
anaerobiosis of secondary sludge





The soluble chemical oxygen demand concentration 
increased up to 22% as microwave irradiation time 
increased, which indicated the sludge particles 
disintegrated





Park et al. (2004)





Ultrasonic irradiation Biogas production linked to the soluble part of sludge 
increased with ultrasonic power





Bougrier et al. (2005)
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Innovative Pretreatment of Sludge





The biodegradability of waste sludge can be improved by using thermal energy (Bougrier et al., 
2008), enzymes and bacteria (Li et al., 2009b), ozonation (Dytczak et al., 2007; Zhang et al., 2009), 
acidification (Liu et al., 2009), alkaline addition (López Torres and Espinosa Lloréns, 2008), high 
pressure homogenization (Kidak et al., 2009), mechanical disintegration, and ultrasound (Chu et al., 
2001) pretreatments. Some investigations have discussed the combined treatment of alkaline addi-
tion and ultrasound. Among these processes of physical pretreatments, ultrasonication is viewed 
as an environmentally and economically sound pretreatment (Mao and Show, 2007; Show et al., 
2007) that exhibits the benefit of not being hazardous to the environment and hence being “green” 
(Cintas and Luche, 1999; Chu et al., 2001; Nikolopoulos et al., 2006). In recent yesteryears, relevant 
interest has been devoted to activated sludge disintegration and solubilization techniques in order 
to cope with the biological limitations related to particulate degradation (Braguglia et al., 2006). 
Mechanical disintegration with ultrasound irradiation can efficiently transform insoluble organics 
into a soluble form (Nasseri et al., 2006). This solubilized organic matter is released from the cells 
to the bulk phase and hence speeds up the rate that determines the hydrolysis step of the digestion 
process (Braguglia et al., 2006). Hence, the radiation technology, which also encompasses ultra-
sound irradiation, may be regarded to be a promising alternative for its high efficiency in pathogen 
inactivation, organic pollutants oxidation, odor nuisance elimination, and some other characteristics 
enhancement, which will facilitate the downstream process of sludge treatment and disposal (Wang 
and Wang, 2007).





Ultrasound Technology and Anaerobic Digestion





It has been recognized for many years that ultrasound power has great potential in a wide variety of 
processes in the chemical and allied industries (Mason, 2000). Some of these processes have been 
known for many years and continue to prosper as major commercial applications like plastic weld-
ing and cleaning (Shoh, 1975). Sonochemistry could be successfully combined with biotechnology 
with the aim of enhancing the efficiency of bioprocesses (Zabaneh and Bar, 1991; Aliyu and Hepher, 
2000; Xie et al., 2007), including biofuel production (Khanal et al., 2007b), bioprocess monitoring, 
enzyme biocatalysts (Chisti, 2003; Lee et al., 2008), biosensors, and biosludge treatment (Rokhina 
et al., 2009).





Activated sludge processes, which are fundamentally anaerobic processes, are key technolo-
gies in wastewater treatment. These biological processes produce huge amounts of waste activated 
sludge and other biosolids (Naddeo et al., 2009).  With regard to the application of sonication 
(i.e., irradiation with ultrasound) to anaerobic digestion processes, high-power ultrasound is a rela-
tively new and innovative approach to disintegrate bacterial cells (Tiehm et al., 2001; Mason et al., 
2003; Braguglia et al., 2006). The sonication of sewage sludge can be used as a pretreatment to 
anaerobic digestion. The anaerobic digestion process can potentially be made more efficient through 
the breakup and solubilization of solid sludge particles (Nickel and Neis, 2007; Pérez-Elvira et al., 
2009). Biological cell lysis is known to be the rate-limiting step of anaerobic biosolids degradation 
(Benabdallah El-Hadj et al., 2007; Naddeo et al., 2009), but shear forces generated by low-frequency 
ultrasound assist in the disintegration of the bacterial cells in the sewage sludge (Tiehm et al., 2001; 
Geciova et al., 2002; Palmowski et al., 2006). Thus, the quantity of dissolved organic substrate is 
increased (Nickel and Neis, 2007) and the degradation rate, chemical oxygen demand solubilization 
(Naddeo et al., 2009), and the biodegradability of organic biosolids mass are improved as a result of 
subsequent enhancements of the acidogenesis, acetogenesis, and methanogenesis reactions. Several 
fundamental pilot studies with ultrasound application to anaerobic digestion have shown a signifi-
cantly accelerated biosolids degradation with less digested sludge being produced and an increased 
biogas production being attained (Forster et al., 2000; Wang et al., 2005) under controlled sonolysis 
conditions of ultrasound density, sonication time, and specific energy (Naddeo et al., 2009).
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Sludge Minimization





Sludge volume minimization technologies have been available for several decades. However, recent 
developments have brought some sludge minimization technologies to the forefront of applied 
research and engineering. All of the technologies utilize one or more of the three basic approaches 
to minimize the amount of waste activated sludge produced by an activated sludge process. These 
are cell lysis (Ward et al., 1999), cyclic oxic environments, and long solid retention time. Sludge 
minimization refers, in principle, to the optimum reduction of the mass of the sludge or biosolids 
produced at a wastewater treatment plant. The sludge minimization technologies that have emerged 
perform their main solids reduction mechanisms within the activated sludge process, prior to sludge 
stabilization and conversion to biosolid.





Early attempts at sludge minimization focused on long solids-retention times within the activated 
sludge process, and the reduced sludge production was seen as a benefit of extended aeration plants. 
Ultrasonic cell lysis was first developed through laboratory-scale research in the 1960s (Glauert, 
1962) and was initially uneconomical due to limitations of the ultrasound equipment available at 
that time.  Advances in ultrasound technology in the last decade have now enabled wider com-
mercial application of the technology for wastewater applications for sludge minimization in the 
activated sludge process or in anaerobic digestion (Comninellis et al., 2008).  The Cannibal™ 
process has shown recent success, and is marketed by Siemens USFilter. IDI has developed a com-
peting process known as Biolysis® “O.” Both of these technologies emphasize the cyclic alternation 
between aerobic, anoxic, and anaerobic environments. The MicroSludge™ homogenization pro-
cess is another recent development for sludge minimization, relying on chemical pretreatment and 
mechanical shear forces to lyse bacterial cells.





PRINCIPLES OF ANAEROBIC DIGESTION





Anaerobic Digestion Biotechnology





Anaerobic processes are defined as biological processes in which organic matter is metabolized 
in an environment free of dissolved oxygen or its precursors (Khanal, 2008).  The anaerobic 
process is classified as either anaerobic fermentation (Valdez-Vazquez et al., 2005; Ren et al., 
2006) or anaerobic respiration (Rhoads et al., 2005), depending on the type of electron acceptors 
(Khanal, 2008).





In an anaerobic fermentation, organic matter is catabolized in the absence of an external electron 
acceptor by facultative anaerobes through internally balanced oxidation–reduction reactions under 
dark conditions (Khanal, 2008; Vatsala et al., 2008).  The product generated during the process 
accepts the electrons released during the breakdown of organic matter. Thus, organic matter acts as 
both electron donor and acceptor. During the fermentation reactions, the substrate is only partially 
oxidized, and therefore, only a small amount of the energy stored in the substrate is conserved 
(Khanal, 2008).  The major portion of the adenosine triphosphate (ATP) or energy is generated 
by substrate-level phosphorylation (Atlante et al., 2005; Sgarbi et al., 2009; Lemire et al., 2009). 
Anaerobic respiration, on the other hand, requires external electron acceptors for the disposal of 
electrons released during the degradation of organic matter. The electron acceptors in this case 
could be CO2, SO4





2−, or NO3
−. Both substrate-level phosphorylation and oxidative phosphorylation 





generate energy (or ATP) (Khanal, 2008).  The energy released under such a condition is much 
greater than anaerobic fermentation (Skoog et al., 2007). Skoog et al. (2007) have reported that at in 
situ geochemical conditions, where large numbers of heterotrophic microorganisms inhabit hydro-
thermal systems, for aldose being reacted upon by these microbial populations, fermentation yields 
220–420 kJ mol−1 of energy while anaerobic respiration releases 500–2400 kJ mol−1.





The anaerobic digestion process is characterized by a series of biochemical transformations 
brought on by different consortia of bacteria (Fantozzi and Buratti, 2009). The anaerobic digestion 
of organic matter basically follows the following stages: hydrolysis, acidogenesis, acetogenesis, 
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and methanogenesis (Appels et al., 2008; Vavilin et al., 2008; Fountoulakis et al., 2008; Fantozzi 
and Buratti, 2009). Despite the successive steps, hydrolysis is generally considered as rate limit-
ing (Appels et al., 2008) and the rate of hydrolysis depends on the pH, temperature, composition, 
and concentration of intermediate compounds (Fantozzi and Buratti, 2009). The hydrolysis step 
degrades both insoluble organic material and high molecular weight compounds such as lipids, 
polysaccharides, proteins, and nucleic acids, into soluble organic substances (e.g., amino acids 
and fatty acids) (Appels et al., 2008) by extracellular hydrolytic enzymes produced by hydrolytic 
bacteria and then dissolved into solution. The components formed during hydrolysis are further 
split during acidogenesis—the second step. Volatile fatty acids, alcohols (Fantozzi and Buratti, 
2009) are produced by acidogenic bacteria (Bengtsson et al., 2008) along with ammonia, carbon 
dioxide, hydrogen sulfide, and other by-products (Göblös et al., 2008). This phase is accompanied 
by decrease of pH due to production of acids and protonic acidification. If the reactor is over-
loaded, low pH value may inhibit the process (Chen et al., 2008). The main species identified 
as responsible for the biological hydrogen production during the acidogenesis of the carbohy-
drates are Enterobacter, Bacillus, and Clostridium (Hawkes et al., 2002; Kotay and Das, 2007; 
Davila-Vazquez et al., 2008; Cai et al., 2009). It shows that, from a strict theoretical standpoint, 
fermentation pathways that produce acetate and butyrate are those that are mainly responsible 
for hydrogen production (Vavilin et al., 1995; Hawkes et al., 2002; Cheong and Hansen, 2007; 
Aceves-Lara et al., 2008). On the other hand, the pathways that produce ethanol, lactate, and 
propionate are unable to produce hydrogen, because they also consume their biochemical inter-
mediates, like nicotinamide adenine dinucleotide (NADH) (Aceves-Lara et al., 2006). During the 
acidogenesis process, several operating conditions must be optimized to increase the hydrogen 
production. Among these conditions, the hydraulic retention time pH in the reactor and agitation 
of the liquid phase are considered as very important parameters. The pH is a key factor because 
a pH < 5 can induce the solvatogenesis (Sauer et al., 1995; Hawkes et al., 2002) or the bacterial 
sporulation (Sauer et al., 1995).





The third stage in anaerobic digestion is acetogenesis, where the higher organic acids and alco-
hols produced by acidogenesis (Dogan et al., 2009; Shida et al., 2009) are further digested by 
acetogens to mainly produce acetic acid as well as CO2 and H2. This conversion is controlled, to 
a large extent, by the partial pressure of H2 in the mixture (Appels et al., 2008). The final stage of 
methanogenesis produces methane (Tatsuzawa et al., 2006) by two groups of methanogenic bacte-
ria (Narihiro and Sekiguchi, 2007): the first group splits acetate into methane and carbon dioxide 
and the second group uses hydrogen as electron donor and carbon dioxide as acceptor to produce 
methane. The bacteria involved in the methanogenesis stage are sensitive to low as well as to high 
pH, which must be kept within a range of 6.5–8. Depending on the microorganism species, three 
components are used to produce methane: (i) mixture of CO2 and H2, (ii) acetic acid (CH3COOH), 
and (iii) methanol (CH3OH).  Within the anaerobic environment, various important parameters 
affect the rates of the different steps of the digestion process (Appels et al., 2008). These are pH 
and alkalinity, temperature, solids and hydraulic retention times (Khanal, 2008), biomass yield, 
substrate utilization rate (Noike et al., 1985), microbiology (Tang et al., 2004), reactor configura-
tion (Young and Yang, 1989), start-up time, and volatile acids/alkalinity ratio (Ince et al., 1995; 
Yacob et al., 2006).





Merits and Demerits of Anaerobic Biotechnology





Anaerobic biotechnology is becoming widely popular due to its potential to produce renewable 
biofuels and value-added products from low-value feedstock such as waste streams (Khanal, 2008). 
In addition, it provides an opportunity for the removal of pollutants from liquid and solid wastes 
more economically than the aerobic processes (Boyd et al., 1983; Govind et al., 1991; Field et al., 
1995; O’Neill et al., 2000; Marttinen et al., 2003; Khanal, 2008). The merits and demerits of anaero-
bic digestion are outlined as follows.
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Recovery of bioenergy and biofuels: Biomethane production, biohydrogen production, 
butanol production, biodiesel production from biogas, and electricity generation using 
microbial fuel cell





Recovery of value-added products: Recovery of acetic acid and production of nisin and 
lactic acid





Waste treatment: Less energy requirement, less sludge generation, less nutrients (N and P) 
requirement, higher volumetric organic loading rate, and ability to reduce concentrations 
of refractory organics.





Although the anaerobic process has many inherent benefits, it is not a panacea for the treatment of 
all types of wastewaters and sludges (Khanal, 2008). Some of the limitations of anaerobic treatment 
system are long start-up time, long recovery time, specific nutrients, and trace metal requirements, 
more susceptible to changes in environmental conditions, treatment of high-sulfate wastewater, and 
constant meticulous operational attention.





ULTRASOUND AND SONICATION IN ANAEROBIC DIGESTION





Principles of Ultrasound: Cavitation





Using ultrasonic technology for sludge treatment is a relatively new application in the biosolids 
treatment. The development of ultrasound technology is based on the principle of using high-intensity 
ultrasound, at a frequency of 20 kHz (Hogan et al., 2004). The origin of the power of ultrasound in 
a liquid is primarily cavitation (Barber, 2005) arising from a pressure wave leading to rise to local 
temperature and a pressure above 500 bar. Ultrasound frequencies range from 20 kHz to 10 MHz. 
Ultrasound of high acoustic intensities causes cavitation in water bodies, if the energy applied 
exceeds the binding energy of the molecular attractive forces (Neis et al., 2000). During sound 
oscillation the local pressure in the aqueous phase falls below the evaporating pressure, resulting 
in the explosive formation of microscopic bubbles (Neis et al., 2000). These bubbles oscillate in 
the sound field over several oscillation periods and grow by a process termed rectified diffusion 
(Neis et al., 2000). These oscillations occur in an extremely small interval of time (microseconds) 
releasing large magnitudes of energy simultaneously at millions of such locations in water with 
contaminants (Barber, 2005). The subsequent implosion of the gas and vapor filled bubbles leads to 
high mechanical shear forces, which are apt to disintegrate bacterial cell material. Thus, ultrasonic 
treatment is a suitable method to disintegrate sewage sludge and to overcome the slow biological 
sludge hydrolysis.  The physical cavitations caused by the ultrasonic probe disintegrate cellular 
material in sludge within short period of time.





The effect of sonication on filamentous organisms has also been reported by Wünsch et al. 
(2002).  In the control sample analyzed, a large number of filaments were present causing a 
threadlike structure of the sludge. Even a low energy input of 0.05 kWh kg−1 could cause dam-
age to the filamentous structure, and produce a large number of broken filament segments. The 
subsequent reduction of the filament length was reported to be sufficient to improve the settling 
behavior (Wünsch et al., 2002). An increase of the energy input of about 0.2 kWh kg−1 also caused 
a further cut of the thread segments and improved the settling behavior.  Another mechanism 
that occurs when sludge is sonicated is acoustic streaming (Marmottant et al., 2006; Kuznetsova 
and Coakley, 2007; Mahulkar et al., 2009). Acoustic streaming has been studied since 1831 and 
occurs at the solid/liquid (sludge) interface when the solid interface experiences harmonic vibra-
tions. The main benefit of streaming in sludge processing is mixing, which facilitates the uniform 
distribution of ultrasound energy (Kumar et al., 2007) within the sludge mass, convection of the 
liquid, and distribution of any heating that occurs.





Similar cell lysis step can take up to 8 days in a conventional mesophilic anaerobic digester. 
The mechanism of action, which consists of cavitation and sonochemical reactions, of ultrasonic 
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radiation is such that it acts as a potential tool for enhanced biodegradation and sonodegradation 
of waste (Gupta et al., 2006), and also recovery of resources from treated wastes.  In ultrasonic 
waste treatment technology, the frequency of ultrasound, and treatment time are significant factors 
in determining optimal reaction conditions (Wu et al., 2008). The optimum frequency is substrate 
specific and low frequency is suitable for sewage sludge treatment (Gupta et al., 2006). Another 
desirable advantage of ultrasonic technology is that it does not require chemicals or extreme envi-
ronmental conditions such as pressure or temperature. Ultrasonic technology is used to increase 
solids hydrolysis by lysing waste activated sludge organisms, resulting in enhanced anaerobic diges-
tion (Barber, 2005). Other applications of this technology include control of filamentous growth in 
wastewater treatment plants biological nutrient and sludge reductions, and increase in digester gas 
production.





Merits and Demerits of Ultrasound Technology





Ultrasound disintegration is essentially a physical process and, therefore, it neither generates 
secondary toxic compounds nor contributes additional chemical compounds. In addition to physi-
cal sludge disintegration, many toxic and recalcitrant organic pollutants, such as aromatic com-
pounds, chlorinated aliphatic compounds, surfactants, and organic dyes are also broken down 
into simpler forms. This is due to generation of the highly oxidative reactive radicals—hydroxyl, 
hydrogen, and hydroperoxyl and hydrogen peroxide during ultrasound pretreatment, which lead 
to the oxidative breakdown of these recalcitrant compounds. Some other merits of ultrasound 
pretreatment are as follows:





Compact design and easy retrofit within existing systems
Low cost and efficient operation compared to several other pretreatments
Production of an in situ carbon source for denitrification plants
Complete process automation
Potential to control filamentous bulking and foaming in the digester (Neis et al., 2000)
Better digester stability
Improved volatile solids destruction and biogas production
Better sludge dewaterability
Improved biosolids quality (biosolids with low residual biodegradable organics and low 





pathogen counts)





Ultrasound pretreatment also faces some challenges. One of the major issues is the high capital 
and operating costs of ultrasound units. The cost may go down as the technology becomes mature 
but that may take some years more. Similarly, long-term performance data of full-scale ultrasound 
systems are still limited. These collectively discourage design and waste engineers to recommend 
ultrasound systems for full-scale application.





Application of Ultrasound in Sludge Anaerobic Digestion





During recent decades, the anaerobic digestion process has been extensively studied and various 
methods for process enhancement have been explored (Clark and Nujjoo, 2007), but have not 
proved to be economically competitive despite their technical merits. For wastewater applica-
tions, it has been shown that ultrasound is most beneficial when applied on biological secondary 
solids (sludge), where rapid hydrolysis can be induced (Neis et al., 2000). Most of the work on 
ultrasound in wastewater applications has been done in Europe; in North America, California 
has been at the forefront of ultrasound development, with demonstrations conducted by Orange 
County Sanitation District and the Los Angeles County Sanitation District (Neis et al., 2000). 
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Ultrasound technology is also being implemented in Australia and Singapore. The Sonix™ tech-
nology has been evaluated around the globe and demonstration trials have been undertaken, 
resulting in a number of full-scale installations and has proven that the use of ultrasound can 
effectively enhance anaerobic digestion.





The use of low-frequency (10–60 kHz) ultrasound for enhancement of various biotechno-
logical processes, include sludge pretreatment and conditioning for anaerobic digestion, has 
received increased attention as a rapid and reagentless (and hence green) method (Rokhina et al., 
2009).  Ultrasound-assisted anaerobic digestion is a promising alternative in the analysis of 
solid sludge and organic matter samples, when either simple dissolution or direct analysis is 
not applicable (Priego-Capote and Luque de Castro, 2007). However, the field of application 
of ultrasonic sample digestion is still small in comparison with classical digestion alterna-
tives and, particularly, with microwave-assisted digestion (Priego-Capote and Luque de Castro, 
2007). The close control at low temperatures of ultrasound applications allows the implemen-
tation of ultrasonic-assisted steps in biochemical analyses, and in this connection, ultrasonic 
enzymatic digestion and assistance of ultrasound for cell disruption (Mahulkar et al., 2009) are 
the key areas of application of ultrasound in anaerobic digestion (Priego-Capote and Luque de 
Castro, 2007).





Biosludge, which contains large quantities of water, biomass, and extracellular polymeric sub-
stances, is difficult to be dewatered as a compactable sludge (Yin et al., 2004).  A combination 
of ultrasound or other method could agglomerate the sludge, improve the activities of biomass, 
enhance anaerobic process, and decrease over 10% final water content of sludge. The mechanisms 
of ultrasonic influence on sludge are not very clear, but the application of ultrasound to industrial 
process is relatively easy and possible. The application of ultrasonic pretreatment in anaerobic diges-
tion of sludge focuses on the effects on the physical (floc size, filterability, settleability, bound water 
content, and surface charge), chemical (chemical oxygen demand, biochemical oxygen demand, and 
concentrations of divalent cations in supernatant), and biological (survival ratios of heterotrophic 
bacteria and of total coliform) characteristics of a waste activated sludge.





Sludge Disintegration and Ultrasound Control Parameters





The main goal of sludge disintegration is to rupture the cell wall and to facilitate the release of intra-
cellular matter in the aqueous phase. This accelerates the subsequent degradation and reduces the 
retention time needed during digestion. Sludge disintegration also disrupts other organic particles to 
low molecular weight compounds, and it is also important to appreciate that sludge disintegration is 
not just limited to sludge digestion. Sludge disintegration may also provide on-site soluble substrate 
to wastewater treatment plants that employ biological nutrient removal. Disintegration of cellular 
structures is most significant at low frequencies, because the bubble radius is inversely proportional 
to the frequency and large bubbles mean strong shear forces. Therefore, the ultrasound frequency of 
20 kHz is considered the most appropriate.





The efficiency of the ultrasonic disintegration is governed by several factors. These factors can 
be broadly classified into three categories: sludge (solid) characteristics, sonication conditions, and 
design of ultrasonic components (Khanal et al., 2007a). The sludge characteristics such as type of 
sludge (primary solids, waste activated sludge, or animal manure), total solids content, and particle 
size have significant effects on ultrasonic disintegration. The definitions of some parameters impor-
tant in qualifying the nature of the ultrasonic treatment are mainly





Ultrasound intensity, I (W m−2), which is the energy flux per unit of emitting area. The cavita-
tion threshold value for water is approximately 40 W cm−2





Treatment time, t (s)
Power, P (W), which is the energy consumed during sonication per unit of time
Specific ultrasound power, PV (W m−3), which is the power input per unit of sonicated volume
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The sonication conditions comprising sonication time, intensity and density, temperature, pH, 
oscillation frequency, amplitude, and power input are some of the important parameters that 
affect the ultrasonic disintegration (Khanal et al., 2007a). Shen et al. (2007) have observed that 
ultrasound pretreatment can advance the quantity of chemical oxygen demand in sludge super-
natant fluid, which increases with ultrasound intensity and sonication time. The degree of ultra-
sound disintegration was also found to increase with the specific energy input. When the specific 
energy input is 10,000 kJ kg−1 of total dry solids, the degree of ultrasonic sludge disintegration 
reached 40%. Akin et al. (2006) examined the effectiveness of ultrasound pretreatment on waste 
activated sludge disintegration at different specific energy inputs, ultrasonic densities, and 
total solids contents. Akin et al.  (2006) found that the cut diameter (d50) for waste activated 
sludge with a 2% total solids content declined nearly 6.5-fold at an ultrasonic density of 0.67 W mL−1, 
while for higher total solids contents of 4% and 6%, higher densities of 1.03 and 0.86 W mL−1, respec-
tively, were needed to achieve the same degree of particle size reduction. Also, the efficacy of 
ultrasonic disintegration measured as soluble chemical oxygen demand release was primarily 
found to be governed by ultrasonic density, whereas ultrasonic density did not show a signifi-
cant effect on the protein release at all total solids levels. Akin et al. (2006) also observed that 
sludge disintegration efficiency declined significantly at higher total solids content. Thus, there 
is most seemingly a limiting total solids concentration that could be effectively disintegrated by 
ultrasound, and this is governed by the capability of the ultrasonic unit in producing the desired 
and required cavitation effects. Based on turbidity and settling velocity measurements, Feng et al. 
(2009) deduced that the energy used for sonication strongly influences the physical–chemical 
characteristics of sludge, and 1000 kJ kg−1 total solids is recommended as an optimal specific 
energy input for improving sludge settling.





Moving from the established fact that ultrasonic treatment can disintegrate sludge, enhance 
microbial activity, and improve sludge dewaterability at different energy inputs, Li et al. 
(2009a) investigated the interrelationship among these three phenomena during ultrasonic treat-
ment synchronously. An experimental model was also established to describe the process of 
ultrasonic sludge disintegration. Their analysis and results showed that the changes of sludge 
microbial activity and dewaterability were dependent on the extent of sludge disintegration dur-
ing ultrasonic treatment. When sludge disintegration degree was lower than 20%, sludge flocs 
were disintegrated into microfloc aggregates and the microbial activity increased over 20%. 
However, when the sludge disintegration degree was over 40%, most cells were destroyed at 
different degrees, and the sludge activity decreased drastically. It was only at a sludge disin-
tegration degree of 2%–5% that sludge dewaterability was improved with the conditioning of 
FeCl3. Li et al. (2009a) equally found that sonication with low density and long durations was 
more efficient than sonication with high density and short duration with the same energy input 
for sludge disintegration.





Earlier, Show et al. (2007) examined the correlation of sonication operating condition, sludge 
property, formation, and behavior of cavitation bubbles in sludge disruption under low-frequency 
ultrasound sonication.  The influence of sonication time, sonication density, type of sludge, 
and solids content on the disruption was evaluated. The most vigorous particle disruption was 
achieved in the initial period of sonication, which subsided subsequently. While sonication den-
sity exhibited the most significant role in cavitation bubble formation and behavior, Show et al. 
(2007) observed that particle disruption could be optimized for energy input by sonicating at 
higher density and shorter time. Based on theoretical consideration, Show et al. (2007) deduced 
that within an optimum sludge solids content ranging between 2.3% and 3.2%, superior particle 
disruption could be accomplished within a minute for secondary sludge sonicated at a density of 
0.52 W mL−1. Mao et al. (2004) had also noted a greater decrease in particle size and increase 
in soluble organics of sludge during the ultrasound treatment of primary and secondary sludges. 
They had consequently deduced that secondary sludge has a more remarkable improvement 
after sonication over primary sludge. With respects to the extent of disintegration and energy 
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consumption, higher sonication density performed more effectively in terms of specific energy, 
and it was also established that there is evidently an optimal solids concentration range for both 
the sludges for optimum sonication.





Effects of Sonication and Parameter Monitoring





The main aim of ultrasound pretreatment being to destroy the cell wall of microbes and to 
release the intracellular materials to the aqueous phase, the quantitative evaluation of the effects 
of the pretreatment (Khanal et al., 2007a) becomes much valuable in providing useful data for 
the design and process optimization of an ultrasonic system. All the more, the quantitative eval-
uation and assessment of the ultrasound pretreatment performance becomes critically important 
to judge how efficiently the sludge is being disintegrated.  To this end, different parameters 
have been employed to evaluate sludge disintegration efficiency. They can be collectively clas-
sified into physical (change in particle size distribution and microscopic examination), chemi-
cal (increase in soluble chemical oxygen demand concentration and ammonia concentration, 
release of protein), and biological (oxygen uptake rate and heterotrophic bacterial count) disin-
tegration (Khanal et al., 2007a). Tan and Guodong (2010) have reported that Pseudomonas sp., 
Comamonas sp., and Diaphorobacter sp. had been identified as being able to utilize carbazole 
as a carbon source, survive in an anaerobic and ultrahigh temperature environment, and thereaf-
ter even become the dominant bacterial taxa during the with-ultrasound stage in a study on the 
status of, and changes in, the bacterial communities at two acclimation stages (with and with-
out ultrasound) in a small 70°C ultrasound-enhanced anaerobic reactor for treating carbazole-
containing wastewater using polymerase chain reaction combined with denaturing gradient gel 
electrophoresis (PCR-DGGE) and real-time PCR techniques. Tan and Guodong (2010) deduced 
that the total bacterial density in the with-ultrasonic stages was 10 times higher than in the 
without-ultrasonic treatment.





Particle size analysis, microscopic image, turbidity, and sludge dewaterability are some of the 
techniques adopted to assess the effectiveness of ultrasonic disintegration.  Physical evaluation, 
especially particle size distribution and microscopic image analysis, has been widely employed for 
simplicity as qualitative measures of sludge disintegration. Chemical evaluation is far more quan-
titative for measuring sludge disintegration than physical (Khanal et al., 2007a). It primarily mea-
sures the solubilization of the waste activated sludge in the aqueous phase. The biological evaluation 
includes heterotrophic plate counts and specific oxygen uptake rate. Since waste activated sludge 
consists of heterotrophic bacteria, the measure of their survival during ultrasonic treatment could 
also provide representative data on the efficacy of ultrasonic disintegration (Khanal et al., 2007a). 
Table 13.2 presents a summary of parameters that have been monitored and the techniques used to 
assess the effectiveness of ultrasonic irradiation.





The sections to follow highlight some (latest) research findings of studies conducted to analyze 
the effects of ultrasound pretreatment on sludge properties and anaerobic digestion of sludge. 
Table 13.3 summarizes some other studies that report colateral improvements observed in the 
anaerobic digestion of sonicated sludge.





Ultrasound and Sludge Dewaterability
Yin et al. (2006) have reported in their essay, the influences of low frequency ultrasound (20 kHz) 
on the dewaterability and anaerobic digestion behaviors of activated sewage sludge, obtained from 
Yangzi Water Treatment Plant, Yangzi Petrochemical Corporation. Yin et al. (2006) found that ultra-
sound pretreatment had enhanced the filtration progress and decreased the moisture content of the 
sludge from 99% to 80%. After 2–4 min treatment of ultrasound under intensity of 400 W m−2, the 
bound water of sludge decreased from 16.7 g g−1 (dry basis) to above 2.0 g g−1 (dry basis). Yin et al. 
(2006) also observed that the ultrasound pretreatment could enhance digestion and reduce digestion 
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time (to the same resolution ratio, such as 49%, the digestion time of sludge with ultrasound pre-
treatment was 7 days less than that without ultrasound). Na et al. (2007) have equally investigated 
the dewaterability and physiochemical properties of digested sludge after treatment with ultrasonic 
energy for the purpose of reducing sludge. Their study involved laboratory experimentation under 
varying test conditions of treatment time, volume of sludge, and ultrasonic energy. The results of 
the experiments of Na et al. (2007) showed that particle size (dp50, dp10, and U) of the ultrasonically 
treated sludge had decreased due to the separation of sludge flocs. Capillary suction times had also 
decreased significantly, while turbidity, volatile dissolved solids/volatile solids, and soluble chemical 
oxygen demand/total chemical oxygen demand ratios had increased after ultrasonic treatment. From 
these results, Na et al. (2007) found that the ultrasonic treatment specified by the supplied energy 
can, in addition to improving the dewaterability, also reduce the volume and mass and change the 
chemical properties of sludge. More recently, Braguglia et al. (2009) have studied and compared the 
dewaterability parameters of untreated and “presonicated” sludge during semicontinuous anaerobic 
digestion by particle charge density and sludge filterability measurements. Braguglia et al. (2009) 
noted that in all the tests, despite the higher specific charge density and soluble chemical oxygen 
demand values of the sonicated feed, the digested sludge at steady state presented, in both reactors, 
statistically comparable values, independently of the pretreatment. Braguglia et al. (2009) explained 
that the biological hydrolysis of the untreated sludge causes a large release of dispersed charged 
fines whereas the digestion of the sonicated sludge is characterized by a significant removal of fines 
and colloids already present in the pretreated feed. Noting that the ultrasound pretreatment did not 
improve the dewaterability of the digested sludge significantly as compared to the unsonicated one, 
optimization of both disintegration degree and hydraulic residence time have then been proposed as 
being necessary to improve the dewaterability of the digested sonicated sludge. Lately, Feng et al. 
(2009) have investigated the potential benefits of ultrasound-conditioned sludge dewatering treat-
ments with specific energy dosages from 0 to 35,000 kJ kg−1 total solids. Their results indicated that 
the application of low specific energy dosages of less than 4400 kJ kg−1 total solids slightly enhanced 
sludge dewaterability, but larger specific energy dosages of more than 4400 kJ kg−1 total solids sig-
nificantly deteriorated sludge dewaterability. The optimal specific energy to give maximal and satis-
factory dewaterability characteristics was found to be 800 kJ kg−1 total solids, which generated sludge 
with particle size distribution of 80–90 μm diameter.





TABLE 13.2
Parameters Assessed and Techniques for Assessment of Effectiveness 
of Ultrasonic Irradiation





Parameter(s) Assessed and Techniques Reference





Fourier transform infrared (FTIR) spectra of centrifugation pellets Laurent et al. (2009)





Potentiometric titration coupled with proton surface complexation modeling Laurent et al. (2009)





Floc size and settleability Laurent et al. (2009)





Monitoring changes in pyridine concentration, pH, dissolved oxygen, and chemical oxygen 
demand





Sistla (2005)





Calorimetry or acoustical measurements; image analysis particle counting was used to measure 
the size distribution of particles





Gibson et al. (2009)





Electrothermal atomic absorption spectrometry Kazi et al. (2009)





Monitoring of amount of liberated iodine and the number of DNA double-strand breaks Kondo and Kano (1988)





pH values, sucrose concentrations, and sound intensities Sakakibara et al. (1996)





High-performance liquid chromatography–electrospray–mass spectrometry Destaillats et al. (2000)





Saturating gas, initial pollutant concentration, ultrasonic power density, the category, and 
consumption of catalyst





Ning et al. (2005)





Oxygen uptake rate, proteases activity, and dehydrogenases activity of sludge Zeng et al. (2006)
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Ultrasound and Enhanced Biogas Production
Quarmby et al. (1999) have compared the performance of anaerobic digestion when fed with unson-
icated sludge and sludges sonicated at two different intensities in a series of batch flasks and three 
100 L anaerobic digesters. The results from the batch tests clearly indicated the positive effect on 
anaerobic digestion through an enhanced gas production increasing by 15% and volatile fatty acid 
production.  Although a little difference was observed between the volumes of gas produced in 
the digesters, there was an increase in methane production, volatile solids reduction, and soluble 
chemical oxygen demand by up to 6%, 5.5%, and 15%, respectively, when a comparison was made 
between sonicated and unsonicated sludges. Later, Forster et al.  (2000) treated thickened waste-
activated sludge by ultrasound and demonstrated, based on the residual turbidity and the release of 
soluble carbohydrate, the optimum dose was 1.5–3.0 kJ g−1 of total solids. About 500 mL digesters, 
which were fed daily, were used to compare the gas yields obtained from sonicated and unsonicated 
waste activated sludges. Forster et al.  (2000) found that, with a 10 day hydraulic retention time, 
sonication increased the biogas yield by 15%. Both digested sludge and waste activated sludges, 
which had been thickened to more than 15 g L−1 total solids, had a distinct yield stress suggesting 
in the end that sonication could be used as a pretreatment to enhance thermophilic digestion and 
as a posttreatment to improve the pumping characteristics of sludge. McDermott et al. (2001) have 
assessed the effectiveness of ultrasonication as a pretreatment method for the psychrophilic anaero-
bic treatment of aquaculture effluents in 4 L solids digesters. A 10% enhancement in the removal 
of chemical oxygen demand by anaerobic digestion and a concurrent increase in total biogas pro-
duction from 0.29 to 0.45 L day−1 with a corresponding 10% increase in methane concentration 
were the most noteworthy results. Lafitte-Trouqué and Forster (2002) have examined the effect of 
ultrasound as pretreatment for the anaerobic digestion of waste activated sludge at both mesophilic 
and thermophilic temperatures. The sonication time was 90 s using a Soniprep 150 (MSE Scientific 
Instruments), which had been operated at 23 kHz and had been adjusted to give an output of 47 W. 
The digesters were operated in a semicontinuous mode, being fed with fresh sludge every 24 h at 
hydraulic retention times of 8, 10, and 12 days. It was found that the thermophilic digestion per-
formed better than mesophilic digestion in terms of biogas production, volatile solids reductions, 
and specific methane. Bohdziewicz et al.  (2005) determined the influence of ultrasonic field on 
biodegradation of refractory compounds in leachate and on enhancement of treatment efficiency 
during anaerobic digestion process. It was found that in the case of leachate ultrasonication for 300 s 
and at the amplitude of 14 m, the chemical oxygen demand removal efficiency was by 7% higher 
compared with that in fermentation of nonconditioned wastewater. An increase in a biogas produc-
tion was also observed and the specific methane yield was by 22% higher compared with that of 
nonconditioned leachate. Benabdallah El-Hadj et al. (2007) also focused their study on the effect 
of ultrasonic pretreatment on raw sewage sludge before being fed to mesophilic and thermophilic 
anaerobic digestion. In concert with previous results, it was found that the use of pretreated sludge 
improved significantly the chemical oxygen demand removal efficiency and biogas production in 
lab-scale anaerobic digesters when compared with the performance without pretreatment, espe-
cially under mesophilic conditions. Bougrier et al. (2005) have also observed that ultrasound led to 
an increase in biogas production. Kim and Lee (2005) applied ultrasound to enhance the activity of 
anaerobic granules and found that the specific methanogenic activity had increased by 26%–84% 
(St. Louis plant) and 163%–220% (Newark plant) under the conditions of 50, 100, and 150 W for 
5 min at a frequency of 40 kHz. Braguglia et al. (2006) carried out experiments with bench scale 
anaerobic reactors fed with either untreated or disintegrated excess sludge, added with a biomass 
inoculum taken from a full scale anaerobic digester. Beneficial results had been recorded for bio-
gas production with a maximum gain of 25% at 0.5 feed/inoculum ratio. In their investigations on 
the influence of ultrasonication on hydrolysis, acidogenesis, and methanogenesis in the anaerobic 
decomposition of sludge, Mao and Show (2007) found that sonicated sludge exhibited prehydroly-
sis and preacidogenesis effects in the anaerobic decomposition process. They equally noted that 
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digesters fed with sonicated sludge demonstrated enhanced methanogenesis over the control unit. 
The overall quantitative results from Mao and Show (2007) unanimously suggested that ultrasoni-
cation could enhance anaerobic decomposition of sludge (Grönroos et al., 2005; Ding et al., 2006), 
resulting in an accelerated bioconversion, improved organics degradation, improved biogas produc-
tion, and an increased methane content.





RESEARCH AVENUES AND CONCLUDING REMARKS





Ultrasonic irradiation application for sludge pretreatment for enhanced anaerobic digestion is an 
emerging area of research. Although a good number of publications are now available in the literature 
on this burgeoning research, there are still a number of issues that need to be researched further on. 
There are inconsistencies in many of the previously published papers but a well-designed standard-
ization of methodologies and experimental protocols may surely make comparisons between find-
ings of different researchers easier, consistent, interpretable, and ultimately scalable. Additionally, 
there is also a much justified need to perform a thorough study of the effects of different total solids 
content, sludge characteristics, operating temperature, pH, ultrasonic density, specific energy input, 
and ultrasonic intensity among others for elucidating the individual mechanistic aspects of each 
parameter on the rates of ultrasound-assisted sludge disintegration, and thereafter also attempt to 
model these disintegration phenomena and eventually determine the relative significance of each of 
these factors through a robust multiparameter sensitivity analysis. Such an intricate, highly demand-
ing (in terms of computational power), but robust and reliable sensitivity analysis may be designed 
based on the procedures described earlier by Parker (1997). The expected results of the sensitivity 
analysis shall depict those physical, chemical, and/or biological process parameters whose effects 
are most significant in controlling the rate(s) of ultrasound-assisted anaerobic digestion of sludge. 
These important findings shall most hopefully eventually assist in better reactor design and optimi-
zation of ultrasonic pretreatment units at pilot and commercial scales.





Sonication, hence, shows great potential in sludge and other related biosolid residuals pretreat-
ment, and its application in sludge disintegration may significantly improve the overall biodegrad-
ability of biological sludge during anaerobic digestion. Nevertheless, thorough cost-benefit analyses 
of ultrasonic-integrated systems are also a must for minimizing and justifying the economics of the 
process in full-scale applications.
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in Analyses of Organic 
Pollutants in Environment





Senar Ozcan, Ali Tor, and Mehmet Emin Aydin





INTRODUCTION





Polychlorinated biphenyls (PCBs) are hazardous substances due to their persistence, hydrophobic 
character, and toxic properties (ATSDR, 2000). Although they have been banned in the industrial-
ized countries for years and in some instances for decades, PCBs are still routinely found throughout 
the world and continue to cause many ecotoxicological problems (Rezaei et al., 2008). Because of 
their persistence and hydrophobicity, PCBs accumulate in soils where they are likely to be retained 
for many years. Consequently, soils are an important reservoir for these compounds (Chekol et al., 
2004). PCBs may enter the atmosphere from transformers, incinerators, landfills, and sludge dry-
ing beds (Murphy et al., 1985; Hermanson and Hites, 1989; Hsu et al., 2003). Additionally, these 
compounds can cause various human health problems, such as neurotoxicity, dermatological, and 
pulmonary diseases (ATSDR, 2000; Orlinskii et al., 2001). Therefore, the analysis of PCBs in envi-
ronmental samples should be continued by developing analytical methods.





Polycyclic aromatic hydrocarbons (PAHs) are by-products of the incomplete combustion of 
organic matters.  PAHs are ubiquitous environmental contaminants that originate from different 
emission sources, mainly associated with human activities, such as the incomplete combustion of 
fossil fuels, industrial processes, waste incineration plants, oil refining, or the use of motor vehicles. 
In addition, an important natural source is the biomass burning that occurs in forest fires (Kolb 
et al., 1995; Cecinato et al., 1997; Junker et al., 2000; Oros and Simoneit, 2001). Most PAHs in soil 
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come from air via wet and dry deposition and they accumulate in soils due to their hydrophobicity. 
Atmospheric fate, transport, and dry and wet deposition of these compounds are influenced con-
siderably by the distribution of substances between gaseous and particles phases (Falconer and 
Bidleman, 1994; Cotham and Bidleman, 1995; Hoff et al., 1996). The determination of PAHs in 
environmental samples is an important topic because of their toxicity to humans and deteriorative 
effects on soil organisms and plants (ATSDR, 1995).





Trace analysis of PCBs and PAHs in water is usually performed by gas chromatography (GC) 
combined with a previous extraction or a preconcentration step including traditional liquid–liquid 
extraction (LLE) (Tor et al., 2003; Filipkowska et al., 2005; Zaater et al., 2005), solid phase extrac-
tion (SPE) (Aydin et al., 2004; Westbom et al., 2004; Filipkowska et al., 2005; Werres et al., 2009), 
solid phase microextraction (SPME) (King et al., 2004; Lambropoulou et al., 2006), and the more 
recently developed dispersive liquid–liquid microextraction (DLLME), single-drop microextraction 
(SDME), and hollow-fiber microextraction (HF-LPME) (Rezaei et  al., 2008; Sarafraz-Yazdi and 
Amiri, 2010).





LLE and SPE are the oldest procedures for the extraction of PCBs and PAHs from aqueous 
matrices. LLE is probably the most widely used method for the extraction of PCBs and PAHs from 
aqueous samples (Tor et al., 2003; Aydin et al., 2004). However, LLE needs relatively large volumes 
of organic solvents and samples and is a time-consuming as well as a labor-intensive method. The 
LLE method has some complications such as the formation of stable emulsions. SPE has been used 
as an alternative method to LLE for the extraction of PCBs and PAHs from water samples because it 
uses less solvent and is less time-consuming than LLE. Nevertheless, SPE demands a large volume 
of organic solvents and samples. However, SPE is a relatively expensive method. In this method, 
analytes may be adsorbed, and complex matrices can cause settling in of cartridges (Lambropoulou 
et al., 2006). LLE and SPE methods complicate and cause difficultly in automation. Using large 
amounts of organic solvents can cause environmental pollution and health hazards for laboratory 
personnel and extra operational costs for waste treatment (Sarafraz-Yazdi and Amiri, 2010).





Therefore, in order to overcome disadvantages of these methods, an efficient, fast, easy, eco-
nomical, and comparable sample preparation method such as SPME (Lambropoulou et al., 2006) 
and different modes of liquid–liquid microextraction (LLME), termed as liquid phase microex-
traction (LPME) or solvent microextraction (SME), for example, SDME (Psillakis et al., 2003a; 
Tor et al., 2006; Tor, 2006), hollow-fiber liquid phase microextraction (LPME) (Ho et al., 2002; 
Psillakis et  al., 2003b; Rasmussen and Pedersen-Bjergaard, 2004), headspace LPME (Zhao 
et al., 2004; Vidal et al., 2005), dynamic LPME (Wu et al., 2005), and DLLME (Berijani et al., 
2006; Rezaee et al., 2006) have been developed in recent years (He and Lee, 1997). Among 
these methods, SPME is based on the partitioning of analytes between sample matrixes and the 
polymer-coated fiber.  While SPME has some important advantages such as rapid, simple, and 
solvent free, the main disadvantages of SPME method are relatively high price and fragile coating 
layer of fiber. Fiber also can degrade with time and the partial loss of stationary phase can cause 
coelution with the analytes. In addition, sample carryover has been frequently reported for SPME 
method (Psillakis et al., 2003b).





LLME is based on the distribution of the analytes between a microvolume of organic solvent 
and the aqueous solution (Jeannot and Cantwell, 1996, 1997; He and Lee, 1997). These alterna-
tive techniques such as SDME, LPME, and DLLME have advantages, such as short extraction 
time, small volumes of solvent and water requirement, rapid, easy, and low cost. Compared to the 
SPME, SDME has many advantages including no sample carryover, wide selection of available 
solvents, simplicity and ease of use, short preconcentration time, requiring no conditioning (as is 
the case with the fiber in the SPME), no need for instrument modification, etc. Nevertheless, these 
techniques also have some drawbacks. For example, SDME method has difficulty in automation, 
instability of droplet, and relative low precisions (Xu et al., 2007). In comparison to the traditional 
LLE and SPE, LPME procedure has many advantages including wide selection of available sol-
vents, low cost, simplicity and ease of use, minimal solvent use, short preconcentration time, and 
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possibility of automation. Furthermore, compared to the SPME, LPME also has other advantages, 
such as no sample carryover, requiring no conditioning, and no need for instrument modification. 
(Khajeh et al., 2006). Nevertheless, some drawbacks, such as instability of droplet and relative low 
precision, were reported for LPME procedure (Xu et al., 2007). DLLME is based on the formation 
of tiny droplets of the extractant in the sample solution using water-immiscible organic solvent 
(extractant) dissolved in a water-miscible organic dispersive solvent. The advantages of DLLME 
could be given as rapid, simple, short extraction time, low cost, high recovery of analytes. However, 
general drawbacks of this method are difficulty in automation and it requires the use of dispersive 
solvent, which usually decreases the partition coefficient of analytes into the extraction solvent 
(Rezaee et al., 2006; Pena-Pereira et al., 2009).





The analysis of trace levels of organic pollutants in complex matrices such as soil, sediment 
usually requires several steps. An extraction step is followed by a cleanup of the extract prior to the 
chromatographic analysis. Extraction is a critical sample-preparation step for the analysis of PCBs 
and PAHs in soil samples, because these hydrophobic compounds are strongly sorbed to the soil 
material. Various extraction procedures including soxhlet (Wobst et al., 1999; Fatoki and Awofolu, 
2003; Bakan and Ariman, 2004), shake flask (Kolb et al., 1995; Pozo et al., 2001; Nawab et al., 
2003), sonication (Babic et al., 1998; Castro et al., 2001; Banjoo and Nelson, 2005; Gonçalves and 
Alpendurada, 2005; Tor et al., 2006), microwave-assisted extraction (MAE) (Camel, 2000; Ericsson 
and Colmsjo, 2000; Pino et al., 2000; Jayaraman et al., 2001), supercritical fluid extraction (SFE) 
(Reindl and Hofler, 1994; Barnabas et al., 1995; Koinecke et al., 1997; Benner, 1998; Morselli et al., 
1999), and pressured liquid extraction (Richter, 2000; Lundstedt et al., 2000; Ramos et al., 2000) 
can be used for the extraction of target compounds from soil. Moreover, determination of PCBs 
and PAHs in soil can be carried out by using German standard method (DFG S-19 multimethod) 
(DFG, 1987) and ISO 10382 (ISO, 2002). The preference of each technique mainly depends on the 
efficiency, recovery, reproducibility, minimal solvent use, simplicity, and ease of use.





Soxhlet extraction is considered to be the standard method used for the extraction of PCBs and 
PAHs from soils (Barco-Bonilla et  al., 2009). The soxhlet and shake-flask extractions are time-
consuming and require large volume of organic solvents. Therefore, in order to reduce the extrac-
tion time, amount of solvent required, as well as sample amount, new extraction procedures, that is, 
SFE (Librando et al., 1994), MAE (Li et al., 2003), and pressurized liquid extraction (PLE) (Ramos 
et al., 2000; Barco-Bonilla et al., 2009) have been developed as alternative techniques. More recent 
procedures, that is, SFE, MAE, and accelerated solvent extraction (ASE), gave shorter extraction 
time and reduced the solvent consumption because these extraction procedures are working at high 
temperatures above the boiling point of the solvent. Except for SFE, reconcentration and cleanup 
steps have to be performed for MAE and ASE procedures. On the other hand, time and cost needed 
for both SFE and ASE are quite high (Berset et al., 1999).





PCB and PAH partitions between the gas and particulate phase are based on their concentrations, 
vapor pressures, the ambient air temperature and the concentration of particulate matter present 
in the air. PAHs in the atmosphere are generally associated with airborne particles. In air, smaller 
molecular weight (less than three rings) PAHs are mostly found in the gaseous phase while those 
of higher molecular weight (more than five rings) PAHs are generally associated with the particle 
phase (Venkataraman et al., 1994). Because of the persistence, moderate vapor pressure, and lipo-
philic features of the PCBs, the same association between these pollutants and airborne particles is 
expected. PCBs of higher molecular weight (containing five or more chlorine atoms) are deposited 
easily on surfaces of plants, soil, and waters because they have lower vapor pressures than PCBs 
with lower degree of chlorination (three or four chlorine atoms) (Nielsen et al., 1996; Van der Hoff 
and Van Zoonen, 1999; ATSDR, 2000). Analysis procedures of PCBs and PAHs in air samples are 
given by EPA method TO-13A and method TO-4A, respectively. There are various studies reporting 
the determination of the PAHs and PCBs in gas phase and airborne particles (Vasconcellos et al., 
2003; Yeo et al., 2003; Tasdemir et al., 2004a,b; Ozcan and Aydin, 2009). In these studies, soxhlet 
extraction was used for isolating target compounds from air samples.
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Ultrasonication is being used more and more in analytical chemistry, enabling different steps 
in the analytical process, particularly in sample preparation, such as the extraction of organic and 
inorganic compounds from different matrices (Mierzwa et  al., 1997; Ashley et  al., 2001; Aydin 
et al., 2006; Ozcan et al., 2009a). Ultrasonic radiation is a powerful means for acceleration of vari-
ous steps in analytical procedure for both solid and liquid samples (Priego-López and Luque de 
Castro, 2003; Aydin et al., 2006; Tor et al., 2006). This type of energy is of great help in the pre-
treatment of samples as it facilitates and accelerates operations such as the extraction of organic and 
inorganic compounds. In ultrasound-assisted LLE, it facilitates the emulsification phenomenon and 
accelerates the mass-transfer process between two immiscible phases. This leads to an increment in 
the extraction efficiency of the procedure in a minimum time (Luque de Castro and Priego-Capote, 
2006, 2007). The most widely accepted mechanism for ultrasound-assisted emulsification is based 
on the cavitation effect. The implosion bubbles generated by the cavitation phenomenon produce 
intensive shockwaves in the surrounding liquid and high velocity liquid jets. Such microjets can 
cause droplet disruption in the vicinity of collapsing bubbles and, thus, improve emulsification by 
generating smaller droplet size of the dispersed phase, right after disruption (Luque de Castro and 
Priego-Capote, 2006).  Submicron-sized droplet results in significant enlargement of the contact 
surface between both immiscible liquids improving the mass transfer between the phases.





Additionally, ultrasonication offers several advantages that make it an ideal method for pretreat-
ing a large number of samples. These advantages include high extraction efficiency, lower equip-
ment costs, ease of operation, lower extraction temperatures, etc. Therefore, in this chapter, the 
application of ultrasonic extraction procedures for residue analysis of PCBs and PAHs in water, 
soil, and air samples was described. The applicability of the ultrasonic extraction was evaluated 
by comparison with traditional extraction methods (LLE and SPE for water samples; shake-flask, 
soxhlet extraction, and large-scale ultrasonic extraction for soil samples; and soxhlet extraction for 
air samples).





EXPERIMENTAL METHODOLOGY





Reagents and Solvents





All chemicals used were of analytical grade. PCBs mixed standard including PCB 28, 52, 101, 138, 
153, and 180 and the EPA 16 PAHs mixed standard including naphthalene (NAP), acenaphthylene 
(ACY), acenaphthene (ACE), fluorene (FLO), phenanthrene (PHE), anthracene (ANT), fluoranthene 
(FLA), pyrene (PYR), benzo[a]anthracene (BaA), chrysene (CHR), benzo[b]fluoranthene (BbF), 
benzo[k]fluoranthene (BkF), benzo[a]pyrene (BaP), indeno[1,2,3-cd]pyrene (IcdP), dibenzo[a,h]
anthracene (DahA), benzo[g,h,i]perylene (BghiP) were from Accustandard Co. (New Haven, CT). 
Solvents of residue grade purity including acetone, dichloromethane, chloroform, n-hexane, metha-
nol, ethylacetate, diethylether, and petroleum ether (40°C–60°C) were obtained from Merck Co. 
(Darmstadt, Germany). Sodium chloride and sodium sulfate were also from Merck Co. Octadecyl 
(C18) SPE cartridges were obtained from J and T Baker (Deventer, Holland). Alumina 90 active, 
neutral, [(0.063–0.200 mm), (70–230 mesh ASTM)] and silica gel 60 (0.063–0.200 mm) were also 
from Merck Co. Standard stock solution of target compounds (1 mg L−1 of each PCB, 1 g mL−1 of 
each PAH) was prepared in methanol. All solutions were stored in the dark at 4°C. Working solu-
tions were prepared by dilution of standard stock solution with distilled water.





Chromatographic Analysis





The determination of PCBs and PAHs was carried out by GC, (Agilent 6890N, Agilent Technologies, 
Palo Alto, CA) equipped with mass-selective (MS) detector, (Agilent 5973, Agilent Technologies, Foster 
City, CA). The features and operating conditions of GC–MS system were as follows: GC, equipped 
with programmed temperature vaporizing (PTV) injector, DB-5 MS 5% phenylmethyl siloxane 
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fused silica capillary column (30 m length, 0.25 mm i.d., and 0.25 μm film thickness) and helium 
(purity 99.999%) was used as carrier gas. PTV program was as follow: 80°C, 12°C s−1 to 350°C, and 
hold at 350°C for 2 min. Injections were performed by an Agilent 7683 B Series automatic injector 
(Agilent Technologies, Palo Alto, CA). The temperature of the ion source and MS transfer line were 
maintained at 170°C and 280°C, respectively.





The temperature programs for the analysis of PCBs and PAHs by GC–MS were as follows: 
PCBs: initial temperature 70°C for 2 min, 25°C min−1 to 150°C, 3°C min−1 to 200°C, 8°C min−1 to 
280°C hold for 10 min (run time: 41.87 min); PAHs: initial temperature 60°C for 4 min, 15°C min−1 
to 160°C, 3°C min−1 to 300°C, hold at 300°C for 10 min (run time: 67.33 min). MS detector was 
operated in selected ion monitoring (SIM) mode and the used masses (m/z) of PCBs and PAHs were 
selected according to Aydin et al. (2006) and Ozcan et al. (2010).





Cleanup Procedure





The activation and deactivation of the column sorbent material, aluminum oxide and silica gel-60, 
were performed as follows. The aluminum oxide and silica gel were activated at 210°C for 4 h. It was 
allowed to cool down in a desiccator and then deactivation and homogenization were carried out 
by adding certain amounts of deionized water (2% or 5%) and shaking the sorbents in a horizontal 
shaker at 210 rpm for 2 h.





The preparation of the traditional cleanup column filled with 10 g of deactivated column sor-
bent material was described in a previous paper (Tor et al., 2006). The cleanup column, length of 
30 cm and 1 cm of internal diameter, was prepared according to slurry packing technique (Jaouen-
Madoulet et al., 2000). The extract, reduced in volume to 1 mL, was transferred quantitatively onto 
the top of the column. A volume of 70 mL n-hexane was used to elute PCBs while the elution of 
PAHs was carried out with 60 mL of n-hexane/ethylacetate (1/1, v/v) and concentrated to exactly 
1 mL, using a rotary evaporator (Buchi B-160 Vocabox, Switzerland) and nitrogen stream, prior to 
GC–MS analysis.





The microscale cleanup column consisted of a pasteur pipette, length of 10 and 0.5 cm internal 
diameter, fitted at its base with a plug of glass wool. A detailed description of the preparation of 
a miniaturized cleanup column filled with 0.5 g of deactivated column sorbent material was also 
given in a previous paper (Aydin et al., 2006). The volume of the extract from the ultrasonic extrac-
tion was reduced and was transferred quantitatively onto the top of the column. The target com-
pounds were eluted from the pipette under gravity (flow rate of approximately two drop s−1) with 
5 mL of n-hexane for PCBs and 5 mL of n-hexane/ethyl acetate (1/1, v/v) for PAHs. The eluate was 
concentrated to 250 μL prior to GC–MS analysis.





Liquid–Liquid Extraction, Solid Phase Extraction, Shake- Flask Extraction, 
and Soxhlet Extraction





The LLE procedure was adopted from US EPA Method 3510C (US EPA, 1996a). Two hundred 
milliliter water sample was placed in a 250 mL separatory funnel. The extraction was carried out 
three times with 20 mL of dichloromethane. The extracts were combined and dried with anhydrous 
sodium sulfate.  The resulting extract was concentrated to exactly 1 mL using rotary evaporator 
(Buchi B-160 Vocabox, Flawil one, Switzerland) and gentle nitrogen stream. Then, GC–MS analy-
sis was performed as described in “Chromatographic analysis” section.





SPE procedure was carried out as described by Aydin et al. (2004). Octadecyl (C18) SPE cartridge 
was used for the extraction of PCBs and PAHs from water sample. The cartridge was consecutively 
washed with 10 mL of methanol and 8 mL of n-hexane/ethyl acetate (5/3, v/v). Then, it was condi-
tioned with 10 mL of methanol and 2 × 5 mL of distilled water. A 200 mL water sample was passed 
through the cartridge in vacuum. After the cartridge was dried for 10 min by maintaining vacuum, 
elution of PCBs and PAHs from the cartridge was carried out with 10 mL of n-hexane/ethyl acetate 
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(7/3, v/v). The extract was dried with sodium sulfate and concentrated to exactly 1 mL by rotary 
evaporator and under gentle nitrogen stream. Then, GC–MS analysis was carried out as described 
in “Chromatographic analysis” section.





For shake-flask extraction, a 10 g soil sample was suspended in 50 mL of extraction solvent 
(petroleum ether/acetone mixture (1/1, v/v) for PCBs and ethylacetate for PAHs) and shaken on a 
horizontal shaker for 12 h. Then, the extract was filtered and concentrated to exactly 1 mL by using 
rotary evaporator and nitrogen stream, respectively (Aydin et al., 2006; Tor et al., 2006). For soxhlet 
extraction, a 10 g soil sample was put into the extraction thimble and extracted with 150 mL extrac-
tion solvent for 18 h petroleum ether/acetone mixture (1/1, v/v) for PCBs and ethylacetate for PAHs 
(Tor et al., 2006). The extract was reduced to exactly 1 mL using a rotary evaporator and under a 
gentle stream of nitrogen. The concentrated extract was transferred onto the traditional cleanup col-
umn filled with 10 g of aluminum oxide (5% deactivated) and elution was performed as described in 
Cleanup Procedure section. GC–MS analysis were performed as described in “Chromatographic 
analysis” section.





For soxhlet extraction of filter and polyurethane foam (PUF) plug, filter and PUF plug was put 
into the extraction thimble and extracted with 150 mL of a solvent mixture of diethylether:n-hexane 
(1/9, v/v) for 16 h (US EPA, 1996b). The extract was reduced to exactly 1 mL using a rotary evapora-
tor and under a gentle stream of nitrogen. After each extraction procedure, the concentrated extract 
was transferred onto the traditional cleanup column filled with 10 g of silica gel (2% deactivated) 
and the extracts were cleaned up and GC–MS analysis were performed as described in Cleanup 
procedure and Chromatographic Analysis sections, respectively.





Ultrasonic Solvent Extraction (USE)





A 10 mL water sample was placed in a 10 mL glass centrifuge tube.  As an extraction solvent, 
chloroform (100–200 μL) was added into the water sample and mixed. The resulting mixture was 
immersed into an ultrasonic bath (frequency 35 kHz, 320 W, Super RK 510, Sonorex, Bandelin, 
Germany) for 15 min at 25°C. During the sonication, the solution became turbid due to the disper-
sion of fine chloroform droplets into the aqueous bulk. The emulsification phenomenon favored 
the mass-transfer process of PCBs and PAHs from the aqueous bulk to the organic phase. The 
emulsion was centrifuged at 4000 rpm for 5 min to disrupt the emulsions and separate the solvent 
from the aqueous phase. After centrifugation, extraction solvent was removed from the bottom 
of the tube by using a 250 μL Hamilton syringe (Hamilton Bonaduz AG, Switzerland) and trans-
ferred into the microvial. Then, GC–MS analysis was performed as described in Chromatography 
Analysis section.





For analyses of PCBs compounds in soil, 1.5 g sample was sonicated three times for 5 min with 
2 mL of mixture of acetone-petroleum ether (1/1, v/v) in an ultrasonic bath. For analyses of PAHs 
compounds, a 0.5 g soil sample was sonicated three times for 5 min with 5 mL of ethyl acetate in 
an ultrasonic bath. The extracts were combined and were filtered by using Whatman filter paper. 
The filtrates were reduced to 1 mL with a rotary evaporator (Buchi B-160 Vacobox, Switzerland) 
and adjusted to exactly 250 μL by using a gentle nitrogen stream. The concentrated extract was 
transferred onto the microscale cleanup column and elution was performed as described in Cleanup 
Procedure section.





For PCBs and PAHs, extractions from filters with the ultrasonic extraction method were carried 
out once with 75 mL extraction solvent n-hexane/petroleum ether (1/1, v/v) and 45 min of sonica-
tion. PUF plugs were sonicated for 45 min with 300 mL diethylether/n-hexane (1/9, v/v) of extrac-
tion solvent in an ultrasonic bath. The extracts were reduced with a rotary evaporator and under a 
gentle nitrogen stream. The extracts were cleaned up with traditional cleanup column filled with 
10 g of silica gel (2% deactivated) and the amount of extracted target compounds were determined 
by GC–MS as described in Cleanup Procedure section.
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Real-Water, Soil, and Air Samples





The efficiency of the ultrasonic extraction procedure was also compared with traditional LLE and 
SPE procedures on the real water samples including tap water, well water, domestic, and industrial 
wastewater samples. Tap water was obtained from the laboratory and well water came from deep-
groundwater in Konya (Turkey). Domestic and industrial wastewater samples were taken from the 
sewage system in residential area and industrial zone in Konya (Turkey), respectively. All samples 
were collected free of air bubbles in glass containers and they were stored in the dark at 4°C. Tap 
and well water samples were analyzed without previous treatment or filtration. The domestic and 
industrial wastewater samples were filtered through a membrane filter with 0.45 μm pore size before 
the extraction procedures.





Real soil samples were also obtained from the Department of Soil, Agricultural Faculty of 
Selcuk University (Konya, Turkey). The textures of the soil samples were as follows: Sample A, 
sand: 49.2%, silt: 32.3%, clay: 18.5%, organic matter: 1.90%, pH (0.01 M CaCl2): 6.5, and maximum 
water capacity: 19.6%. Sample B, sand: 42.2%, silt: 31.5%, clay: 24.5, organic matter: 1.80%, pH 
(0.01 M CaCl2): 7.2, and maximum water capacity: 20.4%. The soil samples were dried and sieved 
to <2 mm and stored at 4°C until analysis.





The modified high volume air sampler of Model GPS-11 (Thermo Andersen Inc.) was used to col-
lect the air samples. Particles were collected by passing air through the GF/A type glass microfiber 
filter with a diameter of 90 mm and pore size of 1.6 μm. Pollutants in gas phase were collected in PUF 
plug with length of 5 cm, diameter of 6.5 cm, and density of 0.0225 g cm−3. Samples with an average 
sampling duration of 24 h were taken on the campus area of Selcuk University (Konya, Turkey). The 
mean flow rate and sampling volume were about 0.25 m3 min−1 and 360 m3, respectively.





RESULTS AND DISCUSSIONS





Water Analysis





The recovery experiments were carried out for the determination of the USE efficiency of selected 
PCBs and PAHs in water samples. After the choice of the most suitable solvent and extraction time, 
several other parameters including solvent volume, centrifugation time, and ionic strength of the 
water sample were optimized. The efficiency of USE procedure was compared with LLE and SPE 
methods on the real water samples. At the beginning of the experiments, the extraction efficiency 
of dichloromethane, 1,2-dichlorobenzene, 1,2,4-tichlorobenzene, chloroform, and bromoform was 
determined. Ten milliliter aliquots of distilled water including PCB were extracted by using 100 μL 
of each solvent in ultrasonic bath for 5 min. The choice of extraction solvent is critical for developing 
an efficient USE procedure since physicochemical properties of the solvent govern the emulsification 
phenomenon, and consequently, the extraction efficiency. Moreover, the extraction solvent should 
have good affinity for target compounds and it should have excellent gas chromatographic behavior. 
Emulsification was observed in all cases with the exception of dichloromethane. Dichloromethane 
was completely dissolved in the aqueous solution. The results revealed that chloroform was of the 
highest extraction efficiency among the examined solvents. In the second set of experiments, the 
optimum extraction time was determined. This optimization experiment was carried out by using 
chloroform, which gave the highest recovery for the studied PCBs. In order to determine optimum 
extraction time, 10 mL aliquots of fortified distilled water with no ionic strength adjustment were 
extracted by using 100 μL of chloroform for 1, 5, 10, 15, and 25 min. Time plays an important role 
in the emulsification and mass-transfer phenomena. Both phenomena affect the extraction efficiency 
of the analytes. The extraction time interval was defined, as the time elapsed between addition of 
chloroform and the end of the sonication stage. It was observed that extraction efficiency increased 
with increase in the extraction time up to 10 min. Then, the extraction efficiency remained constant. 
Therefore, 10 min was chosen as an extraction time in further experiments.
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After the choice of chloroform and 10 min as the optimum extraction solvent and extraction time, 
respectively, several other factors affecting the ultrasonic extraction procedure, such as extraction 
solvent volume, centrifugation time, and ionic strength of the sample were optimized by using a 
23 factorial experimental design. The lower and higher level for each factor was designated as “–” 
and “+” signs, respectively (Table 14.1). A full 23 design would have required eight experiments, 
which were duplicated in order to calculate the residual error. The experiments were performed 
in a randomized order to avoid any systematic error. After processing the data by analysis of vari-
ance (ANOVA) using Tool Pak in Microsoft Excel, the ANOVA tables were constructed to test the 
significance of the effect of each factor on the extraction efficiency. At significance level of 5%, the 
factor with F-value over critical F-value (5.318) has a significant effect on the extraction efficiency.





After each extraction, the emulsion was centrifuged for 5 min at 4000 rpm.  Then, extraction 
solvent was removed from the bottom of the tube by using a 250 μL syringe and transferred into the 
micro vial. Then, GC–MS analysis was performed as described earlier.





The solvent volume was a significant factor with positive effect on the extraction of some 
PCBs. The main effect of the ultrasound in LLE is that the fragmentation of one of the phases to 
form emulsions with submicron droplet size that enormously extend the contact surface between 
both liquids (Abismail et al., 1999). Therefore, it is expected that increasing the volume of chlo-
roform from 100 to 200 μL increases the number of submicron droplet. Hence, a higher mass 
transfer or extraction efficiency is obtained. Centrifugation time was not a significant factor for 
studied PCBs. Namely, for present study, 5 min of centrifugation was adequate to break down 
the emulsion, hence the phase separation. The ionic strength of the sample was also a significant 
factor with negative effect on the extraction of all studied PCBs. As it is well-known, the ionic 
strength affects the partitioning coefficients of analytes between an aqueous and organic phase. 
On the other hand, as the ionic strength of the medium increases, the viscosity and density of the 
solution increase. This causes a diminishing in the efficiency of the mass-transfer process and 
consequently, the extraction efficiency of the procedure (Fontana et al., 2009). Additionally, the 
ultrasound waves can be absorbed and dispersed in a viscous medium as calorific energy; thus, 
the cavitation process could be withdrawn, reducing the emulsification phenomenon (Mason and 
Lorimer, 2002). In this study, an increase in the ionic strength of the sample from 0% to 10% 
decreased. Additionally, interactions between the solvent volume and both the centrifugation time 
and the ionic strength were significant with positive effect on the extraction of PCBs. However, inter-
action between the centrifugation time and ionic strength was significant with negative effect. 





TABLE 14.1
Design Matrix for Factorial Design and Average Recoveries of PCBs for 
the Effect of Parameters on the Ultrasonic Solvent Extraction Method 
(Ozcan et al., 2009b)





Number





Codified Variables No Codified Variables
Average 





Recovery (%)X1 (𝛍L) X2 (min) X3 (%) X1 (𝛍L) X2 (min) X3 (%)





1–9 − − − 100 5 0 72





2–10 + − − 200 5 0 94





3–11 − + − 100 10 0 73





4–12 + + − 200 10 0 94





5–13 − − + 100 5 10 61





6–14 + − + 200 5 10 82





7–15 − + + 100 10 10 62





8–16 + + + 200 10 10 83





Note:	 X1, extraction solvent volume; X2, centrifugation time; X3, ionic strength of the sample.
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According to the results, the optimum conditions for ultrasonic extraction procedure of PCBs 
from water were as follows: chloroform as an extractant; solvent volume, 200 μL; extraction time, 
10 min with no addition of sodium chloride at 25°C and centrifugation time, 5 min.





The results of recoveries for the fortified distilled water with three different fortification levels 
are given in Figure 14.1. According to fortification level 1 (0.1 μg L−1), recoveries ranged from 
80(±7)% to 100(±7)%.  Comparable recoveries were also obtained from fortification levels 2 
(1 μg L−1) and 3 (5 μg L−1) (Figure 14.1). When statistical evaluation was carried out between recov-
eries of PCBs from fortification level 1 and level 2, no significant differences (p > 0.05) were 
observed. Additionally, no significant differences were observed when the same statistical evalua-
tions were carried out between fortification levels 1–3 and 2–3. This indicated that developed USE 
method was of considerable efficiency in order to extract PCBs from water samples.





The validation of the USE procedure was carried out using both fortified water and wastewater 
samples. In addition, the efficiency of the method was also compared with traditional LLE and SPE 
techniques on the fortified real water samples. The recoveries are given in Figure 14.2, which indi-
cate that the recoveries of studied PCBs are higher than 78% with RSD in the range of 5%–10%. 
Analyses of real water samples showed that sample matrices had no adverse effect on the efficiency 
of the USE procedure. When recoveries of PCBs were gauged against absolute limits of 70% and 
130% (US EPA, 1995), it was seen that the method gave satisfactory results. The efficiency of the 
USE was also compared with those involving traditional LLE and SPE method on the same fortified 
real samples. As seen in Figure 14.2, the method gave comparable results with traditional LLE and 
SPE methods. However, it should be emphasized that the USE is not a time-consuming procedure 
and it is not necessary for a reconcentration step prior to the GC analysis. Furthermore, it needs 
much lower volumes of solvent than the traditional LLE and SPE techniques.





After the choice of the most suitable solvent and solvent volume, several other parameters (extrac-
tion time, centrifugation time, and ionic strength of the water sample) for PAHs in waters were 
optimized. The highest recoveries of PAHs were obtained with chloroform in examined solvents 
including 1,2-dichlorobenzene, bromoform. A lower surface tension of chloroform (at 20°C, bro-
moform: 41.5 mN m−1, 1,2-dichlorobenzene: 37 mN m−1, chloroform: 27.5 mN m−1) would enable a 
higher cavitation under ultrasound irradiation, and hence, a higher efficiency in emulsion formation. 
Therefore, chloroform was selected as the extraction solvent for further experiments. To increase 
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FIGURE 14.1  Recoveries of PCBs in spiked distilled water with three fortification levels using USE method 
[n = 8].  (Extraction conditions; extraction solvent: Chloroform, extraction time: 10 min, sample volume: 
10 mL, extraction solvent volume: 200 μL, extraction time: 10 min, centrifugation time: 5 min, ionic strength: 
0%, ambient temperature: 25°C.)
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FIGURE 14.2  Comparison of extraction efficiency of the USE method with LLE and SPE for PCBs in 
fortified real water samples (a) tap water, (b) well water, (c) domestic wastewater (d) industrial wastewater 
(fortification concentration for each compound: 1 μg L−1), [n = 4].
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the sensitivity of the USE method, different volumes of chloroform were examined and increasing 
the chloroform volume from 100 to 300 μL resulted in a decrease of detector response for all PAHs. 
This observation might be attributed to dilution effect. After selection of the most suitable extrac-
tion solvent (chloroform) and its volume (100 μL), the other factors affecting the efficiency of the 
USE were optimized by using a 23 factorial experimental design. The lower and higher level for each 
factor was designated as “−” and “+” signs, respectively (Table 14.2). After processing the data by 
ANOVA, the ANOVA tables were constructed to test the significance of the effect of each factor on 
the extraction efficiency. At the significance level of 5%, the factor with F-value over critical F-value 
(5.318) has a significant effect on the extraction efficiency.





The extraction time was a significant factor with positive effect on the extraction of all PAHs. An 
increase in the extraction time from 5 to 15 min improved the recoveries of all PAHs. The centrifu-
gation time was not a significant factor for all PAHs. Namely, 5 min of centrifugation was adequate 
to break down the emulsion; hence, the phase separation was achieved.  The effect of the ionic 
strength on the extraction efficiency was evaluated by increasing NaCl concentration of sample 
from 0% to 10%. The ionic strength of the sample was a significant factor with negative effect on 
the extraction of all PAHs and decreased the extraction recovery of all PAHs.





Additionally, interaction between the extraction and centrifugation times was significant with 
positive effect on the efficiency of USE method. However, interactions between the extraction time 
and ionic strength of the sample and centrifugation time and ionic strength of the sample were sig-
nificant with negative effect. As a result, the optimum conditions for USE of PAHs from water were 
as follows: chloroform as an extraction solvent, solvent volume: 100 μL; extraction time: 15 min at 
25°C with no addition of NaCl and centrifugation time: 5 min.





The results of PAHs recoveries for the fortified distilled water with three different fortification lev-
els are given in Figure 14.3. The recoveries of PAHs from distilled water fortified with 0.5 μg L−1 of each 
compound ranged from 92% ± 7% to 98% ± 6%. Comparable results were obtained at fortification 
levels of 2 μg L−1 (recoveries between 94% ± 5% and 102% ± 8%) and of 5 μg L−1 (recoveries between 
94% ± 8% and 105% ± 6%). The recoveries at three different fortification levels were not significantly 
different (p > 0.05) indicating the high efficiency of USE method for extraction of PAHs from water.





Real water samples are expected to represent very complex matrices.  Therefore, in order to 
study possible matrix effects, USE method was applied to fortified real water samples, including tap 
water and well water as well as domestic and industrial wastewater samples. The efficiency of USE 
method was also compared with those involving LLE and SPE on the fortified real water samples. 





TABLE 14.2
Design Matrix for Factorial Design and Average Recoveries of PAHs for 
the Effect of Parameters on the Ultrasonic Solvent Extraction Method 
(Ozcan et al., 2010)





Number





Codified Variables No Codified Variables
Average 





Recovery (%)X1 (min) X2 (min) X3 (%) X1 (min) X2 (min) X3 (%)





1–9 − − − 5 5 0 78





2–10 + − − 15 5 0 99





3–11 − + − 5 10 0 84





4–12 + + − 15 10 0 97





5–13 − − + 5 5 10 40





6–14 + − + 15 5 10 47





7–15 − + + 5 10 10 43





8–16 + + + 15 10 10 51





Note:	 X1, extraction solvent volume; X2, centrifugation time; X3, ionic strength of the sample.
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The USE procedure showed comparable results especially with LLE for unfortified real water sam-
ples. As seen in Figure 14.4, the recoveries of 16 PAHs were in the range of 88%–101% with RSD 
below 9% LLE showed comparable recoveries (81%–108% with RSD below 7%).  However, the 
recoveries obtained from SPE were in the range of 61%–87% with RSD below 9%. When all recov-
eries of 16 PAHs from the fortified real water samples were gauged against absolute limits of 70% 
and 130% (USEPA, 1995), it was seen that developed USE method gave satisfactory results. The 
results also showed that efficiency of the developed method was higher than that of SPE method. 
Moreover, the developed method showed comparable efficiency with LLE (Figure 14.4). It should 
also be emphasized that USE is not a time-consuming procedure. Furthermore, it needs much lower 
volumes of extraction solvent than LLE and SPE, and it is not necessary to concentrate the sample 
for GC analysis.





Soil Analysis





The recovery experiments were carried out for optimization of an USE of selected PCBs and PAHs 
from soil samples. The factors affecting the performance of USE (i.e., amount of sample, volume 
of extraction solvent, and the number of extraction step) were optimized by using a 23 factorial 
experimental design. The sample amount considered according to the level indicated in the respec-
tive trial (Table 14.3) was extracted by means of ultrasound. The number of extraction step and the 
amount of extraction solvent were also optimized. The experimental design matrix is constituted 
as shown in Table 14.3. The lower and higher level for each factor was designated as “−” and “+” 
signs, respectively (Table 14.3). After processing the data by ANOVA, the ANOVA tables were 
constructed to test the significance of the effect of each factor on the extraction efficiency. At sig-
nificance level of 5%, the factor with F-value over critical F-value (5.318) has a significant effect on 
the extraction efficiency.





The applicability of the USE was tested by a comparison with conventional soxhlet and shake-
flask extraction of real soil samples with spiked PCBs and PAHs.





Samples (0.5–1.5 g amount of soil spiked with PCBs) were placed into a 10 mL capacity of vial. 
Each extraction step was performed in an ultrasonic bath for 5 min. After each extraction, extract 
was reduced in volume to 300 μL by a gentle stream of nitrogen. Cleanup of the extract was carried 
out with microscale cleanup column, as described earlier. The eluents were reduced to 300 μL and 
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FIGURE 14.3  Recoveries of PAHs from fortified distilled water with three fortification levels using USE 
method [n = 8]. (Extraction conditions; extraction solvent: chloroform, sample volume: 10 mL, extraction sol-
vent volume: 100 μL, extraction time: 15 min, centrifugation time: 5 min (4000 rpm), without addition of NaCl 
into the sample, temperature: 25°C.)
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FIGURE 14.4  Comparison of extraction efficiency of the USE method with LLE and SPE for PAHs in 
fortified real water samples (a) tap water, (b) well water, (c) domestic wastewater, (d) industrial wastewater 
(fortification concentration for each compound: 2 μg L−1), [n = 4].
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were analyzed by GC–MS.  In the optimization of ultrasonic extraction, a mixture of petroleum 
ether and acetone (1/1, v/v) was used for sonication. In soil and sludges, PCBs is adsorbed on or 
in soil aggregates. Especially in aged materials, it is important to get access to the PCBs adsorbed 
inside the aggregates. Therefore, it was advised that acetone in combination with petroleum ether 
should be used for the extraction of PCBs from these kinds of samples (ISO, 2002; Banjoo and 
Nelson, 2005). Acetone, in combination with some mechanical forces and petroleum ether, will 
disintegrate the aggregates and improve the extraction. Similar result was also reported by Tor et al. 
(2006) in which it is indicated that higher efficiencies were obtained with solvent mixture of acetone 
and petroleum ether (1/1, v/v) as compared to n-hexane, ethyl acetate, and acetone for extracting 
OCPs in soil samples. Therefore, the mixture of petroleum ether and acetone (1/1, v/v) was used as 
extraction solvent in further optimization experiments.





It was observed that the significant factors were the sample amount and number of the extrac-
tion step for all PCB compounds in soil. However, solvent volume was not significant. Additionally, 
interactions between sample amount and solvent volume, sample amount and number of the extrac-
tion step, and solvent volume and number of the extraction step were significant and they were 
affected by positive sign. It can be seen that sample amount was affected by a positive sign for all 
PCBs; therefore, 1.5 g amount of sample is better than 0.5 g; solvent volume had also positive sign, 
but it had no significant effect. Therefore, 2 mL of acetone/petroleum ether mixture is better than 
4 mL of the same solvent mixture. Last, number of the extraction step had positive sign for all PCBs. 
According to the results, the optimum conditions for USE of PCBs from soil were chosen as fol-
lows: sample amount: 1.5 g; solvent volume: 2 mL (mixture of acetone/petroleum ether, 1/1, v/v) and 
number of extraction step: 3, with 5 min of sonication time.





The optimum extraction procedure was examined by using three different fortification levels 
(levels 1, 40 μg kg−1; level 2, 80 μg kg−1; level 3, 120 μg kg−1). The results of recoveries are given in 
Figure 14.5. According to fortification level 1, recoveries ranged from 91 (±7)% to 96 (±7)%. Comparable 
recoveries were also obtained from fortification levels 2 and 3 (Figure 14.5). When statistical evalua-
tion was carried out between quantities of PCBs extracted from fortification levels 1 and 2, no signifi-
cant differences (p > 0.05) were observed. Moreover, the same statistical evaluations were carried out 
between fortification levels 1–3 and 2–3, no significant differences were observed. This indicated that 
optimized USE was of considerable efficiency in order to extract PCBs from soil sample.





The applicability of the USE method to the real soil samples was investigated by comparing with 
the soxhlet and shake-flask extraction method. The analyses for two different soil samples were 





TABLE 14.3
Design Matrix for Factorial Design and Average Recoveries of PCBs 
for the Effect of Parameters on the Ultrasonic Solvent Extraction Method 
(Aydin et al., 2006)





Number





Codified Variables No Codified Variables
Average 





Recovery (%)X1 (min) X2 (min) X3 (%) X1 (min) X2 (min) X3 (%)





1–9 − − − 0.5 2 1 50





2–10 + − − 1.5 2 1 63





3–11 − + − 0.5 4 1 53





4–12 + + − 1.5 4 1 76





5–13 − − + 0.5 2 3 68





6–14 + − + 1.5 2 3 96





7–15 − + + 0.5 4 3 90





8–16 + + + 1.5 4 3 90





Note:	 X1, soil sample amount; X2, extraction solvent volume; X3, number of extraction step.
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carried out. Soil sample A and B were spiked with PCBs (spike level for each compound: 80 μg kg−1) 
and analysis was performed by using USE, soxhlet, and shake-flask extraction. As seen in Figure 14.6, 
USE gave comparable results with soxhlet and shake-flask extraction methods. Statistical evalu-
ation indicated no significant differences (p > 0.05) between the quantities of the PCBs extracted 
by USE, soxhlet, shake-flask extraction.  When recoveries of PCBs for the ultrasonic extraction 
were gauged against absolute limits of 70% and 130% (USEPA, 1995), it was seen that USE gave 
satisfactory results.





Soxhlet and shake-flask extractions have been the traditional methods used for the extrac-
tion of PCBs from soils (ISO, 2002). The main disadvantages of these methods are that there 
are needs for more volume of solvent, long time for extraction, reconcentration, and cleanup 
steps (Bøwadt et al., 1995; Hartonen et al., 1997; Schantz et al., 1998). Ultrasonication allows 
an intensive contact between soil particles and solvent and it reduces the extraction time. 
Therefore, ultrasonic extraction can be used to extract PCBs from soil as an alternative to 
common soxhlet and shake-flask extractions (USEPA, 1996; Sporring et  al., 2005).  Soxtec 
extraction, based on soxhlet system, is a two-step extraction procedure, involving a boiling 
and rinsing step, which drastically reduces the total time of extraction. However, reconcentra-
tion and cleanup steps are also required for both ultrasonic and soxtec extraction techniques 
(Pastor et al., 1997; Popp et al., 1997; Nilsson et al., 2001). Apart from these methods, three 
more recent techniques from literature, including SFE (Bøwadt and Hawthorne, 1995), MAE 
(Eskilsson and Björklund, 2000), and ASE (Björklund et al., 2000) were also compared for the 
extraction of PCBs from soil. The main key to shorter extraction times and reduced solvent 
consumption with these techniques is the possibility of working at elevated temperatures above 
the boiling point of the solvent. Thereby, the extraction process is facilitated due to increased 
analyte desorption and diffusion from the solid matrix (Sporring et al., 2005). SFE and ASE 
techniques need much lower volumes of organic solvents than other extraction techniques. SFE 
showed to be particularly attractive as no more than 1.5 mL was necessary in order to elute 
the analytes from the reversed phase trap directly into a GC vial. Except for SFE technique, 
reconcentration and cleanup steps have to be performed for MAE and ASE techniques (Berset 
et al., 1999). Obviously, the contamination risk for those extraction techniques, which require 
reconcentration and cleanup steps, is higher than that of SFE. On the other hand, method devel-
opment, time, and costs for SFE are quite high as well as for ASE (Berset et al., 1999; Sporring 
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FIGURE 14.5  Recoveries of PCBs from spiked soil with three fortification levels using USE method [n = 5]. 
(Extraction conditions; extraction solvent: acetone/petroleum ether (1/1, v/v), soil sample amount: 1.5 g, 
extraction solvent volume: 2 mL, number of extraction step: 3, extraction time: 5 min, temperature: 25°C.)
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et al., 2005). Compared to the conventional soxhlet and shake-flask extraction techniques, the 
USE in this study has many advantages including minimal solvent use, short extraction and 
preconcentration time, low cost, simplicity, and ease of use. In addition, this method is cheaper 
and easier than MAE, ASE, and SFE techniques.





Recovery experiments were carried out for the determination of the efficiency of the USE of 
PAHs from soil. At the beginning of the experiments, the extraction efficiency of different sol-
vents was compared. For that, a 0.5 g fortified with PAHs soil sample was sonicated for 5 min with 
5 mL of each investigated extraction solvent or solvent mixture in an ultrasonic bath. The extracts 
were filtered by using filter paper and the filtrates were reduced to 1 mL with a rotary evaporator 
and adjusted to exactly 250 μL by using a gentle nitrogen stream. The concentrated extract was 
transferred onto the microscale cleanup column and elution was performed, as described earlier. 
The amounts of extracted PAHs were determined by GC–MS and the recoveries (%) were calcu-
lated. The other parameters affecting the extraction efficiency of the USE procedure (i.e., amount 
of sample, volume of extraction solvent, and number of extraction steps) were optimized by using a 
23 factorial experimental design. The experimental design matrix is constituted, as shown in 
Table 14.4. The lower and higher level for each factor was designated as “−” and “+” signs, respec-
tively (Table 14.4). After each extraction, the determination of PAHs in the extracts was determined 
by GC–MS, as described earlier.
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FIGURE 14.6  Comparison of extraction efficiency of the ultrasonic method with soxhlet and shake-flask 
for PCBs in fortified real soil samples (a) soil sample A, (b) soil sample B (fortification concentration for each 
compound: 80 μg kg−1), [n = 5].
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The extraction solvent has a significant effect on the efficiency of extraction of the target com-
pounds (Luque de Castro and Garcia-Ayuso, 1998). To achieve better extraction efficiencies of PAHs 
from the soil sample, we first examined different extraction solvents with a wide polarity range like 
n-hexane, ethyl acetate, acetone, a mixture of n-hexane and acetone (1/1 v/v), a mixture of n-hexane 
and ethyl acetate (1/1 v/v), and a mixture of petroleum ether and acetone (1/1 v/v). The  recovery 
results indicated that the ethyl acetate gave the highest recoveries followed by acetone, a mixture 
of n-hexane and acetone (1/1 v/v), a mixture of n-hexane and ethyl acetate (1/1 v/v), a mixture of 
petroleum ether and acetone (1/1 v/v), and n-hexane (volume of each solvent or solvent mixture: 
5 mL) in USE. Therefore, ethyl acetate was used as the extraction solvent in further optimization 
experiments.





After the choice of ethyl acetate as the optimum extraction solvent, and using 5 min soni-
cation time, several other factors affecting the efficiency of the extraction procedure, such as 
sample amount, solvent volume, and number of extraction times, were optimized. For all PAHs 
compounds, the significant parameters were sample amount, solvent volume, and number of 
extraction times.  Additionally, interactions between the sample amount and solvent volume 
and between the sample amount and number of extraction times were found to be significant. 
Lastly, interaction between the solvent volume and number of extraction times was also sig-
nificant.  Regarding the direction of the effects, sample amount was of a negative sign.  It is 
expected that a high sample amount may require longer sonication times for the extraction of 
all PAHs from soil. In other words, a fixed sonication time (5 min) was insufficient for extrac-
tion of 1.5 g of sample. Another reason may be that 2 mL of extraction solvent is not adequate 
for complete extraction of PAHs from 1.5 g of soil sample. Hence, 0.5 g of sample is better than 
1.5 g for the extraction of PAHs with 2 mL of solvent and 5 min of sonication time. Solvent vol-
ume had a positive sign; hence, 5 mL is better than 2 mL for the extraction. In soil and sludges, 
pollutants are adsorbed on or in soil aggregates. Especially in aged materials, it is important 
to get access to the pollutants adsorbed inside the aggregates. In combination with ultrasonica-
tion, when the volume of extraction solvent is increased, disintegration of the aggregates, and, 
hence, extraction efficiency will be improved (Banjoo and Nelson, 2005). Namely, in compari-
son to 2 mL, 5 mL of extraction solvent is better for disintegration of the soil aggregates and 
extraction of PAHs from soil. The number of extractions also had a positive sign for all studied 
PAHs. Increasing the number of extraction steps also increased the extraction efficiency. Thus, 
recoveries obtained from three extractions are higher than those from a single-step extraction. 





TABLE 14.4
Design Matrix for Factorial Design and Average Recoveries of PAHs for the Effect 
of Parameters on the Ultrasonic Solvent Extraction Method (Ozcan et al., 2009a)





Number





Codified Variables No Codified Variables
Average 





Recovery (%)X1 (min) X2 (min) X3 (%) X1 (min) X2 (min) X3 (%)





1–9 − − − 0.5 2 1 25





2–10 + − − 1.5 2 1 17





3–11 − + − 0.5 5 1 76





4–12 + + − 1.5 5 1 45





5–13 − − + 0.5 2 3 58





6–14 + − + 1.5 2 3 27





7–15 − + + 0.5 5 3 96





8–16 + + + 1.5 5 3 56





Note:	 X1, soil sample amount; X2, extraction solvent volume; X3, number of extraction step.
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The optimum conditions for miniaturized USE of PAHs from soil were determined as follows: 
sample amount: 0.5 g; solvent volume: 5 mL with ethyl acetate and number of extraction steps: 
3, with 5 min of sonication time.





The USE procedure was examined on a soil with spiked three different fortification levels (level 
1: 50 μg kg−1, level 2: 150 μg kg−1 and level 3: 300 μg kg−1).





The recovery results are given in Figure 14.7. According to fortification level 1, recoveries ranged 
from 90% to 100%, with RSDs in the range of <1%–15%. Comparable recoveries were also obtained 
from fortification level 2 and 3 (see Figure 14.7). When statistical evaluation was carried out between 
the quantities of PAHs extracted from fortification level 1 and level 2, no significant differences 
(p > 0.05) were observed. Moreover, when the same statistical evaluations were carried out between 
fortification levels 1 and 3 as well as 2 and 3, no significant differences were observed. Furthermore, 
when recoveries of PAHs for the USE were gauged against absolute limits of 70% and 130% (US 
EPA, 1995), it can be seen that USE gave satisfactory results.





The USE was compared with traditional soxhlet and shake-flask extractions by means of dif-
ferent real soil samples with spiked PAHs analysis. In our comparison study, because ethyl acetate 
gave the maximum extraction efficiency for PAHs, it was also chosen as the extraction solvent for 
soxhlet and shake-flask extraction procedures.  Figure 14.8 shows the results of PAH recoveries 
for the real soil sample. As seen in Figure 14.8, the proposed USE gave comparable results to the 
other extraction procedures. A statistical evaluation indicated no significant differences (p > 0.05) 
between the quantities of PAH extracted by USE and other extraction procedures. As a result, the 
ultrasonic extraction is superior to the other examined soxhlet and shake-flask extraction tech-
niques in terms of sample requirement, solvent consumption, and extraction time. Furthermore, the 
method is cheaper and easier than other extraction techniques reported in the literature, such as SFE 
(Librando et al., 2004), MAE (Li et al., 2003), and matrix solid phase dispersion (Pena et al., 2007; 
Sánchez-Brunete et al., 2007).





Air Sample Analysis





There are many works that report extracting different organic pollutants from airborne particles 
using soxhlet extraction (Vasconcellos et  al., 2003; Cindoruk and Tasdemir, 2007; Tasdemir 
and Esen, 2007). However, the main disadvantage of soxhlet extraction is that it takes long time 
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FIGURE 14.7  Recoveries of PAHs from spiked soil with three fortification levels using USE method [n = 5]. 
(Extraction conditions; extraction solvent: ethyl acetate, soil sample amount: 0.5 g, extraction solvent volume: 
5 mL, number of extraction step: 3, extraction time: 5 min, temperature: 25°C.)
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(Hartonen et  al., 1997). Ultrasonication allows an intensive contact between sample and solvent 
and it reduces the extraction time. Therefore, ultrasonic extraction can be used to extract target 
compounds from samples as an alternative to traditional soxhlet extraction (Sporring et al., 2005). 
Therefore, USE for the determination of PCBs and PAHs from airborne particles on glass microfi-
ber filter and from gas phase in PUF plugs were carried out.





For extraction of PCBs and PAHs from air samples, the recovery efficiency of the USE method 
(1999a,b) has been evaluated by the analysis of precleaned glass microfiber filter and PUF plug 
samples spiked with known amounts of PCBs and PAHs (McConnell et al., 1998; Alegria et al., 
2006; Mandalakis and Stephanou, 2007).





At the beginning of this study, the extraction efficiency of n-hexane:diethyl ether (9/1, v/v), 
dichloromethane:petroleum ether (1/4, v/v), and n-hexane:petroleum ether (1/1, v/v) were com-
pared. For that, spiked glass microfiber filters were prepared by adding a standard mixture of 
PCBs and PAHs. And then the glass microfiber filters were sonicated for 45 min with 100 mL of 
solvents in an ultrasonic bath. The extracts were reduced to 2 mL with a rotary evaporator and 
adjusted to exactly 1 mL under a gentle nitrogen stream.  The concentrated extract was trans-
ferred onto the cleanup column and elution was performed, as described earlier. The amount of 
extracted target compounds were determined by GC–MS and the recoveries were calculated. In 
the second set of experiments, the optimum volume of solvent, optimum sonication time, and 
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FIGURE 14.8  Comparison of extraction efficiency of the ultrasonic method with soxhlet and shake-flask 
for PAHs in fortified real soil samples (a) soil sample A, (b) soil sample B (fortification concentration for each 
compound: 150 μg kg−1), [n = 5].
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optimum repetition of extractions were determined. In order to determine optimum volume of 
extraction solvent, spiked glass microfiber filters were sonicated for 45 min with 25, 50, 75, and 
100 mL of extraction solvent. In order to determine the optimum sonication time, spiked glass 
microfiber filters were sonicated with 75 mL of extraction solvent for 15, 30, 45, 60 min. The 
extraction of spiked microfiber filters with 25 mL of extraction solvent for 15 min was repeated 
three times.  The cumulative recoveries were calculated by adding recoveries of compounds 
determined in each extract. Spiked filters were extracted according to the optimized ultrasonic 
extraction conditions. Prior to the analysis, the extracts were cleaned up as described earlier and 
recoveries were determined for each group of compounds (Aydin et al., 2007).





In the optimization of ultrasonic extraction, different solvent mixtures, including n-hexane: 
diethyl ether (9/1, v/v), dichloromethane:petroleum ether (1/4, v/v), and n-hexane: petroleum 
ether (1/1, v/v), were compared for extraction efficiency. Ultrasonic extraction efficiencies of the 
solvents were checked by calculating the recoveries. When statistical evaluation was carried out 
between extraction efficiencies of n-hexane:diethyl ether (9/1, v/v), dichloromethane:petroleum 
ether (1/4, v/v), and n-hexane:petroleum ether (1/1, v/v) for PCBs, no significant differences (p > 
0.05) were observed. The mixture of n-hexane: petroleum ether (1/1, v/v) gave the highest recov-
eries for PAHs among the solvent mixtures used. The mixture of n-hexane:petroleum ether (1/1, 
v/v) was used in further experiments for the extraction of all target compounds. The aim of the 
optimization procedure was to improve the extraction efficiency with minimum solvent and time 
consumption. Therefore, a careful optimization of the other extraction parameters (i.e., solvent 
volume, extraction time, and number of extractions) would be necessary in order to get satisfac-
tory results. Generally, increasing of the volume of n-hexane:petroleum ether (1/1, v/v) from 25 
to 75 mL resulted in increased extraction efficiencies for all target PCBs and PAHs. However, 
increasing of the volume of the solvent mixture from 75 to 100 mL did not significantly improve 
the extraction efficiencies of PCBs and PAHs.  Therefore, increasing the n-hexane:petroleum 
ether (1/1, v/v) volume was interrupted and further extraction procedures were carried out using 
75 mL of n-hexane:petroleum ether (1/1, v/v). The next step was the optimization of the sonica-
tion time. The sonication time was changed between 15 and 60 min. Especially for PAHs, it was 
found that the recoveries increased up to 45 min and there were few fluctuations in the recoveries 
for increasing time from 45 to 60 min. Additionally, 45 min was enough for the ultrasonic extrac-
tion of PCBs. Thus, the optimum sonication time for extraction was selected as 45 min. If the 
extraction solvent volume is divided into two or three aliquots and extraction is carried out sepa-
rately with these solvents twice or three times, the extraction efficiency increases (Skoog et al., 
1996).  For PCBs and PAHs compounds extracted from filters with the ultrasonic extraction 
method using an optimum solvent volume of 75 mL, optimum extraction time was determined 
as 45 min. A volume of 75 mL extraction solvent was divided into three aliquots and filters were 
extracted using 25 mL of solvent, 15 min sonication time three times sequentially.  Extracted 
solvents were combined and reduced to 1 mL for GC analysis. For PCB compounds, comparison 
of extractions were performed using a solvent volume of 75 mL and 45 min of sonication was 
carried out three times, with a solvent volume of 25 mL and 15 min of sonication. Statistical 
evaluation was performed on the efficiencies of these two extraction procedures, no significant 
differences were determined (p > 0.05).  Statistical evaluation of both extraction procedures 
for the recoveries of PAHs showed no significant differences (p > 0.05). Therefore, 75 mL of 
extraction solvent n-hexane/petroleum ether (1/1, v/v) was used in the extraction of filters and 
the extraction time was 45 min.





For USE of PCBs and PAHs from PUF plug, the extraction efficiency of n-hexane:diethyl 
ether (9/1, v/v), dichloromethane:petroleum ether (1/4, v/v), and n-hexane:petroleum ether (1/1, 
v/v) were compared. Spiked PUF plugs were sonicated for 45 min with 300 mL of solvents in 
an ultrasonic bath. The extracts were reduced to 2 mL with a rotary evaporator and adjusted 
to exactly 1 mL under a gentle nitrogen stream. The concentrated extract was transferred onto 
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the cleanup column and elution was performed, as described earlier. The amount of extracted 
target compounds were determined by GC–MS and the recoveries were calculated. The mixture 
of n-hexane:diethyl ether (9/1, v/v) gave the highest recoveries for PCBs and PAHs among the 
solvent mixtures used.





For the ultrasonic extraction of PUF plugs, 300 mL of extraction solvent is needed. However, the 
time needed for the ultrasonic extraction is shorter than those of other methods. Therefore, optimi-
zation experiments for PUF plugs were conducted by employing the USE method.





Investigations were carried out in order to determine the matrix effects of samples on PCBs, 
and PAHs extraction, fractionation, and cleanup steps from coextracted interfering nontarget 
compounds, prior to the GC analysis.  A volume of 360 m3 air sample was passed through 
the glass microfiber filter and PUF plug at 0.25 m3 min−1 flow rate in 24 h by using the modi-
fied high volume air sampler.  After, the filter and PUF plug were extracted ultrasonic and 
soxhlet extraction procedure, the volumes were adjusted to exactly 1 mL and standard mixture 
of PCBs and PAHs were spiked in the extract. Then, the extract was transferred onto the top 
of the column and fractionations were carried out consecutively using 70 mL n-hexane and 
60 mL n-hexane:ethyl acetate (1/1, v:v). Then, the volumes of the elutions were reduced to 1 mL 
and GC–MS was performed. The recovery from filters values for the target compounds were 
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FIGURE 14.9  Comparison of extraction efficiency of the ultrasonic method with soxhlet for PCBs in forti-
fied filter (a) and PUF plug (b) (fortification concentration for each compound: 0.2 ng m−3), [n = 5].
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obtained between 92% ± 5% and 100% ± 3% with RSD < ±5% for PCBs, between 78% ± 8% 
and 101% ± 6% with RSD < ±9% for PAHs. Recoveries for all two groups of compounds were 
in acceptable levels in comparison to limits given by the US EPA, which are between 60% and 
120% for multiple compounds (US EPA, 1995).





The USE method was compared with the soxhlet extraction method, which is used for the extrac-
tion of PCB and PAH compounds from filters and PUF plugs. As seen in Figures 14.9 and 14.10, 
USE gave comparable results to the soxhlet extraction procedure. A statistical evaluation indicated 
no significant differences (p > 0.05) between the quantities of PCBs and PAH extracted by USE and 
other extraction procedure. The most important disadvantages of the soxhlet extraction method are 
the long extraction time requirement and higher solvent consumption. However, using the ultrasonic 
extraction method reduces the hazardous solvent consumption, analysis time, and expenses in the 
analysis of trace levels organic pollutants from filters.





A comparison of general parameters of the extraction methods of PCBs and PAHs compounds 
from water, soil, and air samples is shown in Table 14.5, which indicates that the ultrasound-assisted 
extraction method needs less extraction time, sample amount as well as extraction solvent, conse-
quently lower cost, compared to other extraction procedures, including LLE, SPE, soxhlet, and 
shake-flask extractions.
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FIGURE 14.10  Comparison of extraction efficiency of the ultrasonic method with soxhlet for PAHs in forti-
fied filter (a) and PUF plug (b) (fortification concentration for each compound: 2 ng m−3), [n = 5].
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CONCLUSIONS





This chapter has outlined the successful development and application of USE procedure for the 
determination of PCBs and PAHs in water, soil, and air samples by using GC–MS. Analyses of real 
samples showed that sample matrices had no adverse effect on the efficiency of USE procedure. 
As a consequence, the USE method is precise, reproducible, and rapid and easy for the analyses of 
PCBs and PAHs in water, soil, and air samples. It also requires only small volumes of extraction sol-
vent and sample materials. In addition, the USE method has been demonstrated to be viable, rapid, 
and easy to use for the qualitative and quantitative analysis of PCBs and PAHs in different water, 
soil, and air samples. Additionally, the USE method uses less solvent than traditional approaches 
(i.e., liquid–liquid, solid phase, shake-flask, soxhlet extractions), reducing the costs associated with 
solvent purchase and waste disposal. The USE method will reduce laboratory expenses without 
substantial new equipment and without compromising accuracy and precision. Furthermore, USE 
method is cheaper and easier than LLE, SPE, SPME, MAE, ASE, and SFE techniques and it can be 
concluded that most commercial laboratories can efficiently use the proposed method for the extrac-
tion of PCBs and PAHs from water, soil, and air.





