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c=optimize(f=function(x){dbeta(x,2.7,6.3)},
interval=c(0,1) ,maximum=T)$objective
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S A4S B el oS WSS el Ay 505 s b Beta(Y/V, £/ Y) a5 ) el
foal by BB 25 55 b oS el Jlozl J&s b STl Jlis <0 YL 01 S

c=optimize(f=function(x){dbeta(x,2.7,6.3)},
interval=c(0,1) ,maximum=T)$objective

a@imajﬁbflu{ﬁig1“5;Q;$ﬁ‘ﬂAin;ﬁbﬂg RV R CM PCE Rt o ngU
} ex U< fly)

L5 bl dalae €53 O 28 s 5 U U0, )) 5 8008 25

U~ U+, 0

ys=runif (1000)

us=c*runif (1000)

val=seq(0,1.,.01)
valf=dbeta(val,shapel=2.7,shape2=6.3)
plot(val,valf,type="1",xlab="x",ylab="density",1lwd=2)
polygon(c(val,rev(val)),c(valf,O*valf),col="gold2")
points(ys,us,cex=.4,pch=20)
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testl=function(){
U=runif (3*x1074)
U=matrix(data=U,nrow=3) # matrix for sums
X=-1log(U) # uniform to exponential
X=2*apply(X,2,sum)
return(X)
}
#i#
test2=function(){
X=rchisq(10°4,df=6)
return(X)
3
##
> system.time(test1());system.time(test2())
user system elapsed
0.11 0.00 0.08
user system elapsed
0.00 . 0.00 _ 0.01
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.Ljrbggc
Zro x5\, Yo N(VANY) — Z4 Y ~ xI(N).

rnchisq = function(n,p,lambda){
z = rchisq(n,df=p-1)

y = rnorm(n,sqrt(lambda),1)
X = z+y~2

return(x)

}

> xx = rnchisq(1000,3,3)

> mean(xx) # theoretical value is (p+lambda)=6
[1] 6.114251

> var(xx) # theoretical value is 2(p+2lambda)=18
[1] 18.25124
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Histogram of s Histogram of x

n <= 1000 g9 [
x1 <- rnorm(n, 0, 1) 2
x2 <- rnorm(n, 3, 1) 8
s <= x1 + x2 # the convolution m
u <- runif(n) B z 2
k <- as.integer(u > 0.5) # vector of O's and 1's & 2
x <- k * x1 + (1-k) * x2 # the mixture 2
par (mfcol=c(1,2)) # two graphs per page g
hist(s, prob=TRUE) g | °
hist(x, prob=TRUE) <
par (mfcol=c(1,1)) # restore display s | s
-2 0 2 4 6 8 -2 0 2 4 6
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12,8 LI G5yl b 5 @psee @ Olse 15 YL
456),.194354;)3@»;:\&\;\ bk=(ky,... k) #slas 450 @
5 IS 31 &gl pl sade LS5 (Sl & XS Gasedn R[] cpl by - P(R) = O
sl 00 03l LIS

sl Af polie L;;l;—afofr.)é;ﬁ ndsb Ly rate s, @
S IS M e Gl sl Tate sl 5 ¥ USS el b rgamma s b @

n <- 5000
k <- sample(1:5, size=n, replace=TRUE, prob=(1:5)/15)
rate <- 1/k
x <- rgamma(n, shape=3, rate=rate)
# plot the densities of the mixture alongside the components
plot(density(x), x1im=c(0,40), ylim=c(0,.3),
1wd=3, xlab="x", col="red", main="")
for (i in 1:5)
lines(density(rgamma(n, 3, 1/i)))
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(ples) JUo s adesl slans 5

Jlop el g5 b Ol o 5 i g b gz sbags s Jold s w5 5|
28 A

Fx(z) = «/YN(=Y,\) + «/¥N(+, V) + </ YN(Y,V)

n <- 10000

m <- ¢(-2,0,2) # Means

p <- c(.3,.4,.3) # Probabilities

s <- c(1, 1, 1) # Standard deviations
x <= cbind( rnorm(n, m[1], s[1]1),

rnorm(n, m[2], s[2]),
rnorm(n, m[3], s[3]) )
a <- sample(1:3, size=n, prob=p, replace=TRUE)
y <= x[ 1:n + nx(a-1) ]
par (mfrow=c(2,1))
qqnorm(y,
main="Gaussian QQ-plot of a mixture of gaussians")
qqline(y, col="blue", lwd=3)
hist(y, col="light blue", probability=TRUE,
ylim=c(0,.25),
main="Mixture of gaussians")
curve (dnorm(x, mean=mean(y), sd=sd(y)),
add=TRUE, col="red", 1lwd=3, lty=2)
lines(density(x), col="blue", lwd=3)




Gaussian QQ-plot of a mixture of gaussians
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Theoretical Quantiles
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The three gaussian distributions Mixture of gaussians
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Az) =300 0film) JS<5 el ol Lol asedl Il 0l e &0 S| S 5 o
V:‘Sbi*’}u RJ"C}'L"-{:?L)‘}"‘A:"J

f <- function(x, lambda, theta) {
# density of the mixture at the point x
sum(dgamma (x, 3, lambda) * theta)

