
nv} QwD |=yu}W=t
Turing Machines 9

#O@=} xt=O= Ov=wD|t =Hm =D =D=twD; swyit •

#CU}J uwD=twD; u} QD|wk •

#CU=Hm =D u; |D=@U=Lt |xOwOLt •

C=@U=Lt |xO}= R= j}kO h} QaD xH}Dv QO w nv} QwD u}W=t |U=U= EL@ x@ =Q =t =yVUQB u}=
"Ov=UQ|t |m}v=mt =} |tD} Qwor=

OQ=Ov=DU=nv} QwD u}W=t 1»9

=Q O=tv l} Ov=wD|t pwrU Qy xm CU=ypwrU R= |Oa@ l} |x}=Q; l} ’nv} QwD u}W=t |x_i=L
C=aq]= "Ovm xQ}NP OwN QO =Q O=tv Q=tW|@ Ov=wD|t w CU= OwOLt=v QU wO R= x}=Q; u}= "Ovm |Q=Oyov
Q=wv ,=Lq]Y= |R=UxQ}NP x=oDUO u}= x@ "OwW xDWwv w xOW xOv=wN x}=Q; u}= R= x=wNrO ?}DQD x@ Ov=wD|t

"s}} wo|t (tape)

nv} QwD u}W=t h} QaD 1»1»9

"CU= Q=wv u; Ckwt |x_i=L xm CU= uwD=twD; l} ’nv} QwD u}W=t ◭

"CU= O=tv l} uOQm xQ}NP x@ QO=k u; pwrU Qy xm CU= xOW s}UkD |}=ypwrU x@ Q=wv u}= ◭

w Ovm CmQL AJ w CU=Q x@ Ov=wD|t xm OQ=O OwHw uDWwv / uOv=wN Oy l} ’Q=wv u}= =@ Q_=vDt ◭

"OU} wv@ / Ov=wN@ =Q O=tv l} CmQL Qy QO

|HwQN / |OwQw Q}}eD ‘wv Qy w OQ=Ov |YwYN@ |HwQN sR}v=mt =} |OwQw p}=inv} QwD u}W=t ◭

"“OQw;|tv OwHw x@ xH}Dv QO |Q}}eD |HwQN w |OwQw p}=i OwHw” OwW|t s=Hv= Q=wv |x]U=w x@

1



OQ=Ov=DU= nv} QwD u}W=t 2

Control Unit

Tape

Read/Write Head

h} QaD%OwW|t h} QaD Q} R CQwY x@ nv} QwD u}W=t nv} QwD u}W=t

M = (Q,Σ,Γ, δ, q0,�, F )

%u; QO xm
|rN=O Cq=L |xawtHt %Q

|OwQw |=@ir= %Σ
Σ ⊆ Γ− {�} Q=wv |=@ir= %Γ

%OwW|t h} QaD Q} R CQwY x@ xm Cr=L QPo ‘@=D %δ

δ : Q× Γ→ Q× Γ× {L,R}

� ∈ Γ xm (blank) |r=N |xrY=i Ctqa %�
q0 ∈ Q x}rw= Cr=L %q0

F ⊆ Q |}=yv Cq=L |xawtHt %F

"OwW xO=iDU= |OwQw u=wva x@ Ov=wD|tv |r=N |xrY=i Ctqa QmPD ◭

Ovm|t uWwQ =Qnv} QwD u}W=t OQmrta |xwLv u; Q}UiD w CU= Q× Γ |wQ |} RH ‘@=Dl} δ ◭

"“nv} QwD u}W=t |xt=vQ@”

Q=wv |wQ R= xOW xOv=wN |rai hQL w pQDvm OL=w |rai Cr=L %R= OvDQ=@a δ |=yu=twoQ; ◭

xOW xOv=wN hQL u} Ro}=H xm O}OH O=tvl} ’pQDvm OL=w QO O}OH Cr=Ll} ’‘@=D u}= pY=L ◭

"OW=@|t (L, ←) AJ =} (R, →) CU=Q CtU x@ CmQL Ctqa l} w OwW|t Q=wv |wQ R=

O}=@ uDWwv w uOv=wN Oy ’Q=wv |wQ Q@ O}OH hQL |v} Ro}=H R= Oa@ xm Ovm|t u}}aD CmQL Ctqa ◭

"OwQ@ AJ CtU x@ pwrU l} =} CU=Q CtU x@ pwrU l}
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3 nv} QwD |=yu}W=t

H
p=Ft

%Ovm|t Q}}aD Q} R CQwY x@ |=wDLt ’δ(q0, a) = (q1, d, R) QPo Qo =

ba c d

0
q

1
q

b c

N

=@ |Q=wv w OwOLt |x_i=L =@ |WR=OQB OL=w |=Q=O xm CU= xO=U QDw}Bt=m l} nv} QwD u}W=t ◭