TABLE 14.5
Comparison of General Parameters for the Different Extraction Techniques Used 
for Determination of PCBs and PAHs in Water, Soil, and Air





Water





General Parameters
Ultrasonic Solvent 





Extraction Liquid–Liquid Extraction Solid Phase Extraction





Sample volume (mL) 10 200 200





Extraction time (h) 0.08 1 4





Solvent volume (mL) 0.1–0.2 60 38





Reconcentration step No Yes Yes





Need for cleanup No Yes No





Cost Very low Medium High





Soil





General Parameters
Ultrasonic Solvent 





Extraction Soxhlet Extraction Shake Flask Extraction





Sample amount (g) 0.5–1.5 10 10





Extraction time (h) 0.25 16–18 12





Solvent volume (mL) 15 150 50





Reconcentration step Yes Yes Yes





Need for clean up Yes Yes Yes





Cost Very low Medium Medium





Air





Filter PUF Plug





General 
Parameters





Ultrasonic Solvent 
Extraction





Soxhlet 
Extraction





Ultrasonic Solvent 
Extraction Soxhlet Extraction





Extraction time (h) 0.75 16 0.75 16





Solvent volume (mL) 75 150 300 150





Reconcentration step Yes Yes Yes Yes





Need for clean up Yes Yes Yes Yes





Cost Low Medium Medium Medium
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15 Applications of 
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Wastewater Treatment





Dong Chen





FUNDAMENTALS OF ULTRASOUND





The application of ultrasonic technology has been receiving wide attention in water and wastewater 
treatment and environmental remediation areas, such as degradation of recalcitrant organic pol-
lutants in aqueous phase (Hiskia et al., 2001; Song et al., 2006; Yang et al., 2006; David, 2009; 
Neppolian et al., 2009; Vecitis et al., 2010; Cheng et al., 2010), decontamination of sediments (Lu 
and Weavers, 2002; He et al., 2005), assistance of membrane filtration for membrane cleaning and 





CONTENTS





Fundamentals of Ultrasound........................................................................................................... 373
Ultrasonic Factors........................................................................................................................... 376





Power of Ultrasound.................................................................................................................. 376
Frequency of Ultrasound............................................................................................................ 376
Pulsed or Continued Sonication................................................................................................. 377





Property of Contaminants............................................................................................................... 377
Volatility..................................................................................................................................... 377
Hydrophobicity.......................................................................................................................... 378





Ultrasonic Degradation of Anthropogenic Contaminants............................................................... 379
Degradation of Natural Organic Matter.......................................................................................... 382





NOM Property Changes through Sonication............................................................................. 382
TOC Reduction of NOM....................................................................................................... 385
Decrease in UV/Vis Absorbance........................................................................................... 385
Decrease in Hydrophobicity of NOM................................................................................... 386
13C NMR Changes to NOM.................................................................................................. 386
Decrease in Molecular Weight of NOM................................................................................ 386
Increase in Total Acidity of NOM......................................................................................... 389
Implications of Sonochemical Degradations of NOM..........................................................390





Ultrasound and Disinfection...........................................................................................................390
Control Membrane Fouling in Filtration Processes........................................................................ 392





Membrane Filtration and Membrane Fouling............................................................................ 392
Mechanism of Ultrasonic Control of Membrane Fouling.......................................................... 393
Integrity of Membranes under Ultrasonic Irradiation................................................................ 395
Ultrasonic Factors for Membrane Fouling Control.................................................................... 396
Effects of Solution Chemistry on Ultrasonic Control of Membrane Fouling............................ 397





Acknowledgments........................................................................................................................... 398
References....................................................................................................................................... 399



















374	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





fouling control (Chai et al., 1998; Kobayashi et al., 1999, 2003; Chen et al., 2006a,b,c), and disinfec-
tion (Hua and Thompson, 2000; Arrojo et al., 2008).





Ultrasound is a longitudinal wave with a frequency typically between 16 kHz and 500 MHz 
(Ensminger, 1973; Thompson and Doraiswamy, 1999). When ultrasound is introduced into liquid 
(e.g., water), it creates oscillating regions of positive and negative pressure. Correspondingly, the 
liquid molecules experience periodic compression and expansion cycles. When the pressure ampli-
tude exceeds the tensile strength of liquid during the rarefaction of ultrasonic waves, cavitational 
bubbles are formed. Cavitational bubbles collapse during the compression cycle of ultrasonic wave. 
Localized hot spots are formed, which reach temperatures and pressures around 5000 K and 500 atm, 
respectively (Suslick, 1990; Flint and Suslick, 1991), depending on factors such as ultrasonic power, 
frequency, hydrostatic pressure, temperature, solvent property, and dissolved gas.  According to 
the temperature profile, there are three zones associated with a cavitational bubble (Figure 15.1). 
(1) Thermolytic center, which is the core of the bubble with localized hot temperature (∼5000 K) 
and high pressure (∼500 atm) during final collapse of cavitation. The high temperature results in 
thermolysis of volatile chemical compounds and water vapor (Flint and Suslick, 1991), producing 
radical species including •OH and •H radical. The reactions between volatile chemical compounds 
and •OH radicals in gaseous phase also happen in this region. (2) Interfacial region between the 
cavitational bubble and bulk liquid.  In this region, the thickness of the liquid is estimated to be 
about 200 nm from the bubble surface to the bulk and a lifetime is less than 2 μs (Suslick, 1990, 
1989; Flint and Suslick, 1991). The temperature is about 2000 K at the final cavitational collapse 
(Riesz et al., 1985). There are vast gradients of temperature and pressure. Thermolysis and oxida-
tion by •OH radicals of hydrophobic, nonvolatile, and hydrophilic compounds occur in the region. 
In this interfacial region, hydrophobic compounds are more concentrated than the bulk solution, 
and hydrophilic compounds have the same concentration as the bulk solution. (3) The bulk region 
with ambient temperature and pressure. The self combination of •OH radicals produces hydrogen 
peroxide in the solution (Reaction 15.1) along with a small amount of •OH radicals that react with 
hydrophilic, including ionic compounds in bulk region. The combination rate constant of •OH radi-
cals measured in water under ambient conditions is 5.5 × 109 L mol−1 s−1 (Buxton et al., 1988).





	 2 OH H O2 2• → 	 (15.1)





•OH radicals can oxidize broad organic pollutants in water, similar to advanced oxidation processes 
(AOPs). Since •OH radicals are produced as a result of cavitational collapse, they spatially concentrate 
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FIGURE 15.1  Diagram of a cavitational bubble.
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inside the bubble and in the region of bubble–bulk interface during collapse. Consequently, volatile 
and hydrophobic compounds or parts are exposed to more •OH radicals in addition to thermolysis 
than hydrophilic ones and thus subject to more rapid degradation, because they tend to accumulate 
in these two regions.





Fenton’s reagent is often used to enhance the degradation initiated by •OH radical. As shown in 
reaction (15.1), formation of hydrogen peroxide decreases the concentration of •OH radical, which 
has stronger oxidative potential than hydrogen peroxide. However, Fenton’s reaction uses ferrous ion 
(Fe2+) that catalytically produces •OH radicals from hydrogen peroxide (Walling and Kato, 1971; 
Walling, 1975) (reactions (15.2) through (15.5)). As a result, faster degradations have been observed 
in sonolysis when combined with Fenton’s reagent (Beckett and Hua 2003; Liang et al. 2007a).





	 Fe H O Fe OH OH2
2 2





3+ + −+ → + +• 	 (15.2)





	 Fe  H O Fe OOH H3
2 2





2+ + ++ → − + 	 (15.3)





	 Fe OOH Fe HOO2 2− → ++ + • 	 (15.4)





	 Fe HOO Fe O H3 2
2





+ + ++ → + +• 	 (15.5)





Fenton’s reagent requires low pH to keep Fe2+ and Fe3+ soluble. Liang et al. (2007b) reported that 200 kHz 
sonolysis with Fenton’s reagent was able to completely decompose 4-chlorophenol in 2 min at pH 3 when 
compared with 1 h at pH 5.6. At pH 5.6, the concentration of iron ions in the solution was very low.





Besides the chemical effects described above, ultrasound also has significant physical effects, 
that is, sonophysical effects. More specifically, vibration and acoustic streaming produced by ultra-
sonic waves along with microstreaming, microstreamers, microjets, and shock waves produced by 
cavitational bubbles result in turbulent fluid movement and a great microscale velocity gradient 
in the vicinity of cavitational bubbles (Leighton, 1994; Roy, 1999; Chen et al., 2006a,b). Acoustic 
streaming is the result of liquid medium absorbing the acoustic energy of sound waves (Leighton, 
1994).  Consequently, liquid medium flows along the propagation direction of the sound waves. 
Microstreaming is the result of oscillations of an acoustically driven bubble in the sound field, that 
is, the pulsation of bubble wall with the alternate compression and expansion movements under 
the impact of acoustic waves (Roy, 1999). Microstreamers are caused by cavitation bubbles travel 
within the liquid to nodes or antinodes driven by Bjerknes forces, in which bubbles travel in ribbon 
like structures along tortuous paths (Luther et al., 2001). Microjets are formed when asymmetric 
collapse of cavitational bubbles occurs near a surface. The observed jet speed was over 100 m s−1 
toward the surface and caused pittings and erosions on the solid surface (Vogel et al., 1989; Suslick, 
1990; Roy, 1999). Shock waves are exhibited as an abrupt pressure of huge amplitude (in GPa), which 
is produced within nano seconds following the violent collapse of a cavitational bubble (Pecha and 
Gompf, 2000). Shock waves can break particles and macromolecules from the final collapse of 
cavitational bubbles (Basedow and Ebert, 1977; Hickenboth et al., 2007). For macromolecules, this 
is referred to as shear degradation of ultrasound.





The fluid movement enhances the physical mass-transfer processes between the solid–bulk and 
gas–bulk interfaces. As a result, sonophysical effects of ultrasound can facilitate mixing, break 
down particles and macromolecules, desorption, extraction, and cleaning processes. During soni-
cation, the effects of ultrasound are combinations of both sonochemical and sonophysical effects. 
The mechanisms of ultrasound make it unique when compared with other AOPs. The advantages 
of ultrasound include potential chemical-free and simultaneous oxidation, thermolysis, shear deg-
radation, and enhanced mass-transfer processes together. The yield of sonication depends on both 
ultrasonic factors and properties of contaminants.
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ULTRASONIC FACTORS





Power of Ultrasound





The power intensity of ultrasound is the power delivered to the liquid divided by the surface area of 
the ultrasonic transducer. The relationship between the ultrasonic power intensity and the acoustic 
pressure may be expressed as (Mason and Lorimer, 1988),
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= 0
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	 (15.6)





where
I is the power intensity of a sound wave
P0 is the acoustic pressure
ρ is the density of the liquid
C is the sound speed in the liquid





Consequently, higher acoustic pressure (amplitude of vibration), greater amounts of cavitational 
events, and more violent cavitational collapse happen at elevated power intensity of ultrasound. 
However, optimum power intensity has been observed corresponding to the highest reaction rate 
(Gutierrez and Henglein, 1990; Hatanaka et al., 2002). Beyond that point, a further increase in power 
causes a decline of the reaction rate. This phenomenon may be explained by bubble shielding effect. 
When the power intensity is high enough, a dense cloud of cavitational bubbles accumulate around 
the ultrasonic transducer. The cavitation bubbles attenuate sound waves due to both scattering and 
absorption and thus impede the propagation of sound waves, especially at the resonant size (Pace 
et al., 1997; Roy, 1999). The scattering and absorption result in a decrease of sound wave intensity 
when compared with fewer bubbles. Consequently, the sound wave intensity decreases more rapidly 
with distance from the source at a very high power intensity when compared with the optimized 
power intensity. Consistently, van Iersel et al.  (2007) observed improved oxidation of potassium 
iodide when bubble shielding lessened.





Frequency of Ultrasound





The frequency of ultrasound directly affects the generation, oscillation, the resonant size, and 
final collapse of cavitational bubbles in terms of both quantity (the amounts of collapse) and the 
quality (the violence of collapse). Generally, the cavitational threshold increases with increasing 
ultrasonic frequency (Mason and Lorimer, 1988). In other words, a higher acoustic pressure is 
required to overcome the tensile strength of liquid molecules to produce cavitation at a higher 
ultrasonic frequency.





Low-frequency ultrasound has less bubble events, bigger resonant bubble size, and more violent 
collapse than high-frequency ultrasound (Leighton, 1994; Crum, 1995; Adewuyi, 2001; Beckett 
and Hua, 2001). Generally low-frequency ultrasound has stronger sonophysical effects than high-
frequency ultrasound. When ultrasonic frequency rises, more cavitational bubbles increase both 
the production of •OH radicals and diffusion of gases and volatile compounds into the bubble 
(Hung and Hoffman, 1999). Consequently, more rapid destruction of organic pollutants increases 
with the ultrasonic frequency until about 358 kHz (Beckett and Hua, 2001). However, when ultra-
sonic frequency continues to rise, the cavitational effect is reduced because either (i) the rarefac-
tion cycle of the sound wave produces a negative pressure, which is insufficient in its duration 
and/or intensity to initiate cavitation or let cavitation grow bigger; or (ii) the compression cycle 
occurs faster than the time required for the micro cavitational bubbles to collapse (Thompson and 
Doraiswamy, 1999).
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Pulsed or Continued Sonication





Alternative to continued mode of sonication, pulsed mode may be adopted for destruction of organic 
contaminants, cleaning of water filtration membranes, and other applications. Pulsed sonication 
not only saves energy, but also affects the bubble oscillation and growth dynamics (Chen et al., 
2006b).  During sonication, some bubbles grow by rectified diffusion to sizes greater than their 
resonance size.  Such bubbles are ineffective at producing cavitational effects (Hill et al., 1969; 
Leighton, 1994), and cause scattering and absorption of ultrasonic waves (i.e., bubble shielding) 
(Roy, 1999). Therefore, in continued ultrasound, some bubbles are ineffective (Hill et al., 1969) and 
some ultrasonic energy is wasted. The acoustic energy is dissipated as heat and vibration. However, 
during pulse intervals of pulsed sonication, bubble sizes are reduced back to below resonance size 
by dissolution, and some bubbles coalesce and consequently float to the water surface (Clarke and 
Hill, 1970; Leighton, 1994; Roy, 1999). As a result, bubble size and bubble quantity may decrease 
during the pulse intervals and thus reduce the shielding effect of sound waves by bubbles. Suitable 
pulse times and pulse intervals may reduce bubble shielding as well as make use of surviving 
bubbles from previous pulse cycles to generate effective cavitational collapses for degradation of 
contaminants or cleaning processes. In addition, pulse intervals provide extra time for hydrophobic 
contaminants to transfer from bulk solution to adsorb on the bubble–bulk interface of the survived 
bubbles (Yang et al., 2006). This process may facilitate the subsequent degradations led by cavita-
tional collapse during the on-cycle of sonication. Moreover, “silent” reactions might occur during 
the pulsed intervals, which are initiated by •OH radicals (Neppolian et al., 2009). These effects 
bring extra sonochemical yields when compared with continued sonication.





In literature, yields of sonochemical reactions such as sonoluminescence (Leighton et al., 1989), 
oxidation of As (III) to As (V) (Neppolian et al., 2009), degradation of nonvolatile surfactants 
(Yang et al., 2006), generation of free iodine from KI solution (Clarke and Hill, 1970; Casadonte 
et al., 2005), oxidizing acid orange (Casadonte et al., 2005), and DNA degradation (Clarke and 
Hill, 1970) increased with pulsed sonication, due to more effective use of ultrasonic energy when 
compared with continued sonication.  In the study of Yang et al.  (2006), longer pulse intervals 
enabled more adsorption of less-diffusivity dodecylbenzenesulfonate (DBS) surfactant, which was 
more surface active on the bubble–bulk interfaces than 4-octylbenzene sulfonate, resulting in a 
more significant degradation of DBS than shorter pulse intervals. Casadonte et al.  (2005) used 
power-modulated pulsed ultrasound, in which the peak power of pulsed ultrasound was increased 
to match the net acoustic input power of continued ultrasound per unit time. The results showed 
that pulsed ultrasound had a degradation rate increase by a factor of three as compared with con-
tinued irradiation. In ultrasound assisted membrane filtrations, sonication is used to prevent and 
clean water filtration membranes from being clogged by particles and macromolecules. Chen et al. 
(2006b) found that a short pulse interval (1.0 s on/0.1 s off) had the relative membrane perme-
ate flux improvement of 73% ± 4%, which was similar to continued sonication (75% ± 7%) plus 
roughly 9% of energy savings.





PROPERTY OF CONTAMINANTS





Besides ultrasonic factors, the properties of contaminants such as volatility and hydrophobicity also 
greatly affect the degradation rate of sonication.





Volatility





Volatile compounds more readily escape from the bulk solution and enter the gaseous phase of cavi-
tational bubbles through rectified diffusion processes. Consequently they are subject to thermolysis 
and oxidation by •OH radicals in gaseous phase during the final collapse of cavitation. Henry’s law 
constant H (atm L mol−1) is used to quantify the volatility of compounds. Henry’s law constant H is 
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the ratio of the partial pressure Pi (atm) of a compound i exerts in gaseous phase over its aqueous 
phase concentration Ci (mol L−1) at equilibrium status.
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Henry’s law is valid for dilute solutions. Greater Henry’s law constant means higher volatility of a 
compound. Sonolysis degradation rate increases with higher values of Henry’s law constant of differ-
ent compounds (Weavers, 2001). However, besides the intrinsic volatility of a compound, increasing 
temperature will increase Henry’s law constant and the volatility of a compound. Different from the 
case of intrinsic volatility, a higher solution temperature brings more gaseous compounds includ-
ing solvent vapour in the cavitational bubble, which may quench the final collapse and decrease the 
magnitude of collapsing temperature and pressure. Therefore, the degradation rate might decrease 
with elevated temperatures (Thompson and Doraiswamy, 1999).





Thermolysis is a unique mechanism of ultrasound for destruction of contaminants as com-
pared with other AOPs. It is especially suitable to treat dilute solutions. As a result, a few volatile 
and/or hydrophobic contaminants, which are oxidatively stable, can be thermolyzed by sonolysis. 
Examples of these contaminants include carbon tetrachloride (Francony and Petrier, 1996; Hung and 
Hoffmann, 1999; Lee and Oh, 2010) and fluorinated surfactants (Moriwaki et al., 2005; Schröder 
and Meesters, 2005; Vecitis et al., 2010; Cheng et al., 2010).





Hydrophobicity





Sonication produces a gaseous phase (cavitational bubbles) within the bulk liquid. As a result, nonpolar 
neutral or hydrophobic organics in the solution will tend to accumulate on the bubble–bulk interface. 
Hydrophobic compounds may be destructed by thermolysis and •OH radicals in the interfacial region 
(Figure 15.1). The degree of hydrophobicity is commonly determined by Kow, octanol–water parti-
tion coefficient, which is the ratio of the concentration of a compound in octanol phase Co (mg L−1 
or μg L−1) over its concentration in aqueous phase Cw (mg L−1 or μg L−1) at equilibrium status.
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Chemicals with a high value of Kow tend to be hydrophobic and accumulate on bubble–water inter-
face. In contrast, chemicals with a low value of Kow tend to be hydrophilic and remain in the bulk 
aqueous phase. Consequently, more rapid degradation of a compound of a greater Kow value has 
been observed (Weavers, 2001; Vecitis et al., 2010).





In addition to the intrinsic hydrophobicity of a compound, solution conditions may affect the 
degree of hydrophobicity as well. When pH is much lower than the pKa value of a compound, the 
compound becomes unionized or neutral. In other words, the compound is more hydrophobic than 
its ionized form at higher pH in water. Consistently, Jiang et al. (2002) observed that the ultrasonic 
degradation rate of 4-NP decreased with increasing pH, because the neutral hydrophobic species are 
more easily diffused to and accumulated at the interface of bubble–water in comparison with their 
corresponding ionic forms.





Besides the pH effect, ionic strength also affects the hydrophobicity of an ionic compound in 
water. High ionic strength causes charge screening effect on aqueous ionic species. Based on Debye 
and Hückel theory, Equation 15.8 of octanol–water partition coefficient can be rewritten to include 
the activity coefficient.
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where
γ is the activity coefficient of the compound in water
Z is the charge of the compound for which the activity coefficient is being determined
μ is the ionic strength of the solution
Ci is the molar concentration of ionic species i in the solution
Zi is the charge of ionic specie i in the solution





According to Equation 15.10, activity coefficient γ decreases with higher ionic strength μ. As a 
consequence, octanol–water partition coefficient Kow increases with higher ionic strength. It means 
that the compound becomes more hydrophobic at higher ionic strength. This effect is only valid for 
ionic compounds as indicated in Equation 15.10. Seymour and Gupta (1997) reported salt-induced 
hydrophobicity of compounds including p-ethylphenol and phenol.  Sodium chloride increased 
the hydrophobicity of these contaminants reflected by elevated partitioning coefficient in diethyl 
ether-aqueous phases. As a result, several orders of enhancement in sonolysis degradation rate were 
observed. However, adding salt (NaCl) brings extra chloride ions to the solution. The scavenging 
effect of •OH radicals by chloride ions might be a concern.





ULTRASONIC DEGRADATION OF ANTHROPOGENIC CONTAMINANTS





Decomposition and removal of anthropogenic hazardous contaminants from surface waters, ground-
waters, sediments, and soils are very important in environmental remediation. The power of ultra-
sound has been employed to degrade numerous environmental pollutants (Zhang and Hua, 2000), 
and this unique mechanism of ultrasound-mediated pollutant degradation combines simultaneous 
oxidation, thermolysis, shear degradation of shock waves, microjets pitting, and enhanced mass 
transfer and mixing together. As a result, sonication is a very attractive and interesting technique 
in environmental remediation, especially for decontamination of recalcitrant and hazardous com-
pounds. There are over 100 anthropogenic contaminants that have been studied by sonolytic deg-
radation (Thompson and Doraiswamy, 1999; Adewuyi, 2005, 2001; Liang et al., 2007a; Belgiorno 
et al., 2007; Chowdhury and Viraraghavan, 2009; Pham et al., 2009). Due to limited space, only 
selected studies on typical and important contaminants are summarized here.





Perfluorinated chemicals such as perfluorooctane sulfonate (PFOS) and perfluorooctanoate (PFOA) 
are globally distributed, bioaccumulative, metabolically and photochemically inert, and oxidatively 
recalcitrant (Key et al., 1998; Moriwaki et al., 2005; Vecitis et al., 2010). In the research conducted by 
Moriwaki et al. (2005), 200 kHz sonication cleaved the perfluorocarbon chains. The half-life of PFOS 
and PFOA degradations was 43 and 22 min, respectively under the atmosphere of argon. Because 
PFOS and PFOA molecules have both hydrophobic (perfluoroalkyl group) and hydrophilic group 
(acid group), they behave like an anionic surfactant: the hydrophobic group migrate and accumulate 
in the bubble–bulk interfacial region and are subject to pyrolysis (or thermolysis) and •OH radical 
attack. Since PFOS and PFOA are nonvolatile, the pyrolysis in the gaseous phase of cavitation should 
be ruled out. The results of Fenton experiments suggested that the compounds were not decomposed 
by •OH radicals either. Consequently, it was concluded that most of the PFOS and PFOA molecules 
were pyrolyzed at the bubble–bulk interfacial region, where the temperature was still enough high 
for pyrolysis reactions. Consistently, Vecitis et al. (2010) indicated that pyrolytic cleavage of the C–S 
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bond of PFOS in the bubble–bulk interfacial region was the initial degradation step. The compli-
cated organic matrix of aqueous film-forming foams only had a minor effect on the sonochemi-
cal degradation of PFOS, even though the total organic concentration of the matrix was 50 times 
the PFOS concentration. This result suggested the superior surfactant properties of fluorochemicals, 
which were highly competitive in adsorption to the bubble–bulk interfacial region. Besides the influ-
ence of organic matrix, Cheng et al. (2010) observed a decrease in sonochemical degradation rates of 
PFOA and PFOS in the presence of inorganic anions such as HCO3





− and SO4
2− in groundwater. It was 





hypothesized that inorganic ions partitioned to and interacted with the bubble–water interface. Initial 
solution pH enhanced the degradation rates of PFOA and PFOS at 3, but had negligible effects over 
the pH range of 4–11.





Similar to perfluorinated chemicals, carbon tetrachloride is oxidatively recalcitrant and unre-
active toward the hydroxyl radical with half-life longer than 330 years (Cox et al., 1976). However, 
sonolytic degradation of CCl4 in aqueous solution has been shown effective (Hua and Hoffmann, 
1996; Francony and Petrier, 1996; Hung and Hoffmann, 1999; Lee and Oh, 2010). Because of its 
high vapor pressure (113.83 mmHg) and great hydrophobicity (log Kow = 2.83), CCl4 appears to 
undergo pyrolysis in the gas-phase interior of the cavitational bubbles as well as in the interfacial 
region (Hua and Hoffmann 1996). Using 20 kHz and 112.5 W cm−2 ultrasound, the observed first-
order degradation rate constant in an Ar-saturated solution was 3.3 × 10−3 s−1 when the initial CCl4 
concentration was 1.95 × 10−4 mol L−1. Sonication byproducts included hexachloroethane, tetra-
chloroethylene, chloride ion, and hypochlorous acid.  Hung and Hoffmann (1999) investigated 
ultrasonic degradation of CCl4 at six different frequencies ranging from 20 to 1078 kHz.  The 
rate of degradation increased with increasing ultrasonic frequency with the optimal degradation 
rate at 500 kHz. Hexachloroethane was found as the primary intermediate in the degradation of 
CCl4. Consistently, Francony and Petrier (1996) reported that a faster degradation rate of CCl4 
occurred at 500 kHz than 20 kHz. Sonication led to almost complete mineralization of CCl4 for 
a relatively short irradiation time. Radical-trap addition did not change the reaction rate, since 
thermolysis is the mechanism of sonolytic degradation. Similarly, Lee and Oh (2010) confirmed 
that the addition of t-BuOH, a hydroxyl radical scavenger did not affect the degradation rate of 
carbon tetrachloride.





Ultrasound can also be used to degrade environmental emerging contaminants, such as phar-
maceutical and personal care products, especially endocrine disruptor compounds. The conven-
tional microbiological processes used in municipal wastewater treatment plants are not designed or 
capable to remove these contaminants. Suri et al. (2007) investigated sonolytic destruction of estro-
gen hormones in aqueous solution, including 17α-estradiol, 17β-estradiol, estrone, estriol, equilin, 
17α-dihydroequilin, 17α-ethinyl estradiol, and norgestrel. The results showed that 20 kHz sonoly-
sis destructed 80%–90% of individual estrogens at an initial concentration of 10 μg L−1 within 
40–60 min of reaction. The first-order degradation rate constant of individual estrogen increased 
with higher power intensity. However, the energy efficiency of the reactor was higher at lower power 
density. As a result, the choice of reactor and ultrasonic power were important to achieve optimized 
kinetics and energy efficiency.





Isariebel et al.  (2009) investigated sonolysis of pharmaceutical compounds of levodopa and 
paracetamol in aqueous solutions. Levodopa is the most frequently prescribed drug for the treat-
ment of Parkinson disease (Lara et al., 2006) and paracetamol is a widely used non-steroidal 
anti-inflammatory recalcitrant drug found in water bodies (Bedner and MacCrehan, 2006). 
Experiments were performed at 574, 860, and 1134 kHz of ultrasound with initial concentrations 
of 25, 50, 100, and 150 mg L−1 of both compounds. Sonochemical degradations of both compounds 
followed pseudo first-order reaction kinetics. Contaminants and COD degradations were found to 
decrease with increasing the initial solute concentration and decreasing power. The best result was 
obtained at 574 kHz. Using 1-butanol as •OH radical scavenger and H2O2 as promoter revealed that 
•OH radical attack was the principal degradation mechanism. During the reactions, some interme-
diates were found recalcitrant and long lived to sonolysis.
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Torres et al. (2008) studied sonolytic degradation of bisphenol A (BPA), an endocrine disruptor 
largely used in polycarbonate plastics and has been detected in surface waters (Belfroid et al., 2002). 
The effect of saturating gas (oxygen, argon, and air), BPA initial concentration (0.15–460 μmol L−1), 
ultrasonic frequency (300–800 kHz), and power (20–80 W) were evaluated. With an initial concen-
tration of 118 μmol L−1, BPA was readily eliminated by sonolysis in about 90 min at 300 kHz, 80 W, 
and with oxygen as the saturating gas. However, even after long ultrasonic irradiation time (9 h), more 
than 50% of chemical oxygen demand (COD) and 80% of total organic carbon (TOC) remained in 
the solution. Analyses of intermediates using HPLC–MS identified several intermediate byproducts: 
Monohydroxylated bisphenol A, 4-isopropenylphenol, quinone of monohydroxylated bisphenol A, 
dihydroxylated bisphenol A, quinone of dihydroxylated bisphenol A, monohydroxylated-4-isopro-
penylphenol, and 4-hydroxyacetophenone. The presence of these hydroxylated aromatic structures 
showed that the main ultrasonic BPA degradation pathway was related to the reaction of BPA with 
•OH radical. After 2 h, these early products were converted into biodegradable aliphatic acids. In their 
earlier study (Torres et al., 2007), 300 kHz and 80 W sonolysis was compared with Fenton’s reagent 
(100 μmol L−1 ferrous sulfate and continuous H2O2 addition) at pH 3 to degrade BPA. Identical BPA 
elimination rate and primary intermediates were observed for both processes. It was suggested that 
the main chemical pathways involved reactions with •OH radicals. COD and TOC analyses showed 
that the Fenton’s process was slightly more efficient than ultrasonic treatment for the removal of BPA 
byproducts in deionized water. However, in natural water (pH 7.6, main ions concentration: Ca2+ = 
486 mg L−1, Na+ = 9.1 mg L−1, Cl− = 10 mg L−1, SO4





2− = 1187 mg L−1, and HCO3
− = 402 mg L−1), inhibi-





tion of the Fenton process was evidenced; while the ultrasonic process was not hampered.
Consistently, using 20 kHz ultrasound, Guo and Feng (2009) indicated that •OH radical induced 





oxidation was identified as the major destruction pathway during sonolysis of BPA.  Inoue et al. 
(2008) investigated different power intensities on sonolysis of BPA. At 404 kHz, 0.5 mmol L−1 BPA 
was completely degraded after 10, 3, and 2 h of sonication at the power intensity of 3.5, 9.0, and 
12.9 kW m−2, respectively. The intermediates such as 3-hydyroxybisphenol A, formaldehyde, and 
organic acids were detected. At pH 3, the addition of ferrous sulfate (FeSO4) did not increase BPA 
degradation rate. Instead, more TOC reduction was observed with increasing of ferrous sulfate con-
centration up to 4.0 mmol L−1 at 404 kHz and 9.0 kW m−2.





Methyl tert-butyl ether (MTBE) is of special concern because of its wide distribution in the 
environment. MTBE is manufactured in a large quantity annually as a popular additive as a fuel 
oxygenate (up to 15% by volume of gasoline) (Johnson et al., 2000). It is a suspected carcinogen 
and has been found in various environmental media, including troposphere, surface and ground-
waters, and storm water (Cooper et al., 2009). Since it is volatile, MTBE is suitable for sonolytic 
degradation in aqueous phase. Kang et al.  (1999) investigated sonolysis of MTBE with or with-
out ozone under different ultrasonic frequencies and applied powers.  In the frequency range of 
205–1078 kHz, the higher overall reaction rates were observed at 358 and 618 kHz and then at 205 
and 1078 kHz. The observed pseudo first-order rate constant for MTBE degradation increased with 
higher power density up to 250 W L−1. The reaction rate constant also increased with increasing 
ozone dosage from 0 to 0.19 mmol L−1. In the presence of natural organic matter (NOM) (Fluka AG) 
up to 4.2 mg L−1, negligible effect of NOM on the MTBE ([MTBE]0 = 0.05 mmol L−1) decomposition 
rate was observed. The explanation was that the major reaction site for MTBE was in the vapor 
phase of cavitational bubbles, where thermolysis and reaction with •OH radicals took place. As a 
result, highly volatile compounds such as MTBE and CCl4 were more rapidly decomposed during 
sonolysis than were semivolatile or nonvolatile compounds, like NOM.





In the study by Neppolian et al. (2002), the degradation kinetics and intermediate byproducts 
of MTBE degradation were investigated with 20 kHz ultrasound. The observed pseudo first-order 
rate constant decreased from 1.25 × 10−4 to 5.32 × 10−5 s−1 as the concentration of MTBE increased 
from 2.84 × 10−2 to 2.84 × 10−1 mmol L−1. The rate of degradation of MTBE increased with increas-
ing power density of ultrasound and also with the rise in system temperature. In the presence of 
an oxidizing agent, potassium persulfate, the sonolytic degradation rate of MTBE was accelerated 
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substantially. Tert-butyl formate and acetone were found to be the major intermediates of the deg-
radation of MTBE. It was also found that the ultrasound coupled with Fenton reagent (Fe2+/H2O2) 
effectively degraded more than 95% of MTBE (2.84 × 10−2 mmol L−1) along with its intermediate 
products in 5 h, which was much more efficient than sonolysis alone. More recently, Selli et al. 
(2005) investigated the degradation kinetics of MTBE in water with an O2/Ar 80:20 atmosphere 
by sonolysis at 20 kHz. MTBE concentration decreased following a first-order kinetic parameters.





Another important group of anthropogenic contaminants detected in natural water bodies is pes-
ticides and herbicides. Collings and Gwan (2010) performed a study on sonochemical degradation 
of DDT, chlordane, atrazine, 2, 4, 5-T, and endosulfan in sand–water slurries. Destruction rates of 
about 70% for 10 min of 20 kHz sonication at 150 W were obtained for DDT, chlordane, atrazine, 
and endosulfan, while about 50% for 2, 4, 5-T at 50 wt.% slurries. For a lower slurry concentrations, 
that is, 20 g of sand in 100 mL of water, there was little to no change in the destruction of atrazine 
but a big improvement in the destruction of 2, 4, 5-T. The absence of breakdown products suggested 
that •OH radical reactions were not prevailing. Instead, the dominant mechanism of destruction of 
the contaminants in slurry was thermal pyrolysis. Yao et al. (2010) investigated sonolytic degrada-
tion of parathion, an example of typical organophosphorus pesticides. The results indicated that the 
degradation followed a pseudo first-order kinetic. The degradation rate decreased with increasing 
initial concentration and decreasing power. The optimal frequency for parathion degradation was 
600 kHz in the range of 200–800 kHz. The bubble–bulk interfacial regions were the effective reac-
tion sites for sonochemical degradation of parathion. The reaction could be described as a gas/liquid 
heterogeneous reaction, which obeyed a kinetic model based on Langmuir–Hinshelwood model. 
•OH radical reactions predominated in the sonochemical degradation of parathion. It was indicated 
that the N2 in air took part in the parathion degradation through the formation of •NO2 under ultra-
sonic irradiation. Parathion was decomposed into paraoxon and 4-nitrophenol in the first step via 
two different pathways, respectively, which was in agreement with the theoretical molecular orbital 
calculations. Liu et al. (2008a) studied combination of O3 and 40 kHz sonolysis to degrade dimetho-
ate, another type of organophosphorous pesticides. The system imposed a synergistic effect com-
bining sonochemical merit with high O3 transfer rate. Under the optimal operation conditions, that 
is, O3 flow rate was 0.41 m3 h−1, ultrasonic intensity was 4.64 W cm−2, pH value was 10.0, reaction 
temperature was 25°C, and the initial concentration of dimethoate was 20 mg L−1, the degradation 
rate of dimethoate increased to 90.8% in 4 h.





DEGRADATION OF NATURAL ORGANIC MATTER





NOM Property Changes through Sonication





When nature waters are involved, the presence of NOM may significantly influence the effective-
ness of ultrasound in reactions. NOM is so significant that it deserves a separate discussion. NOM 
is ubiquitous and present in natural waters as a result of microbial and geochemical degradation of 
plant and animal debris. The typical NOM concentrations in surface waters, groundwaters, soils, 
and sediments are listed in Table 15.1. NOM is described as refractory, dark-colored, and heteroge-
neous natural organic compound (Stevenson, 1994). It is a significant global carbon pool (Cole et al., 
2007). The chemical structure of NOM is ill-defined (Aiken and Malcolm, 1987), varies depending 
on the source, but typically includes aromatic, aliphatic, carboxylic, and phenolic functional groups 
(Stevenson, 1994).  In drinking water treatment, the presence of NOM may result in color, bad 
tastes, and toxic or carcinogenic disinfection byproducts (Liu et al., 2008b). In addition, NOM can 
undergo a variety of reactions in natural and engineered systems and often interferes with treatment 
processes, including particle coagulation, bioavailability, as a nutrient for microorganisms, toxicity 
of trace metals, mobility of contaminants by binding organic and inorganic contaminants, and scav-
enging reactive species in water (Chin et al., 1994; Edwards et al., 1996; Meier et al., 1999; Perdue 
and Ritchie, 2005; Kitis et al., 2002).
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The chemical nature or structure of NOM depends on its source materials and biogeochemical 
processes that take place at the site of their formation (Aiken and Cotsaris, 1995). Based on solu-
bility under acidic or alkaline conditions, NOM can be fractioned into: (i) humin, the insoluble 
fraction of NOM at all pH levels; (ii) humic acid, the fraction soluble under alkaline conditions 
but not acidic conditions (pH ≤ 2); (iii) fulvic acid, the fraction soluble under all pH conditions 
(Stevenson, 1994). For scientific research, there are several types of model NOM commonly used, 
such as Suwannee river humic acid, Aldrich humic acid, and Pahokee peat humic acid. The puri-
fication steps of aquatic Suwannee river humic acid include filtration, acidification to precipitate 
humic acid out of fulvic acid, and isolation with XAD-8 resin (Aiken, 1985). Aldrich humic acid 
is extracted from coal by base extraction (Bob and Walker, 2000). Pahokee peat humic acid is 
by base extraction from Pahokee peat, which is a typical agricultural peat soil of the Florida 
everglades (IHSS website). Generally, Aldrich and peat humic acid are more aromatic and have a 
higher molecular weight than humic materials isolated from natural waters (Hatcher et al., 1980; 
Chin et al., 1994).





The properties of humic substances are important in complexation with other environmental 
components. Higher hydrophobicity, higher aromaticity, and greater molecular weight of humic 
substances result in stronger affinity to nonpolar neutral or hydrophobic organics (Chin et al., 
1997). Higher acidity of humic substances, on the other hand, facilitates increased complexation 
with metallic cations and other positively charged species (Bowles et al., 1994; Chin et al., 1997). 
Important characteristics of humic substances include concentration of organic carbon (mea-
sured by TOC or dissolved organic carbon [DOC]), color (measured at a visible wavelength, e.g., 
Color465, the UV–Vis absorbance at 465 nm), hydrophobicity (measured by Kow or specific UV 
absorbance [SUVA] at 254 nm), aromaticity (measured by SUVA at 280 nm or 13C NMR), molecu-
lar weight (directly measured by high pressure size exclusion chromatography [HPSEC] or indi-
rectly reflected by E4/E6 ratio), and acidity (measured by potentiometric titration) (Thurman, 
1985; Chen et al., 2004). Of these parameters, color relates to chromophores in NOM, including 
conjugated double bonds, aromatic rings, and phenolic functional groups. These groups serve as 
color centers in humic substances (Schnitzer and Khan, 1972). SUVA (m−1 L [mg C] −1) expressed 
by the ratio of UV absorbance at 254 or 280 nm over DOC concentration, increases with increas-
ing hydrophobicity and aromaticity of NOM, because π–π* electron transitions occur at these 
wavelengths (Chin et al., 1994; Croue et al., 1999; Westerhoff et al., 1999). E4/E6 is the ratio of 
UV–Vis absorbance at 465 nm over at 665 nm (i.e., Color465/Color665). E4/E6 ratio positively cor-
relates to the oxygen content (r = 0.82) and inversely correlates to the reduced viscosity (molecu-
lar size or molecular weight) (r = −0.95) of NOM (Chen et al., 1977). At pH close to neutral, 
Chen et al. (1977) determined that E4/E6 ratio was in the range of 5.44–5.7 for humic acids and 
8.50–8.88 for fulvic acids; while Kukkonen (1992) found E4/E6 ratio was about 3.8–5.8 for humic 
acids and 7.6–11.5 for fulvic acid.





The possible mechanisms of sonochemical degradation of NOM are: (i) •OH radical attack; 
(ii) thermolysis in the bubble–bulk interfacial region; (iii) dynamic shearing of shock waves. NOM 
can be hydrophobic or contains both hydrophilic (carboxylic and phenolic groups) and hydrophobic 





TABLE 15.1
Typical NOM Concentrations in Environmental Media





Media
NOM Concentration 
(as Organic Carbon) Reference





Surface waters 4.5–7.7 mg L−1 Dobbs et al. (1972)





Groundwaters 0.1–15 mg L−1 (median 0.7 mg L−1, 
average 1.2 mg L−1)





Leenheer et al. (1974)





Soils and sediments 1–100 (mg g−1) Mayer (1994)
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functional groups (nonionized groups). As a consequence, hydrophobic NOM or part is more subject 
to thermolysis and •OH radical attack in the bubble–water interfacial region.  Original NOM is 
nonvolatile macromolecular organic. Therefore it is unlikely to be thermolyzed in the vapor phase 
of cavitational bubbles.  However, when NOM macromolecule is degraded to smaller molecules 
through sonication, they may volatilize into the gaseous phase of cavitation bubbles, and conse-
quently are thermolyzed during the collapse of cavitational bubbles (Chen et al. 2004). Figure 15.2 
illustrates the mechanism of mechanical shearing degradation by shock waves (Basedow and Ebert, 
1977; Price, 1990; Taghizadeh and Asadpour, 2009).  In the diagram, first, the flow pattern gen-
erated by ultrasonic wave unfolds and increases the radius of gyration of a macromolecule, like 
NOM.  Subsequently, the shock waves produced by the final collapse of cavitation bubbles may 
break the covalent bond of the macromolecule and reduce the molecular weight.  Cleavage of a 
covalent bond can occur in two ways: homolytically, resulting in one electron from the bond going 
to each fragment to produce radical species; or heterolytically, with both electrons associating with 
one fragment, leading to formation of an ion pair (Price, 1990). Both of these possibilities have been 
observed during polymer degradation by ultrasound (Melville and Murray, 1950; Henglein, 1955; 
Thomas and Vries, 1959; Price, 1990). In addition to shear degradation, macromolecules may be 
broken down by sonochemically produced •OH radicals as well (Nagata et al., 1996; Chemat et al., 
2001; Chen et al., 2004).





Since sonochemically generated •OH radical is important for oxidation, the measurement of 
H2O2 formation was used to indirectly reflect the quantities of •OH radical produced during soni-
cation (Hua and Hoffman, 1997; Frim and Weavers, 2003; Chen et al., 2004).  •OH radical can 
self-combination to form hydrogen peroxide (reaction (15.1)). Using frequency at 20 or 354 kHz 
and power density of 120 or 450 W L−1, Figure 15.3 shows the concentration of H2O2 formed with 
sonication in the absence of NOM.  The highest concentration of H2O2 (0.4 mmol L−1 after 4 h) 
was produced at high frequency (354 kHz) and high power density (450 W L−1), followed by high 
frequency and low power density (120 W L−1), and the lowest concentration of H2O2 was formed at 
low frequency (20 kHz) even with a high power density (450 W L−1). Higher •OH radical production 
has been observed around 354 kHz in other studies (Beckett and Hua, 2001; Frim and Weavers, 
2003). However, mechanical shearing, a type of sonophysical effects is not reflected by Figure 15.3. 
As discussed before, mechanical shearing may reduce the molecular weight of macromolecules. 
Cavitational bubbles at 20 kHz ultrasound are thought to undergo more violent collapse and thus 
have stronger mechanical shearing effects than at 354 kHz (Crum, 1995).





Flow pattern around
a macromolecule





Ultrasonic
transducer Macromolecule





(e.g., NOM)





Increase in radius of gyration





Shock
wave





Cavitation
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�e macromolecule is broken by shock waves generated from
the �nal collapse of cavitation bubbles





FIGURE 15.2  Proposed mechanism of shearing degradation of NOM macromolecules by shock waves.
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TOC Reduction of NOM
Since NOM is refractory, mineralization is difficult unless enough •OH radicals are produced 
through cavitational collapse. As a result, no or slight degradation of TOC or DOC was observed 
by sonolysis alone without optimizing ultrasonic frequency, increasing ultrasonic power, adding 
oxidants, or removing •OH radicals scavengers (Olson and Barbier, 1994; Chen et al., 2004; Kreller 
et al., 2005).





In the study of Chen et al. (2004), no significant TOC reductions were observed for either Aldrich 
or Pahokee peat NOM through 4 h of sonication except at 354 kHz with the higher power density 
(450 W L−1), in which more •OH radicals were produced (Figure 15.3).  At this condition, TOC 
decreased from 22.5 mg L−1 to 15.0 and 18.2 mg L−1 for Aldrich and Pahokee peat NOM, respec-
tively. Kreller et al. (2005) compared DOC degradation between 640 kHz sonolysis and γ-radiolysis 
of 60Co.  With sparging of oxygen, only minor decreases in DOC were observed after sonolysis 
of 10 h. Kim et al. (2007) indicated that more significant TOC removal of NOM by 20 kHz sonica-
tion occurred with an increase in hydrogen peroxide concentration from 1 to 10 mmol L−1. In the 
study of Olson and Barbier (1994), unless ozone was added, no decrease in TOC was observed after 
sonolysis of 10 mg TOC L−1 fulvic acid solution with 20 kHz ultrasound. In addition, removal of 
•OH radical scavenger, bicarbonate through acidification of groundwater enhanced TOC reduction.





Decrease in UV/Vis Absorbance
Even when no significant TOC or DOC reduction is observed after sonolysis, it does not necessarily 
mean there is no molecular structural change of NOM as a result of sonication. UV/Vis absorbance 
can be used to examine the molecular structural changes to NOM, such as chromophores and aro-
maticity as described before.





Chen et al. (2004) showed that Color465 of Aldrich and Pahokee peat NOM decreased with soni-
cation at both 20 and 354 kHz. Again, a more significant decrease of Color465 with sonication time 
occurred at 354 kHz with the higher power density (450 W L−1). These results indicated that sonica-
tion caused the destruction of chromophores in NOM, such as conjugated double bonds, aromatic 
rings, and phenolic functional groups (Schnitzer and Khan, 1972).





Consistently, Naffrechoux et al.  (2003) observed a decline of UV absorbance at 254 nm after 
sonolysis of 3 h with 500 kHz and 25 W calorimetric power.  The small difference in hydrogen 
peroxide concentration between pure water and 20 mg L−1 Aldrich humic acid solution suggested 
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FIGURE 15.3  The formation of H2O2 with sonication under different ultrasonic frequencies and power 
densities in the absence of NOM. (With kind permission from Springer Science+Business Media: Research 
on Chemical Intermediates, 30, 2004, 735–753, Chen, D., He, Z., Weavers, L.K., Chin, Y.P., Walker, H.W., and 
Hatcher, P.G., Copyright 2004 Springer.)
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limited reactivity between humic acid and •OH radicals. Moreover, a pseudo first-order decrease of 
fluorescence was observed as a result of sonolysis of NOM. Similarly, Taylor et al. (1999) showed 
a pseudo first-order decay of fluorescence intensity of polycyclic aromatic hydrocarbons (PAHs) 
through 20 kHz sonolysis. Kreller et al. (2005) indicated decreases in absorbance of NOM at 200, 
280, and 400 nm wavelength, respectively. The greatest decrease in absorbance occurred at 400 nm, 
followed by 280 and 200 nm. With 1 mg min−1 ozone dosage, Olson and Barbier (1994) reported a 
decrease in UV absorbance of NOM at 230 nm with 20 kHz sonication. Higher ultrasonic power 
caused more significant decrease in UV absorbance. Qi et al. (2004) found the absorbance of NOM 
at 230 and 254 nm first increased with sonication, then decreased after 60 min of sonication. Similar 
trend was observed with E4/E6 ratio. However, it is unclear what the reason was leading to the initial 
increase of UV absorbance or E4/E6 ratio.





Decrease in Hydrophobicity of NOM
SUVA value directly correlates to the hydrophobicity of NOM. Experimental results showed that 
SUVA of Aldrich and Pahokee peat NOM decreased with sonication time at both 20 kHz and 
354 kHz (Chen et al., 2004). For example, SUVA at 254 nm decreased from 6.65 to 5.99 and from 
5.56 to 4.42 m−1 L (mg C) −1 for Aldrich and Pahokee peat NOM, respectively, through 4 h of sonica-
tion at 20 kHz. Again, a more significant decrease in SUVA at 254 nm or at 280 nm was observed 
at 354 kHz with the higher power density (450 W L−1). The decrease in SUVA at 254 and 280 nm 
suggested a decrease in the hydrophobicity and the aromaticity of NOM through sonication.





Similarly, Kreller et al. (2005) examined the intensity of log Kow at 1.65 and 1.35, respectively, 
with different sonication time of NOM. The log Kow value of 1.65 lies on the hydrophobic tail of the 
distribution; while the log Kow of 1.35 lies approximately on the center of the main distribution peak. 
Sonolysis caused a steady decrease in the intensity at log Kow = 1.65, while the intensity at log Kow = 
1.35 increased to a maximum during the first 30 min before decline. It was suggested that sonolysis 
converted highly hydrophobic fractions of NOM to medium hydrophobic fractions.





13C NMR Changes to NOM
13C NMR spectra have been used to directly determine changes in molecular structure of NOM as 
a result of sonication (Chen et al., 2004). The 13C NMR spectra were integrated according to the 
following regions: 0–45 ppm, paraffinic carbons; 45–60 ppm, methoxyl; 60–90 ppm, carbohydrate 
carbons; 90–112 ppm, carbohydrate and proton-substituted aromatic carbons; 112–140 ppm, carbon-
substituted aromatic carbons; 140–160 ppm, oxygen-substituted aromatic carbons; 160–190 ppm, 
carboxyl and aliphatic amide carbons; 190–220 ppm, aldehyde and ketone carbons (Knicker and 
Lüdemann, 1995; Chefetz et al., 2000; Dria et al., 2002). Total aromaticity was calculated by express-
ing aromatic C as a percentage of the aliphatic plus aromatic C (Hatcher et al., 1981; Dria et al., 2002).





As shown in Figure 15.4, generally the aromatic peak area (determined from the spectra between 
112 and 160 ppm) of Aldrich and Pahokee peat NOM decreased and the aliphatic peak area (deter-
mined from the spectra between 0 and 90 ppm) increased through sonication, mostly at 354 kHz. As 
indicated in Table 15.2, sonication generally caused a decrease in the percentage of aromatic car-
bon, and an increase in the percentage of aliphatic carbon of both Aldrich and Pahokee peat NOM. 
More significant changes to the 13C NMR spectra happened at 354 kHz than 20 kHz sonication. 
With the decrease in aromaticity, the hydrophobicity of NOM was expected to decline with sonica-
tion. Therefore, 13C NMR spectral analysis was in agreement with the SUVA results that showed a 
decrease in hydrophobicity and aromaticity of NOM through sonication.





Decrease in Molecular Weight of NOM
In addition to the molecular structural changes to NOM, the molecular weight is expected to decrease 
through sonication as well. Figure 15.5 shows the spectra of HPSEC of NOM before and after soni-
cation (Chen et al., 2004). Consistent with the results of UV absorbance, the decline of the peak 
area suggested that sonication destructed the chromophores of both Aldrich and Pahokee peat NOM 
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molecules centered around 3000 Da. Sonication at 354 kHz resulted in a greater decline of the peak 
area than 20 kHz sonication, especially at the higher power intensity. Comparing sonication at 20 kHz 
450 W L−1 (spectrum (2)) with 354 kHz 120 W L−1 (spectrum (3)), a broadening of the peak of spec-
trum (3) and a shifting of the peak of spectrum (2) to longer retention times occurred for both Aldrich 
and Pahokee peat NOM. This result suggested that 20 kHz ultrasound preferentially degraded large 
molecules (larger than 6400 Da based on a retention time of 8.5 min in Figure 15.5. The time of 
8.5 min is the cross point between the spectra of 20 kHz 450 W L−1 and 354 kHz 120 W L−1.).





The weight-averaged molecular weights of NOM before and after 4 h of sonication are shown in 
Figure 15.6. For both NOM, the most apparent decrease in molecular weight occurred at high fre-
quency (354 kHz) with high power (450 W L−1), followed by low frequency (20 kHz). No significant 
decrease in molecular weight was found at high frequency (354 kHz) with low power (120 W L−1). 
Obviously, •OH radical (or H2O2) concentration alone could not explain that more decrease in 
molecular weight occurred at 20 kHz than 354 kHz with 120 W L−1, although less •OH radicals were 
produced at 20 kHz.





As mentioned before, in addition to •OH radical oxidation, dynamic shearing caused by shock waves 
may also play a role in breaking covalent bonds of macromolecules (Basedow and Ebert, 1977; Price 
et al., 2002). Cavitational bubbles at 20 kHz sonication are thought to undergo more violent collapse and 
thus have stronger mechanical shearing effects than at 354 kHz (Crum, 1995). The effect of dynamic 
shearing is not reflected by •OH radical measurement as shown in Figure 15.3. Dynamic shearing 
is more effective in the degradation of polymers with higher molecular weight than lower molecu-
lar weight (Price, 1990). This phenomenon is observed because when the molecule is small enough, 
the physical dimension of polymer is too small to be impacted by shock waves (Chen et al., 2004). 
Therefore dynamic shearing of cavitational bubbles likely contributed to the breakdown of Aldrich 
and Pahokee peat NOM macromolecules, especially at 20 kHz, although H2O2 produced at 354 kHz 
with 120 W L−1 was more than four times as much as 20 kHz. The most significant decrease in NOM 
molecular weight happened at high frequency (354 kHz) with high power (450 W L−1), because this 
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FIGURE 15.4  13C NMR spectra of NOM before and after 4 h of sonication.  Y-axis represents relatively 
intensity. (a) Aldrich NOM. (b) Pahokee peat NOM. (With kind permission from Springer Science+Business 
Media: Research on Chemical Intermediates, 30, 2004, 735–753, Chen, D., He, Z., Weavers, L.K., Chin, Y.P., 
Walker, H.W., and Hatcher, P.G., Copyright 2004 Springer.)
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condition had the strongest combination of both •OH radical attack and shearing degradation; although 
its H2O2 concentration was only 0.1 mmol L−1 higher than 120 W L−1, the mechanical shearing is stron-
ger at 450 W L−1 than 120 W L−1 at the same 354 kHz.





In other studies, Nagata et al. (1996) indicated a decrease in molecular weight from 4,800 to 3,400, 
from 200,000 to 100,000, and from 10,500 to 6,400 Da of three types of humic acid, respectively, 
after 60 min sonication at 200 kHz with a power of 200 W. Kreller et al. (2005) found that sonolysis 
decreased the mass of the high molecular weight NOM fraction with a substantial gain of mass in the 
intermediate to low molecular weight fraction. Naffrechoux et al. (2003) showed the initial weight-
averaged molecular weight of Aldrich humic acid was 13,000 Da. Elevated UV absorbance peaks at 
3,200, 5,500, and 7,250 Da were observed after 3 h of sonication at 200 kHz and 25 W. However, there 
was no significant decrease in molecular weight of NOM through sonolysis after 3 h.





Increase in Total Acidity of NOM
Acidity is a fundamental characteristic of NOM. The acidity of NOM is primarily due to the pres-
ence of carboxylic (strong acid) and phenolic (weak acid) functional groups (Bowles et al., 1994). 
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FIGURE 15.5  HPSEC spectra of NOM before and after 4 h of sonication. (a) Aldrich NOM. (b) Pahokee peat 
NOM. (With kind permission from Springer Science+Business Media: Research on Chemical Intermediates, 
30, 2004, 735–753, Chen, D., He, Z., Weavers, L.K., Chin, Y.P., Walker, H.W., and Hatcher, P.G., Copyright 
2004 Springer.)
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FIGURE 15.6  The relation between molecular weight of NOM and sonochemically produced hydrogen 
peroxide concentration. (Produced from Chen, D. et al., Res. Chem. Intermed, 30, 735, 2004.)
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In the study conducted by Chen et al. (2004), the total acidity of Aldrich NOM increased from 12.7 
to 61.5 meg (g TOC) −1 after 4 h of sonication at 354 kHz and 450 W L−1. Meanwhile, the total acid-
ity of Pahokee peat NOM increased from 10.6 to 16.3 meg (g TOC)−1 under the same sonication 
condition. More apparent increase in the total acidity occurred at high frequency (354 kHz) with 
the higher power density (450 W L−1) for both Aldrich and Pahokee peat NOM, while insignificant 
change was observed at 20 kHz ultrasound. Kreller et al. (2005) measured the total organic acidity 
of NOM in the pH range 4–9. Sonolysis at 640 kHz increased the total organic acidity of NOM from 
8.6 ± 1.2 to 10.8 ± 0.4 equiv (kg C) −1. The analyte proton buffering capacity of ultrasonically treated 
NOM increased significantly compared with the control sample.





Implications of Sonochemical Degradations of NOM





A decrease in the aromaticity, the hydrophobicity, and the molecular weight, and an increase in 
acidity of NOM were observed through sonication. The property changes of NOM through sonica-
tion may significantly affect the physical–chemical and microbiological processes of NOM and 
the complexation between NOM and environmental components (Chen et al., 2004). More specifi-
cally, sonication is expected to (i) weaken hydrophobic interactions between NOM and hydrophobic 
organic compounds, since NOM becomes more hydrophilic through sonication; (ii) increase the 
bioavailability and biodegradability of NOM, as decrease in the aromaticity, the hydrophobicity, 
and the molecular weight of NOM have been observed as a result of sonication; and (iii) enhance 
the electrostatic interactions between NOM and environmental components, because sonication 
increases the total acidity (the sum of carboxylic and phenolic functional groups) of NOM.





The degree of the property changes to NOM depends on the frequency of ultrasound, power 
density, addition of oxidants, as well as sonication time. In practice, if property changes to NOM are 
favorable, optimized frequency (e.g., around 354 kHz), higher power density, addition of oxidants 
such as H2O2 or O3, and longer sonication times would be preferred.





ULTRASOUND AND DISINFECTION





Ultrasonic disinfection is also chemical-free and less sensitive to particulate and UV-absorbance 
materials in water. Microstreaming and cavitational collapse produced shock wave, localized hot 
temperature, and hydroxyl radicals may disrupt and damage the cell membrane and consequently 
inactivate microorganisms in water (Scherba et al., 1991; Hua and Thompson, 2000; Oyane et al., 
2005). In addition, sonication may break the agglomeration of microorganism clusters and flocs in 
solution/effluents, thus they are more susceptible to other disinfectants (Hua and Thompson, 2000; 
Blume and Neis, 2004).





Microorganisms are mostly hydrophobic. They may act as nuclei to induce cavitation in ultra-
sonic field. This effect may enhance disinfection efficiency. Overall, the inactivation rate of micro-
organisms depends on duration of sonication, ultrasonic power level, frequency, dissolved gas, and 
the properties of microorganisms, including the size and the shape of the cell, stage of development, 
and species (Thacker, 1973; Blume and Neis, 2004; Gogate, 2007). Blume and Neis (2004) reported 
that gram-positive streptococci seem less vulnerable to ultrasound exposure than thinner-walled 
gram-negative bacteria like the entire group of coliforms. Previous study has shown that sonica-
tion alone can inactivate microorganisms (Broekman et al., 2010), although sonication is usually 
combined with other disinfection techniques such as UV, chlorine, and ozone to obtain synergistic 
effects. Hulsmans et al. (2010) found that the specific energy, treatment time of water with ultra-
sound, and number of passages through ultrasonic reactors (Telsonic and Bandelin) are crucial 
influential parameters of ultrasonic disinfection of contaminated water in a pilot scale water disin-
fection system. 





Many studies indicated that the inactivation of microorganisms followed pseudo first-order 
kinetics. More microorganisms were inactivated with longer sonication time. Oyane et al. (2005) 
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found that 26.6 kHz 30 W ultrasound inactivated 97% of Cryptosporidium parvum oocysts (initial 
concentration of 2260 oocysts mL−1) in 5.2 min with an inactivation rate of 33 mL min−1. The reduc-
tion of oocysts was due to complete disruption of the oocyst wall by ultrasonic cavitation. After 
the ultrasonic irradiation, the cell wall of the oocysts burst and the nuclei protruded. As a result, it 
was assumed that the oocysts were disrupted by shock waves rather than by •OH radicals, because 
the shape of oocysts changed. Ince and Belen (2001) showed that adding granular activated carbon 
improved the pseudo first-order inactivation rate of E. coli, which was due to increased cavitational 
nuclei. Neis and Blume (2003) found inactivation of E. coli and Streptococci followed first-order 
kinetics with 20 kHz 400 W L−1 ultrasound. The first-order reaction rate was 0.11 and 0.03 min−1 for 
E. coli and Streptococci, respectively.





Power level of ultrasound directly affects the rate and extent of disinfection, because nor-
mally more cavitational events, more violent cavitational collapse, and a greater amount of •OH 
radicals were generated at a higher ultrasonic power level. Huang and Myoda (2007) reported 
that the inactivation rate coefficient of Cryptosporidium was 0.035, 0.096, 0.098, and 0.100 min−1 
with 20 kHz ultrasonic at energy intensity of 83, 248, 413, and 496 W cm−2 (or 2.8, 8.2, 14.0, 
and 16.5 W mL−1), respectively. It seems the inactivation rate coefficient was not linearly pro-
portional to the power intensity of ultrasound.  In the study of Oyane et al.  (2005), sonication 
at 52 W inactivated 72.5% of the Cryptosporidium parvum oocysts after 60 s; while at 126 W, 
94.9% were inactivated. Hua and Thompson (2000) tested the inactivation of E. coli with power 
intensity from 4.6 to 74 W cm−2. The inactivation rates increased with the power intensity of 
ultrasound.  After 60 min of sonication, the log-based pseudo first-order inactivation rate was 
0.319, 0.132, and 0.0299 min−1 corresponding to the power intensity of 74.1, 18.5, and 4.56 W cm−2 
or power density of 0.26, 0.28, and 0.47 W mL−1, respectively. Scherba et al. (1991) conducted 
a study on ultrasonic inactivation of typical microorganisms in common-use water facilities 
including bacteria of E. coli, Staphylococcus aureus, Bacillus subtilis, and Pseudomonas aeru-
ginosa, fungus of Trichophyton mentagrophytes, and viruses of feline herpesvirus type 1 and 
feline calicirvirus.  At 26 kHz and 39°C ± 0.3°C, there was a significant effect of ultrasonic 
intensity for fungus and all bacteria except E. coli. Thacker (1973) investigated the effects of 
ultrasonic power on inactivation of yeast cells of haploid and diploid. With ultrasonic intensities 
of 1, 2, and 4 W cm−2 and frequency at 1 MHz, fewer yeast cells survived with higher intensity. 
It was also observed that the dividing or the diploid cells were more susceptible to ultrasonic 
disinfection than non-dividing or haploid cells. Comparing the inactivation of cells in saline or 
yeast extract-peptone-dextrose medium (an effective •OH radicals scavenger), no big difference 
was found. Therefore, it was suggested that the inactivation of yeast cells was due to cavitationally 
produced mechanical stresses. In Blume and Neis’s study (2004), 20 s of 20 kHz sonication at 30 W L−1 
degraded the mean diameter of bioparticles from 70 to 11 μm, which facilitated the subsequent UV 
disinfection process.





The frequency of ultrasound also plays an important role in the effectiveness of disinfection. 
Hua and Thompson (2000) examined the frequencies at 205, 358, 618, and 1017 kHz on ultrasonic 
inactivation of E. coli.  It was found that 205 kHz had the maximum inactivation rate coefficient 
of 0.078 min−1, which was greater than 358 kHz (0.064 min−1) and more than twice as 1017 kHz 
(0.030 min−1); although the formation rate of hydrogen peroxide at 358 kHz (4.7 ± 0.71 μmol L−1 
min−1) was higher than 205 kHz (3.7 ± 0.33 μmol L−1 min−1). Since the formation rate of hydrogen 
peroxide indirectly reflects the formation rate of •OH radicals, it was suggested that •OH radical and 
hydrogen peroxide was not the sole mechanism of disinfection. Microstreaming and cavitational col-
lapse generated shock waves and localized heat might also contribute to the inactivation of bacteria, 
because 205 kHz ultrasound is supposed to produce more violent collapse and stronger sonophysical 
effects than 358 kHz (Crum, 1995). This sonophysical effect is not reflected by the formation rate 
of hydrogen peroxide. Nakanishi et al. (2001) investigated disinfection of Cryptosporidium oocysts 
at ultrasonic frequencies of 28, 45, and 100 kHz. Results showed that 28 kHz was the most effective 
in inactivating oocysts. After sonication of 10 min at 28 kHz, 10% of the total oocysts disappeared. 
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The oocyst cell wall ruptured and the nuclei burst from 97% of the remaining oocysts. The infectiv-
ity at 28 kHz was less than 1% of the base line, which was much less than 40% and 100% infectivity 
at frequencies of 45 and 100 kHz, respectively. Thacker (1973) examined the effect of ultrasonic 
frequency on inactivation of yeast cells at 20 kHz and 1 MHz, respectively. Greater rates of kill-
ing occurred at 20 kHz than 1 MHz at a specific power intensity. Consistently, Mason et al. (2003) 
reported that 27 kHz ultrasound had a better efficiency in inactivating B. subtilis in 20 L (approxi-
mately 73% of after 60 min) than higher ultrasonic frequencies.





CONTROL MEMBRANE FOULING IN FILTRATION PROCESSES





Membrane Filtration and Membrane Fouling





Membrane filtration plays a critical role in advanced water and wastewater treatment processes, 
because of the technology’s high removal capacity, ability to meet stringent treatment goals and 
small footprint. With membranes having high removal thresholds, the common contaminants in 
water such as dissolved salts, organic matters, viruses, bacteria, and particles can be removed in a 
single step. Consequently, high purity fresh water can be produced.





Despite the big prominence of the membrane technology, one of the main barriers to its 
greater applications is membrane fouling. Generally, membrane fouling is caused by the accu-
mulation of water impurities (i.e., membrane foulants), such as colloidal particles, organic mat-
ters, microorganisms, and limiting salts on the membrane surface and/or within the membrane 
pores. Consequently, the membrane gets clogged over filtration time. Membrane fouling causes 
an increase in membrane resistance resulting in a significant decline of the permeate flux with 
filtration time. For example, the membrane permeate may decrease to 50% after several hours of 
process time (Chang et al., 2002). Membrane fouling affects both the quantity (permeate flux) and 
the quality (solute concentration) of the product water (Zhu and Elimelech, 1997). The character-
istics and location of membrane foulants may play an important role in determining the extent and 
reversibility of permeate flux decline (Wiesner and Aptel, 1996). Irreversible fouling may require 
replacement of the membrane, and thus shortens membrane life. Detrimental effects of fouling on 
membrane performance ultimately cause an increase in operation, maintenance, and capital cost 
due to membrane replacement.





Ultrasonic technique has significant advantages over conventional cleaning methods for mem-
brane fouling control.  The conventional membrane cleaning includes increasing crossflow rate, 
backwashing, bubble scouring, and chemical cleaning of the membranes (Gutman, 1987; Li et al., 
2009). However, these methods have their own problems. Increasing crossflow rate, back washing, 
and bubble scouring are not very effective, but require high energy cost.  It is also very difficult 
to remove the strongly adhered foulants on the membranes, such as organic matters. In addition, 
chemical cleaning may damage the membrane and cause secondary pollution (Li et al., 2002). It 
also requires special storage, handling, and disposal of hazardous chemicals. For membrane clean-
ing, the filtration process must be shutdown, which reduces clean water production and increases the 
complexity of the membrane process (Chen et al., 2006a,b,c). The advantages of ultrasound include 
effectiveness, chemical free, and simultaneous membrane cleaning and fouling prevention during 
the filtration process. As a result, no downtime of filtration is necessary.





Results indicated that with the assistance of ultrasound, the clean water permeate flux of the 
membrane can be maintained throughout the duration of filtration (Chen et al., 2006a). It means 
ultrasound could completely eliminate membrane fouling. The effectiveness of ultrasound-assisted 
membrane filtration has been reported by several researchers (Tarleton and Wakeman, 1992; 
Kokugan et al., 1995; Matsumoto et al., 1996; Chai et al., 1998; Kobayashi et al., 1999, 2003; 
Masselin et al., 2001; Li et al., 2002; Lamminen et al., 2004, 2006; Muthukumaran et al., 2004, 
2005; Chen et al., 2006a,b,c). All of these studies demonstrated that ultrasound effectively con-
trolled membrane fouling and enhanced permeate flux for both polymeric and ceramic membranes. 
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Figure 15.7 shows SEM images of NOM and silica particles fouled γ-Al2O3 ultrafiltration mem-
branes (0.02 μm pore size) with or without ultrasound during filtration (Chen et al.  2006c).  In 
Figure 15.7a, without ultrasound the membrane surface was largely covered by a foulant layer 
composed of NOM and silica particles. However, during filtration with ultrasound as shown in 
Figure 15.7b, the foulant layer at the membrane surface was significantly removed, revealing the 
membrane surface clearly.





Mechanism of Ultrasonic Control of Membrane Fouling





Ultrasound generates acoustic streaming and cavitation bubbles in water. Cavitation bubbles pro-
duce microstreaming, microstreamers, microjets, and shock waves (Leighton, 1994).  When the 
membrane is outside the cavitational region, acoustic streaming and cavitationally generated turbu-
lence transformed from microstreaming, microstreamers, microjets, and shock waves produce shear 
forces near the membrane surface that dislodge foulants from the membrane and/or prevent the 
deposition of foulants that causes membrane fouling (Chen et al., 2006a). Although the effective dis-
tance is in the range of microns for a single event of microjet, shock wave, and microstreaming, there 
are numerous cavitational bubbles collapsing at the same time during sonication. Consequently, the 
turbulence generated by the transformation of microjets, shock waves, and microstreaming is con-
siderable (Chen et al., 2006a).





When the membrane is inside the cavitational region, all of these mechanisms directly con-
tribute to membrane cleaning.  Figure 15.8 illustrates the cleaning mechanism of ultrasound for 
membrane fouling control.  However, microjets and shock waves are so energetic that they may 
damage the membranes by forming surface pittings, erosions, and cracks (Chen et al., 2006b). 
A major difference between the fluid movement within or outside the cavitational region is the 
energy density, which is extremely high within the cavitational region where the high velocity fluid 
movement occurs at the micron-scale (Crum, 1988). When the membrane is inside the cavitational 
region, the membrane and the foulants such as particles, macromolecules, and microorganisms 
may act as nuclei to induce ultrasonic cavitation, because cavitation bubbles preferentially form at 
the gas–liquid and solid–liquid interfaces where discontinuity in free energy occur (Collings and 
Gwan, 2010). This effect may promote ultrasonic cleaning under the premise that the integrity of 
the membrane is maintained.





Membrane fouling is initiated by deposition of foulants (macromolecules, colloids and particles, 
scales, and microorganisms) on the membrane surface or pores. As illustrated in Figure 15.9, the 





100 μm





(a)





100 μm





(b)





FIGURE 15.7  SEM images of the membrane surface after 240 min filtration with 8 mg L−1 NOM and 0.3 g 
L−1 silica particles at pH 9.2. (a) Without ultrasound. (b) With ultrasound. (Reprinted from J. Membr. Sci., 276, 
Chen, D., Weavers, L.K., Walker, H.W., and Lenhart, J.J., Ultrasonic control of ceramic membrane fouling by 
natural organic matter and silica particles, 135–144. Copyright (2006), with permission from Elsevier.)
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deposition is driven by the permeate drag force (FD) caused by membrane permeate flux (Altmann 
and Ripperger, 1997).





	
F aD p= 3πη ν 	 (15.12)





where
ap is the diameter of the foulant particle
η is the kinematic fluid viscosity
ν is the velocity of the permeate flux





Ultrasonically generated turbulence and/or crossflow cause velocity gradient (du/dy) at the mem-
brane surface. The velocity gradient is expected to increase as the membrane is located closer to 
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FIGURE 15.8  Proposed mechanism of ultrasonic cleaning of water filtration membranes.
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FIGURE 15.9  Force balance analysis of a foulant particle on the membrane surface. When the lift force 
generated by ultrasonically produced turbulence and/or crossflow is greater than the permeate drag force, 
the foulant particle will be dislodged from the membrane surface (Other forces such as electrostatic 
and hydrophobic interactions among the foulant–foulant and foulant–membrane were not considered in 
this case.)



















Applications of Ultrasound in Water and Wastewater Treatment	 395





the ultrasonic source. The shearing stress on the membrane surface (τwall) equals the dynamic fluid 
viscosity (μ) of the solution times the local velocity gradient (du/dy).





	
τ μwall =
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The lift force (FL) acting on a foulant particle on the membrane surface is proportional to the shear-
ing stress (τwall





1 5. ) (Altmann and Ripperger, 1997).
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where ρ is the density of the fluid. When the lift force (FL) is greater than the permeate drag force 
(FD), the foulant particle will be dislodged from the membrane surface or pores. This effect will also 
prevent future deposition of foulants that causes membrane fouling. Consequently, the membrane 
can maintain a clean condition during filtration.





Integrity of Membranes under Ultrasonic Irradiation





The integrity of membranes is of critical importance to maintain the membrane’s capacity to 
reject contaminants during filtration. However, ultrasonic irradiation may potentially damage the 
membranes through the mechanisms of (Crum, 1988; Philipp and Lauterborn, 1998): (i) shock 
waves, which may create micro-fissures or pittings on the membranes; (ii) microjets, which may 
cause pittings and surface erosion; (iii) oxidation of organic membrane materials by •OH radi-
cals. Both microjets and shock waves have extremely high energy density, but their direct work-
ing distance is in the range of microns (Suslick, 1990; Philipp and Lauterborn, 1998; Roy, 1999; 
Pecha and Gompf, 2000). Therefore, when the membrane is located outside the ultrasonic cavita-
tion region, the membrane surface is unlikely to be directly impacted by microjets and/or shock 
waves generated from the final collapse of cavitational bubbles. As a result, the ideal location of 
a filtration membrane is just outside but close to the region of cavitation; where the membrane 
may still receive great turbulence generated from ultrasound while the integrity is maintained 
(Chen et al., 2006b).





There is a discrepancy in the literature regarding the integrity of membranes following expo-
sure to ultrasound. Masselin et al. (2001) observed damages to polyethersulfone membranes by 
ultrasound, while other researchers (Chai et al., 1998; Kobayashi et al., 1999, 2003; Li et al., 
2002; Muthukumaran et al., 2004, 2005; Chen et al., 2006a,c) showed that the integrity of 
membranes was maintained throughout sonication. Unfortunately, no enough information of the 
cavitational region in these studies was given.  Sonochemically induced chemiluminescence 
(SCL) is a useful method to determine the spatial distribution of the cavitational region in the 
membrane cell (Chen et  al., 2006a,b).  When the membrane is inside the cavitational region, 
it is prone to damage. As shown in Figure 15.10, membrane damages by surface pitting were 
observed when the membrane was inside the ultrasonic cavitational region. The pittings revealed 
the underlying structure of a γ-Al2O3 membrane of 0.02 μm pore size (Chen et al., 2006b). The 
existence of both microjets and shock waves has been established during cavitation collapse, 
but their relative importance is a matter of debate (Suslick, 1990). According to Crum’s report 
(1988) of erosion of metals by cavitational collapse, the pitting on metal surfaces is more likely 
caused by microjets. Consistently, Juang and Lin (2004) found slight damages to the structure of 
a hydrophilic regenerated cellulose membrane (YM10 from Amicon) when the distance between 
the transducer tip and the membrane was 10 mm with more than 80 W power. However, when 
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the distance increased to greater than 20 mm, the membrane was not damaged even with a 
power over 200 W. In addition to the location of the membranes with respect to the cavitational 
region, the membrane material also affects the possibility and the degree of cavitational damage. 
Masselin et al. (2001) reported that polyethersulfone was broken by ultrasonic irradiation, while 
PVDF and polyacrylonitrile membranes seemed unaffected.





Ultrasonic Factors for Membrane Fouling Control





Ultrasonic frequency, power level, and the distance between the ultrasonic transducer and the mem-
brane are important factors affecting membrane cleaning and fouling control. First, sonication did 
not affect the intrinsic permeability of the membranes when the integrity of the membranes was 
unaffected (Kobayashi et al., 1999; Lamminen et al., 2004). In the study of Chen et al.  (2006a), 
a slight increase in the clean water permeate flux of γ-Al2O3 membrane was observed due to the 
elevated temperature caused by sonication, which reduced the viscosity of water solution.





As mentioned before, more significant mechanical effects occur at low-frequency ultrasound. As 
a result, a better cleaning effect at low-frequency ultrasound has been observed. Kobayashi et al. 
(2003) tested ultrasonic frequency at 28, 45, and 100 kHz with 23 W cm−2 output power to assist 
ultrafiltration and microfiltration of peptone and milk aqueous solutions. The ultrafiltration mem-
brane was made of polysulfone and the microfiltration membrane was made of cellulose. Membrane 
operations were performed by crossflow filtration with 60 kPa operating pressure in the ultrasonic 
field. More effective ultrasonic cleaning was found at 28 kHz.





Increasing ultrasonic power normally increases acoustic streaming, microstreaming, the vio-
lence of cavitational collapse, and the extent of cavitational region.  As a consequence, stronger 
turbulence is produced by ultrasound and improved cleaning effects have been observed (Kobayashi 
et al., 1999; Lamminen et al., 2006). Kobayashi et al. (1999) tested ultrasonic power intensity in 
the range of 2.5–3.3 W cm−2 on a permeate flux of dextran solutions through polyacrylonitrile ultra-
filtration membranes. The extent of the enhancement of permeate flux was found improved with 
increasing ultrasonic intensity.  In addition, the irradiation direction of ultrasound relative to the 
membrane was also an important factor. In the study of Lamminen et al.  (2006), elevated ultra-
sonic power improved the flux of the latex particle-fouled PVDF membrane. However, when the 
ultrasonic power reached the highest level of 12.2 W, some damages to the polyvinylidene fluoride 
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FIGURE 15.10  Examples of pittings on a γ-Al2O3 ultrafiltration membrane surface caused by microjets 
and/or shock waves after 5 min of sonication at 20 kHz and power intensity of 3.8 ± 0.1 W cm−2. The filtration 
pressure was 5 psi. In both (a) and (b), the distance between the ultrasonic probe and the membrane was 1.3 cm. 
The extent of the cavitational region was 1.5 cm from the probe based on the photo of SCL. So the membrane 
was within the ultrasonic cavitational region.
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membrane were observed. At lower applied powers, no damage to the membrane was detected. 
Visualization of the cavitational region by SCL indicated that greater extent of the cavitational 
region happened at higher power level of ultrasound.





Effects of Solution Chemistry on Ultrasonic Control of Membrane Fouling





Solution chemistry affects the affinity among foulant–foulant and foulant–membrane. 
Apparently, a better ultrasonic cleaning effect is expected when the affinity among them is 
weak.  The affinity among foulant–foulant and foulant–membrane includes specific chemical 
bonds, electrostatic and hydrophobic interactions, and van der Waals force. For example, NOM 
is a major membrane foulant during filtration of natural waters (Nystrom et al., 1996; Zhang 
et al., 2003; Kim et al., 2010). NOM may block membrane pores, form a gel layer, or bind par-
ticles together to form a low permeability NOM/particle cake layer on the membrane surface 
(Zhang et al., 2003). Generally, more severe membrane fouling by NOM occurs at low pH, at 
high ionic strength, in the presence of divalent cations, and hydrophobic membranes (Jucker and 
Clark, 1994; Hong and Elimelech, 1997; Braghetta et al., 1998; Yuan and Zydney, 1999; Amy 
and Cho, 1999; Schäfer et al., 2000; Jones and O’Melia, 2000; Kim et al., 2010). Chen et al. 
(2006c) investigated ultrasonic control of γ-Al2O3 membrane fouling by 8 mg L−1 (measured 
by TOC) purified Aldrich NOM and 0.3 g L−1 silica particles (mean diameter of 1.56 μm) in a 
crossflow filtration system.  The results indicated that ultrasound significantly reduced mem-
brane fouling caused by NOM and silica particles. However, the solution chemistry significantly 
affected ultrasonic cleaning. At high pH, electrostatic repulsions among NOM, silica particles, 
and the membrane caused the membrane foulants to be more readily removed by ultrasound 
than did low pH. Consistently, Fourier transform infrared (FTIR) spectra in Figure 15.11 show 
that ultrasound reduced the magnitude of the characteristic NOM vibrations at both pH 9.2 and 4.0. 
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FIGURE 15.11  (a) FTIR spectra of the bulk NOM at pH 4.0 and NOM foulant on the membrane after 
240 min filtration with 8 mg L−1 NOM at pH 4.0 with and without ultrasound (US).
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However, at pH 9.2, fewer carboxylate (carboxylate asymmetric and ring C=C stretching from 
1550 to 1630 cm−1, and carboxylate symmetric stretching from 1380 to 1420 cm−1) and ali-
phatic functional groups (aliphatic C–H stretching from 2800 to 3000 cm−1, and C–H defor-
mation of aliphatic CH2 or CH3 groups at 1464 cm−1) were retained on the membrane than at 
pH 4.0.  Ultrasound at pH 9.2 cleaned the membrane to the baseline more close to a virgin 
membrane. In addition, at high ionic strength, charge screening among NOM macromolecules, 
silica particles, and the membrane caused weaker foulant–foulant and foulant–membrane repul-
sions. Consequently, the cleaning effectiveness of ultrasound decreased. Because Ca2+ causes 
charge neutralization and bridging among NOM, silica particles, and the membrane (Hong and 
Elimelech, 1997), addition of 1 mM Ca2+ deteriorated membrane fouling and reduced ultrasonic 
cleaning effect. In Figure 15.12, FTIR spectra indicate that Ca2+ increased the retention of car-
boxylate and the aliphatic functional groups on the membrane regardless the use of ultrasound. 
Moreover, the results also showed that ultrasound restored the NOM rejection rate of the clean 
membrane and did not damage the membrane.
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FIGURE 15.11 (continued)  (b) FTIR spectra of the bulk NOM at pH 9.2 and NOM foulant on the mem-
brane after 240 min filtration with 8 mg L−1 NOM at pH 9.2 with and without ultrasound (US).  No silica 
particle was used in either (a) or (b). (Reprinted from J. Membr. Sci., 276, Chen, D., Weavers, L.K., Walker, 
H.W., and Lenhart, J.J., Ultrasonic control of ceramic membrane fouling by natural organic matter and silica 
particles, 135–144. Copyright (2006), with permission from Elsevier.)
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INTRODUCTION





Soil contamination concerns a serious environmental problem all over the world because of its 
significance as a threat to health through the food system and groundwater. Contaminants could 
originate from the careless human activities and the accidental or deliberate spills or discharge 
from industrial, agricultural, urban, and maritime sources. Contaminants accumulate in soil and 
sediment receptors.  Since soil is the medium that produces most of the food required for most 
living creatures, soil and sediment contamination is a major environmental issue because of its 
potential toxic effects on biological resources and eventually on human health. As a key component 
of environmental chemical cycles, soil contamination often contributes to water and air pollution. 
Any hazardous substance present in a soil matrix represents a threat to public health and ground 
water (Pamukcu and Huang, 2001). There are major types of pollutants found in soil and sediments:





Nutrients, including phosphorous and nitrogen compounds such as ammonia.





Bulk organics, a class of hydrocarbons that includes oil and grease.





Halogenated hydrocarbons, compounds of “dirty dozen” are in this category.
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Polycyclic aromatic hydrocarbons (PAHs), a group of organic chemicals that includes several 
petroleum products and byproducts.





Metals, including, for example, iron, manganese, lead, cadmium, zinc, and mercury, and metalloids 
such as arsenic and selenium.





Persistent organic pollutants (POPs), a group of chemicals that are more resistant to decomposition 
are taken into account here as the most important pollutants. This group covers large terrific groups 
such as dirty dozen and PAHs. In 1995, the Governing Council of the United Nations Environment 
Programme (UNEP) decided to take global action on POPs, as those compounds can persist in the 
environment, bio-accumulate through the food web, and pose a risk of causing adverse effects to 
human health and the environment. Twelve POPs, such as DDT, hexachlorobenzene, aldrin, and vari-
ous PCBs, were placed in the dirty dozen. Most of them are highly hydrophobic in nature. Therefore, 
decontamination of soils through the removal of POPs becomes more important. Site conditions, con-
taminant types, contaminant sources, and the potential impacts of the possible remedial measure 
determine the choice of a remediation strategy and technology. No single technology is appropriate for 
all contaminant types and various site-specific conditions (Khan et al., 2004). For organic contamina-
tion particularly, a variety of site remediation technologies are available. These methods are generally 
separated into two main groups: biological treatment and physicochemical treatment.
Biological technologies include the following:





Biodegradation: Using microorganisms to break down organic contaminants (notably light hydrocar-
bons). Through the digestion process, bacteria transform the contaminants into water and carbon dioxide.





Bioventing: Combination of soil venting and biological treatment. Air circulating through the soil 
stimulates biodegradation.  The resulting molecules produced by microorganisms are extracted 
along with vapors from the soil.





Phytoremediation: Using living plants to take up contaminants into their leaves or roots. The plants 
are then pulled up and incinerated.





Physicochemical technologies include the following:





Soil vapor extraction: Extraction wells pull volatile contaminants out of the ground. The extracted 
vapors are condensed to liquids, adsorbed onto active charcoal, or incinerated.





In situ washing: Water and surfactants injected into the soil dissolve organic contaminants, which 
can then be pumped to the surface and separated in a settling tank.





Thermal desorption: Soil contaminated by organic products (even chlorinated) is roasted at a tem-
perature of less than 500°C. This vaporizes the contaminants without destroying the soil.





Incineration: Soil is excavated and then heated to very high temperatures to destroy all organic 
molecules.





In other terms, these technologies can be categorized as ex situ and in situ treatments. The main 
advantage of ex situ treatments such as thermal desorption and incineration is that they generally 
require shorter time periods in comparison to in situ ones, and there is more certainty about the 
uniformity of treatment because of the ability to screen, to homogenize, and to continuously mix 
the soils. However, since ex situ treatments involve soil excavation, they can be costly. In addition, 
those remedial options may cause habitat alteration, requiring large-scale material handling and 
long-term management. Therefore, in situ stabilization methods that do not involve soil relocation 
or capping are more attractive. In situ treatments allow soil to be treated without being excavated 
and transported, resulting in a significant cost saving. However, the conventional in situ treatments 
are usually very site specific. Bioremediation is limited by a number of technical difficulties such as 
acclimation of microorganisms while few contaminants can effectively be removed by soil washing. 
Moreover, in situ technologies often work best on homogenous, permeable soils but are difficult to 
apply on low-permeable soils. Accounting for all of these obstacles, there is a necessity to develop 
new alternatives for in situ soil clean-up (Pamukcu and Huang, 2001).
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Electrokinetic (EK) treatment has emerged as a potential technique for in situ soil decontamina-
tion (Pamukcu and Huang, 2001). Electrokinetic remediation technique is based on the application 
of low-level direct current, which is used to solubilize and mobilize contaminants via electro-
migration, electro-osmotic, and electrophoresis phenomena. Electrokinetic treatment is especially 
unique because of the ability to work in low-permeable soils as well as high permeability soils and 
the applicability to a broad range of organic and inorganic contaminants. However, electrokinetic 
remediation is mostly used for metal removal as it is more efficient with charged and soluble con-
taminants than non-charged and low-soluble organic pollutants (Virkutyte et al., 2002).





Ultrasonic irradiation can overcome the above problem in organic decontamination of soil. Its 
application into contaminated soils can increase desorption, mobilization of contaminants, and 
porosity and permeability of soil through the development of cavitation (Chung and Kamon, 2005). 
Moreover, ultrasonic waves can promote the formation of free strong oxidative radicals that involve 
the oxidation of contaminants (Flores et al., 2007; Mason, 2007a), and the high local temperature 
and pressure forming during ultrasonic cavitation can destroy the contaminants through pyrolysis 
processes (Adewuyi, 2001). The use of ultrasound offers several advantages such as lack of danger-
ous breakdown products; low energy demand and technology can be made quite compact, transport-
able, allowing on-site treatment (Collings et al., 2006).





ULTRASOUND AND SONOCHEMISTRY





Ultrasound refers to inaudible sound waves with frequencies in the range of 16 kHz to 500 MHz, 
greater than the upper limit of human hearing. It can be transmitted through any elastic medium 
including water, gas-saturated water, and slurry. The use of ultrasound has been recognized for 
many years in various fields (Mason, 2007b) (Figure 16.1).





In terms of frequency, ultrasound can be categorized into two main strands: (1) high frequency 
(2–10 MHz)—low power diagnostic ultrasound, involving medical imaging, nondestructive testing, 
and (2) low-to-medium frequency (20–1000 kHz) frequency—high-power ultrasound, involving 
other applications in industry, nanotechnology, ultrasonic therapy, and sonochemistry.





Sonochemistry is the chemistry that deals with sonic waves on chemical reactions. Effect of sono-
chemistry on the chemical system generates from acoustic cavitations. Cavitation is the formation, 
growth, and the implosion of bubbles in a liquid by ultrasound. Like any sound wave, ultrasound is 
propagated via a series of compression and rarefaction waves induced in the molecules of the medium 
through which it passes. Compression cycles push molecules together, while expansion cycles pull 
them apart. At sufficiently high power the rarefaction cycle may exceed the attractive forces of the 
molecules of the liquid and cavitation bubbles will form.  Cavitation bubble collapse is a remark-
able phenomenon induced throughout the liquid. Cavitational collapse produces temperature as high 
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FIGURE 16.1  Diverse applications of ultrasound.
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as those on surface of the sun (∼5000 K) and pressure as great as those at the bottom of the ocean 
(∼1000 atm) with very short lifetimes, implying the existence of extremely high heating and cooling 
rates (>109 K s−1). It has been shown that transient supercritical water is obtained during the collapse 
of cavitation bubbles generated sonolytically (Hoffmann et al., 1996). Acoustic cavitation provides a 
unique interaction of energy and matter, and ultrasonic irradiation of liquids causes high energy chem-
ical reactions to occur (Suslick and Crum, 1997). Acoustic cavitation is mechanical effect through a 
process whereas sonochemistry is chemical reaction that is initiated by high-intensity ultrasound.





According to Adewuyi (2001), so far four theories have been proposed to explain the sonochemi-
cal events: “hot-spot” theory, “electrical” theory, “plasma discharge” theory, and “supercritical” 
theory.  These have led to several modes of reactivity being proposed: pyrolytic decomposition, 
hydroxyl radical oxidation, plasma chemistry, and supercritical water oxidation. Generally, most 
studies in environmental sonochemistry have adopted the “hot-spot” concepts to explain experi-
mental results rather than the other theories. In the hot-spot model (Adewuyi, 2001), three regions 
are postulated (Figure 16.2): (1) a hot gaseous nucleus, (2) an interfacial region, and (3) bulk solu-
tion at ambient temperature. Reactions involving free radicals can occur within the collapsing bubble, 
at the interface of the bubble, and in the surrounding liquid. Within the center of the bubble, high 
temperatures and pressures generated during cavitation provide the activation energy required for 
bond breakage and dissociation of solvents and other vapors or gases, leading to the formation of 
free radicals or excited species. The radicals generated either react with each other to form new 
molecules and radicals or diffuse into the bulk liquid to serve as oxidants.





The second reaction site is the liquid shell immediately surrounding the imploding cavity, which 
has been estimated to heat up to approximately 2000 K during cavity implosion. In this solvent layer 
surrounding the hot bubble, both combustion and free-radical reactions (involving •OH derived 
from the decomposition of H2O) occur.  Reactions here are comparable to pyrolysis reactions. 
Pyrolysis in the interfacial region is predominant at high solute concentrations, while at low solute 
concentrations, free-radical reactions are likely to predominate. It has been shown that the majority 
of degradation takes place in the bubble–bulk interface region.





In the bulk liquid, no primary sonochemical activity takes place although subsequent reactions 
with ultrasonically generated intermediates may occur. A small number of free radicals produced 
in the cavities or at the interface may move into the bulk–liquid phase and react with the substrate 
present there in secondary reactions to form new products. Depending on their physical properties 
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FIGURE 16.2  Three reaction zones in the cavitation process.
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and concentrations, molecules present in the medium will be burned in close to the bubble (pyrolysis) 
or will undergo radical reactions.





There are basically three types of sonochemical processes: homogeneous sonochemistry of liq-
uid, heterogeneous sonochemistry of solid–liquid system, and some type that represents a mix of 
both homogeneous and heterogeneous sonochemistry.  Example of homogeneous sonochemistry 
is isomerization of 1,2-dichloroethene induced by the reversible addition of a bromine radical by 
ultrasonic irradiation (Caulier et al., 1995). It is totally different when there is cavitation in solid–
liquid system. Two mechanisms, micro jet impact and shockwave damage, take place. When cavi-
tation bubbles are created at the boundary of the liquid and solid, strong deformation can occur. 
This activity helps to create shockwaves and forms cavity collapse in the liquid. Both microjet and 
shockwaves are responsible for localized erosion. The examples of this type sonochemistry are in 
ultrasonic cleaning, sonocation effects on heterogeneous reactions.





These chemical effects (sonochemistry) explained above are utilized in most of the ultrasonic 
applications in environmental remediation, especially in organic decontamination.





EFFECTS OF ULTRASOUND IN THE TREATMENT 
OF ORGANIC-CONTAMINATED SOILS





Although ultrasonic applications in environmental areas are still in lab-scale and developing stage, 
they are growing rapidly, attracting more interest, because of the many advantages they offer: envi-
ronmental friendly (no toxic chemicals are used or produced), low energy demands, and compact 
and transportable method that can be used on-site. Environmental remediation by ultrasonication 
involves mostly with organic pollutant destruction, through thermal decomposition (pyrolysis) and 
the formation of oxidative species like hydroxyl radical that enhance the mineralization of pollut-
ants. Moreover, in soil treatment, ultrasonic waves increase the porosity of the soil and percolation 
rate thus accelerating the desorption and facilitating the removal of entrapped contaminants. On the 
other hand, ultrasound applied in environmental analysis also provides benefits such as shorter time, 
simplified procedure, and higher purity of the final product.





Effect of Ultrasound on Desorption of Organic Contaminants





Similar to the application of ultrasonic leaching for metal removal, ultrasound has been known 
for promoting organics desorption from soils and sediments (Kim and Wang, 2003; Pee, 2008). 
According to Feng and Aldrich (2000), the likely mechanism of ultrasonic desorption can be 
explained by considering the different effects of ultrasound on heterogeneous media. First, the high 
temperatures in localized hot spots enhance the breaking of physical bonds between the adsorbate 
(contaminants) and the adsorbent surface. Second, acoustic cavitation produces high-speed microjets 
and high-pressure shockwaves that impinge on the surface and erode the adsorbate (Suslick et al., 
1987; Stephanis et al., 1997). Finally, ultrasound produces acoustic vortex microstreaming within 
the pores of the solid particles, as well as the solid–liquid interface. This phenomenon arises by 
the increase in momentum brought about as the liquid absorbs energy from the propagating sound 
waves, even in the absence of cavitation (Ley and Low, 1989). These effects may possibly be the 
cause of enhanced desorption rates (Feng and Aldrich, 2000).





In their study, Feng and Aldrich (2000) investigated the influence of factors such as slurry con-
centration, ultrasonic power intensity, duration of irradiation, particle size, diesel content, slurry 
pH, salinity, surfactant dosage during the remediation of stimulated soil contaminated with diesel 
fuel in the presence of ultrasound. Ultrasonic treatment performed more effective than high-speed 
mechanical agitation at the same energy input. However, prolonged ultrasonic irradiation could not 
increase the efficiency of diesel removal, possibly due to equilibrium between the desorption and 
re-adsorption of these hydrocarbons from and onto the particle surfaces. A multistage sonochemical 
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treatment process for the remediation of sand contaminated with diesel was proposed as better 
results were obtained from this approach than from the single-stage treatment process.





Effect of Ultrasound in Destroying Organic Contaminants





Ultrasonication not only assists the desorption of the contaminants from the soil, but also promotes 
the formation of the strong oxidant, ·OH radical (Flores et al., 2007). Ultrasonic energy can destroy 
the contaminants through oxidation by free radicals and pyrolysis processes, not only transport the 
contaminants from one place to other place as in conventional soil washing.





Collings et al. (2006) have developed high-power ultrasound to destroy persistent organic pol-
lutants (POPs) in soils and sediments.  They have worked successfully on major contaminants, 
atrazine, simazine, total petroleum hydrocarbons, DDT, lindane, endosulfan, 2,4,5-T, tetrachloro-
naphthalene, and TBT. The range of contaminants they have studied is sufficiently broad to suggest 
that high-power ultrasound will be effective for most adsorbed large molecules. The results indi-
cate several advantages of high-power ultrasonic technology compared with conventional methods. 
These include high destruction rates, the lack of dangerous breakdown products and low energy 
demands leading to low cost. Moreover, the technology can be made quite compact and transport-
able, allowing on-site treatment.





The feasibility of ultrasonication on treatment of different kinds of highly contaminated soils 
(synthetic clay, natural farm clay and kaolin) (Shrestha et al., 2009) was investigated by using two 
target persistent organic pollutants (POPs); hexachlorobenzene (HCB) and phenanthrene (PHE). 
Experimental results showed that ultrasonication has a potential to reduce the high concentrations 
of these POPs. The treatment of soil by ultrasonication requires some amount of water for sono-
chemistry effects to perform. The reasonable moisture ratio of the slurry could be from 2:1 to 3:1 
water and soil, the higher the better, particularly kaolin needed more amount of water than other 
clays to perform well. The removal efficiency increased but not very much after long ultrasonica-
tion time. Ultrasonication did not affect the pH values of slurries. The heating and irritated noise 
problems of ultrasonication should be considered carefully in larger scale applications. The removal 
rates of POPs in soils vary with soil type, power, and frequency of the ultrasound applied.





ULTRASONICATION AS ASSISTANT PROCESS IN ORGANIC-CONTAMINATED 
SOIL REMEDIATION





In most of the cases, ultrasound is used as a supplemental method to enhance the soil remediation 
process.





Ultrasonically Enhanced Soil-Flushing





Soil contamination caused by underground petroleum and other organic pollutant leaks poses a strong 
environmental threat. A considerable amount of these pollutants can be held in voids in the soil in the 
form of residual saturation and can lead to long-term contamination of ground water through the action 
of rain water, if not removed in time (Feng et al., 2001). Soil washing is a promising ex situ method for 
the treatment of soil contaminated with oil and other organic pollutants. The soil is typically in intimate 
contact with washwater in a mechanical scrubber, which promotes transport of contaminants from the 
soil phase to the liquid phase. These contaminants can be floated and skimmed off in a subsequent 
flotation process (Feng et al., 2001). The principal value of a standard washing process with water is the 
production of a clean stream of sand or soil from which the contaminants have been removed.





An ultrasonically enhanced soil-flushing method for in situ remediation of the ground contam-
inated by non-aqueous phase liquid (NAPL) hydrocarbons was investigated by Kim and Wang 
(2003). Crisco vegetable oil was chosen as the model compound. The soil-flushing tests were con-
ducted in two conditions—without ultrasound and with 20 kHz ultrasonic waves.  Experimental 
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results indicated that ultrasonication can enhance oil removal considerably. The degree of enhance-
ment depends on factors such as ultrasonic power, water washing flow rate and soil type. Increasing 
ultrasonic power will increase pollutant extraction only up to the level where cavitation occurs. 
The effectiveness of ultrasonication decreases with flushing rate, but eventually becomes constant 
under higher flow rates (Kim and Wang, 2003).





Mason et al. (2004) had reported some laboratory research on ultrasonic soil washing of organic 
contaminants like pesticide DDT, PCB, and PAH. Initial concentrations of DDT (250 ppm), PCB 
(250 ppm), and PAH (400 ppm) in sand (200 g contaminated fine sand in 200 g water) were removed 
ultrasonically (20 kHz, 170 W) by 70% after 10 25, and 3 min, respectively. The potential for the 
scale-up of this soil washing using acoustic energy was also reported there. Two basic mechanisms 
for acoustically enhanced soil washing that have been suggested are abrasion of surface cleaning 
and leaching out of more deeply entrenched material. According to Mason and coworkers, factors 
that contribute toward improvement in efficiency by the influence of ultrasound include the fol-
lowing: (i) the high-speed microjets formed during asymmetric cavitation bubble collapse in the 
vicinity of the solid surface enhance transport rates and also increased surface area through sur-
face pitting; (ii) particles fragmentation through collisions increase surface area; (iii) diffusion is 
enhanced by the ultrasonic capillary effect.





Shrestha et al. (2009) showed the feasibility of ultrasound on treatment of contaminated soils 
(synthetic clay, natural farm clay, and kaolin) by using two target persistent organic pollutants 
(POPs): hexachlorobenzene (HCB) and phenanthrene (PHE). The soils were highly contaminated 
in 500 mg kg−1. The reasonable moisture ratio of the slurry could be in range of 2:1–3:1. The great 
advantage of this process was no change in pH values of soils. Kim et al. (2007) investigated the 
effect of ultrasound on diesel removal from soils by conducting lab-scale soil-flushing experiments 
for various conditions involving ultrasonic power, particle size, and diesel concentration, using 
specially designed and fabricated equipment. Their test results indicated that the rate of contami-
nant extraction had increased significantly with increasing ultrasonic power and that the degree of 
enhancement varied with test conditions. Additionally, Kim et al. (2007) performed the physical 
imaging of the specimens during tests and the images showed the disintegration of soil grains and 
oil drops resulting in a variation in contaminant removal efficiency.





Ultrasonically Assisted Advanced Oxidative Soil Remediation





The contamination of soil by means of bio-recalcitrant organic compounds, is becoming a matter of 
concern for scientific community and public opinion. The performance of traditional processes for the 
treatment of contaminated sites such as Air Sparging, Pump-and-Treat, Bioventing, and Soil Vapor 
Extraction, are limited by resistance to mass transport, which makes them effective only during the 
first phase of the treatment, and gradually less effective when the remediation goals are approached 
(tailing phenomena). Besides, rebound phenomena may occur after the site closure, requiring further 
remediation efforts. Hence, it becomes necessary to develop alternative processes and to assess their 
performance on those contamination cases of national concern. Among these, advanced oxidation 
processes (AOPs) could represent a potential solution to be applied for remediating contamination by 
bio-recalcitrant organic compounds. Their operative principle is based upon the idea of generating a 
pool of highly-oxidative species (radicals and non-). The AOPs differ only by the way in which this 
pool is generated. Once formed, these species are capable of effectively reacting with most of the 
common pollutants such as hydrocarbons, chlorinated solvents, polycyclic aromatic hydrocarbons, 
and polychlorobiphenyls until their complete oxidation to carbon dioxide and water, or at worst their 
transformation to more bio-degradable products. Moreover, some AOPs are able to effectively tackle 
sorbed compounds, since oxidative radicals can desorb these compounds from the soil surface, thus 
allowing their oxidation in aqueous phase. In view of these considerations, AOPs and especially sono-
oxidative processes for environmentally remediation are acquiring more attention and their develop-
ment, optimization, and application is currently growing up (Belgiorno et al., 2007).
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Recently, Virkutyte et al. (2010) have tested the sono-Fenton-like process to degrade naphthalene 
in spiked soil utilizing mineral iron as a catalyst to generate radical species as well as to evaluate 
the efficiency of the proposed method and to optimize the treatment conditions. The sono-oxida-
tion was performed with naphthalene contaminated soil (200, 400, and 800 mg kg−1 dry weight) 
to mimic industrially contaminated soil conditions in the presence of naturally occurring mineral 
iron, various ultrasound irradiations (100, 200, and 400 W), and hydrogen peroxide concentrations 
(100, 200, and 600 mg L−1). Control experiments showed that, in the absence of hydrogen peroxide, 
naphthalene degradation up to 35% was achieved, which suggested that mineral iron was able to 
catalyze the production of hydroxyl radicals when ultrasound irradiation was used as an oxidizing 
agent. It was concluded that mineral iron was able to catalyze the degradation of naphthalene in the 
presence of ultrasound (up to 78% at 100 W and 97% at 400 W) and at various concentrations of 
hydrogen peroxide. A more critical analysis of the experiments, indicate that the Fenton-like oxida-
tion of naphthalene in the presence of ultrasound has a potential to be used for practical purposes. 
Nevertheless, the upscaling of the lab-scale set up to a larger scale applicable for practical use war-
rants further research regarding the use of industrially contaminated soil with multiple organic con-
taminants. Moreover, improvement in the reactor design is much required to prolong the lifetime of 
the sonotrode, which tends to wear off due to ultrasound waves that propagate back to the sonotrode 
from the walls and the bottom of the reactor. A new process for remediation of soil contaminated 
with organic compounds (toluene and xylenes) has been proposed by Flores et al. (2007). The inno-
vation combined the advanced oxidation method using Fenton-type catalyst, with the application 
of ultrasonic energy (47 kHz, 147 W, 10 min duration time for 20 g soil in 40 g aqueous solution). 
Experimental results showed that application of ultrasound not only assists desorption of the con-
taminants from the soil, but also promotes the formation of hydroxyl radicals, which are the main 
oxidant agent involved in the decontamination process. The global efficiency of the process was 
noticeably enhanced when applying ultrasonic energy, due to a synergistic effect in conjunction 
with the hydrogen peroxide concentration and Fenton catalyst (Flores et al., 2007). Despite the cur-
rent difficulties, ultrasound has a bright future in on-site soil remediation field and may become one 
of the most feasible options and environmentally sound techniques.





On a more innovative tone of sono-oxidative remediation research, Dai et al. (2011) experimen-
tally probed the characteristics of the use of Fe2+ or Cu2+ ions in the ultrasound-assisted oxidation 
desulfurization (UAODS) of diesel fuels. Dai et al. (2011) observed that the UAODS of diesel fuels 
fitted the pseudo-first-order kinetics and apparently in the UAODS of diesel fuels the apparent reac-
tion rate constants could be greatly enhanced by addition of metal ions and/or using ultrasound. 
More interestingly, Dai et al.  (2011) brought forward that the combination of ultrasound and the 
metal ions could also reduce the apparent activation energy rapidly and favor the sono-oxidative 
remediation processes in order of the apparent reaction rate constants in UAODS of diesel fuels as 
follows: US-Fe2+-H2O2 system > US-Cu2+-H2O2 system > US-H2O2 system > H2O2 system.





Ultrasonically Enhanced Electrokinetic Remediation





To enhance the transport of contaminant complexes and/or organic contaminants, the electrokinetic 
process has the potential to remove pollutants, such as PAHs from the soil by improving flow and 
soil–solution–contaminant interaction in limited permeability soils (Reddy and Saichek, 2004). 
Previous studies showed that electrokinetic technique was applied to remove mainly heavy metals 
and the ultrasonic technique was applied to remove mainly organic substances in contaminated soil. 
Thus, combination of the two techniques can predictably be helpful. Chung and Kamon (2005) have 
studied electrokinetic and ultrasonic remediation technologies for the removal of heavy metal and 
polycyclic aromatic hydrocarbon (PAH) in contaminated soils. The study emphasized the coupled 
effects of electrokinetic and ultrasonic techniques on migration as well as clean-up of contaminants 
in soils. Natural clay was used as a test specimen; Pb and phenanthrene were used as contaminants. 
Pb is a positive charged ionic contaminant; on the other hand, phenanthrene is a neutrally charged 
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nonionic contaminant. The ultrasonic processor had a maximum power output of 200 W with a fre-
quency of excitation equal to 30 kHz. Chung et al. (2006) carried out laboratory experiments involv-
ing electrokinetic remediation, ultrasonic remediation, and combined electrokinetic and ultrasonic 
remediation tests for the analysis of transportation and removal mechanism of sand soil spiked with 
500 mg L−1 ethylene glycol. The test specimen was then subjected to ultrasonic waves at 30 kHz fre-
quency from ultrasonic test setup and to electric power at 1.0 V cm−1 from electrokinetic test setup. 
Chung et al. (2006) demonstrated that the ultrasonic technique was the most effective in enhancing 
the removal efficiency of ethylene glycol from contaminated soil.