}

cdgamma g 53 438 C33 XS o amlous T2 Sl w0 1) sl J&s Sl = !
dal lambda Jsb ol Jsb b (g)ls 0 ames ((ls p &) A3b Lids luie SO 7S]
055 28 B rer Gl izeer (A (), fo(2) e s

x <- seq(0, 8, length=200)

dim(x) <- length(x) # need for apply

# compute density of the mixture f(x) along x
y <- apply(x, 1, f, lambda=lambda, theta=p)

b iy (3Ll Slsloes



#plot the density of the mixture -
plot(x, y, type="1", ylim=c(0,.85), lwd=3, col="red",
ylab="Density")

for (j in 1:5) { z L |
# add the j-th gamma density to the plot s
y = apply(x, 1, dgamma, shape=3, rate=lambdal[j])
lines(x, y) o

u
I
|
u]
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SIS Aol s &8 el Poisson(N) o s 6\.&@})3 5 sl S (e Sl
ol Ll 5

X|A = X ~ Piosson(\); N ~ Gamma(r, 3),

X~ NB(r,p = %)

# generate a Poisson-Gamma mixture
n <- 1000
r <-4
beta <- 3
lambda <- rgamma(n, r, beta) #lambda is random
# now supply the sample of lambda's as the Poisson mean
x <- rpois(n, lambda) #the mixture
# compare with negative binomial
mix <- tabulate(x+1) / n
negbin <- round(dnbinom(0:max(x), r, beta/(1+beta)), 3)
se <- sqrt(negbin * (1 - negbin) / n)
> round(rbind (mix, negbin, se), 3)

[,11 [,21 ,31 [,4]1 [,81 [,6]1 [,71 [,8]
mix 0.316 0.328 0.196 0.087 0.048 0.014 0.008 0.003
negbin 0.316 0.316 0.198 0.099 0.043 0.017 0.006 0.002
se 0.015 0.015 0.013 0.009 0.006 0.004 0.002 0.001

DA




teos

X|ly~ N(+,v/y) & wa,*, — X~ T,.

Nsim=10"4

nu=9

y=rchisq(Nsim,df=nu)
x=rnorm(Nsim,0,sqrt (nu/y))
hist(x,main="",freq=F,col="grey",breaks=40)
z = seq(-6,6,length.out=200)
lines(z,dt(z,nu),lwd=2,col="sienna")

> mean(x) # the mean of a t variable is O
[1] 0.007723547

> var(x) # the variance of a t-variable is nu/nu-2=1.2857
[1] 1.294373
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Z ~ Nyu,X) — CZ+ b~ Ny(Cu+ b, CZCT)
Z ~ Ny0,1;) — CZ+ b~ Ny(b, CCT).

T = CC0T g0 C o ile ol s plilssS il il 38T 1553 I
Jgoe (.:‘5 @52
CZ+ p ~ No(ps, ¥).
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Z ~ Nyu,X) — CZ+ b~ Ny(Cu+ b, CZCT)
Z ~ Ny0,1;) — CZ+ b~ Ny(b, CCT).

T = CC0T g0 C o ile ol s plilssS il il 38T 1553 I
Jgoe (.:‘S @52
CZ+ p ~ No(ps, ¥).

S sz i (b @it Gl iy abws @ Ol 1 T sl 5L 2, e 4520
21> el (SVD) o5 sldis a5z b «(Choleski)
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Z ~ Nyu,X) — CZ+ b~ Ny(Cu+ b, CZCT)
Z ~ Ny0,1;) — CZ+ b~ Ny(b, CCT).
T = CC0T g0 C o ile ol s plilssS il il 38T 1553 I

Jgoe (.:‘S @52
CZ+ p ~ No(ps, ¥).

S sz i (b @it Gl iy abws @ Ol 1 T sl 5L 2, e 4520
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Z ~ Nyu,X) — CZ+ b~ Ny(Cu+ b, CZCT)
Z ~ Ny0,1;) — CZ+ b~ Ny(b, CCT).

T = CC0T g0 C o ile ol s plilssS il il 38T 1553 I
Jgoe (.?S @52
CZ+ p ~ No(ps, ¥).