"CU= OwOLt=v |x_i=L

"CU= |i=m =t= ’OwOLt Q=}U@ QDw}Bt=m u}= C=QwDUO ◭

"OQ=O s=v u}W=t |xt=vQ@ w Ovm|t h} QaD =Q u}W=t OQmrta δ Cr=L QPo ‘@=D ◭

=Q |}=ysOk TBU w Ovm|t ‘wQW Q=wv |wQ Q@ C=aq]= |Q=Okt w |}=OD@= Cr=L l} =@ uwD=twD; ◭

"OQ=O|tQ@ ’OwW|t pQDvm Cr=L QPo ‘@=D |x]U=w x@ xm

"OwWV}=tR; Ov=wD|t =ypwrU |=wDLt ’jwi p=wQ pw] QO ◭

h} QaD δ u; QO xm OwW |Ov@ Qm}B l} OQ=w xm OUQ|t hkwD Cr=L x@ |v=tR ’nv} QwD u}W=t ◭

"OW=@ xOWv

OwQw =@nv} QwD u}W=t u}=Q@=v@ w CU= xOWv h} QaD δ ’|}=yv Cq=L QO xm s}vm|t ZQi ‘k=w QO ◭

"OwW|t hkwDt |}=yv Cr=L x@

H
p=Ft

=@ nv} QwD u}W=t

Q = {q0, q1}, Σ = {a, b}, Γ = {a, b,�}, F = {q1}

QPo ‘@=D w

δ(q0, a) = (q0, b, R)

δ(q0, b) = (q0, b, R)

δ(q0,�) = (q1,�, L)

"OyO|tv Q}}eD =Q =yb =t= ’Ovm|t u} Ro}=H b =@ =Q a |=yhQL
"Ovm|thkwD q1 |}=yvCr=L QO w OwQ|t?ka x@ pwrUl} ’OUQ@ |r=N |xrY=i u}rw= x@ u}W=t |Dkw

N
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OQ=Ov=DU= nv} QwD u}W=t 4

%OwW|t s=Hv= R}v Cr=L QPo s=Qo =}O =@ nv} QwD u}W=t l} |}=tvR=@

δ(qi, a) = (qj , b, L or R)

qi qj
a→ b, L or R

%Ow@ Oy=wN Q} R CQwY x@ jwi p=Ft nv} QwD u}W=t |=Q@ Cr=L QPo s=Qo =}O ’p=Ft |=Q@

q0 q1

�→ �, L

a→ b,R

b→ b,R

H
p=Ft

=@ nv} QwD u}W=t

Q = {q0, q1}, Σ = {a, b}, Γ = {a, b,�}, F = ∅

QPo ‘@=D w

δ(q0, a) = (q1, a, R)

δ(q0, b) = (q0, b, R)

δ(q0,�) = (q1,�, R)

δ(q1, a) = (q0, a, L)

δ(q1, b) = (q0, b, L)

δ(q1,�) = (q0,�, L)

q0 q1

a→ a,R

�→ �, R

a→ a, L

b→ b, L

�→ �, L

b→ b,R

%OQm Oy=wNv hkwD RoQy u}W=t u}=
’OW=@ xDW=O Q=Qk a |wQ uDWwv / uOv=wN Oy w OW=@ ab . . . Q=wv |=OD@= Qo =

"OQ}o|t Q=Qk b |wQ Oy w OwQ|t q1 Cr=L x@ w OyO|tv Q}}eD =Q u; =t= ’Ov=wN|t =Q a u}W=t
"OwQ|t AJ CtU x@ Oy w OOQo|t Q@ q0 Cr=L x@ w OyO|tv Q}}eD =Q u; =t= ’Ov=wN|t =Q b u}W=t

"OwW|t Q=QmD =yCmQL xr=@vO w s}=xDWoQ@ x}rw= C}a[w x@ ,=k}kO p=L
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5 nv} QwD |=yu}W=t

=} CU=Q x@ ,=@DQt Oy w Ovm|tv hkwD RoQy u}W=t ’OW=@ xJQy Q=wv |wQ x}rw= C=aq]= xm CU= K[=w
"OwW O=H}= |Q}}eD xmv}= uwO@ ’OwQ|t AJ

"OwW|t Q=DiQo |y=vDt=v |xkrL l} QO nv} QwD u}W=t⇐

N

%|O=OQ=Qk CQwY x@ u; X=wN w OQ=Ov=DU=nv} QwD u}W=t

u=mt= AJ =} CU=Q CtU x@ CmQL O=OaD QyTB ’CU= OwOLt=v QU wO R= xm CU= |Q=wv |=Q=O “1
"OQ=O

"“OwW|t h} QaD CmQL l} |Ov@ Qm}B Qy |=R= x@” CU= |a]k nv} QwD u}W=t “2

CU= |YNWt |=wDLt |=Q=O Q=wv Q=m |=OD@= QO s}vm|t ZQi "OQ=Ov OwHw |Y=N |OwQw p}=i “3
"CiQo Q_v QO |HwQN u=wva x@ =Q u; R= |WN@ u=wD|t w

|WN@ =Q |HwQN u=wD|t ’Ovm|t hkwD u}W=t |Dkw "OQ=Ov OwHw sy |Y=N |HwQN x=oDUO
"CUv=O Q=wv |=wDLt R=