When ultrasonic energy was applied into contaminated soil, the viscosity of fluid phase decreased 
and flow rate increased, the molecular movement increased, sorbed contaminants mobilized, the 
cavitation developed and porosity and permeability increased. The removal efficiency of contami-
nant was higher for combined electrokinetic-ultrasonic test than for simple electrokinetic test alone. 
Therefore, the introduction of enhancement technique like ultrasonic process into electrokinetic 
process could be effective for increasing of contaminant removal rate from the contaminated soil.





Tests were also conducted using ultrasound alone, ultrasound as an enhancement for electroki-
netic test and electrokinetic test alone to compare the removal performance of the three persistent 
organic pollutants, hexachlorobenzene, phenanthrene, fluoranthene (Pham et al., 2009a,b,c), and 
chrysene from low-permeable kaolin in reactors and pans with and without iron anodes (Shrestha 
et al., 2010). Results from experiments show that combined electrokinetic and ultrasonic treatment 
did prove positive coupling effect in PAHs removal than each single process alone, though the level 
of enhancement was not significant. Results indicated that the removal was more effective with 
lower concentrations of organic pollutants. The average removal was better in pan experiment with 
EKUS with iron anode (Shrestha et al., 2010). This might be due to increase in electroconductiv-
ity by iron ions. The assistance of ultrasound in electrokinetic remediation can help reduce POPs 
from clayey soil by improving the mobility of hydrophobic organic compounds and degrading these 
contaminants through pyrolysis and oxidation.  Ultrasonication also sustains higher current and 
increases electroosmotic flow in combined EK-US test than in EK test alone.





Ultrasonically Enhanced Activated Carbon Amendment





Addition of carbon particles to sediment provides strong sorption sites for the hydrophobic organic 
contaminants and reduces these freely dissolved compounds’ concentrations.  Thus, a powdered 
activated carbon (PAC) amendment assisted with sonication was used to reduce the bioaccessibility 
of polycyclic aromatic hydrocarbons in three creosote contaminated sediments (Pee, 2008). 
The study revealed that sonochemically induced switching of phenanthrene and pyrene from sedi-
ment to PAC was more effective than mechanical mixing in decreasing the bioavailability of these 
PAHs. The enhancement effect performed in sediment treated with sonication was explained to be 
attributed to the facilitation of desorption of PAHs through localized turbulent liquid movement, 
micro jets formation, and particles fragmentation.





Ultrasonically Enhanced the Surfactant-Aided Soil-Washing





The use of ultrasound as an enhancement mechanism in the surfactant-aided soil-washing process was 
examined by conducting desorption tests of soils contaminated with naphthalene or diesel–oil (Na 
et al., 2007). The experiments were conducted to elucidate the effect of ultrasound on the mass transfer 
from soil to the aqueous phase using naphthalene-contaminated soil. In addition, the use of ultrasound 
for the diesel–oil-contaminated soil was investigated under a range of conditions of surfactant concen-
tration, sonication power, duration, soil/liquid ratio, particle size, and initial diesel-oil concentration. 
The ultrasound used in the soil-washing process significantly enhanced the mass transfer rate from the 
solid phase to the aqueous phase. The removal efficiency of diesel-oil from the soil phase generally 
increased with longer sonication time, higher power intensity, and large particle size.
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CONCLUSIONS





Soil contamination in general and particularly by persistent organic pollutants (POPs) is a criti-
cal issue because of their long life span and toxicity, which can be a threat to public health, food 
system, and groundwater. Among many soil treatment technologies, electrokinetics has emerged 
as a potential technique for in situ soil remediation and is especially unique because of the ability 
to work in low-permeable soil. On the other hand, as a young, new and rapidly growing science, 
the applications of ultrasound in environmental technology hold a promising future. Compared to 
conventional methods, ultrasonication can bring several benefits such as environmentally friendly 
treatment (no toxic chemical are used or produced), low cost, and compact, allowing on-site treat-
ment. Ultrasonic energy applied into contaminated soils can increase desorption and mobilization 
of contaminants and porosity and permeability of soil through developing of cavitation. Removal of 
nonpolar contaminants like most organic compounds are transported primarily by electroosmosis 
in electrokinetic remediation, thus the process is effective only if the contaminants are soluble in 
pore fluid. Thus, enhancement is needed to improve mobility of these hydrophobic compounds, 
which tend to adsorb strongly to the soil, particularly low-permeable soil. The coupling effect of 
combination of the two techniques, electrokinetics and ultrasonication, in persistent organic pollut-
ant removal from contaminated low-permeable soil (with kaolin as a model medium) can be feasible 
treatment of highly contaminated soil by persistent organic pollutants. The laboratory experiments 
must consider various conditions (moisture, frequency, power, duration time, and initial concentra-
tion) to examine the effects of these parameters on the treatment process. These conditions play 
vital role in treatment process. Experimental results showed that ultrasonication has a potential to 
remove POPs, although the removal efficiencies were not high with short duration time. The study 
also suggested intermittent ultrasonication over longer time as an effective means to increase the 
removal efficiencies.





Then, experiments were conducted to compare the performances among electrokinetic process 
alone and electrokinetic processes combined with surfactant addition and mainly with ultrasonica-
tion, in open pans and in designed cylinders (with filter cloth separating central part and electrolyte 
parts). Combined electrokinetic and ultrasonic treatment did prove positive coupling effect com-
pared to each single process alone, though the level of enhancement is not significant. The assistance 
of ultrasound in electrokinetic remediation can help reduce POPs from clayey soil by improving the 
mobility of hydrophobic organic compounds and degrading these contaminants through pyrolysis 
and oxidation. Ultrasonication also sustains higher current and increases electroosmotic flow. Initial 
contaminant concentration is an essential input parameter that can determine the removal effective-
ness despite different treatment processes.
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17 Role of Heterogeneous 
Catalysis in the Sonocatalytic 
Degradation of Organic 
Pollutants in Wastewater
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INTRODUCTION





The application of ultrasound (US) irradiation for the degradation of organic pollutants in water 
has been broadly described in literature in the past. The thermal decomposition of pollutants by 
direct pyrolysis and/or oxidation by means of the reactive radicals coming from water and oxygen 
dissociation in the presence of US irradiation have been proposed in literature as the main degra-
dation mechanisms.  Consequently, hydrophobic pollutants with high vapor pressure are decom-
posed mainly by pyrolytic degradation, whereas hydrophilic pollutants with low vapor pressure are 
decomposed by hydroxyl radical oxidation. However, the rate of pollutant degradation of ultrasonic 
irradiation is rather low to be applied in practice, especially for highly hydrophilic compounds. 
Hence, one strategy to enhance the degradation efficiency of organic pollutants in water is to com-
bine US irradiation with the presence of a solid catalyst. The presence of solid particles provides 
additional nuclei for the cavitation phenomena, increasing the number of cavitation events that result 
in the enhancement of the degradation performance activity. Likewise, in a biphasic solid–liquid 
medium, irradiated by power US, the solid particle size is reduced leading to an increase of surface 
area with the subsequent increase rate of phase mixing and mass transfer. Nevertheless, a high 
amount of solids might lead to the scattering of the sound waves with the decrease in the transferred 
energy to the reaction medium.





In those cases, where the degradation is controlled by free radicals within the liquid phase, the 
presence of different oxidants such as hydrogen peroxide and ozone has shown to amplify ultrasonic 





CONTENTS





Introduction..................................................................................................................................... 419
Role of Solid Particles in Sonochemical Degradation of Organic Pollutants in Aqueous Solution....... 420
Improved Heterogeneous Sonocatalytic Systems by Addition of Oxidants................................... 429





Sono-Fenton Degradation Processes.......................................................................................... 429
US/TiO2 Systems with Hydrogen Peroxide............................................................................... 435
Sono-Enzyme Peroxide Degradation Systems........................................................................... 436





Hybrid Methods: Integration of Sonocatalysis with Photoassisted Processes 
for Wastewater Treatment............................................................................................................... 436
Conclusions and Future Outlook.................................................................................................... 441
References.......................................................................................................................................442



















420	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





action. Particularly, the presence of iron-based catalysts in a US/H2O2 system combining acous-
tic cavitation with Fenton-like reactions has allowed the increase of hydroxyl radical generation 
and, hence, higher rates of pollutant removal (so-called sono-Fenton processes).  In these cases, 
the enhancement of pollutant removals has been attributed to the increase of pollutant adsorption 
over the solid surface, the continuous cleaning and activation of catalyst surface, as well as the 
enhanced rate of mass transport, resulting from the turbulent effects of the cavitation. Likewise, 
the reduction of ferric ions (Fe3+) to ferrous (Fe2+) in the Fenton system and the splitting of H2O2 
molecules into hydroxyl radicals have been proven to occur under ultrasonic irradiation. Both facts 
enhance the formation of radical active species. Other authors have also described the integration 
of sono-Fenton processes with ultraviolet (UV) irradiation (so-called sonophoto-Fenton processes). 
Sonophotocatalytic systems have also been discussed in literature. The main drawbacks of photoca-
talysis are related to the low efficiency of photocatalysts in continuous operation due to the blocking 
of UV-activated sites as well as severe mass transfer limitations. The above-mentioned turbulence 
induced by the cavitation phenomena could avoid those problems. In these systems, by combining 
several advanced oxidation processes, some synergism effects have been reported. In some cases, 
rates of degradation in the combined systems are higher as compared to individual operations.





In this chapter, we will analyze and discuss the role of solid particles in US systems that can use 
different oxidants, and also coupling systems based on the combination of UV and US irradiations 
for the enhancement of pollutant degradation.





ROLE OF SOLID PARTICLES IN SONOCHEMICAL DEGRADATION 
OF ORGANIC POLLUTANTS IN AQUEOUS SOLUTION





The presence of particulate matter can play a critical role in different ways for the sonochemical 
oxidation of pollutants in water solution. Thus, the presence of dispersed particles in the liquid 
solution during sonication provides additional nucleation sites for cavitation events over its surface, 
enhancing the number of microbubbles in the solution. Moreover, this fact has been proven to be 
highly influenced by the roughness of the particles (Figure 17.1). Particles can also act as a wall for 
the bubbles transmission, producing an asymmetric collapse of the cavitation bubbles and leading to 
the generation of a large number of tiny bubbles (Figure 17.1). Both phenomena produce an increase 
of microcavities that enhance the yield of the sonochemical oxidation. The asymmetric collapse of 
microbubbles over the solid surface also offers the additional degradation of adsorbed pollutants 
by the energy released during the in situ implosion of cavities. Keck et al. (2002) reported that the 
presence of quartz particles (3–8 μm) during sonolysis of pure water at low frequencies (<250 kHz) 
led to higher hydrogen peroxide production than in the absence of particles. Additionally, the elimi-
nation rates of different aromatic compounds (2-chlorobenzoic acid, salicylic acid and p-toluene 
sulfonic acid) were up to double in the presence of quartz particles. These benefits of the solid 
particles have also been proven by Tuziuti et al. (2005) with the addition of alumina (Al2O3) solid 
particles in a bath-type reactor.  In this work, it was remarked that particles of Al2O3 with lower 
than 10 μm do not necessarily act as a wall to cause asymmetric collapse of the bubbles. A plausible 
explanation could be that these small particles are in motion with the surrounded bubbles, minimiz-
ing the number of interactions among them.





On the other hand, some components of the solid particles can have a catalytic activity for the 
decomposition of the hydrogen peroxide generated under sonicated conditions. For instance, this is 
the case of solid particles containing iron or other metallic species (Ge et al., 2003; Dai et al., 2006) 
that provide additional hydroxyl radicals from the hydrogen peroxide decomposition for the oxida-
tion of pollutants (Figure 17.1).





Several authors have investigated thoroughly the influence of different solids ion the sonochemi-
cal degradation of organic compounds. A representative selection is summarized in Table 17.1.





Particularly, TiO2 has been widely employed in different works with the main purpose of 
exploring future combinations between ultrasonic and UV-visible irradiation (Pandit et al., 2001). 
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Nevertheless, TiO2 has also been used in ultrasonic-assisted systems in the absence of UV irradia-
tion. Several authors have proposed that the efficiency of the US/TiO2 system is not only due to the 
generation of nucleation sites for cavitation bubbles by the presence of TiO2 particles, but also as 
the result of the sonoluminescence effect. Sonoluminescence is the phenomenon of light emission 
from the collapse of gas bubbles driven by a US field in a liquid (Walton et al., 1984; Gaitan et al., 
1992). Thus, ultrasonic irradiation of liquids can result in the formation of intense UV light with 
wavelengths below 375 nm, in the same range than that necessary to activate TiO2 photocatalyst. 
Activation of TiO2 produces pairs of electron/hole by transition of an electron from the valence band 
into the conduction band, and hydroxyl radicals by dissociation of H2O molecules (Ogi et al., 2002).





The US/TiO2 system has been applied for the degradation of dye pollutants generated in textile 
industries. Several works demonstrated that rutile TiO2 particles exhibit better catalytic properties 
than anatase TiO2 in the sonochemical degradation of methyl orange and congo red dyes (Wang 
et al., 2005, 2006, 2007). The US/TiO2 system has also been successfully used for the treatment 
of different organic pollutant in aqueous solution, such as phenol and 2,4-dinitrophenol (Ogi et al., 
2002), 1, 4-dioxan (Nakajima et al., 2007) or 2,4,6-trichlorophenol (Pandit et al., 2001). In the same 
way that UV/TiO2 system, a major drawback of this process is that the sono-generated electrons 
and holes recombine easily, limiting the activity of the system. Doping TiO2 with transition metal 
ions can reduce the band-gap energy for the TiO2, maximizing the efficiency of hydroxyl radicals 
generation. Wang et al. (2009) studied the activity of Co-doped and Cr-doped mixed crystal TiO2, 
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FIGURE 17.1  Interaction of solid particles and US waves or cavitation events.



















422	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





TA
B





LE
 1





7.
1





So
no





de
gr





ad
at





io
n 





of
 P





ol
lu





ta
nt





s 
in





 P
re





se
nc





e 
of





 S
ol





id
 P





ar
ti





cl
es





R
ef





er
en





ce
So





lid
 C





at
al





ys
t





Po
llu





ta
nt





Ex
pe





ri
m





en
ta





l C
on





di
ti





on
s





H
ig





hl
ig





ht
 o





f W
or





k





Ti
O





2





Pa
nd





it 
et





 a
l. 





(2
00





1)
T





iO
2 





(0
.1





–0
.5





 g
 L





−
1 )





2,
 4





, 6
 T





ri
ch





lo
ro





ph
en





ol
 





(1
00





 m
g 





L
−





1 )
U





ltr
as





on
ic





 h
or





n 
pr





ob
e





O
ve





ra
ll 





di
sa





pp
ea





ra
nc





e 
is





 a
 c





om
bi





na
tio





n 
of





 a
ds





or
pt





io
n,





 
de





so
rp





tio
n,





 a
nd





 o
xi





da
tio





n. 
O





xi
da





tio
n 





in
 th





e 
bu





lk
 





so
lu





tio
n. 





U
p 





to
 5





0%
 d





eg
ra





da
tio





n 
of





 th
e 





po
llu





ta
nt





22
.7





 k
H





z,
 6





00
 W





, p
ul





se
 





m
od





e





R
oo





m
 te





m
pe





ra
tu





re





D
ad





jo
ur





 e
t a





l. 
(2





00
5)





T
iO





2 
(3





00
–2





00
0 





g 
L





−
1 )





A
l 2





O
3 





(3
00





 g
 L





−
1 )





E
sc





he
ri





ch
ia





 C
ol





i (
10





3 –
10





6  
co





lo
ny





 
fo





rm
at





io
n 





un
its





, C
FU





 m
L





 g
 L





−
1 )





U
ltr





as
on





ic
 b





at
h





T
iO





2 
in





du
ce





s 
th





e 
fo





rm
at





io
n 





of
 r





ea
ct





iv
e 





ox
yg





en
 s





pe
ci





es
 





in
 th





e 
so





lu
tio





n. 
T





he
 e





nh
an





ce
m





en
t o





f 
ac





tiv
ity





 is
 





pr
op





or
tio





na
l t





o 
th





e 
T





iO
2 





co
nc





en
tr





at
io





n. 
D





is
in





fe
ct





io
n 





of
 





E
. c





ol
i. 





N
/N





0 
=





 0
.0





16
–0





.0
32





 (
ca





. 9
8%





 r
ed





uc
tio





n 
of





 
vi





ab
le





 c
el





ls
)





39
 k





H
z,





 2
00





 W





T
 =





 2
0°





C





A
tm





os
ph





er
ic





 p
re





ss
ur





e





W
an





g 
et





 a
l. 





(2
00





5)
T





iO
2 





(0
.5





–0
.7





5 
g 





L
−





1 )
M





et
hy





l o
ra





ng
e 





dy
e 





(1
0–





20
 m





g 
L





−1
)





U
ltr





as
on





ic
 h





or
n-





pr
ob





e
D





eg
ra





da
tio





n 
of





 m
et





hy
l o





ra
ng





e 
of





 c
a. 





9
0%





 f
or





 a
n 





in
iti





al
 





m
et





hy
l o





ra
ng





e 
co





nc
en





tr
at





io
n 





of
 1





0 
m





g 
L





−
1 ,





 r
ut





ile
 T





iO
2 





of
 0





.5
 g





 L
−





1 ,
 p





H
 =





 3
.0





 a
nd





 1
50





 m
in





 o
f 





re
ac





tio
n





40
–6





0 
kH





z,
 5





0 
W





pH
 =





 3
.0





–5
.0





T
 =





 4
0°





C





D
ad





jo
ur





 e
t a





l. 
(2





00
6)





T
iO





2 
(2





00
–1





00
0 





g 
L





−
1 )





Le
gi





on
el





la
 (4





00
0–





60
00





 C
FU





 m
L





−1
)





U
ltr





as
on





ic
 b





at
h





R
ed





uc
tio





n 
of





 th
e 





co
nc





en
tr





at
io





ns
 o





f 
vi





ab
le





 c
el





ls
 o





f 
ca





. 
94





%
 in





 th
e 





pr
es





en
ce





 o
f 





0.
2 





g 
m





 L
−





1  T
iO





2 
af





te
r 





a 
30





 m
in





 
of





 tr
ea





tm
en





t p
er





io
d,





 w
hi





le
 o





nl
y 





an
 1





8%
 r





ed
uc





tio
n 





w
as





 
ob





se
rv





ed
 in





 th
e 





ab
se





nc
e 





of
 T





iO
2. 





H
yd





ro
xy





l r
ad





ic
al





s 
ha





ve
 a





 p
ri





m
ar





y 
ro





le
 in





 th
e 





di
si





nf
ec





tio
n 





pr
oc





es
s





36
 k





H
z,





 3
00





 W





T
 =





 2
0°





C





W
an





g 
et





 a
l. 





(2
00





6)
T





iO
2 





(0
.5





–0
.7





5 
g 





L
−





1 )
M





et
hy





l o
ra





ng
e 





dy
e 





(1
0–





20
 m





g 
L





−1
)





U
ltr





as
on





ic
 h





or
n-





pr
ob





e
T





he
 s





on
oc





at
al





yt
ic





 a
ct





iv
ity





 o
f 





re
us





ed
 n





an
om





et
er





 a
na





ta
se





 
T





iO
2 





ca
ta





ly
st





 w
as





 r
ed





uc
ed





 b
y 





ab
ou





t 1
0%





 e
ve





ry
 ti





m
e 





as
 





co
m





pa
re





d 
w





ith
 th





e 
fr





es
h 





na
no





m
et





er
 a





na
ta





se
 T





iO
2 





po
w





de
r. 





D
eg





ra
da





tio
n 





of
 m





et
hy





l o
ra





ng
e 





dy
e 





of
 c





a. 
1





00
%





 
af





te
r 





12
0 





m
in





40
–6





0 
kH





z,
 5





0 
W





pH
 =





 3
.0





–5
.0





T
 =





 4
0°





C





W
an





g 
et





 a
l. 





(2
00





7)
T





iO
2 





(0
.5





–1
.5





 g
 L





−
1 )





C
on





go
 r





ed
 d





ye
 (





0–
25





 m
g 





L
−





1 )
U





ltr
as





on
ic





 h
or





n-
pr





ob
e





D
eg





ra
da





tio
n 





of
 c





a. 
8





0%
 f





or
 a





n 
in





iti
al





 c
on





ce
nt





ra
tio





n 
of





 
25





.0
 m





g 
L





−
1  





co
ng





o 
re





d,
 5





00
 m





g 
L





−
1  





na
no





m
et





er
 r





ut
ile





 
T





iO
2 





po
w





de
r 





an
d 





pH
 =





 5
.0





20
–8





0 
kH





z,
 5





0 
W





pH
 =





 3
.0





–5
.0





T
 =





 5
0°





C



















Role of Heterogeneous Catalysis in the Sonocatalytic Degradation of Organic Pollutants	 423





N
ak





aj
im





a 
et





 a
l. 





(2
00





7)
T





iO
2 





(2
00





 g
 L





−
1 )





1,
4-





di
ox





an
e 





aq
ue





ou
s 





so
lu





tio
n 





(5
0 





m
g 





L
−





1 )
U





ltr
as





on
ic





 h
or





n-
pr





ob
e





20
 k





H
z,





 2
0 





W
, p





ul
se





 m
od





e
T





 =
 2





3°
C





T
he





rm
al





ly
 e





xc
ite





d 
ho





le
s 





ar
e 





ge
ne





ra
te





d 
in





 th
e 





T
iO





2 
su





rf
ac





e 
by





 u
ltr





as
on





ic
 ir





ra
di





at
io





n. 
D





eg
ra





da
tio





n 
ef





fic
ie





nc
y 





of
 1





,4
-d





io
xa





ne
 w





er
e 





in
cr





ea
se





d 
by





 th
e 





ad
di





tio
n 





of
 r





ed
uc





ed
 T





iO
2 





po
w





de
r 





fr
om





 5
0%





 to
 7





0%





W
an





g 
et





 a
l. 





(2
00





9)
C





o-
do





pe
d 





an
d 





C
r-





do
pe





d 
m





ix
ed





 
cr





ys
ta





l T
iO





2 
po





w
de





rs
 





(0
.2





–1
.2





5 
g 





L
−





1 )





A
zo





 f
uc





hs
in





e 
so





lu
tio





n 
(1





0 
m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





T
he





 s
on





oc
at





al
yt





ic
 a





ct
iv





ity
 o





f 
C





r-
do





pe
d 





m
ix





ed
 c





ry
st





al
 





T
iO





2 
po





w
de





r 
w





as
 h





ig
he





r 
th





an
 th





at
 o





f 
C





o-
do





pe
d 





an
d 





un
do





pe
d 





m
ix





ed
 c





ry
st





al
 T





iO
2 





po
w





de
r. 





D
eg





ra
da





tio
n 





gr
ad





es
 r





an
gi





ng
 f





ro
m





 1
0%





 to
 7





5%





40
 k





H
z,





 5
0 





W





pH
 =





 1
0





T
 =





 2
0°





C





W
an





g 
et





 a
l. 





(2
01





0a
)





C
eO





2/
T





iO
2 





(1
 g





 L
−





1 )
A





ci
d 





R
ed





 B
 (





10
 m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





D
eg





ra
da





tio
n 





ra
te





: C
eO





2/
T





iO
2 





>
 S





nO
2/





T
iO





2 
>





 T
iO





2 
>





 
Z





rO
2/





T
iO





2 
>





 S
nO





2 
>





 C
eO





2 
>





 Z
rO





2. 
R





es
pe





ct
iv





e 
de





gr
ad





at
io





n 
gr





ad
es





: 9
1.





3%
, 6





7.
4%





, 6
5.





3%
, 4





1.
7%





, 
28





.3
%





, 2
6.





7%
, a





nd
 2





3.
3%





. T
he





 d
eg





ra
da





tio
n 





ra
tio





 is
 





on
ly





 1
6.





7%
 u





nd
er





 o
ne





fo
ld





 u
ltr





as
on





ic
 ir





ra
di





at
io





n





Sn
O





2/
T





iO
2 





(1
 g





 L
−





1 )
40





 k
H





z,
 5





0 
W





Z
rO





2/
T





iO
2 





(1
 g





 L
−





1 )
pH





 =
 7





.0





T
 =





 2
5°





C





C
ar





bo
n 





an
d 





ac
ti





va
te





d 
ca





rb
on





In
ce





 e
t a





l. 
(2





00
1)





A
ct





iv
at





ed
 c





ar
bo





n
E





sc
he





ri
ch





ia
 c





ol
i (





12
00





–2
00





0 
C





FU
 m





L
−





1 )
U





ltr
as





on
ic





 h
or





n 
pr





ob
e





U
ltr





as
on





ic
 in





ac
tiv





at
io





n 
of





 b
ac





te
ri





a:
 A





C
 >





 c
er





am
ic





 >
 z





in
c. 






T





im
e 





fo
r 





ki
lli





ng
 5





0%
 b





ac
te





ri
a:





 1
.2





1,
 2





.9
0,





 a
nd





 
3.





41
 m





in
, r





es
pe





ct
iv





el
y. 





T
he





 e
ff





ec
t o





f 
so





lid
 c





at
al





ys
ts





 is
 





m
or





e 
si





gn
ifi





ca
nt





 a
t h





ig
h 





co
nc





en
tr





at
io





ns
 o





f 
ba





ct
er





ia





Z
in





c
20





 k
H





z,
 1





80
 W





C
er





am
ic





 g
ra





nu
le





s 
(0





.1
2 





g 
L





−
1 ,





 
ea





ch
 o





ne
)





B
er





na
rd





o 
et





 a
l. 





(2
00





6)
A





ct
iv





at
ed





 c
ar





bo
n 





(1
 g





 L
−





1 )
Sa





cc
ha





ri
n 





(1
00





 m
g 





L
−





1 )
U





ltr
as





on
ic





 c
up





 h
or





n
50





0 
kH





z,
 1





5 
W





T
 =





 2
5°





C
A





r 
an





d 
O





2/
N





2 
(2





0/
80





 v
ol





 %
)





Sa
cc





ha
ri





n 
re





m
ov





al
 a





ft
er





 1
80





 m
in





 o
f 





ul
tr





as
on





ic
at





io
n 





un
de





r A
r 





an
d 





O
2/





N
2 





at
m





os
ph





er
es





: 3
8%





 a
nd





 2
6%





, 
re





sp
ec





tiv
el





y
Sa





cc
ha





ri
n 





re
m





ov
al





 b
y 





A
C





 a
ds





or
pt





io
n 





w
ith





ou
t U





S 
pr





et
re





at
m





en
t: 





40
%





Sa
cc





ha
ri





n 
re





m
ov





al
 b





y 
A





C
 a





ds
or





pt
io





n 
w





ith
 u





ltr
as





on
ic





 
pr





et
re





at
m





en
t: 





75
%





T
he





 p
re





tr
ea





tm
en





t o
f 





so
ni





ca
tio





n 
un





de
r 





O
2/





N
2 





pr
od





uc
es





 
th





e 
in





cr
ea





se
 in





 th
e 





am
ou





nt
 o





f 
sa





cc
ha





ri
n 





ad
so





rb
ed





 
on





 A
C





L
i e





t a
l. 





(2
00





7)
E





xf
ol





ia
te





d 
gr





ap
hi





te
 (





1 
g 





L
−





1 )
A





zo
 d





ye
 d





ir
ec





t s
ca





rl
et





 4
B





S 
(1





00
 m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





C
ol





or
 r





em
ov





al
 o





f 
94





%
 w





ith
 a





 c
on





ce
nt





ra
tio





n 
of





 e
xf





ol
ia





te
d 





gr
ap





hi
te





 o
f 





0.
6 





g 
L





−
1  





(3
00





 m
L





 g
−





1  
of





 e
xf





ol
ia





te
d 





vo
lu





m
e)





, 
pH





 =
 2





.0
 a





nd
 5





0°
C





28
 k





H
z,





 5
00





 W





T
 =





 3
0°





C
–5





0°
C





pH
 =





 2
–7





(c
on





ti
nu





ed
)



















424	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





TA
B





LE
 1





7.
1 





(c
on





ti
nu





ed
)





So
no





de
gr





ad
at





io
n 





of
 P





ol
lu





ta
nt





s 
in





 P
re





se
nc





e 
of





 S
ol





id
 P





ar
ti





cl
es





R
ef





er
en





ce
So





lid
 C





at
al





ys
t





Po
llu





ta
nt





Ex
pe





ri
m





en
ta





l C
on





di
ti





on
s





H
ig





hl
ig





ht
 o





f W
or





k





Z
er





o 
va





le
nc





e 
ir





on
/z





er
o 





va
la





nc
e 





co
pp





er
/o





th
er





 m
et





al
s





Pa
pa





da
ki





 e
t a





l. 
(2





00
4)





Pt
, P





d 
an





d 
R





u 
su





pp
or





te
d 





on
 A





l 2
O





3 
(5





%
 w





/w
, 0





.0
5 





g 
L





−
1 )





So
di





um
 d





od
ec





yl
be





nz
en





e 
su





lf
on





at
e,





 S
D





B
S 





(1
00





0 
m





g 
L





−
1 )





U
ltr





as
on





ic
 h





or
n 





pr
ob





e
C





uO
 · Z





nO
 s





up
po





rt
ed





 o
n 





al
um





in
a 





ca
ta





ly
st





 e
nh





an
ce





s 
bo





th
 





SD
B





S 
fr





ag
m





en
ta





tio
n 





an
d 





to
ta





l o
xi





da
tio





n 
ra





te
s 





as
 w





el
l 





as
 h





yd
ro





ge
n 





pe
ro





xi
de





 f
or





m
at





io
n





20
 k





H
z,





 1
25





 W





C
uO





 ·  Z
nO





 s
up





po
rt





ed
 o





n 
A





l 2
O





3. 






(0
.0





5 
m





g 
L





−
1 )





D
ai





 e
t a





l. 
(2





00
6)





Z
V





I 
(F





e0 )
, 2





 g
 L





−
1





Pe
nt





ac
hl





or
op





he
no





l, 
10





 m
g 





L
−





1
U





ltr
as





on
ic





 b
at





h
U





S 
in





cr
ea





se
s 





th
e 





ad
so





rp
tio





n 
pr





oc
es





s 
by





 in
cr





ea
si





ng
 th





e 
su





rf
ac





e 
ar





ea
 o





f 
ir





on
 a





nd
 c





op
pe





r 
pa





rt
ic





le
s





C
u 





po
w





de
r, 





2 
g 





L
−





1
40





 k
H





z,
 6





00
 W





pH
 =





 3
.5





D
eg





ra
da





tio
n 





of
 p





en
ta





ch
lo





ro
ph





en
ol





 in
 th





e 
U





S/
C





u0  
sy





st
em





: c
a. 





6
0%





D
eg





ra
da





tio
n 





of
 p





en
ta





ch
lo





ro
ph





en
ol





 in
 th





e 
U





S/
Fe





0  
sy





st
em





: 
ca





. 8
5%





L
iu





 e
t a





l.,
20





07
Z





er
o 





va
le





nt
 ir





on
/g





ra
nu





la
r 





ac
tiv





at
ed





 c
ar





bo
n 





(F
e0 /





G
A





C
)





[F
e0 ]





0 
=





 1
20





 g
 L





−
1





[G
A





C
] 0





 =
 2





3 
g 





L
−





1





A
zo





 d
ye





 A
ci





d 
O





ra
ng





e 
7 





(1
00





0 
m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





O
pt





im
um





 F
e0 /





G
A





C
 r





at
io





: 1
:1





 (
V





/V
). 





T
O





C
 d





eg
ra





da
tio





n 
an





d 
co





lo
r 





re
m





ov
al





 v
al





ue
s 





ca
. 5





5%
 a





nd
 8





0%
, 





re
sp





ec
tiv





el
y





A
 d





ec
re





as
e 





of
 th





e 
in





iti
al





 p
H





 f
ro





m
 1





2.
0 





to
 4





.0
 le





d 
to





 th
e 





in
cr





ea
se





 o
f 





de
gr





ad
at





io
n 





ef
fic





ie
nc





y





40
 k





H
z,





 1
00





 W





T
 =





 2
2°





C





L
in





 e
t a





l. 
(2





00
8)





C
as





t i
ro





n 
(F





e0 )
, 1





0–
50





 g
 L





−
1





A
zo





 d
ye





 C
I A





ci
d 





R
ed





 1
4 





(5
0–





25
0 





m
g 





L
−





1 )
U





ltr
as





on
ic





 b
at





h
A





 T
O





C
 r





em
ov





al
 o





f 
ca





. 4
3%





 w
as





 o
bs





er
ve





d 
af





te
r 





20
 m





in





59
 k





H
z





pH
 =





 2
.0





–8
.0





T
 =





 2
5°





C





T
he





 fi
rs





t-
or





de
r 





ra
te





 c
on





st
an





t o
f A





R
14





 d
eg





ra
da





tio
n 





by
 





ca
st





 ir
on





 w
as





 7
.5





0 
×





 1
0−





2  
m





in
−





1  
w





hi
le





 th
at





 b
y 





U
S-





ca
st





 
ir





on
 w





as
 2





.5
8 





×
 1





0−
1  





m
in





−
1





T
he





 d
ec





ol
or





iz
at





io
n 





ef
fic





ie
nc





y 
de





cr
ea





se
d 





w
ith





 th
e 





in
cr





ea
si





ng
 p





H
 o





r 
in





iti
al





 d
ye





 c
on





ce
nt





ra
tio





n





Z
ho





u 
et





 a
l. 





(2
00





8)
Z





er
o 





va
le





nt
 ir





on
, 5





–5
0 





g 
L





−
1





2,
4–





di
ch





lo
ro





ph
en





ol
 (





50
 a





nd
 





10
0 





m
g 





L
−





1 )
U





ltr
as





on
ic





 h
or





n 
pr





ob
e





E
D





TA
 b





re
ak





 d
ow





n 
O





–O
 b





on
d 





of
 o





xy
ge





n 
pr





od
uc





in
g 





H
2O





2 
in





 a
n 





Fe
/E





D
TA





 s
ys





te
m





T
O





C
 d





eg
ra





da
tio





n:
 8





1%
 T





O
C





. D
C





P 
de





gr
ad





at
io





n:
 





ca
. 1





00
%





. E
D





TA
 e





lim
in





at
io





n:
 8





9%





20
 k





H
z





[E
D





TA
] 0





 =
 0





.2
8–





1.
28





 m
m





ol
 L





−1





pH
 =





 6
.5





T
 =





 1
0°





C
–5





0°
C





A
ir





 b
ub





bl
ed





 =
 1





 L
 m





in
−





1



















Role of Heterogeneous Catalysis in the Sonocatalytic Degradation of Organic Pollutants	 425





Z
ho





u 
et





 a
l. 





(2
00





9a
)





Z
V





I 
(F





e0 )
, 2





5 
g 





L
−





1
A





zo
 d





ye
 R





ea
ct





iv
e 





B
la





ck
 5





 (
R





B
5)





, 
10





0 
m





g 
L





−
1





U
ltr





as
on





ic
 h





or
n 





pr
ob





e
T





he
 r





em
ov





al
 r





at
es





 o
f 





R
B





5,
 E





D
TA





, T
ot





al
 o





rg
an





ic
 c





ar
bo





n,
 





an
d 





ch
em





ic
al





 o
xy





ge
n 





de
m





an
d 





w
er





e 
10





0%
, 9





6.
5%





, 
68





.6
%





, a
nd





 9
2.





2%
, r





es
pe





ct
iv





el
y,





 a
ft





er
 3





 h
. A





t p
H





 o
f 





th
e 





sy
st





em
 b





el
ow





 2
, m





in
er





al
iz





at
io





n 
of





 th
e 





or
ga





ni
cs





 in
 th





e 
w





as
te





w
at





er
 w





as
 a





lm
os





t i
nh





ib
ite





d 
co





m
pl





et
el





y. 
A





er
at





io
n 





is
 n





ec
es





sa
ry





 to
 c





ov
er





 th
e 





ox
yg





en
 d





em
an





d 
fo





r 
H





2O
2 





ge
ne





ra
tio





n





20
 k





H
z





[E
D





TA
] 0





 =
 0





.4
 m





m
ol





 L
−





1





pH
 =





 2
–5





T
 =





 1
0°





C
–5





0°
C





A
ir





 b
ub





bl
ed





 =
 1





 L
 m





in
−





1





Z
ho





u 
et





 a
l. 





(2
00





9b
)





Z
V





I 
(F





e0 )
, 2





5 
g 





L
−





1
4–





C
hl





or
op





he
no





l (
10





0 
m





g 
L





−
1 )





U
ltr





as
on





ic
 h





or
n 





pr
ob





e
4-





C
hl





or
op





he
no





l w
as





 c
om





pl
et





el
y 





de
ch





lo
ri





na
te





d 
an





d 
so





m
e 





lo
w





 m
ol





ec
ul





e 
or





ga
ni





c 
ac





id
s 





w
er





e 
id





en
tifi





ed
 a





s 
th





e 
m





ai
n 





fin
al





 p
ro





du
ct





s 
af





te
r 





1 
h.





20
 k





H
z





[E
D





TA
] 0





 =
 0





.3
2 





m
m





ol
 L





−
1





pH
 =





 2
–5





T
O





C
 d





eg
ra





da
tio





n:
 c





a. 
7





0%





T
 =





 1
0°





C
–5





0°
C





A
ir





 b
ub





bl
ed





 =
 1





.0
 L





 m
in





−
1





E
re





n 
et





 a
l. 





(2
01





0)
Z





V
C





 (
C





u0 )
, 1





–3
 g





 L
−





1
C





I 
D





ir
ec





t Y
el





lo
w





 9
 (





D
Y





9,
 2





0 
m





g 
L





−
1 )





 a
nd





 C
I 





R
ea





ct
iv





e 
R





ed
 1





41
 





(R
R





14
1,





 5
0 





m
g 





L
−





1 )





U
ltr





as
on





ic
 h





or
n 





pr
ob





e
So





no
de





gr
ad





at
io





n 
pr





oc
es





s 
at





 lo
w





 f
re





qu
en





ci
es





 s
ho





w
s 





a 
hi





gh
er





 e
ffi





ci
en





cy
 th





an
 th





at
 o





bt
ai





ne
d 





at
 h





ig
h 





fr
eq





ue
nc





ie
s





T
iO





2,
 0





.1
–1





 g
 L





−
1





20
 k





H
z,





 1
80





 W
T





ra
ns





du
ce





r 
bo





tto
m





 p
la





te
 





57
7,





 8
61





, a
nd





 1
14





5 
kH





z,
 





12
0 





W
T





 =
 2





0°
C





pH
 =





 6
.9





pH
 =





 3
.0





 (
w





ith
 Z





V
C





)





D
eg





ra
da





tio
n 





of
 D





Y
9 





w
ith





 Z
V





C
 a





nd
 T





iO
2:





 c
a. 





5
5 





an
d 





70
%





, r
es





pe
ct





iv
el





y
D





eg
ra





da
tio





n 
of





 R
R





14
1 





w
ith





 Z
V





C
 a





nd
 T





iO
2:





 c
a. 





1
7 





an
d 





99
%





, r
es





pe
ct





iv
el





y





M
et





al
lic





 o
xi





de
s





G
e 





et
 a





l. 
(2





00
3)





M
nO





2 
(1





 g
 L





−
1 )





A
zo





 d
ye





 a
ci





d 
re





d 
B





, A
R





B
 





(1
00





 m
g 





L
−





1 )
U





ltr
as





on
ic





 b
at





h
D





eg
ra





da
tio





n 
gr





ad
e 





hi
gh





er
 th





an
 9





0%
 a





t p
H





 =
 3





. 
D





eg
ra





da
tio





n 
va





lu
es





 c
lo





se
 to





 1
00





%
 w





er
e 





ac
hi





ev
ed





 a
t 





pH
 =





 1
. C





ou
nt





er
 a





ni
on





s 
(S





O
4 





2−
 a





nd
 N





O
3−





) 
gr





ea
tly





 
in





hi
bi





t t
he





 d
ec





ol
or





iz
at





io
n 





pr
oc





es
s. 





O
xy





ge
n 





us
ed





 a
s 





sa
tu





ra
te





d 
ga





s 
is





 m
or





e 
fa





vo
ra





bl
e 





fo
r 





m
in





er
al





iz
at





io
n 





of
 





th
e 





dy
e





50
 k





H
z,





 1
50





 W





T
 =





 2
2°





C





pH
 =





 1
–1





0





O
xy





ge
n 





an
d 





ar
go





n 
at





m
os





ph
er





e





A
it 





et
 a





l. 
(2





00
7a





)
Fe





@
Fe





2O
3 





co
re





-s
he





ll 
na





no
w





ir
es





 
(1





 g
 L





−
1 )





R
ho





da
m





in
e 





B
 (





5 
m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





D
ec





ol
or





at
io





n 
cl





os
e 





to
 1





00
%





 a
nd





 T
O





C
 d





eg
ra





da
tio





n:
 





ca
. 6





0%
 a





ch
ie





ve
d 





in
 6





0 
m





in
25





 k
H





z,
 1





00
 W





pH
 =





 2





A
ir





 b
ub





bl
ed





 =
 0





.1
 m





3  
h−





1





(c
on





ti
nu





ed
)



















426	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





TA
B





LE
 1





7.
1 





(c
on





ti
nu





ed
)





So
no





de
gr





ad
at





io
n 





of
 P





ol
lu





ta
nt





s 
in





 P
re





se
nc





e 
of





 S
ol





id
 P





ar
ti





cl
es





R
ef





er
en





ce
So





lid
 C





at
al





ys
t





Po
llu





ta
nt





Ex
pe





ri
m





en
ta





l C
on





di
ti





on
s





H
ig





hl
ig





ht
 o





f W
or





k





A
it 





et
 a





l. 
(2





00
7b





)
Fe





@
Fe





2O
3 





co
re





-s
he





ll 
na





no
w





ir
es





 
(1





 g
 L





−
1 )





R
ho





da
m





in
e 





B
 (





5 
m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





A
dd





iti
on





 o
f 





tin
y 





Fe
2+





 (
5 





m
g 





L
−





1 )
 e





nh
an





ce
s 





th
e 





de
gr





ad
at





io
n 





ra
te





 o
f 





R
hB





. O
ve





r 
92





%
 o





f 
R





hB
 w





as
 





de
gr





ad
ed





 b
y 





th
e 





so
no





-F
en





to
n 





pr
oc





es
s 





w
ith





 F
e2+





 a
nd





 
Fe





@
Fe





2O
3 





fo
r 





60
 m





in
 a





t n
eu





tr
al





 p
H





25
 k





H
z,





 1
00





 W





pH
 =





 N
eu





tr
al





A
ir





 b
ub





bl
ed





 =
 0





.1
 m





3  
h−





1





N
ak





ui
 e





t a
l. 





(2
00





7)
C





oa
l a





sh
 (





0–
15





 ×
 1





0−
3  





g 
L





−
1 )





Ph
en





ol
 (





10
 m





g 
L





−
1 )





U
ltr





as
on





ic
 c





up
 h





or
n 





os
ci





lla
to





r 
20





0 
kH





z,
 2





00
 W





M
ax





im
um





 d
eg





ra
da





tio
n 





of
 p





he
no





l (
ca





. 8
0%





) 
fo





r 
a 





co
al





 
as





h 
co





nc
en





tr
at





io
n 





of
 5





–6
 m





g 
L





−
1





T
 =





 2
0°





C





C
he





n 
et





 a
l. 





(2
01





0)
4A





-z
eo





lit
e 





su
pp





or
te





d 
α-





Fe
2O





3 
(0





.5
 g





 L
−





1 )





O
ra





ng
e 





II
 (





10
–2





0 
m





g 
L





−
1 )





U
ltr





as
on





ic
 b





at
h





Fe
-4





A
 c





om
po





si
te





 s
ho





w
ed





 a
 lo





w
 ir





on
 io





n 
di





ss
ol





ut
io





n 
le





ve
l, 





hi
gh





 r
ea





ct
iv





ity
 s





ta
bi





lit
y 





an
d 





a 
lo





ng
 li





fe
tim





e 
un





de
r 





ne
ut





ra
l c





on
di





tio
n 





in
 th





e 
so





no
-F





en
to





n 
re





ac
tio





n. 






D
eg





ra
da





tio
n 





gr
ad





e:
 8





0%
–9





0%





40
 k





H
z,





 1
00





 W





pH
 =





 2
.7





 a
nd





 6
.8





N
ak





ui
 e





t a
l. 





(2
00





9)
C





oa
l a





sh
 (





2–
5 





×
 1





0−
3  





g 
L





−
1 )





H
yd





ra
zi





ne
 s





ol
ut





io
n 





(3
.5





 m
g 





L
−





1 )
U





ltr
as





on
ic





 c
up





 h
or





n 
os





ci
lla





to
r 





20
0 





kH
z,





 2
00





 W
.





pH
 =





 2
, 4





 a
nd





 8
.





T
 =





 2
0°





C





D
eg





ra
da





tio
n 





of
 1





00
%





 a
ft





er
 6





0 
m





in
ut





es
 o





f 
re





ac
tio





n 
at





 
pH





 =
 4





. C
ri





tic
al





 in
flu





en
ce





 o
f 





pH
, p





ro
m





ot
in





g 
ch





an
ge





s 
in





 
th





e 
co





al
 a





sh
 s





ur
fa





ce
, h





yd
ra





zi
ne





 p
ro





to
na





tio
n 





an
d 





en
ha





nc
in





g 
ad





so
rp





tio
n 





of
 h





yd
ra





zi
ne





 o
n 





th
e 





co
al





 a
sh





O
th





er
s





Ta
ub





er
 e





t a
l. 





(2
00





5)
L





ac
ca





se
 e





nz
ym





e 
(5





 ×
 1





0−
9  





ka
t L





−
1  





la
cc





as
e 





ac
tiv





ity
)





A
ci





d 
O





ra
ng





e 
5 





(1
00





 μ
m





ol
 L





−
1 )





A
ci





d 
O





ra
ng





e 
52





 (
10





0 
μm





ol
 L





−
1 )





D
ir





ec
t B





lu
e 





71
 (





10
0 





μm
ol





 L
−





1 )
R





ea
ct





. B
la





ck
 5





 (
10





0 
μm





ol
 L





−
1 )





R
ea





ct
. O





ra
ng





e 
16





 (
10





0 
μm





ol
 L





−
1 )





R
ea





ct
. O





ra
ng





e 
10





7 
(1





00
 μ





m
ol





 L
−





1





U
ltr





as
on





ic
 h





or
n 





pr
ob





e
85





0 
kH





z,
 9





0 
W





U
S 





tr
ea





tm
en





t c
an





 d
ec





ol
or





iz
e 





al
l t





es
te





d 
dy





es
 a





ft
er





 3
 h





 a
t a





 
hi





gh
 e





ne
rg





y 
in





pu
t, 





an
d 





pr
ol





on
ge





d 
so





ni
ca





tio
n 





le
ad





s 
to





 
no





nt
ox





ic
 io





ni
c 





sp
ec





ie
s. 





M
ax





im
um





 d
ec





ol
or





at
io





n 
80





%
T





 =
 4





0°
C





,





pH
 =





 4
.5





Sa
ga





ve
 e





t a
l. 





(2
00





6)
E





nz
ym





e 
ce





llu
lo





se
, b





le
nd





 o
f 





en
do





gl
uc





an
as





e,
 





ce
llo





bi
oh





yd
ro





la
se





 a
nd





 
β-





gl
uc





os
id





as
e. 





A
ct





iv
ity





 o
f 





10
0 





FP
U





 g
−





1  
of





 p
ow





de
r





D
is





til
le





ry
 w





as
te





w
at





er
 (





T
O





C
 a





nd
 





C
O





D
 o





f 
55





,0
00





 a
nd





 1
0,





00
0 





m
g 





L
−





1 ,
 r





es
pe





ct
iv





el
y)





U
ltr





as
on





ic
 b





at
h





T
he





 c
om





bi
ne





d 
pr





et
re





at
m





en
t t





ec
hn





iq
ue





 (
U





S 
+





 E
 +





 A
O





) 
yi





el
de





d 
th





e 
hi





gh
es





t C
O





D
 r





ed
uc





tio
n 





of
 6





2.
25





%
 a





s 
co





m
pa





re
d 





to
 3





4.
9%





, 3
6.





61
%





, 4
2.





26
%





 C
O





D
 r





ed
uc





tio
n 





fo
r 





th
e 





un
tr





ea
te





d,
 e





nz
ym





at
ic





al
ly





 p
re





tr
ea





te
d 





(o
nl





y 
E





 +
 





A
O





),
 U





S 
pr





et
re





at
ed





 (
on





ly
 U





S 
+





 A
O





),
 r





es
pe





ct
iv





el
y,





 a
ft





er
 





36
 h





 o
f 





tr
ea





tm
en





t





22
 k





H
z,





 1
20





 W





C
om





bi
na





tio
n 





w
ith





 a
 





bi
ol





og
ic





al
 a





er
ob





ic
 





ox
id





at
io





n





pH
 =





 3
.8





–3
.9



















Role of Heterogeneous Catalysis in the Sonocatalytic Degradation of Organic Pollutants	 427





obtaining that the presence of M3+ (metallic ions) produces an additional consumption of electrons 
by reduction to M2+, remaining as holes on the surface of the TiO2. Thus, the decomposition of H2O 
toward hydroxyl radicals is favored (Wang et al., 2010a). In the same way, authors tested different 
composites of CeO2/TiO2, SnO2/TiO2, and ZrO2/TiO2 as an alternative. These composite materials, 
based on different semiconductors, also restrain the recombination of the electron/hole pairs due to 
the different energy levels of conduction and valence bands for CeO2, SnO2, ZrO2, and TiO2. These 
differences promote the transition of the electrons generated by the ultrasonic irradiation from TiO2 
to the other semiconductors through the crystal frontier, resulting in the complete separation of 
electrons and holes, especially for the CeO2/TiO2 composite material.





Combination of US with activated carbon has also been studied in literature for the degradation 
of organic pollutants. US has been used as pretreatment on the removal of saccharin by activated 
carbon adsorption. The obtained results showed an increase in the AC adsorption of saccharin and 
the by-products, formed during ultrasonic treatment (Bernardo et al., 2006). A further step could 
be the combination of activated carbon and ultrasonic irradiation in a simultaneous system. In this 
way, exfoliated graphite, a type of porous carbon adsorption material has been used in combination 
with ultrasonic irradiation (ultrasonic bath, 28 kHz) for the decolorization of azo dye direct scarlet 
4BS solutions. The higher efficiency of this process, as compared to silent adsorption, is attributed 
to the rupture of exfoliated graphite particles by sonication, with a decrease in the particle size and 
the consequent increase in the surface area available for the adsorption of the dye (Li et al., 2007).





Elemental iron zero valent iron (ZVI) has been used for the sonodegradation of organic pollut-
ants as low-cost solid catalyst. It is known that the use of ZVI, under acidic conditions, promotes 
its oxidation to Fe2+ (Reaction 17.1). Additionally, Fe0 in the presence of water can be oxidized by 
Reaction 17.2. The Fe2+ formed by Reactions 17.1 and 17.2 reacts rapidly with the sono-generated 
H2O2 molecules to produce additional hydroxyl radicals in the bulk medium (Reaction 17.3). Finally, 
the Fe2+ can be regenerated by the reaction between Fe3+ (usually in form of iron oxides) and Fe0 
(Reaction 17.4).





	 Fe H Fe H0 2
22+ → ++ +





	 (17.1)





	 Fe H O Fe H HO0
2





2
2+ → + ++ ½ −





	 (17.2)





	 Fe H O Fe HO HO2
2 2





3+ ++ → + +• −
	 (17.3)





	 2 33 0 2Fe Fe Fe+ ++ → 	 (17.4)





In this process, the release of ferrous ions (Fe2+) from the surface of the ZVI particle is identified 
as the rate-limited step, since the formation of a layer of iron oxide may inhibit the Fe2+ generation 
(Reaction 17.1). As it has been previously mentioned, the collapse of the cavitation bubbles near 
the solid surface causes microjets that hits the surface and produce asymmetrical shock waves. 
This phenomenon results in the well-known cleaning action of US, which eliminates the iron oxide 
layer, and consequently, it regenerates and reactivates the catalyst surface (Liu et al., 2007). In this 
way, Dai et al. (2006), found that the degradation of pentachlorophenol under ultrasonic irradiation 
could be enhanced by the presence of ZVI. The authors attributed this effect to the increase of the 
cavitation events induced by the solid particles, and the catalytic action of the Fe2+ ions released to 
the solution, which promotes the production of hydroxyl radicals. Different additives such as EDTA 
can form ligands with Fe2+ (Reaction 17.5). Fe(II)EDTA complex can be combined with an oxygen 
molecule initiating a series of reactions that activate the oxygen and finally generating hydrogen 
peroxide (Reactions 17.6 through 17.9, Zhou et al., 2009a). The effect of EDTA has been deeply 
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studied in the degradation of model pollutants (i.e., 2,4-dichlorophenol) as well as wastewaters com-
ing from textile industries (Zhou et al., 2008, 2009a,b).





	 Fe EDTA H O (EDTA)(H O)II2
2 2





2+ −+ + → [ ]Fe 	 (17.5)





	 [ ] [ )]Fe (EDTA)(H O) O Fe (EDTA)(O H OII
2





2
2





II
2





2
2





− −+ ↔ + 	 (17.6)





	 [ )]Fe (EDTA)(O [Fe (EDTA)(O )]II
2





2 III
2





2− − −→ 	 (17.7)





	 Fe (EDTA)(O ] + [Fe (EDTA)(O )] [(EDTA)Fe (O )FII
2





2 III
2





2 III
2





2) − − − −→ ee (EDTA)] +H OIII 4
2





−





	 (17.8)





	 [ ( ) ] , Fast)(EDTA)Fe O Fe (EDTA) (H 2[Fe (EDTA)HIII
2





2 III 4 III
2





− − → →+ OO] H O2 2
− + 	 (17.9)





Another possible combination is the US/Fe0/carbon systems in which electrochemical batteries can 
be formed between the iron and the carbon. The Fe0 is oxidized to Fe2+ (anode, Reaction 17.10), 
whereas activated carbon acts as cathode (Reaction 17.11) by producing hydrogen from adsorbed 
protons (Liu et al., 2007). Again, the role of the US is the cleaning of reactive intermediates or prod-
ucts from the ZVI surface, reactivating the surface for subsequent reactions. A similar approach 
has been described by Lin et al. (2008) using a cast iron, an alloy of which the main elements are 
Fe and C. Alternative to ZVI, zero valent copper has also been used following a similar reaction 
mechanism mentioned for the preparation of ZVI (Eren et al., 2010).





	 Anode (Fe) Fe Fe e: → ++2 2 −





	 (17.10)





	 Cathode (C) H e H: 2 2 2
+ + →− 	 (17.11)





As it has been previously mentioned, another benefit of the presence of certain solid particles during 
the sonication is the decomposition of the hydrogen peroxide generated by ultrasonic irradiation to 
form highly reactive and oxidizing hydroxyl radicals. Within the kind of solids that can promote 
this reaction, iron oxides as themselves or with support have been widely used for the degrada-
tion of different pollutants in aqueous solution (Ai et  al., 2007a,b; Chen et  al., 2010). Likewise, 
other metal oxides, such as MnO2 (Ge et al., 2003) and CuO · ZnO supported on Al2O3 have also 
been used for their catalytic role in the decomposition of the sono-generated hydrogen peroxide. In 
some cases, CuO · ZnO supported on Al2O3 has been doped with noble metals such as Ru or Pd to 
enhance this effect (Papadaki et al., 2004). Another alternative is the coal ash generated as waste in 
thermal power stations, characterized as a mixture of different oxides, such as SiO2, Al2O3, Fe2O3, 
or CaO (Nakui et al., 2007, 2009). A relevant conclusion obtained in these works is that exists an 
optimum in the amount of solid particles present in the aqueous medium. Higher amounts of solid 
particles produce negative effects in terms of H2O2 generation by cavitation events. In that case, 
large amounts of the coal ash induce scattering or adsorption of the ultrasonic wave, reducing the 
formation of the nucleation sites for cavitation bubbles.





Finally, it is remarkable that a combined treatment of USs and enzymes has also been proposed 
as oxidation process for depuration of mixtures of different dyes in aqueous solution and disinfec-
tion of distillery wastewater, obtaining promising results, as compared to the individual processes 
(Tauber et al., 2005; Sangave et al., 2006).





The above-mentioned works are related to the degradation of different organic pollutants (phenol, 
dyes, etc.) but several attempts have also been carried out for disinfection, using US/solid systems. US 
has been used in disinfection due to its capacity of producing cell lysis and other damaging effects, 
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including functional and biochemical changes. Several authors reported that microbial cells were 
inactivated more effectively by the combination of US and TiO2 (Dadjour et al., 2005, 2006), being the 
chemical oxidation by hydroxyl radicals—the main action responsible for damaging the membrane 
cells and finally causing cell death. Additionally, activated carbon together with other solid materials 
(zinc, ceramics) has been used in combination with US in disinfection, accelerating the overall reduc-
tion of E. coli with respect to the sonolytical disinfection (Ince et al., 2001).





IMPROVED HETEROGENEOUS SONOCATALYTIC SYSTEMS 
BY ADDITION OF OXIDANTS





Alternatively to the benefits of the presence of solid particles during the sonication, it should be 
noted the intrinsic activity of certain metals in the solid particles as catalyst for the generation of 
additional hydroxyl radicals from the autogenerated H2O2. For these solids with catalytic activity, 
the combination of heterogeneous sonocatalytic systems with different oxidants has been studied as 
novel advanced oxidation processes. In these cases, ultrasonic irradiation can improve the catalytic 
activity of the solid particles by increasing the surface area as a result of the particles fragmentation 
and by reducing mass transfer limitations. A brief review of the most recent works related to this 
issue is summarized in Table 17.2.





Although the H2O2 is the most relevant oxidant used in ultrasonic systems, other oxidants are 
also being used. For instance, a synergistic effect has been found for the combination of US and 
ozone, in a so-called sonozation process, which has been widely studied in literature. Theoretically, 
the combination of the sono-ozonolysis and heterogeneous catalysts should enhance the efficiency 
of the processes, by providing additional nucleation sites for the generation of cavitation bubbles 
in which thermal decomposition of the ozone could take place. Additionally, these catalysts could 
decompose the H2O2, formed during the sonication, generating hydroxyl radicals. The application 
of copper and iron craps as heterogeneous catalysts in combination with ozone at different ultra-
sonic frequencies irradiations for the treatment of phenolic aqueous solutions have been studied by 
Chand et al. (2009). However, it must be pointed out that better results were obtained by the substitu-
tion of ozone by hydrogen peroxide.





Sono-Fenton Degradation Processes





The addition of hydrogen peroxide to ultrasonic irradiation systems in the presence of iron-containing 
materials as Fenton-like processes can increase the hydroxyl radical production, enhancing the over-
all activity and degradation rate of the so-called sono-Fenton system. There are many examples in 
literature of heterogeneous sono-Fenton systems, using different iron oxides as catalysts (hematite 
and goethite). Neppolian et al. (2004) reported the combination of US/Goethite/H2O2 for the treat-
ment of p-chlorobenzoic acid, obtaining a remarkable enhancement in the activity with respect to 
the goethite/H2O2 processes. Authors attributed this improvement to the continuous cleaning and 
chemical activation of the FeOOH surface by the physical and chemical effects of US. Thus, the 
turbulent effects of the cavitation promotes not only an increase in the surface particle area, but also 
the reduction of the goethite iron oxide to Fe2+ ions and dissolution in the reaction medium (Reaction 
17.12), involving the subsequent homogeneous Fenton reaction (Reaction 17.13).





	 2FeOOH US 2Fe + O + 2OH2+
2+ → −





	 (17.12)





	 Fe H O Fe + HO + HO2+
2 2





3++ → −•
	 (17.13)





The sono-Fenton processes using goethite have been widely reported for the treatment of waste-
waters coming from textile industries, in which different dyes can be found as major pollutants 
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(Muruganandham et al., 2007; Zhang et al., 2009a). These studies demonstrated the increase of 
surface area of the iron oxides after successive cycles, keeping its activity constant. The influence 
of the hydrogen peroxide concentration on the degradation process was also evaluated, indicating 
an increase of the decoloration efficiency until reaching an optimum value of hydrogen peroxide 
concentration. Higher oxidant concentrations had a negative effect in the degradation rate of the 
pollutants (Wang et al., 2010b).





The immobilization of the iron on inert support surfaces has also been widely studied in litera-
ture. Thus, mixed pillared clays (Al-Fe), FAZA, conformed by extrusion in extrudates, have been 
tested as solid catalyst, exhibiting beneficial properties in terms of high oxidation activity and low 
leachability of the catalyst (Nikolopoulos et al., 2006). Employing the FAZA clay, they observed 
that an induction period previous to the degradation was reduced due to the enhancement of the 
intraparticle diffusion by the ultrasonic irradiation.  It is noteworthy that the calculated effective 
diffusion coefficients were increased for indirect sonication by means of an external cup horn, as 
compared to direct sonication, using an immersed horn probe. These results were explained taking 
into account that under direct sonication, the particles are forced to follow the quick motion of the 
water from zones of high energy (just under the probe) to zones of low energy. On the other hand, 
in the indirect sonication system, the solid particles are located within the ultrasonic regime for the 
total reaction time.  Another example of supported iron-containing catalyst is the Fe2O3/SBA-15 
material based on the immobilization of hematite and other iron oxides on a mesoporous SBA-15 
silica support. This catalyst has exhibited high activity and stability in the oxidation of phenolic 
aqueous solutions by sono-Fenton processes in a wide range of frequencies (20–1140 kHz, Bremner 
et al., 2009). Moreover, it was demonstrated that there was an increase in the degradation rate up to 
an optimum concentration of hydrogen peroxide as well as relatively low oxidant consumption along 
the sonocatalytic process (Molina et al., 2006; Melero et al., 2008). On the contrary, high excess of 
the oxidant produced a negative effect on the phenol mineralization as a result of a major contribu-
tion of radical recombination on the catalyst surface, as it is proposed in Figure 17.2.





On the other hand, Melero et al. (2008) also demonstrated a different effect of the cavitation on the 
particle size for Fe2O3/SBA-15 and unsupported iron oxides (hematite and goethite). Nonsupported 
iron oxides exhibited a remarkable aggregation of particles, which was related to the attraction of 
magnetic iron phases produced as a result of the particle reduction of goethite under ultrasonic 
irradiation.  In contrast, hematite supported on SBA-15 evidenced the expected fragmentation of 
particles after the sono-Fenton process. This different behavior influenced dramatically in the TOC 
degradation achieved with both catalysts.





A novel heterogeneous sono-Fenton-like system was proposed by the combination of US and the 
advanced Fenton process (AFP) (Namkung et al., 2008). In AFP, H2O2 is catalytically decomposed 
by Fe2+ (Reaction 17.3) coming from the corrosion of ZVI under acidic conditions (Reactions 17.1 
and 17.2). US plays a critical role in the AFP system, cleaning the surface particles of iron oxides, 
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FIGURE 17.2  Simplified scheme of radical oxidation and recombination reactions in heterogeneous 
sono-Fenton systems.



















Role of Heterogeneous Catalysis in the Sonocatalytic Degradation of Organic Pollutants	 435





providing more Fe0 surface available for Reactions 17.1 and 17.2, and enhancing the hydroxyl radi-
cals production (Hardcastle et al., 2000). In this way, Liang et al. (2007) found a significant increase 
in the degradation of 4-chlorophenol by sonication of an AFP system with a bottom plate trans-
ducer. The US/AFP system has also been employed for the treatment of Acid Orange dye, obtain-
ing a decrease in the decolorization grade with the increase in the initial pH (Zhang et al., 2009b). 
Additionally, a remarkable decrease in the efficiency of the processes was observed when an inert 
gas is dissolved in the reaction medium (i.e., nitrogen).  Although dissolved gas affects aqueous 
sonochemical processes providing nucleation sites for cavitation events, in the case of nitrogen it 
might scavenge the free radicals from the bulk solution, inhibiting the oxidation of the CI Acid 
Orange 7 by the hydroxyl radicals. Namkung et al. (2008) treated phenolic aqueous solutions by 
means of continuous reactors with two indirect sonicator setups: a cup-horn and an ultrasonic bath. 
Results revealed a high influence of the initial concentration of phenol and hydrogen peroxide con-
centration on the TOC removal grade. However, the benefits of the ultrasonic bath were hardly 
significant with respect to the silent AFP oxidation.





Another attractive alternative has been the use of fly ash residues from a thermal power plant 
as source of iron-containing solids. These materials showed a remarkable decoloration of CI direct 
black 168 aqueous solutions by sono-Fenton systems (Song et al., 2009).





Besides iron oxides and iron-containing materials, other metallic oxides such as copper oxide 
as itself or supported over Al2O3 or ZnO/Al2O3 supports have demonstrated a high activity as solid-
Fenton catalyst under ultrasonic irradiation (Kim et al., 2007). A remarkable efficiency of the cop-
per solids in the degradation of p-chlorophenol was observed as compared to analogous catalytic 
runs in the absence of US. These results were attributed to the benefits of ultrasonic irradiation on 
the particles fragmentation, providing higher surface areas and the activation of the copper oxides 
in the production of hydroxyl radicals by Fenton-like reactions.





Finally, another typical solid sono-Fenton-like catalyst for the treatment of organic pollutants in 
aqueous solutions is those based on noble metals, outstanding the RuI3 (Rokhina et al., 2009). The 
Fenton-like oxidation of phenol with RuI3 exhibits an induction period similar to that obtained for 
the FAZA clay, which is also minimized by US. In this case, a decrease in the activation energy 
for the oxidation is reported as plausible reason, indicating that no changes were obtained in the 
reaction pathway, achieving a TOC degradation of ca. 55% after 5 h of reaction, higher than that 
obtained in the absence of US (ca. 35%, Rokhina et al., 2010).





US/TiO2 Systems with Hydrogen Peroxide





As it has been previously mentioned, ultrasonic irradiation involves generation of intense UV wave-
length light, which can cause the transition of an electron from the valence band into the conduc-
tion band in the TiO2 semiconductor, leaving a positive hole charge responsible of dissociation of 
water molecules to form hydroxyl free radicals.  Addition of hydrogen peroxide to the US/TiO2 
system could promote further benefits to the degradation efficiency. Tuziuti et al. (2004) proposed 
that under ultrasonic irradiation, hydrogen peroxide can modify the TiO2 surface promoting the 
formation of titanium peroxide (TiO3) into the solution, which is active for oxidation reactions. 
Additionally, hydrogen peroxide can react with the pair electron/hole generated in the TiO2 particles 
by sonoluminescence, producing hydroxyl radicals (Reaction 17.14).





	 TiO (e ) H O HO + HO2 2 2
− −+ → • 	 (17.14)





Consequently, the addition of hydrogen peroxide enhances the overall oxidation efficiency of the 
process. Shimizu et al. (2007) demonstrated that the degradation of methylene blue by a US/TiO2 
system occurs by hydroxyl radicals generated in the process, and the addition of H2O2 accelerated 
the degradation of the dye for the TiO2 containing system up to an optimum value.  Previously, 
Abbasi et al. (2008) had found a similar behavior in the sonochemical degradation of Basic Blue 41 
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dye in aqueous solution with nano-TiO2 and H2O2. More recently, Abdullah et al. (2010) found that 
anatase TiO2 with certain amount of rutile phase exhibited better sonocatalytic performance than 
pure anatase. It was attributed to the role of rutile to avoid hole-electron recombination. Authors 
also remarked that the physical effect of US for the disintegration of the TiO2 particles might reduce 
the micro and mesoporosity leading to lower surface area. On the other hand, the above-mentioned 
reactivation of the sonocatalyst particles due to the cleaning effect of the ultrasonic streams enhances 
the efficiency of the degradation. The net effect of both is accounted for the activity of the US/TiO2 
system (Abdullah et al., 2010).





Sono-Enzyme Peroxide Degradation Systems





Several enzymes (oxidoreductases) have been studied for the removal of phenolic derivates from 
industrial wastewater and drinking water. Particularly, the application of the enzyme horseradish 
peroxidase (HRP) in combination with H2O2 and US has been proposed for the treatment of phenolic 
solutions, generating insoluble polymers as products. These polymers can be easily removed from 
the aqueous solution by filtration or sedimentation. Entezari et al. (2003, 2004) demonstrated that 
the sono-enzyme oxidation with hydrogen peroxide is a feasible treatment method for phenol and 
chlorophenol derivates. Additionally, the same authors found the following reaction rate order for dif-
ferent mixtures of monochloro-substituted phenolic compounds: p-methylphenol > p-chlorophenol > 
phenol > p-nitrophenol (Entezari et al., 2005). US irradiation allows cleaning the polymeric shell 
generated during the enzyme oxidation, reducing one of the major causes of inactivation of the 
HRP. Additionally, the HRP dosage is reduced in the sono-enzyme oxidation with respect to the silent 
one—a critical economic point for this kind of processes (Entezari et al., 2006).





HYBRID METHODS: INTEGRATION OF SONOCATALYSIS WITH 
PHOTOASSISTED PROCESSES FOR WASTEWATER TREATMENT





Most of the oxidation technologies for wastewater degradation is barely used individually for cost-
effective operations, and this also includes sonocatalysis. The high operating costs of ultrasonic 
treatment processes are mostly due to electrical and very high capital costs, and also due to the use 
of large amount of energy for treating very small reaction volumes (Mahamuni et al., 2009).





As previously mentioned, in the case of reactions where the controlling mechanism is the free 
radical attack, sonocatalysis can be used together with other oxidation agents, such as ozone (Zhang 
et al., 2008; Zhaobing et al., 2009) or hydrogen peroxide (Lin et al., 1996), in order to enhance the 
rates of degradation due to additional generation of free radicals. The aim of it is to mineralize the 
organic compounds completely or only partially, converting the initial pollutants into less harmful 
compounds in order to treat them in a biological system. There are different combination techniques 
studied in literature for a variety of contaminants (Gogate, 2008). However, in most cases, sono-
catalysis is applied in combination with UV light. Both processes are based on the generation of 
radicals and the subsequent attack of them on the contaminants.





Table 17.3 shows an overview of hybrid methods of the recent works undertaken in this field 
describing US in combination with UV light.





Although photocatalysis and sonolysis have been extensively employed individually for the degra-
dation of several organic species in water, their combined use (i.e., sonophotocatalysis) has received 
noticeably less attention. This combination is especially attractive as US irradiation seems to over-
come some drawbacks associated with photocatalysis such as the mass transfer limitations and foul-
ing of the solid catalyst. During the acoustic irradiation the mass transfer resistance is dramatically 
reduced, and the increase of turbulence helps in the cleaning of the catalyst (Gogate, 2008).
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The catalyst employed for almost all the integrated US with photocatalytic technologies is TiO2. 
Although available in various crystalline forms, a commercial catalyst, Degussa P25, shows excep-
tional activity compared to other grades of TiO2, and this is probably due to the morphology of its 
crystallites.  Davydov et al.  (2001) investigated the influence on the sonophotocatalytic destruc-
tion of salicylic acid on four commercial titania powders, exhibiting the highest overall activity 
for P25 TiO2 catalyst. The combination of the action of ultrasonic and UV-assisted photocatalysis 
yielded higher activity for catalysts with smaller particle size, compared to largest particle size 
photocatalysts.





Although, the grade of enhancement depends on experimental and operating conditions, the syn-
ergetic effect when US is combined with photocatalysis (due to the benefits of US) is a well-known 
fact. Even more, the rates of degradation for the combined US and UV irradiations are at times 
higher in order of magnitude when compared to an individual operation. However, the influence of 
different parameters (such as reaction volume, US power, etc.) is not clear yet, although it is known 
to play an important role in the overall effect. There are other important factors that need to be con-
sidered while designing the optimum sonophotocatalytic process in order to achieve the maximum 
degradation with the highest energy efficiency. Most of the related works published in literature 
showed the importance of operating simultaneously rather than having sequential irradiation of US, 
followed by photocatalytic oxidation. However, it has also been published that sequential operation 
might also yield similar or higher rates of degradation for some specific cases such as equilibrium-
controlled operations with very low rates of adsorption (Gogate et al., 2004).





Chen et al. (2002) have shown a synergistic effect to the application of US on the photocatalytic 
degradation of phenol and chlorophenols in the presence of TiO2.  They observed a remarkable 
enhancement by reducing the reaction volume or by increasing the average of ultrasonic power 
density. They also evaluated the influence of ionic strength and anions on sonophotocatalysis, sug-
gesting that chloride anions (Cl−) inhibit the action of sonophotocatalysis at low pH values, and 
that the solubility of the organic compounds has a significant influence on the performances of the 
photocatalytic and sonochemical reactions.





Ragaini et al. (2001) also evaluated the influence of the ultrasonic power density on the degra-
dation of a phenolic aqueous solution, either separately or simultaneously, using different types of 
TiO2 and different gas mixtures. Degussa P25 and systems using Ar–O2 mixture showed the best 
catalytic performances with a noteworthy synergistic effect of the two degradation techniques for 
reaction volumes greater than 300 mL, concluding that excessive cavitation seems to have a detri-
mental effect.





Promising results of synergistic effects of the integrated US-UV processes have been obtained 
in the degradation of model pollutant, such as salicylic acid (Davydov et al., 2001), 2-chlorophenol 
(Ragaini et al., 2001), formic acid (Chen et al., 2002), methyl tert-butyl ether (Ragaini et al., 2005), 
and diazo dyes (Selli et  al., 2005; Berberidou et  al., 2007; Kritikos et  al., 2007). As previously 
mentioned, the action of US toward UV is summarized by the increment of the catalyst surface 
area due to the deaggregation action of US, the improvement of mass transfer of organic com-
pounds between the liquid phase and the catalysis surface, and the promotion of additional hydroxyl 
radicals due to the residual H2O2 generated. On the other hand, photocatalysis increases organic 
degradation due to the catalytic activity of TiO2, not only by UV irradiation but also by the sonolu-
minescence effect of ultrasonic irradiation.





In simulated agro-industrial effluents containing 13 phenolic compounds typically found in 
olive mill wastewaters, Silva et al. (2007) found that combined process was considerably more 
effective that the respective individual treatments, and even more, process efficacy was further 
enhanced in the presence of H2O2 acting as hydroxyl radical source. They attributed the syner-
gistic action to an increase in the production of hydroxyl radicals via water sonolysis and H2O2 
cleavage as well as an increase in catalyst surface area. Further results related to synergistic 
effects of US and photocatalysis (TiO2) systems enhanced by the addition of hydrogen perox-
ide were reported by different groups (Mrowetz et al., 2003; Yano et al., 2005). In this sense, 
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Gogate et al. (2002) also indicated the positive effect of H2O2 to increase the removal of different 
organic compounds due to the enhanced dissociation of H2O2 into hydroxyl radicals under the 
action of US and UV irradiation. They found better results with simultaneous operation as com-
pared to sequential combinations, which confirmed the positive effects of US for increasing the 
production of free radicals and continuous cleaning of the catalyst particles.





In another work, Shirgaonkar et al. (1998) also studied the influence of different parameters on 
the sonophotochemical degradation of 2,4,6-trichlorophenol following two different setups. In one 
case, the UV source was placed parallel to the reactor, which used an ultrasonic horn probe as US 
device (Figure 17.3a), and in the other case the UV source was placed at the top of an ultrasonic bath 
(Figure 17.3b). The degradation was found to be dependent on the intensity of sonication, tempera-
ture of the reaction, and the type of ultrasonic equipment used, but was independent of the mode 
of UV transmission. It was observed that the degradation was similar in both cases indicating that 
there was no attenuation of any radiation by the glass material of the reactor.





Enhancement in the degradation rate was observed at higher temperatures of the solution and 
at lower sonication intensity. The latter effect was attributed to the higher deagglomeration of the 
catalyst at higher intensities, which reduces the overall transmission of the UV radiation. On the 
other hand, photolysis is known to be adversely affected with an increase in temperature. However, 
the observed enhancement in the degradation might be due to the red-shift of the bandgap edge of 
TiO2 catalyst at higher temperatures.





In a further attempt to enhance the degradation extent of the contaminants in wastewater by 
sonophotocatalysis, Berberidou et al. (2007) have explored the use of adding homogenous Fe2+ to 
the sonophotocatalytic system, where the presence of both catalysts dissolved Fe2+ and heteroge-
neous TiO2, promotes the highest dissolved organic carbon (DOC) removal as compared to the 
individual and simultaneous sonophotocatalytic processes in the degradation of a dye. Mrowetz 
et al. (2003) pointed out that small quantity of ferric ions can modify the TiO2 surface, and, there-
fore, increase the adsorption of organic pollutants and yield a better catalytic activity. Moreover, 
Murakami et al. (2008) have suggested that Fe3+ ions on a TiO2 surface can act as electron acceptor 
under UV irradiation.





Solar photocatalysis has gained considerable attention and several studies have reported the 
use of natural or simulated sunlight irradiation for water treatment. Méndez-Arriaga et al. (2009) 
have demonstrated the degradation of ibuprofen in distillate water using TiO2 and/or Fe(II) in 
sonophotocatalytic systems. In the case of sonophoto-Fenton process the mineralization (60%) 
was attained mainly with photo-Fenton, although the presence of ultrasonic irradiation slightly 
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FIGURE 17.3  Setup schemes used for the combined processes of UV and US irradiations.
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improves the iron catalytic activity. The presence of both, homogeneous (Fe2+) and heterogeneous 
(TiO2) catalysts, under illuminated and ultrasonic irradiation, promotes the highest DOC removal 
(ca. ≥90%). One further study has also been recently published by Torres-Palma et  al.  (2010) 
about the solar photocatalytic degradation of bisphenol in combination with US, using FeSO4 
and TiO2 photocatalyst. They have evaluated the effect of different Fe2+ and TiO2 concentrations, 
obtaining almost a complete removal of DOC (93%) after 4 h with the optimal catalysts loadings 
(using 10 and 5.6 mg L−1 of TiO2 and Fe2+, respectively) compared to 5%, 6%, and 22% of DOC 
removal when using individual processes alone (photocatalysis, US, and photo-Fenton, respec-
tively). They observed a high synergy among the three systems. Water sonication can yield the 
H2O2 necessary for the photo-Fenton process. In other words, in this system, US seems to have 
the principal role of eliminating the initial substrate and providing hydrogen peroxide for the 
photocatalytic systems, while photo-Fenton and TiO2 photocatalysis are mainly responsible for 
the transformation of the intermediates in CO2 and H2O.





The integration of US and UV–Vis with Fenton reagent, using heterogeneous iron containing 
catalysts and H2O2 as oxidant, has hardly been reported in literature. Most studies have stated the 
benefits of this hybrid system using homogeneous iron salts. In these cases, the synergism between 
processes—sonolysis, and photo-Fenton—is due to the efficiency of the photo-Fenton promoted by 
the reaction of H2O2 yielded by US.





To the best of our knowledge, the only work devoted to an heterogeneous sonophoto-Fenton 
process, is the work of Segura et al. (2009) that studied an integrated system combining US, with 
UV-vis and the Fenton reagent (photo-Fenton), using a heterogeneous Fe2O3 supported on SBA-15 
material and phenol as the model pollutant.  It appears that sequential sono-Fenton followed by 
photo-Fenton oxidation was more efficient compared to simultaneous and sequential photosono-
Fenton, and it showed best cost-effective ratio for degradation of phenol under selected experimen-
tal conditions. The extent of degradation using this configuration can be possibly enhanced due 
to the benefits of US for the partial degradation of amenable aromatic compounds toward further 
oxidized by-products along with the fragmentation of catalyst to finer particles that increases their 
activity in the following photo-Fenton step. This hybrid process was able to get degradations up to 
90% in terms of total organic carbon (TOC) mineralization under studied experimental conditions, 
compared to 15%, 20%, and 60% for individual sono-Fenton, photo-Fenton, and simultaneous com-
bination, respectively.





CONCLUSIONS AND FUTURE OUTLOOK





In this chapter, the critical role of solid catalysts in ultrasonic systems has been outlined. Beside 
the promotion of additional nuclei sites for cavitation events, other significant effects can be pointed 
out, depending on the nature of the solid: exploitation of the sonoluminescence in the case of TiO2, 
the continuous regeneration of the Fe0 surface for the production of ferrous ions, and the catalyzed 
decomposition of sono-generated H2O2 molecules, among other effects. All of them enhance the 
overall results of the ultrasonic systems by increasing either the oxidation rate or the degradation 
grade of the organic pollutants. Additionally, a combination of heterogeneous US/catalyst systems 
with H2O2 promotes the oxidation of pollutants in different ways, although the final result is an 
increase in the hydroxyl radical production during the sonication process. In the case of the solid 
catalysts, a significant variable is the size of the particles, as well as the nature of the solid, whereas 
when hydrogen peroxide is added to the sonicated system, the initial concentration of the oxidant 
has a major influence on the overall reaction. It should be pointed out that a minimum concentration 
is necessary to obtain the above-mentioned benefits, although the hydrogen peroxide consumption 
in the process is usually far from 100%.





With regard to hybrid sonophoto systems, it should be noted here that all the studies related 
to hybrid systems are restricted to volumes <1 L, and, therefore, the scale-up of these reac-
tors for actual wastewater treatment applications will be difficult, as the individual techniques 
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(ultrasonic irradiation and photoassisted processes) have inherent limitations when considered 
for large-scale applications.





Overall, it can be said that combination of US with other oxidation techniques, such as pho-
toassisted processes, leads to enhanced generation of the hydroxyl radicals, which eventually results 
in higher oxidation rates. The further addition of hydrogen peroxide or ozone to this hybrid system 
until an optimum value (additional source of free radicals) also increases the extent of destruction. 
Generally, the expected synergism between different hybrid methods discussed in this part of the 
work, is mainly due to the free radical attack mechanism. However, as it has been previously men-
tioned, the efficacy of the process and the extent of synergism depend not only on the enhancement 
in the production of free radicals but also the conditions and configuration leading to a better cata-
lytic activity. The optimum value in terms of degradation strongly depends on operation conditions 
(frequency of irradiation as well as total power input by both US transducers and UV irradiation) 
and also the type of studied pollutant.
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INTRODUCTION





Most organic pollutants are hydrocarbon based and when these are halogenated they become more 
persistent in the environment and more hazardous to humans and other living organisms (Andrea 
et al., 2001). During degradation, hydrocarbon pollutants are broken down into simpler molecules 
such as short-chain organic acids or carbon dioxide and water and/or inorganic ions (Adewuyi, 
2001). Today, organic pollutants are generally remediated using biological, chemical, physical, and 
physicochemical process or a combination of these (Andrea et al., 2001).





Biological treatment is currently the single largest organic remediation process in use worldwide. 
Municipal wastewater treatment plants in virtually all countries use aerobic and anaerobic pro-
cesses to remediate municipal sewerage water. Bioremediation is also extensively used to remediate 
hydrocarbon-contaminated soils (Thangavadivel et al., 2009). The main advantages of the bioreme-
diation process are its low cost and the fact that it does not require any chemicals other than nutri-
ents. However, it is a slow process, do not withstand shock loading, and is not efficient at very high 
concentrations of organic pollutants or where these are in combination with other toxic cocontami-
nants. It also generates large volumes of sludge as a by-product, which requires disposal (Khanal 
et al., 2007). Because of the slowness of the process, it requires big reactors, which demand signifi-
cant capital investment, as in the case of municipal wastewater plants. Also, microbes are unable 
to effectively mineralize halogenated hydrocarbons such as DDT [1,1,1-trichloro-2,2-bis(p-chloro 
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phenyl) ethane] and perfluorooctanyl sulfonate (PFOS). These factors limit the application of this 
process for remediating industrial wastewater or soil contaminated by pesticides and other persis-
tent organic contaminated compounds (Thangavadivel et al., 2009).





A combination of physical and chemical absorption and adsorption processes are widely used to 
remove the hydrocarbons from wastewater, especially in the pretreatment section of water treatment 
plants. Because of its excellent absorption capacity, activated carbon is mainly used for this purpose. 
During this physical and chemical absorption or adsorption process, organic waste is transferred 
from the liquid waste stream to the solid waste on the absorbent surface. This requires sufficient 
contact time with the carbon for effective removal of the organics from the liquid. The absorbent 
materials then need to go to land fill for safe disposal after being fully loaded with organic pollut-
ant, which can become a long-term liability. This process is quite expensive, especially in terms of 
operating cost. At present, the only technically viable option for remediating halogenated hydrocar-
bons is incineration. This is not only expensive but can also generate very harmful by-products if 
incineration is not well controlled.





Oxidizing agent such as H2O2 are sometimes used to degrade organic pollutants, especially for 
small quantity of wastewater, as they oxidize the organics much faster than biological methods 
(Gogate and Pandit, 2004). But they also require special reactors and generate chemical sludge by 
reacting with other inorganic contaminants. Bulk chemicals are required for this remediation pro-
cess to work efficiently. All these factors make the process less economic and pose risks in terms 
of operational safety.





Cheap zero valent iron products are widely used to remediate halogenated organic chemicals. For 
this process to be effective, the organic pollutant needs to be in close contact with the zero valent 
iron so that mineralization can take place. The zero valent iron surface need to be continuously cor-
roded so that electrons are released. Due to mass transport limitation of pollutants to the zero valent 
iron surface and low corrosion rates of zero valent iron, this process is very slow in soil but quite fast 
in the liquid medium (Thangavadivel et al., 2009). Efficient mixing of the iron with the wastewater is 
critical for this process and it is influenced by reactor design. The level of iron content in the treated 
water is a possible further problem. After removing the halogens using zero valent iron, the remaining 
organic pollutants need to be treated by other methods. UV light is another methods being used to 
remediate organically contaminated water in the pretreatment section of water treatment plants. Here, 
the main issues are light penetration of the water and the contact time necessary for remediation to 
occur. The life of the quartz sleeves, UV lamp, the high power requirement, lamp disposal, and cool-
ing requirements are other factors that contribute to a high cost of operation. Also, unspent OH radi-
cals may attack upstream equipment, which is another significant factor (Gogate and Pandit, 2004).





Ultrasound (US) is one of the most advanced oxidation technologies. It uses acoustic cavitation 
to achieve physical as well as chemical effects within the solution, which help to degrade organic 
pollutants. It operates in normal atmospheric conditions, does not generate sludge, does not require 
chemicals, is easy to install and operate (Thompson and Doraiswamy, 1999). This section covers the 
ultrasonic-enhanced degradation of organic pollutants in water.





PRINCIPLES OF ULTRASOUND-AIDED ORGANIC POLLUTANT DEGRADATION





The hot-spot theory, electrical theory, and plasma discharge theory are three popular theories in 
sonochemistry (Chowdhury and Viraraghavan, 2009). Among these, hot-spot theory or cavitation 
theory is now widely accepted in sonochemistry. All laboratory experiments based on sonochemi-
cal degradation of organics are being interpreted based on this cavitation theory alone (Thompson 
and Doraiswamy, 1999).





US is applied to the liquid medium via a transducer. The mechanical vibration of the trans-
ducer is transmitted to the liquid and forms a pressure wave. This pressure wave moves in the 
medium as a sinusoidal wave. According to cavitation theory, during wave propagation, a repeat-
ing pattern of compression and rarefaction is generated in the medium.  The rarefactions are 
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regions of low pressure (excessively large negative pressure) in which the liquid is literally “torn 
apart.” As a result of these reduced pressures, microbubbles form in the rarefactions regions, 
with dissolved gases, fine particles, and other contaminants acting as a nuclei (Thompson and 
Doraiswamy, 1999). As it absorbs US wave energy, the bubble will grow during the low pres-
sure cycle and shrink during the high pressure cycle (Figures 18.1 and 18.2). During the bubble 
growth time, water vapor, dissolved gases, and volatile organic matter enter the bubbles. As the 
bubble shrink, they also partially escape. Overall, more water vapor, dissolved gases, and organic 
vapor will enter the bubble during expansion than will escape during contraction because of the 
effect of bubble surface area (Figures 18.1 and 18.2). This process is called rectified diffusion 
(Chowdhury and Viraraghavan, 2009). When the bubble reaches its critical size (in μm) after few 
cycles (in few hundred μs), it will implode and temperature within the short-lived hot spot rises 
instantaneously to over 10,000°C, with the average temperature and pressure being 5000°C and 
500 atm, respectively, for 20 kHz (Figure 18.1, Table 18.1).





Due to the very high temperatures, volatile organic matter is pyrolyzed and reformed as CO2 and 
H2O within the imploded bubble (Figure 18.3). The water vapor in the bubble becomes OH and H 
radicals. Other dissolved gases also produce radicals (Thompson and Doraiswamy, 1999). Generally, 
the pyrolysis is termed physical activity and the radical production contributing to degradation is 
called sonochemical activity. At the bubble surface and its surroundings, high temperatures and pres-
sures create supercritical conditions in the water [e.g., about 20 nm from the bubble for 20 kHz US 
application in water (Table 18.1)]. This ionizes the surrounding water, including its organic pollutants, 
resulting in their decomposition. In the bulk liquid, the temperature remains at a level similar to room 
temperature because cavitation is an adiabatic process (Thompson and Doraiswamy, 1999). Due to 
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FIGURE 18.1  Bubble formation, growth, and collapse.  (From Chowdhury, P.  and Viraraghavan, T., Sci. 
Total Environ., 407, 2474, 2009.)
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FIGURE 18.2  Graphical representation of bubble formation, growth, and implosion at 20 kHz ultra-
sound application in water. (Reprinted from Sci. Total Environ., 407 Chowdhury, P. and Viraraghavan, T., 
Sonochemical degradation of chlorinated organic compounds, phenolic compounds and organic dyes– 
A review, 2474–2492, Copyright (2009), with permission from Elsevier.)
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this low temperature in the bulk liquid, the short-lived OH and H radicals remain in the cavity, recom-
bine and form H2O2, which also degrades the pollutants in the bulk solution. The temperature is then 
lost to the bulk medium from the cavitation and helps to heat it, thereby reducing the intensity of cavi-
tation. During cavity collapse, water jets will form with a speed of about 100 m s−1. This contributes to 
the formation of an acoustic stream (Adewuyi, 2001).





TABLE 18.1
Summary of Estimated Bubble Parameters (Average) under 20 kHz 
Sonication in Water at Room Temperature





Description Value





Frequency 20 kHz





Wavelength in water 75 mm





Cycle time 50 μs





Minimum ultrasonic energy required for bubble formation 0.33 W cm−2





Bubble collapse time 16.2 μm





Bubble resonance radius 178 μm





Bubble surface area 3.96 × 105 μm2





Bubble volume 2.34 × 107 μm3





Number of bubble per liters at 200 W/L 5.07 × 103





Bubble collapse temperature 5000°C





Bubble collapse pressure 500 atm





Bubble cooling rate 109 K s−1





Reaction zone from bubble surface 200 nm





Reaction zone life time <2 μs





Produced water jet velocity 100 m s−1





Sources:	 Thompson, L.H.  and Doraiswamy, L.K., Ind. Eng. Chem. Res., 38, 1215, 1999; 
Adewuyi, Y.G , Environ. Sci. Technol., 39, 3409, 2005; Chowdhury, P.  and 
Viraraghavan, T., Sci. Total Environ., 407, 2474, 2009.)
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FIGURE 18.3  Reaction zone in cavitation process. (From Chowdhury, P. and Viraraghavan, T., Sci. Total 
Environ., 407, 2474, 2009.)
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The number of transient cavitation events per unit of time in a given volume of medium and the 
intensity of cavitation are the keys to achieving maximum remediation of the organic pollutant(s). 
Sonochemical activity takes place high in the frequency range of 200–600 kHz (Ashokkumar and 
Grieser, 2005).





When the intensity of US increases, the amplitude of the wave also increases. This helps the bub-
bles to absorb more ultrasonic energy and increases critical bubble sizes and, hence, the intensity 
of cavitation (Thompson and Doraiswamy, 1999). Intensity of cavitation is very important to obtain 
maximum pressure and temperature during bubble collapse and hence the optimal degradation rate.





For bubble formation, subsequent cavity collapse and energy release, unhindered nucleation is 
essential; dissolved gases or fine particles are used as nuclei (Kanthale et al., 2008). Thermal con-
ductivity varies among the gases; however, gases with high thermal conductivity may heat up the 
solution and thereby reduce cavitation intensity. On the other hand, gases with a higher polytropic 
index will release more energy during cavity collapse (Adewuyi, 2001). This will lead to higher 
hot-spot temperatures and improved cavitation. Compared with a less soluble gas, the more soluble 
gases will tend to achieve better cavitation.





The Rayleigh-Plesset (RP) equation (Equation 18.1) is the mathematical equation that depicts 
the dynamics and mechanical aspects of the bubbles (Lin et al., 2002; Gehannin et al., 2009). The 
RP equation is normally solved to estimate the radius and pressure-pulse magnitude and history of 
bubble oscillation for a variety of conditions and is also used to analyze the sonochemical and sono-
luminescence effects of cavitation. The solutions to the RP equation have been used to predict the 
maximum pressures and temperatures reached during the collapse of transient cavitation bubbles.
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The initial conditions are: at t = 0, R = R0, and �R dR dt= =/ 0, R is the instantaneous radius of the 
bubble or cavity, R





.
 is the bubble wall velocity, Pb is the atmospheric pressure (Ph), Pv is the vapor 





pressure in the bubble, Pgo is the initial gas pressure inside the bubble, α (=κ) is the polytropic 
index of the saturated gas, which varies from γ (Cp/Cv) for adiabatic conditions to 1 for isothermal 
conditions.





The rate of OH radical formation in an ultrasonic process is estimated to be 19.8 μmol 
L−1  min−1 under argon and 14.7 μmol L−1 min−1 under air, while that of hydrogen formation is 
20 μmol L−1 min−1 under argon in the sonolysis of pure water at 200 W and 200 kHz (Adewuyi, 2005). 
An increase in the ionic strengths of the electrolytes leads to higher degradation of water soluble 
organic compounds. However, ion content can help to heat up the solution easily, making additional 
cooling water necessary, which may adversely affect the cost-effectiveness of the process. The pres-
ence of fine inert particle will help to accelerate the degradation process by acting as a nuclei, but they 
may also attenuate the energy (Lifka et al., 2003). In general, the organic degradation process follows 
zero order at higher concentration and then become the first order with decrease in concentration.





Ultrasound





US energy is being supplied to the liquid pollutant in the form of sound waves. The absorbed US 
energy in the bubble is then released at the short-lived hot spot when the bubble implodes. The 
chemical and physical impacts of the US are produced at the hot spot and helps to degrade the 
pollutant. US also provides an excellent mass transport of the pollutant into the bubble by promot-
ing turbulent mixing conditions. Henry’s law constant and diffusion coefficient are the two major 
limiting parameters affecting the diffusion of organic compounds into the cavity, which determine 
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the efficiency of pollutant degradation (Pétrier et al., 2007). In laboratory experiments, mmol L−1 
level concentrations of organic pollutant are easily remediated in an average time of 30–90 min 
(Mahamuni and Adewuyi, 2009).





The ultrasonic process not only helps to degrade the pollutant within the cavity but also pro-
motes faster degradation through millions of cavitation events occurring throughout the reactor at 
any particular point in time. It completely breaks down organic pollutants into simple molecules 
such as water and carbon dioxide and therefore produces no sludge. The formation of intermediates 
and their composition may vary, depending on treatment time and cavitation intensity. The most 
volatile organic compound undergoes degradation first, followed by the next most volatile and so 
on (Adewuyi, 2001).





Ultrasonic Frequency and Intensity





The environmental remediation industry generally uses ultrasonic frequencies ranging from 20 kHz 
to 2 MHz to remediate organic pollutants (Adewuyi, 2001).  As the robustness of the ultrasonic 
transducer reduces with the increase in frequency, most industrial applications use the lowest fre-
quency unit (Gallego-Juarez, 1989). These low frequency units are not only cheap but also available 
at different power ratings to suit various uses ranging from laboratory applications to large-scale 
industrial plants.





At low frequency, the physical effect of the US dominates, and is mainly used for cleaning and 
processing of food products (Vilkhu et al., 2008). However, the availability of high-intensity US 
makes it ideal for use in violent mixing, where extreme high temperatures and pressures are neces-
sary to get the desired result. Because of violent cavitation of bigger cavities, the water jet produced 
is very strong and will agitate the solution vigorously.  The number of cavitation events in low-
frequency US are too less compared to high-frequency US. Since the bubbles are bigger under the 
low-frequency US compared to high-frequency US, it will have lot of water vapor into the cavities 
and it may not produce sufficient OH radicals similar to high-frequency US. The presence of high 
water vapor acts as a cushion and reduces the intensity of cavitation. Transient cavitation events are 
essential to produce faster remediation. However, this produces heat that results in a hotter solution, 
which in turn requires cooling, and this increases the treatment cost. To obtain the higher intensity, 
the process should be operated in the temperature range between 10°C and 20°C.





Inherently, low frequency units have very high intensity and as this rises, the cavitation will 
become far more violent. Too high an intensity may cause a decoupling effect between the vibrating 
surface and the liquid medium and, thus, lower the energy transmission to the liquid. It may also 
cause the bubbles to coalesce and, thus, reduce the cavitation intensity (Sunartio et al., 2007). These 
high-powered units are more suitable for remediation of very viscous liquids because the threshold 
of nucleation is much higher.





At a frequency range of 200–600 kHz, the chemical effect of cavitation will dominate, compared 
to physical effect (Thompson and Doraiswamy, 1999). Strong oxidizing agents and OH radicals will 
be produced in large quantities. This will accelerate the rate of pollutant degradation within the 
cavities, at the bubble surface and in the bulk medium. It has been reported that the sonochemical 
activities are high in the frequency range between 200 and 600 kHz (Thangavadivel et al., 2009). 
Although the bubble life and size are small compared with those generated by low-frequency US, 
nevertheless, the number of bubbles and homogeneity of their distribution throughout the medium 
is very high. Generally, the rise in temperature of the bulk solution is far less using high-frequency 
US than with low frequency. To minimize the nucleation threshold intensity, the operation should 
aim for a temperature range of 20°C–40°C.





In the MHz frequency range, generally, bubble lifetime and bubble size are too small for effec-
tive remediation to occur (Thangavadivel et al., 2009). Because of the extremely short cycle time, 
bubble vibration is too high and as a result, the intensity of cavitation is far less than that of low-
frequency US. Smaller volumes, shorter durations, and greater vibration of bubble all limit the mass 
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transport of the pollutant into a bubble compared to what occurs using lower-frequency US. High-
frequency US does not produce much acoustic streaming. The solution temperature rise is minimal 
and the attenuation of energy very high (Thangavadivel et al., 2009).





Operating Pressure and Temperature





The temperature and pressure of the solution to be treated are important parameters in determining 
the intensity of the cavitation. When the intensity of cavitation is high, it will release high energy 
and, thus, degrade the pollutant more rapidly. Generally, if the temperature of the solution is high, 
then it forms the bubbles more readily because of the lower viscosity and surface tension of the 
liquid. At higher temperatures also, water is easily vaporized and enters the bubbles during their 
growth cycle. Therefore, for bubbles with a larger radius and longer cycle time, high fluid tempera-
ture is not very helpful because more water vapor occupies the cavities, where it serves as a cushion 
and thus reduces the cavitation effect. For smaller radius bubbles (high frequency), water vapor is 
not of much issue. Because of this, low-frequency US (20 kHz) demands a fluid temperature of about 
10°C–20°C and 200–600 kHz US demands a temperature of 20°C–40°C, while the MHz range 
frequency requires 30°C–40°C.





Higher operating pressures hinder the nucleation and bubble growth process, but they help 
to accumulate more energy in the bubbles and so enhance the intensity of cavitation. Normally, 
high-frequency transducers are very fragile and they are being operated at atmospheric pres-
sures (Gallego-Juarez, 1989).  At higher operating pressures, the threshold of cavitation also 
increases, while the amount of water vapor entering the cavities declines. This results in lower 
OH radical production at high frequencies. However, at low frequencies it will help to increase 
the intensity of cavitation and also help to eliminate the cushioning effect of water vapor within 
the bubble.





Ultrasonic Reactor





Sonochemical reactor design plays a vital role in the degradation of pollution using US (Thompson 
and Doraiswamy, 1999). US is applied to the liquid medium via., ultrasonic transducer and, depend-
ing on the liquid medium’s flow ability within the reactor, it can either use a batch system or flow 
cell can be employed. If the liquid is in close contact with the vibrating medium, then it is known 
as the direct application of US, whereas if the pollutant container is immersed in the liquid medium 
where US is being applied, it is called indirect sonication.





An ultrasonic horn produces a very high intensity US and can be easily applied to liquid in a 
sealed reactor vessel of varying shape. These reactors are mostly made of glass with water jacket-
ing for cooling, equipped with ports for gas injection and withdrawal, sampling, and temperature 
and pressure measurement. An ultrasonic bath is also used in the laboratory, mainly for the indirect 
application of US to the pollutant.  This produces low-intensity US compared with the standard 
probe unit. Generally, laboratory US reactors handle a volume range from 50 to 300 mL. Most batch 
reactors in laboratory and industry are standing wave reactors. Here, the liquid level in the standing 
wave reactor is very important for optimal intensity distribution (Little et al., 2007). The liquid level 
needs to be nodule plane of the ultrasonic wave, where sound wave pressure is zero so that there 
is minimal energy loss to the air. Apart from its size, the shape of the reactor is very important for 
achieving high intensity. A cone-shaped reactor provides the best intensity distribution among the 
standing wave type reactors.





To ensure the minimum nucleation threshold throughout the reactor, a sufficient number of trans-
ducers must be located throughout the reactor, based on size and shape of the reactor. To take full 
advantage of the intense physical effect of the process, flow cells are used. Since contact time is 
very short in the cell, a series of flow cells is used to ensure continuity of the remediation process 
(Gogate and Pandit, 2004).
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Due to cavity collapse at the transducer and reactor surface, pitting occurs in both vessel and 
transducer. For this reason, reactors are, generally, made of glass or stainless steel, while ultrasonic 
probes are mostly made from aluminum and titanium. Since the greatest intensity of cavitation 
occurs near the vibrating area, it is better to have two or more transducers, to even out the intensity 
throughout the reactor and enhance the degradation rate. This also helps to minimize the pitting at 
the transducer surface. Overcoming wear and tear to the transducer material is the main challenge 
to overcome with respect to the operating cost of US. Most reactors are operated at atmospheric 
pressure and ambient temperature only, so they do not need to be particularly robust. Reactor tem-
perature during sonication can be controlled automatically by adjusting the cooling water flow 
rate. Automation is also possible to protect the transducer from overheating and failing. Although 
many laboratory experimental results have been published on these issues, relatively few pilot scale 
results and very few industrial plant performances have so far been reported. During the scale-up 
of an US reactor, the intensity distribution, overall energy transfer efficiency, cooling water require-
ment, and method of US application are essential considerations. Modeling and simulation of these 
can be used to optimize reactor design. Energy transfer efficiency can be determined by (1) physi-
cal characterization using hydrophones, sensors, and power measurements; (2) calorimetry; and 
(3) chemical dosimeter. For optimizing reactor performance, hydrophones are ideal (Chowdhury 
and Viraraghavan, 2009).





LIMITS TO ULTRASONIC-AIDED ORGANIC POLLUTANT DEGRADATION





US has so far been used at mmol L−1 concentration ranges to remediate various organic pollutants in 
the laboratory (Adewuyi, 2001). However, if the pollutant concentration is very high, then the fluid 
viscosity also increases; creating a barrier to nucleation that must be overcome. Viscous bubbles 
may also hinder the transport of water vapor, dissolved gases and volatile organics into the bubble 
during rectified diffusion processes. This will in turn lessen OH radical production and reduce the 
degradation rate. It is, therefore, important to use plenty of energy to reach the nucleation threshold, 
and especially at high frequencies this can be a big challenge. Higher fluid viscosity also causes 
higher attenuation of energy as the viscous layers form on the transducer vibrating area, preventing 
energy transfer into the solution and heating the transducer/solution interface. Normally, organic 
pollutants occur in several combinations and under ultrasonication, the most volatile pollutants 
are degraded first, then the next most volatile and so on. This means it takes longer to completely 
degrade a solution containing a complex combination of pollutants. Bubbling a gas such as oxygen 
through the fluid can help to degrade the pollutants concurrently.





Overall, energy transfer efficiency is quite low in the ultrasonic process and is comparable to 
the cost of incineration. Electrical energy must be converted to mechanical vibration, and then to 
cavitation energy, and finally to pollution degradation via gross physical and chemical effects. It has 
been reported that the overall energy transfer efficiency of this process is below 10%.





Because of strong vibration of the liquid medium, degassing takes place at a very high rate, mak-
ing continuous gas bubbling or a closed reactor with a gas saturated solution essential to ensure the 
nucleation process throughout the remediation process, especially for volatile organics remediation.





The US transducers are made of limited materials and these need to be chosen to be compatible 
with the pH of their operating conditions. Because of the pitting issue, transducer tips or cone will 
need to be changed frequently. Most standard units require special cooling for the reactor, which 
adds to the cost.