S sz s (b iz ey abaws @ Ol 1 T sl 3L 3y se a5
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w23 el LT = QTQ e @
=S X=Z2Q+ Ju” s @
b el ooz Jlo s SO gl god O gl S X d e b X o5l @
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:{ﬁ'b?ljgg;gjw‘p;ﬂ;_¢_stL)Af=:ZQ)+-JMTlﬁJ§

N
1]

matrix(rnorm(n*d), nrow = n, ncol = d)
Z%*%Q+matrix(mu, n, d, byrow=TRUE)

<
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# mean and covariance parameters
mu <- c(0, 0)
Sigma <- matrix(c(1, .9, .9, 1), nrow = 2, ncol = 2)
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rmvn.eigen = function(n, mu, Sigma) {
# generate n random vectors from MVN(mu, Sigma)
# dimension is inferred from mu and Sigma
d = length(mu)
ev = eigen(Sigma, symmetric = TRUE)
lambda = ev$values

V = ev$vectors
R = V *% diag(sqrt(lambda)) %*% t(V)
Z = matrix(rnorm(n*d), nrow = n, ncol = d)
X =2Z %*% R + matrix(mu, n, d, byrow = TRUE)
X
¥

##

X = rmvn.eigen(1000, mu, Sigma)

> print(colMeans (X))

[1] -0.06803006 -0.06935001

> print (cor(X))

[,1] [,2]
[1,] 1.0000000 0.8969038
[2,] 0.8969038 1.0000000
o = 5 o
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plot (X, xlab = "x", ylab = "y", pch = 20)
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rmvn.svd =

M XN T WA HH

function(n, mu, Sigma) {

generate n random vectors from MVN(mu, Sigma)
dimension is inferred from mu and Sigma

= length(mu)

= svd(Sigma)

S$u %xY, diag(sqrt(S$d)) %x*% t(S$v)
matrix(rnorm(n*d), nrow=n, ncol=d)
Z %*% R + matrix(mu, n, d, byrow=TRUE)
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S QN 3 8 el X = QTQ g0 40 s roms Ol oo il SO (S sz
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STS =% & g)5b 4 ol Sails e YU o Sbe

rmvn.Choleski = function(n, mu, Sigma) {

#
#

< XN o Q

generate n random vectors from MVN(mu, Sigma)
dimension is inferred from mu and Sigma

length (mu)

chol(Sigma) # Choleski factorization of Sigma
matrix(rnorm(n*d), nrow=n, ncol=d)

Z %*% Q + matrix(mu, n, d, byrow=TRUE)
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iris gWwesls (gl (Kud sz 4032

y <- subset(x=iris, Species=="virginica")[, 1:4]
mu <- colMeans(y)
Sigma <- cov(y)

> mu

Sepal.Length Sepal.Width Petal.Length Petal.Width
6.588 2.974 5.552 2.026

> Sigma

Sepal.Length Sepal.Width Petal.Length Petal.Width
Sepal.Length  0.40434286 0.09376327 0.30328980 0.04909388
Sepal.Width 0.09376327 0.10400408 0.07137959 0.04762857
Petal.Length  0.30328980 0.07137959  0.30458776 0.04882449
Petal.Width 0.04909388 0.04762857  0.04882449 0.07543265
X <- rmvn.Choleski(200, mu, Sigma)
pairs(X)
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1ib:
1ib:
n =
d <
N <
mu
##
> s
>

+

v

rary (MASS)
rary (mvtnorm)

100 # sample size
- 30 # dimension
- 2000 # iterations
<- numeric(d)

et.seed(100)
system.time(for (i in 1:N)
rmvn.eigen(n, mu, cov(matrix(rnorm(n*d), n, d))))
user system elapsed
4.02 0.00 4.07
set.seed(100)
system.time(for (i in 1:N)
rmvn.svd(n, mu, cov(matrix(rnorm(n*d), n, d))))
user system elapsed
5.05 0.00 5.12
set.seed (100)
system.time(for (i in 1:N)
rmvn.Choleski(n, mu, cov(matrix(rnorm(n*d), n, d))))
user system elapsed
3.74 0.02 3.76
set.seed(100)
system.time(for (i in 1:N)
mvrnorm(n, mu, cov(matrix(rnorm(n*d), n, d))))
user system elapsed
3.88 0.02 3.93

set.seed(100)
system.time(for (i in 1:N)
rmvnorm(n, mu, cov(matrix(rnorm(n*d), n, d))))
user system elapsed
4.82 0.00 4.87
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library(MASS) #for mvrnorm
# ineffecient version loc.mix.0 with loops
loc.mix.0 <- function(n, p, mul, mu2, Sigma) {
# generate sample from BVN location mixture
X <- matrix(0, n, 2)
for (i in 1:n) {
k <- rbinom(l, size = 1, prob = p)
if (k)
X[i,] <- mvrnorm(l, mu = mul, Sigma) else
X[i,] <- mvrnorm(1l, mu = mu2, Sigma)
}

return(X)
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#more efficient version

loc.mix <- function(n, p, mul, mu2, Sigma) {
#generate sample from BVN location mixture
nl <- rbinom(1l, size = n, prob = p)
n2 <- n - nl
x1 <- mvrnorm(nl, mu = mul, Sigma)
x2 <- mvrnorm(n2, mu = mu2, Sigma)
X <- rbind(x1, x2) #combine the samples
return(X[sample(l:n), 1) #mix them

}
x <= loc.mix (1000, .5, rep(0, 4), 2:5, Sigma = diag(4))
r <- range(x) * 1.2
par (mfrow = c(2, 2))
for (i in 1:4)
hist(x[ , i], xlim = r, ylim = c(0, .3), freq = FALSE
main = "", breaks = seq(-5, 10, .5))
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