’pQDvm OL=w |raiCr=L =@nv} QwD u}W=t |Ov@ Qm}B Qy |Ov@ Qm}B u}}aD |=Q@ pYiq@h}YwD
|rm ?r=k x@ "OwW|tXNWt uDWwv / uOv=wN Oy C}akwt w Q=wv |=wDLt

a1a2 . . . ak−1 q ak . . . an−1an

%CU= nv} QwD u}W=t QO Q} R C}a[w |}=tvR=@ xm OwW|t xDio |Ov@ Qm}B R= pYiq@ h}YwD l}

1
a

2
a

1ka ka 1na na

q

Qo = "OQ=Ov |Q}F=D w CU= � |r=N |xrY=i |w=L an R= Oa@ w a1 R= p@k CtUk xm OwW|t ZQi
"s}yO@ u=Wv R}v =Q =yv; xm CU= sRq x=ou; ’OvW=@ xDW=O Q}F=D EL@ Q@ |r=N |=yxrY=i

l} xmCU= w hQL u}rw= x@C@UvAJCtU pwrU |wQ Oy xmv}= |va} q�w pYiq@h}YwD
"CU= �

"OwW|t xO=O u=Wv ⊢ =@ Qo}O |Ov@ Qm}B x@ |Ov@ Qm}B l} R= CmQL ’=D=twD; Qo}O Ovv=ty

H
p=Ft

δ(q1, c) = (q2, e, R) ⇒ ab q1 cd ⊢ abe q2 d

N
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OQ=Ov=DU= nv} QwD u}W=t 6

h} QaDOvv=t |=xDWQ CQwY u}= QO "OW=@nv} QwD u}W=tl}M = (Q,Σ,Γ, δ, q0,�, F ) xm O}vm ZQi

a1a2 . . . ak−1 q1 akak+1 . . . an

"CU= M R= pYiq@ h}YwD l} ’ai ∈ Γ w q1 ∈ Q =@
Ovv=t |DmQL

a1a2 . . . ak−1 q1 akak+1 . . . an ⊢ a1a2 . . . ak−1b q2 ak+1 . . . an

Qo = \ki w Qo = CU= Q}PBu=mt=

δ(q1, ak) = (q2, b, R)

Ovv=t |DmQL w

a1a2 . . . ak−1 q1 akak+1 . . . an ⊢ a1 . . . q2 ak−1bak+1 . . . an

Qo = \ki w Qo = CU= Q}PBu=mt=

δ(q1, ak) = (q2, b, L)

Qo = Ovm|t (halt) hkwD x1 qi x2 Ovv=t u} R=e; |Ov@ Qm}B R= ‘wQW =@ M u}W=t OwW|t xDio

x1 qi x2 ⊢
∗ y1 qj ay2

"OW=@ xDW=O CLY ’OW=@v xOW h} QaD δ(qj , a) u; |=Q@ xm qj w a Qy |=Q@
"OwW|t xDio x@U=Lt l} ’OwW|t |yDvt hkwD Cr=L l} x@ xm =y|Ov@ Qm}B R= |=xr=@vO

s}U} wv|t ’Ovmv hkwD RoQy nv} QwD u}W=t x1 q x2 |x}rw= |Ov@ Qm}B R= Qo =

x1 q x2 ⊢
∗ ∞

"CU= |y=vDt=v |xkrL x@ u}W=t OwQw |vat x@ xm
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7 nv} QwD |=yu}W=t

u=@ R |xOvQ}PB u=wva x@nv} QwD u}W=t 2»1»9

"OwW|t QB � O=tv =@ xOv=t}k=@ |=y=[i w OwW|t xDWwv Q=wv |wQ w |xDWQ
"CU= w O=tv u} QDAJ CtU |wQ Q@ Oy xm |r=L QO ’Ovm|t ‘wQW q0 Cr=L R= u}W=t

x=ou; ’OOQo hkwDt w OwW |}=yv Cr=L l} OQ=w nv} QwD u}W=t ’C=mQL R= |=xr=@vO R= TB Qo =
"OwW|t xDiQ}PB w |xDWQ

h} QaDx@ M \UwD xOW xDiQ}PB u=@ R x=ou; ’OW=@ nv} QwD u}W=t l} M = (Q,Σ,Γ, δ, q0,�, F ) Qo =
%CU= Q} R CQwY

L(M) = {w ∈ Σ+ : q0 w ⊢∗ x1 qf x2, x1, x2 ∈ Γ∗, qf ∈ F}

Q=vm |OwQw R= � xmv}= Cra "OwW|t xDWwv Q=wv |wQ u; hQ] wO QO |r=N |=[i =@ w |OwQw
s=Hv= uwO@ "CU= xOW x]=L= � =@ xm CU= Q=wv R= |DtUk x@ |OwQw uOQm OwOLt ’CU= xOW xDW=Po