Some systems use a blend of chemicals and US to remediate organic pollutants. These chemicals 
not only contribute to the remediation rate but also help to heat up the solution and so affect the inten-
sity of remediation (H2O2) (Adewuyi, 2001). For example, Fe is often added to remediate chlorinated 
hydrocarbon waste but, due to US-enhanced corrosion, this Fe dissolved in water becomes a pollutant. 
Depending on each individual circumstance, the system needs to be sized and fine tuned. Although 
the initial capital cost of using US is attractive, its operating cost can be high in terms of power 
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consumption and the need to change transducer tips and horns. To be most effective, the ultrasonic 
medium should be liquid based. To obtain OH free radical, it needs to be water based. In the wastewa-
ter, organic degradation may be slow as the natural wastewater stream has a mixture of the pollutant 
and radical scavengers, which will limit the performance of the ultrasonic-enhanced remediation.





Flow cells are continuous treatment units that can supply very high-intensity US to the pollutant 
and so enhance and accelerate the degradation process (Thangavadivel et al., 2008). They are ideal for 
industrial applications and are being widely used in the food processing industry. After the flow cell, 
the upstream water needs to be cooled down and OH radicals removed to protect the piping and other 
equipment. US is used in combination with other oxidation technologies such as UV/O3/H2O2/zero valent 
iron to enhance the degradation rate of pollutants by producing more OH free radicals (Adewuyi, 2001).





Although, several reports about laboratory-based US-assisted remediation are available, reports 
on field-scale remediation of contaminants using US are rare. Frequency, power transfer efficiency, 
applied intensity, treatment time, transducer position, reactor volume and shape, operating tempera-
ture, bubbling gas and flow rate, particle size and concentration, ionic strength, pollution composition, 
and concentration are all key parameters that need to be compared across the published reports.





It has been claimed that US can remediate almost any organic pollutant. However, because of its 
low energy transfer efficiency, the cost of treatment is high and this may explain why it is not more 
widely used. A clear research priority is to increase the overall energy transfer efficiency through 
innovative design and modeling of the transducer or reactor system, or else the OH radicals need to 
be produced at lower cost by other means. Only then will US treatment become a viable technology 
at the large scale.





BENEFITS OF ULTRASOUND-AIDED DEGRADATION





US is a proven technology for cleaning and food processing applications (Vilkhu et al., 2008). 
Recently, more research has been directed toward US application in organic pollutant remediation 
at a laboratory scale and the results are very promising. Degradation kinetics, reaction rate, concen-
tration range, pollution composition, reactor configuration, tested frequency, temperature, pressure, 
intensity, bubbling gas, chemical used, conversion path way, treatment time, and achieved removal 
efficiency have been reported for many pollutants. Transducers, ultrasonic reactors, and accessories 
are available in the market. Therefore, more than ever, US is evolving as a promising green technol-
ogy in environmental remediation field.





Most of the time, US does not require the use of any additional chemical and, therefore, is 
referred to as a chemical free technology or green technology (Mason, 2007). One of its major 
advantages is that it converts the pollutant into CO2, H2O, and other inorganic ions. Generally, this 
technology does not produce any harmful chemicals or sludge, which eliminates the need for costly 
sludge handling and disposal. This is a major benefit.





Most of the ultrasonic reactors are being operated in the atmospheric conditions and, hence, 
does not require costly process units. The technology is simple to install and operate, with all the 
spare parts readily available in the market. There is active research going on to further improve this 
technology.





Although US can be used as a standalone process, it can also be used in conjunction with other 
processes to improve efficiency and reduce costs. US can also be used in the pretreatment phase of a 
standard wastewater treatment plant, where it will not only help to accelerate the biological degrada-
tion process but also reduce sludge production.





EXPERIMENTAL RESULTS





Tables 18.2 and 18.3 consist of the degradation performance of certain selected organic pollut-
ants under ultrasonic-enhanced degradation in batch treatment. It clearly shows that almost a large 
variety of organic pollutants can be remediated by using US at the laboratory scale under various 
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experimentally imposed degradation conditions. Table 18.4 summarizes some studies where differ-
ent catalysts and/or chemicals have been used to facilitate the sonolytic degradation of pollutants. 
Recent studies have indicated that the presence of titanium dioxide (TiO2), known as a photocata-
lyst, accelerates the generation of hydroxyl radicals during sonication, and that the process is medi-
ated through the induction of cavitation bubbles in irradiating solutions (Shimizu et al., 2010).





Numerous articles report in-depth study of the optimization of the degradation process. It has 
been estimated that the ultrasonic process should not exceed more than 50 W L−1, in order to be eco-
nomically viable at industrial scales (Mahamuni and Adewuyi, 2009). However, most of the labora-
tory processes consume more energy than this. Torres et al. (2008) observed that US was better able 
to eliminate bisphenol A (BPA) as compared to photocatalysis, which brings about a more efficient 
mineralization. Using the combined system of sonication and photocatalysis, an interesting syner-
gistic effect, which depended on the TiO2 catalyst loading, was observed for BPA mineralization. 





TABLE 18.4
Catalysts Used in Ultrasound-Assisted Degradation of Pollutants





Pollutant Catalyst(s) Degradation Conditions References





Bisphenol A Fe2+ and TiO2 AOP that combining sonolysis Torres-Palma et al. (2010)





Nonylphenol 
ethoxylate 
surfactant





Au–TiO2 
nanoparticles 
photocatalysts





Catalytic activities of these nanomaterials 
were compared for the degradation of a 
polydisperse nonylphenol ethoxylate, 
Teric GN9 by photocatalysis and 
sonophotocatalysis under visible light/
high-frequency US irradiation





Anandan and Ashokkumar 
(2009)





Methylene blue TiO2 nanotube Sonophotocatalytic activity of TiO2 
nanotube array was evaluated 27 kHz





Yuan et al. (2009)





Malachite green Heterogeneous (TiO2) 
and homogeneous 
photocatalysis 
(photo-Fenton)





80 kHz of US irradiation was provided by 
a horn-type sonicator, while a 9 W lamp 
was used for UV-A irradiation





Berberidou et al. (2007)





2chloro-5methyl 
phenol





TiO2 and H2O2; 
inorganic ions





Effect of inorganic ions on degradation 
rate of 2chloro-5methyl phenol were 
found to be in the order of Cl− > SO4





2− > 
HPO4





2− > HCO3
−





Nalini Vijaya Laxmi et al. 
(2010)





Methyl parathion 
(organophosphorus 
insecticide)





Micron-sized and 
nanosized rutile TiO2





US of low power was used as an 
irradiation source to induce the catalytic 
activity of the rutile TiO2 particles





Wang et al. (2007)





2-Chlorophenol Horse radish 
peroxidase (HRP)





Enzyme treatment: utilization of HRP in 
presence of H2O2 to oxidize organic 
pollutant





Entezari et al. (2006)





Sonication treatment: Ultrasonic waves 
irradiation alone for pollutant 
degradation





Sono-enzyme degradation: combination 
of ultrasonic waves and HRP





Azo fuchsine dye Fe-doped mixed 
crystal TiO2 powder





Degradation process of dye and 
irradiation time, doping Fe3+ ion 
content, added amount of catalyst, and 
initial concentration of azo fuchsine 
solution, on the degradation were 
investigated by UV-vis spectra, ion 
chromatography, and HPLC





Wang et al. (2008a)
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The best synergistic effect was found at a low catalyst loading of 0.05 g L−1 of titanium dioxide with 
4 h of combined treatment causing 62% of dissolved organic carbon (DOC) to be eliminated being 
in contrast, 6% or 12% of DOC being removed by US alone or photocatalysis alone, respectively. 
Pétrier et al. (2007) examined the degradation of chlorobenzene and 4-chlorophenol in a dilute solu-
tion of a mixture of these compounds saturated with argon when subjected to sonication at 300 kHz. 
The two compounds exhibited sequential degradation with more volatile chlorobenzene entering 
the cavitation bubble and being destroyed first, while the 4-chlorophenol degradation occurred, sub-
sequently, only when chlorobenzene had been completely destroyed. Pétrier et al. (2007) have also 
used these two compounds when sonicated in water saturated with oxygen. Under these conditions 
the two compounds were, however, degraded simultaneously. This observation was a remarkable 
one and Pétrier et al. (2007) proposed the following explanation, both of which are based on the 
formation of additional OH radical species. Pétrier et al. (2007) explained that there is a shell of 
supercritical water that surrounded the residual bubble (hot spot) on the point of collapse and the 
presence of oxygen could increase the production of OH radicals in this shell. Additionally, more 
OH radicals could also be derived from the combustion of chlorobenzene within the cavitation 
bubble itself, and by this mechanism the more volatile component (chlorobenzene) could induce the 
generation of more OH radicals, which then degraded the organic with lower volatility. The major 
corollary from the study of Pétrier et al. (2007) is the ability to produce conducive conditions for the 
simultaneous elimination of two organic compounds by the use of oxygen in the developing field of 
ultrasonic water and wastewater remediation.





Sivasankar and Moholkar (2008) stated that the fundamental physical phenomenon behind sono-
chemical degradation of pollutants is radial motion of cavitation bubbles. Their study (Sivasankar 
and Moholkar, 2008) implemented a dual approach to the problem by coupling results of their 
experiments under different conditions to a mathematical model that addressed the physics and 
chemistry of the cavitation bubbles. Their concurrent analysis of the experimental and simulation 
results revealed that overall degradation of the pollutant under analysis (nitroaromatics) achieved for 
a given combination of experimental conditions was a function of competing effects of the extent 
of radical production from the bubble, thickness of the liquid shell surrounding the bubble that gets 
heated up during transient collapse, the concentration of the pollutant in the interfacial region, and 
the extent of radical scavenging in the medium.





On a more innovative tone of research, Midathana and Moholkar (2009) have attempted to discern 
the physical mechanism of enhancement of adsorption of nitrobenzene, phenol, and p-nitrophenol with 
the application of US. Midathana and Moholkar (2009) observed that the correlation of their experi-
mental and simulation results supported that the extent of adsorption in the presence of US showed an 
optimum with the intensity of convection generated in the medium by the cavitation bubbles. The micro-
turbulence generated by cavitation bubbles would seemingly be responsible for a favorable contribution 
to the enhancement of adsorption. This was, therefore, attributed to the continuous nature of micro-
turbulence with moderate liquid velocities. However, acoustic waves emitted by the cavitation bubbles 
apparently rendered an adverse effect on the process, and this was attributable to the discrete nature and 
high pressure amplitude of the waves, which created excessively high convection in the medium, caus-
ing desorption of the pollutant. Midathana and Moholkar (2009) concluded that the chemical nature of 
the pollutant, hence, also tends to influence the enhancement effect of US. As an important corollary 
to the study of Midathana and Moholkar (2009), for hydrophobic pollutants, ultrasonic enhancement is 
more pronounced than for hydrophilic pollutants under, otherwise, similar conditions.





Ultrasound-Assisted Dye Degradation





Dyes are an important class of pollutants, and can even be identified by the human eye.  Large 
amounts of dyes are annually produced and applied in many different industries, including the 
textile, cosmetic, paper, leather, pharmaceutical, and food industries (Hai et al., 2007). There are 
more than 100,000 commercially available dyes with an estimated annual production of over 7 × 105 ton 



















466	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





(Hai  et al., 2007), 15% of which is lost during the dyeing process.  The presence of even trace 
concentrations of dyes in effluent is highly visible and undesirable (Hai et al., 2007). The release 
of colored wastewater in the ecosystem is a remarkable source of esthetic pollution, eutrophica-
tion, and perturbations in aquatic life. Dye effluent usually contains chemicals, including dye itself, 
that are toxic, carcinogenic, mutagenic, or teratogenic to various microbiological and fish species 
(Daneshvar et al., 2003). Concern arises, as many dyes are made from known carcinogens such as 
benzidine and other aromatic compounds (Hai et al., 2007). Also azo and nitro compounds have 
been reported to be reduced in sediments of aquatic bodies, consequently yielding potentially carci-
nogenic amines that spread in the ecosystem. The presence of dyes or their degradation products in 
water can also cause human health disorders such as nausea, hemorrhage, and ulceration of skin and 
mucous membranes, and can cause severe damage to the kidney, reproductive system, liver, brain, 
and central nervous system (Hai et al., 2007).





Disposal of dyes in precious water resources must be avoided, however; and for that, various treat-
ment technologies are in use. Several industrial-scale decolorization systems are commercially avail-
able (Willmott et al., 1998). These include adsorption, filtration, precipitation, and activated sludge 
systems. All of these technologies work by concentrating the dyestuffs and transferring them to a 
solid phase that subsequently needs disposal. Among various methods, the sonolytic degradation of 
a variety of dyes is being studied and the results are promising. The decolorization of rhodamine 
B, methylene blue dye (basic dyes), and acid orange II, acid scarlet red 3R (acid dyes) solutions by 
cobalt activated persulfate (PS), and ultrasonication have been investigated by Gayathri et al. (2010). 
Gayathri et al. (2010) concluded that the decolorization efficiency were in the order of PS < PS + Co < 
PS + US < PS + US + Co for all the four dye solutions. Under the optimum condition, the decoloriza-
tion obeyed the first-order kinetics and interestingly nearly 90%–97% of decolorization was achieved 
with chemical oxygen demand and total organic carbon removal of about 65%–73% and 53%–62%, 
respectively, achieved within an hour of sonication. Earlier, Minero et al. (2008) have observed that 
the sonochemical degradation rate of the charged substrates Acid Blue 40 (AB40) and methylene blue 
(MB) is enhanced by scavengers of hydroxyl radicals such as bicarbonate, carbonate, bromide, iodide, 
and (only in the case of AB40) nitrite. Minero et al. (2008) proposed that the degradation enhancement 
could occur if these radicals were sonochemically formed on the surface of the collapsing cavitation 
bubbles and underwent there radical–radical recombination at a lesser extent than •OH. In this way, 
the radicals would be more available than •OH for substrate degradation, both at the bubble surface 
and in the solution bulk, which could more than compensate for their lower intrinsic reactivity. The 
varied reactivity toward different substrates of the sonochemically formed radical species could then 
explain why nitrite inhibits MB degradation while enhancing that of AB40. The sonochemical for-
mation of Br2•−, I2•−, and •NO2 could give rise to halogenation and nitration in addition to oxidation 
processes. Wang et al. (2008b) studied the degradation of reactive brilliant red K-BP in aqueous solu-
tion by means of ultrasonic cavitation for a variety of operating conditions. Besides concluding that the 
degradation of reactive brilliant red K-BP in aqueous solution followed a pseudo first-order reaction 
kinetics and that the degradation rate was dependent on the initial concentration of reactive brilliant 
red K-BP, the temperature and acidity of the aqueous medium, results indicated convincingly that the 
sonochemical degradation rate of brilliant red K-BP in aqueous solution was substantially accelerated 
by Fe2+, NaCl, or addition of Fenton reagent. Ghodbane and Hamdaoui (2009) studied the sonolytic 
degradation of an anthraquinonic dye, CI acid blue 25 (AB25), in aqueous phase using 1700 kHz US 
waves for an acoustic power of 14 W. The results were much conclusive and the methods analyzed 
clearly showed the production of oxidizing species during sonication and well-reflected the sonochem-
ical effects of high-frequency ultrasonic irradiation. In addition, the combination of US with hydrogen 
peroxide also looked to be a promising option in increasing the generation of free radicals; and hence 
the concentration of hydrogen peroxide is most plausibly crucial in deciding the extent of enhancement 
obtained for the combined process involving sonication. Ghodbane and Hamdaoui (2009) concluded 
that the US/H2O2 and US/Fe(II) processes studied were efficient for the degradation of AB25 in aque-
ous solutions by high-frequency ultrasonic irradiation.
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Ultrasound-Assisted Pesticides, Insecticides, and Herbicides Degradation





Pesticide classes mostly detected in polluted natural and certain wastewaters involve herbicides 
used extensively in corn, cotton, and rice production, organophosphorus insecticides as well as 
the banned organochlorines insecticides due to their persistence in the aquatic environment 
(Konstantinou et al., 2006). The compounds most frequently detected atrazine, simazine, alachlor, 
metolachlor, and trifluralin of the herbicides, diazinon, parathion methyl of the insecticides and 
lindane, endosulfan, and aldrin of the organochlorine pesticides. Biological decomposition of pes-
ticides is the most important and effective way to remove these compounds from the environment. 
The microorganisms have the ability to interact, both chemically and physically, with substances, 
leading to structural change or the complete degradation of the target molecule. However, the prin-
cipal cause of pesticide persistence in soil is commonly the lack of favorable conditions for micro-
bial degradation. To develop novel processes for the remediation of pesticides, the effects of US 
irradiation on the degradation of these molecules are being widely studied (Matouq et al., 2008).





Recently, Yao et al. (2010) found that the degradation rate of parathion decreased with increasing 
initial concentration and decreasing power for an optimal frequency for parathion degradation at 
600 kHz. Yao et al. (2010) postulated that free radical reactions predominated in the sonochemical 
degradation of parathion and the reaction zones were predominately at the bubble interface and, to 
a much lesser extent, in bulk solution. The main pathways of parathion degradation by ultrasonic 
irradiation were also proposed and it was indicated that the N2 in air took part in the parathion 
degradation through the formation of •NO2 under ultrasonic irradiation, with the parathion decom-
posing into paraoxon and 4-nitrophenol in the first step via., two different pathways, respectively. 
Monocrotophos (MCP) is an organophosphate insecticide that has been found as a pollutant in aque-
ous environments—all the more, the sonolytic, photocatalytic, and sonophotocatalytic degrada-
tion of MCP in the presence of homogeneous (Fe3+) and heterogeneous photocatalysts (TiO2) were 
recently studied by Madhavan et al. (2010a). The photocatalytic degradation rate using TiO2 was 
found to be lower than that of sonolysis alone due to the interference of phosphate ions formed as an 
intermediate product. On the other hand, a 15-fold enhancement in the degradation rate was found 
when photolysis was carried out in the presence of Fe3+ compared to the rate observed with pho-
tolysis alone. The combination of sonolysis and photocatalysis (using either TiO2 or Fe3+) showed 
a detrimental effect. Synergy indices of 0.62 and 0.87 were found for the sonophotocatalytic deg-
radation of MCP in the presence of TiO2 and Fe3+, respectively. A TOC analysis revealed that the 
mineralization process was additive for both TiO2 and Fe3+ sonophotocatalysis, and further analyses 
indicated that the sonication of MCP led to the formation of dimethyl phosphate, dimethylphos-
phonate, 3-hydroxy 2-buteneamide, and N-methyl 3-oxobutanamide as the intermediate products. 
Torres et al.  (2009) have conducted experiments in natural and deionized conditions and found 
that alachlor degradation by US is practically unaffected by the presence of potential •OH radical 
scavengers: Bicarbonate, sulfate, chloride, and oxalic acid; but in both cases, alachlor was readily 
eliminated after 75 min of sonication.





Katsumata et al. (2010) performed the sonochemical photodegradation of fenitrothion, which is 
one of phosphorothiate insecticides, in the presence of Fe(III) and oxalate, and it was found that an 
initial fenitrothion concentration of 10 mg L−1 was completely degraded after 30 min of sonication 
at pH 6. The decrease of TOC as a result of mineralization of fenitrothion was observed during 
US/ferrioxalate/UV process. In addition, Katsumata et al. (2010) observed the formations of nitrite 
and sulfate ions as end-products of the degradation and concluded that the US/ferrioxalate/UV sys-
tem could be a useful technology for the treatment of wastewater containing fenitrothion. Zhang et 
al. (2010) have treated apple juice (13°Brix) spiked with malathion and chlorpyrifos (2–3 mg L−1 of 
each compound) under different ultrasonic irradiations and found that the ultrasonic treatment was 
effective for the degradation of malathion and chlorpyrifos in apple juice, and the output power and 
treatment time significantly influenced the degradation of both pesticides with maximum degrada-
tions of 41.7% for malathion and 82.0% for chlorpyrifos after the ultrasonic treatment at 500 W for 
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120 min. Malaoxon and chlorpyrifos oxon were identified as the degradation products of malathion 
and chlorpyrifos, and the oxidation pathway through the hydroxyl radical attack on the P=S bond 
of pesticide molecules was proposed. Earlier, Bahena et al. (2008) have analyzed the degradation of 
alazine and gesaprim by the combined effects of photocatalysis with sonolysis (sonophotocatalysis), 
using a US source of 20 kHz. Bahena et al. (2008) observed that over 90% of the active compo-
nent in the gesaprim was abated and those in alazine were completely degraded. Also, over 80% 
of chemical oxygen demand abatement was attained for both herbicides with sonophotocatalysis at 
150 min of irradiation time.





Ultrasound-Assisted Pharmaceuticals Degradation





Pharmaceutical are a diverse group of chemicals treated like potential environmental pollutants. 
Recently, pharmaceuticals have been detected in measurable amounts in surface and groundwater 
resources especially those receiving wastewater effluents. Sonolytic irradiation, an advanced oxida-
tion process (AOP), has received increased attention lately as a possible remediation treatment for 
these pollutants.





Diclofenac (DF), as one of the most popular antiphlogistics, is produced in great quantities. 
Nowadays, this drug is ubiquitously present in the aquatic environment due to its resistance to 
biodegradation (Hartmann et al., 2008). Degradation by ultrasonic irradiation is a possibility 
to eliminate DF from water without the addition of chemicals. Hartmann et al. (2008) found that 
the degradation of DF by sonolysis of an aqueous solution at 617 kHz followed the first-order 
kinetics and that TiO2 catalyst increased the rate of degradation. Within the first 30 min of irra-
diation, the relative concentration of DF decreased from 100% to 16%, and chlorinated anilines, 
phenols, and carboxylic acid derivatives the products of sonolysis. The sonolytic, photocatalytic, 
and sonophotocatalytic degradation of DF using three photocatalysts (TiO2, ZnO, and Fe-ZnO) 
were studied recently by Madhavan et al. (2010b). The degradation of DF followed first-order 
like kinetics. It was observed that the sonophotocatalytic degradation using TiO2 under UV-vis 
radiation showed a slight synergistic enhancement in the degradation of DF. Also, Naddeo et al. 
(2009) have evaluated the ultrasonic degradation of amoxicillin and carbamazepine in single 
solutions as well as in mixtures spiked in urban wastewater effluent at 25–100 W L−1, initial 
pollutant concentrations of 2.5–10 mg L−1 and at pH 3–11. Naddeo et al. (2009) found that the 
US-induced amoxicillin and carbamazepine bioconversion was enhanced at increased applied 
power densities (25–100 W L−1) and liquid bulk temperatures, acidic conditions, and in the pres-
ence of dissolved air or oxygen.  Later, Naddeo et al.  (2010) studied the 20 kHz US-induced 
degradation of DF conversion (2.5–80 mg L−1) at 25–100 W L−1 and drew a similar conclusion 
as Naddeo et al. (2009). Both Naddeo et al. (2009, 2010) summed up their findings by indicating 
that the degradation rate for the pharmaceuticals under test increased with increasing substrate 
concentration in the range 2.5–5 mg L−1 but remained constant in the range 40–80 mg L−1, 
indicating different kinetic regimes.





Ibuprofen (IBP), a widely used nonsteroidal antiinflammatory recalcitrant drug is found in water 
and wastewater streams.  In their study on the degradation of IBP, Méndez-Arriaga et al.  (2008) 
found that a 300 kHz US irradiation for 30 min increased the degradation of IBP from 30% to 98%. 
The initial rate of IBP degradation was in the range of 1.35 and 6.1 μmol L−1 min−1 for initial con-
centrations of 2–21 mg L−1 or 9.7–101 μmol L−1, respectively. More interestingly, a complete removal 
of IBP was achieved under sonication but some DOC remained in solution showing that long-lived 
intermediates were still recalcitrant to the US irradiation. However, chemical and biological oxygen 
demands indicated that the sonication assisted degradation process completely oxidized IBP to 
biodegradable substances readily removable in a subsequent biological treatment process. Lately, 
Madhavan et al. (2010c) studied the sonolytic, photocatalytic, and sonophotocatalytic degradations 
of IBP in the presence of homogeneous (Fe3+) and heterogeneous photocatalysts (TiO2). Madhavan 
et al. (2010c) found that when compared with sonolysis and photocatalysis, a higher degradation 
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rate was observed for sonophotocatalysis in the presence of TiO2 or Fe3+ and also a slight synergistic 
enhancement was found with a synergy index of 1.3 and 1.6, respectively. Although TiO2 sonopho-
tocatalysis showed an additive process effect in the mineralization, a significant synergy effect was 
observed for the sonophotocatalysis in the presence of Fe3+. Madhavan et al. (2010c) attributed this 
synergy to the formation of photoactive complexes between Fe3+ and IBP degradation products, 
such as carboxylic acids.





Ultrasound-Assisted Hormones Degradation





Estrogen compounds are being detected in significant concentrations in surface water, wastewater, 
soil, sediments, and groundwater (Stegeman and Zhou, 2008). These estrogenic compounds influ-
ence the growth and performance of the reproductive system. Several reports indicate that the major 
source of these contaminants to the ecosystem is the effluents from wastewater treatment plants. 
These contaminants are found at significant concentrations in the effluent and the water bodies 
into which they are discharged. Reports also indicate that these estrogens are found in trace level 
concentrations in drinking water. There are many reports documenting the adverse effects, such as 
feminization of fish, of estrogen hormones in the environment. One of the major sources of these 
compounds is from municipal wastewater effluents (Suri et al., 2007).  The removal of estrogen 
hormones from water and wastewater is hence of importance due to their adverse effects toward 
ecosystems and potential risks to human health.





The biological processes at municipal wastewater treatment plants cannot completely remove 
these compounds (Stegeman and Zhou, 2008).  Conventional treatment technologies are not 
designed to completely remove these pharmaceutically active chemicals (PhACs).  Therefore, 
there is a need to develop new treatment technologies in addition to the existing technologies. 
In point of fact, US is an AOP that effectively destroys hormones. Suri et al. (2007) have used 
US to destroy estrogen compounds in water. Their study examined the effect of US power den-
sity and power intensity on the destruction of various estrogen compounds, which included 
17α-estradiol, 17β-estradiol, estrone, estriol, equilin, 17α-dihydroequilin, 17α-ethinyl estradiol, 
and norgestrel in single component batch and flow through reactors using 0.6, 2, and 4 kW 
US sources.  Suri et al.  (2007) recorded net positive results since the sonolysis process pro-
duced 80%–90% destruction of individual estrogens at initial concentration of 10 μg L−1 within 
40–60 min of contact time.  Fu et al.  (2007) have also studied the US-induced destruction of 
17α-estradiol, 17β-estradiol, ethinyl estradiol, estrone, equilin, gestodene, levonorgestrel, and 
norgestrel in aqueous solutions in a batch reactor using a 1.1 W mL−1 sonication unit and in a 
continuous flow reactor using a 2.1 W mL−1 sonication unit. The latter indicated that the reaction 
likely took place in the interfacial region, where supercritical environment was produced upon 
cavity implosion and in the bulk solution with radical species. A low solution pH and low solu-
tion temperature were more favorable for the destruction of the estrogens. Earlier, Chimchirian 
et al. (2005) had also reported that US power showed that degradation of estrogens is possible 
and effective, and about 65% removal of total estrogen concentration from wastewater may be 
observed in 120 min of reaction time using a 0.6 kW unit; and about 95% removal in 26 min 
using the 2 kW unit in clean water.





SUGGESTED SONICATION SYSTEM FOR ORGANIC POLLUTANT DEGRADATION





Most of the laboratory work on organic pollutant degradation is being carried out in batch reactor 
mode with reactor volumes ranging between 50 and 300 mL.  Ultrasonic probes are commonly 
used at 20 kHz or other low frequency levels (Thompson and Doraiswamy, 1999). Since the probe 
directly applies US to the target pollutants, it is far more effective compared with other indirect 
application. However, high-frequency transducers are usually fixed at the bottom of the reactor. 
To prevent the transducer from pitting and to minimize the acoustic streaming effect, two or more 
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transducers should be installed. Appropriate bubbling gas selection and flow rate is essential for 
effective remediation. For the MHz frequency range application, a 50 mL reactor is suitable because 
of very high attenuation of the energy.





During sonication, volatile organics may evaporate and escape into atmosphere making it 
advisable always to use a closed reactor for treating these contaminants.  If the reaction is pH 
sensitive, it should be monitored because the CO2 produced by the reaction will redissolve and 
reduce the pH of the solution.





For the continuous remediation application, flow cells are recommended, as most of the conver-
sion of the contaminant may not occur at a single stage, for this reason recirculation or multiflow 
cells in series are recommended to ensure complete conversion. Since flow cells can be operated at 
high intensity, this may accelerate the remediation process although it will also add pumping costs. 
Under high-intensity operation, the tip of the sono rod will not last long under flow cell application 
and its replacement will also add to costs.  Thangavadivel et al.  (2009) demonstrated that high-
frequency US, as an alternative to high-cost incineration, could assist in the remediation of DDT 
from sand and soil slurries. However, Thangavadivel et al.  (2009) also brought forward that due 
to intensity limitations in currently available equipment and higher attenuation of energy, high-
frequency US would be having a low volume coverage and would, thus, require circulation of the 
slurry past the sonotrode, multiple sonotrodes, larger sonotrode area, and, in addition, lower slurry 
densities may still be required.





CONCLUSION





US is currently emerging as a green remediation technology for dealing with a wide range of organic 
pollution. It is being researched in the laboratories worldwide and results appear very promising, 
with a deeper understanding of the US-enhanced remediation process including transducer, reactor, 
pollution, operating condition, degradation mechanism, and degradation rate being reported in the 
recent literature. However, there are still only a few large-scale plants in operation and more work 
needs to be done on the scale-up of the system. Since the energy transfer efficiency of this sonication 
system is low, reactor design is critical. As there are numerous laboratory scale studies on organic 
degradation, more focus now needs to be given to scale-up of this technology. Also, more research 
should be directed at enhancing treatment efficiency by using US in combination with other reme-
diation processes especially biodegradation. This will lead to a reduction in the overall cost of the 
treatment.
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19 Applications of Ultrasound 
to Polymer Synthesis





Boon Mian Teo, Franz Grieser, 
and Muthupandian Ashokkumar





INTRODUCTION





As a relatively unexplored technique, the application of ultrasound to chemical systems shows great 
promise in promoting a wide variety of chemical processes such as the synthesis of proteinaceous 
microspheres (Zhou et al., 2010), nanoparticle synthesis (Ashokkumar and Grieser, 1999; Didenko 
and Suslick, 2005), and the degradation of a range of pollutants (Petrier et al., 1992). The wide 
applications of ultrasound in chemical processes have attracted intense attention in various fields of 
chemistry, materials science, and chemical engineering. It exploits the effect of acoustic cavitation 
(Leighton, 1994); microbubbles present in the solution grow and collapse when sound waves pass 
through a liquid. This results in the generation of radicals, excited state species, enhancement of 
reaction rates, and excellent mixing of multiphase systems.
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This chapter briefly introduces the essential fundamental concepts involved in the field of sono-
chemistry and free radical polymerization, and in the later part, a detailed discussion on the effect and 
application of ultrasound to the synthesis of polymers is provided. It does not provide an exhaustive 
bibliography, rather it provides an overview of some important research in this area.





ACOUSTIC CAVITATION AND SONOCHEMISTRY





When ultrasound is passed through a liquid, it induces a range of chemical effects, collectively 
referred to as sonochemistry, as well as various physical effects. It is through a process known as 
acoustic cavitation (Figure 19.1), a term describing the growth and violent collapse of microscopic 
bubbles in liquids under the influence of a sound field. During cavitation, the collapse of micro-
scopic bubbles produces intense local heating, high pressures, and short lifetimes. Such intense, 
localized hot spots are responsible for many high-energy chemical reactions.





These bubbles grow from nuclei over many acoustic cycles through a process referred to as 
rectified diffusion (Strasberg, 1961; Hsieh and Plesset, 1961), which is illustrated in Figure 19.2. 
This process is explained in terms of two contributing effects, namely, area and shell effects. 
Gas diffuses in and out of the bubble as the acoustic cycle alternates between the rarefaction and 
compression phases. During the expansion cycle, the average surface area of the bubble is larger 
than that during the compression cycle; hence, there will be a net inflow of gas into the bubble 
over several cycles. The differences in the gas concentration gradient in the fluid shell surrounding 
the bubble also contribute to this effect. Since the diffusion rate of gases into the bubble is pro-
portional to the concentration gradient of dissolved gas, the net inflow of gas is essentially higher 
during the expansion of the bubble. Both the area and shell effects promote bubble growth.





When acoustic bubbles reach a critical size range during their growth, they undergo a large radial 
excursion to a maximum size and subsequently undergo violent collapse. There have been many 
theories proposed to explain the chemical effects stemming from the collapse of cavitation bubbles 
such as the hot spot theory proposed by Noltingk and Neppiras (1950) and the electrical discharge 
theory (Margulis, 1985, 1995). The electrical discharge theory states that an electrical charge forms 
on the surface of the cavitation bubbles as it begins to break into tiny microbubbles, thus forming a 
huge electric field gradient across the bubble. This theory, however, has been discounted by many 
researchers as a mechanism for sonoluminescence (SL) and sonochemistry, for example, Lepoint-
Mullie et al. (1996). The most widely accepted theory is the hot spot theory and according to this 
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FIGURE 19.1  Acoustic pressure and bubble radius–time curve of an acoustically driven bubble. Rayleigh–
Plesset equation for a bubble of initial radius 6.5 μm driven in a 15 W, 26.5 kHz field in an inert gas atmosphere 
and standard temperature and pressure.
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theory, prior to the collapse, bubble growth proceeds under isothermal conditions. However, the 
system becomes almost adiabatic upon bubble collapse. As the bubble continues to collapse, the gas 
present within the bubble core is rapidly compressed; hence, temperatures of thousands of degrees 
and pressures more than hundreds of atmospheres can be generated.  In addition to the extreme 
conditions experienced within the hot spots, a secondary region of a thin layer of liquid surrounding 
the collapsed bubble is also transiently heated, albeit to a lesser extent. This interface of approxi-
mately 200 nm in thickness (Suslick et al., 1986; Suslick, 1987) may be as hot as 2000 K. Due to the 
transient nature of the hot spot having an approximate life time in the nanosecond timescale, direct 
measurement of the hot spot temperature profile during collapse has not been achieved, although 
theoretical calculations of the profile have been made (Yasui et al., 2004).





Ultrasound-induced cavitation in a liquid gives rise to a number of physical effects, such as shock 
waves and microjets, which can affect the efficiencies of chemical reactions. Shock waves are cre-
ated during bubble collapse, producing a great deal of turbulence in the solution. In heterogeneous 
systems containing solids, the highly energetic collapse of bubbles is no longer symmetrical as the 
solid surfaces prevent the even flow of fluid causing the collapse to be asymmetric, often having a 
“doughnut” like shape. This asymmetrical collapse results in jets of high-speed liquid directed at 
the solid surface at speeds of greater than 100 m s−1. Shock waves and microjet-induced agitation 
can create emulsions in systems containing two immiscible liquids (Lauterborn and Vogel, 1984; 
Thompson and Doraiswamy, 1999) and are also responsible for the collision-induced fusing dis-
persed metal particles in sonicated solutions (Doktycz and Suslick, 1990).





FREE RADICAL POLYMERIZATION





The mechanism governing a free radical polymerization process involves three steps: Initiation, 
propagation, and termination (Flory, 1937; Rudin, 1999; Odian, 2004). As shown in Reactions 19.1 
and 19.2, there are two steps involved in the initiation process. First, the dissociation of initiators to 
form free radicals and second, the reaction of the free radical with a monomer molecule:
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FIGURE 19.2  Schematic diagram of bubble growth and collapse in a liquid under an acoustic field resulting 
in the formation of localized hot spots.
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where
Ri is the free radical formed
kd is the rate constant for initiator decomposition
ki is the rate constant for initiation process





The initiator can be decomposed into free radicals by means of heat, light, or redox reactions. The rate 
expression for initiation is given by Equation 19.3:
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where
R is the rate of initiation
f is the initiator efficiency (Guan et al., 1993)





The initiator efficiency is defined as the fraction of free radicals that can react with the monomer. 
The value of f is usually less that 1 and typically falls in the range of 0.3–0.8. Once formed, free 
radicals can either recombine, terminate with another free radical, or initiate chain propagation 
(Capek, 1996). The initiation step plays a very important role in the overall rate of polymerization 
and in determining the ensuing molecular weight of the final polymer.





The constant addition of monomer molecules to growing polymer radicals in the propagation 
stage takes place very rapidly (Reactions 19.4 and 19.5):
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The propagation rate constant, kp, usually falls in the range of 102–104 mol−1 L−2 s−1 (Odian, 2004) 
and can be calculated using experimental conversion and time data in conjunction with the initiator 
concentration measurements. The relationship is shown below (Equation 19.6):
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where
x is the mole fraction of the monomer
kp is the pseudo-propagation rate constant





As with the initiation stage, the propagation rate exhibits a significant decrease as the extent of 
monomer conversion increases.





The termination step involves the cessation of polymer chain growth and takes place either by 
combination or by disproportionation.  Combination includes the reaction between two growing 
polymeric radicals (Reaction 19.7), whereas disproportionation includes the formation of two distinct 
polymeric molecules (Reaction 19.8):
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The rate constant for termination depends on various parameters such as the overall composi-
tion and the chain length of the propagating species. The rate constants for the combination reaction 
and the disproportionation reaction are often averaged to give a single termination rate constant. 
The termination rate also decreases as the conversion to polymer increases. In some cases, chain 
propagation continues as the termination rate is decreased and as a result, high molecular weight 
polymers are produced. This phenomenon is commonly referred to as the “gel effect” and is particu-
larly evident in bulk polymerization reactions. In other cases, a polymer chain can also be prevented 
from growing by the removal of an atom from some substance present in the system to give a new 
radical, which may or may not start another new chain (Flory, 1937). This process is known as chain 
transfer and can be represented by Reactions 19.9 and 19.10.





	 P RX PR Xi i
• •+ → + Chain transfer reaction 	 (19.9)





	 X M Pi
• •+ → Generation of new kinetic chain 	 (19.10)





Free radical polymerizations can be classified as either homogeneous or heterogeneous reactions. 
In homogeneous polymerization, all components, that is, the monomer chemical initiator and the 
polymer, are in the same phase throughout the reaction. In heterogeneous polymerization, at least 
one component is insoluble at some point during the reaction.





Emulsion Polymerization





The polymerization of direct emulsions is usually carried out with a mixture of insoluble monomer, 
water, surfactant, and initiator. The emulsion is formed by mechanical agitation of the mixture in 
the presence of the surfactant, also known as the emulsifier. The result of this is the formation of 
monomer droplets dispersed in an aqueous phase. Micelles are present when the surfactant con-
centration in the aqueous phase is higher than its critical micelle concentration (CMC). Emulsion 
polymerization, for the production of materials such as synthetic rubber, latex paints, adhesives, 
and coatings, has been widely used in many industries due to its attractive advantages over bulk 
polymerization (Gomes, 2005; Dar et al., 2005). For example, heat dissipated during the reac-
tion can be easily controlled by heat transfer to the aqueous phase and a faster polymerization 
rate with high conversion to polymer can be achieved. The resulting polymers usually have high 
molecular weights that can be easily controlled by the addition of chain transfer agents. In addition, 
the viscosity of the solution during emulsion polymerization is close to that of water since water 
is the continuous phase. A fundamental understanding of emulsion polymerization is of great 
academic and commercial interest.





The theory of emulsion polymerization centers around the following equation (Odian, 2004):
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where
Rp is the rate of polymerization
kp is the propagation rate coefficient
[Mp] is the concentration of monomer in a particle
n– is the average number of radicals in a particle
Np is the number concentration of particles
NA is Avogadro’s constant
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According to this equation, the rate of polymerization, Rp depends on the following parameters. 
The value of n– is critical in determining Rp. Through the mathematical analysis by Smith and Ewart, 
three scenarios can be considered in which the particle size and radical exit from the emul-
sion droplet rate may vary. These three situations are generated by considering a balance between 
Npi (the number of particles containing i radicals) assuming that the number of particles remains 
constant (i.e., no nucleation occurs).  In the first situation (Case 1), where the particles are small, 
monomers are relatively soluble in water and desorption of radicals from the particles is probable, 
n– is very low and polymerization is slow. In the second situation (Case 2), radical exit is almost 
insignificant. When a radical enters a particle, polymerization occurs until the next radical comes 
along and both instantaneously terminate (zero–one kinetics). Under such conditions, n– = 0.5. In the 
last situation (Case 3), the particles are large such that more than two radicals can exist together in 
the particle without instantaneous termination. In this case, n– can be greater than 1.





Compartmentalization (Gilbert, 1995)
Compartmentalization is the term used to describe the fact that in an emulsion polymerization, 
radicals are compartmentalized, that is, propagating radicals contained in one latex particle are 
physically separated from radicals contained in another particle.  As a result of this property, 
bimolecular termination cannot occur between radicals in different particles.





Pseudo-Bulk System (Gilbert, 1995)
In this system, the number of radicals per particle is relatively high such that the emulsion polym-
erization resembles a bulk polymerization system. The average number of radicals is always greater 
than 0.5. Compartmentalization does not have an effect on the kinetics of polymerization in such a 
system and termination is always diffusion controlled.





Compartmentalized Pseudo-Bulk System (Gilbert, 1995)
This system, also known as the zero–one–two kinetics, arises when termination is not instanta-
neous and n– is low. Zero–one–two kinetics are favored by high propagation rate coefficients when 
radicals grow rapidly and bimolecular termination of radicals is no longer instantaneous. As the 
name implies, the latex particles may contain zero, one, or two radicals.





Zero–One System (Gilbert, 1995)
The term zero–one typically describes the situation found in most emulsion polymerizations 
whereby all latex particles contain either zero or one active radical (i.e., two or more radicals cannot 
coexist in one particle). This is because the particles are very small and can result in instantaneous 
bimolecular termination. Therefore, the maximum value of the average number of radicals per latex 
particle, n–, is 0.5. In such systems, compartmentalization becomes important in the kinetic events 
of emulsion polymerization reactions.





Miniemulsion Polymerization





A miniemulsion polymerization is performed by shearing a mixture containing two immiscible 
liquids, one of which being the organic monomer and a hydrophobe, and the other, an aqueous 
surfactant solution.  Monomer droplets of size ranging from 50 to 500 nm are usually obtained. 
The formation of miniemulsion droplets relies on the combination of the shear force treatment, the 
amount and type of surfactant, and the hydrophobe. The surface area of a dispersion of even just a 
few weight percent of micro–nano droplets is very large, and at typical surfactant concentrations 
used, all the surfactant molecules are adsorbed at the droplet surfaces such that little free surfactant 
molecules can be found in the aqueous phase. In an ideal case of a miniemulsion polymerization 
process, the monomer droplet is the primary locus of the polymerization reaction and it is generally 
known as the 1:1 copy of the original monomer droplet to latex particle. Every monomer droplet 
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acts as an independent nanoreactor and polymerization inside the droplet occurs via a suspension 
polymerization type reaction. The system is called a direct miniemulsion if the dispersed phase is 
hydrophobic whereas an inverse miniemulsion is made up of a hydrophilic dispersed phase.





Ugelstad et al. (1973) first introduced the concept of miniemulsion polymerization in 1973 when 
they successfully synthesized submicron-sized styrene particles using an emulsifier mixture of 
sodium dodecyl sulfate and cetyl alcohol. The water-soluble initiator, potassium persulfate, was 
used as the chemical initiator for the polymerization reaction after the miniemulsion styrene drop-
lets were formed. The sizes of the monomer droplets and the latex particles were observed to be 
similar and it was proposed that nucleation occurred primarily inside the droplets. It is necessary to 
understand the differences in the different types of emulsion polymerization processes. A comparison 
of the properties of these three systems is given in Table 19.1.





ULTRASOUND AND POLYMER CHEMISTRY





The effect of the application of ultrasound on polymers consists of three main fields, namely, the 
degradation of polymers (depolymerization), the synthesis of polymers, and the synthesis of polymer 
nanocomposites.





Ultrasonic Depolymerization





The degradation of a polymer molecule is an irreversible process that decreases the polymer chain 
length by cleavage.  It has been long known that irradiating a polymer solution with ultrasound 
reduces the viscosity of the solution. Brohult (1937) made the discovery that biological polymer 
solutions exposed to ultrasound could lead to the degradation of the polymer, and subsequently, 
Schmid and Rommel (1939) were the first to notice an irreversible reduction in the viscosity of a 
range of polymers in solutions due to the breakage of the covalent bonds in the polymer backbone. 
They observed a rapid initial depolymerization rate, which slowed down and stopped when a mini-
mum molecular weight was approached. Their findings led them to postulate that depolymerization 
is a physical process that is independent of the nature of the polymer in question but instead depends 
on the polymer chain length in solution. There have been many attempts to explain the degradation 
of polymer under ultrasound irradiation. When high-intensity ultrasound is applied to a polymer in 
a solvent, sufficiently long polymer chains may be stretched amidst the solvent flow ensuing from 
the movement of fluid surrounding the collapsing cavitation bubbles and from the propagation of 
the resulting shock waves (Glyn et al., 1972; Van der Hoff and Gall, 1977; Madras et al., 2000). 
Contrary to other chemical or thermal decomposition reactions, ultrasonic depolymerization is a 





TABLE 19.1
Summary and Comparison of the Important Features of Macroemulsions, 
Miniemulsions and Microemulsions





Emulsion Type Macroemulsion Miniemulsion Microemulsion





Droplet size range >1 μm 50–500 nm 10–100 nm





Duration of stability Seconds to hours Hours to months Indefinitely





Diffusional stabilization Kinetic Kinetic Thermodynamic





Nucleation mechanism Micellar, homogenous Droplet Droplet





Emulsifier concentration Moderate Moderate High





Costabilizer type None Hexadecane, cetyl alcohol Hexanol, pentanol





Homogenization method None Mechanical, ultrasonic None





Particle size range 50–500 nm 50–500 nm 10–100 nm





Np range (per L H2O) 1016–1019 1016–1019 1018–1021
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nonrandom process with cleavage occurring preferentially near the middle of the polymer chain. 
The strong velocity gradients coming from the fluid flow surrounding the bubble collapse are suf-
ficient to cleave large polymer chains into smaller ones.  This permits the removal of the large 
molecular weight polymers in a polydispersed system. Van der Hoff and Gall (1977) investigated 
the degradation of polystyrene in tetrahydrofuran and found a Gaussian distribution of the scission 
around the middle of the polymer chain. This center cleavage model is consistent with the stretching 
and breakage mechanism. Below a certain limiting molecular weight, ultrasound depolymerization 
does not take place and this results in initially broad molecular weight distributions becoming more 
narrow during irradiation (El’ Piner, 1964). The existence of a limiting molecular weight beyond 
which no further degradation can occur was also established by other researchers (Price et al., 1992, 
1996; Van der Hoff and Gall, 1977; Price, 1990). The depolymerizing effect of applied ultrasound 
is more pronounced for higher molecular weight polymers such that the degradation proceeds at a 
faster rate. The rate of degradation also depends on the irradiation time, the concentration of poly-
mer in solution, the nature of polymer and solvent, and the ultrasonic parameters (power intensity 
and frequency).  Table 19.2 outlines the range of parameters that influence polymer degradation 
under a sound field. In dilute solution, the polymer chains are not entangled and are free to move 
around the cavitation bubbles (Basedow and Ebert, 1975; Odell and Keller, 1986). Hence, it can be 
expected that in more dilute solutions, degradation of the polymer is more effective. In addition, 
degradation can be more efficient at higher power intensities due to the larger size and number of 
bubbles generating stronger shear forces. Thus, by suitable manipulation of the experimental condi-
tions, some control over the degradation process can be achieved. Chun and Park (1994) applied 
ultrasound to anionic xanthan polyelectrolyte and nonionic schizophyllan rodlike biopolymers to 
obtain polymer fractions of different molecular weights and studied the ionic strength dependence 
of intrinsic viscosity as a function of molecular weight. Kim et al. (1998) investigated the turbulent 
drag reduction characteristics of sonicated polymer fractions of rodlike polysaccharide xanthan 
gum of different molecular weights (Kim et al., 1998; Choi et al., 2000; Sohn et al., 2001). There 
have been extensive studies in the area of ultrasonic degradation of polymers and these have been 
summarized in a review by Price (1990).





Ultrasonic Polymer Synthesis





Most synthetic polymers are prepared from monomers that contain a reactive double bond, which 
can undergo chain growth or addition reactions. The most common polymer synthesis method is via 
a free radical initiation process. As already mentioned, acoustic cavitation in liquids can produce 
highly reactive radicals. Thus, the application of ultrasound to solutions containing vinyl monomers 
constitutes an alternative route to polymer synthesis.





TABLE 19.2
Parameters Influencing Polymer Degradation under Ultrasound Irradiation





Parameter Effects of Depolymerization





Molecular mass of polymer A larger initial molecular weight of the polymer increases the degree of depolymerization
There exists a molecular mass limit below which no degradation will occur





Concentration of polymer Decreasing the concentration of polymer in the solution leads to an increase in the 
degradation process





Nature of solvent Higher vapor pressure of the solvent leads to less violent collapse of acoustic bubbles and 
a lesser extent of degradation





Acoustic cavitation occurs more readily in solvents with low viscosity and surface tension





External temperature Increasing the external temperature leads to an increase in vapor pressure leading to bubble 
collapse being less violent, decreasing the degradation rate





Acoustic intensity Increasing the acoustic intensity increases the rate and extent of degradation
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The earliest work on the chemical effects of ultrasound on macromolecules biopolymers, egg 
albumin and plastein, was reported by Florsdorf and Chambers (1933).  They found that the 
polymers in aqueous medium, when exposed to ultrasound, coagulated instantly at 30°C and that 
the hydrolysis of sucrose was accelerated at temperatures as low as 5°C comparable with the rate of 
the boiling point in the absence of polymerization.





It was only in the early 1980s that extensive work on the effects of ultrasound on polymer systems 
was conducted. Ultrasound-initiated polymer synthesis can be divided into two categories. First, the 
homogenous system commonly referred to as bulk polymerization allows for pure monomer to be 
polymerized. Second, in the heterogeneous system, which can be subdivided into three subcatego-
ries: precipitation, suspension, and emulsion systems, the polymer formed is insoluble in the reac-
tion medium. Precipitation polymerization begins as homogeneous polymerization but is quickly 
transformed into heterogeneous polymerization. This occurs in the polymerization of monomers in 
bulk solution with the ensuing polymer products being insoluble in the reaction medium.





Sonochemical Polymerization in Homogenous Systems





The extensive work by Price and coworkers (Price et al., 1991, 1992; Price and Smith, 1993; 
Price, 1996) has illustrated some important features of using ultrasound as a means of polymeriza-
tion. They found that during the sonochemical polymerization of vinyl monomers, high molecular 
weight polymers were formed in the earlier stages of polymerization but the average chain length 
decreased dramatically with prolonged sonication, due to the degradation of the polymer in the 
solution. For a methyl methacrylate (MMA) system, conversion of approximately 12% was achieved 
after 6 h of sonication and after this time, the viscosity of the medium increased, and cavitation in 
the solution was essentially nonexistent. As a consequence, there was no further radical formation, 
and further conversion of monomer to polymer could not occur. Radical trapping studies conducted 
to estimate the rate of the initiation process in the MMA system showed that the crucial step in 
polymer formation is the formation of radicals by the breakdown of solvent vapor in the cavitation 
bubbles. It is these primary radicals that initiate the sonochemical polymerization process. They 
reported that below an acoustic intensity of approximately 12 W cm−2, there were no radicals gener-
ated. This is the minimum intensity required to generate cavitation in the systems studied.





Kruus et al. (Kruus and Patraboy, 1985; Kruus, 1991) conducted a detailed study of the mecha-
nism of sonochemical polymerization of MMA and their findings showed that under certain reac-
tion conditions, pyrolysis of the monomer could take place within the cavitation bubbles, which 
resulted in the formation of a large amount of insoluble chars in addition to linear polymers. 
However, if the monomer was purified and the system deoxygenated, soluble, high molecular 
weight polymers of MMA and styrene could be produced.  They also reported that the rate of 
conversion of monomer to polymer exhibited an inverse relationship with the reaction temperature 
and that the polymerization reaction stopped when the ultrasound generator was switched off. This 
indicated that the formation of polymer was due to the radicals produced by acoustic cavitation and 
not due to a thermal initiation process.





Cass et al. (2010) reported the polymerization of water-soluble acrylic monomers by ultrasound 
generated to form hydrogels.  Water-soluble additives such as glycerol, sorbitol, or glucose were 
essential for the formation of the hydrogels. They proposed that ultrasound may find application in 
the field of biomaterial synthesis since the use of chemical initiators are not required.





Sonochemical Polymerization in Heterogeneous Systems





An alternative method for free radical polymerizations is through a latex dispersion as an emul-
sion or suspension in an aqueous reaction medium. One of the major drawbacks of using chemical 
initiators and stabilizers in such systems is that they can alter the properties of the final polymer 
product (Bradley and Grieser, 2002). Such problems can be prevented by employing techniques that 
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do not require chemical initiators and stabilizers. Using ultrasound as a means of emulsification, 
polymerization is an effective way of circumventing these drawbacks. Due to the high localized 
shear gradients generated, ultrasound allows for efficient mixing and dispersion of the emulsion 
mixture, minimizes Ostwald ripening (Figure 19.3), and maintains a small and narrow distribution 
of monomer droplet sizes (Eldik and Hubbard, 1996; Bradley and Grieser, 2002; Xia et al., 2002). 
In addition, sonochemical emulsion polymerization permits good control over the overall reaction, 
in that the polymerization reaction effectively stops once sonication ceases. At fast polymerization 
rates with high monomer to polymer conversion at ambient temperature, polymers of high molecu-
lar weights can be produced, compared with conventional methods.





The first report of applying ultrasound to this type of polymerization reaction dates back to the 
early 1950s. Ostroski and Stambaugh (1950) reported that when conventional emulsion polymer-
ization was conducted under sonication, better dispersion of styrene was obtained, which in turn 
dramatically enhanced the rate of polymerization. They attributed the enhancement in the rate of 
styrene polymerization to a faster decomposition rate of the chemical initiator in the solution. This 
is a consequence of the faster and more efficient emulsification produced by ultrasound agitation. 
Since then, there have been a number of studies reporting on sonochemical emulsion polymerization.





Biggs and Grieser (1995) conducted mechanistic study on the synthesis of poly(styrene) latex 
particles by ultrasound irradiation at ambient temperature. From their experimental results, they 
drew the following conclusions: the rate of polymerization increased with increasing surfactant 
concentration, the average size of the latex particles was very small (approximately 50 nm), polymer 
molecular weights exceeded 106 g mol−1, and there was a continuous formation of polymer particles. 
They concluded that their polymerization system bears similarities with the conventional micro-
emulsion polymerization system but with a much lower surfactant concentration. They extended 
their work to explore the effects of varying the acoustic intensity on the polymerization rate. An 
apparent increase in polymerization rate as a function of sonication time was observed as the inten-
sity was increased.  It was also reported that increasing the intensity did not affect the ensuing 
particle size range of the latexes, which was found to be in the range of 40–50 nm. They suggested 
that the narrow particle size range and high conversion rates obtained were due to a continuous 
nucleation of monomer droplets that then scavenged the sonochemically produced free radicals 
throughout the polymerization process.
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FIGURE 19.3  Schematic diagram of the growth of monomer droplets by Ostwald ripening and coalescence. 
Growth of the monomer droplets by diffusion of monomer through the water phase can be greatly reduced 
by the addition of a hydrophobe, or in the case where ultrasound is present, a hydrophobe is not required, and 
growth of the monomer droplets by collision and fusion of monomer droplets can be minimized by the addition 
of surfactants.
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In another study, Cooper et al. (1996) found that by using a horn-type sonicator, it was possible 
to produce polymer latex particles with particle sizes smaller than those generated in the con-
ventional process at low levels of or even using no surfactants. They observed a faster polymer-
ization rate for butyl acrylate (BA) than vinyl acetate and related this finding to the differences 
in the vapor pressures of the monomers.  In contrast with the solution or bulk polymerization 
systems as mentioned earlier, high conversion of monomer to polymer (approximately 100%) was 
routinely achieved. Okudaira et al.  (2003) reported a successful suspension sonopolymerization 
in the absence of surfactant and chemical initiator. The monomer styrene was added drop wise 
into water and sonicated at 40 kHz to form monomer droplets dispersed in the aqueous phase. 
Polymerization of the monomer in the droplets was initiated by ultrasonic irradiation at 200 kHz. 
Both light-scattering data and TEM images indicated monodispersed polystyrene beads with an 
average diameter of 50 nm. Surprisingly, they reported that no radical species were produced under 
low-frequency irradiation and it was exclusively used as a dispersant to generate monomer droplets 
in aqueous phase.





The mechanistic details suggested by Bradley and Grieser (2002) provide a better insight to 
sonochemical polymerization in miniemulsion systems. They reported that the polymerization pro-
cess is initiated by the reaction of the primary radicals with free monomer molecules, leading to 
the creation of monomeric radicals in the emulsion system (Figure 19.4).  Upon collapse of the 
micron-sized bubbles in an aqueous solution, H• and •OH radicals are produced (Reaction 19.12). 
Although the direct formation of MMA radicals is not crucial to ultrasonically initiated miniemul-
sion polymerization, MMA is volatile and has the capacity to evaporate into a cavitation bubble 
and be decomposed into hydrocarbon products. The H• and •OH radicals produced are intercepted 
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FIGURE 19.4  (See color insert.) Diagram of the proposed sonochemical miniemulsion polymerization 
pathway.  The ultrasound from the horn tip produces cavitation bubbles that upon collapse generate the 
conditions that lead to primary radical formation and emulsification of the monomer. Monomeric radicals 
are mainly formed at the surface of the cavitation bubbles and subsequently enter into monomer droplets 
producing latex particles.
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by the solutes at the bubble–solution interface before they reach the aqueous phase. These sol-
utes, present in the emulsion mixture, are mainly monomer and surfactant molecules. The primary 
radicals can react with the monomer adsorbed at the bubble–solution interface forming monomeric 
radicals in the bulk solution (Reactions 19.13a and b). The monomeric radicals enter the mono-
mer droplets and propagate the polymerization process (Reaction 19.14). Reactions 19.15 and 19.16 
represent a propagating radical undergoing polymerization. Termination of the polymerization 
reaction occurs when the growing radical reacts with another growing radical by disproportionation 
(Reaction 19.17).  It should be noted that hydrocarbon-based radicals produced from the thermal 
decomposition of the monomer within the hot bubble core may also react during the synthesis of the 
H• and •OH radicals and contribute to the polymerization process.





Initiation





	 H O OH H2 ))) • •+ 	 (19.12)





	
OH M HOM Ms s s





• • •+ → ≡ ( ) 	
(19.13a)





	 H M HM Ms s
• • •+ → ≡ ( )s 	 (19.13b)





Entry





	 RM (aq) RM (d)• •→ 	 (19.14)





Propagation





	 RM (p) M(p) P2
• •+ → 	 (19.15)





	 P  M Pi i
• • •+ → +1 	 (19.16)





Termination





	 P P P Pi j i j
• •+ → + 	 (19.17)





Notes:	 Mechanism for ultrasound-initiated miniemulsion polymerization
M represents the monomer
s is the surface of the cavitation bubble
R is the radical
d is the monomer droplet
p is the particle
P is the polymer chain
i and j denote the length of different growing polymer chains





Similarly, Chou and Stoffer (1999) carried out a comprehensive investigation of the emulsion 
sonopolymerization of MMA at ambient temperature using sodium dodecyl sulfate as the surfac-
tant. The effects of cavitation type, nature, and source of the free radical for the initiation process 
and a range of experimental conditions were explored in depth. Contrary to what was found by 
Bradley and Grieser, they stated that the surfactant molecules were degraded and acted as free rad-
icals for the polymerization process. The rate of polymerization was found to be enhanced when 
the acoustic intensity, argon flow rate, and surfactant concentration were increased. The molecular 
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weight of the polymer increased with an increase in the monomer concentration to a certain level 
and then became independent of the monomer concentration. It was also found that the molecu-
lar weight of the polymer decreased with an increase in the surfactant concentration, which was 
ascribed to an increase in the amount of radicals generated resulting from an increase in the num-
ber of surfactant molecules acting as initiators. The assumption that surfactant molecules serve as 
radicals for the polymerization reaction is unlikely because Bradley and Grieser (2002) found that 
they could be successfully removed from the polymer samples after the reaction by dialysis. This 
indicates that the surfactant does not play a major role in the initiation process for sonochemi-
cal polymerization reactions. The evidence that Chou and Stoffer put forward is thus not strong 
enough to support their assertion that the source of radicals was from the degradation of the sur-
factant molecules. These radicals were identified using radical trapping experiments in aqueous 
sodium dodecyl sulfate solutions in the absence of monomer, clearly an unrepresentative system.





In a more recent work by Wang et al. (Wang et al., 2001a,b; Liao et al., 2001) on the sonochemi-
cal polymerization of MMA in an emulsion system with sodium dodecyl sulfate as the surfactant, 
they found that with increasing surfactant concentration, the conversion of monomer to polymer 
increased significantly, but when no surfactant was added, no polymer was formed.  Therefore, 
they suggested that the surfactant plays an important role in the initiation process.  In addition, 
they observed an increase in monomer to polymer conversion when the reaction temperature was 
increased and that increasing the N2 sparging rate increased the conversion percentage. They were 
able to obtain a monomer conversion of 67% and polymer molecular weights in the order of sev-
eral millions daltons under their experimental conditions. They have also investigated the ultra-
sonic emulsion polymerization of BA to study the factors that affect the induction period and rates 
of polymerization, and hence proposed a mechanism for sonochemical emulsion polymerization. 
They found that by increasing the N2 sparging rate, temperature, surfactant concentration, and 
power intensity, and decreasing the monomer concentration, a decrease in the induction period 
and an increase in polymerization rate occurred. Under their experimental conditions, the conver-
sion of BA to poly(butyl acrylate) (PBA) reached approximately 90% within 10 min of sonication. 
They suggested that the mechanism of ultrasound-initiated emulsion polymerization was analo-
gous to conventional emulsion polymerization in that a high surfactant concentration gives rise to 
a larger number of micelles, leading to more polymerization loci and enhanced polymerization 
rates. Through analysis of the polymer product with nuclear magnetic resonance spectroscopy and 
Fourier transform infrared spectroscopy, their polymers were found to be slightly crosslinked 
and branched. Overall, the structure of the polymers obtained via sonochemistry was said to be 
different from those obtained through conventional methods.





In a later study by Teo et al. (2008b), they reported on the sonochemical miniemulsion polym-
erization of a family of methacrylate monomers. Their results suggest that the physicochemical 
properties (e.g., vapor pressure and water solubility) of the monomers play an important role in 
determining the rates of polymerization in ultrasonic initiated polymerization (Figure 19.5A). Their 
results also indicate that the polymerization reactions proceed via pseudo first-order kinetics, which 
supports the use of a zero–one model for polymerization such that radical entering a particle already 
containing a growing radical will lead to pseudo-instantaneous termination (Figure 19.5B). By per-
forming particle sizing analysis using the dynamic light-scattering technique, they concluded that 
their results are consistent with a conventional miniemulsion polymerization mechanism in that 
there is a 1:1 copying of the monomer droplets to polymer particles.





Moholkar and coworkers (Morya et al., 2008) attempted to explain the sonochemical emulsion 
polymerization mechanism using the Keller-Miksis equation as a mathematical model for the radial 
motion of cavitation bubble. They concluded that the experimental parameters, the extent of radi-
cal production from cavitation bubbles, magnitude of microturbulence or shear velocity and shock 
waves produced by the bubbles, glass transition temperature of the polymer, and the population 
density of the polymer particles, all contributed to the final average size and size distribution of the 
polymer particles.
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Teo et al. (2008a, 2009b) reported on the microemulsion polymerization of n-butyl methacrylate 
at a range of acoustic frequencies using ionic and nonionic surfactants. The properties (particle size 
and molecular weight) of the latex depended on the concentration and type of surfactants used in 
their study. They concluded that the sonochemical microemulsion polymerization follows a con-
tinuous particle nucleation mechanism; however, no concrete conclusion was made in regard to the 
effect of acoustic frequency (Teo, 2010). Bradley et al. (2005) studied copolymerization of MMA 
and BA at different MMA:BA ratios using ultrasound irradiation. From their results from the analy-
sis of the glass transition temperatures of the copolymers, they concluded that the microstructures 
of the copolymers were similar to those obtained in a conventional copolymerization system. This 
is indicative that ultrasound has no effect on the propagation step of the free radical polymerization 
process and it is useful as a source of free radicals to initiate free radical polymerization.





It has been shown by many authors (Biggs and Grieser, 1995; Cooper et al., 1996; Bradley and 
Grieser, 2002; Teo et al., 2008b) that the molecular weights of polymers prepared through sono-
chemical emulsion polymerization are generally higher than those prepared by conventional methods; 
therefore, there is a critical need to regulate the molecular weights of the polymers formed through 
ultrasound irradiation. For emulsion polymerization technology and many other industrial applica-
tions of polymers, it is crucial to have the ease of manufacturing and control of the polymer properties 
(molecular weight and glass transition temperature). By using a range of organic solvents, Teo et al. 
(Teo, 2010) were able to control the molecular weights of the polymers produced by ultrasound irra-
diation. Figure 19.6 shows the effect of increasing the volume percent of the organic solvent present in 
the miniemulsion system on the molecular weight of the polymer produced. This effect is due to chain 
transfer reactions. Under specific experimental conditions, the chain transfer reaction may result in the 
production of a new radical, which may then continue the kinetic chain by reinitiation.





Sonochemical Synthesis of Polymer Nanocomposites





The fabrication of “functional” nanoparticles for practical use in a wide range of applications from 
medicine and biotechnology to electronics and catalysis is currently of considerable interest (Tirelli, 
2006; Contreras-Cáceres et al., 2008).  The encapsulation of “active” materials within a carrier 
polymer-based nanoparticle is seen as a significant and important innovation because polymeric 
nanocomposites have the potential to improve many existing technologies. One of the functions of 
encapsulation is protection through the isolation of the core from its external harsh environment 
(Erdem et al., 2000). For example, encapsulation protects probiotic bacteria from high-temperature 
food processing, from oxidation and moisture, from food and pharmaceutical industries, and 
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FIGURE 19.5  (A) Conversion % (±10%) of methacrylate monomers as a function of sonication time; 
(B) pseudo-first order, x, as the fractional conversion, as a function of sonication time for methacrylate monomers. 
(Modified from Teo, B.M., Ultrason. Sonochem., 15(1), 89, 2008.)
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protects enzymes from being denatured by solvents. Encapsulation can also be used to deliver toxic 
materials such as pesticides and herbicides in agricultural and environmental applications.  The 
second function of encapsulation is to enable controlled release in pharmaceutical and cosmetics 
applications.  In the fragrance, flavor, and color trapping systems, it can control the time-release 
properties of these activities.





An intense area of investigation concerns the synthesis of nanocomposites via ultrasound irradia-
tion methods. Nanocomposites are multiphase materials, whereby one phase, containing the filler, 
is dispersed in a second phase, known as the matrix. This results in the combination of individual 
properties of both the materials. Filler materials are often inorganic nanoparticles, whiskers, or 
fibers. The matrix can either be organic (polymer) or inorganic (ceramic or metal). The nanocom-
posites are often synthesized by simply mixing the filler and the matrix phases together to result 
in a heterogenous distribution. This is often achieved by the miniemulsion process. Miniemulsion 
polymerization allows for the convenient and direct incorporation of a large amount of hydropho-
bic materials, such as nanoparticles and pigments, by dispersion in the organic monomer phase 
(Espiard and Guyot, 1995; Ramirez and Landfester, 2003; Qiu et al., 2007). In order to successfully 
encapsulate hydrophobic materials within a latex particle, it is important to produce the appropriate 
latex particle size to allow encapsulation. In the first step of preparing nanocomposite materials, the 
material to be incorporated must be hydrophobic in nature and has to be dispersed in the monomer 
phase. Following this, miniemulsification of the monomer phase containing the hydrophobic mate-
rials into the water phase is performed by shearing the mixture with a homogenizer. In the next step, 
the monomer droplets containing the encapsulated materials are polymerized without changing 
their identity (Landfester et al., 1999). The main idea of the miniemulsion process is that particle 
formation proceeds by a droplet nucleation mechanism (whereby there is a 1:1 copy of the initial 
emulsion droplets to the corresponding polymer particles), such that a miniemulsion droplet can be 
treated as a “nanoreactor” and the encapsulation of preformed particles into polymer host particles 
is effective. This process is schematically illustrated in Figure 19.7.





In studies conducted by Wang et al. (Wang et al., 2001b; Xia et al., 2001), the incorporation of 
SiO2, Al2O3, and TiO2 into PBA by ultrasound-initiated emulsion polymerization was reported. 
They mentioned that ultrasound serves to provide better stirring and allows the breakdown of inor-
ganic particles that have been agglomerated. This leads to better dispersion of the inorganic par-
ticles within the monomer droplets. The successful encapsulation of the inorganic particles was 
revealed by TEM and Fourier transform infrared (FTIR) spectroscopy. They concluded that the pH 
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FIGURE 19.6  Effect of the amount of organic solvent on the molecular weight of polymer produced via 
ultrasound irradiation.
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of the solution and the type of monomer, inorganic particles, and surfactants have a significant role 
in preparing such nanocomposites by the sonochemical method.





Bradley et al. (2003) described a one-step sonochemical method for incorporating fluorescent 
and phosphorescent molecules into latex particles. The monomer, MMA, containing either pyrene, 
4-dicyanomethylene-2-methyl-6-(p-dimethylaminostyryl)-4H-pyran, or 1-bromo-naphthalene, was 
ultrasonically dispersed in an aqueous surfactant solution. Polymerization by ultrasound produced 
60 nm latex particles. Figure 19.8 shows the fluorescence emission spectra of pyrene in the MMA 
emulsion and in the poly(MMA) latex particles. The absence of the excited state pyrene dimer emis-
sion (broad, featureless emission in the wavelength range 440–560 nm) in the latex particles indi-
cates that pyrene molecules are embedded in the polymer matrix. The III/I peak ratio of the pyrene 
emission is approximately 2, indicating that there is minimal interaction between pyrene with water. 
From fluorescence lifetime studies, they showed that the incorporation of such molecules into latex 
particles can provide protection from environmental influences such as dissolved gases.
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FIGURE 19.7  (See color insert.) Schematic diagram of the procedure for the encapsulation of hydrophobic 
nanomaterials and the 1:1 copy of monomer droplets to latex particles by the sonochemically driven miniemulsion 
polymerization pathway.
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FIGURE 19.8  Fluorescence emission spectra of pyrene in an MMA emulsion (Δ) and in poly(MMA) 
latex particles (O).  The 10 wt% monomer phase contained 2 × 10−2 M pyrene and was emulsified in a 
25 mmol L−1 aqueous SDS solution. Excitation was at 350 nm. (Reprinted with permission from Bradley, M., 
Ashokkumar, M., and Grieser, F., Sonochemical production of fluorescent and phosphorescent latex particles, 
J. Am. Chem. Soc., 125(2), 525–529. Copyright 2003 American Chemical Society.)
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A sonochemical approach in the fabrication of carbon nanotubes (CNTs) coated with polymer 
was adopted by Xia et al. (2003) showing that ultrasound irradiation provides excellent dispersion 
of the CNTs in aqueous solution as the aggregation of CNTs can be effectively broken down, as 
seen from Figure 19.9A. The in situ emulsion polymerization of MMA or BA to coat the CNTs 
was performed without the addition of any chemical initiators. TEM images of raw multiwalled car-
bon nanotubes (MWCNTs) and PBA-encapsulated MWCNTs after Soxhlet extraction are shown 
in Figure 19.9B; the encapsulated MWCNTs increased by 30 nm in diameter due to the polymer 
coating. The polymer-encapsulated MWCNTs were easily dispersed in a Nylon 6 matrix and the 
interfacial adhesion between the polymer coated MWCNTs and Nylon 6 was greatly improved. 
In another study conducted by Kim et al. (2007), MWCNTs and polystyrene composites were pre-
pared via an in situ bulk polymerization under the application of ultrasound in the absence of chemi-
cal initiator. They found that ultrasound aids the dispersion of carbon nanotubes into the styrene 
monomer and that radicals for the polymerization reaction were generated from the decomposition 
of monomer by ultrasound cavitation.





The ultrasonic polymerization method has also been recently adopted to prepare magnetic-
polymer nanocomposite materials (Teo et al., 2009a). These magnetic nanocomposites are reported 
to exhibit excellent colloidal stability and strong magnetic properties as shown in Figure 19.10. 
This synthetic procedure provides a “one-pot” composite material fabrication process that does not 
require the addition of chemical initiators and enables a clean and simply executed polymerization 
reaction. This method of producing nanocomposite materials, however, still has some limitations. 
For example, the distribution of magnetic nanoparticles between and within the latex beads was still 
rather heterogenous, as shown in Figure 19.11. This could be attributed to the interactions between 
the magnetic nanoparticles and the destabilization of the miniemulsion droplets (Landfester and 
Ramırez, 2003).
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FIGURE 19.9  (A) Dispersion of 0.1 wt% MWCNTs in 0.1 wt% sodium lauryl sulphate (SLS) 
aqueous suspension; (B) TEM photographs of (a) raw MWCNTs and (b) PBA-encapsulated MWCNTs 
after Soxhlet extraction for 72 h with acetone. (Reprinted with permission from Xia, H., Wang, Q., and 
Qiu, G., Polymer-encapsulated carbon nanotubes prepared through ultrasonically initiated in situ emulsion 
polymerization, Chem. Mater., 15(20), 3879–3886. Copyright 2003 American Chemical Society.)
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Gedanken et al. have prepared a range of polymeric nanocomposite materials via ultrasound 
irradiation (Wizel et al., 1998, 1999). In an early paper, they described two methods for encap-
sulating iron nanoparticles into poly(MA) by ultrasound irradiation. The first method described 
sonicating Fe(CO)5 and distilled MA as neat liquids, whereas the second method described the 
two-step preparation of poly(MA)-coated amorphous iron nanoparticles.  Comparing both the 
methods, they concluded that the second method gave a higher yield of Fe in the final product. 
There have been extensive studies in the area of sonochemical synthesis of nanocomposites sum-
marized in a recent review by Gedanken (2007).





FIGURE 19.10  Photograph of the PBMA/Fe3O4 nanocomposite dispersion placed next to a strong perma-
nent magnet that draws the fluid upward, as observed with regular magnetic fluids. (Reprinted with permission 
from Teo, B.M., Che, F., Hatton, T.A., Grieser, F., and Ashokkumar, M., Novel one-pot synthesis of magne-
tite latex nanoparticles by ultrasound irradiation, Langmuir, 25(5), 2593–2595. Copyright 2009 American 
Chemical Society.)
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FIGURE 19.11  TEM image of the encapsulation of magnetite nanoparticles in poly(BMA) latex nanoparticles. 
(Reprinted with permission from Teo, B.M., Che, F., Hatton, T.A., Grieser, F., and Ashokkumar, M., Novel 
one-pot synthesis of magnetite latex nanoparticles by ultrasound irradiation, Langmuir, 25(5), 2593–2595. 
Copyright 2009 American Chemical Society.)
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Qiu et al. (2007) prepared PS/Fe3O4 magnetic nanocomposites through sonochemical miniemulsion 
polymerization. They reported that increasing the loading amount of Fe3O4 significantly increases 
the polymerization rate because the presence of Fe3O4 nanoparticles increases the number of radi-
cals produced. They suggested that their PS/Fe3O4 magnetic particles could be separated from the 
magnetic emulsion by an external magnetic field resulting in a milky white dispersion as shown in 
Figure 19.12. This clearly indicates that the amount of Fe3O4 nanoparticles incorporated into the 
latex particles is very low.





Polymer/clay nanocomposites have also attracted intense research interest due to their enhance-
ment of mechanical and thermal properties, as compared with the homopolymer. To achieve the 
optimum properties of such nanocomposites, many techniques have been developed and among 
these, the ultrasonic technique has proven to be an effective method for controlling the dispersion 
of clay in the polymer matrix (Kim et al., 2001; Delozier et al., 2002).





In other studies on the synthesis of polymeric nanocomposites, ZnO/poly(butyl methacrylate) 
(PBMA) and ZnO–PBMA/polyaniline (PANI) nanolatex composite particles of 50 nm were syn-
thesized by a hydrothermal–sonochemical emulsion polymerization technique. The anticorrosive 
performance of the synthesized latex was evaluated on a steel substrate. The anticorrosive perfor-
mance was compared for acid/salt/alkali-induced corrosion. It was found that the performance of 
the ZnO–PBMA coating for acid corrosion was superior to that of the ZnO–PBMA–PANI matrix 
(Sonawane et al., 2010).





Recently, asymmetric particles consisting of two hemispheres of different chemical composition 
have attracted much research attention owning to their possible use in a large variety of potential 
applications such as electronic displays (Takei and Shimizu, 1997; Perro et al., 2005), surfactants 
(Glaser et al., 2006; Walther et al., 2008), and biomedicine (Perro et al., 2005). Most methods for 
preparing such particles described in the literature are template assisted (Lattuada and Hatton, 
2007; Qiang et al., 2008) or involve multiple steps in the procedure (Yin et al., 2001; Li et al., 2005) 
and mostly are conducted under nonambient preparation conditions. Hence, it is of interest to syn-
thesize such particles by a simple and effective one-step procedure. The preparation of asymmetric 
nanocomposite doublets comprising PMMA/SiO2 Janus particles through a one-step sonochemical 
miniemulsion polymerization method was demonstrated by Teo et al. (Teo, 2010). The formation 
of these doublets was realized by taking advantage of the phase separation between the growing 
PMMA particles and tetraethoxysilane (TEOS). Figure 19.13 shows the TEM images of the asym-
metric particles prepared by sonochemical miniemulsion polymerization. Such particles can offer 
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FIGURE 19.12  Magnetic separation and redispersion of a magnetic emulsion: (A) Without a magnetic field 
and (B) under a magnetic field. (Reprinted from Ultrason. Sonochem., 14(1), Qiu, G.H., Wang, Q., Wang, C., 
Lau, W., and Guo, Y.L., Polystyrene/Fe3O4 magnetic emulsion and nanocomposite prepared by ultrasonically 
initiated miniemulsion polymerization, 55–61, Copyright (2007) with permission from Elsevier.)
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the possibility of serving as Pickering emulsifiers due to their amphiphilic nature (Figure 19.14). 
This simple and straightforward method of preparing inorganic/polymer hybrid particles with 
asymmetric morphology can also be readily extended to preparing other nanocomposite materials 
by adjusting the experimental parameters such as the density and distribution of the coupling agent.





SONOCHEMICAL PREPARATION OF MICROSPHERES





Another interesting field of research concerning the use of ultrasound in polymeric material syn-
thesis is the preparation of biopolymers, most notably, the synthesis of proteinaceous microspheres. 
These air- and oil-filled microspheres have a range of biomedical applications such as the use in 
targeted drug delivery, as echo contrast agents for sonography, as magnetic resonance imaging, 
and as microencapsulation of pharmaceuticals, neutraceuticals, and flavors (Langer, 1990; Webb 
et al., 1996; Lee et al., 2003). The first report on air-filled proteinaceous microspheres synthesized 
sonochemically was reported by Feinstein and coworkers (Lang et al., 1987) with their human 
serum albumin air-filled microspheres used as contrast agents in echosonography. In the synthesis 
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FIGURE 19.13  TEM images of asymmetric poly(MMA)-SiO2 particles at different magnifications (left) 
scale bar represents 0.2 μm and (right) scare bar represents 50 nm.
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FIGURE 19.14  Photograph of the interfacial behavior of three kinds of particles in a water–toluene dual 
phase system: (i) Poly(MMA), (ii) hydrophilic SiO2 nanoparticles, and (iii) asymmetric poly(MMA)-SiO2 
nanocomposite particles.
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of oil-filled proteinaceous microspheres of bovine serum albumin (BSA), Suslick and Grinstaff 
(1990) showed that 3 min sonication of a biphasic system comprising an aqueous solution of BSA 
and nonaqueous liquids was sufficient to form BSA protein microspheres containing the organic 
liquids.  The proposed mechanism for the formation of these oil-filled microspheres is first due 
to emulsification by high-intensity ultrasound to disperse the nonaqueous phase into the aqueous 
protein solution. The authors ascertained that emulsification alone is not sufficient to form stable, 
long-lived microspheres and that a chemical process involving cross-linking of protein molecules 
through disulfide bond formation between cysteine residues was required. Based on chemical trap-
ping experiments, superoxide (created during bubble collapse in the presence of oxygen) was identi-
fied as the cross-linking agent that renders the microspheres stable. The cross-linked shell of the 
microsphere was approximately ten protein molecules thick. In a later study by the same authors 
on sonochemical formation of air-filled microspheres, similar results were obtained (Grinstaff and 
Suslick, 1991). Although many studies have concluded the importance of cysteine and the formation 
of S–S bonds in the creation of microspheres (Suslick and Grinstaff, 1990; Grinstaff and Suslick, 
1991; Suslick et al., 1994), it has been shown by Avivi and Gedanken (2002) that proteins that do not 
contain a thiol group can also be used to make microspheres. They applied this to making streptavi-
din microspheres and found that the microspheres were stable for many hours at room temperature 
and stable for at least a month at 4°C. The microspheres formed without cysteine residues were sta-
bilized by intermolecular interactions such as hydrogen bonding, van der Waals forces, hydrophobic 
and electrostatic interactions. Their findings opened up a range of synthetic possibilities.





Since the first report of sonochemically synthesized proteinaceous microspheres, there has been 
a renewed interest in making such microspheres sonochemically (Shchukin and Mohwald, 2006; 
Cavalieri et al., 2008; Grinberg et al., 2009; Zhou et al., 2010). Gedanken and coworkers prepared 
magnetic proteinaceous microspheres that are useful for magnetic resonance imaging (Avivi et al., 
2001).  The microspheres composed of iron oxide–filled and coated BSA microspheres.  More 
recently, Han et al. (Han et al., 2008; Radziuk et al., 2008) used the sonochemical method to make 
magnetic microspheres with chemically prepared magnetite embedded in polyelectrolyte multilay-
ers and these magnetized microspheres can be guided by an external magnetic field. They have also 
demonstrated the influence of a range of ultrasound parameters on the size and size distribution 
of the microspheres.  The selective targeting of drug-loaded protein microspheres to tumors has 
been demonstrated by many researchers. Suslick and coworkers (Toublan et al., 2006) reported on 
modified noncovalent, electrostatic layer-by-layer (LbL) protein microspheres that can selectively 
target protein microspheres to the integrin receptors that are overexpressed in several tumors. The 
protein microspheres are core-shell capsules consisting of a vegetable oil core and a BSA shell. 
Their research demonstrates the usefulness of these microspheres to targeted imaging and drug 
delivery systems. Cavalieri et al. (2008) successfully prepared stable lysozyme microbubbles using 
ultrasound-induced emulsification and cross-linking of chemically reduced lysozyme in aqueous 
solutions. Their lysozyme-coated microbubbles were stable for several months and also retained the 
enzymatic activity of lysozyme. LbL assembly of polyelectrolytes on these microbubbles to modify 
the surface properties of the microbubbles demonstrated the versatility of adsorbing potential drugs 
and/or biolabels for a range of therapeutic and diagnostic applications. In a later study, Zhou et al. 
(2010) demonstrated the ease of encapsulating a range of organic liquids into cross-linked lysozyme 
microspheres sonochemically. From their results, they found that the size and the stability of their 
microspheres were dependent on the nature of the encapsulated organic liquids, demonstrating the 
potential usefulness of the sonochemical method in a range of medical and food industries.





CONCLUDING REMARKS





Ultrasound-induced cavitation shows great promise as a relatively new technique for polymerization 
as discussed in this chapter. The recent development of this technique in polymer synthesis shows 
that sonochemistry accelerates polymerization reactions, allows for reactions to proceed to ambient 
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temperatures without the need of additional chemical initiators, and the polymers synthesized have 
properties that cannot be achieved by conventional methods. The myriad of benefits that ultrasound-
initiated events offers as an alternative to existing polymerization processes demonstrates that it 
should become a technology of choice for new and improved polymerization processes.
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INTRODUCTION





In the past few decades, we have observed development of several new technologies that offer 
sophisticated methods of introducing energy into the system to bring about a physical or chemical 
change. These methods are simpler, easier, cheaper, and safer, following the principles of “green 
chemistry,” which aims at minimization of generation of hazardous waste, use of nontoxic precur-
sors, reduced emissions, and discharges with milder operating conditions. One such technology 
is cavitation technology in which the physical and chemical transformations are brought about 
by ultrasound irradiation of the system. Cavitation is defined as nucleation, growth, and tran-
sient collapse of tiny gas bubbles driven by pressure fluctuations in the liquid. These fluctuations 
essentially create tension in the liquid, which is manifested in form of cavitation. Alternatively, 
intense local deposition of energy can also give rise to cavitation (Shah et al., 1999). In fact, the 
method of production of cavitation is the main criterion for distinguishing among different types 
of cavitation as follows:





	 1.	Ultrasonic or acoustic cavitation is produced by pressure variation in a liquid due to the 
passage of an acoustic wave in the form of compressions and rarefactions.





	 2.	Hydrodynamic cavitation is generated by pressure reduction in a flowing liquid (with con-
current rise in velocity head) through constrained geometries such as venture or orifice.





	 3.	Optic cavitation is a result of the rupture of a liquid due to high-intensity light or laser.
	 4.	Particle cavitation is produced by any type of elementary particle, such as proton, ruptur-





ing a liquid, as in a bubble chamber.





As far as cavitation for physical/chemical processing is concerned, only the acoustic and hydrody-
namic modes are feasible. The other two modes of cavitation, viz., optic and particle, are mainly 
used for fundamental studies in cavitation bubble dynamics to generate cavitation under controlled 
conditions. In the past decades, voluminous literature has been published on applications of ultra-
sound and cavitation for intensification of numerous physical and chemical processes. These include 
wastewater treatment (i.e., degradation of various types of recalcitrant organic pollutants), synthesis of 
organic, inorganic, and biological nanomaterials, crystallization, food processing, extraction and 
leaching, wet textile treatments, biofuels applications such as synthesis of biodiesel, etc. (see state-of-
the-art reviews and books by Suslick, 1988; Pandit and Moholkar, 1996; Ashokkumar and Grieser, 
1999; Keil and Swamy, 1999; Shah et al., 1999; Thompson and Doraswamy, 1999; Adewuyi, 2001; 
Mason and Lorimer, 2002; Gogate and Pandit, 2004a,b). Although the potential and efficacy of 
ultrasound-enhanced processes has been clearly demonstrated, there has been little application on 
industrial scale. Several causes has led to this effect that includes low overall efficiency of ultrasonic 
processor (<20%), erosion of the ultrasound transducers, and directional sensitivity of the ultra-
sound field that results in nonuniform energy dissipation in the processor (EPRI Report, 1998). One 
more aspect of sonochemical processes that has posed hurdle in an effective scale-up of the process 
is the lack of proper understanding of the exact mechanism of the process, that is, the nature (either 
physical or chemical or both) of the role played by the ultrasound and cavitation in the process. 
Proper identification of the mechanism of the process will be of crucial importance for optimization 
of the energy dissipation in the process, which would help augmentation of the energy efficiency of 
the process.
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In this chapter, we shall present an overview of our research attempts in the identification of the 
mechanism of a sonophysical (sonocrystallization) and sonochemical (degradation of recalcitrant 
organic pollutants) processes. The approach in both of these studies is similar, that is, coupling of 
experimental results with simulations of cavitation bubble dynamics using a mathematical model 
that takes into account essential physics and chemistry of cavitation bubbles. This approach is based 
on the fact that ultrasound manifests its physical and chemical effects through cavitation phenom-
enon. Concurrent analysis of the experimental and simulation results helps in determination of the 
physical mechanism of the system—as is demonstrated in subsequent sections.





The principal chemical effect of cavitation—popularly known as sonochemical effect—is gen-
eration of highly reactive radicals such as H•, •OH, O•, HO2





∞ through transient collapse of cavitation 
bubbles, while the principal physical effect is generation of intense turbulence in the medium. The 
radicals generated by cavitation bubbles have several distinct effects on the reaction system such 
as (1) initiation of stubborn reactions with acceleration of their kinetics, (2) elimination of steps in 
synthesis allowing a “single pot” synthesis, (3) allowing use of cruder chemicals, and (4) complete 
switching of the reaction pathway. The physical effect of generation of convection in the system is 
mainly responsible for enhancement of heat and mass transfer characteristics of the system. These 
effects of are mainly beneficial in heterogeneous reaction system—either liquid–liquid or solid–
liquid. In a liquid–liquid system, cavitation phenomenon occurring at the interface of the two liq-
uids results in generation of fine emulsion, giving rise to enormous interfacial area between the 
liquids that markedly enhances mass transfer characteristics, and hence, chemical kinetics of the 
system. In a solid–liquid reaction system, such as catalytic reaction, the microemulsion generated 
by ultrasound and cavitation also enhances overall mass transfer characteristics, that is, transport of 
reactant species to catalyst surface and desorption of the product species. This results in continuous 
regeneration of the catalyst surface, which exposes the “active sites” for the fresh reactants. Catalyst 
poisoning also reduces due to the strong microconvection generated by cavitation bubbles. In the 
next section, we describe the physical and chemical effects of cavitation bubbles in greater details 
with underlying physical mechanism.





PHYSICAL AND CHEMICAL EFFECTS OF CAVITATION BUBBLES





Chemical Effect of Cavitation (Sonochemical Effect)





A major problem in modeling of sonochemical processes is that direct quantitative measurement 
of the radial generation from transient collapse of cavitation bubbles is not possible. The extent of 
radical production depends on two variables: (1) amount of vapor entrapped in the bubble at the 
moment of transient collapse and (2) temperature peak reached in the bubble during collapse. The 
second variable has a greater impact on the production of radicals through dissociation of the vapor 
molecules. In addition, several other factors also influence the composition of the bubble contents. 
These are gas diffusion and rectification and the chemical reactions occurring among species pro-
duced from thermal dissociation of vapor molecules.  Development of mathematical models for 
cavitation bubble dynamics including mass (solvent vapor as well as noncondensable gas) and heat 
transfer across bubble interface has been a matter of active research for past two decades. We pres-
ent below a brief review of the same.





Research in 1990s
The problem of water vapor transport and entrapment in the cavitation bubble during radial motion, 
along with chemical reactions among the species generated, was treated with different perspec-
tives by several authors in the decade of 1990s. The major contributions are made by Kamath et al. 
(1993), Prasad Naidu et al. (1994), Sochard et al. (1997), Yasui (1997a,b), Colussi et al. (1998), Gong 
and Hart (1998), Colussi and Hoffmann (1999), and Moss et al. (1999). We give below a summary 
of the approaches taken by these authors and the major findings of their studies.
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Kamath et al. (1993) estimated the production of OH radicals by decoupling the bubble dynamics 
equation and the chemical kinetics. Prasad Naidu et al. (1994) modeled equilibrium production of 
various radicals using Rayleigh–Plesset equation for radial motion of bubble, coupled with Flynn’s 
assumption (Flynn, 1964) that the bubble becomes a closed system during collapse when the partial 
pressure of gas becomes equal to the vapor pressure. The growth phase of the bubble was assumed 
to be isothermal, while the collapse phase, after bubble becoming closed system, was assumed to 
be adiabatic. Gong and Hart (1998) also took a similar approach of coupling bubble dynamics with 
the chemical kinetics, and explained some trends in sonochemistry. Sochard et al. (1997) modeled 
radical production in mildly forced bubbles taking into account nonequilibrium phase change and 
gas–vapor interdiffusion. Like earlier authors, Sochard et al.  (1997) also assumed prevalence of 
equilibrium conditions inside the bubble. Moss et al.  (1999) performed numerical simulations of 
the bubble motion keeping the amount of water vapor in the bubble constant and uniform during 
acoustic cycle, and without taking into account the chemical reactions. Principal conclusion of the 
study of Moss et al. (1999) was that inclusion of water vapor in the bubble interior leads to smaller 
adiabatic exponent that reduces the heating of the bubble, decreasing the final temperature attained 
therein. Yasui (1997a,b) accounted for the nonequilibrium phase change and chemical reactions in 
a collapsing air bubble. He used a Rayleigh–Plesset type equation for the bubble radius, with the 
water vapor transport by condensation—evaporation. Twenty-five reactions of radicals formed out 
of water vapor dissociation were also taken into account as per approach of Kamath et al. (1993). 
However, Yasui (1997a,b) assumed that transport of water vapor was condensation limited, that is, 
mass diffusion was assumed to be instantaneous, and not explicitly modeled. Primary outcome of 
Yasui’s study was that some water vapor remains in the bubble even at the collapse. With intense 
heating of the bubble during the transient collapse, this water vapor undergoes endothermic disso-
ciation, reducing the final temperature peak reached in the bubble.





General Model of Storey and Szeri
In landmark papers published in early last decade, Storey and Szeri (2000, 2001) presented a gen-
eral treatment of the problem relaxing several assumptions made in earlier studies in 1990s. The 
Navier-Stokes equations for the gas mixture in the bubble were coupled to a scheme of 64 possible 
reactions among nine radical and molecular species generated from dissociation of water vapor, 
viz., H2, O2, H2O, H, O, OH, HO2, H2O2, and O3. The transport properties (thermal and mass dif-
fusion, viscosity) were calculated from the equations based on Chapman–Enskog theory and the 
equation of state was of Redlich–Kwong–Soave type. The rate of transport of water molecules was 
proportional to the difference between partial pressure of water in the bubble and the saturation 
pressure at interface. However, not all the water molecules that approach the surface stick to it, 
giving rise to nonequilibrium phase change. The fraction of water molecules that stick to the sur-
face is the accommodation coefficient (σa). In other words, σa is a representative of the resistance 
to condensation at the interface during bubble collapse. The lower the value of σa, the greater the 
resistance and higher the amount of water vapor entrapped. Storey and Szeri (2000) used value of 
σa = 0.4, following Yasui (1997a) and Eames et al. (1997). The principal result of paper by Storey and 
Szeri (2000) was that water vapor transport in the bubble is a two-step process: diffusion to bubble 
wall and condensation. Thus, it is influenced by two timescales, viz., timescale of diffusion (tdif) and 
timescale of condensation (tcond), and their magnitudes relative to bubble dynamics (or oscillations) 
timescale, tosc.  In the earlier phases of bubble collapse, tosc >> tdif, tcond, which results in uniform 
bubble composition. As the bubble wall acceleration increases during collapse, the timescales for 
bubble dynamics and diffusion become equal. At this stage, rate of reduction of water vapor in the 
central region of bubble is lesser than at the bubble wall. With further acceleration of bubble wall, 
tosc << tdif, and the water vapor has insufficient time to diffuse to bubble wall, which results in nearly 
fixed distribution of water vapor in the bubble. Another mechanism that traps water vapor in bubble 
during collapse is the nonequilibrium phase change at bubble wall, as mentioned above. The times-
cale for the condensation varies inversely with σa. Qualitatively, when tosc >> tcond, the condensation 
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is in equilibrium with respect to the bubble motion. On the other hand, when tcond >> tosc, no water 
vapor can escape bubble during collapse. Thus, the amount of water vapor trapped is sensitive to 
the value of σa.





The exact mechanism by which water vapor is trapped in the bubble is determined by the relative 
magnitudes of tosc, tdif, and tcond. When the bubble dynamics timescale is smaller than either the dif-
fusion or the condensation timescale, water vapor entrapment occurs. However, both mechanisms 
can contribute to the water vapor entrapment. Storey and Szeri (2000) showed that the condition 
tosc << tdif is reached well before tosc << tcond. Thus, the water vapor trapping is diffusion limited.





Contemporary Studies (Hoffmann and Coworkers and Lohse and Coworkers)
Parallel studies conducted by Hoffmann and coworkers (Colussi et al., 1998; Colussi and Hoffmann, 
1999) clearly show the effect of condensation timescale that varies inversely with the accommoda-
tion coefficient, as mentioned earlier. In their first paper, Hoffmann and coworkers used a very low 
value of σa = 0.001, without accounting for the finite rate of mass diffusion. With such unrealisti-
cally low value of σa, the condition tosc << tcond reaches well before tosc << tdif. This makes the water 
vapor trapping condensation, rather than diffusion limited. In another study, Colussi and Hoffmann 
(1999) used a value of σa = 0.3, taking into account diffusive resistance generated in the bubble. 
With this value, the simulation results of Colussi and Hoffmann (1999) are in accordance with those 
of Storey and Szeri (2000) that the water vapor trapping is diffusion limited.





In view of the results of Storey and Szeri (2000) with full numerical simulations, Lohse group 
at University of Twente (Toegel et al., 2000; Toegel and Lohse, 2003) developed a diffusion-limited 
model using boundary layer approximation. This model has gained immense popularity in the sono-
chemistry community due to its simple structure, yet account for essential physics and chemistry of 
the cavitation bubble. The existence of boundary layer near bubble wall even at moment of extremely 
rapid collapse has been confirmed in the studies of Kwak and coworkers (Kwak and Yang, 1995; 
Kwak and Na, 1996, 1997) who showed that the spatial variation of temperature in the bubble was 
negligible except at the bubble wall. Other authors (Fujikawa and Akamatsu, 1980; Kamath et al., 
1993) have also justified existence of the boundary layer. For the validation of the simple model, 
Toegel et al. (2000) have compared their results with those of Storey and Szeri (2000), finding an 
excellent qualitative and quantitative agreement. This is another confirmation that the water vapor 
transport is diffusion, rather than condensation, limited.





Physical Effects of Cavitation





The physical effects of ultrasound and cavitation are severalfold. These effects are mainly respon-
sible for generating strong convection in the bulk liquid medium through several mechanisms, as 
described below.





Microstreaming
The propagation of ultrasound waves through the liquid medium creates small-amplitude oscilla-
tory motion of fluid elements around a mean position. This phenomenon is called microstreaming 
(Leighton, 1994). The velocity of the microstreaming is given as v = PA/ρC where PA is the pressure 
amplitude of ultrasound wave, ρ is the density of the medium, and C is the velocity of sound in the 
medium. For a typical pressure amplitude of 1.2 bar in water (with ρ = 1000 kg m−3 and C = 1500 m s−1), 
v = 0.08 m s−1. The oscillatory liquid motion is hindered near solid surfaces, and the direction of 
fluid movement becomes parallel to the solid boundary.





Microturbulence
Radial motion of cavitation bubble induces high-velocity oscillatory motion of the fluid in its vicin-
ity. This is called microturbulence or microconvection (Moholkar et al., 2004). This phenomenon is 
explained as follows: during the expansion phase of radial motion, the fluid is displaced away from 
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the bubble center. During the collapse phase, the liquid is pulled toward the bubble as it fills in the 
vacuum created in liquid with size reduction of the bubble. The mean velocity of the microturbu-
lence depends on the amplitude of the oscillation of the bubble. For small-amplitude motion, the 
velocity of microturbulence is also small. However, if the amplitude of bubble oscillations is large 
(typically more than two times the original size), the ensuing collapse is transient, and the bubble 
velocity reaches (or even exceeds) the sonic velocity (1500 m s−1 in water) during final moments of 
collapse. Accordingly, the velocity of the microturbulence and convection generated is also quite 
intense. It should, however, be noted that phenomenon of microturbulence is restricted only in the 
region in close vicinity of the bubble. The velocity of the microturbulence diminishes very rapidly 
away from the bubble.





Acoustic Waves (or Shock Waves)
As mentioned above, during the compression phase of radial motion, the fluid elements in the vicin-
ity of the bubble wall spherically converge toward bubble wall. For a gas bubble (containing non-
condensable gas such as air), the adiabatic compression results in rapid rise of the pressure inside 
the bubble. At the point of minimum radius (or maximum compression), the bubble wall comes to 
a sudden halt and rebounces with high velocity. At this instance, the converging fluid elements are 
reflected back from the bubble interface (Willard, 1953). This reflection creates a high-pressure 
shock wave that propagates through the medium (Neppiras, 1980; Lauterborn and Hentschel, 1985, 
1986; Blake et al., 1997; Ohl et al., 1998; Pecha and Gompf, 2000). The pressure magnitude of this 
wave is estimated, with numerical simulations, in the range of 50–100 bar.





Microjets
During radial motion driven by ultrasound wave, the cavitation bubble maintains spherical geom-
etry as long as the motion of liquid in vicinity of it is symmetric and uniform, and thus, there are 
no pressure gradients.  If the bubble is located close to a phase boundary (either solid–liquid or 
gas–liquid or liquid–liquid), the motion of liquid in its vicinity is hindered, resulting in develop-
ment of pressure gradients around it. This nonuniformity of pressure results in the loss of spheri-
cal geometry of the bubble. Numerous authors have investigated this phenomenon with different 
approach, either numerical and/or experimental in past three decades (Benjamin and Ellis, 1966; 
Plesset and Chapman, 1971; Blake et al., 1986, 1987; Vogel et al., 1989; Phillip and Lauterborn, 
1998). During the asymmetric radial motion, the portion of the bubble exposed to higher pressure 
collapses faster than the rest of the bubble, which gives rise to the formation of a high-speed liquid 
jet. However, the direction of this jet depends on the characteristics of the solid boundary (Blake 
et al., 1986, 1987). Rigid boundaries (e.g., metal surfaces) are characterized by the boundary condition 
of ∇ · ϕ = 0, where ϕ is velocity potential at the boundary, while a free (or pressure release boundary, 
e.g., gas–liquid interface) is characterized by boundary condition of ϕ = 0. For a rigid boundary, the 
microjet is directed toward the rigid boundary, while for a free boundary, the microjet is directed 
away from the boundary. The velocity of these high-speed jets have been estimated (with help of 
high-speed photography) in the range of 120–150 m s−1 (Ohl et al., 1995; Phillip and Lauterborn, 
1998). In case of rigid boundaries, these jets can cause severe damage at the point of impact and 
can erode the surface. These jets are also responsible for particle size reduction. In order to induce 
pressure gradient leading to asymmetric bubble collapse, the size of the solid boundary needs to be 
sufficiently large. If the size of the solids present in the vicinity of the bubble is of the same order 
as the maximum radius attained during radial motion, the pressure field surrounding the bubble is 
not disrupted by presence of the solid particles. Therefore, solid boundaries (or solid particles) with 
typical dimension of ≤150 μm cannot induce asymmetric bubble collapse nor microjet formation 
(Doktycz and Suslick, 1990).





In the next section, we give a brief account of the diffusion-limited model of Toegel and Lohse, 
which we have extensively used in our research on mechanistic aspects of ultrasound-enhanced 
physical, chemical, and biological processes.
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DIFFUSION-LIMITED MODEL OF TOEGEL AND LOHSE





The essential equations and thermodynamic data of this model are given in Tables 20.1 and 20.2. 
The main components of the model for radial motion of cavitation bubble are as follows:





	 1.	Equation for the radial motion of the bubble.
	 2.	Equation for the diffusive flux of water vapor and pollutant vapor across bubble wall. 





In these equations, the binary diffusion coefficients for solvent vapor and dissolved sol-
ute are determined using Chapman–Enskog theory using Lennard-Jones 12–6 potential 
at the bulk temperature of the liquid medium. The overall diffusion coefficient in ternary 
mixture (e.g., N2–O2–solvent in case of air bubbles) or quaternary mixture (e.g., N2–O2–
solvent–solute, where solute is sufficiently volatile to vaporize into the bubble) has been 
determined using Blanc’s law. The diffusive penetration depth has been estimated using 
dimensional analysis.





	 3.	Equation for heat conduction through bubble wall. The thermal conductivity of the bubble 
content (mixture of gas + solvent and/or solute vapor) is determined using Chapman–
Enskog theory using Lennard-Jones 12–6 potential at the bulk temperature of the liq-
uid medium. In this case, the thermal penetration depth is estimated using dimensional 
analysis.





	 4.	Overall energy balance treating the cavitation bubble as an open system.





This model ignores the diffusion of gases across bubble wall (or the rectified diffusion) as the 
timescale for the diffusion of gases (which is of the order of few milliseconds) is much higher than 
the timescale for the radial motion of bubble (which is of the order of few microseconds). Data pre-
sented in Table 20.2 is for two solvents, viz., water and methanol.





Numerical Solution





The set of five ordinary differential equations given in Table 20.1 can be solved using Runge-
Kutta fourth to fifth order adaptive step size method (Press et al., 1992). During the radial motion, 
the cavitation bubble may collapse at the instance of maximum compression, and its contents are 
released into the bulk medium. The word “collapse” essentially means fragmentation of the cavi-
tation bubble. In a multibubble system, the radial motion of cavitation bubble is rather unstable 
and the fragmentation of the bubble can occur at the first compression after an initial expansion 
(Storey and Szeri, 2000). In view of this, the condition for the bubble collapse is taken to be first 
compression during radial motion. An alternate criterion for bubble collapse has been proposed 
by Mahulkar et al. (2008) on the basis of material volume limitation. According to this criterion, 
a bubble is assumed to collapse when the minimum bubble volume during radial motion becomes 
equal to the total hard core volume of the molecules in the bubble.  Typically, a bubble with 
initial radius of 10 μm contains ∼1011 molecules (of either gas or vapor) at the time of collapse 
(Sivasankar and Moholkar, 2009). For an average molecular diameter of 3.5 × 10−10 m (or 0.35 Å), 
the total hard core volume of the gas/vapor molecules would be 2.245 × 10−18 m3, which would be 
equivalent to a sphere with radius 1.624 μm. Mahulkar et al. (2008) have applied this criterion for 
oscillation/collapse of steam bubbles (containing no noncondensable gas) injected in the liquid 
medium. This criterion, however, does not apply for gas bubbles, since the bubble never reaches 
so small size during radial motion. Typically, a compression ratio of 3.33 is seen for initial bubble 
size of 10 μm, corresponding to minimum bubble radius ∼3 μm. For bubbles containing noncon-
densable gas, the pressure surge or pressure force inside the bubble during adiabatic compression 
resists the inertial forces outside the bubble causing compression, and thus, the bubble comes to 
a halt in its radial motion much earlier than the limiting condition proposed by Mahulkar et al. 
(2008) is reached. Moreover, the pressure force inside the bubble makes bubble “rebound” during 
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radial motion.  In a steam bubble, however, the condition of bubble volume reaching hard core 
volume of molecules is likely to attain as the vapor molecules condense with pressure surge and 
merge with the bulk liquid medium. As a result, the pressure inside the bubble is not likely to 
reach very high values sufficient to have the “rebound” of the bubble. The bubble may undergo 
continuous compression with condensation of vapor inside it and ultimately disappear in the 





TABLE 20.1
Summarization of the Bubble Dynamics Formulation
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6. �Temperature of the 
bubble (T)





CV,mixdT/dt = dQ/dt − PidV/dt + (hSL − USL)dNSL/dt





Mixture heat capacity: C C NV V i i,mix =∑ ,





At t = 0
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Molecular properties of solvent:
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Heat capacity of monatomic species (i): CV = 3kNi/2





Heat capacity of di/tri and polyatomic species (e.g., i = N2/O2/H2O): 





C N k f T T TV i i i i i i, ( )( ) exp( ) / (exp( ) )= +( )∑2 12 2θ θ θ





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights into the sonochemical degra-
dation of recalcitrant organic pollutants with cavitation bubble dynamics, 769–781, Copyright (2009), with permis-
sion from Elsevier.
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medium. Various physical parameters required for numerical solution of the bubble dynamics 
model are determined as follows:





Acoustic frequency ( f): This parameter depends on the type of sonicator used for experiments. Most 
of the commercial processors have frequency of 20 kHz.