"O@=}@ =Q |OwQw pLt Ov=wD|tv u}W=t Q=m u}=
’w 6∈ L(M) Qo =

=} ’OwW|t hkwDt |}=yvQ}e Cr=L l} QO u}W=t •

"Ovm|tv hkwD RoQy w OwW|t C}=yv|@ |xkrL l} OQ=w •

"CU}v L(M) QO h} QaD j@] ’OwW|tv hkwDt u; =@ M xm |=xDWQ Qy

H
p=Ft

Σ = {0, 1} |wQ L(00∗) u=@ R VQ}PB |=Q@ nv} QwD u}W=t l}
"s}yO|t j}@]D 0 =@ =Q O=tv u; w s}v=wN|t |m} |m} =Q =yO=tv ’s}vm|t R=e; |OwQw AJ CtU R=
RH |R}J |r=N |xrY=i x@ uO}UQ =D Qo = ’s}yO|t xt=O= CU=Q CtU x@ ’Ow@ QiY xOW xOv=wN O=tv Qo =

"OwW|t xDiQ}PB xDWQ ’s}O}Ov QiY
%s}vm|t hkwD |}=yvQ}e Cr=Ll} QO w CU}v L(00∗) QO xDWQ u; ’OW=@ 1 xDWQ R= |}=H Qy QO Qo =

Q = {q0, q1}, F = {q1}

δ(q0, 0) = (q0, 0, R)

δ(q0,�) = (q1,�, L)
q0 q1

�→ �, L

0→ 0, R

N
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OQ=Ov=DU= nv} QwD u}W=t 8

H
p=Ft

Σ = {a, b} |wQ L = {anbn : n ≥ 1} u=@ R VQ}PB |=Q@ nv} QwD u}W=t l}

"s}vm|t u} Ro}=H x uwJ |O=tv =@ =Q u; w s}vm|t ‘wQW a u}rw= |wQ
"s}}=tv|t u} Ro}=H y =@ =Q u; w s} wQ|t b O=tv “u}rw=” u} QDAJ CtU x@TBU

"s}vm|t p}O@D x x@ =Q u; w s} wQ|t a u} QDAJCtU x@ xQ=@ wO
"s}vm|t p}O@D y x@ =Q u; w s} wQ|t b u} QDAJCtU x@ xQ=@ wO
"OwW|t xDiQ}PB xDWQ x=ou; ’OW=@ xOv=tv b =} a I}y Qo = ’C}=yv QO

Q = {q0, q1, q2, q3, q4}, F = {q4}, Σ = {a, b}, Γ = {a, b, x, y,�}

δ(q0, a) = (q1, x,R) OQ@|t CU=Q CtU x@ =Q Oy w Ovm|t p}O@D x x@ =Q a u} QDAJCtU
δ(q1, a) = (q1, a, R) Ovm|t Qw@a |Oa@ |=ya R=
δ(q1, y) = (q1, y, R) OyO|t Q=Qk b u}rw= |wQ Q@ =Q Oy
δ(q1, b) = (q2, y, L) OwQ|t q2 Cr=L x@ w p}O@D y x@ =Q b O=tv
δ(q2, y) = (q2, y, L) x x@ uO}UQ =D jwi |=yQPo uOQm Twmat
δ(q2, a) = (q2, a, L) OyO|t Q=Qk a u} QDAJ CtU |wQ Q@ =Q Oy
δ(q2, x) = (q0, x,R) OOQo|tQ@ x}rw= Cr=L x@ w

s} Q=O jwi Oa=wk p=ta= QwO l} =@

q0 aa . . . abb . . . b ⊢∗ x q0 a . . . ayb . . . b

s} Q=O jwi Oa=wk p=ta= QwO wO =@

q0 aa . . . abb . . . b ⊢∗ xx q0 . . . ayy . . . b

"Q}N =} Ov=xOW u} Ro}=H =yb w =ya |xty =}; xm s}vm|t |UQQ@ uO=O u=}=B |=Q@

δ(q0, y) = (q3, y, R)

δ(q3, y) = (q3, y, R)

δ(q3,�) = (q4,�, R)
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9 nv} QwD |=yu}W=t

q0 q1 q2

q3

q4

a→ x,R b→ y, L

x→ x,Ry → y,R

�→ �, R

y → y,R

a→ a,R

y → y,R

a→ a, L

y → y,R

"OwW|t hkwDt |}=yvQ}e Cr=L l} QO C=@U=Lt ’s}vm OQ=w CU}v u=@ R QO xm |=xDWQ Qo =

N

H
p=Ft

"L = {anbncn : n ≥ 1} u=@ R VQ}PB |=Q@ nv} QwD u}W=t
"s}vm|t u} Ro}=H z w y ’x =@ ?}DQD x@ =Q c w b ’a Qy

"Q}N =} Ov= xOW u} Ro}=H x}rw= s}qa |xty =}; xm s}vm|t |UQQ@ =yDv= QO

N

R= nv} QwD u}W=t |va} ’OQ}PB|t =Q OvDU}v uDt R= pkDUt xm |}=yu=@ R ’nv} QwD u}W=t xH}Dv

"CU= QD|wk PDA

QPo =QD u=wva x@nv} QwD u}W=t 3»1»9

"CU= p=D}H}O |=yQDw}Bt=m |=Q@ |a=RDv= |xO=U pOt l} ’u=@ R |xOvQ}PB Q@ xwqa nv} QwD u}W=t
"Ovm|t pta QPo =QD l} CQwY x@ |va} ’CU= |HwQN x@ |OwQw p}O@D ’QDw}Bt=m hOy

"OQ}o|tQ@ QO =Q � RH@ =yO=tv |t=tD ’x@U=Lt l} |OwQw
"Ov=t|t |k=@ Q=wv |wQ x@U=Lt u=}=B QO xm CU= |R}J |HwQN

%OwW|t h} QaD Q} R CQwY x@ xm CU= f ‘@=D l} |R=UxO=}B ’QPo =QD nv} QwD u}W=t

ŵ = f(w)

xmv}= \QW x@
q0 w ⊢∗M qf ŵ

"OW=@ Q=QkQ@ qf |}=yv Cr=L |=Q@
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OQ=Ov=DU= nv} QwD u}W=t 10

h} QaDQo = s}} wo|t x@U=Lt p@=k =} (turing computable) nv} QwD Q}PBx@U=Lt =Q D |xvt=O =@ f ‘@=D
’w ∈ D |xDWQ Qy |=Q@ xm OW=@ OwHwt M = (Q,Σ,Γ, δ, q0,�, F ) Ovv=t nv} QwD u}W=t l}

%|va} ’OwW |}=yv Cr=L l} OQ=w M

∀w ∈ D q0 w ⊢∗M qf f(w)

"OvDUy nv} QwD Q}PBx@U=Lt ’OvW=@ xO}J}B Q=}U@ Qo = |DL ’pwtat |[=} Q ‘@=wD s=tD xDmv ◭

H
p=Ft

“x + y pY=L =@ y w x K}LY OOa wO ‘tH” ‘tH nv} QwD u}W=t

Q=wv |wQ O=Oa=V}=tv VwQ
xm |Qw] x@ s}yO|t V}=tv w(x) ∈ {1}+ CQwY x@ =Q x Ovv=t C@Ft K}LY OOa Qy

"OW=@ |w(x)| = x

"OwW|t xO=OV}=tv 1 skQ y CQwY x@ y w 1 skQ x CQwY x@ x |va}
"OvwW|t =OH QiY l} =@ Q=wv |wQ y w x

"OwW|t sDN QiY l} x@ w Ov=t|t |k=@ Q=wv |wQ Q@ x + y ’x@U=Lt R=TB
%|va} ’OQ}o|t Q=Qk xH}Dv u}= AJ CtU x}r= |yDvt QO Oy

q0 w(x)0w(y) ⊢∗ qf w(x + y)0

"CU= w(y) CU=Q CtU |=yDv= x@ OOa wO u}@ QiY uOQ@ ’OwW s=Hv= O}=@ xm |Q=m
%OwW|t s=Hv= xDWQ wO j=Lr= =@ ‘tH u}=Q@=v@

Q = {q0, q1, q2, q3, q4}, F = {q4}

δ(q0, 1) = (q0, 1, R)

δ(q0, 0) = (q1, 1, R)

δ(q1, 1) = (q1, 1, R)

δ(q1,�) = (q2,�, L)

δ(q2, 1) = (q3, 0, L)

δ(q3, 1) = (q3, 1, L)

δ(q3,�) = (q4,�, R)
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11 nv} QwD |=yu}W=t

q0 q1 q2 q3 q4

0→ 1, R �→ �, L 1→ 0, L �→ �, R

1→ 1, R 1→ 1, R 1→ 1, L

N

H
p=Ft

“=y1 R= |=xDWQ uOQm |Bm ” |Bm nv} QwD u}W=t

∀w ∈ {1}+ q0 w ⊢∗ qf ww

%OwW|t p=@vO Q} R p=wQ ’xr=Ut u}= pL |=Q@

"s}vm|t u} Ro}=H x =@ =Q 1 Qy “1”
"s}vm|t u} Ro}=H 1 =@ =Q u; ’xDi=} =Q x u} QDCU=Q CtU “2”

"s}yO|t Q=Qk 1 l} =Hv; QO w s} wQ|t |r=NQ}e |x}L=v CU=Q CtU |=yDv= x@ “3”
"Ov=tv |k=@ |=x Qo}O =D s}vm|t Q=QmD =Q “3” w “2” |=ysOk “4”

δ(q0, 1) = (q0, x,R)

δ(q0,�) = (q1,�, L)

δ(q1, x) = (q2, 1, R)

δ(q2, 1) = (q2, 1, R)

δ(q2,�) = (q1, 1, L)