Acoustic pressure amplitude (PA): This parameter is determined using calorimetric measurements. 
Greater details of this method have been given by Sivasankar et al. (2007). Due to the attenuation in 
the medium, the actual pressure amplitude sensed by the cavitation bubble located away from 
the probe tip is lesser than that at the tip. A direct measurement of the local pressure amplitude in the 
vicinity of the cavitation bubble is rather difficult, requiring needle hydrophones. Nonetheless, one 
can assume 10%–15% attenuation of ultrasound waves as a representative value. The attenuation 
also depends on the bubble population in the medium. For a saturated or gassy medium, attenuation 
is higher than a degassed or unsaturated medium. For liquid media degassed to very low levels of 
dissolved gas, attenuation effect can be ignored.





Vapor pressure of solvent and solute: This parameter is easily calculated with Antoine’s correla-
tions at the temperature of the bulk medium. However, continuous monitoring of the solvent tem-
perature is essential. If the temperature variation during sonication is small (typically <±2°C), it can 
be ignored. Some solutes such as NaCl reduce vapor pressure of solvent, and this effect needs to be 
properly accounted for with proper correlations available in literature.





Initial (or equilibrium) bubble radius (Ro): The bulk liquid medium contains cavitation nuclei, 
which are tiny gas pockets trapped in the crevices of reactor or gas bubbles already suspended in the 





TABLE 20.2
Thermodynamic Properties of Various Species





Species
Degrees of Freedom 





(Translational + Rotational) (fi)





Lennard-Jones Force 
Constants





Characteristic Vibrational 
Temperatures θ (K)σ (10−10 m) ɛ/k (K)





N2 5 3.68 92 3350





O2 5 3.43 113 2273





H2O 6 2.65 380 2295, 5255, 5400





Ar 3 3.42 124 —





CH3OH 15 3.626 481.8 500.59, 1674.41, 1708.94, 
1854.22, 2169.26, 2356.26, 
2376.4, 2392.22, 4581.62, 
4649.23, 4752.8, 5923.74





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights into the sono-
chemical degradation of recalcitrant organic pollutants with cavitation bubble dynamics, 769–
781, Copyright (2009), with permission from Elsevier.





Notations:	� R, radius of the bubble; dR/dt, bubble wall velocity; c, velocity of sound in bulk liquid medium; 
ρL, density of the liquid; ν, kinematic viscosity of liquid; σ, surface tension of liquid; λ, thermal 
conductivity of bubble contents; κ, thermal diffusivity of bubble contents; θ, characteristic vibra-
tional temperature(s) of the species; NSL, number of solvent molecules in the bubble; t, time, DSL, 
diffusion coefficient of solvent vapor; CSL, concentration of solvent molecules in the bubble; CSL,R, 
concentration of solvent molecules at the bubble wall or gas–liquid interface; Q, heat conducted 
across bubble wall; T, temperature of the bubble contents; To, ambient (or bulk liquid medium) 
temperature; k, Boltzmann constant; NAr, number of Ar molecules in the bubble; fi, translational 
and rotational degrees of freedom; CV,i, heat capacity at constant volume; Ntot, total number of 
molecules (gas + vapor) in the bubble; h, van der Waal’s hard core radius; Po, ambient (bulk) pres-
sure in liquid; PA, pressure amplitude of ultrasound wave; f, frequency of ultrasound wave.
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medium. Depending on the conditions of the medium, these nuclei may have a wide or narrow size 
range. It is rather difficult to estimate the exact size distribution of these cavitation nuclei. However, 
for an unsaturated medium, the size range of these nuclei is expected to be smaller than for the 
saturated medium. For simulations, one can use a representative size (which could be median of the 
size distribution) of Ro = 5 μm for an unsaturated medium and Ro = 10 μm for the saturated medium.





Quantification of Radical Production





At the instance of maximum compression during radial motion, the temperature inside the bubble 
reaches extreme (∼5000 K). In addition, due to an extremely small bubble volume, the concentration 
of the species is quite high. Consequently, the rates of various reactions occurring in the bubble are 
very high. Therefore, thermodynamic equilibrium is likely to prevail in the bubble (Brenner et al., 
2002; Krishnan et al., 2006). The equilibrium composition of the different species resulting from 
dissociation of solvent vapor and gas molecules can be estimated using technique of Gibbs energy 
minimization (Eriksson, 1975). A more rigorous approach in this regard would be to include various 
radical reactions in the mass balance equations along with heats of these reactions included in the 
energy balance (Yasui, 1997a; Storey and Szeri, 2000; Toegel and Lohse, 2003). Endothermicity of 
some of the radical reactions (e.g., H2O ⇆ H• + •OH) lowers the peak temperature reached during 
transient bubble collapse. However, addition of this feature in the model would change only the final 
quantitative answers, with trends remaining essentially unaltered.





Quantification of the Physical Effect of Cavitation (Generation of Convection)





From the numerical solution of the bubble dynamics model, one can quantify the two components 
of convection generated due to cavitation bubble dynamics as follows:





Microturbulence (or Microconvection)
The radial motion of the bubble gives rise to an oscillatory velocity field in the close vicinity of the 
bubble, which we term as microturbulence (or microconvection). The velocity in the bulk liquid 
(Vturb) at a distance r from the bubble center is (Leighton, 1994):
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It should be noted, however, that microconvection described by Equation 20.1 is different from 
acoustic streaming, microstreaming, and ultrasound oscillatory velocity.





Shock Waves (or Acoustic Waves)
During radial motion, the bubble wall comes to a sudden halt at the instance of minimum radius. At 
this moment, the converging liquid elements toward bubble wall are reflected back, giving rise to 
shock waves (or acoustic waves). The amplitude of the acoustic wave (PAW) radiated by the cavita-
tion bubbles is (Grossman et al., 1997):
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where
Vb is the volume of the bubble
ρ is the density of the liquid
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Typical value of r for the simulations can be taken as 1 mm. Equations 20.1 and 20.2 indicate that 
magnitudes of both PAW and Vturb vary inversely with r. Thus, the intensity of the convection induced 
by the cavitation bubble is rather “local,” that is, it is the highest in the close vicinity of the bubble 
and diminishes very rapidly away from it.





MECHANISTIC ASPECTS OF ULTRASOUND-ENHANCED 
CHEMICAL PROCESSES: CASE STUDY OF SONOCHEMICAL 
DEGRADATION OF RECALCITRANT ORGANIC POLLUTANTS





As noted earlier, the principal physical phenomenon underlying chemical effects of ultrasound 
is production of highly reactive radicals. However, depending on the nature of the reactant, two 
other mechanisms, which are consequences of the thermal effects of cavitation bubbles are also 
feasible.  These are (1) thermal dissociation of reactants inside the bubble (for volatile com-
pounds) and (2) thermal decomposition in the thin shell of liquid surrounding the bubble at the 
bubble–liquid interface (for nonvolatile compounds). As far as the radical-induced reactions are 
concerned, there are two possible locations: in the bulk liquid or in the thin shell of liquid sur-
rounding the bubble (or the bubble–liquid interface). Exact manifestation of these mechanisms 
depending on the nature and type of reactants and other factors such as presence of radical scav-
enging/conserving species in the medium was evident from a comprehensive study on degrada-
tion of various types of pollutants conducted in our group (Sivasankar and Moholkar, 2009). We 
present below summary of this work.





The two major chemical pathways or mechanisms for the sonolytic degradation of a pollutant 
are (1) pyrolysis or thermal decomposition of the pollutant molecules entrapped inside the bubble 
and (2) hydroxylation, that is, the attack of O•, •OH, and HO2





∞ radicals produced by the cavitation 
bubble leading to hydroxylated products. Hua et al. (1995) have proposed a third possible mecha-
nism for the sonochemical degradation of organic pollutants, which is hydrolysis of the organic 
pollutants in the transient supercritical water packets formed in the close vicinity of cavitation 
bubble during transient collapse. Out of these pathways, the major pathway contributing to the 
overall degradation depends on the nature and physicochemical properties of the organic com-
pound. Five model pollutants commonly found in industrial wastewater discharge were chosen in 
this study, viz., phenol (Ph), chlorobenzene (CB), nitrobenzene (NB), p-nitrophenol (PNP), and 
2,4-dichlorophenol (2,4-DCP). For the experiments, we adopted techniques that caused variation 
in the nature of the cavitation phenomenon occurring in the medium. The trends in the degradation 
observed with these experimental conditions have been correlated to the simulations of the radial 
motion of cavitation bubbles.





Experimental Setup and Procedures





Experimental Setup
Sonication of synthetically prepared aqueous solutions of pollutants was carried out in a jack-
eted glass reactor using a probe type ultrasonic processor operating at a frequency of 20 kHz 
(Sonics and Materials, Inc., Model VCX 500) in 15–5 min off pulse mode. A schematic of the 
experimental setup is shown in Figure 20.1. For a power output of 100 W, the ultrasound probe 
produced an acoustic wave with 150 kPa amplitude. For bubbling of different gases through the 
reaction medium during sonication, a glass sparger was used. Various techniques or experimental 
conditions applied during sonication of the solution of the pollutant are as follows: (1) variation 
in the initial concentration of the pollutant, (2) variation in the saturation level (or dissolved gas 
content) of the solution, (3) addition of salt (NaCl) to the solution of pollutant (either saturated 
or unsaturated), (4) sparging of gases such as Ar, N2, O2, and air through the pollutant solution 
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during sonication, and (5) addition of FeSO4 · 7H2O to the pollutant solution (either saturated or 
unsaturated). For each pollutant, only those techniques that were sufficient to establish the domi-
nant physical mechanism of the sonochemical degradation were applied. For experiments with 
unsaturated (or degassed) medium, the dissolved oxygen (DO) content of the liquid medium was 
reduced by vacuumization.





Analytical Procedure
The extent of sonochemical degradation of Ph, NB, CB, and DCP was monitored with HPLC. 
Sonochemical degradation of PNP was analyzed using UV–Vis spectrophotometer. No analysis 
of the intermediate products of degradation was done, as these have been extensively studied in 
previous literature. Only the rate of disappearance of original pollutant was monitored and the 
analysis has been made on that basis. This approach is justified on the basis of principal aim of 
this study, that is, discernment of the physical (and not chemical) mechanism of the degradation of 
organic pollutants. Experimental techniques adopted in this study vary only the cavitation charac-
teristics in the medium, without changing the degradation chemistry. Therefore, the intermediates 
and final products of the sonochemical degradation of the pollutants are expected to be same as 
reported in previous literature.





Results and Analysis of Degradation





Preamble
Due to extremely high unstability and reactivity, reaction zone of the radicals generated from cav-
itation bubbles is restricted to only a small region in the vicinity of point of bubble collapse. The 
hydroxylation reaction would occur only if a pollutant molecule is present in the reaction zone. 
For dilute solutions, the probability of interaction between pollutant molecules and •OH radicals 
becomes an important factor influencing the extent of degradation of the pollutant. The extent of 
degradation through pyrolysis route is determined by evaporation of pollutant in the bubble that 
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FIGURE 20.1  Schematic of experimental setup (Legends: 1—Ultrasound horn; 2—Jacketed glass reac-
tor; 3—Laboratory jack; 4—Cooling water inlet; 5—Cooling water outlet; 6—Sample port; 7—Aerator; 
8—Gas inlet; 9—Control unit of ultrasonic processor; and 10—Gas cylinder] (Reproduced from Ultrason. 
Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights into the sonochemical degradation of 
recalcitrant organic pollutants with cavitation bubble dynamics, 769–781, Copyright (2009), with permission 
from Elsevier.)
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directly varies with partial pressure of pollutant at the bubble–bulk interface. Another factor of 
relevance is the hydrophobicity of the pollutant. Due to repulsive interactions between organic 
pollutant and water molecules, the pollutant molecules are “driven” toward the bubble interface 
with hydrophobic character. This results in enhanced concentration of pollutant molecules in the 
bubble–bulk interfacial region, which affects the degradation of the pollutant via both hydroxyl-
ation and pyrolysis routes. The physical properties of the five pollutants are shown in Table 20.3, 
which could be considered as benzene derivatives with grafting of −OH, −NO2, and −Cl groups. 
These groups impart different characteristics to the compounds. −NO2 and −Cl groups impart 
strong hydrophobic character, while −OH group makes the compound hydrophilic. On the basis 
of physical properties, one can characterize various pollutants on relative basis as follows: (1) Ph: 
high solubility, high hydrophilicity, and nonvolatile; (2) CB: low solubility, high hydrophobicity, 
and volatile; (3) PNP: high solubility, moderate hydrophilicity, and nonvolatile; (4) NB: moderate 
solubility, moderate hydrophobicity, and nonvolatile; and (5) 2,4-DCP: low solubility, high hydro-
phobicity, and nonvolatile.





Experimental Results
The percentage degradation of five pollutants under different conditions is depicted in Table 20.4. 
The salient features of the experimental results are identified as follows:





Initial pollutant concentration: The extent of degradation of Ph and CB in saturated medium 
increased with increasing initial concentration.





Saturation level (or dissolved gas content) of the medium: The degradation of NB and 2,4-DCP 
increased with reduced saturation level (or degassing) of the medium, while degradation of PNP 
was higher for saturated medium.





Gas bubbling (or sparging) through the medium: For both Ph and 2,4-DCP, bubbling of N2 through 
the medium resulted in least degradation. However, the overall trend for four gases in case of Ph was 
O2 > Air > Ar > N2, while for 2,4-DCP it was Air > Ar > O2 > N2.





Salt addition: Degradation of Ph showed marked enhancement with salt addition. Degradation of 
NB (in both saturated and unsaturated medium) and 2,4-DCP (in saturated medium) did not alter 
much, while degradation of PNP reduced slightly in both saturated and unsaturated medium.





Addition of FeSO4 · 7H2O: For NB and 2,4-DCP, addition of FeSO4 · 7H2O resulted in slight improve-
ment in degradation. On the contrary, PNP degradation showed marked (∼100%) enhancement with 
FeSO4 addition.





TABLE 20.3
Physicochemical Properties of Various Organic Pollutants





Properties Ph ClBz PNP NB 2,4-DCP





Water solubility at 25°C (ppm) 83,000 500 16,000 1900 4500





Water–octanol partition 
coefficient (log KOW)





1.46 2.84 1.91 1.86 3.06





Vapor pressure at 25°C (Pa) 46 1598 0.0032 33.69 25.84





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical 
insights into the sonochemical degradation of recalcitrant organic pollutants 
with cavitation bubble dynamics, 769–781, Copyright (2009), with permission 
from Elsevier.





Abbreviations:	� Ph, phenol; ClBz, chlorobenzene; PNP, p-nitrophenol; NB, nitrobenzene; 
2,4-DCP, 2,4-dichlorophenol.
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Simulation Results





Figures 20.2 and 20.3 show representative simulations of 5 μm air bubble and 10 μm argon bubble in 
dilute solution of nonvolatile pollutants such as 2,4-DCP. The evaporation of the pollutant into the 
bubble has been ignored in these simulations. Figure 20.4 shows simulation of 10 μm air bubble in 
CB solution of 50 ppm concentration, with evaporation of the pollutant in the bubble being taken into 
account. The summary of entire simulation results is given in Tables 20.5 through 20.7. The trend in 
production of •OH radical responsible for hydroxylation reaction varies as: Ar > Air > O2 > N2. Ar bub-
bles produce the highest number of radicals among all four gases. This is a consequence of the highest 
temperature peak reached at the collapse due to monatomic nature of Ar. The intensity of collapse of 
air, N2, and O2 bubbles is more-or-less the same, as indicated by the temperature peaks attained at the 
collapse of these bubbles. However, the equilibrium composition of the bubble varies due to scaveng-
ing of radicals by O2 and N2 molecules present in the bubble. For air bubble, the N2 scavenges the H•, 
O•, and •OH radical to produce various species such as NO, N2O, NO2, HNO, and HNO2. However, 
O2 reacts with these species to regenerate O• and •OH radicals. O• radicals also react with H• and •OH 
radicals to produce HO2





∞ radicals. For O2 bubbles, the yield of H2O2 and O3 is much higher than other 
bubbles due to extensive scavenging of O•, H•, and •OH radicals by the O2 molecules. This results in 
loss of oxidation potential. The overall yield of radicals is thus reduced. Production of radicals by N2 
bubbles is the least. This is a consequence of the extensive scavenging of the radical species by N2 
molecules. Moreover, there is no regeneration of O• and •OH radicals by O2, as in case of air bubbles. 
The overall effect is massive loss of radicals that reduces the oxidation potential of N2 bubbles.





TABLE 20.4
Experimental Results on Degradation of Various Pollutants with Different Experimental 
Techniques





Experimental Parameters





Degradation of Pollutants (%)





Ph ClBz NBb PNP a 2,4-DCPb





Initial 
concentration





50 ppm (saturated 
medium)





1.90 ± 0.14 65.86 ± 5.01 — — —





100 ppm (saturated 
medium)





2.09 ± 0.08 65.59 ± 3.64 — — —





Dissolved gas 
content





Saturated medium — — 18.43 ± 0.61 4.22 ± 0.45 5.66 ± 0.66





Unsaturated medium — — 31.80 ± 0.37 2.94 ± 0.25 8.68 ± 0.30





Salt addition 
(4% NaCl)





Saturated medium 6.23 ± 0.35 
(50 ppm)





70.22 ± 6.58 
(50 ppm)





20.31 ± 1.63 3.51 ± 0.04 4.98 ± 0.72





5.25 ± 0.13 
(100 ppm)





70.09 ± 2.21 
(100 ppm)





Unsaturated medium — — 28.23 ± 5.24 2.79 ± 0.36 —





Gas bubbling 
(pure solution)





Nitrogen 1.39 ± 0.28 — — — 5.66 ± 0.20





Argon 2.20 ± 0.49 — — — 6.92 ± 0.43





Oxygen 4.09 ± 0.51 — — — 6.86 ± 0.90





Air 2.53 ± 0.34 — — — 9.25 ± 0.04





FeSO4 · 7H2O 
addition 
(0.5 mM)





Saturated medium — — 22.94 ± 3.46 11.07 ± 0.25 5.73 ± 0.36





Unsaturated medium — — 30.61 ± 2.70 4.31 ± 0.13 —





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights into the sonochemical deg-
radation of recalcitrant organic pollutants with cavitation bubble dynamics, 769–781, Copyright (2009), with 
permission from Elsevier.





a	 For all experiments, the initial concentration of PNP was 10 ppm.
b	 For all experiments, the initial concentration of NB and 2,4-DCP was 100 ppm.
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Discussion and Analysis





Before analyzing the experimental and simulation results and correlating them, we briefly outline as 
how the various experimental parameters used in the degradation studies alter characteristics of the 
cavitation phenomena in the system, and hence, the extent of degradation of the pollutants.





	 1.	Rise in the initial concentration of pollutant increases in the probability of radical–pollutant 
interaction, and second, rise in the interfacial concentration of the pollutant due to which 
the extent of evaporation of the pollutant into the cavitation bubble increases.





	 2.	Dissolved gas concentration affects the extent of radical production in the medium by 
altering the intensity of the transient collapse of the bubble via rectified diffusion.  In a 
saturated medium, rectified diffusion of dissolved gas in the bubble during radial motion 
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FIGURE 20.2  Simulation of radial motion of 5 μm air bubble in water. Time variation of (A) normalized 
bubble radius (R/Ro), (B) number of water molecules in the bubble, (C) temperature of the bubble, and (D) 
pressure inside the bubble. (Reproduced from Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., 
Physical insights into the sonochemical degradation of recalcitrant organic pollutants with cavitation bubble 
dynamics, 769–781, Copyright (2009), with permission from Elsevier.)
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makes equilibrium radius of the bubble grow. This gas cushions the transient collapse of 
the bubble, reducing the intensity of collapse and rate of •OH production. In an unsaturated 
medium, gas inside the bubble dissolves into the medium during oscillations with conse-
quent rise in the intensity of collapse and radical production.





	 3.	Salt addition to the medium increases the ionic strength of the medium. This enhances 
the hydrophobic repulsive interactions between pollutant and water molecules.  Due 
to this, the pollutant molecules are “pushed” toward the bubble interface caus-
ing increased concentration of pollutant molecules.  Consequence of this is twofold: 
boosting of the probability of radical–pollutant interaction and greater evaporation of 
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FIGURE 20.3  Simulation of radial motion of 10 μm argon bubble in water. Time variation of (A) normalized 
bubble radius (R/Ro), (B) number of water molecules in the bubble, (C) temperature of the bubble, and (D) 
pressure inside the bubble. (Reproduced from Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., 
Physical insights into the sonochemical degradation of recalcitrant organic pollutants with cavitation bubble 
dynamics, 769–781, Copyright (2009), with permission from Elsevier.)
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FIGURE 20.4  Simulation of the radial motion of 10 μm air bubble in 50 ppm aqueous solution of chlo-
robenzene (evaporation of solute in the bubble is taken into account).  Time variation of (A) normal-
ized bubble radius (R/Ro) (B) temperature in the bubble(C) number of water molecules in the bubble, 
(D) number of chlorobenzene molecules in the bubble, and (E) pressure inside the bubble. (Reproduced 
from Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights into the sonochemi-
cal degradation of recalcitrant organic pollutants with cavitation bubble dynamics, 769–781, Copyright 
(2009), with permission from Elsevier.)



















518	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





pollutant into the bubble due to rise in the partial pressure of the pollutant at the bubble 
interface. Thus, both hydroxylation and pyrolysis routes of degradation are benefited 
by salt addition.





	 4.	The technique of gas bubbling or sparging is used to seed external cavitation nuclei in the 
medium made up of desired gas. Different cavitation behavior displayed by monatomic 
and diatomic gases is the underlying principle for this technique. The peak temperature 
reached at the transient collapse of bubbles of monatomic gas such as Ar is higher than 
diatomic gases like N2, air, and O2, by virtue of low heat capacity of the former. On the 
other hand, presence of O2 molecules in the air and O2 bubbles gives rise to scavenging or 
conservation of radicals, that is, generation of new radical species due to reaction of oxy-
gen with radical species released from cavitation bubbles. The phenomenon of scav-
enging/conservation influences the composition of the bubble at transient collapse. Due 





TABLE 20.5
Summary of the Simulation Results for Ar, N2, and O2 Bubbles 
in Aqueous Solutions of Ph, NB, PNP, and 2,4-DCP





Species





Parameters for Simulations





Argon bubble Nitrogen bubble Oxygen bubble





Ro = 10 μm Ro = 10 μm Ro = 10 μm





Conditions at the First Collapse of the Bubble





Tmax = 3937 K Tmax = 2397 K Tmax = 2303 K





Pmax = 628.7 bar Pmax = 1407 bar Pmax = 1539 bar





NAr = 1.178 × 10+11 NN2
 = 1.178 × 10+11 NO2 = 1.178 × 10+11





NWT = 1.51 × 10+10 NWT = 1.48 × 10+10 NWT = 1.47 × 10+10





Equilibrium Composition of Bubble Contents 
at Transient Collapse





H2O 6.587 × 10−1 1.109 × 10−1 1.099 × 10−1





H2 1.314 × 10−1 9.211 × 10−4 6.251 × 10−6





OH 1.145 × 10−1 2.838 × 10−4 1.809 × 10−3





H 3.888 × 10−2 1.262 × 10−5 6.232 × 10−7





O2 3.686 × 10−2 1.279 × 10−4 8.879 × 10−1





O 1.899 × 10−2 2.557 × 10−6 1.206 × 10−4





HO2 5.463 × 10−4 4.626 × 10−7 2.778 × 10−4





H2O2 7.150 × 10−5 2.613 × 10−7 1.808 × 10−5





O3 3.655 × 10−7 0 5.395 × 10−6





N2 0 8.873 × 10−1 0





NO 0 5.244 × 10−4 0





N2O 0 1.045 × 10−6 0





NOH 1.728 × 109 3.763 × 107 2.397 × 108





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights 
into the sonochemical degradation of recalcitrant organic pollutants with cavitation 
bubble dynamics, 769–781, Copyright (2009), with permission from Elsevier.





Notations:	� Tmax, temperature peak reached in the bubble at the time of first collapse; Pmax, pres-
sure peak reached in the bubble at the time of first collapse; NWT, number of water 
molecules trapped in the bubble at the instance of first collapse; NO2





, number of 
oxygen molecules in the bubble (for air and oxygen bubbles); NOH, number of •OH 
radicals produced per cavitation bubble.
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to dissolution of O2 in liquid medium during sparging of air or O2, the concentration of 
DO is maintained at saturation level. Scavenging/conservation induced by DO in the bulk 
liquid medium increases penetration depth or the “reaction zone” of radicals from location 
of bubble collapse. This has a favorable effect on the probability of radical–pollutant 
interaction.





	 5.	Addition of Fe2+ ions in the medium gives rise to Fenton’s reagent type action.  In case 
of dilute solutions of pollutants, the probability of radical–pollutant interaction is low, 
as a result of which a large fraction of radicals undergo recombination. This is a loss of 





TABLE 20.6
Summary of the Simulation Results for Variation 
in the Saturation Level of the Medium for NB, PNP, 
and 2,4-DCP Solutions





Species





Parameters for Simulations





Air bubble Air bubble





Ro = 5 μm Ro = 10 μm





Conditions at First Compression of the Bubble





Tmax = 4426 K Tmax = 2478 K





Pmax = 8812 bar Pmax = 1044 bar





NN2
 = 1.271 × 10+10 NN2 = 9.305 × 10+10





NO2
 = 3.379 × 10+9 NO2 = 2.474 × 10+10





NWT = 2.70 × 10+9 NWT = 1.09 × 10+10





Equilibrium Composition of Bubble Contents 
at Transient Collapse





N2 7.085 × 10−1 7.122 × 10−1





O2 1.335 × 10−1 1.805 × 10−1





NO 1.188 × 10−1 2.047 × 10−2





H2O 9.797 × 10−3 8.379 × 10−2





OH 1.242 × 10−2 2.126 × 10−3





O 1.214 × 10−2 1.697 × 10−4





NO2 2.182 × 10−3 5.093 × 10−4





HO2 7.135 × 10−4 1.054 × 10−4





H2 3.419 × 10−4 3.254 × 10−5





N2O 5.862 × 10−4 3.151 × 10−5





H 6.106 × 10−4 4.006 × 10−6





HNO2 2.053 × 10−4 4.659 × 10−5





HNO 1.048 × 10−4 1.651 × 10−6





H2O2 1.972 × 10−5 7.629 × 10−6





O3 2.914 × 10−5 6.983 × 10−7





N 6.444 × 10−5 0





NOH 2.334 × 108 2.736 × 108





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., 
Physical insights into the sonochemical degradation of recalcitrant 
organic pollutants with cavitation bubble dynamics, 769–781, 
Copyright (2009), with permission from Elsevier.





Note:	 Air bubble of 10 μm size represents saturated medium, while air 
bubble of 5 μm size represents unsaturated medium.
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oxidation potential. The predominant radical species generated by transient collapse of 
bubble is •OH, and hence, the principal product formed out of radical recombination is 
H2O2. Fe2+ reacts with H2O2 to generate •OH radicals according to following reactions:





	
• •OH OH H O+ → 2 2 	 (R.20.1)





	 H O  + Fe  Fe  + OH  + OH2 2
2+ 3+→ − • 	 (R.20.2)





	 Fe  + H O  Fe  + HO  + H3+
2 2





2+
2





+→ • 	 (R.20.3)





	 Fe  + HO  Fe  + O  + H3+
2





2+
2





+• → 	 (R.20.4)





The above reactions not only revert the oxidation potential loss but also help in deeper penetration 
of the radical action from the location of bubble collapse, which increases the probability of radical–
pollutant interaction.





TABLE 20.7
Summary of the Simulation Results for Air Bubbles 
in Chlorobenzene Solution





Species





Parameters for Simulation





50 ppm Solution 100 ppm Solution





Conditions at the first compression of the bubble





Tmax = 2383 K Tmax = 2383 K





Pmax = 888.2 bar Pmax = 888.2 bar





Ncb = 8.1 × 105 Ncb = 8.1 × 105





Nw = 1.0502 × 1010 Nw = 1.0502 × 1010





Equilibrium Composition of Bubble Contents 
at Transient Collapse





O2 6.994 × 10−1 6.994 × 10−1





H2O 2.955 × 10−1 2.955 × 10−1





OH 4.262 × 10−3 4.262 × 10−3





O 2.207 × 10−4 2.207 × 10−4





HOO 4.127 × 10−4 4.127 × 10−4





CO2 1.375 × 10−4 1.375 × 10−4





H2 3.879 × 10−5 3.879 × 10−5





H2O2 3.963 × 10−5 3.963 × 10−5





HCl 2.113 × 10−5 2.113 × 10−5





O3 3.702 × 10−6 3.702 × 10−6





H 3.049 × 10−6 3.049 × 10−6





Cl 1.182 × 10−6 1.182 × 10−6





Cl2 1.972 × 10−10 1.972 × 10−10





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical 
insights into the sonochemical degradation of recalcitrant organic pollutants 
with cavitation bubble dynamics, 769–781, Copyright (2009), with permission 
from Elsevier.





Note:	 In these simulations, the evaporation of the pollutant into the cavitation bubble 
has been taken into account.
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Based on above arguments and the physicochemical characteristics of the pollutant, physical 
mechanism of the degradation of each pollutant is established as follows:





	 1.	Due to nonvolatile nature, Ph is not expected to evaporate into the bubble, and hence, the 
degradation mechanism of Ph is expected to be hydroxylation. The highest degradation 
of Ph in presence of O2 indicates that the degradation occurs in the bulk medium. This 
is further corroborated by enhancement in degradation observed with salt addition and 
increasing initial concentration.





	 2.	Due to volatile and hydrophobic nature, CB is expected to evaporate into the bubble and 
undergo pyrolytic decomposition resulting in very rapid degradation. CB has the highest 
degradation rate among all pollutants, which is one order of magnitude higher than any other 
pollutant. Marginal effect of salt addition on the degradation rate is attributed to hydropho-
bic nature of CB, as a result of which its concentration in the bubble–bulk interfacial region 
is near or at saturation. The extent of degradation increases with initial concentration, and 
this is attributed to higher evaporation of CB into the bubble at higher initial concentrations.





	 3.	Due to nonvolatile nature of NB, it is not expected to evaporate into the bubble, and more-
over, due to moderate hydrophobicity, its concentration in the interfacial region is higher 
than in the bulk. Significant rise in degradation of NB with unsaturation of the medium 
indicates hydroxylation as the predominant mechanism of degradation. Neither salt addi-
tion nor FeSO4 addition creates any significant change in degradation indicates that hydro-
phobic interactions and radical scavenging is unimportant for NB degradation.  This is 
attributed to the hydrophobicity of NB, due to which the concentration of NB at bubble 
interface is already near or at saturation, which does not change with salt addition. As a 
result, most of the degradation occurs in the bubble–bulk interfacial region, where prob-
ability of radical–pollutant interaction is at its maximum. Hence, addition of radical con-
server like Fe2+ also does not make a significant difference to the extent of degradation.





	 4.	PNP has nonvolatile and moderately hydrophilic character.  However, the chemistry of its 
degradation is different from other pollutants (Kotronarou et al., 1991). The degradation com-
mences with thermal decomposition (cleavage of C–N bond) in the boundary layer surrounding 
the bubble that gets heated up during collapse, followed by hydroxylation in the bulk medium. 
Second, very low initial concentration (10 ppm) makes the factor of radical scavenging crucially 
important in the overall degradation. Reduction in the degradation of PNP with degassing of 
the medium is a likely consequence of reduction in the thickness of thermal boundary layer 
surrounding the bubble, where thermal decomposition prior to hydroxylation occurs. Reduction 
in the degradation with salt addition is attributed to reduction in the DO content, due to which 
the scavenging action reduces. The importance of the scavenging action in the bulk medium 
is further corroborated by sharp rise in the degradation with the addition of Fe2+. All of these 
results point at hydroxylation in the bulk medium as the predominant degradation mechanism.





	 5.	The physicochemical nature of 2,4-DCP is essentially nonvolatile and hydrophobic. 
Sharp rise in degradation with unsaturation of the medium indicates hydroxylation at 
the bubble–bulk interfacial region as the predominant degradation pathway. Moreover, 
due to low solubility (4500 ppm), the concentration at the bubble–bulk interface is small, 
although the interfacial region is expected to be near or at saturation due to hydrophobic 
nature of the pollutant. These factors render scavenging action in the interfacial region 
a dominant factor in degradation. These arguments are further endorsed by the highest 
degradation observed in the presence of air. Relatively, low degradation rates with Fe2+ 
addition in comparison to air or O2 sparging indicate that scavenging action in the bulk 
medium is unimportant. A straightforward interpretation of these results is that predomi-
nant region of degradation is the bubble–bulk interfacial region. The above inferences 
are summarized in Table 20.8 that lists the predominant mechanism and the location of 
degradation for the five pollutants.
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The above case study of sonochemical degradation of pollutants is a vivid example of the 
mechanistic aspects of chemical processes induced by ultrasound and cavitation. The results 
clearly indicate as how chemical (radical production) and physical (heating of boundary layer 
surrounding the bubble) effects of cavitation have different manifestations of the reaction sys-
tem. The above study is also an excellent example as how response of the chemical system to 
cavitation is governed by physicochemical nature of reactants.  The above case study forms 
a general framework that could be extended to any other sonochemical system to deduce its 
physical mechanism.





MECHANISTIC ASPECTS OF ULTRASOUND-ENHANCED PHYSICAL 
PROCESSES: CASE STUDY OF SONOCRYSTALLIZATION





The driving force for crystallization is supersaturation of solute. Although supersaturation can be 
generated by various means, the most common methods are thermal swing (or temperature varia-
tion) and addition of an antisolvent. On a microscopic scale, the principal physical mechanisms 
underlying crystallization are nucleation and crystal growth.  The macroscopic manifestation of 
these mechanisms is the size distribution of crystals and predominant crystal size resulting from 
the process. The rate of crystal growth depends on the rate of arrival of crystal unit at the crystal 
surface, which is governed by intensity of local convection in the vicinity of the crystal. Ultrasound 
is known to influence the crystallization system in several ways as follows: (1) reduction in induc-
tion time for crystallization, (2) reduction in amount of antisolvent required for crystallization, 
(3) narrowing down crystal size distribution (CSD) with simultaneous reduction in dominant crystal 
size, and (4) change in crystal geometry (in polymorphic systems). We have addressed the issue of 
discernment of physical mechanism of sonocrystallization. KCl–methanol–water has been chosen 
as model crystallization system, in which crystals of KCl are precipitated out of aqueous solution 
with methanol as antisolvent. Our study attempted to deduce as how microturbulence (or microcon-
vection) and shock waves generated by cavitation bubbles influence nucleation and crystal growth, 
and as how this influence is manifested in the characteristics of CSD.





Experimental Procedure and Analysis





The experimental setup was similar to that used in experiments on degradation of pollutants. 
Crystallization under different conditions was carried out in a beaker (vol. 500 mL) made of boro-
silicate glass placed on a magnetic stirrer plate. Two kinds of probes, fabricated from high-grade 





TABLE 20.8
Predominant Mechanism and Location of Degradation of Various 
Organic Pollutants





Pollutant Mechanism of Degradation Location of Degradation





Phenol Hydroxylation Bulk medium





Chlorobenzene Pyrolytic decomposition Inside the cavitation bubble





Nitrobenzene Hydroxylation Bubble–bulk interfacial region





p-Nitrophenol Thermal decomposition followed by 
hydroxylation





Bubble–bulk interfacial region 
(thermal decomposition)





Bulk medium (hydroxylation)





2,4-Dichlorophenol Hydroxylation Bubble–bulk interfacial region





Source:	 From Ultrason. Sonochem., 16, Sivasankar, T. and Moholkar, V.S., Physical insights 
into the sonochemical degradation of recalcitrant organic pollutants with cavitation 
bubble dynamics, 769–781, Copyright (2009), with permission from Elsevier.
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titanium alloy, with diameters 12.5 (1/2 in.) and 25 mm (1 in.) were used for sonication. Pressure 
amplitude of ultrasound waves, as determined using calorimetric technique, was 1.5 bar. In order 
to maintain the temperature of the crystallization mixture constant, cooling water was circulated 
in the jacket around the glass beaker. In some experiments, argon gas was sparged through the 
crystallization mixture simultaneously with sonication. In some experiments, the crystallization 
magma was stirred using a magnetic needle. Crystallization was achieved by addition of aque-
ous KCl solution to methanol at a specific flow rate. Two specific initial concentrations of KCl 
were used in the experiments, viz., 200 and 300 g L−1. The experiments were divided into four 
categories as follows:





Category 1: Addition of aq. KCl solution to mechanically stirred methanol
Category 2: Addition of aq. KCl solution to stagnant methanol
Category 3: Addition of aq. KCl solution to methanol with simultaneous sonication (without 





mechanical stirring)
Category 4: Addition of aq. KCl solution to methanol with simultaneous sonication and sparg-





ing of argon (without mechanical stirring of the solution)





In each of the above categories, two experimental parameters were varied, viz., volume ratio of 
aqueous solution to methanol (1:10 and 1:20) and diameter of the ultrasound probe (1/2 and 1 in.). 
The total time of addition of aq. KCl solution to methanol was 20 min, which was decided on the 
basis of mixing times for different power densities and vessel dimensions in ultrasonic proces-
sors reported by Kumar et al. (2006). Permutation–combination of these experimental parameters 
resulted in four experimental sets in first and second categories and eight experimental sets in third 
and fourth experimental categories. Table 20.9 gives the details of experimental conditions in each 
of these sets.





The crystal crop was characterized for size distribution and crystal habit. The size distribution 
of the crystal crop was measured using a laser particle size analyzer. Crystal habit was determined 
with SEM analysis of the dried samples of the KCl crystals.





Results





Preamble
The impact of ultrasonic irradiation on KCl crystallization is seen mainly in two characteristics 
of CSD, that is, dominant crystal size (or median) and span of the CSD. Factors governing these 
characteristics of CSD are (1) number of nuclei and (2) growth rate of the nuclei. With rise in nuclei 
population in crystallization magma, amount of precipitating material received by a single nucleus 
reduces, as same material is distributed among more nuclei. Consequently, the dominant crystal 
size of the CSD reduces. On the contrary, with larger growth rate, span of the CSD will reduce as 
precipitating crystal blocks are distributed uniformly among all nuclei. This distribution, however, 
depends on the level of convection. The higher the convection, the higher the mass transfer coef-
ficient, and hence, the higher the growth rate.





Given these facts, we now try to guess as what would be the effect of two components of con-
vection, viz., microturbulence and shock waves, created by cavitation bubbles. Microturbulence (or 
microconvection) has continuous nature with low-to-moderate velocities; however, it is highly local-
ized. Therefore, its contribution to the “bulk convection” in the crystallization mixture is limited. 
The microturbulence is likely to affect the growth rate by proper distribution of the precipitating 
crystal blocks among the nuclei. Rise in number density of bubbles in the medium with sparging 
of a gas is expected to increase the intensity of bulk convection. On the other hand, shock waves 
are high-pressure amplitude entities with discrete or intermittent nature. These waves cause heavy 
drifting of molecules or particles in the medium with high velocities. These molecules and par-
ticles also collide with each other with great force during the drift. Consequently, these waves are 
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likely to create clusters of molecules (overcoming the barrier of rise in surface and volume free 
energy), which could later form embryo and nuclei. Shock waves can also cause disruption of large 
(>200 μm) crystals into smaller ones, which could grow separately. Thus, the overall influence of 
shock waves is expected to be in terms of rise in the nucleation rate in the medium.





Experimental and Simulation Results
Representative CSDs in four categories of experiments are shown in Figure 20.5. The entire 
data obtained from CSD measurements is given in Table 20.10. The SEM micrographs of KCl 
crystals in different categories of experiments are shown in Figure 20.6. Analysis of the CSD 
data with mixed suspension mixed product removal (MSMPR) model gave following important 
parameters: (1) number of nuclei (no), (2) nucleation rate (B), (3) growth rate of crystals (G), 
(4) dominant crystal size or the mass median diameter (dD), and (5) span or width of the CSD. 
The entire calculated data is presented in Table 20.11. The following trends are evident from 
analysis of this data.





TABLE 20.9
Experimental Conditions in Various Categories and Sets





Category Set





Experimental Conditions





Concentration 
(g L−1) Volume Ratio





Sonicator Probe 
Diameter (mm)





Category 1 (crystallization in vigorously stirred methanol) 1A 300 1:20 N.A.





1B 200 1:20 N.A.





1C 300 1:10 N.A.





1D 200 1:10 N.A.





Category 2 (crystallization in stagnant methanol) 2A 300 1:20 N.A.





2B 200 1:20 N.A.





2C 300 1:10 N.A.





2D 200 1:10 N.A.





Category 3 (crystallization in sonicated methanol) 3A 300 1:20 12.5





3B 200 1:20 12.5





3C 300 1:20 25





3D 200 1:20 25





3E 300 1:10 12.5





3F 200 1:10 12.5





3G 300 1:10 25





3H 200 1:10 25





Category 4 (Crystallization in sonicated methanol with 
argon sparging)





4A 300 1:20 12.5





4B 200 1:20 12.5





4C 300 1:20 25





4D 200 1:20 25





4E 300 1:10 12.5





4F 200 1:10 12.5





4G 300 1:10 25





4H 200 1:10 25





Source:	 From Ultrason. Sonochem., Nalajala, V.S. and Moholkar, V.S., Investigations in the physical mechanism of sono-
crystallization, doi:10.1016/j.ultsonch.2010.06.016, Copyright (2010), with permission from Elsevier.





Note:	 N.A., not applicable.
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FIGURE 20.5  Representative results of measurement of crystal size distribution (CSD).  (A) set 1A, (B) 
set 2A, (C) set 3B, and (D) set 4C. (Reproduced from Ultrason. Sonochem., Nalajala, V.S. and Moholkar, 
V.S., Investigations in the physical mechanism of sonocrystallization.  doi:10.1016/j.ultsonch.2010.06.016, 
Copyright (2010), with permission from Elsevier.)
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Number of Nuclei, Nucleation Rate, and Growth Rate
	 1.	Among all four categories of experiments, smallest number of nuclei (no) is seen for cat-





egory 2. The growth rate (G) is the highest among all categories. Comparison of the values 
of these parameters among various sets in this category reveals little variation.





	 2.	Values of no for category 1 are at least one order of magnitude higher than category 2. The 
growth rate (G) is slightly smaller but growth rate constant is higher than in category 2. Similar 
to category 2, values of no, B, and G show little variation among four sets in this category.





	 3.	For category 3 experiments as well, nucleation showed marked rise—at least by an order 
of magnitude as compared to category 2. In addition, nucleation rate also showed a rise of 
about 40%–60%, as compared to category 1. However, growth rate showed reduction by 
at least an order of magnitude or higher than category 1. Comparing among various sets in 
this category, higher nuclei population and nucleation rate are seen for sets 3C and 3D and 
3G and 3H, where sonicator probe of higher diameter (1 in.) was used.





TABLE 20.10
Results of the CSD Measurements





Category of 
Experiment VFC (−) VTC (m3)





Particle Size Distribution





d(0.1) 
(μm)





VFC,d(0.1) 
(−)





d(0.5) 
(μm)





VFC,d(0.5) 
(−)





d(0.9) 
(μm)





VFC,d(0.9) 
(−)





1A 1.29E–02 9.03E–08 10.41 7.75 16.50 15.07 25.71 8.83





1B 1.18E–02 1.27E–07 12.15 8.00 18.53 16.38 28.21 7.73





1C 3.01E–02 2.11E–07 12.84 6.24 19.86 15.67 30.48 5.99





1D 2.43E–02 1.70E–07 12.03 7.75 18.80 15.54 29.29 8.28





2A 1.19E–01 8.31E–07 33.25 5.33 58.78 12.08 102.11 6.88





2B 5.35E–02 3.75E–07 13.45 2.64 40.95 8.22 82.83 5.33





2C 5.03E–02 3.52E–07 20.70 2.83 48.78 9.89 90.66 5.06





2D 3.47E–02 2.43E–07 16.77 3.63 33.48 10.77 61.39 5.01





3A 5.99E–02 4.19E–07 14.61 5.11 25.60 12.53 43.58 6.68





3B 3.38E–02 2.37E–07 10.40 6.53 17.72 13.02 30.05 4.79





3C 2.69E–02 1.88E–07 6.96 5.37 12.98 11.17 23.62 4.98





3D 1.27E–02 8.89E–08 5.56 4.18 11.27 10.07 20.77 5.77





3E 2.82E–02 1.97E–07 12.67 6.67 19.49 15.62 29.82 9.25





3F 2.15E–02 1.51E–07 10.24 7.55 16.76 13.96 27.53 5.91





3G 2.81E–02 1.97E–07 8.14 4.28 17.33 9.16 36.22 4.30





3H 1.72E–02 1.20E–07 6.06 5.41 11.28 11.13 21.02 4.87





4A 3.06E–02 2.14E–07 10.93 5.73 18.46 13.37 30.72 8.18





4B 2.85E–02 2.00E–07 9.45 7.72 16.55 12.60 28.45 6.16





4C 1.53E–02 1.07E–07 5.68 5.18 9.53 13.41 15.91 8.70





4D 4.00E–03 2.80E–08 4.77 3.85 9.97 10.20 18.58 5.88





4E 2.71E–02 1.90E–07 11.78 7.86 18.84 14.81 29.81 8.53





4F 2.31E–02 1.62E–07 9.68 5.74 15.82 14.12 25.88 7.58





4G 2.10E–02 1.47E–07 9.43 5.81 16.05 13.14 27.03 5.47





4H 7.80E–03 5.46E–08 5.22 5.52 9.80 11.01 17.73 7.20





Source:	 From Ultrason. Sonochem., Nalajala, V.S. and Moholkar, V.S., Investigations in the physical mechanism of 
sonocrystallization, doi:10.1016/j.ultsonch.2010.06.016, Copyright (2010), with permission from Elsevier.





Notations:	� VFC, total volume fraction of crystals in the crystallization mixture; VTC, total volume of crystals in 
crystallization magma; d(0.1), crystal size below which 10% of total crystals by weight lie; d(0 5), 
crystal size below which 50% of total crystals by weight lie; d(0.9), crystal size below which 90% of 
total crystals by weight lie; VFC,d(0.1), volume fraction of crystals with size d(0.1); VFC,d(0 5), volume 
fraction of crystals with size d(0.5); VFC,d(0.9), volume fraction of crystals with size d(0.9).
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	 4.	For category 4, nuclei population and nucleation rate were markedly higher, but the growth 
rate was smaller as in category 1. However, these values are comparable to those observed 
in various experimental sets in category 3.





	 5.	Comparing among all experimental sets in any particular category, variation of the volume 
ratio of KCl solution to methanol does not show any remarkable effect on number of nuclei, 
rate of nucleation, and growth rate. We attribute this result to relative values of time of mix-
ing and time of crystallization. As the latter was sufficient higher than former, all aliquots of 
KCl solution were thoroughly mixed in the magma, thus nullifying the effect of volume ratio.





Dominant Crystal Size and Span of CSD
	 1.	Among all categories, the highest values of dD,E are seen for category 2. Same holds true 





for the span of CSD.
	 2.	dD,E values for category 1 experiments are much smaller than category 2. Even the span of 





CSD gets lowered significantly. However, unlike category 2, little variation is seen in the 
values of dD,E and span of CSD among four sets of experiments in this category.





TABLE 20.11
MSMPR Model Parameters for CSD





Category of 
Experiment In no (−) no (m−4) m (−) G (ms−1) B (m−3s−1) dD,T (m) dD,E (m) Span (−)





1A 17.55 4.18E+07 −17,1490 1.02E–08 0.43 1.75E–05 1.65E–05 0.93





1B 17.22 4.95E+07 −16,3423 1.07E–08 0.53 1.84E–05 1.85E–05 0.87





1C 17.89 5.85E+07 −154,354 1.14E–08 0.67 1.94E–05 1.99E–05 0.89





1D 17.84 5.61E+07 −153,951 1.14E–08 0.64 1.95E–05 1.88E–05 0.92





2A 15.63 6.16E+06 −45,819 3.83E–08 0.24 6.55E–05 5.88E–05 1.17





2B 16.00 8.90E+06 −67,839 2.59E–08 0.23 4.42E–05 4.09E–05 1.69





2C 15.62 6.06E+06 −55,442 3.16E–08 0.19 5.41E–05 4.88E–05 1.43





2D 15.95 8.44E+06 −81,310 2.16E–08 0.18 3.69E–05 3.35E–05 1.33





3A 17.73 5.01E+07 −105,860 1.66E–08 0.83 2.83E–05 2.56E–05 1.13





3B 18.48 1.06E+08 −181,104 9.69E–08 1.03 1.66E–05 1.77E–05 1.11





3C 18.88 1.59E+08 −226,874 7.73E–09 1.23 1.32E–05 1.30E–05 1.28





3D 18.27 8.64E+07 −240,060 7.31E–08 0.63 1.25E–05 1.13E–05 1.35





3E 17.56 4.24E+07 −134,208 1.31E–08 0.55 2.24E–05 1.95E–05 0.88





3F 18.25 8.44E+07 −188,966 9.28E–09 0.78 1.59E–05 1.68E–05 1.03





3G 17.84 5.59E+07 −158,969 1.10E–08 0.62 1.89E–05 1.73E–05 1.62





3H 18.84 1.53E+08 −258,992 6.77E–09 1.03 1.16E–05 1.13E–05 1.33





4A 17.73 5.01E+07 −141,195 1.24E–08 0.62 2.12E–05 1.85E–05 1.07





4B 18.54 1.13E+08 −186,978 9.38E–09 1.06 1.60E–05 1.65E–05 1.15





4C 18.84 1.51E+08 −257,107 6.82E–09 1.03 1.17E–05 9.53E–06 1.07





4D 17.44 3.75E+07 −266,464 6.58E–09 0.25 1.13E–05 9.97E–06 1.39





4E 17.93 6.14E+07 −152,214 1.15E–08 0.71 1.97E–05 1.88E–05 0.96





4F 17.96 6.30E+07 −169,163 1.04E–08 0.65 1.77E–05 1.58E–05 1.02





4G 18.08 7.08E+07 −186,905 9.39E–09 0.66 1.61E–05 1.61E–05 1.10





4H 18.31 8.96E+07 −272,495 6.44E–09 0.58 1.10E–05 9.80E–06 1.28





Source:	 From Ultrason. Sonochem., Nalajala, V.S. and Moholkar, V.S., Investigations in the physical mechanism of sono-
crystallization, doi:10.1016/j.ultsonch.2010.06.016, Copyright (2010), with permission from Elsevier.





Notation:	� no, population density of nuclei in the crystallization magma; m = quantity (−1/Gtr) where G is the growth rate of 
crystals and tr is the time of crystallization; G, growth rate of the crystals; B, nucleation rate; dD,T, dominant crystal 
size in the crystallization magma determined theoretically; dD,E, dominant crystal size in the crystallization 
magma (determined with experimental measurement of CSD).
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	 3.	For category 3, values of dD,E are about 30%–50% smaller than category 1. However, it is note-
worthy that the span of CSD is higher. A notable aspect is that large variation is seen in the 
dD,E values obtained in eight experimental sets in this category. For experimental sets where 
sonicator probe with 1 in. diameter was used (3C, D, and H), dD,E values are much smaller than 
other sets. The remarkable feature of CSD in this category is that dD,E is smaller but span of 
crystallization is greater as compared to the mechanically stirred system (category 1).





	 4.	Smallest dD,E values were seen in category 4. Alike category 3, experimental sets employ-
ing sonicator probe of 1 in. diameters (viz., sets 4C, D, H) yielded smaller dD,E values. The 
span of crystallization also shows marginal reduction.





	 5.	Parity of experimental (dD,E) and theoretical (dD,T) dominant crystal sizes also shows inter-
esting features. In category 1, dD,E and dD,T match very closely (∼99%), while in categories 
3 and 4, match between dD,E and dD,T is somewhat smaller (∼94%).





Simulation Results
The summary of the results of simulations of air and argon bubbles is given in Tables 20.12 and 20.13. 
It could be inferred that physical and chemical effects of dynamics of both bubbles are almost similar. 
Both of these bubbles create mild microturbulence (or microconvection) with velocities ∼Vturb = 2 cm s−1. 
However, the acoustic (or shock) wave emitted by both kinds of bubbles has relatively much high pressure 
amplitude ∼PAW = 11 bar. The collapse conditions, that is, temperature and pressure peaks obtained at the 
transient collapse are also similar. Moreover, the extent of entrapment of methanol vapor molecules is 
also practically the same in both bubbles. The dissociation of entrapped methanol molecules at transient 
collapse is seen to yield mainly molecular (and not radical) species.





Discussion and Analysis





Correlation of the experimental and simulation results brings in following explanation for the trends 
in parameters no, B, G, dD,E, and span of CSD.





	 1.	 In category 2, due to absence of any gross movement of bulk liquid, the movement of KCl 
crystal blocks was also restricted, which resulted in lower population of nuclei and nucle-
ation rate as compared to other three categories. The precipitating material was distributed 
among smaller number of nuclei. Moreover, this distribution was likely to be nonuniform 
due to absence of convection in the medium. As a result, both dD,E and span of CSD are high.





TABLE 20.12
Results of Simulations of Cavitation Bubble Dynamics:
Conditions at the Transient Collapse of the Cavitation 
Bubble





Parameter





Bubble Type





Argon (Category 4) Air (Category 3)





Tmax (K) 810 800





Pmax (bar) 1455 1470





NMeOH 3.88E+011 3.16E+011





Vturb (m s−1) 0.02 0.02





PAW (bar) 11.32 11.72





Source:	 From Ultrason. Sonochem., Nalajala, V.S.  and Moholkar, V.S., 
Investigations in the physical mechanism of sonocrystallization, 
doi:10.1016/j.ultsonch.2010.06.016, Copyright (2010), with per-
mission from Elsevier.
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	 2.	 In category 1, intense agitation generated high level of bulk convection in the medium, which 
is expected to be volumetrically uniform. As a result, population density of nuclei, rate of 
nucleation, and growth rate increased significantly. Rise in nuclei population reduced dD,E. 
High convection also assisted uniform distribution of precipitating material among nuclei 
causing uniform growth of all crystals, and thus, span of the CSD also shows reduction.





	 3.	Sharp rise in the nuclei population and rate of nucleation in category 3 is attributed to the 
shock waves generated by cavitation bubbles. However, due to their discrete or intermittent 
nature, the shock waves are not likely to contribute to the growth of the nuclei. The veloc-
ity of microconvection, however, is quite low (∼2 cm s−1) and localized. Thus, the overall 
bulk convection in category 3 is expected to be much lower than category 1. This results in 
reduction in overall growth rate of the crystals. The net outcome of all these factors is that 
dD,E for category 3 is lesser, yet span of the CSD is higher as compared to category 1.





			   The use of sonicator probe of higher diameter (1 in.) results in increase in the “active” 
insonated zone or volume in methanol, causing rise in cavitation intensity in the medium. 
A direct consequence of this is rise in population of nuclei and the nucleation rate, 
causing reduction in dD,E. However, the rise in the bulk convection level is not expected to 
be proportionate, and hence, span of the CSD does not show a concomitant trend.





	 4.	 In category 4 experiments, contribution of cavitation bubbles to the convection (and hence 
rate of nucleation and nuclei population in the medium) is similar to that in category 3 
experiments. However, as number density of cavitation bubbles is higher (due to external 





TABLE 20.13
Results of Simulations of Cavitation Bubble Dynamics: 
Equilibrium Composition of the Cavitation Bubble Contents 
in Methanol at Collapse Conditions





Species





Air Bubble Argon Bubble





Equilibrium Composition (Mole Fraction)





CH4 7.32E–01 7.21E–01





H2O 2.28E–01 2.28E–01





H2 2.06E–02 2.07E–02





CO2 1.82E–02 1.72E–02





C2H6 3.16E–04 8.16E–05





CO 4.11E–04 7.33E–05





CH3OH 1.55E–07 1.63E–07





C2H4 1.24E–07 1.32E–07





CH3COOH 2.87E–08 1.99E–08





HCOOH 1.39E–08 1.56E–08





H2CO 2.46E–08 1.85E–08





Source:	 From Ultrason. Sonochem., Nalajala, V.S. and Moholkar, V.S., Investigations 
in the physical mechanism of sonocrystallization, doi:10.1016/j.ult-
sonch.2010.06.016, Copyright (2010), with permission from Elsevier.





Notation:	� Tmax, temperature peak reached in the bubble at transient collapse; Pmax, 
pressure peak reached in the bubble at transient collapse; NMeOH, num-
ber of methanol molecules trapped in the bubble at transient first col-
lapse; Vturb, microturbulence velocity generated by the cavitation 
bubbles (calculated as the average of the positive velocity, that is, 
directed away from the bubble center and negative velocity, that is, directed 
toward the bubble center); PAW, pressure amplitude of the acoustic or 
shock wave emitted by the bubble.
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seeding of nuclei), the overall cavitation activity in the medium is expected to be higher 
than category 3. Second, sparging of gas through methanol also induces bulk movement 
of liquid. Thus, the bulk convection levels are greater than in category 3. The overall con-
sequence is that the nucleation rate is higher as compared to category 3, and these nuclei 
grow relatively more uniformly.  Consequently, the values of dD,E and span of CSD are 
smaller than those in category 3.





The above case study is again a vivid example of the mechanistic aspects of a physical process 
induced and accelerated by ultrasound and cavitation. The principal physical effect of ultrasound 
and cavitation is generation of strong localized convection in the system. The two components of 
the convection, viz., microturbulence (or microconvection) and shock waves, have different impact 
on the crystallization process due to their nature (viz., discrete vs. continuous). The shock waves are 
expected to increase the nucleation rate in the system, and the microtubulence governs the growth 
of these nuclei. However, effect of the former is found to be more marked than the latter. This is 
evident from the result that nucleation rate shows an order of magnitude rise with sonication, while 
the growth rate (and hence the dominant crystal size) reduces with sonication as compared to the 
mechanically agitated system, where uniform velocity field is expected to prevail over the volume of 
the crystallization mixture. The ultimate manifestation of these effects is that as compared against 
the CSD of mechanically agitated crystallization system, the dominant crystal size of the CSD of 
sonocrystallization systems is smaller but the span of CSD is larger.





CONCLUDING VIEWS





In this chapter, we have attempted to describe the mechanistic aspects of the physical and chemical 
processes that are benefited by ultrasound irradiation with help of two case studies, viz., sonochemical 
degradation of pollutants with different physicochemical characteristics and sonocrystallization. As 
note earlier, ultrasound manifests its effects through phenomena of cavitation bubble dynamics. Our 
studies have shed light on nature or mechanism of the action of bubbles on the physical and chemical 
process. The methodologies adopted in the case studies presented above could form a general frame-
work that can be extended to any other physical and chemical system. Establishment of the exact 
physical mechanism of a sonophysical or sonochemical process is vital to effective design and scale-up 
of the process. We hope that the framework resulting from our studies would fulfill this discrepancy.
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INTRODUCTION





Ultrasound (US) has been used since its discovery at the beginning of twentieth century for a 
variety of purposes in diverse areas such as chemical synthesis, medicine, and engineering process-
ing. Besides considering its wide-ranging use and the recent developments, it is also necessary to 
consider US as a relatively new scientific field once there are increasing developments in the area of 
comprehension of ultrasonic effect and its characteristics. Once the great potential of US has been 
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recognized for a variety of industrial chemical processes, new developments for large-scale processing 
have been proposed. In fact, acoustic cavitation is the key point for sonochemical processes, and the 
ability to increase or limit this effect is one of the main challenges for industrial applications of US. 
In spite of the fact that US has been extensively explored in laboratory scale, consolidated industrial 
applications are not so numerous (Thompson and Doraiswamy, 1999; Mason, 2000, 2003; Cravotto 
and Cintas, 2006). In addition, it is important to point out that when an industrial application is in 
progress it is generally not available in literature due to technological challenges and the market 
value for process developments. The optimization and design of sonochemical apparatus for large-
scale applications are continuously in advancement. There is an extensive research for the devel-
opment of new systems and large-scale applications have been developed using different designs 
with several transducers. In spite of the extensive effort on this issue, there are only relatively few 
examples of US applications in industrial process. The main causes lie in the complicated design of 
efficient reactors making difficult to reproduce the same conditions developed in laboratory scale 
(Cintas et al., 2010).





Table 21.1 summarizes the main areas related to US applications: (i) organic and inorganic 
chemistry/synthesis, as for modification and synthesis of polymers; preparation of organometal-
lic compounds (Vajnhandl and Le Marechal, 2005); preparation of activated metals by reduction 
of metal salts; generation of activated metals; precipitation of metal oxides, catalysts (Cr, Mn, Co) 
(Vajnhandl and Le Marechal, 2005), crystallization (Mason, 2000), sonoelectrochemical synthesis 
(Mason, 2003), and preparation of nanomaterials (Mason, 2003); (ii) food technology, emulsifica-
tion, mixing, blending, extraction, crystallization, foam destruction, degassing of liquids, particle 
aerosol precipitation, oxidation processes, influencing enzyme activity, sterilization, and ultrasonic 
airborne drying (temperature-sensitive powders–foodstuffs) (Mason, 2003; Vajnhandl and Le 
Marechal, 2005); (iii) environmental applications including sonolysis of organic pollutants in water 
and degradation of contaminants (Mason, 2000; Mason, 2003; Vajnhandl and Le Marechal, 2005); 
(iv) pharmaceutical industry, as for biological cell disintegration (extraction of active antigens for 
making vaccines and in the industry of lipids enzymes and viruses) and ultrasonic airborne drying 
(temperature-sensitive powders–pharmaceuticals) (Vajnhandl and Le Marechal, 2005); (v) medi-
cine imaging, as nuclear magnetic resonance, diagnostic, enzyme activation, therapeutic, induction 
of thermolysis in tissues (cancer treatment), cleaning, atomization in inhalation therapy, air humidi-
fication (Mason, 2000; Vajnhandl and Le Marechal, 2005); and (vi) others such as welding (plastic 
and metal) (Mason, 2000), cutting (Mason, 2000), soldering, cleaning (Mason, 2000); deburring, 
erosion test, degassing of melts, spray pyrolysis, treatment of solid surfaces, dispersion, prepara-
tion of colloids, fuel atomization, electroless plating, wetting and impregnation, sieving, filtration 





TABLE 21.1
Industrial Uses of US





Industrial Area Examples of Applications





Biology Homogenization and rupture of cell walls to content release





Engineering Ultrasound-assisted drilling, grinding and cutting (especially with applications in glass and ceramic 
materials), and welding (plastic and metals)





Environmental Water remediation and wastes treatment assisted by ultrasound





Geology Eco ranging at sea (SONAR)





General industry Dispersion of pigments and solids, cleaning and degreasing by immersion, filtration and metal casting





Dentistry Cleaning and drilling of teeth





Medicine Ultrasonic imaging and physiotherapy





Source:	 Adapted from Mason, T.J. and Lorimer, J.P., Applied Sonochemistry: Uses of Power Ultrasound in Chemistry 
and Processing, 2002, Wiley-VCH Verlag GmbH, Weinheim, Germany.
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(Mason, 2000) and micromanipulation, extraction (Mason, 2000), and lithography (Mason, 2000; 
Mason, 2003; Vajnhandl and Le Marechal, 2005).





In the following sections, the main uses of US in industrial processes available in the literature 
from 1990 to 2010 are presented. Applications in medicine and dentistry as well as SONAR technol-
ogy are not presented.





FOOD PROCESSING AND PRESERVATION





Due to the recent developments in US generation systems, as well as the increased understanding 
of cavitation phenomena, interest has increased in recent years related to the use of power US as 
an alternative for food processing and preservation. Equipment working at frequencies higher than 
100 kHz present applications in stimulation of living cell activity, surface cleaning of food ultrasoni-
cally assisted extraction, crystallization, emulsification, filtration, drying, and freezing process as 
well as tenderization of meat. High-energy US (frequency ranging from 18 to 100 kHz) has been 
applied for degassing of liquid foods, for the induction of oxidation/reduction reactions, for extrac-
tion of enzymes and proteins, for enzyme inactivation, and for induction of nucleation for crystal-
lization.  Additionally, high-energy US combined with heat and/or pressure has been applied to 
inactivate thermal-resistant enzymes. Besides, data exist regarding the impact of US on the inactiva-
tion of microorganisms in conjunction with chemical antimicrobials, with heat alone or combined 
with moderate pressure (Knorr et al., 2004; Feng et al., 2008).





Some studies have been performed to elucidate the effect of US on the mechanism for biomol-
ecule and cell inactivation. The most acceptable purpose was related to the collapse of transient 
bubbles in the liquid medium and therefore by mechanical and chemical effects of cavitation (Knorr 
et al., 2004; Feng et al., 2008; Jiranek et al., 2008). The formation of shock waves can cause cell 
envelope rupture facilitating the sonochemical reactions (Feng et  al., 2008).  Among the effects 
caused by US energy, the bactericidal properties could be mainly related to chemical effects includ-
ing also the formation of OH− and H+ species and hydrogen peroxide (McClements, 1995).





Ultrasound energy has been used in food industry, mainly for processing and preservation. It 
could be observed during the process of dairy ingredients in order to improve functional properties 
by applying a high-intensity and low-frequency US. Several experimental parameters have been 
optimized for processing large volumes of whey- and casein-based dairy products in pilot-scale 
ultrasonic reactors. In this case, samples were sonicated at 20 kHz employing a radial ultrasonic 
transducer of 1 or 4 kW, with flow rates ranging from 0.2 to 6 L min−1. Back pressure was main-
tained between ambient and 2 bar. The sonication of solutions up to 2.4 min led to a significant 
reduction in the viscosity of solution containing 18%–54% of solids. The viscosity of aqueous dairy 
ingredients treated with US was reduced from 6% to 50%, depending on acoustic power and contact 
time applied. A notable improvement in the gel strength of sonicated and heat-coagulated dairy 
systems was also observed. When sonication was combined with a previous heating treatment (80°C 
for 1 min or 85°C for 30 s), the thermal stability of the dairy ingredients containing whey proteins 
was significantly improved. On the whole, the sonication procedures described for processing dairy 
ingredients may be used to improve process efficiency, improve throughput, and produce value-
adding ingredients in the dairy industry without changing the sample gelling properties and heat 
stability (Zisu et al., 2010).





Effect on Living Cells





In order to minimize the bacterial load of a product, conventional methods of inactivation usu-
ally involve thermal treatment, which often results in the formation of undesirable flavors and loss 
of nutrients. Modern preservation techniques have been developed for food industries in order to 
increase the safety of food products, thereby eliminating microbial activity with significant reduc-
tion of required heat. Cavitation caused by changes in pressure created by the ultrasonic waves 



















538	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





is responsible for killing the bacteria in food products treated by US energy. The US effects on 
microorganisms are mainly the disruption of cell membrane, localized heating, and free radicals 
production. In combination with heat, the US energy can accelerate the rate of sterilization of foods, 
thus decreasing both the duration and intensity of thermal treatment and consequently possible food 
changes. The minimization of flavor loss, especially in sweet juices, and better homogeneity and 
savings of energy could be mentioned among the main advantages of US over heat pasteurization 
(Piyasena et al., 2003). In addition, it is possible to obtain different effects on living cells by apply-
ing US energy in diverse work conditions (Mason et al., 1996).





There is a number of applications using a low power US, which represents significantly milder 
cavitational effects (stable or noninertial cavitation) (Gogate and Kabadi, 2009). In this case, it is 
possible to increase the production of food products through the enhancement of efficiency of whole 
cells without disrupting the cell walls (Mason et al., 1996).





US energy has been applied for yogurt fermentation.  The experiments have been performed 
using a US generator (working at 90, 255, and 450 W power at 20 kHz) with a 13-mm-diameter 
probe under exposure times from 1 to 10 min. A reduction of the total fermentation time by 0.5 h 
was obtained and increased water holding capacity and viscosity were observed using inoculated 
milk sample (150 g) blended with 30 g of yogurt starter using US treatment at 15°C. The increase in 
the US amplitude level before inoculation could mean a significant improvement of water holding 
capacity, viscosity, and syneresis effect (Wu et al., 2001). The syneresis characterized by the col-
lection of whey on the yogurt surface has the same effect that leads the curd production in the milk 
processing due to the sudden removal of hydrophilic micropeptides.





A high-intensity US in a continuous-flow mode can be applied in order to inactivate bacteria in 
raw cow milk. In this case, sonicator has been equipped with a tip of 12.7 mm diameter and worked 
at a fixed frequency of 20 kHz. The mechanical vibration was transmitted to a titanium alloy disrup-
tor horn. Higher output intensity level implies higher wave amplitude (maximum 120 μm), which 
could result in more intense cavitation action and greater cell disruption. The maximum available 
ultrasonic power delivered to the horn was 150 W. Using a flow rate from 0.66 to 3.0 L h−1 and 
temperature from 76.1°C to 33.1°C, respectively, US can be used to preserve milk samples. The 
ultrasonic-based procedure was more energy consuming and the necessary time was the same in 
comparison to the conventional heating procedure. However, some advantages could be mentioned 
in relation to the conventional techniques, such as the wall temperature which was equal to or lower 
than the liquid temperature, and could result in less deposition of proteins and minerals than in a 
continuous-flow heat exchanger. The milk homogenization by US with an additional increase of 
cheese yield and a size reduction of the fat globule was observed when the working temperature 
was close to 62°C. These results make the continuous-flow ultrasonic milk treatment a promising 
preservation technique, especially under mild conditions, resulting in a comparable microbiological 
quality in relation to the conventional treatment (Villamiel and Jong, 2000).





The inactivation and potential subsequent growth of microorganisms in orange juice was per-
formed by using US energy. Process was carried out in a semi-industrial unit working in batch 
(static) or in continuous-flow (dynamic) conditions at changeable temperature. System could oper-
ate at low frequency (23 kHz and power level of 150, 300, and 600 W) and/or at high frequency 
(500 kHz with power level of 120 and 240 W). Ultrasound was applied in all cases with operation 
at 60% of maximum power and using a stainless steel high-amplitude horn. It was observed that 
limited level of microbial inactivation was obtained by selecting the batch ultrasonic treatment to 
500 kHz/240 W for 15 min. Stabilization of microbial growth was observed in the substrate follow-
ing 14 days of storage at both refrigeration (5°C) and higher (12°C) temperatures after batch US 
treatment. However, after continuous US treatment at flow rate of 3000 L h−1 negligible reduction 
of microbial counts was obtained which could be related with the microbial resistance caused by 
juice pulp. During the experimental procedure, it was not observed as a negative effect on orange 
juice color by the proposed US treatments.  The proposed procedure could reduce the required 
processing temperatures, the processing times, or both pasteurization processes of liquid foods 
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to achieve the same microbial lethality values that could be obtained with conventional heating 
methods. One of the main disadvantages observed during US-assisted process was the higher total 
energy input required in comparison to the conventional heating (Valero et al., 2007).





Recent regulations from the U.S. Food and Drug Administration have required processors to 
achieve a 5-log reduction in the numbers of the most resistant pathogens in their finished products. 
Despite conventional thermal processing of fruit juices remaining the most widely adopted technol-
ogy for shelf-life extension and preservation of fruit juice, power US alone, or in combination with 
pressure or heat, is capable of achieving a desired 5-log reduction in foodborne pathogens related 
to fruit juices. However, consumer demand for nutritious foods, which are minimally and naturally 
processed, has led to an interest in nonthermal technologies (Tiwari et al., 2009a). The application 
of power US has been reported to be effective against foodborne pathogens found in orange juice 
(Valero et al., 2007), guava juice (Cheng et al., 2007), apple cider, and milk (D’Amico et al., 2006).





The nutritional quality of orange juice is primarily related to the ascorbic acid content (Zerdin 
et al., 2003). However, ascorbic acid is thermolabile and highly sensitive to various processing con-
ditions, such as US treatment (Korn et al., 2002). The mechanism of vitamin C degradation follows 
aerobic and/or anaerobic pathways and depends on several processing conditions (Vieira et al., 
2000).  Ascorbic acid degradation kinetics of sonicated orange juice (acoustic energy densities 
ranging from 0.30 to 0.81 W mL−1 and treatment times of 2–10 min) were evaluated during storage 
and compared to orange juices thermally pasteurized. The sonication treatment led to enhance-
ment of ascorbic acid retention in orange juice during storage (Tiwari et al., 2009b).





Sonication of tomato juices with ultrasonic processor at a frequency of 20 kHz and power of 
1500 W for 2–10 min and pulse of 5 s was used to evaluate yeast inactivation. Hunter color values, 
pH, Brix, titratable acidity, and ascorbic acid concentration were also evaluated. No significant dif-
ferences in pH, Brix, or titratable acidity were observed. However, sonication was found to have a 
significant effect on juice color, ascorbic acid content, and yeast inactivation. The results presented 
in this study indicate that power US treatment has potential for the inactivation of key spoilage 
microorganism relevant to tomato juice processing (Adekunte et al., 2010).





Drying and Evaporation





A crescent demand on dehydrated food brings the necessity for the development of new processes. 
Conventional dehydration methods are mainly based on hot-air drying, which has a widespread use 
but can generate a deterioration quality of the final product. It could represent an undesired flavor, 
color composition, vitamin degradation, and the loss of essential amino acids. In this way, US may 
be considered a promising choice once it permits the removal of moisture content of solids without 
producing a liquid phase change and can be applied to heat-sensitive food materials (Fuente-Blanco 
et al., 2006). These effects were observed because cavitation phenomena can strongly affect the 
degree of heat transfer.  No cavitation occurs close to the boiling point of a liquid and acoustic 
streaming is the main factor related to the heat transfer rates, whereas at lower temperatures the 
effect of ultrasonic vibration is observed through violent motion of cavitation bubbles (Kim et al., 
2004). In addition, when a high-intensity ultrasonic wave is directed to the solid material to be dried, 
the pressure changes in solids and this can be assimilated in the same way to a sponge squeezed 
and repeatedly released (Mulet et al., 2003). As a result, microscopic channels suitable for fluid 
movement could be created by reducing the diffusion boundary layer and increasing the convective 
mass transfer in foodstuff (Mulet et al., 2003; Fuente-Blanco et al., 2006). Moreover, ultrasonically 
enhanced drying can be carried out at lower temperatures than conventional methodology which 
reduce the probability of oxidation or degradation in food materials (Mason et al., 1996).





Some food products (e.g., fruits and vegetables) are sensitive to heat, leading to structural 
changes after thermal dehydration. Alternatively, a high-power US with rectangular plate trans-
ducer, working at 20 kHz, and power capacity of about 100 W has been used for food samples dehy-
dration. Drying process can also be done in a chamber with an ultrasonic transducer located at the 
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upper part. The US is applied in combination with hot air to accelerate drying at low temperature, 
thereby preserving the integrity of the food products. The results obtained under sonication up 
to 100 W showed a direct increase of drying effect (water loss) with the acoustic power (Fuente-
Blanco et al., 2006).





Additionally, US can present many effects resulting in improvements on evaporation process. 
The use of US was evaluated in industrial application for scale control in sugar industry. The device 
was made up of ultrasonic generator (20 kHz and 2000 W) linked to ultrasonic transducers, which 
are positioned on the outside of the bottom of pipeline. This system was installed between juice 
sedimentation vessel and the evaporator (Figure 21.1). The results indicated that not only the vis-
cosity of sugar solution was reduced but also the heat transfer coefficient and evaporation intensity 
of evaporation system were improved by 42.4% and 15.2%, respectively. The scale was removed 
remarkably with no significant effects on white sugar quality. In addition, the time of cleaning an 
evaporator was reduced between 38% and 75% of the time without US and there was no significant 
influence of US on the final quality of white sugar (Hu et al., 2006).





Emulsification and Mixing





Emulsions are present in a wide variety of food industry products such as the production of mar-
garine, tomato sauce, mayonnaise, and other similar blended products. Emulsion is a dispersion of 
two immiscible liquids, one of which is dispersed into the other as fine droplets or particles (Mason 
and Lorimer, 2002; Cucheval and Chow, 2008; Gaikwad and Pandit, 2008). Contrary to mechani-
cal process, which can consume high power and provide little control of the droplet size distribu-
tion, US is also an alternative method to produce stable emulsion (Canselier et al., 2002). When the 
interface of two immiscible liquids is ultrasonically irradiated, an emulsion can be quickly obtained 
(Krishnan et al., 1981). In this way, tiny droplets of one liquid could be scattered into the other liq-
uid, which constitutes the continuous phase. In addition, US can provide excess energy for the new 
interface formation, making it possible to obtain emulsions even in the absence of surfactant (Mason 
et al., 1996; Gogate and Kabadi, 2009). For any intensity above the cavitation threshold, there is 
a corresponding maximum concentration of emulsion (percentage of the dispersed phase holdup), 
which remains relatively stable. This limiting concentration of emulsion increases by increasing US 
intensity. The advantages of US to prepare emulsions include lower energy consumption, use of less 
or no surfactant, and production of a more homogeneous emulsion in comparison to the mechani-
cal process (Gogate and Kabadi, 2009). Moreover, such emulsions are often more stable than those 
conventionally produced (Mason et al., 1996).





The efficiency of ultrasonic emulsification generally depends on the irradiation time, irradiation 
power, oil/water ratio, and physicochemical properties of the hydrophobic phase.  Some recom-
mendations for effective US effects in the emulsification must be considered (Mason and Lorimer, 
2002; Gogate and Kabadi, 2009): (i) using US the droplet size is much smaller when compared 
to mechanical agitation under the same conditions, which makes more stable emulsions prepared 
by sonication (Gogate and Kabadi, 2009); (ii) the occurrence of conditions for transient cavitation 
is necessary to raise the efficiency of US energy (Cucheval and Chow, 2008); (iii) in general, an 
increase in the irradiation time decreases the droplet size of dispersed phase (Cucheval and Chow, 2008; 
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FIGURE 21.1  Flow chart of the structure and installation position of ultrasonic equipment at a sugar factory. 
(Adapted from Hu, A. et al., Ultrason. Sonochem., 13, 329, 2006.)
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Gaikwad and Pandit, 2008); (iv) beyond a certain time of operation where an equilibrium condi-
tion in droplet size is achieved, further use of US energy is ineffective (Gogate and Kabadi, 2009); 
(v) increasing the ultrasonic irradiation power the fraction of volume of the dispersed phase is also 
increased, while the droplet size of the dispersed phase is decreased (Gaikwad and Pandit, 2008); 
(vi) smaller droplet size is generally observed for liquids with low viscosity, possibly attributed 
to higher cavitational effects in these systems (Gogate and Kabadi, 2009); and (vii) the use of US 
generally requires the addition of surfactants in order to obtain the same droplet size (Mason et al., 
1996; Cucheval and Chow, 2008; Gogate and Kabadi, 2009).





In some cases, an optimal power input might exist, beyond which coalescence and cavitational 
bubble cloud formation can restrict its performance. The effect of US on sunflower oil emulsion 
and quality after US emulsification and processing was studied (Chemat et al., 2004). US treatment 
was performed at 20 and 45 kHz with a titanium horn. In spite of the fact that US-assisted food 
processing could be considered as a potential alternative to conventional processes, a metallic and 
rancid odor for emulsions and oil treated by US was observed.





Crystallization and Freezing





Crystallization is a process used in many industries, which presents a nucleation of solid crystals 
from a number of liquids influenced by US energy.  It is important to mention that uncontrolled 
process of nucleation and subsequent crystallization can occur randomly and, as a consequence, the 
quality of the final product could be committed. In this way, high-intensity US can be used as an 
additional processing tool to modify the crystallization behavior of different systems (sonocrystal-
lization) and therefore obtain the desirable physicochemical characteristics (Martini et al., 2008). 
US complies with a number of roles in the initiation of seeding and subsequent crystal formation 
and growth that can be attributed to the presence of shock waves in the solution, which improves 
the probability of collision of a molecule and a molecular aggregate (Luque de Castro and Capote, 
2007a). It also has a secondary property which is beneficial in such processing applications, namely, 
the cleaning action of the cavitation efficiency stops the incrustation of crystals on cooling elements 
and thereby ensures continuous efficient heat transfer (Mason et al., 1996). The US treatment can 
also reduce the precipitation time (Gogate and Kabadi, 2009) and the texture of food products 
will be affected by the size of undissolved sugar crystals dispersed in the material. Crystallite size 
affects the rate of dissolution of sugar in food preparation. Normal crystallization of sugar from 
concentrated sucrose solutions leads to large, uneven-sized crystals, which can be broken down by 
subsequent sonication (Mason et al., 1996).





Effects of the application of ultrasonic power on the crystallization behavior of tripalmitoylg-
lycerol (PPP) and cocoa butter was examined in terms of rate of nucleation and polymorphic con-
trol. Sonocrystallization was carried out during 15 s using a US equipment operating with a probe 
under 20 kHz at 100 W of power. High-purity PPP (>99%) and low-purity PPP (>80%) samples were 
employed to mimic real fat systems. For both PPP samples, the application of ultrasonic power 
accelerated the rate of nucleation as measured by induction time for the occurrence of crystals and 
by the number of crystals nucleated. As for cocoa butter, sonication for a short period accelerated 
the crystallization. Results indicated that US irradiation could be an efficient tool for controlling 
polymorphic crystallization of fats (Higaki et al., 2001).





A very important field related to crystallization in food industry is the formation of ice crystals dur-
ing the freezing of water. Freezing is considered an unsteady state heat transfer process. The food loses 
heat through a surface in a cold environment and, as a consequence, heat transfer will occur in the bulk. 
It takes place by a combination of conduction (solids) and convection (liquids) processes (Sigfusson 
et al., 2004). The problem arises because the small ice crystals which are formed initially inside of the 
cellular material of the food continue to grow (Luque de Castro and Capote, 2007a). As these crystals 
increase in size they break some of the cell walls, leading to a partial destruction in the structure of the 
material (Mason et al., 1996). While the melting temperature of ice is constant at a given pressure, the 
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nucleation of water to form ice can occur within a temperature range called as “supercooling range,” 
depending on some physicochemical properties of the sample such as volume, purity, and gas content 
(Luque de Castro and Capote, 2007a). It represents a considerable delay between the initial crystal-
lization and complete freezing at which point the temperature of the whole material can fall. Under 
the influence of US a much more rapid and even seeding occurs and this leads to a much shorter delay 
time. In addition, since there are a greater number of seeds, the final size of the ice crystals is smaller 
and cell damage is reduced (Mason et al., 1996). These effects may be due to the small bubbles pro-
duced by high-intensity ultrasonic waves that can act as nuclei, or because fluctuations in the pressure 
and temperature associated with the ultrasonic wave disturb the equilibrium between solid and liquid 
phases. By controlling the intensity, duration, and frequency of the ultrasonic waves, it may be possible 
to modify the size and concentration of the crystals produced (McClements, 1995).





Other Applications





Soybean oil hydrogenation rate with copper or nickel catalyst was increased by using ultrasonic energy 
(Moulton Sr. et al., 1987) in a continuous system. Commercially refined and bleached soybean oils and 
Nysel® catalyst were mixed and filtered through a micro filter, and pumped through heat exchangers 
at 1 L h−1 up to the ultrasonic processing cell. Hydrogen pressure was controlled by a backpressure 
regulating valve in the vent line.  Hydrogenated product was separated from hydrogen excess and 
withdrawn continuously. Ultrasonic power was supplied at 550 W and 20 kHz. Results showed that 
hydrogenation rate can be increased almost 20 times using the processing cell at 233°C and 112 psig.





Airborne ultrasonic technology has been proposed as a clean and commercial alternative to con-
ventional methods for fermentation systems, carbonated beverages, and such processes where prod-
uct quality or yield is adversely affected by foaming (Villamiel et al., 2000; Gallego-Juárez, 2007; 
Soria and Villamiel, 2010). Destruction and breaking of foams by US-assisted defoamers is mainly 
attributed to partial vacuum on the foam bubble surface created by high acoustic pressure, foam 
bubbles resonance which creates interstitial friction causing bubble coalescence, cavitation, and 
acoustic streaming (Mason et al., 2005). The main advantages of the use of US as an efficient addi-
tional step for food processing can be cited as the reduction or elimination of antifoam chemicals, 
the reduction of wastage in bottling production lines, and the increasing production throughput.





APPLICATIONS IN BIOTECHNOLOGY





The developing field of biotechnology constantly attracts new methods for further improvement of 
bioprocess performance (Rokhina et al., 2009). The process industry demands that operations must 
be performed in the most efficient way with respect to product quality, energy or time, or in terms 
of process economy. Novel technologies are constantly being required to reduce the total processing 
cost while maintaining or enhancing product quality in an environmentally benign manner (Gogate, 
2008). Therefore, based on principles of green engineering and science, US has been used in several 
biotechnology applications such as cell disruption to release intracellular enzymes and organelles 
(Rokhina et al., 2009)—one of the first applications of power US for disruption of cell wall (Mason 
and Lorimer, 2002). Processes involving cell disruption are dependent on the ability to disrupt the 
membrane of a cell to release without damage the contents of this disrupted cell. Maximum cell 
disruption is obtained in a zone close to the US probe tip and the biological cells must be kept at this 
point for sufficient time allowing disruption to take place. Therefore, a delicate committed condi-
tion must be found between the power of the probe and the disruption rate since power US, which 
is associated to cavitational collapse energy and bulk heating effect, can denature the contents of 
the cell once released (Mason and Lorimer, 2002). In this way, ultrasonic methods have consider-
able potential for the introduction of macromolecules into cells (Liu et  al., 2006), for microbial 
cell disruption (Gogate and Kabadi, 2009) and, additionally, to enhance the biosensor performance 
(Rokhina et al., 2009).
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Microbial Cell Disruption





An efficient large-scale process for cell disruption can be considered the key factor in the economical 
industrial production of microbial components. High-speed shaker, bead mills, and high-pressure 
homogenizers are some of different strategies and methods usually employed for cell disruption 
(Figure 21.2).  However, the typical efficiency for energy conversion of the previously discussed 
methods is in the range of 5%–10% (Geciova et al., 2002). The remaining energy is dissipated as 
heat, which needs to be efficiently removed to assure the integrity of these delicate bio-products. In 
order to improve the efficiency of cell disruption process, intense interest has been developed in the 
last decade in newer techniques, including acoustic and hydrodynamic cavitation (Harrison, 1991; 
Geciova et al., 2002; Gogate and Kabadi, 2009).





Sonication is one of the most widely used laboratory disruption methods. Its mechanism is asso-
ciated with the cavitation phenomena. The cavitation bubble implosion can produce shock waves, 
which lead to viscous dissipative eddies resulting in the development of shear stress in the medium. 
Shear force creating eddies larger than the cells are more likely to move the cells rather than disrupt 
them, whereas eddies smaller than the cells are capable of generating disruptive shear stresses. 
Thus, larger cells can experience more disruptive eddies than smaller cells. Increasing the US power 
is possible to shift the size distribution toward smaller eddies, which in turn can increase the num-
ber of disruptive eddies acting on the cells resulting in greater disruption (Geciova et al., 2002).





Cell disruption process can proceed by complete breakage of the individual cells in certain 
devices, releasing all intracellular enzymes, or it can be shear driven, where only the cell wall 
can be disrupted. It was investigated during the release of invertase enzyme by the disruption of 
Saccharomyces cerevisiae cells using US, high pressure, or hydrodynamic cavitation. Using ultra-
sonic-induced cavitation (ultrasonic probe of 20 kHz at 600 W of power) the rate of release of inver-
tase enzyme was constant and independent of the sonication time (15 or 20 min) under 10°C. In 
these conditions, the sonication time was varied linearly with enzyme concentrations. However, 
strong cavitation produced by US results in complete breakage of the cells, which represents a 
reduced degree of separation (low selectivity) and high energy consumption (Balasundaram and 
Pandit, 2001).





Gene Transfer





Recently, ultrasonic methods have been considered as a potential tool for the introduction of mac-
romolecules into cells. All the transfer techniques can be divided into two broad categories: viral 
(retroviruses and adenoviroses) and nonviral (lipofection, electroporation, particle bombardment, 
microinjection, and sonoporation). In order to improve the efficiency and to make the procedure of 
nonviral gene transfer simpler, a US method was evaluated for genetic transformation (Liu et al., 2006). 
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FIGURE 21.2  Methods for microbial cell disruption.  (Adapted from Geciova, J.  et  al., Int. Dairy J., 
12, 541, 2002.)
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The interaction of the broad US waves with cavitation bubbles resulted in mechanical effects pro-
duced on nearby cells. The main effect is cell lysis but sublethal membrane damages can also occur. 
In the last case, which is known as sonoporation effect, the membrane is transiently permeable to 
large molecules (Miller et al., 1999; Ohta et al., 2008).





It has been shown that sonication can alter the transient permeability of plasma through the cell 
membrane to facilitate uptake process (Liu et al., 2006). Besides, US as well as other mechanical 
methods is often more versatile, once it is based on disruption of cell membrane and is less depen-
dent on cell type (Wyber et al., 1997; Liu et al., 2006; Gogate and Kabadi, 2009). The potential 
applications of US in biotechnology result from thermal and mechanical effects. The first one could 
be observed as a consequence of ultrasonic wave propagation in medium. The US energy could be 
partially absorbed by the medium resulting in temperature increase. On the other hand, acoustic 
cavitation and mass transfer enhancement are considered the main mechanical effects. Cavitation 
is considered a major mechanism for causing alterations to biological tissues, especially increased 
membrane permeability. In addition, US at low-intensity levels enhances the movement of the liquid 
medium, favoring mass transfer and reaction rates in both multiphase and homogeneous systems 
(Liu et al., 2006).





In order to well understand the acoustic permeabilization, two possibilities could be considered 
as the most important mechanism. Firstly, the violent collapse of cavitation bubbles can generate 
high-pressure and high-temperature shock waves, which could potentially cause localized rupture 
of the plasma lemma and lead to the uptake of exogenous solutes, followed by the reestablishment 
of membrane integrity. The second possibility originates from the electrochemical model predicting 
the existence of a critical hydrostatic pressure, at which the intrinsic membrane potential is suf-
ficiently high to induce mechanical breakdown of the membrane. As a consequence, it is possible 
that the high oscillating pressure generated by the US field and the high-pressure shock waves could 
produce such high hydrostatic pressures causing reversible membrane breakdown. These two pos-
sibilities are said to be closely related and may simultaneously occur (Gogate and Kabadi, 2009).





Mild US irradiation has been proved an efficient method for transfection in animal cells and tis-
sues in vitro and in vivo. In order to study the transfection efficiency for plasmid DNA in vitro, the 
US waves (118 MHz) were generated by piezoceramic, air-backed disc transducer with a diameter 
of 10 cm, mounted with its radiating face parallel to the side wall of the tank (Figure 21.3). The 
amplitude pressure was varied from 0.1 to 5 MPa and the total sonication time ranged from 10 s 
to 10 min. US waves were focused by a lens and coupled into a water tank due to the many tissues 
present in vivo properties similar to water with respect to US propagation. The spatial peak intensity 
in the focus was approximately 33 W cm−2. The same equipment and water tank could be used for 
the in vivo experiments. Thus, the results obtained showed that sinusoidal-focused US can signifi-
cantly enhance the transfection of plasmid DNA in the dunning prostate tumor (prostate carcinoma 
cells R3327-AT1) in vitro and, mainly, in vivo. The average number of positive cells in sonicated 
tumors was approximately 10-fold higher than that in non-sonicated controls, resulting in an in vivo 
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FIGURE 21.3  Sonication device scheme. (Adapted from Huber, P.E. and Pfisterer, P., Gene Therapy, 
7, 1516, 2000.)
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transfection efficiency of 5% after intratumoral DNA injection and US exposure after direct plasmid 
injection without marked side effects (Huber and Pfisterer, 2000).





Gene transfer by sonication employs the same simple procedure for the plant material to be trans-
formed. The protoplasts, suspension cells, or small pieces of tissue are suspended in a few milliliters 
of sonication medium in a microcentrifuge tube. Plasmid DNA (and possibly carrier DNA) is 
then added, and after rapid mixing the samples are ready for sonication. The pulses of US are deliv-
ered by ordinary machines used for homogenization of various tissues. The microtip is immersed 
2 to 3 mm into the suspension and pulses of selected intensity and duration are delivered. The cells 
are finally transferred to fresh growth medium (Liu et al., 2006). The plasmid DNA was introduced 
efficiently into sugar beet and tobacco protoplasts by a brief exposure (500–900 ms at 30–70 W 
of electric power) to 20 kHz US at 0.65–1.6 W cm−2 of acoustic power. Successful transformation 
was evidenced by transient expression of the introduced gene for chloramphenicol acetyltransferase 
(CAT). Optimal transient expression was obtained at rather high plasmid DNA concentrations (80–
110 mg L−1) and sucrose concentrations (21%–28%) in the sonication medium. In sugar beet proto-
plasts transient expression was reported to be 7–15-fold times higher than the expression obtained 
by electroporation (Joersbo and Brunstedt, 1990).





As previously discussed, the potential of US to introduce macromolecules into cells has been 
evaluated. A 20 kHz US was applied to the yeast cells suspension. For this reason, a probe-type 
sonicator (3 mm) operating at 20 kHz and 2 W of power was placed 3 mm below the surface of 
sample (1 μg of plasmid DNA) at 4°C. The efficiency of DNA delivery was scored as the number 
of cells transformed. Using yeast as a model system, it had established that transfer of DNA was 
optimal using short sonication time (30 s). DNA delivery into cells was dependent on the related 
effects of cavitation phenomena. Thus, cellular damage could occur by tensile forces on the cells 
during microstreaming as a result of stable cavitation, by the liquid jets or shock waves following 
unstable cavitation, and by the free radicals that may be produced during the final stages of bubble 
growth and collapse. In this way, under controlled conditions US was considered as an effective way 
of delivering plasmid DNA into cells (Wyber et al., 1997).





Biosensors





Biosensors have been used for the detection and characterization of bacteria without the need 
for a culture step (Zourob et al., 2005), for specific and sensitive detection of nucleic acid–based 
detection compared to immunological-based detection (Howkes et  al., 2004), and in food qual-
ity for the detection of several types of compounds of interest such as carbohydrates, alcohols, 
phenols, carboxylic acids, amino acids, biogenic amines, heterocyclic, inorganic, and additive or 
contaminants compounds (El Kaoutit et al., 2007). US can enhance the biosensor performance. The 
main influence on the behavior of particles in aqueous suspension in a US standing wave could be 
the direct radiation force and acoustic streaming. The first one, which drives suspended particles 
toward and concentrates then in acoustic pressure node planes, has been applied to rapidly transfer 
cells in small-scale analytical separators. Furthermore, acoustic streaming has been employed for 
mixing small analytical samples. Both forces working together can enhance the rate of the reaction 
between suspended mixture cells and retroviruses (Kuznetsova and Coakley, 2007). In biosensors, 
a biological unit (e.g., enzyme or antibody), which is typically immobilized on the surface of the 
transducer (electrode), interacts with the analyte (which contains, e.g., a target bacterium or xenobi-
otic) and causes a change in a measurable property within the local environment near the transducer 
surface, thus converting a biochemical process into a measurable electronic signal (Kuznetsova and 
Coakley, 2007; Rokhina et al., 2009). The biosensor response could be mainly influenced by fac-
tors such as the mass-transport kinetics of analytes and products, as well as loading of the sensing 
molecule. In order to improve the sensitivity and efficiency of biosensors, US irradiation can be used 
to aggregate and drive (Howkes et al., 2004; Zourob et al., 2005; Kuznetsova and Coakley, 2007) 
microorganisms toward antibody-coated sensors using US standing waves (USW). Alternatively, 
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US could be used to facilitate enzyme immobilization on sonogel–carbon transducer electrodes, 
which are frequently used to detect, for example, xenobiotics and organophosphorus pesticides in 
waste streams (El Kaoutit et al., 2007, 2008; Rokhina et al., 2009).





The detection and characterization of bacteria without the need for a culture step is an impor-
tant goal for microbiology. Rapid variant-specific sensing will facilitate new approaches to med-
ical diagnosis, protection against bioterrorism, and food processing.  In this way, a system was 
developed to detect bacteria using optical metal-clad leaky waveguide (MCLW) sensor with USW. 
A half-wavelength US reflector (1 mm glass slides) was used in order to obtain a node in the region 
of the reflector, at frequencies of approximately 3 MHz. The performance of a MCLW sensor for 
the detection of bacteria has been increased (>100 fold) by using USWs to drive bacteria onto the 
sensor surface. By forming the USW nodes at or within the surface of the MCLW, the diffusion-
limited capture rate has been replaced by fast movement. The application of US for 3 min gave a 
detection limit for bacterial spores of 103 spores mL−1. It represents an enhancement in the capture 
of bacteria spores from a flowing sample onto an immunocoated optical leaky waveguide surface 
by providing an attraction force that moves the bacteria spores directly across the lines of flow 
(Zourob et al., 2005).





SYNTHESIS





Acoustic energy in chemical processes has been used as a general explanation for the term sono-
chemistry. An increasing number of applications of US in synthesis, in the past few years, have 
made sonochemistry an attractive area of research. The main interest is related to the range of power 
US (20–50 kHz), which is known for enhancing chemical processes by providing enough energy to 
affect reactivity (Mason and Lorimer, 2002). The usefulness of sonochemical synthesis as a syn-
thetic tool resides in its versatility. Cavitation generates sufficient kinetic energy to break chemical 
bonds. In addition, the application of US in chemical reaction can completely change the distribu-
tion of substrates or even to allow the formation of new products (Cravotto and Cintas, 2007a). 
The effects of US on reactivity can be thought in terms of the reaction types, as involving metal or 
solid surfaces, powders or particulate matter, emulsification or homogeneous reactions. The main 
benefits that can be pointed out in synthesis using US are the increase of reaction rate or at least the 
use of less forcing conditions, the reduction in induction periods, the reduction in reagents amount, 
less reaction steps can be performed and, in some situations, the reaction can follow an alternative 
pathway (Mason, 2003). Based on the advantages of US in synthesis it has been applied in many 
types of systems, as organic reactions in homogeneous or heterogeneous mixtures, polymerization, 
enzymatic synthesis, organometallic reactions, and mixtures involving metal activation and phase 
transfer catalysis and related reactions (Mason, 1997; Thompson and Doraiswamy, 1999; Cravotto 
and Cintas, 2006).  However, in spite of industrial applications and large-scale systems being a 
promising idea, they are still a challenge that must be overcome.





Transesterification of vegetable oils for biodiesel production is among the common chemical 
reactions of industrial concern, mainly in the last years due to the increasing interest in the rational 
use of biomass and environmental requirements (Cintas et al., 2010; Vyas et al., 2010). Biodiesel 
is a renewable fuel obtained from vegetable oils and animal fats. The synthesis of biodiesel can be 
done using homogeneous (alkaline or acidic) catalysts or also heterogeneous catalysts via a trans-
esterification reaction. Slow reaction kinetics and poor mass transfer are the main problems related 
to the biodiesel synthesis. The mechanical energy necessary for mixing and the activation energy 
required for starting the transesterification reaction can be provided by applying US to the mixture 
(Vyas et al., 2010).  It was proved that low-frequency US can efficiently improve base-catalyzed 
transesterification (Scheme 21.1), allowing economical advantages, such as time saving and less 
energy consumption, over the classical process, being a valuable toll for the fatty acids transesteri-
fication (Stavarache et al., 2005). In this laboratory scale procedure, a reduction of four times in 
the reaction time was obtained using 6:1 molar ratio of alcohol/oil. The amount of catalyst was two 
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to three times lower with US at 28 and 40 kHz at room temperature. As the industrial production 
of biodiesel is performed at 60°C, the possibility of performing synthesis at room temperature 
can be pointed out as the main advantage of US-assisted procedure in terms of energy consump-
tion (Stavarache et al., 2005). US-assisted transesterification was studied in laboratory scale for 
soybean (Jianbing et al., 2006; Georgogiani et al., 2007; Cintas et al., 2010), frying and fish oil 
(Armenta et al., 2007), and triolein (Hahn et al., 2009), and all procedures allowed yields higher 
than 88% by applying US with baths or probes for 10–60 min, at 25°C or 60°C (Vyas et al., 2010).





A continuous process driven by US was developed for vegetable oil transesterification using a 
45 kHz ultrasonic transducer with a total power of 600 W (Figure 21.4a) (Stavarache et al., 2007). 
The system is composed of two reservoirs (2.62 and 6.35 L), ultrasonic reactors, pumps, and a sepa-
ration unit. The flow rate was set to allow a resident time of 10, 20, or 30 min. At 20 min of resident 
time in a large reactor (processing 19 L), the conversion was about 90% (Stavarache et al., 2007). 
A new pilot flow reactor has been recently proposed for high-intensity US irradiation for the synthe-
sis of biodiesel (Cintas et al., 2010). The flow reactor consists of three 21.5 kHz transducers in the 
bottom of the chamber cemented to a titanium alloy plate (100 × 325 × 0.9 mm). Transducers are 
high efficiency pre-stressed piezoelectric (PZT) rings compressed between two blocks. The system 
allows frequencies from 17 to 45 kHz. Optimal efficiency was observed at 21.5 kHz and power up 
to 900 W, corresponding to a mean value of 3 W cm−2 at the emitting surface. A peristaltic pump 
(30 W) is used to circulate the reactional mixture (oil, methanol, and sodium methoxide) contained 
in a cylindrical tank for 5 L through the sonication compartment. The cylindrical tank is thermo-
statted by a silicone flow (temperature range from 0°C to 90°C). Molar proportion of alcohol to oil 
is 6:1 and catalyst (MeONa) amount is 0.15% wt to the oil. The sonication chamber is a 0.5 L gastight 
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SCHEME 21.1  Ultrasound assisted base-catalyzed transesterification of triglyceride with methanol. (From 
Mason, T.J. and Lorimer, J.P., Applied Sonochemistry: Uses of Power Ultrasound in Chemistry and Processing, 
Wiley-VCH Verlag GmbH, Weinheim, Germany.)
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FIGURE 21.4  Detailed schemes for ultrasound-assisted biodiesel production: (a) continuous process for 
transesterification (Adapted from Stavarache, C. et al., Ultrason. Sonochem., 12, 367, 2007.); and (b) pilot flow 
reactor for biodiesel synthesis. (Adapted from Cintas, P. et al., Ultrason. Sonochem., 17, 985, 2010.)
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tank completely full of circulating liquid by the peristaltic pump from the cylindrical tank. Reaction 
was studied in the range from 25 to 100 mL min−1 that corresponds to about 5–20 min of residence 
time. Optimal flow rate was observed at 55 mL min−1 (9 min for residence time) and in this flow rate 
the transesterification was studied at 500, 600, and 700 W. At 700 W, the temperature reached about 
59°C and this temperature is not considered suitable for the process once it is close to the boiling 
point of methanol, reducing the cavitation and, as a consequence, the efficiency of reaction. In this 
way, 600 W power (reaching up to 50°C) power allows the best power/conversion ratio and a total 
conversion of soybean oil to methyl esters is obtained after 1 h of flow. It is believed that cavita-
tion has the main effect over the mass transfer rates ensuring a uniform reactants distribution. The 
energy consumption under the best conditions is 0.28 kWh L−1. Figure 21.4b shows a scheme of a 
pilot flow reactor for biodiesel synthesis assisted by US (Cintas et al., 2010). In addition to the labo-
ratory and pilot process, an ultrasonic biodiesel processing unit is actually available for transesteri-
fication allowing lower reaction time and less catalyst for the synthesis (online document, available 
at http://www.hielscher.com, accessed in March 2011).