δ(q1, 1) = (q1, 1, L)

δ(q1,�) = (q3,�, R)

"CU= |}=yv Cr=L =yvD q3 u; QO xm

q0 q1 q2

q3

�→ �, L

x→ 1, R

�→ 1, L
�→ �, R

1→ x,R 1→ 1, L 1→ 1, R

N
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xO}J}B |=yQ=m s=Hv= |=Q@nv} QwD |=yu}W=t ?}mQD 2»9

|mwr@ s=Qo =}O =@nv} QwD u}W=t h}YwD 1»2»9

H
p=Ft

‘@=D |x@U=Lt |=Q@ nv} QwD u}W=t l}

f(x, y) =







x + y , x ≥ y

0 , x < y

1+ V}=tv QO C@Ft K}LY O=Oa= y w x
"OwW|t xO=OV}=tv |r=N |=[i CQwY x@ Q=wv |x}k@ w 0 =@ 0 Q=Okt
%s}yO|tV}=tv |mwr@ s=Qo =}O CQwY x@ =Q nv} QwD u}W=t u}=

Comparaor
C

Adder
A

Eraser
E

,x y
x
y

x
y<

x y+

0

( , )f x y

"Q}N =} CU= x ≥ y =}; OvmXNWt =D s}vm|t xO=iDU= {anbn} QoxU}=kt u}W=t R= =OD@=
"Ovm x@U=Lt =Q x + y =D ODUQi|t xOvvm‘tH x@ =Q ‘wQW QwDUO l} QoxU}=kt ’Ow@ u}vJ Qo =

"Ovm p}O@D |r=N |=[i x@ =Q =y1 |xty xm OwW|t |v=wN=Qi xOvvml =B |xt=vQ@l} CQwY u}= Q}e QO
#OwW|t s=Hv= |DQwY xJ x@ QwDUO p=UQ=
%C |xOvvmxU}=kt \UwD s=Hv= p@=k C=@U=Lt

qC,0w(x)0w(y) ⊢∗ qA,0w(x)0w(y) , x ≥ y

qC,0w(x)0w(y) ⊢∗ qE,0w(x)0w(y) , x < y

"OR=Ov=|t Q=m x@ =Q E =} A ’C xm s}v}@|t ’OvW=@ E w A ‘wQW Cq=L qE,0 w qA,0 Qo =

qA,0w(x)0w(y) ⊢∗ qA,fw(x + y)0 %xOvvm‘tH \UwD xOW s=Hv= C=@U=Lt

qE,0w(x)0w(y) ⊢∗ qE,f0 %xOvvml =B \UwD xOWs=Hv= C=@U=Lt

"Ovm|t ?}mQD jwi pmW j@=]t =Q E w A ’C p=ta= xm CU= |ov} QwD u}W=t ’jwi p=ta= |xH}Dv

N
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Om x@W R= xO=iDU= =@nv} QwD u}W=t h}YwD 2»2»9

H
p=Ft

if a then qj else qk

uO=O CmQL =} Q=wv |=wDLt uO=O Q}}eD uwO@ w |rai Cr=L x@ xHwD uwO@ ’Ov=wN@ =Q anv} QwD u}W=t Qo =
"OwQ|t qj Cr=L x@ ’Oy

"OwQ|t qk x@ |Q}}eD I}y s=Hv= uwO@ u}W=t ’OW=@ a R= Q}e |R}J |OwQw Qo =

∀qi ∈ Q δ(qi, a) = (qj0, a, R)

∀qi ∈ Q,∀b ∈ Γ− {a} δ(qi, b) = (qk0, b, R)

∀c ∈ Γ δ(qj0, c) = (qj , c, L)

∀c ∈ Γ δ(qk0, c) = (qk, c, L)

x@ CmQL Qy QO nv} QwD u}W=t Oy xm OvwW|t xO=iDU= u}= |=Q@ w OvDUy O}OH |=yCr=L qk0 w qj0

|=yCr=L u}= =@ "OQ}o CQwY |}=H@=H u}= s}y=wN|tv =t jwi QwDUO QO |rw OwW|t =H@=H pwtat Qw]
"OOQoQ@ ,=OOHt =t= ’Ovm CmQL Oy xm s}yO|t xR=H= O}OH

N

"Owtv u} Ro}=H xt=vQ@ Q} R l} =@ =Q q=@ K]U QwDUO l} u=wD|t
x@ Ov=wD|t |Qo}Onv} QwD u}W=t ’OwW|t xO=iDU= xt=vQ@ Q} Rl} CQwY x@nv} QwD u}W=t |Dkw |va}

%Ovm |v=wN=Qi =Q u; QQmt Qw]
R= CWoR=@ R=TB =D s}vm xQ}NP xOvvm |v=wN=Qi |xt=vQ@ OQwt QO |D=aq]= O}=@ xm CU= |vat u=O@ u}=

"Owtv O=H}= =Q |Ov@ Qm}B u; u=wD@ xt=vQ@ Q} R
’p=Ft |=Q@

umtt uwJ” OQ}o Q=Qk V=|r@k pLt QO Oy xm |Qw] x@ s}vm|t restart ’qi Cr=L QO =Q A u}W=t
"“OW=@ xOQm CmQL B Q=m s=ovy QO CU=

’OQwt u; QO xm Ovm |v=wN=Qi qj C}a[w R= =Q B u}W=t A u}W=t xm CU= umtt ’Qo}O u=tR l} QO
"OOQoQ@ Cr=L u}= x@ pQDvm O}=@

s}v=wD@ =D s}}=tv pO@ w OQ =Q |D=aq]=TmaQ@ w B x@ A R= s}v=wD@ O}=@ pQDvm p=kDv= |xr=Ut pL |=Q@ ˆ
QO ,=Dkwt xm |D=@U=Lt s} wW u�t]t =D s}vm |R=UR=@ ’OQ}o|tTB B R= =Q pQDvm xm |Dkw =Q A |Ov@ Qm}B

"OwW|tv QF=Dt B |=QH= R= ’Ow@ xOW hkwDt A
%OQm s}UkD CtUk OvJ x@ =Q Q=wv u=wD|t ’xr=Ut u}= pL |=Q@

# #

Region Separator

Workspace for A Workspace for BT
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|=yu=twoQ; w ACr=L Ovv=t” OQ=O R=}v B xm |D=aq]= ’Ovm |v=wN=Qi =Q B u}W=t A u}W=t xmv}= R= p@k
"“|Dkwt C=aq]=” OU} wv|t Q=wv T CtUk |wQ Q@ =Q “B R=}v OQwt

"OQ=BU|t B x@ =Q pQDvm ’B |x}rw= Cr=L x@ Cr=L Q}}eD s=Hv= =@ ATBU
"OQ}o|t T R= =Q OwN |OwQw B ’pQDvm p=kDv= u}= R=TB

"OyO|tv MQ |rN=OD u=} Q@=v@ ’CU=OH T w A |Q=m |x}L=v R= B |Q=m |x}L=v uwJ
"Ovm =O}B =Q u; A xm OQ=O Q=_Dv= w OU} wv|t T QO =Q x]w@ Qt G}=Dv ’OUQ|t u=}=B x@ VQ=m B |Dkw

"Ovvm Q=QkQ@ \=@DQ= sy =@ sRq wLv x@ Ovv=wD|t u}W=t wO VwQ u}= x@

s}v=O@ xmv; \QW x@ ’s}U} wv@ Om x@W x@ =Q nv} QwD u}W=t |=yxt=vQ@ s}v=wD|tTB u}= R= QmPD ◭
"s}}=tv p}O@D nv} QwD u}W=t |=yxt=vQ@ x@ =Q Om x@W u}= u=wD|t xvwoJ
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H
p=Ft

|Bm w ‘tH |=yu}W=t ?}mQD =@ “1+ V}=tv =@ C@Ft K}LY OOa wO ?Q[” ?Q[ nv} QwD u}W=t

00 1 1 1
︸ ︷︷ ︸

y

0 1 1 1
︸ ︷︷ ︸

x

⊢ 0 1 . . . 1
︸ ︷︷ ︸

xy

0 1 1 1
︸ ︷︷ ︸

y

0 1 1 1
︸ ︷︷ ︸

x

"Ov=tv |k=@ x QO |Qo}O 1 skQ =D O}vm Q=QmD QOku; =Q Q} R |=ys=o “1

"O}vm u} Ro}=H a l} =@ =Q u; w O}vm =O}B x QO 1 skQ l} •

"O}vm u} Ro}=H 0y =@ =Q 0 u} QDAJ CtU •

"O}}=tv u} Ro}=H 1 =@ =Q =ya |xty “2

N

|=xO}J}B |=yQ=m Ovv=wD|t Qo}Om} =@ ?}mQD QO =t= ’OvDUy xO=U Q=}U@ |}=OD@= nvQwD |=yu}W=t
"OvyO s=Hv=

nv} QwD RD 3»9

p=D}H}O |=yQDw}Bt=m =@ pO=at CQOk Q_v R=nv} QwD |=yu}W=t =}; xm s}yO MU=BVUQB u}= x@ s}y=wN|t
#Q}N =} OvDUy

pmWt =t= ’Owtv |R=UxO=}Bnv} QwD u}W=t =@ =Q xvwtv QDw}Bt=ml} |=yptar=QwDUO xawtHt u=wD|t
"CU}vXNWt xvwtv QDw}Bt=m |vat xm CU=Hv}= QO

u}W=t u; |=Q@ =t= ’CWwv |QDw}Bt=m |xt=vQ@l} u; |=Q@ u=wD@ xm Owtv =O}B |r=wQ OQm |aU u=wD|t
"CU= xOWv |Q=m u}vJ s=Hv= x@ jiwt |Um uwvm =D "OwWv Ci=} |ov} QwD