US-assisted synthesis has also been applied in the materials science as well as in nanotechnol-
ogy (Mason, 2003). In summary, it is possible to point out that sonochemical methods related to 
materials science and nanotechnology are superior to the other techniques mainly for preparation 
of amorphous products, insertion of nanomaterial into mesoporous materials, and for deposition 
of nanoparticles on polymeric and ceramic surfaces. In metal oxides preparation using US, glass 
former materials are not required and additionally amorphous products are obtained in nanometer 
size (Mason, 2003). Nanosized catalysts are deposited as a smooth layer on the mesopores walls 
without blocking them by using ultrasonic waves, resulting in materials of better properties (Mason, 
2003). When using US, a smoothed homogeneous coating layer of nanoparticles is formed on the 
surfaces of ceramics and polymeric materials by making chemical bonds or interactions with the 
substrate and cannot be removed by washing (Gedanken, 2004). Materials in nanometer size often 
exhibit distinct properties mainly due to the electronic structures with a high density of states but 
not continuous bands. A variety of synthetic methods can be used for preparation of nanostructured 
materials, including gas phase techniques (molten metal evaporation, flash vacuum thermal, and 
laser pyrolysis decomposition of volatile organometallics), liquid phase methods (reduction of metal 
halides with various strong reductants, colloidal techniques with controlled nucleation), and mixed 
phase approaches (synthesis of conventional heterogeneous catalysts on oxide supports, metal atom 
vapor deposition into cryogenic liquids, explosive shock synthesis). The choice of the appropriate 
synthetic route can determine the properties and suitability of the nanomaterial because its physi-
cal and chemical properties are strongly dependent on the synthesis conditions (Bang and Suslick, 
2010). Various forms of nanostructured materials, including metals, alloys, oxides, sulfides, car-
bides, and nanostructured supported catalysts, can be obtained with a simple modification in reac-
tion conditions. The sonochemical decomposition of volatile organic precursors and the enhanced 
mass transport due to the shock waves are important for the synthesis of nanocomposites (Bang 
and Suslick, 2010). Regarding many different methods for the fabrication of nanomaterials, the use 
of power US has been considered advantageous due to the capability of producing nanomaterials 
in amorphous state, shorter reaction times, insertion of nanoparticles into the pores of mesoporous 
materials, and the synthesis of inorganic fullerenes at room temperature (Mason, 2003). In particu-
lar, sonochemical reactions can result in nanosized products which can be amorphous in case of 
volatile products or crystallines when the solutes are nonvolatile. The morphology of the products 
can also be different, being spherical or similar, nanotubes, nanorods, fullerenes, and hollowed 
spheres (Gedanken, 2004).





Electrochemical synthesis using US is also an attractive field for sonochemistry. Large scale use 
of electrochemistry in industry is known as electroplating, but the main problem related to this kind 
of process is the high consumption of electrical power. Electrochemical reactions are essentially 
based on the transfer of ions to and/or from the electrode surface. The jet effect from cavitational 
collapse can assist the diffusion to and from the electrode. Additional beneficial effects when using 
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US include enhanced mass transport, changes in adsorption phenomena and surface effects, dimin-
ished electrode fouling, controlled reaction mechanisms and product distribution, increased yields, 
increased limiting current, and lessened cell power requirements. It is important to point out that 
many developments in the field of sonoelectrochemistry are reported practically in laboratory scale 
(Thompson and Doraiswamy, 1999; Mason and Lorimer, 2002; Mason, 2003).





TEXTILE INDUSTRY





Textiles and their end products represent the largest industry and the conventional method for textile 
dyeing involves mainly submitting the material under agitation to an aqueous solution containing 
the dye during a period of time, and the object is transport/diffuse dyes or chemical into the fiber 
(Vouters et  al., 2004, Moore and Ausley, 2005).  In this process sonochemical-forced impregna-
tion can improve dyeing. The rate of penetration of the dye into the fabric can be increased by US 
(20 kHz, 5 W cm−2) offering a commercial attractive option for reducing the immersion times and 
saving the quantities of dye used (Xie et al., 1999; Mason and Lorimer, 2002). Besides the process 
acceleration and the same or best results obtained by the conventional techniques, US allows process 
acceleration under lower temperature and lower chemical concentration. In this way, US-assisted 
textile dyeing has been developed for the textile industry, for dyeing and related processes as prepa-
ration of sizes, emulsions, dye dispersions and thickeners for print paste, as well as the treatment of 
process residues (Vajnhandl and Le Marechal, 2005).





The effects on dye dispersion quality, dye solubility in water, and dye uptake for textile materials 
were studied at high and low frequency, using natural and synthetic fibers. For example, for leather 
treatment, localized temperature raise and swelling effect due to US may improve diffusion dye/
leather (Sivakumar and Rao, 2003). However, in spite of US-assisted wet textile process develop-
ments in lab-scale since its first report in 1941, it has not been implemented on an industrial scale 
up to now (Sivakumar et al., 2009a). In summary, improvements observed in US-assisted dyeing 
process are generally attributed to cavitation phenomena and there is a continuous effort to change 
it to industrial scale (Vouters et al., 2004; Vajnhandl and Le Marechal, 2005).





Low-frequency US field (26 kHz) was investigated for reduction of particle size of the disper-
sive dye, C.I. Dispersive Red 60 (Lee and Kim, 2001). It was observed that the volume of small 
particles increased whereas large particles relatively decreased in volume. The volume of particle 
size in the range from 65 to 72 μm decreased from 14% to 0% after 1 h of US and this reduction 
in the particle size enhanced the dye fixation. The diffusion and permeability of C.I. Direct Red 
81 through a cellophane film was increased under 20 kHz US (Thakore et al., 1990). The dyeing 
process of silk using cationic, acid or metal-complex dyes at low temperatures, assisted by 26 kHz 
US (600 W) was evaluated and the results for dye uptake were compared with those obtained by 
conventional process. The dyeing under US showed an increase in dye uptake for all classes of 
dyes at lower temperatures (45°C and 50°C) and a reduction in dyeing time (15 min) was obtained 
in comparison to the conventional process (85°C for 60 min). In addition, no damage in fiber by 
cavitation was observed (Shukla and Mathur, 1995). The dyeing process of acrylic fibers using 
C.I. Astrazon Basic Red 5BL 200% was thoroughly investigated at 38.5 kHz and 100–500 W in a 
5.75 L ultrasonic bath. The improvement of the US dyeing process was attributed to the acoustic 
cavitation phenomenon, which could lead to dispersion (breaking up of micelles and high molecu-
lar weight aggregates into uniform dispersions in the dye bath), degassing (expulsion of dissolved 
or entrapped gas or air molecules from acrylic fiber into liquid and removal by cavitation which 
facilitates the contact between dye and fiber), and diffusion (accelerating the rate of dye diffusion 
inside the fiber by piercing the insulating layer covering the acrylic fiber and accelerating the inter-
action or chemical reaction between the C.I. Astrazon Basic Red 5BL 200% dye and acrylic fiber) 
(Kamel et al., 2010).





In addition to the dyeing process, washing operations are performed to remove natural materi-
als or impurities from the fiber surface. The suitability of using US also in this process has been 
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reported (Vouters et al., 2004; Sivakumar et al., 2010). A semi-industrial process for textile wash-
ing based on the application of the ultrasonic energy to textiles for washing using special vibrating 
plates was recently reported (Gallego-Juarez et al., 2010) which was based on a process for con-
tinuous textile washing previously patented (Figure 21.5) (Gallego-Juarez et al., 2001). The wash-
ing solution was 1.75 g L−1 of sodium dodecylbenzenesulphonate (SDBS) and 3.5 g L−1 of sodium 
triphosphate (STP).  Textiles were submerged in the liquid layer of a few millimeters thickness 
and conveyed in a flat format through the radiator by a roller-type system. The plate radiator was 
designed with a grooved profile on its backside by removing mass from all the central area of the 
plate between its two nodal lines. The grooved-plate radiator was made in titanium alloy with a 
radiating surface of 110 cm2, and it has a 600 W of power capacity allowing reaching an acoustic 
intensity up to 4.5 W cm2 at 21 kHz. It was observed that the cleaning performance at 2 cm s−1 (mea-
sured through the reflectance) increases almost linearly with the intensity of US power up to a value 
in which saturation starts. The washing performance proved to be much higher than that obtained 
using a conventional washing machine even at relatively moderate acoustic intensities. The energy 
consumption for the ultrasonic washing process was considered very low, about 0.1 kWh kg−1 of 
textile (Gallego-Juarez et al., 2010).





US application in finishing process was also evaluated, for de-oiling of polyamide and de-sizing 
of cotton (Vouters et al., 2004). A dynamic device based on the principle of a jigger machine 
(a widespread textile finishing machine, constituted with a vat filled with water where two 
rolls above the vat allow making several passages in the bath) was developed. The vat capac-
ity was 15 L and a plunge sonotrode of 6 cm in diameter operating at 24 kHz and up to 600 W 
was adapted for sonication. Textile pieces of 20–25 m long and 10 cm wide were used, with a 
fabric speed of 10 m min−1. Ultrasonic power was 40 W L−1. De-oiling process was evaluated 
for polyamide using a nonionic detergent and sodium hydroxide. Better results were obtained 
using temperatures in the range of 60°C–70°C. The residual grease content was always less than 
that obtained by the process without US, and chemicals, water, and energy saving was about 
30%, 20%, and 40%, respectively. Cotton de-sizing was performed at 80°C for 30 min, using 
α-amylase. Using US, the manufacturing time for de-sizing was 30% saved. The final quality 
of fiber was better and a positive effect on the removal of sizing was obtained with US, without 
damages to the fibers. An additional evaluation related to the costs showed a 10% increase for 
US-assisted finishing in comparison to the conventional process, but it was accepted by finishers 
once final quality was improved.
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FIGURE 21.5  Schematic embodiment for continuous ultrasonic washing of textile. (Adapted from Gallego-
Juarez, J.A. et al., Ultrason. Sonochem., 17, 234, 2010.)
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EXTRACTION





Classical extraction procedures can be improved by the use of mechanical stirring for increasing 
the diffusion rate and the surface of solvent-material contact. However, in view of the unique 
characteristics of US related to relatively high mass transfer and cell disruption, it has been widely 
used to improve extraction processes in several application fields (Vinatoru et al., 1999; Luque de 
Castro and Capote, 2007a). These effects are much stronger at low frequencies (18–40 kHz) and 
practically negligible at 400–800 kHz (Cravotto et al., 2008). In this sense, US energy has been 
used for extraction of oils (Cravotto et al., 2008), phenols and (Japón-Luján et al., 2006, 2008) 
dyes (Sivakumar et al., 2009b), and processes enhancement (Cravotto et al., 2008; Riera et al., 
2010), among others.





In a general way, ultrasonic system could be applied to extraction with organic solvent (Cravotto 
et al., 2008) and how it could be straightforwardly performed can be observed in Figure 21.6.





The particular effects produced by ultrasonic energy can be used to enhance other extraction 
procedures (Cravotto et al., 2008; Sivakumar et al., 2009b; Riera et al., 2010). Considering food 
processing, supercritical CO2 has been considered a suitable solvent for extraction from veg-
etables. In spite of some important characteristics of supercritical CO2 (i.e., nontoxic, recyclable, 
low cost, relatively inert, and non-flammable), this type of extraction can be affected by the slow 
kinetics of the process. In this case, as mechanical stirring is difficult to be applied, the use of US 
has demonstrated important benefits as a consequence of the mechanical effects produced in the 
supercritical environment (Riera et al., 2004, 2010; Balachandran et al., 2006; Hu et al., 2007). 
In this way, a system based on US-assisted supercritical fluid extraction (USFE) was developed 
for oil extraction from almonds and a vegetable product (“cocoa cake”). This system is composed 
of two units: supercritical fluid extraction (SFE) unit and high-power US (HPU) unit. Figure 21.7 
shows a scheme of USFE system. For the extraction process, about 1.5 kg of sample is placed into 
a high-pressure extraction vessel (5 L capacity). The ultrasonic system is operated with power 
and frequency of 85 W and 19 kHz, respectively. For almond oil extraction, an improvement up 
to 90% can be obtained with pressure, temperature, and CO2 flow rate set at 280 bar, 45°C, and 
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FIGURE 21.6  General operation unit scheme for organic solvent extraction assisted by ultrasound. 
(Adapted from Vinatoru, M. et al., Ultrasonically assisted extraction of bioactive principles from plants and 
their constituents, in Mason, T.J., ed., Advances in Sonochemistry, Vol. 5, JAI Press, London, U.K., 1999, 
pp. 209–247, 1999.)
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12.5 kg h−1, respectively, after 3.5 h of extraction. On the other hand, the maximum improvement 
was 43% for “cocoa cake” oil extraction even increasing pressure and temperature. Even consid-
ering the high extraction, the behavior of the system showed high stability and good performance 
during the trials (Riera et al., 2010).





Reactors with similar design based on USFE have been developed for extraction of oil, pungent 
compounds, coixenolide, and lutein esters from almonds, ginger, adlay seed, and marigold, respec-
tively. For all processes, operation frequency and temperature were set at 20 kHz and 40°C–55°C, 
respectively (Riera et al., 2004; Balachandran et al., 2006; Hu et al., 2007; Gao et al., 2009).





A new process based on US-assisted extraction (UAE), microwave-assisted extraction (MAE), 
or combination of both was developed for oil extraction from soybean germ and seaweed (Cravotto 
et al., 2008). In comparison with conventional extraction methods (static extraction at room tem-
perature and Soxhlet), it is possible to reduce extraction times up to tenfold and increasing the yield 
by 50%–500%.  This enhancement was observed using a cavitating tube (Cravotto et  al., 2005; 
Cravotto and Cintas, 2007b) (19 kHz, 65 W) and double sonication employing an additional immer-
sion horn (25 kHz, 60 W) at 45°C for 30 min. Using these conditions, yields up to 17.9% and 25.9% 
for soybean germ and seaweed, respectively, could be obtained.





Leaching of coloring matter from plant materials is an important application field of UAE 
processes. It is important to point out that synthetic dyes can be toxic after chronic exposure and 
the dyeing process is generally inefficient. In this sense, a process for both extraction of dye from 
natural resources (beetroot) and application in the substrate (leather) was recently developed 
according to environmental friendly purposes (Sivakumar et al., 2009b). In the specific case of 
beetroot, the coloring matter is strongly bound with plant cell membranes, hindering mass trans-
fer. In a batch process recently developed (Sivakumar et al., 2009b) 1 g of sample and 50 mL 1:1 
methanol–water were taken in the extraction vessel. For maximum dye extraction, US (power of 
80 W, frequency of 20 kHz and operation in pulse mode of 1 s) was applied during 3 h at 45°C. 
Compared to magnetic stirring in the same conditions, an enhancement of 8% in the yield of 
colorant was observed. A similar process was developed for extraction of medicinal tincture from 
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FIGURE 21.7  Scheme of the SFE pilot-plant assisted by ultrasound. Units: extractors (E), separators (S), 
cooler (C), high pressure pump (P), heater (H), pressure meter (PT), flow meter (FT), ultrasonic transducer 
(UST). Electrical parameters: voltage (V), current (i), frequency (f). Extraction parameters: temperature (T), 
pressure (P), CO2 flow rate (F), density (D). (Adapted from Riera, E. et al., Ultrasonics, 50, 306, 2010.)
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sage (Salvia officinalis L.) (Valachovic et al., 2001). For this process, an ultrasonic probe operat-
ing at 20 kHz (600 W) was placed in the top center of the extractor. The process was carried out 
using 5 kg of sample mass in a reactor with a capacity of 56 L, with solvent (65%, m/m, ethanol) 
flow rate set at 665 mL min−1.





Oil treatment/extraction with US is required to avoid changes in the organoleptic characteristics, 
mainly in view of the low rate of temperature increase. For example (Japón-Luján et al., 2008), 
edible oils (olive, sunflower, and soya) were enriched with phenols in olive leaves (i.e., oleuropein, 
verbascoside, apigenin-7-glucoside, and luteolin-7-glucoside). For extraction step, milled leaves (1 g) 
were placed into an extraction chamber of the dynamic approach which was assembled and filled 
with oil impelled by the peristaltic pump. The oil was circulated through the solid sample for 20 min 
under ultrasonic irradiation (duty cycle 0.5 s, amplitude 50%, 20 kHz, 225 W with the probe in con-
tact with the top surface of the extraction cell). The temperature of extraction was controlled and 
maintained constant at 25°C. Using the oil flow rate at 7 mL min−1, it was possible to enrich olive 
oil with up to 14 mg L−1 oleuropein and around 2 mg L−1 apigenin-7-glucoside, luteolin-7-glucoside, 
and verbascoside. In addition, phenols originally present in the olive oil (hydroxytyrosol, apigenin, 
and luteolin) were not degraded after application of US and extracted phenols remained stable 
after enrichment (Japón-Luján, Janeiro, and Luque De Castro, 2008).  In other processes (Virot 
et al., 2010), an experimental pilot study was carried out for extraction of polyphenols from apple 
pomace. For this process, a 30 L extraction tank consisting of a quadruple US transducer at 25 kHz 
(4 × 200 W) was used. After 45 min of extraction, polyphenol yields can be increased up to 20% 
compared to the conventional processes using 1:1 (v/v) ethanol as solvent for extraction with 15% 
(w/v) of solid/liquid ratio in the same time.





US-assisted extraction has been used to assist the solvent extraction of bioactive, thermolabile, 
or unstable compounds from herbs with reduction of solvents, temperature, and extraction time 
(Boonkird et al., 2008). In a pilot plant (Boonkird et al., 2008), a reactor with 20 L of capacity was 
used for extraction of capsaicinoids from chili pepper with yield about 76%. In this case, the opera-
tional conditions of US such as frequency and power were set at 26 kHz and 1080 W, respectively for 
extraction of 3 kg of chili pepper with 15 L of 95% (v/v) ethanol at 45°C. Compared to maceration, 
this UAE system provides a significant reduction in temperature and time required for extraction.





In summary, the industrial use of US results in significant intensification over conventional tech-
niques such as maceration and soxhlet extraction. Additionally, the use of US can lead to a signifi-
cant reduction in the solvent amount required for the process (Gogate and Kabadi, 2009).





SONOCRYSTALLIZATION





US energy can be used as auxiliary for crystallization of organic and inorganic compounds. 
Crystallization is a thermal separation, and it is generally used as a separation process that yields 
a solid product from a melt, a solution, or a vapor. As for all thermal separations, nonequilibrium 
conditions are required as a driving force for the crystallization process to occur. Evaporation of 
solvent and/or temperature reduction are the most common procedures employed to establish the 
nonequilibrium conditions.  In principle, pressure can also be used to force the nonequilibrium 
condition.  However, this parameter is usually not used for crystallization, mainly in industrial 
processes. In addition, parameters such as chemical reactions (reactive crystallization), change of 
dielectric constant/ionic strength of a solution (salting-out), and crystallization induced by a change 
in solvent composition (drowning-out) can be used for crystallization (Mamun et al., 2006; Ulrich 
and Jones, 2007).





The main feature distinguishing crystallization from other thermal separation processes 
is the fact that crystallization leads to a solid product.  Considering the same material, crys-
tallization is a higher selective process and operates at much lower temperatures than separa-
tion by distillation.  In view of the low energy consumption and the high capability to obtain 
high-purity products, crystallization is increasingly used in different industrial processes as in 
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chemical, pharmaceutical, and petrochemical industries.  The key factors in the design of any 
thermal separation process are the thermodynamics and the kinetics of the system under consid-
eration (Bernardo and Giulietti, 2009). The first one defines the limits of what can be achieved. 
The kinetics defines the timescale of the crystallization and therefore the size of the equipment 
required. Considering industrial applications of crystallization, it is fundamental to know phase 
diagrams and solubilities of the materials to be separated before to project any industrial process 
(Westhoff et al., 2002). In crystallization, the nucleation and crystal growth are of utmost impor-
tance. Both of these phenomena are dependent on a large number of variables that in some cases 
may be ill defined (Luque de Castro and Capote, 2007a).





Given a sufficient driving force, that is supersaturation or supercooling in the cases of solutions 
or melt, respectively, a liquid-to-solid phase transformation initiates with the initial formation of 
clusters and ordered collections of the crystallization species. These clusters, or nuclei, are the 
precursors to the crystals that will be formed. In order to grow into a detectable crystal, these 
nuclei have to reach a certain critical size. The critical nucleus size is governed by the excess free 
energy (Gibbs energy) of the nucleus, which is given by the sum of surface excess free energy 
and the volume excess free energy of the particle. Plotting ΔG versus the radius of the particle, 
the critical radius is a measure of the critical nucleus size and is determined by the maximum in 
the excess of free energy. Below the critical radius re-dissolution of the nucleus is energetically 
favorable, and above the critical radius growth is more favorable since it leads to a reduction of 
the excess of free energy.





Different nucleation mechanisms exist and the earlier discussion applies to primary homoge-
neous nucleation, which will occur if the system is free of impurities, mechanically undisturbed, 
and when the thermodynamic nonequilibrium is at or beyond the metastable limit. In this case, a 
metastable zone limit denotes the composition of the solution at a given set of conditions where the 
solutions become labile and at which point spontaneous nucleation must occur. However, under 
actual circumstances there are always impurities in a solution or melt, such as by-products from 
synthesis, or particulate impurities such as dust or particles resulting from abrasion from the equip-
ment. Mechanical disturbances result from agitation of the solution or vibrations. Realistic situation 
is therefore the case of primary heterogeneous nucleation, which occurs at a much lower supersatu-
ration and where impurities or rough vessel walls function as nuclei (Ulrich and Jones, 2007).





The mechanisms of nucleation are classified as primary and secondary (Figure 21.8), the second-
ary mechanism being the most frequently observed. This type of nucleation requires the presence 
of crystals of the material to be crystallized and occurs at much lower supersaturation than primary 
nucleation. As a rule, secondary nuclei are formed by the removal of structured assemblies from 
the surface of the crystals. Basically, three mechanisms lead to the secondary nuclei formation: 
initial breeding, where the nuclei results from simply placing crystals into a supersaturated solution 





SpontaneousHomogeneous





Heterogeneous Induced by foreign
particles





Induced by 
crystals





Nucleation





Primary





Secondary





FIGURE 21.8  Classification of nucleation mechanisms.  (Adapted from Westhoff, G.M.  et  al., J. Cryst. 
Growth, 237–239, 2136, 2002.)
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or supercooled melt via the washing off of dust particles from the surface of the crystals; collision 
breeding, where the nuclei results from fragments of existing crystals which are broken off due to 
mechanical impact on crystal faces due to crystal–crystal, crystal–wall, or crystal–stirrer collisions; 
and fluid shear, where nuclei results from clusters or outgrowths being forced from the solid–liquid 
boundary layer due to shear forces resulting from liquid motion. A prerequisite for this behavior is 
that the growing crystal already has a size larger than the critical nucleus. Collision breeding is the 
most frequently observed and dominant secondary nucleation mechanism, at least in the majority 
of industrial crystallization (Westhoff et al., 2002).





Two aspects are considered in secondary nucleation. The positive aspect results from the fact 
that without secondary nucleation as a permanent source of new crystal nuclei, a continuous crystal-
lizer with continuous crystal withdrawal would rapidly experience a lack of growing crystals. The 
negative aspect is that many more secondary nuclei are produced in an uncontrolled process than 
are required for crystallization.  In this case, a very fine crystalline product is usually produced. 
However, it can be avoided by reducing the power input into the crystallizer. More important than 
the magnitude of the power input itself is the means by which the power is brought into the equip-
ment. For nucleation and crystal grown, power is required homogenize the suspension and to trans-
port the suspension. The power input is usually supplied to the crystallizer by pumps and impellers. 
Secondary nucleation rates can be controlled via diameter and tip speed of the impeller blade. 
Lower tip speeds and larger diameters result in lower secondary nucleation rates. However, when 
these measures are not sufficient to reduce the amount of fine particles, other measures may have to 
be taken to control the product. In other cases small particles will agglomerate. In the other cases 
a fine trap has to be introduced to the crystallizer. The trap consists of an additional loop within 
the crystallizer in which the conditions are such that all particles smaller than a given size passing 
though this loop are redissolved (Ulrich and Jones, 2007).





Primary nucleation is difficult to control and unreliable, as it will not always occur at precisely 
the same supersaturation. As a consequence, reproducibility of product quality cannot be guaran-
teed and the performance of the crystallizer will vary. Assuming that nuclei starts to grow at high 
supersaturation, liquid inclusions or dendritic growth are likely, as well as massive formation of 
small particles that tend to agglomerate. All of these phenomena lead to poor product purity and 
quality.  Moreover, this may lead to strong tendency for “caking” in storage.  If nucleation com-
mences at too low a supersaturation, the ensuing crystal growth may be slow and will produce a 
problem with respect to production time or crystallizer size (Ulrich and Jones, 2007).





Therefore, to produce higher quality crystals in a reproducible manner, secondary nucleation 
by seeding is the preferred method of inducing crystallization.  To achieve a good formation of 
crystals, it is always important to introduce the seed crystals at the same supersaturation condition. 
The optimum growth rate in the crystallizer should be established under conditions where the con-
centration in the solution remains at the center of the metastable zone. Maintaining constant growth 
rates requires good control of the supersaturation and one has to take into account the constantly 
increasing crystal surface area, which is ultimately responsible for the reduction in supersaturation 
(Ulrich and Jones, 2007).





With respect to seeding, the surface area of the seeds added has to be large enough to avoid any 
additional nucleation during the process is started or while it is in its early stages. Otherwise, a 
bimodal crystal size distribution could occur. On the other hand, the seeds should be small enough 
and low enough in number to produce the desired amount of product in the process. Choosing a 
large seed crystal size leads to a low yield; too many seed crystals lead to a small product crystal 
size. Moreover, an appropriate seeding, a good control of the supersaturation, and an optimized agi-
tation provide the basis for a reproducible and controlled crystallization process in terms of number, 
as in size distribution of crystals in the final product.





An appropriate crystal growth only occurs if there is a driving force as a result of nonequilibrium 
thermodynamic conditions. The crystal growth rate is a physical property of a given material and 
depends on the temperature, pressure, composition of the mother liquor, supersaturation condition, 



















556	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





fluid flow conditions, history of the crystals, nature of the surfaces of crystals, and the presence or 
absence of additives (impurities) in the mother liquor. Crystal growth rates are of key importance 
since they determine the retention time and therefore the size of the crystallizer.





Three physical phenomena occur in crystallization process: transport of the material to be crys-
tallized from the bulk solution to the vicinity of the crystal surface, transfer of the material from the 
solution boundary layer to the solid state, and dissipation of the health of crystallization liberated at 
the point of growth. Crystal growth rates depend on temperature, supersaturation, and the fluid flow 
in the vicinity of the crystal surface. In general, the greater the crystal growth velocity, the higher 
the temperature and the higher the supersaturation. The influence of the fluid flow is more complex 
and in general a limit exists above which an increase in the flow velocity has no effect on the growth 
velocity. This limit coincides with a minimum thickness of the solid–liquid boundary layer that 
determines the mass transfer. The nature of the crystal surface also plays an important role in the 
growth rate. The perfection of the surface can influence the growth velocity, either accelerating or 
suppressing crystal growth. Furthermore, the liquid and its composition have a great influence on 
crystal growth (Ulrich and Jones, 2007).





Good yields and high product purity are desirable.  These characteristics are achieved by 
maintaining a constant supersaturation throughout the crystallization process.  In the case of 
batch processes, it requires a permanent adjustment of the driving force. In general, and mainly 
in the industrial process, solution crystallization should be best operated at the center of the 
metastable zone. Close to the upper limit of the metastable zone, a small fluctuation in the pro-
cess variable is sufficient to induce nucleation which results in a reduction of the crystal size 
distribution and facilitate oscillations with respect to the output of crystal size distributions. On 
the other hand, if a process is operated close to the solubility limit, the crystallization process 
can be decreased.





Crystals have a well-defined three-dimensional order.  Crystal structure is important even in 
industrial mass crystallization as the internal arrangement of the building blocks defines the mac-
roscopically observable shape of the crystal and thus influences post-crystallization processing, that 
is, solid–liquid separation, drying, and packaging. Depending on the crystallization conditions, a 
given material may crystallize in different forms. The coexistence of chemically identical crystal 
forms is known as polymorphism. Polymorphism is important in the design of any crystallization 
process since different polymorphs will exhibit different physical properties. This aspect is critical 
in industries where product properties such as density, solubility, dissolution rate, bioavailability, 
color, and hardness are important. An example where these proprieties are important is in pharma-
ceutical products. The dissolution of the drug can influence the dose administrated to a patient: a 
wrong polymorph of a given drug may lead to inefficacy of treatment due to the low dissolution rate 
and, on the other side, the drug can be lethal if the dissolution is too fast (Dennehy, 2003).





Crystal shape or habit is another important physical characteristic of a crystal. This characteristic 
is determined by the crystal structure or the order of the individual building blocks. In some cases, 
crystals of the same chemical species with the same crystal structure can exhibit different habits. 
Different habits of the crystals can be a result of the growth rates of individual crystal faces that are 
subject to supersaturation effects and the influence of solvent and impurity molecules. For example, 
crystals of the same material grown from different solvents may have different habit. In general, a 
fast growth due to high supersaturation can lead to dendritic growth and results in high branched 
and fragile crystals. Fast growth can be economically interesting but can reduce the quality of the 
product.





The presence of impurities in the solution can also influence the crystal habit. Changes in crystal 
shape due to the presence of impurities can have negative and positive effects. Changes in filter-
ability, drying, or the handling of the dry solids are negative effects, mainly if the crystals have 
acicular or tubular habit. However, the presence of impurities can be beneficial to tailor the shape 
of the crystals. In summary, different strategies can be used to influence the crystal habit (Ulrich 
and Jones, 2007).
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Crystal size, usually defined as mean diameter of a size distribution, is an important require-
ment for some products. Flow properties, color, dissolution rates, agglomeration tendencies, mixing 
properties, and filterability are the factors that depend on the crystal size. However, the importance 
of mean size distribution of crystal depends on the application. In general, larger crystals are desir-
able but drugs, dyes, and pigments are typical examples where smaller particle size is of utmost 
importance.





Although crystallization is one of the oldest and economically most important separation and 
purification technologies in chemical industry, the design of crystallization processes still poses 
many challenges despite its wide application. Design is complicated compared to processes deliv-
ering a liquid product, because besides purity also properties like shape, polymorphic form, and 
size distribution have to be taken into account. These properties strongly influence the costs of the 
downstream solids processing train (e.g., filter area, drying time, and recrystallization steps) and 
also the added value of the final crystalline product (e.g., “caking” behavior, flowability, bioavail-
ability, and color intensity) (Lakerveld et al., 2009). Thus many efforts have been made to improve 
the processes of crystallization not only with respect to the design of crystallizers, but also methods 
to induce crystallization.





The condition of supersaturation or supercooling alone is not a sufficient cause for a system to 
begin to crystallize. Before crystals can develop there must exist in the solution a number of min-
ute solid bodies, embryos, nuclei, or seeds, which act as centers of crystallization. Nucleation may 
occur spontaneously or it may be induced artificially. It is not always possible, however, to decide 
whether a system has nucleated by itself or whether it has done so under the influence of some exter-
nal stimulus. Nucleation can often be induced by agitation, mechanical shock, friction, and extreme 
pressures within solutions and melts. Relating to driving forces, nucleation of solid crystals from a 
number of liquids and melts can be influenced by US (Chow et al., 2003).





Crystallization in the presence of US, or sonocrystallization, exhibits a number of features spe-
cific to the ultrasonic wave. For most materials, these include: (a) a faster primary nucleation which 
is fairly uniform throughout the sonicated volume, (b) a relatively easy nucleation in materials 
which are usually difficult to nucleate otherwise, (c) the initiation of secondary nucleation, and 
(d) the production of smaller and purer crystals, which are more uniform in size (McCausland et al., 
2001; Chow et al., 2003, 2005; Nalajala and Moholkar, 2010).





Applying US not only induces nucleation but also increases reproducibility. However, the pre-
cise mechanisms for US action on crystallization are not completely understood. US can induce 
primary nucleation in nominally particle-free solutions and at much lower supersaturation levels 
than would otherwise be the case. Another effect of US on nucleation is shortening the induction 
time between the establishment of supersaturation and the onset of nucleation and crystallization 
(Miyasaka et al., 2006; Luque de Castro and Capote, 2007b; Martini et al., 2008; Lakerveld et al., 
2009; Wohlgemuth et al., 2009). In addition to the regions of extreme excitation, temperature and 
pressure created by bubble collapse, and concomitant release of shock waves, other postulates sug-
gest that (a) subsequent rapid local cooling rates, calculated at 107–1010 K s−1, play a significant role 
in increasing supersaturation; (b) localized pressure increase reduces the crystallization tempera-
ture; (c) the cavitation events allow the excitation energy barriers associated with nucleation to be 
overcome, in which case it should be possible to correlate the number of cavitation and nucleation 
events in a quantitative way; and (d) the application of US could induce modification of the wetting 
angle changing the crystallization behavior. Since all possible mechanisms appear simultaneously 
in the case of ultrasonic irradiation, it is not possible to analyze the accurate mechanism of nuclei 
formation (Luque de Castro and Capote, 2007b; Wohlgemuth et al., 2009). Moreover, US has been 
shown to significantly influence the reduction of agglomeration of crystals under given conditions. 
Agglomeration is not a desired condition in crystallization. Three US effects may contribute to 
this phenomenon. Thus, the shock wave, which is caused by cavitation, can decrease the contact 
between crystals to an extent precluding their bonding together. Also, some agglomeration invari-
ably occurs at the nucleation stage. Nuclei possess a high surface area to volume ratio. It results in 
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a high surface tension which nuclei tend to lower by adhering to one another. The surface tension 
decreases as crystals grow larger and become more stable, which hinder agglomeration. Finally, the 
excellent mixing conditions created by US also reduce agglomeration through control of the local 
nucleus population (Luque de Castro and Capote, 2007b).





US can affect the crystallization process by physical (facilitating the mixing and homogeniza-
tion) and chemical (radical formation through cavitation) effects altering the induction time, super-
saturation concentration, and metastable zone width (MZW). The influence is also a function of the 
particular medium to which this energy is applied (Luque de Castro and Capote, 2007b). Induction 
time, which is the time elapsed between the creation of supersaturation and the appearance of crys-
tals, is significantly reduced by applying US. However, the induction time depends on the particu-
lar medium and working conditions. Therefore, contradictory results of induction time have been 
obtained, mainly for highly supersaturated solutions. For example, in the anti-solvent crystalliza-
tion of roxithromycin using acetone–water mixture, the induction time decreases as supersaturation 
increases independently of the application of US. However, US significantly reduces the induction 
time, particularly at low levels of supersaturations (Guo et al., 2005). In general, the number of pro-
duced crystals initially increased when insonation time was increased, but decreased upon further 
increasing the insonation time. After this maximum, probably local heat effects of the probe caused 
dissolution while no new nuclei were produced due to the depletion of supersaturation (Kim et al., 
2003; Guo et al., 2005). Therefore, the control of induction time is an important parameter when US 
is used to induce nucleation which depends on the desired final product. In general, higher induction 
times can increase the attrition of particles, reducing its size.





The MZW can also be reduced by the application of US (Guo et al., 2005). US decreases the 
apparent order of the primary nucleation rate and increases the rate of appearance of the solid. 
Seemingly, US modifies the mechanism of nucleation itself as its presence strongly reduces the 
apparent order of nucleation (Luque de Castro and Capote, 2007b). The decrease of supersatura-
tion limit by US application has been attributed to its raising of the nucleation temperature. Thus, 
during nucleation, the cooling rate remains roughly constant; under silent conditions, however, a 
temperature rise is observed. After nucleation, the cooling rate decreases as the US power is raised.





Two opposing effects are involved: cooling is decelerated by the crystallization heat, but heat 
exchange is improved. US can induce nucleation under the conditions where spontaneous primary 
nucleation cannot occur in its absence, thus avoiding seeding and hence the introduction of foreign 
particles into the solution (Luque de Castro and Capote, 2007b). For example, in pharmaceutical 
industry, where seeding is not a good option since external engage in the crystallizers leads to dif-
ficulties in sterile processes and generates additional regulatory efforts. In this case, the use of US 
for nucleation can be a good choice (Kordylla et al., 2008).





US parameters such as frequency, intensity, power, horn tip design and horn immersion depth, vol-
ume of solution, and time of sonication have influence on the nucleation and crystallization process. 
In general, the use of low-frequency US (from 10 to 30 kHz) does not affect substantially the shape, 
mean size, and size distribution of the crystals. A possible cause is that wavelength is much larger 
than the size of the nuclei and crystals, and hence the effects of the insonation are similar (Li et al., 
2003; Luque de Castro and Capote, 2007b). On the other hand, severe effects were observed in the 
crystallization of metallic glass by applying high-frequency US (Ichitsubo et al., 2004).





Increasing the US intensity and diameter of the horn tip increases the crystallization rate. These 
two effects physically contribute to the liquid flow patterns in the reaction vessel. An increase in US 
intensity is expected to result in heavier flow, while one in horn tip diameter should lead to more 
uniform flow patterns. From these observations, it can be concluded that the effect of cavitation 
known as “microstreaming” contributes little to crystallization, which is more markedly affected 
by “macrostreaming” (Nishida, 2004).





US power has a notable effect on crystallization. In general, there is a threshold for US power 
application. Increasing the US power up to a certain value increases the particle size. Above this 
value the particle size of the crystals decreases. Therefore, the particle size of the crystal can be 
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controlled through the US power applied (Li-yun et al., 2005). Up to threshold limit, raising the 
US power produces shorter and thicker crystals. This fact can be attributed to mass transfer in the 
mixture being effectively accelerated and the driving force of crystallization increased as a result. 
With large kinetic energies and speeds, the solute molecules will have an increased opportunity to 
collide with each other, penetrate the stagnant film, and hence insert themselves into the crystal 
lattice more uniformly and easily. As the shape of the crystal depends on the growth rate at each 
face of the crystal, one may assume that the speed of insonated molecules is fast enough for them 
to approach each side of the crystal to compensate partly for differences in growth rate on each 
side in conventional crystallization, where diffusion control may occur. Therefore, one can expect 
a crystal insonated with a larger energy to be shorter and thicker (Li et al., 2003). In a general way, 
sonocrystallization provides a method for obtaining small crystals similar to supercritical fluid 
micronization, but with lower equipment costs and the ability to operate under ambient conditions 
(Luque de Castro and Capote, 2007b).





With an ultrasonic homogenizer, the flow pattern of the liquid depends on the distance from the 
horn tip. Since flow pattern (mixing) is the physical effect of US irradiation, any change in the flow 
pattern due to horn immersion may affect the crystallization rate. There is a specific horn immer-
sion depth for each US device and irradiated medium which must be established experimentally on 
a case-by-case basis (Nishida, 2004; Luque de Castro and Capote, 2007b).





The volume of the solution to be irradiated by US exerts influence on mean crystal size. Increasing 
the volume of solution increases the mean crystal size. One explanation for this behavior is that a 
fixed US wave in a larger container produces weaker penetrating and reflecting waves, consequently 
vibration and cavitation at some point in the liquid are lower.  This results in fewer nuclei, and 
hence in larger crystals being formed. Also, increased liquid volumes provide larger free spaces for 
crystals to reduce collision and abrasion with each other (Amara et al., 2001; Luque de Castro and 
Capote, 2007b).





In relation to US irradiation time, at short times the solution is not blended and precipitation 
occurs uniformly and little crystals are formed; longer times produce more crystals where the size 
decreases under continuous sonication.





Increasing the US irradiation time gives rise to the following sequence: at short times, the US 
wave fails to blend the solution and precipitant uniformly, so little precipitate is obtained after 
insonation; longer times produce apparent crystals, the size of which decreases under continuous 
sonication (Li et al., 2003). These results demonstrated that it is possible to “tailor” a crystal size 
distribution between the extreme cases of a short burst of US to nucleate at lower levels of super-
saturation and allow growth to large crystal, and the production of small crystal via continuous 
(or perhaps a longer single burst) US application throughout the duration of the process, which 
can facilitate prolific nucleation at higher levels of supersaturation at the expense of some crystal 
growth. Pulsed or intermittent application of US can give intermediate effects. Therefore, the 
optimum time of US application needs to be determined experimentally (Luque de Castro and 
Capote, 2007b).





Whether US irradiation affects the characteristics of the crystals formed seemingly depends 
on the particular system. Some authors reported that US has not a significant effect on crystal-
lization (Nishida, 2004). However, other works have clearly demonstrated the influence of US. 
For example, in the antisolvent crystallization of roxithromycin in an acetone–water mixture, the 
crystals exhibit a hexagonal and rhombus shape in the absence and presence of US, respectively 
(Guo et al., 2005). In the particular case of crystallization processes induced by the addition of 
an antisolvent, where high supersaturation levels may be produced very rapidly, the application of 
US reduces not only the induction times of nucleation but also the spread of variability in induc-
tion time at a given level of supersaturation (McLausland et al., 2001; McLausland and Cains, 
2002). For a number of molecules it has been shown that significantly less antisolvent can be used 
in conjunction with US to induce crystallization in a controlled manner (Luque de Castro and 
Capote, 2007b).



















560	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





The influence of US irradiation on crystal habit and mean size distribution was also shown for the 
crystallization of several substances as adipic acid (Wohlgemuth et al., 2010), dextrose monohydrate 
(Devarakonda et al., 2004), spectinomycin hydrochloride (Li et al., 2003), polystyrene (Mamun et al., 
2006), hydroxyapatite (Li-yun et al., 2005) potash alum (Amara et al., 2001), disodium hydrogen 
phosphate dodecahydrate (Miyasaka et al., 2006), and ammonium sulphate (Virone et al., 2006). 
The effect of US has been attributed to an increased or decreased growth rate of some crystal faces 
under the influence of hot spots, which can alter the crystal lattice. On the other hand, abrasion may 
have some effect on the crystal habit.





Usually, small molecules with high levels of saturation, high nucleation rates, along with con-
comitant poorly controlled crystallization, leads crystals with undesirable needle habit. However, 
when a solution is treated with US at much lower levels of supersaturation, a high desired habit is 
produced. Besides, careful sonication allows the particle size to be controlled (Chow et al., 2003, 
2005; Ruecroft et al., 2005).





Controlled application of US to a polymorphic system at the right level of supersaturation can 
help in isolating the ground-state polymorph (the most thermodynamically favored and less soluble) 
or one near the ground state. This availability to induce the formation of a given polymorph under 
US action is of paramount importance in the pharmaceutical industry (Dennehy, 2003; Kim and 
Kiang, 2003; Li et al., 2003, 2006; Bernardo and Giulietti, 2009).





Sonocrystallization also avoids the problems involved in intentional seeding, very common in 
industrial crystallization process. The effects of intentional seeding include narrowing of the MZW, 
shortening of induction times, and control of particle size distribution. In a batch process, seeds 
have to be added at precisely the correct time during the development of the supersaturation profile. 
In the case of sonication, very small seed crystals are generated which offers all the advantages of 
conventional seeding without many of the drawbacks such as handling, actual physical size of the 
seeds, and high quality of the seed mainly in pharmaceutical industry. Applying US is to easily 
control the exact point of nucleation and the degree of number of nuclei generated (Luque de Castro 
and Capote, 2007b).





The effects of US on crystal growth do not appear to be as remarkable as those on nucle-
ation and arise largely from enhanced bulk-phase mass transfer. The mechanical disturbances 
created by both cavitation and ultrasonic streaming alter the fluid dynamics and increase bulk-
phase mass transfer of solute to the surface of the growing crystal. The surface nucleation and 
integration effects at the crystal surface determine, however, the growth rate of each individual 
face and, hence, the habit of the crystal. Theoretical studies suggest that the effects of US on 
crystal growth rate depend on the magnitude of the supersaturation driven force. At low super-
saturation, with growth velocities at the crystal faces around 10−10 m s−1, the application of US 
doubles the growth rate, while at higher supersaturation with growth velocity around 10−7 m s−1 there 
appeared to be no effect. The US effect is explained by the hypothesis that, at low supersatura-
tion, the quantity of available growth units in the vicinity of the crystal surface is small. Under these 
conditions, bulk-phase mass transfer becomes rate limiting in supplying growth units to the 
crystal surface, and its ultrasonic enhancement will enhance the growth rate (Luque de Castro 
and Capote, 2007b).





Most of the sonocrystallization applications have been carried out in laboratory scale at mil-
ligram to gram amounts using either high-intensity US probes or bath systems. In general, good 
results are shown using this scale level. However, in a similar way as for some applications it seems 
that there are still some difficulties when sonocrystallization will be applied in large scale. The 
main difficulty seems the construction of large-scale ultrasonic reactors, especially for use with 
high-intensity US probes. To circumvent these difficulties, uniform fields of ultrasonic energy den-
sity above the cavitational threshold can be created using multi-transducer systems. So, the volume 
of the cavitating region can be extended. Therefore, several transducers must be properly distrib-
uted around the reactor in order to avoid problems such as erosion of the reactor walls due to the 
effect of US (Ruecroft et al., 2005). These type of reactors can be used at kilogram scale or higher. 
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In summary, all processes should be examined on a case-by-case basis. There are also potential 
applications for power US technology that are scaled down from the conventional laboratory up 
to microgram scale. The applications consist mainly for microscale mixing, and where only very 
small quantities of material will be available. The size of the US devices limits the scale at which 
they may be operated.  In addition, they also suffer further disadvantages regarding the distribu-
tion of the energy intensity that they deliver into the reactor. A bath will deliver nonhomogeneous 
acoustic fields throughout the medium with maximum amplitude at multiples of the half-wavelength 
of sound. The nonhomogeneity of the acoustic field means that extreme care must be taken in rela-
tion to depth and position where transducers are mounted in the crystallizer. In addition, the higher 
power levels will be at points closest to the base and will dissipate with increasing distance from 
the transducer. Despite some difficulties, several works illustrate the utility of US and how these 
systems can be used to improve crystallization processes and become new tools for the process 
chemist. A scheme of a relatively simple flow system used for crystallization is shown in Figure 21.9 
(Dennehy, 2003; Kim and Kiang, 2003; Luque de Castro and Capote, 2007b).





Probe systems deliver very high intensity at the tip of the probe, but the energy density is con-
centrated in the axial direction, away from the tip, and falls away rapidly with distance according 
to an inverse square law. Indeed, it is not possible to transmit an intense cavitation field more than 
2–5 cm beyond the end of the probe, nor is it a suitable means to transmit the acoustic energy into 
large process volume, thus making it difficult to scale-up. Probe systems only work effectively if 
operated in geometry where most of the working liquid is constrained within the longitudinal high-
intensity region or where the liquid is stirred vigorously.  In addition, these systems suffer from 
erosion and particle release at the tip surface, they may also be subject to cavitational blocking, 
and the large transducer displacement increases stress on the material of construction, resulting in 
possible failure. Another aspect of scale-up is that it is effect specific. Different applications depend 
on different effects arising from US. So, large-scale ultrasonic equipment have been developed in 
many different ways, which may be classified as (1) probes or other small area devices delivering 
very high local US intensities, in a flow cell or large volume, and (2) opposing parallel transducers 
arranged around a duct, through which the process solution or suspension flows (Dennehy, 2003; 
Ruecroft et al., 2005).





US is used both for crystallization of organic and inorganic molecules. There are several reports 
dealing with this issue and describing the main features of the use of US in this process. However, 
several works are based on fundamental studies using model molecules. Two applications focusing 
on the use of US in crystallization processes are described in the following.





Crystallization is a critical operation in the manufacture of active pharmaceutical ingredi-
ents (API) (Kim and Kiang, 2003; Ambrus, 2010).  The development of a chemical process for 
the API final step may face many challenges related to crystallization and particle characteristics. 
Commonly encountered challenges include purity, yield, oiling-out/amorphism, polymorph control, 
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FIGURE 21.9  Scheme of a tubular flow system used for sonocrystallization. The black “points” along the 
tube corresponds to transducers arranged around the tube wall (40 transducers of 50 W each). (Adapted from 
Ruecroft, G. et al., Organ. Process Res. Dev., 9, 923, 2005.)
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and compound stability during processing. Other issues related to particle formation are particle 
size and distribution, crystal habit, filterability, crystal attrition or agglomeration, and the bulk pow-
der properties related to formulation, such as flow ability, bulk density, and compatibility. Other 
important considerations are the scalability and reproducibility/robustness of the process to yield 
consistent product. Many of the problems can be addressed by the development of crystallization 
protocols with careful process control and optimized process conditions, such as solvent/antisolvent 
choice, temperature, agitation, and seeding. The other issues related to particle and bulk properties 
may be addressed by the development of specialized crystallization techniques, using an approach 
to “engineer” particles during crystal formation to manipulate the particle size or habit through the 
control of nucleation and growth mechanism (Kim and Kiang, 2003).





In this sense, the US can be applied in a flow crystallization system, which was designed to mimic 
the industrial process, in which dextrose monohydrate is in a flow environment before it finally passes 
into the batch crystallizer where it is slowly cooled (Devarakonda et al., 2004). The proposal of this 
investigation was focused on the impact of US on the seed size, lump breakage, and the induced 
nucleation of the dextrose monohydrate. The main effects of the US irradiation in the flow system are 
the seed size, and the low exposure/residence time. US can be used to break up undesirable dextrose 
lumps that form in the process pipes.





A saturated (or supersaturated) solution of dextrose is pumped through a flow system (Figure 21.10) 
where the US energy is applied, before the introduction into the crystallization vessel. US energy was 
supplied to the system via an ultrasonic probe, which is mounted on a flow pipe (approximately 12.5 mm 
internal diameter). The US system was operated at 20 kHz. The effect of US on the seed size of dextrose 
monohydrate was evaluated by pumping a saturated solution (50.44% dextrose by weight at 24.4°C with 
seeds) through the system at a fixed flow rate. US power was set at 80%. The flow system can also be 
used to study the effect of US on breakage of dextrose monohydrate lumps added to an unseeded satu-
rated dextrose solution. The solution was pumped through the system at different residence times, while 
applying US energy set at 60%. After application of US, the solution is collected in the crystallizer. 
Using this system, the effect of US energy on the nucleation and subsequent crystallization of dextrose 
was investigated for saturated and supersaturated dextrose solutions (Devarakonda et al., 2004).





METAL AND PLASTIC WELDING





An interesting industrial application field of power US is welding of plastics or metals via spe-
cific heating at the junction between the pieces of material (Mason, 2003) and the development of 
new transducers design for welding devices is extremely important. Nowadays, frequencies about 
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FIGURE 21.10  Schematic of a flow apparatus used to study sonocrystallization. (Adapted from Devarakonda, S. 
et al., Cryst. Growth Des., 4, 687, 2004.)
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120–130 kHz have been frequently used for wire bonding. However, a new trend is related to the use 
of frequencies about 230 kHz. This higher frequency of the transducers results in a shorter bonding 
time, increasing the speed of the wire bonders. In addition, at higher frequencies, the same bond 
efficiency can be achieved at lower bonding temperatures (Pirrini, 2001).





Taking into account the plastic welding, it is necessary that any two plastic materials to be 
welded together should be chemically compatible.  If they are not compatible, there can be no 
chemical bonds, even when they melt at the same temperature. Several factors which can affect 
the weldability of plastic parts including hygroscopicity, mold release agents, lubricants, plasticiz-
ers, fillers, flame retardants, regrind, pigments, and resin grades. The high quality of welding is 
dependent on a large number of factors such as the amplitude of the vibrations of the working and 
of the waveguide, frequency of mechanical vibrations, welding time, and static pressure caused 
by the clamping force of the waveguide on the welded parts (Gutnik et al., 2002). Moreover, the 
joint design is critical in achieving optimum assembly results. The joint design of a particular 
part depends on factors such as type of plastic, part geometry, and the requirements of the weld 
(Ensminger, 2009). Taking into account several uses of high-performance polymers, it is widely 
applied in the field of pharmaceutics, biotechnology, and life sciences. In this way, US energy can 
be used for welding of plastic parts. Figure 21.11 shows a scheme of the plastic ultrasonic welding 
process (Truckenmüller et al., 2006a,b).





Ultrasonic welding of metals or alloys, as well as plastic welding, is widely applied in industrial 
processes. In most of the cases, metal (or alloy) welding is performed using welding machines 
with frequency and power operating at 15 kHz and 1200–2400 W, respectively.  However, the 
time required for welding is generally not higher than 5 s (Imai and Matsuoka, 2005; Ishikuro 
and Matsuoka, 2005; Watanabe et al., 2009). Aluminum welding is one typical application which 
is difficult by normal methods due to its tenacious oxide surface.  By using ultrasonic metal 
welding—a form of low-temperature welding—the layer of oxide can be easily broken up and 
adsorbed within metal surrounding the weld. Welding by lateral vibration movement is readily 
achieved using this technique without the formation of brittle intermetallic compounds (Mason 
and Lorimer, 2002). Ultrasonic welding (metal and plastic welding) allows a very delicate join-
ing of components, which makes use of US in welding an increasing area for US developments.





CRUDE OIL INDUSTRY





US-assisted oxidative desulfurization (UAOD) has received increasing interest in the past few 
years due to strict regulations which require that sulfur compounds have to be removed com-
pletely from fuels (online document, available at www.epa.gov, 2000; Babich and Moulijn, 2003; 
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FIGURE 21.11  Scheme of plastic ultrasonic welding process. (Adapted from Truckenmüller, R. et al., Sens. 
Actuat. A, 132, 385, 2006.)
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Song, 2003; Wu and Ondruschka, 2010). Hydrodesulfurization (HDS) is the current industrial 
method to remove sulfur from crude oil, and it is a hydrotreatment process based on the use of 
hydrogen to break up the bonds of sulfur-containing compounds resulting in hydrogen sulfide and 
hydrocarbons. Nevertheless, this process requires high temperature (about 400°C), high hydrogen 
pressure (up to 100 atm) combined to the use of metallic catalysts (usually CoMo and NiMo-type), 
large reactors, and excessive residence time, resulting in higher operating costs. In addition, the 
conventional HDS process is efficient for mercaptans, thioethers, sulfides, and disulfides removal, 
but it has shown some limitations regarding the treatment of aromatic sulfur compounds such as 
thiophene, benzothiophene (BT), and dibenzothiophene (DBT). In this sense, several nonconven-
tional methods have been developed to overcome the limitations of HDS, such as extraction with 
ionic-liquid, selective adsorption, electrochemical oxidation, biodesulfurization, and oxidative 
desulfurization (ODS) that can also be combined with US (Babich and Moulijn, 2003; Mello 
et al., 2009; Wu and Ondruschka, 2010). ODS has been considered a promising method for deep 
desulfurization technology because it can be carried out under mild conditions, such as relatively 
low temperature, pressure, and cost of operation when it is compared with HDS.





ODS is based on the conversion of sulfur compounds to its corresponding sulfoxides/sulfones 
which can be easily removed from oil due to its increased polarity. Several oxidizing systems have 
been studied in a laboratory scale, generally with the use of hydrogen peroxide and/or different 
combinations, mainly with a peroxyacid generated in situ by the reaction of hydrogen peroxide 
and an appropriate carboxylic acid (Babich and Moulijn, 2003; Ukkirapandian et al., 2008; Wu 
and Ondruschka, 2010).  US has shown to improve the process due to cavitation that results in 
extreme local temperature and pressure with drastic liquid jets that arise from violent collapse of 
each bubble. US improvement for desulfurization can be mainly obtained from the better surface 
chemistry due to the enhancement in micro-mixing with changes in the reaction kinetics (Wu and 
Ondruschka, 2010). Sulfur compounds oxidation can be performed at the interface or in the bulk 
phase requiring good dispersion of the solvent and fuel phase that can also be improved by the very 
fine droplets created by the ultrasonic pulse (Deshpande et al., 2005).





In a recently reported scale-up study showing the efficiency of UAOD procedure (Wu and 
Ondruschka, 2010), a high sulfur removal of MGO (92%) was obtained. System was based on a 
single sonoreactor at a treatment rate of 12.5 lb h−1. Two sonoreactors were connected in parallel 
to reach high sulfur reduction under a treatment rate of 25 lb h−1 which represents approximately 
2 barrels per day. This sonoreactor demonstrated the feasibility of large-scale operation even in a 
relatively small installation under ambient environmental condition. The total processing costs were 
estimated as 5.49 cent gallon−1 excluding the cost for solvent extraction.





Regarding the use of US to oil treatment, SulphCo has patented and commercialized the 
Sonocracking™ technology, as shown in Figure 21.12. This technology is based on the use of high-
power ultrasonics—the application of high-energy and high-frequency sound waves—in conjunction 
with catalyst and oxidant regimes to alter the molecular structure of crude oil fractions (i.e., petroleum 
products), crude and natural gas condensates, and crude oil. The Sonocracking™ process is designed 
to enhance the quality of petroleum products, condensates, and crude oil by oxidizing sulfur species, 
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FIGURE 21.12  Scheme of industrial Sonocracking™ used for sulfur removal from crude oil fractions. 
(Adapted from www.sulphco.com)
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enabling those oxidized sulfur compounds to be processed and removed using commercially avail-
able techniques such as adsorption and extraction (online document, available at www.sulphco.com, 
accessed in July 2010).





OTHER PROCESSES: FILTRATION, SEPARATION, AND CLEANING





There are industries with expertise in a wider range of activities involving the use of US, as in phase 
separation (Mason, 2003). In this way, the separation of fine particles from gases or liquids is a topic 
of permanent industrial attention (Sarabia et al., 2000). In addition, the use of US for separation of 
food components has also been recently investigated (Feng et al., 2008). However, ultrasonic stand-
ing waves have the ability, for example, to move cells in suspension into bands in a standing wave 
field separated by a half-wave acoustic wavelength (Sarabia et al., 2000; Stack et al., 2005). A pilot-
scale process was developed to evaluate the suitability of US to coagulate grease from wastewater. 
US at 0.15 W cm2 of transducer surface area, and 4.3 mW mL−1 of treatment liquid was introduced 
(Stack et al., 2005). It was observed that sonoelectrocoagulation is capable of removing up to 100% 
of soap and grease from wool scouring effluent, allowing achieving compliance with regulatory 
limits of 250 mg L−1 for effluents with pretreatment grease-plus-soap levels in the typically encoun-
tered range of 2000–3000 mg L−1.





An important application field of US for separation is related to the improvement of efficiency 
and/or selectivity of the flotation process (Cilek and Ozgen, 2009; Ozkan and Kuyumcu, 2007). In 
this sense, an investigation regarding the effect of US in the froth on performances of the pulp phase 
and froth phase in flotation of a complex sulfide ore was carried out (Cilek and Ozgen, 2009). US 
was applied during different stages of flotation, such as prior to or during flotation, using a flotation 
machine with a 2 L cell, containing an ultrasonic probe (20 kHz and 200 W) located in the froth 
phase. Results showed that the use of US in the froth phase resulted in significant improvement of 
a complex sulfide ore flotation at intermediate and high level airflow rates. However, no significant 
differences in separation performance were obtained from the flotation with and without US at low 
airflow rates. In all cases, water recoveries were increased. In addition, to increase the effective pulp 
volume in a flotation cell by using the shallow froths, the quality of product can also be increased 
by the use of US in the froth phase, since the efficiency of the froth depth is increased by the use of 
US in the froth.





The separation of solids from liquids or isolation from original liquor is common to many indus-
tries. Generally, this step is performed with membranes of various sorts which have been employed 
in processes ranging from the simple filter pad through semipermeable osmotic type membranes 
to those which are used on a size-exclusion principle for the purification of polymeric materials. 
However, fouling is one of the main problems in membrane filtration and, as a consequence, there 
will always be the need to either replace filters or stop the operation and clean them on a regular 
basis.  In industrial applications, this step is time- and money-consuming (Mason and Lorimer, 
2002). The level of membrane fouling is dependent on the feed suspension properties (particle size, 
particle concentration, pH, ionic strength), membrane properties (hydrophobicity, charge, pore size), 
and hydrodynamics (cross-flow velocity transmembrane pressure) (Kyllönen et al., 2005). Since an 
efficient filter cleaning and improved filtration are required, the use of additional forces such as US 
has gained increasing attention in recent years once it is related to the increase in the flux primar-
ily by breaking the cake layer and by decreasing the solute concentration at the membrane surface 
(Kobayashi et al., 1999; Lamminen et al., 2004; Muthukumaran et al., 2004).





The application of ultrasonic piezoceramic transducers operated in frequencies of 20, 40, or 
200 kHz were evaluated in the enhancement of cross-flow membrane filtration using real industrial 
wastewaters from the paper industry (Kyllönena et  al., 2006). The filters used in the cross-flow 
experiments were alumina-based ceramic membranes with mean pore size of 0.12, 0.19, 0.25, and 
0.75 μm. The power intensity needed during filtration was so high that the membranes eroded grad-
ually at some spots of the membrane surface. It was discovered that the ultrasonic field produced 
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by the used transducers was uneven in pressurized conditions. On the other hand, the US treatment 
at atmospheric pressure during intermission pauses in filtration turned out to be an efficient and, at 
the same time, a gentle method to membrane cleaning. An input power of 120 W (power intensity 
of 1.1 W cm−2) for a few seconds was enough for cleaning and the flow improvement was significant 
when 5 s of ultrasonic treatment was applied to the filters during a short pause in filtration. The US 
irradiation was carried out using either a frequency of 27 or 200 kHz at an input power of 200 W 
(1.8 W cm−2 or 4.1 W cm−2) and the influence of ultrasonic irradiation was more pronounced when 
27 kHz was used.





Although it is clear that US effectively cleans membrane surfaces and maintains high water 
fluxes, the mechanisms involved in cleaning surfaces by US are still largely unknown. According to 
the main mechanisms suggested for particle removal by US, this type of decontamination is effec-
tive due to the acoustic streaming, microstreaming, microstreamers, and microjets. Other possible 
ultrasonics mechanisms of surface cleaning include vibrations, chemical interactions with radi-
cals, and shock waves resulting from the collapse of bubbles (Kuehn et al., 1996; Lamminen et al., 
2004). The particular advantage of ultrasonic cleaning in this context is that it can reach crevices 
that are not easily reached by conventional cleaning methods, and objects for cleaning can range 
from large crates used for food packaging and transportation to delicate surgical implements such 
as endoscopes.





The overall process of most ultrasonic cleaning systems is heated stainless steel tank which con-
tains a number of ultrasonic transducer and a detergent/sterilizing solution. The items to be cleaned 
are passed through the tank and subjected to the US as they pass in front of the transducer (Mason 
and Lorimer, 2002).





The cleaning effects of US are related to the microjets resulting from collapsing bubbles at 
a solid boundary and this feature was used in a laundry process as a promising technique to 
intensify the mass transfer (Warmoeskerken et al., 2002). The release of sodium chloride from 
the cotton test swatches was monitored by conductivity measurements of the bulk fluid in an 
ultrasonic bath working at 33 kHz. It has been found that the rinsing of salt from textiles can be 
speeded up with a factor of 6 when compared to a conventional washing procedure. In the same 
way, the combination of US and enzymatic treatment for noncellulosic component removal from 
cotton and consequent improvement of absorbent fiber capacity was reported (Yachmenev et al., 
2001). Therefore, introducing magnetostrictive transducer working at 16 and 20 kHz and ultra-
sonic energy of 3 W cm−2 in the reaction chamber during enzymatic scouring of cotton fabric 
significantly improved pectinase efficiency.  It was pointed out that the sonication of pectinase 
processing solutions did not impair the complex structure of the enzyme molecules but signifi-
cantly improved their performance, and this combination could help overcome the longer pro-
cessing time compared to conventional alkaline scouring.





Power US can also be used in the processing of minerals in order to clean their surfaces of oxida-
tion products and fine coatings. In this sense, the use of US to remove impurities from the surfaces 
of silica sand for further glass manufacturing is reported (Du et al., 2010; Farmer et al., 2000a,b). 
A 12.7 mm tip diameter horn with 550 W and a cup horn with 63.5 mm diameter and 330 W of 
nominal power were used. Both processors worked at 20 kHz. Silica sand typically assaying from 
0.025% to 0.30% Fe2O3 was subjected to sonication in water, dilute sulfuric acid, sodium hydroxide, 
and sodium carbonate solutions to determine whether a lower iron (less than 0.015% Fe2O3) product, 
suitable for tableware production, could be obtained. The results showed a reduction from 0.025% to 
0.012% Fe2O3 using 1 min of sonication and sodium carbonate as washing solution.





The estimated capital and operating costs of commercially available ultrasonic processing units 
are comparable to that of wet high-intensity magnetic separation. Since the equipment available or 
required modifications will perform as expected, sonication can provide another mechanism not 
only for mineral processing, but for surface cleaning as a whole. In addition, it would be more envi-
ronmentally friendly than the acid leaching process currently in use to reduce iron contamination 
on silica grains.
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ENVIRONMENTAL REMEDIATION USING ULTRASOUND





A polluted ecosystem can result in agricultural productivity losses, contamination of water, and 
human and animal illness through direct ingestion of dust and the consumption of foods which have 
been grown on contaminated land (Adewuyi, 2001). With regard to the regulations for environmen-
tal remediation and its stricter limits, improved methods of both preventing and reducing pollution 
are required. In this way, the environmental treatment based on cavitation effects for the destruction 
of biological and chemical pollutants in water is of great interest and has received a considerable 
attention (Adewuyi, 2001; Mason et al., 2003; Gil et al., 2008; Collings et al., 2010; Cravotto et al., 
2010; Sostaric and Weavers, 2010). However, ultrasonic energy devoted to environmental remedia-
tion is not restricted to these topics and it has also been used to remove airborne contaminants, 
surface cleaning and decontamination, washing of soils, sewage treatment, and to break down toxic 
compounds in water and soil (Mason and Lorimer, 2002).





Water and Wastewater Treatment





Water plays an essential role in supporting all life. In this sense, a lot of cases devoted to the destruc-
tion of biological and chemical pollutants are reported in aqueous systems. Among the disinfecting 
methods for water cleaning, the use of chlorine and its compounds have been known for many years 
(Mir et al., 1997; Phull et al., 1997; Ince et al., 2001). In addition, the mineralization of pollutants by 
ultrasonic irradiation or by coupling US with other free energy sources (e.g., UV radiation) or chemical 
oxidation using H2O2, ozone, or Fe(II) compounds are also found in literature as attractive approaches 
for water and wastewater remediation (Adewuyi, 2005b; Blume and Neis, 2005; Chand et al., 2007).





The main effects of power US in a liquid medium are thought to be the result of the effects of 
cavitation that generates forces with dramatic influence on biological systems. Therefore, US irra-
diation can actually be considered a combination of chemical reactions using the formed radicals 
and physical effects that are associated with an increase in temperature due to the local turbulence, 
acoustic streaming, and bubbles cavities generation (Bougrier et  al., 2005). The high local tem-
peratures and pressures provided by US would be able to disintegrate biological cells and denature 
enzymes. In addition, the imploding bubble produces high shear forces and liquid jets in the solvent 
that may also have sufficient energy to physically damage the cell wall. Stable oscillating refers to 
bubbles that oscillate in a regular fashion during many acoustic cycles and induce microstreaming 
in the surrounding liquid which can also induce stress in any microbiological species present. It is 
important to point out that US parameters, such as frequency, intensity, power, and irradiation time, 
can determine any potentially damaging effects on biological molecules. These molecular effects of 
US on biological cells are summarized in Table 21.2 (Mann and Krull, 2004; Rokhina et al., 2009).





Apart from the various factors dependent on the cavitation phenomena which affect the effi-
ciency of disruption and inactivation of microorganisms, some factors like the size of the cell, shape 
of the cell, stage of development, and microbiological species have also been reported to affect the 
extent of disinfection (Scherba et al., 1991; Thacker, 1973).





Although the sonochemical effects have been observed many decades ago and despite the recent 
advances of sonochemistry, the mechanisms of homogeneous and heterogeneous sonochemistry are 
not fully understood. Concerning the thought of expensive power consumption, scale-up reactors 
design and handling difficulty have changed as a result of recently developed applications in synthe-
sis and pollution control that have prompted interest in industrial scale operation (Adewuyi, 2005b; 
Mason et al., 2003; Mason and Lorimer, 2002; Suslick, 1990).





In spite of chlorination to be broadly used as an effective way for water disinfection, it has attracted 
some criticism due to the secondary effects since some species of bacteria produce colonies and 
spores, which can agglomerate in spherical clusters. In this way, the biocide can destroy microor-
ganisms on the surface of such clusters but often leaves the innermost bacteria intact (Mason, 2007). 
For this reason, the need for an efficient microbial cell disruption operation is required to provide 
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ultimate bacterial destruction in infected waters (Geciova et al., 2002; Ince et al., 2001). Studies 
involving the use of sonochemistry for microorganisms destruction have been of considerable inter-
est since the 1920s when Harvey and Loomis (Harvey and Loomis, 1929) reported the reduction 
in light emission from a sewage suspension of rod-shaped Bacillus fisheri caused by sonication at 
375 kHz under temperature-controlled conditions. In spite of the fact that this work has shown a 
significant effect of power US for killing bacteria and solutions sterilization, the method was not 
considered with commercial importance due to the relatively high cost of the process. After that, 
Hughes and Nyborg (Hughes and Nyborg, 1962) reported a work targeted to explain the mechanism 
of US interaction with microbial cells and they found an association with cavitation, localized heat-
ing, and free radical formation. In order to improve the efficiency of cell disruption, new techniques 
using acoustic cavitation have received great attention and improvements.





Treatment of Biological and Chemical Contaminants in Water





The increase of chemical activity by ultrasonic waves is an emerging technology for water and 
wastewater remediation, owing to the advantages of high energy induced by extreme conditions 
achieved during the collapse of cavitation bubbles. This sonochemical condition provides pollut-
ants destruction either directly via activating thermal decomposition reactions, or indirectly by the 
production of free radicals, such as of hydroxyl radical, in advanced oxidation process (AOP) (Ince 
et al., 2001). In this way, the effects of US alone and combined with chlorine upon the destruction 
of Escherichia coli in water samples was reported by Phull et al. (1997). According to this work, 
approximately 80% of the microorganism content in water samples was destroyed or inactivated 
after 15 min of sonication with an ultrasonic probe working at 20 kHz and 50 W of nominal power. 





TABLE 21.2
Molecular Effects of US on Biological Cells





Changes Description





Physical changes





Temperature effect The extent of cell damage depends on the absorbed energy, the maximum 
temperature achieved, and the exposure duration (cell damage can include 
partial and full lysis)





Cavitation Changes to ultrastructures within cells





Altered enzyme stability





Cellular effects caused by altered growth properties, which could lead 
to cell lysis





Nucleus rupture and release of DNA





Breakage of extracellular polymer substances





Chemical changes





Radical generation induced by cavitation Formation and release of compounds such as nitric acid, nitrous acid, and 
hydrogen peroxide due to interaction of formed radicals with the cell





Decreased cellular stability





Stress-induced changes





Acoustic streaming Enhanced mass transport inside and outside the cell due to altered membrane 
permeability





Alteration of cell surface charge





Rupture of cell membranes





Sources:	 Adapted from Mann, T.L.  and Krull, U.J., Biosens. Bioelectron., 20, 945, 2004; Rokhina, E.V.  et  al., Trends 
Biotechnol., 27, 298, 2009.
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When combined with chlorine treatment, US enabled the reduction of chlorine required for disinfection. 
In addition, at higher frequencies such as 800 kHz the disinfection of water was more efficient than 
at lower frequencies (20 kHz).





In addition, the cavitation phenomena in combination with other oxidation process for hazardous 
environmental sample treatment have been reviewed (Gogate, 2008; Khanal et al., 2007; Mahamuni 
and Adewuyi, 2010; Pilli et al., 2010). In this sense, the synergistic effect due to the application of 
US in the presence of ozone (Lesko et al., 2006), advanced Fenton process (AFP) (Namkung et al., 
2008), photocatalysts (Chen and Smirniotis, 2002), and enzymes (Entezari and Petrier, 2005) is 
reported.





In view of chemical reduction in water treatment and to reduce overall water consumption, non-
chemical treatments are increasingly using US for wastewater treatment or potable water disinfec-
tion (Broekman et al., 2010), once diverse microorganisms have been stressed by US in aqueous 
medium. Unless controlled, microbiological growth in cooling water systems can lead to diminish 
operational efficiency and increasing maintenance costs and system downtime. In this sense, a pat-
ented water treatment system (Sonoxide®, http://ppd.herc.com/index.asp) assisted by US (Figure 
21.13) was evaluated for planktonic and sessile bacteria in water as well as to prevent biofilm forma-
tion (Cordemans et al., 2003; Swinnen et al., 2008).





The system works by passing an air/water mixture or air-induced microbubbles through the 
Sonoxide chamber where bacterial cells are exposed to low-power and high-frequency ultrasonic 
energy. The ultrasonic emitters are in direct contact with the fluid to be treated and operate about 
1.5–2.0 MHz and below 10 W cm−2 of power. The residence time in the ultrasonic chamber is about 
1.5 s and the system size is based on the water quality (e.g., COD, total suspended solids) and system 
dynamics (e.g., volume, effluent water loss rates, and average retention time). The chamber can vary 
in size, number of US emitters (six to eight), and flow processing capabilities from 2 up to 70 m3 
per hour. Some examples of this US water treatment system were published (Broekman et al., 2010) 
for cooling water tower from university, dairy industry, chemical industry and sintering furnace, 
water from emulsion treatment, in glass washing system in glass manufacturing, and for water from 
automotive paint shop process. Results showed that the Sonoxide ultrasonic treatment technology 
enables control of bacteria, algae, and biofilms throughout an entire industrial system, allowing for 
reduction and sometimes elimination of chemical biocides.





In biological wastewater treatment, large amounts of biosolids (sewage sludge) are produced. 
Since the sludge is highly susceptible to degradation, it has to be stabilized by anaerobic digestion 
in order to enable an environmentally safe utilization and disposal. Due to the rate-limiting step of 
biological sludge hydrolysis, the anaerobic degradation is a slow process. In order to perform the 
reduction of digestion time and improvement of the biodegradability of organic biosolids mass, 
the impact of ultrasonic disintegration on subsequent anaerobic sludge digestion was investigated 
(Nickel and Neis, 2007). The experiments were performed in a vessel with 12 piezoceramic flat 
transducers fixed at each of the four sidewalls. The reactor volume was 1.3 L and the ultrasonic 
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FIGURE 21.13  Sonoxide• ultrasonic water treatment system. (Adapted from Broekman, S. et al., Ultrason. 
Sonochem., 17, 1041, 2010.)



















570	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





source worked at 31 kHz and acoustic intensities varying within 5 and 18 W cm−2. It was observed 
that US resulted in a significant improvement in the overall process due to the increased volatile 
solid degradation rate (about 40%), increased biogas production, and a reduction from 60% to 52% 
of the nondegradable organic matter that exists in each type of biosolids. In the same work, a full-
scale US reactor system, as shown in Figure 21.14, was also proposed. The reactor has a volume 
of 29 L and it is equipped with five 20 kHz sonotrodes each one supplied by a 2 kW generator. The 
work intensity range can be adjusted from 25 to 50 W cm−2. In this device, the sludge is pumped up 
flow through the reactor channels, preventing accumulation of gas bubbles produced by degassing 
of the sludge water phase.





In recent years, US has been extensively used as an advanced oxidation process for wastewater 
remediation, owing to the sonochemical production of hydroxyl radicals in aqueous medium and 
the subsequent oxidation of pollutants (Mahamuni and Adewuyi, 2010). Moreover, US has been 
studied for the wastewater treatment of various chemical pollutants such as aromatic compounds, 
chlorinated aliphatic compounds, explosives, herbicides and pesticides, organic dyes, organic and 
inorganic gaseous pollutants, organic sulfur compounds, alcohols and oxygenates, pharmaceuticals, 
and personal care products (Adewuyi, 2001). However, due to the inefficient conversion of energy 
in producing ultrasonic cavitation and possible difficulties for the scale-up, no industrial installation 
for wastewater treatment has been even reported in the literature (Mahamuni and Adewuyi, 2010).





As a particular case, the presence of residual pharmaceuticals in the environment and in aquatic 
systems constitutes a serious environmental problem as these compounds (i) are extremely resistant 
to biological degradation processes and usually escape intact or as recalcitrant metabolites from con-
ventional treatment plants; (ii) may impose serious toxic effects to humans and other living organ-
isms; and (iii) are present at minute concentrations, thus requiring more sophisticated and laborious 
analytical tools for their accurate determination. Therefore, it is not surprising that research has 
recently been directed toward the application of nonbiological processes for the destruction of phar-
maceuticals in water with emphasis on AOPs (Klavarioti et al., 2009).





In spite of the use of industrial ultrasonic processors for wastewater treatment being a promi-
nent technology, it requires some initial experiments in laboratory scale. Regarding pharmaceutical 
wastes degradation using US, the degradation of diclofenac (DCF) by US irradiation at 20 kHz and 
750 W in aqueous solutions was evaluated (Naddeo et al., 2010). Among the operating conditions, 
initial substrate concentration, applied power, liquid bulk temperature, solution pH, and the type of 
sparged gas on degradation and H2O2 formation were studied. The DCF conversion was enhanced 
at increased applied power densities and liquid bulk temperatures, acidic conditions, and in the 
presence of dissolved air or oxygen. The reaction rate increased with increasing DCF concentration 
in the range 2.5–5 mg L−1 but it remains constant in the range of 40–80 mg L−1, indicating differ-
ent kinetic regimes. Sanchez-Prado et al. (Sanchez-Prado et al., 2008) reported the sonochemical 
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FIGURE 21.14  Ultrasound reactor for sludge treatment. (Adapted from Nickel, K. and Neis, U., Ultrason. 
Sonochem., 14, 450, 2007.)
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degradation of triclosan in various environmental samples (seawater, urban runoff, and domestic 
wastewater) as well as in model solutions (pure and saline water) with a horn-type sonicator operat-
ing at 80 Hz and nominal power of 135 W. In all cases, complete conversion was achieved at about 
120 min. However, the rate of degradation is evidently affected by the matrix components present in 
the samples. In addition, sonochemical degradation was not accompanied by the formation of toxic 
metabolites which commonly appear as by-products of triclosan natural attenuation.





Soil and Sediments Remediation





Many waterways are located in or close to industrial and urban areas, and sediments from surface 
runoffs are often contaminated with organic and inorganic contaminants. The soil contamination 
can arise from a number of potential sources, such as ash incinerators, nuclear plants, residual pollu-
tion from industrial sites, or the retention of pesticides used in agriculture. The difficulty in finding 
suitable disposal sites for contaminated dredged sediment and electroplating sludge is an example 
of the development of economic feasible techniques aiming to maximize the recovery and recycling 
of soil contaminants. Heavy metal contamination is a common problem at many hazardous waste 
sites. Once in the soil matrix, these metals are absorbed making remediation difficult. Unlike many 
organic pollutants that can be eliminated or reduced by chemical oxidation techniques or microbial 
activity, heavy metals will not be degraded (Meegoda and Perera, 2001; Li et al., 2010).





In spite of organic pollutants being, in most cases, more susceptible to conventional treatments, 
the determination of compounds such as pesticides, aliphatic and aromatic hydrocarbons in soils, and 
sediments requires complex operation of sample preparation, mainly due to the difficulty of quantita-
tively leaching the analyte from the solid sample. Because in some occasions the interactions estab-
lished between analytes and solid matrix are very strong, the traditional methodologies based on 
Soxhlet extraction do not provide enough energy to release the analytes rapidly, thus requiring very 
long extraction times (8–48 h) (Caballo-López and Luque de Castro, 2003; Richter et al., 2006).





There are two ways in which acoustic energy can enhance soil washing. Methods are predom-
inantly mechanical and involve a combination of abrasion to remove superficial impurities and 
improved solvent leaching of contaminants from the particles (Mason et al., 2004).





Soil Washing
Since the soil pollutants have a preferable trend to adsorb onto very small particles of soil such as 
silt, clay, and humic matter, which themselves tend to be attached to coarser sand and gravel par-
ticles, the soil washing is used to dislodge and separate these fine particles from the bulk soil.





A comparison of pollutants extraction by abrasive action was made between sonicated and con-
ventional shaking (Newman et al., 1997). Granular pieces of brick impregnated with copper oxide 
were used as model for contaminated soil. The apparatus consisted of a stainless steel vibrating tray 
with a 20 kHz magnetostrictive ultrasonic transducer at the base of tray. The conventional condition 
was performed in the same way, but the used tray was attached to a sieve shaker. The analysis of the 
brick particles after 30 min sonication revealed an average reduction in copper content from 51 to 
31 μg g−1, representing a reduction of 40%, while the conventional shaking afforded only 6% reduc-
tion, resulting in residual copper content of 48 μg g−1.





A US system coupled to a vacuum pressure device was used to facilitate the removal of chro-
mium in dredged sediments from New York/New Jersey harbor (Meegoda and Perera, 2001). Full 
factorial experimental designs were performed to evaluate the treatment process for coarse and 
fine fractions of sediments. An ultrasonic probe type working at 1500 W and 20 kHz was used 
and the variables for evaluation were power, soil-to-water ratio, vacuum pressure, and dwell time. 
For coarse treatment, 92% of chromium removal was achieved with 1200 W power, 1:15 soil-to-
water ratio, 15 psi vacuum pressure, and 15 min for the dwell time. The application of ultrasonic 
treatment to fine sediments resulted in an 83% as maximum chromium removal when factor lev-
els were at 1200 W power, 1:50 soil-to-water ratio, and 90 min of dwell time. Though reasonable 
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removal efficiencies were obtained for silt fraction (60%–80%), chromium removal of the clay 
fraction was very low (lower than 25%), and this technology was not effective when applied to 
the clay fraction.





Air
The inhalation of airborne particulate matter has been considered as a serious problem for public 
health. Fine particles originated in the emissions associated with carbon-fired power plants, cement 
factories, chemicals industries, and diesel-powered vehicles have increasingly become the focus 
of stricter government regulations. The ideal solution to the problem is to stop these emissions at 
source but current filters and electrostatic precipitators have problems in coping with the smallest 
particles.  It has been shown that airborne acoustic energy in the ultrasonic frequency range can 
be used to precipitate suspended particles (aerosol or smoke). The use of power US is generally 
associated to the liquid medium, which can drive a range of reactions and processes. However, the 
removal of fine particles from gases is not so common due to some difficulties related to the use of 
US in gaseous systems (Sarabia et al., 2000; Riera et al., 2006).





The first drawback is the higher attenuation of acoustic waves in the propagation of sound through 
the air when compared with that through liquid medium. Another drawback is the transfer of acoustic 
energy generated in air into a liquid or solid material which is inefficient due to the incompatibilities 
between acoustic impedances of gases and solids or liquids. For these reasons, the US must be very 
powerful to be applied to the air treatment. An alternative approach to dust and mist suppression is the 
use of acoustic standing waves. When a sonic standing wave is set up in air, the suspended particles 
will migrate to the nodes of the sound wave. This phenomenon has been used in some applications 
like smoke particle removal, which remain suspended in air for a considerable period in view of its 
relatively light weight. The crossing of smoke particles through a standing wave field will increase the 
collision of particles in nodal points of field, resulting in the formation of larger fragments which will 
become large enough to fall to the floor of a deposition chamber (Mason and Lorimer, 2002).





The reduction of particle emissions in coal combustion fumes has been performed in a semi-
industrial pilot plant (Gallego-Juarez et al., 1999). The investigation of particle agglomeration into 
ultrasonic chamber was driven by four high-power directional acoustic transducers working at 10 
and/or 20 kHz, followed by an electrostatic precipitator. A fluidized bed coal combustor was used as 
fume generator with fume flow rates up to 2000 m3 h−1, gas temperature about 150°C, and particle 
concentrations from 1 to 5 g m−3. A reduction of 40% in particle emission was achieved with the 
acoustic filter.





Regarding the air pollution caused by fine particle generated in diesel combustion, acoustic 
agglomeration of submicron particles in the 0.01–1 μm range was performed in a pilot-scale plant with 
a 97 kW diesel engine. It used an ultrasonic agglomeration chamber set at 20 kHz, a dilution system, 
a nozzle atomizer, and an aerosol sampling and measuring station (Riera et al., 2003). The influence 
of humidity on the agglomeration and precipitation of particles as well as the effect of US generated 
by a linear array of four high-power stepped-plate transducers was investigated. A small reduction in 
the number concentration of particles at the outlet of the chamber (ca. 25%) was observed. In the other 
way, by increasing the humidity (0.06 kgwater kggas





−1  ) the agglomeration rate was raised up to 56%.





FINAL CONSIDERATIONS





Energy efficiency and scale-up remains the major challenges related to industrial applications of 
sonochemistry. Whereas a number of sonochemical apparatus for sonochemistry are commercially 
available for laboratory studies, large-scale equipments remain relatively uncommon (Bang and 
Suslick, 2010). The problem of scale-up for sonochemical applications is commonly reported but it 
is in fact not as simple as the use of bigger versions of the equipment used in the laboratory scale. 
The volumes to be treated will be much larger than the ones used for laboratory studies, and the 
type of the process will govern the choice for reactor design. In this way, some processes can be 
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more suitable to low-intensity sonication (e.g., using a bath-type reactor) whereas others may need 
higher-intensity irradiation (e.g., using a probe-based system) (Mason and Lorimer, 2002). In addi-
tion, while the production of US from electrical power can be extremely efficient the US coupling 
into useful cavitation remains a relatively low yield process (Bang and Suslick, 2010).





Besides uncommon large-scale application of US, some instrumentation to industrial application 
could be obtained from different companies.  In this way, it could be pointed out that the indus-
trial uses of US to liquid processing in the dispersing, blending, cleaning, cell disruption, sample 
preparation, homogenization, emulsification, and atomization, have been performed. In addition, it 
is possible to obtain equipment and accessories that work with large volumes operation at 20 kHz 
and power from 500 to 1500 W. Furthermore, US can be used in the plastic assembly industry, 
where equipment for plastic welding are available working with power ranging from 400 to 800 W 
(40 kHz), 1200 to 3300 W (20 kHz), and 3500 to 4500 W (15 kHz). Besides equipment to weld under 
vibration, spin and hot plate, and instrument to stack and tooling can be also found. In addition, it is 
possible to obtain instrumentation to metal welding that works in the similar frequency and power 
as previously mentioned, used to spot welder, wire splice, seam weld, tube sealer, and also tooling, 
as well as equipment to industrial cleaning to medical, optical, and wire materials (online docu-
ment, available at www.sonicsandmaterials.com, accessed in March 2011; www.bransonultrasonics.
com, accessed in March 2011).





As has been observed from the earlier discussion, a large amount of equipment in the industrial 
application of US are actually available. In addition, new instrumentation could be shortly produced 
as a result of recently scientific research in this novel area which employs the US energy. These 
facts, associated with the acoustic cavitation phenomenon comprehension, make the US a promising 
area for efficient, fast, clean, and economical industrial processes.
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22 Development of 
Sonochemical Reactor





Keiji Yasuda and Shinobu Koda





INTRODUCTION





In pure liquids and solutions, generation and collapse of bubbles caused by ultrasound with a fre-
quency range from 20 kHz to several megahertz result in extraordinarily high local temperature 
and pressure called “hot spot.” Thus, as these extreme circumstances can be easily generated 
in pure liquids and solutions by ultrasound, the phenomenon is very attractive to physicists and 
chemists. From the 1990s, the ultrasound studies extended to practical application on various 
fields, that is, organic synthesis, environmental chemistry, material processing, and chemical 
engineering processes.





Cavitation caused by ultrasound leads to physical and chemical effects. The physical effects are 
related to microstreaming and mixing, which accelerate cleaning, extraction, polymer degradation, 
and other processes. The chemical effects are attributed to the production of OH and H radicals 
that can generate or influence some chemical reactions. It is well known that the intensity of these 
physical and chemical effects depends on various factors, such as the physical properties of media, 
emitted frequency, and intensity. Therefore, it is not easy to reproduce and compare the experi-
mental results reported by different researchers. This might slow down the progress of industrial 
application in sonochemistry.





In order to obtain reliable data under sonication, it is necessary to operate the sonochemical 
reactors under constant ultrasonic intensity. The ultrasonic intensity is also a valuable parameter for 
the study of acoustic physical properties, and many methods have already been established for its 
measurement. Thus, the ultrasonic intensity is often measured in sonochemistry by checking one of 





CONTENTS





Introduction..................................................................................................................................... 581
Quantification of Sonochemical Intensity....................................................................................... 582





Calorimetry................................................................................................................................ 582
Chemical Dosimetry.................................................................................................................. 584
Cavitation Noise......................................................................................................................... 585





Reactor Design................................................................................................................................ 585
Frequency of Sonication................................................................................................................. 586
Enhancement of Sonochemical Effects........................................................................................... 589





Superposition of Sonochemical Fields....................................................................................... 589
Pulsed Ultrasound...................................................................................................................... 590
Liquid Flow................................................................................................................................ 591
Particle Addition......................................................................................................................... 592





Large-Size Sonochemical Reactor.................................................................................................. 592
Effect of Liquid Height.............................................................................................................. 592
Large-Scale Sonochemical Reactor........................................................................................... 594





References....................................................................................................................................... 595



















582	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





the following characteristics: the acoustic pressure, vibrational amplitude, radiation pressure, and 
heat dissipated into solution. Moreover, as the cavitational intensity for different sonochemical reac-
tors used at the same input electric power is also influenced by the shape of the reactors, the height 
of liquid from a transducer, and so on, one has to know the ultrasonic energy consumed in solu-
tion. Unfortunately, some workers report only the input electric power. For chemists and chemical 
engineers who are not familiar with dealing with the electrical part of ultrasonic devices, a simple 
method involving processes that can be either physical or chemical in character is desirable to 
quantify cavitational activity. Several chemical dosimetries have been proposed, but unfortunately, 
a universal method is not yet defined.





In addition to the reproducibility of the experimental results, we also need to develop large-scale 
sonochemical reactors for the practical applications. For example, using the sonochemical reactor 
with 1 m3 in volume for 1 h sonication, we can only treat 24 m3 of wastewater per day. Alternatively, 
by employing a large-scale and high-performance sonochemical reactor, the amount of wastewater 
can be substantially increased. Many workers have challenged to design various high-performance 
sonochemical reactors for laboratory and large-scale work. However, it is hard to compare the reac-
tors for lack of the assessment criterions.





This chapter devotes to quantification of cavitation effects by using calorimetry and chemical 
dosimetry and their application to the assessment of sonochemical reactors. In addition, here we 
review various methods proposed for the enhancement of sonochemical reactions.





QUANTIFICATION OF SONOCHEMICAL INTENSITY





The ultrasonic power or intensity (Berlan and Mason, 1996) has been considered as one of the fac-
tors with importance for the quantification of sonochemical intensity. The measurement of sound 
pressure with a hydrophone is useful to determine the distribution of the ultrasonic intensity in a 
reaction vessel. However, it is not suitable to specify the mean ultrasonic power dissipated into the 
reaction system because it is revealed that the sound field is not distributed uniformly. Calorimetry 
is often used to specify the ultrasonic power dissipated into solutions (Contamine et  al., 1995; 
Kimura et al., 1996). Many investigators have examined the correlation between generated thermal 
energy and sonochemical effects. Several chemical reactions (chemical dosimetry for the quantifi-
cation of sonochemical intensity) have also been proposed. Other methods such as measurements 
of cavitation noise, cavitation bubbles, and sonochemical luminescence have also been used, but 
these methods are mainly feasible for the estimation of partial area of sonochemical reaction in the 
sonochemical reactor.





Calorimetry





The ultrasonic power dissipated into a liquid is calculated by the following equation:





	 E
T





t
C MUS p





d
d





= 	 (22.1)





where
Cp is the heat capacity of liquid (e.g., water: 4.2 J g−1)
M is the mass of water (g)





The value of (dT/dt) is the temperature rise per second. The initial temperature rise is measured 
at room temperature by using a thermocouple immersed in liquid.





Rotoarinoro et  al.  (1995) used water and toluene, and discussed the relationship between the 
electric power at transducer and the calorimetry for a sonochemical reactor with 20 kHz horn trans-
ducer. For same electric power value, the ultrasonic power in water was close to that in toluene. 
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Löning et al. (2002) examined by calorimetry the energy transformation from the electric power 
at transducer for several liquids by using a reactor with a 20 kHz horn transducer. They reported 
that more energy was consumed in high-viscous media than in low viscous liquids. Kuijpers et al. 
(2002) have investigated the energy efficiency of the ultrasound-induced radical formation from 
methyl methacrylate for a 20 kHz horn transducer. From the energy yields estimated for the forma-
tion of radicals due to the ultrasonic waves, it has been revealed that the highest energy conversion 
appeared at low temperatures and at low amplitudes.





Toma et al. (2011) measured the ultrasonic powers in water and 10 pure organic solvents by per-
forming calorimetry for a cylindrically shaped sonochemical reactor with a bottom mounted vibrat-
ing plate at 500 kHz. Figure 22.1 shows the influence of electrical power on the ultrasonic power 
dissipated into the sonicated medium for water and organic solvents. The slopes are 0.82 for water 
and about 0.3–0.4 for organic solvents and indicating that the energy base efficiency for solvents 
is half from the efficiency of water. For some organic solvents investigated, an intense ultrasonic 
atomization was described. Based on these findings, the authors considered that the energy balance 
equation has to comprise an energy term for ultrasonic atomization as follows:





	 E E E E Eelectrical dissipated atomization transducer lost= + + + 	 (22.2)





where
Eelectrical is the electrical power applied at transducer
Edissipated is the ultrasonic power accommodated into the sonicated liquid
Eatomization is the power lost through the liquid atomization
Etransducer is the heat stored at transducer
Elost stands for the part that is more difficult to be quantified such as the heat lost to the environ-





ment, liquid vaporization (apart from atomization), or ultrasonic wave attenuation





In the case of a large sonochemical reactor equipped with a transducer much smaller in diameter 
that the cross-sectional area of the reactor, the measured value of initial temperature rise strongly 
depends on the place of thermocouple in reactor. Sometimes, several thermocouples are set in the 
sonochemical reactor and ultrasonic power is estimated from the average value of initial tempera-
ture rises at different positions (Asakura et al., 2008b). In some situations, in order to measure the 
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FIGURE 22.1  Influence of electrical power on ultrasonic power dissipated into sonicated medium for water 
and organic solvents.
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average value of initial temperature rises for large sonochemical reactors, the measurement of tem-
perature rise under slow agitation may be useful.





Chemical Dosimetry





Chemical dosimetry gives us the sonochemical efficiency in a whole reaction volume.  Several 
chemical dosimetry methods have also been proposed, as shown in Table 22.1. The Wiessler reac-
tion has been used as a popular chemical dosimeter (Weissler et al., 1950; Kimura et al., 1996). The 
iodine dosimetry method is based on the fact that sonication of water containing CC14 produces 
molecular chlorine, which reacts quickly with iodide ions in solution to liberate molecular iodine. 
However, the sample requires CC14, and in recent years some researchers avoid this method for 
environmental-protection reason.





The potassium iodide (KI) method has been used as a popular chemical dosimeter (Hart and 
Henglein, 1985; Koda et al., 2003). When ultrasound is irradiated into an aqueous KI solution, 
I− ions are oxidized to give I2 by OH radical. When excess I− ions are present in solution, I2 reacts 
with the excess I− ion to form I3





− ion. The concentration of I3
− ion is measured by using a UV spec-





trometer at 355 nm (molar absorbance coefficient = 26,303 dm3 mol−1 cm−1). The light absorbance 
measurement of sonochemical reaction is very simple and widely acceptable. Fricke reaction, an 
established method in radiation chemistry, is often used in sonochemistry, too (Fricke and Hart, 
1935; Jana and Chatterjee, 1995; Nomura et al., 1996; Mark et al., 1998). When the ultrasound is 
generated into Fricke solution, the Fe2+ ions in the solution are oxidized to give Fe3+ ions by OH 
radicals. The concentration of Fe3+ ion is measured by using an ultraviolet-visible (UV) spectrom-
eter at 304 nm (molar absorbance coefficient = 2,197 dm3 mol−1 cm−1). Since the Fricke solution must 
be prepared with Fe(NH4)2−(SO4)26H2O, H2SO4, and NaCl, there are safety concerns related to the 
handling of strong acids by the researchers.





In the fluorescence method, the sample under ultrasonic irradiation is the aqueous solution of 
terephthalic acid. The terephthalate ions react with hydroxyl radicals to generate highly fluorescent 
2-hydroxyterephthalate ions (Mason et al., 1994; Mark et al., 1998). This method has very high sen-
sitivity (Iida et al., 2005), but the apparatus for the fluorescence measurement is not a very common 





TABLE 22.1
Chemical Dosimeters





Method Main Reaction Reference





Weissler CCl4 + H2O → Cl2 + CO + 2HCl Kimura et al. (1996), Weissler et al. (1950)





2KI + Cl2 → I2 + 2KCl





KI 2I− + 2OH• → I2 + 2OH−  I2 + I− ↔ I3
− Hart and Henglein (1985), Koda et al. (2003)





Fricke Fe2+ + OH• → Fe3+ + OH− Fricke and Hart (1935), Mark et al. (1998), Jana 
and Chatterjee (1995), Nomura et al. (1996)





Fluorescence Terephthalate anion + OH• → 
2-hydroxyterephthalate anion





Mason et al. (1994), Mark et al. (1998), Iida et al. 
(2005)





HNO3 N• + O• → NO Koda et al. (1996)





NO + O• → NO2





NO2 + OH• → HNO3





H2O2 2OH• → H2O2 Sato et al. (2000)





Phenolphthalein HIn− (alkaline) ↔ H+ + In2− (acidity) Rong et al. (2001)





Porphyrin Porphyrin + ultrasound → decomposition Nomura et al. (1996), Kojima et al. (1998)





Rodamine B Rodamine B + ultrasound → decomposition Sivakumar and Pandit (2001)





Luminol 3-Aminophthalhydrazide + 2OH• → 
3-aminophthal acid dianion + N2 + hν





Renaudin et al. (1994), Hatanaka et al. (2001), 
Price et al. (2010)
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analytical instrument. Sonochemical productions of HNO3 (Koda et al., 1996), H2O2 (Sato et al., 
2000) in water are also used as a chemical dosimeter. However, the concentration measurements of 
HNO3 and H2O2 are not simple operations. Phenolphthalein is a very popular pH indicator, and its 
transition interval is between pH = 8.3 and pH = 10. The pH value of the alkaline solution of phe-
nolphthalein under sonication will decrease due to production of nitric and nitrous acids. Thus, the 
color of the aqueous solution of phenolphthalein will change from red to colorless. Therefore, the 
fading time of aqueous phenolphthalein solution is a measure of the ultrasonic intensity in a reaction 
vessel (Rong et al., 2001). This method is very simple but less accurate. Decompositions of colored 
substance such as porphyrin derivatives (Nomura et al., 1996; Kojima et al., 1998) and rodamine B 
(Sivakumar and Pandit, 2001) are also used for chemical dosimeter. The concentration changes of 
these colored substances are easy to be measured by using a UV spectrometer. However, the consti-
tutional formula of colored substance is normally complex and the chemical reactions pathway for 
decomposition of colored substance is difficult to analyze.





The luminol (3-aminophthalhydrazide) reacts with hydroxyl radicals, which is produced by 
sonolysis of water, to generate luminescence (Renaudin et al., 1994). The light intensity measured 
by using a photomultiplier reflects the sonochemical reaction. In order to estimate sonochemical 
efficiency in a whole reactor, one needs to have a transparent sonochemical reactor and to gather the 
sonochemical luminescence from the whole reactor to a photo-detector such as a photomultiplier 
(Hatanaka et al., 2001). The light-emitting area observed in the sonochemical reactor under dark 
condition indicates sonochemical reaction zone. Price et al. (2010) have visualized sonochemical 
luminescence from luminol solution in reactor by using a CCD camera for 23 kHz horn and 515 kHz 
plate transducer. They have reported that the sonochemical reaction fields produced by a 515 kHz 
plate transducer and a 23 kHz horn sonicator were significantly different from each other.





Cavitation Noise





The analysis of cavitation noise is used for the measurement of the active amount of cavities (Lauterborn 
et al., 1999). Frequency spectra of acoustic signal measured by using hydrophone showed some noises 
at a half basic frequency (sub harmonic) and a twice of basic frequency (super harmonic) due to 
the collapse of cavitation bubbles. The noise level is reflected by active cavities amount for reaction. 
Segebarth et al. (2002) reported the correlation between the sonochemical production of peroxides and 
the acoustical noise spectra in anionic surfactant solution. Zeqiri et al. (2003a,b, 2006) also found out 
the spatial distribution of cavitation activity generated within an ultrasonic cleaning vessel and showed 
good qualitative agreement with the spatial distribution of cavitation determined through monitoring 
the erosion of a thin sheet of aluminum foil. Hodnett and Zeqiri (1997) reviewed the hydrophone, the 
optical interferometry, and the thermal methods for the measurement of ultrasonic intensity.





REACTOR DESIGN





The typical apparatus for sonochemistry consists of sonochemical reactor, temperature control unit, 
ultrasonic generator, and power amplifier. The cells of the sonochemical reactors can be made of 
acryl resin or glass, with or without a stainless steel frame, or stainless steel. A piezoelectric ceram-
ics or magnetostrictive transducer is incorporated into the reactor and is used as a sound source. For 
the low frequency, the horn-type and Langevine-type transducers are used. For higher frequency, 
PZT (lead zirconate titanate) is used by mounting it at the bottom of the vessel or attaching the 
holder that incorporates PZT transducers. In addition to these component parts of reactor, the shape 
of reactor vessel, the attachment of transducer, and the irradiation method are taken into account to 
design a sonochemical reactor.





Figure 22.2 shows the cylindrical and rectangular sonochemical reactors. The former has a great 
advantage for theoretical analysis of sound fields, since its typical acoustic source is a circular disc. 
Beaker-scale reactors belong to a cylindrical sonochemical reactor. On the other hand, rectangular 
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sonochemical reactors are useful for practical application, since the rectangular sonochemical reac-
tor is easy to be designed at a large scale. In addition, the rectangular sonochemical reactor is use-
ful to visualize the liquid flow in the vessel. The hexagonal type of reactors has been designed to 
enhance the cavitation effects (Gogate et al., 2003).





The transducer unit for higher frequency has the vibrating plate mounted directly on transducer, 
as shown in Figure 22.3a, and fixes at the bottom of sonochemical reactors. A vibrating plate of the 
thickness of (nλ/2) or much less than (λ/10) is recommended for transmitting effectively the sound 
wave into liquid. Where the λ is sound wavelength in vibrating plate and n is integer. The other type 
of transducer unit consists of transducer, vibration plate, holder, and rubber, as shown in Figure 
22.3b. This type of transducer unit is easily exchangeable and it facilitates the maintenance of reac-
tors for industrial application.





In organic synthesis experiments, the reaction vessels are set in a water bath and sonication is 
performed through water. In this case, it is very important to know the acoustic intensity delivered 
into the reaction system, because a part of the ultrasonic energy dissipates into the water bath. To 
reduce experimental errors, the position of sonochemical reactors cells must be fixed.





Ultrasonic irradiation can be performed by using more than one acoustic source in order to 
enhance cavitation effects.  The case of sonochemical reactor with multi-transducers will be 
described in the “Superposition of sonochemical fields” and “Large scale of sonoreactor” sections.





FREQUENCY OF SONICATION





Frequency is one of the important consideration factors in sonochemistry, since cavitation behavior 
depends strongly on the frequency. To our knowledge, Busnel and Picard (1952) and Busnel et al. 
(1953) reported first that the frequency dependence of the yield of I2 in KI solution at different input 
electric powers has the maximum around 300 kHz. These results indicate that the sonochemical 
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FIGURE 22.2  (a) Cylindrical and (b) rectangular sonoreactors.
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FIGURE 22.3  Types of transducer unit: (a) fixed unit—where the PZT transducer is mounted beneath the 
vibrating plate and (b) exchangeable unit assembly—where the PZT transducer and the vibrating plate are 
assembled and fitted with rubber into a holder.
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effect caused by the sonolysis of water is most efficient at 300–500 kHz. Mark et al. (1998) have 
examined the frequency dependence of sonochemical effects by fluorescence spectroscopy using 
terephthalate solution. They also reported a strong frequency dependence of sonochemical reactions.





Koda et al. (2003) reinvestigated the frequency dependence of three typical sonochemical reac-
tions (Fricke reaction, KI oxidation, and decomposition of porphyrin derivatives) and proposed the 
sonochemical efficiency given by Equation 22.3 as follows:





	
SE





US US





= =
m





E





C





P t V/ 	
(22.3)





where
m is number of reacted molecules
EUS is ultrasound energy
PUS is ultrasound power measured by calorimetry
t is ultrasonic irradiation time
V denotes solution volume, respectively





The value of C is the I3
− or Fe3+ ion concentration in solution. Asakura et al. (2007, 2008a,b) and 





Kojima et al. (2010) have used the sonochemical efficiency value to estimate the performance of 
large sonochemical reactors.





Figures 22.4a through c demonstrates the frequency dependence of Fe3+ yield in Fricke solu-
tion, I3





− yield in KI solution, and decomposition ratio of 5-, 10-, 15-, 20-Tetrakis (4-sulfotophenyl) 
porphyrin (hereafter abbreviated as TPPS) in solution, respectively.  All results are divided by 
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FIGURE 22.4  Frequency dependence of chemical effects per unit power. (a) Fricke reaction, (b) KI oxidation, 
and (c) decomposition of TPPS.
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the ultrasonic power, which is measured by calorimetry and reflects ultrasonic power delivered 
into solution. The value of (1 − RTPPS) is the decomposition conversion of TPPS. The frequency 
dependence of (1 − RTPPS) is slightly different from those of KI oxidation and Fricke reaction. The 
decomposition ratios of TPPS around 300 kHz are about four times larger than those in the lower 
frequency region, while product yields of Fe3+ and I3





− around 300 kHz are about 10 times larger 
than those below 100 kHz, where they seem to be independent of the frequency. Above 500 kHz, 
the sonochemical effects steeply decrease.  At 1.2 MHz, the sonochemical effects are the same 
order of those obtained below 100 kHz. These results indicate that the mechanism of TPPS decom-
position is not the same as those of KI oxidation and Fricke reaction induced by the sonolysis of 
H2O. For TPPS decomposition, the direct sonolysis of TPPS at the interface of cavity may occur 
in addition to the sonolysis of H2O.





The observed dependence of the chemical effects on the frequency can be attributed to several 
factors: temperature inside a bubble, cavitation threshold, bubble population, lifetimes of bubbles, 
etc. As the sonication frequency increases, the maximum temperature attained in the collapse of a 
bubble decreases according to bubble dynamics (Hung and Hoffmann, 1999). The cavitation thresh-
old increases with frequency, which brings narrower active region to generate bubbles in a nonuni-
form sound field (Kojima et al., 2001). These factors act to reduce the chemical effects. On the other 
hand, the bubble population in a standing-wave field increases because of a shorter interval of active 
regions corresponding to the decrease of wavelength at a higher frequency. The lifetime of bubbles 
becomes shorter with increasing frequency (Leighton, 1997). This means that more radicals formed 
in a bubble can escape from the bubble to react with any other material present in the medium. 
These are all factors that lead to increased chemical effects. Other factors such as bubble cloud 
(Esche, 1952) and the number of vaporized molecules inside a bubble (Lauterborn and Holzfuss, 
1986; Petrier et al., 1992; Yasui 2002) may also be responsible.





In radiation chemistry, an energy-specific yield, known as G-value, is defined as G(−M) or 
G(+P), with the number of molecules disappeared (M) or the number of molecules formed (P) per 
radiation energy of 100 eV absorbed. Therefore, Mark et al. (1998) have proposed a similar G-value 
in sonochemistry as the product yields expressed in terms of mol J−1. Mason et al. have defined the 
sonochemical yield (SY) (Berlan and Mason, 1991) or the fluorescence yield (F/D) (Mason et al., 
1994) to evaluate the sonochemical effects. The SY value indicates the measured effect divided by 
the input power and has units of mol · W−1 · h−1 or mol · J−1 while the sonochemical efficiency (SE 
value) as indicated by Equation 22.3 is evaluated by the concentration of the compounds divided by 
the ultrasonic energy density (mol · dm−3)/(J · dm−3). The F/D is the fluorescence intensity produced 
per unit ultrasound dosage and has unit of J−1. The ultrasonic dosage is measured by calorimetry and 
for this reason the F/D value is similar to the SE value. However, they reported only the F/D value in 
the narrow frequency range from 20 to 60 kHz. The absorbance measurement of the sonochemical 
reactions is very simple and widely acceptable. The SE values for KI oxidation and Fricke reaction 
are summarized in Table 22.2 (Koda et al., 2003). These results show that the sonochemical effects 
have the maximum in the frequency range from 200 to 500 kHz.





The frequency dependence of physical effects is not yet clearly definite experimentally.  The 
physical effects are expected to depend on the frequency, since the bubble size changes with the fre-
quency. Acoustic degradation of the polymers in solution is mainly caused by shear force generated 
by the relative motion of the solvent along the polymer chains during the bubble collapse, that is, 
mechanical or physical effects. The polymer degradation rate under sonication changes with soni-
cated frequency. Koda et al. (2011) indicated that ultrasonic degradation of a water-soluble polymer 
in aqueous solution is more effective at 500 kHz frequency without a radical scavenger. Grönroos 
et al. (2001) revealed that the most extensive degradation of polyvinyl alcohol in aqueous solutions 
takes place at the lowest frequency of 23, 40, and 900 kHz. Our recent work has demonstrated that 
the degradation rate decreases as the frequency is increased. It is reasonable to recognize that the 
physical effects depend on the frequency, but the frequency-dependent behavior of the physical 
effects needs more investigation.
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ENHANCEMENT OF SONOCHEMICAL EFFECTS





Superposition of Sonochemical Fields





The ultrasonic irradiation with dual frequency, obtained by the superposition of two ultrasonic 
fields generated by two transducers, enhances sonoluminescence intensity and sonochemical reac-
tion. Iernetti et al. (1997) observed that the sonoluminescence intensity of ultrasound at 700 kHz 
was increased by the addition of an ultrasonic radiation at 20 kHz. Ciuti et al. (2000) superposed 
the ultrasonic field at 27.2 kHz on that at 730 kHz and the sonoluminescence intensity increased 
by two or three orders of magnitude. Feng et al. (2002) reported that triple frequency irradiation 
at 28 kHz, 1 MHz, and 1.87 MHz enhanced the sonochemical reaction of KI and terephthalate 
ion. Zhao et al. (2002) studied the fluorescence enhancement of aqueous solution of terephthalate 
ion under orthogonal sonication of 28 kHz and 1.7 MHz frequency ultrasonic waves. Suzuki et al. 
(2004) examined the effect of superposition of two ultrasonic fields on the KI solution sonochem-
istry.  In this work, one frequency was generated by a 20 kHz horn-type transducer and another 
frequency was generated by a plate-type transducer with operating frequencies in the range from 
24.1 kHz to 1.17 MHz. In this case, the enhancement of the sonochemical effect for dual frequency 
irradiation was evident below 100 kHz. The frequency spectrum of acoustic noise indicated that 
the enhancement effect came from an increase in the number of cavitation bubbles. Yasuda et al. 
(2007) used an ultrasonic dual frequency reactor with a bottom and the side-wall transducer and 
investigated the fluorescence intensity of terephthalate ion in the frequency range from 176 to 
635 kHz. The sonochemical reaction fields were visualized by using the sonochemical lumines-
cence of luminol solution. Figure 22.5 shows the effect of ultrasonic frequency at side transducer 
on the ratio of fluorescence intensity for dual frequency to the sum value of fluorescence intensi-
ties for single frequency. The values of I1 and I2 indicate the fluorescence intensities for the single 
frequency irradiation from the bottom transducer and the side-wall transducer, respectively. The 
value of I1+2 indicates the fluorescence intensity for dual frequency. The effective electric power per 
transducer is 60 W. The fluorescence intensity ratio of dual frequency to the single frequency had 
maximum value when the frequency of the bottom transducer was comparable in magnitude to that 
of the wall sided. The photographs of sonochemical luminescence for dual frequency indicated that 
the sonochemical reaction fields extended in the reactor volume and became more intensive around 
the reactor center.





During the several years, many possible mechanisms have been proposed regarding the dual 
irradiation.  The enhancement of sonochemical effects has been associated with the decrease of 





TABLE 22.2
Frequency Dependence of Sonochemical Efficiency 
(SE Value) for KI Oxidation and Fricke Reaction





kHz SEKI (mol J−1) SEFricke (mol J−1)





Shiga 20k 20 0.60 ± 0.02 × 10−10 2.3 ± 0.1 × 10−10





Shiga 40k 40 0.60 ± 0.02 2.8 ± 0.1





Aist 45k 45 0.67 ± 0.06 3.7 ± 0.1





Aist 96k 96 4.5 ± 0.2





Nagoya 96k 96 4.1 ± 0.2 16.8 ± 1.0





Nagoya 130k 130 5.6 ± 0.4 22.6 ± 1.6





Shiga 200k 200 8.3 ± 0.6 15.2 ± 0.9





Toyama 400k 400 7.8 ± 0.2 19.3 ± 1.2





Nagoya 500k 500 7.1 ± 0.2 20.3 ± 1.2





Toyama 1200k 1200 0.64 ± 0.3 2.6 ± 0.1
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cavitation threshold (Iernetti et al., 1997; Ciuti et al., 2000), the production of cavity nuclei (Ciuti 
et al., 2000; Feng et al., 2002; Zhao et al., 2002), the destruction of bubble clusters (Ciuti et al., 
2000), the enhancement of Bjerknes forces (Feng et  al., 2002; Zhao et  al., 2002), the nonlinear 
interaction (Feng et al., 2002; Zhao et al., 2002), the enhancement of mass transfer (Feng et al., 
2002), the expansion of standing-wave region (Yasuda et al., 2007), and so on. The enhancement of 
sonochemical effects by using ultrasonic superposition has been reported by many researchers, but 
the mechanism remains an open question.





Pulsed Ultrasound





When ultrasound wave is generated with a certain pulsed mode, some cavitational effects may occur 
to a greater degree than when the same acoustic signal is applied in continuous wave. Many papers 
have been published until now and the works before the 1990s were put together by Leighton (1997). 
He clarified aspects opened by many papers, including the “activity” of the system, the recycling 
periodic cavities through resonance, the survival of unstabilized nuclei, the transient excitation, and 
the bubble migration. Readers interested in these works should refer to his book.





Mitome and Hatanaka (2002) used sonochemical reactors at 130.0 and 43.7 kHz and inves-
tigated changes in sonoluminescence intensity from distilled water under various experimental 
conditions. They used power-modulated pulsed ultrasound. A pulsing operation at a constant input 
energy enhances sonoluminescence intensity at lower power levels because of the higher ampli-
tude of ultrasound. At higher power levels, the quenching effect due to excessive sound pressure 
appears and the pulsing operation is not effective. The pulsing operation is more effective at 130.0 
than at 43.7 kHz, which corresponds well to the quenching mechanism based on the clustering 
of cavitation bubbles due to the secondary Bjerknes forces. Casadonte et al. (2005) explored the 
effects of pulse waveform and frequency on the oxidation of potassium iodide and the degradation 
of acid orange at 500 kHz. They also used power-modulated pulsed ultrasound. The square-shaped 
pulse generated more power than the triangle- or sine-shaped ones.  Furthermore, an oxidation 
rate increased by a factor of 3 as compared with a continuous irradiation was observed under 
conditions of equivalent acoustic input power. Sonochemical reaction fields visualized by luminol 
sonoluminescence were increased under the pulsed conditions. Yang et  al.  (2005) decomposed 
the nonvolatile surfactants sodium 4-octylbenzene sulfonate and sodium dodecylbenzenesulfonate 
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FIGURE 22.5  Effect of ultrasonic frequency at side transducer on the ratio of fluorescence intensity for dual 
frequency to sum value of fluorescence intensities for single frequencies. The effective electric power per one 
transducer is 60 W.
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at 354 kHz. They attributed the enhanced degradation of surfactants by pulsed ultrasound to the 
accumulation of surfactants on cavitation bubble surfaces.





Tuziuti et al. (2008) have studied the effect of liquid volumes on sonochemical-reaction efficiency 
at 152 kHz. They reported that the sonochemical efficiency was increased by pulsed ultrasound and 
the magnitude of the sonochemical effect enhancement strongly depends on liquid height.  This 
behavior was related to both the residual pressure amplitude during the pulse-off time and the spa-
tial enlargement of active reaction sites.





Liquid Flow





Liquid flow also enhances sonochemical reaction rate. Yasuda et al. (1999a) reported that the decom-
position conversion of 5-, 10-, 15-, 20-Tetrakis (4-sulfotophenyl) porphyrin was enhanced by liquid 
mixing for a sonochemical reactor with plate-type transducer at 22.8 kHz and a stirring device. 
Hatanaka et al. (2006) have investigated the effects of ultrasonic frequency (20–131 kHz) and power 
on the intensity of the sonochemical luminescence of luminol, when liquid mixing was applied. The 
authors reported that the intensity became high when both values of ultrasonic frequency and power 
were low or they were high.





Kojima et al. (2010) used a rectangular sonochemical reactor at a frequency of 490 kHz with a 
stirrer to examine the effect of liquid flow on the sonochemical efficiency and the area of chemi-
cal luminescence in the reactor. Figure 22.6 illustrates the results of the sonochemical efficiency 
under different rotational speed of the stirrer. The plot shows clearly that the sonochemical effi-
ciency increases with the rotational speed of the stirrer. The sonochemical efficiency at 350 rpm 
is nearly twice as high as that without mixing. They also observed the area of luminescence and 
the cavitation bubbles as a function of rotational speed. The photographs of luminol experiments 
demonstrated that the area of the luminescence increased with the increase in the rotational speed. 
The newly expanded region of chemical luminescence as a result of the increase in rotational speed 
corresponded approximately to the zone where newly trapped bubbles were observed. They consid-
ered that the formation of the steady standing wave in liquid under sonication was favorable for the 
increase of the number of active bubbles that contribute to the sonochemical reactions in the liquid 
(Asakura et al., 2008a). Hence, in order to enhance the sonochemical reaction rate, it is important 
to extend the field of the steady standing wave. However, large amplitude standing wave causes the 
aggregation of bubbles and thus, a reduction of the bubbles activity. As a result, the sonochemi-
cal efficiency decreases with increasing the electric power. On the contrary, the mechanical flow 
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FIGURE 22.6  Sonochemical efficiency under different rotational speeds of stirrer.
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generated by the rotational speed of stirrer is responsible for the increase of the horizontal flow rate, 
which prevents the active bubbles from aggregating in the standing wave. In addition, the stirrer 
supplies the acoustic field with reactant and cavitation nuclei required for the formation of the active 
bubbles. An increased liquid velocity might contribute to the increase of the sonochemical yield. 
Therefore, the combination of stirring with sonication enhances the sonochemical reaction rate.





Particle Addition





The particle addition has a potential to enhance the yield in the sonochemical reaction. Yasuda et al. 
(1999b) used a sonochemical reactor with plate-type transducer at 22.8 kHz and silica or α-alumina 
particles in 30 μm in diameter.  They found that the sonochemical reaction rate of 5-, 10-, 15-, 
20-Tetrakis (4-sulfotophenyl) porphyrin increased by the addition of each particle type. Sekiguchi 
and Saita (2001) also observed that the ultrasonic decomposition of chlorobenzene in water for a 
horn transducer at 20 kHz was enhanced by the addition of α-alumina particle. Keck et al. (2002) 
investigated the influence of quartz particles in aqueous on the chemical effects of ultrasound. The 
formation rate of hydrogen peroxide shows a maximum value at 206 kHz in the frequency range 
from 68 to 1028 kHz when the diameter and the concentration of quartz particles was 3–5 μm and 
4–8 g L−1, respectively.





The particle cracks create cavitation nuclei for bubbles (Crum, 1979; Marschall et  al., 2003). 
Tuziuti et al. (2005) investigated the correlation of acoustic cavitation noise and the I3





− yield in solu-
tion by particle addition. They showed that the addition of alumina particles with an appropriate 
amount and size increased the yield of sonochemical reaction. The acoustic noise due to cavitation 
bubbles was increased by the particle addition. Tuziuti et al. (2006) also found that the sonochemi-
cal luminescence intensity and the I3





− yield were enhanced by the addition of micrometer-sized air 
bubbles. The ultrasonic frequency was 141 kHz and bubble diameter 5–50 μm. They considered that 
the tiny bubbles added into the sonicated liquid are directly connected to an increase in the number 
of collapsing bubbles active for sonochemical reaction.





LARGE-SIZE SONOCHEMICAL REACTOR





In order to extend the industrial application of sonochemistry, an efficiently scale-up of the sonochemical 
reactors is required. An important issue related to the scale-up of the sonochemical reactors is the eluci-
dation of the effect of liquid height or irradiation volume on sonochemical reactions.





Effect of Liquid Height





Iernetti (1971) compared the cavitation thresholds of distilled water at 700 kHz for variable sample 
volumes from 10−3 to 103 cm3 and reported that the cavitation threshold increased with the volume. 
Renaudin et al. (1994) investigated the intensity of sonochemical luminescence at 500 kHz for liq-
uid heights ranging from 25 to 75 mm. The chemiluminescence intensity and sample temperature 
clearly decrease when the liquid height increases. Kojima et al. (1998) examined the decomposition 
rate of 5-, 10-, 15-, 20-Tetrakis (4-sulphotophenyl) porphyrin in solutions at 126, 500, and 1000 kHz 
for liquid heights ranging from 20 to 70 mm. Their results also revealed that at laboratory scale, the 
effect of ultrasound on sonochemical reaction decreased with an increase in the liquid height.





Recently, Asakura et al. (2008a) have used cylindrical reactor 70 mm in diameter. The sonochemi-
cal efficiency of the cylindrical sonochemical reactor has been investigated as a function of frequency 
and liquid height when the irradiation frequencies were 45, 129, 231, and 490 kHz. The liquid height 
varied from 10 to 700 mm. The sonochemical efficiency of the cylindrical reactor was evaluated by KI 
dosimetry and calorimetry. Figure 22.7 shows the variation in the sonochemical efficiency value with 
the liquid height for different frequencies.  It was found that the sonochemical efficiency value 
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for each frequency depends on the liquid height. Figure 22.8 shows the variation in the sonochemical 
efficiency value with frequency at liquid heights of 30, 100, and 500 mm; results reported by Koda 
et al. (2003) are also shown for comparison. Although the experimental conditions such as types of 
reactors and irradiation methods are different, the frequency dependence of the sonochemical effi-
ciency value for a liquid height of 100 mm is very similar in both these studies. For a liquid height of 
30 mm, the sonochemical efficiency value at 45 kHz is very low and the peak of the sonochemical effi-
ciency value appears at a high frequency. For a liquid height of 500 mm, the sonochemical efficiency 
value decreases with an increase in the frequency to about 200 kHz; above 200 kHz, the sonochemical 
efficiency value tends to increase. It should be emphasized that for a frequency of 45 kHz, the sono-
chemical efficiency value at a liquid height of 500 mm is approximately eight times the sonochemical 
efficiency value evaluated by Koda et al. (2003) at the laboratory scale.
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FIGURE 22.7  Variation of sonochemical efficiency value with liquid height for different frequencies.
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FIGURE 22.8  Variation of sonochemical efficiency value with frequency at liquid heights of 30, 100, and 
500 mm; results reported by Koda et al. (2003) are also shown for comparison.
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Large-Scale Sonochemical Reactor





The studies of chemical effects have been mostly conducted by using laboratory-scale sonochemical 
reactors, whose volume was less than 1 dm3. In order to put the sonochemical processes of wastewa-
ter treatment and material processing in practical use, it is necessary to design and develop a large 
sonochemical reactor on a pilot scale (more than 100 dm3) or an industrial scale (more than 1 m3). 
Several researchers have conducted studies on large sonochemical reactors.





The large-scale sonochemical reactors have been developed for low frequency at 20–50 kHz. 
Mason (1992) reviewed various types (cleaning bath, submersible transducer assembly, probe sys-
tem, and flow system) of large-scale sonochemical reactors. Gogate et al.  (2003) developed hex-
agonal column sonochemical reactor. There were three types of transducers working at 20, 30, and 
50 kHz attached at the each side wall of the reactor and the sample volume was 7.5 dm3. Asakura 
et al. (2007) used large-scale sonochemical reactor at 44.3 kHz with the inner dimensions of 350 mm × 
350 mm × 850 mm (height). Thirteen transducers in the apparatus were fixed with a stainless steel 
plate and located at the reactor bottom. They investigated the effect of liquid height on the sono-
chemical reaction in the range of liquid height from 87 to 592 mm, which was equivalent to the 
sample volume of about 18–80 dm3. The sonochemical efficiency value was about six times higher 
than that of the laboratory-scale sonochemical reactor below 0.2 dm3.





Some large-scale sonochemical reactors for high frequency at 200–600 kHz have been 
reported. Gonze et al. (1998) have developed the cylindrical reactor at 500 kHz with 300 mm in 
diameter. The reactor has three transducers at the bottom and has a capacity of 28 dm3. They also 
developed many types of sonochemical reactors at 500 kHz and compared the sonochemical reac-
tion performance. Destaillats et al. (2001) have used four transducers at 612 kHz and developed 
the sonochemical reactor with the volume of 6 dm3. They have reported that the decomposition 
reaction rate of dichloromethane in water exceeded those for the small-scale reactors by factors 
from 3 to 7.





Asakura et al. (2008b) developed a 500 kHz large-scale sonochemical reactor having the inner 
dimensions of 508 mm × 508 mm × 672 mm (height) with 12 transducers attached at the bottom. 
With this reactor, they investigated the effect of liquid height on the sonochemical reaction in the 
range of liquid height from 300 to 500 mm for sample volume of about 77–131 dm3. Figure 22.9 
shows the effect of liquid height on sonochemical efficiency value. The closed circles in Figure 
22.9 were data for the cylindrical reactor at 500 kHz (Asakura et al., 2008a). Both data are close 
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FIGURE 22.9  Effect of liquid height on sonochemical efficiency value at 500 kHz.
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and have maximum value of sonochemical efficiency around 400 mm. This is because the ultra-
sound propagation at 500 kHz has high directivity and the sonochemical reaction fields spread 
only little in a direction perpendicular to ultrasonic propagation.
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Characterization and Scale-Up





Jean-Yves Hihn, Marie-Laure Doche, Audrey Mandroyan, 
Loic Hallez, and Bruno G. Pollet





REACTOR DESIGN: A CRUCIAL STEP





“Aspirations for sonochemical processing are those which all production managers would welcome: 
faster reactions, better conversions, improved and perhaps new products.” This sentence is taken 
from the last paragraph of a review by T.J. Mason (2000) in a paper concerning sonochemical pro-
cessing, and it remains highly reliable!





The enormous potential of sonochemical reactors in a wide variety of processes for chemical and 
allied industries is intact, whereas not exploited to date. A few fields use ultrasound in sonoreactors: 
They concern cleaning and decontamination, extraction and impregnation, crystallization and pre-
cipitation, and, to a greater or lesser extent, electrochemistry. In the majority of cases, some exam-
ples of large-scale use of sonoreactors are still valid, but generally, design is based on “intuition,” 
and the results quoted in yield are impossible to predict. Indeed, rare are the tentative to design in 
depth a sonoreactor (Hihn et al., 2000; Soon et al., 2006; Viennet et al., 2009). For many authors, 
the necessity to take care of the scale-up aspects is acknowledged, but most of the time this only 
concerns the cavitation activity and intensity, using solutions based on bubble dynamics equations 
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as well as experimentation with different reactor types and reactions. Design correlations for col-
lapse pressure and its relation to cavitational yield should assist designers in choice of the operating 
parameters for a desired cavitational effect (Gogate and Pandit, 2004). In the meantime, it cannot be 
dissociated from the techniques useful for good understanding of cavitational activity distribution 
(Sutkar and Pandit, 2009). Cavitation is the phenomenon with the most important effect for inten-
sification of physical and chemical processing. However, even after a complete study of dynamic 
behavior of cavitation, this specificity creates problems in proposing reliable design.  Therefore, 
operating strategies are needed. Surprisingly, while the physics of the phenomenon is well covered 
and recommendation for optimum reactor parameters and design still exists (Sutkar and Pandit, 
2009), a more global approach is needed, especially in the case of sonoelectrochemistry. There are 
many examples of large-scale processes assisted by ultrasound. Electrochemical reactions are often 
complex, but it can be considered essentially as mass transfer or ion transfer to or from the electrode 
surface that is highly sensitive to asymmetric bubble collapse. Nevertheless, even in this restricted 
community, a large choice of reactors are still available (Figure 23.1) and are mostly dedicated to 
the laboratory using them for the first time.





Heterogeneous Distribution of the Acoustic Field





The main problem in ultrasonic reactor design is heterogeneous distribution of the acoustic field. 
That is why many processes assisted by ultrasound experiments, successful on a laboratory scale, 
but are hard to transfer to industrial processes. For example, if ultrasound is known to induce a 
mass-transfer increase as well as an electrode surface activation, localization of the electrode is 
so crucial in sonoelectroreactors that major contradictions have been observed between the results 
from two different universities.





Therefore, knowledge of distribution of these active zones is very useful for reactor design, 
particularly in the case of these sonoelectrochemical applications, where reactions take place at the 
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FIGURE 23.1  Huge varieties of the “best reactors.”



















Ultrasound for Better Reactor Design	 601





interface. Several methods have been developed for this determination such as aluminum erosion 
foil (Laborde et al., 1998), thermoprobes (Fry and Fry, 1954; Martin and Law; 1980; Boldo et al., 
2004), and sonoluminescence (Gondrexon et al., 1995). Some authors use an interesting method for 
hydrodynamic and mass-transfer characterization, adapted to ultrasound effects: electrochemical 
mass-transfer measurement. This method is combined with a mechanical effect of cavitation and its 
principle is derived from the Nernst equation. Under diffusion-controlled conditions, the intensity 
of the limiting current is proportional to the mass-transfer coefficient of the active species at the 
surface of the working electrode. In practical terms, it consists of cycling voltammetry using the 
well known quasi-reversible redox couple Fe CN Fe CN( ) / ( )6





3
6





4− − (Trabelsi et al., 1996; Ligier et al., 
2001; Viennet et al., 2001). Thanks to those records, quantitative information is obtained along a 
radial and axial distribution in the sonoreactor: This will be discussed in greater detail later on.





Moreover, visualization techniques provide decisive pictures for global comprehension of sonore-
actor behavior, and therefore for their proper use. Burdin et al. have compared two laser techniques 
for the characterization of the acoustic cavitation cloud (Burdin et al., 1999) and Chouvellon et al. 
(Chouvellon et al., 2000) have used the tomography technique to study the velocity field in an ultra-
sonic reactor operating at 500 kHz. Our group has dedicated many papers to highlighting active zone 
distribution in an ultrasonic reactor (Viennet et al., 2004; Mandroyan et al., 2009a,b). The laser tomog-
raphy technique is useful for visualizing the active zones with a high degree of accuracy: It consists of 
the use of a monochromatic incident laser light, which is diffracted by cavitation bubbles. Thus, it is 
possible to observe the zones of high bubble density, corresponding to the most active areas.





A large-scale reactor was especially designed for those experiments. It consists of a polymethyl 
methacrylate (PMMA) cylinder (optic quality) 450 mm in diameter and 500 mm high. Large dimen-
sions were chosen because of the need of high bending curvature to solve optical problems, and 
to minimize the perturbations linked to the stirring effects induced by ultrasound irradiation. 
The transducers used here consist of a probe (Sonics & Materials, Danbury USA), with a 25 mm 
titanium horn as a radiating face, and a high-frequency transducer with a 56 mm glass radiating face 
(developed by the Laboratory of Molecular and Environmental Chemistry, University of Savoie, 
Chambéry, France). Both were fixed at the reactor bottom.





A laser argon beam (green line 534 nm) is converted to a thin horizontal or vertical static plane 
sheet of light, generated by the combination of a cylindrical optical component (which spreads the 
light in one direction) with a spherical component (which enables focusing Figure 23.2). Images are 
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FIGURE 23.2  Equipment for laser visualizations. (From Ultrason. Sonochem., 11, Viennet, R., Ligier, V., 
Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemical determination of the 
actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, Copyright (2004), with 
permission from Elsevier.)
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collected by a camera, or by a video recording, to allow subsequent data processing, for example, 
for the determination of speed vectors within the liquid.





Figure 23.3 shows the results obtained by a static vertical sheet of light illuminating the zones 
close to the transducer. The bottom of the reactor vessel can be observed, with the flange adapter 
used to fix the transducer. A very high luminous intensity appears, near the transducer, which corre-
sponds to a zone of maximum activity. As the cavitation bubbles are produced in zones with strong 
pressure variations, this result was foreseeable. Energy distribution is also focused in the middle of 
the reactor, because of the focusing effect of the cylindrical reactor.





It is easy to understand that incorrect positioning of a working electrode, for example, a few 
centimeters from the reactor axis, will give completely different results. This can lead us to think 
that in one case, ultrasound provides excellent effects, whereas in another case, it can be consid-
ered as inefficient. Similarly, locating the electrode in different positions all along the reactor axis 
will yield large discrepancies in their quantitative response. This was already a feeling shared by 
experimenters as most sonoelectrochemical applications for low frequencies are implemented close 
to the transducer.





When the zone close to the transducer is illuminated by a static horizontal sheet of light, it can 
be observed that the cavitation activity is uniformly distributed according to a radial direction from 
the ultrasound generator to the bulk of the most actives zones (Figure 23.4). Moreover, due to the 
large wavelength (75 mm) and the small transducer diameter, the length of the Fresnel zone is very 
short and the observations concern the far field zone (Fraunhofer zone). This homogeneous distribu-
tion is for the most part confirmed by other experiments. In the case of accelerated corrosion tests 
studies, homogeneous distributions of corrosion products were observed, confirming homogeneous 
ultrasound effects (Doche et al., 2001, 2003; Ligier et al., 2001).





If we look beyond the immediate vicinity of the transducer, a vertical sheet of light shows regu-
lar distribution of the more luminous zones in the reactor as a whole. These zones correspond to 
zones of strong pressure variations and are distributed with equal spaces from the transducer to the 
interface (Figure 23.5).





It is important to note that active zones become more luminous if the resonant case is reached, 
that is, fitting the transducer–reflector distance to an odd multiple of the quarter of the wavelength. 
This resonant case leads to standing waves of great pressure amplitude and the number of lumi-
nous zones corresponds to the number of zones of maximum pressure amplitude foreseeable. 
Finally, the light intensity of these zones decreases when the distance between interface and trans-
ducer increases, showing a decay in cavitation activity due to acoustic absorption. This confirms 
the sonoluminescence of Luminol, which showed the same global pattern (Renaudin et al., 1994; 





FIGURE 23.3  (See color insert.) Laser visualization at 20 kHz. (From Ultrason. Sonochem., 11, Viennet, R., 
Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemical determi-
nation of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, Copyright 
(2004), with permission from Elsevier.)
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Laborde et al., 1998; Boldo et al., 2004; Hallez et al., 2010). A systematic study, with a variety of 
parameters such as transducer diameters and ultrasonic power input can be found in Besançon’s 
works (Mandroyan et al., 2009a).





At higher frequencies, that is, 500 kHz, an organized distribution of active zones once again 
appears. The distance between two luminous zones is smaller than in the case of 20 kHz frequency 
due to the reduced wavelength (3 mm). The transducer-interface distance is less significant, and the 
resonant system is achieved in all cases. The wavelength is small enough to allow adaptation of 
liquid acoustic impedance.





Figure 23.6a shows a laser light sheet in the entire volume. Radial distribution of luminous inten-
sity is not homogeneous; luminous zones are visible around a dark central circular zone. Figure 
23.6b shows the pictures obtained with a horizontal light sheet and confirms that activity is lowest 
in the central area. Once again, this constitutes a real “trap” for the scientist during his experimental 
work, as an electrode placed in this kind of zone will present low acoustic activity, and can thus 
lead to the wrong conclusion that ultrasound has a negligible effect. This distribution of the cavita-
tion activity is typical of energy distribution in the near field (Fresnel field—27 cm in our operating 
conditions). Closer to the reflector, this distribution is greatly modified. These results comply with 





FIGURE 23.4  (See color insert.) Horizontal cutting close to the transducer. (From Ultrason. Sonochem., 
11, Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and elec-
trochemical determination of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 
125–129, Copyright (2004), with permission from Elsevier.)





FIGURE 23.5  (See color insert.) Vertical light sheet in the entire reactor volume.  (From Ultrason. 
Sonochem., 11, Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and 
electrochemical determination of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 
125–129, Copyright (2004), with permission from Elsevier.)
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observations in the literature reporting that mass-transfer coefficients are maximum around a cen-
tral zone, which presents weaker coefficients (Trabelsi et al., 1996).





In the presence of a reflector, even before the end of the Fresnel zone, ultrasound energy distribu-
tion is completely modified. A cone with bright lines spaced out by 0.75 mm (quarter of the wave-
length) is produced throughout the volume. These observations confirm other results obtained in the 
literature, where authors obtain their best results close to the water/air interface at high frequency 
(Pétrier et al., 1992; Trabelsi et al., 1996; Viennet et al., 2004). By placing a horizontal laser light 
sheet near the target, the concentric circles referred to earlier appear throughout the volume. This 
result is very important and once again confirms the interest of this zone for chemical or electro-
chemical applications (Figure 23.7).





Electrode Presence Is “Intrusive”





Sonoelectrochemical experiments differ from sonochemical ones by the introduction of electrodes 
in the sonicated vessel. While ultrasound is known to markedly enhance electrochemical processes, 
this has always required the presence of an electrode in the acoustic field, which could greatly dis-
turb the cavitation activity as well as the acoustic distribution itself. Consequently, electrode pres-
ence had to be taken into account and its influence evaluated. A systematic study was carried out in 
the Besançon group at low frequency (Mandroyan et al., 2009a,b).





In a sonoelectrochemical reactor, the working electrode is of prime importance and is usually posi-
tioned in front of the transducer, as per the results described earlier, even if it disturbs ultrasonic wave 
propagation. To reproduce this situation, the same experimental setup as described in Figure 23.2 





(a)





(b)





FIGURE 23.6  (See color insert.) (a) Visualization in the entire reactor volume; (b) radial distribution close 
to the transducer. (From Ultrason. Sonochem., 11, Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., 
and Doche, M.-L., Visualisation and electrochemical determination of the actives zones in an ultrasonic reac-
tor using 20 and 500 kHz frequencies, 125–129, Copyright (2004), with permission from Elsevier.)
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was used while introducing an unpolarized electrode in the reactor axis. Three different electrode/
horn distances have been investigated, with different horn diameters as well as different ultrasonic 
power inputs for low frequencies (20 and 40 kHz). For all the situations tested, luminous intensity 
is barely modified by electrode presence, as long as the electrode is kept further than 30 mm away. 
Intensity increases weakly with the transmitted power indicating that bubble density in the studied 
area remains within the same range of magnitude. A completely different behavior is observed when 
the electrode is kept closer to the horn, as if the activity were “trapped” by the electrode with cavita-
tion activity focusing itself on the obstacle. This is even more marked from 10 to 2 mm, where the 
activity appears to be confined in a “tube” between the horn and the electrode (Figure 23.8).





These results fully comply with the usual observations made by “sonoelectrochemists.” 
Consequently, despite the apparent decrease in activity (average luminosity is lowest at a 2 mm 
electrode–horn distance), the closest location is the more frequently used.





Nevertheless, such intuition does not govern scientific practice, and the need for a characteriza-
tion tool is confirmed. The choice of the reactor most appropriate for a precise situation requires 
additional investigations.





DIRECT QUANTIFICATION OF ULTRASOUND EFFECTS BY ELECTROCHEMISTRY





While it is commonly accepted that sonoelectrochemistry concerns enhancement of electrochemical 
processes, the investigation approaches used vary. The general problem of power ultrasound applied 
to surfaces is first to control and to characterize the disturbances they generate on these surfaces. It is 
only then that we will be able to concern ourselves reliably with the very important applications that 





FIGURE 23.7  (See color insert.) Details close to the water/air interface at high frequency. (From Ultrason. 
Sonochem., 11, Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and 
electrochemical determination of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 
125–129, Copyright (2004), with permission from Elsevier.)
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FIGURE 23.8  (See color insert.) Laser visualization of ultrasonic actives zones in electrode presence.
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they allow. At every step in the studies involving surface and ultrasonic irradiation, electrochemistry 
can be of vital help in understanding the phenomena. In this case, electrochemistry will be taken as a 
tool for ultrasound investigation. If we detail an electrochemical reaction, three types of phenomena 
appear: Mass transfer (including convection and electromigration), adsorption, and electronic transfer. 
Indeed, ultrasound may influence each step, a fact that can be highlighted by specific electrochemical 
investigations. This is something classic in the case of mass transfer, and the use of a redox couple (e.g., 
Fe CN Fe CN( ) / ( )6





3
6





4− −) is common. Rarer are the studies that concern the phases of adsorption or of 
electronic transfer. For the adsorption case, very specific techniques such as impedance spectroscopy 
have to be carried out to show ultrasound influence. Electronic transfer was the subject of some kinetic 
studies, and the heterogeneous rate constant can be sensitive to ultrasonic irradiation. Consequently, the 
electrochemical reduction of silver thiosulfate shows a dependence of the standard heterogeneous rate 
constant up to 10-fold compared to the silent condition (Pollet et al., 2005). All these works increase 
knowledge of the phenomena involved in ultrasound effects. Concerning mass-transfer measurements, 
a large amount of information can be obtained. First, systematic measurement is an excellent tool for 
evaluating the power applied to a surface. For all applications involving a surface, it is necessary to have 
a criterion for energy dispersion evaluation, such as calorimetric power measurement in the case of 
homogeneous reactors. In certain conditions including a chemical engineering approach, electrochem-
istry can be a good solution. Second, the specific implosion mode of the cavitation bubble is in the bulk 
of the phenomena. Close to a surface, the cavitation bubbles imploded in an asymmetric way, leading to 
the formation of micro-jets and disturbances of the double layer. Nevertheless, even these methods are 
quite easy to set up: Data interpretation is not trivial and some discussions are necessary.





The Well-Known Electrodiffusional Method or What Happens 
during an Electrochemical Measurement for Mass-Transfer?





The first possibility consists of reducing the influence of various operation parameters in new cri-
terion calculation. For example, it is possible to eliminate the influence of electroactive surface and 
species concentration without too many assumptions, by calculating in turn a current density and 
then a mass-transfer coefficient. The basis of this method is to record voltammograms of a revers-
ible couple on an inert stationary electrode. The principle is to impose a kinetic energy controlled 
by diffusion, thanks to low electroactive species concentrations: to reach a limiting current density 
while increasing the potential, directly proportional to the mass transfer. This method is so fre-
quently used that it is easy to forget its scientific background. Mass transfer is the displacement of 
ionic species and its overall behavior follows the Nernst–Planck equation:
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Due to systematic use of background salt, electrical migration of ion in the electric field can be 
ignored, so the ionic transfer results only of the contribution of convection and molecular diffusion. 
The resulting specific molecular flow is written as follows: (mol ions s−1 cm−2):
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where
J–O is the flux of O species
DO is the diffusion coefficient derived from Stokes–Einstein equation in a solvent of dynamic 





viscosity η
CO is the concentration in species O
V
→





O is the liquid velocity





The electron transfer through the interface yields the average flow of ions reacting at the electrode 
surface. Considering a Faradic yield equal to 1, where S is the electrode surface and n the number 
of electrons exchanged, the limiting current density will be j:
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where
I is the current
F is the Faradic number





Then, directly to the electrode, one may write in a normal direction to the wall because electrolyte 
velocity is equal to zero at the electrode surface. The concentration profiles of the species O in close 
vicinity of the electrode assume the following appearance (Figure 23.9) in accordance with Fick’s 
second law equations in unsteady-state regime.





If current density increases, there is an impoverishment in the electrode vicinity, and the concen-
tration profiles bend until a limiting profile CO(x) reaching CO(0) = 0 (at the electrode surface). The 
absolute value of the current density is described as follows:
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The limiting concentration profile is defined by the hydrodynamic conditions and the limiting 
current density jLim.  It is then possible to express the specific limiting transfer flow by a classi-
cal law linking the transfer flow to a potential difference (transfer driving force) multiplied by a 
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FIGURE 23.9  Concentration profiles close to the electrode.
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conductance. This yields the following expression for the molecular flow where kd is a constant 
of proportionality. Focusing on the limiting profile CO(x), it can be noted that the limiting flow is 
determined by the slope at x = 0 and is merged with its tangent (Figure 23.10).





	 J J k C C k CO O OLim d e d s= = − = −max ( ) ( )O Os 0





Finally, current potential polarization curves for the FeIII/FeII reversible couple were recorded under 
steady state conditions for a low scan rate (typically 2 mV s−1). The voltamograms exhibited typical 
sigmoidal current responses yielding signal plateaus at mass transfer–limited potentials (Hagan and 
Coury, 1994; Cooper and Coury, 1998). The mass transfer–limited currents under ultrasonic irradia-
tion could be decomposed into a steady-state- and time-dependent components (oscillating around 
the average plateau current value). In our conditions, only steady-state current values were consid-
ered. The mass transfer–limited current was thus determined by a statistical study at the plateau.





	
j = nF kd (COs– COe) n × F × C





jLimkd =





This proportionality coefficient kd points to the mass-transfer coefficient for diffusion/convection 
between the electrolyte and the electrode.  It represents a conductance, with the dimension of a 
velocity (m s−1) that does not refer to any model or hypothesis for its determination. It can be thus 
used in all situations, and its physical significance is precisely determined as kd. Indeed, the distri-
bution of the local coefficient is not uniform when limit layers are produced on the electrodes. In 
the same manner, kd may be time dependent during transient condition, and a distinction had to be 
made between instantaneous transfer (e.g., in the case of a cavitation event) and average transfer 
during a time interval. Another application is that the mass transfer determined by the help of a 
quasi-reversible redox system is valuable for various other electrochemical species, so it is possible 
to predict limiting current density in another situation (e.g., in the case of plating).





For sonoreactor design, “translation” of limiting current density into a mass-transfer coefficient 
value reduces the influence of various operating parameters, and makes it possible to compare two 
experiments in the same experimental setup. In the following example, the problem was to know 
how to separate the contribution of stirring induced by ultrasound from its specific contribution to 
electropolymerization of poly(3,4-ethylenedioxythiophene) (PEDOT) (Et Taouil et al., 2011).





Mass-transfer experiments were also carried out under ultrasound irradiation (500 kHz, 25 W). 
The average mass transport–limited current density was found to be equal to 2.2 mA cm−2. In order to 
work at the same stirring level both in silent conditions and under ultrasound, a calibration is made by 
measuring the mass-transfer coefficients at different rotating speeds (Figure 23.11). The comparison 
between the different curves showed that the rotation value implying the same transport-limited cur-
rent density as 25 W ultrasound is 950 rotations per minute (rpm). The corresponding mass-transfer 
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FIGURE 23.10  Limiting concentration profile close to the electrode.
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coefficient is equal to 4.6 × 10−5 m s−1. After that, PEDOT films were elaborated on fluorine-doped 
tin oxide (FTO) substrates within 100 s in silent conditions, under ultrasound, or with an electrode 
rotating at 950 rpm (equivalent stirring as in ultrasound presence as calibrated by mass-transfer 
measurement) (Figure 23.12). The decrease in current density in silent condition is due to the growth 
of the PEDOT film at the electrode surface, the conductivity of which is lower than that of the sub-
strate. The chronoamperometry curve obtained under sonication exhibits a very interesting effect of 
high-frequency ultrasound. Indeed, when ultrasound is used, current density is much higher than in 
silent conditions, thus enhancing 3,4-ethylenedioxythiophene (EDOT) electropolymerization.





A deposit also made under the same potentiostatic conditions on a 950 rpm rotating electrode 
(without sonication) can be considered in similar agitation conditions (same mass-transfer coef-
ficient kd) as when ultrasound is used. Results present a clear increase in current density, showing a 
dependence of electrodeposition on the stirring conditions. Nevertheless, when comparing the two 
curves (US 25W and RDE recorded for the same kd = 4.6 × 10−5 m s−1), it is obvious that electro-
synthesis current density is higher under ultrasonication: Ultrasound does not only have a stirring 
effect at the interface but other phenomena enhancing electropolymerization are to be considered 
(Et Taouil et al., 2011).





Reduce the Parameters Influence by Modeling





By extension, when using additional assumptions to linearize the motionless diffusion layer at 
the interface, the mass-transfer coefficient could be expressed with physical significance, and the 
Sherwood number appeared as a new criterion. Indeed, the complexity of turbulent systems require 
the description of the combination of the molecular mass transfer by diffusion and the mass transfer 
by convection in a single two-zone model (Figure 23.13).





The concentration profile is replaced by an equivalent simplified profile, linear with a slope equal 
to the tangent at the real profile in x = 0. In the thus-defined expression, only molecular diffusion 
takes place. Beyond this limit, the liquid is considered as perfectly mixed. Then kd, which was a 
simple coefficient of proportionality, will assume a new signification. The limiting current becomes
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6
3− − mass transfer curves on platinum at 2 mV s−1 scan rate. (From Ultrason. 





Sonochem., 18, Et Taouil, A., Lallemand, F., Hihn, J.-Y., Melot, J.-M., Blondeau-Patissier, V., and Lakard, B., 
Doping properties of PEDOT films electrosynthesized under high frequency ultrasound irradiation, 140–148, 
Copyright (2011), with permission from Elsevier.)
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and the well-known dimensionless Sherwood number appears in the expression
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Therefore, by using the simple and clear film model, it is possible to link the dimensionless number 
of Sherwood, which describes the mass transfer in many situations (Delmas and Couderc, 1981) to 
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FIGURE 23.13  Two-zone model for mass transfer.





0 20 40 60 80 100
0.0





1.0 × 10–3





2.0 × 10–3





3.0 × 10–3





4.0 × 10–3





5.0 × 10–3





6.0 × 10–3





7.0 × 10–3





8.0 × 10–3





9.0 × 10–3





1.0 × 10–2
US
950 rpm
Silent





j (
A





 cm
–2





)





Time (s)





FIGURE 23.12  Chronoamperometry curve of PEDOT electrosynthesis in aqueous solution (5.10–3 M 
3,4-ethylenedioxythiophene [EDOT] + 0.1 M LiClO4) (1 V/SCE for 100 s). (From Ultrason. Sonochem., 18, Et 
Taouil, A., Lallemand, F., Hihn, J.-Y., Melot, J.-M., Blondeau-Patissier, V., and Lakard, B., Doping properties 
of PEDOT films electrosynthesized under high frequency ultrasound irradiation, 140–148, Copyright (2011), 
with permission from Elsevier.)
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a ratio between a characteristic dimension dH and the film thickness δ = DO /kd. By this mean, the 
influence of a large number of operating parameters is reduced, and comparison between different 
experiments in different laboratories or experimental setups is easier. The raw recording is a current (A). 
The result can be written in terms of current density (removing the electrode area influence), then in 
term of mass-transfer coefficient kd (removing the influence of the number of electrons exchanged 
and of electroactive species concentration), and finally in the Sherwood criterion (removing the 
influence of electrode size dH and electrolyte nature through the diffusion coefficient).





The immediate application to sonoreactor design and use is to be able to compare different situ-
ations involving the use of ultrasound, allowing different teams of researchers to compare their 
results accurately. In the case of the setup of accelerated corrosion tests, Ligier et al. (2001) records 
systematically “ultrasonic conditions” in a single criterion that consists of a Sherwood number. 
Therefore, it is possible to reproduce the corrosion test in another setup, in the conditions by keeping 
the same Sherwood number.





As acoustic energy is not uniform in a sonoreactor, it is possible to map by moving systemati-
cally an electrode and by recording the mass-transfer coefficient (Faid et al., 1998). If these kinds of 
results are expressed in Sherwood number, their impact is increased because comparison between 
other experimental devices is facilitated. For example, to evaluate the corrosion rate of zinc exposed 
to ultrasonic irradiation in various electrolytes, the setup has been characterized by systematic 
records of the Sherwood number all along the sonoreactor axis (Figure 23.14) (Doche et al., 2003).





The Sherwood number decreases when the electrode is moved from the ultrasonic source. 
However, as from a distance equal to 60 mm, this decrease is not continuous and the curve presents 
a pseudo-sigmoidal shape: maximum stirring points alternating with minimum ones and separated 
by a distance of λ/4 (λ is the wavelength). This confirms the establishment of stationary waves 
due to a total reflection by water–air interface, and the same trend is confirmed irrespective of 
ultrasound frequency. Then, once quantitative information has been acquired on stirring level, it 
is possible to discuss the mechanisms. As the zinc corrosion mechanism in aerated electrolytes is 
reported to be controlled by the limiting step of oxygen diffusion, the average limiting oxygen dif-
fusion current was taken to be the corrosion rate at the electrode. Results are plotted in Figure 23.15.
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FIGURE 23.14  Comparison between Sherwood numbers as a function of electrode location in a sonoreactor 
at 20 and 40 kHz. (From Ultrason. Sonochem., 10, Doche, M.-L., Hihn, J.-Y., Mandroyan, A., Viennet, R., and 
Touyeras, F., Influence of ultrasound power and frequency upon corrosion kinetics of zinc in saline media, 
357–362, Copyright (2003), with permission from Elsevier.)
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It can be seen that corrosion current fluctuates according to electrode position and reaches a 
maximum value (seven to eight times higher than in silent conditions) for a distance of nearly 94 mm 
(nearly λ + λ/4). These results are consistent with mass-transfer measurements especially for the 
lowest frequency (20 kHz), when the larger wavelength reduces the error on the electrode location. 
However, there is some discrepancy, particularly when the electrode is set close to the electrolyte 
surface, which corresponds to a low stirring point but a high corrosion rate. The liquid surface 
(deformable interface) probably disturbs the wave system by acting as a reflector.





A final example of Sherwood use concerns the case of hydrodynamic measurement in the Besançon 
double cell, where studies of sonoelectrochemistry in various solvents are presented.  Information 
obtained is rather different: Raw measurements of current densities are directly related to mass trans-
port—reduction into dimensionless criteria highlighted the particular behavior of room-temperature 
ionic liquid (Costa et al., 2008). Electrochemical tests were carried out under ultrasonic irradiation for 
different ultrasound powers, different frequencies, three electrolytes, and the optimum 1.5 bar found 
previously for coolant overpressure (Figure 23.16). It is important to note that all inputs are expressed 
in terms of transmitted power, that is, measured during the experiments by calorimetry. Since this fact 
is taken into account, changes may not simply be ascribed to wave absorption.





Irrespective of operating conditions, ultrasound significantly improves the mass-transfer phenom-
enon. All recorded voltammograms exhibit a typical sigmoïdal current response yielding signal pla-
teaus, where the oscillations show evidence of cavitational events. The current densities obtained in 
acetonitrile are higher than in water, but those obtained in (BuMIm) (Tf2N) drop drastically. This can 
be easily explained by the evolution of FeIII/FeII diffusion coefficients, which change inversely with 
viscosity values: Water 1 × 10−3 Pa s, acetonitrile 0.47 × 10−3 Pa s and ionic liquid 55.7 × 10−3 Pa s.





The results were then plotted in Sherwood numbers (Figure 23.17).
The dimensionless numbers are acknowledged as eliminating the electrolyte nature by taking 





the diffusion coefficients into account. As expected, the values in water and acetonitrile are com-
parable.  It would appear, therefore, that stirring induced by ultrasound is identical in these two 
liquids for the same transmitted power inputs. Surprisingly, the values of Sherwood numbers are 
nearly five times higher in (BuMIm) (Tf2N) than in the other liquids, despite the use of the adequate 
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FIGURE 23.15  Comparison between zinc corrosion rates as a function of electrode location in a sonoreactor 
at 20 and 40 kHz. (From Ultrason. Sonochem., 10, Doche, M.-L., Hihn, J.-Y., Mandroyan, A., Viennet, R., and 
Touyeras, F., Influence of ultrasound power and frequency upon corrosion kinetics of zinc in saline media, 
357–362, Copyright (2003), with permission from Elsevier.)
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dimensionless number. This fact leads us to think that ultrasonic stirring close to the electrode is far 
more efficient in the presence of ionic liquid than for the other solvents. This is not trivial because 
although acetonitrile did not follow a Newtonian behavior, water, and (BuMIm) (Tf2N) did!





This issue, highlighted by the choice of plotting the results in Sherwood numbers was the start-
ing point of a complementary study concerning the particular behavior of ionic liquid exposed to 
ultrasonic irradiation (Costa et al., 2010).





A NEW TOOL: THE EQUIVALENT VELOCITY





Another possibility is the determination of the so-called equivalent fluid velocity as a char-
acteristic of sonoreactors in an attempt to qualify and quantify all phenomena induced by 
ultrasound at the electrode surface (ultrasonic wind and cavitation activity) (Pollet et al., 2007; 
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FIGURE 23.16  Mass transport–limited current density ( jLim) versus acoustic intensity (It). Results obtained at 
20 kHz for (◽) acetonitrile, (⬧) water, and (▴) (BuMIm) (Tf2N) with a constant overpressure of 1.5 bar (Costa, C., 
Hihn, J.-Y., Rebetez, M., Doche, M.-L., Bisel, I., and Moisy, P., 2008, Transport-limited current and microsono-
reactor characterization at 3 low frequencies in the presence of water, acetonitrile and imidazolium-based ionic 
liquids, Phys. Chem. Chem. Phys., 10, 2149–2158, by permission of The Royal Society of Chemistry.)
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FIGURE 23.17  Sherwood numbers (Sh) versus acoustic intensity (It). Results obtained at 20 kHz for (◽) 
acetonitrile, (⬧) water, and (▴) (BuMIm) (Tf2N) with a constant overpressure of 1.5 bar. (Costa, C., Hihn, J.-Y., 
Rebetez, M., Doche, M.-L., Bisel, I., and Moisy, P., 2008, Transport-limited current and microsonoreactor 
characterization at 3 low frequencies in the presence of water, acetonitrile and imidazolium-based ionic 
liquids, Phys. Chem. Chem. Phys., 10, 2149–2158, by permission of The Royal Society of Chemistry.)
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Mandroyan et al., 2010). By analogy between an electrode under ultrasonic irradiation and pure 
hydrodynamic flow, it is possible to deduce from mass balance equations an “equivalent” flow 
velocity necessary to obtain the same electrochemical signal under silent conditions as that 
obtained under sonication. This means that a unique adjustable parameter can be determined 
as a characteristic of sonoreactors.





Using the coordinate system shown in Figure 23.18, the general hydrodynamic equations in 
a laminar flow over a flat and plane plate and the mass transport of electroactive species to the 
disc electrode under steady-state conditions can be considered as per the Navier–Stokes equa-
tions. Assuming that the electrode is uniformly accessible, and that the Levich hypotheses can be 
employed, it can be written that





•	 The laminar flow over the flat and plane plate is the result of a flow normal to the electrode 
surface at large distances





•	 The flow velocity is equivalent over the entire electrode surface
•	 The electroactive species are consumed uniformly on its surface





In other words, the boundary conditions of hydrodynamics are as follows:





•	 If y = 0 then Vx (velocity component of the flow normal to the electrode) = Vy (velocity 
component of the flow perpendicular to the electrode) = 0





•	 If y = δ (limiting hydrodynamic layer thickness) and y = ∞, then Vx = V
–





∞ where V
–





∞ is the 
average infinite velocity, that is, at large distances from the disc





•	 If ∂2Vx /∂y2 → 0 then the mass balance can be simplified as
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•	 If the concentration gradient versus surface length is equal to zero ∂C/∂x = 0, then it 
becomes
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FIGURE 23.18  (See color insert.) Equivalent fluid velocity—coordinate system.
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Therefore, the velocity on the y-axis is given by
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where
υ is the kinematic viscosity
V
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∞ is the average infinite velocity





This parameter can then be defined as the equivalent flow velocity U (m s−1), at a large distance from 
the disc (outside the limiting hydrodynamic layer).





For all electrochemical measurements, the limiting current density is given by
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Combining this equation with that resulting from the mass balance, it appears
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To obtain an average limiting current density over the whole electrode surface, this equation is inte-
grated in terms of x from 0 to r (electrode radius).





The equivalent flow velocity becomes
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It can be seen that for a given electrode geometry, at constant temperature, electrolyte concentration, 
etc., the only adjustable parameter is the equivalent flow velocity U. Using the observed experimen-
tal limiting current densities, it is possible to calculate the equivalent flow velocities (U) at various 
ultrasonic intensities (I) and electrode–horn distances (d) (Pollet et al., 2007).





Application to the Measurement of Acoustic Energy Distribution





In specific applications of surface cleaning and electrochemistry, which consist of processes 
implanting surface irradiation by ultrasound, design of large-scale devices requires us to understand 
acoustic field distribution together with its quantification. In this specific case, which constitutes the 
first application of the “equivalent” flow velocity, it is interesting to use the systematic determina-
tion of Ueq throughout electrochemical measurements versus various operating parameters (powers, 
electrode–horn distances, reactor geometry, frequencies, etc.) (Figure 23.19).





Such an investigation was carried out in the Besançon group.  (Mandroyan, 2010). Equivalent 
flow velocities were measured at a variety of distances between the working electrode and the trans-
ducer surface. For various parameters and for both 20 and 40 kHz frequencies, variation in “equiva-
lent” flow velocity versus distance exhibits an exponential decrease shape. Velocities are included 
between 2 and 120 m s−1. On almost all curves (an example is shown in Figure 23.20), a first peak is 
observable for an electrode-to-horn separation of 5 mm and sometimes, for greater distances, that 
is, a 20 mm electrode-to-horn separation, a second peak is visible. In this case, the distance between 
the two peaks is equal to a quarter of a wavelength (1.8 cm at 20 kHz).





As representation of equivalent flow velocity versus the distance between the working electrode 
and the transducer has the same shape irrespective of the experimental conditions, a numerical model 
was proposed to fit our curves and to identify some parameters by taking into account the character-
istics of the ultrasonic wave (absorption coefficient, rate of cavitation bubbles, and acoustic power).
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FIGURE 23.19  (See color insert.) Determination of the “equivalent flow” in the zone close to the transducer.
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FIGURE 23.20  “Equivalent velocities” versus electrode to horn distance.  Dashed curve: experimen-
tal points, continuous line: model simulation. (From Ultrason. Sonochem., 17, Mandroyan, A., Hihn, J.-Y., 
Doche, M.-L., and Pothier, J.-M., A predictive model obtained by identification for the ultrasonic «equivalent» 
flow velocity at surface vicinity, 965–977, Copyright (2010), with permission from Elsevier.)
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Nevertheless, the flicked behavior of the ultrasonic processes in the vicinity of the electrode as 
well as bubble presence, which induce nonlinearities in wave propagation, imposes a new approach 
based on parameter identification by methods currently used in chemical engineering. Then the 
parameters of the model proposed by Mandroyan et al.  (2010) and their best values are used to 
simulate it for comparison with the experimental points, as shown in Figure 23.20.





Use for Cavitation Quantification





Another possibility is the comparison between the equivalent flow velocities and the real velocities 
measured by particle image velocimetry (PIV) in sonoreactors. The laser tomography technique 
used in the earlier paragraphs (Figure 23.21) allowed us to visualize cavitation bubbles induced by 
ultrasonic wave propagation. This technique gives some information about the acoustic activity, but 
does not allow fluid motions to be quantified. PIV is a flow velocity measurement technique, which 
is extensively used to study fluid dynamics. It consists in determining particle displacement over 
time using a double-pulsed laser. In sonicated reactors, few papers report successfully on the mea-
surement of acoustic streaming velocity vector fields produced by high-frequency probes. At low 
frequencies when cavitation is more intense, bubbles interfere with the tracers necessary for PIV. 
This problem can be overcome by seeding the inside reactor solution with fluorescent tracers and 
filtering the picture. A laser light sheet illuminates a plane in the flow, and the positions of particles 
in that plane are recorded using a digital camera. A fraction of a second later, another laser pulse 
illuminates the same plane, creating a second particle image (Mandroyan et al., 2009b).





Results consist of a map of the average velocity vector field (Figure 23.22). An intense axial 
flow marked by a high density of vertical vectors just above the transducer is clearly visible. Some 
vectors diagonally directed against the transducer reveal the presence of a recirculation flow near 
the reactor walls. The electrode acts as an obstacle to flow propagation, leading to the emergence 
of three different flow regions, as illustrated in Figure 23.22. A flow, visible on both sides of the 
electrode, corresponds to a tangential flow as it is similar to a boundary flow parallel to the elec-
trode surface. Different velocities can be calculated as shown in Figure 23.22—VAxial in the central 
flow, VR in the recirculation, and VT in the tangential flow—and expressed in terms of minimum, 
maximum, and average velocities.





Uequivalent measured by electrochemistry is up to 10 times higher than real flow velocity, which can 
be explained by the fact that ultrasonic wind accounts only for (≈10%), whereas the main contribu-
tion is asymmetric cavitation (micro-jets). Indeed, the acoustic streaming directed along the wave 
propagation direction is one of the consequences of the viscous forces in the liquid and corresponds 





FIGURE 23.21  (See color insert.) Fluorescent tracers.  (From Ultrason. Sonochem., 16, Mandroyan, A., 
Doche, M.-L., Hihn, J.-Y., Viennet, R., Bailly, Y., and Simonin, L., Modification of the ultrasound induced 
activity by the presence of an electrode in a sono-reactor working at two low frequencies (20 and 40 kHz). Part 
II: Mapping flow velocities by particle image velocimetry (PIV), 97–104, Copyright (2009b), with permission 
from Elsevier.)
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to macrostreaming, which contributes partially to an increase in mass transfer at the electrode. This 
can be quantified by the VAxial measurement (around 0.2 m s−1) (Mandroyan et al., 2009b). When 
these values are compared to the equivalent velocities obtained in the same operating conditions 
(2 m s−1) (Mandroyan et al., 2010), a major difference is highlighted due to the contribution of the 
microstreamings induced by cavitation bubble movements. In point of fact, their implosion is also 
responsible for diffusion and migration mass transfers around the bubbles as well as another contri-
bution to the increase in mass transfer at the electrode.





As a conclusion, thanks to the use of the notion of equivalent flow velocity, a very first quanti-
tative estimation of the contribution of cavitation faced with the convective movement is measur-
able. Similar observations have been made in the Besançon group during high–intensity, focused 
ultrasound sonoreactor characterization.  By comparing theoretical flow velocities obtained by 
Eckart equation simulation to equivalent flow velocities obtained by electrochemical measure-
ments, it is possible to localize and quantify the cavitation zones close to the focal (Hallez, 2009).





PHYSICAL SIGNIFICATION FOR THE DIMENSIONLESS NUMBER





The last possibility is to give a final significance to the dimensionless number, such as in the case 
of the Reynolds expression. The Reynolds number is a unique criterion whose values determine 
the changes in fluid flow regimes irrespective of fluid nature or geometrical considerations (ratio of 
inertial strength over viscosity). In our case, Re = Ur/υ, where Re is the Reynolds number (dimen-
sionless), U is the flow velocity (m s−1), r is the electrode radius (m), and υ is the kinematic vis-
cosity (m2 s−1).  In the chosen sonoreactor example, used for electrochemical applications at low 
frequencies, the notion of an equivalent fluid velocity is necessary to obtain a Reynolds value. The 
Sherwood number can then be expressed as a function of the Reynolds number and the Schmidt 
number in classical chemical engineering correlation.
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FIGURE 23.22  Velocity vector field in a low-frequency sonoreactor.
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Sh = A . Re0.5 . Sc1/3





In this expression, Sc is the Schmidt number Sc = υ/D (dimensionless) and Sh is the Sherwood 
number, deduced from the experimentation Sh = iLimr/n · FD · C* (dimensionless).  A very good 
correlation appears when the Sherwood number is plotted as a function of the Reynolds number 
at various ultrasonic frequencies and intensities, electrode–horn distances, electroactive species 
concentrations, background electrolytes, and cell geometries. It corresponds to a linear relationship 
between Sherwood and Reynolds numbers with a slope of 0.5, and intercepts of 1.6072 (for potas-
sium chloride background electrolyte) and 1.6274 (for sodium hydroxide background electrolyte), 
respectively (Pollet et al., 2007) (Figure 23.23).





Such behavior was expected because the equivalent fluid velocity determination and the Sherwood 
numbers are derived from the same measurements. Nevertheless, the interest in such a representa-
tion consists in grouping the results in standard correlation as shown earlier to balance the differ-
ent dimensionless numbers. After corrections by the respective values of the Schmidt number as a 
function of background electrolytes, the value of A is equal to 0.5, the Reynolds exponent is worth 
1/2, and the Schmidt number about 1/3. This tallies with the results found in the literature for an 
electrode placed at a “normal” to a convective flow (A = 0.646, Re exponent = 1/2, Sc exponent = 1/3 
Chin et al., or A = 0.532, Re exponent = 1/2, Sc exponent = 1/3 (Pletcher and Walsh, 1993).





This approach can be extended to other sonoreactors in the absence of electrochemistry, such as 
in the case of ultrafiltration assisted by ultrasound. In a filtration setup specially designed for high-
frequency ultrasound use, the results are grouped in a single parameter to allow comparison with 
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FIGURE 23.23  ln Sh versus ln Re at (298 ± 1) K—(Coventry cell 20 kHz, sodium hydroxide 1.0 mol dm−3, 
⚬ 5.5 W cm−2, ◽ 12.7 W cm−2, ⬨ 14.3 W cm−2)—(Coventry cell 20 kHz, potassium chloride 1.0 mol dm−3, 
+ 117.5 W cm−2)—(Besançon cylindrical cell 40 kHz, sodium hydroxide 1.0 mol dm−3, ⦁ 24 W cm−2, ▪ 27.5 W 
cm−2, ⬪ 31 W cm−2). (Pollet, B.G., Hihn, J.-Y., Doche, M.-L., Lorimer, J.P., Mandroyan, A., and Mason, T.J., 
2007, Transport limited currents close to an ultrasonic horn equivalent flow velocity determination. 
J. Electrochem. Soc., 154, E131–E138, by permission of The Electrochemical Society.)
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dead-end filtration assisted by ultrasound. (Simon et al., 2000). In this case, Re = Udh/υ, where Re 
is the Reynolds number (dimensionless), U is the flow velocity (m s−1), dh is the hydraulic diameter (m), 
and υ is the kinematics viscosity (m2 s−1).





For fixed operating conditions (i.e., a hydraulic diameter of 4.48 × 10−2 m and a water flow veloc-
ity of U = 0.0283 m s−1), it is possible to determine the mass-transfer coefficient K by measurements 
on the permeate (Simon et al., 2000). This mass transfer can then be quoted in a Sherwood number, 
and the classical expression given earlier yields an “apparent Reynolds” number.





Apparent reynolds
which combines the
stirring effects of the
liquid �ow and the





ultrasound
contribution





Sh = A . Reapp
0.5 . Sc1/3





Jpermeate �ow
= K ln(CM/C0)





By identification, it is also possible to calculate the value of the apparent Reynolds number, 
which groups the contribution of ultrasound as well as flow circulation through the filtration mod-
ule, as shown in Figure 23.24.





TOWARD THE “IDEAL” SONOREACTOR?





As for industrial situations, many reactors can be used successfully in various processes, with a 
design adapted by the people in charge of production. This is the case too in sonochemistry, where 
the increase in specific knowledge allows both researchers and engineers to ensure efficient design. 
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FIGURE 23.24  “Apparent Reynolds” versus ultrasonic power during ultrafiltration.
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Nevertheless, if cavitational intensity and fluid circulation are frequently take into account, the 
setup of design laws derived directly from classical engineering tools for scale-up and design will 
be the key step for the forthcoming generation of sonoreactors .
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24 Sonoelectrochemistry:
From Theory to Applications





Bruno G. Pollet and Jean-Yves Hihn





INTRODUCTION TO SONOELECTROCHEMISTRY





The use of ultrasound on electrochemical systems or sonoelectrochemistry was first observed by 
Moriguchi (1934) as early as 1934, and since then, it has continued to be an active and exciting 
research area.  In the 1930s, Schmid and Ehert (1937a) also studied the ultrasonic effects on the 
passivity of metals and the generation of gases by electrolysis (Schmid and Ehert, 1937b). Nearly 
30 years later, Kolb and Nyborg (1956) demonstrated the movement of liquid induced by ultrasound, 
known as acoustic streaming, and in the same year Penn et al. (1959) studied the effect of ultrasound 
on concentration gradient in the electrolyte and at the electrode surface. In the mid-1960s, for the 
first time, Bard (1963) showed that ultrasound caused an increase in the mass transport of electro-
active species from the bulk solution to the electrode surface in controlled potential coulometry 
experiments. Since then, extensive work has been carried out in which high power ultrasound 
(20–100 kHz) was applied to various electrochemical processes leading to several industrial appli-
cations and many publications over a wide range of subject areas such as electrodeposition, electro-
plating, electrochemical dissolution, corrosion testing, nanotechnology, and fuel cell technology.
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For over 70 years, nearly a thousand papers have been written on the subject with many original 
work, general reviews (Yegnaraman and Bharathi, 1992; Walton and Phull, 1996; Compton 
et al., 1997a; Pollet and Phull, 2001; Walton, 2002; Compton et al., 2003; Brett, 2008; Klima, 2010; 
Gonzales-Garcia et al., 2010) in sonoelectrochemistry (with the first one from Mason et al. (1990), 
including the effects of power ultrasound on special media), organic sonoelectrosynthesis (Walton 
and Mason, 1998; Cognet et al., 2000), sonoelectroanalysis (Wadhawan et al., 2001; Banks and 
Compton, 2003), sonoelectrochemical production of nanomaterials (Saez and Mason, 2009), and 
recently the sonoelectrochemical production of fuel cell materials (Pollet, 2010).





In all these papers and reviews, it was clearly shown that the effects of high-intensity ultrasonic 
irradiation on electrochemical processes lead to both chemical and physical effects, for example, 
mass-transport enhancement, surface cleaning, and radical formation.  Many workers have also 
investigated the distribution of ultrasonic waves or energy in various electrochemical reactors oper-
ating in the lower ultrasonic frequency range (20–100 kHz) and at high ultrasonic powers. Several 
methods for such determination have been proposed, for example, aluminum foil erosion (Figure 
24.1), sonoluminescence, calorimetric methods, chemical dosimetry, and laser-sheet visualization.





In sonoelectrochemistry, ultrasound is known for its capacity to promote, especially, het-
erogeneous reactions mainly through extremely increased mass transport, interfacial clean-
ing (Figure 24.1), and thermal effects. In addition, homogeneous chemical reactions have been 
reported to be affected and the generation of highly radical species [e.g., the production of H• 





and OH• radicals by sonolysis (see previous chapters)] in intense sound fields is an important 
aspect for the use of ultrasound. For example, in the detoxification of environmentally harmful 
wastes [containing heavy metals, hydrocarbons (PAH’s) and chlorinated compounds (PCB’s)], 
ultrasound has been found to be extremely beneficial.
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FIGURE 24.1  The effects of ultrasound in a liquid media.
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The vast variety of ultrasonically induced effects observed in sonoelectrochemistry may be 
ascribed to the generation, pulsation, and collapse of cavitation bubbles in the electrolyte medium 
near the electrode surface (Figure 24.1). This ultrasonic cavitation occurs at low-to-high ultrasonic 
intensities (ultrasonic power per tip or transducer or cell base area). A pulsating cavitation bubble 
close to the electrode surface generates microstreaming. When the cavitation bubble reaches a reso-
nant size, it collapses asymmetrically leading to the formation of high velocity jet of liquid toward 
the surface. This phenomenon leads to a thinning of the diffusion layer and can improve the overall 
mass transfer and hence the reaction rates.





Since most of the observed effects of ultrasound in electrochemical processes are thought to be 
due to the cavitation effect together with micro-streaming (Figure 24.1), the application of ultrasound 
is known to be very beneficial in the electrochemical industry. This has led to investigations into 
mass-transport, electron-transfer processes and electrode surface adsorption. This chapter deals with 
the aspect of electrochemistry combined with ultrasound and explains the various electrochemical 
phenomena occurring at the electrode surface when a potential is applied across it. For this purpose, 
electrode kinetic and mass-transport parameters will be defined. This chapter will also outline the 
theory, principles, and applications of sonoelectrochemistry in various branches of chemistry and 
how coupling ultrasound with electrochemistry could be used to improve electrochemical processes, 
enhance detection limits in the electroanalysis of toxic samples, and produce nanomaterials.





Effect of Power Ultrasound upon Chemical Reactions





Over the past few years, the use of power ultrasound has found wide applications in the chemical and 
processing industries where it is used to enhance both synthetic and catalytic processes and to generate 
new products. This area of research has been termed sonochemistry, which mainly concerns reac-
tions involving a liquid leading to an increase in reaction rates, product yields and erosion of surfaces. 
However, the main reason for most of the observed effects of ultrasound on surfaces and chemical 
reactions is recognized as being due to “cavitation” effect, which occurs as a secondary effect when 
an ultrasonic wave passes through a liquid medium. Cavitation is a phenomenon where microbubbles 
are formed which tend to implode and collapse violently in the liquid leading to the formation of 
high velocity jets of liquid.  Indeed, ultrasound consists of alternating compression and rarefaction 
cycles (see previous chapters). During rarefaction cycles, negative pressures developed by the high 
power ultrasound are strong enough to overcome the intermolecular forces binding the fluid. The suc-
ceeding compression cycles can cause the microbubbles to collapse almost instantaneously with the 
release of a large amount of energy. Bubble formation is a three-step process consisting of nucleation, 
bubble growth, and collapse of gas vapor–filled bubbles in a liquid phase. These bubbles transform 
the low energy density of a sound field into a high energy density by absorbing energy from the sound 
waves over one or several cycles and releasing it during very short intervals. Cavitation phenomenon 
is known to cause erosion, emulsification, molecular degradation, sonoluminescence, and sonochemi-
cal enhancements of reactivity solely attributed to the collapse of cavitation bubbles. It is now well 
accepted in the field that the cavitation bubble collapse leads to near adiabatic heating of the vapor that 
is inside the bubble, creating the so-called “hot-spot” in the fluid, where





	 1.	High temperatures (ca. 5000 K) and high pressures (ca. 2000 atm) are generated with cooling 
rates of 109–10 K s−1 when the collapsing of cavitation bubbles are observed. Here, water vapor is 
“pyrolyzed” into hydrogen radicals (H•) and hydroxyl radicals (OH•), known as water sonolysis.





	 2.	The interfacial region between the cavitation bubbles and the bulk solution is paramount. 
The temperature is lower in the interior of the bubbles than the exterior, but high enough 
for thermal decomposition of the solutes to take place with greater local hydroxyl radical 
concentrations in this region.





	 3.	The reactions of solute molecules with hydrogen atoms and hydroxyl radicals occur in the 
bulk solution at ambient temperature.
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Ultrasonic Equipment Used in Sonoelectrochemistry





Ultrasonic Baths and Ultrasonic Probes
They are several forms of ultrasonic equipments commercially available including cleaning baths, 
probes systems, submersible transducers, whistle and tube reactors. In the laboratory there are two 
methods of generating acoustic wave in any liquid medium. They are (1) the ultrasonic probe system 
(Figure 24.2a) and (2) the ultrasonic cleaning bath (Figure 24.2b). Sonoelectrochemical experiments 
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FIGURE 24.2  Sonochemical (a) ultrasonic probe system; (b) ultrasonic bath system and sonoelectrochemical 
(c) ultrasonic probe used as the cathode.
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are commonly performed using an ultrasonic bath or a probe arrangement. These are described in 
detail below.





	 1.	Bath arrangements: The 40 and 500 kHz Ultrasonic Arrangements-For the 40 kHz (e.g., 
Kerry Ultrasonic Bath, Figure 24.2b) and 500 kHz (e.g., Undatim Ultrasonic Bath, Figure 
24.3) ultrasonic bath arrangements, the sonoelectrochemical experiments are performed 
using a three-electrode electrochemical cell (see below). All three-electrode electrochemi-
cal cells employed have flat bottoms to maximize energy transfer. For example, energy is 
radiated vertically as sound waves from the base of the bath and through the glass walls 
of the cell into the electrochemical reaction itself. Thus it is more effective to employ a flat 
base for the cell allowing a greater transfer of ultrasonic energy. The base area of these 
cells is of importance as it allowed deduction of the ultrasonic intensity (power per tip or 
transducer or cell base area).





			   The 800 kHz ultrasonic arrangement: For the 800 kHz (e.g., K.W. Meinhardt Ultrasonic 
Bath, Figure 24.4) ultrasonic bath arrangement, sonoelectrochemical experiments are per-
formed using the ultrasonic bath as the electrochemical cell with the three electrodes placed 
directly into the cell. As previously, the reference is separated (approximately 1 mm) from 
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FIGURE 24.3  A 500 kHz ultrasonic bath arrangement used for sonoelectrochemical experiments.
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the working electrode surface in order to minimize any rI problems. For this type of cell 
geometry setup, a coil or a mesh counter electrode was used. The concave transducer area 
is 12.64 cm2.





	 2.	Ultrasonic probe arrangements: Electrochemical cells used in sonoelectrochemistry—
Four specially designed sonoelectrochemical cells are commonly used in sonoelectro-
chemistry. The use of these different cells enables different sample volumes and geometric 
configuration to be employed.





The three-electrode voltammetric compartment cell—Most of the sonoelectrochemical experi-
ments are performed in a three-compartment cell (Figure 24.5). The working, counter, and refer-
ence electrodes are placed in the central and side compartments respectively. The total capacity of 
the cell is approximately 100 cm3 with the working electrode compartment cell being approximately 
60 cm3. This cell can only be used in an ultrasonic bath.
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FIGURE 24.4  A 800 kHz ultrasonic bath arrangement used for sonoelectrochemical experiments.
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FIGURE 24.5  A three-compartment cell used in electrochemical and sonoelectrochemical experiments.
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Other Sonoelectrochemical Cells
Oxford Cell
This sonoelectrochemical cell was originally designed by Compton et al. (1995) (Figure 24.6) 
and is used to investigate the effect of the ultrasonic horn-working electrode separation, cell 
geometry, and sonoelectrochemical systems. It consists of a 250 cm3 one-compartment pyrex 
cell with an aperture at the bottom for electrode or probe insertion. An insulated cooling stain-
less steel coil linked to a thermostatically controlled bath is inserted into the electrochemical 
cell for cooling purposes. The ultrasonic probe and the working electrode are either inserted 
at the bottom of the cell or placed at the top of the cell in order that their surfaces are always 
parallel to each other.  This geometry is known as the “face-on” geometry (Compton et al., 
1994, 1995, 1997a, 2003).





Pollet Cell (The SonoEcoCell)
This new sonoelectrochemical cell was developed by Pollet et al. (1999, 2000) with a maximum 
volume of 1.2 dm3 (Figure 24.7) for the heavy metals sonoelectrodeposition work undertook at 
Coventry University in the late 1990s. The cell consists of a stainless steel cylinder with three aper-
tures, two on opposing sides of the wall and the third at the base thereby allowing access of three 
ultrasonic probes. An outer copper cooling jacket is fitted through which thermostatted water from 
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FIGURE 24.6  The Oxford cell arrangement with the exception of the ultrasonic source (sonic and materials 
VC50 20 kHz probe) at the bottom.
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the thermostatically controlled bath flowed to maintain the electrolyte at fixed temperature. The 
inner wall of the cylinder and the base is covered with Teflon spray. The lid consists of perspex disc 
with holes for the working, counter, and reference electrodes, nitrogen tubing, K-type thermocouple, 
and sample injection if required.





Besançon Cell (The Double Wall Cell)
This new sonoelectrochemical cell was developed by Hihn (Costa et al., 2008) for use in aqueous and 
“exotic” solvents at various coolant pressures (Figure 24.8). This jacketed cooling “microsonoreac-
tor” is based on a particular design consisting of offsetting the ultrasonic probe out of the reaction 
volume (inner cell, Vic = 7 cm3) in order to avoid any possible contamination and to ensure perfect 
electric insulation from the ultrasonic probe, which is usually made of Ti alloy (Ti-6Al-4V) (Figure 
24.8).  In order to obtain maximum ultrasonic effect, that is, ultrasonic intensity within the inner 
reaction volume, it is necessary to increase the coolant pressure up to 1.5 bar. Figure 24.9 shows the 
linear relationship between the ultrasonic (20 kHz) power and the coolant pressure and shows that it 
is possible to obtain “acceptable” ultrasonic powers to undertake sonoelectrochemical experiments.
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FIGURE 24.7  The Pollet cell—SonoEcoCell fitted with three ultrasonic probes (Vibra-Cell VC600, 20 kHz) 
for the electrolysis of metals from environmentally toxic samples.
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FIGURE 24.9  Plot of ultrasonic power (PT) vs. electric output (Pe) for various overpressures (▴ 0 bar, ⬨ 0.5 bar, 
▪ 1 bar and ◽ 1.5 bars) for 7 ml of argon-saturated water at 20 kHz (Costa et al., 2008).
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FIGURE 24.8  The Besançon cell—the double-structured cell used in sonoelectrochemistry of metals in 
RTILs and DESs.
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USE OF ULTRASOUND IN ELECTROCHEMISTRY





The use of ultrasound in electrochemistry was initially developed and used in the metallurgical 
industry primarily for surface cleaning prior to electrodeposition. Recent studies have demonstrated 
that simultaneous ultrasonic irradiation of electrochemical systems can alter limiting parameters 
and significantly improve electrochemical reactions and techniques. These improvements include: 
enhanced diffusion processes, increased yields and current efficiencies, lower overpotentials, sup-
pressed electrode fouling, and alteration of reaction mechanisms. There may be different origins for 
a variety of these effects, but one well-characterized effect of ultrasonic irradiation is the generation 
and subsequent collapse of cavitation bubbles in an electrochemical cell, which may be important 
both within the electrolyte medium and near to the electrode surface. The electrode surface causes 
asymmetrical collapse of a bubble, which in turn leads to the formation of a high velocity jet of liq-
uid being directed toward the surface. This jetting, together with microstreaming, is thought to lead 
to the thinning of the mass transfer boundary layer at the electrode. This improves the overall mass 
transfer of the system and, as a consequence, the electrode reaction rates. This is experimentally 
observed by an increase in current and a modification in potential.





Many of the observed effects in sonoelectrochemistry may be explained by the enhancement 
of mass transport in diffusion-controlled processes. The extensive work of Coury and coworkers 
(Hagan et al., 1994; Compton et al., 1994; Lorimer et al., 1996; Pollet, 1998) were probably the first 
“modern” examples investigating mass transfer phenomena under sonication. Power ultrasound is 
known to decrease the diffusion layer thickness (δ) thereby giving substantial increase in limiting 
current (Ilim) attributed due to effects of cavitation and/or micro and macro-streaming. It is known in 
the field that both cavitational and acoustic streaming effects contribute significantly to the increase 
in observed experimental currents.





The experimental decrease in the diffusion layer thickness (<1 μm) is also known to be due to 
asymmetrical collapse of cavitation bubbles at the electrode surface leading to the formation of high 
velocity jets of liquid (duration of ca.  0.5–0.7 μs) being directed toward its surface.  This jetting, 
together with acoustic streaming, is thought to lead to random punctuation and disruption of the mass 
transfer boundary layer at the electrode surface at close electrode-to-horn separations. Birkin and 
Silva-Martinez (1997) also showed that the nature of the solvent is paramount in assigning limiting 
currents. More recently, Pollet and Hihn (Pollet et al., 2007) showed, with aid of mathematical models 
based on mass-balance equations, that a Levich-like equation relating the limiting current density, 
the square root of ultrasonic intensity, and the inverse square root of the electrode-horn distance, may 
be generated for ultrasonic frequencies of 20 and 40 kHz allowing the generation of an “equivalent” 
flow velocity under sonication, an important and useful parameter in chemical engineering. They also 
observed that jets of liquid could reach the electrode surface with velocity above 50–200 m s−1.





Ultrasound Effect on Electrode-Kinetics





Several workers have shown that ultrasound enhances mass-transport processes (Inazu et al., 1993; 
Zhang and Coury 1993; Hagan et al., 1994; Klima et al., 1994; Marken et al., 1995; Eklund et al., 
1996; del campo et al., 1999; González-García et al., 2010). Compton et al. (1995, 1997a,b, 2003) 
have observed sigmoidal shape voltammograms and named these new shapes “sonovoltammo-
grams” for quasi-reversible systems (Figure 24.10) (Costa et al., 2010). They concluded that sono-
voltammetry is closely related to hydrodyamics methods, for example, polarography, dropping 
mercury electrode (DPE), rotating disc electrode (RDE), wall-jet electrode (WJE) and showed that 
Equation 24.1 (Compton et al., 1997a), which relates the limiting current (Ilim) to the diffusion layer 
thickness (δ), still applies in the presence of ultrasound:
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where
Ilim is the limiting current
n is the number of electrons transferred during the electrochemical process
F is the Faraday constant
A is the electrode area
D0 is the diffusion coefficient of the electroactive species
C* is the bulk concentration of the electroactive species
δ is the diffusion layer thickness





In contrast to any conventional hydrodynamics responses (e.g., S-shaped voltammograms by 
RDE), sonovoltammograms usually exhibit “noisy” responses or a series of individual current-pulse 
responses in the mass-transport region of the voltammograms (Figure 24.10) corresponding to an 
intense transient cavitation in the vicinity of the electrode surface caused by individual collapse of 
cavitation bubbles. In viscous electrolytes, stirring ability of ultrasound is considerable.





Compton et al. (2003) also demonstrated that under sonication, millielectrodes (i.e., electrodes 
with radii larger than 1 mm) behave as microelectrodes (i.e., radii smaller than 1 mm) (Compton 
et al., 2003). They found that limiting currents obtained with a microelectrode in the absence of 
ultrasound were comparable with those obtained with a millielectrode in the presence of ultrasound. 
However, controversy exists in identifying if the steady-state voltammogram obtained in the pres-
ence of ultrasound is due only to cavitation effects, or to micro-jetting and acoustic streaming, or to 
a combination of the three.





An early report by Pollet and Hihn (Pollet et al., 2007), showed that, for a “face-on geometry” 
in the presence of ultrasound, the limiting current (Ilim) is inversely proportional to the horn-
electrode distance (d), the electrode geometry (re), and is proportional to the ultrasonic intensity 
(Ψ) (at constant temperature, concentration, etc.) according to Equation 24.2 also known as the 
Pollet equation:
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FIGURE 24.10  Anodic voltammograms of Fc(3 mM) at 293 K on a platinum disc electrode. (a) Acetonitrile, 
(b) [Omim] [Tf2N]: silent conditions + rotating disc electrode at 5000 rpm (dot lines); Under ultrasound 
(f = 40 kHz; It = 1.1 W. cm-2) (Straight line). (From Ultrason. Sonochem., 18, Taouil, A. Et, Lallemand, 
F., Hihn, J.Y., Melot, J.M., Blondeau-Patissier, V. and Lakard, B., Doping properties of PEDOT films elec-
trosynthesized under high frequency ultrasound irradiation, 140–148, Copyright (2011), with permission 
from Elsevier.)
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where
Ilim is the limiting current
n is the number of electrons transferred during the electrochemical process
F is the Faraday constant
A is the electrode area
D0 is the diffusion coefficient of the electroactive species
d is the horn-electrode distance
re is the electrode radius
ν is the kinematic viscosity
C* is the bulk concentration of the electroactive species





They showed that the electrode-ultrasonic horn positioning is an important factor in assigning 
hydrodynamics parameters such as the limiting current (Ilim), the mass transport coefficient (mo), the 
limiting solution velocity (Ulim), the Sherwood (Sh), and the Reynolds (Re) numbers.





Pollet et al. (2003) also showed that the geometry of the sonoelectrochemical set up affects 
mass-transport phenomenon. For example, Pollet investigated the effect of changing the position 
of an ultrasonic horn tip (i.e., vertical and horizontal) and a cylinder electrode (CE) on limiting 
currents [for the reduction of Ag(I) in sodium thiosulfate], in an attempt to find the optimum 
position required for maximum sonoelectrochemical effect.  The importance of the ultrasonic 
intensity, the electrode-horn distance and positioning (angle) in assigning limiting currents was 
also investigated. For the cylinder electrode (CE) placed at an angle of 45° with respect to the 
ultrasonic horn, it was suggested that the 50% increase in limiting current for the “face-on” 
geometry is caused by an approximately 50% decrease in diffusion layer thickness for the “face–
on” geometry compared to the “angular” geometry due to the difference in the sonicated areas 
for both geometries.





Figure 24.11c shows the limiting currents plotted against the square root of the emitted ultra-
sonic intensity (Ψ1/2) for both the “face-on” and “angular” geometry. This figure shows linear 
relationships between the limiting current and Ψ1/2 for the two electrode configurations.  This 
observation suggests, as for the disc electrode (DE), that limiting currents obtained on a sonicated 
(CE) are also related to Ψ1/2. In other words, whatever the positioning of the electrode, a square 
root dependence of ultrasonic intensity relationship is obtained for the two geometries employed. 
The figure also shows that, for an identical ultrasonic intensity transmitted to the total volume, 
the limiting current obtained for the “angular” geometry is much lower than that obtained for the 
“face-on” geometry. For example, at 30 W cm−2 power output, the limiting current obtained for 
the “face-on” geometry (Ilim = 150.4 mA) is 1.5 times higher than that obtained for the “angu-
lar” geometry (Ilim = 101.5 mA).  Furthermore, in our conditions, this would correspond to an 
equivalent “effective rotation speed” of 15,000 and 8,500 rpm for the “face-on” and “angular” 
geometries respectively at maximum power (30 W cm−2).  These observations indicate that the 
positioning of the electrode with respect to the source of ultrasound is an important parameter in 
assigning ultrasonic hydrodynamics.





To account for the difference between the “face-on” and “angular” geometries, there are three 
possible explanations, which are detailed below. Please note that the following subscripts are used 
for the ultrasonic intensity (Ψ): x and y are spacial components, 0 indicates the ultrasonic intensity 
at x = 0 or/and y = 0, f.o. the “face-on” geometry, and ang. the “angular” geometry.





	 1.	 Influence of the incident flow: The first possible explanation is to consider the two geome-
tries and resolve the flows into the component parts (see Figure 24.11a and b). For example, 
it is assumed that the total ultrasonic intensity, Ψ is given by Equation 24.3





	 Ψ Ψ Ψ= +x y
	 (24.3)
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FIGURE 24.11  (a) Two geometries employed during this study—the “face-on” and “angular” geometries. 
The figure shows the two sonicated areas for both geometries; (b) Co-ordinate system used to describe the 
“face-on” geometry and “angular” geometry in terms of ultrasonic intensity; (c) Limiting currents plotted 
against the square root of ultrasonic intensity (20 kHz) for the reduction of silver (4 g dm−3) on a sonicated 
cylinder electrode at (298 ± 1) K for the “face-on” and “angular” geometries.
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		  It has also been demonstrated that the ultrasonic intensity within a fluid depends on distance 
d travelled thought that fluid with an absorption coefficient, α, according to Equation 24.4:





	 Ψ Ψ= −o exp 2( )adʹ 	 (24.4)





		  Using 8.6 × 10−8 cm−1 for the absorption coefficient of water at 298 K and at 20 kHz, 
Equation 24.4 leads to Ψ = Ψo (incident ultrasonic intensity) in the range 2–10 mm elec-
trode-probe distances. Thus, if the acoustic absorption is neglected, Equation 24.4 may be 
reduced to Equation 24.5:





	 Ψ Ψ Ψo o o, ,= +x y
	 (24.5)





		  For the “face-on” geometry (see Figure 24.11), the ultrasonic intensity components are in 
the x and y directions, that is, Ψo,x,f.o. (=0) and Ψo,y,f.o. (=Ψo), respectively.





			   For the “angular” geometry (see Figure 24.11b), the ultrasonic intensity components are 
in the x and y directions, that is, Ψo,x,ang. = Ψo sin (45°) = 0.707Ψo and Ψo,y,s.o. = Ψo cos (45°) = 
0.707Ψo, respectively.





			   The ratio of the ultrasonic intensity on the y-axis for the two geometries gives Equation 24.6
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		  Assuming that the limiting current (Ilim) is proportional to the square root of the ultrasonic 
intensity (Ψo





1/2) (see Figure 24.11c), Equation 24.6 may be reduced to Equation 24.7:
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		  While the value of 1.18 can account in part for some of the observed 1.5 value for 
Ilim,f.o./Ilim,ang., it cannot account for it all and again suggests that the ultrasonic probe 
positioning is crucial for the determination of limiting currents.





			   For both cases, “face on” and “angular” geometries, the current density is variable over the 
total electrode area and therefore simple mathematical treatments and equations have obvious 
limitations. It is interesting to note that the electrode area in both cases may be regarded as two 
areas (1) a high current density area and (2) a low current density area. Ideally, it would be use-
ful to treat the resulting system using Equation 24.6 containing two terms at high current den-
sity and low current density. However, low current density area is difficult to evaluate because 
of the complexity of the cylinder electrode and the “angular” geometries.





	 2.	 Influence of hydrodynamics on the diffusion layer thickness: This difference in limiting cur-
rent between the two geometries may be attributed to a greater thinning of the diffusion 
layer in the case of the “face-on” geometry where electroactive species reaches all points of 
the electrode uniformly. In the “angular” geometry, the diffusion layer is nonuniform and 
roughly resembles that of a channel electrode. Further, it is interesting to note that the soni-
cated areas for the two geometries are different (see Figure 24.11a). It was deduced that the 
sonicated area for the “face-on” geometry is 2.13 cm2 (CE base area) and for the “angular” 
geometry is 2.65 cm2 (ellipsoid area). In order to compare diffusion layer thicknesses for both 
“face-on” and “angular” geometries, a hydrodynamic study can be made as follows:





		  For the “face-on” geometry, the limiting current is given by Equation 24.8
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		  and for the “angular” geometry, the limiting current is given by Equation 24.9
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		  provided that the non-sonicated areas of the electrode for both the “face-on” and “angular” 
geometries are not considered.





			   The ratio of the limiting currents for the two geometries gives Equation 24.10
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		  [Assuming that the diffusion coefficients (D) are similar for both geometries.]
			   Inserting experimental values of limiting current density and surface area for both 





geometries in Equation 24.10, a ratio of diffusion layer thicknesses at 30 W cm−2 power 
output may be deduced from Equation 24.11:
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		  Thus, the overall “average” diffusion layer thickness is 1.8 times thinner for a “face-on” 
geometry than a “angular” geometry under identical conditions.





	 3.	 Influence of localized temperature variations on diffusion coefficients: The observed difference 
in limiting current between the two geometries may also be attributed to a change in diffusion 
coefficients due to localized temperature variations. Assuming that the diffusion coefficient 
for the “face-on” (D0,f.o.) and the “angular” (D0,ang) geometries are different and assuming that 
the diffusion layer for the “face-on” geometry is “hotter” than that for the “angular” geometry 
[e.g., 400 K for the “face-on” geometry [value deduced in Lorimer et al. (1998)] compared to 
298 K for the “angular” geometry], it is possible to deduce the ratio of the diffusion coefficients 
of silver for the two geometries at maximum power (30 W cm−2) (Equation 24.12)
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Since, in our conditions, the ratio of the limiting currents for the two geometries for 30 W cm−2 
power output, which is given by Equation 24.13 is,
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This suggestion may be dismissed. [The diffusion coefficient of silver at 400 K was deduced 
by assuming linearity of the plot of ln (D) vs. 1/T. The equation of the line was in the form of 
ln (D) = −1553/T − 5.8. Values of D were obtained from the rotating disc experiments at 298, 
310.5, and 323 K.] However, it is possible to deduce an “apparent” temperature by deducing an 
“apparent” diffusion coefficient for the “face-on” geometry. Assuming that the ratio of the lim-
iting currents for both geometries is true (Equation 24.13), a value of the “apparent” diffusion 
coefficient may be deduced by employing Equation 24.12:





	
D





I





I
Df.o





lim,f.o.





lim,ang.
ang cm s= = × × = ×− − −1 5 1 62 10 2 43 105 5 2 1. . . 	 (24.14)





[value of D = 1.62 × 10−5 cm2 s−1 at 298 K].
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Thus, by assuming linearity between ln (D) vs. 1/T, the “apparent” temperature was deduced 
to be approximately 350 K. This result suggests that if the 1.5-increase in limiting current for the 
“face-on” geometry compared to the “angular” geometry was solely due to an increase in diffu-
sion coefficient for the “face-on” geometry, this would lead to a bulk temperature of approximately 
350 K, a value, which was never achieved under sonication at 298 K. However, it is interesting to 
note that this result compares favorably with the temperature of the diffusion layer for the “face-on” 
geometry, which is 400 K [value deduced in Lorimer et al. (1996, 1998)].





Apart from the remarkable effects of ultrasound on mass-transport processes, it has been shown 
that sonication alters the electrode potential. Several workers such as Moriguchi (1934), Lorimer 
et al. (1998), and Pollet et al. (2002) showed that the overpotential of hydrogen evolution on gold and 
platinum electrodes decreases in a sonicated environment. This finding was later observed by the 
Compton group on other metals a few years ago (Hyde and Compton, 2002). Pollet (1998) specu-
lated that this decrease in overpotential was due to both a reduction in concentration gradients and 
in nucleation overpotential at the electrode surface and in the removal of adhered hydrogen bubbles 
and adsorbed materials. Even now, some controversy still surrounds the effect of ultrasound upon 
electrode kinetic parameters such as the formal (Eo) and half-wave (E1/2) potentials and apparent 
heterogeneous rate constant (ko), which are related to equilibrium potentials.





However, a recent detailed study by Pollet et al. (1998) showed that ultrasound affects hetero-
geneous electron-transfer kinetic parameters of a typical quasi-reversible system provided the 
electrode receives a strict cleaning procedure (for surface reproducibility) prior to any sonoelec-
trochemical experiments.  It was shown that the half-wave potential (E1/2) shifts cathodically and 
the apparent heterogeneous rate constant (ko) increases with increasing ultrasonic intensity. Also, it 
was shown these parameters appear to be little affected by the frequency of simultaneous ultrasonic 
irradiation in the range 20–800 kHz, and is not influenced by choice of ultrasonic bath or probe as 
sonic source, provided measurements are made at constant ultrasonic intensity.





All these aspects at low and high ultrasonic frequencies have been reviewed in 2003 by 
Compton et al.  (2003) and references therein. The authors concluded that the electrochemical 
processes in the presence of high-frequency ultrasound are governed by processes (microjet-
ting and micromixing) considerably different from those that are important at lower frequencies 
(acoustic streaming).





Sono-Electrodeposition and Sono-Electroplating





Research has been extensively performed in the field of electrodeposition and electroplating. Several 
workers such as Kochergin and Vyaselva (1966) and Walker (1993) first reported the beneficial 
effect of ultrasound in metal deposition and plating. They found that one of the main advantages 
of ultrasound is the improvement of the deposition rate, the quality of the electrodeposit, and the 
electrode surface cleanliness.





Other workers (Kochergin and Vyaselva, 1966) in the electroplating industry have also shown 
that ultrasound offers several advantages when applied to electrodeposition. These advantages are 
the following: (1) increase in thickness of the electrodeposit, (2) increase in cathodic efficiency and 
improved porosity (3) increase in hardness and, (4) decrease in concentration overpotential.





	 1.	 Increased electrodeposit thickness: Ultrasound reduces the thickness of the diffusion layer 
as it produces surface cavitation, microjetting, and acoustic streaming. These three effects 
are known to assist the mass transfer of electroactive species from the bulk solution to the 
electrode surface. Thus, under these conditions, more electroactive species are depleted 
at the electrode surface which, in electrodeposition terms, means an increase in coating 
thickness.





	 2.	 Increased cathodic efficiency and improved porosity: Cathodic efficiency is an important 
parameter in the electroplating industry since it indicates the percentage of current used 
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for the electrodeposition of the metal. It is common that a cathodic efficiency of less than 
100% is obtained. This is due either to the electrolysis of the background electrolyte (e.g., 
production of hydrogen) or the formation of a film at the electrode surface (e.g., metal 
oxide). It has been shown (Walker (1993) that ultrasound is capable of removing hydrogen 
bubbles or oxide films present at the electrode surface, which may have shielded local sites 
required for electrodeposition thereby giving increased efficiency. Apart from an increase 
in cathodic efficiency, the porosity of the electrodeposit is improved in the presence of 
ultrasound Walker (1993). This is also due to the removal of these hydrogen bubbles within 
the electrodeposit by the collapse of cavitation bubbles and the intense acoustic streaming 
at the electrode surface.





	 3.	 Increased hardness: It has been demonstrated (Walker, 1993) that ultrasound increases the 
hardness of the electrodeposit due to the formation of small grain size. It was also shown 
(Walker, 1993) that in the presence of ultrasound the electrodeposit is more compact. This 
leads to an increase in dislocation density, that is, the electrodeposit is denser.





	 4.	Decreased concentration overpotential: Concentration overpotential is an important 
factor for electrochemical reactions. This is due to concentration changes in the near 
vicinity of the electrode surface.  It has been shown (Walker, 1993) that ultrasound 
reduces concentration overpotential, that is, decreases the solution resistance. This is 
due to an increase in mass-transport of metal ions from the bulk solution to the elec-
trode surface.





Apart from the electrolytic deposition and plating of metals under insonation, many workers 
have explored the use of ultrasound in electroless metal plating on nonconductive substrates. For 
example, Touyeras et al. (2001, 2005) studied the electroless copper coating of epoxy plates in the 
presence of ultrasound (530 kHz). They found that ultrasound can increase the plating rates and 
practical adhesion up to 30% with an obvious decrease in internal stress. They also observed that 
there was some change of plating mechanism induced by sonication.





The same researchers also studied the electroless of Sn and Pd plating on nonconductive 
substrates under ultrasound at 530 kHz, whereby the ultrasonic irradiation was applied to the 
activation and to the plating steps. Effects were measured by following the final copper thick-
ness obtained in 1 h of plating time, easily correlated to the average plating rate. They observed 
that ultrasound has a strong influence on the plating rates enhancement, and assumptions were 
made that this increase could be linked to the catalyst cleaning, which was confirmed by XPS 
measurements.





Recently, Touyeras et al. (2005) investigated the effects of ultrasound on electroless copper 
coating on both nonconductive and metallic substrates. In these experiments, the ultrasonic irra-
diation was both applied during activation (surface preparation for the electroless coating) and 
during plating steps in both cases. Several parameters were monitored, such as the plating rates, 
practical adhesion, hardness, internal stress vs. acoustic frequencies and powers. Optimum con-
ditions for irradiation time, frequency, and power were determined for each step and it was 
clearly shown that ultrasound affects the electrodeposit properties. Coating mechanisms were 
put forward to explain enhancement of electrodeposit properties such as: increase in catalyst 
specific area, stirring dependence, surface energy evolution, hydrogen desorption, and structure 
of coating.





Sonoelectrochemistry and Corrosion





Power ultrasound operating at 20 kHz has been used to investigate the influence of ultrasonic irra-
diation on several metals immersed in corrosive environments such as sodium chloride saline solu-
tions (Morais and Brett, 2002; Gouveia-Caridade and Brett, 2004). The metals included three types 
of steel [carbon steel, chromium steel, and a high speed steel (containing several alloying elements 
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besides chromium] as well as pure and commercial (copper-containing) aluminum. These metallic 
systems were selected in order to evaluate the influence of alloying elements as well as that of the 
main metallic elements, Al and Fe. In these experiments, the ultrasonic probe was placed directly 
above the metal surface and the effect of varying the probe-electrode distances (“face-on” geometry) 
and ultrasonic power was investigated. Three electrochemical techniques were used to evaluate the 
corrosion process and its rate—measurements of open circuit potentials (OCPs), polarization curves, 
and electrochemical impedance spectroscopy, before during and after insonation in the presence of 
dissolved oxygen. The corroded surfaces were examined by SEM after ultrasonic irradiation. For 
both types of aluminum—pure and commercial—which easily form a protective oxide layer, it was 
found that sonication led to the mechanical removal of the oxide layer and formation of oxychloro 
complexes; the oxide layer was then reformed with essentially the same characteristics as previously, 
independent of any pitting corrosion.





However, the steels revealed a different behavior, owing to the fact that significant pitting cor-
rosion occurred in chloride solution since the oxide layer is not as robust as in the case of Al. 
Insonation led to an enhancement of pitting and the corrosion process, which was limited by the 
access of the cathodic reagent, in this case, oxygen. It was also found that the carbon steel had a 
higher corrosion resistance than in silent conditions, while that of the chromium and high speed 
steels exhibited a lower corrosion resistance. However, in all steels the irradiation led to permanent 
effects.





These results were generated in different accelerated corrosion tests by the Besançon group in 
various situations. For example, the corrosion resistance of new zinc coatings is commonly evalu-
ated by long-term atmospheric exposure or by accelerated corrosion tests. This is particularly dif-
ficult when exposed to marine, rural, and urban and industrial atmospheres. If accelerated corrosion 
tests performed in specially designed electrolytes give satisfactory results as far as the nature of the 
zinc corrosion end-products and the corrosion sequences involved are concerned, the behavior of 
the surface is not acceptable (Ligier et al., 1999).





In the presence of electrolytes, zinc end-products grow in fissures generated on the zinc surface 
and then cover the whole zinc surface whereas on atmospheric zinc corrosion shows that atmo-
spheric zinc corrosion end-products grow on the zinc surface without any fissures. Atmospheric 
metal corrosion can be considered as the result of chemical action by atmospheric pollutants and 
the more physical action of surface erosion by natural precipitation. This mechanical action must 
be added to the abrasive action of solid particles hitting the metal surfaces due to wind action. 
When dealing with electrolytes, an important way of inducing mechanical and even chemical 
changes is the use of an ultrasound source. Ligier et al used two ultrasound frequencies, 20 and 
500 kHz, and showed a great improvement in term of corrosion form as well as corrosion rates 
(Ligier et al., 2001). On another hand, accelerated corrosion tests using low frequency ultrasound 
have been performed to simulate corrosion conditions in the cold end of an automotive exhaust 
system [middle range 1.4512 (AISI 409) stainless steel].  The conventional tests “Dip Dry test 
(DDT)” was compared to a similar test, but including an additional external stress thanks to an 
ultrasonic transducer. This new ultrasonic test (so called UST) appears to reduce the diagnos-
tic time of the corrosion test by the combined action of the chemical corrosion process and of 
mechanical degradations.  Both corrosion tests have been performed in two different media in 
order to simulate internal corrosion due to exhaust gas condensate and external cosmetic corrosion, 
greatly enhanced by road salt during winter. It respectively concerns a synthetic gas condensate, 
the composition of which is derived from what is obtained from motor gasoline combustion and 
NaCl solution. In both electrolytes the stainless steel suffers from pitting corrosion. As expected, 
the use of ultrasound allows pits growth to be achieved from the beginning of the exposure time, 
so that the maximum pit depth recorded after 180 h of immersion is twice than with the classical 
dip dry test. It seems that it does not modify the pit initiation mechanism but only increases growth 
kinetics (Doche et al., 2006).
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Sono-Electro-Organic Chemistry





Ultrasound in electro-organic chemistry or sonoelectro-organic chemistry has been less widely 
investigated than either the ultrasonic effect on electrode-kinetics or the sonoelectrodeposition of 
metals, with only a few reports prior to the 1990s. However, there has been an increasing upsurge of 
interest, and this new subject area has become an exciting and promising topic of sonoelectrochem-
istry (Luche, 1993; Walton, 1991).





In the mid-1980s, electro-organic systems such as the electrosynthesis of organoselenium and 
organotellurium were shown to be enhanced by sonication [Walton and Phull (1996) and references 
therein]. Ultrasound was found to offer several advantages: (1) no sacrificial cathode of elemental 
selenium or tellurium was required and (2) the production of the corresponding selenium and tel-
lurium anions were obtainable.





Other workers (Gautheron et al., 1985; Klima et al., 1995; Gautheron et al., 1986) showed that 
the production of organosilanes and germanes, as polymeric systems, by electroreduction of the 
appropriate halospecies at a reactive metal cathode in aprotic media were increased by simultane-
ous ultrasonic irradiation. They also found that ultrasound enhances adsorption phenomena in some 
dissolving-metal chemical reactions.





Ultrasound has also been employed in electro-organic systems to facilitate an expected reaction 
and also to alter the course of an electro-organic reaction. For example, the Kolbé reaction (Torii, 
1985; Vassiliev and Grinberg, 1991; Eberson and Utley, 1996), that is, the electro-oxidation of cyclo-
hexane carboxylate (to form bicyclohexyl, cyclohexane, cyclohexene, methocyclohexane, methyl 
cyclohexanoate, and cyclohexanol) (Scheme 24.1) has been extensively studied in electro-organic 
chemistry (Eberson and Utley, 1996).