"CU= OvtDQOk p=D}H}O QDw}Bt=m |xR=Ov= x@ nv} QwD u}W=t xm OyO|t u=Wv Oy=wW |xty

s=Hv= p@=k R}vnv} QwD u}W=t =@ ’OW=@ s=Hv= p@=k |m}v=mt Qw] x@ xm |=x@U=Lt xvwo Qy nv} QwD RD
"CU=

h} QaD ,=k}kO =Q ‹|m}v=mt Qw] x@› CQ=@a xm CU= sRq RD u}= C=@F= |=Q@ "CU}v C=@F= p@=k RD u}=
nv} QwD u}W=t R= QD=Qi |}=H x@ =Q =t xm s}vm h} QaD =Q O}OH |a=RDv= pOt l} OwW|t Ea=@ xm OQm

%TB ’Ov=UQ|tv

h} QaD"OwW s=Hv= nv} QwD u}W=t =@ Ov=wD@ Qo = \ki w Qo = OwW|t xDio |m}v=mt ’x@U=Lt l} x@

|=yQ=m s=tD xm CU= ‘t=H QOku; h} QaD u}= =}; ’s} Q}o@ Q_v QO h} QaD l} =Q nv} QwD u}W=t Qo =
’OQ=Ov OwHw OW=@ xDW=O OwHw ‘=tH= u; |wQ Q@ xm |D@Ft MU=B #OyOVWwB =Q QDw}Bt=m \UwD s=Hv= p@=k

%CU= |wk Q=}U@ u; O}}=D QO Oy=wW =t=
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"CU= s=Hv= p@=k sy nv} QwD u}W=t =@ ’CU= s=Hv= p@=k p=D}H}O QDw}Bt=m l} =@ xm |Q=m Qy “1

u; |=Q@ u=wDv |rw ’OW=@ pL p@=k sD} Qwor= =@ xm Ovm =O}B =Q |=xr=Ut CU= xDUv=wDv |Um uwvm =D “2
"CWwv nv} QwD u}W=t

u}W=t R= QD|wk =yv; R=l}I}y =t= ’CU= xOW O=yvW}B |m}v=mt |x@U=Lt |=Q@ |Qo}O |=ypOt “3
"OvDU}v nv} QwD

"CU= xOv=t |k=@ x}[Qi l} OL QO nv} QwD RD
=i}= |t}W w l} R}i QO |U=U= u}v=wk xm Ovm|t =i}= QDw}Bt=m swra QO =Q |Wkv u=ty nv} QwD RD
=t= ’s}} wo|t uwv=k =yv; x@ xJQo "CU= Q=wDU= uwDw}v u}v=wk |x}=B Q@l}Uqml} R}i ’p=Ft |=Q@ "Ovvm|t
|xH}Dvl} Qo = "Ov=xOW xDiQ}PB ’OvDUy j@]vt C=Oy=Wt w C=}@ QHD Q@ uwJ \ki w Ov=xOWv C=@F= RoQy
u}W=t OQwt QO "OvwQ|t p=wU Q} R u}v=wk u}= x=ou; ’OW=@ u}v=wk u}= =@ Q}=et xm O}; CUO x@ |@ QHD

"CU= sm Q=}U@ |R}J u}v}J ‘wkw p=tDL= xJQo = ’CU= pmW u}ty x@ ‘[w sy nv} QwD
%O=O x�=Q= sD} Qwor= R= |k}kO h} QaD u=wD|t nv} QwD RD VQ}PB =@

h} QaDQ@ d ∈ D |OwQw Qy =@ xm CU= M nv} QwD u}W=t f : D → R ‘@=D |=Q@ sD} Qwor= l} sD} Qwor=
"OyO|t VQ=wv |wQ Q@ f(d) ∈ R x@ |L}LY MU=B w xOW hkwDt ,=D}=yv ’u; Q=wv |wQ

%s}W=@ xDW=O d ∈ D Qy |=R= x@ O}=@XNWt Qw] x@

q0 d ⊢∗ qf f(d) , qf ∈ F

I}y =} OQ=O OwHw |tD} Qwor= Ovv=t |}=y=aO= u=wD|t ’nv} QwD u}W=t =@ sD} Qwor= uO=O \=@DQ= =@
"Owtv C@=F =Q OQ=Ov OwHw |tD} Qwor=

p}rO u}ty x@ ’CU= Q@u=tR Q=}U@ xO=U p}=Ut QO |DLnv} QwD u}W=t |=Q@ xt=vQ@ uDWwv xm =Hv; R=
nv} QwD u}W=t =@ ’O=O s=Hv= QDw}Bt=m =@ u=wD@ =Q |Q=m Qy xm s}vm|t =aO= w s} wW|t pUwDtnv} QwD RD x@

"CU= s=Hv= p@=k sy
. . . w |mwr@ s=Qo =}O =} p=mU=B |=yxt=vQ@ =@ =Q nv} QwD u}W=t ’sD} Qwor= h} QaD QO u=wD|t TB

"OQm u} Ro}=H
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