Under intense sonication, it was found that the product yield of cyclohexene and bicyclohexyl 
increases by eightfold and decreases by sevenfold, respectively, compared with silent condi-
tions.  In other words, for the Kolbé reaction, it was found (Torii, 1985) that ultrasound favors 
a two-electron mechanism (observed as an enhancement in alkene formation) compared with 
the one-electron transfer mechanism under silent conditions. Similar observations were found in 
the electroreduction of aryl compounds to amino derivatives (Vassiliev and Grinberg, 1991), for 
example, the reduction of nitrobenzene into p-amino phenol.





Several workers such as Luche (1993) in the field of sonoelectro-organic chemistry have shown 
that ultrasound improves current efficiencies and product yields, eliminates electrode fouling, and 
activates the electrode surface. Luche (1993) showed that these enhancements are mainly due to 
improved mass transfer of electroactive species, the formation of radical species, and improved 
“single electron transfer” (SET).





However, it should be emphasized that these improved processes may only be due to intense 
stirring and increase in bulk temperature, but not purely to sonication. Thus, comparison of the 
validity of a sonoelectrochemical process with that of a conventional electrochemical process and 
the stirring and thermostatic conditions for the silent process must be studied. In the absence of such 
information, the effect of ultrasound could be overemphasized and would lead to the false conclu-
sion that the overall effect is due to ultrasound, whereas it originates partially from a stirring and a 
bulk temperature effect.
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Sono-Electropolymerization





In the late 1920s, Wood and Loomis (1927) reported that ultrasound increases the emulsification 
of oil and water. This observation prompted many investigations into the possible mechanisms for 
emulsification (Skotheim, 1986). Ultrasound has been found to increase the emulsion of polymeriza-
tions. Other workers [Walton and Phull (1996) and references therein] showed that, using styrene, 
a surfactant and an initiator (e.g., potassium persulfate), sonication offers several advantages in the 
styrene polymerization: a reduced induction period, a faster and better emulsion, and an increased 
oxidation rate. They are several possible explanations for the increase in oxidation rate: (1) H• and 
OH• radicals produced by sonolysis may recombine to form hydrogen peroxide and thus oxidize 
impurities, which could have acted as inhibitors, (2)  ultrasonic degassing may remove absorbed 
oxygen, (3) the break down of the initiator may be accelerated by ultrasound, and (4) an increased 
mixing of the components producing a finer emulsion.





Ultrasound has also been shown to enhance the degradation of polystyrene in various solvents, 
for example, benzene [Walton and Phull (1996)] due to primarily to cavitation effects. For exam-
ple, (1) the ultrasonic degradation of polystyrene has been observed to increase with decreasing 
ultrasonic frequency, which is attributed to the lower frequency providing a longer time for bubble 
growth and collapse, (2) the ultrasonic degradation of polyacrylic acid has been observed to decrease 
on the addition of a volatile compound (e.g., ether), which is attributed to a lower cavitational pres-
sure due to an increase in vapor pressure, and (3) the ultrasonic degradation of polystyrene has been 
observed to be greater in deaerated solutions, which is attributed to a lowering of the cavitation 
threshold and an increase of cavitation bubbles.





In the mid-1980s, many workers (Osawa et al., 1987, 1992; Walton, 1991, Walton et al., 1992) 
studied the effect of ultrasound upon electroinitiated chain polymerizations. It was found (Walton, 
1991) that ultrasound minimizes and, in some cases, removes the thin film of polymer blocking the 
electrode surface that impedes further electrochemical reactions.





By analogy with metal electrodeposition, the use of ultrasound in the preparation of conducting 
polymers (often called “organic metals”), for example, polypyrrole, polythiophene, or their deriva-
tives was extensively used in the past 10 years. Since the discovery of conducting polymers in 1977, 
they have found a wide range of applications. Their very interesting properties enable them to be 
used as potential materials in a variety of areas, for example, field effect transistors, light-emitting 
diodes, solar cells, electrochromic devices, and protection of metals and biosensors.





Recently the sonoelectrofabrication and sonoelectrodeposition of conducting polymers has been 
shown to: (1) alter the effective reactivity ratio of the monomers, (2) produce an improvement in 
the percentage conversion versus the polymerization time characteristics, (3) improve the quality 
of the electrodeposited materials, (4) improve the mechanical characteristic of the electrodeposit, 
for example, flexibility and toughness (Osawa et al., 1987), (5) give higher yields and better quality 
films (Osawa et al., 1992), and (6) give a better polymer conductivity (e.g., >100 S cm−1).





Et Taouil et al. (2010) developed for the first time a novel masking technique against polymer 
deposition based on high intensity focused ultrasound (HIFU) irradiation to test a variety of back-
ground salts such as sodium salicylate (SS).  SS was found to be the most effective electrolytic 
medium for pyrrole sonoelectropolymerization on copper as it led to a very efficient passivating 
oxide layer preventing copper dissolution, while enabling polymer formation independently from 
ultrasound. They observed that focused ultrasound increases copper dissolution in sodium oxalate 
electrolyte while preventing polypyrrole deposition, and they proposed this type of masking tech-
nique as an interesting and promising alternative to lithography as it offers advantages such as ease 
to carry out and allowing chemical waste reduction.





The same researchers also studied the use of high-frequency ultrasound (500 kHz, 25 W) for 
the electropolymerization of 3,4-ethylenedioxythiophene (EDOT) in aqueous medium in order 
to investigate its effects on conducting polymer properties.  They showed that (1) mass transfer 
enhancement induced by sonication improves electropolymerization and (2) stirring effect is not 
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the only phenomenon induced by ultrasound during electrodeposition.  PEDOT films fabricated 
under ultrasonication presented increased doping levels revealed by x-ray photoelectron spectros-
copy (XPS) analysis, especially in the case of thick films due to better incorporation of counter ions 
within the polymer matrix caused by mass transport improvement under ultrasound and possibly 
film heating by wave absorption for the highest thicknesses. They also observed that a dilation of 
the film under ultrasound led to an increase in film thickness with a refining of the surface structure 
(Et Taouil et al., 2010).





Sono-Electrochemiluminescence





It is well-recognized that when a sonic wave passes through an aqueous solution, luminescence 
is produced—sonoluminescence and is due to high-energy cavitation bubbles imploding within 
the aqueous media. Since the 1960s, sonoluminescence has been extensively studied and there are 
various reviews on the topic (Frenzel and Schultes, 1934; Walton and Phull, 1996 and references 
therein). Recently, many workers have investigated the effect of ultrasound upon electrochemilumi-
nescent systems (Faulkner and Bard, 1976; Crum, 1994).





Electrochemiluminescence (ECL) is the production of light from an electrolytic system and is 
known to be a useful phenomenon, especially in analytical chemistry. For example in immunoas-
says, in which an ECL compound (e.g., ruthenium bypyridine, Ru bpy( )3





2+) is attached to an anti-
body or an antigen and the change in ECL is monitored using a photomultiplier tube (PMT) [Walton 
and Phull (1996) and references therein].





It was shown that coupling ultrasound to the ECL of ruthenium bipyridine; luminol (3-aminoph-
thalhydrazide); 1,5-diphenyl-3-styryl pyrazoline; rubrene; 9,10-diphenylanthracene; 9,10-dimethyl-
anthracene; perylene, or the electro-oxidation of phenylacetate in acetonitrile solution offer various 
advantages [Walton and Phull (1996) and references therein]: (1) no fouling is formed at the elec-
trode, (2) a greatly enhanced ECL emission is observed due to improved diffusion near the 
electrode, (3) a longer ECL emission over a fixed period of time is obtained, and (4) the detection of 
very low concentrations of analyte (e.g., antibody) can be easily achieved.





Environmental Sono-Electrochemistry





Sonoelectrochemistry has also been proposed for the treatment of toxic wastes since it offers sev-
eral advantages. For example, it has been shown [Walton and Phull (1996) and references therein] 
that the removal of phenol from industrial effluents by electrochemical oxidation is accelerated in 
the presence of ultrasound. Eighty percent oxidation of phenol to maleic acid was achieved when 
ultrasound was applied to a solution containing 100 g dm−3 phenol and 2 g dm−3 sodium chloride in 
an electrolyzer compared with 50% of the phenol being oxidized in the absence of ultrasound. An 
early report by Naffrechoux et al. (2000) showed that the sonochemical and sonoelectrochemical 
destruction of aromatic compounds in water samples is obtained at low frequency ultrasound. They 
also showed that hydroxyl radicals appear to be the main active reagent that reacts with the organic 
compound and the organic compound oxidation may be enhanced by combining various traditional 
techniques (e.g., O3/H2O2, UV/H2O2, ultrasound/O3, and UV/H2O2/ultrasound).





Sonoelectrochemistry can also be employed in the disinfection of sewage and potable (drink-
ing) water. For example, in the water industry, chlorine disinfection has proved to be successful in 
eradicating water-borne diseases (e.g., Cryptosporidium and E. coli). Chlorine is often produced 
onsite by electrolyzing hydrochloric acid and is used for the disinfection of environmentally toxic 
effluents. It has been found (Walton and Phull, 1996) that in electrolyzing 22% hydrochloric acid, 
approximately 59% of chlorine was evolved in the presence of ultrasound when compared to 1% 
in the absence of ultrasound. Thus, in this case, sonoelectrochemical waste treatment may prevent 
waste of primary energy sources and environmental pollution.



















644	 Handbook on Applications of Ultrasound: Sonochemistry for Sustainability





Recent studies (Pollet, 1998; Pollet et al., 2000) in the sonoelectrochemical recovery of heavy 
metals, such as silver from photographic waste effluents, using the Pollet cell showed that ultra-
sound offers several advantages: (1) high current efficiencies are obtainable, for example, >99%, 
(2) low level of silver in “fix” solutions after treatment are also obtainable, for example, <1 ppm, 
(3) high level of silver in “fix” solutions may be treated—ca. 5000 ppm, (4) treated “fix” solutions 
may be reused, (5) no refining costs of the electrodeposited silver are required (6) treated “fix” solu-
tions meet environmental regulations (permissible level set between 1 and 10 ppm), (7) “tailing” 
operation can be employed for further desilvering and (8) the sonoelectrochemical process is cost 
and time effective (2.2 h meet the permissible level of 1 ppm of silver) compared with traditional 
electrolytic processes (classical electrolyses [7 h], steel wool cartridges, and ion-exchange systems).





Sono-Electroanalytical Chemistry





The coupling of power ultrasound with conventional electroanalytical techniques, for example, 
anodic stripping voltammetry (ASV) and polarography is fairly a new subject area—sonoelectroan-
alytical chemistry or sonoelectroanalysis (Saterlay and Compton, 2000). This new technique offers 
great advantages over classical electroanalytical techniques such as: improved reaction rates, analy-
sis times, increased analytical efficiencies, electrode life span, sensitivities and detection limits, reli-
ability, analytical diversity, suppression of electrode fouling, and elimination of sample preparation.





Compton et al. (Saterlay and Compton, 2000; Compton et al., 2003) showed for the first time that 
power ultrasound can be used in conjunction with ASV—sono-ASV to overcome electrode passiv-
ation and mass-transport limitations in turn allowing sensitive electroanalyses to be performed in a 
range of complicated matrices, for example, fuels, effluents, foodstuffs, and blood. They also showed 
that copper in beer and in blood, lead in petrol and in river bed sediment, vanadium in aqueous media, 
and manganese in tea can be comfortably detected at ppb (parts-per-billion) levels by sono-ASV with 
no pre-sample preparation and treatment required. They demonstrated that sono-ASV is relatively 
inexpensive and readily available and offers an excellent alternative to classical analytical techniques, 
such as atomic spectroscopy techniques (AAS, AES and ICP-MS), which are costly to purchase (ca. 
£10K–£50K) and to maintain (ca.  £5K per year).  These techniques are also restricted by sample 
preparation and analysis times (usually a microwave acid digestion is required for metal analyses).





Sonoelectrochemical Production of Nanomaterials





Recently, an upsurge of interests has been observed in sonoelectrochemical synthesis of nanoma-
terials (below 200 nm) such as pure metals (Ag, Co, Al, Pd, Pt, Zn, Ni, W, Mg and Au), binary 
and ternary metallic alloys (FeCo, CdSe, PbTe, PbSe, Bi2Se3, and MoS2 and Fe–Co–Ni), metal 
oxides (Cu2O and MgO) and conducting polymers [polyaniline (PANI), polythiophene, polypyrrole, 
and poly(methylaniline] in various solvents (aqueous solutions, acids, alcohol, THF DBDG, and 
NTA), surfactants (CTAB, PVP, and PVA) and polymers (PEO disulfide, MPEO and PVP) (Saez 
and Mason, 2009).





Although, there are a various range of methods of producing nano-sized materials such as ther-
mal decomposition, physical and thermal evaporation, laser ablation, laser-assisted catalytic growth 
(LCG), vapor–liquid–solid growth (VLS), ultrahigh-vacuum (UHV), ion implantation, biochemi-
cal, electrochemical, sonochemical, radiolysis, chemical reduction/oxidation and sol–gel; most of 
these techniques tend to be expensive and time-consuming.





An alternative method, which is both simple and cost-effective, is the use of Sonoelectrochemistry 
involving either depositing the electroactive species under continuous electrical current and ultra-
sound or producing nanosize materials at various currents and ultrasonic pulses (a few m s) at a 
vibrating electrode. Reisse et al. (1994) were the first to use the pulsed sonoelectrochemical tech-
nique to produce nano-metallics such as copper, in which the ultrasonic horn was used as the work-
ing electrode (in this case the cathode) in a three-electrode configuration (Figures 24.1c and 24.12a). 
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This sonoelectrode was subjected to ultrasonic pulses, which were each followed by short applied 
current pulses. They showed that using this time management (Figure 24.12b) and during cavitation, 
a jet of liquid penetrates inside the cavitation bubble perpendicular to the sonoelectrode surface 
and the resulting impact is responsible for dislodging any nanopowder materials, which had been 
electrochemically deposited on the surface.





Recently, Haas and Gedanken (2006) showed that it is possible to produce spherical copper 
nanoparticles with a diameter range of 25–60 nm stabilized in CTAB and PVP (Figure 24.13) by 
applying a range of current density between 55 and 100 mA cm−2. Reaction mechanisms between 
copper ions, PVP, and CTAB to form complexes were proposed.





Here we invite the reader to refer to the latest review by Saez and Mason (2009) and references 
therein describing all these aspects of the synthesis of nanomaterials by sonoelectrochemistry.





Sonoelectrochemical Production of Fuel Cell Materials





There are a few studies reporting the use of the sonoelectrochemical method to produce noble met-
als (Pollet, 2010) and electrocatalysts for proton exchange membrane fuel cell (PEMFC) and direct 
methanol fuel cell (DMFC).
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FIGURE 24.12  (a) Pulsed sonoelectrochemical set up and (b) time management.
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Effect of Aqueous Solutions
Recently, Zin et al. (2009) produced platinum nanoparticles from aqueous chloroplatinic solutions 
by the pulse sonoelectrochemical (20 kHz, up to 118 W cm−2) method on titanium alloy electrodes 
in the absence of any surfactants, alcohols, and polymers by producing short applied current pulses 
triggered and followed immediately by ultrasonic pulses at the working electrode (in this case the 
cathode). The time management sequence employed was as follows:





	 1.	A short current pulse of |i| = 50 mA cm−2 was applied to the sonoelectrode, whereby the 
titanium horn acted as an electrode only (tON); the time of this phase typically varied 
between 0.3 and 0.5 s.





	 2.	 Immediately after the electrochemical pulse was turned off, an ultrasonic pulse was sent 
to the sonoelectrode and here it acted only as a vibrating ultrasonic horn (tUS); this second 
phase lasted no more than 0.5 s.





	 3.	A rest time, tp, followed the two previous phases (this was useful to restore the initial elec-
trolyte conditions close to the sonoelectrode).





They showed that Pt mean grain size ranging from 11 to 15 nm was produced and globular clusters 
had a mean size ranging between 100 and 200 nm, which in turn aggregated and built complex 
structures.





Effect of Surfactants and Polymers
Shen et al.  (2008) produced uniform spherical three-dimensional dendritic Pt Nanostructures 
(DPNs) with an average dimension of 2.5 ± 0.5 nm, at room temperature sonoelectrochemi-
cally (20 kHz; 20 W; pulse width of the current = 1.0 s, resting time of the current pulse = 0.5 s; 
and duration of the ultrasonic pulse = 0.3 s) by using mixtures of hexachloroplatinum(IV) 
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FIGURE 24.13  HR-TEM images of a copper nanoparticle produced by pulse sonoelectrochemistry in a 
CTAB solution. (With permission from Haas, I. and Gedanken, A., Sonoelectrochemistry of Cu2+ in the pres-
ence of cetyltrimethylammonium bromide: Obtaining CuBr instead of copper, Chem. Mater., 18, 1184–1189, 
2006. Copyright 2006 American Chemical Society.)
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acid hydrate in various surfactants [PVP, poly(ethylene glycol)20–poly(propylene glycol)20–
poly(ethyleneglycol)20 (P123), SDS and poly-diallyl–dimethyl ammonium chloride (PDDA)] at 
current densities up to 40 mA cm−2. They showed that at low current densities the reduction rate 
of Pt is slower, the number of nuclei is small and the rate of growth is faster than that of nucle-
ation, which lead to large nanoparticles (5–7 nm). As the current density increases, the reduction 
rate of Pt4+ increases and the nucleation rate is faster than that of the growth leading to the gen-
eration of more nuclei and the formation of smaller primary Pt nanoparticles. They also showed 
that stabilized Pt nanoparticles do not aggregate in PVP due to stronger bonds between the Pt 
precursors with the C=O groups of the PVP. In other words PVP adheres to the nanoparticles 
through a charge-transfer interaction between the pyrrolidone rings and Pt atoms.  The DPNs 
showed improved electrocatalytic activity towards MOR due to monodisperse Pt nanoparticles 
and improved porosity structure leading to large effective surface area. They proposed a mecha-
nism whereby Pt ions are reduced by the electrical current and formed Pt primary nanoparticles, 
which are subsequently dislodged by the vibrating electrode. The primary nanoparticles, then 
in solution, spontaneously assemble together and form small spherical DPNs. They showed that 
ultrasound leads to small primary nanoparticles in favor of the crystallite reorganization and 
growth of a stable near-single crystal.





Shen et al. (2009) showed that by using the sonoelectrochemical (20 kHz; 20W; pulse on time 
of the current = 0.5 s; pulse off time of the current = 0.5 s, duration of the ultrasonic pulse = 0.3 s) 
method, it is possible to realize the morphology-controlled synthesis of palladium nanostructures 
[spherical (SNP), multitwinned (MTP) and spongelike (SSP)] at room temperature in the pres-
ence of various surfactants and polymers [cetyltrimethylammoniumbromide (CTAB), PVP, and 
PDDA] (Figure 24.14).





They showed that the size and shape of the Pd nanostructures may be controlled by varying the 
current density and the precursor solution pH value. Furthermore, the electrocatalytic activities of 
the produced spongelike Pd nanostructures for direct alcohol oxidation in alkaline media showed 
higher electrochemical active surface than other Pd nanostructures. Qui et al. (2003) also synthe-
sized highly dispersed spherical Pd nanoparticles of a dendritic superstructure in the presence of 
CTAB by the pulse sonoelectrochemical (20 kHz) method at room temperature and a reaction time 
above 2.5 h. They explained that the dendritic-structured Pd nanoparticles had a treelike structure 
and agreed with the diffusion-limited aggregation (DLA) model, involving cluster formation by the 
adhesion of particles to a selected seed on contact and allowing the particle to diffuse and stick to 
the growing structure. They stipulated that it is possible that Pd particles reach the anode and grow 
into a dendritic structure. They concluded that the shape and size of spherical nanocrystalline Pd 
may be controlled by varying the current density (8–13 mA cm−2), the interval between continuous 
ultrasonic pulses, ultrasonic intensity (20–120 W cm−2), and the CTAB concentration. For example, 
they observed that the shape of the nanoparticles appeared irregular and agglomerated below 20 
and 120 W cm−2.





For the sonoelectrochemical production of nano-size metals, a mechanism has been proposed 
where metallic ions are reduced by a short current pulse to produce metallic nanoparticles on the 
sonoelectrode surface, which are then dislodged by the ultrasonic pulse. The metallic nanoparticles 
in solution tend to spontaneously assemble together whereby under insonation, the Ostwald ripening 
process is accelerated, leading to smaller primary nanoparticles (Shen et al., 2008, 2009). Table 24.1 
shows a summary of the sonoelectrochemical production of non-precious, noble mono-metallics at 
various ultrasonic frequencies and powers in several surfactants. It is evident from the table that 
PEMFC and DMFC electrocatalyst nanoparticles can be produced sonoelectrochemically whereby 
the choice of surfactants plays an important role on the final nanoparticle size. For example, it is 
possible to fabricate Pt nanoparticles down to 2.5 nm in a solution containing chloroplatinic salt in 
PVP, P123, SDS, and PDDA at 20 kHz (20 W) provided that the galvanostatic current and the ultra-
sound are pulsed at fixed short times, for example, pulse width of the current = 1.0 s; resting time of 
the current pulse = 0.5 s; and duration of the ultrasonic pulse = 0.3 s.
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There are only few papers dealing with the use of sonochemical and sonoelectrochemical tech-
niques to produce fuel cell electrodes; however, this section is added in this chapter as it merits 
some attention.





There is a strong interest in the electrodeposition of Co/CeO2 composites for protection of cath-
odes in MCFC (Molten Carbonate Fuel Cell) and recently, Chr Argirusis et al. (2006) electrode-
posited Co/CeO2 and Ni/CeO2 composites from electrolytes containing suspended nanoparticles of 
gadolinia doped ceria in the presence of ultrasound (20 kHz; 29 W cm−2). They showed that sonica-
tion improves the co-deposition of ceria nanoparticles with Ni and Co, but no MCFC tests were 
carried out to investigate the performance of these new materials.





Currently there are different methods for mixing and milling the carbon support, the carbon-
support electrocatalyst, and the ionomer or proton exchange membrane (PEM) either by intense 
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FIGURE 24.14  TEM and HR-TEM images of the Pd nanostructures prepared in different solutions. 
(a through c) Spherical nanoparticles (SNPs) prepared in CTAB solution. (d through f) Multi-twinned particles 
(MTPs) prepared in PVP solution. (g through i) Spherical spongelike particles (SSPs) prepared in PDDA solu-
tion. The insets in parts b, e, and h are SAED patterns of the corresponding Pd nanostructures. The inset in 
part f is the enlarge image of the square zone area. The white lines in part f indicate the twin boundaries sepa-
rating the different adjacent facts. (With permission from Shen, Q., Min, Q., Shi, J., Jiang, L., Zhang, J.-R., 
Hou, W. and Zhu, J.-J., Morphology–controlled synthesis of palladium nanostructures by sonoelectrochemical 
method and their application in direct alcohol oxidation, J. Phys. Chem., 113, 1267–1273, 2009. Copyright 
2009 American Chemical Society.)
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magnetic stirring, ultrasonic agitation, or ball milling to produce a PEMFC and DMFC catalyst 
“ink”. This ink is either applied to (1) the gas diffusion layer (GDL) to form a gas diffusion electrode 
(GDE) or a catalyst coated substrate (CCS) or (2) the PEM to form a catalyst coated membrane 
(CCM).  The CCSs are usually prepared by spreading, spraying, deposition, ionomer impregna-
tion, electrodeposition (continuous and pulsed), and sputtering whereas the CCMs are fabricated by 
impregnation reduction, evaporation deposition, sputtering, dry spraying and decaling. For further 
detail about the above methods, the reader is invited to refer to the excellent reviews on analysis 
of PEM fuel cell design and manufacturing by Mehta and Cooper (2003), and Litster and McLean 
(2004) on PEM fuel cell electrodes.





For the first time, Pollet (2009) showed that the sonoelectrochemical method can be used for 
preparing PEMFC electrodes whereby platinum loaded on Nafion-bonded carbon anodes were pre-
pared in K2PtCl4 aqueous solutions by galvanostatic pulse electrodeposition in the absence and 
presence of power ultrasound (20 kHz). Pollet found that PEMFC electrodes prepared sonoelec-
trochemically showed better performance compared to those prepared by (1) galvanostatic pulse 
method only (i.e., silent conditions) and (2) conventional method (Figure 24.15).





Here we invite the reader to refer to the latest review by Pollet (2010) of the use of ultrasound 
for the fabrication of fuel cell materials describing the ultrasonic, sonochemical, and sonoelectro-
chemical production of nano-size binary and ternary electrocatalysts and other important fuel cell 
materials such as the catalyst layer, the electrocatalyst non-carbonaceous/carbonaceous supports, 
and the membrane (Pollet, 2010).





Sonoelectrochemistry in “Exotic” Solvents





Many electrochemical processes such as the electrodeposition of metals in aqueous solvents are 
limited by reactions that control the potential window, that is, those involving the oxidation and 
reduction of the solvent. Non-aqueous solvents that include acetonitrile, DMF, DMSO, THF, 
methylene chloride, and propylene carbonate are considered suitable as they exhibit a potential 
window that is 1.5–2.5 times wider than that of aqueous acid electrolytes.  A wide range of 
salts can be used for aqueous electrolyte solutions; however, salts for non-aqueous electrolyte 
solutions are more restricted and typically consist of large cations (e.g., tetraalkylammonium 
cations) and anions (e.g., hexafluorophosphate, tetrafluoroborate, and perchlorate) to ensure full 
dissociation.





In the last decade, room temperature ionic liquids (RTILs) have attracted considerable interest for 
use as non-aqueous solvents (Endres and Schweizer, 2000; Wassersheid and Welton, 2003; Endres, 





TABLE 24.1
Sonoelectrochemical Production of Nanosize Mono-Metallic Electrocatalysts at Various 
Ultrasonic Frequencies and Powers in Several Surfactants





Noble 
Metals





Ultrasonic 
Frequency (kHz)





Ultrasonic 
Power Surfactant Solvent Particle Size (nm) Authors





Pt 20 20 W PVP, P123, 
SDS, PDDA





— 2.5 ± 0.5 Shen et al. (2008)





Pt 20 Up to 118 W cm−2 — — <200 Zin et al. (2009)





Pd 20 — PVP, PDDA, 
CTAB





— <200 Shen et al. (2009)





Pd 20 20–120 W cm−2 CTAB — 5–10 (depending on 
current densities 
and CTAB 
concentrations)





Qui et al. (2003)
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2004; Buzzeo et al., 2004; Galinski et al., 2006). As their name implies, they are compounds made 
up of ions rather than molecular species, by combinations of organic and/or inorganic cations and 
anions. Three recent reviews by Buzzeo et al. (2004), Endres (2004), and Lewandowski and cowork-
ers (Galinski et al., 2006) cover the fundamental aspects of electrochemistry and electrodeposition 
from ionic liquids based upon the imidiazolium cation and (F3CSO2)2N−, BF4





−, and PF6
− discrete 





anions. These ionic liquids present many advantages such as (1) wide electrochemical windows of 
up to 4 V, which allows the electrodeposition of a number of metals that cannot be achieved in aque-
ous solutions, (2) relatively high conductivities and (3) low viscosities.





For example, the electrodeposition of copper in RTILs has been widely studied (Endres, 2004). 
It was found that the reduction of Cu2+ to metallic Cu occurs in two one-electron steps: in the first 
step Cu+ is formed and in the second step the metal is deposited. Endres and Schweizer (2000) 
and Endres (2004) have shown, using in situ STM, that the bulk deposition of copper from acidic 
chloroaluminate liquids on gold is preceded by three processes. Furthermore, the electrode poten-
tial for the redox Cu(I)/Cu(II) is more positive than the surface oxidation of gold in the liquid. The 
electrodeposition of copper in chloraluminate ionic liquids, a basic 1-ethyl-3-methylimidazolium 
tetrafluoroborate and a Lewis acidic ZnCl2-1-ethyl-3-methylimidazolium chloride RTIL has been 
recently investigated (Endres and Schweizer 2000; Endres, 2004).





However, the use of this type of ionic liquids have several disadvantages, such as toxicity and 
cost making them somewhat impractical for larger industrial applications such as metal electroplat-
ing and electrodeposition.





For the first time, Costa et al. (2008) showed that it is possible to sonoelectrodeposit metals 
in RTILs and use RTILs to study transport limited currents in a specially designed microsono-
reactor (Besancon cell, see above) and characterization at three low frequencies in presence 
of water-, acetonitrile-, and imidazolium-based ionic liquids ([BuMIm][(CF3SO2)2N]).  They 
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FIGURE 24.15  Comparison of MEA performance between anodes prepared by: (a) the galvanostatic pulse 
method in the absence of ultrasound [▴], (b) the sono-galvanostatic pulse method (20 kHz, 20 W cm−2) [▪] 
and (c) conventional method (0.30 mg Pt cm−2 electrodes) [⬧]. The fuel cell testing parameters were H2/O2 
(1.5/2 stoics), 70°C, and 1 atm.. (From Electrochem. Commun., 11, Pollet, B.G., A novel method for preparing 
PEMFC electrodes by the ultrasonic and sonoelectrochemical techniques, 1445–1448, Copyright (2009), with 
permission from Elsevier.)
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found that mass transfer enhancement was observed and was particularly high, characterized 
by an average Sherwood number of 6500 while the value obtained with an electrode rotating at 
4500 rpm was only 1200. Figure 24.16 shows that there is a substantial increase in the current 
density in the presence of ultrasound (more than five times the level obtained at 1000 rpm for 
only 6 W transmitted to 7 mL). Oscillations in the presence of ultrasound suggest that cavitation 
occurs with an important drop in current density by combining both stirring modes (rpm + US) 
(Costa et al., 2010).





An alternative to the above nonaqueous solvents are Deep Eutectic Solvents (DES), which are a 
type of ionic solvent with special properties composed of a mixture forming an eutectic with a melt-
ing point much lower than either of the individual components (Abbott et al., 2003, 2004, 2005a,b, 
2007). Compared to ionic liquids, they share many characteristics, but are only ionic mixtures and 
not ionic compounds, and are known to be less-toxic, air and moisture stable, biodegradable, and 
economically viable to large-scale processes (Abbott et al., 2003). DESs are either urea or ethylene 
glycol and choline chloride based ionic compounds (Abbott et al., 2003). Abbott et al. (2003) were 
the first to produce “type 3” eutectic-based ionic solvents: R1R2R3R4N+. RZ and use simply amides 
(Z = CONH2), acids (Z = COOH) and alcohols (Z = OH) as complexing agents, thus making the 
ionic liquids more versatile. They have shown that DESs can be successfully employed in elec-
tropolishing (Abbott et al., 2004), electroplating, and metal oxide processing (Abbott et al., 2005a). 
Recently, they have also shown that choline chloride (as the quaternary ammonium salt) and either 
urea or ethylene glycol (as hydrogen bond donors) based DES can be employed in the electrodepo-
sition of zinc, tin, and zinc–tin alloys, but the electrochemical reactions are rather slow due to the 
high viscosity of the electrolytes. This, in turn, reduces the mass transfer of the electro-analyte due 
to low diffusion coefficients (Abbott et al., 2007).





Pollet et al. (2008) showed that deposition of copper in both water and DES is greatly affected 
by ultrasound at the two frequencies of 20 and 850 kHz employed. Limiting current densities were 
obtained in both solvents under sonication at 20 and 850 kHz and a 10-fold and 5-fold increase 
in currents in aqueous potassium chloride and glyceline 200 compared to silent conditions was 
observed respectively. The difference in viscosity of water (containing KCl) and glyceline 200 was 
found to be a crucial parameter in the evaluation of limiting current densities (Figure 24.17).
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FIGURE 24.16  RDE (1000 rpm) and sono voltammograms (6 W, 20 kHz) of a quasi-reversible couple in 
[BuMIm][(CF3SO2)2N] using the Besançon cell.
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FIGURE 24.17  (a) Complete cyclic voltammogram of 2 g L−1 of CuCl2 in 1.0 mol dm−3 KCl on Pt wire at a 
scan rate of 0.2V s−1 and at (313 ± 1)K in the potential range [−1.0; + 1.0 V vs. Ag] under silent conditions. 
(b) Cyclic voltammogram of 2 g L−1 of CuCl2 in 1.0 mol dm−3 KCl on Pt wire at a scan rate of 0.2 V s−1 and 
at 313 ± 1K in the potential range for copper deposition and dissolution under silent conditions. (c) Series of 
sono-voltammograms of 2 g L−1 of CuCl2 in 1.0 mol dm−3 KCl on Pt wire at 20 and 850 kHz, at a scan rate of 
0.2 V s−1, at (313 ± 1) K and at various ultrasonic intensities: (a) 1.2 W cm−2 (850 kHz); (b) 1.7 W cm−2 (850 kHz); 
(c) 3.2 W cm−2 (850 kHz); (d) 4.1 W cm−2 (850 kHz); (e) 6.0 W cm−2 (20 kHz); (f) 29 W cm−2 (20 kHz); (g) 56 W cm−2 
(20 kHz) and (h) 118 W cm−2 (20 kHz) in the potential range of copper deposition and dissolution.
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FIGURE 24.17 (continued)  (d) Complete cyclic voltammogram of 2 g L−1 of CuCl2 in glyceline 200 on 
Pt wire at a scan rate of 0.2 V s−1 and at (313 ± 1) K in the absence of ultrasound in the potential range 
[−1.0; + 1.1 V vs. Ag]. (e) Cyclic voltammogram of 2 g L−1 of CuCl2 in glyceline 200 on Pt wire at a scan 
rate of 0.2 Vs−1 and at (313 ± 1) K in the absence of ultrasound in the potential range copper deposition and 
dissolution [0; −0.8 V vs. Ag]. (f) Linear sweep voltammograms of 2 g L−1 of CuCl2 in glyceline 200 in the 
presence of ultrasound—(a) 5.8 W cm−2 (850 kHz), (b) 8.0 W cm−2 (20 kHz), (c) 41 W cm−2 (20 kHz), (d) 77 W cm−2 
(20 kHz), and (e) 20 kHz (161 W cm−2) at (313 ± 1) K and at a scan rate of 0.2 V s−1 in the potential range of 
copper deposition and dissolution.
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CONCLUSIONS





Sonoelectrochemistry is not a new subject area, for example, sonoelectroanalytical and sonoelec-
trosynthesis experiments were performed nearly 80 years ago. The well-established effect of ultra-
sound in electrochemistry is the diminution of the diffusion layer (and thus the increase in limiting 
currents), the decrease in overall overpotential, and the modification in electrode surface (erosion) 
due to acoustic streaming together with microstreaming and the implosion of high-energy cavita-
tion bubbles. Thus, these effects offer several benefits: an increase in mass-transport phenomena, 
an increase in reaction rates, an improvement in sensitivity and selectivity, greater product ratios 
and efficiencies, less electrolytic cell power requirements, a diminution of electrode fouling, an 
improvement in product coating, an acceleration in corrosion and electrode dissolution, and an 
enhancement in the production of microemulsions.





It is anticipated that the next few years will see the deployment of ultrasound in a variety of elec-
troanalytical, electrosynthetic processes, fabrication of novel nanomaterials, and fuel cell materials.
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25 Combined Ultrasound–
Microwave Technologies





Pedro Cintas, Giancarlo Cravotto, and Antonio Canals





INTRODUCTION





Power ultrasound (US) and microwave (MW) dielectric heating are among the most simple, inex-
pensive, and effective tools in applied chemistry. These green techniques dramatically enhance heat 
and mass transfer, inducing faster and more selective chemical transformations. Sonochemistry has 
a longer history than microwave chemistry; however, in the last two decades, the latter has found a 
growing number of relevant applications. While popular wisdom just associates MW with superior 
heating and US with efficient agitation, these techniques are capable of doing much more and this 
potential provides additional impulse to their expansion in synthesis and processing. The reproduc-
ibility of these techniques, however, still requires further attention, especially since some design 
parameters are sometimes overlooked. Surprisingly, the additive and even synergic effects that have 
been observed in combined US/MW irradiations have overcome all expectations (Cravotto and 
Cintas, 2007). Maeda and Amemiya first described the surprising synergic effects in sono- and 
chemiluminescence experiments carried out under simultaneous US/MW irradiations (Maeda 
and Amemiya, 1995). Although sequential or simultaneous irradiation with US and MW sources 
entails technical and safety considerations, their coupling can easily be performed on a lab scale. It 
is hoped that such equipment will be commercially available in the near future at a reasonable price.





This chapter is divided into four sections dealing with the applications in chemical analysis, 
natural product extraction, synthesis and catalysis, and preparation of nanomaterials.





CHEMICAL ANALYSIS





Much wider attention has been given to the applications of MW dielectric heating and US energy 
in analytical chemistry than in other chemical disciplines (Kingston and Jassie, 1988; Zlotorzynski, 
1995; Kingston and Haswell, 1997; Mason and Lorimer, 2002; Luque-García and Luque de Castro, 
2003a,b; Priego-Capote and Luque de Castro, 2004; Luque de Castro and Priego-Capote, 2007; 
Capelo-Martínez, 2009). Among these applications, we can find MW and US spectroscopy (Townes 
and Schawlow, 1975; Migliori and Sarrao, 1997; Colorado State University, Department of Physics, 
2010). They have, however, been mainly used for sample preparation (i.e., digestion, extraction, 
dissolution, etc.) (Kingston and Jassie, 1988; Kingston and Haswell, 1997; Luque-García and 
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Luque de Castro, 2003a,b; Priego-Capote and Luque de Castro, 2004; Luque de Castro and Priego-
Capote, 2007; Capelo-Martínez, 2009). MW and US have been used to speed up and increase the 
efficiency of sample preparation, save energy, and reduce the amount of reagents and the risk of 
contamination. MW radiation has been recently used to improve the single drop microextraction of 
chlorobenzenes from water samples (Vidal et al., 2007) and to speed up the cloud point extraction 
of Rh, Pd, and Pt from pharmaceutical products (Simitchiev et al., 2008). US energy has also been 
used to increase the efficiency and velocity of microextraction techniques (Regueiro et al., 2008). 
However, few applications have been published to date on the combination effects of both types of 
energies on sample preparation (Lagha et al., 1999; Chemat et al., 2004; Canals et al., 2006; Domini 
et al., 2009) since simultaneous irradiation with MW and US entails technical and safety consid-
erations (Cravotto and Cintas, 2007). In all cases, a simultaneous US/MW irradiation occurred; 
however, the Canals’ system (Canals et al., 2006; Domini et al., 2009) was the only one that could 
irradiate the sample in a direct way. This means that the US probe was placed in direct contact with 
the reactive mixture inside the MW cavity. This strongly improved the sonochemical efficiency.





In 1999, Chemat et al. (Lagha et al., 1999) published the pioneering application of simultaneous 
US/MW irradiation used for the digestion and dissolution of the refractory mineral material Co3O4 
(mineral model) in nitric acid as well as for the determination of copper in olive oil (food product 
model).  The authors used a Prolabo Maxidigest 350 monomode MW oven (max power 300 W, 
Figure 25.1). The reacting mixture was placed in a borosilicate open vessel (20–150 mL) joint with 
the US cup horn (Branson Sonifier 250, diameter of the transducer’s tip 18 mm) by means of deca-
line, introduced into a double jacket (200 mL). This liquid was chosen because of its low viscosity, 
which enables good US propagation meanwhile is MW transparent. The US probe was placed dis-
tant from the electromagnetic field in order to avoid interactions and short circuits. MW digestion 
and classical convective–conductive protocols were used for comparison. From the kinetic study it 
was concluded that the dissolution rate with the combined US/MW system was two and six times 
faster than the MW only and classical heating systems (total metal dissolution in only 1, 3, and 6 h), 
respectively. This acceleration was due to the synergistic combination of both types of energy: MW 
heating created hot spots at the surface of the metal enhancing the dissolution’s temperature and 
rate, whereas the acoustic cavitation eroded the metal oxide and enhanced the mass transfer for the 
digested metal. The average MW and US power required for total solid dissolution was 150 W for 
both energy sources. Under optimized conditions (i.e., MW power: 180 W for 27 min and 290 W for 
3 min; US power: 150 W for 30 min) all the Cu in the olive oil was digested in only 30 min, whereas 
the MW alone or the conventional method took 45 and 60 min, respectively. The efficiency, espe-
cially in heterogeneous (solid/liquid) media, of the combined MW and US irradiations was well 
proved in this study.





Later, Chemat et al. (2004) used the same manifold (Figure 25.1) to study the digestion of edible 
oils for copper analysis and food products for total Kjeldahl nitrogen analysis. A MW digestion 
method and a classical convective-conductive standard method AFNOR were used for comparison. 
The amount of nitrogen recovered was comparable in the three digestion procedures; however, 
US/MW Kjeldahl digestion method was complete within 10 min, whereas the digestion times 
were 30 min and 3 h for the MW alone digestion and the classical standard method, respectively. 
Therefore, the US/MW Kjeldahl digestion method was more efficient for viscous liquid and solid 
products. This improvement was observed even though the samples were not directly subjected to 
US, which detracted from its optimal efficiency. When all the copper of the edible oils was analyzed 
[digestion conditions as Lagha et al. (1999)], the digestion time values were 30, 45, and 60 min for 
US/MW, MW, and classical method, respectively.





Canals et al. (2006) have patented the combination of both energies for analytical sample prepa-
ration (i.e., digestion, dissolution, and extraction) purposes. A scheme of the combined US/MW 
system is shown in Figure 25.2 while Figure 25.3 displays an image of the prototype. It is based 
on a CEM Discover MW oven operating at 2.45 GHz with a nominal power of 300 W (5). The US 
system (6) is a Dr. Hielscher UP 200 S (200 W power; 24 kHz frequency) equipped with a glass horn 
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of 12 mm diameter (4). This new design of the US probe (4) is in direct contact with the reactive 
mixture (1). This combined digestion system is easy to handle, safe, and efficient. The sample ves-
sel is operated at atmospheric pressure and must be chemically inert and transparent to MW. The 
system enables working simultaneously or separately with both energies by simply disconnecting 
one generator (2 or 3). For safety reasons and in order to eliminate MW leakage through the hole 
used to introduce the sonotrode, a metallic cylinder (4 cm diameter; 5 cm high) is used. This cylinder 
acts as a cut-off filter for MW.





Chemical oxygen demand (COD) was measured to assess the applicability of this combined 
system. A classical convective-conductive heating system, three MW systems (one closed and two 
open), and one US-assisted digestion systems were used for comparison (Domini et al. 2006). It is 
well known that pyridine is a difficult compound for COD determination; therefore, this analyte was 
used as a model. Table 25.1 shows the results obtained on COD determination with all the diges-
tion systems evaluated. The new US/MW system supplies a recovery value of 75% in only 1 min, 
whereas the recovery values obtained with the remaining digestion systems were 12%, 27%, 21%, 
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with reactor





Magnetron
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Power regulation
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Reagents





Decaline





FIGURE 25.1  Schematic drawing of the single mode microwave system combined with ultrasound. 
(Reprinted from Ultrason. Sonochem., 11, Chemat, S., Lagha, A., Amar, H.A., and Chemat, F., Ultrasound-
assisted microwave digestion, 5–8, Copyright (2004), with permission from Elsevier.)
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FIGURE 25.2  Scheme of direct and simultaneous US/MW irradiation system. (1) Reaction mixture (sample + 
reagents or liquid phase immiscible with sample), (2) MW radiation source, (3) US energy source, and (4) horn 
(sonotrode) (manufactured with an MW transparent material).
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52%, and 46% for classical, closed MW, open MW system no. 1 (Star system 2, CEM), US, and open 
MW system no. 2 (Discover, CEM) digestion methods, respectively.





A recent publication (Domini et al., 2009) described the application of combined US/MW tech-
nologies in Kjeldahl method for total nitrogen determination in real food samples.  Multivariate 
analysis has been used to optimize the most influential variables for the US/MW digestion using 
tryptophan as the model substance. The optimum conditions were H2SO4 volume, 10 mL; H2O2 
volume, 5 mL, weight of sample, 0.05 g; MW power, 500 W; US power, 50 W; and digestion time, 
7 min. A modification of the classical Kjeldahl method and a US-assisted digestion method were 
used for comparison. Digestion under simultaneous US/MW irradiation was carried out in a closed 
vessel placed in a professional multimode oven (Figure 25.4a) (Mycrosynth, Milestone®, BG, Italy) 
equipped with a US probe with a Pyrex® horn (Figure 25.4b) (frequency 21.4 kHz, tip diameter 
17 mm). The setup was developed in the laboratory of Cravotto at the University of Torino in col-
laboration with Danacamerinisas (TO, Italy). The same US probe (Figure 25.4b) was also used in 
the digestion experiments carried out under US alone. The significant reduction in digestion time 
(30 and 25 min for classical Kjeldahl method and US-assisted digestion method, respectively) and 
in consumption of reagents evidence that simultaneous and direct US/MW irradiation is a powerful 
and promising tool for low-pressure preparation (i.e., digestion, dissolution, and extraction) of solid 
and liquid samples.





NATURAL PRODUCT EXTRACTION





Although in recent years several applications of combined US/MW irradiation for plant extrac-
tion have appeared in the literature, the great potential of this hybrid technique has not been ade-
quately exploited as yet. US could dramatically improve the extraction of a target component mainly 
through the phenomenon of cavitation. The mechanical ultrasonic effect promotes the release of 
soluble compounds from the plant body by disrupting cell walls, enhancing mass transfer, and 
facilitating solvent access to the cell content. Meanwhile, MW heats the whole sample very quickly 
and volumetrically, inducing the migration of dissolved ions. The simultaneous irradiation of both 
energy sources increases solvent penetration into the matrix, facilitates analyte solvation, and usu-
ally increases the solubility of target compounds.





The combination of US-assisted extraction (UAE) and MW-assisted extraction (MAE) has been 
successfully employed by Cravotto and Cintas as complementary techniques in the extraction of oils 
from vegetable sources, viz., soybean germ and a cultivated marine microalgae rich in docosahexaenoic 
acid (DHA) (Cravotto et al., 2008a). This was achieved by inserting a nonmetallic horn in a professional 
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FIGURE 25.3  Photography of simultaneous and direct US/MW irradiation prototype. (5) MW unit; (6) US unit.
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MW oven. If on one hand, the double simultaneous irradiation can bring additive or even synergic 
effects on the extraction phenomenon of vegetal matrices, on the other, the nonmetallic horns can only 
be used at moderate power. Pyrex, quartz, or Peek® (Cravotto and Cintas, 2007) can be safely used in 
the range of 30–90 W, above which the intrinsic structure of the material can be irreversibly damaged.





Lianfu and Zelong applied a US transducer with fixed power and frequency (50 W, 40 kHz) to the 
bottom of an MW cavity. Although no technical information was given on this equipment coupling, 
they described its efficient application to the extraction of lycopene from tomato paste (Lianfu and 
Zelong, 2008). This US/MW-promoted extraction performed in open vessel was compared with a 
UAE method. The former required less time (6 vs. 29 min) and gave a better yield (∼8% more).





A similar set-up was used by Wang et al. to extract inulin and polyphenols from burdock root, 
which is a popular vegetable in Japan. The simultaneous US/MW irradiation was performed on 
5 g burdock root powder suspended in 75 mL distilled water in a 250 mL Erlenmeyer flask with a 
condenser. Apart from a much shorter extraction time, the authors claimed an improvement in the 
extract’s functional and swelling properties (Lou et al., 2009).





Other Chinese researchers combined US and MW technologies in a sequential way to extract 
and dry isoflavonoids from Pueraria lobata, namely, UAE for cell disruption and extraction, and 
then fast MW-vacuum drying to obtain the final product (Hu et al., 2008). The authors showed that 
the US-based method followed by MW drying under vacuum increases extraction efficiency while 
preserving the pharmacological properties of the active compounds.





Among the several techniques used to extract the volatile components in cucumbers (vacuum 
distillation-freeze concentration, solid-phase microextraction), combined US/MW has also been 
described (Beb et al., 2008).





(a)





(b)





FIGURE 25.4  (a) Simultaneous and direct US/MW irradiation in multimode MW oven (Milestone®) 
equipped with a pyrex® horn developed at University of Torino; (b) US horn made of pyrex®.  (Reprinted 
from Ultrason. Sonochem., 16, Domini, C., Vidal, L., Cravotto, G., and Canals, A., A simultaneous, direct 
microwave/ultrasound-assisted digestion procedure for the determination of total Kjeldahl nitrogen, 564–569, 
Copyright (2009), with permission from Elsevier.)
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Although lab-scale simultaneous US/MW irradiation for plant extraction seems to be very advan-
tageous, its scaling up is hardly feasible. As already demonstrated for UAE (Cravotto and Binello, 
2010) (Figure 25.5), the combined US/MW flow reactors that have already been exploited for water 
decontamination (Cravotto et al., 2005) seem to be the most promising tools for the scale-up of such 
applications (Cravotto et al., 2007a). Combined UAE–MAE extraction can be easily achieved in a 
sequential way, where a peristaltic pump circulates the plant powder suspension: first through the 
sonication chamber (Figure 25.5) and then through an MW cavity (Figure 25.6).





FIGURE 25.5  A prototype of pilot US-flow reactor for plant extraction.





FIGURE 25.6  A modified MW domestic oven incorporating a flow unit for plant extraction.
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SYNTHESIS AND CATALYSIS





The combined use of MW and US irradiations constitutes a very promising innovation in the field of 
heterogeneous catalysis. Additional effects are to be expected when dielectric heating is associated 
with the large amount of energy released in cavitational collapse, causing particle fragmentation 
and molecular excitation. Several examples of combined US/MW irradiation applied to synthesis 
and catalysis have appeared in the literature (Cravotto and Cintas, 2006, 2007). The first reports 
were published by Peng and Song regarding the hydrazinolysis of esters in solvent-free condi-
tions (Peng and Song, 2001), a straightforward ether synthesis via the Williamson reaction in the 
absence of phase-transfer catalysts (Peng and Song, 2002), and the preparation of 3-aryl acrylic 
acids through a Knoevenagel-Doebner reaction in aqueous media (Peng and Song, 2003).  They 
employed a simple, home-made, yet efficient device by inserting a detachable horn (the material 
of which was not specified) into a modified domestic oven.  Potentially hazardous MW leakage 
was prevented by a copper mesh screen tightly fastened onto the horn. A few years later they also 
reported the synthesis of β-aminoketones via an aqueous Mannich reaction (Peng et al., 2005) and 
the flash synthesis of 4H-pyrano[2,3-c] pyrazoles in aqueous media (Peng et al., 2006).





In an alternative, less efficient set-up that avoided subjecting the horn to the high-frequency field, 
a low-viscosity apolar liquid (decalin), exposed to US outside the MW oven, conveys the radiation 
of the former through a double-jacketed pyrex vessel to the reacting mixture placed in the oven itself 
(Figure 25.1). This device already described previously (Chemat et al., 1996, 1997) was used for the 
esterification of stearic acid with butanol under heterogeneous catalysis, reporting improved results 
in comparison with the MW-promoted reaction.





Several synthetic applications of the combined US/MW technique have been reported by Cravotto 
and associates. This approach was described as a “new synergy in green organic synthesis” in par-
ticular when applied to the preparation and use of room-temperature ionic liquids (ILs) as solvents 
(Lévêque and Cravotto, 2006). With a series of synthetically useful aryl–aryl couplings, catalyzed 
by Pd/C or Pd (II) acetate, the combined US/MW technique gave better yields and shorter reaction 
times than individual irradiations with either US or MW (Cravotto et al., 2005) (Scheme 25.1 and 
Table 25.2). Suzuki homo- and cross-couplings of several arylboronic acids and aryl halides were 
strongly improved using the patented US/MW flow reactor depicted in Figure 25.7 (Buffa et al., 
2004). Even electron-deficient aryl chlorides reacted using palladium (II) acetate as catalyst and 
required neither phosphine ligands nor phase-transfer catalysts.





Cravotto et al.  showed that Heck reactions could conveniently be carried out under simultane-
ous US/MW irradiation to afford products in high yields while using very low ligandless catalyst 
loads (Scheme 25.2) (Palmisano et al., 2007a).  With styrene, electron-poor aryl chlorides such as 
4-chloroacetophenone and 4-chloronitrobenzene gave good yields after 1 h in the presence of 0.25 mol% 
Pd(OAc)2 and a co-catalyst (Wilkinson 0.005 mol% or CuBr 4.0 mol%) or 2.0–3.0 mol% Pd/C. In most 
cases MW heating gave comparable results (although yields were 5%–20% lower) in somewhat longer 
times, whereas under conventional heating acceptable yields were only achieved after 18 h.





US/MW-assisted Suzuki and Heck reactions with low catalyst loads have been performed on 
poorly reactive 3,5-dichloro-2-pyrazinones. Due to the optimal heat and mass transfer, simultane-
ous US/MW irradiation strongly improved the kinetics and yields of these chemical modifications 
(Garella et al., 2010).
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SCHEME 25.1  Suzuki reactions under US and MW, alone or combined.
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The use of combined US/MW irradiation promotes redox reactions, such as the preparation of 
azo and azoxy compounds by selective reduction of nitroarenes using zinc powder and ammonium 
chloride in DMF/water (Cravotto et al., 2006) or by oxidation of primary aromatic amines with 
KMnO4 in DMF (Wu et al., 2008). The technique was successfully applied to a catalyst-free syn-
thetic procedure for the regioselective opening of epoxides by N-nucleophiles in water (Palmisano 
et al., 2007b) and to the one-pot synthesis of second-generation ILs cutting down reaction times and 
improving yields (Cravotto et al., 2007b). Analogous results were even achieved in the alkylation of 





FIGURE 25.7  A loop US/MW flow reactor.





TABLE 25.2
Comparison of Yields of Suzuki Reactions under US and MW, 
Alone or Combined





Aryl Halide Boronic Acid US Yield (%) MW Yield (%) US/MW Yield (%)





3-bromoanisole phenylboronic 54 64 88





2-iodothiophene phenylboronic 40 37 59





4-chloro-nitrobenzene phenylboronic 22 30 57





— thianthrene-1-boronic 48 55 69





— 4-t-butylboronic 68 74 86
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SCHEME 25.2  Heck couplings using very low ligandless catalyst loads under MW, or combined US/MW 
irradiation.
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N-heterocycles with poorly reactive but inexpensive alkyl chlorides that usually require long reac-
tion times and drastic conditions (Cravotto et al., 2008b) (Scheme 25.3).





Collina and associates described a US/MW-assisted procedure for the preparation of α,β-
unsaturated carboxylic acids and esters from aldehydes via tandem Wittig olefination and hydrolysis 
(Rossi et al., 2009).





The 1,3-dipolar cycloaddition of azides and alkynes has become the model for click reactions. 
US and MW irradiations, alone or combined, have been used to accelerate this reaction espe-
cially under heterogeneous catalysis, for example, charcoal-supported Cu(II) or Cu(I) catalysts as 
employed by Cintas and associates (Cintas et al., 2007). One of the most attractive procedures used 
to carry out click reactions exploits metallic copper as a solid catalyst (Cravotto et al., 2010). This 
is a green, sustainable method, which is extremely fast when performed under combined US/MW 
irradiation (Figure 25.8) (Cintas et al., 2010).





PREPARATION OF NANOMATERIALS





US and MW irradiations used separately have been widely used for the preparation of nanomate-
rials as documented by several reviews (Kerner et al., 2001; Gedanken, 2004; Dahl et al., 2007). 
Both techniques contribute to greener nanosyntheses, within shorter reaction times, reduced energy 
consumption, and better product yields. Such remarkable improvements provide a unique platform 
for the growth of novel nanostructures (Nemamcha et al., 2006). Noteworthy is the possibility to 
scale-up the production of nanoparticles using these methodologies for industrial applications 





FIGURE 25.8  Click reaction catalyzed by metallic copper under US/MW irradiation.
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SCHEME 25.3  Solvent-free one-pot synthesis of ionic liquids under simultaneous US/MW irradiation.
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(Gerbec et al., 2005). Many studies have explored the effects of temperature, solvent, reductant, 
and reaction times on nanoparticle formation. Although MW and US irradiations have proven to be 
useful tools in synthesizing nanomaterials, they have some limitations. These are limited thickness 
penetration and, in some cases, the poor experimental repeatability (Nikolai, 2002).





In recent years a few reports have documented the favorable combination of US and MW for the 
preparation of nanomaterials. Ishikawa et al. described the preparation of platinum nanoparticles in 
a heterogeneous solid–liquid system by simultaneous US and MW irradiations. The average size of 
the Pt nanoparticles resulted in fine particles with an excellent homogeneous distribution (Ishikawa 
et al., 2008).  Tai and Guo developed a US/MW-assisted procedure for the controlled synthesis 
of cadmium sulfide 3D nanostructures (flower-like hexagonal nanopyramids and/or nanoplates) of 
high purity (Figure 25.9). This efficient method was fast, high-yield, seedless, template-free, and 
environmentally friendly (Tai and Guo, 2008).





Shen studied the US/MW combination for a rapid synthesis of Pb(OH)Br nanowires (Shen, 
2009). The ionic liquid 1-butyl-3-methylimidazolium bromide ([BMIM]Br) was employed both as 
a reactant and as structure-directing agent in this reaction. Combined US/MW irradiation at 50 W 
in each case greatly reduced the reaction time (10 min) and significantly increased the product yield 
(45%) in comparison with conventional heating (24 h reaction time, 23% yield). Combined US/MW 
irradiation also changed the resultant wires from 20–30 μm in diameter and 2–3 mm in length to 
80–800 nm and 50–100 μm, respectively. A further increase in the power of the combined irra-
diation (from 50 to 250 W) led to a dramatic reduction in the reaction time (80 s) with a slightly 
increased yield up to ca. 48%.





Ag-doped CdS nanoparticles have been successfully synthesized by Guo et al. under combined 
US/MW irradiation (Figure 25.10). These results show that this synthetic technique can be applied 
as the method of choice for the production of noble metal-doped semiconductor nanostructures 
(Ma et al., 2010).





We can conclude that combined US/MW irradiation will surely find a wide range of practical 
applications in nanoscience and nanotechnology.
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FIGURE 25.9  Field emission scanning electron microscopy (FESEM) of CdS nanoflowers prepared by 
US/MW irradiation at 413 K for 45 min by reacting CdCl2, sulfur powder, and another sulfur source [(a) and 
(b): CS(NH2)2; (c) and (d): C2H5NS] taken at different resolutions. The inset shows isolated CdS nanoflower clusters. 
(Reprinted from Ultrason. Sonochem., 15, Tai, G. and Guo, W., Sonochemistry-assisted microwave synthesis and 
optical study of single-crystalline CdS nanoflowers, 350–356, Copyright (2008), with permission from Elsevier.)
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26 Integrating Ultrasound with 
Other Green Technologies:
Toward Sustainable Chemistry





Julien Estager





FROM SUSTAINABILITY TO GREEN CHEMISTRY AND ULTRASOUND





Considering the global interest in the last Copenhagen summit (2009 United Nations Climate 
Change Conference, Copenhagen, Denmark, December 7–18, 2009), one can assume that sustain-
ability is now considered to be an urgent matter to deal with, at least as a political issue. In fact, 
this term has been defined more than 20 years ago by the United Nations, following the work of the 
Brundtland commission, as “meeting the needs of the present generation without compromising 
the future generations to meet their own needs” (Brundtland, 1987). Furthermore, green chemistry 
has been defined as the design of chemical products and process to reduce or eliminate the use 
or generation of hazardous substances (Anastas and Warner, 1998). Nowadays, green chemistry 
has become one of the prominent branches of chemistry, as demonstrated, for example, with the 
creation of well-renowned U.S. Presidential Green Chemistry Awards in 1995 or release of the first 
volume of green chemistry by the Royal Society of Chemistry in 1999. In order to help chemists 
to move toward sustainable development, Anastas and Warner proposed 12 rules, which may be 
considered as a toolbox for “green chemists” (Anastas and Warner, 1998). Sometimes referred to as 
Twelve Principles of green chemistry, they are summarized in Figure 26.1.
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Sheldon et al. (2007) elegantly summarized these different principles by defining green chemistry 
as “efficiently utilise (preferably renewable) raw materials, eliminate waste and avoid the use of 
toxic and hazardous reagents and solvents in the manufacture and application of chemical products” 
(Sheldon et al., 2007).





Subsequently, in order to quantify the “greenness” of a process, different values were 
invented; as it was pointed out by Lord Kelvin in the nineteenth century, to measure is to 
know. Thus, Barry Trost developed the concept of atom economy that concerns the green effi-
ciency of a chemical reaction (Trost, 1991), while Roger Sheldon introduced the more indus-
trial Environmental factor (E-factor), the mass of waste (in kg) divided by the mass of product 
obtained (Sheldon, 1994). Depending on the industries concerned, the E-factor can reach dra-
matic values as shown in Table 26.1 (Sheldon, 2008). Surprisingly, this factor showed that the 
pharmaceutical industry, which is traditionally perceived as “clean,” generates huge amounts 





TABLE 26.1
Examples of E-Factor for Different Industries





Industrial Segment Volume/Ton Per Annum E-Factor





Bulk chemistry 104–106 <1–5





Fine chemical industry 102–104 5 → 50





Pharmaceutical industry 10–103 25 → 100





Prevention: it is better to prevent waste than to treat or clean up waste after it is formed
Atom economy: synthetic methods should be designed to maximize the incorporation of all material used in 
the process into the final product
Less hazardous chemical synthesis: whenever practicable, synthetic methodologies should be designed to use 
and generate substances that pose little or no toxicity to human health and the environment
Designing safer chemicals: chemical products should be designed to preserve efficacy of the function while 
reducing toxicity
Safer solvents and auxiliaries: the use of auxiliary substances (i.e. solvents, separation agents, etc.) should be 
made unnecessary whenever possible and, when used, innocuous
Design for energy efficiency: energy requirement of chemical processes should be recognized for their environ-
mental and economic impact and should be minimized. If possible, synthetic methods should be conducted at 
ambient pressure and temperature
Use of renewable feedstock: a raw material or feedstock should be renewable rather than depleting whenever 
technically and economically practicable
Reduce derivatives: unnecessary derivatisation (use of blocking groups, protection/deprotection, temporary 
modification of physical or chemical processes) should be minimized or avoided if possible because such steps 
require additional reagents and can generate waste
Catalysis: catalytic reagents (as selective as possible) are superior to stoichiometric reagents
Design for degradation: chemical products should be designed so that at the end of their function they break 
down into innocuous degradation products and do not persist in the environment
Real time analysis for pollution prevention: analytical methodologies need to be further developed to allow 
real-time, in-process monitoring and control prior to the formation of hazardous substances
Inherently safer chemistry for accident prevention: substances and the form of a substance used in a chemical 
process should be chosen to minimize the potential for chemical accidents, including releases, explosions 
and fires





FIGURE 26.1   The 12 principles of green chemistry.
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of waste per mass of valuable product, while petrochemistry (bulk chemistry) emerges as mate-
rial-efficient branch of chemical industry.





In all these definitions, chemistry is always linked to process, and if these good intentions should 
make it to the real world, they must remain close to the industry. Quite humorously, Poliakoff et al. 
emphasized this by replacing the 12 principles by 24 others which acronym is IMPROVEMENTS 
PRODUCTIVELY (Tang et al., 2008). In fact, various industrial processes already follow the trends 
of green chemistry. For example, Eastman developed an enzymatic esterification process that led 
to a dramatic decrease of by-product amounts, and significant energy savings (Office of pollution 
prevention and toxics, The Presidential Green Chemistry Challenge Awards Program, Summary 
of 2009 Awards, Entries and Recipents, U.S. Environmental Protection Agency, Washington, DC, 
EPA 744K09001, 2009).  In 2006, Merck developed a new synthetic pathway for Sitagliptin, a 
medicine for type II diabetes treatment, which reduces the number of derivatizations required. On 
the industrial scale, this modification can imply a great reduction in the quantity of solvent used 
and, simultaneously, a great decrease of the process operational cost (Office of pollution preven-
tion and toxics, The Presidential Green Chemistry Challenge Awards Program, Summary of 2006 
Awards, Entries and Recipents, U.S.  Environmental Protection Agency, Washington, DC, EPA 
744R06003, 2006).





As pointed out by Tucker (2010), practicing green chemistry requires more an evolution of our 
way to consider a problem than an expansion of our knowledge. A lot of tools that may help to reach 
a more sustainable chemistry already exist—the challenge is to use the already available technol-
ogy with another objective—to have a green process. It is our belief that ultrasound must be a part 
of this evolution.





As it has been extensively explained in the previous chapters of this present book, chemistry 
can make a great profit by taking advantage of the specific effects of sonication. Since the pio-
neering work of Woods and Loomis (1927), who discovered the effect of ultrasound on chemical 
reaction rate, intensive studies led to the creation of a new term in chemistry—sonochemistry. 
Driven by the formation, growth, and collapse of micrometric bubbles, sonochemistry can force 
reactions that would be impossible in conventional conditions. Even if this interpretation is still 
arguable, it is largely admitted in the scientific community that the sonication of a medium leads 
to the formation of bubbles—called cavitation bubble—that can implode very violently creating a 
hot spot where the temperature can reach 5200 K and a pressure of 1000 bar (Suslick et al., 1990). 
These extreme conditions can lead to different effects that may be of chemical or physical nature. 
Chemical effects of ultrasound involve generally the homolytic breaking of chemical bonds 
and consequently the formation of radicals, for example, H• and •OH in the case of water (Ince 
et al., 2001). Physical effects of ultrasound include reduction of particle size during nanoparticle 
synthesis and processing, microemulsion formation, enhancement of the mass transfer, or disper-
sion of solids in a medium. The objective of this chapter is to explain how these effects can be 
beneficent for green chemistry.





Firstly, it will be shown how sonochemistry can be in itself a great help for green chemistry. 
Then, we will focus on the coupling of ultrasound with other “green” techniques and different 
examples of their applications will be given.





GREEN CHEMISTRY: HOW ULTRASOUND CAN JOIN THIS NOBLE CAUSE





Even if sonochemistry is quite an old field, its green potential has been only investigated since the 
end of 1990s, when green chemistry really started to arise (Cintas and Luche, 1999). In fact, the 
correlation seems nowadays quite obvious considering that, on many occasions, sonication leads to 
an improvement in terms of yield or selectivity. Indeed, such improvements are classically obtained 
by adding chemicals into the medium—increasing the potential for waste and non eco-friendly 
posttreatment—whereas ultrasound is cleaner because of its purely physical nature.  Ultrasound 
clearly reaches Sheldon’s objective of “efficiently utilise (preferably renewable) raw materials, 
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eliminate waste and avoid the use of toxic and hazardous reagents and solvents” (Sheldon et al., 
2007) since it can, for example,





	 1.	Change the course of a reaction without adding extra chemicals, for example, in the case 
of the famous sonochemical switching described by Ando et al. (1984)





	 2.	 Improve chemical rate (saving time and energy) and selectivity (reduction of waste)





Different examples will be described in this chapter and this first part will show how ultrasound can 
be a real benefit for green chemistry.





Greater Yields and Chemical Rates for Greener Reaction





In literature, there are many examples where the use of ultrasound improved a reaction, in term 
of yield, rate, or both (Luche, 1998). However, very few of them clearly explain where this ben-
eficial effect is coming from. In an attempt to rationalize these observations, Jean–Louis Luche 
defined a set of three empirical rules to distinguish between the different effects that may be 
induced by sonication (Luche, 1993). Chemical reactions have been separated into three main 
categories.





Type I In a homogeneous medium, the chemical effect of ultrasound can be rationalized by con-
sidering that single electron transfers (SET) are increased by sonication. Metal complexes will 
undergo a ligand–metal cleavage that produces coordinatively unsaturated species. This type of 
reaction is sometimes called “true sonochemistry,” since ultrasound takes part in the chemical 
mechanism.





Type II In a heterogeneous system, the mechanical effects of the ultrasound can affect greatly the 
kinetics and the yields of organic reaction. In the case of solid–liquid interface, reduction of particle 
size has to be taken into consideration and in the case of liquid–liquid system, mass transfer and 
microemulsion phenomena should be considered. This type of reaction is sometimes referred to as 
false sonochemistry.





Type III In a heterogeneous system, the reaction can follow a “SET” pathway. This kind of reaction 
is affected by both the chemical and physical effects of ultrasound and it is consequently difficult 
to determine the effective influence of the ultrasound. These are sometimes called ambivalent reac-
tions. Ando’s sonochemical switching is probably the most famous example of a Type III reaction 
(Ando et al., 1984).





Considering these observations from a green chemistry perspective, an improvement of yield, 
selectivity, or rate is beneficial whatever its reason. An increase of yield means a decrease of the 
E-factor, an increase of selectivity may imply less of a generally environmentally costly work-up 
(use of solvent for extraction, recrystallisation) and an increase of the kinetics generally leads to a 
decrease in terms of energy consumption as the reaction time becomes shorter. The potential of 
sonochemistry in this aspect is really large, and there is still plenty of space for development—as 
shown comprehensively in this book.





To quote two examples amongst many, Blasco–Jimenez et al.  (2009) described recently an 
ultrasound-assisted alkylation of imidazole via a Michael addition catalyzed by 3-aminopropyl-
trimethylsilane grafted on MCM-41/niobosilicate (Scheme 26.1).





As a solid support was used, some physical effect due to ultrasound may be expected, and an 
increase of conversion has been observed with different catalysts as shown in Figure 26.2.





In 2008, Bhor et al. (2008) described the coupling of naphthols catalyzed by an iron catalyst. 
Referring to a mechanistic study on the coupling of phenol done by Toda et al. (1989), a radical 
pathway has been suggested, as described in Scheme 26.2.
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In each case, the type of reaction is different, as the Michael addition is a type II reaction 
whereas the homocoupling of naphtols is a type III one. However, in both cases, they can be consid-
ered as an improvement in terms of green chemistry. Thus, organic sonochemistry can be considered 
as a green science in itself. As pointed out by Tucker (2010), looking to an already well-established 
technology with a new perspective can lead to great achievements.
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SCHEME 26.1  Ultrasound-assisted alkylation of imidazole via Michael addition.
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SCHEME 26.2  Radical pathway for the homo-coupling reaction of 2-naphthol.
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FIGURE 26.2  Alkylation of imidazole with ethylacrylate after 3 h at 60°C.  (Reproduced from Catal. 
Today, 142, Blasco–Jiménez, D., Lopez–Peinado, A.J., Martin–Aranda, R.M., Ziolek, M., and Sobczak I., 
Sonocatalysis in solvent-free conditions: An efficient eco-friendly methodology to prepare N-alkylimidazoles 
using amino-grafted NbMCM-41, 283–287, Copyright (2009), with permission from Elsevier.)
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Water as a Clean Reactive Medium





The use of volatile organic solvents in the chemical industry is one of the major obstacles in the path 
of green chemistry. Indeed, they are usually used in large excess in order to solubilize the different 
compounds, often harmful or toxic, and usually volatile, increasing the risk of release and/or acci-
dent. The use of benign solvents, especially water, has been proposed as an alternative and widely 
investigated for a long time (Breslow, 2007). Because of its very specific interaction with water or 
aqueous solutions, sono-assisted reactions in this medium have been widely studied and opened a 
great opportunity in terms of sustainable chemistry. It is now well known that the ultrasonic irradia-
tion of water results in the formation of very reactive radical species due to the homolytic cleavage 
of H2O. Moreover, the homolytic cleavage of oxygen gas in the presence of water during the soni-
cation leads to the formation of different oxidants as described in the below set of Equations 26.1 
(Hamdaoui and Naffrechoux, 2008).





	 H O H HO2 → +• •
	





	 O O2 2→ 	





	 O H O HO+ →2 2 •
	





	 H HO H O• •+ → 2 	





	 2 2HO O H O• → + 	





	 H O HOO• •+ →2 	





	 2HO H O2 2
• → 	





	 2HOO H O2 2
• → 	





EQUATION 26.1  Species generated through sonication of water in presence of oxygen.





The presence of these very reactive species, coupled with the possible pyrolysis using the energy 
released by the collapsing cavitation bubble, can be very useful, for example, for the degradation of 
organic compounds. This methodology is an alternative chemical-free destructive method for the 
degradation of organic matter, often termed “aquasonolysis.”





4-Chlorophenol decomposition is maybe the most studied example of aquasonolysis. This com-
pound is released in the environment as a by-product in many industrial processes and has been 
labeled as a “priority pollutant” by the EPA and the European Union. It has an upper concentration 
limit of 0.5 mg/L for supplied water, and consequently it must be constantly monitored in aquatic 
environment (Rodriguez et al., 2000). In a search of suitable degradation method, Hao et al. (2004) 
described the aquasonolysis of 4-chlorophenol at 1.7 MHz in the absence of air. In these conditions, 
a degradation of the pollutant proceeds through the cleavage of the aromatic ring. Various studies 
have been performed to optimize the experimental conditions of this process and, for example, it 
has been shown that the rate constant decreases when the initial concentration of pollutant increases 
(Jiang et al., 2006). Because of their capacity to penetrate the cavitation bubble, volatile organic 
compounds (VOCs) are particularly vulnerable to sonolysis, often through a pyrolysis mechanism. 
This particularity is more crucial from the green chemistry viewpoint, since almost one half of the 
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189 air pollutants regulated by the Clean Air Act Amendment in 1990 are VOCs. As an example of 
an excellent ultrasound application, one may quote the work of Peters (2001), who described degra-
dation of a range of chlorinated VOC at high frequency. In most of the cases, the chlorinated amount 
of VOCs is reduced by one order of magnitude within a couple of hours. In another paper, Inazu 
et al. (1993) showed that this decomposition leads mainly to the formation of chloride, hydrogen, 
carbon monoxide, and carbon dioxide.





Oxidation of phenol has also been intensively studied, and Pétrier et al.  (1994) observed that 
the kinetics of degradation is more rapid at a frequency of 487 kHz than at 20 kHz, highlighting 
the influence of the radical anion in the process. The oxidation mechanism of phenols has been 
described by Serpone et al. (1992) and is shown in Scheme 26.3. In this mechanism, as in many 
other aquasonolyses, ultrasound acts as an initiator for the generation of radical ion.





These different phenomena of degradation have been known for a long time (e.g., Schmitt et al., 
1928, described the sono-oxidation of various compounds in 1928) and are nowadays used with 
an impressively wide range of chemicals. This area has been reviewed in a very useful publication 
by Adewuyi (2001).  In order to make one step further toward Green Synthesis, one should now 
consider the nature and toxicity of the products of aquasonolysis, especially when considering their 
industrialization, or pursue a way to reach total mineralization. Combining different existing tech-
niques may be a solution to achieve this ultimate goal, and different examples of such pursuits will 
be provided further in this chapter.





The Best Solvent Is No Solvent





Benign solvents, such as water, can be used to carry out experiments in an environmentally friendly 
way. However, another way to reach this green objective would be to eliminate the solvent com-
pletely from the process. By increasing the reactant concentration, this methodology can increase 
the reaction rate and is widely used, for example, in microwave chemistry. On the other hand, sol-
vents play a major role in directing the reaction via solvent effects and aid to bring the solubilized 
reactants into contact, which in turn leads to higher yields and kinetics. Using ultrasound for sol-
ventless reactions can remove the problem of solubility by taking advantage from the physical effect 
of ultrasound such as micromixing or enhanced mass transfer.





Various recent publications about solvent-free synthesis under sonication described protocols 
employing solid catalysts. For example, Chtourou et al. (2010) described recently the synthesis of 
trans-chalcones using acidic clays as catalyst (Scheme 26.4).
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SCHEME 26.3  Mechanism for degradation of phenol via aquasonolysis.
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SCHEME 26.4  Synthesis of chalcones under solvent-free conditions.
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Under these particular conditions, it is very difficult to determine the real effect of ultrasound, 
because the enhancement due to sonication can be explained by efficient mixing and also by the 
reduction of the particle size of the solid. The same applies, for instance, to the synthesis of couma-
rines from resorcinol and β-ketoesters by Pechmann condensation (Gutierrez-Sanchez et al., 2009), 
as described in Scheme 26.5.





This methodology has also been studied for the synthesis of 2H-chromen-2-ones and once again, 
a solid catalyst (copper perchlorate) has been used, making further interpretation difficult (Puri 
et al., 2009).  Solvent-free reactions can also be performed without solid catalysts, for example, 
the Michael addition of secondary amines on ferrocenylenones (Yang et al., 2005), illustrated in 
Scheme 26.6.





Other reactions can be carried out using the same idea, for example, the Hantzsch reaction 
(Wang et al., 2008) or synthesis of pyrazolones (Mojtahedi et al., 2008), but most of the time 
the role of the ultrasound is not explained in the publication. Still, an increase in term of yield 
and/or kinetics is generally observed compared to silent conditions, which proves the usefulness 
of ultrasound.





Despite these significant improvements, solvent-free reactions under ultrasound should always 
be considered cautiously, especially when the final product is a solid. It is vital to bear in mind that 
solidification of the medium can lead to the destruction of the ultrasonic apparatus (sonic probes, 
ceramics) due to the reflection of the wave. In this case, a solvent has to be used in order to avoid 
precipitation of the medium.





ULTRASOUND: A BOON FOR HETEROGENEOUS REACTIONS





As pointed out previously, sonochemistry is especially useful in the case of type II reactions, that is, 
multiphasic reactions. In many cases, ultrasound can greatly enhance both yields and rates through 
its physical effects.  In the case of liquid–liquid systems, the phenomena of micromixing, mass 
transfer, and microemulsion can force a reaction to occur.  The usual way to perform chemical 
reactions in liquid–liquid systems is to use a phase-transfer catalyst (PTC) (Makosza, 1975). This 
methodology, usually involving salts with tetraalkylammonium cations, can be considered as a 
part of green chemistry, since it implies a reduction of the amount of organic solvent (which is in 
this case replaced by water) and requires only catalytic amounts of recoverable PTC (Makosza, 
2000).  However, even if—considering Anastas’ 12 principles—the use of catalyst is one of the 
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SCHEME 26.5  Pechman condensation under solvent-free conditions.





Fc





O





Cl





+ Fc





O





Cl





R1
N
H





R2 US





SCHEME 26.6  Solvent-free addition of amine to ferrocenylenones.
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major requirements of green chemistry, the best catalyst of all remains no catalyst. In this perspec-
tive, ultrasound can be considered as a “physical PTC,” and many examples of such heterogeneous 
reactions are described in the literature. For example, the epoxidation of alkenes by H2O2–RCN is 
possible in an aqueous medium as described in Scheme 26.7 (Braghiroli et al., 2006).





Physical effects of ultrasound can also be used for solid–liquid heterogeneous systems, and in 
this case the main effect of ultrasound lies in reducing the size of the solid particles, and therefore 
increasing their surface area. The use of solid catalysts is highly recommended in terms of green 
chemistry, because they are easier to handle and usually do not have vapor pressure, thus reducing 
the risk of gas release or explosion. Unfortunately, they usually exhibit lower reactivity, so the use 
of ultrasound can be a very interesting approach to overcome this problem. Solid–liquid systems are 
by far the most studied in sonochemistry. For example, ultrasound can be useful in the elimination 
reaction over the solid base catalysts, as in the case of the β-elimination for β-bromoacetals using 
solid KOH, described by Diez–Barra et al. (1992) (Scheme 26.8).





In this study, the authors justified the use of PTC as a necessity for KOH to react efficiently. 
However, subsequently, it has been proven that ultrasound can efficiently replace this catalyst. 
The same ultrasonic effect is widely used for reactions involving metals, for example, in reduc-
tion (Peng et al., 2005), cyclisation (Ranu and Mandal, 2006; Zhang et al., 2008), or coupling 
reactions (Deshmukh et al., 2001; Cravotto et al., 2005a,b). In the case of triphasic liquid–liquid–
solid systems, the combination of micro-emulsion and reduction of particle size can lead to 
very interesting results, as found for the one-pot synthesis of some ionic liquids (Scheme 26.9) 
(Estager et al., 2007b)
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SCHEME 26.7  Epoxidation of alkenes using alkylcyanide and hydrogen peroxide.
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SCHEME 26.8  B-elimination for β-bromoacetals.
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SCHEME 26.9  One-pot synthesis of ionic liquids, illustrated by the example of synthesis of 1-alkyl-3-
methylimidazolium hexafluorophosphate.
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COUPLING ULTRASOUND WITH OTHER GREEN TECHNOLOGIES: 
ONE STEP FURTHER TOWARD GREEN CHEMISTRY





As it shown previously, there are numerous links between sonochemistry and green chemistry, and 
by slightly changing our approach, it is possible to develop really interesting sustainable processes 
involving ultrasound. An even more fascinating way toward green sonochemistry is to combine 
ultrasound with other techniques, known to be valuable in terms of sustainable chemistry, in search 
of new synergetic effects. This chapter describes different coupled techniques described in the sci-
entific literature.





Coupling Ultrasound and Microwave: The Best of Two Waves?





Since the pioneering work from Gedye et al.  (1986), an intensive work has been carried out 
by different groups to explain how microwave can have such a powerful influence on yields 
and kinetics. Some studies about microwave chemistry (Loupy, 2006) and its relation to green 
chemistry (Strauss and Varma, 2006) can provide a more comprehensive understanding of this 
technique and its applications. In a nutshell, microwave irradiation of polar compounds leads 
to a very quick heating of the system—hundreds of degrees Celsius within minutes. Specific 
effects are also suspected to occur, but they still remain disputable (Perreux and Loupy, 2002). 
Concerning the coupling of microwave and ultrasound, the most important to note is that there 
can hardly be any direct interactions between the two waves, due to the frequency difference 
(the usual microwave frequency being 2.45 GHz). Consequently, one can expect to maintain 
all the advantages of both techniques. Following the work from Maeda and Amemiya (1995), 
various studies have been performed on the subject, as described elsewhere within this book. 
From the perspective of green chemistry, coupling of the microwave and ultrasound can lead to 
very fast reaction rates, and reducing the reaction time is one of the major steps toward energy 
efficiency. As a point in case, Cravotto et al.  (2005a,b) studied Suzuki coupling and showed 
that dual irradiation gives better results than microwave or ultrasound alone. The same protocol 
can be performed for the synthesis of 3-aryl acrylic acids, as described in Scheme 26.10 (Peng 
and Song, 2003).





Also for this solvent-free Knoevenagel–Doebner reaction, the combination of both irradiations 
gives better results than microwave or ultrasonic irradiations alone.  Coupling the very efficient 
heating of microwave with the efficient mass transfer induced by sonication enables, in this case, 
a dramatic reduction of the reaction time from 7 h in conventional conditions to 65 s. Moreover, 
such coupling can be also useful for the extraction of natural compounds, for which microwave and 
ultrasound are efficient methods (Filgueiras et al., 2000). As an example, the extraction of vegetable 
oils under double irradiation has been studied, and interesting results have been obtained (despite 
the fact that some other methods were more efficient) (Cravotto et al., 2008). Even if this domain is 
still quite limited (Cravotto and Cintas, 2007), the various effects promoted by simultaneous use of 
these two irradiations make this field exceptionally promising.





Ultrasound and Supercritical Fluids: A Super Extracting Agent?





A supercritical fluid (SCF) is defined as a substance at a temperature and pressure above its crit-
ical point. For example, supercritical CO2 is obtained by heating CO2 above 304.1 K at a pres-
sure above 72.8 atm, whereas supercritical water requires much harsher conditions (647.1 K and 
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SCHEME 26.10  One-pot synthesis of ionic liquids, illustrated by the example of synthesis of 1-alkyl-
3-methylimidazolium hexafluorophosphate.
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217.8 atm.). Their applications in chemistry have been widely studied (Jessop and Leitner, 1999) 
and their interest in green chemistry, based on the low toxicities in their non-supercritical state, 
is now unambiguous among the scientific community (Tanchoux and Leitner, 2002). The differ-
ent techniques involving supercritical fluids take advantage from the specific physicochemical 
properties of this state of the matter, possessing properties of both gas and liquid, such as low 
viscosity, high diffusivity (like gases), and also a good ability to dissolve matter (like liquids). 
Considering these properties, supercritical fluids, especially supercritical CO2, are very good 
solvents for extraction processes. The most famous process including supercritical CO2 is prob-
ably the decaffeination of coffee beans via the Zosel process (Zosel, 1977). Reaching supercriti-
cal conditions for water requires significant amounts of energy, and scH2O itself is extremely 
corrosive. Therefore, as opposed to “standard” water, it can hardly be described as a “green” 
solvent.





Using sonication for extraction, and combining it with a supercritical CO2 as a green extracting 
solvent, can be a very valuable process considering green chemistry principles. For example, Riera 
et al. (2004) described the extraction of oil from almonds by supercritical CO2 and with aid of soni-
cation at 20 kHz and 50 W, using a power piezoelectric transducer of the Langevin type. A scheme 
of the extractor used is shown on Figure 26.3.





An interesting study by the same group shows the evolution of the characteristic impedance of 
CO2 in sub- and supercritical conditions. Coupling of ultrasound and supercritical CO2 can lead 
to an increase of both rate and yield of extraction. Hu et al. (2007) used the same methodology to 
extract oil and coixenolide from adlay seeds, both compounds being beneficial for health. By using 
the technology discussed earlier, they observed an increase of the extraction yields even for softer 
experimental conditions, as presented in Table 26.2.





In attempt to extract pungent compounds from ginger, Balachandran et al. (2006) also used a 
combination of the two methods, and suggested an explanation for the increased rate and yield they 
observed. Reportedly, such increase can hardly be explained by either abrasive effects or by the 
creation of turbulence, but can more likely be assigned to the increase of mass transport due to the 
cellular damage. In other words, the ultrasound destroys the cell wall, while the supercritical CO2 
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FIGURE 26.3  Scheme of the extractor used by Riera et al.  (2004) for oil extraction from almonds. 
(Reproduced from Ultrason. Sonochem., 11, Riera, E., Golas, Y., Blanco, A., Gallego, J.A., Blasco, M., 
and Mulet, A., Mass transfer enhancement in supercritical fluids extraction by means of power ultrasound, 
241–244, Copyright (2004), with permission from Elsevier.)
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extracts the oil. Furthermore, ultrasound can be used to solubilize uranium oxides into supercriti-
cal CO2 containing 4,4-trifluoro-1-(2-thienyl)-1,3-butanedione (HTTA) and tributylphosphate, as 
shown in Figure 26.4 (Trofimov et al., 2001).





The authors suggest that ultrasound helps to destroy the complex UO2(TTA)2H2O on the oxide 
surface, therefore facilitating the rest of the process. UO2 powder can also be dissolved in super-
critical CO2 using CO2-soluble tri-n-butylphosphate-HNO3-H2O complex as an extracting agent 
(Enokida et al., 2002). In this case, the use of ultrasound increases the efficiency of the process by 
one order of magnitude. Other compounds can also be extracted with this method, for example, 
diesel oil from diesel-contaminated soil (Park et al., 2008).





SONOELECTROCHEMISTRY: ELECTRONS IN THE SONIC WAVES





By nature, electrochemistry can be related to green chemistry since it proposes to use electrons 
to drive a reaction instead of a chemical or a catalyst, which, of course, improves the atom econ-
omy of the process. The concept of sonoelectrochemistry will be explained more comprehensively 
elsewhere within this book, but to depict it simply, the cavitation phenomenon is able to prevent 
passivation of the electrode, by continuous removal of the material that may be electrodeposited 
on its surface. Moreover, the other effects of ultrasound can be also useful; for example, for the 
electrochemical oxidation of carboxylic acids in a biphasic system (Kolbe coupling) (Wadhawan 
et al., 2001) where good yields and high current efficiency were be obtained. As another example, 
Del Campo et al. (2001) proved that an electron solvated in ammonia at 60°C can be generated in 
presence of ultrasound, and subsequently used for Birch reductions (Del Campo et al., 2001). Thus, 
ultrasound can be used once again to improve even more an already green method.





TABLE 26.2
Extraction of Oil and Coixenolide from Adley Seeds





Compound Extraction T/°C P/MPa t/h FlowCO2
/(L/h) (%)ext.





Adlay oil SCF 45 25 4.0 3.5 84.95





Adlay oil SCF + ))) 40 20 3.5 3.0 96.36





Coixenolide SCF 45 25 4.0 3.5 84.72





Coixenolide SCF + ))) 40 20 3.5 3.0 96.55
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FIGURE 26.4  Supercritical extraction of UO3 by CO2 at 60°C and 150 atm. (Trofimov, T.I., Samsonov, M.D., 
Lee, S.C., Smart, N.G., and Wai, C.M.: Ultrasound enhancement of dissolution kinetics of uranium oxides 
in supercritical carbon dioxide. J. Chem. Technol. Biotechnol. 2001. 76. 1223–1226. Copyright Wiley-VCH 
Verlag GmbH & Co. KGaA. Reproduced with permission.)
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Ultrasound and Ionic Liquids: Sonicating the Liquid Salts





The field of ionic liquids has experienced an incredible development during the last decade and is 
nowadays well established in green chemistry. These compounds are by definition salts with melt-
ing points below 100°C. As totally ionic species, they are generally composed of a bulky organic 
cation and an organic or inorganic anion. They have been used for a wide range of applications, 
such as organic chemistry, inorganic chemistry, and electrochemistry (Wasserscheid and Welton, 
2008), and are now used in different industrial processes (Plechkova and Seddon, 2008).  Their 
green potential arises from their specific physicochemical properties, mainly their very low vapor 
pressure that reduces the risks of air pollution and accidental release. They are also considered as 
nonflammable (in most cases), and are often used in recyclable processes. The very low vapor pres-
sure of ionic liquids can be very useful for sonochemistry, helping to avoid nebulisation phenomena 
or reduce the tendency of the solvent to cavitation (Flanningan et al., 2005).





Coupling of ionic liquids and ultrasound have been used in different areas of chemistry. First of 
all, different publications described the synthesis of ionic liquids using ultrasound (Lévêque et al., 
2007). As the metathesis step requires the use of a salt, such as potassium hexafluorophosphate or 
lithium bis(trifluoromethane)sulfonimide, it is believed that sonication reduces particles sizes leading 
to increased reactivity. The degradation of ionic liquids has also been achieved under ultrasound, with 
hydrogen peroxide and acetic acid in aqueous solution, as described in Scheme 26.11 (Li et al., 2007).





Ionic liquids have been used during various sono-assisted organic reactions in the recent years. 
For example, Heravi (2009) described the synthesis of quinoline in butylimidazolium tetrafluorobo-
rate as described in Scheme 26.12.





Here the ionic liquid plays the role of acidic catalyst for this tandem addition/annulation reac-
tion of o-amino-aryl ketones and α-methyleneketones, and the medium has been recycled twice 
without any loss of acidity. The same catalyst has also been used for the sono-assisted synthesis of 
1,8-dioxo-octahydroxanthene derivatives (Venkatesan et al., 2008) or for the synthesis of 3,4-dihyd
ropyrimidin-2-(1H)-ones via the Biginelli reaction (Gholap et al., 2004). Ionic liquids without these 
acidic properties have also been studied; for instance, for the acetalization of alcohol (Gholap et al., 
2003), in which the ionic liquid enabled an easy work-up, or for the benzoin condensation in which 
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SCHEME 26.11  Sono-degradation of an imidazolium cation in oxidative conditions.





R2





NH2





R1





O





R3





O





R4
+





(HC4mim)(BF4), MeOH





US, rt, 10–35 min





N





R2





R3





R4





R1





SCHEME 26.12  Synthesis of quinoline derivatives under ultrasound.
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the imidazolium cation acted as a platform for the reaction via its C2 position (Estager et al., 2007a). 
The labile properties of the hydrogen in C2 position of the imidazolium-based ionic liquids have 
also been employed for organometallic catalysis such as the sono-assisted Heck reaction (Scheme 
26.13) (Deshmukh et al., 2001).





In the above process, no reaction occurred in molecular solvent, the influence of the ionic liquid 
is unquestionable. This phenomenon has been explained via the isolation and characterization of the 
in situ-formed complex, described in Scheme 26.14.
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SCHEME 26.13  Heck reaction under sonication in imidazolium based ionic liquids.
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SCHEME 26.14  Pd-biscarbene formed during sono-assisted Heck reaction in imidazolium based ionic liquids 
and TEM image of these palladium clusters.  (From Deshmukh, R.R., Rajagopal, R., and Srinivasan, K.V., 
Ultrasound promoted C–C bond formation: Heck reaction at ambient conditions in room temperature ionic 
liquids, Chem. Commun., 1544–1545, 2001. Reproduced by permission from The Royal Society of Chemistry.)
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Suzuki coupling has also been performed by the same team, using the same idea, and it was 
demonstrated that the formation of the Pd–biscarbene complex enabled the reaction to occur 
(Rajagopal et al., 2002). Coupling ionic liquids and ultrasound is of a great interest in the field of 
nanochemistry. Nanostructures are objects that have at least one dimension within nanoscale—that 
is, 1–100 nm. Such structures may exhibit very interesting properties in catalysis, microelectron-
ics, or photonics because of their large surface area and thus the large number of surface atoms, 
or the 3D confinement of electrons. Sonication is now a well-established technique for the syn-
thesis of such compounds, since cavitation enables the thermal decomposition of organometallic 
precursors leading to the formation of nanosized particles, but also the removal of surface contami-
nants that enable to form more uniform clusters (Dhas and Suslick, 2005). Even if this subject has 
been described comprehensively elsewhere in this book, we will briefly describe the sono-assisted 
synthesis of HgS and PbS nanoparticles (Zhu et al., 2000) to demonstrate their “green” nature. In 
this study, 1-decanethiol and ethylenediamine have been used not only to activate the elementary 
sulfur via the formation of a complex, but also to avoid aggregation phenomena that lead to the 
formation of larger particles. Ionic liquids can be an alternative solution to avoid aggregation of 
nanoparticles because of their surfactant-like structure. Moreover, the organized structure of ionic 
liquids can act as a template for porous nanomaterials, whereas their high charge and polariza-
tion can stabilize the nanostructures electrostatically and sterically (Zhou, 2005). Thus, Alammar 
et al. (2009) described recently, a templateless synthesis of CuO nanorods from copper(II) acetate 
hydrate using ultrasound in 1-butyl-3-methylimidazolium bis(trifluoromethylsulfonyl)imide as the 
solvent (Alammar et al., 2009). The roles of both ionic liquids and ultrasound can be crucial as it 
was shown recently for the sonoassisted synthesis of ZnO nanoparticles in 1-hexyl-3-methylimid-
azolium bistriflimide, where it is thought that the ionic liquid is involved in the mechanism due to 
the high polarization of the [C6mim]+ cation (Goharshadi et al., 2009). Ultrasound and ionic liquids 
have also been used to synthesize organized soft material consisting of imidazolium ionic liquids 
and single-wall carbon nanotubes, making use of the interaction of the imidazolium ring and the 
π electron on the surface of the nanotubes (Figure 26.5), leading to gels with fascinating properties 
(Fukushima and Aida, 2007).





Finally, it is important to notice that there are some really interesting synergies between ionic 
liquids and ultrasound. For example, ionic liquids can be designed to tune their solubility of differ-
ent compounds, what makes them really useful for extraction and/or solubilization of materials. In 
both cases, the physical effects of ultrasound—enhanced mass transfer and microemulsion forma-
tion for extraction, and reduction of particles’ size for solubilization—can play a major role in these 
processes. As an example, ultrasound and ionic liquids have been studied for the solubilization of 
cellulose in 1-allyl-3-methylimidazolium chloride or in [C4mim][Cl] (Mikkola et al., 2007).





ULTRASOUND AND PHOTOCHEMISTRY: SOME LIGHT IN THE WAVES





Photosonochemistry is not a particularly new topic, since Toy and Stringham (1984) have described 
the sonolysis of methyl disulfide and hexafluorobutadiene as early as 1984. Since then, different 
studies have been carried out in order to determine any possible interactions between these two 
process, for instance in synthesis (Toma et al., 2001). Photochemistry enables the formation of HO• 
radicals, and can be used with ultrasound, especially for the degradation of pollutants. For example, 
Hamdaoui and Naffrechoux (2008) have recently described the photosonochemical degradation 
of p-chlorophenol (4-CP) in water. In this study, the role of the hydroxide radical has been proven 
unambiguously by the use of tert-butyl alcohol, but it is interesting to note that the photosonochemi-
cal rate of degradation is higher than the additive rate of photochemical and ultrasonic degradations. 
In fact, it is vital to note that even if sonochemistry and ultrasound can both induce the decomposi-
tion via HO•, some more specific effects may occur—such as the direct electron transfer from the 
organic compounds to semiconductor oxide in the case of photolysis or thermal pyrolysis in the 
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case of ultrasound (Augugliaro et al., 2006). In the case of p-chlorophenol, the authors suggested a 
triple mechanism to explain this observation; firstly, p-chlorophenol can be degradated via a classi-
cal sonolysis mechanism in water; secondly, a specific photodegradation mechanism can take place 
involving the formation of the radical cation CP+ as intermediate; thirdly, ozonolysis can occur via 
the photoformation of ozone in the air and its efficient sono-assisted mixing with the aqueous solu-
tion. Photosonochemical degradation has been widely studied, for example, the sono-photolysis of 
Naphtol blue (Stock et al., 2000) or the destruction of salicylic acid using TiO2 on zeolites as pho-
tocatalysts (Reddy et al., 2003).





Even if it was extensively studied in the past (Toma et al., 2001), organic photosonochemistry 
seems to have been set aside recently, despite remaining examples such as oxidation of substituted 
1,4-dihydropyridines (Memarian and Abdoli-Senejani, 2008). Other systems can also take benefits 
from this double irradiation. For instance, Harada (2001) described a water splitting phenomenon 
using TiO2 powder under a Xe lamp as photocatalyst.  In this study, he described a mechanism 
involving the two different irradiations, which is described in the set of Equations 26.2.





	 H O H O H O2 22 2→ +½ ½ ())) ) 	





	 H O O H O hv2 2 22 2→ +½ ( ) 	





EQUATION 26.2  Water spitting using photosonocatalysis.





OTHER GREEN METHODOLOGIES INVOLVING ULTRASOUND





Along all the classical methods that have been linked to sonochemistry, catalysis is probably 
the most studied, and various reviews can be found in the literature (Ragaini and Bianchi, 1998; 
Toukoniity et al., 2008). Especially emphasized are benefits from the physical effects of ultrasound in 
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FIGURE 26.5  Organization of single-wall nanotubes/imidazolium ionic liquid medium.  (Fukushima, T. 
and Aida, T.: Ionic liquids for soft functional materials with carbon nanotubes. Chem. Eur. J., 13. 5048–5058. 
Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.)
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heterogeneous catalysis. This field is too large to be comprehensively described in this chapter, but a 
recent article using an enzyme as a catalyst is particularly interesting (Lee et al., 2008). The authors 
investigated the transesterification of sugar in a lipase-catalyzed synthesis in 1-butyl-3-methylimi
dazolium triflate. Using ultrasound improved the enzyme activity without degrading it, leading to 
very interesting results. Enzymatic chemistry is interesting from the green chemistry viewpoint, 
because enzymes are generally extremely efficient and selective catalysts, and operate under very 
mild conditions, obviously close to the biological ones. Even if some other examples are available in 
the literature, such as the resolution of racemic 1,2-azidoalcohols using lipase Amaro PS (Brenelli 
and Fernandes, 2003), or the biodegradation of distillery wastewater using an enzyme cellulase 
(Sangave and Pandit, 2006), the enzymatic sonochemistry remains quite limited but full of potential.





Another possibility to reach Green sonochemistry is probably the design and characterization of 
new sonoreactors. A great effort has been made for scaling-up sonochemical protocols, and some 
recent publications describe the design of micro-sonoreactors in which mass transfer is particularly 
efficient (Costa et al., 2008). The use of microreactors usually implies better yields; thanks to very 
efficient mass transfer and lower energy consumption due to good heat transfer.  It is therefore 
very interesting not only for green chemistry, but also for process intensification as such. This meth-
odology has been recently investigated by Aljbour et al. (2009) for the liquid–liquid phase transfer 
reaction between benzyl chloride and sodium sulfide. A capillary microreactor immersed in a sonic 
bath was used in this case, as illustrated in Figure 26.6 (Aljbour et al., 2009).





CONCLUSION: THE NEXT STEP





The main objective of this chapter was to prove that there is an immense potential for sonochemis-
try within the green chemistry field. As the various phenomena induced by cavitation are well estab-
lished and accepted by the scientific community, sonochemists have a great goal ahead—to work 
toward a more sustainable development of chemistry. As it has been demonstrated in this chapter, a 
lot of the tools already exist and can be found in patents or open-literature, and probably more are 
still to be invented. However, this challenging field is not as simple as it may seem, requiring dif-
ferent scientists, from sonochemists to physicists, to work together to achieve further progress. For 
example, who would have thought of introducing an ultrasonic horn into a microwave reactor, in the 
times when all of the horns were made of metal? Moreover, the biggest challenge of all is maybe 





Hot water
Out





In





T-type
connector





Coil heat
exchanger





28 kHz
60 W





HPLC pumps





Stainless steel
holder





Capillary
microreactor





FIGURE 26.6  Scheme of micro-sonoreactor.  (Reproduced from Chem. Eng. Process., 48, Aljbour, S., 
Yamada, H., and Tagawa, T., Ultrasound-assisted phase transfer catalysis in a capillary microreactor, 1167–1172, 
Copyright (2009), with permission from Elsevier.)
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for chemical engineers who will have to work on the scale-up of these new methodologies, as green 
chemistry has to offer COST EFFECTIVE and INDUSTRIALLY APPLICABLE solutions, if we 
do not want it to stay confined within the research laboratories. As it has been shown comprehen-
sively in this book, there are various industrial syntheses and processes involving ultrasound. Green 
sonochemistry has to follow the same path to make a step further, as it was demonstrated very 
recently in the case of combined microwave–ultrasound (Leonelly and Mason, 2010).
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FIGURE 2.1  Sound frequencies (scale in Hz).
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FIGURE 19.4  Diagram of the proposed sonochemical miniemulsion polymerization pathway. The ultra-
sound from the horn tip produces cavitation bubbles that upon collapse generate the conditions that lead to 
primary radical formation and emulsification of the monomer. Monomeric radicals are mainly formed at the 
surface of the cavitation bubbles and subsequently enter into monomer droplets producing latex particles.
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FIGURE 19.7  Schematic diagram of the procedure for the encapsulation of hydrophobic nanomaterials and 
the 1:1 copy of monomer droplets to latex particles by the sonochemically driven miniemulsion polymerization 
pathway.





FIGURE 23.3  Laser visualization at 20 kHz. (From Ultrason. Sonochem., 11, Viennet, R., Ligier, V., Hihn, 
J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemical determination of the actives 
zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, Copyright (2004), with permission 
from Elsevier.)



















FIGURE 23.4  Horizontal cutting close to the transducer.  (From Ultrason. Sonochem., 11, Viennet, R., 
Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemical determi-
nation of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, Copyright 
(2004), with permission from Elsevier.)





FIGURE 23.5  Vertical light sheet in the entire reactor volume. (From Ultrason. Sonochem., 11, Viennet, R., 
Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemical determi-
nation of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, Copyright 
(2004), with permission from Elsevier.)



















FIGURE 23.7  Details close to the water/air interface at high frequency. (From Ultrason. Sonochem., 11, 
Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., Visualisation and electrochemi-
cal determination of the actives zones in an ultrasonic reactor using 20 and 500 kHz frequencies, 125–129, 
Copyright (2004), with permission from Elsevier.)
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FIGURE 23.6  (a) Visualization in the entire reactor volume; (b) radial distribution close to the transducer. 
(From Ultrason. Sonochem., 11, Viennet, R., Ligier, V., Hihn, J.-Y., Bereiziat, D., Nika, P., and Doche, M.-L., 
Visualisation and electrochemical determination of the actives zones in an ultrasonic reactor using 20 and 
500 kHz frequencies, 125–129, Copyright (2004), with permission from Elsevier.)
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FIGURE 23.8  Laser visualization of ultrasonic actives zones in electrode presence.
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FIGURE 23.18  Equivalent fluid velocity—coordinate system.
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FIGURE 23.19  Determination of the “equivalent flow” in the zone close to the transducer.



















FIGURE 23.21  Fluorescent tracers. (From Ultrason. Sonochem., 16, Mandroyan, A., Doche, M.-L., Hihn, 
J.-Y., Viennet, R., Bailly, Y., and Simonin, L., Modification of the ultrasound induced activity by the pres-
ence of an electrode in a sono-reactor working at two low frequencies (20 and 40 kHz). Part II: Mapping flow 
velocities by particle image velocimetry (PIV), 97–104, Copyright (2009b), with permission from Elsevier.)
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Ultrasonic irradiation and the associated sonochemical and sonophysical effects are 
complementary techniques for driving more efficient chemical reactions and yields. 
Sonochemistry—the chemical effects and applications of ultrasonic waves—and sustainable 
(green) chemistry both aim to use less hazardous chemicals and solvents, reduce energy 
consumption, and increase product selectivity.  





A comprehensive collection of knowledge, Handbook on Applications of Ultrasound 
covers the most relevant aspects linked to and linking green chemistry practices to  
environmental sustainability through the uses and applications of ultrasound-mediated 
and ultrasound-assisted biological, biochemical, chemical, and physical processes. 
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•  Medical applications
•  drug and gene delivery
•  Nanotechnology
•  Food technology
•  Synthetic applications and 
 organic chemistry
•  Anaerobic digestion
•  Environmental contaminants  
 degradation





•  Polymer chemistry
•  industrial syntheses and  
 processes
• Reactor design
• Electrochemical systems
• Combined ultrasound−  
 microwave technologies 





While the concepts of sonochemistry have been known for more than 80 years, in-depth 
understanding of this phenomenon continues to evolve. Through a review of the 
current status of chemical and physical science and engineering in developing more 
environmentally friendly and less toxic synthetic processes, this book highlights many 
existing applications and enormous potential of ultrasound technology to upgrade present 
industrial, agricultural, and environmental processes.





Chapters are presented in the areas of:
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